DIFFERENTIAL EQUATIONS DRIVEN BY ROUGH PATHS: AN
APPROACH VIA DISCRETE APPROXIMATION.

A. M. DAVIE

ABSTRACT. A theory of systems of differential equations of the form dy® = Zj f}(y)dmi,
where the driving path x(¢) is non-differentiable, has recently been developed by Lyons. We
develop an alternative approach to this theory, using (modified) Euler approximations, and
investigate its applicability to stochastic differential equations driven by Brownian motion.
We also give some other examples showing that the main results are reasonably sharp.

1. INTRODUCTION

Lyons [7] has developed a theory of systems of differential equations of the form
d
(1) dy' = filyda’, g (0)=y) =12 n
j=1

where z(t) is a given continuous (vector-valued) function of ¢ but is not assumed to be
differentiable, so the system is not a system of classical differential equations. In [7] x(¢) is
assumed to have finite p-variation for some positive p. The study of equations driven by such
rough paths is motivated by the case of stochastic differential equations driven by Brownian
motion, which has finite p-variation only if p < % Rough path theory gives an approach to
such stochastic equations by viewing them as deterministic equations, for a fixed choice of
driving path, which is in contrast to the more classical stochastic approach. Applications of
rough path theory to stochastic equations can be found, for example, in [1, 4, 8|.

The approach to (1) in [7] mirrors the standard approach to ODE’s by writing them as
integral equations and using Picard iteration or a contraction mapping argument. So one
writes

y =+ / Fi(y(s))da (5)

and the problem then is to interpret the integral on the right. This is fairly straightforward if
p < 2;if 2 < p < 3 then Lyons shows that one can make sense of this integral if one ‘knows’
integrals of the form [ z'(s)dz?(s). His approach is to suppose these latter integrals are
given, subject to natural consistency conditions, and then to develop an integration theory
which suffices to treat the differential equations. If p > 3 then it is necessary to assume
higher-order iterated integrals of x(t) are given. In this setting Lyons in [7] proves existence
and uniqueness of solutions of (1) provided f € C7 where v > p.
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Another way of proving existence and uniqueness theorems for classical ODE’s of the form
gy = f(y) is to consider Euler approximations yx+1 = yx + (txr1 — tx)f(yr) associated with
subdivisions {to, t1, - - - tx } and show that as the subdivision gets finer these approximations
converge to a limit which satisfies the equation. Indeed this is a standard proof for the case
where f is continuous but not Lipschitz, so that one gets existence but not uniqueness. In
the present paper we use this approach to study the system (1). Using suitable estimates
for discrete approximations to (1) we are able to prove their convergence to solutions of
(1). When p < 2 the simple Euler approximation suffices. When 2 < p < 3 we need to
assume the integrals [ 2’da? given, and incorporate them into the discrete approximation.
We restrict attention to p < 3 which is enough to illustrate the basic ideas and covers many of
the applications, but avoids the algebra of iterated integrals which is needed for the general
case. We show (in sections 2 and 3) existence of solutions when f € C7~! when v > p,
and uniqueness when f € C7 where v > p. The proofs give, when f € C7, convergence of
the Euler approximation to the solution in the case p < 2, and convergence of the modified
Euler approximation when 2 < p < 3.

We treat the simpler case 1 < p < 2 first, in section 2, the treatment of 2 < p < 3 in
section 3 being similar but with extra terms to handle. This results in some repetition of
arguments but it is hoped that treating the simpler case will make the ideas clearer.

In section 4 we consider the application of the theory to the case of equations driven by
Brownian motion, which is one of the motivating examples. In this context we investigate
the smoothness requirements on f for existence and uniqueness of solutions. In section 5
we give examples to show that the results of sections 2 and 3 are sharp, to the extent that
that uniqueness can fail with f € C7 whenever 1 < v < p < 3, and existence can fail for
f € CP7! whenever 1 < p < 2or 2 < p < 3. Section 6 treats global existence questions.
Finally in Section 7 we show that, under an additional condition, the (unmodified) Euler
approximations, with uniform step size, converge to the solution even when 2 < p < 3.

We comment briefly on the relation of our results to those of [7]. When p > 2 the notion
of solution developed in [7] contains more than the solution path y(¢) which we obtain. Just
as the driving path z(¢) has to be accompanied by the associated ‘iterated integrals’, the
approach taken in [7] is that the solution y(¢) should also be accompanied by its iterated
integrals, and the solution obtained there incorporates these as well as y(t). This leads to a
more complete theory at the expense of greater complexity. The results of sections 2 and 3
recover the main existence and uniqueness result of [7] for v < 3, in the restricted sense that
only the solution path y(t) is obtained, by a different method and somewhat more easily. We
get some slight improvement in the regularity requirements, in that existence is shown for
f € €771 rather than C7 and uniqueness in the borderline case v = p (for f € C7). Some
more discussion of the relation to [7], including an indication of how the full solution of [7]
might be obtained by our method, can be found at the end of section 3. The results of the
remaining sections are new to the best of my knowledge.

Notation.



DIFFERENTIAL EQUATIONS DRIVEN BY ROUGH PATHS 3

Let n and d be positive integers. For p = N+« where N is a positive integer and 0 < o < 1
we define C” to be the set of f = (f;) where : = 1,--- .nand j = 1,--- ,d, such that each
f;ﬁ is defined on R", and has derivatives up to order N, which all satisfy locally a Holder
condition of exponent o (note that this definition of C* when N is an integer differs from
the usual, in that we do not require continuity of the derivatives of order N). We denote by
C{ the set of f € C* which vanish outside a bounded set.

We shall generally suppose that either 1 <p <y <2o0r2<p<y<3.

Consider a continuous R%valued function z(t) = (z*(¢), -+ ,2%(t)) on an interval [0, T,
and suppose x(t) has finite p-variation, in the sense that there is a continuous increasing
function w on [0,7] such that |z(t) — z(s)[’ < w(t) — w(s) whenever 0 < s <t < T. We
sometimes write w(s,t) for w(t) — w(s).

We use the summation convention for indices h, q,r, 7, where h and ¢ range from 1 to n
and r and j from 1 to d. Then (1) can be written

dy' = fi(y)da?,  y'(0) =y
where y(t) = (y*(¢), -+ ,y™(t)). We also write 9, for 9/dy,.

We shall occasionally use dyadic intervals, by which we mean intervals of the form
(k27 (k 4+ 1)27™] where k and m are integers.

2. The case p < 2.

Suppose 1 < p < v < 2, and that x(¢) has finite p-variation in the sense defined above.
Then we interpret (1) as follows:

Definition 2.1. We say y(t) is a solution of (1) on [0,T] if y*(0) = vy and there exists a
continuous increasing function © on [0,T] and a non-negative function 6 on [0,00) such that
6(6) = 0(0) as & — 0 and such that

(2) ly'(8) — ' (s) = £ (y(s)) (@’ (1) — 27(5))] < O(@(t) — @(s))

for all s,t with0 <s<t<T.

Note that @ may a priori differ from the function w that appears in the p-variation
condition on z, though we shall in fact see (remark 1 below) that, for any solution y, (2)
will actually hold with © = w.

We also consider discrete approximations to a solution: given 0 =15 < t; < --- < tg, let
x = x(tg) and, given g, define y; by the recurrence relation

(3) Y1 = Yo + F5 () (@hpy — 27)
Then we can state the following existence result:
Theorem 2.2. Let f € C7! (assuming 1 < p <y <2) and yo € R". Then there exists T,

with 0 <7 < T, and a solution y(t) of (1) for 0 <t < 7, such that if T < T then |y(t)| — oo
ast — T.
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Example 3 in section 5 shows that Theorem 2.2 is sharp to the extent that existence can
fail for f € CP~', 1 < p < 2. (However when p = 1, i.e. = has bounded variation, it can be
improved; in this case it suffices that f be continuous).

Theorem 2.3. Let f € C7 and yo € R™. Then the solution y(t) of (1) given by Theorem
2.2 is unique in the sense that if t < T and § is another solution of (1) on [0,t] then § =y
on [0,1].
Moreover, if t < 7 and € > 0, we can find o > 0 so that if 0 =ty < --- < tx =t with
ty —tr_1 < 0 for each k, then
e — y(te)| <€
for each k, where yy is given by (3).

Example 1 in section 5 shows that, if v < p, uniqueness fails for a suitable choice of
fec.
These theorems will be proved by analysis of the discrete approximation (3).

Analysis of the discrete problem (3).

Let g, -+ ,2x € RY with zp = (2}, -+, 2¢), and suppose for 0 < k < < K we are given
wgr > 0 such that wy, > wy + wp, when k <1 <m and |2] — 2P < wyy.

Note that with wy = w(t;)) — w(tx) and x; = x(t;) this is just what we get from the
problem described in the previous section. However for the purposes of this section we can
forget about the variable ¢.

Given yo € R”, and f € CJ"" we define y, € R" for k = 1,2,--- , K by the recurrence
relation (3). Observe that, if we let 2}V = 9yi /0yl then

lef]-VH = ZlicN + aqf;(yk)ng(xi-i-l - xi)
which is the recurrence relation of the type (3) obtained when f is replaced by F(y) =
{fi()},{0,f1(y)}), taking values in R™"™ ) x R? This observation enables us to apply

results on solutions of (3) to the derivatives zi™.
Let

Ly =y — Y — fi () (2] — 1)
The following is our main technical result:

Lemma 2.4. (a) There are positive numbers C' and M, depending only on n,d,~,p,wox
and || f|ly-1, such that if 0 < k <1 < K then |I},| < szl/p and |y, — yx| < Cw,il/p.

(b) Suppose now f € CJ. Let §y € R™ and let 4 be the corresponding solution of the
recurrence relation. There is M' > 0, depending only on n,d,~,p,wox and || f||, such that
if 0 < k < K then

Gk — vkl < M max | — g

Proof. We will use By, Bs etc to denote constants depending only on n, d, v, p and the C7~!-
norm of f.
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If £ <1< m we have
Claim. If § > 0 is small enough and L large enough (depending only on n,d,~,p and the
norm of f) then |I} | < Luﬂ/p whenever wy,, < 9.

Proof of claim. We use induction on m — k. Note first that I, = 0 trivially and I 411 =0
by (3). Now suppose k, m chosen with m — k > 1 and suppose the claim holds for smaller
values of m — k.

Let [ be the largest integer with £ <[ < m satistying wy; < ;wkm Then wy ;41 > 1wkm SO

Wit1m < wkm Then by the inductive hypothesis the claim holds for k,[, i.e. [y < Luﬂ/ P

Then |y, — yi| < Laﬂ/ Py Blwk/ P Then provided

(5) L0~/ < B,
we have
(6) v =yl < 2B1wy]?

Putting these estimates into (4) we find that
il < il i+ By
In the same way we find that |I}, | < I}, | + [T}, .| + Bow]'?. Since I141 = 0 we get

Ll <L+ 1Tyl + 2Bow]? < L(@}]” + w2 ) + 2Bow)l? < (2YV/PL 4 2By)wyl?

and provided
(7) (1—27)L > 2B,

we conclude that |1} | < Luﬂ/ ” which completes the induction, provided we choose L and §
to satisfy (7) and (5). The Clalm is proved.
For intervals with wy; < 0, part (a) of the lemma now follows from the claim, and the fact
that the proof of (6) now holds for any k,l. If wy > §, we can decompose k = ky < k; <
< k, = [ where either wy i,,, <0 or k41 = k, + 1 for each u, and r < 1 + 20wy In
either case |yk,,, — Yk | < 231"‘)111]1:“1' Summing gives |y — x| < (1 + 25_1wkl)231w;{p, and

then |Iy| < |y — yi| + Blwk/p < const wzl/p, using the fact that wy, > 6.
To prove (b), we suppose f € C{, and apply (a), using the observation above, to estimate

2™, We find that, for any choice of yo, we have |z/™| < const wé,ép <1 and (b) follows. O

Proof of theorems. We prove theorem 2.2 first. Suppose f € C?~1. Then for r = 1,2, ---
we can find f,) € Cf ~! with fy(y) = f(y) for |y| < r. Now take a sequence of successively
finer partitions {P,, : m = 1,2,---} of [0,7] with mesh tending to 0. Let yk ) which
we also write as y™(t;) be the solution of (3) using the partition P,,. By passing to a
subsequence we can assume that 3™ (s) converges to a limit y(s) (possibly foc) for each
§ € UpPm. Let 7. = sup{t : 0 <t < T, there exists mg such that |y™(s)| < r for all
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m > mg and all s € P, with 0 < s < t}; by applying Lemma 2.4(a) to f) we see that
7, 1S Well—deﬁned and positive for all 7 > |yo|. Also from this lemma, if 0 < t < 7, we
have |y™(s) — ™ (s")| < C(r,t)|w(s) — w(s')|/? for 5,8 € Py, with 0 < 5,8 <t and m
large enough. We then have the same bound for |y(s) — y(s')|, and y(s) extends to [0, ¢] by
continuity. By Lemma 2.4(a) again the bound (2) holds on [0,¢], for every ¢ < 7,, and for
every r. Now let 7 = lim 7,; it follows that y is a solution of (1) on [0, 7).

Now suppose 7 < T'. It follows from Lemma 2.4(a) applied to f(,11) that for each r there is
o, > 0 such that if s € P,, for some m and if |y™| < r then |y™(s)| < r+1 for any s € Py,
satisfying t < s < t 4+ o,. Next, fix r and choose t € U,,P,, such that ¢t > 7 — ¢,. Then if
ly(t)| < r there exists mg such that |y™(¢)| < r for m > my, and then |y™ (s)| < r + 1 for
all m > mg and s € P, with t < s < t + o, contradicting the definition of 7.

So |y(t)| > r for 7 — o, <t < T,s0 |y(t)] = oo as t — 7. This proves Theorem 2.2.

To prove Theorem 2.3, suppose y is a solution of (1) on [0,¢] and consider a partition
0=ty < -+ < txg = t. Choose r so that |y(r)] < r for 7 € [0,t]. For I > k let zl(k)
be the solution of (3), with f(,) in place of f, with initial value z,(ck) = y(tg). Then by (2)

|z/,(ji)1 Yk+1| < 0(@0(tg+1) — @(tk) and using Lemma 2.4(b) we have for &k < [ < K that

|zl(k) kH \ < const O(O(tgs1) — @(tg)). Summing over k we deduce a bound for zl(o) -y

which tends to 0 as the mesh of the partition tends to 0. The conclusions of Theorem 2.3
follow.

Remark 1. The estimates given by Lemma 2.4 show that any solution constructed by the
method described in the above proof will satisfy the following stronger form of (2):

(8) [y (8) = y'(s) — f3(y(s)) (@’ () — 27 (s))| = O(w(t) = w(s))"”
If f € C7 then the uniqueness shows that any solution will satisfy this stronger inequality.

Then we can take 0(§) = M§V/P for a suitable constant M, and the proof of Theorem 1 then
gives the bound

(9) e — y(t)] < OZW

When we only have f € C7~!, then we can still show that any solution satisfies (8), by
using a modified form of Lemma 2.4, as follows:

Given a solution y of (1) satisfying (2) on [0,7], and given € > 0, choose n > 0 so that
6(n) < en, and choose a partition with & g1 < 0. Then writing yx = y(x), we have

Vi1 — Yk — f;(yk)(l'iﬂ —2})| < @i

and using this instead of (3) we follow the proof of Lemma 2.4; we obtain |I},,| < Lw) 1/ S+ €Dk,
whenever wy,, < 6 and &g, < € /25, where now ¢ should satisfy e'/25'~1/7 + L5 1)/1’ < B
and L satisfies (7) as before. Letting ¢ — 0 gives the same estimates as the original form of
Lemma 2.4.



DIFFERENTIAL EQUATIONS DRIVEN BY ROUGH PATHS 7

Remark 2. If f € C7, the Euler approximations y(™ used in the proof of Theorem 1
converge to the solution, without the need to pass to a subsequence. This follows from (9),
or proved directly as follows.

As in the proof of Theorem 2.3, let ylim) = y™(1;,) be the solution of (3) corresponding
to the partition P, given by 0 = ¢ty < t; < --+ < tg. Let m’ > m so that P,, is a finer
partition. Let vy be the solution of (3) for the partition P,,, at the point ¢; (which being
a point of P, is also a point of P,,. Then for [ > k let zl(k) be the solution of (3), for the

partition P,,, with initial condition z,gk) = v;. Then by the bound for [}, in Lemma 1(a),

applied to the partition P,,, we have |z,(€]jr)1 — V] < cw;;/,f +1 and the result follows by using
Lemma 1(b) and summing over k, as in the last part of the proof of Theorem 2.3.

The above argument may be useful for the generalisation of Theorem 2.2 to an infinite-
dimensional setting, where the compactness required for the proof of Theorem 2.3 may fail.

3. THE CASE 2 <p < 3.

We now suppose 2 < p < v < 3. In this case (3) does not give a sufficiently good
approximation, and we need to include higher-order terms. We can regard (3) as being
obtained from (1) by approximating f;(y) by f;(yk) A better approximation is

i) & [l + frly) (2" — 23)) & fi(y) + 005 (yn) 7 (i) (27 — )
To solve (1) using this approximation, we have to integrate (z" — z%)dx’. With this as
motivation, we attempt to define A" (s,t) for s < t by dA™(s,t) = {a"(t) — x"(s)}dx’(t)
with A™(s,s) = 0. We have then the problem of interpreting this equation. The solution
adopted in [7] is to make the following assumption:

Assumption 1. We suppose as given the quantities A (s,¢) for 1 <r,j <dand 0 < s <
t < T subject to the natural consistency condition

A (s,u) = A7 (s,1) + A (t,u) + (7 (t) — 2"(s)) (27 (u) — 27 (t))
whenever s < ¢t < u. We also assume the bound |A™ (s, 1)|"/? < w(t) — w(s) (redefining w(t)
if necessary).

We remark that, at least if p > 2, it is not hard to prove the existence of such A™(s,t)
satisfying the above conditions, for a given choice of x(t). There will be many possible
choices of A™(s,t); given one such, then A™(s,t) = A™(s,t)+ p(t) — p(s) will be another, as
long as p(t) has finite £-variation. Different choices lead to different interpretations of (1).

We now interpret (1) as follows:

Definition 3.1. We say y(t) is a solution of (1) on [0,T] if y'(0) = vy} and there exists a
continuous increasing function @ on [0,T] and a non-negative function 6 on [0,00) such that

0(5) = 0(9) as 6 — 0 and such that
(10) [y'(t) — o' (s) = i (w() (@ (1) — 27 () — £ (y(5))On S (y () A™ (s, )| < O(@(t) — &(s))

forall s, t with0 < s <t <T.
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As before consider discrete approximations to a solution: given 0 =ty < t; < --- < tg,
let xp = x(tx) and, given yo, define y; by the recurrence relation
(11) Yirr = Yo + L1000 (@ — )+ L) On S5 () A (1 i)

Then we can state the following:

Theorem 3.2. Let f € C7! and yo € R™. Then there exists T, with 0 < 7 < T, and a
solution y(t) of (1) for 0 <t < 7, such that if T < T then |y(t)| — oo ast — 7.

Theorem 3.3. Let f € C7 and yo € R™. Then the solution y(t) of (1) given by Theorem
3.2 is unique in the sense that if t < T and y is another solution of (1) on [0,t] then § =y
on [0,t]. for 0 <t <, such that either T =T or |y(t)| — co ast — 7.
Moreover, if t < 7 and € > 0, we can find 6 > 0 so that if 0 = yp < --- < tgx =t with
ty —tp_1 < 0 for each k, then
lye = y(tr)| <€

for each k, where yy is given by (11).
These results will be proved by analysis of the discrete approximation (11).

Analysis of the discrete problem (11).

Let xg, - ,vx € RY with xp = (21, -+, 2¢), and suppose for 0 < k <[ < K given A’,;f
for 1 < r,j < d such that A}J = A7 + A7 4 (x] — 23)(2), — 2]) whenever k < 1 < m.
Suppose also given wy; > 0 for 0 < k£ <[ < K such that wy,, > wi + wi, when £ <[ <m
and |27 — 27|P < wyy and |AT] < w2I”.

Given y9 € R", and f € C’g_l we define y, € R™ for £k = 1,2,---, K by the recurrence
relation (11). Observe that, if we let 21V = 9y /Oy)’ as before, then

2y = 2+ 0, fi(u) 2N (why — w) + {0 ()2 On fi (i) + F1(yn) O £ (i) 2 FA™

which is the recurrence relation of the type (11) obtained when f is replaced by F(y) =
((F(0) {01 (1)}, taking values in RAOD R,
Let
T =y = vk = i) (@] = 21) — £ ()00 S5 (i) ATy
The following is our main technical result:

Lemma 3.4. (a) There are positive numbers C' and M, depending only on n,d,~,p,wok
and || f|ly-1, such that if 0 < k <1< K then |J})| < Mw,zl/p and |y, — yi| < C’w,il/p.

(b) Suppose now f € Cj. Let y € R™ and let §, be the corresponding solution of the
recurrence relation. There is M' > 0, depending only on n,d,~,p,wox and || f||,, such that
if 0 < k < K then

|Gk = yil < M"max | -y



DIFFERENTIAL EQUATIONS DRIVEN BY ROUGH PATHS 9

Proof. We will use By, Bs etc to denote constants depending only on n, d, v, p and the C7~1-
norm of f. Let I}, be as before and let g.;(y) = f'(y)Onf}(y) so that

Jlil = [lil - gf«j(yk)A%
Also define
vy = 1) — filue) — Onfi(un) (i — yi)
and note that |Rj, ;| < Bily; — yx["~". Then if k£ <1 < m we have
m Jlil - Jlim = (R} kl] + ah]”(?lk)flill)( - 37{) + {gij@l) - gij(!/k)}A;?zz
Claim. If § > 0 is small enough and L large enough (depending only on n,d,~,p and the
norm of f) then |Ji, | < Lw]’” whenever wyy, < 6.

(12)  J

Proof of claim. Again we use induction on m — k. Note first that Ji; = 0 trivially and
Jik+1 = 0 by (11). Now suppose k, m chosen with m — k > 1 and suppose the claim holds
for smaller values of m — k.

Let [ be the largest integer with £ <1 < m satistying wy; < éwkm Then wy 41 > 1wkm SO

Wit1m < 3Wkm- Then by the inductive hypothesis the claim holds for k.1, i.e. Jy < Laﬂ/ P,

Then |I},| < wap + Bzwk and |y, — yi| < Luﬂ/p + Bzwz/p + ngk /P Then provided

(13) LoG—=2)/p < B,
we have
(14) 117,| < Qngk/p and |y —yi| < 3ngk/p

Putting these estimates into (12) we find that
|‘]Izm| < |JIZ€l| + | m| + B4w7/p
In the same way we find that [J} | < |[Jyg] + [Jfy ] + B4w7/p Since Jj 41 = 0 we get

[Tl SV Til + 1] + 2Bl < Liwl? + w7 [? ) + 2Bywll? < (27PL + 2B,)w]/?

and provided
(15) (1—27P)L > 2B,

we conclude that |J; | < Luﬂ/ ” which completes the induction, provided we choose L and §
to satisfy (15) and (13), and proves the claim.
As before, part (a) of the lemma follows from the claim.

Part (b) then follows from (a) in exactly the same way as for Lemma 2.4. O

Theorems 3.3 and 3.2 are deduced in exactly the same way as Theorems 2.3 and 2.2 follow
from Lemma 2.4.
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Remark 3. The same reasoning as in Remark 1 shows that, if f € C7~!, then any solution
of (1) on [0, 7] satisfies

Y (1) = y'(s) = [ ()@ (1) = 27 () = f7(y()) O (y($) A7 (s, 8) = O(w(t) — w(s))"?
and also that (9) holds when f € C7 in the present situation.

Remark 4. In the same way is in Remark 2, one can prove Theorem 3.2 by showing directly
that the discrete approximations converge, without passing to subsequences.

Uniqueness when v = p.

Now we prove the slightly more delicate result that (1) has a unique solution when f € C?,
where 2 < p < 3 (the proof for p < 2 is similar but simpler). We require the following lemma,
whose proof is straightforward.

Lemma 3.5. Suppose a, b, c,d € R" with |[a—b| < X, |c—d| < A, |a—c| < € and |a—b—c+d| <
o. Then
(a) if F € CJ, where 1 <~ < 2, then
|F(b) — F(a) — F(d) + F(c)] < C(N e + o)

where C' depends only on the C7 norm of f.
(b) if F € C7, where 2 <~ <3, then

|F(b) — F(a) — DF(a)(b—a) — F(d) + F(c) + DF(c)(d — ¢)| < CA(\"%¢ + 0)
where C' depends only on the C7 norm of f.

Theorem 3.6. Suppose f € CP where 2 < p < 3. Then the solution of (1), whose existence
15 asserted by Theorem 3.2, is unique.

Proof. Suppose y(t) and g(t) are two solutions; is suffices to prove that y = ¢ on some
interval [0, 7]. Suppose on the contrary that no such interval exists. Then for k large enough
we can find t; > 0 such that |y(¢) — 9(tx)| = 27% but |y(t) — §(t)| < 27% for 0 < t < t4.
Then t, > tj41 > ---. We shall show that w(tg,tgy1) >const.k™. Since Y. k™' = oo, this
will give a contradiction and prove the theorem.

Since the problem is a local one, we can suppose f € Cj. Fix v with p < v < 3. We use
C1,Cy, - -+ for constants which depend only on p, v and the C7-norm of f.

We fix k and let L denote the interval [t;1,t;]. We introduce the notation

I'(s,t) = ' (t) — y'(s) — fi(2' (t) — 2 (s))
and
T'(s,t) = I'(s,t) = f(y(s)Onf; (y () A (s,)
We define I and J similarly. Then by Remark 3 we have |.J(s,t)| < Ciw(s,t)?/? and then
(16) 1(s5,8)] < Crols, 1% and [y(t) — y(s)| < Cuo(s, )
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We also introduce the notation y(t) = g(t) — y(t), Ti(s,t) = [(s,t) — I(s,t), etc. Then we
have [7(s,t)] < 27%if [s,¢] C L and [J(s,t)| < 2Cyw(s,t)"/P.
Now we write
Ri(s,t) = fi(y(t)) — fi(u()) = Onfi(y(s))(y" (8) = y"(s))
Then
J (s, u) — J'(s,t) = J'(t,u) = {Ri(s,t) + Onfi(y(s)I"(s, )} (a7 (u) — 2/ (t))
g, ®) — gl (o)} A (8, w)

with a similar expression involving J. The difference of the two expressions gives
(A7) Tlsu) = T(s.6) = T'(tu) = Ws,0) (2 (u) = 2(6)) + Vs (s, 0) A7 (8, u)
where V(s 1) = g,;(5(t)) — g5 (y(8)) — 9;(3(5)) + gij (y(s)) and

Wis,t) = Ry(s,t) + {Onfi(5(s)) — Onfily(s)) } I"(s,t) + Onfii(s NI (5,1)

For eachn = 1,2, - let K,, be the supremum of ]J(s, t)| taken over all intervals [s, ¢] C L
with w(s,t) < 27". Then for such intervals [s,t] we have the estimates |I(s,t)| < K, +
022—k—2n/p and
(18) [7(8) = 9(s)] < K + G277
Using these estimates and Lemma 3.5 we obtain V(s )] < Cy(K, + 275~ @=2/7) and
|}_%;-(3, t)| < Cp27n/P(27k=(P=2n/p 1 K ). Now if [s,u] is any interval in L with w(s,u) < 27",
we can find ¢ € (s,u) with w(s,t) < 27" and w(t,u) < 277!, Then putting the above
estimates in (16) we obtain [J' (s,u) — J (s,t) — J (t,u)| < C5(27"PK, 11 +27"*) and so
(19) K, < (24 Cs27P)K, 1 + C527"7F

From the fact that |J(s,t)| < 2Ciw(s,t)/? we deduce that K, < 20,275 if n > -5, and

combining this with the recurrence relation (19) we see that K, < C4k27%" for all n Now
if n is such that w(t, tpr1) < 27" then 27F < [5(t) — G(tprr)| < Cs(k27F" 4-27k—7/P) by
(18), so w(ty, trr1) > Cek™! as required. O

Remark 5. The hypothesis of finite p-variation on z(¢) can be weakened slightly in Theorem
. . 1/p .
3.6 - it suffices to assume that |27(f) — 27(s)| < (w(s t)loglog e t)> and |A™(s,t)] <

2/
(w(s, t)loglog ﬁ) " for all sufficiently small intervals [s, ¢].

The proof of Theorem 3.6 can be repeated under these weaker assumptions. To get the
same bound for J(s,t) using Remark 3, we can exploit the freedom in the choice of v to
use a slightly bigger p. Then in (16) there is an extra factor of (loglog ﬁ)wp in the

bound for I(s,t) and an extra factor of (loglog ﬁl/p in the bound for y(t) — y(s). This
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results in 27" being replaced by 27" log n in bounds such as (18), the RHS of which becomes
K, + Co27%/P(logn)'/?. Then in place of (19) one has

K, < (24 027""logn)K,.1 + C2" *logn

and deduces that K,, < C'klogk2™". This gives w(tg, tx+1) > const.(klog k)™, which, since
> (klog k)~ = oo, is sufficient to complete the proof.

It is true that this is a very small improvement on Theorem 3.6, but in the case p = 2, it
is sufficient to make the theorem applicable to Brownian motion - see Theorem 4.10.

Relation to results of [7]

Here we discuss briefly the relation of our notion of solution of (1) to that given by [7] in
the case 2 < p < v < 3. The basic object in [7] is a ‘multiplicative functional’, which in effect
consists of a path x'(t) together with iterated integrals A% (s,t) as considered in this paper.
The viewpoint of [7] is that the solution should also be a multiplicative functional, so that the
solution consists not only of the path y(t) as considered here but also of associated iterated
integrals. Indeed the solution as defined in [7] includes the iterated integrals associated with
the path (z(t),y(t)) which combines the driving path with the solution path. This means,
in addition to A% (s, t) which is given, also B%(s,t), C*(s,t) and D¥!(s,t) being respectively
interpretations of fst(xi — 2i(s))dyt, fst(yk —yk(s))dx? and fst(yk —yk(s))dy'.

The inclusion of these additional components in the solution is the main difference between
the notion of solution in [7] and ours, apart from the fact that [7] defines solution in terms of
an integral equation formulation rather than a difference inequality like (10). The relation
between the two notions is as follows. Assume f € C7'. Then for any solution of (1) in
the sense of Definition 4.1.1 of [7], it follows from the estimates in section 3.2 of [7] that
the path component y will satisfy (10) and is therefore a solution in our sense. In the other
direction, a solution of (2) in the sense of Definition 3.1 does not directly yield a solution
in the sense of [7], because of the missing components. But it can be shown that such a
solution is obtained from any solution, in the sense of Definition 3.1, of the extended system

do' = da', dy' = f]’:(y)dxj, dB" = xif;(y)dmj, dCM = ykdx?, dDM = ykfjl-(y)dxj
(with the obvious initial conditions for z and y, and arbitrary ones for B, C, D) by setting

B'(s,t) = B"(t) — B"(s) — 2'(s) fj(y(s)){a’ (t) — 27 (s)}
and similarly for the C' and D terms.

4. EQUATIONS DRIVEN BY BROWNIAN MOTION

Stochastic differential equations driven by Brownian motion form one of the main moti-
vating examples for Lyons’ theory. See [5] for background on this topic. In this case the
driving path is a d-dimensional Brownian motion W (t) = (W1(t),--- ,W<%(t)) where W'(t)
are independent standard Brownian motions defined on [0, c0). Then with probability 1, W
has finite p-variation for all p > 2 on any finite interval, indeed it satisfies a Holder condition
with exponent 1/p, which means that we can take w(t) = t in the definition of p-variation.
However W does not have finite 2-variation, so the theory of section 3 is needed.
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There are two choices for A"/ (s t) corresponding to It6 and Stratonovich SDEs. For
the Tto case we use AY (s, t) f W"(s,u)dW(u), where we use the notation Wi(s,t) =

W(t) — Wi(s), and the integral is a standard It6 integral. We define A% (s,t) in the same
way, but using a Stratonovich integral. The two versions differ only on the diagonal, i.e.
AY = A7 if r # j, and we have AY = AY + (t — s)/2 = 1W(s,t)%. For either choice, with
probablhty 1 the p/2-variation condltlon with w(t) = t is satisfied on any finite interval for
all p > 2. We always assume that our Brownian paths satisfy this condition, along with the
p-variation condition for W itself.

Then the theory described in section 3 here gives existence and uniqueness of solutions
for f € C7 for v > 2 (As we shall see in Theorem 4.10, this can be improved to f € C?).
On the other hand, the well-established theory of SDE’s gives existence and uniqueness for
any locally Lipschitz f, at least for [t6 equations. In this section we attempt to account for
this difference in smoothness assumptions. We consider equation (1) where z(t) = W(t) is
as above.

In the first place, standard SDE theory regards a solution as a stochastic process, and the
uniqueness theorem gives uniqueness of a process rather than uniqueness of a solution for
an individual driving path. However, we show in Proposition 4.3 that if f € C7 for v > 1,
then with probability 1 the It version of equation (1) has a unique solution, in the sense
of Definition 3.1). The real reason for the difference in smoothness requirements is that the
quantifiers ‘for all f € C"7” and ‘with probability 1’ do not commute. We shall show that, if
v < 2, the statement ‘with probability 1, for all f € C7, (1) has a unique solution’ is false
(Theorem 4.8 below). With v = 2, it is true (Theorem 4.10).

We start by proving uniqueness of solutions for the Ito version, for given f € C7 where
v > 1.

Lemma 4.1. Consider the Ito equation
(20) dy' = f;(y)dw?

with y(0) = yo on the interval [0, T] where f € Cf. Let k > 2. Let 2(s,t) = y'(t) — y'(s) —
Fily(s)) (W (t) =W (s)) — gTJArj(s,t) where gl (y) = f7'(y)Onfi(y). Then there is a constant
C such that

E|z(s,t)|F < C(t — s)kt+7)/2

Proof. We use repeatedly the fact that if X (¢) is a stochastic process adapted to the filtration
of the Brownian motion, such that E|X (¢)|*¥ < M for all 7 in an interval (s,t), then
(21)

E /tX(t)de(T)dT < A(t — s)F2M*

where A is a constant depending on k
First we have y'(¢) = [ fi(y(1))dW?(7) so Ely(t) — y(s)|* < Ci(t — s)*2. Then

y'(t) = y'(s) = fi(y(s)W (s, ) = /t{ff(y(T) — fi(y(s)}dW(r)
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and so by (21)

22) Ely'(t) — y'(s) — fi(y(s))W (s, 8)[" < Cy(t — s)*? max E|f(y(r)) — Fly(s)f
S Cg(t — S)k
Also we have

E|f'(y(t) — f'(y(s) = 0fi(y(s) (5 (8) — o/ ()" < CuBly(t) — y(s)[™" < Cs(t — )72
Combining this with (22) gives

(23) E|fi(y(1) = fi(y(5)) = g7, (y(s)W" (s, ) < C5(t — )™*/2
Finally
(5.1 = [ 10 = 506D — W (5, 7))
and applying (21) and (23) gives the required bound. O

Now we use the fact that, with probability 1, equation (20) has a continuous solution flow
(s,t,x) — F(s,t,r) € R, defined for s < t and x € R?, such that any choice of s, ¢,z the
solution of (20) with y(s) = z satisfies y(t) = F(s, t, x) with probability 1 (see [6]). Moreover,
for any § < %, F(s,t,x) is a O function of s and t and a locally Lipschitz function of z,
with uniform C? and Lipschitz bounds on compact sets. We define

Z'(s,t,x) = F'(s,t,1) — 2" — f;(x)(W](t) — W(s)) — gijA’"j(s,t)

and deduce that, if 0 < 3 <« — 1, then Z is with probability 1 a C? function of s,t, z.
Now we can prove the following bound.

Lemma 4.2. Fix T >0, L >0 and 1 < ¢ < a = (1 +)/2. Then with probability 1 there
is a constant C' such that |Z(s,t,y)| < C(t —s)? for 0 < s <t <T and |y| < L.

Proof. Fix 0 < # < min(3,v—1), and then fix k large enough that k(a—q) > 14+¢(d+2)57".
Next, for any positive integer N, let ny = 27V9% and let Q0 be a finite set in R? such that
for any y € R? with |y| < L one can find ¢/ € Qy with |y — 9| < nn, and such that
#(Qn) < Ciny®. Also let Ay be a finite set in [0, 7] with #(Ay) < Tny' such that for any
t € [0,7T] there is t' € Ay with |t —t'| < nn. Then for any A > 0 we have, by lemma 4.1,
that

P(|Z(s,t,y) > A2~ for some y € Qy and s,t € Ay with t — s < 27V) < Cynyd 2 A"k~ Nhla—a)
< CoaF27N

It follows that with probability 1 there is A > 0 such that for every choice of N € N, y € Qy

and s,t € Ay with 0 <t —s < 27" we have |Z(s,t,y)| < A\27V9. Tt also follows from the

above-mentioned C® property of Z that, with probability 1, there exists B > 0 such that,

for any y,v’, s, s, t,t' with |y| <L/ Jly—v| <nn,|s—5] <nyand |t —t'| < ny we have

|Z(s,t,y) — Z(s,t,y)| < Bnfy, = B27N4. Then given y, s, ¢ with |y| < L and t —s < 27N1,
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we choose ¢y € Qy with |y — ¢/| < nn, and §',t' € Ay with |s — §'| < nn, |t — | < nn, and
conclude that |Z(s,t,y)| < (A + B)27Y9 and the required result follows. O

Proposition 4.3. Suppose f € C7 where v > 1. Then, with probability 1, for any choice
of yo the Ito equation dy; = f;de with y(0) = yo has either a solution in the sense of
Definition 3.1 (with w(t) =t) for allt > 0 or, for some T > 0, a solution on 0 <t < T with
y(t) — oo ast — T. Moreover the solution is unique in the sense that if § is any solution
on 0 <t < 7 in the sense of Definition 3.1 then § =1y for 0 <t <.

Proof. For n = 1,2,--- let f™ € (] so that f™(y) = f(y) for |y| < n. Then we have
the associated flow F™ (s, t,y) and Z™(s,t,y) defined as above for f in place of f. By
Lemma 4.2, with probability 1 there is a sequence (C),) such that

(24) 2" (s,t,y)| < Cult — 5)°

whenever n € N, 0 < s <t < n and |y| < n. Using the Lipschitz property of the flow, we
can also require that

whenever n € N, 0 < s <t <n and |z|, |y| < n. We fix a Brownian path W for which these
conditions hold, and prove the required existence and uniqueness for a solution driven by
this path.

The existence of a solution y is a consequence of Theorem 2.2. To prove uniqueness,
suppose ¢ is a solution on [0,7), with 7 < T, which is not identical to y on [0,7). Let
7 =sup{t: t > 0and y(s) = g(s) for 0 < s < t}. Then 0 < 7 < 7 and y(m) = g(n);
we let y; = y(m). Now fix 7/ with 77 < 7/ < 7 and choose n > 7 such that |y(¢)| < n and
|9(t)| < n for all t € [y, 7'].

Claim: y(t) = F™ (7, t,4) for 7 <t <7,
To prove this claim, fix ¢t € [7,7'] and let N € N. Let iy =ty < t; < -+ < ty =t with
teer — ty < N7 Let v, = y(t) and wy, = F™ (7., ¢, v;). Now from (10) we have

Wiy — vk = 7 ) (Wi — W) — g AT (b )] < 0@t tg)
where 6 and @ are is in (10). Together with (24) this gives
|oprr — ug| < O(O(tg, tyyr)) + CN71
where uy = F™ (1), tpy1,v;). Then
w1 — wy| = |F(”)(tk+1, V1) — F® (tra1, t,ug)| < C, (9(&)(tk7tk+1)) + C’nN_q)

and so
ly(t) — F(n)(ﬁ,t,yl)\ = |lwy —wo| < C, (Z O(w0(tg, trr1)) + CnN1q>
k

which tends to 0 as N — oo, so we conclude that y(t) = F™ (7, ¢, 1) as claimed.
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The same argument applies to § and we conclude that § = y on [y, 7'], contradicting the
definition of 7;. This completes the proof of uniqueness. O

For Stratonovich equations the proof of Proposition 4.3 runs into difficulties because the
existence of a solution flow has not been proved in general, and the validity of the Proposition
is an open question. In the case when the matrix of coefficients is nonsingular then it can
be proved, using a standard type of change of variables which converts the equation to an
[t6 equation, as we now show.

Lemma 4.4. Let 1 < v < 2, let U be an open subset of R™, let y be a solution of the
Stratonovich equation dy; = f; o dW7 in the sense of Definition 3.1 on 7 < t < T, where

f € C7 and suppose y([r1,7]) C U. Suppose 1 : U — R is O and each component of 1
satisfies o™ (x)Opptb(x) + PO (x) = 0 where

(26) own(y) = fF W) fI(y) and p'(y) = fF ()OSl (y)

Suppose also that f is C7 on RY and f;(@b(y)) = W' (y) [ (y) fory e U.
Then x(t) = ¥(y(t)) is a solution of the It equation dz® = f;de on [m, 7| in the sense
of Definition 3.1.

Proof. Fix (8 with 1 <p< 1. By assumption
Yy (1) = y'(s) = Fj(y(s)) W (s,1) + g15(y(5)) A (5,1) + Ri(s,t)
where |R'(s,t)| < 6(
¥(y) about y = y(s)
(6) =0/ (y(5) + O (N £ ) (5,6) + S0 () S STV s, )10 (5, 1)
+ 09l AY (5,) + O (6(0n) + (t — 5)*)
Now a calculation shows that

SOl () S W s, W (s,1) + D0 Gl AT s, 0) = 3, (0) A7 5,1

Wst) (where 6 and @ are as in (10)). Now z(t) = ¢(z(t)) and expanding
gives

2'(t) = 2'(s) + fila(s))W (s, t) + i A7 (s,8) + O (0(@n) + (¢ — 5)*)
and the result follows. O

where §i;(z) = f"(2)0yfi(z). Hence

Lemma 4.5. Let 0 < a < 1 and consider the PDE
(27) o™ () Ot (y) + p* Okt (y) = 0

where o 1s a matriz and p a vector of C* functions on a neighbourhood of the origin in R™,
such that o(0) is positive definite. Then for any n > 0, we can find a solution v in C**® on
a neighbourhood of the origin, such that |Di(0)—e;| < n, where ey is the vector (1,0,---,0).
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Proof. We use the change of variable y = ex to obtain the equation oy (ex)0knd(z) +
ep®(ex)Opp(z) = 0. By the Schauder theory (see [3]), for small € > 0 this equation has
a unique C?T* solution ¢, in the unit ball satisfying ¢.(y) = y' on the boundary {|y| = 1},
and ¢, depends continuously on €. Also ¢o(y) = y' so D¢y(0) = e;. Hence for small enough
e > 0 we have |D¢.(0) — e;| < n and then we can take ¥(y) = ep(y/e). O

Proposition 4.6. Suppose f € C7 and 1 < p < 7. Suppose also that the matrix (fj’(y))
has rank n for every y € R™. Then, with probability 1, for any choice of yo the Stratonovich
equation dy; = f; o dWJ with y(0) = yo has either a solution in the sense of Definition 3.1
(with w(t) =t) for allt > 0 or, for some T > 0, a solution on 0 <t < T with y(t) — oo as
t — T. Moreover the solution is unique in the sense that if § is any solution on 0 <t < T
in the sense of Definition 3.1 then y =y for 0 <t < 7.

Proof. Let y; € R". Then by Lemma 4.5 we can find C'* functions ¢ for i = 1,--- ,n
satisfying (27) with (26) and such that 1*(y;) is close to e;, where ey, - - - , e, is the standard
basis of R". Then ¢ = (¢!,--- ,4™) has non-zero Jacobian at y; and so is a diffeomorphism
on a neighbourhood U of y;, so that we can find f € Cy such that f;(w(y)) = thb"(y)f]h(y)
fory € U.

Hence we can cover R™ by a sequence of open sets (U,,) such that for each m there
is a C'*7 mapping ¥™ : U — R" satisfying (27) with (26)and f™ € Cf such that
f;m)z(zﬁ(m)(y)) = 8h¢(m)i(y)f](m)h(y) for y € U,,. To the Itd equation dy’ = f;m)lde we
associate a solution flow and Z(™ (x,s,t) as before, and then by Lemma 4.2, with probability
1 there is a double sequence (C,,,) such that |Z(™ (s, t,z)| < C,,,(t — s)? whenever r,m € N,
0<s<t<randzcy™(U,). We fix a Brownian path W for which this holds, and now
prove uniqueness as in the Ito case.

If we have two solutions y and g with the same initial condition which are not identical,
then we define 7y and ¥, just as in the proof of Proposition 4.3. Then y; € U, for some m.
Let 7 > 71 be such that for 7, <t < 7, y(t) and §(¢) are in U,,. Then z(t) = ™ (y(t)) and
#(t) = Y™ (§(t)) are, by Lemma 4.4 both solutions of the Ito equation dz; = f;m)z(x)de
on [y, 7| in the sense of Definition 3.1 and the proof is concluded just as for Proposition
4.3. O

We remark that versions of Propositions 4.3 and 4.6 can be proved in the same way when
f is given to be C” on an open set V' in R™ and y, € V, and in the case of Proposition 4.6
the matrix (f;(y)) is assumed to be nonsingular for all y € V. Then we obtain a solution
y(t) € V which is either defined for all ¢ > 0, or defined on [0,7") and y(t) leaves V ast — T
in the sense that y=1([0,¢]) is a compact subset of V for all 0 <t < T..

Next we show that uniqueness can fail for f € C?7¢.

Lemma 4.7. Let W(t) denote standard Brownian motion in R where d > 5. Let 0 < a <
d—4. Then fore >0,

P(dist(W([0,2]), W ([3, 00))) < €) < Ce®

where C' is a constant depending only on d and «.
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Proof. We use ¢y, ¢y, - -+ for constants which depend only on d and «. First we make the
observation that, for any given ball B(a,r), we have P(W(t) € B(a,r) for some t > 1) <
c17%72, which can be verified by a straightforward calculation.

Let y = (d—2—-a)' < % and fix a positive integer N. We write t; = % Then, for

j=0,1,--- 2N — 1 we have P(W ([t;, t;11]) € B(W(t;), N™7)) < c2e"2¥' """ and so
P(for all j =0,1,---,2N — 1 we have W ([t;,t;41]) € B(W(t;),N™7)) > 1 — 2¢,Ne 2N

Also, by the above observation (applied to W starting at time 2), we have for each j =
0,1,---,2N — 1 that

P(W([3,00)) meets B(W (t;),2N~7)) < ey N~ (@=2)7
and so
P(W([3,00)) avoids B(W (t;),2N~7) for j =0,1,--+ ,2N — 1) > 1 — 2¢;N'~(4=21
Putting these facts together we obtain
P(dist (W([0,2]), W([3,00))) < 2N7) < caN'~0-27 4 2Ngpe '™ < ¢ N1--2n
and the lemma follows on choosing N so that e & N77. U

Theorem 4.8. Let € > 0 and let W (t) be standard Brownian motion on R®. Then, with
probability 1, there exists a compactly supported C*=¢ function f on RS, such that the system

dyZ:dWla 1217 757 dy(j:f(y)dWG

has infinitely many solutions, in the sense of Definition 3.1, satisfying the initial condition

y(0) = 0.

Proof. We use by, by, -+ - to denote positive constants which can depend on € but on nothing
else. We write = ¢/3 and introduce the notation [, = [(n + 1)"",n7"], I, = [(n +
D7 (n = 171, We also write p, = k~127F0/2 for = 1,2,--.. We write W*(t) =

(Wl(t)> T W5(t))

For a given path W*(t), we define €, to be the set of odd integers n with 2% < n < 2+
and dist(W*(1,,), W*([0,1]\I,)) > pi. Using Lemma 4, and the fact that |I,| ~ npn =", we
see that for a given odd n with 28 <n < 281 we have P(n & Q) < bik~2.

For n € Q we find f, in C*(R®) such that f,(z) = 1if z € W*([,) and fiz) = 0
if dist(x, W*(I,))) > pk, and such that ||f,|ce < bap for 0 < o < 2. Note that then
fa(W*(t)) = 0 for ¢ € [0,1\I,. Now let o, = [ f(W*(t))dW®(t); then (for a fixed path
W*), a, is normally distributed with mean 0 and variance [ f,,(W*(t))2dt > |I,,], so P(|a,| <
k—22—k(1+77)/2) < bgk—Z_

Now we define V;, to be the set of odd integers n with 28 < n < 25! such that either
n & Q, orn € Q and |a,| < k7227F04M/2 Then for each odd n with 28 < n < 2F+!
we have P(n € V) < byk™2. So if X} is the cardinality of V, then EX, < byk~22F1 and
so P(X;, > 2%72) < 2bsk~2. Hence almost surely there is ky such that for k > ko we have



DIFFERENTIAL EQUATIONS DRIVEN BY ROUGH PATHS 19

X, <2872, which implies Y, .o, |an| > $k722F077/2 Now let 0, =sign(a,); then we have,
for k > kg, that Zneﬂk Onlty > l]{;*22k 1-n)/2

ft fa(W*(s))dWO(s )’ >1) < bse%" and so with
I £ (W (s))dWS ()| < 1 for

We also have that for n € Qy, P(max;

probability 1 we can (redefining kq if necessary) suppose that

n € i, when k > k.
Let ¢ be a smooth function of one variable, vanishing outside [—2, 2], such that ¢(x) =
for |z| < 1. Then define f on RS by fi(x) = pp “d(2%/pk) 3 peq, Onfalz1, -+, x5), and set

f(x) =3 fu(x). Next, let (t) = 31 >, cq, ¥n"(t) where

wa _ _pk O'/ .fn dW6+ p2(1 € / .fn W*( )) ds

for o = £1.
Now for t < 2=+ where k > ko, we have

Z / fn W* dWG( ) _ p]lg_E Z ‘Oén| > }lpi—ek—ZQk(l—n)/Q > k,—62k(€+7]6—277)/2 > 2kn/2

ney, neQy

for k large enough. Note also that for all n, ftl fo(W*)dW? is either a,, or 0, unless t € I,,
which for a given ¢ can occur for at most 2 values of n. Taking into account the fact that

ftl fn(W*(s))dej(s)’ < 1, and noting that the second term in the expression for i (t) is

bounded by 1 in absolute value, it follows that 1 (t) < —bt~/2 for ¢ small.
Now let y(t) = Aexp(t), where A is a constant. Then

(28) dy(t) = pi D onfaW*(1)y()dW*(2)
k

nEQk

and if |A| is small enough, |y(t)| < pr whenever any f,(W*(t)) is non-zero, so (28) can be
written as dy(t) = f(W(¢))dW®(t).

It follows that the system in the statement of the theorem has solution y* = W?, i
1,--+,5, y°(t) = Aexp(t) for any sufficiently small A, provided we can verify that (2
holds in the sense of (10). This can be done easily as follows: for 28 <n < 2**! and o = +
let y7(t) = expv?(t) and then

dyy, = py o fu(W" (1) )y5 () dW (1)

and then from Holder bounds for W we can deduce that

)
1

(29) Yo (8) —yn(s) = o~ 0 fu( W™ (8))yi (WO () =WO(s)} = pi "0 Y 05 fu(W7 () AT’ (s,1)

Jj=1

is bounded in absolute value by Cy,(t — s)? where C}, is dominated by a suitable power of 2.
Now note that on I,,, y is y2» multiplied by a positive constant which is < A exp(—b2F7/2).
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This rapid exponential decay as t — 0 means that the required bound for y follows easily
from the above bound for (29). O

Next we apply Theorem 3.6, with the improvement described in Remark 5, to show that
with probability 1 uniqueness holds for every f in C2. The proof requires a variant of the
Law of the Iterated Logarithm. To state this we introduce the following notation: given

T >0, let
2o W) = W) P+ 32, 1A (s, 1))
(t — s)loglog(t — s)
where the max is over all s,t with 0 < s <7 <t<Tandt—s< 1—10. Then we have

Lemma 4.9. For any T > 0 there are constants ¢y and cy such that P(M (1) > K) < cje” K
for any T € (0,T) and K > 0.

Proof. For any interval I = (s, 1) we write X; = > |2'(t) — 2°(s)|* + 3, |A(s,t)|. Then
if 1 has length 2% we have P(X; > u2_k) < Cre @k for all 4 > 0. Let A > 1. Then

the probability that, for some k > 1 and some dyadic I C [0,7] with length 27%  we have
X7 > N27%2(|7 — 5|+ 27%)1/2 does not exceed

M(71) = max

Ch Z Zexp(—Cg/\log k(1 + 2871 — s))V2 < C Z kO < 0270
k=2 I k=1

where >, denotes a sum over all dyadic intervals of length 2% in [0,7]. Hence, with
probability at least 1 — C;27°2* we have

(30) Xr < X27F3(|7 — s 4 270)12

for all & > 2 and dyadic intervals I C [0,7T] with length 27%. Now if [ = (s,t) is any
subinterval of [0, 7] containing 7, then we can express I as the union of non-overlapping
dyadic intervals, such that not more then 2 of them can have the same length. Then when
(30) holds we obtain X; < C5A(t — s)loglog 7==. Then M(7) < C5), and this holds with
probability at least 1 — (C427°2*, which gives the result. U

Theorem 4.10. If W(t) are independent Brownian motions, then with probability 1, for all
f € C? the equation (1), with z* = W', has a unique solution in the sense of Definition 3.1.

Proof. We work on a fixed interval [0,7]. By Remark 5, it suffices to show that, with
probability 1, there is an increasing function w(t) on [0,7] such that |[W7(t) — Wi(s)| <

w(s,t)1/? <log log @) v and |A"(s,t)] < w(s,t)loglog ﬁ for all sufficiently small inter-
vals [s, t].

To do this, we apply Lemma 4.9 to assert that EM(7)? < C3 for each 7 € [0,T]. Then
EfOT M(7)* < oo so with probability 1, fOT M(7)?*dr < oo. When this integral is finite
we can define w(t) = fot M (7)dr and note that by Cauchy-Schwartz w(s,t) < C(t — s)*/2.
Then [Wi(t) — W'(s)|* < w(s,t) loglog i1, < C'w(s, ) loglog ;5 with a similar bound for
A" (s,t), which completes the proof. O
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We conclude this section with an example showing that continuous differentiability of f is
not sufficient for (even local) existence. The construction, which is similar to Theorem 4.8
is based on the following lemmas.

Lemma 4.11. Let W (t) be standard Brownian motion in R* where d > 5, let v > 1 + -1

and suppose « satisfies (Y — )™ < a < d—4. Letn > 0. Then with probability at least

2
1 — Cn® we have that

[W(s) = W(t) = nls — 1"
for all s,t € ]0,1].

Proof. For integers r,k > 0 let E,; denote the event dist(W(k:Z*T (k+ 1)277),W((k +
2)27",00)) < 527™. Then by Lemma 4.7, P(E,,) < Cin°27"0~2)% and so, writing § =
1

(v = 3)a — 1, we have P(U; ' E) < Cin®27"0. The result follows by summing over r. [

Lemma 4.12. Let M > 0 and let W(t) be standard Brownian motion on R®. Then with
probability 1 we can ﬁnd a compactly supported smooth function f on RT such thatsup | f| < 1,
sup|Df| <1 and fo *(t))dWs(t) > M, where W* = (Wy,--- ,Wr).

Proof. Fix v with 2 <y < 1 and then choose « so that (y — 1)™" < o < 3. Note that then
a > 1, s0 we can fix f with 0 < § <1 and aff > 1.

Let k be a positive integer. For n = 1,2,---,2% let I, = [(n — 1)27% n27*] and let
Iin = ((n —2)27%, (n 4 1)27%). Given a path W*, let €, be the set of odd integers n with
0 <n < 2% and dist(W*(Ir), W*([0, 1]\Ixn)) > pr, where p, = k=727%/2 and such that also

(W*(s) — W*(t)| > kP20 2)k|s — ¢[7

for all s,t € fkn Let Nj be the cardinality of €2,. By Lemmas 4.7 and 4.11, with d = 7
and scaling of ¢, we see that for any odd n we have P(n ¢ Q) < C1k~% so E(2F! — V) <
C128 k=% and hence P(N, < 28-2) < 2Ck=2A. Tt follows that, with probability 1, there
exists ko such that N, > 2572 for all k > k.

Still considering a fixed path W,, with k > kg, we find for each n € Q. a function gz, on
[0,1] such that 0 < g;m < pk everywhere, g, = 0 outside Iy, |grn(s) — grn(t)| < 2px|s —t]| for
all s,t, and [ g7, = 3p227%. Let F = W*([0,1]) and define f, on F by fi,(W*(t)) = gen(t)

and note that from the deﬁnition of €2, we have

T — /v
(31) fin() — fin()] < Capmin (1,{‘ y‘} )

Pk

for all x,y € F.

Now let agy, = [ frn(W*(£))dWs(t) = [ gin(t)dWs(t). Conditional on W*, for fixed k the
apn are independent normally distributed random Varlables with mean 0, and Var(ag,) =
%Q_kpz. Now let X; = Zneﬂk |kn|.  Then, using pp = 27%2k=? we obtain EX; =

2/3nN27%k=F and Var(Xk) = $N27%*k~%_ Then by Chebychev’s theorem P(X), <
N2 F=1=F) < C3N, 1. Since Nj, > 2872 we deduce P(X; < $k7%) < Cy27". Tt follows that
with probability 1 we have Zk:ko X} = 00, so we can find k; so that EZ;kO Xy > M.
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We now need to extend fi, to the whole of R” and smooth it. To this end, we use
Whitney’s extension theorem (see Section VI.2 of [10]) which gives a bounded linear mapping
T from the space of Lipschitz functions on F to the Lipschitz functions on R7. We also let
¢ € C3°(RT) with [¢ =1, set ¢(z) = € "¢p(x/e), and let ff, = ¢ * T fr, for € > 0. Let
o, = [ fe,(W*(t))dWs(t). Then with probability 1, of, — au, as € — 0. So if € is chosen
small enough, we have Z’,?:ko > las,| > M. We fix such an € and let oy, =sign(ay,,). Now

if h = Zl:ko > n Oknfrn then (31) implies a Lipschitz bound |h(z) — h(y)| < Cs|z — y| for

z,y € F. Now let f = >0, S okuff, = de * Th. Then f is smooth and |Df| < Cs
everywhere. Moreover [ f(W*(t))dWs(t) = i;ko lag,,| > M, completing the proof. O

Theorem 4.13. Let W(t) be standard Brownian motion on R®. Then with probability 1
there exists a compactly supported continuously differentiable function f on R7, which is C*
on R™\{0}, such that the system

dy; =dW;, i=1,--,7,  dys= f(y1, - ,yr)dWs

has no solution satisfying y(0) = 0. To be more precise, there is no continuous y(t) on
[0,1], such that y(0) = 0 and the above equation is satisfied locally on (0,1) in the sense of
Definition 3.1, this notion being well-defined since, with probability 1, W* avoids the origin
fort >0, and f is smooth away from 0.

Proof. For k even and nonnegative let I, = [27%71 27%]. With probability 1 the intervals
W*(I) are disjoint so we can find a sequence of smooth functions v, with disjoint compact
supports (k =0,2,4,--+) such that ¢y =1 on W*(I}). By Lemma 4.12 we can find smooth
fi such that [| fillor[¥nllor < k72 and [} fu(W*(t))dt > 1. Let f =3 fyty; then f is C"
and | 1, JsW*(t))dt > 1 for even k. For this f, any solution to the system must satisfy
Ws(27%) — Wg(27%71) > 1 for all even k, and so cannot be continuous at 0. O

One may expect that the dimensions of the spaces in Theorems 4.8 and 4.13 could be
considerably reduced. The point of the high-dimensional Brownian paths is to give good
separation between segments of the path, which avoids technical problems in the proofs.
Constructions in lower dimensions would probably be more complicated.

We remark that rough path theory can be used to interpret anticipating stochastic differ-
ential equations of the form dy’ = f;(y)de where f; is random in the sense that it depends
on the path W, without any adaptedness condition, provided f has, with probability 1, the
required smoothness w.r.t. y for the theory to apply. Theorem 4.8 and the results following
it can be interpreted in this light. Thus when f is almost surely C? as a function of 3, The-
orem 4.10 asserts the existence of a unique solution, with this interpretation. The proofs of
Theorems 4.8 and 4.13, in which f is constructed given the path W, can easily be modified
so that f depends measurably on W, and give counterexamples in this setting.

Other interpretations of anticipating SDEs can be found for example in [9]. See [1] for a
recent study of the relation of the rough path approach to such other approaches.
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5. OTHER EXAMPLES

The examples below indicate that the smoothness requirements on f in the results of
sections 2 and 3 are sharp in respect of the inequalities relating v and p.

Example 1. Nonuniqueness of solutions for f € C7 when 1 <y < p < 2.

Suppose 1 < v < p < 2. Let 8 and p be large positive numbers with v < % < pTng < p,
and let @ = p~'. Let z'(t) = t"cos(t™"), 22(t) = t9(2 + sin(t™")). Then z' € C since
a < f3/(p+1). Next, we can find a C7 function f such that f(y',v?) = (y?)7 if |y*| > 3*> >0
and it is 0 if y' = 0. Then the system

dy' = f(y*,y*)dst,  dy* =d2?,  y'(0)=0

has two solutions in C® for small ¢ > O:
y? =9, y' =0 and y? = 22, y' = [(2?)dz’.

To verify the second solution, one needs to check that y' > const tBO+D=p > 348 > 22 for
t small.

Example 2. Nonuniqueness of solutions for f € C7 when 2 < v < p < 3.
When 2 < v < p < 3 we can use the same construction as in example 1, again with

v < % < %1 < p. Again we get the same solutions as above, provided we interpret the

differential equation naively (everything being smooth for ¢ > 0). However this does not
fit in with the theory in section 3, because it requires A% (s,t) = f;{xl(u) — 2'(s) ydz? (u)
(interpreting the integrals naively), which does not satisfy the p/2-variation requirement.
One can get round this problem by defining A% (s,t) = —x'(s){z’(t) — 27(s)}. One can
check that this satisfies the consistency condition and the variation requirement, and that
then both choices of y*, 3% are solutions, in the sense of Definition 3.1 of the modified system

dy' = (1 —p)f(y', v*)da', dy* =da?, ' (0)=0

Example 3. Nonexistence of solutions for f € C?~! when 1 < p < 2.

Let 1 <p<2andleta=1/p. Fork=1,2,--- let n; be the smallest integer > 281 /(kr)
and let t, = 2t 7%; then 0 < t, < 7 and t;, ~ 1/k for k large.

For t € [0,7] let z!(t) = 2 % sin(2*t) where the sum is over those integers k > 1
with ¢, > t. Then 2! € C? and is locally Lipschitz on (0,7]. Also define z(t) =
S 27k cos(2F). Then 2z € C'~® Now, using Lemma 5.1 below, we can find 2
and 23 in C* such that |(z%(s), 23(s)) — (z*(t), 23(t))| >const|s —¢|*. Then, using Whitney’s
extension theorem, we can write z(t) = f(x2(t),23(t) where f € CP~L.

Now consider the system

dy' = f(y*,y*)dat, dy* =da?, dy® =da®;  y'(0) =0, 3*(0) =2%(0), ¥3(0)=2%(0)

Suppose we have a solution (in the sense of Definition 2.1) of this system on an interval [0, 7],
where 0 < 7 < 7. Then we must have y? = 22, y> = 23, and, since 2! is locally Lipschitz for
t > 0, the equation can be interpreted naively for ¢ > 0, and we have, for any 0 < s < 7,



24 A. M. DAVIE

that

T /oo The
y (1) —y'(s) = / zdr' = Z Z Z(I_Q)(k_l)/ cos(2Ft) cos(2't)dt
8 k 1=1 s

!/

1 o= o= (1o SID(2F + 207 —sin(2F +21)s 1
D R e DRSS
k I=1 k

1< sin(2F — 207, — sin(2F — 21)s
- (1-a) (k1) k
5202 o
k 1k
1, 1
= —log = + O(1
5108~ +0(1)

as s — 0. Here 7, = min(7,#;) and _, denotes a sum over those k for which t; > s. But
then y'(s) — oo as s — 0, so (2) is not satisfied at 0.

Hence no solution exists on any interval [0, 7].

The above proof used the following (probably known) lemma:

Lemma 5.1. Suppose % < a < 1. Then we can find positive constants c¢; and co, and a

function u on [0,1] taking values in R?, such that
als — 7 < Ju(s) — u(b)] < eols — t°
for all s,t € ]0,1].

Proof. We shall use the following terminology: given a lattice of squares of side €, a chain of
squares of side € is a sequence @y, --- ,Q, of squares in the lattice, such that @); and ;11
have one side in common, @); and @); are disjoint if | — j| > 2 and have at most a corner in
common if |i — j| = 2.

1

Now, since 5 < a < 1, it is not hard to construct bounded sequences of integers k,

and m,, such that k. > 2, m, is odd, n, < m, < kf where n, = 2k, 4+ 1, and such that

the sequence ¢,/6% is bounded above and away from 0, where ¢, = (niny---n,)"' and
6, = (mymy---m,)" L
Next, we construct inductively a sequence Cy, Cy, Cy, - - - where C, is a chain of squares of

side €. We start by letting Cj be a single square of side 1. Next, supposing C. constructed
as a chain of squares of side ¢,, we divide each square @) of C, into a n,;; X n,y1 grid of
squares of side €,.1. Two of the sides of () abut other squares of C,. and we now construct a
chain of squares of side ¢, ; consisting of squares of this grid, joining the middle edge squares
of these two sides, containing no other edge squares, and consisting of m,.; squares.

The sequence C,. converges to a curve C', which can be parametrised by t — u(t), t € [0, 1],
in such a way that u(¢) spends time 0, in each square of C,. To see that u(t) satisfies the
required inequality, suppose s,t € [0, 1] and suppose §, < |s —t| < §,_1. Then u(s) and
u(t) belong to the same or adjoining squares of C,_1, so u(s) — u(t)| < 3¢,—1. On the other
hand u(s) and u(t) are not in the same square of C,, and not in adjoining squares of C, 1,
so |u(s) — u(t)| > €41, which completes the proof. O
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Example 4. Nonexistence of solutions for f € CP~! when 2 < p < 3.

The construction in Example 3 works for 2 < p < 3, with the following modifications. We
use the same definitions for ! and z .We need a modified Lemma 5.1, proved in a similar
way, which assumes 3 < a < 1 and gives u = (27, 2%, 2*) taking values in R*. Using this and,
for example, the version of Whitney’s extension theorem in Theorem 4 of Section VI.2 of
[10], we get z(t) = f(x*(t),23(t), z*(t)) where f € CP~! and now D f(x?(t), z3(t),2*(t)) = 0.
We then consider the same system as in example 3 (with x, y* added in obvious fashion).
Then, because D f(y?,y3, y*) is always 0, whatever choice is made for A™, the term involving
A" in (10) always vanishes, and any solution in the sense of Definition 3.1 will be a naive
solution for ¢ > 0. Then the same argument as before shows that no solution exists.

6. GLOBAL EXISTENCE AND EXPLOSIONS.

When z(t) is defined on [0,00) and f is globally defined, Theorems 2.3-3.2 show that,
under suitable conditions, equation (1) has either a solution for all positive ¢ or a solution
such that |y(t)| goes to co at some finite time (an explosion). In this section we investigate
what conditions will ensure that no explosion occurs, so that a solution exists for all time.

For equations of the form (1) where z(¢) has (locally) bounded variation, it is not hard to
show that if D(R) is a positive increasing function for R > 1 with [ D(R)™'dR = oo and
if f is continuous on R" and satisfies |f(y)| < D(|y|) for all y then no solution can explode
in finite time. The following theorem gives an analogous result for the case when x has finite
p-variation for p > 1. In this case we require control of the growth of Holder continuity
bounds of f as well as | f| itself.

We suppose that either (i) 1 <p<y<2or(ii)2<p<~y<3andlet f=~—1.

Theorem 6.1. (a) Suppose D(R) and A(R) are positive increasing functions on 1 < R < oo
with D(R) < RPA(R), such that |f(y)] < D(R) and that, in case (i) |f(y') — f(y)| <
ARy —yl’, while in case (i) |Df(y') — Df(y)| < ARy —y|”~" for |y,y'| < R. Sup-
pose x(t) has finite p-variation on each bounded interval, and in case (ii) A(s,t) satisfies
assumption 1 on each bounded interval. Then, provided

/ " LAR)PD(RP VY AR = oo

no solution of (1) can explode in finite time.
(b) Conversely, suppose D(R) and A(R) are positive increasing functions on 1 < R < oo
with D(R) < RPA(R), and suppose
/ {AR)*DRy""}"" 4R <
1
Then we construct f, x(t), and in case (i) A(s,t), with the same conditions as in (a), such

that (1) has a solution which explodes in finite time.

Remark. The condition D(R) < RPA(R) is natural, since the second condition on f in
part (a) implies the existence of a constant C' such that |f(y)| < C + A(R)R” for |y| < R.
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Proof. (a) This is essentially a case of keeping track of the bounds in the arguments of
Sections 2 and 3. We start with case (i).

Let A, = A(2F) and D, = D(2F). Then ) 2F {Ai_pDi_l_ﬂp}l/ﬁ = oo. Let kg be the
smallest nonnegative integer such that 28 > |y(0)]. Then for k = ko, ko + 1,--- let ¢, be
the first time that |y(t)] = 2 (if for a given k no such time exists, then there can be no
explosion).

Then for t, <t < t,, we have |y| < 281 in which region |f(y)| < Dry1 and |f(y) —
FWI < Apaly —y/1°.

Now we apply the estimates of Lemma 2.4 (which, in view of Remark 1, apply to any
solution) on the interval [tg,?x4+1], and note that in the proof of Lemma 2.4 we can take
B, = D1 and By = 2Ak+1D,f+1 We can then take L = 4Ak+1Df+1(1 — 21=v/p)~1
and 6 = (D 11+fAk;+1(1 — 21=7/P) /4)P/8 Then on any time interval with Aw < § we have
Ay < ¢i(D/A)Y? where ¢; = 2(3(1 — 277/P))/8 < 1 Then, since |y(ty1) — y(te)| > 2%,
the number of intervals of length d that fit into [w(tk),w(tk+1)] is at least the integer
part of ¢;'28(Ap;1/Dypy1)Y? which, in view of the fact that (Dyyi/Agsi)/? < 281 s
> ¢ 125 (Apsr /D) V7.

Hence

W(th1) — w(te) > 287 ¢ (Apsr/Diat) /P8 = const 2M{ A, T DY 770

s0 Y (w(tgs1) — w(ty)) = 00, so w(ty) — oo as k — oo, which means there is no explosion.

The arguments for case (ii) is similar, using now the estimates of Lemma 3.4. First note
that n this case we have for ¢, <t <ty that [Df(y) — Df(y')| < Apsily — ¢/|°~! which
together with |f| < Dkﬂ gives by interpolation (using the fact that Dy, < 2*+1D84, )
that | Df(y)| < e(Ap1 DY)YP.

Now we apply the estimates of Lemma 3.4 on [tg, ;1] and note that we can take By =
Ajr1, By = c3Dpy1(Api1Diy1)'? and By = Dy provided § < (D ,;’fAkH)*l and then
bounding each term in (12) we find we can take By = 03Ak+1Dk 41+ S0 apart from constants
we get the same bounds for § and L as in case (i) and the proof concludes in the same way.

(b) We construct a system of the form (1) with d =2 and n = 1.

Let p' = (Bp+1—=p)/B, p" = (p=1)/B, p = min(p/ p") and for y > 1 let F(y) =
A(y)™"D(y)~*, so that the hypothesis gives [° F(y)dy < oc.

We need to ‘smooth’ the functions A and D. Choose r > p~! and define D(y) =
inf, > u” D(y/u) Ay ) = inf,>1 u"A(y/u). Then D(y) < D(y) and A(y) < A(y). We let
F(y) = A(y)~""D(y)~". Then F(y) < sup,~, u""F(y/u). Now if we extend F to [0, c0) by
setting F(y) = F(1) for 0 < y < 1 then we have

uw "PF(y/u) < rpF(y/u)/ v Py < rp/ F(y/v)v " dv

and so F(y) < rp [{° F(y/v)v~"""dv for y > 1.
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Hence
[ Fwdy <o [ [T Fwper P oy < vp [
1 1 1 1

Next we fix a smooth non-negative function ¢ supported on the interval [1,2] such that
[ ¢ =1, and define D*(y) = 27" [ D(yu)gb(u)du for y > 1, and A* similarly. Then 2_”[)(1/) <
D*(y) < D(y) with a similar inequality for A*. Then we set F*(y) = A*(y)~"" D*(y)~*" and
we have [ F*(y)dy < oo.

For y > 1 we write A(y) = [[/(Ax /D*)'/?, a(y) = (D*(y)' PA*(y)~")"/# and

f(y) = D*(y)(—sin A(y), cos A(y)) € R?

Let t, = [ F* and define y(t) on [0,t,) by t = [ F* and note that y(t) — co as t — t,.
Then let z(t) = a(y(t))(cos A(y(t)),sin A(y(t))) € R? for 0 < t < t,, and let x(t) = 0 for
t > t.. Then the equation dy(t) = f(y).dz(t) is satisfied, as a classical ODE on [0, t¢.). If we
can show that = has finite p-variation and f satisfies the required §-Hoélder bound then in
case (i) y will satisfy (1) in the sense of Definition 2.1 and we will have the required example.
In case (i) we define AY(s,t) = —z'(s){2?(t) — 27(s)}; one can then check that the term
involving A™ in (10) vanishes, so that (10) will hold on any compact subinterval of [0, t,),
and again we have the required example provided A% satisfies the P-variation condition.

As preparation for proving the required bounds we note that the assumption D(y) <
y? A(y) implies D*(y) < y?A*(y) and so XN (y) > y~1. Hence if y; < y and A(y) — A(y1) < 1
then it follows that y < ey, and hence D*(y) < e"D*(y;) with a similar inequality for A*,
so the relative variation of each of the functions D*, A*, N, « is bounded by a constant on
[y1,y]. Also we have

D*(y) — D*(y1) < C1D*(y1)(y — 1) /1 < CoD*(y1)(A(y) — A1)

with similar bounds for A* and a.
We now consider x(t), and show in fact that it satisfies a %—Hélder condition. Let t; <

ty < t., and we write y; for y(t1) etc. First we suppose that Ay —A; < 1. Then the discussion
in the preceding paragraph shows that |as — ag| < C3aq(Ae2 — A1) and so

|21 — 29| < |ag — ag| + a1 (Ae — A1) < Cyar (Mg — \p)

Also Ay — A\ < C — b P(ty —t1) so a1 < C’G(ﬁ)l/” and so

e}

v’"pdv/ F(y)dy < oo
0

|wg — 1] < Cr(ty — t1)1/p(/\2 — /\1)1_1/p < (ty — tl)l/p

proving the Hélder estimate in this case. In the case Ay — Ay > 1 we have |z1], |z2] <
C(ty — t1)'/P giving the estimate in this case also, and the case t, > t, follows similarly. In
case (ii) the E-variation condition for A% follows easily.

The treatment of f(y) is similar. We consider case (i) first. When Ay — A; < 1 we have
fo = fil £ CsDi(ha = A1) and Az — A < Co(A7/D})P(y2 — yn) so D} < CroAT($25E)” s0

Ao—A1
1fo— fil < OnA;(y2 —11)° < CriAi(ya — 11)°
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The case Ay — Ay > 1 is treated in the same way as before.

For case (ii), first suppose Ay — A\; < 1. We have the derivative bounds X = (A*/D*)Y/5,
V| < Croy ' (A*)D*)YP (D*)" < Croy~tD*, |(D*)"] < Cray~2D* from which we deduce,
remembering that D*(y) < y®A*(y), that |f"(y)| < C13D*(A*/D*)?/#. Hence we have

|fo — fi] < CLuD;(A;) D) B (ys — 1) = CruDi (A5 /DD P (yy — y1)* P (yy — 1)
< Cis D (A7) DY) P (A5 ) D7) 2P (yg — 1)
= Ci5A5(yo — 1) < CisAi(yo — n)°

asrequired. The case \a—\; > 1 is treated as before, using the bound | f'| < C13D*(A*/D*)'/5.
0J

7. CONVERGENCE OF EULER APPROXIMATIONS

In the situation of Section 2 (1 < p < v < 2), Theorem 2.3 establishes the convergence
of Euler approximations (3) to the solution as the mesh size of the partition tends to 0. In
fact the proof gives a bound for the rate of convergence: from Remark 1 (and the fact that
f € C7 implies f € C') we see that the solution satisfies (1) with 8(§) = C§*?; then the
last paragraph of the proof of Theorem 2.3 gives

K-1
2
[y — y(£)] < const > wl?, .
k=0

where {yx} is given by (3) for a partition such that tx = t.
In the situation of Section 3 (2 < p < v < 3) similar reasoning leads to a bound

K-1
3
lyx — y(t)| < const Z wk(,fH
k=0

where now {y;} is given by the scheme (11).

Neither of the above results covers the known fact that Euler approximations of the form
(3), containing no A™ term, converge almost surely to solutions of Ito6 equations driven by
Brownian motion. In this section we obtain a convergence result in the setting of Section 3,
but using the Euler approximation (3) rather than (11); for this to work we need to impose
an additional condition on the driving path, which can be thought of as a ‘pathwise’ version
of the ‘independent increments’ property of Brownian motion.

One form of the convergence result for It6 equations states that, if z(¢) is a d-dimensional
Brownian motion and f satisfies a global Lipschitz condition, and T" > 0 is fixed, then with
probability 1, for any € > 0 there is a constant C' such that if 0 < ¢ < T then

(32) ly(t) — yx| < CH K7

where y(t) is the solution of (1), interpreted as an It6 equation, and {y;} is given by the
Euler scheme (2) with ¢, = kt/K. There is also a convergence result for non-uniform step
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sizes, provided the mesh points are stopping times. But convergence can fail if no restriction
is imposed on the partition, as shown in [2].

For simplicity we use uniform step sizes, and then it is convenient to assume a Holder
condition of order o = é on the driving path rather than a p-variation condition.

We suppose % <a< % and 1 —a < < 2a. We assume that the driving path x € C*[0, T
and that there is a constant B such that A% (s,t) satisfies

(33) < B(m — k)°h*

mz_ A%(1h, (1 + 1)h)
1=k

whenever 0 < k < m are integers and h > 0 such that mh < T'. Under these hypotheses we
have:

Theorem 7.1. Suppose f € CV where v > a~!. Let 0 <t < T, let K be a positive integer,
and let z, be defined by the Fuler recurrence relation

Zepr = 21+ [ () (@ (b)) — 27 (1)
where t, = kt/ K and zy = yo.

Let also y be the solution of (1) in the sense of Definition 3.1.
Then |z, — y(t)| < Ct2*KP=2% where C is a constant independent of K and t.

Proof. For 0 <1 <1 < K we define Ty(2) to be y; where {y,,} satisfies (11) with y, = 2.
From the estimates in Section 3 we have
(34) | Tha(2) = Tia(2) — (= = 2)| < CL{l = k)h}¥ |z = |
where h = t/K. We also write R} = S, A%(kh, (k + 1)h)) and gi(y) = f"(y)0nfi(y).
Then we define (suppressing indices for notational simplicity)

up = 21 — T (21) + g(2) (B — Ry)

for0<k<I<K.
Now if 0 < k <l <m < K then

zm = Tim(21) — 9(20) (B — R1) + wim,
= T (T (2) — 9(2) (Rp — Ry) + urr) — 9(20) (R — Ry) + i,
= Tiem(2k) + Vkim — 9(2x) (R — Ri) — g(2) (R — Ry) + wpg + i,
where
Vkim = Tim (Tha(21) — 9(21) (R — Ri) + ) — T (Tha(22)) + g(21) (Rr — Ri) — upg
and we have used the fact that Tj,,,(Tx(2)) = Tkm(2). Hence
(35) Ukm, = Vkim + Whim + Ukl + U,

where wi, = (9(z21) — 9(21)) (R — Ry). By (33) we have the bound |R,,, — By| < B(m—1)°h**
and
2e = 21 = |ww + (Tha(z0) — 26) — 9(z) (B = Ri)| < Co{ (1 = k)R)™ + [upa}
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S0
[weim| < C3{((1 = B)R)*} + |uwal}(m — 1)1

And from (34) we obtain |v,| < Ca{(m — D)h}*{|ug|+ (I — k)Ph?*}. Putting these bounds

into (35) gives

]ukm] S |uk1]{1 + 05((m — k)h)a} + |Ulm’ + 05(7’17/ — k)a+ﬁh3a

Also uy 1 = 0. It then follows by an inductive argument similar to that used in the proof
of Lemma 3.4 that |ug,| < C(m — k)*TPh3* for 0 < k < m < K. We apply this to ugx and
use the fact that, by (9) and Remark 3, [Tox (20) — y(t)| < CKh** together with the bound
|Rix — Ro| < BKPh*® to get the required bound for zx — y(t). O

The condition (33) holds for Brownian motion (with the It6 interpretation of A™) for
all a < % and § > % with probability 1, and so the bound (32) for the error of the Euler
approximation follows from Theorem 6.1. Indeed Theorem 6.1 implies that, for almost all
Brownian paths z(t), for any f € C7 where v > 2 and T > 0, there is a constant C' such
that the bound (32) holds for uniform-step Euler approximations to the solution of (1) on
[0,7]. The construction in Theorem 4.8 can be modified to show that this last statement
can fail for f € C7 if v < 2. Indeed, for almost all 6-dimensional Brownian paths one can
construct f in C7 for all v < 2 such that the Euler approximations to (1) fail to converge.

We also note that Theorem 7.1 implies that the solution can be obtained from the path
x(t) alone, since the A(s,t) do not appear in the approximation. This indicates that when
(33) holds the A(s,t) are determined by the path z(t). And indeed it is not hard to deduce
from (33) that A¥(s,t) is the limit as N — oo of S, (te){#7 (trs1) — 27(tx)} where
ty = s+ k(t — s)/N. Then (33) is effectively a condition on the path z(t).
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