
SingularntochasticdisperaivepDEs. 17/02/21(Wed) ①

-Disperspiffena
schrodinger e q n : u , Q-va l ued

(Nhs) i f U - D U + till'-'U = 0
,

h e 2 N t l
w

non l i nea r w a v e e q n : U . R . v a t e d t sign: defocusingc a s e

(NLW)
I k e2N-111

At U - D u t u u k µ - s i gn : focusing c a s e

Maingood: understand h o w given init ialdata i s

propagated by nonlinear dynamics.

Pt question: well-posedn e t s (existence, uniqueness,
stabilitubation

local well-posedness. i . e for s h o r t t imes .

" ¥ & global well-posedn e a r a finite t i m e blowup?



②smsstahaigudi.gg?Ifa#u..pgestoa forcing

5 bald op o n K
SNLW Of U - O U + Uh = 3 (smoothing operator i n x?
SdNLW (stochastic damped NLW) :

I F U + I d - D U t u
k

= §

In terms of LWP, SNLW and SdNLW a r e the 'same".

§ =@pace-time w h i t e no i s e 3 ( t i x )

(Gaussian)

IEC} ( t i , k i ) 3 ( taxa) ] = f C t , - t z ) f ( x , - xz )

⇐ random beha v i o r a t cliff pts a r e index
⇒ very rough.: reg -de-e i n x

- 42 ← E i n t .



③⇒ makes t h e relevant analysis challenging.

① analytically challenging I need analysis, PDFs, stock analysis?

SNL: I - d cub i c
, D = E d (ice space-time wh i te noise)

LWP: OPEN
,
crit ical

sNLW= 3 - d cubic i s open.

② s dNLw formally present t h e §e%wfIm'functions/
distributionsstochastic nonlinear heat eqn

(reaction-diffusion eqn)

7 t h - b u t uh = 3 .

formally preserves 8th-measure: dp=zteh¥f
"
' "d"

× e-I Haida
d i e -

Gaussian free f ie ld.



⇐ Euclidean Q F T (quantum field theory) ④

constructive R F T

' 7 0 - ' 8 0 : construction of Ehf'- m e a s u r e s
h t t = deg ofnonlinearity
D = spatialdimension

¥ 2 : any k E 21N + I

- htt, f wht'd e
,

d - 2 requires
renormalization

[good sign
D = k=3_only 843-measure.

- stochasticquatization: Introduce a stock PDE which preserves
Ektd- me a s u r e . CParis i-Wu)

⇒ S N L H r . d - l : easy
(LWR) D= 2 : Da Proto- Debussche ' 03



⑤D = ( h =3) S Q E = stock quantization eqn
A l l + ( I - D ) U t u

3
- c o . U = 3

Finalization
. H E 2 0 1 4 : LWP o f dynamical BY-model

(parabolic £43-model)
. regularity structures

. aunin.dipai.IE:6#aIInbIi5-
on=

' knpia.info?
ne#hod (renormalization group method)

Wauoanalogue-i JIU + 2 , + t o ) u + U3 -w. u = 3

1 (U, 2#u) - £43-measure xD w h i t e no ise formally invariant
U s t U

hyperbolic EY-model



⑥
s o f a r . w e discussed results o n Td = (R/z)d

⇐ s i c k n e s s i s t h e i s s u e .

Yo
n

Rd: n o i s e does not decay a s 1 4 → c o .

solan, not integrate i n t h e WH'-sense.

heat : Mourrat-Weber ' 1 7 AP.
Hofmanova - Gubinelli

SNLW: 2 - d cub i c . To l omeo AP.



SN¥ i a u - D U + Mlk-'u = 0 5 ⑦

1 ¥ i d u - f-u-m'-'a)I t + P d W

W Ct , x ) = E - cylindrical Wiener process.=Ipn#ein×need

4pm)n e e d = independent standard e - valued B.M.

←
Va r putt = t p , = prepnt i Empn

a t T
S NLW, SMH . indep R-va lued B M .

impose P-n-pin
Mildformulation: (Duhamel formulation)

U H = S h i l o -

f.tsct-t.lu/k-hHIdttfotsct-tl0dW&

set) = e- i t - = linear Schro propagator s tock . convolution.



- s t o c k convolution ( t a s k s ) ⑧

ftp.fotsct-ti70/dWlt'? W e - 2 Brien
Encx) -ein-x

= Eeadenfotei't
-*

"miondprit"

W i e n e r S#= Eito
i f 01 i s "diagonal"SlttfTm-eitM2fm0@n1-0nen-

i.e. Four ie r multiplier
- Wienerintegral: Uk-valued case) K u o : intro t o stochintep

Given f e l i c a i b ] ) , f . deterministic

I t f ) -
fb
a fadBH B e B.M .

⇐ • m e a n 0 Gauss ian r u (ELIA]-O)
• v a r (Iff)) - llflfecqa.bg)

11

Ellzey)



⑨

(
⇐ check for step functions . B @ t o

indepinaementand approximate f . i n 141 1 .

o n e disjoint intervals
-

Bets)-Blt,)= I f f i s C', w e c a n define i t a s
~ N c o , t r - t i )

a Paley-Wiener-zygmund integral -

I f f t =
fab
f d B = -

fab f '#Bad' t pathemise

'

. I i s a n isometny from Elsa ,by) onto its image i n ECM

thonogoroucontinuitgeriten : 4×+3 with valves i n a metricspace

suppose E t [ d (Xs, X t ) ' ] s c o I s - t 1 ' '
for s o m e p , a > 0Then'

p (ssyyfdfsx.SI#yp.ezx) E Ey, f O s t F
i e . X t i s a . s . F - e ) - Holder contomous.



h t : B. M . 100
I t [113421-13*12] = t a - t ,

→ I t [ IBID- B a i l I n I t , - t .pk
" " °

PPE

pt- = ±¥ = ± - f - → E - a s p s -
i e . B M i s a . s . ( I - E ) - Holder.

Propi a e H S (Eilts).
110111µs,;yF(¥184114
2)"!

Then, I v E CEE-Wsj', ripe, slight
lossof
regularity Gen) O-N.B . ofX

* so,

' " s . " '
"
'

(
''If.SI?
Ina..on.wa,
8 - reedonifying op.

F I : IU E C t Hk, a . s .

o n Saks .E-=£z-efa%m%o



④'sobolevspa# (Bessel potential space LPs)

Hfllws,p
= It 575f "LP

↳ = f oS E R

(c- P E A . t-HFknsf@DllLp.s.y
= ( h i i ) "

1 = 2 : Ws. 2 = Hs f

" f "
Hs

=
§zdq§µ,,pµ Japanese bracket.

Holder-Besov space: I = BI.-
Besov space: Bf,



¥ 2 4 1 0 2 1 2 1 1 D

. stochastic convolution (for S N L S )

I t s t t f d w e , s a - e -
i t '

=

Stefan,-eitM2fµ,
= Eden

fotelt-HMtondpnet

t w i e n n e r i
P R : S E R , f e l t s (E t ta ) ; Hsppd,)

4%7=0%91
1/2

Then've ec¥w{air a .s .

" " 'Hscritisfead"#" "2
ns)

t r e e s , 2 2 , 0 =(¥z§n§lFml2)
"V I : E q t ,

d - s .

de Bouard-Debussche '03

(GH: I u EL9fW{'r, G E ' , rEd¥z. oh-pocounicu-Wang
O E T E T

- Kyoto '20.



P I t s I ②

E [ I cxitlecy.TT] = ¥2,10112 emcx.gg/oteiEt'Hm2e-iE-
tItndiz,

⇐ Apply tress a n d sops I f o t e d
( D = t o

= t e i C t - E l m '
W I c m ) = <MI Fen,

⇒ E l e m e n t t.mu#.3....EghasYn
5-IIImIySe t k e y , t e e

• E (Ithaca,t i l l ' ] E ME [Kotex, til']) when I - Y
t - I .

= pPktPk 11411µs
( E i l t s ) T v

•

¥ 11
H I M llws.ir/lLpcsyuEkineqlllKDsIHitIllLcrillLr,

11
a

M I
t y r e s # t ¥ E ' f e r



⇐
' I C H EN? ' ' CITY

,

a . s . ( r a w ) ③
- Here , w e used t h e fact t o l l r t .

• When r = •
, Erode

Sobolev

1111¥47 11µs,-Hear, E 111174111W s e e , r "ew,
×

f o r p a r
{ p " t " 110111µs ( K ; Hse).

I n other words,
g e t , c - Ws-Eis, i f p e t s ( K i t t s )

x

• P ( H I M llws.ir > X )
' Sobolev embedding t h i n

,
r a w afHµEHfHws#

E C e -
C "4114"

H s u ; Hs)
S r > d

- 'si:i::÷¥i"⇒.
Grafakos
Benxi-0h

m i d .
d£= pt-qt l a p - g a sf . m e a n 0



n G i v e n H E R , l e t ④

f , I c x . t l = F ( x , t t h ) - F ( x , t )

⇒ Tf [ s h e c x . t l # y t ]
= I t [ Tecx , t t h ) f t p . t t h t ]

- E C I c x . t l E C Y . t n )
- E [ Te x , # M I T T ) ] t > o

h > 0
+ I t [ E x i t ) I F ]

= I 10%1' e m G - g) {Ct#b) -te-ihm'Itetihm'
need =:Fnit.m→\

a n d IFn l t iml s H l t Ihl.



(Fn C t , b ) / E 1h I t t I l - e-
i hm '
l + t l l-E''"'"I ⑤

- -

E 1h I t t m i n ( 1 , t h i n 121

s tht t t 1hPM". O s t s I

= #

⇒ 11505 th I l x . t t "LP( s )
E ph 1109 Sh I b i , t ' l l E a u
=p't ( I t t ) " 1h14(§ on}'s#

'10%12
)", + t o o , T?

• P T :
A 11 f h E A 11µg 11µg, Mink integinneq

r a w

£ CT P"2 110111µs
( La , H s e ,

Ih l %, t t o o , TJ .
r u n

⇒ Kolmogorov onto criterion

⇒ I ⇐ CE-f- WI-d',' a . s . i f P E H s ( E : Hs)
( h e r e , w e replaced S t d by s )



p → i s ⑥
→ I c - CE-WI"' r , a . s . i f 4 EMS (Ki t ts)

-
r e i s ,

2 > O

• When r = 2 , i t suffices t o study t h e continuity property o f

E t t l = S e t ) T i l t ) - ft S t E ) o l dWH)
00

→ ECEcx.AE#] = {1%12 e n I x - g ) . ¥ t e e

By repeating analogous computation,

I 11 In Ict' l l µg, He, E G- p" 110111µs,; Hs, Ihl"
⇒ Kolmogorov conti criterion,

TE E CHE Hsx, a . s .

→ I E C t H§ , a . s .
I c t t h ) - I c t )

(= s c t t h l (Tetteh)-EAT
I D + Eseth)-SADIE,



e x : 01 - I d ⇒ B e t t s ( E ; H s )
,
sa-de ⑦

⇒ Isch E C t H I , d . S. ,
s a - dz

tregularity of
- (spacetime)white no ise

i w a u e k h e a t . I O / = - I d .

I w a , # = fottinlt.tl#dWHl,
§

(2ft I-a)D = }
o n e gain ofderivative

Theattt) - ft P l t - t ' ) d W H ) , (2++1-078=3
A pet)-et'-'l
' t h e first step, wegetgfoetkmdtpafem-e.tl#4fcn,
qetan3e4M31fn5rE@cx.t'Ely,'d]

e
Taking a square root, i t gives o n e gain of dai r.



⑧
⇒ Iwave, Ineat E c t WI-CITY, a s . ss-dztl-mw

(Q-Id)

§ - One-dimensionalca
S N L S : Little- s u +141k-'U = 4 3

,

x c-Id,
U/t-o-Ho

essay: P E Hs ( E : Hs)
N o EHsiTd)

Duhamd: U H = S H ko tiftsct-tlulh.lu#ldt' + Ec t )

= : tho,l o l l )



⑨
. When s > dz, H' i s a n algebra.

Hfgllys {Https 11911µs

⇐ ( M i t Nz} { o h , } + <nz§, 5 2 0 .

(° HE * 9^11, E "F", "P"l y
l ¥11411

Hs.
C - S. .

HPuo.ph/lqH,q GH!- Cleo,-13;Hs)

E . " ' "Hstgt.tt/tlulhtu#yf,gdt'//
egstH.anitaryonHs-

+

Helle,µ§[¥
t¥, h e a v y .

- S G T Hull#g,



@R = Rw = 21116011µs + I t #"Cleo,,y; Hs))

T o m } A

NOT T.

II Tu.#4) Happ I I R t C , T Rk Te l .

E R . t u EBpcGHf

by choosing T - T w =TCRw) ← l

T r p-Yee
⇒ Thom: B R O .
11 Turt le) - Pao, p Ct) "qµg, I Cz T

(11411%
+114%5,1)
x H u - V "

GH's,
Luth-tu-uh-'v E C¥ " Hu-Ullah

⇐ w r i t e i n a telescoping s u m . 5 k

& Young's ineq a b E API
+ bq1, ft#=L.



④
→ Pao,p i s a cont ract ion o n Brccett? .

By Banach fixed pt them, 7 ! U E Brust. U = People?

[0.TW]
. t ime of loca l existence i s random.

. Conti dependence o n d o c - Hs a n d B E H S ( P i t t s )

suppose U = Pao, p , I U ) ,
V = Pro, ol, l "

⇒ 11 U - V "
c , µ ;

E 1160- Vo l l a s

+ H I , - 8 2 "
GH:c

(No t te ) duct ' t
Ecw" A - A "Ascents)



120
• Here, w e h i d the n o n l i n e a r part o n LHS .
<

H I , - I sell
e , H ,

E Ceo 1191 - % "Hsce;Hs)
Fandom const

⇐ I t [ H I , - Te l lETH:] E C T 1 14
-42112µs

C E ; Hs)
a n d chebyshev's ineq.



①Lec3 . i o /03 /2 lCWe
La s t t ime : LW P of l - d SNLS i n

HsiTd)
,
s > of

Q E HS C t ; Hs)

- 1EhtE@Paeydecompoait
ion.f = [ P , f N E 2£

, I 2 0 .N Z l

dyadic = I P j f
j = o

Pw = LP projector = "projection" onto freq {Int o r N-25}.

£¥¥ , 9 1 3 ) radial, supportedo n { is, e z }
= L o n 1131£ %}

4 1 3 1 - Nazi)-43¥,). F - I
P#(3) = L j (3) £1.3).



⇐ Need t o no rma l i ze O j ②

Yjl3l= ¥ 3 1
I 4h13) ← f inite s u mk¥0(

⇒ p,g , g . , , , , , ,

- LPtheorem: I c p < A

" f "
µ 411¥, I Pnfl')" Il

LP
Madsituaton.

i f p z 2

(£ 1) HPNf"LP
"12
N, dyadicT

simpler object



Sobolev spaces ③

Hf 11µs ~ ( I N''l l Pnfl},)"N Z I
-

dyadic

Besouspace-s Bp?q o r
13%1
'

" t "
Bg,,q

= I N'llPnflle, He, "Nikko)
Iis N a t

dyadic
. Hs = 13%2

'

Bf., C Ws'" c Bsp.-
= I T

#
U LPs

13%:



. t o # B e q e e s = Boss,,
,

S E R ④

. naturalextension of the classical Holder space. Cs .
O s s a ,

"flies =

fifty 1%19%1

IN a (homog) Lipschutz space

i s = i s h i s
FACT:
-

i s = B§,, ,
o - s - 1

Https, = H' "P i t "LP.cl/
eq.1z1

. s e : Cs i s a n alegebra

H f g Iles Ellflles " G "es



⑤• l - d s N LW- i fd . i t l - O ) u + U k = 3 . o n 1 T

Duhamel.
u # = 2 - S i t n o + S H U , -

fotstt-t)
Uhtsdt'

cotta, n o taintsD) u ,
-÷."÷÷÷÷...

I = stock convolution

s i t ) = sin¥¥
Deno t e RHS by TIN = Theo,un,gµ)

. Recall I = Inware E C t WII'-CT)

" 11 a t S h i l o + S H U , 11µs E I l Cleo. U i 111µs

H s = H s × Hs-!



⇒ It Palle,yy, E 11 Choy, 111µs S a k ⑥

I
+ lot 11 uh#11µs-, d t ' + "I"qµs

~I ¥ § E c w - i s
a . S .

= I l U't'Illhek

% HUH ) 11µs S Z K- I k

I k⇒ By choosing £-Ia E s s ' k , w e h a v e

11 PM ) Hays E H Cho, U i ) 11µs t T 11411¥, + "I"qµs
Similarly,

11PM-pulley, E T (114119¥,-"VIII's) 114-Mays.



⑦R = Rw n 11140,41 Has + " E "
c Go, i g ; t p )

⇒ p i s a contract ip C CTHS, I=Tw=TCRw). ← l.

" Rmki By a s im i l a r argument, w e c a n s h o w LWP for

a - ( Iu)-(°' Haul-1%1+1:)O - I 0

⇐ important f o r global-in-time study.

]dsNLH= ( I t + l - O ) U t U k = 3 .

•Schauderestimate: I s p s q s c o

11 D ' P a t 11Lag, E t-Elt-F)-E " t 11µ
g

Ptt) = etch" o n Ad o r I d .
,

t > O, L E O .



P I Ou Rd. - Bahouri-Chemin-Danchin ⑧
. Grafakos

etofe, = f K t ex-YI flyldg
K¥13)

= E t
= I 11%3),

whuek=
§ Apply"" E I K a r i = f , K (¥1) Young

qt-11 = #+tp
⇒ "Kelly, = Idk 11K¥,)llµ, = Idk t¥ Ck.

~ f -
deCpt-f) F a r

⇒ By Young's ineq, 11 etof Hey,µ ,
st-El# 'F)

l l f t l y p c p d j . L I
D' (etof) = Dd ( Ke * f ) = ( t ) * f



⑨T h } ) = 131' e- 4 3 " D = f o - l y

= E E ( t k 13114 e-
t h ?

- -

= : I t (3) = Gilt" 3 )
,

G=G , c -KIRIrepeatin
g

thesame comp

11 D' killer = FE 11 Giles", ~ EE. t-Elt-f.)
⇒ Apply Young's ineq. t i l = It .#

-

• Onto: eth f = R t * f
,
#ten, = Et"?

- cannot u s e t h e scaling argument.

⇒ u s e . the Poisson summation formula: H a l e # I Essisd-E
f - o n RdE.femeint-E.fcxt.nl#-

nE2/d M€210



@E f : Fee , = I f- ( X i n ) periodic tune o n I d .
NEED

11

I Feniseine
head

Fent = f , F a e-
" " "doc = f

G k . Kyd
E t H t m l e-

"
"%,

= I
mazed / TM' e-

"" Y dy =
ten,

me t a l

¥
I D



④- Back t o t h e proof of t h e Schraeder ea t i . o n Td.

f- = I-Cpt-f)
// R t "Lr( I d ) Item) =#cm) = Eton"

= H I K I e m ein'"I l write,
Poisson 11

Eezak
gt

CXTM ) "
[ i t )

and on} p r ' > d

E 11 CLEM"lkntktf.IT#llenr "↳ fad)
{ 1 1 Cx} K t # "Lr, (Rd)
~

11 k t # "L:(Rd) t 11 HIP K t # "Lr,(Rd)~ I
IdkK¥12)

⇒ Repeat t h e prev argument.
I
⇐ftp.oat#



→ s e h a ud e re s t for e t o n Td, o c t a l .
120

- As for Ptt) = e t c " " = E t eto.
f

c a n a b s o r b t% , f t .

⇒ S c h a u d e r e a t fo r P i t t o n Tld, t - o

13

Core: 11 pet , flies, E t '
¥ 2
l i t t le. . 5 2 5 2

'

'adf.IN#IEtIotpct.tnuhHIdt'tLEtd
Wt" 2,4-22

• § E C ¥ I
w s . i s , este



130
17µF R t s of the Duhamel formulation.

⇒ HP A C H 11cg
,

E Huolle, t It 11441¥ dt'.
C s > o

+ 11747"
c?. ← s a ' t

⇒ 11

Palle, es , E 11 Uolles, + T H Utley
Cg,

+ "E"Gc§.
⇐ 1

A difference estimate

⇒ LWP i n E t d ) , o < s - k .



n oRougherdata n o c - es , s - o

11 P M Uolle, E t - ¥ 11Uolles,
r ? s .

Fblows
up a s t o o t

- ⇐ :

K u l l
yg , =,

{ftp.yto " U H "
c o

pet i n sup⇒ t o 11PM#Her E t I#Huolles t

+
'toTITEITutfitedt'

+ t o 11£#1¥ need t h a t

⇒ Ta k e sup
o , , , ,

an
,¢ e a t e n , y a + , , , , , m m

f - F f z o



S a o

C ' i s not a n algebra. ⑤11PM) Hay E H ' l l
e s

+ 11ft HI-(tt't maker)hdt' Ile,

t h e l l a c s t y
n f - 5¥ 2 0

⇒ § I r - z - 0
> - 2 0

T 3 0

> - § t h t

D Run a cont#argument o n a ball i n 4 T H

a n d s h o w U E C t Csx

⇒ U E C ([0,13; Cs) n c Go, Ed ; EJ .



hec410 /03 /2 l (we# ①

..lu#bicsNLSi2tU
- 2 : U t I u t U = 013

d eBouard-Debassche '03

I i ) o n R . D E H S ( E ; E ) f 0h-Doc-Wang ' 2 0

I = I f s e t - f ) o l dw i t ' t E G E , A LYNE''
T, i f PEASK'i t )

+ o r . . ri÷÷....::"
set) = e-i t - stuffs) = I t#FB)

• H S H f Heard, pfenched " I t " "I "lizard,
= H f " Ex

" unitary o n Hs(Rd).



②
. (q, r ) i s cal led Schrodingeradmissible i f

§ t I r = 12 2 E q , r e o

K i n i o n , (G, r , d ) t ( 2 , 0 , 2 )

• S t a r t ze t tma t e o n Rd c N I I o n Td )
V ? 2① (homog't): HSE) fHLqµ%z×Rd) E " f "

Ee

② (dualhomogest): tune o f t a n d x .
11 festt't F IA d t ' "Laura, E " F " after

③ ( n o nhomogest / retarded e s t )

11 lots e t - E ) Fe ldt ' l lvote, crape,
E " F "LI'LI'

f f , r)?Caf, f ) ,
admissible



③
. On t ime averaged sense , there i s a smoothing

( i n te rms of integrability, No t i n terms ofdifferentiability).

Ideaofproofi . dispersive es t ima te 11SHIf-I l , s ¥µkHf"µ ,
⇐ . s o l n formula safe,¥±§peI¥¥t a dyµ.

Method of stationary phase (see m y lecture note)

s a f e , = fed et
" 3 e i t1312113)d }

-

. unitary i n [ ( R d )

⇒
interpotate

" S H f 11µs
,

E I t t '¥-¥)i f f yµ , ,
p z z .



T = S i t ) , bold: E → B =L't L I ④

⇐ Dual o p , b o l d : B'-LEIL I → Ex

# F = firstE ) F e l d t ' .

((SHf.tn#tfFctIdtdx
- d o c= / f i x , f s e t ) F l t , x ) d t

= ( f , T*F§
⇐ s TT't bold: B ' → B .

T H E = fes-t-Fthdt'.
T

-fdid)
put i n Lottie ,

r 2 2 "SH-t')FHNµ, EH-ti l HEH'M,
D = x

⇒ integrate i n t '
convolution



⑤Use Hardy-Littlewood-sobolevineq

F.rs#t=ptq-
HyeTdYPtgllLrcpdXRd)

t x t % ⇐ L'
'

(Rd)
b u t "almost".

-

(H-
L-S ineq i s a n endptverof

Young's ineq

⇒ T H b o l d : B → B ' InonendptI
⇒ ① A ②

.

As for ③ ,
lot = I

*
Leo,¥ 1 a n d prove by hand.

o r u s e Christ-Kiselevlemma (see Tao's book)



⑥endpt c a s e i 9=2, r=f¥ by kee l - T a o 'ATM '99.

• BackhttdcubicsNLsonR

Duhamel formulation: U # = S h i l o -fotset-tlutuitadt

+ § .

( f i r ) = ( 0 , 2 ) , 1 8 1 4 )
. 28-+14=12.

admissible

^ P u : = Rts of Duhamel
Igoe 12+18+18+18

X t ) = E t h h LE, LE
few C c s

a . s .

⇒ It Pully, E Huolle,, t 111424111¥24! + "I"×p,
✓

{ T k 11 U 1128,14, E T'tHull},



⑦
.

11 P u l l
× ,

E C, (11 dolla t 11¥11×,) t T"' Hull'
TEL X M

Also, difference est imate.

→ t w p i n [ ( R ) i f P e H s c E ; E ?
-

^ OntIEuchartz
estimates o n I d

. only local i n time.
- n o t a s good a s those o n R d

• proof
,
much harder.

¢
analytic number theory

• Zygmund '74, Bourgoin 193,,,,
CHL c i rc l e method)

Bourgoin-Demeter '15, Killip-Vissan '16.



¥ t ¥ T l Z y 7 4 ) ⑧

11,5g,@ " "e i t" Tom "µ,#W, E " ' "L'Ct)

1 ¥ F e e t #txTx

" F F "Ea , = 115g? Tomtom, eitan?-Mein.-may
-

- L I P )
• w r i t e t h i s s u m a s a Fo u r i e r s e r i e s i n t a n d a

Et4rDezzAlTn1ei@t1.-
where a c t , n ) = Iltocni1UFmd-
@i.nzJEPCTrM7Pt.n)

= {fm,,nz): M,'-ME = E , M i - n a = m}



• Given te, m) t co, o ) a n d I , m) = ( n i - n i , n,-Hz), ⑨

the re exists a t most o n e Adm (Mi, Nz)

[ - m 2 = ME-ME -42 = - 2 M , ( M a - n , I = 2 M H z| METdetermines N z (and n , = n +Nz)
" =

" Also, A 10,01 = I tho#12
n

-

putting together,

µ f y e a ,
Ean'
(§,ez,1a
c,mµ§' (Enxioint" t""?i÷...

4¥,! Tomtom, 14¥
A disjoint s u m i n n , a n d h e

~ Huolle Td



@→ zygmund's lit-strichaitz i s N o t enough t o prove

LWP of c u b i c N L S i n ECT ) (ang H ' t ) , S E 'b)

'80 n : Keung - Ponce - Vega, harmonic analytic approach
o n Rd.

.Fourierrethictionnormmethod: Bourgoin '93

fib-spaces (wa-
big

4,1%1.9%1%1?"ha%
%n' 93

It a l l
Xs,b

= It o n } < T - I n t B T 5 4 " "en↳ fedx R )sobTerisulation
i n x

• useful for "perturbative"study
"c l o s e t o being l i n ea r roles"



l inear Schrodinger: i f U - D u - O ①

I t .spacetime E I - ( e a t ) victim - 0

I t , m ) i s a m e a s u r e supported o n 4T e IMI}

. LI-Int}, b - o , "penalizes" functions
whose Four ie r support i s away from4Elnl23.Basic@proPefg

tisesiy-z.xs.b c C t HI

( b - % . need s o m e other spacey
↳ K . may u s e

13%
2

may U?V2epnedualofv2@llUllxs.b
= HS H U N 11µs,Hq:=/)

12×3425%4144) 11¥,
F

= ⇐ §



③ if#I = smoo th cutoff func o n t o , I ] ④

I I I . t

11 YASHtllxs.be " t "
Hs.

P I YusufCe, m i = I t -1 h12 ) Femi

(LHS) = 11 sense-intsbyce-int) t a l l
I . E I l :L }

= 11811
Hb Hf"Hs.



130④ Duhamel t e r m : b - 1/2

11 Yotifotsct-t.tt#t'Hxs,bEHFllxs.bI
=

q
L i

- Bourgoin '93, Ta o ' s book
- Andre ia' s 1s t project (2018) ⇐ by taking space-timeFourier

transform

. 114#lots e t - f ) Feldt'l l
× ,

ETOHFHxs.b.no
o r

cutoff o r b > 1/2, o > 0 , small
,

T E L
[ T , T ]

(but 11K¥) S H fllys., E Tt-h 11 thus, b o o

F r b o y z
b # K

T a l .



We consider ④

U H = i f#Sa l to- iff) fotsct-E) 1h12 u # d t '
=

-

+ f Ct) ftsC t - E ) Adu l t ) .
=

⑤ E-strichartzestimatebyBourgainld
, e * a µ ,

HUH 24£,,, I 11411×0,3¥ ← K t

(
Zygmund ' 74 : " s e l f Hµ¥"

" "ten
little,

⇒ HUH UH
µ,,,,

E 11411×0,b , b>¥t
-

transference principle

- Tao's book: by Tzvetkov.



¥ b - K . D E H s ( E ; Hs) 150
-

H Leo, i s I H×s,
b E Ceo < a , a . s .

E
T e n B . M . i n t ime

Nextti-ne:. pf of prop o n Tv

. LWP of t - d cubic SNLS i n ECT).



¥ 5 2 1 7 1 0 3 1 2 1 1 set)= e-
'' t o ①

I = f! s i t - f ) Adu l t ' ) 4 EHSCE ; Hs)

Pentomen
= Fez,d$nen foteitt-tlntdp.es.

Prof b <1/2 . Then, Leo,⇒
F G Xs'b, a . s .

P I Recall
µuy×,,, = 1155<=11%915" "ez,}

=Hcax§s2tB statue "E,
interaction representation

t.INT,m=
set ,
¥ ¥ $ ¥ i ¥ "

" "denies



' F l t ) = S IL Igo,⇒A ) fe l t ) ②

I c e , n ) = Am I , e-
i t c

Iq, If) fte-it'M"dpnH) d t
¥ stochfubini ← s e e Da Proto-Zabczyk: "Stock e g o i n a d im"

I pin foe e-i t ' M ' FI' e-i t a t dpate) ⇐ Wiener¥¥÷*.
integral

-

I , M i n C I , ¥,) - te,
•
TECH Iq ,⇒ I l l Isis] 67=1+1425

= Henke} TIETE, "fine,
TEE.EE'" s#ml t o

= Fez, cm}' IIm12. f, # b - " d e
¥ # t ; f p , F i f t h b < '12



We also have . for p z 2 , ③

H H Iso,⇒ 8 "Xs,b Hyper, E , P" " P " H s C i ; Hs?
chehyshev
⇒

P ( I l Igo,⇒ I H×s,,> x ) E C e- cliffsc a n s ,
I D

%ffamefthemmh-a.fm?
bksNLSinL2t#,

o l c - Hs c o , e ,

u h = htt) S HU o
- i if(f) fotset-flutuitdt'Te l . =

+ 1%4 I N .
= : P M ) - A

1¥11,



F i x 3g E b a Yz.llYNffsct-tlluPutAdt4lxo.1Io4@-
ThlM11pullxo.bE 11%11,2 t TO

11142411×0,12-
+20

+ Cwa
tw i s t

+ H M ' U 11×0,-{+20
(Xs,b)'= X's,-b

natty
sap 11

" " "yo, I-20=1 e x p
1412" T dadt/

✓ Recall M I T
E 11443,4,
#

"V"
Hut " " "¥+8 " " "*o f

{ H U H3×0,
3-8 114×0,f

h a



⑤⇒ 1117411×0, b E 114011,41-0114113×
0, b + C w

Also,
11 P U - P u 11×0,b E TO (11411×2, + " ' "2×0,

b) " "-Ukyo,b

→ p i s a contraction o n B p c Xs'b

R = Run 116011,2 t Cw

by choosing 7 = 7 1 2 1 4 1 . All Leo,
i s
-411×0,b

Also, LWP i n H ' t ) ; Pe t t s ( E i l t s )

⇐ H H U I U3H×£,-It E §, Il UjH×s, b
⇐ Ln} {<m§<nz§cM3§, 5 2 0 i f M -M , -Ma t h s .

I



' w e constructed u c - Bp C X " t- . ¢ C t E x ⑥

⇒ We need t o show U E C t Ex
- bin po t : S h i l o E C t Ex
- stock convolution F E C t↳ i f PEHSCE:L?)

- nonl inear pact E X " I " c C t Lk.

⇒ U E C Ceo, T ] ; E x ) . T = T w E l .

-

Aside: LWP of the cub i c SNLS i n ECT) (4 EHSLE;E))
. We proved

zygmund '74 : 11814%4,4×+1*4 E l l ' "eat,

Moyra-Vega ' 0 8 : lls#Hollie., E l-4¥ " " "pit,
g.g.£BLMS. t e =

( Bourgoin '93 : H u l l µ , . , E
H u 11×0,}



⇒ H f, SC-E' F A ' d t ' 11,3, E III's H F " Lotz,,,
⑦

xD =

11 duality

sup(util
et

/ t <Fi t ' t , Steitz, de l
A l

11171,413 115Mt"
LE.,

" "

¥4-st r ichar tz .
⇒ 11 f, S H - t ' ) F # d t ' l l µ , , E 14¥ AF 11,413

11
I , X

-

=

s ¥ Set) -

(⇐@Use i t - s t r i de Again
11148

② u s e t o



⇒ Christ-Kiseleu l emma CH A ' o i l ⑧

A ft s e t - e ) F l t ) D t ' Hee.. E 121¥ " F " L4§,,,

- Now, r u n a contraction argument i n I t , , , n Celia

⇐ flutullub,,, E " " "3¥,I ' I E L I , A G E ,



-G i o ? ⑨

D I E R (Martingale approach)

' t d c ub i c s a r s o n : i t t y - 2 k u +1424=013

H E H s ( E ; E )

deterministic c a s e : 01=0.

A t f lu 12 doc = 2 RefI t u . I d o l
= - 2 R e i fain. a d d + 2 Reiflufu. I d x

%E§zd,
=

¥ 4

= D

⇒ E-conservation → GNP i n ECT).



Fo r SNLS, w e u s e I to 's lemma o n 100

M IU ) = f µ 2 d x = I Rent = Elpftqn)

pn= B e him
,
Gn = I m item.

S N " :
die, = ( in a + i Fx (lupulin)) d t

- iondBn

⇒ dpn =L- r i g , - I m F n ( M l k ) , ) d t

+IMHI.FI#pndepepnxReBndk
mpnldqn=Cn2pn+ Refiluputinijdt

m e

tkeln.dk?
nqndcpepntImTondl3mPn)

i n n e r
m u m



' 1 1 ¥ : DX = f d t + gaps ④

consider FM .

Then, D F = 2 n F DX t {2×2't@x)'

2ndorder = 2aFTfdttgdB)
-

Taylor'll
+ g a f f . gu t (dt)2=0

p d tdB=dBd t=o
T o be

understood
under 1dB)2=dt

Fb ) - F l a ) = fab... .

7 ¥ 2 2(pndpntqndqni-Eldpnf-ldqnfd-
mrndlrepmldkmp.to

2 2 (pnImHndBn) 24411Isa; e ) d t
- girelondfnt)



'BurtiGundity: X , (local)
martingale 120

Eff:p,,⇒lxt'"] - E[sx¥%,,,]
f-

quadratic variationh t : 2 } p o u n d Repon) f o r I to process DX-felt +9dB
Take Elf:p,,, lot'.' ] < x >

e a t ,
= ftEdt'.

and apply B - D - G ineq.

E EC ( f t EpilonPdt)"]
¥9110111,see,

µ ,

I 9 h b n

E I a n I b n

Hide i n E E-[({Ifo,⇒Mutt))"2. T'd 110111µsu ; u , ]"" %
g E[s¥p Millett] t te T 110142ns



s ta r t w i t h 130

I E [ s u p Ma c h )
+ EEO,T J

→ E [ s up M a t t ) ] I 116011£
T E A T ]

+ C ( T , 11011ns( E ; E))
⇒ a . s . existence up to t i m e T .

( b u t for A N I finite T ) .

⇒ Gwp. i n ECT).



• @ p # i s e a : ④

h t : 3 -d c u b i c SNLW (defocusing) on-43

IF u + ( I -O) u t u 3=013, P E H s ( E ; Hs-')
s > o .

⇒ I c - c .tw : *, -

Duhamel: U H = ft 's#Not S h i l o -
fotsct-t.lu#1dt'

SH I = s i n t ,
+ I v .

T o

" D a Prato-Debussche trick" 103 : 1 s t order expansion
Mckean 195, Bourgain '96 W r i t e : u = I v + V

9
postulate "smoother".



"VH) E H ' " . 150
t

h t t = l i n sohn t foS H I d-+ I)3Wdt'. ¥4
" u - E ¥ v 7

Klumph"
↳ µ ,

E I l Cleo,Unlly, t T Mutffllege,
U

H ' = H' x p

± . A n H u t t 1132%
4,

1 2
11413µL: + "I"IqLg,

⇒ t w p . (for µ , I t v ) EGH'). sob 1?

a s long a s H E HS ( E ; H-') Hull},#j,
¥

(sit. I V E G- L E )



⑥. Morale: F i x a target t i m e T°¥bae
target t ime

suppose Z E C
t o L:c.

Noted Th e Goh-norm of Z may be very large BUT

i t i s a fixed number (for fixed To ⇒ l ) .

The argument above yields LWP i n H ' CIT3) :

JEV t ( I-b) v + ( v t '2)3=0{(v,
A M I t o = l u o , U i ) ,

where the l o ca l existence t ime T = T (Il Cho, Ui111*1, K ) > 0

with K = HE 11%4, t small

Then, i f w e c a n control 1 1W, 'vastly, o n c o , To ] , then

w e c a n i te rate the LWP argument o n [ j T , I t 1 ) T ] t o

conclude existence o n t h e en t i re i n te rva l [ O , T o ] .



Since the choice of % w a s arbitrary, t h i s yields Gwp. ④

⇒ Main goal: control 11 Cutt, A r l t ) "µ
and show tha t i t i s finite o n each finite time interval.



¥ 2 4 1 0 3 1 2 1 1 D

Back t o ① I t o approach

i s t U - 21 U t I u t U = 013. o n 1 T

Pen = freq cutoff on to freq 4 I n l E N}
spatial

(sharp cutoff, smooth cutoff)
#

We consider the finite d i m e approximation:

i a t Un - 2 : U n t Pen (14nF Un) = b n }
• U N = PEN U N
-

,
% = Pen o f

⇒ Wr i te o n t h e Four ie r s ide

i d Intnl = f m
2 I n t n l +

PenClunfun)N
(ml) d t

+ AmenI dp n . I n t e n t



⇐ a f inite d i m ' l system of S PD E s ②

for (Ph. Gn)
m e n

⇒ A µ µ m m a . (should check U N i s adapted.)

. Since w e d o no t k now i f Uno e x i s t s globally i n tune,

w e n e e d t o u s e a stoppingtimeargument
F i x a target t i m e T → l .

Then, l e t t b e a stopping tr ine s t .

O s I £ M i n ( T , Tmax), a . s .

Where Tmax = Tmax ( w ) i s the maximalt i m e ofex is tence .

⇒ i n s e r t Leo,⇒ I t ) t o t h e d ink ) equation.

a n d apply I t o ' s l emma .



( On Rd, also insert a cutoff i n s i z e o n t h e nonlinearity ③

o l '¥ .
• By the twp argument, w e h a v e

HUN - U 11×0, %
→ O

locali n t ime
A focal↳

Thad = Ta r d l w ) - l o ca l existence t i m e .

⇒ verify Ito's lemma for n (with a stoppingtime.)

(de Bouard-Debussche '03
Oh- Okamoto 1 2 0



1 3 ¥ 2 0 : 3 - d defocusing cubic S N LW o n TP ④

J IU + ( I-D) U t u 3 = 0 / 3 PEHslL2;Hµ
s s o

w r i t e i t = I V t V .
I

⇒ 2+2
v + C-D) V t ( V + F ) 3=0. I EL%L%

=V[#3v2Iv
+ 3 ✓ f i t ¥3.

I n

. I f I E O , then t h e energy for C V , 2 - V )

E ( v a t u ) - I fam' da + I fatviddt#fv4dx
i s conserved .



At ECU , I t v ) F i x good w . ⑤

= f a v (?¥¥¥ +4/3) d e

= # 3 ✓2 1 - 3% 2 - 2 3

E C "THE,L% (father)"(fv"dx)"

N E E C E
+ CHIH'§µ, (fetus)"

E C ( F , T ) ( I t E C U , 2- V)).
⇒ Apply Gronwall's inequality.

⇒ sup 11@it, a n t i , HH, E C (W, T ) C A , a s .
+ E [ O,T ]



3 0 1 1 m i ⑥

Consider N LW (defocusing, h e 2 N t l )

(MW) I f U t f - O ) U + uh = O

. MLW i s a Hamiltonian equation.

'tofu) = 191¥ (
'Elan
3E/z (au)

( a p r e Fg.. 29ns-Iptn ⇐ a -Mate, 'o)(III;)
E = ECU, I t u ) = I 114741't { /Hut + feet, fuk".

⇒ "depth" i s invar iant unde r t h e f low.

does not e x i s t .



' A l s o , ECU , I t u ) i s conserved under t h e NW dynamics. ⑦

⇒ Gibbs mea s u re

d f l u .HU ) = Z " e-¥#dudldtu)

E -⇐ b e invar iant

✓
m a s s i v e Gauss ian freefield

e-
htt fuk"dx[I4U4t§

weight. xD e-± " ' t " "Ed ( z u )"↳ # ¥
n o i s e (measure)



' G a u s s i a n ⑧

DMs = E ' e-I
" ' "its

d u sharp freq cutoff,
d

⇐ DMs., = E j e-± "
PEN " "Is

dfpe.nu)
m e a s u r e o n

= zit I T E±¥¥_'"duh, E n = spanhen, MEN].

MIEN Ign12 i n

Lebesgue o n I C E 1122

Under Ms,N , w e h a ve

• My c o u r s e from 2017UNC": = µ¥, 9¥§ei
""

'Also min i -courses

. K u o : Gaussian areas i n Banach sp.
y a , µ , •

. ). gang,'Nuaalaithoggin
g, i ndeep, standard

f - valued
Gaussian rv.'s.



µzM2' ⑨EM un-unhip] = I 5 m F Et{µj¥M < I n t E N

= I
M i n , = ,

5M¥-Zs → g

i f f 2 0 - z s e - d

< ⇒ o a s - dz

'huntsmen forms a Cauchy seq i n L t e ; HTTP))
(also i n P c r ; HTTP)), pas.)

→ l im i t :
w e r e 1 - 7 U H =nEzdµ§ei""

Ms = fin, Ms,N [
= i nduced probability m e a s u r eT h i s map = Po u " .



Medal: M s i s n o t a probality m e a s u r e o n Hsltd) 100

a n d w e needed t o enlarge the space t o t f , i s s - f

e x : W
' ' P, r s s ¥

B = e r = 138,,

Also, Fourier-Lebesgue spaces F L T , oss-dp

and w e say l l s , Hs, E) i s a n abstract Wiener space.

¥ : Gibbs m e a s u r e for New

d f = E ' Et i f " h " d " dµ,@duo CU, 2-U)
F o m a

U C - HE-CT), a . s . ¥ , U E lira ,
a - s . r c o .

⇒
O <e-

k¥5 uh"dx
g ,

a . s .



⇒ e- I F I "
' " d "

e LP(µ,) p e e s
&

a n d a . s . positive

⇒ f ~ µ , @M o

t equivalent ( i . e . ← a n d ⇒ ).

f i s a prob m e a s e o n Ht- ( t ) x H-K-CT).

Aside I f Lc v ) = d o , then

v . = I g n ein't ⇐ spatial white n o i s e
" t a l k

s a m e intensity of randomness a t each fief.

Also, El l ie) Tyl,] = I ein-6-91 = face-y)
NEED



@'Boersamps
oughtrainis invariant m e a s u r e argument.

NLW C O Y
tripe

| f convergence 6
w a s convergence

( i n LP fordensity)" ¥ - 1 fa r = truncatedGibbs m e a s"fine dim'l" approx
stun + f-b) U n + Penfpenu)h)=o

den = zit e-¥ 'S P IE " duixodlocu.HU)
low fief i n l e n ) : truncated Gibbs ⇐ finite deinle Hamiltonian

system
high freq : Gaussian mea s u r e .

(invariant unde r l i n dynamics.)



Main idea: u s e t h e invariance of f a r 130
#

for the truncated dynamics. (for fun,Hun))
pfftpropi Given T > O, E > ° , F I N . e e C r

s t .
D f , ( A I , t.ee) < E

② For each w E r n i e , the so ln CUT, 2+4%1 exists o n F T , T ] A N D

Hk-
→
ftp.T/lCUnltt.2tUNltDllH1@(1ogIe)" H '

u ,u

p f i F i x K → 1.
""dtp of N '

E n t ) : (no,u , ) → (ut), 2-Uct)
[ T l s ] d

s e t
r , , , , , = M I t j s ) BK,

I =-[T ls ] N

where B k = ba l l of rad ius k i n HK-CT).

S r K-0 loca l existence t ime for in i t i a l data

of s i z e K .



[ I s ] 140① I n (raise) E I Tn ( E t Bts)
if=-{Tls]

Sw invariant under TEN

~ IgfNCB§ ¥'(µ,@µo (Bk))"
I T KO e-

c k '

TEC' K '
< E

by choosing K r (dog E)'k .

② ' j i f f ' "
By LWP argument, w e have sup

11 (unit), 2-Unit'll1µs E CK.
T E T E T

~ flogE )
"
?

I D
P

indep ofN .



- The set I n , t , e depends o n N 150

but the constants i n t h e bd a r e i n dee
p of N .

→ c a n deduce the s a m e log bound for t r u e so ln CU, I tu ) .

(by a PDE approx argument.) ⇒ a s GWR

i .e . used a n invariantm e a s u r e i n place of a conservation l aw.



1 % 3 1 / 0 3 6 1 ①

Again back t o ① I t o approach:
F i x R > 0 . s e t

Ep = inf 4 t o 0 : l l U # "e Z R}.
⇐ check T r i s a stopping t i m e .

-

Remak o n the construction of global-in-trine solons
( i . e . a . s . GNP).

Moral fas-GWP-
sa.s.GWP.NL#

unrelated Given T > O , E > 0 , 7 I T , E s . t . i f W E RT, e ,

t o t i n g sohn Uwex i s t s o n tT i t
a nd p c r f . I E



① F i x E > 0 a n d s e t ②

r j = 1 2 5 , 425

② s e t r e = ¥, r j ⇒ Perce) E,¥¥=E
Note: i f w e r e , then Uwexists globally i n t i m e .

③ Now, s e t

[ = Lo re ⇒ PCI ) einfpere)-O.
E > O

⇒ a . s . GWP. ( o r u s e Borel-Cantelli lemma).



- s t o c h a s t i c ③

I F U + I t U + ( I - a ) U t Uk = E } , h e 2 M t !

L e t i t = a t U . Then,

a t l!)-(pita,u-un) + ( °
- u - r

3)

u p
-

Ornstein-Uhlenbeck process.

Gibbs m e a s : df = E l exp t # f U't'dx)del,@duoc a n )
E

white n o i s e for i t .
Note: MLW preserves 5 .

i p r e s e r v e ⇒ preserves s .



④. ornstein-aqh.eu?eokafrffIbdpfd-
Vdneaho, b e e{xp)

= d o

⇒ h t t = Eat x o + Hote - a l t - t ' d a t ?
Suppose X o ~ NCO, bfa) ,

indep from B .

Then, X H) i s a m e a n 0 Gaussian r i v . w i t h V a l

IE [X4tl] = Ea tE y e ] + b- gote-
2 a c t - t '

d e

=e¥%t Fact-0ft)
= byza.

i . e . N l o , Ea) i s invariant under 0 0 .



Back t o S dNLW: Look a t the 0 0 part (for v ) . ⑤

xD a t = - V t 523

FIII" given) = -Tem) + E d Bn, L

(Further separate into Return, 2mvT§
⇒ Gn n Naco, i ) i s invariant for

⇒ t f preserves n o (die) a n d hence 5 (du , du).

. How t o prove a . s . GWP & i n v a r i a n c e o f f
under S d NLW ?



° Consider t h e truncated dynamics. ⑥

§dNLWn) 2+2U n + A U n + ( I - b ) U n t PEN ((PewUK) = 523.

Note For high frequencies i n > N) , i t i s

§
"

& " " " " + " " " " " " " ' " " " " " = " " " 3 .

Min@doin i s invariant.

Mgt,
n

= marginal m e a s u r e ofµ j o n Ent
11

spanGen: n -N ) .
a nd truncated Gibbs m e a s u r e mqgindyon E n

dfw = ZI expffI,ftp.#ukt'dx)dMi.n0xdMo,n(PenCunAtUnD

• (d2÷¥¥¥¥¥¥H.



S N invar iant under sdNLWµ ⑦

< ⇒ LN =
generator for the Mavk@YfnsdNLWn.-

2tU-
fphasespaceu_cu.v'Sadjo i#[¥¥"¥ Pet t i ne E f f l e t 'D
T t

solu map

Lf = generator for i . .

§q=
t ime d a i v a t t - o .

for NWN

Lk = generator for a . . for 0 0 process f o r it).

¥ ( t u f f , = (h t tp + CLE)*fn = O t O = O .

⇒ S N i s i n v a r i a n t under S d NLWN.



⇒ Repeat Bourgoin's inva r i an t n e a r argument. ⑧

⇒ a . s . GNP of sdNLW & i n v a r i a n c e o f f under sdNLW.

For ***P,µ, stinkof L ie-Tro t te r product formula: eat-t = lying fettneBE)"

-

• paabohj.ca?IIIJfIIIa=E3.

Consider du¥¥uHµ) d t + E r d W.

L ( F i l ) ) = r T r D-F l u ) - 8 1 7 F l u ) , T H A T

hits) = O ⇐ s f h F a p (du)
= r f t r BEI) e-

" '" 'dutrftrFH.CI#du
I N

= 0 by I B P .



I t U = ( O - D U - U k + i f } . ⑨

N a e Uk.Ten
= A n t i b n .

When n = O,
d a n = f a n } a n - R e (Flu)(n))) d t + E d (Pepin) b o - o .

=d bn = C-Lm5bn- Im Chem) d t + E d (Impn)

LY F Coi.b- I = In f- son}a n Jan + I 22¥
" "÷÷÷÷÷
÷÷÷÷""

+ § (-95 bn2 , + zFI§nµ when n e o

2£ F

LE F CE , 5 ) = I 2am F C-Re(Fallen))



" L i n e a : N Y ) = O. 100

dµw = zit e-
{ "PEN " "I'

d pence.

(hi)*µw=0
⇐ s f LY F e i , b-7dm, = 0 ?

11

zap e-
I-29597+4^5btTdaudbn

] (-cm5au2anFt 'z da f f ) E - dan

EPfans F a a . Can e-D ) + I F 2£ E D dan = O .

T E F E R A a - n - a .

F Tran C-cm}
Ca
n e -D )

= - Fµ t +2Fµe ' T



s i m i l a r comp holds fa the bn-part. ④

⇒ Hi#Mn = O.

T i b b s m e a s u r e i n v a r i a n c e (truncated).

LN = LY t L k

( E )
*
f o r = O ⇐ s f LNFCE.btdfnca.to) = O ?

d

e-k¥1 (PennPt'
~

,
dun

e -Mo i ,
51

2

[I-243a t ten} BE
I Tdandbn



I an M (dib) = 2am £, I am.... Ina, 120
M i t . - i t Mh+,= O

= 21ft. Flag
+ H i , M . H i n

Ta n
d

E In."-Ink
Mit~-Mq=-=

= Niu)t h ) + of Cullen) = 2 R e F la im !

similarly,
Ibn Mlai ib) = i N%fn)- inch cm)

= 2 I m ITµ ) (M).



(LY + ht) F ( E ,5 ) LE includes Me. 130
d

) t¥II¥a§F¥dadb

{2in't et]EIz2#¥ED
→

2nd t e rm i n Li l

⇒ (LN#far = O.



¥ 1 140

G F FConsider
u =,E, gz,ein." ~ d µ , = E ' e-

± " ' "t'
d u .

Un =,¥, 9¥, ein-×

For fixed KETT, UN e d i s a m e a n 0 Gauss ian v . v .

w i t h V '

g , = I t , neat] =µ§, Eng ~ 109N → A '

⇒ The l im i t ① i s NOT a function b u t a distribution.

EIN Unis] = fez, Inga-s, s o i f f s < O
-



150For s 20, u ⇐ Its CITY w i t h positive probability.

→ By Kolmagorov's o - 1 l aw,

U c f E t ) , a . s .

I n particular, the power u k i s ill-defined
a n d t h u s w e n e e d t o i n t roduce a renormalization



⑥" "msn.%Ffffa.at?foag:.%ae:::gm
DX = f d t t g DB, X u - K o ,

i t s Markov s em igroup P t i s given by
Ptffcol = E [ F CX t I ] .

The generator L i s t h e n given by
L ' t Cro) = figg PtFc¥F=fujgE¥¥Fxo)

• By Oto's lemma, w e have vanishe
s

under expectation

FHt )-E lko) = lot't'CXs ) fo l d s t fotT'dBs)
+ I got F "(Xs) finds

⇒ L F (Xo) = FIXo ) t o ) t { F "(Xo) 920?

e x t X - B ⇒ L = £22.



1 = 2 / 0 4 / 2 1 1 1 Dlawof u
d

U l e t = ¥ , 9¥' ein.'' Lcu) = µ , = G F F o n I T '
^

inassive

{fn),e z , indep
std e-valued Gaussian nu.'s.

I n the rea l-va lued setting,(impo
se g -n = gin

. Lasttime:
u c - Hs( Tp ) , f t ' ) . a . s . F -

What about I t t ) , p a z ?
1 CITY 0 E CT )

. P I :
u ¢ L'CITY, a . s .



L e t X m = Ign>ein." (for fixed XET' ) ②

and Yu = Xm . Igwe.az ( fo r s o m e A > o )

'Kolmogorouthreeseriesthm.' X m . indep

Then, I X n converges a . s . i f f t h e following 3 cond. h o l d :
fo r A N Y ¥

( i )
I P (Xml z A ) converges

I i i ) W i t h Yu = X m - 111×4E A } '

I E [ Y u ] converges.
Igule A s m >Citi) [ v a r l y n ) converges. I

t r o b l e m . I varlyn) z I Ing EdgnkhgignleAD
M£22

= A



⇒ By Kolmog. 3-ser ies t hm , E x n diverges o r a se t of ③

positive poof.

⇒ By Kolmog O - I l a w , I Xmen diverges a . s .

compute
E-ftp.lualdx] = ↳Etui d a = -

⇒ U n doe s not conve rge i n L' w i t h positive prob.
→ U n diverges i n U t ) , a .s .



④Back t o u m =,¥.gg ein?

E (Unix) M l ] = ¥ , Eng e n C a y )
9 Note

insert qi.IT
Hip E[g%End]-h! She

a n d s e t x - y ,
o n particular,

⇒ Et {1652 Un#12] Ecg:3 = O .

£ infen Injure < A unit i n N E W .
M £ 2 2

⇒ It 11 UNH
Ws,repay

Heer)M¥'
Il 11479 Unc" "µ , "L:c,r u t

E pk, unifin N E I N t o U n a Heer,

for s c o
J e



A s i m i l a r computation for u n - u m holds ⑤

⇒ hunt
m e , converges i n LPC r ; ws.irCITY)

Also. w e h a v e a n

exposnintialandtailes
amITee:

P (HUllwsger s x ) E C Ec ". ,
i t x - o

-

s i n c e U i s NOT a function and i s only a distribution,

the power Ukisetl-define
⇒ We need t o i n t roduce a renormalization

I n t h e following, w e restrict o u r attention to the real-valued

setting.



. t t # p o Y : ⑥

generating function:et"-IN-E.otf.HR/.Hklx;
r ) = H e r m i t poly of deg h .

H o l t ; a ) = I , H , G ; T ) a X , H z ( x ; r ) = 1 2 - r

H3Cx; r ) = 2 3 - 3 r d , H y l x : r t 2 4 - 65×2+302,..

- s e t H k@ I = Heck's 11.

orthogonality: I Ha l a l Hm call f÷f%dx= h ! fam.

FACI 1k¥13, e g o forms a n O-N. B . of
[CR,¥¥edx).

Note: hack},ez,.GR#chmidtinECR;
Gauss)

4 HUMBLE
2120



We a l s o h a v e the following orthogonality: ⑦
f i g .

f , g ,
Gaussian r . v i s w i t h V a l R f a n d Tgjiffusiia

n
c m e a n 0 )

x p
E[HhCf;tf)Hmfg;rg)]=fhmk!{E[fg]§

⇐ ¥ t ¥ ¥ µ §
for C f , r f ) a n d (g, og) .

and express i n t w o different s e r i e s( and compare t h e coeff of th.

- I n the complex-valuedsetting, w e i n s t e a d u s e

t h e (generalized) Laguerre polynomials: s e e 0h-Thomann
SPDE ' 18 .



" W i c k w i c k power,
renormalized power ⑧

:
Unhcr):=¥una;

% ) pointw i s e

where TN= tE ]¥¥ r logN → o .

(On a mfd, % depends o n x e l l .

. k=2 . : UT: = Uf - % §
h e 3 : UI : = UP - 3 r d U n

. Wick renormalization = orthogonal projection
onto the hommogwinnacka-oof

dead



- (H, B ,µ ) , abstract Wiener space ⑨

dµ = E ' e - I "
' " I

d u

(Thinkof H - H't 2 )
B = H-E ( T )

.

- he i l j e , c B t complete orthornormal system of H#H .

- consider ¥, Hh; Csx, e j > ) ,
h i t o onlyInfinitely

many j 's
11

product of finitely many termi te poly
i n different directions.

C . , . > a B-B't dua l pairing.

A h = homog Wiener chaoses of deg k
=

= span4¥,Hh;cs×,epj:§hj=k}
" ' " t IBM'



Wiener-Ito decomposition: 100

ECB,µ ) = TO Hee
k = o

w e s e t H e r = j¥Hj
t i e n e r chaos es t imate )

F e l t h a m
llxllhpoyelp.IT/2llXllLqn#-
foranjpz2andanyXEH-V

- ⇐ follows from the b i g w i g of t h e O U s e m igroup.Yo
n'

65 . e t L = O - x - T (B = Rd)
elements i n Her = eigenfunction of L with e - V a l - k .



Pep: { : Uni:}neµ. forms a Cauchy seq
D

i n U c r ; Ws'rt4), ¥ 0 , r e o .

Denoting the l i m i t by : Uk: , w e h a v e

: Uk: E w s . r u ) ,
a . s . 1 0 , r e c s

P I E [ : unhex): : unhy)?]

= k ! { IE [ U n a Unifi]}k
= k ! I fan,} e n , l a -Y ) " ' 'In,} En , Ix-9)

MIEN
J i l,-ii., k

= k ! I
Inglen

¥, Tmj} enitn-tnqcx.ge



Insert t h i s a n d t r y5£ a nd s e t * of. 120

⇒ IE [185': Unhcr): I ']
= k ! I

I n j l e n
¥, Tmj} 'cut.-these

{ e . a L . , unit i n N E N .

M i n k
⇒ It 1 1 : uhm: "ws.ir Hey, pear 11 "Ms : unh"": "Lpa, "µ,

✓ < i s

an pkk. f u s c o I E E E ,
A

Wi e n e r chaos estimate.
. A similar computation holds

for : Uni: - : oh:
,
N z M E I .

I n t h i s c a s e , w e u s e M a x ( I n t l ) Z M . ⇒ antjy E mtg ftp.t
I F



130N°¥p
( µ : u n : 11µs,> x ) e c e-

c £ "
for any X - O .

(⇐ chebyshev I
g e l l :

uh:""whsr
dµ, < p

Tzvetkov
L e m4 5

t h e 4 Xn}
m e ,

a n d × b e i n PTRF ' 10

spatially homogenous s tock processes: R → L d ' td)

ie.fr#xoETld,
{X Ct,'1)

t e ,
and { XCt , '+26)}+eµ

have the s ame l a w .

. suppose t h a t XmE l
,
X M E Hoek

,
f t E R



( i ) F i x T E R . I f 7 s o E R s - t . ④

⇒ I E [ H l t , n ' t ] 1 € 5 0 ,
+ need.

then,
ye t , e Ws.- Ltd )

, I s o . , a . s .

Moreover, i f 7 f > 0 s i t .

E ( I I , L t , n ) - I c t , n ) 12] {No,;D-28
•
Kneed

then. X , → × i n Ws.-CID), Sa s so , a . s .

( i i ) f i x t > 0 . suppose ( i ) h o l d s o n E - I T ] .
. I f F T C- (0 ,11 s i t .

IE [ I t n I c t , n , 1 2 ] E <n5d-2't-1h15 + need
* H I E I[ d i f f o p : I n t e l - t c t t h ) - f t ) .
f t E E T , T ]then

x e c c f t . T T ; Ws.-Ltd))
for s < ¥ z , a . s .



Furthermore, i f 7 0 > 0 s i t . 150

E [Itn In l t , n ) - f , I c t , n ) 12] = N-tanyd-2so.ir/h1r

then, t need, M e l , T E E I T ]

Xm converges t o X i n c(ET,T I ; Ws-Cpd,)

for S a s o - E , a - s .

Notes Ws'' t d ) c a n b e replaced by dead)-Bsa-Ltd)
Mourrat-Weber-Xu ' 1 7 . Oh-Okamoto-Tzuetkov



⑥'2-ds~tf-it.sc,
=
go
t sina.LK#dwH).ECtW3i%F7, a . s .

s a O .

w e s e t

ftp.#. : InkC t ,x ) : = Half, Lt ,x ) ; Tn a )

Where
r n HI = E ( I I , Lt ,x ) 12] r t logN

= Gubinelli-
Koch-04 TAMS' 18

Prof: 1 : E f : }
w e ,

forms a Cauchy seq

i n LP C r ; G w : " ) , p a c o .

a n d a l s o almost surely,



⑦P I : We only verify # i n tiffany
lemmiama

E (lo.FI?ft, n , 12]
= Sf IEC. I f i t , x ) : :Iunkltiysifency-x3dxdg-
T2xxlT2yLEnm9kihE@nCt.x)

I n
Hist]}k

IEFE.net#msjdt'emlx-D-
lMlEN

k
E I

M t . . . + n , n
¥ 4,2 E i n 52+9

- 2 5 0 .

⇒ I n # E W's.-Ltd), S e o , a . s .

B



180

Angton. :• Divide the s u m into regions I e

na . . . + neon

¥'¥2
I e = { Ine I 2 M a x Mil}

n j E 212 5=1;-;k

FI summations
. Under n i t . . . + n h = n , w e have M a x 1Mi l Z I n t

jet,...,h
,

Ee
F
F tmp = Inge I I I , stiff, E H ?

F t e

• One c a n also u s e t h e following l e m m a (Partlin iteratively.

Lemmon: l i l L , B E R s . t . d t p - d a n d d . p e #
Then, I

A - h i t n . ¥4 ¥> p I g yd-a-B
M j E Ed



resonan
t

I i i 1 d , P E R s t . d t p> d . @

case Then, I
A - M t h q¥µ , E S n >d-d-B.

Minted

This lemma follows from elementary computation.

See Mowat-Weber-Xu' 17 (Also, s e e Ginine-Tsutsumi-Udo
J FA '97

humma 4.2.



1 = 0 7 / 0 4 / 2 1 1 D

Last t ime, w e checked the regularity of the Wic k power
s.Teh: = lining: I F : , I N = Pen#wave

fo r the w a v e c a s e .

. We only checked # for fixed t

b u t t h e other conditions i n the regularity l e mm a .

For the t i m e difference part, s i m p l y va lue theorem(to get a n 5 1h t .

. : I k : c - Her ⇒ By the W i e n e rc hma t e , w e get

P (Il:P: he,nine,-> x ) s c exp t o 1¥,ya)
f E > 0 , finite of Z l , T - O

.



For f = D , w e c a n u s e the Garsia-Rodemich-Ramsey ineq. ②

a n d get
G k O-To l ome o

P ( " " ¥ " "L%j,j+,,,w} , , , , , , ,
s e e F r i z -V i c t o r

1 MR N '21

< c exp C-c,I¥)
f

•a d h e a t - i I v = I heat = fotet-t'"'" d WH ) .
We only c h e c k # i n t h e regularity l e mm a . I drop N . )

E [ l i f t : A m i t ] = I f E I : f l i t , x ) : : thetip:] e n ly-xldsidy
Rex'll} "

h ! LEL IA ,NIA,yD}k
11

§ got e-
2 ' t - t ' ' ' m }

a t ' e m ( x - g )

=i¥±h



③E I
M t . . - + n e o n

¥, Tmj} E 5M¥"", H E > o .

a s i n t h e w a v e c a s e .

P r o f { : I f : }
w e ,

forms a Cauchy sequence

i n LP( 1 ; C t CEC I ' l l C-'= BI.is.
and i n C e CE CITY, a . s .

-

. Idea of the proofof the regularity l e mm a :

Translation invar iance ( i n x )

④ ⇒ FLY i t ,m i xLt,m)] = 0 for n + M # O .

( real-valued setting)



E [ I L t ,mix i t , m i ] ④

= I f E [ X L t , x ) X I t . g l ] e - next e -m (g) doody
- -

= e-µ+ m i x ) e m ( x -Y )= F l t , x-y)

= E l t , m ) fad e-
i ' "m)-"doc

= 0 fo r n + M # O .

Tuppose # h o l d s . (suppress t . 1 Then, for p s> l,

I I I l xllws.co Hyper)
5%1" 1/11×11

wste, r Ile r → l .

Mine 11 H i p " X i x , Heer, Hq, p e r
Wienerchestperk µ , Ensnystexen) E n i x ) 11h41) HE

N t¥m3 IE¥L ) "



Itn pkk (fez, ingests' -d-250)" < •
⑤

for s < s o (by taking 0 < E a t s t . s t e e so).

I B (As fa l i i ) , w e Kolmogoorov's cont i criterion.)

-

2.10 LWP of SNLW o n I T?

B ¥ ¥ ¥
( i ) (fractional L e i b n i z r u l e ) : t a p i , q j , r a w , fit'fj-tr, 5=1,2

passel 11h05Cfg)Haya, E (Http, 114799111
9,

+1168ftp.llglllqz).
Iii) i s p , q , r < A pttqEftsµ

s > ° 11h05'C f g)Head, E t f l t h g l l L q



I i i ) s e e GKO. Here, f - i s merely a distribution b u t ⑥

t h e product f g ma k e s s e n s e a s long a s t h e s u m of
-

t h e regularities 2 0 .

( i ) t i n u l e m Rd k transference principle.

µ (see G KO ) .
coifman-Meyer t h i n .

Kato-Ponce inequality ' 8 8 -
Cps, f ) g = Dscfg )

. Christ-Weinstein SFA '91.
(⇐ vectored-valued maximal functioned.)

- H f ) 8 .

s e e Grafakos.

' Gatto JFA '02 .



g . {(2ft I - O ) a t Uk = 3 . o n 7 2 . ⑦
(U, 2T U ) I t ⇒ = ( U o , 4 1 1

truncated no i s e 3N = Pen 3 .

Consider
(2+2 + 1 - 0 ) U n t

Unk
= 3N

[ n o truncation here .
' Duhamel

⇒ Un = I n + ON

⇒ Unh
= ¥2, (kj) Ent vk-ti

I
No l i m i t fo r j 2 2 .
need t o r e n o rma l i z e t h i s .

Replace font by Hj ( I n ; o n )
"tlogN .



⑧Hp l a i t y ; o ) = ¥, (hj) HjC x ; r ) y h-si.

• Define the Wick power:
Unh:

"

.
Uni: = k¥04): Erin: unh-I

~ ¥ postulate t h a t
to the rema inde r i s

l im i t ex is ts a . s . smoother
• defined only for U n of t h e form

UN = I N + U n

' V a r satisfies

t h t I - o w n + Eoff): Inf: unh-t-o.
n y
: e t :



By taking N → i s , w e a r r i v e a t ⑨

ISNLwv) HE + I - O ) V t ¥, (kj): f t : uh-I = o .

Then, the "solut ion" u t o the r e n o rm a i l z e d S NLW :

④ HE t l - O ) u + : Uk: = 3

⇒ i s given by U = I F I
• Here, the eqn xD for i t i s jus t a formal expression.
For example, w h e n fe= 3 , w e h a v e

m u r m u r

( 2 f t I - b ) U t u
3

- 3 . c o - U = }
Inning
I n

ByxD, w e really m e a n (sNLWv) w i t h t h e f i rs t o rd e r
decomposition * * o .



6 0 9 / 0 4 / 2 1 1 D

F i r s t order decomposition: u = I t V
- Tsmoothee

. D a P ro t o -Debu s s c h e ' 0 2 ,

• McKean ' 9 5 , Bourgoin '96.

Consider

12ft I - 0 7 v +
¥-
0 (kj) E j

Vk-I-o
=

(5MW" (µ,
g u y # = h e a d E ° = "

Enhanced d a t a s e t : ( no , U i , Ee , . . . , E a )

E
¢

E H s × (Ecco, 1 3 ; we'RE)§h



②HEH, = " l u o , U i ' l l
µ

+ ¥," Ej"-Ceo,,g; WIT).
P r o f 7 E r > o sma l l s i t . for O s e s E k ,

(swing) i s locally well-posed:
- existence, uniqueness.

. E i n s . i t i s con t i n u ou s .
n

Cleo,-13; Hts). T=T(HEH×s)s=

¥ i s = I - E .

Duhamel formulation

U H = put t ) = I t s # n o t S h u i -It
o

(t.gl/otsct-
t4fEjvti)H1dt'

sa-sina.gl



③E : 11 gots i t - t i , uhMd t ' l l
G-H's?

Ed ± f - fs T 11 uh "c,H?TEL
E- = '¥ - Isobozle',

I , uh11
C , LYFE

= T " V "ch, Effte
" "I" T h u he

h, Hye
' ¥ ? I - 'Fe

( q , E E f , t
' I I I : Il fts e t - f ) ( E j v ' t ) Mdt'l l

G-H I
a n T H E j

Vk-t "c,HE
t
only a distribution(inx)



④
= T 115578 ( E j V"" l " c , E ,
E t 11505' E j 11¥ Lye 1109cm" "↳↳

frac. Leib. r u l e

E T I l Elly,-e 110541't f- + I s I + E242,4k-j)

Sobolev
E T 11211×1-e "v""' ¥ = I - ¥ ; )C t H'}

-

(⇐ O L E E 24k-l)

T.tt#otset-
tiIEuHldt'llc+H'?

E T "Ea" ↳ HI

I T HE l l X i - E .



⇒ Putting together, w e get ⑤

11 F u l l
c , µ , }

E G H C no, 4111*1-e

+ C z T I l Elly,-e ( I t Hullarize)''
k ~

+ ↳ T N "
GH ' }

A s im i l a r estimate ho l d s fa t h e difference P M ) - P k ) .

⇒ T i s a contraction o n a b a l l of r a d i u s
~ Il Luo, U i ' l l

µ - E
+ "Ek"

((so, D ; W:P)
by choosing T = TCH'Ella-e)> o sufficiently small.



⑥S""Iam%Y¥
2 - d mew i s ill-posed i n negative sobo lev spaces

(Christ - Colleander-Tao, 0h-Okamoto-Tzuetkov,
' 0 3

Forlano-Okamoto DPDE ' 2 0

⇒
2-dsNLW-
i@o.Ui, 3 ) → U ill-posed.

Ideal ¥_pose the i l l -defined n o u n ma p .

① Use stochastic analysis t o construct anenhan-ced

dataset only i n t h i s step.

② u s e deterministic analysis t o prove LWP for the

rema i nde r teem v = u - e . @ycontinuo
us

map

Yo,U, B ) & I = ( no, uh, I , : & : . . . . i . I t : ) v s v → u - I + v

'to unt ie



Them: 7 E h > 0 sma l l s - t . fer o a E < E k , ⑦

t h e renormalized S NLW o n T P i s locally well-posed i n HtET?

Moreover, t h e nolen U n t o t h e t runcated renormalized

SNLW i (22 t l - O ) U n t : Uni: = 3 N

converges t o U = I t v . i n C l eo , To o ] ; KIELTY), a - s .

←
rough

. f i r s t o rder expansion U = I + ¥ smoother

^ t r i c k t o s o l v e t h e equation
. a l s o gives a description

h t : i n small scales, u "behaves like" I .
- Without renormalization, n o non-trivial l i m i t exists.

( UN → 0 o r l i n sohn.) 0h-Okamoto-Robert
5pA ' 2 0 .

⇐ Triviality



⑧. regul.augtip.gov#3s=Ys*3(conv
i n prob.)

- by
mollification

(spatial / space-time).

F a n e
l i m i t

£ Roughainitialdat

N L W : I F u - b u t Uk = 0 o n Rd.

. scaling invariance
⇒ scaling criticalregularity

S scaling = DI - ¥ , .
. Lorentz i n v a r i a n c e ⇒ s conf = d¥ - qt,(conformal)



S u i t = M a x (Sscaling, Scout, 0 ) ⑨

DE M a x l ' - I T , 34 - htt, O ) .

Thim: GKO TAMS '18

( i ) h = 2 , 3 : s > s u i t I i i 7 h 2 4 : s z s u i t .

The renormalized SNLW o n I T ' i s locally well-posed i n H IM .
9

¥ t E ¥ : O s s e 1 for i n i t i a ld a t a

(q , r ) s - a dm i s s i b l e

(F i r ) dual s-admiss ib le
i f I ⇐ T E 2 £ q s o s

l E F E 2 E r { b

( q , r , d )scaling: Iq+ dj = DI-s = Iq t ¥ - 2 I c a n , 3 )

(B i rd )
admissibility: Iq + ¥ E ¥ , Lg, + ¥ , Eddy # ( 2 . 1 . 3 7



( P i r ) dua l s-admissible @

⇐ ( f ! T ' l i s d-s,-admissible

Then, f f 2 f t I - O ' U = F
o n Td.

(U, I t U I I t - o = (no, U , I

⇒ Il ( u . H U ) Heggs,, + " " "pike,
O E T E IEHCUosllilllpgtH

FILI.hr
Also,@Hs7gllCUoiUnllHfetKF4
LHIUI.strichaetzonRd.iNissan's Oberwolfach note,

a n d finite speed of propagation



• We only consider k = 3 . ⇒ s u i t = 1/4. ④

(general c a s e : GKO
,
Ob-Thomann, Toulouse ' 2 0 .

( G r ) = f,#g, E y ) , (¥+17 - admis.

(9 'T ) = (gtfo
,
¥2,), dual (Itf)-admis.

-nonlinearity: E j v3-it' i n LILI + L'THI'
3

. 11 v3 Hyp
e

gig, = Hu l l (364+4
8

19/3-28 I T t " ' "LqL%
3

x

t93¥48 < 9 = ¥4,
deterministic theory.

391g < r = Fzs LWP of cub ic NLW
i n H s t ) . s - t .



@" "¥3114,41 E THEIRwze.co i f s - I E - E .

ETH 'Illas. ¥ 7 1
S-1=-3-4+8-

H 'Ej P- t" ↳HE'
Sobolev 3-4-221=7-88

1- I
=
111578 ( E j v ' t ) "

I , L?-88
⇐+ g e t + at

E 11105'Eilligig- 143K¥48'
§ , 7¥ E 7£8

1
+ §

,np§§,
I c e E T I t v High E T H r " Lifts,

'kissETHVHIqi.it#g=li-ETllH7VllLFLxsobolev-
fracLeib.

'¥12 = I - 7 ¥
and] front



130
L e t Hitllysp, = A l i l , a t d ) "us,H ,

+ " " "LE,Lr,.

⇒ 11 Ptv) "yay, = H CP h , HMV " "you,

E C , I l Cho, U i ) 11µs t C z (IlVllyse, t I lElles}
w h e r e 11 ' I 11

z-s
= §, " E j "µ(co, D ; W?'')

A s im i l a r estimate ho l ds for t h e difference.



k ¥ 1 4 1 0 4 6 1 D

2.20 2 - d stock . NL#P-polynomial.
= parabolic P B ) z-model .

( o r TEAL'-model):

J t U + ( I - D ) U t Uk = 523.

( Z U t 'z l l - b ) U t U k = 3
.

B a s i c space : CsCITY = BI.-(Tls).

⇒ stock convolution

I = I heat = JotP c t - f ) d u e l
,
Pftjeet""

belongs t o C t c{CITY, t s a o , a - s .

(also i n Pcr).)



A s i n t h e c a s e of 2 - d SNLW, ②

w e u s e t h e f i r s t order expansion:
✓

D a Prato-Debussche '03.

U = I #
and so lve t h e equation for# - )

A V t ( I - D ) V t ( V t I ) k = O L

• S i nce I i s n o t a function ( i . e . i s only a

distribution-valued function), I t does n o t

make s e n s e a n d t hu s w e consider the:cnormalized v e r s i o n :

(SNLHu) I t v t (t-ol V t £ (hg): E i : uh-I = O

j E O w w w

11

h i m ? (Pent}?
N → i s



I n t h e following, w e only consider (SNLHu ) . ③

(b
ut

w e c a n a l s o s h o w r n → v

where V i v satisfies

I t O n + ( I - 0 7 UN t
¥2
0 (jk): Inf:

Unh-I
= O

I N = P e n t(and
hence U n = I n + U n → u = I t v

-

Maintooli Paraproduct decomposition (Bony 181?

f , g o n Td . ( o r Rd) of regularities s , a n d s a

f g = f @ g t f @ g t f o g
n u m -

= ftp.#hlg7tIPjff)Phlg)tIPH)Phlg)
¥ 2 I I-k lez k ¥ 2

w w w



Pj = L P projection o n t o 4 I n l r 25}. ④

( j - O : 1 1 m s I }
• f @ g = pa raproduct o f g by f .

( f h g , I f I 9) , etc.

"freq of g → freq of f . "
f g

m m m →

t o g
n %aa.at#hiqgn

- always makes s e n s e 1 for any s i , s a ER . )

a s a
distribution.
→

with regularity qq.z-s.es#f-
regofg



- s a m e for f D g n m i n ( s i , s , + sa ) . ⑤

. f o g : Resonant product of f a n d g .

f f o g , B l f , g ) , e tc .

-

may no t ma ke s e n s e a s a distribution.

- I n general,
m u u m u u

s i t s , s o → f-G g makes s e n s e

n s . t #

Recall t h e product estimate l i i ) from GKO, w h e r e

f o g makes s e n s e fo r s i t s = O .(in
terms of Sobolev spaces.



- I n studying nonl inear PDEs, t h e ma i n t a s k i s ⑥

t o m a t e s t h e nonlinearity, say Uk

(or give a meaning.)

. s i n c e t h e p a r aproduct f @ g a n d f @ g always
make s e n s e , t h e m a i n job i s

tomakesenseofthe-
renonantproductf@gm.lm o r e i n t h e parabolic thinking.)

. When t h e r e i s a n i s s u e i n making s e n s e of Uk, w e

ove r c ome t h i s i s s u e byimposingastructweonun
• U = I e V .

" U E Xs, b



⑦Lemmas: (paraproduct estimates)
S i , S a E R , I E p , P i , p , q E A , f = pt, t'pz

① H f @ g I l
B§q
g

E H f Ile, "G"Bsa
f

Pz,G.

f-i s a function ( s , 2 0 )
s t

@ It f@gllBspyqzEllfllBsipi.q "at"B,
%, q

① & ② : f @ g ~ m i n (52, s , Ts a )

③ S , T S z s O

H f@ g l l Bs, t s a E " f "Bpsi,
g
" f HB b

-

p . . qp , q



⑧PI : ① A f@gllBpsz.q-H 25241
Pk Cf@8) "Lp

,
He:
(⇐ o,

per ( f@ g ) = E I Pj ft) Peptilg)
} E - 2 jshti-2 -

freq n 2k

± . she . s z . 2h
two of f o g ~ freq of g

÷§¥ t a g

§ t r y off@g.
freq f !

Let spff) = § , Pj f t ) . : f projected onto freq t ime 2h}

⇒ Ph If@g) = §., she i - 2 I t ) Phti 191.



Take L%-norm a n d apply Holder's ineq.. ⑨

11Pa Cf@gill E E, HSet i-df t" Lp, "PatilgillLp?
u n

-

| I 1 1 f t µ ,
unifink

252k
~ zszckti)

. Take
19
h ( n l%+i)

llf@gllBspz.q E " f "Lp, "G"Bsa
172,9.



zs, j
② 100I#jff) 252kPat io )ppg ( f@9 ) ~

IE-
2 foejakti-2

getSdk jsijzsik
Take ex-norm and apply Hilder's ineq:

a . j e

µ,-22£'"'" - (2"'ll Pi l f i l lµ,)(2'"'" ftp.ilglfg.).E? I

see A o i f e
E ? H f 11 Bsp;,q (2821kt" "Pat i l 9111µs)

⇒ Now, take lk ( n l%+i).



③ A
Pu f f@g ) = FE, ¥,,oPk (Pitt) Piti 19)).
t - t t
µ , , , , , § z,,, , , ,

q.mg#U
Take l%-norm.

v i e w t h i s a s a convolution of
R 24452151g,,

,
a n d Pitt)Pjtil9H1jzo

⇒ By Young's ineq, I e g § g -
⇐ Need 5 + 5 2 > 0

i n 1%121).
H fegllpgspit.sc#dainj-
EHfHBsp,.q"G" 13¥.-

1 2



Cori Le t s > 0 . Then, CsCID) = Bsa,-(Td) i s a n algebra. 120

w i t h 11 f g tics E l l files 119"es
-

• Back t o (sNLHv).
Putth i s i n c-

E

Duhamel formulation:
m -= P v I t t = P A K o -

FE(kj)fotpct.tl: I I : uh-I#dt'.

i n Fie
(ca
n

replace t h i s by
deterministic Epeckons; E : I.

. S I S = 2 E .

11 Pulled, E l l uolles +
FE (kj) ftp.t.LI#ll:I5:vhtItylfedt'.



-

I I I : Vh-I Hye
130

E A f i : Age 11VEE
⇐ Moral: I n o rd e r t o make s e n s e o f t h e product,

the s u m of the regularities s o ,

B U T : the resulting regularity of the product i s .

given by o n e of t h e paraproducts.

e x t s , c o c s a . Need s i t 5 2 7 0 .

b u t f g ~ s , coming from f@ o f



⇒ HPvllqcs.es " ' "o + E. (9) Toll:'tiillacellvle' ④

x GCs

for S 7 0 ( s i t , S T E > o ) .

⇒ LWP of SNLH, i n Oct) , s - o .

-

•Rougherinitita? n o c - C s t ) , s a o .

" ' "yep = ftp.ptttllulttkcq o - o .

⇒ to l l Pittillo; E
tot'Etluolle,

° "

D= 0¥ , 5=2 1

⇒ t.EE/f)t0fotft-tI3Ell:tt:vh-5ctyllc;dt'.



A:F i : Uh-Ict's llc;q 150

b -I#fck-570
E Hit?Hey, (H)"H u t t " "e:)

-

-

←nv"%¥
Need t o control

t o tote-ti?' #56%0d e
-

T E T .

←
Beta function

FAC I ta t ftf t - t ' ) ' ( t ) " d t ' = B ( d a t ) , 43+1 ) e •

L , t A z t 23 = - l
,

d 2 , L s > - I

Blong)-Jill-t)"
'

't'-'dt, R e x , Reg>0 .



⑥N e e d
o + ( - { e ) + f k o ) Z - l .

D = 5¥ = E - I
⇒ s > -¥ ,

7 2 2 > - I ⇒ E ← I

- 2 3 s - l - k o > - I ⇒ f a t
11 k

E - E

⇒ s > - I l > -¥ , )
-

A scaling w i t regularity.

(when I -0 : t o fotifikodter ⇒ - k o - - I .



" By a contration argument, construct v e y c e ) 170

⇒ V E C ((O, T ] ; CICITY) ,
5 = 2 E > O.

. A posteriori, snow V E Cleo, T J ; coke)),@so,

⇒ LWP of (SNHtu) i n CsCITY, s o - 2 -
k .



D i d D

23DGlofal-in-
ttmeaspectj.2.3.IOParabolic PC I ) z -mode l :

: f t T l -O) U t Uk = E } . on-112
,
h e 2 1N t !

T
w e renormalize the nonlinearity ⇒ : u ' t ' :

'Pathuriseapproach: control t h e E - n o rm of v = U - I .

. Why i s t h i s enough? 11=1%172

( I t t 1 - N V t #off.): E I : uh- I-O
(vI t o = do.



As i n Le e 11, work w i t h t h e YCT)-norm: ②

11U Ilya, = s u p t o dually 0 = 2 8 > o

O c t a t
Q = E-Ez
(Zasso,

t o 11pm#11cg" BI.- LP projection

D

E t o T-E-El's-¥1 sup l l Pm d o 11µ
s

I memefor O c t 4 1 .

+ Duhamel te rm .

⇒ Need O - E - f- z o ⇒ f- E - E ⇒ p z -f- → 1

when s → o -

i . e , k → i s .



⇒ LWP of (SNLHp) i n ECT ) . ③

+
Wickpowers-t

and the local existence t t i e ~ ( " "011hPa, of £ )
1

Fo r fixed T - l ,
t h i s partm a y b e large
B U T f i n i te a . s .

-
FE, Hit t : "ciao,

⇒ ,
a f a r '

→ As long a s w e control sup 1 1 h 4 4LpO s t a t

( fo r each T → l ) , w e obtain GNP.



→ compute a t Hull} and u s e t h e equation a n d t h e ④

control o n the stochastic terms t o get a bound o n

o{Rs," N t l I l e .

S e e Trenbeath c igs , o n s a g [
" '

" ' "9-Landau.

( = Schrodinger-heat)

J t U = (a , + i a z 141- l ) u a , = h e a t
TR.

- (c , t i Cz) I n 1h"u + I } a z = Schrodinger.

w i th r -1%1 , t h e n Gwp f o r r = Cck ) .

i . e . heatpart i s suff. strong.

R? Mourrat-Weber A . Prob'H .

GNP of the parabolic PCE ) z-model o n R ?

⇐ weighted Besov spaces



' E t : i i i .

Gibbs m e a s u r e o n IT?.

dip = E ' e-
htt' ¥2""'d&

dµ, h e 2 N d

TIEN"I'du .
A typical function U under µ , i s NOT a function.

→ f wht' d y = a , a . s .

⇒
needITzethepot@enagg.
Weu s e ) : Uk": doc = fig, f:(Pena)htt: doc

172 172

Recall::(Pen up": → : aha: i n W-4%7) o r E { t )
a . s . / E t ) .



• 70's : Euclidean quantum field theory. ⑥

e-
htt Ipa: Uk" : doc

c - LP(du), Ap-oo.
. hypercontractivity of 0 0 process/Wiener chaos est imate
d u e t o Nelson ' 6 5 .

' N e l s o n ' s estimate.

. S e e my c o u r s e from 2 0 1 7 (chap3) .
Also, Oh-Thomann

M
- Glimm-Jaffe, Simon, D a v i d .

Bourgoin '96,⇒ u s e Bourgoin's invariant m e a t u r e argument(oh-Robert-
Tzvetkou
\ for S N LW o n 2 -d mfd



2 3 5 µ g ⑦

pathwiseapproach: k n o w n only k = 3 . (GROT).

h e 5 : OPEN.

wi th v = U - I , w e h a v e

( J I + I - b ) U t V3 + 3 UZ I + 3 v : I ? t i t ? = o

t o
-Two§iµt¥

Hi -E th ' H't e " .
⇒ c a n not u s e the energy
E l t l = { /KD v 12d a t 'E)H u f t ¥1 v4dx

We need t o smooth o u t v

⇒ I -m e t h o d



② E ve n i f u we re i n H ' , i t doesn o t satisfy (deterministic)NLW. ⑧

⇒ ECB) i s n o t conserved.

' I f t h e n o i s e i s a b i t smoother, Ive = the l-OT (TI}}
⇐ C t LI.

=(
⇒ Gwp by the Gronwall argument (duet o Burg-Tzuetkou '14)

H E M I E C H ) E A

. Iemethod (= method of a lmos t conservation law).

Colliander-keel-Staffilani-Takaoka-Tao '02 .

(after Bourgoin's high-lowmethod '98)
- N E N . Le t n

025" M , cm) =

{ I , I n t s N

¥ 1 , m a n ¥ 7



how freq: identity, high freq: Integration ⑨

' " E f "
wato, p

E N T Hf Hwa,
p

f O E r e t s

t l a p ,
⇐ LP theory.

- " f 11µs E 11 I f k
µ ,

E N'→11ft,
=

⇒ Now, study t h e E-SNLWv.

a f t I - b ) I v t 243) t 3 L ( V E ) + 3 1 4 : ' t : ) + zing?) = o.

⇒ E t v ) i s n o t conserved fatworeasons
① du3) ( * (sup) ⇒ Need a commutates estimate

zµ3) -(Tv)3. (standard).

② perturbationteemsn for rough : f i t :



Lemmas: p a i r 100

Il Il I I Ile,,,, Hea, E p" e#% togas"
-

I v y ) → (IVY-EE t e n o r .
I

⇒ A t t h e e n d , w e obtain
t

El5v1ECtfoECITIlogEC@t9dt.-
e) double exponential bound.



. IN#Hgumeutfersd=NLW 110

HE + I t + I -o) u t u
k
= 3 , k c -2 N T l .

' G i b b s m e a s : F (du, data)) = p (du)@flocda ta ) )
9

i s formally invariant. f - wh i t e no ise

£hI'-measure

. Duhamel formulation for v = U - E :

VH) = I t ' t ) H o t Nlt) ( H o t h )

-Io(f) ftoct-tfiei.vh.tl#Idt'.
where b a e e-thesinkE )

¥ . ← o n e deg ofsmoothing.



i The s a m e LWP argument (by Sobolev) a s i n S N L W 120
works.

⇒ L w p ⇒ a . s . G WP k i n v a r i a n c e o f f .

Note For damped NLW, t h e s a m e strichartz estimates

h o l d t0¥¥[£.
SPDE s t , a given mea s i s invariant.

I

12M¥ . parabolic 8kt'-model = (parabolic)stochastic quantization

eqqffaeh.tt#easure
a Par is i -Wu '81

i S dMW = hyperbolic I I I '- model
← Ryang e t a l .

= canonical S Q E .

0
w i t h w - * " i

* (g) = fo, lo)fg¥
±§fg±w + g)

Langrine"



③ 3 ¥ : 130

3.1C parabolicBS-mo:

A t t I-O) u + u
3

= § .
i Hairer ' 14
. catell ier-chouk AP

(⇐ Gubinelli-Inkella
• Recall o n 173: -Perkowski 1 5

- Mourrat-Weber GWP ' 17.
I = Htt 1-of§ ~

- K - i kupiaineuAHPY6.mn
11

-of+ I -
. Construction ofstock objects.
M o u r r a t - w e b e r

→ £3 (and hence u 3 )
- Lecture note from my informaldoes n o t ma k e s e n s e .
c o u r s e .



' 1 6 ¥ : U = U t 9 ④

T r e e no ta t i on : o = 3

I = edge = (2++1-DJ'Le
xi q = stock c o m

( A t t I -O ) v = - (✓ + g )
3

= - v3-3 v2q - 3 v e o f - o f
- w w w ( k ) t-¥ )

11

92 m s o f ← renormalized ve r s i o n s . : U n - l -

FEI r u n s o u t " H e n - z -
t Schauder

d o not make s e n s e d

• worst t e r m . No n - Z - ⇒ V-(-3-2)+2=1/2-
i m m u n e t

really 2 -



⇒ v v 150

( k ) + f l - ) = - K - s 0 ⇒ NOT wel l defined

• adorderexpansiony: u = u t q-Ho
- P i c a r d 2nd iterate

Mt = (2£ t 1-Oj' Ve n f } - ) t 2 = Iz-
V = U - g + He

att itudes - ( v + , - ' p
I r

= of-#flu-MP-3(v-492; -3cv.FI?-g
is

q
2

w0R5teem:# (v-NY)@no ~ - I - .

⇒ v n l - H t 2 = 1 - ⇒ ✓ No N o t well defined.
( I - I + C- I - I < O



Note : higher order expansion w o u l d n o t help s i n c e ⑥

the worst t e r m i n vo l ve s the u n k nown .

. Ideai impose a structure o n i t .

Paraconttolledansatz



1 = 2 1 / 0 4 / 2 1 1 ①

2nd order expansion u = 9 -o f + v

÷ . '±.

Ht t 1 - O ) v = - P - 3 (v-49) o f + Q ( v )
W u n e w

Q (V) = bo + b , r t b z v 2

bo = TH)
3

- 3 q (492 9@ i f ~ - I -
a l l have { b , = 6940 -

3%45
reg r - t -

bae =

-3¥09
~ - I -

No t well defined (via deterministic analysis)
⇐ u s e the regularity l emm a .



I ssue : t h e product ✓ V does n o t m a ke s e n s e ②
( t ) t t h < 0 .

→ Impose a structure. i f s . > o - s e

. u s e t h e paraproduct decomposition

v v - v o o r +

u⇒v+u÷÷÷÷¥:
m -

r - t - ill-defined
← worst t e r m B u t i f w e c a n make s e n s e of i t ,

i t w i l l h a v e a be t t e r veg
t h a n u @ g o

L e t ② = @ t @

⇒ w r i t e v = X + Y.



H t t l - n ) X =
- 3 ( x + Y-Ye )@w e ③

W w{Att
I - O ) Y = - ( x + Y P - 3 e x t Y-Yo ) ② o r

+ Q ( X i v )
m

- X ca r r i e s t h e rough regularity of v b u t Y i s smoother.

. X r f l - ) t 2 = µ

. F o r Y , w e ignore t h e ill-defined ( i n )@o f ..÷÷÷÷⇐



W e s t i l l need t o make s e n s e of th e resonant product ④
- 3 ( x + Y -Ye)@vs

I i ) Y f o r n ( E - J t f t ) = I - G o ?

⇒ makes s e n s e deterministically.

orgI i i ) af =p o r m m
0 ¥

f t ) t t t ) s o

Jn=E[9,2]
N o t Wi c k renormalization

(FIL), = Men@Un - 3 A n 9N

N I {¥%C¥¥
9N = Pen 9

99N = 22 - T N

Fg = Httto](9%-3%9)L n ~ logN



' Construction ofstock objects. i s e e Mourrat-Weber-Xu ⑤
Also, m y note(taken by

Justin Forlano
No te

qµ , = It,pe t- t ' )dWH)
⇒ T n = E [9 I t , x)) = I ¥3 ~ N., indepof t i x .

MIEN

94) = Its p e t - t i ) duct) r a ndom b i n robe.

= lotp e t - f ) d WH) t
PHIIOPC-tydw.LT

a n
~ µ , = mas s i v e G . F F .

invar iantm e a t for
t h e l i n e a r f l ow.
( h t t b ) U = 3 .



⑥BY.IE#:x=oV
( t ) t f t ) s o

⇐ u s e t h e structure of X . i .e .

X@PftXo3fotpt-t7fCXtY-
MlDovTH1d0L.P#Xo@V,

well-defined.

-

we"expect" ~
I t t ' l l @+ Y-Ye)@u] I t ) d t '

= (x + Y-Ye )@Y
=

whe re Rf =@+ + I-85' g r ~ ( t ) t 2 = I -



→ w e w r i t e ⑦

X = - 3 ( x + Y-Yo ) @ o f + come ( x . YI.

come (X,Y ) : = Ptt) Xo - 3
fotpct-f) GAY-49@or]#Idt'

T + 3 ( x + Y- E f ) @ o f

smoother n I t E .
(NOT true for dispersivePDEs)

( I - I + ( t ) c o .

¥ = -31×+4-Me)@of]@go

+ Come ( X , Y ) @ g o - t - E , t e ,
d

t h e 4 ) t h y > o .

A

1 t f for s ome f



@+ Y-Yo)@af ⇐ high freq behavior i s given by to ⑧

⇒ w e "expect"

[ ( x + Y-M)@4) f o r a (xtY-H)@ (You)
t o

. [ f@g ) @ h

( n ' m n ,

14141%1

(h i t nz l~µ3)
⇒ 1h21 4h31

H

a f @ ( g ~
✓

Tf@go m → off, n o -

( t ) t f t ) s o ,



⑨Le t
g o , @ ] ( f , g , h )

= ( fog )@h - f ( g@ h )
T
NO & .

a n d s e t

com, CXtY) = [ D , a ] f- 3 ( X t Y-Y ) , Yo, V)
⇒ X @ V = - 3 (C X i Y-47,9¥,] t comz (XM)

+ commit)@V)
,



1 3 µ m ① Me a n d 9 CM)? 100

q R f = 9 @ 4 + 9=097 + 9 @To
-

u s e s tock analysis., i e . t h e reg. lemma.

El l 9=0416112] Eflyemi]Esn? ' '
i t

at'§" z
iz?

C nJd-28
A - h i m

In,} ¥51
Mil 4h21( n & , , , , , , , , , gmm.am-

#TtnzFnsaTmBEemsd-a-p

→ 949 = 9 ④ 9 + 90=4 ① u p > d , a , pard
② I f IMI 4h21, t h e n

No renormalization needed
w e only n e e d d t p >d .



q CY)': D
-

Need t o cons ide r q =D off)
2

9=0 PM)2=29@ [He@He] + 9 @ [He@of]
a E - I t E ) = I -

i n

f-I - ) + ( I - I = I - s o%
⇒ ma k e s s e n s e

of 7¥. t c@ , G ] (He, He, 9 )
I l

f 49=09

(I-I t (O-I = I - > 0 .

⇒ 9 PM)
2

= 9 t o 1472 + 9 @ [He@49 + 2 of Me0=9
+ 2C@ ,@J (M, M, 9.)



Finally, w e a r r i v e a t 120

Att I-O) X = - 3 ( X t Y-ex )@us

④ §t
t

I-a) Y = - C i t y P - 3 Y o u +3.7¥,

+ 9 ((xtY-afl.IE.]3µtY)
- 3 come 4 , 4 1 @ n o t RCxt¥
- 3 ( X t Y- 49 )@no - t -

i t y ÷ - - i - I - o - - I - O -

(no, 5 ) v s ( Xo . Yo, 9, V , Mt, HE, FIE, 1¥,)
U o = X o + Yo T e d 2ndrenormalization

1 - ( X , Y) t r u = 9-Mo t X t Y



T N ~ N , L n ~ log N 130

39, = 9,2 - T n
,

Von =
9,3

- 3 % 9 ,

offs, =

9%, @Fon- L n The = Htt to} Vin

(EFFIE).- £9 n logN
N N

N , t h y - 0
M z t h3 = 0

To
g e t

= Me@Non - 3 A n T,
N

Ff, = Me@9 ( n o renormalization)



F i x N E N . s t a r t w i t h x D , 140

a n d get a n eqn for u n = 9N-Mon t X n + Yn.

{Att I - O ) UN + UP-Cn U n = % 3N = Pen}

UN I t - o = (ko),
#

w h e r e CN=3%-9dnµ
µ l o g N -

⇒ (At t I - 6 ) U t U3-os. u = 3 .



150L = I t t l - O . . We drop the subcript N .

• L 9 = 3 , L Yo = 94 = 93-3%9
. Q (v ) = - ( v - 4 )

3
t ✓ 3 - 3 ( v - t e ) ,

-

L U = L 9 - L ' T + L X t L Y

= 3 - 9 3 + 3%9 - 3 ( v -op )@o f

÷im¥
¥::::.IE:'¥÷:*?g e t

+ @ (V) t o w w w-3/4=0'" 3M
€ a g o , → a n 9

→ (City-M)@T)@go+3(XtY#_92mV
+ 9 2N o f

t f



= 3 - 9 3 -✓
3
+ (3 on'-9 an ) T - 9 , (v-Hr) ⑥

+ Q i n - 3 ( v - H r ) t o V - 3(Y-
Mt)@go.se#EIEtIIE"=3-93-v3+§%¥§÷fj!"-TB"

- 9 L n ( v -Me ) t ① ( V ) "gz o n
= } - 9 3 ¥ 3 t f 3 % - 9 a n X 9 t v -H r )

- 3 ( v - e x ) 92 t @ C T F U
1 (v-453+43-3(v-4729

= 3 - ( 9 + v-453 t 3@n-92 a ) U
= 3 - u

3
t CN U .



Mourrat-Weber CNP ' 1 7 17JProd (2nd commentator) u p .

A s I , B , J E I R , I E p , p i , P z , Ps E -

s - t '
p t r s O . , a t P t t > 0 , t . p t ,#+ ¥3.

Then,
g o , @ ] : ff, g , b ) ↳ (fog)@h-f (gob)

extends t o a cont inuous t r i l i n e a r map:
Bpd,

× BE × BE → Bpd#r
P t r s 0where Bsp = Bf,c o -

^

2=12- p e t 8 = - 1 -

LiomzCxtY1eE@Fff3CxtY-44sH.V).
- 2 L t P t r - t - s o .

± .



180'ldl9otythg@Iotj
Lf.g, n , ypgggp

.ir
E H f "Bap, " f "Bb" h "13%

3.
4*0.

F o r proving 4*0, w e instead consider

11 CO, E s f a i t f , s t g , s o5th)"Bap'
p .

¥5513,05"h"1383.
F l H '

Ii.EE#n.+..gin.n&Epq,T=m"
s o o n 1 ¥ 1 1 I s h

×( I YeCn,74µma ) P j (MitMa ) -45 (Ma))
x f t p . T . i , - -



Roughly speaking
,
w e wan t t o bound t h e weight 190

Igj.pe#zMlTn)4lelM3)(IYllMl4qlNz)tljlMitnz) -Yg (Mal)

lag-2

w r i t e i t a s I drop t h e summations i n j , e ) .

M t n ) 4h I M3 ) § Yelm14g(Nz) (Pj CB,Tna ) - 9-Ma))
dog-2 -

+ MIM I Helms)( I LelmDfgma) - l ) Yilma)
I cq -2

= : I + I .



I M i l e I n , I n ①31 200

14J ( M i n a ) - f i l m ) 1 = 1 4 (Nj)-41M¥) I

£14'cnHl%¥¥izt¥)I÷dt
Indri EYE, " n u t

⇒ I £ MIMILI, Internal 4h31
% ¥ ⇒ I n t E M a x (1%1,1%1)
~q§cn%¥¥%g

4 % 1 4 % 1
Ltp t r>o

m sina.gs?-?Ynffn3j' s i ' - N E
←



210
I i i I = men ) Yh(Ms) 4pm)( I Yelm)YqM)-l)

,

¥92 14(m) egad
e,q

5%131=1l e g - 2 l
⇒ I n , I 21h21

⇒ w e have I n , I 2 1ha ) Nlrb/ .

⇒ IMI E l m )
* per>0

→ I s ¥¥j+, ±
cm.#Mr
¥m⇒Ar

-
em,}'
S t r

E l

PT r - o

1 2 I n , I 21h21.



Next class, w e prove a b o u n d o n c om , (x . Y ) 220

which c o m e s d ow n t o [ p o t ) , D ] ( f ,g)



1 6 2 8 / 0 4 / 2 1 1 ①

come ( X , Y ) = P t t ) X o - 3 Itpct-t')[(XtY-MT@or]dt'

+ 3 ( x + Y - Y e ) @ t o
W

-Te
W

'FePMfetlest.jo?
MpateatfU#e, pea,-7¥
Then,

µ com, (× , Y i t ) - P t t ) X o "BEI L Iz' y
' t

E K - + lot(+1¥, i t >e-2114,4kt'll d t 'u r 13,9×131
3

+ lot¥¥Hze 118¥,t ( x + Y) Hydt'

( St,,tzf=f#-fit,).



• K = bound o n t h e (given> e n h a n c e d da ta s e t . ②

of of o fEj) 9 N
e x

offs.
a f ,

reg ,-I-E - l - E ' I-E - E - I - E - E

S j

sup
11 'EjittllBsj

m y

E k
OETE I

Furthermore,
supost.at#lt!Ift?ITEt1BE.iiek



Crop': a < I , P E R , r z d t p , I E p , p i , p , E A ③

pt-t.tt#
Then,

* g
11 [ P i t t , @ I c t , 9111,3

ps
E t I I I " f "Ba

p,
" 9 "Bp
?.

We a s s u m e prop' a n d prove Prop o n coms .
'

com, I X . 4 ) I t ) - P t t ) X o = - 3 fotpct-thx+ Y-Ho)@VIeldt'
+ 3 (x + Y-Mt)# @4%7.

= - 3 fotCP H-t ' s , @ ] ( x + Y-Y , v ) ( t ) d t ' t

- 3 lot(x + Y-Ho)#I @ (pet-t' 1 , 0 ) )
dt')

=

bet ft...dt'
commit'

I + 3 (× + y - 4 ) µ , @ftp.fpct-f) V e l d t '
and @

£



=
- 3 lot@It-til,@] ( x + Y- H , V ) # I d t ' ④

+ 3 fotIIITIY-#Pct-E) Mtg) d t '
→

= : I + I t .

-

On E : Use prop' m [ P i t t , @ ] .

Wr i t e I = I x t E y t Laf.

II I ' IlBigas E lot 11 [Plt-t ' ) ,@](Hit ' t , VA ) HBiqaedt
'.
8 = I t 2 E

E K ' lot¥t¥tzedt'Prop' d i t z - s(p
= - l - E

s K?



H I x t L y ll Bitze ⑤
P 8 = 1 + 2 5

t (a= pEK), 1+17,2+373114+14471113,13 dt'.
p = - i - eProp'

- parasyrodtti

M I L : 11 I l l Blyze E follfti.tl#Y-41llLpxllPCt-
t')Vlt7llBbt2edt'.

u n r u t F E
Schauder
£ K f t @¥HEe "ftitlxtY.TT/lLpdt'.

¥ ¥ b 6 n e a r t o o .
11ft't 411µs E l t - t ' l's

{ K lotµ¥ytZE 11ft,tlxtY)Hµdt' t K ?

he



Before proving Prop' o n [ P A , @ ] , ⑥

w e go o v e r s o m e b a s i c est imates o n pe t , = et@-"= Eteto

Lend l : 11 7 " ( y ( j . ) e-
t i l 2) 11,,

,
= e-

a t
225.

(he i s supported o n a n annulus A r 413143

P I Andi. Le t g Lt , a )
= fe i " 3 @(3) e-

" "2dg

= ( I t 4425dg (1+1×12)dei'-3 . p p l EtBRd}.

7 ¥ 6 3
= (text)-dfe'" ' 5 (I-03yd (yes) e- TM) d }

I t 1 3 h . I



I c-o,)d ( 4 3 ) e-
4312) I ⑦

E ( I t t 131 Id 013, e-4312 = e-
a t

f
-

T support o n { 13h11
←

t 1312
say I E- 1 3 1 = 2(us

e x E ' e E " t x z o
-

I t a i ) = Jp, ein'
3
p (sq) e-

4312
des

= ad fed ei""-5 y e s , e-
t ' # '2dg

= adg l a t t , x x )

⇒ 11 Ga l t , x ) " µ ,
= 11 get 12, x ) 11µg, E e-

C t " ?



Onsted: u s e t h e Poisson summation formula. ⑧

greet.sc)- Ffa Iec;-) i t " ) .
liggett, x x = 11nF, e (ng) e-

" " "ein""
↳cya,↳IT)

-

Jaen)
ga o n Rd

Poisson
=

LINE, Ga l " + n'Head)

= 1194114,
(Rd) E e -

a t e

A



@Lemme 1111-pit))ftp.qst?IollftlBPp,q

for O s p - D E 2 . (⇒ p z a )

P I claim f o r I supported o n 9 1mm 253,

1
1 ( l - PM)fH Lp E ( t 225 a 1 ) little.

1-
m i n .

Assume c l a i m :

2451111-Pa) Pj f- 11,
"Em2254225n i ) Hpjfll,

E t # (ft 2251¥ ( t 22511))
213511
PITH,

ID T H I , t .



P t : @

By Lemma I , w e h a v e

11 PH) Pj f - Hep E Ect
2251
1 Pj f 11µs

T

Young d Lemma l.

⇒ claim f o r t 22521.
. Suffices t o prove 11 (1-pet))pjfH, E

£22511
t h Lp

-

On Rd. l e t l a n d t
225

← 1.)

ga l t i x ) = ↳dei"501¥11-it
'35, d }

= xd Spyde""} pos) (I-e-
* 452't)

d s .



11 Galt, x ) "µ, ①

= I feints a } ) ( i - i t
" '" "t)d3 Heard,

131 ' I

① O n 2 = 4 4 1 5 1 2 5
(Rts ) E 11... Hug,@,

HE"
11413)

(i-Et#312411

M r t
N

L}

E t 1443141)
~ t (941)
u t a ? 1=25

② On QC f o r 5 2 0 .

Multiply by 1×1-4. 1×12
d

n '

L'x



1×5'd ytd feist 3 cpp) ( I - e-
t 92131'-t)

d ,
120

① I t
L'x a g e i n g

431

f ein-3 fog)d (yes). (± Et"""-t))d }
1 3 1
. a l l the derivatives h i t 4131

1 - E t 74312-t g t 22 a s before

. I f a t l e a s t o n e derivative hitsthe 2ndfactor,

w e get t 4431 L t d

(and u s e t h e baldness of e-TAM-t.



By the Poisson summation formula a s o n page⑧
,

130

w e obta in t h e s a m e b d o n Td.

12

Proofofproplonpaigs.
[ p i t ) , @ J C f ,g ) = {(Ptt)(Pehaf. Pkg)

- Pele-af. Pa Pitts]
=:& h , I

Pee-2 =

€22
P jt o o

5=0

Note: Jen i s supported o n C 2kt
t
annulus413143.



Define Gen,t by 140

Gent = F " (Fca) e-
" "

)
[w i d e r support. R . ) = Y E ) + a . ) t e a . )

⇒ p i t hee = Gent * her

⇒ he = Gent * (RE- Png) - Pe e t (Ga,t * Peng)

= - f Gently) pagTMP.az#-pEfex-yDdy

-

FTE
- 1'TPekefca-sg). yds

=

= I f Paga-g)Greatly)-TPek-zfcx-
sysdyds-IYGh.tlD



⑤L e t her,s = f pkg (x-y) GI,+ (y) .fpeq.zfcx-sgldy.aaimillhh.sk
Lp,

E 115kt It, 117Peer-zfllLp, "Ph911hPa

un i t i n S E s o , l ?

PfofclaimI Wr i te IG~h.tl =
IG~ee.tl#lGh.tIF

⇒ then,s o I s e l l GI.tlijFHIG.by/Pagcx-yyP
+ I T Pee→

forsyyPdy)#

⇒ 11ha,s 114×81191.tl/Ii'f1G.t1yyf1pegca-
yyPlrpeeozfcx-sylPdxdyIppE.

ID pt- pt, t #



Now, w e e s t im a t e 119%+112, ⑥
11

YGh,t Y = ( Y i , > y a )
. Sufficest o study y, Gently)
On the Fourier s i de ,

YIGh.tn (3) n 23. (p (Fa) e-435)

= (Eh 23,4 (Fa)-23, tiff})) e-
435.

-

#

Lem#on page⑥
=

HG~h.tl/LlE2kC1+tz2kJect2T-
*xoI&t3qq3)



17J
⇒ 2h' Il hell, I fo' 2h'll he,s 11

µ ,
d s

claims#
{ 2 h ( t -d-P ) f, + +22kg e-

a t 22h

× 2k¥'llI Pee-a f l l Lp, ×
2%11

Pkg11µ
s,•

- AT Perez f- "e, j§.lt/I?
I#jEk-2f

2 < 1= gimp.- = " T t "Bdp;
'

= 2kt'' 117ftBap?
t



2ktt-a-p) ( I + t 22h) e-c t I k 180
i n -

= t t t f (+22kF I T
u m m m

>F F y + x ) I " E l , t o o o

i f r z dtp
ID

12M¥ The commutator es t ima te such a s [ P o t ) , @ ]

i n t h e w a v e c a s e does n o t provide anysmoothing,



1 % 0 5 / 0 5 / 2 1 1 D

'LWpofparabolicBImodforsmootherinitialdat :

( J t + I-O) X = - 3 ( x + Y-M t )@v
(SAE)

( a t t I - b ) Y = - C x + Y P - 3 Y@II + 3.5¥.
- 3 ( x + Y - Ye) @ o r ¥

- 3 com, Cx, Y ) @ V

- 3 c o m a CX + Y ) + Q ( x + Y)
- I -

X E G C ' I I" n c '§ i f = : 'ZX CT,

Y E C t C ' I ' n c"f L I = : ZY ( T )

Z (T) = Z X CT) × E Y CT).



Wr i te GRE) i n t h e Duhamel formulation: ②

X = PIX,Y IN : c Ptt) Xo - 3 lotpet-Elex + Y-H)@bit ' Idt '
-

Y = pyx,Yi t ) : = Htt Yo - lotp e t - t ' ) ( x tYPadt '
-

I . . .

Dp×ECtC¥"? y
tot (t.tt#-eYzdt' < •

111*4,4111 qdzyeEHXolfq.ie I t "(xtY-YIOVllqc-I-e-
sllxolfy.netIt" " + Y - M "gig, " V "↳Ei-E
E "xof.net I o K ( K + R )

.

n e t t l e



② 17×4,41 EC"fL%? ③

PXCxiflltz)-pxlx.net,) t e s t ,

= (Petz-til-[d) P H ) X o

# P ¥ t f t ' p e t , - t ' t - H l d t '

Us e # I T p e t . - E ) D # d t ' . = : I t # + I t .L e mm a 2

from L e e 1 4
- 2 0

]
Lemma 2

Ha-
Paf",3§EtP¥HtHBPp11111L:{ " I " B :

O E p - A E 2

c- (ta-ti)"8 "Xollette.
4 -
Lemma 2 .



' til I 11µg E (ta-tif 11ft'p e t , - t h D i t ' I d t ' Hates ④

1

( X t Y - Y ) @ v e c - I - E

E (ta-ti)¥ To K ( K + R ) .
- n u

- hHill, E " F t "
e :

E ftp.t.fzte" D "go.ie d t '

{(ta-ti)"8 TO K C K t R ) .

( o c t , s t z E T.).

⇒ HP"CX,4) "cfg µ , E
11Xollettze t To K l K TR)..



③ PY LX,Y) E G-Chi"? ⑤

° 11 I N "
citze

E lot ¥+14 111×+413"c,c§y2sdt'
X

{ T O 123 by algebra property of Csx, S a o

. similarly,
11 T I + T I K I Hotze E ftp.t#+zell1ItRlxtY1ll

" ↳
[§,-edt'

E TO KC I + ( K t Rt).
-



- 11 I C H Il ⑥
Cf's

£ ft Et,'¥ " Y @ ' "↳cog, d t '
-

E l l Y "act? " ' "etc?
{ T O K R .

' H I V Ct) Hetaze E ftp.t.pztzelllxtY-YBvllqc#-2edt'
# - 1

E l l * Y - Y "↳Eye " ' "aid?
E TOK ( K t R t .



⑦- 4TH " e t : e
: ftp.t.i#llcoiiEExinEiillqcqdt'

{ T o ( K ' t K R ) .

(
⇐

lot (¥7, t h e "ft',t CX + Y' I l , dt ' E TOKR
X

~¥¥Et-E ¥1118
integiable.

⇐ I n t h i s step, w e needed the Holdat in-t ime regularity of Mr

• HTIlttllutze E lotµ#patte" c om 2 ( x + 4) He,c#→E d t '

E TO 11 X t Y - Y "act? " Y "create " ' "c,i f '
{ T o K ' C K t R ) .



Hence, w e obta in ⑧
11 TYCHY) He,d¥e E 11Yollegyze t TO CK t RP

40ihprfaedeaft.fm#?
ase@for M i x i n .

Write
pycy, yytz)-PY (X , Y h t t ) = : I + I t + I t

a s o n page ③
Lemma2

a 11 I l l
us,

E H 211
Be,

E ( t a - t i
1%11

Yo"
c#te

o 11 I l l vg E Cts-ti) "811 ft' P Ct i - t ' l I T d t ' Metge

{ C t . - t i ) 48 T o Ck t 1233 4
Apply t h e result from

c a s e③
.



⑨' k i l l
us,

E " I t " c:<ftp.t.t.j#3EllDllqEE2edt'.

E (tz-ti)#To (Kik)?
-

By s im i l a r computations, w e c a n obta in difference estimates

o n P CX i , Y , ) - T (Xs, Yz)

whe re 17 = (TX, FY).

⇒ p i s a contraction o n BR C Z CT)

R ~ I tXolletize + "Yollettse

by choosing T - T (R , K) s o su f f , sma l l .



- As i n t h e t - d , 2 - d cases, w e c a n also hand le 100

rougher i n i t i a l data i n c-315 × [315

(point: - I s - E - regularity of t h e Gibbs a r e a s o n TP

. Catellier-chock, Mourrat-Weber CMP '17.

⇐ Need t o u s e t h e WH-type n o r m . (& beta function)

11 H i t Hzet,-Max{ " X "↳EYE, ftp.t/5l1xttHctzt2e,
I a

supoatietettff.tt?I#t'%,
11411
GEE, sup

t '#" Ya l l
done, supo a t s # o

state.t¥¥I¥¥¥"ex}
.=



①.@ntheconstmotionohthett0oh.oh.JmftUat.weber
.xu

' N o t e by Justin.

T v 4 ¥ 1¥ ÷¥.
- I - - I - I - O - - I - O -

-

s a m e proof a s 2 - d c a s e

• 4¥: FL[ I n f a n t ] = 3 ! x ft , n).¥¥. C t , - n )
= b I

- "¥14"
5¥
¥ (-

ftp.tidwit's
divergent. I § ¥2#my = p

ELKA,-12)-qty



IE#It , ,mT¥] t z < t , 120

= It} e- (tittz-2T'Km5dt,
= e-

I t ' - t a k i n '

E¥(µ¥n§,tP#i n

⇒ EC VTeti, match,-n)] =bxcti.mn?&II#ctz.-ni=1tittz1rI-
n=n.+nz+n.nT5t2r#5¥35

£ It,÷tyr E, ¥5 ' ' # n , >

{ f t .PT/ny2t I#En.BE#atp-d(for
A p - d
x . B a d .



130
E [147am 112] = 6 x ft,n,-¥¥g#÷ Ct,-n )

already computed

£ (Ft-t.CM#t-tzC=Ityqdtdt1

( Pam, = E t ' s Izzo I
% entyr "Ft-timllet, 11ft.. o n * Holt,'ll iz ,

H - L - S ineqE Infer£3-28 ¥t¥¥zt= I t to
= ( m53-2 ( I )

E ¥ q
⇒ qt=Z[

→ Y i t , e c÷i{T3).



F o r t ime difference, w e h a v e te rms l i k e 140

Ptth-t, I M - I t i t , cm).

= (e-
h a t

- 1 ) Ft-t, C n )
(P. 125)I E E E

-

See the last part of
Justin's note.

• HIT i t , n ) = &

Ct , n ,

t 3 × §§
= : I + I

¥
=D

Lt ,n ,
A

H a A

Hae¥¥
.

f¥
¥

⇐ removed by the Wickrenormalization
93 m s H e



ftp.nl ( t . - n ' I
E l v i n ' t ] =

b x €
¥§§

+ 3 - 3 ! × §gI
¥µ,

µ , m ,
t r e e 1

( + , m ,
t r e e 2 .

t r e e 2 E t r e e 1 by Jensen's inequality

( in t h i s c a s e , by C - S )
s e e L e c 9 i n Justin's note.

E ¥51 ¥2 E CM53 = <n53-2.0.
h e h i t the

image
⇒ ox0=914 C - COCK)

drop t h e condition h , p-d x



' 7 1 Le t ' s consider ⑥
a # :

I ( i n ) 9T (without t h e Wick renormalization)
I n n u

n

H E 4
GHz

⇒ i n
Hof

" "T.IE#j.y
**i'

'¥'
waitin E m

+
¥
€#logarithmically

divergent.
must b e removed
⇐ 2ndrenormalization

removed by the Wick renormalization.

(diverges r n



¥15: n o

"3ft,,,-4

= I f Ft-tents) (1ft,-t.lmlpt-t.tn,'dt,)
h i , " ' , Ms

N,-143-Onuncio}
⇒n=o

" (1ft,-tzMDPt-↳ fnaldtz) d t s
n 5 = Mithz
M e MostM y t h s

=4n=o3nn¥n#qf¥tHµ¥}"%
¥^dt.

f Eentiitms on,¥n5tsns5
2 summations →

deg 6 .
→ log divergent!!



- We only consider the H y - contribution. V ' 180

= ¥ f a x

I H . n l ( t i n )
E l l i l t , n i p ] (ton)

+
terms l i k e= 2 × 2 ¥§§
Eh,

F

A n i
'¥¥¥

t r e e I

t h y tree 1

v i a Jensen's ineq.



M = N , t MztM3

/
t

N z = M y t h s÷i÷÷÷
÷¥"

"

'mmmm.
.

E f f Ctr, half H i , - n o ]
= qq.at#45

ft,% Hi,-21

JI-tilndft-titndnE-
ny.in#tiltsnI5Yxnts-5dtfdt,E ftp.#2rllPt.tilM2)llEt,

£#251128
xllc.hr × It..cm')#111ft,

$ Apply H - L - S . £+1 = # + qt
→ Iq = 3 - 2 8



20C
E Star ¥> In,#=3-ar
= £ 5

⇒ Elect.mil'] E I I

h = h i t n u n ,
(Nz} ¥5 ¥5

(h i t Nsl 4h21

E I That # n aM2

I n - n i l ~ 1h21

~ sn53 = <n53-20 ⇒ s a y



④
° III.I t ,m , = He

EH5,
g ×
µ

E H 3

HE' A I
✓

~ logN

+ 6 + (ETI
F-

¥¥÷÷÷€±
diverging

logarithmically

Only consider the Hs-contribution 2ndrenormalization.

E [ l . . . e t , n , 12]
fgense
n ÷÷±i
÷¥÷.

€

( t i n )



( t ,-na) ②
1
H i s e 1¥ . a s i n 4
H T
T
(tins)

⇒ E- E l . -Ami t ] E I Tn,} ¥332 #274
H I M , T H E N 3

(nitrbl 4h21

£ ¥ Ina> ¥254
In-421MHz)

E ( m 52 =
(m53-2C-K)

⇒ F -



D E M D

Paracontrolleddistribution:
w e s a y f- i s p a r a c o n t r o l l e d by g i f w e h a v e

f ' n Gub i n e l l i derivative
f = £ ' @ g t R

for s o m e f ' and'hmoothee R .

YIP ' 1 5 : f G c h , G E d , f ' E C '

R E CP
, p > L .

Parabolic £5-model : X = C.. . )@Yo t com , C x , Y )

( ⇐ ( a t + I - a ) X =L...)@of

⇒ V = X + Y = ( . . . . )@g o + Be
smoother



- Control led rough path (Gubinelli SFA '041. ②

¥ t h # i s contro l led by X i f

Ys't = Y's Xs , t t Rs, t Ye t = Y t - Y s

for s o m e Y ' a n d smoother R .
← Gubine l l i d e r i v a t i ve

e x : Y , X , Y ' E CI ,
R E cm.

Moral : local fluctuation of Y a e of X .

f paracontrolled byg( ⇒ smal l scale b e h a v i o r o f f = n of g .



3 , 2 % 3 % 3 30

(saw) ((8¥
+ l - O ) U t UZ = 3 o n R+×q3
(U, 2tU)/t-o = / N o , U i )

D = : 3 has spatial regularity - E - e

⇒ 9 = I ( 3 ) n - I - E .

. paraboliccas

ENLH) ( A t l - D ) U t 42=3 .

⇒ 9 = Iheat ( s ) r - t - E .



D a t e b u s s c h i U = 9 + v . ④

(SMH) ⇒ I t + l - O ) v = - ( v + 9 5

" = "
- UZ- z u 9 - N s

t
'

- I -

Wick renormalization

⇒ v ~ I - = C - I - I + 2

⇒ v 9 ← T h e product i s we l l defined.

( I - I t f- I - ) s o

→ c a n perform a contraction argument i n G - C I



⑤Backtothewavecase:

9 = I ( 3 ) n - I -

V = lning, (µ¥n) 9N = Pen 9

o n =E[92I t ,xD r t N .

⇒ v , → V i n Gw?'''. a . s .

zndnduobject-i-E-ftainlltp.tk#Vitsdt'

A n a i v e "parabolic thinking" gives

O - = L-L-) + C-I- ) t I ⇐ No tgood,



- M # e ¥ i ¥ g gives ⑥

e x t r a E-smoothing.

Hope 9% = I fun) → Y

i n C ,W E I n ↳ w?-so, a . s .

. secondorderexpansion: u = 9 - T o t i e

§NLW) ⇒ ( 2 f t l - O ) V = - ( v + p -Y ) - + V

" s " - ( V - e f f - z u 9 + 2 9 of
i n

⇒ expect u - I - I f - I -

⇒ v 9 : ( I-7 + f- I - ) < 0

[NOT well defined.



⑦Pa r a con t ro l l e d a n s a t z : V = X + Y

s , s z
O s s , c s z .

@E t I - O ) X = - 2 ( X + Y - Y ) @ 9

HE t l - O ) Y = - ( x + Y-wit-21×+7-99)@9
T

D t =D
D V = C . . . ) @ 9 t R( E

para
controlled.

Expect i X n E - = f t ) + 1

F o r n o n e t i n t h e Y-eqn.

(x + Y - Y ) @ 9 ~ ( I ) + f-I - I - o -

⇒ Y I



i Need t o m a k e s e n s e of t h e re sonan t product ⑧

(X + Y - T ) @ ,

① Y @ 9
( t ) + f-I t = 'z - s o . good a s long a s S a > Yz

② af, = of @ 9
m y

O - = ( I - I t f ¥ )
• Once again, w e n e e d t o exploit mu l t il i nea r
dispersive smoothing.

• W i renorma l i za t ion

⇐ there w a s N O e x t r a renormalization i n( t h e parabolic c a s e



⑨Propi af,; = a g o 9 , → 7¥.
i n C , W?'', a . s .

30×9=1,
+ a t a 0

⇒ N O T w e l l defined.
- Use the Duhamel formulation forX :

'" ' "t::::::::::":i÷÷÷÷⇒-

i n t r a ! !



L G : s , s o . (Xo, X i ) EH s ' CIT3). 100

Z n = (Ict) (Xo , X , t)@9N
depends o n (Xo,X,)

t

Z = (Jct)( Xo , Xi))@9 i n G H
s'- I-E

t
X ,

9 .s .

-

I

[needt o inc lude t h i s i n t h e e n h a n c e d d a t a s e t .

Note s e t of prob1 depends o n t h e i n i t i a l d a ta

(Xo, X,) .
-

• Duhamel D 9 : I n the parabolic c a s e , w e int roduced

t w o commutators.

Com, = [Duhamel integral,@I, c o m a = [ D, G ]



B a e : I n t h e w a v e c o r e , 110

[FISH-t')... d t ', @ ] does NOTprovide any smoothing
-

Mainidea: directly study the followingparacontrolledopaators

G i v e n w e CCR+ ; Hs'tT3), O < s i c k ,

define g@cwyt)=Ifw@9lt#
= I e n I
n e z p m n . t n ,

so'mt{n¥> hittinDFCH,na, d e

flnilkmal
A

signifies the paraproduct (formal).



God: Make s e n s e of J@Iw) @ 9 120

(with w = X t Y - Me.)

- Divide J@into goodandbadparts
F i x 0 s o smal l .

Jo = fib + £5

( £ restriction of J@onto 11%2%103
"Inn i s NOT t o o smal l?

-

want ~ I t 2 E .

(my'It2E In, = g i f t " f a n , >on.ge...¥I÷'÷¥a
o n r a m ,

by choosing E = E ( s i , f ) > O suff, s m a l l .



' L µ : o s s , a 1/2. Given smal l 0>0, 130

F sma l l E = E Cs i , f ) s o s i t .

given any ' I E C C R+
,

WE-5%13)),
t h e para con t ro l l ed operator

§ '
E

= 8¥ w i t h 9 replaced by E

belongs t o h
z

= L ( G H's ; G HEHE).

(i. e . N o stochastic analysis i s needed .

• A s for J"@, i e . Init ← Ima10, t h e positive regularity

of W does n o t help.



⇒ w e u s e stochastic analysis to directly study Joe,@ 140

J@,⇒cw)µ=J¥WM€9it#
= I (w@9) f t ) @ 9 I t .

= NE, e n f.tn?wLtsnLAn,ntt'ldt'.

An,n, i t , t ' ' = 'co,#' I I MAIL.ITi.sn#HEnd9I
n--M-N, = N z T N3

a t a 1h40

IN i t that ~ Msl ← signifies =D



150
= I

go,+ I t ) I'n4tm¥nkµ)(ofit , n . ) Pit, n , l
" £

h a t h , = o ?
l t ,t'))

+ beats# 'In--n, § 'n¥nt¥Jt"¥%ctµ
I n l ← Matt

l ' t
NOTabs O N ' #no#25

= : A ''n'
,
n.it#tA'nIntdIIIami
m.s+ia coun te r t e r m

pet ,
E t i

Jn Ch, ta ) = I E[Tch, n ) Fitz,m)]

= wft.int#nItz+OatnB)
t



- exploit dispersion, stahnary phase, ⑥
symmetrization (Nz e - n a ) .

i . e . t h e order of summat ions matter.
⇒ only conditionally convergent.

Propi s z < I . 7 sma l l 0 I s d > O a n d E > o s t .

J@ ,@E L , = L (C t Ex nettle; GHE") a . s .

Jj,@ (with 9 replaced by %)§ Jo,@ i n Li , a . s .

GK O , JENS c a n drop t h i s assumption
0h-Okamoto-Tolomeo ' 2 0 .



w e a r r i v e a t the following system: 170

(2ft I - o ) x = - 2 ( x + Y- E f ) @ p

@I t l - D ) Y = - ( x + Y - 4 ) 2- z ( x + Y-Y ) @ p

- 2 Y E 9 t 2 9¥. - 2 Z
(SNLW')

+ 4 f"@' ( x + Y-Yo ) @ P

+ 4 I@⇒ ( x + Y-yo)

(X, 2-X , Y, HY)/to = (Xo, Xi, Yo, Yi),



180
T h i n th s s , < I < S a E s , t I I .

Then, (SNLW') i s locally well-posed i n Hs' x D ' .

e (X, Y ) E Z?"
52

= X } × YE

XI' = G- HI n a i HEI n L f ws'-¥.
%

" ( f , f ) , ¥-admit

YE = G-HEA 4- HE' A LI, W?-Kit
(4.4), E -admis .

. enhanced d a t a s e t 51×9×1=09

' I = (Yo, Xi, Yo, Yi, 9, I , Too, '"Z, Jo,@)
c - I t " x x " x G-WEE' x ( a w I-end,WI's')

× Gw?'' × C , H ? - ± ¥ = : x si, sa, E
T



190
. s o l n map i s con t i n uous from XI's"' → zips

E → Hit) .

. Proof i s d o n e by t h e str ichartzest i & a contraction argument.

• U n = 9N - Man + X n t You

t d T u
u = 9 - Y + x + Y i n G -HI-s



- R ¥ i . quadratic nonl in ⇐ ne i the r defocusing o r focusing. 200

b u t t h e Gibbs m e a s u r e r

df = z - I e - 'J i u ?
d a - A ( J : u 2 : daddy

c a n b e constructed i n t h e weaklynonlimecocoa.)
(when a → l , g i s non-normalizable.)

⇒ a . s . Gwp. (O-Ok-Ted '21)

" The r e a l question i s the hyperbolic Ef-model.

Bringmann ' 2 0 : H a t t a nonlinearity( V* w ) a

Ton, or@JE, T E > 0 .



- ¥ 6 : By t h e regularity l emma , w e study ④

TELL#Gmt] t . I E
= 4 I

n - n , + n ,

I.tt#Eknsjjtinn*Ikn,
n , # I N2

× Tn, Ct, ,tz) Tmz Ct,,tz) d t z d t ,

+ -'n, = n z \
qlt¥¥M7tz taffy)

⇐ expand m i n e s a n d co s i n e s O e t z E t ,

i n complex exponentials.



220
⇒ [ ei@it E d t ' s gote- i t , K i m 'ftp.e-itzkdmdtzdt,

h , F I h z

K , ( s t ) = E , c m >
-8393,845M¥

"

"÷÷÷÷÷
÷i÷÷*÷

Ef E { I t } .

"Integrate i n t i first.
I gotta Eitzker' e-iIE.it#dti/



N e e d t o bound 230
I = I

" A t h g¥5<n.} ¥k,@1 (¥scm54t)
- ⇒ s <1/2

. Badcases ( E l , Es, Ea ) = I t l , I l , F l ) (AIL,}{µ,
I M → /

/Kini) = ( m ) t < M a ) - T h i ?

⇒ cm,> n ( M > t a n k )

¥¥¥¥'m lawofuringy

I n f t Mat-1h, 12=2 I n 11MYur@cm,nd).

⇒ Him.EE?:ii..?I-n.Fxn?ni#I*I



240⇒ 1k,@1lZtnlMlgnjwIo.L
(m.,-n)

c a s e t . g l - c o s 0 - 2 1 . ( large angle)

[ E I £ 3 2 , 1 3 <M , > ~ m a x km>.<mad)

{ <n54 t

c a s e2 i 1 - c o s t ← I nearly) resonan t .
→ d e A s a l

⇒ l - c o a t w 02 c a I



250

A Dyadically decompose In2) n N z

C qq.GE/-o Nz 2 1 , dyadic

F o r f i xed M E 213,

N z E c o n e C height n N z cos t ~ N z

l - a l - N z r a d i u s of t h e b a s e
~ N z h i n t ~ N z Q

⇒ vo l ( e ) n ine o r

⇒ I s I
N a e ' i n s , µ , µ§#×

M¥02

dyadic 4

q e m 54T
Ina



M¥4 In. I t I t v o l l e ) 260

s o , t o b e correct, w e g o back t o

[ = I 1 -

A - N i n a L n } cm , } <me} Ilk,#I 101041.
I

t

Ed.ci?ni@shvoece,

y
£ gems?
Naz i

sm¥xkm5,
NE) NE

dyadic



k e g p o i . E E 270

New difficult t e rm

o f " I

m m m m , #i¥wEmi3)Nz C-213

(""f¥an
drop i n t n a l y n y O ' + 'Min?

J
z ⇐ symmetrize n a e s - n a .

NzEZ3lnla1myr-
Let@Icn.na)-EE> ftp.n?g=OfYn?3)

I S



280
sum = I

n> c - "213/2"
(M¥MtnD<Nz}

I n l a m p
× (sink-411%1%+16
-sina.tnkn.in#End)]

ME' E
memo i r 5M¥,}

({1-2})' f o r any f e a s t ?
I

{ e m p t

. On JD,@. . symmetrization: M a e - n a
- integration bypartaintine t o handle

d i n k - t ) ( C m t )


