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1. Auxiliary results.

1.1. Population specificity-ROC curve and partial area under the curve. Here we show that
the survival distribution of the covariate-dependent random variable Zx = Sp(Yp | X) =
1 — Fp(Yp | X) is the ROCgp(p | X) curve, where

{MD(X)—MD(X) op(X) 1

+

X)=F,
ROCSp(p’ ) Or X) UD(X) ED

€h
By definition, for 0 < p < 1,
Szx(p| X) =Pr(Zx 2 p | X) =Pr(Yp < Sp'(p | X) | X) =Pr(Yp < Fp'(1 —p | X) [ X).
As a consequence of assuming a location—scale regression model for Yp and Yy, we have
Fp'(l=p| X) = pp(X) +op(X)F) (1 - p),
where F~1(1 — p) =inf{z € R: F(z) > 1 — p}. Thus, it is trivial to conclude that

Szx(p | X) = Pr(up(X) +op(X)ep < pp(X) +op(X)F) (1 - p))

_ pp(X) —pp(X) | op(X) 1,y
= r { PP oy )
= ROCgp(p | X).

‘We now show that

1
(1.1) PAUC, (u | X) = / ROCs,(p | X) dp = E[max{u, Zx} | X] — .

u

First, note that integrating by parts we have

1
PAUC, (u | X) = / ROCs,(p | X) dp

1
_ [PROCs, (p | X)]. — / p dROCs(p | X)

1
= —uROCgp(u | X) — / p dROCgp(p | X),
u
1
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since ROCgp(1 | X') = 0 by definition; second, we have that
1
—Efmax{u, Zx} | X] = — / max{p, u} dFy, (p | X)
0
1
= / max{p,u} dSz, (p | X)
0
1
= / max{p,u} dROCg,(p | X)
0
1 1
_ / pI(p> u) dROCs,(p | X) + / wl(u> p) dROCs,(p | X)
0 0
1 u
_ / p dROCs,(p | X) +u / dROCs, (p | X)
u 0
1
_ / p dROCs,(p | X) + uROCs(u | X) — .

Consequently,

1
Efmax{u, Zx} | X] —u = — / » dROCs, (p | X) — uROCs(u | X),

u

and thus, pAUCqg,(u | X) = E[max{u, Zx} | X] — u, so that (1.1) holds.

1.2. Calculus-based construction of our estimator. We show that our estimator for
pAUCp can also be constructed by integrating our estimator of the ROCg, curve, thus pro-
viding us with an alternative to the construction based on (1.1). Specifically, below we show
that,

(1.2)
S 1 1 & 122
PAUCs(u | X) = / ROCsp(p | X)dp=— max {u - > I(Vpyix = me>} —u,
u D=1 j=1
where in(X) — ip(X) | 5p(X)
ToYe _n Jup(X)—jp op(X) 5y,
ROCsy(p | X) = i, { PP R0 | U F v p) ),

and where Yy, x = fip(X) + 65(X)Ep;, and Ypjx = fip(X) + 6p(X)ép;. Equation (1.2)
follows by noting that
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which implies that

e = 45 e, (R0 20 ) o

u
np max{u,l—ﬁsD (ﬁD(X)iﬁD(X) Zggi;é\fh)}

_ % Z ap(X) dp

np i=1 U
1 np 1 np
=— max {u, — g (YDj|X > YDi|X)} — .
np = np 4=
=1 7j=1

2. Supplementary exploratory analysis.
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F1Gc 1. Histogram and variable-width bozplot of GGT levels (for 35 women with and 80 without metabolic syn-
drome) in the original scale (top) and in the log scale (bottom,).

U 0 0.6 0.7 0.8 0.9 0.95
Average Sp(u) 0.790 0.618 0.595 0.561 0.504 0.459

(95% bootstrap CI)  (0.709,0.868)  (0.512,0.734)  (0.468,0.717)  (0.437,0.689)  (0.375,0.645)  (0.330,0.630)

TABLE 1
Estimated average specificity and its corresponding 95% bootstrap confidence interval for the no arterial oxygen
saturation-adjusted analysis.
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F1G 2. ROCs, curves corresponding to the four curves of arterial ozygen saturation displayed in Figure 4 of the
main manuscript.

We assess the ability of the arterial oxygen saturation curves themselves for discriminating
between women with and without metabolic syndrome. To this end, we carried out a functional
principal component analysis of the arterial oxygen saturation curves by pooling together the
115 curves. The estimated functional principal component scores, presented in Figure 3 (a),
that are often viewed as subject-specific summaries (Yao, Fu, and Lee, 2011), show a separation
between women with metabolic syndrome and women without metabolic syndrome, reinforcing
that the arterial oxygen curves have a different pattern in the two groups. These first two
components account for 83% of the variation in the data (76% (7%) the first (second) principal
component). To further examine the discriminatory ability of the oxygen saturation curves, we
have estimated the nonparametric kernel-based ROC curve proposed by Lloyd (1998) associated
with the estimated first principal component scores, where the bandwidths were selected using
the Hall-Hyndman method (Hall and Hyndman, 2003); see Figure 3 (c). The estimated AUC is
0.811 (0.727,0.887), revealing a good separation of the estimated first scores in the two groups
of women.

3. Comparison with approaches based on an univariate covariate. For the metabolic
syndrome data, we have compared our approach with two simpler approaches: one based on
the mean oxygen saturation and another based on the minimum oxygen saturation. We have
thus compared our estimator which relies on functional nonparametric regression with two es-
timators that are based on univariate kernel regression (Gonzalez-Manteiga, Pardo-Fernandez,
and Van Keilegom, 2011). Table 2 presents the estimated average specificity, over the different
intervals of sensitivity considered in Section 4 of the main manuscript, for the curves presented

imsart-aoas ver. 2014/10/16 file: sm.tex date: May 7, 2016



FUNCTIONAL PARTIAL AUC REGRESSION )

[ . . o Q]
. oo x . g B -
X k’.’(. ©
Sh! g * 0 oS |
<
g | WY s, 2
Q . ©
3 o = L o
o ! 2 2 | o
& . a o Eos
27 °
« 8 o
© =]
©
. 8 | SAVAWAN =
T T T T T T O T T T T T T o T T T T T T
-5 0 5 10 15 20 -5 0 5 10 15 20 00 02 04 06 08 1.0
1st FPC scores 1st FPC scores FPF
(a) (b) (c)

Fi1c 3. (a) First and second estimated functional principal component scores of the oxygen saturation curves for
women with metabolic syndrome (o) and for women without metabolic syndrome (< ). (b) Kernel density estimate
of the 1st scores for women without metabolic syndrome (gray) and for women with metabolic syndrome (black).
(c) Kernel-based ROC curve associated with the estimated scores of the first functional principal component.
Estimate (black) and 95% bootstrap confidence bands (gray).

in Figure 4 (a). As can be observed, there is a clear difference between our functional approach
and the two simpler approaches based on univariate summary measures of the oxygen satura-
tion curves. Of course, we do recognize that the confidence intervals are in some cases wide.
We have also conducted a similar analysis but with simulated data. Specifically, for the data
simulated in Section 5, under Scenario 1, and for the sample size (ng,n1), we have estimated
the average specificity for the 400 generated curves. For the curves presented in Figure 4 (b),
Table 3 summarizes the results obtained under the three distinct approaches considered versus
the average specificity values. The results are based on 1000 repetitions. Specifically, what it
is presented is the mean of the estimated average specificity across the 1000 simulated data
sets along with the 2.5% and 97.5% simulation quantiles (in brackets). As can be observed, for
the three chosen curves, the functional approach presents a better behavior. We end remarking
that we are not claiming that the results between an approach using a functional covariate
and an approach based on an univariate summary covariate are always different, we are only
providing evidence that they do not have always to coincide.
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Fi1G 4. (a) Arterial ozygen saturation curves Xpa, Xpo, Xpe, and Xpy4. (b) Simulated curves Xps7, X piso,
and Xp14-
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Average specificity

X D4 Functional covariate Mean Minimum
u=0 0.631 (0.493,0.863)  0.521 (0.385,0.814) 0.701 (0.502,0.901)
u = 0.6 0.357 (0.160,0.735)  0.182 (0.067,0.648)  0.456 (0.168,0.811)
u=0.7 0.317 (0.131,0.702)  0.172 (0.047,0.607)  0.401 (0.121,0.785)
u=0.8 0.263 (0.105,0.659)  0.157 (0.034,0.562) 0.343 (0.086,0.763)
u=20.9 0.191 (0.075,0.600)  0.123 (0.014,0.488) 0.230 (0.053,0.722)
uw=0.95 0.173 (0.055,0.561)  0.113 (0.011,0.438) 0.143 (0.038,0.686)
XDpo

u=20 0.511 (0.192,0.885)  0.741 (0.454,0.962) 0.766 (0.405,0.969)
u=0.6 0.163 (0.021,0.789)  0.516 (0.142,0.918) 0.563 (0.085,0.930)
u=0.7 0.148 (0.015,0.753)  0.475 (0.117,0.903)  0.509 (0.052,0.910)
u=0.8 0.123 (0.009,0.707)  0.409 (0.093,0.888)  0.455 (0.030,0.890)
u=20.9 0.080 (0.000,0.620)  0.266 (0.060,0.858)  0.338 (0.005,0.851)
v =0.95 0.075 (0.000,0.543)  0.213 (0.038,0.831) 0.223 (0.000, 0.807)
XD2

u=20 0.672 (0.764,0.912)  0.546 (0.796,0.894)  0.821 (0.699,0.950)
u=0.6 0.579 (0.407,0.826)  0.454 (0.215,0.786) 0.662 (0.454,0.911)
u=0.7 0.542 (0.351,0.800)  0.404 (0.178,0.761)  0.621 (0.400,0.897)
u=0.8 0.479 (0.260,0.777)  0.345 (0.144,0.734)  0.570 (0.321,0.886)
u=0.9 0.366 (0.180,0.729)  0.216 (0.106,0.701)  0.482 (0.230,0.870)
uv=0.95 0.305 (0.146,0.704)  0.200 (0.080,0.677) 0.391 (0.154,0.854)
XD14

u=0 0.696 (0.593,0.887)  0.600 (0.472,0.852) 0.818 (0.696,0.951)
u=0.6 0.455 (0.297,0.778)  0.270 (0.122,0.713)  0.655 (0.460,0.912)
u=0.7 0.413 (0.248,0.751)  0.232 (0.098,0.673) 0.615 (0.388,0.896)
u=0.8 0.354 (0.187,0.707)  0.204 (0.080,0.659) 0.563 (0.314,0.882)
u=0.9 0.248 (0.123,0.668)  0.148 (0.050,0.613)  0.470 (0.223,0.859)
v =0.95 0.200 (0.100,0.630)  0.138 (0.038,0.586) 0.373 (0.153,0.838)

TABLE 2

Estimated average specificity for arterial oxygen saturation curves Xpa, Xpo, Xp2, and X p14 along with 95%
bootstrap confidence intervals.
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Average specificity

Xpar Functional covariate Mean Minimum
u=0

(0.886) 0.872 (0.728,0.965)  0.794 (0.702,0.870) 0.707 (0.614,0.797)
u=0.6

(0.716) 0.690 (0.367,0.913)  0.515 (0.328,0.685) 0.384 (0.241,0.544)
u=0.8

(0.495) 0.479 (0.122,0.828)  0.275 (0.109,0.477)  0.184 (0.068,0.342)
u = 0.95

(0.117) 0.153 (0.004,0.525)  0.051 (0.003,0.168) 0.025 (0.000,0.099)
X139

u=0

(0.724) 0.724 (0.486,0.883)  0.638 (0.500,0.763) 0.555 (0.363,0.729)
u = 0.6

(0.367) 0.388 (0.075,0.709)  0.249 (0.089,0.456)  0.180 (0.029, 0.429)
u=0.8

(0.133) 0.172 (0.009,0.493)  0.082 (0.009,0.217)  0.056 (0.001,0.222)
u = 0.95

(0.007) 0.023 (0.000,0.139)  0.007 (0.000,0.039) 0.006 (0.000,0.049)
XDpis6

u=0

(0.845) 0.811 (0.548,0.973)  0.720 (0.613,0.812)  0.545 (0.353,0.731)
u=0.6

(0.621) 0.566 (0.120,0.933)  0.373 (0.207,0.553)  0.171 (0.021,0.434)
u=0.8

(0.368) 0.357 (0.016,0.870)  0.157 (0.044,0.317)  0.054 (0.000, 0.226)
u = 0.95

(0.059) 0.113 (0.000,0.595)  0.019 (0.000,0.083) 0.007 (0.000,0.050)

TABLE 3
Estimated mean average specificity for simulated curves X pa7, Xpi3g, and Xpise across the 1000 simulated
along with the 2.5% and 97.5% simulation quantiles. In bold we present the true average specificity.
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4. Supplementary reports on numerical experiments.
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F1G 5. (a) Mean functions, obtained from the metabolic syndrome study data, for diseased (black) and non-
diseased (gray) groups. (b) Estimated first (solid line), second (dashed line), and third (dotted line) eigenfunctions
from the metabolic syndrome data for the diseased group. (c) Estimated first (solid line), second (dashed line),
and third (dotted line) eigenfunctions from the metabolic syndrome data for the non diseased group.
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Fic 6. Covariate curves generated according to Eq. (5.1) in the article, from one simulation run, mimicking
those from the metabolic syndrome case study. (a) Diseased group. (b) Non-Diseased group.
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Results for Scenario A
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F1G 7. Results for Scenario A. True ROCsp curve (solid line) versus the mean of Monte Carlo estimates (dashed
line) along with 2.5% and 97.5% simulation quantiles (gray area) for z = —3,0, and 3.
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Fic 8. Results for Scenario A. True functional covariate-adjusted average specificity (solid line) versus the
mean of Monte Carlo estimates (dashed line) along with 2.5% and 97.5% simulation quantiles (gray area) for
u=10,0.6,0.8, and 0.95.
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Results for Scenario B
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F1G 9. Results for Scenario B. True ROCs, curve (solid line) versus the mean of Monte Carlo estimates (dashed
line) along with 2.5% and 97.5% simulation quantiles (gray area) for z = —3,0, and 3.
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F1c 10. Results for Scenario B. True functional covariate-adjusted average specificity (solid line) versus the
mean of Monte Carlo estimates (dashed line) along with 2.5% and 97.5% simulation quantiles (gray area) for
u=10,0.6,0.8, and 0.95.

imsart-aoas ver. 2014/10/16 file: sm.tex date: May 7, 2016



FUNCTIONAL PARTIAL AUC REGRESSION 13

5. Additional simulation study. We describe and report an additional simulation study
whose main aim is to ascertain the performance of the proposed estimator in a general setup.
Here, the covariate trajectories for the diseased and non-diseased groups were evaluated dis-
cretely on an equally spaced grid of 51 points of [0, 1], generated with a trend function X(t) =
t+sin(t) and a covariance function derived from two eigenfunctions: vy (t) = v/2sin(0.57t) and
va(t) = v/2sin(1.57t), associated with the eigenvalues A\; = 4 and Ay = 1; the covariate func-
tional principal component scores are y; ~ N(0, \;), [ = 1, 2. In short, the covariate trajectories
for each group were, independently, generated using the following representation

2 2
(51)  Xp(t)=Xo(t) + S wwt), Xpt) = Xo(t) + > qm(t), 0<t<L.

To fix ideas, Figure 11 (a) presents a sample of 50 such curves.

We consider four data-generating configurations (Scenarios 1, 2, 3, and 4) and, for each
scenario, 1000 datasets were generated for each of three different sample sizes: (np,np) =
(50,100), (np,np) = (100,100), and (np,np) = (200,200). Specifically, in the four generated
scenarios, we assume the following regression models for the marker outcome in the diseased
and non-diseased groups

Yp =15+ (5,Xp) +¢cp, Yp=3+15(8,Xp)+2ep, (Scenario 1)
Yp = (B,sin(Xp +0.5)) + 1.5ep, Yp = 1.5+ 0.5(8,sin(Xp + 0.25)) + 2¢p, (Scenario 2)
Yp = (8,X3) + {(B,exp(Xp)) Y25, Yp =15+ (3,(Xp+0.5)2) 4+ 2ep, (Scenario 3)
Yp =@+ [(8,Xp))*P, YD = (2+[(8, Xp)|)*" (Scenario 4)
In all scenarios, fo t)dt, for s € {D, D}, B(t) = v1(t) +v2(t), and Xp and Xp,

were independently generated usmg (5 1). In Scenario 1, 2, and 3, ep and € 5 follow the standard
normal distribution, while in Scenario 4, €5 follows the standard normal distribution, but
ep ~ SN(0,1,(B8, Xp)), where SN(u, 0, ) denotes the skew normal distribution with mean pu,
standard deviation o, and shape a. Note that in Scenario 4 we are simultaneously violating the
two assumptions underlying our model; specifically, the model for the marker outcomes of both
groups does not belong to a location-scale family and the error in the diseased group depends
on the covariate X (through the shape parameter). The purpose of including Scenario 4 is to
evaluate the performance of our estimator when the assumptions underlying its construction
do not hold. Under the above configurations, the true average specificity for Scenarios 1, 2, 3,
and 4 are, respectively

YO (1.5 4 0.5(8, X) + 2071 (1 — p)) dp/(1 — ),

J
sin(X ,sin( X +40. _
f 1.540.5(f,sin( +0125)> (B,8in(X+40.5)) + %q) 1(1 —p)) dp/(l o u)’

1 2 _
Ju@ (HH ﬁﬁa[)(g’)»él/g'x Lt e (1 *p)) dp/(1 —w),

log(2+(8,X))Psn (1—p,0,1,(8, X
I (ot +<ﬁ 102(111?27 2 8 >)>dp/(1—u),

e

S

LS S

Average Sp(u | X) =

where numerical integration is used to evaluate each integral. We consider four different values
of u: 0,0.6,0.8, and 0.95, and we consider the following ‘grid’ of curves conditionally on which
we predict the average specificity, i.e.,

(5.2)  X.(t)=Xo(t) + zv1(t), te[0,1], ze€Z={-2V/M+k:ke{0,1,...,4/\}}.
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14 INACIO DE CARVALHO ET AL.

This grid of curves resembles the range of variation of curves simulated through (5.1) and we
set z to be in the range of the first principal component scores 7;; thus, since y1 ~ N(0, A1),
we set z to vary between (—2v/A1,2v/A1). Figure 11 (b) depicts the shape of the grid of curves
defined by (5.2), and Figure 11 (c) shows the curves corresponding to z values of —2, 0, and 3.

5.1. Simulation results. Our estimator was implemented using the asymmetric Gaussian
Kernel, the bandwidths were selected using generalized cross validation, and the semimetric d
is the L?[0, 1]-norm.

Scenarios 1-3: Figures 12, 14, and 16 show the true ROCg, curves, for Scenarios 1, 2, and
3, respectively, along with the estimated Monte Carlo averages and the 2.5% and 97.5% sim-
ulation quantiles corresponding to the covariate curves associated with z values equal to -2,
0, and 3 (and which are depicted on Figure 11 (c)). From these figures it can be observed
that our estimator is able to successfully recover the true shape of the different ROCg, curves.
In turn, in Figures 13, 15, and 17, we present the true functional covariate-adjusted average
specificity versus the Monte Carlo averages of the estimated functional covariate-adjusted av-
erage specificities, along with the 2.5% and 97.5% simulation quantiles. From these figures it
can be concluded that our estimator is able to recover the true functional shape of the average
specificity and that as the sample size increases and more of the curve is integrated out, the
bias becomes negligible.

Scenario 4: Figure 18 shows the true ROCgj, curves, while Figure 19 shows the true functional
covariate-adjusted average specificity. From these figures we can notice that the even when
the assumptions underlying our estimator are violated, the estimator is still able to recover
reasonably well the true average specificity curve, although with more bias and higher variance.

It is also worth to note that, as expected, as the complexity of the simulation scenario
increases, the 2.5% — 97.5% simulation bands get wider (with exception of Scenario 2, for
which we do not see any obvious reason).

Xp

Fi1c 11. (a) Simulated covariate curves, Xp; a similar representation holds for Xp. (b) Curves generated accord-
ing to (5.1) in the article and conditionally on which we predict the average specificity. (c¢) Curves corresponding
to z = —2 (solid line), z = 0 (dashed line), and z = 3 (dotted line).
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Fic 13. Results for Scenario 1. True functional covariate-adjusted average specificity (solid line) versus the
mean of Monte Carlo estimates (dashed line) along with 2.5% and 97.5% simulation quantiles (gray area) for
u=0,0.6,0.8, and 0.95.
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F1c 15. Results for Scenario 2. True functional covariate-adjusted average specificity (solid line) versus the
mean of Monte Carlo estimates (dashed line) along with 2.5% and 97.5% simulation quantiles (gray area) for
u =0,0.6,0.8, and 0.95.
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F1G 17. Results for Scenario 3. True functional covariate-adjusted average specificity (solid line) versus the
mean of Monte Carlo estimates (dashed line) along with 2.5% and 97.5% simulation quantiles (gray area) for
u =0,0.6,0.8, and 0.95.
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F1c 19. Results for Scenario 4. True functional covariate-adjusted average specificity (solid line) versus the
mean of Monte Carlo estimates (dashed line) along with 2.5% and 97.5% simulation quantiles (gray area) for
u =0,0.6,0.8, and 0.95.
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## R CODE FOR IMPLEMENTING OUR ESTIMATOR: A SIMULATED DATA EXAMPLE
## anstall.packages("fda.usc")
require(fda.usc)

## 1) TRUE VALUES

## Compute the true wvalues of the functional covartate-adjusted pAUC
t <- seq(0, 1, by = 0.02)

nt <- length(t)

phil <- phi2 <- mu <- numeric(at)

for(i in 1:nt) {
phil[i] <- sqrt(2) #* sin(0.5 * pi * t[i])
phi2[i] <- sqrt(2) * sin(1.5 * pi * t[i])
muli]l <- t[i] + sin(t[i])

}

philfd <- fdata(phil, argvals = t)
phi2fd <- fdata(phi2, argvals = t)
beta <- phil + phi2

betafd <- fdata(beta, argvals = t)

lambdal <- 4

lambda2 <- 1

z <- seq(-2 * sqrt(lambdal), 2 * sqrt(lambdal), by = 0.5)
nz <- length(z)

grid <- matrix(0, nrow = nz, ncol = nt)
for(j in 1:nz) {
for(i in 1:nt) {
grid[j, i] <- mu[i] + z[j] * phill[i]
}
}

gridfd <- fdata(grid, argvals = t)

rocspt <- function(p, j) {
rocspt <- pnorm((3 + 1.5 * inprod.fdata(betafd, gridfd[j, 1) -
1.5 - inprod.fdata(betafd, gridfdl[j, 1)) + 2 *
gnorm(1l - p))
}
u<-20
pauct <- numeric(nz)
for(j in 1:nz)
pauct[j] <- integrate(rocspt, j = j, lower = u, upper = 1)$value
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24 INACIO DE CARVALHO ET AL.

## 2) SIMULATE DATA
## Settings for simulating data
nsim <- 1000; nd <- 100; nnd <- 100

## Simulate covariate curves

Xd <- array(0, c(nd, nt, nsim))
Xnd <- array(0, c(nnd, nt, nsim))
Xdfd <- Xndfd <- list()

set.seed(123)
for(j in 1:nsim) {
Sigma <- exp(-0.2 * abs(outer(t, t, "-")))
XGd <- mvrnorm(nd, mu = rep(0, nt), Sigma)
for(i in 1:nd) {
Xd[i,, j] <- mu + XGd[i, ] + rnorm(1, 0, sqrt(lambdal)) *
phil + rnorm(l, O, sqrt(lambda2)) * phi2
}
XGnd <- mvrnorm(nnd, mu = rep(0, nt), Sigma)
for(l in 1:nnd) {
Xnd[1l,, jl <- mu + XGnd[1l, ] + rnorm(l, O, sqrt(lambdal)) *
phil + rnorm(l, 0, sqrt(lambda2)) * phi2
}
Xdfd[[jl] <- fdata(Xd[,, jl, argvals = t)
Xndfd[[j]] <- fdata(Xnd[,, jl, argvals = t)

}

## Simulate responses
yd <- epsd <- matrix(0, nrow = nd, ncol = nsim)
ynd <- epsnd <- matrix(0,nrow=nnd,ncol = nsim)

for(j in 1:nsim) {
epsd[, j] <- rnorm(nd, 0, 1)
epsnd[, j] <- rnorm(nnd, 0, 1)
for(i in 1:nd) {
yd[i, j] <- 3 + 1.5 * inprod.fdata(betafd, Xdfd[[jl]1[i, 1) +
2 * epsd[i, jl
}
for(l in 1:nnd) {
ynd[1l, j] <- 1.5 + inprod.fdata(betafd, Xndfd[[j1]1[1, 1) + epsnd[l, j]

}
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## 3) IMPLEMENT OUR ESTIMATOR

regremd <- regremnd <- regvd <- regvnd <- list()

md <- zd <- vd <- resd <- matrix(0, nrow = nd, ncol = nsim)

mnd <- znd <- vnd <- resnd <- matrix(0, nrow = nnd, ncol = nsim)
mdz <- vdz <- mndz <- vndz <- matrix(0, nrow = nz, ncol = nsim)
ydws <- array(0, c(nd, nz, nsim))

yndws <- array(0, c(nd, nz, nsim))

for(j in 1:nsim) {
regremd[[j]] <- fregre.np.cv(Xdfd[[jl]l, yd[,j]l, Ker = AKer.norm,
metric = metric.lp, type.CV = "GCV.S",
type = "S.NW")
md[, j] <- regremd[[jl]$fitted.values
zd[, jl <- (yd[, jl - md[, jI)~2
regvd[[j]] <- fregre.np.cv(Xdfd[[jl], zd[,j], Ker = AKer.norm,
metric = metric.lp, type.CV = "GCV.S",
type = "S.NW")
vd[, j] <- regvd[[jll$fitted.values
resd[, jl <- (yd[, jl - md[, j1)/sqrt(vdl, jI)
regremnd[[j]] <- fregre.np.cv(Xndfd[[j]], ynd[,j], Ker = AKer.norm,
metric = metric.lp, type.CV = "GCV.S",
type = "S.NW")
mnd[, j] <- regremnd[[jl]$fitted.values
znd[, j] <= (ynd[, j] - mnd[, jl1)°2
regvnd[[j]] <- fregre.np.cv(Xndfd[[j]],znd[, jl, Ker = AKer.norm,
metric = metric.lp, type.CV = "GCV.S",
type = "S.NW")
vnd[, j] <- regvnd[[jl]$fitted.values
resnd[, jl <- (ynd[, j] - mnd[, j1) / sqrt(vnd[, jl)
mdz[, j] <- predict.fregre.fd(regremd[[j]], gridfd)
vdz[, j] <- predict.fregre.fd(regvd[[jl], gridfd)
mndz [, j] <- predict.fregre.fd(regremnd[[j]], gridfd)
vndz[, j] <- predict.fregre.fd(regvnd[[jl], gridfd)
for(i in 1:nz) {
ydws[, i, jl <- mdz[i, j] + sqrt(vdz[i, jl) * resd[, jl
yndws[, i, j] <- mndz[i, j] + sqrt(vndz[i, jl) * resnd[, j]

}

survivald <- function(yd, obs) {
nd <- length(yd)
estimate <- sum(yd > obs) / nd

}

aux <- array(0, c(and, nz, nsim))

25
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pauc <- matrix(0, nrow = nz, ncol = nsim)
for(k in 1:nsim) {
for(j in 1:nz) {
for(i in 1:nnd) {
aux[i, j, k] <- max(u, survivald(ydws[, j, k],yndws[i, j, k1))
}

pauclj, k] <= (1 / nnd) * sum(aux[, j, k]) - u

}
}

paucl <- paucm <- pauch <- numeric(nz)
for(j in 1:nz) {
paucl[j] <- quantile(pauc[j, ], 0.025)
paucm[j] <- mean(pauclj, 1)
pauch[j] <- quantile(pauc[j, 1, 0.975)

}

6. R code for implementing our estimator. The R code above illustrates how to im-
plement our estimator on a simulated data example. After running the code we obtain the
following estimates:

paucm

## [1] 0.5395841 0.5826296 0.6261810 0.6676166 0.7070899 0.7429569 0.7768402
## [8] 0.8090204 0.8371998 0.8620186 0.8846186 0.9039986 0.9194026 0.9320457
## [15] 0.9432305 0.9522996 0.9576184

These values should be compared with the true values of the functional covariate-adjusted
pAUC (pauc) over the selected grid (grid), that is:

pauct

## [1] 0.4994792 0.5439928 0.5879604 0.6308497 0.6721682 0.7114793 0.7484165
## [8] 0.7826924 0.8141040 0.8425336 0.8679448 0.8903763 0.9099318 0.9267685
## [15] 0.9410844 0.9531060 0.9630756
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