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... as  transfermabon
Jrowgs
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Ehewries
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T.1 PLAIN OPERADS
View A: An OPQ"AA IS an alsebca;c @4&:\3
-r?ﬂ- whidh Yo  cen talde models in a"':j
monoidal Cactesoﬁ

E.q there is an opead fovr Monsids,

(unweml “'Se’bm aﬂor'oa.da - N .s%
""'-’S“W ‘ffnea:\j s one presentable b:j
W in  whidn

e same voriables appeas

in the same ocder
wWrlhont retp@ti‘h'a\n

on Cadn s:de.)



Defsnitonn  of Omal.

A Cplajn) OP?J‘QA consists o
o O Sewu.e/lcz (R)nem o(: sets
(Whese elements O wn be Hrought of

as "n-—ar& c]'wzﬁwsu ond  drawn —l}_)

o-Fv(-ead,\ n,k‘_,.._)k,,eﬂ\), ol -Puncb'ow

=4 KPK. X oo xBe, — Rﬁ.,._-pkﬂ

(6, &, -, O) B Os(s,....6,)

@—\
e an element leT Cidentity),

Sobishying  osssziativty & idobiby  axioms,
So ok eveny tree ol cpeations has a
well- defred  compesite.

(composBen ), e.q.

EJ% "

J1 1))



Delimbon £ &La@m ( “meded “)-_ |
let P be an opead. A P-alsebaa. consiss of
e & set A
s for eadn neny & 6el,, & fundhon O:A'—A
Socl'isrvhfa Comfaa-&ibib?zj cliomS, e.q. &

ond .. a5 €A

S

then

9" (91)62,) (a‘a-"‘) O“S') = é(g'(a"-' Q,, a'.?\l QCQQJQY)) .

E'.S. Take €terminal opde B=1 ¥n. Ther o
p—alsebm is & seb A with a Anckon %:A"—A
for eada n, S‘"’E“S%”:’j aioms — ie., a mengid .

E.q. Given o monsd M, define D= M i€n=t
QS obnerwise

T™hen o p-'a\is-ebmk s an M-set .



View (ii):
Some OPGZ.&S nét (uSm|(5> FQSN'?RE.J as Heanes

e lf A B a moncdal wlagony ond  Aedd,
its e,ndomor?k{sm opgad  End(A) is given by
EndA)), = A (8" A)
and  swlostbhabion .

Remarle: 1€ P u on opead, o Polgeba is o
set- A ps & map P—>EndA) of gperds.

e Tle Sﬁmmetri‘c 3@&‘)3 (gn)ne,\\) ‘FZIFM an
operad i on mbkreshing war (“pamule in blela')

B

Ge@B, c9,_




1.2 ELARRATIONS
Enrichment

Instead ok taking the TF,s to be sefs,
can ke them & be objeds I « Sdmwmcafv.

|nslead oC{'a,la/S A + ke a set, con take

it t» be an object of o caf A either
enriched in o acted on by V. (OFter A=V.)

Eg (V=A=Topk.) Given YeTlop, , the
loop Space  of Y s .QY=7§B‘.(S',Y).

rQ. What  algebic  struchure  does eveny

leop sprce  cany?

A. A Palagga sbuctwre, where
P = Tope (S, Sv..v8) (-
Reason :
(L) —50Y  notwrodly in Y
Tope (S'v... vSLY) —Topx (SLY) ok in 7

S'——= S v...vS'



SSMMQ;{:@ -

A symmekric opEAd S an  algebmic thea
‘Fo(talm'ch\tjm Can{—alm,Mer[Sinarb

summebrsc moenosded. Cam )

Formally, eadr B has an S,-ackon:
Snxpn = Rw

(X.>-) » X

Eq. The theovy of Lie algebras is descnbed by
C‘DC,SJ - 'C[:x,bj = 0O,
[[x 41,2] + ol g3, + o[, 4l,Z]=0
where T=(12)eS, and o=0U2DeS;.

"Heace" +theres a CormmMon —enridhed sp¥ad P
whese  algebas in Vet are k-Lie algebras.



1.3 PrRECISE REATION TO ALGEBKAIC THeDRIER

T-hereiSa\-th/lcl:of

Operad 5 (morads on Set) -
P > T,=ZFx¢Y
drd  P-Aly=To-Alq.
%per(-es

* Not injective on ohieck: PR with

PRER bt To2Tg
o lmage on objectt is {stavigly requler Andany Heovies
*FRr ol P the monad Tp is Baitan, cartesion,
ond preserves Small  connecked Ltz (lout

nét everyy suds mMovad s &£ the form Tp)
c® hs o rigt adjsint, T > (Thnens
(eq ¢ Tefraa ring, get (Z,.XDer).

(e.j, & T=id, et (n\w)



L4 MULTICATEGORIES

... are {MM3-sorte& opsads .

MM\'_‘S -—objed:
Aﬂa.loales :
Single_——Sor‘leA Ehavies | mulb —sorted  Eheevies
Monsds cateqories
growps gmo:mds
o parpds mu etz govies

Qg —

as b e A

A p a, - Og — 0’(6:,&2) a‘
Oy Q9 —



\edvr spoces + mulblicas megs form a Mulbcd%aﬁ
(Acamz VVI\/ are rulb(inges Maps V:,--anﬁV.)
. . sl':'
* Objieds owe sefs; aruss &is R
fonckans  S,x--xS, —8.
> Siilarty for sy monoded  catzaovy

e € E is a %nilepmiud'cab%%e"
Ab(E) is a mulbcat (owt nét necessonly
o men codt).

© Lambek : ooject are  pRpssitions, o3 ore pagfk.
* A calegony S & mul&icﬂﬁm 0 whidh

eveny W:_ has n=1.

~D~



W\/ntm@omd@v@wﬂ&xmdﬁ%%?

» View (): tmle theic alyebras. An algebe.
for a mulbicat C s a wap C—3St of
mulbicats .

— When C s an oprad Cr-cne-olo\'leci' mulbced),
this s the some as an cpIad-—olgebre-
—When C is o mon cat, this fSalaxmandzr
— Eve opxrad P gives rie t» a 2dkject
mulbead Mo.pp Whese algebas  are

Maps €@ P-algebras .

e \iew Gi): enAdh in them. (More fardomentzd
thon enrichment in men coks?)

e View (ii): twlie moneds mn Hem. (Meare Aundamendzd
%"“M? Es conSidor w('hi@)



1 THEORIES OF C(ATEGORIEZ-WTH-STRUGURE

R. What kind of éeony is the theary of
(weale) Monssdal Caifzscyﬁes?
A. ks a  Gad-opaad (=opd enrided in Gb).

\/\)ln&?

Le;l:‘Abea\mngjr W,Q.S.JVBMVQW

«\<{»: Ag-———aA

(a,2,25) > @,®a,)®as

T A A

©ya,a;) P a&C@®@as)

F.= indiscrete. cat on
{n-(Q_qpeJ_ loimr:j-af‘-nd.lq.g-— bﬂad«\'b é"'@}

Then a P-ad3dam [V ecadgj.o\ Mon  Codt



ln{:uﬂ:ivela ,
%:hecng €  monssds
e (’heom € (weal) mon catz

In 'Fud:, theres a P'eoi‘se_sengzi prozess

plan gpezd P
> Cat-aperad WI(P),

Wamp—mkeﬁovbcanbe&eﬁmwa
\/J\LCP)-O\\SdMZ\. .

E'S' P=1: o p"“‘ﬁdﬂ(& U o Md\n-cﬁcl, and
o weale P-cat is a (weal) men Cat

Thm (M. Gould) : Eveny weale P-cakzgon
s QWM\MLQA;(:' ts o sbaet p’%'
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HicHaRk DIMENS
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Q- W ‘E"@—um
hat
lind
i L 'Hneam s the
Cod’égcnﬁ es ) "
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hs -&;M\'CMG.‘ q\ﬁeb(a oN OPZ/{’OV)
M & m |
e
/ .3 ’

q g.+F,

A . A ﬁ/l-emﬂ..ze‘ﬂ o h
CPGI.J.I CAchde & LUVJL'& SULCL“ : SLK"@S
. | lsh-er cﬂai‘mensraruﬂ“
i lqe FU\‘I\i’ SE(Z“.anes = Mmead
: .
. : ! . Q o re
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A C“‘ZSGU C comsik of sez £ fndSoms

C Cix C,—=% 5 C
dm/ N\ . :
Cb Cb Co =y C|

saksshyma asssziatnin & idobty  axious

Wite T for the froe moiotd monad on Sef-.
A M“]b'cafzaam C  cmsists Oe S QMMS

M/C'K‘, CxrTh }@
% Co

Cs |d$

sakishy g qsscuob'ﬁlv 2 I’MB asi oS |
(Here  comp: (B, (B,,..., 0) > O(6,,--.&) )

Lot £ be a ot wilth pullbades WT-—-(T,?,/Q
o cortesan Monad on & (& T preserves
pellbocks,  and the robwality sppores o g ondd e
ore Edlbad&. A T—muléic;d%mg consistz
of daba B (C.Ce8) sabshymg ossszatviy

& oy adams .

A Topezd is a T-mudbcat C witha G teminal .



gl .
oem | Y?.i—e“xf%xa
*E=2-Gapn, T=free stick 2-cut: 4
A T—oayema. covsSisz &£ “%99750\45 o shafes (ke

M & iy
oL T L
There osre  T-ocpaads wWMese abebrm ore
— strick 2-GdEqovies
- bicotzawigs
— unbiaSed loaaie‘@an&s
rﬁS‘a&deﬁ. (Batznin)

e Sinwilarty o N- oud 20— catagorvies

°S?m£% S n—i:wF(a, c«.f:esavﬁes -
L

L ] ——‘9-3 @

¢ U

==

I3



b ¥

View D: on @vwﬁ{

Covsider ¢ = D-FG?A, T= frec C"h@mf_') ,
As it twms out:
Bicat <

T~

Dol Gt < > T—Mulbicat-

Muuicad:‘/’

Mow can:

» Speale - cotegories enriced ina T-mulbicatzgorm
(PS&GWLZ;'VB enri chment n bicate & in mulbes )

e do e bimodiules cmsbuctlan on T-mudbcatz
(withot tedwic.d @Md‘;aﬂs\}.
Moral: Generalized opsads & mdb‘fa.fzgcﬁes
ae oosd for moe Haa, Juet bRing
"Heovies of someﬂu“fg ele™.
Meta— moezf : H igher— i mensionol C«b@a@ ﬂaeen:lj
B aschs More o HHre HAEQU
& Wigher - dimesiomal Cadaaoﬁer‘



