Tom Leinster

U. of Grlasgow

. Euler characterishe o spaces

2. M3 bius inversion

3. Euler characterishe of Ca'l:esorics

C,l' ealits . Qo't‘a ) Sclfw\uel , 8“2

, - oo



| ELLER. CHAKACTERISTIC

— e — e

)
b\ﬂ’-@# pr {3‘{)*2 K ‘{’“nk" . A 0es

o 7((¢) =0
e A () =1
. 9( (Xv,Y) = A00 +0((v)—?((2\

N

Also -

. 7(()<x‘/) = X(X)- A1)

. 9((63 = ’)((839((1:) W€ £ is Gbred over
with &ore E  (and B is covnected )



i " [ o I‘.f“ OCH
1 rl - ~1 ™~

1 I L - |

".j". ]} \_C" “p ~

Lo qust Hhese :

‘U we wWhat we can deduce Jw < )

We U K‘(.) -1 {(Xuz\ﬂ =;U)() -4—{(‘/) "{ .
Xl =0, ’

.[OJG; ——e

12

o—eo——

S K(—) = 24 (—) - X()
> A (—) =1

- )
. o o):;((O)-I-K(') Xc¢
* 2-poink Space: K (

2-peirt Sp .Y

St X (O)= k(D) +4[) -KC
= 0

o[O,lj‘Lv' 7///" = E//}/Z

> X(A)= 2X (@) - x())

e )
s Cuinder ;- A (8B) = X (H)+%(R) - A (
=0

Tons s A (@)= 2X (@) -1 (00)

=O



M) O\ Cus oM SINg iMphcaithonsS
‘I 10 r& L~ Ljnl ﬂ N - A f‘II- A '

g SIG‘PW'\S\LE‘.S qulﬁetl S-_-&:

> A =33
S %) =34

e Julio setz: very rational funckim &(2):?:;:::1’“
over € has oo Julie set T8 CCufny.
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Wish:  extend A t more generzd  Spoces .

ldea: 4 should belove (ke cadinality (or measure)

Sowme asPecis ot the behaviowr oF ca:dmal&b
of EHnte sets:

. I WX e injeckions then | Xu,¥l = IXI+1Y] - 12|
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Let A be o fnite cokeopry. Let

TUA) = {funckions obl xcoll—> @}
with mulkiplicabion  gjiven by

O@)(a,0) = %9(4,\9 elb,c)

(0, pe LA, a,ceh) | wuni€ is Kronedker § .

The =zeta Function &+ A, _‘_é_‘eI(/A\/ is defsned lovy

A has Mabius inversion it 3" exists ; then J,i_.:\g" IS

the Mdbius "F\«/\Cbcvx ol I‘A .
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Examples  « 1k A= (Q/ then § hos mabrix (2??%>
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eler M, be the cat. with objeds O,---» N,  whose maps
a—b are odz-—peserv.‘na inigctians {l_,...,o.}-’{\;--',"}'
Then 3= (&) ord miB)= (D(2)

*I¢ G i o amEwp, viewed 03 o cot. with single sbjedt R,
thea LEE)=1G) and u@. k)= /1G]



I‘.f-\"i {))f eSSION - 'r-_‘r._..:: e

Dirichlet Seriés .l Classical Mébius Mabius - Retow
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Mult: ordinary + €3 Mult: fs Zerfy > Mule: “ours”

Unt: 1 > Unt: & where -5 Unit: Kronecdker &

8= ! i€ n=l
n O otherwise

Rievonn ¢ 3 {, whee 3zl 5 ¢ L A
P > Classicall Mbius b +—> & A
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G lue tbgeéher some Hinite seks. How many
elements does Ehe result have

p\‘opn: let A be o« Rnite cakegog with Mibius nversion.
Let X:A—> (Qnibe Sd's) be o “Sood“ funchr. Then

| colimit () | = gkalxa\

Where Ko = g/A(a,b\

Exomples: o Let M= /“‘3 ten Koz lasl, Uasl .
A aped fancor X:A—3FinSet ic o diogam L 22"

Ak’
of Binike sen wWhere URv ore fnjecdios.  The Rapn
Saye thaot \XU,_Y\=|X1*)YI-I‘ZI.

o Similarlb, ‘b‘*“""fg A=z (a==20a2) gjives )@l

e let G be o gwp. A fnchr X: G —>FmSet
is o fnite G-set X it is good when the
ackon is fren.  The Propn soys that
|x/G] = \xI/1&l.



Let A be o Knle ca.{'eam with  Mgbius inverSion .

Ity Euler charadker i<t s
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(Con Hten defFine K(A\ even when A doesnt have
Mibius Mversion, too. )

Exomples: 9((#\3 = A (BA) wwen the clossifymg space BA
has Euler dnorackeTsc .

o If H s a diceded grph then
X(free cot on H) = | verticea (0| - ledges (O .

o |l G is a Fnite Growp then ((G3= 1/|G],

elek X be o Hnile G-seb. lek X6 e the

wealk cz_uc,{—ie/ﬂ?: the cot
with ckjedt -set X ond

Hom, e (/9) = {556': : 5’“5} :
Then A (X/G) = X J1&!.
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ASSuminS Yot all OC' the ‘Fbu&MVB Eu\er d/\mcégn-m

exist ...
. A2B D AW =K(®
. X(AxB) =W K (R)
+ ALALB) = KA + X(R)

e |60 E is Abred ower B then A(E) can be caleulated
fom B ond the &bres.

(Explicitly: ((E) = S KR, where T is Hhre over b.)

. IE there is an adjunckm AR then A(A)=K(R).



With core, can extend debnEon of 1 &

Cover (seme) infinile Co:k‘zson‘es.

Example (Roe2-Dolan) : Let € be the catagony
of LKnite setz ond b{sedicms. Then
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=2 pt
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=R.



