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1 Introduction

In this paper we consider families of probability distributions on R? of form (IP,) for e small,
where P, has density f. with asymptotic expansion (in a sense that will be made precise)

fe(x) ~ ¢s(x) (1 + Z eij(x)> (1)

where ¢y, is the density of N(0,3) and the S; are polynomials on R?. Random variables
with distributions of this type occur in various contexts, and the question which motivated
this paper is the following: given a random variable X, with distribution of the form (1),
which we wish to simulate but is hard to simulate directly, can we find find another random
variable Y, which we can simulate more easily, and which has a distribution which is ‘close’
to that of X, so that it act as an adequate substitute? The Vaserstein distances W, seem to
be suitable measures of ‘closeness’ of distributions, as they measure the L” distance between
X, and Y, when we use an optimal coupling between the two distributions. With this as
motivation, we give estimates for Vaserstein distances between families of this type and
methods for approximate simulation of random variables having distributions P,.

Our motivating example of such a family is given by stochastic Taylor expansions that
arise in the numerical solution of SDEs driven by Brownian motion, as described for example
in Chapter 5 of [5]; here we take € to be h'/? where h is the stepsize of the numerical scheme.
We have explored the use of coupling for the simulation of such expansions in [2], and the
results of the present paper lead to an alternative treatment of some of the results of [2].

Another example is where P, for ¢ = m~"/2 is the distribution of m="/2(X; + --- X,,,)
where the X, are i.i.d. R%valued random variables with covariance ¥, and in this case we
are able to obtain some fairly precise estimates for the multivariate CLT and approximation
by Edgeworth expansions in Vaserstein metrics. We mention that this theory could poten-
tially be extended to other situations where Edgeworth-type expansions of the form (1) are
available, such as described for example in Chapter 2 of [3].

To explain the main idea of the method, fix ¢ € N and let P denote the space of all
real-valued polynomials on R?, and P? the space of R?-valued polynomial functions on RY.
We also fix a positive-definite ¢ x ¢ matrix 3. Let py,--- ,pr € P9. For ¢ € R we define
pe : RY — R? by p(z) =+ Z;?:l e/pj(x). We are interested in the distribution of p.(X)
where X is an R%valued random variable with N(0,3) distribution and € is close to 0. If
we assume that p. is bijective, then this distribution has a density given by

fely) = det(Dpc () o (o () (2)

Bijectivity will generally only hold on some bounded region of R?, which will be large if €
is small; we will see that this is sufficient to use (2) to get an asymptotic expansion of the
form(1). This then extends to the case where the polynomials p; have random coefficients.
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The idea then is to use such asymptotic expansions for densities to estimate Vaserstein
distances between probability distributions of the described type. An important step in the
argument is to show that the algebraic procedure for obtaining the polynomials (.S;) which
appear in (1) from given (possibly random) polynomials (p;) can be reversed - given an
expansion (1) we can construct corresponding (deterministic) polynomials (p;), which can
then be used to give appropriate couplings.

In section 2 we describe the formal expansion of the density using (2) and some algebraic
results that we shall need. The main results are given in section 3, and the applications
to stochastic Taylor expansions and to Vaserstein versions of the CLT in section 4. Then
in section 5 we describe how to obtain an asymptotic expansion in powers of € for the W,
distance between two families of the form (1). In section 6 this is applied to the CLT and
used to obtain a monotonicity result for Wy distances, related to a question of Villani [11].

We mention some notation that we shall use. If P and P are probability measures on RY,
then for p > 1 the Vaserstein distance W,(P,P) is defined as inf(E|X — X |?)'/? where the
inf is over all joint distributions on R? x R? for (X, X) which have marginals P and P. We
sometimes abuse notation and write this as W, (X, X) or W, (X, P).

We sometimes use matrix notation, regarding elements of RY as column vectors. For a
scalar-valued function on R? we use V f for its gradient vector; for g : RY — R? we use Dg
for its derivative matrix and V.g for its divergence (which equals tr(Dg)).

2 Formal expansion of density

This section is (almost) purely algebraic. We introduce the expansion of (2) as ¢x(y) times
a formal power series in € whose coefficients are polynomials in y. The sense in which this
series represents the density is considered in the next section.

We start with a formal expansion of p_'. We define a sequence of polynomial functions
Ty RXR? — R? recursively as follows: first set rq(e, x) = Z?:l e/~'p;(x) and then, assuming
1, defined, define r,,1(e, ) = e Hr,(e,x) — r,(0, pc(x))}. Then define u,(z) = —r,_1(0, )
for n € N, and also ¢, (¢, 2) = x4+, ¢u;(x). We see by induction on n that v, (¢, pe(z)) =
z + ", (e, ). Then we can regard 1, as an approximation to p_! and y + Z;’il u;(y)
as a formal expansion of p_'(y).

The next step is to use 1, in place of p* in (2). First define 7,(c,y) = > 7_; ¢/u;(y), so
that ¥, (y) = y + 7a(¢,y), and then we see that ¢s(¢n(€,y)) = ¢x(y)eX»(¥) where

_ 1 _
Xn(6,y) = —y'S (e, y) — §Tn(6,y)t2 (e, y)

Then we truncate the exponential series for eX» to get a polynomial H,,(e,y) = Z?:o %Xn(@ y)’,
and use H,(€,y)¢x(y) as an approximation to ¢x(p~'(y)). We also use the polynomial
Gule,y) = det(I + 37, ¢ Du;(y)) as an approximation to det Dp~'(y). Finally we can
write

H,(e,y)Gne,y) = Lu(e,y) + €7 Qu(e,y)

where @, is a polynomial on R x R? and L,(e,y) = 1 + 3", €S;(y) where S; € P for
each j. We will prove below that L, (¢, y)¢s(y) approximates the density of p.(X) to order
O(e™™1) in a suitable sense.

We first make an observation about this construction. If we repeat the construction with
m in place of n, where m < n, then we see that the polynomials ¢,,, H,,, Gy, L,, we obtain
will be the same as v,,, H,,, G, L,, as far as terms in €™, since we only omit terms with higher
powers of e. It follows then that, for a given j, the polynomial S; obtained above will be
independent of n, as long as n > j. So we get a well-defined sequence Si, .5, - - - determined

by p1, s Pk



Let Py denote the subspace of S € P such that [, S(y)¢s(y)dy = 0. This definition is
motivated by the following lemma:

Lemma 1. Let S;,Ss,--- be constructed from py,--- ,pr as above. Then S; € Ps, for each
jeN.

The proof of this lemma is postponed to the next section. It follows from the character-
isation of Ps, below that the assertion of the lemma is purely algebraic, and it would not be
hard to construct a direct algebraic proof. But it will be somewhat shorter to deduce it is a
corollary of proposition 1 below.

We can characterise P as follows. Let Ly : P? — P be the linear mapping defined by
Lsp(z) = !X 'p(x) — V.p(z). Then V.(¢p)(x) = —Lsp(x)o(z) and it follows from the
divergence theorem that Lsp € Ps, for every p € P?. In the converse direction, a simple
induction on the degree of u (see the proof of Lemma 1 in [2]) shows that if u € Ps then u
is in the range of Lx. So Py is precisely the range of Ly.

The above argument in fact shows that any element of P can be expressed as LxVu
for some u € P; moreover a similar induction on degree gives that if »r € P and LsVr =0
then r is constant, so the u is unique up to an additive constant. Hence if we define P, to
be the the set of p € P? of the form p = Vu with v € P, we have that Ly, is bijective from
P{ — Pg, and we can define the inverse linear mapping £5,' : Py — P4,

Eigenfunctions of L3V

We mention here that an explicit description of the action of Ly can be given in terms
of Hermite polynomials, if we choose a coordinate system so that Y is diagonal, with entries
ot 05 where each g; > 0. Then if u € P is defined by u(x) = [[I_, Hy,(v;/0;) where
mi,--- ,m, are nonnegative integers, we have LyxVu = Au where \ = 23:1 mjaj_2. Now
the set of such u, where the m; are not all 0, spans Ps, and it follows that £V maps Py,
bijectively onto itself, from which one can again deduce that Ly maps P2 bijectively into
Ps.

Returning to the construction of the S; from the p;, we observe that for 7 < n, S;
depends only on {p,, : m < j}. It follows that, given a sequence py,ps,--- with p; € P?
we obtain a well-defined sequence Sp, .5, --. Now we introduce the notation P for the set
of all sequences (uy,ug,---) with u; € P, and similarly P?, Ps, and Pg. Then we define

Sy, : P4 — Pys by Ss(p1,pa, -+ ) = (S1, 5, -+ ) as just described. We also write S(En) for the
truncated mapping;: Sén) (p1,p2, -+ ) = (51,52, ,5n)-
Then we have the following:

Lemma 2. The mapping S : P& — Py is a bijection.

Proof. Suppose (S1,Ss,---) € Ps. We have to show that there is a unique sequence
(p1,p2,--+) with p; € Pg such that Ss(p1,p2,--+) = (S1,52,---). We do this by show-

ing by induction on n that for each n there is a unique choice of py,--- ,p, € PZ such that
ng)(ph c s Pn) = (51,0, 5.

So we suppose we have such py, - - - , py,, and look for p,,.+1 € P, such that Sénﬂ)(pl, Cer  Dna1) =
(S1,+ -+, Snt1). We have Sénﬂ)(pl, oo pn) = (81,7, Sp,v) where v € Ps. Then for any
choice of p,+1 € Pf, we have Sg‘ﬂ)(pl, o Pg1) = (81, S, v+ Lspnst). So we require
Lspni1 = Spt1 — v, and by the bijectivity of Ly there is a unique such p,+1 € PZ. This
completes the inductive step. The initial step is proved in the same way. O]

We remark that if ¢ > 1 then any element of Py, will have many preimages under Sy, in
P4, and for the results in Section 3 any reasonable way of choosing a preimage would work.
But for Wy bounds the preimage in P/ has an optimality property, summarised in Lemma



15, which is important in Sections 5 and 6.

Some special cases. To illustrate the action of S, we construct the first 3 terms in the
case ¢ = 1, assuming > = 1 for simplicity. We first calculate the polynomials uq, us, uz that
appear in the formal expansion of p., obtaining u(y) = —p1(y), u2(y) = pi(y)p1(y) — p2(y),

and

*pi(y) ~ 500 (0)° — psy)

Using this, we find after some calculation that S1(y) = yp1(y) — p}(v),
Sa(y) = 5" = Dpa(y)* + i (W)pa(y) + 01 (0)* = Pa(y) + y{p2(y) — 204 ()pa(y)} and

us(y) = py(y)p2(y) + p1(y)ps(y) — Pi(y)

3

Ss(y) =y <§p’1’(y)p1(y)2 + 397 (y)* — 207 (y)p2(y) — 2p1(y)ph(y) + ps(@/))

+(1—9% (;p’l(y)pl (y)* — pl(y)pz(y)) + é(y3 —3y)p1(y)’ + P (W)p2(y) + 201 (¥)Ph(y)

/11

+p1(y)Ps (y) — 307 ()py (y)pa (y) — %pl (p1(y)* — P (y)° — vs(y)

We next give the expressions for S; and Ss for general ¢ and X; these are similar to those
above but involve partial derivatives. We find S;(y) = y'>~"'p;(y) — V.p1(y) and

1

Sa(y) =§(yt2*1p1 ¥)* =y’ 'pi(y)V.pa(y) — %pl W)X "'pi(y) — v ' Dpi(y)pi(y)

(V) + (D)) + 21 () V(T p) () + 55 aly) — Valy)

We remark that in the case p.(z) = = + €Az, where A is a fixed ¢ X ¢ matrix, we have

p1(x) = Az and p, = 0 and we find that S;(y) = y'S "t Ay—trA and

Sa(y) = %(ytZIAy)2 — (trA)y' St Ay — %ytAtZIAy —y'uT Ay + %(trA)2 + %tr(AQ)
which in the case ¥ = I gives the conclusion of Lemma 8 of [2]. Note that in this case p.(X)
has N(0,3,) distribution, where ¥, = (I 4+ €A)S (1 +€A?), and 1+ €S1(y) + €2S2(y) is simply
the expansion to order €* of f.(y)¢s(y) where f; is the N(0,Y,) density function.

A similar special case is p.(x) = © + ev, where v € R? is fixed. Then we have p,(z) = v,
p> = 0 and all derivatives of p; are zero. We find S;(y) = v'E~'y and So(y) = 2{(v'S1y)? —
vtX "o}, In this case p. has N(ev,¥) distribution and the series 1+ €S1(y) + €2Sa(y) + - - -
is just the expansion in powers of € of exp(ev'S 'y — 1e20'S71v), which (exceptionally)
converges for all € and y.

We remark that, in the case ¢ = 1, taking > = 1 again, the correspondence between P
(which is the same as P¢, in this case) and P; given by S; is equivalent to the correspondence
between a Cornish-Fisher expansion and an Edgeworth expansion for the corresponding
density. For if P, has distribution function F, and density with asymptotic expansion (1),
and X ~ N(0,1), then the random variable F."! o ®(X) will have distribution P, and
the series = + > é/p;(x), which is the formal expansion of F. ! o @, is the Cornish-Fisher
expansion corresponding to the Edgeworth expansion (1). There is an extensive literature
on these expansions, which are mainly used in Statistics - see for example Chapter 2 of [3]
or Chapter 6 of [4]. (In statistical applications, usually € = m~'/2 where m is a sample size).

3 Main results

The following proposition shows that, in a suitable sense, the series (1 + Z]oil €/ S;)px can
be regarded as an asymptotic expansion for the density of p.(X).
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Proposition 1. With notation as above, let P, be the probability distribution of p.(X) and
let v be the signed measure on R? with density ¢s(y)Ly(e,y). Then for any M > 1 we
have a bound

/R (L+ )Y dIPe = venl(y) < CKN e (3)

for e € [—=1,1], where C and N are positive constants depending only on k,n,q, M and the
mazimum degree d of p1,- -+ ,pr, and K > 1 is an upper bound for the absolute values of the
coefficients of p1,--- ,px and for || and [|X7.

Proof. We first prove the proposition in the case where ¥ = I so that ¢y, = ¢, the N(0, )
density function.

We use (', (5 etc to denote positive constants which depend only on k,n, g, M, d. First
we can find ¢ > 1 such that

max(|xu(€, pe(2))], I7ale, pe(2))], lpe(w) — @I, [|Dpe(a) = I1I) < Culel K (1 + Jz[) (4)

and

max(|r, (€, 2)|, [|Dra(e, z)|l, |Qnle, x)]) < CLEC (1 + [z]) (5)
for all z € R?. Then let R = (20,K)7 e[/ — 1 and let Bg = {z € R? : |z| < By}
(which will of course be empty if R < 0, which can happen if € is not very small).

Now define a measure p, as the image under p, of the restriction to Bg of the N(0, 1)
distribution on R?. We also define 7, = v|p.(Bg). Then we have

[0+ D~ veal() = 0+ 4.0
Ra

where O = [, (1t [y dla. — 2(y). Q2 = fo(1+ g d(B — o)) and @ = [, (1
[y dlv, - 5el(y).

We first bound €2;. To this end we note that, by the definition of R, for x € Bg the RHS of
(4) is bounded by 1|e[*/2. It then follows from (4) that for x € B we have || Dp(z) —I|| < 3
and so p, is bijective on Bg. Then we have

0, = / o (L 1t D7 ()6 ) = L))y

To bound the RHS, we fix x € By and set y = p.(z), noting that |z —y| < 1 by (4). Then,
noting that G, (e, y)det Dp.(z) = det(I + "™ Dr,(e,y)) = 1+ ¢"s,(¢,y) where s, is a
polynomial, we see that

0= [ (D" et D ()9(0) ~ Hule )01+ sl ) + 1 Qule )00
pe(Br
(6)
To bound ¢(x) — Hy(€, y)¢(y), note first that by (4), |z —y| and [¢n(e, y) —y| = [Ta(€, )]
are both < |e|1/2 < min(1, |y|™!), the last inequality following from the fact that |y| <

1+ R < |e|7"/2, and so, for any z on the straight line segment joining = to 1 (y), we have
8(2) < ely) and so [DH(2)] = |#16(2) < e(1 + |yl)(y). We then deduce that

|6(x) — ¢(Wnle, y)| < le["e(1+ [y])Irale, 2)|d(y)

Also we have ¢(n (e, ) = ¢(y)eX»(<¥) and, since |x,(e,y)| < 1, we have |eX#(¥) — H, (y)| <
Ixn(€,y)|" . Putting these bounds together we have

[p(x) — Hu(e,)d(y)| < Coal(1+ [y))[e[" " p(y)
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Now since ||Dpc(z) —I]| < 1/2 we have |det Dp~!(y)| = |det Dp(z)|~! < 29, and then, using
(5) to bound the €"™! terms in (6), we obtain

0y < CyK O]+ / (1+ gD o(y)dy

Pe (BR)

from which we get the required bound for €2;.

It remains to bound Q, and Q3. We have Q, = ch + |pe(z)])Mp(x)dxr. We can find

a constant C, such that ¢(x) < Cy(1 4 |z])~Cr+H-M- d-0-1 for € R?. Then for & € B¢,
we have 1 + |z| > R so ¢(z) < C4R™CMHI(1 + |z|)~M-d=a=1 < Cyenti(1 + |af)~M 401,
using the definition of R for the last inequality. It follows that {2, satisfies an inequality
of the required form. A similar argument applies to 23 = fp(BR)c(l + ly)M|L,.(y)|b(y)dy,
completing the proof for the case ¥ = I.

In the case of general positive definite ¥ we can write X = AX* where A = £V/2 and
X*is N(0,1), and then we can write p;(X) = Ap;(X*) where the p} are again polynomials.
Then p(X) = Apf(X*) where pf(z) = z + Zle ¢ps(x), and the case just proved applies to
pt(X*). The required result follows, on noting the the coefficients of the p; are bounded by
a suitable power of K. O

An immediate consequence of Proposmon 1 is that qu (6,y)Ps(y)dy = 1+ O(|e|™™)
as € = 0, which implies that [;, S;(y)és(y)dy = 0, proving Lemma 1.

We now define a general class of families of distributions, of which Proposition 1 gives
examples.

Definition 1. Let E C [—1,1]\{0} with 0 € E and suppose (P, : ¢ € E) is a family of
probability measures on RY. We say (S1, 52, +) € Pg is an Ax-sequence for the family (P)
if, for every choice of n € N and M > 1, we can find C' > 0 such that for every e € E we
can find a probability measure 0. supported on {x € RY : |x| < |e|"**} such that

| @D ap. <6, - valw) < L (7)
Rae

where x denotes convolution and v, is the measure on RY with density ¢x (y)(1+>_7_, € S;(y))-

We remark that the convolution with 6. is included in order to allow some cases where
PP, is singular. In many applications it can be omitted (which is equivalent to taking 6. to
be the point mass at 0).

It follows from Proposition 1 that if py, - ,pp € P2 then S(py,- - -, pn) is an Asx-sequence
for the family given by the distributions of p.(X) as described above. We now extend this
to the case where pq, - -, pr are random polynomials, independent of X. More precisely, we
have the following:

Lemma 3. Suppose that the pi,--- ,pr € P? are polynomials of fixed degrees whose coeffi-
cients are random variables having finite moments of all orders, and that X ~ N(0,%) is
independent of this collection of random variables. For e € [—1,1]\{0} let P. be the distri-
bution of the random variable p.(X) = X + 2521 p;(X). Let (51,59, ) = Su(p1,p2, -+ ),
which 1s a sequence of random polynomials in Fy.

Then the family (P.) has (S1,Sa,-++) as an As-sequence, where S;(y) = ES;(y).

Proof. We let P¢ denote the density of p.(X), conditional on the coefficients; this is then a
random measure. Also let ¢, be the (random) measure with density ¢x (y)(1+)_7_, €5;(y)).
From (3) we have

/R (1+ [y)MdBE — v |(y) < CEN e+ ®)
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where, for given n and M, C' and N are fixed, and K is a random variable with all moments
finite.
Now note that P. = EP¢, and let v, = Ev;, ., which can be expressed as the measure

with density ¢(y)(1+ Z§:1 ¢/S;(y)). Then taking expectation and using (8) gives, for given
M and n,

1éfl+“deWv—%M@Dsﬂﬁ/(1+hdeW§— ely) < CE(EM)|™t (9)

Ra
from which the result follows (taking 6. to be the point mass at 0). O

Example. We suppose ¢ = 1 and define p.(z) = = + ea(x + z) where z € R is fixed
and « is random, taking values 1 with probability % each. We apply the above to p.(X)
where X is N(0,1), independent of . We obtain Si(y) = ya(y + z) — a and Sy(y) =

(2 = 1)(y + 2)* + 1 — 2y(y + 2), using the fact that o® = 1. Then Si(y) = 0 and

Sa(y) = 2(v* = 1)(y + 2)? + 1 — 2y(y + z). This example occurs (with somewhat different

notation) in the treatment of the ‘exact two-dimensional coupling’ in section 8 of [2].

We now state a theorem giving bounds for Vaserstein distances.

Theorem 4. Suppose (P, : € € E) and (P, : € € E) are families of probability distributions
on RY having respectively an As-sequence (Si,Ss,---) and an As-sequence (Sy,Sa, -+ ).
Suppose also that, for some n € N, we have S; = S'j for1 <j<mn. Let M > 1 be given.
Then we can find C' > 0 such that Wy (Pe, B.) < Cle|"*! for all e € E.

Proof. Let (p1,p2,---) = S5(S1,S,---) and (Py, P2, -+ ) = Sg'(S1,S5s,---), noting that
then p; = p; for 1 < j <n. Choose r € N such that r+1> M(n+1). Let X be an N(0, )
random vector and let Yo = X + > i1 €D (X)Nand Yo =X+ 377, €p;(X). Then let Q.
and Q. be the distribution measures of Y, and Y, respectively.

Let v, be the measure with density ¢s(y)(14+ "7, €S;). Then [o, (14 [y[)" d|Pc* 6. —
ver|(y) < Cilel™t and [g,(1+ [y)"d|Qc — ver|(y) < Cile[™ so

/(LHMWMR*&—@Mw§2GM”1
RY

It then follows from equation (11) in [2] (or proposition 7.10 in [11]) that W (P, % 0., Q,) <
Coe™ /M < Cyle|™t. And Wy (P % 0, P) < |e["*!, so Wy (P, Q) < (1 + Cy)le|*+.
Similarly we have Wy, (P., Q.) < Csle|" .

Also we have

; N\ UM
War(Qe, Q) < (EfY. =Y ") = | E| Y &p;(X) - 5;(X)) < Cyle[™"
j=n+1
The result then follows from the triangle inequality. O]

4 Applications

Stochastic Taylor expansion.

Lemma 3 applies to the stochastic Taylor expansion, in powers of € = h'/2, of the solution
at time h of an SDE dx(t) = a(t, z(t))dt + B(t, z(t))dW (t) with 2(0) = 2(© where x(t) € R,
a(t,z) € R?, B(t,z) is a ¢ X d matrix and W is a d-dimensional standard Brownian motion.
In Theorem 4 of [2] one considers, for a fixed m € N, a random vector Z defined by Z; =
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Xi+Qi(e, X, (1K) oenr,,) where X has N(0, ) distribution, Q is a polynomial obtained
from the stochastic Taylor expansion and the K, are iterated integrals of a Brownian bridge
process. Here M, denotes the set of all multi-indices o = (jy,--- , ;) of length | = l(a) €
{2,3,--- ,m}.

The assertion of Theorem 4 of [2] is that, if one defines a modified random vector Z by
replacing K, by L, in the definition ofZ, where the random variables L, have all moments
finite and are such that E(K,, --- K,,) = E(Lq, - - - La,) whenever aq,- -+, o, € M,, satisfy
S (lag) — 1) < m — 1, then we have Wy(Z, Z) = O(e™).

We now show that this theorem is a corollary of Theorem 4 above. We apply Theorem 4
with P, and P, being the distributions of Z and Z respectively, and n = m—1. Using Lemma
3 we see that P, has a As-sequence (57, Se, - -+ ) and P, has a As-sequence (5’1, Sy, ). The
above moment hypothesis on the L, then ensures that S; = 5']- for 1 < j7 <m-—1, and
Theorem 4 shows that Wy (P, P,) < C'¢™, which implies Theorem 4 of [2].

As an alternative way of applying Theorem 4, suppose we are given a sequence (py, p1,-- )
of random polynomials as in the theorem, with a resulting sequence (Si,Ss,---), and the
define the (deterministic) sequence (p1, P2, ---) = S7'(S1, Sa, - --). Then Theorem 4 implies
that the Wy, distance between X + 377 | €/p;(X) and X + 37, €p;(X) is O(e"*'). We
can then apply this to the situation of Theorem 4 of [2], and instead of the approximation
Z constructed using additional random variables Ly, we can use a polynomial in the normal
random vector X and no additional random variable, and still obtain a scheme of order %.
Though it requires fewer random variables, this scheme does involve some added algebraic
calculation, and is not necessarily simpler overall than the method using the L.

We also remark that the ‘approximate coupling’ method described in section 8 of [2] can
be treated as an application of Theorem 4 to p.(U) where U is N(0, I) and the random vector
polynomial p, is defined by p.(z); = z;+€ 22,1:1 oirkUf+€*p;(z) and the polynomial vector
p is chosen so that the resulting S, is zero. As the distribution of p.(U) is an even function
of €, S; is zero for odd j, and then it follows from Theorem 4 that the Wy distance between
the distribution of p(U) and N(0,I) is O(e*). This approach is somewhat more rigorous
than the argument given in [2].

Central Limit bounds in Vaserstein metrics.

Let X1, X5, -+ beiid. R%valued random variables and let Y;, = m™Y2(X, +---+ X,,).
As another application of Theorem 4, we show that, under suitable conditions, the Edgeworth
expansion gives an asymptotic expansion of the distribution of Y,, in W}, metric for any M.
In particular, we obtain bounds for the normal approximation to Y,, given by the CLT.

We start by reviewing the standard derivation of the Edgeworth expansion, as can be
found for example in [1] or [6]. We assume that EX; = 0, as can be ensured by adding a
constant vector, and that X; has nonsingular covariance matrix . We also suppose that
all moments of X are finite. Let x denote the characteristic function of X;. Then near 0
we have the Taylor expansion log x(s) ~ —%stZs + Zla\zi% cos®. This expansion may or may
not converge, but is asymptotic in the sense that, for each integer n > 3 there is a constant
C,, such that

1
log x(s) + Estzs - Z Cas®| < Cyls["™ (10)

3<lal<n

for s near 0.
Now let 1),,, be the characteristic function of Y;,. Then log,,(z) = mlog x(m=%z) ~
—32' 024 oy m! 12, 2% We can then write formally ¢y, (z) ~ e_%ztzz(l—kz,o;l m~*2P(2))

lo

where 1+ Y 32 m~*2P;(2) is the formal expansion of exp(D_ >3 m'~ 2 c,2%) in powers of
m~'/2. Here P, is a polynomial with degree 3k.



Next we recall that 1, is the Fourier transform of the density f,, of Y,,, and taking
inverse transforms we obtain the expansion f,,(z) ~ ¢x(x)(1+ Y 40, m*/2Qy(x)) where Qy,
is a polynomial of degree 3k. This is the Edgeworth expansion for the density f,,.

So far this discussion has been purely formal; without further conditions we cannot even
say that Y, has a density. We impose the following condition, sometimes known as the
Cramer condition, and which we denote by CC: we say that the distribution of X; satisfies
CC if the characteristic function x satisfies limsupy o [x(s)| < 1. We note that CC is
satisfied if X; has a density, or indeed if its distribution is not singular w.r.t. Lebesgue
measure. It is also satisfied for some singular measures, such as the canonical measure on
the Cantor middle-third set (in one dimension). We note also that if |x(s)| = 1 for some
s € R?, then |x(ns)| =1 for all n € N. From this it follows that CC implies |x(s)| < 1 for
all non-zero s.

Then we have the following:

Proposition 2. With the notations and assumptions as above, let E = {m_1/2 :m € N},
and for e = m=/? let P, be the distribution of Yy,. Then (Q1,Qq,---) is an A-sequence for
the family (P.).

Proof. We fix n € N, and use C7,C5,--- to denote constants which may depend on n
but not on € € E. We fix a smooth non-negative function h on R?, vanishing outside
{z : |z| < 1}, such that [hd\ = 1 where X is Lebesgue measure on R?. Then for € € E
we define 0,(x) = ¢ 9" *VUh(e7" 1), noting that 6, is a probability density supported on
{z:|z| < et}

Now we can find § > 0 so that (10) holds and log|x(s)] < —%s'Ss whenever |s| < 4.
Then from the CC condition, together with the continuity of x and the fact that |x(s)| <1
for nonzero s, we can find vy € (0,1) such that |x(s)| <y whenever |s| > §. Then [, (2)] <
exp(—12'S2) whenever |z] < m'/2§, and |1, (2)| < 4™ whenever |z] > m!/26.

We also have

1
log ¥, (2) + §zt2z — Z mi7lel2e, 20| < Oy =m)/2|

3<]a|<n
for [2| < m!/2§, and for |z| < m'/% we have
n—2
exp Z milel 2 0 | -1 — Zm_k/2Pk(z) < CymI2(1 4 |22
3<|a|<n k=1
and combining these inequalities gives

n—2

k=1

< Cgm(l_n)/2(1 + |Z|3n)e—%zt2z (11>

for 2] < m!/S. )
Now let fn, and 4y, be respectively the density and characteristic function of P * 6.
Then ¢,,(2) = 0.(2)m(2). Now we have |6.(z) — 1| < Cye"t|z| for all z, and so |¢,(z) —

U (2)] < Cse™ |z exp(—12'52) for |2| < m'/25. Then (11) holds with ¢ replaced by %
(and a possibly different constant). We also have |f(2)| < Cge@*D+D|z|=a-1 and hence
b (2)] < 4™ min(1, Coe= @D z17471) for |2| > m/25. And for |z| < m!/2§ we have

[ (2)] < exp(—72'22).



Putting all these inequalities together we find that

n—2
/ Vm(2) — e 22 (1 + ka/2Pk(z)) dz < Crm\—/2 (12)
Re k=1
and taking inverse Fourier transforms gives
_ n—2
() — s (2) <1 + Z m—k/2Qk(x)> < Cgm(t=m/2 (13)
k=1

for all x € RY.
Now, given r € N and M > 0, we apply (13) with n = r + 3 and get

< Cgm—(r+2)/2

fnl() = 65 () (1 + Zm_k/sz(fF)>

k=1

Since X7 has all moments finite, for given R > 0 we also have
r+1

JRCEERTACERE (1 £y mk/z@k<x>>
! k=1

and if R was chosen large enough we can deduce from Hoélder that
r+1

/R (1+[a)™ | fn(2) — ¢s(2) (1 + Zm_k/2Qk($)>
. k=1

This inequality still holds (with a different constant) if we remove the k = r + 1 term from
the sum on the left, and this completes the proof. O

dx < Chp

dx S C’Hm_(rﬂ)ﬂ

We can now deduce a bound for the CLT in W,; distance: under the hypotheses of
Proposition 2 (and still using e = m~'/2) it follows from this proposition and Theorem 4
that the W), distance from P, to N(0,%) is O(¢). For ¢ = 1 this was shown by Rio [8],
under different hypotheses, which for M < 2 are significantly less restrictive than ours. We
are not however aware of any previous results of this sort in dimension > 1.

By similar arguments we can see that the Edgeworth expansion is an asymptotic expan-
sion of P, in the sense that for any n the W,, distance from P, to the measure with density
x(1+ >0 €°Qx) is O(e™™). (This statement is not strictly correct in that this density
is not positive everywhere; one should modify it outside a suitable large ball to make it a
probability density. Any reasonable way of doing this will give the stated bound).

As with the stochastic Taylor expansion, we can define the sequence of polynomials
(p1,p2, ) = SHQ1,Qa,--+). Then Theorem 4 implies that the W), distance between
X + 377 €pi(X) and P, is O(e"*!). This may be useful for the approximate simulation of
Y,, when m is large.

We have assumed here that X has all moments finite; we have not attempted to determine
which moments are needed to get W, bounds for given M, or to get explicit bounds in terms
of the moments. For a detailed investigation of these matters see [12].

5 Asymptotic expansions for W, distances

In this section we derive an asymptotic expansion for Wg(IP’e,IP’E) in powers of €, in the
situation of Theorem 4. In fact, we consider a more general situation, in that the two A-
sequences are allowed to have different covariance matrices. For simulation applications it
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is probably only the case of equal covariances, and only the leading term of the expansion,
that would be of interest. But in the next section we give an application to monotonicity of
the Wy distance which uses the full expansion in the general case.

The derivation of the expansion is based on the following lemma, which is an elaboration
of an elementary part of the standard theory of optimal transport for quadratic cost, as
described for example in [11].

Lemma 5. (a) Suppose that ¢ is a C' convexr real function on RY and that X and Z
are Ri-valued random wvariables with the same distribution on the same probability space.
Let Y = g(X) where g = V. Assume E(|X|?), E|¢(X)| and E(|Y|?) are finite. Then
E(|Z -Y]) 2 E(|X - Y]).

(b) Assume the same hypotheses as in (a), and in addition that ¢ is C* and that there exists
§ > 0 such that the lowest eigenvalue of D*¢(z) is > § for all x. Then

E|Z - X?<0 YE|Z-Y|* -E|X - Y]

Proof. (a) Since ¢ is convex we have ¢(Z) —¢(X) > (Z—X).Y always. Taking expectations,
and using E¢(X) = E¢(Z), then gives E(Z.Y) < E(X.Y). And since E(|X|?) = E(|Z]?) we
conclude that E|Z —Y|*> > E|X — Y|

(b) Using the stronger condition on ¢ we have ¢(z) — ¢(z) — y.(z — z) > 2|z — z|? for all
x,y, z and then the result follows as in the proof of (a). ]

By taking the infimum over all choices of joint distribution of X and Z, we can deduce
the following corollary from part (a):

Corollary 6. Suppose that ¢ is a C* conver real function on RY and that X is a R?-valued
random variable. Let Y = g(X) where g = V. Assume E(|X|?), El¢(X)| and E(]Y]?) are
finite. Then Wo(X,Y) = (E|X — Y |?)1/2,

We mention here a simple application of Corollary 6. Suppose X is an R%-valued random
variable with mean 0 and covariance matrix ¥, and let Y = AX where A is a fixed positive-
definite ¢ x ¢ matrix. Then by applying Corollary 6 with ¢(z) = %xtAx so that g(z) = Ax,
we can see that the coupling given by Y = ¢g(X) attains the W, distance between X and Y.
Hence

Wo (X, V)2 =E|(I — A)X|* =tr((I — A)*Y) (14)

This applies in particular when X and Y have respectively N (0, %) and N (0, ¥) distributions,
S and ¥ being positive definite. Then there is a unique positive definite A satisfying AL A =
3, given by A = X-Y2(21/28%1/2)1/2%,-1/2 This implies that AX has the same distribution
as Y, so we have Wy (X,Y)? = tr((I — A)?Y). For more on this see Corollary 3.2.13 and
Theorem 3.4.1 in volume 1 of [7].

Lemma 7. Suppose (P. : € € E) is a family of probability measures on R? such that
supcp [ |2[MdP(x) < oo for each M > 0. Let A be a positive definite symmetric q X q
matriz and let uy,--- ,up € P. Fore € E define p. : R — R by p.(z) = Az + Ele ep;j(x)
where p; = Vu;.

Then Wy(Pe, pe(Pe))? = [ |z — pe(x)|*dPc(z) + O(e™) for all M > 0.

Proof. The idea is to apply Corollary 6 to a truncated modification p. of p. which is the
gradient of a convex function.

We start by fixing 8 > 0 so that 87! exceeds the maximum degree of the polynomials
pj, and then set R = e ”. Fix also a smooth function 1 : Ry — R, such that vy(r) =1 for
0 <r <1andy(r) =0 for r > 2. Then define ¥(r) = ¥o(r/R) for r € R,. Next define
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aj(z) = ¥(|z))u;(2), te(z) = 32" Az + €0;(x) and pe(z) = Vie(z) = Az + Z§=1 e'p;(x) for
x € RY, where p; = V.

Our choice of R ensures that for € small enough %, will be convex and then by Corollary
6 we have

Wy(B., 5u(P.))? = / & — pa)|PdP.(x) (15)

And we see that

pe(2) — ) = (1 — w(lapele) — LD S a)e (16)

Wa(po(B2), e(BL))? < / 1pel() — fu() PdP.(x) = O(eM) (17)

for any M > 0. Combining (15) and (17), and using the triangle inequality, gives the
result. O

We next introduce a generalisation of the map Sy.. Let ¥ and A be positive definite g x ¢
matrices, and let Y = AYA. Then we define Ss.a : Ps x P& — Ps by formal power series
operations as follows: let S = (S1,S52,---) € Py and let p = (p1,p2,---) € P&. Then we
determine formally the image of the measure with density (1 + €S} + €255 + - - - )¢s, under
the mapping y = ¥.(x) := Ax + epy(x) + €2pa(x) + - - -, obtaining a formal expansion

det{ Dy (y)}os (0 (y) = (1 + €Si(y) + Sa(y) + - )os ()

for the density of the image, where S*j € Ps. Then Sy 4(S,p) = S := (51,5, ---). We note
that in the special case where p = (0,0,0, - - - ), so that 1. (z) = Az, we get Si(y) = Sp(A~1y).

The following observation about the parity of such expansion will be used. We say that
p € P or P4 is even if pp(—z) = (=1)*p(z) and odd if pr(—x) = (—1)¥*1p(z) for all k and
x. Then if S € Py is even and p € P? is odd, we easily see that Sy 4(S, p) is even.

We aim to obtain an estimate for Vaserstein 2-distances in the context of the last para-
graph. To this end we consider another way of (formally) describing the mapping v, by first
finding (q1, g2, - - - ) so that Sx(q1, q2, -+ ) = (S1,S2, -+ ) and then writing the formal compo-
sition of the mapping = A7 v + eq (A7) + -+ with y = ¢ (x) asy = v+ ery(v) + - -
Then we have:

Lemma 8. With notation as above, S¢(r1,72,--+) = (S1,85,---).

Proof. This is fairly clear from consideration of the formal power series, but can also be seen
as follows: fix n € N and a ball B = {|z| < R} in R% Then for € small enough, the image
under y = Az + > ,_, €pi(z) of the restriction to B of the density (1 + >, _, €"Si)ox will
be a density (1+ Y ,_, ekgk)gbg + O(e"™). On the other hand this density also agrees, up
to O(e"™!), by the image under y = v+ Y, €*r¢(v), and the result follows. O

Note that one consequence of Lemma 8, along with Lemma 1, is that S’j € Ps. We can
now state the desired estimate:

Proposition 3. Suppose~E,A,§~],p,S,g are as above, with S = Ss.4(S,p). Suppose also
that (P : ¢ € E) and (P, : ¢ € E) are families of probability distributions on R? with
respectively a As;-sequence S and a As,-sequence S. Then for any n € N we have

1/2

WQ(IP€7ED€) = /Rq (1 + Zeksk(x)> ¢s(r)dr +0(") (18)

Az —x + Z " p(z)
k=1
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Proof. Let ¢1,qo, -+ and 71,79, - - - be as defined in the paragraph before Lemma 8. Let Z be
arandom variable with N (0, X) distribution, and define V= AZ and X, = Z+,_, €"q.(Z).
Also set Y. = AX, + >, €"pp(X,), which can be rewritten as

Y.=V+ Z Fr(V) + e s(e, V)

k=1

for some polynomial s. Then (X.) has an Ag-sequence agreeing with S up to order €”,
and so Wy (P, X.) = O(e"™') by Theorem 4. Similarly (Y;) has an Ag-sequence agreeing
with S up to order € (by Lemma 8), and so Wy(P,,Y,) = O(¢"*!). And Lemma 7 gives
W(X,,Y.) = (E| X, — Y|?)V2 + O(e"*!). Putting these results together gives (18). O

We remark that the conclusion of Proposition 3 can be reformulated as a statement
that Wy (P, P.)* has an asymptotic expansion Y-, Cie®, where from (18), and writing
po(z) = Az — x and Sp(z) = 1, we have

Cr = Z / pi(x)'p;(2)S)(z)ps(z)dx (19)
itjtl=k; i,j,k>07 R
In particular Cy = [p, [(A — Dz|*¢x(x)dz =tr((A — I)*Y).
We also remark that, in the special case where P, and ]f”e have covariance matrices
independent of ¢, i.e.

zatdP(z) = %, zatdP(z) = 2 (20)
/ /

for each €, we can simplify (19) somewhat by a modified derivation of the asymptotic expan-
sion, as follows. Using the notation of the proof of Proposition 3, for given n we can write
Y. = AX 4V, where V, = >_, €"pi(X,) and then from (20) we have E(X . X!) = S+0(e"*!)
and E(Y.Y?) = 3 + O(e"t1). Now we have

E(Y.Y") = E(AX X'A)+ AB. + B'A + G,

where B, = E(X. V) and G. = E(V.V}). Tt follows that AB, + B!A = —G.+ O(¢"*!). Using
this, we find that

ElY, — X =E|(A - DX, + V| = tr((A = I)*) + 2tr((A — I)B.) + trG. + O(e"*1)
= Cy +tr(A7'G.) + O(e™)

Then using the definition of V; to expand G, = E(V.V}) we conclude that when (20) holds
we have
Cp = > / pi(x) A p; () Sy () s () da (21)
itjrl=k; i>0,5>0,1>0 7 RY
for k > 0. This is simpler than (19) in that there are no terms involving py. In particular
we have C; = 0.

In order to apply apply Proposition 3 to an arbitrary pair of families (P.) and (P.) with
A-sequences S and S we need to find positive definite A and p € P& such that Y = A% A
and S = Sx 4(S, p), and we turn to this now.

As we saw above, there is a unique positive definite A satisfying AXA = %, given by
A =N"12(S128n1/2)1/25-1/2 For the construction of p we need a couple of lemmas:

Lemma 9. Let B = (b;;) be a diagonalisable g X q real matriz with positive eigenvalues, let
n € N and let V,, be the real vector space of homogeneous degree-n polynomials on RY. Define
TV =V, by Tf(x) =20 wibiy ot

Then T is surjective.
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Proof. Let J be an invertible matrix such that J~'BJ =diag(\1,--- , A\, where all \; > 0.
Define an invertible linear map U : V,, — V,, by Uf(z) = f(J z) for z € ]Rq and then define

a linear map S : V,, — V,, by S = U™'TU. Then Sg(z) = ey Zza for g e V. Soif
g(z) = 21t -+ z* where r; +---1, = n we have Sg = \g Where /\ = f 1 TiAi > 0. Since
such monomials form a basis of V,, it follows that S, and hence T, is invertible. O

Lemma 10. The map Ls, 4 defined by

Ly at(y) = y'S7 (A Ny) — (A7 Dy(Ay))
maps Pg, bijectively onto Ps.

Proof. First we note that ¢s(y)Ls at(y) is the divergence of ¢s(y)y(A 'y) and hence inte-
grates to 0. So the range of Ly 4 is in Px.

Next, applying Lemma 9 with B = AX ™!, we see that if ¢ is a homogeneous polynomial
of positive degree on R?, then there is a unique ¢ € P§ such that 2'Biy(z) = g(Azx), which
means (putting y = Az) that y'S")(A1y) = g(y) for all y € RY. From this one can easily
deduce, by induction on the degree of f, that for any f € P there is a unique ¢ € P, such
that EZ,A@D = f O]

Proposition 4. Given S € Ps; and S € Ps, there is a unique p € Pg such that S (S, p) =
S.

Proof. We follow the method of proof of Lemma 2. We show by induction on n that for

cach n there is a unique choice of py,---,p, € P§ such that Sg%(Sl, s S D1y D) =
(Sla e 7Sn)
So we suppose we have such py, - -, p,, and look for p,; € PZ such that

SnJrl)(Sl?"' aSn+17p17"' aanrl) = (Sla"' >Sn+1)

We can write S (nt1) (51, o Sty Py s Pn) = (S1,+ ¢+, Sp,v) for some v € Ps. Then for
any choice of pn+1 € P, we have

S(n+1)(517 T 7Sn+17p17' o Jpn—i-l) - (517 e 7‘§nav - EZ,ApTH-l)

So we need p,41 to satisfy Ls apni1 = v — §n+1, and by Lemma 10 there is a unique such
Pnt+1 € PZ. This completes the inductive step. The initial step is proved in the same way. [

Combining Propositions 3 and 4, we obtain the main result of this section:

Theorem 11. Suppose that (P, : ¢ € E) and (P, : € € E) are families of probability
distributions on R? with an As-sequence S and an Ag-sequence S respectively, where ¥ and
S are positive definite. Then Wy (P, P)? has an asymptotic expansion Sor o Cre®, in the
sense that for each n there exists K > 0 such that

Wy (P, P.)? Z Che¥| < Kt

k=0

foralle € E.
Here CYy is given by (19), where p = (p1,p2,- -+ ) is given by Proposition 4 and po(z) =
Az —x, Sp(z) =1
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We remark that, from (19) and the construction of the p;, it is not hard to see that Cj
can be expressed as a polynomial in the entries of ¥ and A, det(X)™!, and the coefficients
of Si,-++,S, and Sy, , Sy

We also remark that, if S and S are both even, then using the earlier observation on
parity and the construction in the proof of Proposition 4, we obtain by induction that p is
odd, and then it follows by (19) that Cy = 0 if k is odd.

A further remark is that, when (20) holds, when can use (21) to simplify the calculation
of Cx. We have C = 0, and we also get a simple expression for the first non-zero Cj, (not
counting Cp), as follows. Excluding the case where all p,, vanish, let m be the smallest
number in N such that p,, is not identically zero. Equivalently m is the smallest number
such that Sp,(z) # Spn(A~'z) for some z. Then by (21) we have C, = 0 for 1 < k < 2m
while Copm = [gq Pm(2) A" Py () ps(x)dx. Tt follows from this and the fact that p,, does
not vanish identically that Cs,, > 0. Also we see from the construction in the proof of
Proposition 4 that p,, is the unique polynomial in P} satisfying Ls apm = Sp(A™ x) — S,

We conclude this section with a result which can be regarded as an asymptotic expansion
for an optimal coupling (for the quadratic distance) between P, and P,. We first note that it
is elementary that optimal couplings exist (see e.g. Proposition 2.1 of [11]). Then we have
following result for such couplings.

Proposition 5. Let 32, A, 3, (P.) and (P.) be as above. and let k € N. Then there is C' > 0
such that, if Y and Z are random vectors on the same probability space, with distributions
(P.) and (P.) respectively, such that E|Z — Y|? = Wy(P,,P.)?, then

L 2
E|Z—AY =) ép;(Y)| <Ot (22)
j=1
Proof. Fix k € N and let p.(y) = Ay + ngl épi(y). Now define p. = Vi, in the same
way as in the proof of Lemma 7; then for e small enough, . is strictly convex and smooth,
and p. maps R? — R? bijectively with inverse g = V¢, where ¢ is convex and smooth.
Also, for € small enough, || Dp.|| < 2||A]| everywhere, so D*¢. = Dg, has smallest eigenvalue
> (2] Al]).
Now let Y and Z be as in the statement, and let X = p.(Y'), so that ¥ = g.(X). Then
Lemma 5(b) applies with ¢ = ¢, and, recalling that E|Z — Y |*> = W,(P,, P,.)?, we see that

E|Z — X|* < 2[|Al|(Ws(P., B.)® —E|X — Y[?)

Now arguing as in the proof of Proposition 3 we find that Wy(P,, P,)> —E[X — Y|* < Ce?*+2,
so that E|Z — X|? = O(e?**2). Also, as in the proof of Lemma 7 we have E|X — p(Y)|* =
O(€***2). Moreover E| ij,;lﬂ éIp;(Y)]? = O(e***2), and the result follows from these last
three bounds. L

We remark that in general optimal couplings may not be unique, but if P. has the
property that P.(F) = 0 for any Borel set F' of Hausdorff dimension ¢ — 1, then there is a
unique optimal coupling given by Z = ¢.(Y'), where ¢, : R? — R? is the gradient of a convex
function (see Theorem 2.12 of [11]). In this case we can rewrite the conclusion (22) as

/.

In this sense the series Ay + > 7%, €/pj(y) can be regarded as an asymptotic expansion of ..

2

k
Yely) — Ay =Y €pi(y)| dP.(y) < Ce* 2
j=1

We also note that if P, and ]f”ﬁ have densities f. and fe respectively, then under suitable
regularity conditions, 1. satisfies a Monge-Ampere-type equation det(D(y))fe(ve(y)) =
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fe(y). See Chapter 4 of [11] for detailed discussion of this. We merely remark here that the
series Ay + ep1(y) + €’p2(y) + - - - satisfies the above Monge-Ampere equation in a formal
power series sense (using the the A-sequences as formal series for f. and f,).

6 Asymptotic expansions in Central Limit case

Now we apply Theorem 11 to obtain asymptotic expansions for central limit Wy distances
using Proposition 2. We suppose X and X are Ri-valued random variables, with zero mean
and covariance matrices ¥ and ¥ respectively. We also assume that X and X have all
moments finite, and satisfy the CC condition (which implies that ¥ and ¥ are invertible).
Let Y, = Trfl/2 > ey Xy and Y, similarly. Next let Q = (Q1,Qs, - --) be the A-sequence
for the distributions of the sequence (Y},) given by Proposition 2, and likewise Q.

Then we apply Theorem 11 with E = {m~'/2 : m € N} and with P, and P, being the
distributions of Y;, and Y,, respectively, where ¢ = m~2. We also note that Q and Q are
both even and that (20) holds, so that by the remarks at the end of the last section we have
an asymptotic expansion Zk o Cem™/2 for Wg(Ym,Ym) , where C} for k > 0 is given by
(21) withS =Q and S = Q, and C}, = 0 for odd k. Then, writing By, = Cs;,, we can express
the asymptotic expansion as Z,ﬁo Bym™" where By =tr((A — I)?%) and for k > 0

B, = / @) A () Q) s ) (23)

i+j+l= 2k ;4>0,7>0,1>0

where p € P}, satisfies Q =Sy 4(Q,p) and as before Qy(z) = 1.

We remark that in the case where X and X both have symmetric distributions (i.e. X
has the same distribution as —X, and likewise for X ) then we have ; = 0 and Q] =0 for
J odd, from which it is easy to deduce that p; = 0 for j odd. This simplifies the calculation
of By in (23). In particular we have B; = 0 in this case.

In general the calculation of the coefficients By using (23) is quite heavy; we now give
two calculations for relatively simple cases. The first finds B for the usual ‘CLT’ situation

where one of the distributions is normal (with the same covariance), while the second finds
By and By when g = 1.

Calculation of B; when one distribution is normal

We suppose X has mean 0 and covariance ¥ (and as usual that X has all moments finite
and satisfies the CC condition), and we seek an asymptotic expansion Wy (X, N(0,X))?
S Brpm~*. By an orthogonal change of coordinates, which does not change the Vaserstein
distance, we can suppose X is diagonal with entries o2, - - ,02 where each o; > 0. We also
write pjr = E(X;X,X;) for the 3rd moments, where j, k,l = 1,2,---,q. We recall the
eigenfunctions of Sx,V described in section 2. Then ); can be expanded in terms of these
eigenfunctions:

TiTRTL (x; /0) 1 Hs(xj/0;)
= D Hings Zﬂm e D e

0'0'0' g
j<k<l L J J

Now we need p; = Vu where u satisfies SgVu = (1. Using the eigenvalues of SxV given in
section 2 we find

:C:Ckxl Hy(xj/0; :L‘k T;i/o
T e— _Z“” Hy (/o)) 182‘%9 J'/ i)

2
forot 0,07 + 0 i+o? O’k + 203

Then we calculate p; = Vu and find
2

2 2
B, = 2 dr = E/ J N~ Mgk 2 N i
1 /p1($) ¢s(z)da 013012+‘7]2"712+0202 - 2202(02+202) - 182 031

j<k<l vk j#k I j
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which can be rearranged as

q

2
B, = 1 Mk
= E : 2 9 2 9 2 2
6 et oy0; +ojo; + o050},

So we can deduce that

W2<Ym7

@IH

i - e+ O (24)

+ 03 012+U o}

One-dimensional case

We first note that when ¢ = 1 we can always reduce to the case of equal variance 1,
because of the observation that if U and V' are random variables with mean 0 and variance
1, and if X\ and p are positive constants, then for any joint distribution of U,V we have
E\U — pV)? = (XA — p)? + ME(U — V)%, from which we deduce that Wo(A\U, pV)? =
(A = p)? + X\pW,(U, V)2

So we suppose ¢ = 1 and that X and X are random variables with mean 0 and variance
1, with all moments finite and satisfying the CC condition as above. For k € N define
e = E(X*) and ji, = E(X*). We note that in this case Ly, reduces to £1p(z) = zp(z)—p (),
and again it will be useful to expand polynomials in terms of Hermite polynomials, and use
the relation £1H, = Hy.;. Now for the first term in the Edgeworth expansmns we find
Q= 6u3H3 and similarly for Q;. Then we have A = 1 and we Calculate P = (,ug — u3)Hs.
Finally we obtain By = 0 and, using (23), we calculate By = [, p1(x)?¢(z)da = % (fi5 — p13)*.
We conclude that

s = )P+ O ™) 25)

In the usual CLT situation, X has N(0,1) distribution so ji3 = 0. Then (25) becomes

Wy (Y, Yin)? =

2
Wi (Y, N(0,1))% = 1’5;”71

(m™*) (26)

which is a special case of (24). Now we compare (26) with the results of Rio [9]. Theorem
1.1 of [9] states that, if 1 <r <2 and X is a random variable with mean 0, variance 1 and
E|X|"2 < oo, whose distribution is not supported on a lattice, then

W, (Y, N(0,1)) = %m_lm + o(m_l/Q) (27)

where A, = ([, |1 — 2?|"¢(x)dx)"/". We have Ay = v/2 so (27) with r = 2 is consistent with
(26). In fact (27) with 7 = 2 is equivalent to (26) with o(m™') in place of O(m™2), so (26)
gives a stronger bound - but it also requires a stronger moment condition, as well as the CC
condition which is stronger than the non-lattice condition in Theorem 1.1 of [9].

We also note that Rio gives an analogous result (Theorem 1.2 of [9]) for lattice distribu-
tions. It would be of interest to investigate to what extent the results of this section could
be extended to lattice distributions and also to W, bounds for r # 2.

We can extend the expansion in (25) to higher order using (23), though the complexity
of the calculation of By increases rapidly with k. To calculate Bs, we note first that (23)
gives

By = /R{Qpl (2)p3(z) + pa(2)? + 2p1 (2)pa(2) Q1 (2) + p1(2)* Qo () } (1) dx: (25)

Now from the Edgeworth expansion again we have Qa(x) = 5 (s — 3)Hy(x) + 5 p3Heg(x),
and we also find after some calculation that py(z) = JHs(z) — Kz where J = 5 (fia — pa) —
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= (fis — ps3) (i3 + 2p3) and K = 5= (i3 — ps)(fis + 5ps). We also need ps, which contains a
large number of terms so we omit the details, but remark that the calculation is simplified
by the observation that, since p; is a constant multiple of Hs, to determine f P1p3@ we only
need the coefficient of Hy in the expansion of p3 in Hermite polynomials. When this is found
and everything is put together we obtain

1 1 3 o L
By =—(pta — f1a)” + == (p3 — f13) (=244 + 2fasfia + pisfia — fiafia)
96 36 (29)
1 1 . N
t15 (ps — fiz)? (1 + @(227#3 + 302u3 43 + 227/@)

In the situation Where X is normally distributed, we have ji3 = 0 and ji; = 3, and then

as noted above By = %2, while (29) reduces to

18’

1

By = 9% —(pg — 3)* —

1 227
TgHalne —3) = ooty (30)

In this case the expansion x + Y. m™*/2p,(z) is a Cornish-Fisher series, and we can use
the known expressions for such series to give a simpler derivation of (30). But we can
also go further and use Cornish-Fisher expansions to simplify he proof of (29) when both
distributions are non-normal. To do this, we find (unique) q and q such that S;q = Q
and S;q = Q, using the fact that = + Zm_k/qu( ) + > m~*2G,(x) are Cornish-Fisher
expansions. Then the expansion z + > m™/?p,(z) is just the formal composition of the
second of the above Cornish-Fisher expansions with the inverse of the first (note that this
fails if ¢ > 1, because P}, is not closed under composition). This means that we can replace
(23) by

Bie Z / ) — (@) (6 () — qs(2)p(w)da

and in particular By = fR{Q Q1 x) — (@) (@(x) — g3(x) + (Go(x) — qi(x))?*}o(z)dz, from
which we can recover (29).

Monotonicity questions

Problem 7.20 in [11] asks whether, if X and X are random vectors with zero mean, and
Y,,,Y,, are defined as above, then W2(Ym,Y ) must be decreasing as a function of m. A
counterexample, in which X and X are integer-valued random variables with finite range,
was given in [10]. Here we use the asymptotic expansion to give a partial positive result
under some conditions on the distributions of X and X.

Proposition 6. Suppose X and X are Ri-valued random variables with zero mean and
satisfy the CC condition. Suppose also that X has all moments finite, while X satisfies the
stronger moment condition supyey k™' (E|X|F)V/F < oo,

Then there ezists mg such that Wo (Y11, Ym+1> < Wy (Y, Y, m) for all m > my.

Proof. We denote the variances of X and X by ¥ and 3, and define 4, S, S, p as before. We
distinguish two cases, depending on whether X and AX have identical moments or not:

Case 1. E(X*) = E((AX)®) for all multi-indices a. Then by the moment condition on X,
we see that the characteristic function y 4x of AX extends to be analytic in a neighbourhood
of R? in C4. Since X has the same moments, the same is true of y 5. Using Taylor expansions
about 0, it follows that x ¢ = xax in a neighbourhood of 0 in C?, and hence by analytic
continuation x ¢ = xax on all of RY. It follows that X has the same distribution as AX,
which in turn implies that, for each m, Y,, has same distribution as AY,,.

Then, noting that Y,, has mean 0 and covariance 3, we deduce from (14) that Wy (Y;,, Y,,) =
Wo (Y, AY,,) =tr((A — I)?%) which does not depend on m, and the result follows.
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Case 2. When case 1 does not apply, there is some multi-index « such that E((AX)*) #
E(Y®). This means that for some k € N, S (Az) is not identically equal to Sk(x), and hence
pr is not identically 0. Taking the smallest & for which this holds, we see from (23) that
By, > 0, while B; = 0 for 1 < j < k. Then we have

Wy (Yo, V)2 = By + Bym™* + Bryom ™1 + O(m™"72)

from which we deduce that Wy (Y, Yi)? = Wa (Y1, Yins1)? = kBrm ' +O(m~*~2) which,
since By > 0, is positive for m large enough, as required. O

We remark that the ‘stronger moment condition’ in the hypotheses is equivalent to the
requirement that the moment generating function of X be finite in a neighbourhood of 0 in
RY.

It is natural to ask to what extent the hypotheses of the above proposition are necessary.
By approximating the (integer-valued) random variables in the example from [10], one can
get an example where X and X are bounded random variables with smooth densities, but
Wy (Y, Ya) < Wy(Ys,Ys), showing that the requirement m > mqg cannot be omitted. Also,
by modifying the construction in [10], one can construct bounded integer-valued random
variables X and X such that Wy(Y,,,Y,,) > m~2 for m odd but Wy(Y,,,Y,,) = O(m™?)
for m even, which shows that the CC assumption cannot be omitted. One can ask, however,
whether it is enough to assume that one of X and X satisfies CC. Related to this is the
question mentioned in [10], whether monotonicity (for all m) holds when X is normal with
the same covariance as X. Finally one can ask whether the moment conditions can be
relaxed.
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