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CHAPTER I

Introduction

1.1 Overview

Algebraic geometry is built upon the correspondence between algebraic objects
such as rings and ideals and the geometric structures of curves, surfaces, and more
general varieties and schemes. The rich and beautiful interplay between algebra and
geometry is integral to modern expositions of the field, such as [Har77], and has
been essential to most recent progress in both algebraic geometry and commutative
algebra.

Remarkably, over the past fifteen years the classical correspondence between com-
mutative rings and schemes has been extended to many noncommutative rings, at
least in the graded setting. This is the new field of noncommutative algebraic ge-
ometry. The use of geometric techniques to study noncommutative graded rings is
interesting in its own right, but has also had important applications to noncommu-
tative algebra. These include Artin and Stafford’s classification of noncommutative
projective curves [AS95] and the use of geometric techniques to study and classify the
noncommutative analogues of P?, including the well-known 3-dimensional Sklyanin
algebras [ATV90, ATVI1, Ste96, Ste97].

One of the most important active research areas in noncommutative algebraic



geometry is the classification of noncommutative projective surfaces: formally, these
are noetherian finitely graded domains of Gelfand-Kirillov dimension 3. In this thesis,
we make a significant contribution to this program by classifying all birationally
commutative projective surfaces, completely solving the classification problem for one
of what is conjectured to be only four birational types of noncommutative surface.

For these classification results, it was necessary to understand many graded rings
that had not previously been studied. In particular, we investigate geometric ide-
alizers:  idealizer subrings of twisted homogeneous coordinate rings. These rings
are defined by geometric data, and in order to understand them algebraically, new
geometric techniques were needed. Ultimately, these led us to a generalization of the
classical Kleiman-Bertini theorem, which in its earliest forms goes back to the 1880s.

We remark that in addition to the work in this thesis, the paper [Sie06] and
the preprint [Sie07] were completed while the author was a Ph.D. student in the
University of Michigan Mathematics Department.

In the remainder of the introduction, we give a more leisurely overview of the
context and main results of this thesis. In Section 1.2 we describe the commuta-
tive setting and give a general discussion of noncommutative projective geometry.
In Section 1.3, we present Artin and Stafford’s results on noncommutative curves
and summarize the current state of knowledge of noncommutative surfaces. In Sec-
tion 1.4, we specifically discuss birationally commutative graded rings, and present
our results on birationally commutative surfaces and on idealizers. In Section 1.5, we
relate the geometry underlying idealizers to modern versions of the Kleiman-Bertini
theorem, and give our generalization of this classical result. Finally, in Section 1.6,

we summarize the overall plan of this thesis.



1.2 Commutative and noncommutative projective schemes

All rings in this introduction will be algebras over a fixed uncountable algebraically
closed field k, and all schemes will be of finite type over k. We will also assume
that our rings R are finitely N-graded: that is, R is N-graded and all R, are finite-
dimensional over k.

Before describing the framework of noncommutative algebraic geometry, we review
some important results from classical (commutative) algebraic geometry. For details,
we refer readers to [Har77, Chapter II].

Let X be a projective variety, and let £ be an invertible sheaf on X. The section

ring of L is defined as

B(X,L) =@ H (L),

n>0

Multiplication on B(X, L) is given by the maps
H0(£®n) ® HO(£®m) _ HO(£®(m+n)).

In general, determining the properties of section rings is extremely difficult —
see the recent paper [BCHMO6] on finite generation of the canonical ring for an
example! However, when L is ample — recall this means that for any coherent
sheaf F on X, for n > 0 the sheaf F ® £L®" is generated by its global sections and
has no higher cohomology — then a well-known result of Serre says that not only
is B(X, L) noetherian, but there is a functorial relationship that is essentially an
equivalence between the categories of coherent sheaves on X and finitely generated
graded B(X, £)-modules.

We introduce the notation we will need to describe the relevant categories. Given a
projective scheme X, let Ox-mod denote the category of coherent sheaves on X. The

relevant module category is a bit more complicated. Let R be a finitely N-graded k-



algebra. The category gr-R is the category of noetherian Z-graded right R-modules,
with morphisms preserving degree. Inside gr-R, let tors-R be the full subcategory of

finite-dimensional modules. We define qgr-R to be the quotient category
qgr-R = gr-R/ tors-R,

and define R-qgr to be the corresponding category on the left. (For more details on
this construction, see Section 2.2.1.)

Serre’s fundamental theorem states:

Theorem 1.2.1. (Serre’s Theorem [Ser55, Chapter I11.3, Propositions 5 and 6]) Let
X be a projective scheme and let £ be an ample invertible sheaf on X. Then B(X, L)

is mnoetherian, and there is an equivalence of categories
Ox-mod ~ qgr-B(X, L).

Furthermore, if X = Proj R, where R is a finitely graded commutative k-algebra gen-
erated in degree 1, then the Serre twisting sheaf O(1) is ample, and R and B(X, O(1))
are equal in large degree. Thus qgr-R is equivalent to the category of coherent sheaves

on Proj R.

In their seminal paper [AV90], Artin and Van den Bergh showed that Serre’s
theorem has a noncommutative version. This noncommutative Serre’s theorem relies
on the important construction of a twisted homogeneous coordinate ring, which we
describe here. As before, we begin with a projective scheme X and an invertible
sheaf £ on X. We have one additional piece of data: an automorphism o of X.

For ease of notation, if F is a quasicoherent sheaf on X, we will let 77 = o*F,
the pullback of F along o. We form the twisted tensor powers L, of L, where we
define

n—1

Ly=LRL @ ---RL



Then the twisted homogeneous coordinate ring of L is defined to be

B(X,L,0) =D H(L,).

n>0

This is a ring, with multiplication given by
HO(L,) @ HO(Lom) ~27 H(L,) @ H((Ln)”") —= H (Lo m)-

Example 1.2.2. Let X = P' = P}(k), let £ = O(1), and define 0 € PGLy by
o(fa : b)) = Ja: a+b. Welet o act on a function f as f7 = foo. Then the
twisted homogeneous coordinate ring B(P', O(1), o) may be presented by generators

and relations as

k{z,y}/(vy — yz —2?)
This ring is commonly referred to as the Jordan (affine) plane and is usually written
ky[z,y].

Remarkably, if the twisted tensor powers of £ satisfy the appropriate ampleness
property (the technical term is that £ is o-ample, defined precisely in Section 2.3),

then a version of Serre’s Theorem still holds.

Theorem 1.2.3. ([AV90, Theorem 1.3, Theorem 1.4], [Kee00, Theorem 1.2]) Let
X be a projective scheme, let o be an automorphism of X, and let L be a o-ample
invertible sheaf on X. Then B(X,L,0) is left and right noetherian, and there are

equivalences of categories
qgr-B(X, L,0) ~ Ox-mod ~ B(X, L,0)-qgr .

Motivated by Theorem 1.2.3, if R is a graded k-algebra, Artin and Zhang [AZ94]

defined the right noncommutative projective scheme associated to R to be the pair

Proj-R = (qgr-R, [R]),



where [R] denotes the image of R in qgr-R. For example, one can easily deduce from

Theorem 1.2.3 that
qer-k [z, y| ~ Opi-mod ~ qgr-k|z, y]

and that

Proj-k[z,y] = (agr-ks(z, y], [ks[z,y]]) = (Opi-mod, Op:).

In general, the distinguished object [R] is supposed to play the role of the structure
sheaf of a projective scheme. Thus one defines cohomology functors H?(Proj-R,_ )

on Proj-R as the right derived functors of H°(Proj-R,_ ), where
H°(Proj-R, M) = Homg.r([R], M),

for M € qgr-R. The (right) cohomological dimension of Proj-R is the maximum ¢
such that H?(Proj-R, M) # 0 for some M. It is an important question, asked by
Stafford and Van den Bergh in [SVO01, page 194], whether all graded noetherian rings
have finite left and right cohomological dimension. (Note that commutative graded
noetherian rings have finite cohomological dimension by [Har77, Theorem III.2.7].
This and Theorem 1.2.3 imply that twisted homogeneous coordinate rings have finite
left and right cohomological dimension.)

Although twisted homogeneous coordinate rings are noncommutative, in many
important ways they behave remarkably like commutative rings. This is certainly
not true for all noncommutative graded rings, and to give an indication of the issues

that can arise, we give a second example, due to Stafford and Zhang.

Example 1.2.4. ([SZ94, Example 0.1]) Let B = k [z, y| be the Jordan plane defined

in Example 1.2.2. We consider the subring

R=k+yB



of B. Intuition from commutative algebra might lead us to expect that R behaves

pathologically, since the similarly constructed commutative ring
R =k +yklz,y] C klz,y]

is certainly not noetherian. In fact, if k is countable, then R’ has countably many
elements and uncountably many ideals.

However, if chark = 0, then, perhaps surprisingly, it turns out that R is left and
right noetherian. Many of the properties of R in characteristic 0 derive from the
fact that it is an idealizer inside B: that is, R is the maximal subring of B in which
the right ideal yB, generated by sections that vanish at the point [1 : 0], becomes a

two-sided ideal.

Example 1.2.4 is a special case of the following construction, which we study in

detail in Chapter III.

Construction 1.2.5. Let Z be a closed subscheme of a variety X, let o be an
automorphism of X, and let £ be a o-ample invertible sheaf on X. Inside the
twisted homogeneous coordinate ring B(X, L, o), let I be the right ideal generated

by sections that vanish on Z. We define the ring
R(X,L,0,Z)={x € B|xl C I}

to be the idealizer Ig(I) of I in B.

In this notation, the ring of Example 1.2.4 becomes R(P*, O(1),0,[1 : 0]).

1.3 Noncommutative curves and surfaces

Many of the important techniques of commutative algebraic geometry were ini-

tially developed to study curves and surfaces. Likewise, studying low-dimensional



rings has been important in noncommutative algebraic geometry. We note that there
is a technical difficulty: we must define what we mean by the “dimension” of a graded
ring. We will use the Gelfand-Kirillov dimension (GK-dimension), which we define
precisely in Section 2.2.2. For now we will simply say that a graded ring R has
GK-dimension d if dim R,, grows like n¢!.

Here we outline what is known about graded domains of low GK-dimension; we
refer the reader to the survey article [SV01] for a more in-depth discussion. If R is a
finitely generated k-algebra that is a domain of GK-dimension 1, then a well-known
result of Small and Warfield [SW84] says that R is commutative. GK-dimension 2 is
thus the first case of interest to us. A noetherian graded domain of GK-dimension 2
is known as a noncommutative projective curve. We have already seen two examples
of noncommutative curves: Example 1.2.2, and more generally any twisted homo-
geneous coordinate ring of a projective curve, and Example 1.2.4. By a remarkable
result due to Artin and Stafford, all noncommutative projective curves fall into one
of these two types.

If R is a graded ring and k£ > 1 € Z, we define the k’th Veronese of R to be

R®) = @ Ry.,..

neL

That is, (R®)),, = R,.

Theorem 1.3.1. ([AS95]) Let R be a noetherian finitely N-graded domain of GK-
dimension 2. Then there is an integer k > 1 so that R%® is either:

(1) a twisted homogeneous coordinate ring B(X, L,0) for some projective curve
X, automorphism o of X, and o-ample invertible sheaf L on X; or

(2) an idealizer at points of infinite order inside the twisted homogeneous coordi-

nate ring of a projective curve: that is, a ring similar to Fxample 1.2.4.



Theorem 1.3.1 implies that noncommutative curves are closely related to commu-
tative curves. Artin and Stafford in fact show that if R is a noncommutative pro-
jective curve, then (even in the idealizer case) qgr-R ~ Ox-mod for some projective
curve X. However, even though the noncommutative projective scheme associated
to a noncommutative curve is in fact commutative, the idealizers that occur are rings
for which there is no clear commutative analogue.

We now turn to discussing noncommutative projective surfaces: noetherian finitely
N-graded domains of GK-dimension 3. Here the situation is significantly more com-
plex. It is natural to attempt a classification by birational type, mimicking the
Enriques classification of (commutative) projective surfaces. In the noncommutative
setting, we will define this as follows. Let R be a graded domain of GK-dimension
3. We form the graded quotient ring of R by inverting all homogeneous elements to
obtain a graded division ring, which by standard results must be a skew-Laurent ring
of the form

Dlz,z7 % 0]

for some division ring D and automorphism o of D. For more details on noncom-
mutative localization, see Section 2.2.3.

By abuse of notation, we will refer to D as the function field of R, and will say that
two noncommutative projective surfaces are birationally equivalent if their function
fields are isomorphic.

Clearly there is a large class of noncommutative surfaces whose function fields are
actually (commutative) fields; these include twisted homogeneous coordinate rings of
projective surfaces as well as their idealizers and other subrings. Such rings are called
birationally commutative. For now, we postpone discussing birationally commutative

surfaces until Section 1.4, and consider other surfaces that do not fall into this class.
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One important set of examples are the Artin-Schelter reqular rings of dimension

3, known less formally as “noncommutative P?s.”

Definition 1.3.2. A finitely N-graded domain R is called Artin-Schelter reqular of
dimension d if R satisfies the following properties:

(1) R has global dimension d;

(2) R has finite GK-dimension;

(3) R is homologically well-behaved in the sense that R has left and right injective

dimension d and

' 0 ifi#d
Exty(k, R) =
k if7=d.

\

The idea behind this definition is that R is supposed to be a good analogue of
a polynomial ring in d (weighted) variables. Condition (3), which is known as the
Artin-Schelter Gorenstein condition, is included to rule out unpleasant examples like
k{z,y}/(xy).

Artin, Tate, Van den Bergh, and Stephenson [ATV90, ATV91, Ste96, Ste97] have
classified the Artin-Schelter regular rings of dimension 3. The most interesting ex-

amples are the 3-dimensional Sklyanin algebras
Skls(a, b, ¢) = k{zo, x1, ¥2}/(am;is1 + bTip1m; + ety i =1,2,3 mod 3),

where [a : b : ¢] € P2\ {a finite set of degenerate points}. Techniques from noncom-
mutative algebraic geometry were central to this work. It turns out that a Sklyanin
algebra S = Sklz(a, b, ¢) contains a normal element g of degree 3, and that S/(g)
is isomorphic to the twisted homogeneous coordinate ring B(FE, L, o) of an elliptic

curve E. Further, S is determined by the data (E, L, ), and in fact by E and o.
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Thus we may write

Skls(a, b, c) = Skl3(F, o).

We note that the Hilbert series of Skl3(E, o) is 1/(1 —t)?, and so it is plausible that
S is an analogue of a polynomial ring in 3 variables.

There is one more birational class of noncommutative surfaces that is easy to write
down: they are built from curves. For example, we may take a (skew) polynomial

extension of a noncommutative projective curve. A simple example is the ring
R =kz,y|[z]

where k;[x,y] is the Jordan plane defined in Example 1.2.2. The function field of
R is the full quotient division ring of k,[z,y]. As a variation, we may consider
the (homogenized) ring of differential operators on an affine curve; for example, the

homogenized Weyl algebra

The function field of H is the quotient division ring of the Weyl algebra, the ring
of differential operators on the affine line. More generally still, we may consider the
quotient division ring of any Ore extension (see Definition 2.2.2) K[x;0,0], where
K is a field of transcendence degree 1. These Ore extensions are noncommutative
polynomial rings in one variable.

Michael Artin made the bold conjecture in 1995 that up to birational equivalence,
all noncommutative surfaces fall into this short list of examples. We present a slightly

modified form of his conjecture.

Conjecture 1.3.3. ([Art95, Conjecture 4.1]) If R is a noncommutative projective

surface, then its function field is either:
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(1) a field of transcendence degree 2 (birationally commutative);

(2) a division ring finite-dimensional over a central field of transcendence degree

(3) the full quotient division ring of an Ore extension K|[z;0,0], where K is a field
of transcendence degree 1 (a “quantum ruled surface”); or
(4) D(E,0), the function field of the Sklyanin algebra SKl3(E, o) for some elliptic

curve E and automorphism o of E (a “quantum rational surface”).

Artin’s conjecture is the most important open problem in noncommutative alge-
braic geometry. It was extremely provocative at the time that it was made, and
remains so. It is also notable for its difficulty: in the 13 years since it was made,
there has been no significant progress towards either a proof or a counterexample.

We do not attempt to do either in this thesis. Instead, we restrict our attention
to case (1), and completely classify the graded domains in this birational equivalence

class. We discuss this classification in the next section.
1.4 Birationally commutative graded rings
In this section, we discuss birationally commutative projective surfaces and make

some comments on higher dimensional birationally commutative graded rings. We

begin with an example, due to Rogalski:

Example 1.4.1. (/Rog04a, Definition 1.1]) Let X = P2, and let

o = P S ]PGLg

q

We will assume that p,q € k* are very general; it is enough to assume that the

multiplicative subgroup of k generated by p, ¢, and 1 is isomorphic to Z3. Then one
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can easily check that
B = B(P*,0(1),0) 2 k{z,y,z}/(xy — pyz, vz — qza,yz — qp~ ' 2y).
Now consider the ring S C B, where
S =k(zr—y,y—2).
By [Rog04a, Theorem 1.2], S is left and right noetherian.

The ring S constructed in Example 1.4.1 is an example of a so-called naive blowup
algebra. Some special cases were studied in [Rog04a], and a more general construction
was given in [KRS05] and subsequently generalized in [RS07]. Here we follow the
exposition in [KRS05].

To construct a naive blowup algebra, begin as usual with a projective variety X,
an automorphism o of X, and a g-ample invertible sheaf £ on X. Also choose a
point P € X (or more generally, let P be a 0-dimensional subscheme of X). Let

7 = Ip be the ideal sheaf of P. Then we may form a ring

(1.4.2) S(X.L,0,P) =@ H(II° - 17" L,),

n>0

which we refer to as a naive blowup of X at P. The construction of S(X, L, o, P)
mimics the construction of a commutative blowup as a Rees ring: we are taking
(sections of) higher and higher successive powers of the ideal defining P, using the
multiplication on the twisted homogeneous coordinate ring B(X, L, o).

Let P be a 0-dimensional subscheme of X. Then the properties of the naive

blowup S(X, L, o, P) depend on the geometry of the orbits {¢"(p) }nez for p € P.

Definition 1.4.3. Let X be a projective variety, let ¢ be an automorphism of X,
and let p € X. We say the orbit {¢"(p)} is critically dense if it is infinite and any

infinite subset is Zariski-dense in X.
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Then we have:

Theorem 1.4.4. ([RS07, Theorem 1.1]) Let X be a projective variety, o an auto-
morphism of X, and L a o-ample invertible sheaf on X. Let P be a 0-dimensional
closed subscheme of X. If the set {c™(p)} is critically dense for all p € P, then the

ring S(X, L, 0, P) is noetherian.

We remark that [KRS05, Theorem 4.1] is an earlier version of this result, with
less general hypotheses. We also note that we prove the converse to Theorem 1.4.4
in this thesis; see Proposition 4.7.14.

Rogalski and Stafford [RS06] have recently classified all birationally commutative
projective surfaces that are generated in degree 1; remarkably, twisted homogeneous

coordinate rings and naive blowups are the only two types of rings that occur.

Theorem 1.4.5. ([RS06, Theorem 1.1]) Let R be a birationally commutative pro-
jective surface that is generated in degree 1. Then there is an integer k > 1 so that
R®) s either:

(1) the twisted homogeneous coordinate ring of a projective surface; or

(2) the naive blowup of a projective surface at a 0-dimensional subscheme sup-

ported on points that move in critically dense orbits.

We note that Rogalski and Stafford consider a slightly more general class of rings
than our noncommutative projective surfaces. They study finitely N-graded noethe-

rian domains R whose graded quotient ring is of the form
K[z, 271 0]

where K = k(X) is the function field of a projective surface X such that o induces

an automorphism of X. By [Rog07, Theorem 1.1], any such R has GK-dimension 3
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or 5, and any birationally commutative domain of GK-dimension 3 that is generated
in degree 1 is of the form considered by Rogalski and Stafford. See Section 4.1 for
more discussion of the GK-dimension of noncommutative surfaces.

The hypothesis in Theorem 1.4.5 that R be generated in degree 1 seems overly
restrictive; note that in contrast with the commutative case, there are many non-
commutative noetherian graded rings that have no Veronese subring generated in
degree 1. (For example, the idealizers in Construction 1.2.5 have this property.) We
remove this restriction in Chapter IV, and make a complete classification of bira-
tionally commutative surfaces, using methods that are quite different from the proof
of Theorem 1.4.5. Besides idealizers, naive blowups, and twisted homogeneous co-
ordinate rings, one new type of ring arises; we refer to these as ADC rings. They
are similar to, but more general than, naive blowups, and give rise to a new class
of mazximal orders — the noncommutative version of integrally closed rings. (The
formal definition is given in Definition 4.1.6.)

We obtain:

Theorem 1.4.6. (Theorem 4.1.4) Let R be a finitely N-graded birationally commu-
tative noetherian domain of GK-dimension 3. Then there is an integer k > 1 so that
R® s either:

(1) the twisted homogeneous coordinate ring of a projective surface;

(2) a naive blowup or ADC' ring on a projective surface;

(1), (2") an idealizer inside a ring of type (1) or (2) respectively.

By classifying all rings falling within case (1) of Conjecture 1.3.3, Theorem 1.4.6
shows that relatively mild assumptions on rings of GK-dimension 3 can have pow-
erful consequences. Artin’s original formulation of Conjecture 1.3.3 assumed much

stronger technical conditions on the rings under study; it is quite interesting that
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these assumptions do not, in fact, seem to be necessary to understand birationally
commutative surfaces. Furthermore, by enumerating the possible types of bira-
tionally commutative surfaces, Theorem 1.4.6 opens up new avenues of future re-
search: understanding the rings given in cases (1)—(2) of Theorem 1.4.6 should give
new insight into the possibilities for important concepts such as the Artin-Zhang y
conditions, which are defined in Section 2.4. We plan to explore this further in future
work.

The main difficulty in proving both Theorem 1.4.6 and Theorem 1.4.5 is construct-
ing the classical projective surface X that is associated to a given birationally com-
mutative projective surface R. Rogalski and Stafford prove Theorem 1.4.5 through
a delicate analysis of a certain class of modules, called point modules over R. This
is quite difficult because for naive blowups such modules are parameterized by an
infinite series of projective schemes but not by any individual projective scheme; see
[KRS05, Theorem 1.1]. In contrast, in the proof of Theorem 1.4.6 we construct the
surface X much more directly, through a method of successive approximations of the
“correct” surface. While there are technical issues involved in this proof, most of
them are involved with showing that this method does, in fact, lead to an appropri-
ate projective surface, and the actual construction is relatively straightforward. We
comment also that comparing the methods of proof of Theorems 1.4.5 and 1.4.6 may
be a fruitful direction for future research.

Another important component of the proof of Theorem 1.4.6 is understanding
idealizers in twisted homogeneous coordinate rings, as in Construction 1.2.5. These
form a large class of examples, are often noetherian, and are never generated in degree

1. Idealizers on curves are understood, thanks to the classification of noncommutative
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curves in [AS95]; Rogalski [Rog04b] has also investigated idealizers of the form
(1.4.7) R(P¢,0(1),0, P),

where P = {p} is a point in P?, from an algebraic perspective. However, until
now the properties of general geometric idealizers were not known. In Chapter III,
we investigate idealizers inside twisted homogeneous coordinate rings of arbitrary
dimension.

Rogalski proved that the properties of the idealizers (1.4.7) depend on the critical
density of the orbit {o"(p)}. Notably, in order for R to be left noetherian, one needs
that {o"(p)}n>o is critically dense. Finding a condition on an arbitrary subscheme
that will give rise to a noetherian idealizer is an important geometric question to be
solved in generalizing Rogalski’s results to arbitrary idealizers.

In Chapter III we answer this question. We define:

Definition 1.4.8. Let X be a projective variety and let 0 € Aut X. Let Z C X be
a closed subscheme. The set {0"Z},cz is critically transverse in X if for all closed
subschemes Y C X, for all but finitely many n we have ’Torf (Ognz, Oy) = 0 for any

i>1

We show that critical transversality of the set {¢™Z} controls the behavior of

idealizers.

Theorem 1.4.9. (Theorem 3.1.6) Let X be a projective scheme, let o be an auto-
morphism of X, and let L be a o-ample invertible sheaf on X. Let Z be a closed sub-
scheme of X. For simplicity, assume that Z is reduced and irreducible and of infinite
order under o. (We treat the general case in the body of the thesis.) Let I be the right
ideal of B(X, L,0) generated by sections vanishing on Z. Let R = R(X,L,0,7), as

in Construction 1.2.5.
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Then

R=k+1,

and R is right noetherian if and only if the set {n > 0| o™(p) € Z} is finite for any

pe€ X. If{o"Z},>0 is critically transverse, then R is left noetherian.

This generalizes the results in [SZ94, AS95, Rog04b| to arbitrary idealizers in
twisted homogeneous coordinate rings.

As mentioned, the question of whether the left and right cohomological dimensions
of a noetherian graded ring are finite is an important open problem in noncommu-
tative geometry. Let R be one of the idealizers considered in Theorem 1.4.9. By a
result of Rogalski [Rog04b, Proposition 3.5, the cohomological dimension of the left
projective scheme associated to R is equal to dim X. We study the cohomological
dimension of the right projective scheme associated to R, and prove (Theorem 3.7.1)
that if R is left noetherian, then cd(Proj-R) is finite, even if the global dimension
of Proj-R is infinite. On the other hand, in Example 3.7.6 we give an example of a

right but not left noetherian ring that has infinite right cohomological dimension.

1.5 Transversality

We have seen that the properties of many noncommutative rings defined by geo-
metric data are controlled by the critical transversality of the underlying data. Here
we discuss other concepts of transversality, and describe purely algebro-geometric
results that relate these concepts. This is the subject of Chapter V of this thesis.

It is a fundamental principle of intersection theory that generic intersections are
well-behaved. If the ambient variety is sufficiently nice, one expects two nonsingular
subvarieties in general position to meet transversally, so a generic intersection should

be nonsingular. Classically, these heuristics are made precise by the well-known
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Kleiman-Bertini theorem, which goes back to 1882 [Ber82] in its earliest form.

Theorem 1.5.1. (Bertini, Kleiman [Har77, Theorem I11.10.8]) Assume k has char-
acteristic 0. Let X be a variety (necessarily nonsingular) with a transitive left action
of an algebraic group G. LetY and Z be nonsingular closed subvarieties of X. Then
there is a dense open subset U of G such that if g € U, then gZ and Y intersect
transversally. In particular, a general hyperplane section of a nonsingular projective

variety 1s nonsingular.

Recently, Miller and Speyer [MS06]| generalized the Kleiman-Bertini theorem to

apply to a more algebraic concept of a well-behaved intersection.

Definition 1.5.2. Let X be a scheme, and let Y and Z be closed subschemes of
X. If Tor])-(((’)y,OZ) = 0 for j > 1, we will say that Y and Z are homologically

transverse.

Homological transversality has the following geometric meaning. If P is a compo-
nent of Y N Z, then Serre’s formula for the multiplicity of the intersection of Y and
Z at P [Har77, p. 427] is:

(Y, Z; P) = Z(—l)j lenp(’Torj{((’)Z, Oy)),
j=0
where the length lenp(_ ) is taken over the local ring at P. Thus if Y and Z are
homologically transverse, their intersection multiplicity at P is simply the length of
their scheme-theoretic intersection over the local ring at P.

We note that homological transversality does generalize classical transversality:
if X, Y, and Z are nonsingular, ¥ and Z meet transversally, and chark = 0, then
Y and Z are also homologically transverse.

Miller and Speyer’s result is:
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Theorem 1.5.3. [MS06| Let X be a variety with a transitive left action of a smooth
algebraic group G. Let Z and Y be closed subschemes of X. Then there is a dense
Zariski open subset U of G such that, for all g € U, the subschemes gZ and'Y are

homologically transverse.

It is natural to ask what conditions on the action of GG are necessary to conclude
that homological transversality is generic in the sense of Theorem 5.1.1. In particular,
the restriction to transitive actions is unfortunately strong, as it excludes important
situations such as the torus action on P". On the other hand, suppose that Z is the

closure of a non-dense orbit. Then for all g € G, we have
TO’/{((ng, Oz) = TOT’{((Oz, Oz) 7é O,

and so the conclusion of Theorem 5.1.1 fails. Thus for non-transitive group actions
some additional hypothesis is necessary.

In Chapter V, we show that there is a simple condition for homological transver-
sality to be generic. We will state it here for algebraically closed fields, although in

the text we make no assumptions on the ground field.

Theorem 1.5.4. (Theorem 5.1.2) Let X be a variety with a left action of a smooth
algebraic group G, and let Z be a closed subscheme of X. Then the following are
equivalent:

(1) Z is homologically transverse to all G-orbit closures in X ;

(2) For all closed subschemesY of X, there is a Zariski open and dense subset U

of G such that for all g € U, the subscheme gZ is homologically transverse to'Y .

The investigations that led to Theorem 1.5.4 were motivated by the work in
Chapter III. We have seen that if X is a projective variety, ¢ an automorphism

of X, £ a g-ample invertible sheaf on X, and Z a closed subscheme of X, then the



21

algebraic properties of the geometric idealizer ring R(X, £, 0, Z) in Construction 1.2.5
are controlled by the property that {¢"Z} is critically transverse: that is, for any
closed subscheme Y and for any j > 1, the sheaves Torj( (Ognz, Oy) vanish for all
but finitely many n. This certainly reminds one of generic transversality statements
like the Kleiman-Bertini theorem or Theorem 1.5.3. Thus, in investigating critical
transversality, one is naturally led to wonder what conditions on Z are necessary to
conclude that some sort of generic transversality result holds for the translates of Z.

Using Theorem 1.5.4, we are able to answer this question, at least in many situ-

ations. We show:

Theorem 1.5.5. (Theorem 5.4.2) Suppose that chark = 0 and that o is an element
of an algebraic group acting on X. Then the following are equivalent:
(1) Z is homologically transverse to all reduced o-invariant subschemes of X ;

(2) the set {o"Z} is critically transverse.

In particular, Theorem 1.5.5 implies that (in characteristic 0), if o is a sufficiently
general element of PG Ly, 1, then {o"Z} is critically transverse for almost every

Z C P (See Corollary 5.4.3 for a precise statement.)

1.6 Plan of this thesis

In this section we briefly discuss the plan of the rest of this thesis. In Chap-
ter 11, we review some of the ring theory, algebraic geometry, and noncommutative
geometry that we will use. We give an overview of the current state of knowledge
of noncommutative projective surfaces, and describe some of the techniques that we
will use to prove the results in this thesis.

Chapter III is devoted to studying the geometric idealizers constructed in Con-

struction 1.2.5. We determine many of the properties of geometric idealizers and
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show that they are controlled by the critical transversality of the underlying data; in
particular, we prove Theorem 1.4.9. We also investigate when idealizers satisfy the
Artin-Zhang x conditions and are strongly noetherian, and study the cohomological
dimension of idealizers.

Chapter IV is devoted to the proof of Theorem 1.4.6. We use many of the results
from Chapter III in this proof.

Finally, in Chapter V, we investigate algebro-geometric questions related to ho-
mological transversality and critical transversality, and prove Theorem 1.5.4 and

Theorem 1.5.5.



CHAPTER II

Background

2.1 Introduction

In this chapter, we lay out the fundamental notations and definitions that we will
use in this thesis. In the first section, we collect some basic facts about graded rings,
abelian categories, and Gelfand-Kirillov dimension. In the second section, we discuss
bimodule algebras: a bimodule algebra, roughly speaking, is the noncommutative
version of a sheaf of algebras. We also define and discuss og-ampleness and outline
the proof of Theorem 1.2.3, since it introduces techniques that we will use in the
sequel. The third section is devoted to a discussion of two important technical
conditions that we will see repeatedly in the rest of this thesis. Finally, we give a

few results from classical algebraic geometry that we will need.

2.2 Basic definitions

In this section, we give basic definitions and notations that we use throughout

this thesis.

2.2.1 Graded rings and abelian categories

We work throughout over a fixed field k, which we assume to be algebraically

closed unless otherwise stated. A k-algebra R is called graded if it has a direct sum

23
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decomposition

R:@Rn

neZ

that satisfies R,R,, C R, for all n,m. We adopt the convention that N =
{0,1,2,...}, and we will say that R is N-graded if R, = 0 for n < 0. A graded
k-algebra R is called connected graded it Ry =k, and connected N-graded if it is con-
nected graded and N-graded. A graded k-algebra R is finitely graded if it is finitely
generated as a k-algebra and each R, is finite-dimensional over k, and finitely N-
graded if it is finitely graded and N-graded. Note that a finitely graded domain is
connected graded.

If R is a k-algebra, we will denote the category of right, respectively left, R-
modules by Mod-R, respectively R-Mod. If R is, in addition, graded, then by Gr-R
we will denote the category of graded right R-modules: that is, modules My with a

direct sum decomposition

M =P M,

neZ

satisfying M, R,, € M,,,,- Morphisms in Gr-R are module homomorphisms ¢ :

M — N such that ¢(M,) C N, for all n € Z. We write
homp(M, N) = Homg, r(M, N),

and denote the derived functors of hompg by extf%. We similarly define the category
R-Gr of graded left R-modules.

If C and C’" are categories, then we will use the notation C ~ C’ to mean that C
and C' are equivalent. We adopt the convention throughout that if Abc is the name
of a category, then abc will denote the full subcategory of noetherian objects; that
is, objects whose subobjects satisfy the ascending chain condition. Thus for a graded

k-algebra R, we also have categories R-gr, gr-R, mod-R, etc.



25

Let R be a graded k-algebra. If M is a graded R-module and n € Z, we may
define a new module Mn| by shifting degrees: let

Min] = P M[n);

1€EL

and set M([n|; = M, ;. For all n, the functor

is an autoequivalence of Gr-R and of R-Gr; we call these autoequivalences shift
functors.

Let R be a graded k-algebra, and let M and N be graded right R-modules. We
define

Hom (M, N) = €9 homp(M, N[n]),

and write

Hom (M, N),, = hompg(M, N[n]).

These are the maps ¢ such that ¢(M;) C N,.;, and we refer to them as homomor-

phisms of degree n. Similarly, we define, for any j,

Ext’,(M, N) = @ ext?,(M, N(n)).

neZ

If M is finitely generated, we may identify Hom (M, N) with Homyoq.r(M, N).
If R is a graded k-algebra and k # 0 € N, we denote the k’th Veronese of R by
R®_ where
(R™),, = Ry
If R is noetherian, so is R® for all k > 1. If R® is left (right) noetherian and R is
a finitely generated left (right) R*)-module, then R is left (right) noetherian.

We briefly review the definition of a quotient category; we refer the reader to

[Gab62] for a reference for the category theory used here. Let C be an abelian
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category. A full subcategory A of C that is closed under taking subobjects, quotients,
and extensions is called a Serre subcategory or a dense subcategory of C. If A is a
Serre subcategory of C, then we may form the quotient category C/A. The objects

of C/A are the same as the objects of C. If M, N are two objects of C, we define
Home 4 (M,N) = li_n)1Homc(M',N/N'),

where the direct limit is taken over all subobjects M’ of M and N’ of N such that
M/M'" and N’ are both in A. There is clearly a quotient functor = : C — C/A: we
define 7C' = C for all C' € C, and let w(f : M — N) be the image of f in the direct
system that defines Home,4 (M, N).

We now specialize to the case that R is a finitely N-graded k-algebra and C =
Gr-R. A graded right R-module M is called right bounded if M, = 0 for all n > 0.
We say that M is torsion if M is a direct limit of right bounded modules. Let Tors-R
denote the full subcategory of Gr-R of torsion modules. We leave it to the reader to
verify that Tors-R is a Serre subcategory of Gr-R. Thus we may form the quotient
category

Qgr-R = Gr-R/ Tors-R.

We set qgr-R = gr-R/ tors-R, where tors-R = Tors-RNgr-R. We note that the shift
functors

M — M|n]

descend to autoequivalences of Qgr-R and of qgr-R, and similarly on the left.

In fact, Tors-R is a localizing subcategory of Gr-R: this means that there is a
section functor w : Qgr-R — Gr-R such that 7w = Idgg,-r, where 7 : Gr-R — Qgr-R
is the quotient functor. If M € Gr-R is torsionfree, then wm M is the largest essential

extension M’ of M such that M’/M is torsion.
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Recall from Chapter I that if B = B(X, L, 0) is the twisted homogeneous co-
ordinate ring of a c-ample invertible sheaf £ on the projective variety X, then
by Theorem 1.2.3, we have that qgr-B ~ Ox-mod. Motivated by this, Artin and
Zhang [AZ94] defined the noncommutative projective scheme associated to a graded

k-algebra R to be the pair
Proj-R = (qgr-R, 7R).

The distinguished object ™R plays the role of the structure sheaf of Proj-R. Now, if 7
is a quasicoherent sheaf on a projective variety X, then H°(X,F) = Homx (Ox, F).

By analogy, we define cohomology functors on Proj-R by setting
H'(Proj-R, ) = Extgy,, (7R, _).
We define the right cohomological dimension of R, or cd(Proj-R), to be
max{i | H'(Proj-R, M) # 0 for some M € Qgr-R}.

We may of course mirror the constructions in the previous two paragraphs on the
left; thus we also have R-Qgr, R-qgr, R-Proj, and the left cohomological dimension

of R, or cd(R-Proj).
2.2.2 Gelfand-Kirillov dimension

One difficulty of noncommutative algebra is that the numerous equivalent notions
of dimension for commutative rings diverge once one passes to the noncommutative
realm. The dimension we will use in this thesis is the Gelfand-Kirillov dimension or
GK-dimension. We will mention only a few properties here; for a general reference

on GK-dimension, see [KLO0O0].
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Definition 2.2.1. Let R be a finitely generated k-algebra, and let V' be a finite-
dimensional generating subspace for R that contains 1. The GK-dimension of R
is

GKdim R = inf{a € R| dimy (V") < n® for all n > 0}

. log dimy V'™
= lim sup W.

One easily checks that this definition is independent of the generating subspace
V.

For finitely generated commutative k-algebras, the GK-dimension is equal to the
Krull dimension. For noncommutative rings, GK-dimension can be quite badly be-
haved: in particular, it is not necessarily an integer. However, if R is a graded
domain of GK-dimension < 3, then GKdim R € {0, 1,2,3} by results of Bergman
[KL00, Theorem 2.5], Artin and Stafford [AS95], and Smoktunowicz [Smo06]. It is

an open question whether there exist any domains with non-integer GK-dimension.

2.2.3 Noncommutative localization and skew polynomial rings

In the noncommutative setting, it is not always clear what one means by a “quo-
tient ring.” A general result due to Gabriel [Gab62, Théoreme 1, p. 418] says that
any noncommutative domain has what is known as a maximal right quotient ring;
see [GW89, Chapter 4] for a construction. However, this ring is not necessarily a
division ring! Furthermore, if R is badly behaved, then there may be many divi-
sion rings sitting between R and its maximal quotient ring. For example, it appears
that almost any division ring infinite-dimensional over its center K contains a free
subalgebra K{z,y} on two generators over K; cf. [ML83]. Thus one cannot form a
“quotient division ring” of K{x,y} in any canonical way.

Here we briefly review when noncommutative localization is possible.
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Definition 2.2.2. Let R be a domain. A set X C R of nonzero elements is a right

Ore set if X is multiplicatively closed and if for all x € X and r € R, we have
xRNrX #10.

If X is a right Ore set, then one can form a ring of fractions with denominators

in X. That is, there is a unique way to form the localization
RX'={ra7'|re R x € X}

such that RX ! is an overring of R with appropriate properties. If X is both a right
and a left Ore set, then the rings RX ! and X 'R are naturally isomorphic. In

I and

particular, any element of RX ! may be written as both a right fraction ra~
a left fraction y~'s for some r,s € R and z,y € X, and any finite set of elements
of RX ™! has both a right and a left common denominator. (See [GW89, Chapter 9]
for details.)

If R is a graded domain and is either noetherian or has finite GK-dimension, then

the set

X =R~ {0}
is automatically a right and left Ore set by Goldie’s Theorem [GW89, Theorem 5.10]
or by [KL0O, Theorem 4.15]. Further, the set

Y = (U Rn> ~ {0}

nez

is also a right and left Ore set [GS00, Theorem 5a]. The ring RX ™! formed by
inverting all nonzero elements is called the quotient division ring of R and written
Q(R). The ring RY ! formed by inverting all nonzero homogeneous elements is
known as the graded quotient ring of R and denoted Qg (R). Clearly Qg (R) is

graded, and Qg (R)o is a division ring. We will call Qg (R)o the function field of
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R; note that the function field of R need not be commutative! If z is any nonzero
element of Qg (R); (in particular, we assume some such z exists), then it is not hard
to see that the map

o(r) = zaz!

defines an automorphism of Qg (R)o. In fact, by [NvO82, Corollary 1.4.3], Qg (R) is

isomorphic to the skew-Laurent ring
S =Dlz,z" % 0],

where D = Qg (R)o is the function field of R. Elements of S are are Laurent

polynomials

i dizi,

1=—00

with d; € D and only finitely many d; nonzero; multiplication is induced from the
rule that if d € D, then

zd =d’z.

We also mention the general construction of skew polynomial rings, which we use
in the statement of Conjecture 1.3.3. Let K be a k-algebra and let o € Auty(K).

Then we define a o-derivation of K to be an additive map
0: K- K
satisfying
5(rs) = o(r)o(s) +rd(s)

for all r, s € K. Given an automorphism o of K and a o-derivation § of K, we define

the skew polynomial ring or Ore extension K[x;o,d] to be the free K-module

@Kw”,

n>0
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with multiplication induced from the rule that
xr =o(r)x +0(r)

for all » € K. Details of skew-Laurent and skew polynomial rings may be found in

[GW89, Chapter 1].

2.3 Bimodule algebras

In this section, we develop the notation to work with bimodule algebras. Most of
the material in this section was developed in [Van96| and [AV90], and we refer the
reader there for references. We will not work in full generality, however, and our
presentation will follow that in [KRS05, Section 2].

We fix throughout this section a projective variety X; for us, a varietyis an integral
separated scheme of finite type over k. We will denote the category of quasicoherent
(respectively coherent) sheaves on X by Ox-Mod (respectively Ox-mod). If ¢ is an
automorphism of X and F is a sheaf on X, recall the notation that ¢ = ¢*F. Thus
o acts on functions by sending f to f7 = foo.

A bimodule algebra on X is, roughly speaking, a quasicoherent sheaf with a multi-
plicative structure. Before presenting an explicit definition, we give the fundamental

example.

Example 2.3.1 (Twisted bimodule algebras). Let o be an automorphism of X and

let £ be an invertible sheaf on X. We define the twisted bimodule algebra of L to be

n—1

B=B(X,Lo)=PLeLre L

n>0

Let L£,, be the nth twisted tensor power of L; i.e., let

n—1

L,=LRL ® QL
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There is a natural map from £, ® L, — Lpin = L, ® (L£,,)7", given by 1 ® o™.
Thus the multiplication on B is twisted by o, in a sense that we will make precise in

the following definitions.

Definition 2.3.2. An Ox-bimodule is a quasicoherent Oy x-module F, such that
for every coherent 7/ C F, we have that for Z = Supp F’, the projection maps
p1,p2 - Z — X are both finite morphisms. The left and right Ox-module structures
associated to an Ox-bimodule F are defined respectively as (p1).F and (p2).F.
We note that by [Van96, Proposition 2.5], there is a tensor product operation on

the category of bimodules that has the expected properties.

In general, operations with bimodules can be quite technical. However, all the

bimodules that we consider will be constructed from bimodules of the following form:
Definition 2.3.3. Let 0,7 € Aut(X). Let (o, 7) denote the map

X —-XxX

z = (0(x),7(x)).
If F is a quasicoherent sheaf on X, we define the Ox-bimodule ,F, to be

oFr = (0,7).F.

If 0 = 1 is the identity, we will often omit it; thus we write F, for 1, and F for

the Ox-bimodule {F; = A, F, where A : X — X x X is the diagonal.

We quote a lemma that shows how to work with bimodules of the form ,F,, and,

in particular, how to form their tensor product.

Lemma 2.3.4. ([KRS05, Lemma 2.3|) Let F, G be coherent Ox-modules, and let

o, 7 € Aut X.
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1

(1) Fo = (fT? )07_1'

(2) Fo @G, Z(F®RG)r0.

(3) In particular, LE™ = (Ly,)on. O

We will usually work with bimodules of the form F,. By Lemma 2.3.4(1), this is
not a restriction. We make the notational convention that when we refer to an Ox-

bimodule simply as an Ox-module, we are using the left-handed structure (for exam-

ple, when we refer to the global sections or higher cohomology of an Ox-bimodule).

Definition 2.3.5. Let X be a projective scheme and let ¢ € Aut X. An Ox-bimodule
algebra, or simply a bimodule algebra, B is an algebra object in the category of
bimodules. That is, there is a unit map 1 : Ox — B and a product map u : BB — B

that have the usual properties.
We follow [KRS05] and define

Definition 2.3.6. A bimodule algebra B is a graded (Ox, o)-bimodule algebra if:

(1) There are coherent sheaves B,, on X such that

B=D(Bu)on:

nez

(2) By = Ox;
(3) the multiplication map p is given by Ox-module maps B, @ B — B im,

satisfying the obvious associativity conditions. Note that by Lemma 2.3.4(2),
(Bn)a” ® (BM)G’” = (Bn ® Bfnn)a“m'

Example 2.3.7. The twisted bimodule algebra B(X, £, o) from Example 2.3.1 is a

graded (Ox, o)-bimodule algebra, with B, = L,, for all n > 0.

Definition 2.3.8. Let B be a graded (Ox,o)-bimodule algebra. A right B-module

M is a quasicoherent Ox-module M together with a right Ox-module map pu :
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M ®@ B — M satisfying the usual axioms. We say that M is graded if there is a

direct sum decomposition

M =P (M,)gn

neZ
with multiplication giving a family of Ox-module maps M,,®@B%, — M, ,, obeying

the appropriate axioms.

We say that M is coherent if there is a coherent Ox-module M’ and a surjective
map M’ @ B — M of ungraded Ox-modules. We similarly define left B-modules.
The bimodule algebra B is right (left) noetherian if every right (left) ideal of B is
coherent. By standard arguments, a graded (Ox,o)-bimodule algebra is right (left)

noetherian if and only if every graded right (left) ideal is coherent.

If B is a graded (Ox,o)-bimodule algebra, we let Gr-B be the abelian category
of graded right B-modules, with morphisms those that preserve degree. A module
M € Gr-B is bounded if M; = 0 for all but finitely many i. We say that M is torsion
if every coherent submodule of M is bounded. We denote the full subcategory of
Gr-B of torsion modules by Tors-B. This is a Serre subcategory, and as in the
previous section, we define Qgr-B to be the quotient category Gr-B/Tors-B. As
before, let 7 : Gr-B — Qgr-B be the quotient functor. We will let gr-B, qgr-B, etc.
be the full subcategories of noetherian objects, and we will similarly define B-Gr,
B-qgr, etc.

Coherence for B-modules should be viewed as analogous to finite generation, but
it is unknown whether, for a general noetherian bimodule algebra, every submodule
of a coherent module is coherent! Fortunately, in our situation the usual intuitions

do hold. We restate [KRS05, Proposition 2.10] as:

Lemma 2.3.9. Let R = @, ,(Rn)on be a graded (Ox,o)-sub-bimodule algebra

of a twisted bimodule algebra. Then R is right (left) noetherian if and only if all
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submodules of coherent right (left) R-modules are coherent.

Proof. (<) is clear. Conversely, suppose that R is right noetherian, so all right ideals
of R are coherent. By [KRS05, Proposition 2.10], since the R,, are subsheaves of
locally free sheaves, then all submodules of coherent right R-modules are coherent.

The left-handed result follows from symmetry. ]

If R is a graded (Ox, o) bimodule algebra, we may form its section algebra

H'(X,R) = H(R) = @ H(R,) = P H(X, Rn).

n>0 n>0

(Throughout this thesis, we will omit the scheme X when taking global sections or
cohomology unless the underlying scheme is not clear from context.)
Multiplication on H°(R) is induced from the multiplication map p on R; that is,

from the maps
H(R,) @ H*(Ryn) — H°(R,) @ HY(R,) — H*(Rugm)-

Global sections give a functor from Gr-R to Gr-H°(R). If M is a graded right
R-module, define
H(M) = 5 H'(M,).

neZ

This is a right H°(R)-module in the obvious way.
If R=H°(R), and M is a graded right R-module, define M @ R to be the sheaf
associated to the presheaf V +— M ®g R(V). This is a graded right R-module, and

the functor _ ®z R : Gr-R — Gr-R is a right adjoint to H°.

Example 2.3.10. Let B(X, L,0) be a twisted bimodule algebra. Then the section

algebra H(B(X, L, o)) is the twisted homogeneous coordinate ring B(X, L, 7).

The fundamental result on when one can more closely relate Gr-R and Gr-R is

due to Van den Bergh. We first give a definition:
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Definition 2.3.11. Let X be a projective variety, let ¢ € Aut X, and let {R,, },en
be a sequence of coherent sheaves on X. The sequence of bimodules {(R,)on} is
right ample if for any coherent Ox-module F, the following properties hold:

(i) F ® R, is globally generated for n > 0;

(il) H(F ® R,) =0 for n > 0 and all ¢ > 1.
The sequence {(R,)qn} is left ample if for any coherent Ox-module F, the following
properties hold:

(i) R, @ F°" is globally generated for n > 0;

(i) HY(R, ® F°") =0 for n>> 0 and all ¢ > 1.

We say that an invertible sheaf L is o-ample if the Ox-bimodules

{(Ln)on} = {L5"}

form a right ample sequence. By [Kee00, Theorem 1.2], this is true if and only if the

Ox-bimodules {(L,,),} form a left ample sequence.

The following result is a special case of a result due to Van den Bergh [Van96,

Theorem 5.2], although we follow the presentation of [KRS05, Theorem 2.12]:

Theorem 2.3.12. (Van den Bergh) Let X be a projective scheme and let o be an
automorphism of X. Let R = @(Rn)en be a right noetherian graded (Ox,o)-
bimodule algebra, such that the bimodules {(R,),n} form a right ample sequence.
Then R = H°(R) is also right noetherian, and the functors H® and __ ®r R induce
an equivalence of categories

qgr-R ~ qgr-R.
Theorem 1.2.3 follows easily from Theorem 2.3.12, and we give the proof here.

Proof of Theorem 1.2.3. Let T = @(Z,,),~ be a graded right ideal of B = B(X, L, o).

The coherent Ox-modules Z,, @ (£,)~! form an ascending chain of ideal sheaves on
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X; thus they stabilize after some ng, and we have a surjection Z<,,, ® B — Z. Thus

B is right noetherian. Arguing similarly, one sees that the functors
M= M, @ (L,)" forn>>0

and

F—FRxB

give an equivalence of categories between Ox-mod and qgr-B. By assumption,
L is o-ample; thus by Theorem 2.3.12, the categories qgr-B and qgr-B(X, L, 0)
are equivalent. Therefore Ox-mod ~ qgr-B(X, £,0). By symmetry, Ox-mod ~

B(X, L,0)-qgr. O

We introduce notation for the quasi-inverse functors between qgr-B and Ox-mod.

Define a functor

I, : Ox-mod — qgr-B

F—@PH(FoL).

n>0

The quasi-inverse of I', is induced by a functor
T gr-B — Ox-mod.

To define this functor, let M € gr-B. There is a unique coherent sheaf F such that
F®L, =(M®gB), for all n > 0. Define M = F. Note that if TM = 7N in
qgr-R, then M =N.

Since right and left o-ample invertible sheaves are the same, there is also an
equivalence B-qgr >~ Ox-mod. The quasi-inverses between these two categories are

defined by letting

I.F=@H (L, ®F")

n>0
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and letting M be the unique F such that £, ® F°" = (B®g M), for all n>> 0.

We note that if N € gr-B, then by [SV01, (3.1)], we have that

—_—~—

(2.3.13) Nin] = (N ® L,)" "

for all n > 0.
We record here the observation that when working with bimodule algebras, we
may in our setting suppose, without loss of generality, that we are working with

sub-bimodule algebras of the twisted bimodule algebra B(X, Ox, o).

Lemma 2.3.14. Let X be a projective scheme with automorphism o, and let L be

an invertible sheaf on X. Let

R =P (Rn)on

n>0

be a graded (Ox, o)-sub-bimodule algebra of the twisted bimodule algebra B(X, L, o).
Let J, = R.L,Y forn > 0.

(1) Let S be the graded (Ox,o)-bimodule algebra defined by

S = DS = P(Tn)or
n>0 n>0

Then the categories gr-R and gr-S are equivalent, and the categories S-gr and R-gr
are equivalent.

(2) Let H be an invertible sheaf on X and let k € Z. Then the functor Hox @ _
that maps

M =P Mo = PH & M) jrin = Hor & M
nez neZ

is an autoequivalence of gr R.

Proof. (1) By symmetry, it suffices to prove that gr-R ~ gr-S. For n < 0, define

Lo=L )" L) 0 L)
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One easily verifies that

Lo ® LT X Lo

for all n,m € Z. Define a functor F': gr-R — gr-§ as follows: if

M =P (M,)gn

nez

is a graded right R-module, define

nez

The inverse functor G : gr-§ — gr-R is defined as follows: if

N =P WN,)or

ne”

is a graded right S-module, let

GN) = PN, @ Ly)gn.

nez
It is trivial that GF = Idg.z and that F'G = Idg,.s.

(2) By Lemma 2.3.4(2), we have that
(HT™) L @Ha 2 () P e HT "), = Ox.

Thus the functor ((H° *)!),—x ® __is a quasi-inverse to Hur @ _. O

We also record here an elementary lemma on the two-sided ideals of twisted ho-

mogeneous coordinate rings; compare [AS95, Lemma 4.4].

Lemma 2.3.15. Let X be a projective variety, let o € Aut X, and let L be an
invertible sheaf on X. Let B = B(X, L,0) and let J be a two-sided ideal of B. Then

there is a o-invariant ideal sheaf T so that J, = ZL, for n > 0.
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Proof. By Lemma 2.3.14, without loss of generality we may let £L = Ox. As J is a
right ideal,

jm—i—l 2 ijl :jm

for all m. There is therefore some n so that J,, = J, for all m > n. Let T = 7,,. As
J is also a left ideal,

I=Jpn26-J; =7, =71".
Thus 7 =7°. ]

2.4 The yx conditions and the strong noetherian property

In this section we describe two properties, which, while technical, are needed to
extend important techniques from commutative to noncommutative geometry. Be-
cause in their absence one’s tools are relatively limited, it is important to understand
when these properties hold.

We begin with the Artin-Zhang y conditions.

Definition 2.4.1. Let R be a finitely N-graded k-algebra, and fix j € N. We say
that R satisfies right x; if, for all ¢ < j and for all finitely generated graded right

R-modules M, we have that
dimy, Exty(k, M) < oc.

We say that R satisfies right x if R satisfies right x; for all 7 € N. We similarly

define left x; and left x; we say R satisfies x if it satisfies left and right x.

By [AZ94, Corollary 8.12], any commutative noetherian ring satisfies y. It is an
easy exercise to see that R satisfies right yq if and only if R is right noetherian.
The most important of the y conditions is y;. Artin and Zhang discovered that

its presence allows one to reconstruct R from Proj-R. That is, we have:
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Theorem 2.4.2. ([AZ94, Theorem 4.5]) Let R be a finitely N-graded k-algebra, and
let B be the N-graded ring
B = Homg,, p(7R, 7R),>0 = @) H°(Proj-R, 7 R[n])
n>0
If R satisfies right x1, then the canonical map R — B is an isomorphism in large

degree. ]

The higher conditions x; for j > 1 are less well understood. However, if a ring
satisfies right or left x, then it is well-behaved in some important ways. For example,
by [AZ94, Theorem 7.4], R satisfies right y if and only if the noncommutative version
of Serre’s finiteness theorem holds for Proj-R. That is, if R satisfies right , then for
any M € qgr-R, the cohomology H’(Proj-R, M) is finite-dimensional for any j > 0,
and for any j > 1,

HY(Proj-R, M[n]) =0

for n > 0.

The x conditions are also needed in order to have a version of Serre duality for
a noncommutative ring R. This is known as the existence of a balanced dualizing
complez for R; see [Van97, Definition 6.2] for the precise definition. By results of
Van den Bergh [Van97, Theorem 6.3] and Yekutieli and Zhang [YZ97, Theorem 4.2],
R has a balanced dualizing complex if and only if R satisfies y and both Proj-R and
R-Proj have finite cohomological dimension.

The second technical condition we consider is the strong noetherian property.

Definition 2.4.3. We say that the k-algebra R is strongly right (left) noetherian
if, for any commutative noetherian k-algebra C, the ring R ®, C is right (left)

noetherian.
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The strong noetherian property is clearly related to questions of extending the
base ring and working scheme-theoretically. All finitely generated commutative k-
algebras are strongly noetherian; however, the ring in Example 1.4.1 is an example
of a finitely generated k-algebra that is noetherian but not strongly noetherian on
either side, by [Rog04a, Theorem 1.2].

The fundamental result about strongly noetherian rings is also due to Artin and
Zhang. Before stating it, we define an important class of modules, which have the

Hilbert series of a point in P™.

Definition 2.4.4. Let R be a connected N-graded k-algebra. A (right or left) point
module is a cyclic graded (right or left) module M such that dim M, = 1 for all
n > 0. A (right or left) truncated point module of length d is a module M such that

dim M,, = 1 for 0 <n < d, and M, = 0 otherwise.

Theorem 2.4.5. ([AZ01, Corollary E4.11]) Let R be a connected N-graded, strongly
right noetherian k-algebra. Then the right point modules over R are parameterized

by a projective scheme. ]

We comment briefly on the construction of the point scheme for R. It is not hard
to see that for any d, the right truncated point modules of length d are parameterized
by a projective scheme, which we temporarily denote X. It turns out if R is strongly

right noetherian, then there is some d such that the natural maps
Xn+1 - Xn

are isomorphisms for all n > d. The right point scheme for R is then isomorphic to
this stable scheme X,.
If we have a parameterization of the point modules for R, then understanding the

point scheme can often provide crucial information about R. For example, consider
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the Sklyanin algebra S = Skl3(F, o) defined in Chapter I. The elliptic curve E turns
out to be the point scheme for S, and this allows one to construct a map from S to
a twisted homogeneous coordinate ring on £. On the other hand, we have seen that
the ring of Example 1.4.1 is not strongly noetherian; by [KRS05, Theorem 1.1], the
point modules over this ring are not parameterized by any scheme.

To end this section, we return to giving properties of twisted homogeneous coor-
dinate rings. Intuition says that the y conditions and the strong noetherian property
should hold for “nice” rings, and in fact both hold for twisted homogeneous coordi-

nate rings. We record this as

Theorem 2.4.6. (Artin-Small-Zhang, Yekutieli, Van den Bergh) Let X be a projec-
tive variety, let o be an automorphism of X, and let L be a o-ample invertible sheaf

on X. Let B= B(X,L,0). Then B is strongly noetherian and satisfies x.

Proof. That twisted homogeneous coordinate rings are strongly noetherian is [ASZ99,
Proposition 4.13]. By [Yek92, Theorem 7.3|, B has a balanced dualizing complex.
Then [Van97, Theorem 6.3] (or alternately, [YZ97, Theorem 4.2]) implies that B

satisfies . ]

2.5 A few results from algebraic geometry

Our primary algebraic geometry reference is [Har77]. We include here a few results
that we will use that are not included in that text.
For us, the term divisor means Cartier divisor. Recall that a (Cartier) divisor P

on a projective variety X is nefif P.C' > 0 for any curve C' on X.

Theorem 2.5.1. (Fujita’s Vanishing Theorem [Laz04, Theorem 1.4.35]) Let X be a

projective variety and let F be a coherent sheaf on X. Let N be an ample divisor on
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X. Then there is an integer m so that H'(F(mN + P)) = 0 for all nef divisors P

and for all i > 1. ]

We will also use the concept of Castelnuovo-Mumford reqularity. Recall that if N
is a very ample divisor on a projective variety X and F is a coherent sheaf on X,

then F is k-regular with respect to N if, for all ¢ > 1, we have that
H'(F((k—1i)N)) = 0.

If F is k-regular with respect to N, it is (k + n)-regular for any n > 0, by [Laz04,
Theorem 1.8.5(iii)]. The regularity of F (with respect to N) is the minimal &k such
that F is k-regular with respect to V.

One of the most important applications of regularity is that it gives a criterion

for a sheaf to be generated by its global sections.

Theorem 2.5.2. (Mumford’s theorem [Laz04, Theorem 1.8.5(i)]) Let X be a projec-
tive variety and let F be a coherent sheaf on X. Let N be a very ample divisor on X,

and suppose that F is 0-reqular with respect to N. Then F is globally generated. [

We will need to use the Riemann-Roch theorem for singular curves, and we give

that here as well. We denote linear equivalence of divisors by ~.

Theorem 2.5.3. Let X be a smooth surface, and let D be a reduced and irreducible
curve on X. There are constants k and ¢, depending only on the isomorphism class
of D, such that if C' is any divisor on X with C.D > k, then

(1) H'(Op(C)) = 0;

(2) Op(C) is globally generated;

(3) K(Op(C)) = C.D + c.

Proof. Because X is smooth, D is locally principal as a Cartier divisor, and so in

particular is a local complete intersection.
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Let N be a very ample Cartier divisor on D. Without loss of generality, by [Har77,
Exercise IV.1.9(b)], we may assume that N is supported in D*8. Let b = deg(N).
Let w be the Serre dualizing sheaf on D. By [Har77, Theorem I11.7.11], w is invertible;
let K be a divisor with support in D" so that Op(K) = w. Let w = deg K.

Suppose that C' is a divisor on X such that C.D > w + 1. We claim that
HY(Op(C)) = 0. To see this, let H be a very ample divisor on X so that H + C
is also very ample. Applying Bertini’s theorem, by [Har77, Lemma V.1.2], we may
choose irreducible nonsingular curves £ ~ H and E' ~ H + C' such that both E and
E’ are nonsingular and meet D transversally (in particular, they do not meet the

singular locus of D). Now, by Serre duality, we have that
Y (Op(C)) = W' (Op(E' — E)) = h°(Op(K + E — E')).

This is 0, since deg,(Op(K + E - E')) =w — D.C <0.

Now suppose that C.D > w+b+1. By the above, H(Op(C')) = 0. Furthermore,
deg,(Op(C) — N) > w+ 1, and so H(Op(C) — N) = 0. Then Op(C) is 0-regular
with respect to N, and Theorem 2.5.2 implies that Op(C') is globally generated.

(3) is [Har77, Exercise IV.1.9(a)] combined with (1). O



CHAPTER III

Geometric idealizer rings

3.1 Introduction

In recent years, many examples have appeared of subrings of twisted homoge-
neous coordinate rings that have unusual and counter-intuitive properties. While
these rings are often noetherian (indeed, generically so in many cases) and are bi-
rationally commutative by construction, subtler properties such as the y conditions
and the strong noetherian property can fail. Examples of such rings include the naive
blowup algebras defined in (1.4.2), first constructed by Keeler, Rogalski, and Stafford
[KRS05], and the idealizers (1.4.7), studied by Rogalski in [Rog04b]. Since ideally
a classification effort in noncommutative geometry would not depend on technical
conditions, understanding when these kinds of examples occur is important. In par-
ticular, understanding a broad range of noetherian subrings of twisted homogeneous
coordinate rings is necessary to fully classify noncommutative surfaces.

In this chapter we investigate one particular class of subrings of twisted homoge-

neous coordinate rings. We repeat Construction 1.2.5, with more detail.

Construction 3.1.1. Let X be a projective variety over an algebraically closed field
k, let ¢ be an automorphism of X, and let £ be a o-ample invertible sheaf on X.

Let Z be a closed subscheme of X. Following Example 2.3.10, form the twisted

46
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homogeneous coordinate ring B = B(X,L,0), and let I be the right ideal of B
generated by sections that vanish on 7.

Our object of study is the ring
R=R(X,L,0,7Z)=1p(I)={x € B|xl CI}.

By construction, R is the maximal subring of B in which the right ideal I becomes
a two-sided ideal. We refer to R as a geometric idealizer, or more specifically, as the

(right) idealizer at Z inside B.

The main goal of this chapter is to study the properties of geometric idealizers,
and, in particular, to understand how these algebraic properties are controlled by the
geometry of the defining data. At a basic level, we want to know when R(X, L, 0, Z)
is noetherian. We also analyze when idealizers are strongly noetherian, satisfy various
x conditions, and have finite cohomological dimension. In general, the ways in which
it is possible for these properties to fail are still poorly understood. Thus another
goal of the work in this chapter is to gain more insight into these issues.

Our work generalizes work of Rogalski [Rog04b], who investigated idealizers at
points in P? using algebraic techniques. His work generalized earlier work of Stafford
and Zhang [SZ94], who studied idealizers on P'. Rogalski worked in the more al-
gebraic setting of Zhang twists of polynomial rings, and here we give the relevant

definitions.

Definition 3.1.2. (cf. [Zha96]) Let d > 1 and let o be an automorphism of P
We also let o denote the graded automorphism of k|xy, ..., z4] induced by o; that is

29 = x50 0. Then the Zhang twist of k[xo, ..., 24| by o is written
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As graded vector spaces, k[, . .., 247 and k[zo, . .., x4] are isomorphic. Let - denote
the multiplication in k[zo, ..., z4]. The multiplication x on k[zo, ..., z4]? is induced
by the rule

T * T :xzx;’

Technically, the automorphism o of k[zo, . .., z4] is defined up to a choice of mul-
tiplicative scalars. However, for any such choice of scalars, we obtain an isomorphic

ring k[zo, ..., x4)7. In fact,
k[zo, ..., 24" = B(P? O(1),0).

We leave the verification to the reader.

Recall (Definition 1.4.3) that {o"(x)} is critically dense if it is infinite and any

infinite subset is Zariski dense in P?.

Theorem 3.1.3. (Rogalski) Let o be an automorphism of P?, and let
B = k[zo, 21, ..., 24]° = B(PY, O(1),0).

Letp € P4, and let I be the right ideal of B of functions vanishing at p. Assume that
x is of infinite order under o, and let R =1g(I) = R(P? O(1),0,{p}). Then

(1) R is strongly right noetherian.

(2) R fails left x;.
Further, if the set {c"(p)} is critically dense, then:

(3) R is left noetherian but not strongly left noetherian.

(4) R satisfies right xq—1 but fails right 4.

One interesting aspect of Rogalski’s work is that the geometry driving the alge-

braic conclusions of (3) and (4) is rather subtle. Theorem 3.1.3 shows that right
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idealizers at points of infinite order are automatically right noetherian, but in or-
der for them to be left noetherian, ¢ must move z significantly and in some sense
uniformly around P

The aim of this chapter is to work out in detail the properties of R(X, L, 0, Z)
for a general projective variety X and subschemes Z C X of arbitrary dimension.
In particular, we would like to understand if there is a higher-dimensional analogue
of critical density that controls the behavior of more general idealizers than those
studied in Theorem 3.1.3.

The answer is “yes.” We define:

Definition 3.1.4. Let X be a projective variety and let Z,Y C X be closed sub-

schemes. We say that Z and Y are homologically transverse if
TorjX(OZ, Oy)=0
for all j > 1.

Definition 3.1.5. Let X be a projective variety and let ¢ € Aut X. Let Z C X be
a closed subscheme. The set {6"Z},¢z is critically transverse in X if for all closed
subschemes Y C X, the subschemes ¢™(Z) and Y are homologically transverse for

all but finitely many n.

In this chapter, we generalize Theorem 3.1.3 to arbitrary idealizers in twisted
homogeneous coordinate rings. We show that critical transversality controls the

behavior of these rings, and we prove:

Theorem 3.1.6. (Theorem 3.8.2) Let X be a projective variety, let o be an au-
tomorphism of X, and let L be a o-ample invertible sheaf on X. Form the ring
R(X,L,0,7) as above. For simplicity, assume that Z is irreducible and of infinite

order under o. (We treat the general case in the body of the chapter).
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If for allp € X, the set {n > 0| c™(p) € Z} is finite, then:

(1) R is strongly right noetherian.

(2) R fails left x1.
If the set {0"Z}nez is critically transverse, then

(3) R is left noetherian, but R is strongly left noetherian if and only if all compo-
nents of Z have codimension 1.

(4) Let d = codim Z. Then R fails right xq. If X and Z are smooth, then R
satisfies right xq_1.
Furthermore, if R is noetherian, then R has finite left and right cohomological di-

mension.

On the other hand, we give an example of a right but not left noetherian ring that
has infinite right cohomological dimension, partially answering a question of Stafford
and Van den Bergh [SV01, page 194].

In the remainder of the introduction, we explain the geometric meaning behind
the technical-looking definition of critical transversality. We first explain the use of
the term “transverse.” Let Y and Z be closed subschemes of X, and recall [Har77,
p. 427] Serre’s definition of the intersection multiplicity of Y and Z along the proper
component P of their intersection:

i(Y,Z;P) =) (=1)'lenp(Tor (Oy, Oz)),
i>0
where lenp(F) is the length of Fp over the local ring Ox p.

Suppose that Y and Z are homologically transverse. Then their intersection
multiplicity is given by the naive formula that i(Y, Z; P) is the length of the structure
sheaf of their scheme-theoretic intersection over the local ring at P. We note that if

chark =0, X, Y, and Z are smooth, and Y and Z meet transversally, then Y and
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Z are homologically transverse.

Another way of viewing the critical transversality of {¢"(Z)} is that for any Y,
the general translate of Z is homologically transverse to Y. This sort of statement
is clearly reminiscent of the Kleiman-Bertini theorem, and in fact the investigations
in this chapter have led to a new, purely algebro-geometric, generalization of this
classical result. Furthermore, as an application of our generalized Kleiman-Bertini
theorem, we are able to obtain a simple criterion for the critical transversality of

{o™(Z)} in many cases. We discuss these results in Chapter V.

3.2 Right noetherian bimodule algebras

Let X, L, o, and Z be as in Construction 3.1.1, and let R be the geometric
idealizer ring
R=R(X,L,0,7).
The key technique in this chapter is to work, not with R, but with the corresponding
bimodule algebra. To define this object, we first introduce some notation on oper-

ations with ideal sheaves. For any two ideal sheaves K and J on X, we define the

tdeal quotient
(J - K)

to be the maximal coherent subsheaf F of Ox such that KF C J.

Notation 3.2.1. Let X be a projective variety, let ¢ € Aut X, and let £ be an
invertible sheaf on X. Let Z be a closed subscheme of X and let Z7 = Z, be its

defining ideal. Following Example 2.3.1, let

B=B(X,L,0),
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and let R be the graded (Ox, o)-sub-bimodule algebra of B defined by

on’

R=R(X,L.0,Z)=EP(T:1°)L,)

n>0

It is straightforward to compute that R is the maximal sub-bimodule algebra of

B such that 7B, is a two-sided ideal of R, and we will write
R =15(ZB,)

and speak of R as an idealizer bimodule algebra inside B. As usual we write

R = @(Rn)ona

n>0

SO

Rn=(T:I°)L,.

We note here that

B(X,L,0)™ = B(X,L,,o")

and that

R(X,L,0,2)™ = R(X, Ly, 0", Z).

In the next lemma, we show that R(X, L, o, Z) is precisely the section ring of the

bimodule algebra R(X, L, 0, Z).

Lemma 3.2.2. Assume Notation 3.2.1, and let R = R(X,L,0,7) as in Construc-

tion 3.1.1. If L is o-ample, then
R=R(X,L,0,7Z)=H(R(X,L,0,7)).

Proof. Let I = T'.(Z) be the right ideal of B(X, £, o) generated by sections vanishing

along Z. Suppose that © € R,, so xI C I. Since L is o-ample, ZL,, is globally
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generated by I,, = H*(ZL,,) for m > 0, and so for m > 0
ZCOX(IEJW)Un = SCO)((]mO)()Un Q -[m+nOX = ILm—i—n

for any n. Thus 2Ox C (Z : Z°")L, and z € H°((Z : Z°")L,) = H°(R,.).
For the other containment, suppose that x € H°(R,). Then for any m > 0 we
have

wl, CH'(T:1°)L,) - H'(ZL,)") € HY(ZLmin) = Lnim-
Thus = € R,, and we have established the equality we seek. O

In this section, we will determine when R is right noetherian; we will show that
this is controlled by a straightforward geometric property of the motion of Z under o.
To analyze the bimodule algebra R, we will need some basic lemmas. We first give
an elementary result that allows us to pass from one noetherian idealizer bimodule

algebra to a larger one.

Lemma 3.2.3. Let X be a projective variety, let o € Aut X, and let L be an invert-
ible sheaf on X. Let B be a graded (Ox,o)-sub-bimodule algebra of B(X, L, o), and
let R and R' be graded (Ox, o)-sub-bimodule algebras of B. Suppose that R is right
noetherian and contains a nonzero graded right ideal of B and that there is some ng
so that

Rsny € R

>no”

Then R’ is right noetherian. If R CR', then R’ is a coherent right R-module.

Proof. By Lemma 2.3.14, without loss of generality we may assume that £ = Ox.
We note that R, also contains a nonzero graded right ideal of 5. Further, RNR’
is also right noetherian, as (R N R)>pn, = R>n,- Thus without loss of generality we

may assume that R C R'.
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Let J be a nonzero graded right ideal of B that is contained in R; let m be such
that J,, # 0. Let H be an invertible ideal sheaf contained in J,,. As R is right
noetherian and HR' C HB C R, we see that HR' is a coherent right R-module.
Lemma 2.3.14 now implies that R’ is a coherent right R-module.

Any right ideal of R’ is also a right R-submodule, and so is coherent as an R-

module. It is thus also coherent as an R’-module. Thus R’ is right noetherian. [

We will also use primary decomposition of ideal sheaves. We give the definitions
here. Let Z be a proper ideal sheaf on X. We will say that Z is prime if it defines
a reduced and irreducible subscheme of X. We say that Z is P-primary if there is a
prime ideal sheaf P such that some P™ C Z, and for all ideal sheaves J and K on
X, if JK CZ but J € P, then K C 7.

Since primary decompositions localize, the theory of primary decomposition of
ideals in a commutative ring translates straightforwardly to ideal sheaves on X. In

particular, any ideal sheaf Z has a minimal primary decomposition

I=T,n--NT,

where each Z; is P;-primary for some prime ideal sheaf P;, the P; are all distinct, and
7 may not be written as an intersection with fewer terms. If P; is a minimal prime
over Z, then we will refer to Z; as a minimal primary component of Z. If P; is not min-
imal over Z, we will refer to Z; as an embedded primary component. As is well-known,
the primes P; and the minimal primary components of Z are uniquely determined
by Z, while the embedded primary components are not necessarily unique.

Now let Z be a closed subscheme of X and let Z be the ideal sheaf of Z. Let
Z =7I,N---NZ. be a minimal primary decomposition of Z. We will refer to the

closed subschemes Z; defined by the minimal primary components Z; of 7 as the
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irreducible components of Z. We will refer to the subschemes defined by embedded
primary components as embedded components of Z. Together, the irreducible and
embedded components make up the primary components of Z.

We record the following elementary lemmas for future use.

Lemma 3.2.4. LetZ =7, N---NZ. be a primary decomposition of the ideal sheaf

T, where I; is Q;-primary for some prime ideal sheaf Q;.

(1) If K and J are ideal sheaves so that K € Q; for some i, then
(T:(KNnJ) S (Zi:T).
(2) If K is not contained in any Q;, then (I : K) = T.
Proof. (1) We have
(Z:(KNIKTC(T:(KnT))(KNJT)CICT.
As K Z Q;, we have
(Z:(KNnJ))J <1,

and so

(I:(Kﬂj)) C(Z;: TJ).

(2) Applying (1) with J = Ox, we see that
(T:K)C(Zi:0x)=(T =T
i=1 i=1

The other containment is automatic. OJ

Lemma 3.2.5. Let P and Z be ideal sheaves on the variety X, where P is prime
and T is P-primary. If J is an ideal sheaf on X that is not contained in I, then

(Z :J) is also P-primary.
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Proof. Since J € Z, we have that (Z : J) # Ox. Suppose that F and G are ideal
sheaves with F Z P and FG C (Z : J). Thus FGJ C Z, and since Z is P-primary,
we have that GJ C Z. This precisely says that G C (Z : J). Since for some m, we

have P™ C T C (T :J), we see that (Z : J) is P-primary. O

We next translate some general results on idealizers to the context of bimodule al-
gebras. We give these results in a slightly more general context than we are currently
considering, to allow us to use them in Chapter IV.

The following result is originally due to Robson [Rob72, Proposition 2.3(i)], al-

though we will follow Stafford’s restatement of it.

Lemma 3.2.6. ([Sta85, Lemma 1.1]) Let I be a right ideal of a right noetherian
ring B, and let R = 1g(I). If B/I is a right noetherian R-module, then R is right

noetherian.
Our version of this is the following lemma.

Lemma 3.2.7. Let X be a projective variety, let 0 € Aut X, and let L be an invert-
ible sheaf on X. Let B be a right noetherian graded (Ox, o)-sub-bimodule algebra of
the twisted bimodule algebra B(X, L,0), and let T = @(Z,),n be a nonzero graded

right ideal of B. Let R = lg(Z). Then B/ is a noetherian right R-module if and

only if R is right noetherian.

Proof. The proof is a straightforward translation of Robson’s proof into sheaf termi-
nology. By Lemma 2.3.14, without loss of generality we may let £L = Ox. Thus all
R, and all Z,, are ideal sheaves on X.
By Lemma 3.2.3, if R is right noetherian, certainly Bz and thus (B/Z)x are also.
So suppose that B/Z is a noetherian right R-module. Let J be a right ideal of

R; we will show that J is coherent. Because B is right noetherian, we may choose
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a coherent sheaf J' C J such that J'B = JB. It suffices to show that J/J'R is a
coherent right R-module.

Now, J/J'R is a submodule of (J'/BNR)/J'R. Further, it is killed by Z and
so is a subfactor of J' ® (B/Z). Since B/T is a noetherian right R-module, so is

J' ® (B/I). Thus the subfactor J/J'R is coherent. ]

The criterion in Lemma 3.2.6 can be hard to test. Stafford [Sta85, Lemma 1.2]
gave a different criterion for an idealizer to be noetherian; it was later slightly
strengthened by Rogalski [Rog04b, Proposition 2.1]. We give the following version,

which is adequate for our needs.

Lemma 3.2.8. Let B be a right noetherian domain, let I be a right ideal of B, and
let R=1g(I). Then the following are equivalent:

(1) R is right noetherian;

(2) Bg is finitely generated, and for all right ideals J of B such that J D I, we

have that Hompg(B/I, B/J) is a noetherian right R-module (or R/I-module).

Proof. (2) = (1) is [Sta85, Lemma 1.2]. For (1) = (2), note that if R is noetherian,
as B is a domain we have Br < Rp and so Bpy is finitely generated. The rest of the

argument is [Rog04b, Proposition 2.1]. ]
Our version of this is the following lemma:

Lemma 3.2.9. Let X be a projective variety, and let 0 € Aut X. Let B be a
right noetherian graded (Ox, o)-sub-bimodule algebra of the twisted bimodule algebra
B(X,0x,0), and let T = @(Z,)on be a nonzero graded right ideal of B. Let R =
I5(Z). Suppose that for all graded right ideals J 2 I of B, we have that for n > 0,

Bn N ﬂ (jn+m : Ig:) = jn

m>0
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Then R is right noetherian.

Proof. We follow Stafford’s proof of [Sta85, Lemma 1.2]. Assume that the hypotheses
of the lemma hold; we claim that B/Z is a noetherian right R-module.

Let G be a graded right R-module with Z C G C B. We seek to prove that G/
is coherent. Let J be the largest graded right ideal of B of the form G'Z for some
coherent graded Ox-submodule G’ of G. (J exists because B is right noetherian.)
By maximality of 7, we have Z C J.

Using Zorn’s lemma, let C be the maximal quasicoherent subsheaf of B such that
CZ C J. Obviously, C is graded. Note that

Co =B () (Tnsm 1 3.

m>0
Since by assumption CRZ C CZ C J, we have that CR C C and C is a right R-
submodule of B. Since C, = J, for n > 0, the right R-module C/J is in fact a
coherent Ox-module.

We claim that G C C. Suppose not. We may choose a coherent graded Ox-
submodule G” of G such that G” € C, and so G"Z € J. Then (G' + G")T 2 J by
choice of G”, contradicting the maximality of 7. Thus G C C.

Since C/J 1is a coherent Ox-module, so is the submodule G/J. Since Jr is
coherent and G/J is a coherent Ox-module, Gr is coherent. Thus G/Zr is also
coherent. Since G was arbitrary, we have shown that B/Z is a right noetherian R-
module. Applying Lemma 3.2.7, we obtain that R is a right noetherian bimodule

algebra. M

One technical difficulty in studying the bimodule algebra R = R(X, L,0,7) is
that if Z has multiple components, it may be difficult to compute (Z : Z°") and thus

R. However, if Z is irreducible, then computing R is straightforward.



59

Lemma 3.2.10. Assume Notation 3.2.1. Suppose in addition that Z is irreducible
and without embedded components. If Z*% has infinite order under o, then R =

Proof. Let P be the ideal sheaf of Z*d. For n > 1, clearly Z°" ¢ P, since Z°" is P°"-
primary and P°" # P. The result follows from Lemma 3.2.4(2) and the identification

R,=(Z:I°")LC,. m

We now give a geometric condition that is equivalent to R being right noetherian,

at least in the setting that the components of Z are of infinite order under o.

Definition 3.2.11. Let x € X and let ¢ be an automorphism of X. The forward

o-orbit or forward orbit of x is the set
{o"(z) [ n = 0}.
If Z C X is such that for any = € X, the set
{n>0]c"(x) € Z}

is finite, we say that Z has finite intersection with forward orbits. In particular, if Z
has finite intersection with forward orbits, it contains no points of finite order under

0.

Lemma 3.2.12. Assume Notation 3.2.1. Let
IT=Kin---NkK,.

be a minimal primary decomposition, where each IC; is Q;-primary for some prime
ideal sheaf Q;. Fori=1...c, let Z; be the primary component of Z corresponding
to K;, and let

R =15(KiBy) = R(X, L,0,7;).
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Suppose that for all 1 < 1,5 < c the set
{m>0]K]" C Q;}

is finite. (In particular, we assume that the Q; are of infinite order under o.) Then
R =ZIL,, for m > 0. Further, the following are equivalent:

1) R is right noetherian;

2) R is right noetherian fori=1...c;

(1)

(2)

(3) Z has finite intersection with forward orbits;

(4) if J is an ideal sheaf on X such that J D I, then (J :Z°") = J for m > 0;
(5)

5) the bimodule algebra

Ox &IB.:
1s right noetherian.

We note that the assumptions of the lemma are satisfied if Z consists of one

primary component such that Z™¢ is of infinite order under o.

Proof. By Lemma 2.3.14, we may without loss of generality assume that £ = Ox.
By Lemma 3.2.4(2)
(Z:17°")=1T
for m > 0. Thus R,, = Z for m > 0, as claimed. Note that this implies that (1)
— (5).
(1) = (2). Fix i. By Lemma 3.2.10, (R%),, = K; for all m > 1. As R,, = T for

m > 0, there is some mg so that for m > mq
R(X,0x,0,2)m =T CK; =R(X,L,0,Z;)m-

By Lemma 3.2.3, R’ is right noetherian.
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(2) = (3) Since Z is the set-theoretic union of finitely many irreducible compo-
nents, it is enough to prove (3) in the case that Z is itself primary; that is, in the case
that 4 = 1. In this case, since R = R! is noetherian by assumption, by Lemma 3.2.3
Br is coherent.

Fix x € X, and let Z, be its ideal sheaf. Let

M=EPZ:T7)on € B = P(Ox)or.

n>0 n>0

Let m > 1 and n > 0. By Lemma 3.2.10, R,, = Z. Therefore,
Mn(Rm)an = (I:zz :IUH>IU" C Iz C Mm—i—nu

and so M is a right R-submodule of B. It is therefore coherent, and so is the
quotient M/Z,B. Since M -IB, C Z,B, the R-action on M /Z,B factors through
R/IB. = Ox. In other words, M/Z,B is a noetherian and therefore coherent Ox-
module, and so the ideal sheaves (Z, : Z°") and Z, are equal for n > 0. For fixed n,
this is true if and only if x &€ 07" Z or 0" (x) € Z. Thus {n > 0| o"(x) € Z} is finite.

(3) = (4). Let P be a nonzero prime ideal sheaf, defining a reduced and irreducible
subscheme W C X. Since for any m € Z we have that Z°" C P if and only if o™ (W)

is (set-theoretically) contained in Z, we see that the set
{m>0]|Z°" C P}

is finite.

Now let J O Z be an ideal sheaf on X, and let J = J; N ---N J. be a primary
decomposition of 7, where J; is P;-primary for a suitable prime ideal sheaf P;.
For m > 0 and for i = 1...e, we have Z°" & P;. Therefore by Lemma 3.2.4(2),

(J:I°") = J for m > 0.
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(4) = (1). Suppose that for all Z C J C Ox, we have (J : Z°") = J for n > 0.

Let F D IB be a graded right ideal of B, and for all m > 0 let
Cn = ﬂ(fn+m ASE
n>0
We saw in Section 2.3 that the categories qgr-B and Ox-mod are equivalent, and
that there is an ideal sheaf 7 C Ox such that, for some k, we have
For = P(T)om.
m>k

By construction, J 2 Z. For m > k, we have C,, = (J : Z"m). This is equal to
J = F,, for m > k, and so the hypotheses of Lemma 3.2.9 hold. By Lemma 3.2.9,

R is right noetherian. O

We now give a general geometric criterion showing when an idealizer bimodule

algebra is right noetherian.

Theorem 3.2.13. Assume Notation 3.2.1. Let
(3.2.14) I=F0Nn---NJT.NKiN---NK.

be a minimal primary decomposition of I, where each J; is P;-primary for some
prime ideal sheaf P; of finite order under o, and each K; is Q;-primary for some
prime ideal sheaf Q; of infinite order under o. Let W be the closed subscheme of Z
defined by the ideal sheaf IC =K1 N---NK,, and let J = J1 N ---NJ.. Then the
following are equivalent:

(1) R=R(X,L,0,7Z) is right noetherian;

(2) there is some n so that J° = J, and either W = X or W has finite inter-

section with forward o-orbits.
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Furthermore, if (2) and (1) hold, then R is a finite module over R™, and there

are a closed subscheme W' of W, with (W) = W™ and an integer ny such that
R(X, Ly, 0", Z)sng = R(X, Ly, 0™, W )5y

That is, any noetherian right idealizer is a finite module over a right idealizer at a

subscheme without fixed components.

Proof. By Lemma 2.3.14, we may without loss of generality assume that £ = Ox.

(1) = (2). Suppose that R is right noetherian. We first show this implies that
there is some n so that all J; are fixed by ¢”. Suppose, in contrast, that for some ¢
there is no n with 77" = J;. Since Veronese subrings of R are also right noetherian
and P; has finite order under o, we may assume without loss of generality that P; is
fixed by o.

Let m > 1. Since (J;)°" # J;, by minimality of the primary decomposition
(3.2.14), it is clear that Z°" ¢ J;. Thus by Lemma 3.2.5 (J; : Z°) # Ox is

P;-primary. Therefore

N

R =T :1°")C(F;: IT°") C P

for all m > 1.

Let B = B(X,Ox,0). For any k, we have

k
(B< - R)iy1 = Z Rit1-5) o C Py # Ox = Biy1.
7=0

We see that Bg is not finitely generated; by Lemma 3.2.3, this contradicts the as-
sumption that R is right noetherian. Thus J; is of finite order under o.

As this holds for all 4, there is some n so that J° = J. Suppose that W # X.
Since W has finite intersection with forward o-orbits if and only if W has finite

intersection with forward o™-orbits, without loss of generality we may replace R by
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the Veronese R™ and assume that J is o-invariant. Suppose that W has infinite
intersection with some forward o-orbit. We will derive a contradiction.

For i = 1...¢e, let W; be the primary component of Z corresponding to IC;, and
let Y; be the subvariety corresponding to the prime ideal sheaf ©Q;. We claim that

there is some i so that
(i) Vi £ oo™(W) for m > 1;
(ii) for some x € X, the set {m > 0] o™(x) € Y;} is infinite.
To see this, note that we may define a strict partial order < on the set of the Y; by

defining

Y, <Y, if Y; Co7™(Y;) for some m > 1.

The order < is strict because each Y; has infinite order under o. Now if (ii) holds for
some Y;, then (ii) holds for some Y; that is maximal under <. But (i) holds for any
such maximal Y}, as the ideal sheaf of Y; is prime.

Let 7 satisfy (i) and (ii). We thus have K" Z Q; for any m > 1. As

Io.m, _ ’Co.m m jo.m _ ICo.m m j7
by Lemma 3.2.4(1) we have
Ry =(Z:1°") C(K;: T)

for all m > 1. By minimality of the primary decomposition (3.2.14) and Lemma 3.2.5,
the ideal sheaf (C; : J) is Q;-primary.

Let V' be the closed subscheme of X defined by (K; : J). By Lemma 3.2.10,
R(X, Ox,O', V) = OX D (’CZ . j)B+,

SO

R(X, Ox,O', Z) Q R(X, Ox,O', V)
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Thus by Lemma 3.2.3, R(X, Ox,0,V) is right noetherian. But V' also has infinite
intersection with some forward o-orbit. By Lemma 3.2.12, this is impossible.
Thus W has finite intersections with forward o-orbits.

(2) = (1). Suppose that (2) holds. We claim that
(3.2.15) R =(Z:J°") form > 0.

If W =X then T = J and (3.2.15) holds for all m. If W # X has finite
intersection with forward o-orbits, then for m > 0, K" is not contained in any

minimal prime over Z. Thus by Lemma 3.2.4(1) we have that
(Z:77")C(IZ:T)

for m > 0. As the other containment is automatic, we see that (3.2.15) holds.
Now, if n|m then

Z:79Y=Z:9)=(K:TJ)

and so (3.2.15) implies in particular that R™ and Ox @ (K : J)(B™), are equal in
large degree.

If W = X then (K : J) = Ox and R™ = B™. If W has finite intersection
with forward o-orbits, then note that (K : J) is the intersection of the Q;-primary
ideal sheaves (K; : J). Let W’ be the closed subscheme defined by (K : J); then
W’ also has finite intersection with forward o-orbits, and (W)™ = W4, Thus we
may apply Lemma 3.2.12 to R and we obtain that R(™ is right noetherian. By
Lemma 3.2.3, B™ is a coherent R(™-module.

Thus in either case, B™ is a coherent ring R™-module. Therefore, for any m the
right ideal

(Z:7")B™
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of B™ is a coherent R(™-module. Applying (3.2.15) for m = 0...n — 1, we obtain

that R is a finitely generated right R(™-module and so R is right noetherian. ]

Example 3.2.16. We give an example illustrating what can go wrong when J°" is

never equal to J. Let X = P2 let £ = O(1), and let

q

for some p,q € k* that are not roots of unity. Let B = B(X,L,0). We saw in
Definition 3.1.2 that B can be written as a Zhang twist k[x, y, z]°.

Let @ = [0 :0: 1] and let O = Ox,. Let m be the maximal ideal of O. As

o(a) = a, the automorphism o acts on O via
o(z) ==z
a(y) = py,

where (z,y) is an appropriate system of parameters for O.
Let Z be the ideal sheaf cosupported at a so that Z, = (z + vy, m?). Let M be the

ideal sheaf of a. Then for any n we have that
(Z7)a = (x + p"y, m?).
We leave to the reader the computation that
(Z:7°7) =M.
Thus, if Z is the subscheme defined by Z, we have that
R(X,L,0,7)=k+xB+yB.

This ring is not noetherian.
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We end this section with a lemma giving conditions for Bz to be coherent, even

when R is not necessarily right noetherian.

Lemma 3.2.17. Assume Notation 3.2.1. Let Z1, ..., Z. be the primary components
of Z. Fori=1...c, letY; = Zd.

(1) If for all i, {n > 0] 0™(Y;) C Z} is finite, then R, = ZL, for n > 0.

(2) Assume (1) holds. Then Bg is coherent if and only if Z contains no forward
o-orbits; that is, if and only if there is no point x € Z such that for all n > 0, we
have o™(z) € Z.

(3) If Z contains no o-invariant subvarieties, then for alln >0, B/(B - R>,) is

a coherent Ox-module.

Proof. (1) By Lemma 3.2.4(2),
R.=(T:I°)L, =1L,

for n > 0. Thus (1) holds.

(2) By (1), B is a coherent right R-module if and only if B is a coherent right
module over § = Ox @ ZB,. But this is true if and only if there is some k such that
T+7I°4---+7I° = Ox, ie ifand only if ZNo Y (Z)N---No*(Z) = (. This is
equivalent to Z containing no forward o-orbits.

(3) Certainly B - R>,, contains the two-sided ideal BZ - B>, of B. Since by assump-
tion, Z is contained in no nontrivial o-invariant ideal sheaf, Lemma 2.3.15 implies

that B - R>, must contain B, for some m. O

3.3 Left noetherian bimodule algebras

Since our ultimate goal is to understand noetherian idealizers, from now on we

will assume the condition
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Assumption-Notation 3.3.1. Let X be a projective variety, let 0 € Aut X, and
let £ be an invertible sheaf on X. Let Z be a closed subscheme of X and let T =1,
be its defining ideal. Let

B=B(X,L, o)

and let

R=R(X,L.0,Z)=EP(T:1°)L,)

n>0

For any associated prime Q of I, we assume that the set {n > 0| Q D I°"} is

on’

finite. By Lemma 3.2.17(1), this implies that R,, = ZL,, for alln > 0.

By Theorem 3.2.13, any right noetherian bimodule algebra is, up to a finite ex-
tension, one whose defining data satisfies Assumption-Notation 3.3.1.

We now consider when the idealizer bimodule algebra R is left noetherian. We
quote a result of Rogalski; we note that the original result was stated for left ideals

of noetherian rings.

Proposition 3.3.2. ([Rog04b, Proposition 2.2]) If R = 1g(I) for some right ideal I
of a noetherian ring B, then R is left noetherian if and only if R/I is a left noetherian

ring and for all left ideals J of B, the left R-module Tor?(B/I, B/J) is noetherian.

We note that if R/I is finite-dimensional, this result reduces to saying that R is
left noetherian if and only if Tor?(B/I, B/.J) is a finite-dimensional vector space for
all left ideals J of B.

We now prove a version of Proposition 3.3.2 for the bimodule algebra R. Again,

we give it in slightly more generality than we currently need.

Proposition 3.3.3. Let B be a noetherian graded (Ox,o)-sub-bimodule algebra of

B(X,L,0), and let T = @(Z,)on be a graded right ideal of B. Let R = Ip(Z).
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Suppose that R,, = I,, for all n > 0. Then R is left noetherian if and only if for all

graded left ideals J of B we have
(Imj)n: (Ij)n

forn>0.

Proof. We follow Rogalski’s proof of Proposition 3.3.2.
Since (ZNJ)/ZJ is a subfactor of xR that is killed by Z, if R is left noetherian
then this is a coherent module over R/Z and so is certainly a coherent O x-module.

For the other direction, suppose that for all graded left ideals J of B we have that
ZTNT)n=(ZT)n

for n > 0. Let K be a graded left ideal of R. Since B is noetherian, we may choose
a graded coherent Ox-submodule K’ of K such that BKX = BK'. Since K/RK' is a
submodule of (BK'NR)/RK', it is enough to show for any coherent graded left ideal

K of R, that (BKX N'R)/K is a noetherian left R-module.

But now consider the exact sequences of left R-modules

K BKNR BKNR
—

(3.34) 0— 7K T 7K - 0
and

BENI BKNR BKNR
(3.3.5) 0— e " I " Bknz " 0.

Since (BKNR)/(BKNZ) is a coherent O x-module, we see that (BKXNR)/K is noethe-
rian if (BKXNZ)/ZK is noetherian. Since BK is a left ideal of B, and IBK = ZK, we
have by assumption that (B NZ)/ZK is a coherent Ox-module. In particular, it is

noetherian. Thus R is left noetherian. ]
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Proposition 3.3.6. Assume Assumption-Notation 3.3.1. Then R is left noetherian

if and only if for all closed subschemes Y C X the set
{n =0 Tor{(Ognz, Oy) # 0}

is finite.

Proof. Let J be an ideal sheaf defining a closed subscheme Y of X. There are

identifications of Ox-modules

IBNBJ g@zmj""

109 o,
TBJ 777 %

n>0

>~ P Tor{ (07, 05-ny) ® L = @ Tor{ (Ognz, Oy) ® Ly,

n>0 n>0

using [Wei94, Exercise 3.1.3] and the local property of Tor. As R/ZB is a coherent
Ox-module, (ZBNBJ)/IBJ is a coherent left R-module if and only if it is a coherent
Ox-module. This is true if and only if the set {n > 0| Tor; (Opnz, Oy) # 0} is

finite. L]

The vanishing of the sheaves Tor;' (Oynz, Oy ) for large n is an important condition
that in fact gives many further nice properties of R. As remarked in the introduction,
it is an analogue of critical density and can be viewed as a transversality property.

To begin, we define an algebraic generalization of classical transversality.

Definition 3.3.7. Let Y and Z be closed subschemes of X. We say that Y and Z

are homologically transverse if
TOT’ZX(Oz, Oy) =0
for all + > 1.

While this appears as an arcane algebraic condition, it does in fact have a geomet-

ric basis. As discussed in the introduction, Serre defined the intersection multiplicity
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of two closed subschemes Y and Z of X along the proper component P of their

intersection by

i(Y,Z;P) =Y (=1)'lenp(Tor;* (Oy, Oz)).

>0

The higher Tor sheaves are needed to correct for possible mis-counting from the
naive attempt to define i(Y, Z; P) as lenp(Oy ® Oz). [Har77, Appendix A, Exam-
ple 1.1.1] gives an example where 7or; is needed to properly compute the intersection
multiplicity.

We may think of the non-vanishing of Tor,(Oy, Oy) as indicating that Y and Z
have an extremely non-transverse intersection (for example, the codimension of the

intersection is smaller than codimY + codim 7).

Definition 3.3.8. Let A C Z be infinite. We say that the set {0"(Z)},ca is criti-
cally transverse if for all closed subschemes Y of X, ¢"(Z) and Y are homologically

transverse for all but finitely many n € A.

Critical transversality of {¢"Z} is a generic transversality property: for any closed
subscheme Y, it implies that the general translate of Z is homologically transverse
toY.

In the remainder of this section, we prove some technical results on critical
transversality. We first remark that although our definition of critical transversality
looks stronger than the condition needed for R to be left noetherian, it is in fact
equivalent.

The following lemma is due to Mel Hochster, and we thank him for allowing us

to include it here. Recall that if F is a coherent sheaf on a projective variety X, we
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write hdx (F) for the maximal length of a locally free resolution of F; that is,

hdx (F) = sup{pdo, , Fu}-
zeX

Lemma 3.3.9. (Hochster) Suppose that Z is homologically transverse to all parts of

the singular stratification of X. Then

Proof. Let X = X© 5 XM ... 5 X® e the singular stratification of X. By

assumption, Z is homologically transverse to all X®. By [Eis95, Corollary 19.5],
(3.3.10)  hdx(Oz) = sup{j| for some closed point z € X, Tor; (Oz,k,) # 0}.

So fix x € X, and let O = Ox,. Let F' = Og,, considered as an O-module. Let ¢
be such that € X@ < XD Let J be the ideal of X in O@. By assumption on
i, O/J is a regular local ring; in particular, pdp, sk, = dim X < dim X.

The change of rings theorem for Tor [Wei94, Theorem 5.6.6] gives a spectral

sequence

o/J (@ O
(3.3.11) Torp/ (Tor, (F,0/J),k,) = Tor,,,

(F k).

Now by assumption, Z is homologically transverse to X, and so (3.3.11) collapses

for ¢ # 0. We obtain
TorS/(F ®0 (0/J),k,) = Tor (F k).

As O/J is a regular local ring of dimension no greater than dim X, we have that
pde, sk, < dim X and so Tor§ (F,k,) = 0 if p > dim X. By (3.3.10), hdx(0Oz) <

dim X. ]
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Lemma 3.3.12. Let A C Z. The following are equivalent:

(1) For all closed subschemes Y of X, the set
{ne Al Tor{(Oumzy, Oy) # 0}

s finite.

(2) For all reduced and irreducible closed subschemes Y of X, the set
{ne Al Tor{(Oumz, Oy) # 0}

is finite.

(3) For all closed subschemes Y of X, the set
A'(Y)={n € A| o"Z is not homologically transverse to Y }
s finite.

Proof. The implications (3) = (1) = (2) are trivial. We prove (2) = (3).
Assume (2). Without loss of generality we may assume that A is infinite. We first

claim that for any coherent sheaf F and for any 7 > 1, the set
{neA| TO’F]X(Oan,f> # 0}

is finite. We induct on j. As any coherent sheaf on a projective variety has a finite
filtration by products of invertible sheaves with structure sheaves of reduced and
irreducible closed subvarieties, the claim is true for j = 1. Let 5 > 1 and fix a
coherent sheaf F. Because X is projective, it has enough locally frees, and there is

an exact sequence

0—-K—=L—->F—=0

where L is locally free and K is also coherent. The long exact sequence in Tor implies
that

Tor; (Ognz, F) = Tor} 1 (Opnz, K)
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for any n. By induction, the right-hand side vanishes for all but finitely many n € A.

The claim implies that Z is homologically transverse to any o-invariant closed
subscheme of X, and, in particular, that Z is homologically transverse to the singular
stratification of X. By Lemma 3.3.9, we have hdx(Oyz) < dim X. Thus for a fixed
Y

)

A(Y) ={n € A| Tor}(Osmz, Oy) # 0 for some 1 < j < dim X }.
By the claim, this is finite. O

Corollary 3.3.13. Assume Assumption-Notation 3.3.1. Then the bimodule algebra

R is left noetherian if and only if {c"Z},>0 is critically transverse.
Proof. Combine Lemma 3.3.12 with Proposition 3.3.6. OJ

We next verify that critical transversality generalizes critical density of the orbits

of points. We first prove:
Lemma 3.3.14. Let W C V be closed subschemes of X. Then Tory(Oy, Ow) # 0.

Proof. We work locally; let W’ be an irreducible component of W, and let P =
(W")red. Let m be the maximal ideal of the local ring O = Ox p. Let J be the ideal
of O defining V' and let I be the m-primary ideal defining W locally at P. Then we
have

Torf (Oy,0w)p = Tar®(O/J,0/I) = (JNI)/JI = J/JI,
as J C I. By Nakayama’s Lemma, this is nonzero. O

Corollary 3.3.15. If Z is a 0-dimensional subscheme of X and A C 7Z, then
{0™(Z) }nea is critically transverse if and only if {o"(x)}nea is critically dense for

all points x in the support of Z.
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Proof. Because 7 orj-( (Oynz, Oy) is supported on ¢"Z NY for any j, critical density
implies critical transversality. We prove that critical transversality implies critical
density. By working locally, we may assume that Z is supported on a single point
x. Suppose that critical density fails, so there is some infinite A’ C A and some
reduced W C X such that o"(z) € W for all n € A’. Then there is some, not
necessarily reduced, W’ supported on W such that ¢"(Z) C W’ for all n € A’. By
Lemma 3.3.14, we have that Tor; (Oynz, Owr) # 0 for any n € A’. Thus critical

transversality also fails. O

3.4 Ampleness

Our ultimate goal is to study, not the bimodule algebra R(X, L,0, Z), but its
section ring R(X,L,0,7). We have seen in Section 2.3 that, given appropriate
ampleness of the graded pieces of a bimodule algebra, many properties descend from
the bimodule algebra to its section ring. The goal of this section is to show that the
sequence of bimodules {(R,),n} is suitably ample.

We recall from Section 2.3 the definition of the properties we will need.

Definition 3.4.1. (Definition 2.3.11) Let {R,, }nen be a sequence of coherent sheaves
on the projective variety X. The sequence of bimodules {(R,),n} is right ample if
for any coherent Ox-module F, the following properties hold:

(i) F ® R, is globally generated for n > 0;

(ii) H(F ® R,) =0 for n > 0 and all ¢ > 1.
The sequence {(R,)on} is left ample if for any coherent Ox-module F, the following
properties hold:

(i) R, ® F°" is globally generated for n > 0;

(ii) HY(R, ® F°") =0 for n.>> 0 and all ¢ > 1.
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Recall also that if £ is o-ample, then {(L,,)n} is a left and right ample sequence.

Throughout this section we assume Assumption-Notation 3.3.1. Thus to prove
that the sequence {(R,),n } is left or right ample, it suffices to prove that {(Z®L,,)on }
is left or right ample.

Given o-ampleness of £, right ampleness of {(R,),} is almost trivial; we record

this in the next lemma.

Lemma 3.4.2. Assume Assumption-Notation 3.3.1. Assume in addition that L is

o-ample. Then {(R,)sn} is right ample.

Proof. From Assumption-Notation 3.3.1, we know that R, =ZL, =Z ® L,, for n >
0. Fix a coherent sheaf 7. Then forn > 0, FQ R, = F ®Z ® L,,. By c-ampleness

of L, for n > 0 this is globally generated and has no higher cohomology. m

Left ampleness, however, is more subtle. In fact, we do not know when, in general,
{(Rn)on} is left ample. However, we will see that this does hold when R is left

noetherian.

Lemma 3.4.3. Let L be a o-ample invertible sheaf.

(1) If M and N are coherent sheaves on X, then there is an integer ng so M ®
L, @ N°" is globally generated for all n > ny.

(2) If & and F are invertible sheaves on X, there is an integer mgy so that € ®

L, @ F°" is ample for all m > myg.

Proof. (1) Using the o-ampleness of £, take 7,7 > 0 so that M ® £; and £; QN
are globally generated. Then E;’i QN is also globally generated. Since the tensor
product of globally generated sheaves is globally generated, M @ L;,; @ N o s

globally generated.
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(2) In fact, we will show that £ ® £,, ® F°" is very ample for m > 0. Let C
be an arbitrary very ample invertible sheaf. By (1) we may choose mq so that if
m > myg, the sheaf K =C 1 @E® L,, ® F°" is globally generated. Since by [Har77,
Exercise 11.7.5(d)] the tensor product of a very ample invertible sheaf and a globally

generated invertible sheaf is very ample, £ ® £,, ® F°" = C ® K is very ample. []

Proposition 3.4.4. If L is o-ample and {0"(Z)}n>0 is critically transverse, then

{(Z® L)} is a left ample sequence.

Proof. Let M be an arbitrary coherent sheaf. By Lemma 3.4.3, we know that Z& L, ®
M°" is globally generated for n > 0. We must establish that H/(Z® L, @ M°") = 0
for all 7 > 1 and n > 0.

We know that Torj((OgnZ, M) =0 for all n > 0 and j > 1. Thus

—-n n

Tor; (T, M) = Tor: (Z° ", M)"" =0

forallm>0and j > 1.

First suppose that M is invertible. By Fujita’s vanishing theorem, Theorem 2.5.1,
choose an invertible sheaf H such that H/(Z@H®F) = 0 for all i > 1 and any ample
invertible sheaf . By Lemma 3.4.3(2), we may choose mg such that H*® L, @ M*"
is ample for all m > mg. Then Z® L, 9 M =TQHOIH ' ® L,, ® M°" and so
its higher cohomology vanishes.

Now for general M let the cochain complex
=P 2Pt P M0

be a (not necessarily finite!) projective resolution of M. By tensoring on the left
with Z ® L, we obtain a complex Q°, where Q' = Z ® L, @ (P)?". The ¢-th

cohomology of Q° is isomorphic to ’Tor)_(q(I, M) @ L,. Now, by [Wei%4, 5.7.9],
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using a Cartan-Eilenberg resolution of Q® we obtain two spectral sequences

(3.4.5) TErt — [ga(Qr)
and
(3.4.6) HER — HP(Tor (T, M) ® L,).

Since X has finite cohomological dimension d = dim X, these both converge to the
hypercohomology groups HPT9(Q°*).
Now, given p + g = j > 1, by critical transversality we may take n > 0 so that

Tor_o(Z,M°") =0 for all j —d < q < —1; thus (3.4.6) collapses and we obtain
H(Q%) = H (IR M ®L,).

On the other hand, since the sheaves P! are locally free, applying the invertible case

to each summand of P? we may further increase n if necessary to obtain that
HY(QP) = HI(I® L, ®(PP)°")=0
ford>¢>1and 1 —d <p<0. Thus if j > 1, (3.4.5) collapses to 0. Thus
H(I®L,@M)=0

foralln > 0and 57 > 1. O

3.5 Noetherian idealizer rings

We are now ready to begin translating our results on bimodules to results about

geometric idealizer rings. We will work in the following setting:

Assumption-Notation 3.5.1. Let X be a projective variety, let 0 € Aut X, and

let L be an invertible sheaf on X, which we now assume to be o-ample. Let Z be a
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closed subscheme of X and let T = T, be its ideal sheaf. We continue to assume that

for any associated prime Q of I, the set {n > 0| Q D I°"} is finite. Let

B=B(X,L, o)
and let

B=DB(X,L,0).
Let

R=R(X,L,0,2)=EP(T:1°)L,),..
n>0

Let

1= HZL,)

n>0

and let

R=R(X, L, 0,7) =1z

as in Construction 3.1.1. By Lemma 3.2.2,
R=@H(R(X,L,0,2),).
n>0

Our assumptions imply that R, = ZL, and R, = I,, for n > 0.

Assume Assumption-Notation 3.5.1. We next show that the right noetherian
property for R, and in fact the strong right noetherian property, are equivalent to

the simple geometric criterion from Theorem 3.2.13.

Proposition 3.5.2. Assume Assumption-Notation 3.5.1. Then the following are
equivalent:

(1) Z has finite intersection with forward o-orbits;

(2) R is right noetherian;

(3) R is strongly right noetherian.
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Proof. (1) = (3). By Theorem 3.2.13, if (1) holds then the bimodule algebra

R(X,L,0,7)

is right noetherian. Now let C' be any commutative noetherian ring, and let

Xo =X x SpecC

and
Zo =7 x SpecC C X¢.
Also define
Be = B®y C,
Re = R®x C,
and

IC:I(X)kCgI@BBc.

It is clear that

Re =1p.(Ic)

and that Rc/Ic is a finitely generated C-module. Let p : X¢ — X be projection
onto the first factor.

The idea behind our proof is very simple: if Z has finite intersection with forward
o-orbits, then Zc has finite intersection with forward (¢ x 1)-orbits, and so R¢
should be noetherian by Theorem 3.2.13 and Theorem 2.3.12. However, neither of
these were proved over an arbitrary base ring C; to work scheme-theoretically we
instead follow the proof of [ASZ99, Proposition 4.13].

By [ASZ99, Proposition 4.13], B¢ is noetherian. The proof of this proposition

uses the fact that the shift functor in qgr-B¢ satisfies the hypotheses of [AZ94,
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Theorem 4.5]. By [AZ94, Theorem 4.5, B¢ satisfies right x;. In particular, for any

graded right ideal J of B¢, the natural map

(3.5.3) Homp . (Be/le, Be/J) — Homy, g (7(Bc/1c), m(Bc/J))

is an isomorphism in large degree, by [AZ94, Proposition 3.5].

As qgr-B ~ Ox-mod, it is clear that
(3.5.4) qgr-Be ~ Ox -mod .

We note that Be/Ic corresponds to Oy, under this equivalence.

Let J be a graded right ideal of B¢ containing I. We claim that
Homp (Bc/Ic, Be/J)

is a finitely generated C'-module. To see this, let Y C Zx be the closed subscheme of
X¢ such that Bg/J corresponds to Oy under the equivalence (3.5.4). By (2.3.13),

(Bc/J)[n] corresponds to
(Oy @p L) "D 2 Opgnryy @ p (L")
under (3.5.4). Thus

Homg, 5. (7(Bo/10).7(Be/1))z0 = D Homxe (Oze. Omsay © 9" (£7)),

n>0

Now, Z¢ has finite intersection with forward (o x 1)-orbits, and so for n > 0, no

component of (6™ x 1)Y is contained in Zs. Thus
HomXC(OZC, O(Jnxl)y ®p*(£f;n>> = 0
for n > 0. As the map (3.5.3) is an isomorphism in large degree, we see that

MBC(BC/[CUBC/J%L =0



82

for n > 0, and so
Homp,.(Bc/Ic, Be/J)
is a finitely generated C-module, as claimed. As this is true for any graded J O I¢,
by Lemma 3.2.8, R¢ is right noetherian.
(3) = (2) is obvious.
(2) = (1). Let z € X and let J be the right ideal I',(Z,) of B. As B and R are

right noetherian, by Lemma 3.2.8,
Homp(B/I,B/J)={re B|rl CJ}/J

is a noetherian right R/I-module. It is thus finite-dimensional, as R/I is finite-
dimensional by assumption.
As L is g-ample, L, is globally generated for n > 0; in particular, J, ;Cé B,, for

n > 0. Now, suppose that
{n>0|c"(x)eZ}={n>0|zeo™(Z)}
is infinite. For any such n, we have that B, I C J. Thus
{reB|rlICJ}/J
is infinite-dimensional, giving a contradiction.
Thus {n > 0] o™(x) € Z} is finite. O

The left-hand side is very different. If R is left noetherian, then so is R; but R can
only be strongly left noetherian if codim Z = 1. In this case, R is both a left and a
right idealizer, so the strong left noetherian property will follow from the left-handed

version of Proposition 3.5.2.

Proposition 3.5.5. Assume Assumption-Notation 3.5.1. If {o"Z},>0 is critically

transverse, then R = R(X, L,0,7) is left noetherian.
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Proof. By Proposition 3.4.4 and Corollary 3.3.13, we have that R = R(X, L, 0, 7Z) is
left noetherian and that {(R, ).~} is a left ample sequence. Thus by Theorem 2.3.12,

the section ring R(X, £, 0, Z) is also left noetherian. ]

Unfortunately, we cannot prove the converse to Proposition 3.5.5 in full generality.

We do give below several special cases where the converse does hold.

Proposition 3.5.6. Assume Assumption-Notation 3.5.1. If {c"(Z)}n>0 is not crit-
tcally transverse, and either

(1) there is some o-invariant subscheme Y that is not homologically transverse to
Z; or

(2) codim Z = 1;

then R = R(X, L,0,Z) is not left noetherian.
Before giving the proof, we give a preliminary lemma.

Lemma 3.5.7. Let X = X© 5 X 5 X® 5 ... be the singular stratifica-
tion of X. Suppose that Z is a subscheme of codimension 1 such that for all j,

Tory (Oz,0x») = 0. Then Z is locally principal.

Proof. Fix x € Z; we will show that Z is locally principal at x. Let O = Ox,.

Let j be maximal so that 2 € XU), and let .J be the ideal of X) in O. Let I be
the defining ideal of Z in O. By Lemma 3.3.14, I € J. Thus (I +J)/J locally defines
a hypersurface in XV, Since O/.J is a regular local ring, (I + J)/J is principal in
O/J, and so there is f € I such that (f)+J =1+ J.

By homological transversality, I N J = I.J. Thus

I O I I
m%?_ (H+I1J (H+InJ

0

But

(H+InTJ=In((HH+)=In{T+J)=1.
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Thus
1 o I

Let K be the residue field of O. Since I/(f)®0 (O/J) surjects on to (I/(f))®o K

2

we see that (I/(f)) ®o K = 0. Nakayama’s Lemma implies that I = (f). O

Proof of Proposition 3.5.6. Suppose (1) holds. Let Y be a o-invariant subscheme

that is not homologically transverse to Z, and let 5 > 1 be such that
Tor; (Oz,0y) # 0.

Let J = Iy, and let J = I'.(J) be the right ideal of B generated by sections
that vanish on Y. Since oY = Y, J is a two-sided ideal of B. We claim that
Tor?(B/1,B/J), # 0 for n>> 0.

Form a graded projective resolution
=P 1P B/I—0

of B/I, where each P! is a finitely generated graded free module. Thus for each
i < 0, there is a finite multiset A; of integers such that
P'= P Bla).
acA;

Now, for each i let P! = Pi. Since the functor ~ is exact, the complex

“_>7)—1_>730

is a resolution of Oz = B/I. Furthermore, by the o-invariance of ¥ and the o-

ampleness of £, for —j —d < i < —j + 1 and for n > 0, we have that

(3.5.8) HP'® L, ® Oy) = @ (B/J)nya = (P @5 B/J)n.

a€A;
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Fix n and let @° = P*® L, ®0Oy. We will temporarily denote sheaf cohomology by
H? to distinguish it from the cohomology H? of a complex. As in Proposition 3.4.4,

from a Cartan-Eilenberg resolution C** of Q°® we obtain two spectral sequences

(3.5.9) 'E2 = HP(HY(Q%))
and
(3.5.10) "B = HP(Tor™ (Oz,0y) ® L),

both of which converge (since X has finite cohomological dimension) to the hyper-
cohomology HPTI(C**).

By o-ampleness of £, by taking n > 0 we may assume that

H?(Tor_((0z,0y)®L,) =0 forp>land —j—d<qg<—j—1

and that

HI(QP)=0 forg>1land —j—d<p<—j—1.
Thus for p+ g = —j, both (3.5.9) and (3.5.10) collapse, and we obtain that
(3.5.11) HO(TOT’]X((Qz, Oy)® L,) = HI(H°(Q%)).

Since Torf((’)z, Oy) # 0 and L is g-ample, for n > 0 the left-hand side of (3.5.11)

is nonzero; but (3.5.8) implies that for n > 0, the right-hand side is equal to
H7(P*®p B/J), =Tor?(B/I,B/J),.

Thus Tor?(B/1,B/J), # 0.
But if R is left noetherian, then, using Proposition 3.3.2 and a similar argument

to that used in the proof of Lemma 3.3.12, for any finitely generated left B-module
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M and for any j > 1, we must have that Tor;3 (B/I, M) is torsion. Since we have
shown this is false for M = B/J, R is not left noetherian.

Now suppose that (2) holds. Consider the singular stratification
X =X05 x® 5 ...

of X. If Z is not homologically transverse to some X @, then by (1) R is not left
noetherian. If Z is homologically transverse to all X, then by Lemma 3.5.7, Z is
locally principal. By Lemma 3.3.12, there is some reduced and irreducible subscheme
Y such that Tory (Opnz, Oy) # 0 for infinitely many n > 0. But for the locally
principal subvariety ¢" 7, Tor{( (Opnz,Oy) # 0 if and only if 6"Z D Y.

Thus 0™(Z) 2 Y for infinitely many n > 0. Let J be the ideal sheaf defining YV
and let

A={n>0|YCo"Z}y={n>0|J° DI}

Let ' =k & H°(ZB,). Tt is sufficient to show that R’ is not left noetherian.

Let

J=@PH(ZTnT")L,).

n>0
We will show that the left ideal J of R’ is not finitely generated.

Fix an integer k > 1. By o-ampleness of £, we may choose n > k such that n € A

and (ZNJ°")L, = IL, is globally generated. Then

(R J<)n CHY(ZT L) G T

and g/J is not finitely generated. ]

Since the geometric condition required for a right idealizer to be left noetherian
is fairly subtle, it is not surprising that right idealizers are almost never strongly

left noetherian. To show this, we use the concept of generic flatness, as defined in
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[ASZ99]. Let C be a commutative noetherian domain. We say that a C-module M
is generically flat if there is some f # 0 € C such that My is flat over Cy. If R is
a finitely generated commutative C-algebra, then by Grothendieck’s generic freeness
theorem [Gro65, Theorem 6.9.1], every finitely generated R-module is a generically
flat C-module.

Artin, Small, and Zhang have generalized this result to strongly noetherian non-

commutative rings. They prove:

Theorem 3.5.12. ([ASZ99, Theorem 0.1]) Let R be a strongly noetherian algebra
over an excellent Dedekind domain C'. Then every finitely generated right R-module

is generically flat over C. [

Lemma 3.5.13. Assume Assumption-Notation 3.5.1. If Z' is a component of Z
such that codim Z' > 2 and such that UmZO o™Z" is Zariski dense in X, then for

every open affine U C X, the finitely generated left R ®; O(U)-module

M= R(e"U)

is not a generically flat O(U)-module.

Proof. We first verify that M is a left R-module. By [AV90, Equation 2.5, the

multiplication rule in R acts on sections via:
Ro(V) X Rp(6"V) = Ry (V)
or, writing V' = o """U,
Ru(c™"™U) X Ry(67™U) = Ry (o™ ""™U).
Thus we have a map

Ry X My, = R(X) X Rin(07™U) B Ry(07™™U) X Ryn(07™U) — Mypin.
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Verifying associativity is trivial, and so M is a left R-module.

Let C' = O(U). By identifying C' with C°P; consider the right action of C' on M
given by gx f =g f7" =g-(foo"), where g € M, f € C. Note that f oo™ acts
on ¢ "U and so does act naturally on elements of M,,.

Now since for n > 0 the sheaves 7 ® L,, are globally generated, the restriction
map R — M is surjective in degree > m for some m. But since M_,, is a finitely
generated C-module, therefore M is a finitely generated Ro module.

Now let f be an arbitrary element of C; let M’ = M;. Since the 0™ (Z’) are
Zariski dense, there is some m such that ¢™Z’ meets Uy, say at a point p. But then
(M) = (ZL)o~mp, which is not flat over €, since codim Z" > 2. Thus M} is not

flat over CY. O

Corollary 3.5.14. R is strongly left noetherian if and only if codimZ = 1 and

{0"Z}n>0 is critically transverse.

Proof. If codim Z = 1 and {¢6"Z},>¢ is critically transverse, then in particular Z is
homologically transverse to the singular stratification of X and so by Lemma 3.5.7,
Z is locally principal and Z = I is invertible. Now, letting £' = ZL(Z7')?, we
have that ZL, = (£"),Z°". Since L' is clearly also o-ample, we see that R is also
the left idealizer at Z inside the twisted homogeneous coordinate ring B(X, L', o).
By assumption on critical transversality, we have in particular that for any p € X,
the set {n < 0| o™(p) € Z} is finite. Thus by Proposition 3.5.2, R is strongly left
noetherian.

If codimZ = 1 and {0"Z},>¢ is not critically transverse, then by Proposi-
tion 3.5.6(2), R is not left noetherian so is certainly not strongly left noetherian.

If codim Z # 1, fix an open affine U C X such that X ~ U has codimension

1. Let M be the module from Lemma 3.5.13. As M is not a generically flat left
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O(U)-module, by Theorem 3.5.12, R ® O(U) is not strongly left noetherian, so R is

not strongly left noetherian. m

3.6 The Y conditions for idealizers

In this section, we determine the homological properties of graded idealizers;
specifically, we investigate the Artin-Zhang y conditions, as defined in Section 2.4.
We first recall Rogalski’s result that a right idealizer will fail x; and all higher x;

on the left.

Proposition 3.6.1. (Rogalski) Assume Assumption-Notation 3.5.1. Then R fails

left X1-

Proof. This is proved in [Rog04b, Proposition 4.2]. To see it directly, note that
changing R by a finite-dimensional vector space does not affect the x conditions, so
without loss of generality we have R =k 4+ I. Now B/R is infinite-dimensional and
is killed on the left by I; thus we have an injection B/R — Extg(k, R) and we see

that Exty(k, R) is infinite-dimensional. O
To analyze the right x conditions, our key result is the following, due to Rogalski:

Proposition 3.6.2. ([Rog04b, Proposition 4.1]) Let B be a noetherian ring that
satisfies right x. Let I be a a right ideal of B, and let R = Ig(I). Assume that
B/I is infinite-dimensional, that Bg is finitely generated, and that R/I is finite-
dimensional. Then R satisfies right x; for some i > 0 if and only if Ext),(B/I, M)

is finite-dimensional for all 0 < 7 <1 and all M € gr-B. ]

Rogalski proved that the right idealizer of a point in P? satisfies right x4_; and
fails right x4 if the orbit of the point is critically dense. Here we extend Rogalski’s

result to higher-dimensional subvarieties.
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Lemma 3.6.3. Let X be a projective variety, let o € Aut X, and let L be a o-
ample invertible sheaf on X. Let Z and Y be closed subschemes of X, and let
B = B(X,L,0). Let J be the right ideal of B consisting of sections vanishing along
Y, and let I be the right ideal of B consisting of sections vanishing along Z. For

n > 0, there is an isomorphism of k-vector spaces
Ext)y(B/1,B/J), = Exth(Oz, Opny ® L ).

Proof. There is a natural map from Ext},(B/I, B/J) to mggr_B(w(B/I),ﬂ(B/J)).
Since B satisfies x by Theorem 2.4.6, this map has right bounded kernel and cokernel

by [AZ94, Proposition 3.5]. Thus it suffices to show that for n > 0, we have
Extly. p(n(B/1),w(B/J)) = Extk(Oz, Oy @ £5").

In fact, we show that we have this isomorphism for all n.

Using the equivalence between Qgr-B and Ox-mod, we have that

Ext{y, p(n(B/1),m(B/J))n = Extly, p(n(B/I),7((B/J)[n]))

—_—

= Extﬁ((év/f, (B/J)[n]).

Now, B/T = O, and by (2.3.13),

P

(B/J)[n] = (OyLy,)” " = Ogny Ly, "
The result follows. L]

We have seen that for R to be right Noetherian is relatively straightforward, but
the left Noetherian property for R depends on the critical transversality of {¢"Z}.
It turns out that the right x; properties, for j > 1, also depend on the critical

transversality of {o"Z}. In particular, we have:
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Proposition 3.6.4. Assume Assumption-Notation 3.5.1. Let k be the minimal codi-
mension of an irreducible component of Z.

(1) If {o"Z}n<o is critically transverse, and either

(a) X is nonsingular and Z is Gorenstein; or

(b) Z is 0-dimensional,
then R satisfies right xx—1 but fails right xy.

(2) More generally, if Z contains an irreducible component of codimension k that
is not contained in the singular locus of X, then R fails right xi. In particular, if R

is left noetherian then R fails right xj.

Proof. By Proposition 3.6.2, R satisfies right y; if and only if for all finitely generated
Mp we have dimy M{B(B /I, M) < oo for all j < i. Furthermore, using the equiv-
alence of categories between qgr-B and Ox-mod, without loss of generality we may
assume that M = B/J, where J is a right ideal of B consisting of sections vanishing
along a reduced, irreducible subscheme Y of X.

Now by Lemma 3.6.3, for n > 0 we have isomorphisms Ext’ (7B/I,wB/.J), =

Ext’ (Oz, Opny @ L5 "). Thus we have:

(3.6.5) R satisfies right x; <= forall Y C X,

Exty (O, Ogny @ L5 ") = 0 for all j <i and n > 0.

By [Gro57, Prop 4.2.1], for any coherent sheaves £ and F there is a spectral

sequence
(3.6.6) HP(Ext? (€, F)) = Exth (&, F).
We consider the special case

(3.6.7) EP1 = HP(Eat%(Og, Ogny @ LS ")) = Exti YOz, Ogny @ LT ).



92

We first suppose that (1)(a) holds, and show that R satisfies right xx_i.

Fix a closed subscheme Y of X and consider the sheaf Extg((OZ, Ogny). This
is supported on Z; we compute it by working locally at some closed point x € Z.
Gorenstein rings are Cohen-Macaulay and therefore locally equidimensional [Eis95,
Corollary 18.11], so we may assume that Z is pure-dimensional of codimension k&’ > k.
Let J C O be the ideal defining Z locally at x.

By [Eis95, Corollary 21.16], O/J has a self-dual free resolution as an O-module

We write this resolution as Qs — O/ J.
For a given n, let K C O be the ideal defining 0™Y at P. Let M = O/K. Then

we have isomorphisms of complexes
Homp(Qe, M) = Homp(Qe, O) @ M = Q4 @ M,

where the final isomorphism follows from the fact that @), is self-dual. The right-hand

complex of this equation computes Tor$ ;(O/J, M). Thus we obtain isomorphisms
(3.6.8) Exth (07, Opny) = Torpy_ (07, Opny) = Toryy_(Op-nz, Oy)" "

for all j.
We return to the Grothendieck spectral sequence (3.6.7). By [Har77, 111.6.7], we
have that

n

gl'tg((OZ, Oany X ﬁzin) = 5$tg((OZ, Ogny) X £27 .

Using critical transversality and (3.6.8), choose ng such that xt’ (O, Oyny) = 0 for
all n > ng and j < k < k. Then EP? = 0 for ¢ < k; so we see that if p+q=j <k,
then (3.6.7) collapses to 0 and we have Ext’ (02, Opny @ L5 ") = 0 for n > 0. By

(3.6.5), R satisfies xx_1.
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Let X*"8 be the singular locus of X. We now suppose that (2) holds; that is, Z
contains an irreducible component of codimension & that is not contained in X8,
We show that in this situation, R fails right xy.

We consider the special case of (3.6.7) where Y = X:
(3.6.9) HP(Ext% (07, L7 ")) = Ext} (O, L5 ).

Let x € Z be a nonsingular point of X such that the codimension of Z at x is k.

Since X is nonsingular at x, by [BH93, Theorem 1.2.5]

(3.6.10) Eat’ (07,0x), =0 for j <k
and
(3.6.11) Ent% (0z,0x). # 0.

Now (3.6.10) implies that for p + ¢ = k, (3.6.9) collapses, and we obtain that
Exth (07, L7 ") 2 HO(Exth (07,0x) @ £37") =2 HO((Ext’ (07, 0x)7" @ L,,).

This is nonzero for n > 0 by (3.6.11) and o-ampleness of £. Thus by (3.6.5), R fails
right x.

We have seen that if (2) holds, then R fails right x;. We note that if {¢"Z}, <0 is
critically transverse, then Z is homologically transverse to all o-invariant subschemes,
and certainly no component of Z is contained in X", If R is left noetherian, then
using Proposition 3.5.6 and Lemma 3.3.14, we again have that no component of Z
is contained in the singular locus of X. Thus if (1)(a) or (1)(b) hold, or if R is left
noetherian, then (2) holds and R fails right .

It remains to show that if (1)(b) holds, then R satisfies right xj—;. We have seen

that X is nonsingular at all points of Z, and so (3.6.10) holds. Let j < k — 1. By
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(3.6.9) we have that Ext’ (Oz, £ ") = 0. On the other hand, if Y C X is a proper
subvariety, then critical transversality of {¢"Z}, <o and Corollary 3.3.15 show that
o™Y and Z are disjoint for n > 0, and so certainly Ext]}((OZ, Opny @ L,,) = 0 for

n > 0. By (3.6.5), R satisfies right xz_i. O

3.7 Proj of graded idealizer rings and cohomological dimension

Assume Assumption-Notation 3.5.1. We are interested in understanding the co-
homological dimension of the (right) noncommutative projective scheme associated
to R, and here we briefly review the definitions.

Recall that Proj-R is defined as the pair (Qgr-R,7R). The cohomology groups

on Proj-R are defined by setting
H'(Proj-R, M) = Ext{y,, p(TR, M)

for any M € Qgr-R. The cohomological dimension of Proj-R or the right cohomo-

logical dimension of R is
max{i | H'(Proj-R, M) # 0 for some M € Qgr-R }.

If R is a finitely generated commutative graded k-algebra, then its cohomological
dimension is finite and in fact bounded by the dimension of Proj R. The proofs of
this are geometric, for example relying on Cech cohomology calculations, and do not
generalize to the noncommutative situation. Stafford and Van den Bergh have asked
[SVO01, page 194] if every connected graded noetherian ring has finite left and right
cohomological dimension.

In this section, we give a partial answer to Stafford and Van den Bergh’s question.

We prove:
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Theorem 3.7.1. Assume Assumption-Notation 3.5.1. If R = R(X,L,0,7) is

noetherian, then R has finite left and right cohomological dimension.

We also give an example of a right, but not left, noetherian ring with infinite
right cohomological dimension. Amusingly, this ring has finite left cohomological
dimension.

To begin, we review Rogalski’s results on the cohomological dimension of idealiz-

ers.

Proposition 3.7.2. ([Rog04b, Lemma 3.2]) Let B be a noetherian connected graded
finitely N-graded k-algebra, and let I be a graded right ideal of B such that R/I
is infinite-dimensional. Assume that Bg is finitely generated and R/I is finite-

dimensional. Then there are isomorphisms of pairs

(3.7.3) R-Proj = (R-Qgr,7R) = (B-Qgr, 7B) = B-Proj
and
(3.7.4) Proj-R = (Qgr-R, 7R) = (Qgr-B, 7).

O

Because of (3.7.3), it is clear that cd(R-Proj) = cd(B-Proj) = dim X, and this

was observed by Rogalski. We thus focus on calculating cd(Proj-R).

Lemma 3.7.5. Assume Assumption-Notation 3.5.1. Then cd(Proj-R) is infinite if

and only if hdx(Oy) is infinite.

Proof. Let I =T'.(Z) C B. Since (Qgr-B,nI) = (Ox-Mod, Z), by (3.7.4) cd(Proj-R)
is infinite if and only if for any & > 0, there is some quasi-coherent F such that

Exth (Z,F) # 0.
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Suppose that hdx(Oz) and therefore hdx(Z) are infinite. Thus for any k& > 0,
there is some G such that &rt%(Z,G) # 0. But let O(1) be any very ample in-
vertible sheaf on X; by [Har77, I111.6.9] we may choose n so that Ext% (Z,G(n)) =
HO(Exth(T,G) ® O(n)) # 0. Thus cd(Proj-R) > k and since k was arbitrary,
cd(Proj-R) is infinite.

Now suppose that hdx(Z) is finite, say equal to N, and let G be an arbitrary

coherent sheaf. We apply (3.6.6) to obtain a spectral sequence
HP (&t (T,G)) = Ext}y (Z,G).

The left-hand side has nonzero terms only for 0 < p < dim X and 0 < ¢ < N. Thus
if p+q is large (in particular p+¢ > N +dim X)), then all the groups on the left-hand

side are 0, and so the right hand side is also 0. Thus c¢d(Proj-R) < N +dim X. [

Proof of Theorem 3.7.1. If R(X, L, 0, Z) is left noetherian, then by Proposition 3.5.6,
we have that {c"Z},>0 is homologically transverse to all o-invariant subvarieties of
X, and in particular, to the singular stratification of X. Thus by Lemma 3.3.9,

hdx(Oy) is finite. By Lemma 3.7.5, cd(Proj-R) is finite. O

We now give the promised example of a right noetherian ring with infinite right

cohomological dimension.

Example 3.7.6. Assume that chark = 0. Let Y be the cuspidal cubic and let
X =Y x Pl Let 7:P' — P! be the automorphism 7([z : y]) = [z + y : y], and let
o=1x7¢€ Aut X. Let P be the singular point of Y and let Z = P x [0 : 1] € X.
Let £ be any ample invertible sheaf on X, and let R = R(X,L,0,7). Since the
numerical action of ¢ is trivial, by [Kee00, Theorem 1.2] £ is o-ample.

Now Z is certainly of infinite order under o, and applying Proposition 3.5.2, we

have that R is right noetherian. On the other hand, Z is contained in the singular
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locus of X, and so Proposition 3.5.6(1) and Lemma 3.3.14 imply that R is not
left noetherian. Since X is not regular at Z, we have that hdy(Oz) is infinite.
Lemma 3.7.5 implies that cd Proj-R = oc.

We note that Proposition 3.7.2 implies that the left cohomological dimension of

R is 2.

Remark: Suppose that R = R(X, L, 0, Z) is a left noetherian idealizer. Together,
Lemma 3.7.5 and Lemma 3.3.9 imply that the right cohomological dimension of R is
bounded by 2dim X —1. We conjecture that in fact the left cohomological dimension

of R is precisely dim X. It is easy to see that cd(Proj-R) > dim X.
3.8 Conclusion

Here we collect our results on geometric idealizers, and prove Theorem 3.1.6 and
its promised generalization. Throughout, we make the following assumptions.

Assumptions 3.8.1. Let X be a projective variety, let o be an automorphism of X,
and let L be a o-ample invertible sheaf on X. Let Z be a closed subscheme of X such

that for any irreducible component Y of Z,
O_n(yred) Z 7

forn > 0.
Given this data, we let

R=R(X,L,0,7).
Let T = I, be the ideal sheaf of Z on X.

We note that since by Theorem 3.2.13 any noetherian right idealizer is up to
a finite extension an idealizer at a scheme whose defining data satisfies Assump-

tions 3.8.1, these assumptions are not unduly restrictive.
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We now summarize our results.

Theorem 3.8.2. Assume Assumptions 3.8.1.

(1) R is right noetherian if and only if for any x € X, the set {n > 0| o"(x) € Z}
is finite.

(2) If R is right noetherian, then R is strongly right noetherian.

(3) R fails left x;.

(4) If {o"(Z) }n>o is critically transverse, then {(ZL,)on} is a left and right ample
sequence of bimodules, and R is left noetherian.

(5) R is strongly left noetherian if and only if codimZ = 1 and {0"Z},>0 is
critically transverse.

(6) Let k be the minimal codimension of a component of Z. If {0"Z}n<o is
critically transverse and either k = dim X or X and Z are both smooth, then R
satisfies right xx_1. If R is noetherian, then R fails right xy.

(7) If R is noetherian, then R has finite left and right cohomological dimension.
We note that Theorem 3.1.6 is a special case of Theorem 3.8.2.

Proof. (1) and (2) are Proposition 3.5.2. (3) is Proposition 3.6.1. (4) is Lemma 3.4.2,
Proposition 3.4.4 and Proposition 3.5.5. (5) is Corollary 3.5.14. (6) is a special case

of Proposition 3.6.4, and (7) is Theorem 3.7.1. O



CHAPTER IV

Birationally commutative projective surfaces

4.1 Introduction

Artin and Stafford’s classification [AS95] of noncommutative projective curves—
finitely N-graded domains of GK-dimension 2—was one of the early triumphs of
noncommutative algebraic geometry. The classification of graded domains of GK-
dimension 3, known as the problem of classification of noncommutative projective
surfaces, is now the most important open problem in the field. It is much more
difficult than the classification of curves: for example, while Artin and Stafford’s work
implies that all noncommutative curves are birationally commutative, the birational
classification of surfaces is still unknown.

Artin’s conjectured birational classification (Conjecture 1.3.3) says that a non-
commutative projective surface is either birational to a quantum P?, birational to
a quantum ruled surface, birationally commutative, or has a function field finite-
dimensional over a field of transcendence degree 2. In this chapter, we classify bi-
rationally commutative surfaces, thus resolving one of the cases of Conjecture 1.3.3.
We will always work over a fixed uncountable algebraically closed ground field, k.

We formally define:

Definition 4.1.1. A finitely N-graded domain R is a birationally commutative pro-

99
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jective surface if
(1) R is noetherian of GK-dimension 3;
(2) the graded quotient ring of R is of the form K|z, 2z !; 0] where K is a field of

transcendence degree 2.

Some examples of birationally commutative projective surfaces are twisted homo-
geneous coordinate rings on projective surfaces, the naive blowups defined in (1.4.2),
and idealizer subrings of twisted homogeneous coordinate rings of surfaces, as stud-
ied in the last chapter. In addition, one expects that idealizers inside naive blowups
will provide examples of birationally commutative projective surfaces. Naturally,
one asks if this is a complete enumeration of birationally commutative projective
surfaces, and if and how one can construct the underlying geometric data of such a
surface.

In this chapter, we give a complete classification of birationally commutative
projective surfaces. We show that there is one new class of such surfaces; we refer to
these as ADC rings. ADC rings have similar properties to naive blowups, although
they are never generated in degree 1. We then show that (up to a Veronese, as usual)

a birationally commutative projective surface is either:
e a twisted homogeneous coordinate ring;
e an ADC ring;
e or an idealizer in one of the above.

Further, we obtain strong constraints on the geometry of the defining data.
We make a remark on the GK-dimension of noncommutative surfaces. Artin and
Van den Bergh showed [AV90, Theorem 1.7(iii)] that the GK-dimension of the twisted

homogeneous coordinate ring of a projective surface is either 3 or 5 and may attain
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either value; see [AV90, Example 5.18] for an example of a surface whose twisted
homogeneous coordinate ring has GK-dimension 5. Surely such twisted homogeneous
coordinate rings should be considered noncommutative surfaces! Thus, although the
requirement that a noncommutative surface have GK-dimension 3 seems natural, it
does impose some restrictions. As yet, we have not been able to extend our results
on birationally commutative surfaces to include the GK-dimension 5 case.

Let us describe the geometric data defining a birationally commutative surface in

more detail.

Definition 4.1.2. The tuple D = (X, £,0,4,D,C,Q, A, \') is surface data if:
e X is a projective surface;
e o is an automorphism of X;
e L is an invertible sheaf on X;

e D is the ideal sheaf of a 0-dimensional subscheme of X such that all points in

the cosupport of D have distinct infinite o-orbits;

e A and C are ideal sheaves on X such that AC C D and such that the pair (A, C)
is maximal with respect to this property (in particular, D C ANC and so A

and C are cofinite);
e ()is a curve on X; and

e A and A’ are O-dimensional subschemes of X supported on points of infinite
order.
Given surface data D = (X, L,0,A4,D,C,Q,A,\'), we define a graded (Ox,o)-

bimodule algebra
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where 75 = Ox and
T, = (AD° - - D" C7" N ToIAIS )Ly
for n > 1, and a k-algebra
T(D) = HY(T(D)) = D) HY(T,).
n>0
Definition 4.1.3. The surface data D = (X, £, 0, 4,D,C,Q, A, \') is transverse if:
e o0 is numerically trivial;
e L is ample and o-ample;
e all points in the cosupport of D have critically dense o-orbits;
o {0"O}, ez is critically transverse; and
e both {0™A}, >0 and {0"A’},<o are critically transverse.
The main theorem of this chapter is:

Theorem 4.1.4. Let R be a finitely N-graded domain. If R is a birationally com-

mutative projective surface, then there is transverse surface data
D= (X,L,0,A4,D,C,Q A N)
so that some Veronese of R satisfies
R%™ = T(D).

Further, if the surface data D = (X, L, 0, A, D,C,Q, A, \') is transverse, then T'(D)

15 a birationally commutative projective surface.
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Theorem 4.1.4 is an extension of Rogalski and Stafford’s recent classification of
birationally commutative projective surfaces that are generated in degree 1. Their

result is:

Theorem 4.1.5. ([RS06, Theorem 1.1]) Let R be a birationally commutative surface
that is generated in degree 1. Then there are a projective surface X, an automorphism
o of X, a o-ample invertible sheaf L on X, and a 0-dimensional subscheme Z of
X, supported on points with critically dense orbits, so that for some k > 1, R*®) =
S(X,L,0,7Z). (If Z is nonempty, this is a naive blowup; the twisted homogeneous

coordinate ring B(X, L, o) corresponds to Z = ).) ]

We remark that Rogalski and Stafford work slightly more generally than we do, in
that their rings may have GK-dimension 3 or 5. That is, they study finitely N-graded

noetherian domains R whose graded quotient ring is of the form
K[z, 271 0]

where K = k(X)) is the function field of a projective surface X such that o induces an
automorphism of X. By [Rog07, Theorem 1.1], any such R has GK-dimension 3 or 5,
and any birationally commutative projective surface in the sense of Definition 4.1.1
that is generated in degree 1 is of the form studied by Rogalski and Stafford.

Let D= (X, L,0,A,D,C,Q, A, \') be transverse surface data, and let 7' = T'(D).
We comment on the various roles played by the pieces of D in the behavior of T

The data €2, A, and A’ correspond to idealizing. That is, let
]E = (X7 E’ 0-7 A? ,D7 C? ®7 ®7 ®)7
and let S = T(E). Then

S, = H'(AD?--- D" 'C"L,,)
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for n > 1. We see that T' C S; one may easily show that (in sufficiently large degree)
T is a right idealizer inside a left idealizer inside S. In particular, if A = D = C = Oy,
then T'(D) is a right idealizer inside a left idealizer inside the twisted homogeneous
coordinate ring B(X, L, o).

We studied the process of idealizing, at least in twisted homogeneous coordinate

rings, in detail in Chapter III. We make a few comments now on the data defining

S.

Definition 4.1.6. The tuple (X, L,0,A,D,C) is ADC data if:
e X is a projective surface;
e o is an automorphism of X;

e L is a g-ample invertible sheaf on X;

D is the ideal sheaf of a 0-dimensional subscheme of X such that all points in

the cosupport of D have distinct critically dense o-orbits;

e A and C are ideal sheaves on X such that AC C D, and so that the pair (A,C)

is maximal with respect to this property.

Given ADC data (X, L, 0, A,D,C), we define the ADC bimodule algebra
S=8(X,L,0,A,D,C)

to be the graded (Ox,o)-bimodule algebra

S = B(Sa)on,

n>0
where Sy = Ox and

S, =AD°...D""'c”" L,
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for n > 1. We define the ADC ring S = S(X, L,0,A,D,C) as
S=HS) =P HAD" - D" ¢ L,).
n>0

Note that a naive blowup is a special case of an ADC ring: if A =D and C = Oy,

then S = S(X, L,0,D,D,Ox) satisfies
S, =H(DD?--- D" ' L,)

and so S is a naive blowup. More generally, if AC = D, then S is a nalve blowup at

the subscheme defined by AC?.

Example 4.1.7. To see that ADC rings are not idealizers inside naive blowups, let
X be a projective surface, let 0 € Aut X, and let p € X be a (nonsingular) point
with a critically dense orbit. Let z,y € Ox, be local coordinates at p. Let A =C

be the ideal sheaf cosupported at p so that
Ap = Cp = (x:?/)Ova’
and let D be the ideal sheaf cosupported at p so that
Dy = (2,4%)Ox,p-

We have (AC), = (2% zy,y*)Ox, C D,. Thus AC C D, and clearly (A,C) is
maximal with respect to this inclusion. Thus if £ is a o-ample invertible sheaf on
X, the tuple (X, L,0,A4,D,C) is ADC data.

The ring S = S(X, L,0,A,D,C) is not an idealizer. In fact, one can show that
S is a maximal order — roughly speaking, the noncommutative equivalent of an
integrally closed ring — although we do not do so in this thesis. One can also show

that no Veronese subring of S is generated in degree 1.
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The techniques used in the proofs of Theorem 4.1.4 and Theorem 4.1.5 are quite
different. In order to construct the scheme X on which R lives, Rogalski and Stafford
study the space of point modules (see Definition 2.4.4) over R. Since the point
modules over a naive blowup are not parameterized by any scheme, the arguments
involving this space are quite subtle and technical.

In contrast, we are able to construct the data (X, £, 0, A, D,C,Q, A, \") associated
to R much more directly. We work via a method of successive approximations: we
first construct a twisted homogeneous coordinate ring B that contains R, and then
gradually modify the defining data for B to approach R more and more closely. Our
philosophy is thus relatively straightforward, although showing that our methods do

eventually converge to R is fairly involved.

4.2 Properties of rings defined by transverse data

We begin with the easy direction of Theorem 4.1.4. Suppose that the surface data
D= (X,L,0,A4,D,C,Q A N) is transverse. Let 7 = 7 (D) and let T = T(D). In
this section, we show that both 7 and T are noetherian, and study some of their
properties.

Let K = k(X). The automorphism o of X induces a k-automorphism of K,
which we also denote by o. As a matter of notation, we will write B(X, £, o) and
all of its graded subrings as subrings of K|z, 27!;¢]. That is, let S be any graded
(Ox, 0)-sub-bimodule algebra of B(X, L, o). We write

H(S) = @ H(S,)2",
n>0
where z is a formal parameter. If S is any graded subring of

B(X,L,0) =D H(L.)2",

n>0
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we let

SO

S = Snz".
n>0

If I is a graded right or left ideal of S we will write

I= @[n = @Tnz”.

n>0 n>0

In particular, for the rest of the chapter we will use the notation that if

D= (X,L,0,A4,D,C,Q A, ),

then
T = T(D)
is defined by
(4.2.1) T, = H'(T,)2" = H*((AD? - -- D" 'C7" N IoIAL ) L0) 2"

Note that multiplication on 7" is now induced from its inclusion in K[z, 271;o].

We begin by showing that the sequence of bimodules {(7,)} is left and right
ample. We will use a result of Rogalski and Stafford that relates the ampleness of a
sequence of bimodules of the form {(R, ).~} to the Castelnuovo-Mumford regularity

of the sheaves R,,.

Lemma 4.2.2. ([RS07, Corollary 3.14]) Let X be a projective scheme with very
ample invertible sheaf N'. Let F, be a sequence of coherent sheaves on X such that
for each n, the closed set where F,, is not locally free has dimension at most 2. Then

{(Fn)on} is a right ample sequence if and only if

lim reg,  F, = —o0,

n—oo
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and {(Fn)on } s a left ample sequence if and only if

lim regon F;, = —00.

n—oo

Proof. The right ampleness statement is a restatement of [RS07, Corollary 3.14].

The left ampleness statement follows by symmetry. O
We will also use the following result of Dennis Keeler:

Lemma 4.2.3. ([Kee06, Proposition 2.8]) Let X be a projective scheme with very
ample invertible sheaf N'. Then there is a constant C, depending only on X and N,
so that for any pair F,G of coherent sheaves such that the dimension of the closed

set where both F and G are not locally free is less than or equal to 2, we have that
regy F ® G <regy F +regy G + C.

]

We will also frequently use the following easy observation about cohomology van-

ishing.
Lemma 4.2.4. Let X be a projective scheme and suppose that

K- MINSK =0

is an exact sequence of coherent sheaves on X, where K and K' are supported on
subschemes of dimension 0. Further suppose that H' (M) = 0 for all i > 1. Then

HY(N) =0 for alli > 1.

Proof. Note that H(K) = H'(K') = 0 for all i > 1. Let M’ = Im#. From the long
exact cohomology sequence, we deduce that H'(M') = 0 for all i > 1. This implies

that HY(N) =0 for all i > 1. O
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We will show that the sequence of bimodules {(7,,),~} is left and right ample
under slightly less restrictive assumptions on the defining data than transversality.

We first assume that A and A" are empty.

Lemma 4.2.5. Let X be a projective surface, let o € Aut X, and let L be a o-ample
invertible sheaf on X. Let Q be a curve on X so that {o™Q} is critically transverse.
(1) Let & be an ideal sheaf on X that defines a 0-dimensional subscheme supported

on dense orbits. Then the sequence of bimodules
{((ZQ N 550' L gg7z—1>£n)an}

is left and right ample.

(2) In addition, let A, D, and C be ideal shaves on X such that the tuple
E=(X,L,0,A,D,C,Q,0,0)

is surface data. Suppose also that the orbits of all points in the cosupport of D are
dense. Let T = T(E). Then the sequence of bimodules {(7,)on} is left and right

ample.

Proof. (1) For all n > 1, let

n—1

In=ZaNEE?---E°

We will show that the sequence {(7,L, ).} is left and right ample.
We first assume in addition that £ is ample. By [AV90, Theorem 1.7], £ is then

also o?-ample. Note that all points in the cosupport of ££° have dense o?-orbits.

Let

2n—2

Fn = (EETNEED) - (EEV" " LRL @ @ L7

2n—2

—EET . ETLRL R QL
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By [RS07, Theorem 3.1], the sequences {(F,)s2n} and {(Fni1)s20+1} are left and
right ample.

Now let

2n—1

G, =ToLL ... L°

By Proposition 3.4.4, the sequences {(G,)y2-} and {(G,),2n+1} are left and right

ample. By Lemma 4.2.3 and Lemma 4.2.2, the sequences

{(Fn @ Gn)oan }

and

{(j:nJrl ® gn)a%“}

are left and right ample.

Let M be any coherent sheaf on X. For any n > 0, there is an exact sequence
0= Hy = Fu®G ®MT " = Joulny @ M7 — K, — 0

where both H,, and K, are supported on dimension 0 subschemes of X. Since

H(F,®G,® M"2n) =0 for s> 1 and n > 0, Lemma 4.2.4 implies that
Hi(t.72n£2n ® Ma2n) =0

for i > 1 and n > 0. Thus {(J2,La1)s2:} is a left ample sequence; the argument

that it is right ample is similar. Likewise, from the maps
Fo1 @ Gn — Jons1Lons1
we obtain that {(Jont1Lon+1)s2n+1} is left and right ample. Thus
{(TnLrn)on}

is left and right ample.
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Now consider the general case. By [AV90, Theorem 1.7], there is some k > 1
so that £y is ample. Let & = £E7---£7". We have seen that the sequence of

bimodules
{(Zan€E)" (€Y rnorn} = {(TinLin)oi}
is left and right ample. Lemma 4.2.2 implies that for any 0 < i < k— 1, the sequence
{(TinLyn—i) ghn—i}

is left and right ample.
Fix 0 <i <k —1. We have Ji,, € Jpn—; for all n > 1. For any coherent M on

X the kernel and cokernel of
M@ TenLin-i = M & Tin—iLrn—i
are supported on sets of dimension 0. Thus by Lemma 4.2.4 the sequence
U Tkn—iLin—i)ghn—i }
is left and right ample for all 0 < ¢ < k — 1. Thus
{(TnLn)on}

is a left and right ample sequence, as claimed.

(2) Let £ =DD?, so
EE7-.. 7 CAD...DT 7.

The cokernel of this inclusion is supported on a set of dimension 0. By (1) the
sequence

{(Zanegm -7 L) )
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is left and right ample. An argument similar to those above shows that

is left and right ample. ]
We thank Dennis Keeler for assistance with the following argument.

Lemma 4.2.6. Let X be a projective surface and let o be a numerically trivial
automorphism of X. Let L be an invertible sheaf on X. Suppose that there are
sheaves R, C L, so that the sequence of bimodules {(R,)sn} is a left and right
ample sequence. Let T be an ideal sheaf that is locally free except on a set of dimension
< 0. Then both {(ZL, N Ry)on} and {(ZR)on} are left and right ample sequences

of bimodules.

Proof. Fix a very ample invertible sheaf A" on X. We first show that {(Z ® R,)on}
is left and right ample. Right ampleness is immediate. For left ampleness, by

Lemma 4.2.2, it is sufficient to show that

lim regyon I ® R,, = —o0.

n—oo

By Fujita’s Vanishing Theorem 2.5.1, we may choose m such that for any nef invert-
ible sheaf F, we have that H(Z @ N¥™ @ F) = 0 for all i > 1. As o is numerically
trivial, for any k the invertible sheaf (A~ ® AN")®™ is nef. Thus for any k and for

any ¢ > 1 we have that
H(ZT &N = H(ZTQN®" @ (N~ o N7 )E™) =0,

and so Z is (m + 2)-regular with respect to any N7 Now by Lemma 4.2.3, we have
that

lim regyon Z ® R, = —oo.

n—oo
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Thus {(Z ® R,,),n } is left ample.

Now for any coherent M, since the maps
IR, QM — (IL,NR,) @ M

and

IR, &M —IR, M

have kernel and cokernel supported on sets of dimension 0, by Lemma 4.2.4 we obtain

that {(ZL, N R,)on} and {(ZR,)sn} are left and right ample sequences. O

Lemma 4.2.7. Suppose that D = (X, L,0, A, D,C,Q, A, \') is surface data so that
L is o-ample, all points in the cosupport of D have dense orbits, and either

(1) {o"Q}nez, {0"A}nso, and {o"\'},<o are critically transverse; or

(2) o is numerically trivial and Q0 does not contain any 1-dimensional component

of the singular locus of X.

Let T =T (D). Then the sequence of bimodules {(7,)qn} is left and right ample.

Proof. In case (1), certainly the orbits of all points in A and A’ are Zariski-dense.
Thus there is an ideal sheaf £ on X, supported on points with dense orbits, so that

for all n > 1 we have
(4.2.8) ToNEET - E7 " CIGIZ\IY NAD? - D7 ' C”" = T,L.".

Let

M, =(ToNEET--E7 )L,

By Lemma 4.2.5 the sequence of bimodules {(M,,),n } is left and right ample. Since
the cokernel of the inclusion (4.2.8) is supported on a 0-dimensional scheme, {(7},)n }

is left and right ample by Lemma 4.2.4.
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In case (2), our assumption on {2 implies that Zq is locally free except possibly

on the O-dimensional set where €2 meets the singular locus of X. Thus

{(Z.)o}
is left and right ample by repeated applications of Lemma 4.2.6. O

We will now prove that if the surface data D = (X, £, 0,4, D,C,Q, A, ') is trans-
verse, then both the bimodule algebra 7 (D) and the k-algebra T'(D) are left and
right noetherian. As mentioned, the data 2, A, and A’ correspond to idealizing. We
first assume that no idealizing is taking place, and show that ADC bimodule algebras
are noetherian. To do this, we explicitly construct generators for graded right and

left ideals.

Proposition 4.2.9. Suppose that the tuple (X, L,0,A,D,C) is ADC data, and let
§=8(X,L,0,A,D,C). Let T = P(Tn)on be a graded right ideal of S. Then there

are an ideal sheaf J' on X and an integer m > 0 such that for n > m,
In=(T'D7" - D7 C) L,

Further, forn >m, J' and D°" are comazimal.
Likewise, let IC be a graded left ideal of S. Then there are an ideal sheaf K' on X

and an integer m' > 0 such that for n > m/,

n—m/

K, = (AD" - D7 " (K)7") L.

Further, for j < —m/, K' and D° are comazimal.

Proof. Let Z be the cosupport of D; note that our assumptions imply that {oc"Z}
is critically transverse. By Lemma 2.3.14, without loss of generality we may assume

that £ = Ox.
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By symmetry, it suffices to prove the result for a graded right ideal J of S, and
we may assume that J # 0. Let ny be such that J,, # 0. Let Y be the subscheme
of X defined by J,,. By critical transversality, there is some n; > ng such that for
n > ny, we have 0™ "(Z)NY = (.

For n > nq, let Z,, be the maximal ideal sheaf on X so that Z,, O 7, and so that
7./ Jn is supported on

o- Mt Zu.. U (2).

Note that this implies that (Z,,), = Ox,, for all p € 0797 with j > n; + 1. As
jn(sl)an - jnAUnCG7L+1 C jn+1

for any n, if n > n; then Z,, C Z,,,1. Further, if n, 7 > ny, then

no+1

In 2 jnOAO'"O De Ce Dgnl X

Therefore, Z,, and D’ are comaximal; thus Z,, and C°" are also comaximal. There-
fore,

nq+1

T, =I,D°" " ... pTi "

forn>n; + 1.
Let Z be the maximal element in the chain of the Z,,. Let m > n; be such that

Z, =71 for all n > m. Let J' =ZID°" " ...D°" " Then for n > m,

nq+1

Jy=1ID7"" ...D" e = gD DT

We have seen that Z and D°" are comaximal for all n > n, and in particular,
for n > m. As D and D" are comaximal if j # n, it follows that J’ and D" are

comaximal for n > m. ]
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Corollary 4.2.10. Suppose that the tuple (X, L,0,A,D,C) is ADC data. Then the
ADC ring S(X, L,0,A,D,C) and the ADC bimodule algebra S(X, L,0, A, D,C) are

left and right noetherian.

Proof. Let

S=8(X,L,0,A,D,0),

n—1

so that S, = AD°---D°" C°"L,, for n > 1. Let
S = S(X,L,0,A,D,C).

Let Z be the subscheme of X defined by D; by assumption, the ideal sheaves A
and C define subschemes of Z. Since by Lemma 4.2.5 the sequence {(S,),n} is left
and right ample, by Theorem 2.3.12, to show that S is noetherian it suffices to show
that the bimodule algebra S is left and right noetherian. By Lemma 2.3.14, this
property does not depend on the invertible sheaf £, so without loss of generality we
may assume that £ = Ox.

By symmetry, it suffices to prove that S is right noetherian. Let J be a graded
right ideal of S. By Proposition 4.2.9, there are an ideal sheaf J' on X and an

integer m > 0 such that for n > m,
jn _ j/Do.m . Do.nflca.n'

We claim that J is generated by J<;,1o.

This is a straightforward computation. Let & > 2. Note that ACD? + D(AC)? =



117

DD?. Thus
jm—}-lS]ngrl + jm+28]gin1+2 =
j/Do.m (AC)O.m+1DO.m+2 . Do.m+kco.m+k+l+
j,Do.mDo.m+1 (Ac)o.m+2po.m+3 o Do.m+kco.m+k+1
= JD D DT D e g
Thus J>m+1 = Tm+1S + Tm+2S. The claim follows, and J is coherent. O

Before proving that the rings 7'(D) are noetherian, we give a result similar to
Proposition 4.2.9 on the structure of left and right ideals of idealizer bimodule alge-

bras.

Lemma 4.2.11. Let X be a variety, let 0 € Aut(X), and let L be an invertible sheaf

on X. Let

S =P(Sn)o

n>0
be a noetherian sub-bimodule algebra of B(X, L,0), and let T = @(Z,,)on be a graded

right ideal of S. Let R = Is(Z), and assume that R is also noetherian and that
R, =TI, form > 0. Let J = P(Tn)on be a graded right ideal of R and let
K= (K,)on be a graded left ideal of R. Then there are a right ideal J' C T of S

and a left ideal K' of S such that

and

K,=ZnK),=ZK),

forn>0.
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Proof. Since R is noetherian, there is an integer k£ such that both J and K are
generated in degree < k. Let J' = JZ. Then J' is a right ideal of S. Since R,, = Z,,
for n > 0, we have

for n > k.
Let K' = SK. A similar argument shows that for n > k that (ZK'),, = K,. By
Proposition 3.3.3, since R is left noetherian, for n > 0 we have that (Z N K'), =

(TK),0. O

We are now ready to show that the rings T'(D), for transverse surface data D,
are noetherian. In fact, this is true even if the automorphism o is not numerically

trivial, and we prove it in that generality.

Definition 4.2.12. Let D = (X, L,0,A4,D,C,Q, A, \’) be surface data. We say that

D is quasi-transverse if
e L is g-ample;
e all points in the cosupport of D have critically dense o-orbits;
o {0"Q}, ez is critically transverse; and
e both {o™A},>o and {0"A'}, <o are critically transverse.

Proposition 4.2.13. Suppose that the surface data D = (X, L, 0, A,D,C,Q, A, \)
is quasi-transverse. Let T = T(D) and let T = T(D). Then both T and T are

noetherian.

Proof. By Lemma 4.2.7 the sequence of bimodules {(7,),~} is left and right ample.
Thus by Theorem 2.3.12, it suffices to prove that 7 is right and left noetherian. By

Lemma 2.3.14, without loss of generality we may assume that £ = Ox.
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If A=A =Q = 0 (that is, if 7 is an ADC bimodule algebra), then this is

Corollary 4.2.10. Suppose that A’ = @ but that A or  is nonempty. Let S =

S(X,0x,0,A,D,C), and for n > 0 let
Z,=38,NIoZy.
Let

T =P(Z)on-

n>0

Then 7 is a graded right ideal of S. Let J O 7 be another graded right ideal of S.

By Proposition 4.2.9, there are ideal sheaves J' and Z’ on X and an integer m > 0

such that for n > m,

n—1 n

jn — J/Dam . Do‘ CO‘
and

Z,=7D"...D" ',
and Z' and D" are comaximal for n > m. Note that

m—1

' CAD?--- D7 NZIoZ,.

Let

Fo =S OV () (Tiin : I7)-

E>0
Then

Fn g Sn N ﬂ (j/Da'm .. Do—k+nflca'k+n . (:Z-/)UWDO'

k>m

For n > 0 and for any k£ > m, no primary component of (Z' )"nD"ern LDt

m4n

. Do.k«knflco.kﬁ»n)

k+n

is contained in any associated prime of 7', by assumption on the transversality of
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the defining data for 7. By Lemma 3.2.4(1), we see that for k > m,

m—+n

(j/DO.m . Do.k+nflco.k+n : <:Z_,)O.TLDO. . Do.k#»nflco.k#»n)

m—+n

C(J (@)D" DT e C T

This implies that F,, = 7, for n > 0.

In particular, letting 7 = Z we obtain that

for n > 0. By Lemma 3.2.9, I5(Z) is right noetherian; thus 7 is right noetherian.
Now suppose that K is a graded left ideal of S; by Proposition 4.2.9, there are an

ideal sheaf K" on X and an integer m’ so that for n > m’ we have that
Ko = (AD” - D" (K)),

and K’ and D are comaximal for j < —m. Then for n > N = m + m/, we have

that
(4.2.14) (ZINK),=TD" . D¢ A AD” - DT (K"
Critical transversality of the defining data for 7" implies that
'n (k)" =T'(K)™
for n > 0. Thus (4.2.14) is equal to
7DD (K
for n > 0.
On the other hand, for n > 2N + 1 we have
(ZK)n D In(Knn)” + Inir (Ko )? = 7D . D7 (k)"
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Thus we have

(ZK), 2 (ZNnK),

for n > 0. As the other containment is automatic, by Proposition 3.3.3 7 is left
noetherian.

We now consider the general case, except as before we let £L = Ox. Given

transverse surface data D = (X, £, 0,4, D,C,Q, A, \), let
E= <X7OX707A7D70797A7®)

and let

R=T(E).
We have seen above that R is left and right noetherian.
Define a left ideal Z of R by

=P R, NI )on.

n>0
Let J O 7 be a graded left ideal of R. By Proposition 4.2.9 and Lemma 4.2.11 there

are ideal sheaves J’ and Z’ and an integer j so that

n

Tn=ToTa NAD" - D7 (T =ToIaNAD" --- D7 N (T)°

and

T, =TIy NAD - D7 (T =ZoIy N AD --- D7 N ()"

for n > j. Further, we may assume that D" and Z’ are comaximal for n < —j.

By construction, the cosupport of Z' and therefore of 7' is 0-dimensional. For
m > 0, the ideal sheaves (J')°" and I’ are comaximal, and computing locally we
see that

(jn+m :In)gi C (\7,>U
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for n,m > 0. Thus for m > 0 we have that

TIn C R N [\ (Tntm 1 L) " (T N Ron = Toms

n>0

and

Rm N m(jner : Im)gin - jm

n>0

In particular, 7 and Ix(Z) are equal in large degree. The symmetric version of
Lemma 3.2.9 for left idealizers implies that 7 is left noetherian.
Likewise, if K is a right ideal of R, then there are an ideal sheaf K' C ZnZ, and

an integer k so that for n > k,
K, =KD" -..D" "

Choose m > k, j so that if n > m, then (Z')°" and K’ are comaximal, and (Z)°"
and ZqZ, are also comaximal. Let N be such that the right ideal Ks,, of R is
generated in degrees < m + N. Let n > 2m + N.

We will show that
(4.2.15) (KI), 2 (K, NZ,).
Certainly,
(KI), D KnZo" = (KD - D" CT"V(ToZy N AD? --- D7 ") (T)".

Let Y be the subscheme defined by Z'. Let y € o7"(Y). As K’ and (Z')?" are

comaximal, (K,), = (R,),. Further, (Z,,), = ((Z')""),. Thus,

(KD - D" CT" ) (ZoZy NADT - - D7 ") (7))

Y

= ()" = (RN Tn)y = (Ku N T,),

Therefore (4.2.15) holds locally at y.
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On the other hand, if x ¢ o7"(Y), then

+ +
(Igfmfﬁx = ( ?Libmfﬂ)x

for ¢ =0...N. Therefore,

N N
((ICI)n)x ., (Z ICm%I,‘if;é_g)x = (Z ’menﬁz—z)x-
=0 (=0

This is equal to (KC,), by assumption on N. Thus
((ICI)n)I D2 (Kp)e=(KiNRp)e=(KnNZy),.

Thus (4.2.15) holds locally at z.
Since (4.2.15) holds locally at all points in X, it holds globally. Since the other

inclusion is automatic, we have that
(KI),=K,NZ,

for all n > 2m + N. By the symmetric result to Proposition 3.3.3, 7 is right

noetherian. O

Let D= (X, L,0,A,D,C,Q A, A') be transverse surface data. To end this section,
we give some results about the two-sided ideals of T'(D), which we will need later in

the chapter.

Lemma 4.2.16. Let X be a projective surface, let o be an automorphism of X, let L
be an invertible sheaf on X, and let Q) be a curve on X such that the set {o"Q},ez is
critically transverse. Let R = R(X, L,0,Q) be the right idealizer bimodule algebra at
Q inside B(X, L,0), and let KC be a graded ideal of R. Then there is some o-invariant

ideal sheaf K' such that
K,=ZoK'L, = (ZoN KL,

forn>0.
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Proof. Let T = I. By Lemma 2.3.14, is sufficient to prove the lemma in the case
that £L = Ox. Let B = B(X,0Ox,0). By Lemma 4.2.11, and by the equivalence
between qgr-B, Ox-mod, and B-qgr, there are ideal sheaves K" and J’' C Z on X

such that for n > 0,

Since Z is invertible by Lemma 3.5.7, we have that Z=* 7’ = (K')?" for all n > 0. In
particular, (K')°" is constant for all n > 0. As a subscheme that is invariant under

relatively prime powers of ¢ is o-invariant, K’ is o-invariant. [
If p € X, we denote the o-orbit of p by O(p).

Proposition 4.2.17. Suppose that the surface data D = (X, L, 0, A,D,C,Q, A, \)
is quasi-transverse. Let T = T (D). Let IC be a graded ideal of T. Then there are

a o-invariant ideal sheaf J on X and an integer ng > 0 such that if n > ng, then

Proof. We may assume that IC # 0. Without loss of generality, we may suppose that
L =0x. Let B=B(X,0x,0), and let S = Ox & ZoB,. Let Z be the cosupport
of D and let W be the union of the orbits of all points in Z U A U A’. For all n > 0,
let l@n D K, be the maximal ideal sheaf on X such that I@n /K., is supported on a
subset of W. Note that, as KC,, C Z for all n, we have I@n C Igq for all n.

As

ZLIC;:L + ICm,];fm g K:m+n

for all m,n > 0, one easily verifies that

oK' + KnZ8" € Knim
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for all m,n > 0. That is, the bimodule

@(’Cn)on

n>0

is an ideal of the bimodule algebra S. As {0"Q} is critically transverse, S and
R(X,0x,0,9) are equal in large degree; thus by Lemma 4.2.16, there are a o-
invariant ideal sheaf J and an integer ng such that if n > ng, then l@n =J N1y =
JZLq.

We will show for n > 0 that

(4.2.18) (Kn)g = (T NTn)g = (TTn)q

for all ¢ € X.

We first note that if ¢ ¢ W, then (7,), = Za,. Thus if n > ng and ¢ ¢ W, then
(Kn)g = (Kn)g = (T NTa)g = (TTa)g = (T NTa)y = (T Tu)y,

and (4.2.18) holds for ¢.

To show that (4.2.18) holds for ¢ € W, it suffices to show that for any p € W
and for all n > 0 that (4.2.18) holds for all ¢ € O(p). Now, by transversality of
the surface data D, the cosupport of J is disjoint from W. Thus for any g € O(p),

Jq = Ox 4. It therefore suffices to prove for n > 0 that
(4.2.19) (K)o = (Tn)q

for all ¢ € O(p).
Note that for any p € W, the cosupport of I€n0 has finite intersection with O(p)

by assumption on the transversality of ID.

Sublemma 4.2.20. Let X be a projective surface, let 0 € Aut(X), and let Q be a
curve on X. Let

S = OX EBIQ B(X, Ox,0'>21
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and let T be a finitely generated graded (Ox,o)-sub-bimodule algebra of S so that
Supp(S,/7T,) is 0-dimensional and supported on infinite o-orbits for alln > 1. Let K
be a two-sided ideal of T and let p € X be a point of infinite order. Assume that for
n > ng, the cosupport of K,, meets O(p) at only finitely many points. (In particular,
this implies that QN O(p) is finite.)

Let O = Ox,. Foralln > 1 and for alli € Z, let € be the stalk of K,, at o~"(p),
considered as an ideal in O via o*. Similarly, let m? C O be the stalk of T,, at o~(p).
Our assumptions imply that the cosupport of Ty has finite intersection with O(p),

and so by reindexing the orbit of p, we may assume that m} = O if i < 0. Let
s =max({i| m} # O} uU{0}).
Then there are an ideal € of O and integers a’ < a, b’ < b, and N so that ifn > N
then:
1) ifi<a ori>n-—1U then € = O;

3

(1)

(2) ifa’ <i<a then &) =€,

(3) ifa<i<mn—bthen & =¥t
(4)

) ifn—b<i<n-—V then & =€~ ...

Furthermore, we have

(4.2.21) pVCcel, C..C
and
(4.2.22) BV, CEV ,C - CE

We refer to the ideal & of O constructed in Sublemma 4.2.20 as the central stalk

of K.
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Proof of Sublemma 4.2.20. Since K is a two-sided ideal of 7, we certainly have for
all n, 7 > 0 that

TKS + K T C Koy
In terms of the stalks £ and m, this translates to the statement that

m/er 4wl C et

i vi—]

Therefore,

(4.2.23) if i < j—1then &' D #/m}_, =¥,
and

(4.2.24) if i > s then € Dml, &/ = ¢

By assumption, {i| €' # O} is finite. Let
o = min({i| & # O} U{0})

and let

b = min({j| €2_, £ O} U{—s}).
Then € = O for i < a’ or i > ny — b, and the relations (4.2.23) and (4.2.24) imply
that

£ =0

for n > ng and i < @’ or i >n —¥'. Thus (1) holds for n > ny.

For fixed 4, (4.2.23) implies that

=gt
for n > i, and (4.2.24) implies that
4= EZﬁ—i
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for n > i+ s. Furthermore, for n > max{s, 1} we have

2n 2n+1 2n+2
En - E71+1 C E7‘L+1 :

Let

Choose m > max{ny, s} so that £2™ = ¢ and choose N > 2m so that

_ J
_Uei
j>i
fora/ <i<mandn> N, and

no__
Ei - z n+N U Ej—}-z n

j>s+n—i
forn—m <i<n-—V and n > N. By construction, (2) and (4) hold for a =b=m

We now prove (3). We claim that

Pt

)

forn > N and m < i < n — m. To see this, note that the claim is certainly true if
n = 2i, by definition of . We prove the claim for n # 2i; by symmetry, it suffices to

consider the case n > 2i. If n > 2¢, then

n n+(n—21) _ p2n—2
E < EH—(n 21) Lo

by (4.2.24), as i > s. This is equal to ¢, as n — i > m. On the other hand, we have

2m 2mA+(i—m) _ pmti
b= cenn —

by (4.2.24), as i > m > s. Further,

grce
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by (4.2.23), as n > m + ¢ > i. Thus we have

£ =t

1

as claimed.

It remains to show that (4.2.21) and (4.2.22) hold. Let s < j <m — 1. We have

N ~ pN+1
& C b
by (4.2.24),as j > s. Asj+1<m,
N+1 _ N
EHJE = Ej+1

by our choice of N. Thus €} C €} ,. Note that )} = €. Thus (4.2.21) holds. The

proof that (4.2.22) holds is symmetric. O
We return to the proof of Proposition 4.2.17. Our assumption that D is transverse
implies that the hypotheses of Sublemma 4.2.20 hold for 7, p, and K. They hold
also for I = 7., with ng = 1.
Let O = Ox,. For allm > 1 and @ € Z define ideals m} and € of O as in the
statement of Sublemma 4.2.20. By applying Sublemma 4.2.20 to the ideals 7, and

IC, we obtain integers a, b, and N and ideals £ and 0 of O so that if n > N then
e if i <qathen & =&Y and m? = m);
o if a <7 <n—bthen £ =& and m? =0;
eifi>n—>bthent?=¢Y  yandm!=m) ..

For fixed 4, by taking j > 0 we have €&, = O. Thus if i < a, by taking j > N we
obtain that

Neti ) )
mfvgﬁfvzéz +]2m],ENA:m].:mN

i vi—] i i
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so &Y = m¥. In particular,

is symmetric. Thus &Y = m¥ for all 4, and so € = m? for all i and for all n > N.

This precisely says that (4.2.19) holds, as we sought to prove. ]

Corollary 4.2.25. Suppose that the surface data
D= (X,L,0,AD,C,Q A N)
is quasi-transverse. Let T = T (D). Recall our convention (4.2.1) that

T(D) = P H(T,)=".

n>0

Let K be a graded ideal of T. Then there are a o-invariant ideal sheaf J on X and

an integer ng > 0 such that if n > ng, then
K,=H"JT,)"=H"JL,NT,)z"

Proof. By Lemma 4.2.7, the sequence of bimodules {(7;,),} is left and right ample.

Theorem 2.3.12 then implies that there is some graded ideal IC of 7 so that
K, = H'(IC,)2"

or

for n > 0. Note that 7,, and IC,, are globally generated for n > 0.
From the inclusion

TnKm g Kn—i—ma
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we obtain that

,];L (]Cm)an g ’Cn+m

for all n,m > 0. By Proposition 4.2.13, the right ideal K of 7 is generated by a

coherent Ox-submodule F. Therefore
(TFT),=(TK), =K,

for n > 0. That is, without loss of generality we may assume that IC is a two-sided
ideal of 7. Proposition 4.2.17 implies that there is a o-invariant ideal sheaf 7 on X

so that KC,, = J71,, = J L, N7, for n > 0. Thus
K,=HK,) =H"JT,) = H(JL,NT,)

for n > 0. OJ

4.3 Approximating birationally commutative surfaces in codimension 1

Let R be a birationally commutative projective surface with function field K, as

in Definition 4.1.1. We now turn to constructing surface data
D= (X,L,0,A4,D,C,Q A N)

that will correspond to R. The central problem is to find the correct surface X.
Fortunately, we have a place to start. The graded quotient ring of R is isomorphic
to K[z, 271 0], where o is a k-automorphism of K since R has GK-dimension 3, K
has transcendence degree 2. We say that o is geometric if there is a projective
surface X with K = k(X)) such that ¢ is induced by an automorphism of X. We
call such a pair (X, 0) a model for R. We note that not all automorphisms of fields
of transcendence degree 2 are geometric; for example, by [DF01, Remark 7.3], the

automorphism (z,y) — (z,zy) of C(z,y) is not geometric.
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Suppose that X and X’ are birationally equivalent surfaces; let o, respectively o”,
be an automorphism of X, respectively X’. We say that o and ¢’ are conjugate if
they induce (up to conjugacy) the same automorphism of k(X) = k(X’); that is, if
there is a birational map 7 : X’ — X so that w0’ = om as birational maps from X’
to X.

Rogalski and Stafford note that it is an easy consequence of the existence of
resolutions of singularities for surfaces (see [Lip69]) that any geometric automorphism
of a field of transcendence degree 2 is conjugate to an automorphism of a nonsingular

surface.

Lemma 4.3.1. ([RS06, Lemma 6.2]) If K is a field of transcendence degree 2 over
k and o € Auty(K) is a geometric automorphism of K, then there is a nonsingular
surface X with k(X) = K such that o is induced from an automorphism of X.
In particular, if a birationally commutative projective surface has a model, it has a

nonsingular model. [

A result of Rogalski ensures that in our situation, R has a model (X, o); results of
Artin and Van den Bergh then allow us to get precise information on the numerical
action of the automorphism o of X. Recall that two Cartier divisors D and D’ on
a projective scheme X are numerically equivalent (written D = D') if D.C' = D'.C’
for any irreducible curve C' on X. An automorphism o of X is numerically trivial
if oD = D for any Cartier divisor D on X. We will say that an o is quasi-trivial if
there is some integer » > 0 so that ¢” is numerically trivial.

If X is a projective scheme, we denote the group of Cartier divisors on X modulo

numerical equivalence by NS(X).

Theorem 4.3.2. (Rogalski, Artin-Van den Bergh) Let K/k be a finitely generated
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field extension where K has transcendence degree 2, and let o € Auty(K). Then
every locally finite N-graded domain R such that Qg (R) = K|z,27%; 0] has the same
GK-dimension d € {3,4,5,00}. Moreover, d € {3,5} if and only if o is geometric.
Further, d = 3 if and only if for any model (X, o) for R, the automorphism o is

quasi-trivial.

Proof. The first and second statements are [Rog07, Theorem 1.1]. Now suppose that
o is geometric, and let (X, o) be a model for R. Let P € O(NS(X)) be the matrix
giving the numeric action of ¢ on NS(X). By [Rog07, Theorem 7.1] and [Rog07,
Lemma 2.12], all eigenvalues of P have modulus 1; now by [AV90, Lemma 5.3], the
eigenvalues of P are all roots of unity. Let £ be an ample invertible sheaf on X.
Then [AV90, Theorem 1.7] implies that £ is o-ample, and that the GK-dimension
of B(X, L,o0), which is equal to d, is 3 if and only if o is quasi-trivial. The result

follows. L

As we have assumed that R has GK-dimension 3, Theorem 4.3.2 implies that
there is a model (X, o) for R. By Lemma 4.3.1, we may also, if we choose, assume
that X is nonsingular.

We begin be establishing notation for the geometric data determined by R. If X
is a projective variety and V' C K = k(X) is a finite-dimensional k-vector space, we
will denote the coherent subsheaf of the constant sheaf K on X generated by the
elements of V' by

V. Ox.

We note that any Veronese subring R*) of R has the same function field as R
and is also a birationally commutative projective surface; that is, R*) is noetherian

and of GK-dimension 3. Thus, by replacing R by an appropriate Veronese subring,
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we may assume that R; # 0.

Assumption-Notation 4.3.3. We assume that R is a birationally commutative
projective surface with Ry # 0. Let K be the function field of R and let (X, o) be a

model for R. Fiz z # 0 € Ry. For alln > 0, we define R, = (R,)- 2" C K, so that

R= @Enz” C Klz,2 % 0]

n>0

Let R,(X) =R, - Ox.

Example 4.3.4. Before beginning to work with our noncommutative ring R, suppose
for a moment that R = k[z,y, 2]. We know, of course, that R = B(P? O(1),1) =
B(P?,O(1)) and that P? = Proj R. However, we cannot construct the variety Proj R
directly using noncommutative techniques. Instead, we will construct the defining
data (P?,0(1)) from the graded pieces of R.

The function field of R is K = k(z/z,y/z). Consider the model X = P! x P!
for K, where we think of X as Proj of the bigraded ring ks, t][u,v]. We will let
s/t=x/zand u/v =y/z in K.

Let Ry = Rz~ € K. Then

sv tu tv

Ri={2.%1) = )

z tv o’ to
Let D = O(1,1) be the divisor on X defined by the equation tv = 0. On X, the

rational functions in R; correspond to sections of Ox (D), and they generate
Ry - Ox = Tjnojx1:0Ox (D).

We will modify X by blowing up the base locus of R;, considered as a vector space
of sections of D.
Let 7: X — X be the blowup of X at [1: 0] x [1:0]. Let E=a([1: 0] x[1:0])

be the exceptional locus of 7, and let Fy and F; be the strict transforms of [1 : 0] x P*
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and P! x [1 : 0] respectively. Then Fy, F, and E are the three (-1) curves on X, and

on X . Ry generates the invertible sheaf
L=Ri 05 =03(F+F+E)~Ip0z(n*D).

One may check that R and the section ring B ()ﬂ(/ , L) are isomorphic. However,
L is not ample. By the Nakai-Moishezon criterion [Har77, Theorem V.1.10], the
failure of ampleness of L is equivalent to the existence of an effective curve C so that
(F1 + F5 + E).C = 0. One checks that (F} + Fo + E).Fy = (Fy + Fo + E).Fy, = 0.
That is, the curves F; and F, are contracted by the morphism defined by the base
point free linear system Ry C H'(Og(F + F» + E)) on X. The image of X under

this morphism is, of course, P2, the “correct” model for R.

We now return to the setting of a noncommutative projective surface R. We

assume Assumption-Notation 4.3.3. It is immediate that the bimodule

n>0

is in fact a graded (Ox,o)-bimodule algebra, and of course R C H°(R(X)). While
ultimately we wish to understand R, our fundamental technique will be to approach
R by analyzing the bimodule algebra R(X) on a suitable model (X, o) for R; to
construct X, we will mimic the steps carried out in Example 4.3.4.

For all n > 0, let R,, = R, (X). We note immediately that we have
(4.3.5) RaR% C Rusm

for all n,m > 0. Since R is an affine k-algebra, there is some r > 1 such that for all

n > r we have:

(4.3.6) Ro=> RiRI .
=1
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We introduce some notation and terminology on divisors associated to finite-
dimensional spaces of rational functions; see [Laz04, Chapter 1] for a more detailed

discussion.

Definition 4.3.7. If X is a normal projective variety and f is a rational function on
X, we will denote its associated Weil divisor by divy(f). We note that if o € Aut X
and f € k(X), then divy(f°) = o~ 'divx(f). For any finite dimensional k-vector
space V C K, and for any normal projective model X for K, let DX(V) be the
minimal Weil divisor on X such that divx(f) + D > 0 for all f € V. That is,
Ox(DX(V)) is canonically isomorphic to the double dual (V - Ox)**.

Now suppose that X is an arbitrary projective variety and let K = k(X). Let D
be a Cartier divisor on X. Recall [Har77, p. 144] that to D is associated an invertible
subsheaf Ox (D) of the constant sheaf K on X. We will denote H°(Ox (D)) by |D;
this is the complete linear system associated to D.

Let V C K be a finite-dimensional k-vector space. Note that V' may be contained
in many complete linear systems. If V' C |D| for some Cartier divisor D, we define

the image of the natural map
V®Ox(—-D) — Ox

to be the base ideal of V' with respect to D. The closed subscheme of X that it
defines is called the base locus of V with respect to D. We write it Bs?(V). If
(V- Ox)*™ is an invertible sheaf, then it corresponds to an effective Cartier divisor
D with V C |D|. This is the minimal such D, and in this situation we refer to the
base ideal (respectively base locus) of V' with respect to D simply as the base ideal
of V' (respectively, the base locus of V). We write the base locus of V' as Bs(V).

If the base locus of the complete linear system |D| is empty, we say that D and
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|D| are base point free. A divisor D is base point free if and only if the sheaf Ox (D)

is globally generated.

If X is nonsingular or X is normal and DX (V') is Cartier, then the base ideal and
base locus of V' are always defined. Note that if either of these holds, then the base

locus of V' must have codimension at least 2.

Lemma 4.3.8. Let X be a normal surface and let K = k(X). Let o0 € Aut X, and
let V.W C K be finite-dimensional k-vector spaces.
(1) DX(VW) = DX(V) + DX(W).

(2) For every n, DX(V") = o~ (DX (V).
Proof. (1) For any f € V and g € W, we have

divx(fg) + D*(V) + DX(W) = divx(f) + divx(g9) + D*(V) + DX (W) > 0,
and so
(4.3.9) DX(V) 4+ DX(W) > DX (VWV).

Now fix f € V. Since for any g € W, we have DX (VW) + divx(f) + divx(g) > 0,
we see that DX (VW) + divy(f) > DX (W). As this holds for any f € V, we obtain

that
(4.3.10) DX (VW) — DX(W) > DX(V).

Combining (4.3.9) and (4.3.10), we have proved (1).

(2) is a consequence of the equality divy(f?) = o divy(f). ]

We introduce some more notation for data associated to R,,, in the situation that

we are working on a normal model for R.
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Assumption-Notation 4.3.11. Assume that R is a birationally commutative pro-
jective surface with Ry # 0. Let K be the function field of R and let (X, 0) be a nor-
mal model for R. Fizz #0 € Ry. Let R,=R, 27" and let R,, = Rn(X) = R,-Ox
for allmn > 0.

For allm >0, let D,, = DX(R,). If n <0, let D,, = 0. If D, is Cartier for all
n > 1 (for example, if X is nonsingular), then for n > 1 we further let Z,, be the

base ideal of R,, and let W,, be the base locus of R,,.

The following purely combinatorial lemma is a restatement of results of Artin and

Stafford on the combinatorics of divisors on smooth curves.

Lemma 4.3.12. (Artin-Stafford) Let A = Z/(k) for some k € Z (possibly k = 0).
Let M be the free abelian group on the generating set {P;|i € A}; define a partial
order > on M by saying that E > 0 if E =) n;P; where n; > 0 for all i. Define an
automorphism o of M by o(P;) = Piyq.

Suppose there is a sequence of elements {E; | i € Z} in M satisfying:

(i) B; >0 for alli >0, and E; =0 if i < 0.

(ii) There exists an integer r such that

E, = S{ip(Ez + O-_iEn—i)
i=1

foralln > 1.

Then:

(1) If k=0, so A =17, there is an element ¥ > 0 € M and an integer t > 0 such
that

Epin=E,+0o ™E,)+c "™(¥)

for all m,n > t.

(2) If k =1, then there is an integer { so that E,y = nEy for alln > 1.
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Proof. (1) is [AS95, Corollary 2.12]. (2) is [AS95, Lemma 2.7]. O

Lemma 4.3.13. Assume Assumption-Notation 4.3.11. Then there are Weil divisors

0< Q<D on X and an integer k > 1 such that for all n > 1 we have

(4.3.14) Dpn=D+o*D+... 4 o7*UD

and so that no irreducible component of 2 is fized by any power of o. Furthermore,
(4.3.15) Diymyk = Dyg + 07 (D) + 0™ ()

for alln,m > 1.

Proof. We note that it suffices to prove the lemma for a Veronese subring of R; it
then holds for R by changing k& and D.

We claim that for all n,m > 0 we have
(4.3.16) Dy >Dp+0 "Dy,
and that there is » > 1 such that for all n > 1, we have

(4.3.17) D, = stip <Di + a*i(Dn_i))

i=1
To see this, fix m,n > 0. Let D' = D¥(R,(R,,)""). By Lemma 4.3.8, D' =
DX(R,) + o "DX(R,,). Because En(ﬁf) C Rnim, we have that D,,,, > D’. This
gives (4.3.16). Because 1 € Ry, we have D,,; > D, for all n. Let r > 1 be such that
for all n > r, we have R, = >_._, R;R,,—;. Then (4.3.17) follows.
Let WDiv(X) denote the group of Weil divisors on X. Equation 4.3.17 implies
that there are only finitely many o-orbits of prime divisors in WDiv(X) on which
some D, is nonzero. In particular, there are only finitely many such o-orbits that are

finite. Thus for some ¢, each a*-orbit of WDiv(X) on which some D, is nonzero is
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either infinite or consists of one point. Without loss of generality, we may replace R by
R® and assume that all curves of finite order that appear in some D,, are o-invariant.
Note that R® is still a birationally commutative surface, and, in particular, is finitely
generated.

Let E € WDiv(X) be a o-invariant irreducible curve such that some D, > E.
There are only finitely many such E. Let E,, = D,|p. Equations 4.3.16 and 4.3.17
imply that {£,} satisfies the hypotheses of Lemma 4.3.12, with & = 1. Thus, by

Lemma 4.3.12(2), there is an integer m > 1 such that for all n > 1, we have
Dymle = n(DnlE).
If E € WDiv(X) is of finite order under ¢ but not o-invariant, then
Dymle =0=n(Dn|r)
for all m. Thus, by replacing R by R'™, we may assume that
Dy|p = n(Dilp)

for all irreducible curves E that are of finite order under o.

Let {P!,..., P} be irreducible generators of the finitely many distinct infinite
o-orbits in WDiv(X) on which some D, is nonzero. Fix 1 < i < s, and let M be
the subgroup of WDiv(X) generated by {o™(P")},ez. Let E, = D,|y. As before,
{E,} satisfies the hypotheses of Lemma 4.3.12. Thus there exist ¢ and ¥ as in
the statement of Lemma 4.3.12(1). By varying 4, we obtain integers ¢!, ... ¢* and
divisors W' ... WU with ¥ supported on {6"P'},cz. Let k = max{t'} and let
Q= Ul 4 ...+ W% By construction, ) contains no components of finite order under

o, and

(4.3.18) Duin = D + 07™(Dy) + 0™(9)
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for all n,m > k. Define D = D + Q. Note that (4.3.15) holds for all n,m > 1.
We claim that (4.3.14) holds for all n > 1. The claim is true for n = 1; assume it

holds for n — 1. By (4.3.18),
D}m = Dk(n—l) + O’ik(nil)(D]J + Uﬁk(nil)“}).

This is equal to

(D+07 D)+ +0F(D) - Q) + o ¥ (D — Q) + o FD(Q)

by induction. O

Definition 4.3.19. Assume Assumption-Notation 4.3.3; in particular, fix 0 # z €
R;. Let (X,0) be a normal model for R. Let D, = DX(R,). If there are effective
Weil divisors D and © on X and an integer k so that (4.3.14) and (4.3.15) hold for
all n,m > 0, we follow the terminology of [AS95] and say that Q is a gap divisor for
R on X associated to z (or more briefly a gap divisor for R on X), and that D is a

coordinate divisor for R on X (associated to z).

Note that €2 is a gap divisor for R associated to z if and only if it is a gap divisor
associated to 2" for some R™. We note that this gap divisor is unique (at least up

to choice of z).

Lemma 4.3.20. Assume Assumption-Notation 4.3.11. For a fived z # 0 € Ry, there

15 exactly one Weil divisor €2 that is a gap divisor for R associated to z.

Proof. By Lemma 4.3.13, there is a gap divisor 2 for R on X associated to z. Suppose

that there are Weil divisors 2 and €’ so that for some k, k' > 1 we have

Dk(ner) — Dy — U_kn(ka) = U_kn(Q)
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and
Dk’(n—l—m) — Dk’n — O_—k/n(Dk/m) — O__k/n(Q/)
for all n,m > 1. Then
o™ (Q) = Do — Dy — 0™ (Dpy) = o7 *5(Q).

Thus Q = V. ]

Initially, it will be more convenient to work on a nonsingular model for R. By
Lemma 4.3.13 and Theorem 4.3.2, we may replace R by a Veronese subring to assume

without loss of generality that we are in the following situation:

Assumption-Notation 4.3.21. Assume that R is a birationally commutative pro-
jective surface with Ry # 0. Let K be the function field of R and assume that there
is a nonsingular model (X, o) for R so that o is numerically trivial. As usual, we
will identify Weil and Cartier divisors. Fiz z # 0 € Ry. Let R, = Ry, - 2" and let
Ry =Rn(X) =R, -Ox for alln > 0. For alln >0, let D, = DX(R,). Ifn <0,
let D,, = 0. Let T,, be the base ideal of R, and let W,, be the base locus of R,,.

Further assume that there are a gap divisor ) and a coordinate divisor D asso-
ciated to z so that (4.3.14) and (4.3.15) hold with k = 1 for all n > 1, and that
QN o*Q is finite for all k # 0.

Let £L = Ox (D). Recall that L, = L L7 @ --- @ L7 . Forn >0, let
A,=D+---+o VD,

so L, = Ox(A,).

Our assumptions imply that
Ry =Z1.IoL, =T, (A, — Q)

foralln > 1.



143

We note that if Assumption-Notation 4.3.21 holds for R, then it holds for any
Veronese R™ of R, by replacing o by ¢”. (The effect of this change is to also replace
D by A,.) Also note that in the setting of Assumption-Notation 4.3.21, we may
regard R as a subring of B(X,L,0) = @ H°(L,)z", even if L is not ample or o-
ample. That is, elements of R, correspond to global sections of £,,. We will make

this identification throughout the rest of the chapter.
4.4 Points of finite order

The model X that we chose was picked quite arbitrarily, and in general we cannot
expect that X is the space to which R is actually associated. Thus in the rest of this

chapter, we will work to gradually modify X and to construct the other data that

will define the ring R. In this section, we will show that we can modify X to remove

any points of finite order in the the base loci of the rational functions R,,.

Lemma 4.4.1. Assume Assumption-Notation 4.3.21. Then there is a finite set V

so that W, is supported on VU ---a~""D(V) for allm > 1. In fact, we may take
(4.4.2) V=W, UWU (e 'QNo%Q).

Proof. Recall that 7, is the base ideal of the vector space R,, of rational functions.

For all m,n > 0, the equation

IQInIganGn ['n+m = Rannn - Rner = IQIn+m£n+m

gives a set-theoretic containment
(4.4.3) Wiim CW,Ua (W) Ua ().

Define V as in (4.4.2). As 07 'Q N o~2Q is finite by assumption, V is finite.
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Assume that for all j < n, we have W; CV U---Uo~U=Y(V). By construction,

this is true for n = 1,2. For n > 2, (4.4.3) gives that
Wpt € (WiUe "W, U 'Q)n (WaU o 2W,_, Uo 2Q).
By induction, we therefore have
Wy CVU--- U™V U(e ' QNo2Q)=VU---Us "V,

]

We give an elementary lemma on how base ideals transform under birational

morphisms of projective varieties.

Lemma 4.4.4. Let 7 : X' — X be a birational morphism of projective varieties, and
let D be an effective (Cartier) divisor on X. Let V C |D|. Then the base ideal of V
on X' with respect to m*D 1is the expansion to X' of the base ideal of V' on X with
respect to D. If X and X' are normal, DX (V) is Cartier, and the indeterminacy

1

locus of m=* consists of smooth points of X, then

DX (V) - DX (V)
is effective and supported on the exceptional locus of .

Proof. Note that the elements of V' are also elements of the linear system |7*D|. Let

7 be the base ideal of V' with respect to D; this is the image of the natural map
V X Ox(—D) — Ox.

Let J be the base ideal of V on X’ with respect to 7#*D; that is, the image of the
natural map

V® OX/(—W*D) — Oxr.
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Now, if we pull back the surjection
V®Ox(-D) -1
to X', we obtain, by right exactness of pullbacks, a surjection
V& Ox/(—7"D) —» n*T.
Composing this with the natural map from 7*Z — 7*Ox = Ox-, we obtain the map
V®Ox/(—7"D) — Ox:

defining J. The image of 7*Z in O is precisely ZOx; that is, J is the expansion
of 7 to Ox.

Suppose now that X and X’ are normal, DX (V) is Cartier, and the indeterminacy
locus of 7! consists of smooth points of X. Let F' = DX(V), and let Z be the base

ideal of V' on X. Then by the above,
V. OX/ = IOX/(TF*F),

and so DX (V) = 7*F — C for some effective Weil divisor C' contained in the sub-
scheme of X’ defined by ZOy,. Thus C is supported on the exceptional locus of

. L]

Suppose now that X is a surface and o € Aut(X). Let Z = {p,a(p),...,0" 1 (p)}

be a finite o-orbit in X. We record an easy result on automorphisms of blowups.

Lemma 4.4.5. Let X be a smooth surface, let 0 € Aut(X) and let Z C X be a
finite (reduced) o-orbit. Let w: X' — X be the blowup of X at Z. Then o lifts to an

automorphism o' of X'.
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Proof. Let T = 75 be the ideal sheaf defining Z. As Z is o-invariant, we have Z7° = 7
and so ¢ induces an automorphism of Z. It therefore induces an automorphism of

the blowup of X at Z; see [Har77, p. 163]. By construction, we have 7o’ = om. [

We now begin the process of modifying X to remove points of finite order from
the base loci W,,. We will do this through a series of blowups at finite orbits, and

we begin by studying the effect of blowing up on the gap divisor €2.

Lemma 4.4.6. Assume Assumption-Notation 4.3.21; in particular, fix 0 # z € Ry,
which we will use to calculate gap divisors, and let ) be the gap divisor of R on X.

(1) Let 7 : X — X be the blowup of X at a finite o-orbit. Then the gap divisor
of R on X s the strict transform of €).

(2) There are a nonsingular projective surface X' and a birational morphism 7 :
X' — X so that there is an automorphism o' of X' with wo' = om, and so that
the gap divisor of R on X' contains no points of finite order under o'. That is,
by changing our smooth model X, without loss of generality we may assume that §2

contains no points of finite order.
Proof. (1) By assumption,
(4.4.7) D,+0c "D, +0"Q=D,im

for all n,m > 1. For alln > 1, let F,, = D)?(_Rn); let 7, be the base ideal of R,, on

X, so

By [Har77, Proposition V.3.1], X is nonsingular. Let ¢ be the automorphism of X
that is conjugate to o, given by Lemma 4.4.5. By Lemma 4.3.13, let Q be the gap

divisor of R on X. All components of Q are of infinite order under o, and there is
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some k > 1 so that
(4.4.8) F 4G ™ Fpe + 5™ = Fropmi

for all n,m > 1.
Foralln >0, let £, = n*D,, — F,,. By Lemma 4.4.4, E,, is effective and supported

on the exceptional locus of 7. Pulling back (4.4.7) to X, we obtain that
T Dy + 0 (7" D) + 0" (77Q) = 7 (D)

for all n,m > 1. Comparing this to (4.4.8), we see that
B+ 7 " (By) + 5 ™ (1°Q = Q) = By

for all n,m > 1. Thus 7*Q) — Q is supported on the exceptional locus of 7. All its
components are thus of finite order under 7; as Q contains no components of finite
order under o, we see that Q is the strict transform of Q.

(2) Suppose that 2 contains a point p of finite order, and let 7 : X — X be the
blowup of X at the orbit of p. Let ¢ be the automorphism of X conjugate to o. Let
Q be the gap divisor of R on X. By (1), Q) is the strict transform of €.

Note that & is quasi-trivial. Thus we may choose k so that ¢* is numerically

trivial. By assumption, QN &*Q is finite. Then we have:

(4.4.9) 02 > (Q)% = Q.5%Q) > 0.

If Q contains any points of finite order, we may repeat this process and reduce
()2 further. Since (4.4.9) shows that the gap divisor always has non-negative self-

intersection, this process must terminate after finitely many steps. That is, after

finitely many steps we must obtain a gap divisor containing no points of finite order.

O
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We are ready to prove that there is some model of R on which the base loci of all
R, consist of points of infinite order. Before doing so, we recall some terminology
from commutative algebra. Let (S, M) be a regular local ring of dimension 2, and let
I be an M-primary ideal of S. Recall [Eis95, Section 12.1] that the Hilbert-Samuel

function of S with respect to I is defined as
Hy(n) =len "/I"t.

Recall further [Eis95, Exercise 12.6] that the multiplicity of I, written e(1), is defined
as

e(I) = (2 =2!) x (the leading coefficient of Hy).

This is a positive integer that may be defined more geometrically as follows: let
a,b € I be a regular sequence. Then e(I) is the intersection multiplicity of two
general members of the ideal aS + bS.

Now let X be a nonsingular surface and let Z be a 0-dimensional subscheme of
X. We define the multiplicity e(Z) of Z to be the sum of the multiplicities of the
defining ideal of Z at all points in Supp(Z). By definition, e(Z) > 0, and e(Z) = 0
if and only if Z = (). Let p € Z and let 7 : X’ — X be the blowup of X at p; let
7" C X' be the strict transform of Z. The identification of e(Z) with an intersection

multiplicity shows that e(Z’) is strictly less than e(Z).

Proposition 4.4.10. Let R be a birationally commutative surface with Ry # 0.
There is a smooth model (X, ) for some Veronese R™ of R such that o is numeri-
cally trivial, the gap divisor of R") on X contains no points of finite order, and so

that for alln > 1 the base locus of R, on X is supported on points of infinite order.

Proof. Choose a smooth model (X, o) for R. By Lemma 4.3.13, by replacing R by

a Veronese subring, we may assume that we are in the situation of Assumption-
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Notation 4.3.21. By Lemma 4.4.6, by changing X and possibly replacing R by a
further Veronese (to ensure that Assumption-Notation 4.3.21 still holds), we may
further assume that €} contains no points of finite order.

Let M be such that R and R = R(X) are generated in degrees < M. If there is
some 1 < ¢ < M such that W; contains a point p of finite order under o, replace X by
the blowup of X at the orbit of p. As e(W;) is reduced each time, continuing finitely
many times, we may assume that there is a surface X with a morphism 7 : XX
and an automorphism ¢ of )Af, conjugate to o, so that for ¢ = 1... M the base locus
of R; on X contains no points of finite order.

For all n > 1, let F,, = D)?(Rl), and let 7, = R,(X)(—F,) be the base ideal of
R, on X. We caution that (4.3.14) and (4.3.15) may not hold for the F, with k = 1,
although they do, of course, hold for some k. On the other hand, D, = A, — € for
all n > 1. By Lemma 4.4.4, for all n > 1 the divisor E, = 7*D,, — F,, is effective
and supported on the exceptional locus of 7. In particular, all components of any
E,, are of finite order under o. Note that as the indeterminacy locus of 7=! consists
of points of finite order, it is disjoint from . Thus, 7*Q N E, = @ for all n. By
Lemma 4.4.6(1), the gap divisor of R on X is equal to 7*Q) and contains no points
of finite order under o.

The bimodule algebra R(X) on X is still generated in degrees < M. That is,
(4.4.11) Ru(X) =D RiUX)Ruei(X)7 = Ru(X)
for all n > M. As

Ro(X) = Tu(F,) = O3 (—1*Q — B, + 1*A,)
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for all n > 1, we may rewrite (4.4.11) as
TnOz(—m*Q — E, +1°A,) =
M —
Y FO0g (7 Q= B+ 1A - 7056~ Q= By + 77 AL ))
i=1
for all n > M. Since m*A,, = 7*A; + ¢ '7*A,,_;, this may be rewritten as
M —
(4.4.12) TJoTe, = J0x(—Ey) =Y JiJ7 Ox(—E; — & By + 7°Q)).
i=1

for all n > M.

For all n, let IC,, be the minimal ideal sheaf on X that contains Jn and is cosup-
ported at points on the exceptional locus of m; this exists because 7, is coartinian.
Now, o~ (7*Q) is disjoint from the exceptional locus of 7. This means that by

restricting (4.4.12) to the exceptional locus of 7, we obtain that
KinZp, =Y KK ,Ox(-E -6 'E,) =Y KK IpTIj, |
i=1 i=1

for all n > M.
For all n, let K., be the minimal ideal sheaf on X containing /C,, and cosupported
at points of finite order. Now, there is some £ so that the ideal sheaf Zz]\il T EiIg;_Z_

is o*-invariant, as all F; are of finite order under . This implies that
M . .
KnZp, =Y KK IpI,
i=1

for all n > M. But for 1 < i < M, the base locus of R; on X contains no points of

finite order, and so Ki=0 - Thus

7

M

(4.4.13) KiZp, =Y K5 IpIf,
i=1

for n > M. Let ¢ be such that &° fixes all irreducible exceptional curves and so all

components of Ej,..., Ey. Then (4.4.13) and an easy induction imply that for all

~

n, K, is o'-invariant.
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Let S be the graded (O, d"%)-bimodule algebra defined by
S = EP(Su)sn,
n>0

where

~

Sn = Knilg,,.

As all S, are ¢'-invariant, S is a commutative bimodule algebra; that is, S is a sheaf
of (commutative) graded algebras on X. Now, as R is noetherian, R(X)® is finitely

generated. Thus there is N > 1 so that

N

Rue(X) = ZRM()?)R@#)@()?)&M
i=1
for all n > N. Restricting to the exceptional locus of 7 and to finite orbits, we obtain

that
N ' N
So=Y 88 =388
=1 =1

for all n > N, and so S is finitely generated.

Let Uy, ...,U, be a finite affine cover of X. As is well-known (see [Bou98, Sec-
tion II1.1.3, Proposition 3]), for each 1 < j < n there is some e; so that the graded
ring S(U;) is generated by S.,(U;) and Ox(U;). Let e = e; - - -e,. Then all S©(U;)
are generated in degree 1, so S(© is generated in degree 1.

That is,

’CnZeIEnge = Sne = <Se)n = (KEGIEZE)H

for all n > 1. As Ky is o-invariant, we may resolve it by a sequence of point blowups
at finite g-orbits. We obtain a nonsingular surface X’ with a birational morphism
7 : X' — X so that ¢ is conjugate to an automorphism ¢’ of X’ and so that the
expansion of I@ge to X’ is invertible. Thus the expansion of /ane to X' is invertible

for allm > 1.
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Recall that 7, is the base ideal of R,, on X. For all n, there is an ideal sheaf C,
so that

~

Necessarily, C, is cosupported at points of infinite order. Let Z, be the subscheme of
X defined by C,. Lemma 4.4.4 implies that the base locus of Rz on X' is 71 (Zpe),
as the expansion of I@nge to X’ is invertible. This contains no points of finite order
for any n > 1. By Lemma 4.4.6, the gap divisor of R on X’ contains no points of

finite order under o’. ]

We will be considering the rational maps to projective space defined by the rational
functions in R, and |A,|. We record here the elementary result that these are

birational onto their image for n > 0.

Lemma 4.4.14. Let R be a birationally commutative projective surface with function
field K. Assume that Ry # 0 and fizr 0 # z € Ry. For some n, the rational functions

in R, generate K as a field and so induce a birational map of X onto its image.

Proof. Let fi,..., fr be rational functions that generate K. For each ¢, there are
homogeneous elements a;, b; of some R, so that f; = a;b; ! By putting all the f;
over a common denominator, we may assume that there are some c¢y,...,c,, b € R,

with f; = ¢;b=! for all 4. Thus R, generates the field K. []

By Proposition 4.4.10 and Lemma 4.4.14, we may pass to a further Veronese

subring to strengthen our assumptions on R.

Assumption-Notation 4.4.15. Assume that R is a birationally commutative pro-
jective surface with function field K so that Ry # 0. Fiz 0 # z € Ry, and define

R, = R,z™". Assume that R, generates K as a field.
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Assume also that there is a nonsingular model (X, o) for R so that o is numerically
trivial. Define R, (X), Dy, Z,, and W,, as in Assumption-Notation 4.3.11. Further
assume that there are a gap divisor €2 and a coordinate divisor D associated to z so
that (4.3.14) and (4.3.15) hold with k = 1 for all n,m > 1, and that QN co*Q) is finite
for all k # 0. We further assume that Q and all W,, are disjoint from finite o-orbits.

We continue to define A, = D +---+ 0~ ""YD and L = Ox(D).

We remark that if Assumption-Notation 4.4.15 holds for R, it holds for any

Veronese R*®) of R, by replacing o by o and D by Ay.

4.5 An ample model for R

Let (X, 0) be a normal model for R. If a coordinate divisor of R on X is o-ample,
we refer to X or to the pair (X, o) as an ample model for R. The goal of this section
is to show that an ample model for R exists.

We begin by giving the o-twisted versions of some results about big and nef

divisors. Recall that a divisor D on a projective surface X is big if
h(Ox(nD)) = dim H°(Ox(nD))

grows as O(n?), and D is nefif D.C > 0 for any curve C on X. We refer the reader
to [Laz04] for the basic properties of big and nef divisors.

Recall also that we denote linear equivalence of divisors by ~ and numerical
equivalence by =. If D is a divisor on X and m > 1,let A,, = D+ 0o 'D +--- +

o~ (m=1D.

Definition 4.5.1. Let ¢ be a quasi-trivial automorphism of the projective surface

X. We say that a divisor D is o-big if h°(Ox(A,,)) grows at least as O(n?).
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We note that for any normal model (X, o) for R, if D is a coordinate divisor for

R on X, then D is o-big by assumption on the GK-dimension of R.

Lemma 4.5.2. (Kodaira’s Lemma; cf. [Laz04, Proposition 2.2.6]) Let o be a quasi-
trivial automorphism of a smooth projective surface X, and let D be a o-big divisor

on X. Let F be an effective divisor on X. Then H°(Ox(A,, — F)) # 0 for all

sufficiently large m.

Proof. We consider the exact sequence
0 — HAOx (A = F)) = H(Ox(An)) * H(Op(A)).

By Theorem 2.5.3, there are constants n and ¢ such that if F is a divisor on X
with E.F > n, then h°(Op(F)) = F.E + c¢. Since o is quasi-trivial, A,,.F grows
no faster than O(m), and thus h°(Or(A,,)) grows no faster than O(m). Since D
is o-big, for m > 0 we have that h°(Ox(A,,)) > h°(Or(A,,)) and therefore the
map ¢, : H*(Ox(A,,)) — H°(Op(A,,)) must have a kernel. This gives a section of

Ox(A,, — F). O

Corollary 4.5.3. (cf. [Laz04, Corollary 2.2.7]) Let o be a quasi-trivial automorphism
of the smooth projective surface X, and let D be a o-big divisor on X. Let A be an
ample divisor on X. Then there is some m > 0 and some effective divisor N on X

such that A\, ~ A+ N.

Proof. Choose r such that (r + 1)A and rA are both effective. Using Lemma 4.5.2,
choose m such that H%(Ox(A,, — (r +1)A)) # 0. Thus there is some effective N’
with

Ay, —(r+1)A~ N
That is, A, ~ A+ (rA+ N’). Since rA and N’ are both effective, the theorem is

proved for N =rA + N'. O
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Lemma 4.5.4. (Wilson’s Theorem; cf. [Laz04, Theorem 2.3.9]) Let o be a quasi-
trivial automorphism of the smooth projective surface X, and let D be a o-big and
nef divisor on X. Then there are an effective divisor N and an integer mg > 0 such

that for every m > myq, both A,, — N and A, — o~ ™"™0)(N) are base point free.

Proof. By Theorem 2.5.1, there is a very ample divisor B such that H*(Ox(B+P)) =
0 for all nef P and for all # > 1. Note that the same property holds for all ¢"B.
Corollary 4.5.3 implies that there is some my > 0 so that A,,, ~ 3B + N for N

effective. Then for m > my,
Ay — N ~3B+0 ™A e

As D is nef, all ¢'D are also nef. Nef divisors form a cone, so 0=™A,,_,,, is nef.
Thus

A, — N ~ B+ 2B + nef.

Our assumption on B implies that
H'(Ox(A,,— N —iB))=0

for ¢+ = 1,2. That is, A,, — N is O-regular with respect to B (in the sense of
Section 2.5), and so by Theorem 2.5.2, Ox(A,, — N) is globally generated.
Similarly,

Ay — o MMON AL+ 3o~ (MMl B

and so H'(Ox (A, — o~ Mm=m) N — jg=(m=mo)B)) = () for i = 1,2. That is, A, —
o~ (m=m0) N is O-regular with respect to the very ample divisor o=~ B. Applying

Theorem 2.5.2 again, we have that Ox (A, — o~ (M~ N) is globally generated. [

Lemma 4.5.5. Assume Assumption-Notation 4.4.15, so D is the coordinate divisor

of R on X and o is numerically trivial. Then A, is big and nef for alln > 1.
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Proof. 1t is enough to show that D is big and nef. Suppose that D is not nef. Then
there is some effective curve C' such that C.D < 0. For n > 0 we have (A, —Q).C =
nD.C' — Q.C' < 0. This implies that if I' ~ A,, — € is effective, then C' < T'; that is,
C is contained in the base locus of |A, —Q|. But Bs(|A, —Q]) € Bs(R,) = W,,, and
this is 0-dimensional. Thus D is nef.

By assumption on R, we know that D is o-big. By Corollary 4.5.3 we have that
some A, ~ A+ F for some ample A and some effective F'. Thus A, is big by
[Laz04, Corollary 2.2.7]. Since o is numerically trivial and bigness is numeric [Laz04,

Corollary 2.2.8], we see that nD and therefore D are big. O

Theorem 4.5.6. Assume Assumption-Notation 4.4.15. Then there is some k so

that A, is base point free for n > 0.

We note that if R is commutative (so 2 = 0 and o = Idx), then this follows from
Zariski’s result [Zar62, Theorem 6.2] that if £ is a line bundle on a projective variety

with a O-dimensional base locus, then some tensor power of L is globally generated.

Proof. For all n, let Z, = Bs(]A,|). We want to show that for some k, Z,, = 0 for
n > 0.

We first show that 7, is 0-dimensional for n > 0. Let C,, be the 1-dimensional
component of Z,. The coordinate divisor D is o-big by assumption, and nef by
Lemma 4.5.5. By Lemma 4.5.4, we know that there is some effective N such that
for all m > 0, both A,, — N and A,, — o~ (™ ™) N are base point free. Thus
Cn, € NNo™ ™ N for all m > 0, and so for all m > 0, C,, is a union of components

of N that are of finite order under o. Now,

Cm € Bs(|An]) € QUBs(|A, — Q).
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As Bs(|A,, — Q) € Bs(R,,) = W, is 0-dimensional, we also have that C,, < Q. Since
() has no components of finite order, C,, = 0 for m > 0.

By passing to a Veronese subring, and replacing D by some A; and ¢ by o, we
may assume that Z,, is O-dimensional for all n > 1. Let ¢ = ¢ p| be the rational map
from X to some PV defined by the complete linear system |D|. Let Y be the closure
of ¢(X); we will abuse notation and refer to ¢ as a rational map from X to Y. Note
that ¢ is birational by assumption, as Ry C H°(Ox (D)) generates K.

By blowing up the finite base locus of |D|, we obtain a surface X’ and a diagram

of birational maps

such that m and ¢’ are morphisms. Let C' be a reduced and irreducible hyperplane
section of Y that avoids the finitely many points with positive-dimensional preimage
in X or X’ and does not contain any component of the singular locus of Y. Such
C exist by Bertini’s theorem and [Har77, Remark I11.7.9.1]. Then n(¢')~*(C) = D’
is a reduced and irreducible curve that is linearly equivalent to D. Without loss of
generality, we may replace D by D’ and assume that D is reduced and irreducible.
We will show that Ox(4,,) is globally generated for all m > 0. The proof is
based on repeated applications of the following long exact cohomology sequence. Let
B be an effective divisor on X and let A and A’ be divisors such that A’ ~ A — B.

Then the exact sequence
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induces a long exact cohomology sequence

(45.7) 0 — HY(Ox(A')) — H'(Ox(A)) — H(Op(A))

— H'(Ox(A)) — H'(Ox(A)) — H'(O5(A)).
In particular, for all m > 0 there are homomorphisms
HY(Ox (07 (An))) = H (Ox(Api1)) — H' (Op(Ami1))-

Now D is irreducible and D.A,, = mD?, as ¢ is numerically trivial. Since D is big
and nef, D? > 0 by [Laz04, Theorem 2.2.16]. Applying Theorem 2.5.3, there is an
integer mg such that if m > mg, then H'(Op(A,,)) = 0. Thus if m > my we have
that h'(Ox(A,,)) = M(Ox(07tA)) > M(Ox(Any1)). Therefore, there are some

my > mg and some non-negative integer a such that if m > m;, we have that
hl(OX(Am)) =q.

Applying Theorem 2.5.3 again, we see that by possibly increasing m; further, we
may also assume that if H is any divisor on X with D.H > m;D?, then for any j,
O,ip(H) is globally generated and H*(O,;p(H)) = 0.

Suppose that m > 2m;. We claim that Ox(A,,) is globally generated; that is,
Bs(|A,,.|) = 0. Since Bs(|A,,|) € DUo™(D)U---Us~(mY(D), it is enough to show
that Ox(A,,) is globally generated at every point in ¢~%(D) for i =0...m — 1.

We claim that for any such i, we have that
(4.5.8) R (Ox(A,, — o (D)) = a.

We will do the case when m = 2m/ for m’ > my and i < m' — 1; similar arguments

work for other choices for m and i. For j =0...4, let

C; =7, —0 (D)—---—0o (D).
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Define Cjy1 = A,,. Thus for j = 0...4, we have C; = Cj4; — o (D). For all
j = 0...4, we have Cj4; > o™ A,,. Thus ¢7D - Ciy1 > mi1D? and so by the
choice of m; we have that H'(O,-ip(Cj11)) = 0. Thus the long exact cohomology

sequence (4.5.7) gives an exact sequence
H'(Ox(C;)) — B (Ox(Cy11)) — H(Op1p(Cyin)) = 0.
We obtain that
W' (Ox(Cy)) = h'(Ox(Ch)) = -+ = hH(Ox(Ch)) = Kl (An) = a.

Since Cy = A, — Ay = o~ F(A,, ;1) and m — i — 1 > m/ > my, we have that
h1(Ox(Cy)) = a; so h1(Ox(C;)) = a. The claim (4.5.8) is proved.
Now let 0 < i < m — 1 be arbitrary. As a special case of (4.5.7), we obtain the

long exact sequence
0 — H(Ox (A — 07 (D)) = HY(Ox(An)) 5 HAOp-s(0) (M) —
H'(Ox(Am = 07'(D))) = H'(Ox(An)) = H (O-i(p)(An))-
By assumption on m, we have H'(O,-ip(A,,)) = 0, and we have seen that
W (Ox(Am — 07! (D))) = h'(Ox(An)) = a.

Thus the map

¢ H'(Ox(An)) — HY(O,-ipy(A))

is surjective. Since we have taken m sufficiently large so that O,—i(py(A,) is globally
generated, Bs(]A,,|) must be disjoint from ¢~(D). Since this holds for all i, we see

that |A,,| is base point free. O

We are almost ready to construct the ample model for R. We first prove two

lemmas about birational maps.
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Lemma 4.5.9. Let D be a Cartier divisor on a normal projective variety X and let
V C |D| be a subspace of dimension d > 2. Let ¢ = ¢y be the rational map to P41
defined by V', and let T be an irreducible curve on X that is disjoint from the base
locus of V' with respect to D. Then ¢ contracts ' if and only if D -T' = 0. Further,

if ¢ contracts T', then for any v € V', either v never vanishes on T' or v|p = 0.

Proof. Suppose that ¢ contracts I' to a point. By making a linear change of coordi-
nates, without loss of generality we may assume that ¢(I') = [1 : 0:---: 0]. This
is the same as choosing a basis {vy,...,v4} of V such that vi|r is never 0 and that
vi|r = 0 for all ¢ > 2. In particular, the divisor of zeroes of v; is disjoint from I' and
so D.I' = 0.

Conversely, suppose that D.I' = 0. Then choose z,y € I"and v € V. If v(z) # 0
but v(y) = 0 then we have that I".D > 0; thus v vanishes at some point of I' if and
only if v|p = 0. Now, since I' does not meet Bs”(V'), there is some v € V such that
v(z) # 0. We may choose a basis {v,vy...,v4} for V' such that v;(z) = 0 for all

i > 2. By the above, in these coordinates ¢(I') = [1:0:---:0]. O

We obtain as a corollary that any curve I' such that I'.'A,, = 0 must be disjoint

from the gap divisor ) and from the base loci W,,.

Corollary 4.5.10. Assume Assumption-Notation 4.4.15. Suppose that |A,| is base
point free. Let ¢, be the morphism to projective space defined by |A,|. If ¢, contracts

an irreducible curve T, then there is some f € R, so that
(divx(f) +Ap)NT = (divx (f) + Q+ (A, —Q))NT = 0.
In particular, W,, U is disjoint from T.

Proof. As X is nonsingular, we may identify Cartier and Weil divisors. Lemma 4.5.9

implies that the set of irreducible curves contracted by ¢, is precisely the set of
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irreducible curves I with I""A,, = 0. As ¢ is numerically trivial, I".A,, = 0 if and only
if oI".A,, = 0. Thus the set of curves contracted by the morphism ¢,, is o-invariant.

By assumption ¢, is birational onto its image. Thus there are finitely many such
curves and so all are of finite order under ¢. In particular, if I" is such a curve, then
I £Q.

Now, set-theoretically we have
(4.5.11) Supp(QUW,,) = m divx (f) + An.

Fix an irreducible curve I' with A,.I' = 0. As I' € Supp(Q2 U W,,), we have some
f € R, sothat I' £ divx(f)+ A,. Thus I Ndivx(f)+ A, = by Lemma 4.5.9. By

(4.5.11), QNT =0 and W,,NT = 0. O

Lemma 4.5.12. (Compare [AS95, Lemma 3.2].) Let X be a normal variety, and let
G1, Go, and G3 be effective (Cartier) divisors on X; let E = G5 — G; — Gy. For
i=1...3, let U; C |G| be a vector space of dimension at least 2, and suppose that
UUy, C Us. Let ¢y : X — PNi be the rational map defined by the sections U; of
G, and let Y; be the closure of Im ¢; in PNi. Further assume that ¢5 - X — Y3 is
birational. Then there is an induced rational map w : Y3 — Y] so that mp3 = ¢1 and

so that if x € BsY(U;) fori=1...3 and x & Supp E, then 7 is defined at ¢5(x).

Proof. We repeat the proof of [AS95, Lemma 3.2], to note that it works in our situ-
ation as well. As rational maps, 7 = ¢1(¢3)~". Let 2 € X ~ (Supp E U Bs®*(U;) U
Bs“2(U,) UBs®?(Us)); then all the maps ¢; are defined at #. We may thus choose ele-
ments uy € Uy and v € U so that, locally at , D1 = —divx(ug) and Dy = —divx(v).
Our assumptions imply that, locally at z, D3 = —divyx(ugv). Let {ug,...,u.} be
a basis for U;. Locally at z, ¢; is defined by [ug : -+ : u,]; we may also define it

by [ugv @ +-+ : wv]. Then if {ugv, ..., uv, w41, ..., ws} is a basis for Us, then the
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rational map 7 is given by projection onto the first » + 1 coordinates. This is defined

locally at ¢3(z) by construction. ]

Theorem 4.5.13. Assume Assumption-Notation 4.4.15. Then there are a normal
surface X', a birational morphism 0 : X — X', and an ample invertible sheaf L on
X' such that for some k > 1, o* is conjugate to a numerically trivial automorphism
o' of X" and 0* (L") = L. In particular, L' is o’-ample.

Let Q' be the gap divisor of R® on X'. Then Q) is Cartier and contains no points
or components of finite order. Furthermore, for all n > 1, the base locus of Ry, on

X' contains no points of finite order.

Proof. For all n, let a,, be the rational map from X to some projective space given
by |A,l; let X, be the closure of the image of X under a,,. By Theorem 4.5.6, we
may replace R by a Veronese subring to assume that |A,| is base point free for all
n > 1, so «, is a birational morphism for all n > 1. Assumption-Notation 4.4.15
continues to hold.

For all n, we have A, + "D = A,; and |A,| - |67 D] C |A,41]. Using
Lemma 4.5.12 with £ = 0, for each n > 1 we obtain a birational morphism m, :

X1 — X, so that the diagram

Q41

)(““9')(n+1

RN

X
commutes. Likewise, the equation D + oA, = A, gives a birational morphism
P+ Xn+1 — X, so that

An41

)(““3')(n+1

\ ipn
Q00

Xn
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commutes.

Let I' be an irreducible curve on X. Then, as ¢ is numerically trivial,

_n+1
on

A1 T = (n+1)D.T

AT,

so A, y1.I' =0 if and only if A,.I' = 0. By Lemma 4.5.9, a,, 11 and o, = 7, 0 1
contract the same curves; thus 7, : X, 41 — X, does not contract any curves and is
a finite morphism. Likewise, p, is a finite morphism. By finiteness of the integral
closure, there is some k such that if n > k, then both 7, and p,, are isomorphisms.

Let X = X, and let @ = o, : X — X. Define @ = (ppm;')*. Then 7 is an
automorphism of X, and we have that

Goa=aod

Clearly @ is numerically trivial.
Let 7 : X’ — X be the normalization of X. Since X is normal by assumption, the
morphism « factors through = — that is, there is a birational morphism 6 : X — X’

such that the diagram

commutes. Note that if 6 is finite at € X, then # is a local isomorphism at x. By
the universal property of normalizations, 7 lifts uniquely to an automorphism o’ of
X', which is also numerically trivial.

By construction, X carries a very ample line bundle £ such that

L= Ox(AL) 2 a*L 20 1*L.

Let £ = 7n*L. Then £’ is the pullback of an ample line bundle by a finite map
and so is ample by [Har77, Exercise 111.5.7(d)]. Further, £ is o’-ample by [AV90,

Theorem 1.7]. By the projection formula [Har77, Exercise I11.5.1.(d)], 6.(Ly) = L.
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Let C' be the union of the finitely many curves in X that are contracted by 6.
Note that 6 is an isomorphism from the open subset X ~ C' of X onto an open subset
of X’. Note also that, by Corollary 4.5.10, & C X ~ C. Let ' = 6(2) be the
scheme-theoretic image of 2. Thus €' is a Cartier divisor on X'.

Let D’ be the Cartier divisor on X’ corresponding to the invertible sheaf £’. The
singular locus of X’ consists of finitely many points, as X’ is normal. Fix n > 1. By
restricting the Weil divisor DX (R,,;;) to the open set where X' is smooth, we obtain
that

!

DX (Enk) =D + (0”)71<D/) I (U')f("’l)(]_)q Q.

By Lemma 4.3.20, € is the gap divisor of R® on X’ associated to z. That Q' con-
tains no points or components of finite order follows directly from the corresponding
properties for 2.

Fix n > 1. We have seen that DX'(R,;) is Cartier. Let Z, be the base locus
of R, on X’. Let € X’ be a point of finite order under ¢’, and let I be an
irreducible component of ~(x). If T is a curve, then by Corollary 4.5.10, there is
some f € Ry so that I N (divx (f) + (Ape — Q) = 0. If T = {p} is a point, then it
is of finite order, and so by assumption p & W,,. Again, there is an f € R, so that
p & divx(f) + (Anx — §2). In either case, f gives a section of L] (—£2’) that does not

vanish at z, so ¢ ¢ Z,,. Thus Z, contains no points of finite order. m

We comment that in the commutative setting, X would be normal automatically;
see [Laz04, Theorem 2.1.27, Example 2.1.15]. We do not know if this is true for our

construction.
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4.6 Stabilizing 0-dimensional data

We are ready to start working with the infinite order O-dimensional data defining
X. In this section, we construct an ADC ring S(X, L,0,4,D,C) so that (some
Veronese of) R is a subring of S, and give surface data D = (X, £, 0, A, D,C,Q, A, \)
such that the bimodule algebras R(X) and 7 (D) are equal up to finite dimension.

By Theorem 4.5.13, by replacing R by a further Veronese subring, we may without

loss of generality make the following assumptions:

Assumption-Notation 4.6.1. We assume that R is a birationally commutative
projective surface with function field K and fix 0 # 2 € Ry. Let R, = R,z ",
and assume that R, generates K as a field. Let (X,0) be a normal model for R
with o numerically trivial, and let R,(X) = R, - Ox. Assume also that there are
an ample and o-ample invertible sheaf L on X, an effective locally principal Weil
divisor € on X containing no points or components of finite order under o, and
0-dimensional subschemes W,, of X, disjoint from finite o-orbits, such that for all

n>1, Ro(X) =Ty, ZoLn.

To begin, we show that our assumptions imply that €2 meets orbits only finitely

often.

Proposition 4.6.2. Assume Assumption-Notation 4.6.1. Let p € X be a point of
infinite order under o; let O(p) denote the o-orbit of p. Then  intersects O(p) only

finitely often.

Proof. Suppose that O(p) N Q is infinite. We will show that R is not noetherian.
First suppose that for infinitely many d < 0, we have 0¢(p) € Q. By Lemma 4.4.1
there is a finite set V such that, for all n > 1, we have W,, C VU ---Ug DV,

We define a point ¢ as follows: if O(p) NV = 0, let ¢ = p. If O(p) meets V, let
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c = min{d| o%(p) € V} and let ¢ = 0 (p). In either case, for all n > 1 and
1 <m <mn, we have 07"(q) € W,,..

Define a left ideal .J of R by letting J = @ J,,2", where
Jn=H(L, -IJ") N R,.

If o7(q) € Q, then R, C Ean]’n and so J, = R,. On the other hand, since
o7 "(q) € W,, = Bs(R,,) by construction, if ¢7"(q) € € then there is some section of
L, in R, that does not vanish at o "(q). Thus J, ; R,. That is, J, = R, if and
only if 07" (q) € Q.

For all i < n we have R, ;J; C H°(Zq -Ig”ﬁn)z”. Fix m > 1 and n > m such

that 07"(q) € 2. Then
(R Jem)a © H(Zo - T0" L£,)2".
As 07"(q) € W,, = Bs(R,,), we have that
H(Io-IJ"L,) # Ry = Jy.

Thus J is not finitely generated.

Now suppose that for infinitely many d > 0, we have o¢(p) € Q. Let
L'=Tox L (I "

Then R, = Zw, (Za)° (L'),. That is, R is also contained in a left idealizer at 2
inside B' = B(X,L',0). Define a point ¢' € O(p) as follows: if O(p) NV = 0, let
¢ = p. Otherwise, let ¢ = max{d| o%(p) € V}, and let ¢ = 0°*(p). Then ¢ & W,

for any m. Let

T =P (H(Zy (L)) N R,) 2"

n>0

Then J' is a right ideal of R, and a symmetric argument to the one above shows that

J' is not finitely generated. O
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We now analyze the 0-dimensional schemes (2 U W,,) N O(p). To simplify our
computations, we will pass to a Veronese subring so that our data may be presented
in a standard form. That we may do so is the content of the following elementary
lemma.

For any k > 1, and for any p € X, we will let Ox(p) denote the o*-orbit of p.

Lemma 4.6.3. Assume Assumption-Notation 4.6.1. Then there is some positive
integer k such that, for any p € X, either Ok(p) is disjoint from all W, or there is

a point g € O(p) so that Ok(p) N2 C {q} and

{q} € (Ox(p) N (QUWL)) C {q, 0 *(q)}.

We first prove:

Sublemma 4.6.4. Suppose that q is a point of infinite order and that

QUW)NO(g) C{q,....,0%(q)}-

Then

(QUW,)NO(g) € {q,07"(q),...,0~ "D (g)}

foralln > 1.

Proof. Tt clearly suffices to prove that W, N O(q) C {q,...,oc """V (¢)}. But by

(4.4.3),

W,N0(g) C((QUWHU---Uo "N QUW))NO(g) C {q,...,o " D*(q)}.

Proof of Lemma 4.6.53. By Lemma 4.4.1 we know that

Uw.

n>1
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is contained in finitely many infinite o-orbits. By Proposition 4.6.2 each of those
orbits meets ) only finitely often. Thus there is some s > 1 such that for any

p € U,>1 Wa, we have that
QU NO(p) S {o™ (p).o” " (p),... o7 (p)}

for some 7 € Z.

Let p be a point of {J,-, W,. Let
m =max{n € Z| o"(p) € QU W1},
and let ¢ = 0™(p). Then the hypotheses of Sublemma 4.6.4 hold, and therefore
(QUW,)NO(q) S {g,...,o "D (g)}
for all n > 1. Thus, for any n > s and any 0 < i < n — 1, we have that
(QUWL) N O™ () € {o (). 0 (g)}-

In particular, for=10...2s — 1, as

OQS(U_Z (q)) - Os(o'_i (Q)))

we have

QN 0(07(q)) € {07 (q), 0" (@} N {07 (q), 0~ (@)} = {07 (9)}.
The lemma holds for & = 2s. O

Lemma 4.6.3 allows us to replace R by a Veronese subring so that without loss of

generality we may make the following assumptions:

Assumption-Notation 4.6.5. We assume that R is a birationally commutative

projective surface with function field K and fix 0 # 2 € Ry. Let R, = R,z ",
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and assume that R, generates K as a field. Let (X,0) be a normal model for R
with o numerically trivial, and let R, (X) = R, - Ox. Assume also that there are
an ample and o-ample invertible sheaf L on X, an effective locally principal Weil
divisor €0 on X containing no points or components of finite order under o, and
0-dimensional subschemes W,, of X, disjoint from finite o-orbits, such that for all
n>1, Ro(X)=ZIw,ZoL,.

In addition, we assume that for any orbit O(p) that meets J, 5, Wy, there is some

q € O(p) such that

{g} CO()N(W,UQ) C {g,0 ()},
and O(p) N2 C {q}.

Lemma 4.6.6. Assume Assumption-Notation 4.6.5. Let p € UnZl W.,.; note that
Sublemma 4.6.4 implies that QU W, must therefore meet O(p). Let O = Ox,, be the
local ring of X at p, with maximal ideal p. For all 7 > 1 and all 1 € Z, define mg
to be the stalk of the ideal sheaf Rjﬁj_l = IoZw, at o~ (p), considered as an ideal in
O wvia the isomorphism o' : Ox ,-i, — O. Our assumptions imply that by reindexing
the orbit of p if necessary, we may assume that m} = O for alli < 0 and i > 1, that
my # O, and that QN O(p) C {p}.

Then there are integers t,N > 1, ideals a,...a;_1,0,¢_1,...¢o of O that are

either p-primary or equal to O, and an ideal ay of O so that for alln > N, we have:

m! =aq; for 0 <i <t
m'=0fort<i1<n-—t

m'=c¢,_; forn—t<i<n
K]

m! =0 fori <0 and i > n.
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Further, we have ageg C 0 and

GCaC - Ca1C0 220122 ¢y

Proof. Define T to be the graded (Ox, o)-bimodule algebra
T = @ RuLoL.
n>0

Then 7 is a sub-bimodule-algebra of B(X,Ox, o), and mg is by definition the stalk
of 7; at 07%(p). Let K = 7. For all n, the cosupport of K, is (set-theoretically)
equal to U W,,; by assumption, this meets O(p) in at most finitely many points.

Thus 7, K, and p satisfy the hypotheses of Sublemma 4.2.20, with s = 0 or
1. Let N,d,t/,a, and b be the integers given by Sublemma 4.2.20. Note that by
Sublemma 4.6.4, if i < 0 or ¢ > n then m? = O. Thus we may take a’ =V = 0. Let
t = max{a,b}. Fori=0,...t—1let a; = m¥ and let ¢; = mY_.. Let 9 =m{ be the
central stalk of K.

Since O(p) N C {p} by assumption, if ¢ # 0 the stalk of 7,, at o*(p) is either O

or is p-primary. Because 7,,7,°" C Ty, we have that

By taking n > 0 this relation gives that agcy € 9. The rest of the conclusions of the

lemma follow directly from Sublemma 4.2.20. O
We may now give the defining data for the bimodule algebra R = R(X).

Definition 4.6.7. We will say that the surface data D = (X, £,0,4,D,C,Q, A, \')
is normal if X is normal, o is numerically trivial, £ is ample and o-ample, €2 contains
no points or components of finite order under o, and A and A’ are disjoint from finite

o-orbits. In particular, if I is normal, then €2 is locally principal.
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Theorem 4.6.8. Let R be a birationally commutative projective surface. Then there

are normal surface data D = (X, L,0,A,D,C,Q, A, \") and integers N,k > 1 so that
(R(X)M)>n = T(D)>w.

Proof. By Proposition 4.4.10, after replacing R by a Veronese subring we may assume
that we are in the situation of Assumption-Notation 4.4.15. By Theorem 4.5.13, by
replacing R by a further Veronese subring and possibly changing X, we may assume
that R and X satisfy Assumption-Notation 4.6.1.

By Lemma 4.6.3, we may replace R by a further Veronese subring to assume that

for all p such that O(p) meets Wy, there is a ¢ € O(p) so that

{g} CO()N(QUW) C{q0 " (q)}

and O(p) N Q C {q}. By Sublemma 4.6.4,

O(p) N (QUWy,) S{q,...,0c7"(q)}
for all n > 1. By Lemma 4.4.1, there are only finitely many orbits to consider; that
is, there are points ¢!, ..., ¢" with orbits 07 = O(¢), so that

Uw. ¢ U o0’
j=1

n>1

For each O7, let A7, D7, and C’ be the ideal sheaves that are cosupported at ¢’
and locally at ¢/ are equal to, respectively, the ideals ag, 0, and ¢ of O x,¢ produced

by Lemma 4.6.6. Define
A=A,
J
D=]]D,
J
and

a:Ha
J
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Finally, choose ideal sheaves A O A" and C O C’ such that the pair (A4, C) is maximal
with respect to the containment AC C D. Let S be the ADC bimodule algebra
S(X,L,0,A,D,C).

For j =1...7rlet ¥ and N’ be the integers produced by Lemma 4.6.6 applied to
O7; let the ideals in Ox 4 produced by Lemma 4.6.6 be 97, ag, and cg forl <i<t/—1.
Let t = max{t’} and let N = max{N7,2¢}. For integers i with t/ < i <t — 1, define

al = ¢/ =0/, By Lemma 4.6.6 we have

J J J J
ap S-S, C02¢0 2020

for all j.

We define an ideal sheaf J C Zg so that Zo/J is supported on
{o7(¢)|0<i<t—1,1<j<r}

by setting the stalk of J at 0~(¢7) to be isomorphic to a/. Similarly, we define an

ideal sheaf 7', cosupported on

{o"(@)|0<i<t—1,1<j<r}

by setting the stalk of J' at o(¢7) to be isomorphic to ¢/. (Note that the definitions
of J and J’ differ by a sign!)

Let A be the subscheme defined by Z;'7 and let A’ be the subscheme defined by
J'. Let Z be the subscheme defined by D. Then A, A’, and Z are 0-dimensional and

supported at points of infinite order. In fact, we have
(4.6.9) Suppo " (A)NO? C {o= D)) .. o7(¢)} for all n € Z
and

(4.6.10) Supp(AUQ) N O C{¢,...,07 "V (g))}.
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Further,

IvCC CC

and

ToZy C A C A
Fix n > N, sothat t — 1 < n — (t — 1) and (4.6.9) and (4.6.10) imply that

o "(A)N(QUA) =0. Now, if 0 <i <t —1, then

(RuLyNo-i(qy = @ 2 (ToTn) o) = (ZoTaZ5 ) N'S,)

e CON
Ifn—(t—1)<i<n, then

(’Rnﬁgl)g,i(qj) =~ sz—i = (_’Z—X/n)o-fi(qj) = ((ZQIAIX’TL) N S’n)o.fi(qj)'

Andif t <i<n—t, then 07(¢/) € QUA U ™A and so

(Rnﬁgl)aﬂ(q]‘) >~ ) D,-i(qiy = ((IQIAIK:l) N Sn)

o=i(g7)’

Thus for n > N,

R = Sp NToTAIS L.
That is, if D = (X, £,0,A4,D,C,Q, A, \’), then
Ron =T (D)sn.
[

We record for future reference an elementary observation on how surface data

transforms upon taking Veronese subrings.

Lemma 4.6.11. Suppose that

D = (X,L,0,A,D,C,Q A N)
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is surface data. Let n > 1, and let
D= (X, Ly, 0" AD? ... D°" DD’ ...D""" C,Q, A N).

Then D is surface data, and

T(D)™ = T(D).

Furthermore, if the surface data D' is normal, respectively transverse, then the surface

data D 1s normal, respectively transverse.
Proof. This is an elementary computation, which we leave to the reader. ]

Corollary 4.6.12. Let R be a birationally commutative projective surface. Then
there are normal surface data D = (X, L, 0, A,D,C,Q, A, \") and an integer £ > 1 so
that

(R(X)®) = T(D).

Proof. By Theorem 4.6.8, there are normal surface data I’ and integers k, N > 1 so
that

R(X)E, = T(D)sw.

Let ¢ = kN, and by Lemma 4.6.11 let D be the normal surface data corresponding
to 7 (D')™). Then

R(X)Y = 7N = T (D).

4.7 Transversality of the defining data

In Section 4.6, we constructed normal surface data D = (X, L, 0, 4,D,C,Q, A, \')
such that (up to a Veronese) we have that R(X) = 7 (D). In this section, we

show that the data D is in fact transverse, and that 7'(D) is a finite module over (a
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Veronese of) R. This allows us to consider T'(D) as some sort of normalization of R,

and further justifies the term “normal surface data.”

Assumption-Notation 4.7.1. We assume that R is a birationally commutative
projective surface with Ry # 0 and fix 0 # 2 € Ry. As usual, we define R, = R,z"".
In addition, we assume that Ry generates K as a field, and that there is surface data
D= (X,L,0,A,D,C,Q A, N\), normal in the sense of Definition 4.6.7, so that if

R.(X) =R, - Ox, then

We will continue to let W,, be the base locus of R, for n > 1, so that W, is defined

by
I (TaTAIS N AD? .. D7 ')
for allm > 1.
Assumption-Notation 4.7.1 implies in particular that if Z is the subscheme defined
by D, then
W,CAUoc "NUZU---Uo "Z
for all n > 1.

We first prove the unsurprising result that in this situation {2 has good transver-

sality properties.
Lemma 4.7.2. The set {c"Q},ez is critically transverse.

Proof. By Lemma 3.3.12, it is sufficient to check that for any reduced and irreducible

subscheme Y of X, we have

(4.7.3) Tory (Ogng, Oy) = 0 for all |n| > 0.
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Let Y C X be reduced and irreducible. If Y = {p} is a point of infinite order, then
by Proposition 4.6.2, p € "2 for |n| > 0, and so (4.7.3) holds for Y. If Y = {p} is
a point of finite order, then QN O(p) = () by assumption, so (4.7.3) also holds for Y.
In particular, €2 is disjoint from the singular locus of X.

Thus if Y is a curve and (4.7.3) fails for Y, then Y must be contained in infinitely

many ¢"{). This is impossible, as €2 has no components of finite order under o. [J

We next prove two lemmas that will, in many cases, allow us to work with the
full algebra T'(D) instead of the subalgebra R. The first is an easy generalization of

a lemma of Rogalski and Stafford.

Lemma 4.7.4. (Compare [RS06, Lemma 9.3]) Let X be a projective scheme with
automorphism o. Let {(R,)n} be a left and right ample of sequence of bimodules on
X such that for each n, the set where R,, is not locally free has dimension < 0. Let
F be a globally generated coherent sheaf on X and let V. C H°(F) be a vector space

that generates F. Let i € 7. Then for n > 0, the natural homomorphism
a:V e H(R?) - HY(F®R?)
18 surjective.
Proof. By assumption, there is an exact sequence
0—H—V0x —F ——0.
Tensoring with Rgi, we obtain an exact sequence
0—>TorX(F,R7) —HORI 2>V @RS —=F@RS —=0.

Let K, = Im6,. Our assumptions on R imply that Tory (F, Rgl) is supported

on a set of dimension 0, and so H'(Tory (F,R%)) = 0 for all n and for all i > 1.
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Thus H'(K,) = H'(H ® R%'). By ampleness of {(R,)on}, this vanishes for n > 0.

Then the exact sequence
0—=HY%K,) — V@, HY(RS) —*= HY(F @ R?') — H*(K,)
gives that « is surjective for n > 0. O

Lemma 4.7.5. Let X be a projective scheme, let o be an automorphism of X, and
let L be a o-ample invertible sheaf on X. Suppose that R is a finitely generated
graded subalgebra of B(X,L,0). For alln > 1 let R, C L, be the sheaf generated
by the sections in R,. Let T =@, 5o H'(Ry)2".

Suppose that for all n, the set where R,, is not locally free has dimension < 0 and
that the sequence of bimodules {(Ry)on} is left and right ample. Then T is finitely

generated as a left and right R-module.

Proof. By symmetry, it suffices to prove that g7 is finitely generated.
Let k£ be such that
k
= RiRu;
i=1
for all n > k. Then
k
R, =Y RRL
i=1

for all n > k; taking global sections we have
(4.7.6) T, = ZHO (RiRZ )"

for all n > k.

For each 1 < i < k, the sections in R; generate R,;. Applying Lemma 4.7.4, we
obtain that there is some ngy, which we may take to be greater than k, so that the
multiplication map

R ®Tp; — H' R, ® RS ,)z"
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is surjective for n > ng and 1 <i < k.

Now consider the exact sequence

0— Jin— R @RS, — RiRS_, — 0.

n—u

The kernel J;,, is supported at finitely many points, and so H*(7;,) = 0. Thus the
induced map from H(R; ® RS ;) — H°(R;/R?,) is surjective. Therefore, for all

n—i

n > ng, the natural map
Ri®@Ty i — HO(RiRZi—i)Zn

is surjective. Applying (4.7.6), we see that for n > ny,

k
T, = Z RT,_;.
i=1

By induction, T is generated as a left R-module by T, . ]

The next step in proving transversality of the data D is to show that D is cosup-

ported on points with dense orbits.

Proposition 4.7.7. Assume Assumption-Notation 4.7.1. Let Z be the subscheme of

X defined by D. Then all points in the support of Z have dense o-orbits.

Proof. Suppose that there is a point in Z without a dense orbit. We claim that R is
not noetherian.

Let C' be the Zariski closure of the orbits of all points without dense orbits in
Supp(A U Z U A’). Then C is a reduced but not necessarily irreducible curve on
X. Let I' be an irreducible component of C. For all n > 1, let II,, be the closed
subscheme of X defined by AD?--- D" 'C°". We note that the scheme-theoretic

intersections II, NT" and Z N T are supported on points of infinite order, which are
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therefore nonsingular points of I' (and of X). Note also that because A and C are

maximal with respect to the inclusion AC C D, we have that
(4.7.8) degp(Il, NT') = ndegpr(ZNT)

for all n > 1.

Fix 0 # f € Ry, and let F = divx(f) + A;. As
fe H(R)) C H(AC’L),
we have that FF NI' D II; N I'. Thus
degr(Llr) = A1.T'= F.I' > degr(II; NT) = degp(Z N T).
We first suppose that this inequality is strict for some I', and so
(4.7.9) degp(L|r) > degp(Z NT).

For some k, o*T" = T'. It is enough to prove that R"¥) is not noetherian, so we
may pass without loss of generality to a Veronese subalgebra and assume that I' is
o-invariant.

Now, the sheaves R, |r are invertible on I'; their sections give an idealizer at points
of infinite order on the curve I', which will be noetherian by [AS95]. However, for a
sufficiently high multiple dI" of T, the sheaves R, |4 will not be invertible; they will
correspond, roughly speaking, to attempting to naively blow up a point on dI'. Here
we will not have critical transversality, and so we do not expect the corresponding
factor ring of R to be noetherian. We will show that it is not.

For any p € Z N T, consider the closed subscheme Z, = Z|,; of Z supported at
p. For any such p, there is an integer d,, such that the Zariski closure of {0™(Z,)}, o,

is d,I'. Let

d = min{d, | d, > 0},
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and let x € Z be a point with d, = d.
Let ¥ be the 2d-uple curve defined by the Weil divisor 2dI". The action of ¢ on
X restricts to an automorphism of ¥, which we also denote by o. There is a natural

map

¢:B(X,L,0)— B(X,L|g,0).

Let S = ¢(R). That is,

5= EB(HO(Ij)mR ) GBSZ

We claim that S is not noetherian. This implies that R is not noetherian, giving a

contradiction.
Let M,, = L,|s. For all n, let S,, be the image of R, ® Ox under the natural
map

The sections in S,, generate the subsheaf S,, of M,,. Let
k =degp(ZNT) =degp(Il; NT),

and let

= degp(L|r).

By (4.7.9), ¢ > k.

One can easily see that the data 2, A, and A’ give a constant ¢ > 0 so that
degr(QNT+W,NI) =nk+c

for all n > 0. Thus

degr(Rulr) =n(l — k) —c

for all n > 0.
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We will work with the nonreduced scheme Y carefully. Fix n; let Z, be the
subscheme of X defined by ZoZy, . Let P be the scheme-theoretic intersection I' N
Zn. Let {p1,...,p.} = Supp P. Recall that I' is nonsingular at all p;. Therefore,

considered as a subscheme of T,
P=mpy+ -+ m.p,

for some integers m; > 1.

If f € Ox,,, let f be its image in Orp,,. Then for i = 1,...,r, there are elements
fi € (R.L;Y),, € Ox,p, so that the valuation of f; in the discrete valuation ring
Orp, is m;. In particular, the image of f; in Oy, is not in the nilradical and so is a
non-zerodivisor. By taking the locally free rank 1 ideal sheaf on ¥ generated by the
images of the f; in Oy ,,, we obtain an invertible ideal sheaf AV, on 3. The sheaf N,
defines a locally principal subscheme () of 3 so that the scheme-theoretic intersection

QNT is equal to P. Let N = N ® M,,; then N is an invertible subsheaf of S,, with
degr(N,|r) = degr(Ru|r).

Thus

degp(Nylr) = n(l —k) — ¢

for n > 0.

As

lim n(l — k) — ¢ = oo,

by Lemma 4.2.2 the sequence of bimodules {(N))on}n>0 is a left and right ample

sequence on Y. Since for any coherent sheaf H on X, the kernel and cokernel of
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are supported on sets of dimension 0, by Lemma 4.2.4, {(S,),~} is also a left and
right ample sequence on .

Let
T = H(2:S,)2".
n>0

By Lemma 4.7.5, T is finitely generated as a left and right S-module. Thus it suffices
to prove that T is not noetherian.

Let J be the ideal sheaf of dI" on ¥. Note that J is o-invariant. Let J be the
ideal

J = @ H(S;IM, N S,)z"

n>0

of T'. Let £ be the subsheaf DOs; of Os.

There are integers a,ny > 0 so that
(Sn)o-a(@) = (€7 )o-a(a)
for all n > ng. As dI' is the Zariski closure of {¢"(Z,)}, we have containments
(TMa)s-a@) € (Sn)oa(@) © (Mn)oe(@):
Thus for any m > ng and n > 1, we have
Tondn C HY (S My T M) 24 = HO(S: 7 T Moy ) 2™

Let

K = Jsp,.
The kernel and cokernel of
TS, = IM,NS,

are supported on sets of dimension 0, and {(S,,)n } is a left and right ample sequence

on Y. Thus by Lemma 4.2.4, there is n; so that the sheaf M, NS, is globally
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generated for n > ny;. We may assume that n; > ng. Then for any n > m > nq, we
have

((KSM) ’ T)n - HO<E; gaajMn—i—m)szrn ; Kn-l-m'

Thus K is not finitely generated as a right ideal of T

It remains to consider the case that for all irreducible components I' of C',
degp(Z NT) = degr(L|r).
By (4.7.8), this implies that for all n > 1,
(4.7.10) degp(I1, N T") = degp(Ln|r)-

Let I' be an irreducible component of C'; by passing to a Veronese subalgebra of R
as above we may assume that I' is o-invariant.

Fix a point p € ZNT'. For all 7, let

pi =0 "'(p).

By reindexing the orbit of p if necessary, we may assume that p; ¢ Z for i < 0. By
assumption on the defining data for R, if ¢ > 2, then p; € QU W;. Let O = Ox,,.
As usual, we will identify all Ox,, with O. Note that O is a regular local ring of
dimension 2, since X is normal by assumption and the orbit of p is infinite. Let 0
be the central stalk of R, at O(p); that is, there are integers b, which we assume
to be at least 1, and N, which we assume to be at least 2b, so that for n > N and
b <i<mn—>bwe have that

(Rn)pi =0.

The point p has infinite order on I', and so I' is also nonsingular at p. Let y be
the local equation of I in @. Thus there is some x € O so that  and y generate the

maximal ideal m of O.
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Our assumptions imply that Ry € H°(ZrLy). Let f € Ry ~ H°(ZrLy) and let
F =divx(f) + Anx. The germ of F' at p, is in 0 \ yO and is thus equal to xr + ys

for some r € O \ yO. As
degp(FNTI) =degp(Ay NTI) =degp(Ily NT)

by (4.7.10), and

feHAD---D7" 7 Ly),

we see that F' does not vanish at pyyn; unless j = 0.
Let d = min{i |3’ € 0}. Then there is some h € Ry so that the germ of H =
divx(h) + A, at py is equal to y¢. Thus we have H = dI' + G, where G(p,) # 0.
Let m > 2. Fori=1...m — 1, define v; € Ry, by

N(i—1 N(i+1) N(m—1)

= S TR T

Then

diVX(’Yi) + ANm =
Fto MNE)+ -4+ NEUE) 0N H) + o VEHD(F) 4. 4 o N1 ()

=T+ F+- 40 VEDE) 4+ 67 V(Q) + o NEHEV(F) ... 4 o N1,

Fix 1 <i <m — 1. The local equation of divx (V) + Anm at pyin; is equal to y?.
On the other hand, if j # 4, the local equation of divx(v;) + Anm at pyrn; is equal

to (xr +ys)y?B for some 0 # 3 € O. In particular, we see that modulo y**!, the set
{vilj# i}
does not generate ;.

For all i > 1, let

J(i) = PR, N H(TirL,))=" € R.

n>1
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Let
A=R/J(d+1).

Nmoin A, are

The computations above imply that the images of the elements ~;z
linearly independent, so dim Ap,, > m. Therefore, the GK-dimension of A is at least
2.

We show that this contradicts our assumption that R is noetherian. Let

B=R/J(1) C P H(T; Rulr)2".

n>0

As the sections in R,, do not vanish identically on I', we have dim B,, > 1 for all
n. On the other hand, recall from (4.7.10) that degp(IL, NT') = degp(L,|r) for all

n>1 AsQNT'+ W, NI DI, NT, we have
degp(L,|r) > degp(QNT + W, NT) > degp(I1,, NT') = degp(Ly|r)
for all n > 1. That is,
degr(R,|r) = degp(Ly|r) — degp(2NT +W,, NT) =0

for all n > 1, and dim H°(T'; R,|r) = 1 for all n. That is, dim B,, = 1 for all n, and
so GKdim B = 1.

Since R is noetherian, each J(i)/J(i 4+ 1) is a finitely generated R-module. The
R-action on J(i)/J(i+1) factors through B. Thus each J(i)/J(i+1) is also a finitely
generated B-module and thus has GK-dimension 1. As an R-module, A has a finite
filtration by modules of the form J(i)/J(i + 1); therefore A has GK-dimension 1.

This gives a contradiction. O

Corollary 4.7.11. Assume Assumption-Notation 4.7.1. Then the sequence of bi-

modules

{(Ra(X))on} = {(Zu(D))on }
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is left and right ample, and T(D) is a finitely generated left and right R-module.

Proof. Let Z be the closed subscheme defined by D. We have seen in Lemma 4.7.2
that {c™Q} is critically transverse and in Proposition 4.7.7 that all points in Z have
dense o-orbits. Since all points in Z have dense orbits and ¢ is numerically trivial,
by Lemma 4.2.7(2) the sequence of bimodules {(R,),~} is left and right ample. By

Lemma 4.7.5, T'(D) is a finitely generated left and right R-module. ]

Theorem 4.7.12. Assume Assumption-Notation 4.7.1. Then the surface data
D= (X,L,0,AD,C,Q A N)

18 transverse.

Proof. Let T'=T'(D). Recall our convention (4.2.1) that

T = H(T,)=".

n>0

Let Z be the closed subscheme of X defined by D. We have seen that {¢"Q} is
critically transverse and that all points in Z have dense o-orbits. It remains to show
that the sets {o"(A)}nso, {0"(A) }n<o, and {0"(Z)}nez are critically dense.

By Corollary 4.7.11, the sequence of bimodules {(R,)~} is left and right ample,
and T is a finitely generated left and right R-module. Therefore, T' is noetherian.
We claim that this implies that the sets {o"(A)}n>0, {0"(A) }n<o, and {0™(Z) }nez
are critically transverse.

By symmetry, it suffices to prove that {c"A},>¢ and {¢"(Z)}.>o are critically
transverse. Corollary 3.3.15 implies that it suffices to prove that if there is some
p € ZUA so that {¢"(p) }n>0 is not critically dense, then 7" is not noetherian. Suppose
some such p exists. Let d = max{j|o?(p) € AU Z} and let ¢ = o%(p). There is a

curve I" on X (which we may take to be irreducible but possibly nonreduced) so that
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the germ of Z2" = Z,-»r at ¢ is contained in the germ of R, at ¢ for infinitely many
n > 0; let A C N be the (infinite) set of n > 0 where this occurs.
For all n > 1, let J, = Z8" L, N R,,. The left ampleness of {(R,,),n } implies that

for n > 0, J, is globally generated. Let

J=@H(T.)-",

n>0

so J is a left ideal of T.

For any k£ € N and for any n > k, we have that
(R J<k)n C HO(IqIf’nﬁn)z”.

On the other hand,

(Ilgnﬁn N Rn)q - (Ilqnﬁn)q

for any n € A. As J, is globally generated for n > 0, we see that (R - J<i)n # Jn
for any n > k € A. Thus J is not a finitely generated left ideal of T', and T is not

left noetherian. []

Corollary 4.7.13. Let R be a birationally commutative projective surface. Then

there are transverse surface data
D=(X,L,0,A4D,C,Q A N),
where X is normal, and an integer £ > 1 so that
RY C T(D)
and T'(D) is a finitely generated left and right module over R®.

Proof. By Corollary 4.6.12, there are a positive integer ¢ and normal surface data

D=(X,L,0,A,D,C,Q A A) so that

R(X)O =T (D).
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By possibly increasing ¢, we may also assume that R; generates K = k(X). Thus
Assumption-Notation 4.7.1 holds for R®“). By Corollary 4.7.11, T(D) is a finitely
generated left and right R)-module. Theorem 4.7.12 shows that data D are in fact

transverse. n

The most difficult part of the proof of Theorem 4.7.12 is Proposition 4.7.7, and
specifically working in the situation where R and T'(D) may not be equal in large
degree. To end this section, we show directly that the full section ring of a naive
blowup bimodule algebra is noetherian exactly when the orbits of the defining data

are all critically dense. This gives the converse to [RS07, Theorem 3.1].

Proposition 4.7.14. Let X be a projective variety of dimension > 2, let o be an
automorphism of X, and let L be a o-ample invertible sheaf on X. Let Z be a 0-
dimensional scheme supported at points with infinite orbits and let Z be the ideal

sheaf of Z. As in (1.4.2), let

S=8(X,L,0,2)=EPH"ITI°---I°"L,)

n>0
be the naive blowup algebra of X at Z. Then S is noetherian if and only if all points

in the support of Z have critically dense orbits.

Proof. 1f all points have dense orbits, then this is [RS07, Proposition 3.16]. Suppose
that there is some z € Z whose orbit is not dense. We show S is not noetherian.

Let Z? be the maximal subscheme of Z supported on points with dense orbits, and
let Z¢ be the maximal subscheme of Z supported on points with non-dense orbits.
By assumption, Z°¢ # ().

n—1

For all n > 1, let V,, be the closed subscheme defined by Zzc---Z%. . Let C be

the Zariski closure of the V,; note that C' is a proper subscheme of X. Since C' is
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o-invariant it is disjoint from Z¢; thus by computing locally we have

n—1 on—1

Iczzd"'zgd L:ngIC@IZd"' Zd En

Now by [RS07, Theorem 3.1], the sequence {(Zza - - -Inglﬁn)gn} is left and right

n—1

ample, so for n > 0, ZpZza---19

74 Ly is globally generated. It is contained in

Z---2°" 'L, by construction.
Let
= H TcTse- T30 L)

n>1

1

Then [ is an ideal of S. Choose k such that if n > k, then ZoZ,a - - -Ing L, is

globally generated. Let p € Z¢. Then for any m > n > k, we have that

(S ) Iﬁn)m C HO(IPICIZd T g?_lﬁm) S In.

=

Thus [ is not finitely generated as a left ideal and S is not left noetherian. ]

4.8 The correct model for R

Let us review our progress towards proving Theorem 4.1.4. In Theorem 4.6.8, we
constructed surface data D = (X, L, 0,4, D,C,Q, A, \’) for an appropriate bimodule
algebra R associated to R; in Theorem 4.7.12 we showed that this data is actually
transverse, and that 7'(ID) is a finite left and right module over some R*). In some
sense, we may think of 7'(D) as an “integral extension” of R; note that the variety X
given in Theorem 4.6.8 is normal. Of course, there is no guarantee that R is really
associated to a normal variety. In this section we show how to modify X to find the
true surface associated to R.

We will assume that we are in the situation of Assumption-Notation 4.7.1. Let

D=(X,L,0,A,D,C,Q A A). By Theorem 4.7.12 the data D is transverse.
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Notation 4.8.1. We establish notation that we will use throughout the section. For

any n > 1, R, defines a rational map

)("§?>IPN

that is birational onto its image. Let Y,, be the closure of the image of X; we write
the induced birational map from X to Y, as (,, as well. If we let o/, : X! — X
be the blowup of X at the base locus W, of R,, then by [Har77, Example 11.7.17.3]

there is a birational morphism «/, : X/ — Y,, such that the diagram

X,
a,l Tn
X_ﬂ_n>Yn

commutes. Let A\, : X,, — X, be the normalization of X, and let o, = ], \, and

Yn = YhAn. Thus we have

X,
ani \
X_B_n>Yn

for all n > 1. Note, that as X is normal, ;! is defined at all points in X ~ W,,.
Let Z be the closed subscheme defined by D and let

w= |J o).

pEZUAUAN'

That is, W is the union of the finitely many (dense) orbits that meet some W,,. Let
U =X ~W. Note that all 3, are defined at all points in U. For any n > 1, let E,
be the exceptional locus of «,,. Then «, induces an isomorphism from X,, \ E,, —
X\ W,. Let U, = a;'(U). We caution that U, is not X,, \ E,,.

For all n > 1, let A, be the set of points p € U such that 3, is not a local

isomorphism at p; that is, the set of p such that the induced map from Oy, g, —
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Oxp is not an isomorphism. We write A, as the disjoint union A, = C, U Q, U
P,, where C, is the intersection of a curve in X with U, @, is 0-dimensional and
supported on points of infinite order under ¢, and P, is O-dimensional and supported
on points of finite order. By assumption on the cardinality of k, any curve in X must
meet U in uncountably many points, and so the sets C, P, and @) are well-defined.

If N >n>1,let 7 : Yy — Y, be the birational map induced from the
multiplication R,(Ry_,)°" C Ry and Lemma 4.5.12, with £ = ¢~ "(Q2). That is,

the diagram of birational maps

X - o, Yn
|

commutes, and for any x € U ~\ 07"(Q), 72 is defined at By(z). Likewise, the

n

multiplication EN,n(}_%n)"N_" C Ry gives a commuting diagram of birational maps

X —B—N> YN

|
N\ N
I p
0 \ n
ﬁnOUN " A\ Y

Y,

The map pY is defined at By (z) if z € U~ o= N=7(Q).
We record for future reference an elementary lemma on birational maps.

Lemma 4.8.2. Let 3 : X — Y be a birational map of projective varieties that is
defined and is a local isomorphism at x € X ; let y = B(x). Then 37! is defined at

y; in particular, if x' € X with B(z') =y, then 2/ = x.

Proof. This is almost tautological. The fact that 4 induces an isomorphism between
the local rings Oy, and Ox, means that there are open neighborhoods z € V.C X

and y € V' C Y so that 3 restricts to an isomorphism between V' and V’. This
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means that 37! gives a well-defined map
Vi -V CX.
This precisely says that the birational map 87! : Y — X is defined at y. O

Proposition 4.8.3. There is some my such that A,,, is o-invariant and A, = A,

for all n > my; further, Cp,, CU and Qm,, = 0.
Proof. Let y € U and let N > n > 1. If 7 is defined at By(y) and £, is a local
isomorphism at y, then from the inclusions

Ov,.6.) € Oy ovw) € Oxy

clearly By is a local isomorphism at y. As 72 is defined on 3,(U \ 07 ")), we see
that

Ay C A, Uoc Q.
Making the same argument with the map p2', we obtain that
Ay Co N (A,) Uo~NQ.
Thus
(4.8.4) Apim Co ™QUA,) N (A, Uc Q)
for any n,m > 1. In particular,
Crim Co ™(QUC,) N(CL,UcT"Q)

for all n,m > 1.

Now, {6"Q}nez is critically transverse. Thus o~"Q N o™ is finite for m > 0.
Further, C,, N =™ and o~™C,, N o~ "€ are finite for m > 0. Thus for m > 0, we
have

Comn C Cy N ™Cy.
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Thus there is some ny such that if n > ny, then C,, = C,,,; further, o(C,,) = C,,.
Let C = C,,.

Now C'is a curve in U; let C be its closure in X. Then C is also o-stable, and since
all orbits in W are Zariski-dense in X, we have that WNC = . Thus C = C C U.

For n,m > n; we have

Qnim € Apim Co™QUCUQ,UP,)N(Q,UCUP,Us Q).

QuNC=Q,No ™) =0
for n > ny, and Q,, No*(P,,) = 0 for all n, m, k by definition, we see that
Qnim Co™QUQ,) N(Q,Uc Q)

forn > n; and m > 1.

Choose k such that
(4.8.5) Qne'QN---No Q= 0.

Such k exists because, by transversality of the data D, € contains no forward o-orbits.

Choose ny > n; such that if n > ny, then we have for : = 0. ..k that
Quiss N~ M HD(Q U Q) = 0.

We may do this because each finite set (),,,+; is supported on infinite orbits and
{o™Q} is critically transverse.

So we have that for ¢ = 0...k and for r > ns that

Qr g O-_(T_(nl—”))(in—H U Q) N (in—i-i U O-_(nl—i—i)Q)

g O.—(nl-i-’i)Q
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and so @, = () for r > ny by (4.8.5).
Finally, 2 does not contain any points of finite order, and by construction P, is

disjoint from C' and from @,. Thus (4.8.4) implies that
Pn+mgpnﬂ0‘7mpn

for all n > ny; and m > 1. Thus there is some n3 > ny such that P,, is o-invariant

and P, = P, if if n > ng. The result is proven for m; = ns. O

Notation 4.8.6. Let m; be the integer given by Proposition 4.8.3. Let A = A,,,,

C =0C,,,and P = P,,,. Recall that Q,, = 0 for all n > m;.

Corollary 4.8.7. For n > mq, the only curves in X,, that are contracted by v, are
contained in the exceptional locus E, of a,,. In particular, the map ~, is finite at all

points of U,, and (3, is finite at all points of U.

Proof. Suppose that n > m; and that -, contracts some irreducible curve I' that
is not contained in F,. By assumption on the cardinality of k, I' meets U,. By
construction, we have that I' N U, C a;'C, = a;'C. Now, as q,, is an isomorphism

away from F,, the curve o, *(C) is closed in X,,. Thus

Ir="rnu, Ca;}(C)=a,'C.

This means that a,,(I') € C' C U, so a,(I") is disjoint from Bs(R,,). As (3, contracts
the curve a,(I"), Lemma 4.5.9 implies that A,.a,(I') = 0. This contradicts the
ampleness of A, by the Nakai-Moishezon criterion ([Har77, Theorem V.I.10]; see
[Laz04, Theorem 1.2.23] for a reference that includes singular surfaces). As «,, is a

local isomorphism at all points in U, the statement on (3, follows immediately. [J

We recall some terminology from commutative algebra. Let R be a commutative

noetherian k-algebra, and let 7" be its normalization. Recall that the Sy-ification of
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R is the unique minimal k-algebra S C T such that R C S and S satisfies Serre’s
condition S5. More explicitly,

S - ﬂ Rp.

PeSpec R
ht P=1

See [Kol85, Definition 2.2.2(ii)] and subsequent discussion.

We give a lemma on the domain of definition of birational maps of Ss-ifications.

Lemma 4.8.8. Let T be a normal commutative domain that is a finitely generated
k-algebra, and let R, R' C T be finitely generated subalgebras so that T is the normal-
ization of both R and R'. Let S, respectively S’, be the Ss-ification of R, respectively

R'. Suppose that the induced birational map
7 : Spec R— — = Spec R

is defined away from a locus of codimension 2. Then the induced birational map
¢ : Spec S — — > Spec S’

is defined everywhere; that is, 8" C S.

Proof. Because 7 is defined in codimension 2, for every height 1 prime P of R, 7 is
defined at the generic point of V/(P) C Spec R. That is, for every height 1 P, we
have R’ C Rp. Thus

RC ()| Rp=S5.

PeSpec R
ht P=1

By definition, S’ C S. O
Proposition 4.8.9. If n > 0, then the rational maps 7" pt*1 Y, .y — Y, are
local isomorphisms everywhere on the image of U; in particular, they are defined

everywhere on the image of U.
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Proof. We continue to let my, A, C', and P be as in Notation 4.8.6. In particular, if
n > my then v, : X,, — Y, is a local isomorphism at all points in U, \ a;l(C U P).

Let n > my. Recall that if z € U \ 07"(Q), then 7! is defined at (,41(z). As
o~ "(§2) contains no points of finite order, 7! is defined at all points in 3, (P). We
saw in Corollary 4.8.7 that (3, is finite at all p € U, and in particular, at all p € P.
By finiteness of the integral closure, there is some msy > my so that if n > my, then
7+ is a local isomorphism at all points in 3,1(P).

Let n > my. Now, let x € U \. A. Then 3,1 and 3, are local isomorphisms at x,
and thus by Lemma 4.8.2, 3,1, is defined at 3,41(z). Thus 7! = 3,3, is defined
and is a local isomorphism at [3,,41(x).

The only points where 7! may not be defined thus lie in £, ,(C No="(Q)). If
r €U~ (67"(Q)NC), then 7 is defined and is a local isomorphism at (3,41 ().

The intersection o~ (€2) NC is finite by transversality of €2, since C' is o-invariant.
Thus 77! is defined at the generic point of each component of 3,,1(C). As v, is
finite at each point of U, by finiteness of the integral closure there is ms > ms such
that if n > msg, then 77! is an isomorphism at the generic point of each component
of B,41(C).

For each n > mg, let 6, : Z, — Y, be the projective variety obtained by taking
the Sp-ification of Y, at all points in 3,(C'). Now, X,, is normal, so the birational

morphism =, : X,, — Y, factors through Z,, and there are birational morphisms

€n : X — Z, and a birational map 7, : X — Z,, so that the diagram

Xy

D)
X:@>Zn 5/717}/”

Bn

commutes. In particular, 7, is defined at all points of U.



197

Let "' : Z,.1 — Z, be the induced birational map such that the diagram

Mn+1 5n+1
(4.8.10) X-=>Zpt1—= Yo
N I I
et Eos
\ Y A
Zn i Y,

commutes. We claim that for n > ms, that the rational map ("*! is defined at all
points of 7,,+1(U).

Let p € U~ (C'UP). Then ,,1 and therefore 7,1 is a local isomorphism at p,
so, using Lemma 4.8.2, "*! = n,n. !, is defined at 7,.1(p).

If p € Pand B,11(p) € Bar1(C), then by our choice of n, the map 7! is a
local isomorphism at 3,.1(p). Thus B,(p) € B.(C). By construction ¢, is a local
isomorphism at 7, (p) and so ("' = ¢ 1716, is defined at 1,1 (p).

Now let p € C. We have seen that 7" is defined on 3,41(U), except at a 0-
dimensional locus contained in 3,41(C). It follows from Lemma 4.8.8 that ("' is
defined at 7,41(p). This completes the proof of the claim.

Using finiteness of the integral closure again, we may choose my, > mg so that

("1 is a local isomorphism at all points of 7,1 (U) for n > my. For n > my, let
F, ={p € C| 9, is not a local isomorphism at n,(p)}.

As 9, is finite, the set F}, is finite. Arguing as in the proof of Proposition 4.8.3, and

using the maps "™, we have that
Foim € (B, U ™MQNC))No ™ (F,U(QNC))

if n > my. Since QN C consists of finitely many points of infinite order, for n,m > 0

we have that

o "QNC)YNeT™(F,UQNnC)=F,Nnec ™(QNnC) =1.
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Thus for m,n > 0, we have that
Fn+m anmU_mFrrw

and so for n > 0, we have that F,, = F},|; is o-invariant. In particular, F,,No~"Q = ().
This means that 6,1 is a local isomorphism at all points of 7,,1(c™"Q2 N U). By
(4.8.10), mntl = 6,16, L is defined everywhere in 3,41(c QN U). Thus 7+ is
defined everywhere in (3,11 (U) for n > my.

The argument that for n > 0, p" ! is defined everywhere on 3,1 (U) is completely

n+1

symmetric. By finiteness of the integral closure, we see that for n > 0 both 7!

n+1

m+1 are local isomorphisms at every point of 3,.1(U). O

and p
We establish some more notation, which we will use in the next few results.

Notation 4.8.11. Assume Assumption-Notation 4.7.1. Let m be such that for

n+1

n

n+1

n

n > m — 1, the rational maps 77" and p!'™ are defined and are local isomorphisms
at every point in v,1(U). We call Y, a stable scheme for R. Let C' C U be the
o-invariant curve where ,, is not a local isomorphism, and let P C U be the o-
invariant O-dimensional subscheme where 7,, is not a local isomorphism. Let F' be

the o-invariant subset of C' that maps onto points where Y,, does not satisfy S5.

For all n > 2, we define a birational automorphism 7,, of Y,, by setting

To = (m_1) " 1

By construction, 7,7, = 7,0 as birational maps. Proposition 4.8.9 implies that for
n > m, 7, is an automorphism of =, (U,).

For all n,m > 1, we define birational maps

n+m _n+m .
pn )Tn . XTH-m - XTU
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n-+m
n

where p"™™ = (a,) 'y im and 7 = a; '0™a, . By construction, we have

n

n+m n+m

Ty Tn+m = TnPp

and

n+m _ n+m
Prn Tntm = TnTp

as birational maps from X,,.,, to Y.

Let Z be the subscheme of X defined by D. Recall that W =, ; x,a O(p) and
that U = X ~\'W. The map 3, is defined and finite at every point of U. Heuristically,
it may fold U along C' or pinch U into a cusp at some point of P. At points of F, (3,,
does some additional cusping, since there Y,, fails S;. We will construct the variety
Y by cusping and folding U along ', P, and F', and gluing in the points of W, which
correspond to orbits on which (3, is not always defined, to obtain a finite morphism
from X to Y.

There is one technicality still to dispose of: in order to glue as described, we need

the sets
Ym(Um) = Bm(U)
and
Y (0 (W)
to be disjoint, at least for large m. Proving this is the content of the next few results.

We will need to look carefully at how our various birational maps affect W, and

we establish some more notation. For any w € W and n € Z, we let w,, = 0~ "(w).

Definition 4.8.12. Let w € W. Let O = Ox,,, and let m?* be the germ of R, L;*
at w;, regarded as an ideal in O, as usual. We say that the orbit O(w) is nice if there
is an integer j so that QN O(w) C {w;} and so that there are ideals a, 9, and ¢ of O

so that for all n > 1, we have
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oiflgign—lthenmﬁjzb;

m’ . =c; and

n .
n+j

if i <0or¢>nthenmi , =0.

If O(w) is nice and j = 0, then we say that w itself is nice; by reindexing, if O(w) is

nice we may always assume that w is nice.

Niceness is a purely formal notion; if O(w) is nice, it is easier to analyze the
behavior of the loci 7, (a;, ' (O(w)) for various n. We carry out this analysis in the
next three lemmas.

We first establish some more notation.

Notation 4.8.13. Let w € W be a nice point. Define curves
Eq = oy ' (wy),

ED = agl(w1)7
and

E. = a;l(wg).

That is, E, is the exceptional locus obtained by blowing up the ideal 0 and normal-
izing, and similarly for £, and E..

For any n > 1 and 7 € Z, define E' C Y, by
E} = %(Oéﬁl(wi))-

Lemma 4.8.14. Suppose that w € W is nice. Then for all n,m > 1 the map

-1
n+m

n+m
by,

is defined at all points in o, ;,,(O(w) ~ {w,}), and is a local isomorphism at
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all points in a, L, (O(w) N {wWn, Wny1, .. Woim}). Likewise, r*™ is defined at all

points in a, L, (O(w)~{wy}) and is a local isomorphism at all points in a7, (O(w)~
{wo, c. ,wm})

Proof. Fix n,m > 1 and let w € W be a nice point. By definition, Supp W,, C
{wy, ..., wy,},and so the map «,, is a local isomorphism at all points in a;, }(O(w)
{wo,...,w,}). Furthermore, as mj = a, we have that a;'(wy) = E,. Likewise,
at(w,) 2 E,and for 1 <i<n-—1, a,(w;) = F,.

Therefore, if i < 0 or i > n + m, then p"™™ = a_'a, ., is defined and is a local
isomorphism at the point a;,},,(w;). For 0 <4 < n — 1, the stalks m}™” and m} are
isomorphic. Thus a;; ', 1, extends to a map that is defined and a local isomorphism

at all points of a;i,,(w;). For n+1 <i < n+m, a;! is defined at w;, so pi*!

is
defined on a, +m(wi), although it is not necessarily a local isomorphism.

We repeat this analysis for the maps ™. If i < 0 or i > n + m, then a4, is
a local isomorphism at the point a;,},,(w;), and a; ' is defined (and is thus a local
isomorphism) at w;_,, = 0™ (w;). Thus r"™™ = «a, '6™ay, ., is a local isomorphism
at oy, (). m+1<i<n+m, then a,l,,(w;) =2 o, (w;_,) and 17T extends
to a local isomorphism at all points in a;,},, (w;). Finally, if 0 <i < m — 1, then ;!

n+m ;

is defined at w;_,, and so r"*™ is defined on a,,},,(w;). O

Lemma 4.8.15. Suppose that w € W is a nice point.

(1) For m,n > 1, if i # n then 7™ is defined at all points in EM*™ =

s (@), and 7T (B = B,
(2) For myn > 1, if i # m then p"™™ is defined at all points in E!™™ =
(a

’Vner n+m< 1))7 and pn+m(En+m) Eznfm
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Proof. (1) On X, 1, the rational functions in R,,,, define the morphism

Tn+m - Xn+m > n+m -

The rational map induced by the rational functions in R, is easily seen to be

n—+m

YnPn = 772+m’7n+m : Xner --=Y, s

and the rational map induced by the rational functions in E:: is

n+m __

TmTm p%+m7n+m t Xppm — ==Y -

If i # n, then p"*™ and 7™ are defined at all points in a;,1,,(w;).

n m n+m

We wish to apply Lemma 4.5.12. To do so, we must calculate the divisors and

. . — — —g™
base loci on X,,1,, associated to the vector spaces R, i, Ry, and R, , .

—1
n+m

For 0 < i < m-+n, let F; be the effective exceptional Weil divisor « (w;). Now,
Iy, is the expansion of m*" to X,,.,,. By [Har77, Proposition 7.1], the expansion
of m"™ to X

n+m

is Cartier; the ideal sheaf Zp, is its pullback to X,,,, and is thus
also Cartier.

By Lemma 4.4.4, we have
DXn+m (En—&-m) - O‘:(H_mDn-l—m - FO - L'ntm-

Let G3 = DXv+m (R, ). Let

*
G1 :an+mDn+m_F0 — T Ln-1,
and let
*
GQ = an+mDn+m - Fn+1 T Lngme

The niceness of w implies that Gy — DXn+m(R,,) and Gy — DXn+m (EZ:) are both

effective and supported on F,. That is, the base locus of the rational functions in R,



203

with respect to the Cartier divisor (G; is contained in F,,. Likewise, the base locus of
the rational functions in R,, with respect to the Cartier divisor Gy is also contained
in F,,.

We now apply Lemma 4.5.12 to the multiplication Enﬁij C Rytm. We have that

Gg - G1 — G2 = —Fn + o o Q.

n—+m
Recall that c7"Q N O(w) C {w,}. Thus by Lemma 4.5.12, the rational map

+m _ + -1 .
7T7T’LL "= (71'2 mfyn+m>f}/n+m . Yn+m - > Yn

is defined at every point of 7,4, (F;) for every i # n. That is, if i # n, then 7t™ is
defined at all points of EI""™. That the image of E""™ is E is immediate.

The proof of (2) is symmetric: we use the multiplication Emﬁzm C Ry []

Lemma 4.8.16. Suppose that w € W is a nice point. Then there are integers ny
and b > 1 so that:

(1) If n > ny and i < n —b then for all m > 1, ™™ is a local isomorphism at
all points of EJ™.

(2) If n > ny then for allm > 1 and i > m+b, p™ is a local isomorphism at

all points of EI™.

Proof. Fix i € Z. For n > i+ 1, the map 7! is defined on E]""" by Lemma 4.8.15,
and

(B = B

We claim that for n > 0, the map 7! is finite at all points of Ef“. This is clear

if i <0, as then by Corollary 4.8.7 7,11 and y,pi™! are finite at a;,}; (w;).
Now suppose that n > i > 0. By Lemma 4.8.15(1), 77! is defined on E"*'. If it

is not finite on E"™, it must contract some component of it by Corollary 4.8.7. Let
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E = o (w;); thus E is isomorphic to either E, or E,. We have an infinite series of

surjections

(4.8.17) / E \
E?+3 EH—Q E?-l—l

i+3 i i+2 %
Tit2 Tit1

where E surjects onto all terms. Since E has only finitely many components, for
n > 0 the map 77! must be finite at all points of Ei”“, and the claim is proved.

Fix a € Z. We claim that there is some integer N, so that if n > N, and i < a,
then 7_; is a local isomorphism at all points in E].

Note that if ¢ < 0, then (; is defined and finite at w;. Let
A ={i < 0] 3 is not a local isomorphism at w;}.

The set A is finite. If i« < 0 and @ ¢ A, then Oy, g,(w,) is integrally closed. Thus
for all n > 1 the map 7}, which is finite at the point E]', is automatically a local
isomorphism at E'. By finiteness of the integral closure, there is some N so that for
n > N, m)'_; is a local isomorphism at all points in the finite point set

U Er

i€A
Then for any ¢« < —1 and n > N, 7]'_; is a local isomorphism at any point in E7,
and we may take N, = N for any a < —1.

If @ > 0, choose N’ so that m]'_; is finite at all points of EI for 0 < i < a

and n > N’. By finiteness of the integral closure, there is some N” > N’ so that

n

Th—1

is a local isomorphism at all points of E* for 0 < i < a and n > N”. Let
N, = max{N",N_,}.
Repeating this analysis for the p!' ;, for any a we can find M, so that for all

n > M, and ¢ > n — a, the map p]!_; is a local isomorphism at all points in E.
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Let n > 2. As n # 2n — 1, by Lemma 4.8.15(1) the map 73"_; is defined at all
points of E2". Tt maps E2" onto E2"~!. Likewise, by Lemma 4.8.15(2), as n # 1 the

map pa' s is defined at all points of £2"~!. Thus, the map

n 2n—1_2n

4 = Pon—2Ton—1

is defined at all points of E*". It is finite unless it contracts a component of E>". As
FE, surjects onto all E2", arguing as above we obtain that there is some b so that for

all n > b, ¢" is a local isomorphism at all points of E**. We may take b > 1.

Sublemma 4.8.18. For anym > b, for all j,n withb < j < m andb+j <n < m+j,
the map p,_, is defined and is a local isomorphism at all points of ET. For all j,n
withb < j <mandb+j7 <n < m+ 7, the map m_ is defined and is a local

isomorphism at all points of E7.

Proof of Sublemma 4.8.18. We prove the sublemma by inducting on m; note that it
is vacuously true for m = b. Assume the sublemma holds for m. We show it holds
for m + 1. It suffices to prove the following:

(i) For all b < j < m, the map W?I:Z—H is defined and a local isomorphism at all
points of Efmﬂ.

(ii) For all b < j < m + 1, the map pj:izﬂ

is defined and a local isomorphism at
all points of Ej Fml

(iii) For all b+m+1 < n < 2m+2, the map n'_, is defined and a local isomorphism
at all points of £} ;.

(iv) For all b+m~+1 < n < 2m+1, the map p'_, is defined and a local isomorphism
at all points of £} ;.

By symmetry it suffices to prove only (i) and (ii). We first verify that the maps

are defined. In case (i), as m # 0 and so j +m # j, by Lemma 4.8.15(1) the map
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ﬂjiﬂ“ is defined on E§+m+1. In case (ii), as j # 1 = (j+m + 1) — (j + m), by

Lemma 4.8.15(2) the map ;2“ is defined on E§+m+1_
Fix b < j < m, and consider the compositions

__jtm+l _j+m+2 2m+2
f=Tim p§+m+1 Pt

and

(If j = m, we define g = Idy,,,.) By induction, g is defined at all points of E§+m,

and we have seen that f is defined at all points of EZ’}:{Q Further,

2m+2 bmAl m2 ) pjtme2 jtml  pyjtmel i+
JEDST) =mim Pmn(BS) = mi (B7) = B
Thus gf is defined at all points in E2"1?. Now, the rational map ¢/*'--- g™ is

m

a local isomorphism at all points of EZ’HQ As gf and ¢Zt'- .- g™t agree where

both are defined, we see that f is a local isomorphism at all points of E?n’fﬁQ Thus

all composition factors of f are local isomorphisms. In particular, o g a local

Jjtm

isomorphism at all points of Ej+m+1, and pﬂzﬁ is a local isomorphism at all points
of Ejﬂ” 2 This proves that (i) and (ii) hold. O

We return to the proof of Lemma 4.8.16. It follows from the sublemma (by letting
m go to infinity) that if b+1 < j <n—0b—1, both 7)}_; and p!'_; are defined and are
local isomorphisms at all points in £7. This b is the integer we seek in the statement

of the lemma; now let ny = max{N,, My, 2b}. ]

Lemma 4.8.19. There is some integer k so that for all w € W, the o*-orbit Oy (w)

1S nice.

Proof. Clearly it suffices to prove that there is an integer k that works for all points in

one g-orbit O(w). For one orbit, we may let k£ be the integer N from Lemma 4.6.6. [J
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We are finally ready to prove:

Proposition 4.8.20. Assume Assumption-Notation 4.7.1 and Notation 4.8.11. For

all n > 0, the sets v, (o, ' (W) and ~,(U,) are disjoint.

Proof. Fix t > 1. It is clearly sufficient to prove that for all w € W, for n > 0 the

sets
Y (Un)
and

(e, (Or(w)))

are disjoint. Applying Lemma 4.8.19 and Lemma 4.6.11, by letting ¢ be sufficiently
large we may thus reduce without loss of generality to considering nice points.

Let w € W be nice, and adopt Notation 4.8.13. Let ny; and b be the integers
constructed in Lemma 4.8.16; let N > max{nq, 2b} be such that for n > N, 7, is an
automorphism of v, (U). This exists by Proposition 4.8.9.

Suppose there is some e € Ey and u € Uy such that yy(e) = yn(u) = z. Ase
and u are in different connected components of ’y]}l (x), clearly x is of finite order,
say k, under 7. Let ¢ be such that ay(e) = w;.

First suppose that ¢ < N —b. If i > 0, let n = N+ (i+1)k; if i <0, let n = N +k.

Asi < N <n, (py)~!is defined at e; let ¢ = (p)~'(e). Let v’ = (p%) '(w). Then
Ty () = o () = = P () = TR ym ().

Note that ¢ < N, so 7fy is defined at 7,(¢/). By the choice of N and n, % is

one-to-one on v,(U,) U EP and so

Tn(€) = (W),
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But now, as (7,,)*(z) = x, we have

n—N

r =N (t) = T (1) (W) = pym (') = prvn(€) = v (e).

Our assumption on ¢ ensures that n — N # i and so 1% (¢’) is well-defined. As
anty(€) = Wi—(n-ny,

we see that 7% (e’) & {¢’,u}. We have produced a new point in v3'(x). Continuing,
we may produce infinitely many such points, which is impossible. Thus ¢ > N — b.
Arguing symmetrically, we obtain that ¢ < b. Since N > 2b, we see that no such

e can exist. ]

Theorem 4.8.21. Assume Assumption-Notation 4.7.1. Then there are a projective
variety Y and a finite birational morphism 0 : X — Y such that for all n > 0
the rational map from Y to PN induced by the rational functions R, is a closed
immersion at every point of Y ~ O(W). Further, there are a numerically trivial
automorphism ¢ of Y such that Qo = ¢0, an ample and ¢-ample invertible sheaf L'
on'Y so that 6*L = L, and a locally principal subscheme ' of Y so that Q = 6*C).
Furthermore, for n > 0, the rational functions in R, correspond to sections of the

invertible sheaf Ty @ L'(L)?--- (L))", and their base locus is equal to O(W,,).

Proof. We continue to use Notation 4.8.1 and Notation 4.8.11, so m is such that Y,
is stable, and C' U P is the subset of U on which f3,, is not a local isomorphism. By

Proposition 4.8.20, by increasing m if necessary we may assume also that
(4.8.22) om0 (W) 1 (U) = 0.

Let 7 be the birational automorphism 7, of Y,,.

Let H C W be the set

{x € W| either 3, is undefined at z or 3, is not a local isomorphism at = }.
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Thus H = {hy,...,hs} is the finite set of “bad points” of 3, that do not lie on
CUP. Let G =o' (H).

We claim that the sets 3,,(U~(CUP)), By (CUP), vpa H(H), and y,,0;, (W H)
are pairwise disjoint. To see this, recall that (3, is a local isomorphism at all points
of X N\ (CUPUBH). Thus if x € U \ (C U P), then 3,! is defined at (3,,(z). As
ol is defined at z, if 2/ € X, with y,(2') = Bn(z), then 2’ = «,}(z). Thus
Bm(U N\ (C'U P)) is disjoint from the other three sets. That 3,,(C U P) is disjoint
from the other sets follows; recall that 3,,(U) N y,a;, (W) = 0.

If v € o, (W~ H) and 2’ € o,,}(W) with 7,,,(2) = Y (2'), then note that g,! is

defined at ~,,(z). Therefore,

() = B Y (7) = o ()

and 2/ € o' (H). This completes the proof of the claim.
To construct Y, let

Vi=X~(CUP)

and let

Vo =Y N 7m(G).

Let Via = ViN(am7;,, (Vz)), and let Vo = VoNy,,a;,t(Vh). By the claim just previous,
Vio = Vi — H and Vo1 = V4 — 3,,(C' U P). Further, 5,,(Vi2) = Vo1; note that (3, is
defined and is a local isomorphism at all z € V5.

As [, defines a bijection between Vi, and Va; that is a local isomorphism at each
point, it is an isomorphism between Vj5 and Va;. By [Har77, Example 2.3.5] there is
a scheme Y given by glueing Vi and V5 along the isomorphism £, : Vi — V5. For

1 = 1,2 let v; be the induced map from V; to Y.
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We now construct the automorphism ¢ of Y. Let
Var = Va N ym(e, (07 (H))).

We define morphisms

¢1:1/1103V1—>Ya

G921 = ¢1U@;1 Vo =Y,
and

¢22 :¢27' Vo — Y.

We check that ¢1, ¢o1, and ¢99 are well-defined; that is, that they are in fact
morphisms. First, V; is o-invariant by construction, so o(V;) C Vi and ¢, is well-
defined. Since 3,1 (Va1) = Vig C Vi, ¢9y is also well-defined. Now, if y € VosNy,, (Un),
then, using (4.8.22), we have that 7(y) € 7,(Uy,) C V2 and so ¢g is defined at
y. Finally, if y € Vo N yna;, (W), then 3! is defined at y. Let x = 5.} (y) €
W~ H~o ' (H). As o(x) ¢ H, the map 7 = (3,,03;,! is defined at y. Further, 3,
is a local isomorphism at o(z), and so (,,0(z) € 7, (G) and 7(y) € V. Thus 1)y is
defined at 7(y).

We next claim that Vo1 UV = Va. To see this, let y € Vo N\ Vs = (07T H)N
V. Then there is x € 07 (H) so that y € v, (2); as y € Va, therefore x ¢ H. As
x is certainly not in C'U P, we see that z € V35, and §,,(x) =y € Va.

The diagram

Va
oBm' // \\ T
7/ N
¥ Brm \
X ______ >Ym
N 7
N Ve
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of rational maps commutes by construction. Note that the left side of this diagram
gives ¢o; and the right side gives ¢q9, considered as rational maps from V5 to Y.
Thus ¢9; and @9y agree where both are defined; in particular, they agree on V51 M Vas.
By [Har77, page 88], the morphisms ¢9; and ¢9o glue to give a birational morphism
0o : Vo — Y. It is clear that ¢1 = ¢9,, on Vio, and so ¢, and ¢, glue via (3, : Vis —
Va1 to give a morphism ¢ : Y — Y. As ¢ is a local isomorphism at every point of Y,
it is an automorphism of Y by Lemma 4.8.2.

Now let V3 = X~ H. Note that 3, is defined on V3, and 3,,(V3) = V5, by (4.8.22).

Define

7/}3:1/}25771:‘/3_)}/-

Now, V3UV; = X, and V3NV, = Vi5. By construction, 13 = ¢y on Vis. Thus we may
glue 1y and 3 to obtain a morphism 6 : X — Y. Clearly o = ¢f. Furthermore, as
both 13 and 1, are finite maps, @ is finite.

Clearly Y is integral. We claim that Y is also separated. To see this, consider the
diagonal Ay = {(y,y)} C Y x Y. This is the image of the diagonal Ax C X x X
under the finite morphism 6 x §. As X is separated, Ax is closed. By [Har77,
Exercise 3.5] the finite morphism 6 x 6 is closed. Thus Ay is also closed, and so Y
is separated. Thus Y is a variety.

For all n > 1, the rational functions R, induce a rational map p, : Y — PV
By construction, for n > m, the indeterminacy locus of u, is equal to #(W,,). In
particular, it is contained in (W) and so supported at smooth points of Y. Further,
note that if n > m and = € O(U), that locally at z the rational map u, factors

through the local isomorphism

() "yt Y = ==Y, C P
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Thus p, is locally a closed immersion at any point of Y ~ 6(W).
By resolving the indeterminacy locus of p,,, we obtain a variety Y/, a morphism

&, :Y! — Y and a morphism v, : Y/ — PN g0 that the diagram

Y/
‘) X
Y — ﬁn} PNn

commutes. For all n, let N}, = v:O(1) and let

Ko = ((€):N2) ™

Away from the indeterminacy locus of p,, K, is isomorphic to pfO(1) and is in-
vertible. As any rank 1 reflexive module over a regular local ring is invertible, /C,
is invertible on the indeterminacy locus of u, as well, and therefore is an invertible
sheaf on Y for all n > m. Thus R, C H°(K,), and the (set-theoretic) base locus of
the sections R,, of KC,, is precisely O(W,) for n > m.

For n > m, consider the Weil divisor corresponding to the invertible sheaf 6*/C,,
on X. Away from the finitely many points in Supp W,,, this is equal to A,, — 2. As
X is smooth at all points of Supp W,,, by extending this equality to all of X, we
obtain that

ToL, = Ox(A, — Q) = 07K,

for n > m.

Let £/ = (Kp(Kni1) ™), and let M = ;'@ L@ (£)°@---®(L)?" " Then
0°L = (ZoLm)Talmi) ) = (£77)" " 2L,

and

0*M = (ToLon) Lo = (o)L
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As 0* M corresponds to an effective Cartier divisor, so does M; that is, M~ is an
ideal sheaf defining a locally principal curve on Y. We will denote this curve by §';
by construction, 6*Q2" = Q. Note that KC,, = Zo/ (L'),,.

Recall that £ is ample. As 6 is finite, £’ is ample by [Gro61, Proposition 2.6.2].

Thus Y carries an ample line bundle and so is projective. The numeric action of ¢

is clearly still trivial, and so £’ is also ¢-ample by [AV90, Theorem 1.7]. O

We remark that the fact that Y is a projective variety may also be deduced from

[RS06, Proposition 7.4].

4.9 The proof of the main theorem

At this point, we are very close to finishing the proof of Theorem 4.1.4. Starting
with a birationally commutative projective surface R, we have produced transverse
surface data D = (X, £, 0,4, D,C,Q, A, \’) so that (after replacing R by a Veronese
subring) R is contained in 7'(D), and the bimodule algebras R(X) and 7 (D) are
equal. We then showed that there are another surface Y and a finite birational
morphism # : X — Y, so that Y has an automorphism ¢ conjugate to o and carries
a ¢-ample line bundle £’ that pulls back under 6 to £. We further showed that the
rational functions in R, define a closed immersion at any point of Y \ (W) = §(U)
for n > 0.

We claim that we may construct transverse surface data
E = (Y7 £,7 ¢7 Al? Dl? CI? Ql? ®7 ¢,>

on Y so that some Veronese of R is actually equal to the ring T(E). We do this in
the next few propositions. We then combine our results to prove Theorem 4.1.4.
Let D = (X, L,0,A,D,C,Q, A, \') be transverse surface data, and suppose that

R C T(D) is a graded ring. We begin by establishing sufficient conditions for R
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to actually be equal to T'(D) in large degree. Our methods involve reducing the
question to one involving subrings of twisted homogeneous coordinate rings of o-
invariant curves in X. We wish to use the results of [AS95] on subrings of idealizer
rings on curves; however, as those were proved only for reduced and irreducible

curves, we repeat the proofs here in a more general context.

Theorem 4.9.1. Suppose that the surface data
D= (X,L,0,A4,D,C,Q A N)

is transverse. Let T = T(D) and let T = T (D). Let R be a subalgebra of T with
Ri#0, and fir 0 # 2 € Ry. Let R, = R,2~" and let Rn(X) = R, - Ox.
Suppose that R, (X) =7, forn > 0. Let Z be the cosupport of D and let

W = U O(p).

peEAUNUZ

Further assume that for all n > 0, the rational map defined on X by the rational
functions in R, is birational onto its image and is a closed immersion at each point

m X ~W. Then R, =T, forn> 0.

We will prove Theorem 4.9.1 in several steps. We first establish some notation.
If ¥ is a o-invariant proper subscheme of X, then o restricts to an automorphism
of ¥, which we also denote by o. For any such 3, let By = B(X, L], 0). We may
consider T" and R to be subrings of B(X, L, 0); we will let T%, respectively Ry, be

the image of T', respectively R, under the natural map from B(X, L, o) to Bs.

Proof of Theorem 4.9.1. By Lemma 4.2.7, the sequence of bimodules {(R,,)y } is left
and right ample; thus by Lemma 4.7.5, T is a finitely generated left and right R-
module. Let J; = Lanng(T/R) and let J, = r.anng(T/R). Note that J; is a graded

right ideal of T" and that J, is a graded left ideal of T". Our assumptions imply that
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R and T have the same graded quotient ring, and thus J; and J, are nonzero. Let
K = J,J;. Then K # 0 is a nonzero graded ideal both of R and of T". Note also that
by Proposition 4.2.13, both 7 and T are left and right noetherian.

By Corollary 4.2.25, there is a o-invariant ideal sheaf K on X such that for n > 0,
we have that K, = H°(KR,)z". Let ¥ be the o-invariant closed subscheme defined
by IC; then dim ¥ < 1. By transversality of the defining data for R, the o-invariant
subscheme ¥ is disjoint from W, and Q N ¥ consists of points of infinite order.
Let J be the ideal sheaf on ¥ of the scheme-theoretic intersection €2 N Y. Since

Tor¥(Oq, Ox) = 0 by critical transversality of {o"Q}, the natural map from
IQEn X OZ - 'Cn X OZ

is injective, and we see that R,|s = J(L,|x) for n > 1.

Note that R/K and Ry are equal in large degree, and T'/K and T% are equal in
large degree. Note also that as for n > 0 the rational functions in R, define a closed
immersion at all points of X ~ W, that their restrictions to ¥ C X ~ W also define
a closed immersion for n > 0.

We claim that Ry and Ty are equal in large degree. Before proving this claim, we

give a lemma generalizing a result of Artin and Stafford.

Lemma 4.9.2. (cf. [AS95, Lemma 4.6]) Suppose, in addition, that there are no
proper o-invariant subschemes Y of ¥ so that (Ty)/(Ry) is infinite-dimensional,
and that there are o-invariant ideal sheaves Iy, ...,T; C Os, so that T1\Zy-+--Zy =0

on X. Then Tx /Ry, is finite-dimensional.

Proof. The proof is similar to the proof of [AS95, Lemma 4.6]; we give it in detail

because some of the details are different in our slightly more general context.
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Suppose, in contrast, that 7% /Ry is infinite-dimensional. We first note that if .J
is a nonzero graded ideal of T%, then there is a graded ideal J" O K of T so that
J = J'/K in large degree. By Corollary 4.2.25, in large degree .J' consists of sections
of R, that vanish on some o-invariant proper subscheme Y of 3, and so (in large
degree) Ts,/J = Ty. If J were also an ideal of Ry, then as by hypothesis Ry and Ty
are equal in large degree, we would have that Ry and 7% are equal in large degree.

Thus Ry, and Ty, have no nonzero ideals in common. By induction, we may assume
that £ = 2. Let Z; and Z,, respectively, be the subschemes of Y defined by Z; and
T,, respectively. Let M = L]y, and let B = B(X, M, 0). For i = 1,2, let

K; =T*(Z;) = (P H(S: TiM,)2" C B,

n>0
and let M; = K; NTyx. Note that the M, are two-sided ideals of T%. As Z; is an
Oz,-module, the right and left actions of 7% on M; factor through T, = Ty /M,.
Now, M, is a finitely generated left and right 7T5-module, because T; is a factor
of the noetherian ring 7" and is therefore noetherian. Let Ry = (Ryx + Ms) /My C Ts.
By hypothesis, Ry and T; are equal in large degree. Thus R, is noetherian, and both
M; and N = Rsx, N M; are finitely generated left and right Re-modules. Let N/ =
ToNT, C M. Let V be a finite-dimensional subspace of N such that T5V1T; = N'.
Then, as Ry and Ty are equal in large degree, we have that (T2VT13), = (R2V Ry),

for n > 0. Thus for n > 0, we have
N, C N, = (ThVTy), = (RVR3), C N,.

Thus N'/N is finite-dimensional. There is thus some ngy so that Ns,, = N., is

>ng

a left and right 7T5-module. That is, N>,, is an ideal of Ty. As N>,, € Ry and Ry

and Ty, have no nonzero ideals in common, Nx,, = 0.
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Therefore, (Ry)sn, NI'*(Zy) = 0. That is, (Rs)>n, < 1. This implies that the
map defined by the sections (Ez)n of M,, factors through Z; for n > ng, and so is

not an embedding. This gives a contradiction. O

We return to the proof of Theorem 4.9.1. We show that Ry and T% are equal
in large degree. By noetherian induction on ¥, we may assume that for any proper
o-invariant closed subscheme Y C ¥, that Ry has finite codimension in Ty .

We first suppose that ¥ is not irreducible. Let k be such that o* fixes all irreducible
components of . The hypotheses of Lemma 4.9.2 thus hold for R(; ) and Ték).
Applying Lemma 4.9.2, we see that T\ ék) / Rg ) is finite-dimensional.

We show that this implies that 7% /Ry, is finite-dimensional. Let F,, = R,|s, and

let

F =P (Fn)on.

n>0

The noetherian property of 7 descends to the Osx-bimodule algebra F, and so F

and its Veronese F*) are noetherian. As the restriction of an ample sequence to a

o-invariant subscheme, the sequence of bimodules {(F, ), } is left and right ample.
Recall that J = ZqOyx, C Ox, and that M = L|y. Fix 0 <i <k — 1, and let

P = @ I Mitnk.

n>0

The sheaf JMy_; is an invertible sheaf on >, so by Lemma 2.3.14, the submodule
lattices of the right F*)-modules P and
(ij_i>0k_i ®P = @(jjgkii/\/lnk)a”k g f(k)
n>0
are isomorphic. In particular, P is a coherent right F®*)-module.

Fix ng so that if n > i 4+ ngk, then (Rx), generates P,. Let n; > ng be such that

-E—i—nok DS---D -7:i+n1k
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generates Psiinor as a right F (!)-module. Then for r > n,, we have

gitik oitik
(Tz i+rk = Z E-ﬁ-]kf(r ;)k Z H I+J’€}—(r J])k)

Jj=nog J=no
By Lemma 4.7.4, for fixed ¢ and for r > 0, we have

(Rs)e(Ts) i = HO(FuF5 )2,

Recall that Rgf ) and T ék) are equal in large degree. Thus, by taking r > 0, we obtain

that
(Rs)itre © (T%)ivrk = Z(RZ)i+jk(TZ)(r—j)k = Z(RE>z+jk<RE)(r ik € (Rs)itrk
Jj=mno Jj=mno

Since this holds for 0 <7 < k — 1, Ry, has finite codimension in T%.

Now suppose that Y is irreducible but not reduced. Then the nilradical N of
Oy is a o-invariant nilpotent ideal sheaf on ¥; so the hypotheses of Lemma 4.9.2
hold for Ry and Ty, with Z; = Z, = --- = Z, = N. We see again that Ty /Ry is
finite-dimensional.

Thus we have reduced to considering the case that Y is reduced and irreducible.
Now, if @NY = (), then Ry, and T, are equal in large degree by [AS95, Theorem 4.1];
in particular, this holds if ¥ is a point. If QN is nonempty, and ¥ is a reduced and
irreducible curve, then T% /Ry is finite-dimensional by [AS95, Proposition 5.4].

We have thus shown that there is an ideal K of T that is contained in R and so

that (Rk), = (Rg)n = (1%), = (T/K), for n > 0. Thus R, = T,, for n > 0. O
We now prove Theorem 4.1.4.

Proof of Theorem 4.1.4. One direction is Proposition 4.2.13. For the other direction,
suppose that R is a birationally commutative projective surface. By Corollary 4.7.13,

there are a positive integer ¢ and transverse surface data

D= (X,L,0,AD,C QA N)
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so that X is normal, R, # 0, R, generates K, and
R(X)Y = T(D).

Note that Assumption-Notation 4.7.1 holds for R®.
Let Z be the cosupport of D. Recall that for any p € X, we denote the o‘-orbit
of p by Oy(p). Let

W= U O¢(p)-

pEAUNUZ

By Theorem 4.8.21 there are a projective variety Y, a numerically trivial automor-
phism ¢ of Y, an ample invertible sheaf £’ on Y, a locally principal subscheme ' of
Y, and a finite birational morphism 6 : X — Y so that for n > 0 the rational func-

tions R, induce a closed immersion into projective space at every point of ¥\ §(W)
and so that 0o’ = ¢0, 0*L' = L;, and 6*QY = Q; further, set-theoretically the base
locus of the sections R, of Zo/(L'), on Y is equal to 6(W,,).

Now, 6 is a local isomorphism at every point of W. Let A’ be the ideal sheaf
on Y that is cosupported on §(Z) and so that for every w € Z, the stalks A4, and
A’g(w) are isomorphic; similarly define ideal sheaves D" and C’. The ideal sheaves
A, D', and C’ on Y pull back to A, D, and C respectively. Furthermore, by working
locally at each point of §(Z), we see that A'C"' C D', and the pair (A’,C’) is maximal
with respect to this property. As distinct points in the cosupport of D have distinct
o-orbits, distinct points in the cosupport of D’ have distinct ¢-orbits.

Let ® be the scheme-theoretic image of A under 6, and let ®' be the scheme-

theoretic image of A’. Let
D' =Y, L ¢ A D C Q & ).

By construction, R(Y)® = 7 (D'). We claim that the data D' is transverse.



220

Let Z' be the subscheme of Y defined by D’. We first show that {¢™(®)},>0,
{6"(Z") }nez, and {@"(P'),<o are critically transverse. Applying Corollary 3.3.15
and using symmetry, it suffices to show that if w € AU Z, then {¢"0(w)},>0 is
critically dense. Fix w € AU Z, and suppose there is some nonzero curve I' C Y so
that for infinitely many n > 0, ¢"0(w) € I'. Therefore, for infinitely many n > 0,
o™(w) € ~1(T). This contradicts the transversality of the data D on X.

We now show that {¢"Q'},cz is critically transverse. By Lemma 3.3.12, it suffices

to prove that
(493) {n | TOT}/(OQ/, O¢n1") 7é O}

is finite for all reduced and irreducible I' C Y. As € is locally principal and T is

reduced and irreducible, (4.9.3) is equal to
(4.9.4) {n| ¢"T' C Q'}

for any reduced and irreducible I' C Y.
Suppose that (4.9.4) is infinite for some reduced and irreducible I' C Y. Pulling
back to X, we obtain that
{n] o™’ C Q}
is infinite for some irreducible component IV of #~'I". This does not happen, by
transversality of . Thus (4.9.4) is finite for all I', and {¢"Q' } ez is critically trans-
verse. Thus the surface data (Y, L', ¢, A, D',C",QV, &, d’) is transverse.

We have seen that for n > 0, the sections in R, define a closed immersion at all

points of Y ~\ (W). Theorem 4.9.1 now implies that there is some k& > 1 so that

Rnl = Tn
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for n > k. Thus if D” is the surface data given by Lemma 4.6.11 so that
T(D/)(k) — T(]D)”),

then

R* = T(D").
This is precisely what we sought to prove. [

To end this chapter, we make a few remarks on a possible extension of Theo-
rem 4.1.4 to rings of GK-dimension 5: that is, to graded noetherian domains R

whose graded quotient ring is of the form
K[z, 27} 0]

for some field K of transcendence degree 2 and geometric, but non-quasi-trivial
automorphism o of K. (Recall from Theorem 4.3.2 that such a ring must have
GK-dimension 5.)

There some significant technical issues involved in extending Theorem 4.1.4 to
the GK-dimension 5 case. For example, Lemma 4.5.5, where we prove that the
coordinate divisor is, in fact, nef, depends on the quasi-triviality of o. Although this
result is elementary in the GK-dimension 3 case, we have not been able to extend it
to GK-dimension 5. The GK 3 assumption is also used in Theorem 4.5.13, to show
that the set of curves contracted by A,, is o-invariant.

We conjecture that a similar result to Theorem 4.1.4 holds in this case; that is, that
all such R correspond (up to a Veronese, of course) to quasi-transverse surface data.
One possible avenue of approach is to use the Enriques classification of projective
surfaces, which we have not so far used significantly. This puts strong constraints on
the situations where GK 5 automorphisms can occur. We plan to pursue this further

in future work.



CHAPTER V

A general homological Kleiman-Bertini theorem

5.1 Introduction

All schemes that we consider in this chapter are of finite type over a fixed field,
which we denote in this chapter by k; we make no assumptions on the characteristic,
cardinality, or algebraic closure of k.

Recall that two subschemes Y and Z of X are homologically transverse if, for all
7 > 1, we have that Torj( (Oy,0z) = 0. In this chapter, we investigate geometric
questions relating to homological transversality. These questions were motivated by
the investigations of idealizers in Chapter III. In that chapter, we saw that if X is a
projective variety, o an automorphism of X, £ a g-ample invertible sheaf on X, and

Z a closed subscheme of X, then one may form the geometric idealizer
R(X,L,0,7) C B(X,L,0),

and that the properties of R(X, L, 0, Z) are controlled by the critical transversality
of the set {o"Z}: for any closed subscheme Y of X, one wants ¢"Z and Y to be
homologically transverse for all but finitely many n. One is naturally, then, led to
ask how often homological transversality can be considered “generic” behavior, and
what conditions on Z ensure this.

Our intuition leads us to believe that two subvarieties in general position, in the

222
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appropriate sense, will be homologically transverse. This is often true, and can be
made more precise in many situations by the following Bertini-type result of Miller
and Speyer. We will say that two coherent sheaves £ and F on X are homologically

transverse if their higher 7or sheaves all vanish.

Theorem 5.1.1. [MS06] Let X be a variety with a transitive left action of a smooth
algebraic group G. Let F and £ be coherent sheaves on X, and for all k-points g € G,
let gF denote the pushforward of F along multiplication by g. Then there is a dense
Zariski open subset U of G such that, for all k-rational points g € U, the sheaves gF

and &€ are homologically transverse.

As Miller and Speyer remark, their result is a homological generalization of the
Kleiman-Bertini theorem: in characteristic 0, if F = Oz and £ = Oy are struc-
ture sheaves of smooth subvarieties of X and G acts transitively on X, then ¢Z
and Y meet transversally for generic g, implying that ¢Z and Y are homologically
transverse.

Homological transversality has a geometric meaning if 7 = Oz and £ = Oy are
structure sheaves of closed subschemes of X. If P is a component of Y N Z, then
Serre’s formula for the multiplicity of the intersection of Y and Z at P [Har77, p. 427
is:

i(Y,Z; P) = Z(—l)j lenp(Tor? (F,E)),
j=0
where the length lenp(_ ) is taken over the local ring at P. Thus if Y and Z are

homologically transverse, their intersection multiplicity at P is simply the length of
their scheme-theoretic intersection over the local ring at P.

It is natural to ask what conditions on the action of GG are necessary to conclude
that homological transversality holds generically in the sense of Theorem 5.1.1. In

particular, the restriction to transitive actions is unfortunately strong, as it excludes
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important situations such as the torus action on P". On the other hand, suppose
that F is the structure sheaf of the closure of a non-dense orbit. Then for all k-
points g € G, we have Tor; (9F,F) = Tory(F,F) # 0, and so the conclusion of
Theorem 5.1.1 fails (as long as G(k) is dense in ). Thus for non-transitive group
actions some additional hypothesis is necessary.

The main result of this chapter is that there is a simple condition for homological

transversality to be generic. This is:

Theorem 5.1.2. Let X be a variety with a left action of a smooth algebraic group
G, and let F be a coherent sheaf on X. Let k be an algebraic closure of k. Consider
the following conditions:

(1) For all closed points v € X x k, the pullback of F to X x k is homologically
transverse to the closure of the G(k)-orbit of x;

(2) For all coherent sheaves € on X, there is a Zariski open and dense subset U of
G such that for all k-rational points g € U, the sheaf gF is homologically transverse
to £.

Then (1) = (2). If k is algebraically closed, then (1) and (2) are equivalent.

If g is not k-rational, the sheaf g can still be defined; in Section 5.2 we give
this definition and a generalization of (2) that is equivalent to (1) in any setting (see
Theorem 5.2.1).

If G acts transitively on X in the sense of [MS06], then the action is geometri-
cally transitive, and so (1) is trivially satisfied. Thus Theorem 5.1.1 follows from
Theorem 5.1.2. Since transversality of smooth subvarieties in characteristic 0 im-
plies homological transversality, Theorem 5.1.2 also generalizes the following result

of Robert Speiser:



225

Theorem 5.1.3. [Spe88, Theorem 1.3] Suppose that k is algebraically closed of char-
acteristic 0. Let X be a smooth variety, and let G be a (necessarily smooth) algebraic
group acting on X. Let Z be a smooth closed subvariety of X. If Z 1is transverse to
every G-orbit in X, then for any smooth closed subvariety Y C X, there is a dense

open subset U of G such that if g € U, then gZ and Y are transverse.

We remark that for the set U we construct in Theorem 5.1.2, for any extension
k' of k and any k’-rational g € U x K/, then ¢gF will be homologically transverse to
€ on X x k. Further, in many situations U will automatically contain a k-rational
point of G. This holds, in particular, if £ is infinite, G is connected and affine, and
either k is perfect or G is reductive, by [Bor91, Corollary 18.3].

We make some remarks on notation. If x is any point of a scheme X, we denote
the skyscraper sheaf at x by k,. For schemes X and Y, we will write X x Y for the
product X x, Y. If £ is a field containing k, then we write X x £k’ for X x Speck’.
Finally, if X is a scheme with a (left) action of an algebraic group G, we will always

denote the multiplication map by p: G x X — X.

5.2 Generalizations

We begin this section by defining homological transversality more generally. If W
and Y are schemes over a scheme X, with (quasi)coherent sheaves F on W and £ on Y
respectively, then for all j > 0 there is a (quasi)coherent sheaf 7 orj( (F, &) on W xx
Y. This sheaf is defined locally. Suppose that X = Spec R, W = Spec S and Y =
Spec T are affine. Let (__) denote the functor that takes an R-module (respectively
S- or T-module) to the associated quasicoherent sheaf on X (respectively W or Y').
If Fis an S-module and E is a T-module, we define ’Torf(ﬁ, E) to be (Torf(F, E)y.

That these glue properly to give sheaves on W x x Y for general W, Y and X is
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[Gro63, 6.5.3]. As before, we will say that F and & are homologically transverse if
the sheaf TO’I“;( (F,E) is zero for all j > 1.

We caution the reader that the maps from W and Y to X are implicit in the
definition of ’Torf (F,E); at times we will write 7 or}”ﬂx “Y(F, &) to make this more
obvious. We also remark that if Y = X, then Tor} (F,€) is a sheaf on W x x X = W.

As localization commutes with Tor, for any w € W lying over x € X we have in this

case that Tor} (F,€), = Tor;gx’” (Fu, &).
Now suppose that f : W — X is a morphism of schemes and G is an algebraic
group acting on X. Let F be a (quasi)coherent sheaf on W and let g be any point

of G. We will denote the pullback of F to {g} x W by ¢gF. There is a map
(X W—=GxW g x s

If Y is a scheme over X and & is a (quasi)coherent sheaf on Y, we will write
Tor; (gF, €) for the (quasi)coherent sheaf Tor}g}XWHXHY(g}", E)on W xxY xk(g).
Note that if W = X and g is k-rational, then ¢F is simply the pushforward of F
along multiplication by g.

In this context, we prove the following relative version of Theorem 5.1.2:

Theorem 5.2.1. Let X be a scheme with a left action of a smooth algebraic group
G, let f: W — X be a morphism of schemes, and let F be a coherent sheaf on W.
We define maps:

GxW-L>x

|
w
where p is the map p(g,w) = gf(w) induced by the action of G and p is projection

onto the second factor.

Then the following are equivalent:
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(1) For all closed points x € X x k, the pullback of F to W x k is homologically
transverse to the closure of the G(k)-orbit of x;

(2) For all schemesr :Y — X and all coherent sheaves & on'Y, there is a Zariski
open and dense subset U of G such that for all closed points g € U, the sheaf gF on
{g} x W is homologically transverse to E.

(3) The sheaf p*F on G x W is p-flat over X.

A related relative version of Theorem 5.1.3 is given in [Spe88].

Our general approach to Theorem 5.2.1 mirrors that of [Spe88], although the proof
techniques are quite different. We first generalize Theorem 5.1.1 to apply to any flat
map f : W — X; this is a homological version of [Kle74, Lemma 1] and may be of

independent interest.

Theorem 5.2.2. Let X, Y, and W be schemes, let A be a generically reduced scheme,

and suppose that there are morphisms:

Y
Wl x

q

A.
Let F be a coherent sheaf on W that is f-flat over X, and let £ be a coherent sheaf
onY. For all a € A, let W, denote the fiber of W over a, and let F, = F Qw Ow,
be the fiber of F over a.
Then there is a dense open U C A such that if a € U, then F, is homologically

transverse to £.

We note that we have not assumed that X, Y, W, or A is smooth.
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5.3 Proofs

In this section we prove Theorem 5.1.2, Theorem 5.2.1, and Theorem 5.2.2. We

begin by establishing some preparatory lemmas.

Lemma 5.3.1. Let

X1$X2L>X3

be morphisms of schemes, and assume that 7y is flat. Let G be a quasicoherent sheaf
on X1 that is flat over X3. Let 'H be any quasicoherent sheaf on X3. Then for all

j > 1, we have Torfg(g,fy*H) = 0.

Proof. We may reduce to the local case. Thus let z € X; and let y = «a(z) and
z=7(y). Let S = Ox,, and let R = Ox, .. Then (v*H), = S ®p H,. Since S is

flat over R, we have
Torf(gx, H,) = Torf(gz, S®rH,) = Tor?ﬁ(g, YH)

by flat base change. The left-hand side is 0 for j > 1 since G is flat over X3. Thus

for j > 1 we have Tor}*(G,y*H) = 0. O

To prove Theorem 5.2.2, we show that a suitable modification of the spectral
sequences used in [MS06] will work in our situation. Our key computation is the

following lemma; compare to [MS06, Proposition 2.

Lemma 5.3.2. Given the notation of Theorem 5.2.2, there is an open dense U C A

such that for all a € U and for all 7 > 0 we have
Tor) (F @x €.q"ka) = Tor} (Fo, &)

as sheaves on W xx Y.
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Note that F @ x € is a sheaf on W X x Y and thus Tor}y(}" ®x &,q"k,) is a sheaf

on W xxY xy W =W xxY as required.

Proof. Since A is generically reduced, we may apply generic flatness to the morphism
q: W — A. Thus there is an open dense subset U of A such that both W and F
are flat over U. Let a € U. Away from ¢~ '(U), both sides of the equality we seek
to establish are zero, and so the result is trivial. Since F| -1y is still flat over X,
without loss of generality we may replace W by ¢~*(U); that is, we may assume that
both W and F are flat over A.

The question is local, so assume that X = Spec R, Y = SpecT’, and W = Spec S
are affine. Let £ = I'(Y,€) and let FF = I'(W,F). Let Q = I'(W,q"k,); then

(W, F,) = F ®s Q. We seek to show that
Torf(F ®r E,Q) = Torf(F ®5 Q, E)

as S @r T-modules.
We will work on W x X. For clarity, we lay out the various morphisms and

corresponding ring maps in our situation. We have morphisms of schemes

W x X
%

X Y
Pl }¢ ir
" X

W

where p is projection onto the first factor and the morphism ¢ splitting p is given by

the graph of f. Letting B = S ®; R, we have corresponding maps of rings

B T

p#T §¢# TT#
¥
S?R,
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where p#(s) = s®1 and ¢# (s®@r) = s- f#(r). We make the trivial observation that
B®RE:(S®}CR)®RE%’S®]€E.

Let K, — F be a projective resolution of F', considered as a B-module via the
map ¢7 : B — S. As F is an R-module via the map r# : R — T, there is a B-action
on S ®, F;let Ly — S ®; E be a projective resolution over B.

Let P,. be the double complex K, ®p L,. We claim the total complex of P,
resolves F' ®p (S ®; E). To see this, note that the rows of P,,, which are of the
form K, ®p L;, are acyclic, except in degree 0, where the homology is F'®p L;. The
degree 0 horizontal homology forms a vertical complex whose homology computes
Torf(F,S ®r E). But S®, E = B®g E, and B is a flat R-module. Therefore
Tor?(F,S @ E) = Tor? (F,B ®@p E) = Torl(F,E) by the formula for flat base
change for Tor. Since F' is flat over R, this is zero for all 7 > 1. Thus, via the
spectral sequence

HY(H!'P,,) = H; ; Tot P,

we see that the total complex of P, , is acyclic, except in degree 0, where the homology
s FRpSerE=F®rE.

Consider the double complex P,, ®s ). Since Tot P, , is a B-projective and
therefore S-projective resolution of F' ®p F, the homology of the total complex of
this double complex computes Tor;9 (FegrE,Q).

Now consider the row K, ®p L; ®g Q). As L; is B-projective and therefore B-
flat, the i’th homology of this row is isomorphic to Torf (F,Q) ®p Lj. Since W and
F are flat over A, by Lemma 5.3.1 we have Tor?(F,Q) = 0 for all i > 1. Thus
this row is acyclic except in degree 0, where the homology is F' ®p L; ®¢ (). The

vertical differentials on the degree 0 homology give a complex whose j'th homology
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is isomorphic to Torf(F ®s @, S @k E). As before, this is simply Torf(F ®s Q, F).
Thus (via a spectral sequence) we see that the homology of the total complex of
P,  ®s(Q computes Torf (F®s@Q, E). But we have already seen that the homology of

this total complex is isomorphic to Torf (F ®gr E,Q). Thus the two are isomorphic.

]

Proof of Theorem 5.2.2. By generic flatness, we may reduce without loss of generality
to the case where W is flat over A. Since F and £ are coherent sheaves on W and
Y respectively, F ®@x &€ is a coherent sheaf on W xx Y. Applying generic flatness
to the composition W xx Y — W — A, we obtain a dense open V C A such that
F ®x &€ is flat over V. Therefore, by Lemma 5.3.1, if a € V and j > 1, we have
Tor! (F ®x €,q"kq) = 0.

We apply Lemma 5.3.2 to choose a dense open U C A such that for all j > 1, if
a € U, then TOTJW(]: Rx E,q k,) = Tor]X(]—"a, E). Thus if a is in the dense open set

U NV, then for all 7 > 1 we have
Tor; (Fo, &) = Tor) (F @x €,q"ka) =0,

as required. il

We now turn to the proof of Theorem 5.2.1; for the remainder of this section, we

will adopt the hypotheses and notation given there.

Lemma 5.3.3. Let R, R, S, and T be commutative rings, and let

R —T

]

R——=S

be a commutative diagram of ring homomorphisms, such that Ry and Tg are flat.
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Let N be an R-module. Then for all 7 > 0, we have that
Tor! (N @ R, T) = Torf (N, S) @5 T.
Proof. Let P, — N be a projective resolution of N. Consider the complex
(5.3.4) Po@r R @p T=P,@rT =P, @S ®sT.

Since R}, is flat, P, ®z R’ is a projective resolution of N ®p R’. Thus the j'th
homology of (5.3.4) computes Torf/(N ®gr R',T). Since Ty is flat, this homology is

isomorphic to H;(Py ®g S) ®s T. Thus Torf (N ®@p R, T) = Torf (N, S) ®sT. O
Lemma 5.3.5. Let x be a closed point of X. Consider the multiplication map
pe 2 G x {z} — X.
Then for all 7 > 0 we have
(5.3.6) Tor; (F, Ogxia}) = ToerX(p*J:, Wky)
If k is algebraically closed, then we also have
(5.3.7) TOT’JGXX(p*}", pky) & TorJX(}", Oz) @x Ocx{a}-
All isomorphisms are of sheaves on G x W.

Proof. Note that p, maps G x {z} onto a locally closed subscheme of X, which we
will denote Gz. Since all computations may be done locally, without loss of generality
we may assume that Gz is in fact a closed subscheme of X.

Let v : G — G be the inverse map, and let v = v x p: Gx X — G x X. Consider

the commutative diagram:

(5.3.8) GXWLJ;GXXiGX{QU}
|l
W X5 =2 G
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where 7 is the induced map and p is projection onto the second factor. Since ¥? =
Idgxx and p = p o, we have that p*k, = *p*k, = 1,Ocgx(s), considered as
sheaves on G x X. Then the isomorphism (5.3.6) is a direct consequence of the
flatness of p and Lemma 5.3.3. If k is algebraically closed, then 7 is also flat, and so

the isomorphism (5.3.7) also follows from Lemma 5.3.3. O

Proof of Theorem 5.2.1. (3) = (2). Assume (3). Let £ be a coherent sheaf on Y.

Consider the maps:

Y
GxW-—L>Xx
|
G,

where ¢ is projection on the first factor.

Since G is smooth, it is generically reduced. Thus we may apply Theorem 5.2.2
to the p-flat sheaf p*F to obtain a dense open U C G such that if g € U is a closed
point, then p makes (p*F), homologically transverse to £. But p|{gxw is the map
used to define 7T 07”])-( (9F,€&); that is, considered as sheaves over X, (p*F), = gF.
Thus (2) holds.

(2) = (3). The morphism p factors as
Gxwbaxx e x

Since the multiplication map g is the composition of an automorphism of G x X and
projection, it is flat. Therefore for any quasicoherent A" on X and M on G x W and

for any closed point z € G x W, we have
(5.3.9) Torfxx(/\/l, WN), = Tor;?x"’(z) (M., Ny,

as in the proof of Lemma 5.3.1.
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If p*F fails to be flat over X, then flatness fails against the structure sheaf of some
closed point # € X, by the local criterion for flatness [Eis95, Theorem 6.8]. Thus
to check that p*F is flat over X, it is equivalent to test flatness against structure
sheaves of closed points of X. By (5.3.9), we see that p*F is p-flat over X if and

only if

(5.3.10) ToerXX(p*}", k) =0 for all closed points z € X and for all 7 > 1.
Applying Lemma 5.3.5, we see that the flatness of p*F is equivalent to the vanishing
(5.3.11) Torj((j’:, Oax{zy) =0  for all closed points z € X and for all j > 1.

Assume (2). We will show that (5.3.11) holds for all x € X. Fix a closed point

z € X and consider the morphism p, : G x {r} — X. By assumption, there is a

k(g)

and let ¢’ be the canonical k’-point of G x k’ lying over ¢g. Let G' = G x k' and let

closed point g € G such that gF is homologically transverse to Ogyxa}. Let &’

X' = X xFE'. Let ' be the pullback of F to W' = W x k’. Consider the commutative

diagram

Gx{ayx k —22 o P L e W

| L,

G x {x} e X < {g} x W

Since the vertical maps are faithfully flat and the left-hand square is a fiber square,

by Lemma 5.3.3 we have that ¢’ F’ is homologically transverse to
Gx{z} x kK =G x{z}.

By G(k')-equivariance, F' is homologically transverse to (¢')'G’ x {z} = G’ x {z}.
Since

G/X{$}*>X’<LW’
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is base-extended from
Gx{x}—=x=<1-Ww,
we obtain that F is homologically transverse to G x {z}. Thus (5.3.11) holds.

(1) = (3). The p-flatness of F is not affected by base extension, so without loss
of generality we may assume that k is algebraically closed. Then (3) follows directly
from Lemma 5.3.5 and the criterion (5.3.10) for flatness.

(3) = (1). As before, we may assume that k is algebraically closed. Let = be a
closed point of X. We have seen that (3) and (2) are equivalent; by (2) applied to €& =
Og there is a closed point g € G such that gF and Gz are homologically transverse.

By G(k)-equivariance, F and ¢g~'Gz = Gz are homologically transverse. ]

Proof of Theorem 5.1.2. If F is homologically transverse to orbit closures upon ex-
tending to k, then, using Theorem 5.2.1(2), for any & there is a dense open U C G
such that, in particular, for any k-rational g € U we have that gF and £ are homo-
logically transverse.

The equivalence of (1) and (2) in the case that k is algebraically closed follows

directly from Theorem 5.2.1. ]

5.4 Applications to critical transversality

We have seen repeatedly in this thesis that the algebraic properties of birationally
commutative rings defined by geometric data are largely controlled by the motion
of the defining data under o. In particular, recall (Definition 3.3.8) that if X is a

projective variety, o € Aut X, and Z is a closed subscheme of X, that the set

{O_nZ}nez .
is critically transverse if for any closed subscheme Y of X, we have that ¢”Z and Y are

homologically transverse for all but finitely many n. We saw in Chapter I1I that the
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properties of the idealizer R(X, £, o, Z) are controlled by the critical transversality of
the set {¢"Z}. In this section, we apply Theorem 5.1.2 to obtain a simple criterion
for critical transversality, at least in characteristic 0. It turns out that in many
situations, critical transversality is, in a suitable sense, generic behavior.

We will use the following result of Cutkosky and Srinivas.

Theorem 5.4.1. ([CS93, Theorem 7|) Let G be a connected abelian algebraic group
defined over a field k of characteristic 0. Suppose that g € G is such that the cyclic

subgroup (g) is dense in G. Then any infinite subset of (g) is dense in G. ]

Theorem 5.4.2. Let k be an algebraically closed field of characteristic 0, let X be
a variety of finite type over k, let Z be a closed subscheme of X, and let o be an
element of an algebraic group G that acts on X. Then {c"Z} is critically transverse

if and only if Z 1s homologically transverse to all reduced o-invariant subschemes of

X.

Proof. 1f {c™Z} is critically transverse, then Z is obviously homologically transverse
to o-invariant subschemes. We prove the converse. Assume that Z is homologically

transverse to all o-invariant subschemes of X. We consider the abelian subgroup

H= (" CG

Now, the closures of H-orbits in X are o-invariant and reduced. Thus, by assump-
tion, Z is homologically transverse to all H-orbit closures, and we may apply Theo-
rem 5.1.2. Fix a closed subscheme Y of X. By Theorem 5.1.2, there is a dense open
U C H such that if g € U, then ¢Z and Y are homologically transverse.

Let H° be the connected component of the identity in H, so the components of
H are H°,cH®,...,0°"1H° for some ¢ > 1. As (0°) is dense in H°, it is critically

dense by Theorem 5.4.1.
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Fix 0 < j <c¢—1. The set
Uj=09(UNo'H°)

is an open dense subset of H°. By critical density, the set

{m|o™ ¢ U}
is finite. Thus
c—1
{n|o" ¢ U} = U{n! n=j (modec)ando" 7 &U,}
=0

is also finite. That is to say, for all but finitely many n, ¢” € U and ¢"Z is homo-

logically transverse to Y. As Y was arbitrary, {o"Z} is critically transverse. O

We note that the case of Theorem 5.4.2 where Z is a point is proved in [KRS05,
Theorem 11.2].
Suppose that k is uncountable and that X is a variety over k. We say that z € X

is very general if there are proper subvarieties {Y; | i € Z} so that

JUQLJYZ

Corollary 5.4.3. Assume that k is uncountable and algebraically closed and that
chark = 0. Let Z be a subscheme of P?, and let X be the PG Ly, -orbit of Z in the

Hilbert scheme of PY. Let Y = PG Ly x X. Then if (0, 2') is a very general element

of Y, then the set {c"Z'} is critically transverse.

Proof. By avoiding a countable union of proper subvarieties of PG L4y, we may
ensure that the eigenvalues of ¢ are distinct and algebraically independent over Q.
This implies that the Zariski closure of {o"} in PG Ly, is the torus T¢, and that

the only reduced subschemes fixed by o are unions of coordinate linear subspaces.
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There are finitely many of these; by repeated applications of Theorem 5.1.1 we see
that there is a dense open U C PGLy,, such that for all 7 € U, the subscheme
7' = 77 is homologically transverse to all unions of coordinate linear subspaces. By

Theorem 5.4.2, the set {c™Z'} is critically transverse. O

Corollary 5.4.4. Let k be an algebraically closed field of characteristic 0, let X be
a projective variety, and let o be an element of an algebraic group G that acts on
X. Let L be a o-ample invertible sheaf on X. Let Z be a closed subscheme of X
such that the components of Z** have infinite order under o. Then the idealizer ring
R(X, L,0,7) is noetherian if and only if Z is homologically transverse to all reduced

o-invariant subschemes of X.

Proof. First suppose that there is z € X so that {n > 0| ¢™(x) € Z} is infinite. Then
by Proposition 3.5.2, R is not right noetherian. Furthermore, {¢"Z}, ¢z is certainly
not critically transverse, and so by Theorem 5.4.2 there is a reduced o-invariant
subscheme that is not homologically transverse to Z. Thus the result holds.

Thus we may assume that no such z exists; by Proposition 3.5.2, R is right
noetherian. Note also that Assumption-Notation 3.3.1 is satisfied.

If there is a o-invariant subvariety Y such that Z is not homologically transverse to
Y, then by Proposition 3.5.6 R(X, L, 0, Z) is not left noetherian. If Z is homologically
transverse to all reduced o-invariant subschemes, then by Theorem 5.4.2, {0"Z},c 27

is critically transverse. By Proposition 3.5.5, R(X, £, 0, Z) is left noetherian. O
Theorem 5.4.2 suggests the following conjecture:

Conjecture 5.4.5. Let k be an algebraically closed field of characteristic 0, and let
X be a projective variety defined over k. Let o € Aut X and let Z C X be a closed

subvariety. Then {o™Z} is critically transverse if and only if Z is homologically
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transverse to all o-invariant subschemes of X.

If Z is O-dimensional, then this conjecture reduces to Bell’s recent result [Bel08,
Corollary 1.3] that in characteristic 0, the orbit of a point under an automorphism is
dense exactly when it is critically dense. If o is an element of an algebraic group that
acts on X, the conjecture is Theorem 5.4.2. In positive characteristic, the conjecture
is known to be false; see [Rog04a, Example 12.9] for an example of an automorphism

o € PGL, in positive characteristic with a dense but not critically dense orbit.
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