ORNSTEIN-UHLENBECK PROCESS ON ABSTRACT WIENER
SPACES, HYPERCONTRACTIVITY, AND LOGARITHMIC SOBOLEV
INEQUALITY

TADAHIRO OH

ABSTRACT. We briefly go over Ornstein-Uhlenbeck processes on abstract Wiener spaces.
Then, we prove the hypercontractivity of the Ornstein-Uhlenbeck semigroup and show its
equivalence to the logarithmic Sobolev inequality. This presentation is mainly based on
the monograph by Shigekawa [14].
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1. ORNSTEIN-UHLENBECK PROCESS ON AN ABSTRACT WIENER SPACE

Consider the following Langevin equation:
dXt e OédBt — BXtdt, X(] = 2o, (11)
where a € R and 8 > 0. Its solution X; given by

t

X =ePlag+ o / e A=W 4B, (1.2)
0

is called an Ornstein-Uhlenbeck process. It is known that the random variable X; given by

. . . _ . 2 _ .
(1.2) is Gaussian with mean xge ! and variance g‘—ﬁ(l — e728%) Moreover, the Gaussian

. . 2. . . .
measure with mean 0 and variance ‘;—5 is an invariant measure for the Ornstein-Uhlenbeck
1
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process. In the following, we discuss an Ornstein-Uhlenbeck process on an abstract Wiener
space.

1.1. Abstract Wiener space. We first go over the definition of abstract Wiener spaces
introduced by Gross [7]. See [7, 9, [14] for more on this topic. The standard Gaussian
measure on RY is the unique probability measure p = pg such that

/ V) dy(z) = e~z
R4

for all y € RY.
Let H be a real separable Hilbert space. An obvious attempt to extend the standard
Gaussian measure to H would be to consider a probability measure p such that

/ o) gy () = e 3IM
H

for al h € H. However, such a measure does not exists if dim H = oo. Indeed, suppose
that such a measure existed. Then, for an orthonormal basis {e, },cn of H, we have

/ elmenlid () = e 3.
H

Since (z,e,)y — 0 as n — oo for any x € H, it follows from Lebesgue dominated con-
vergence theorem that the limit of the left-hand side in (1.3)) is ¢? = 1 # e~2. This is a
contradiction.

D=

(1.3)

We resolve this issue by extending this measure u on a larger Banach space B O H.
Given a real separable Hilbert space H, let F denote the set of finite dimensional orthogonal
projections P of H. Then, define a cylinder set E by

E={xe H:PxecF}, (1.4)

where P € F and F' is a Borel subset of PH, and let R denote the collection of such
cylinder sets. Note that R is a field but not a o-field. Then, the Gauss measure p on H is
defined by

W(E) =pp({z € PH : z € F})

for £ € R of the form , where pp is the standard Gaussian measure on PH. It is
known that y is finitely additive but not countably additive in R.

We say that a seminorm ||| - ||| in H is called measurable if for every € > 0, there exists
P. € F such that

pp({z € PH : |||Pz|]| > ¢}) <e (1.5)

for P € F orthogonal to P.. Any measurable seminorm is weaker than the norm of H,
and H is not complete with respect to ||| - ||| unless H is finite dimensional. Let B be the
completion of H with respect to |||- ||| and denote by ¢ the inclusion map of H into B. The
triple (H, B, 1) is called an abstract Wiener spaceﬂ Now, regarding y € B* as an element
of H* = H by restriction, we embed B* in H. Define the extension of u onto B (which we
still denote by ) as follows. For a Borel set ' C PH = RY, set

p{z e B:((z,m),- (z,0n) € F}) = p({x € H: (1)1, (2,yn)0) € F}),

1Sometimes, (B, H) or (B, H, 1) is referred to as an abstract Wiener space.



HYPERCONTRACITIVITY AND LOGARITHMIC SOBOLEV INEQUALITY 3

where y;’s are in B* and (-, -) denote the natural pairing between B and B*. Let Rp denote
the collection of cylinder sets {x € B : ((z,y1),---,(x,yn)) € F'} in B.

Theorem 1.1 (Gross [7]). p is countably additive in the o-field generated by RBH
Another equivalent definition for an abstract Wiener space is the following,

Definition 1.2. Let B be a real separable Banach space B, H be a real separable Hilbert
space that is densely and continuously embedded in B, and g be a Gaussian measure on
B. We say that (B, H, p) is an abstract Wiener space if we have

/ @9 dyy(z) = e 31l (1.6)
B

for all ¢ € B* € H*. Here, the bracket (-,-) denotes the B-B* duality pairing. The
Hilbert space H is called a reproducing kernel Hilbert space or a Cameron-Martin spaceﬁ

Example 1 (classical Wiener space). Let {X;} be the Wiener process (starting at 0).
Then, noting that the Wiener process is pathwise continuous (almost surely), it induces a
probability measure on the path space

Co([0,00); R?) = {w : [0,00) = R? : w is continuous and wy = 0}

The suffix 0 indicates that a path starts at 0. The measure u defined on Cy([0, 00); RY)
in this way is called the Wiener measure and the space Cp([0,00);R?) coupled with the
measure p is called the Wiener space.

In the following, we restrict our attention to a finite interval [0, T]. Let B = Cy([0, T); R%)
and u be the Wiener measure defined on B. Given f = (fi,..., f1) € L%([0, T]; R?), define
the Wiener integral I(f) by

T d T .
1) = [ f@-du =3 [ g

Then, I(f) is Gaussian with mean 0 and variance || f||z2(jo,1))-
Riesz representation theorem says that B* coincides with the set of all signed measures
on (0,77 of finite variation. Given ¢ € B*, define f, : [0,7] — R by

h@=4mww%

where v, is the (vector-valued) signed measure on (0,77 corresponding to . Note that
fo € BV([0,T]). By Ito formula, we have

T T
h@%ﬂﬂz%t%%ﬁ@+éﬁwrm&

Thus, we have
T
<mw=4(mﬂmwymp (1.7)

2Indeed, the o-field generated by Rp is the Borel o-field B(B) of B. See Theorem 4.2 on p. 74 in [9].
3The triple B* C H* = H C B is called a Gel'fand triple. It is, however, more natural to start with a
nuclear space V := B* and view it as V C H C V™ in this case.
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Then, by define h, as
¢
holt) = [ (D) = Fot)is (1.8)
we can rewrite as
T .
(w, ) = /0 o (t) - dus. (1.9)

Now, define a Hilbert space H byﬂ
H = {h € B: his absolutely continuous, kg = 0, and he LQ([O,T];Rd)} (1.10)

with the inner product (h,k)y := <hai€>L2([o,T})- Note that defines a mapping ¢* :
B* — H. We use this notation since ¢* is the dual operator of the natural inclusion
t: H — B. Indeed, we have

B(th, @) = (h, L")
for h € H and ¢ € B*. See [14]. Lastly, note that we can use and and directly
verify , with the understanding that ¢ on the right-hand side of is really given
by t*p = hy.

Example 2. Let H = H'(T), where H'(T) is the homogeneous Sobolev space on T = R/Z
with the norm

and consider the Gauss measure p on H:
— L2 1
du=2""e 2l gy = z-1e3 Frlowuldo gy,

Then, by setting B = H*(T), one can show that (B, H, u) is an abstract Wiener space if
and only if s < % In this case, v under p is the periodic Wiener processﬂ on T. See [I] for
more discussion on this issue.

Let (B, H,u) be an abstract Wiener space. Then, an element ¢ € B* is a measurable
function on B with the Gaussian distribution and thus belongs to L?(B, ). From (1.6,
we have

/B (w, ) 2du(w) = |1 ll%. (1.11)

With * : B* — H*, we view B* as a subspace of H*. Then, gives rise to an
isometric isomorphism from H* into L?(B, ). We denote this map by I; and call it the
Wiener integral of order 1. We also denote the image of Iy by Hi, i.e. H = Hy under I;.
In case of the classical Wiener space, I is given by

T .
I(h*) :/0 h(s) - dws,

4We can also take T = oo by replacing [0, T] with [0, c0).

5Compare this with Example In both examples, the Cameron-Martin spaces are given by H' with
different boundary conditions. On the one hand, with the Dirichlet boundary condition ho = 0, we recover
the usual Wiener process on [0, 7] or R as in Example On the other hand, the periodic boundary condition
gives rise to the periodic Wiener process on T.
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where h* € H* denotes the element corresponding to h € H under the Riesz isomorphism.
We conclude this subsection by stating a few more properties of an abstract Wiener
space. We first state the Cameron-Martin Theorem [2].

Theorem 1.3. Let (B, H, i) be an abstract Wiener space. Then, for any h € H, the shifted
measure pp, == p( - — h) is mutually absolutely continuous with respect to p. Moreover, the
Radon-Nikodym derivative is given by

BB @) = exp{ - Sl + 1)@},

for x € B. Moreover, fory € B\ H, the shifted measure pr, = p(- —vy) and p are mutually
stngular.

Note that Theorem shows that the Cameron-Martin space is a natural direction of
differentiation in an abstract Wiener space.
The next theorem is due to Fernique [6].

Theorem 1.4. Let (B, H, ) be an abstract Wiener space. Give be a continuous seminorm
p on B, there ezists a constant a = a(p) > 0 such that

/ eo‘p(x)Qdu(z:) < 0.
B
See [14] for the proofs of Theorems and

1.2. Ornstein-Uhlenbeck process. Let (B, H, ;1) be an abstract Wiener space. We will
construct an Ornstein- Uhlenbeck process on B.

For t > 0, let u; be the induced measure of y under the map = — Vtx. ie. u(A) =
wu(v/tx € A). Then, the characteristic function of y; is given by

~ {x 3 *
i) = [ 9 utdn) =esn { = Sl |.

for ¢ € B*. We define transition probabilities on B by

Pi(z,A) = /B La(etz+ V1 — e 2y)u(dy) (1.12)

fort > 0, z € B, and A € B(B). Then, noting p * s = fi+s, the following Chapman-
Kolmogorov equation holds:

/B Py, dy)Py(y, A) = Prys(a, A).

Then, Kolmogorov extension theorem guarantees existence of a Markov process associated
with {P;(z, A)}.

Definition 1.5. The Markov process associated with the transition probabilities
{P,(z,dy)} is called an Ornstein-Uhlenbeck process.

At this point, the Ornstein-Uhlenbeck process is realized as a measure on Bl0, o0) for
any given starting point z € B. In fact, one can show that given x € B, there exists a
constant C' = C'(x) such that

[ == dn Pty dz) < 06+ )
BxB
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for any s,t > 0. Thus, by Kolmogorov’s continuity criterion, we can realize the Ornstein-
Uhlenbeck process as a measure on C([0,00); B).

Remark 1.6. (a) The Markov process associated with the transition probabilities
PB(z,A) = ui(A — ) is called a Brownian motion. We can also realize the Brownian mo-
tion as a measure on C([0,00); B). Denote the laws of the Brownian motion and Ornstein-
Uhlenbeck process by PP and P,. If dim B < oo, the laws PP and P, are equivalent to
each other in F;, where JF; is the o-fields generated by the trajectories up to time t. If
dim B = oo, however, P2 and P, are mutually singular even on J;.

(b) The space C([0,00); B) becomes a separable Fréchet space under the compact-open
topology. Both PP and P, are Gaussian measure on C([0,00); B). Denoting the corre-
sponding reproducing kernel Hilbert spaces by Hpp and Hp,. Then, arguing as in the
classical Wiener space, we see that

Hps = {h € C(10,00); B) : h(t) = /0 (s)ds, i€ L2((0, 00); H) ),

Hp, = {h € C([0,00); B) : h(t) =e~* /Ot e*h(s)ds, h e L2([0,oo);H)}.

Recall that the Gaussian measure with mean 0 and variance % is an invariant measure
for the Ornstein-Uhlenbeck process given by (1.1)). The next proposition shows that the
Gaussian measure y is the unique invariant measure for the Ornstein-Uhlenbeck process on
B.

Proposition 1.7 (invariant measure). Let (B, H, ) be an abstract Wiener space. Then,
W is the unique invariant measure for the Ornstein-Uhlenbeck process on B. Namely, we
have

/B Py, A)pu(dz) = p(A) (1.13)
for all A € B(B).

Proof. From ([1.12)), we have
[ Pt ytan) = [ [ (et + VT= Ty u(ay)utan)
B BJB

_/ 14 (@) pre—2t 11— 2t (d)
B
= p(A).

As for the uniqueness part of the statement, simply note from ((1.12)) that

t—00

ti [ F)Pio.dy) = [ Fluldy) (1.14)
B B

for all bounded continuous functions F' and all x € B. Indeed, if p is another invariant
measure, satisfying ((1.13)), then, it follows from (|1.14)) (and approximating 14 by bounded
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continuous functions) that

/PtxA (dz) //1,4 )Pi(x, dy)p(dx)
%//u p(dz) = p(A)

for any measurable set A, as t — oo. O

Remark 1.8. The uniqueness of the invariant measure y implies that p is ergodic. The
following argument is taken from Theorem 5.16 in [4].

Suppose that p is not ergodic. Then, there exists a non-trivial invariant selﬁ I' € B(B).
Define a measure ur by

1
pr(A) = EM(AHF)- (1.15)

for A € B(B). In the following, we will show that ur is also an invariant measure, which
shows a contradiction.
In view of ([1.13]), we need to show

pr(4) = [ P Apr(da) (1.16)
B
for all A € B(B). In view of (L.15), we see that is equivalent to
uw(ANT) = / Pz, A)p(dz). (1.17)
r

Since I is invariant, we have
Tl = 1p and Tilre = 1re.
for t > 0. Noting that P,(x, A) = T;14(z),
P(z,T') =1p(x) and Py(x,T¢) = 1pc(x). (1.18)
From and -, we have
/FPt(x,A),u(dx) _ /Fa(x, AN p(de) + /F Pi(w, AN T) ju(dz)

—_—
=0 p-a.e.

= / Py(z, ANT)p(dz) = / Py(z, AND)p(de) = p(ANT).
r B
Therefore, ([1.17) holds, yielding a contradiction.

2. ORNSTEIN-UHLENBECK SEMIGROUP: HYPERCONTRACTIVITY

2.1. Ornstein-Uhlenbeck semigroup and operator. Let {T;};>0 be the Ornstein-
Uhlenbeck semigroup defined by

1) = | PPy = [ P+ V1= ) utdy (2.1)

for a non-negative Borel measurable function F. For a general Borel measurable function
F. by writing F' as F = F, — F_, we define

TtF(I‘) = TtF+(ZE) — TtF_(ZE)

6See Theorem 5.15 in [4].
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Here, Fy = FV0and F_ = (—F)V0. If I, F, (z) = T F_(x) = oo, then we set T, F'(x) = 0o
by convention.
Next, we introduce several classes of functions.

Definition 2.1. (i) We define S to be the collection of functions F' : B — R such that
there exists d € N, ¢1,...,pq € B*, and f € C®°(R?) such that

F(x) = f((z,1),-. ., (z,4)) (2.2)

for x € B. Here, we assume that f and its derivatives has at most polynomial growth.
(ii) We define Sp C S such that f as above as a compact support.

(iii) We say F' € S is a polynomial if f as above is a polynomial. We denote the collection
of polynomials on B by P.

Note that, for any p > 1, we have P, Sy, S C LP(B, 1) and they are all dense in LP(B, p).

Proposition 2.2. Let p > 1. Then, the Ornstein- Uhlenbeck semigroup {1} }+>0 is a strongly
continuous contraction semigroup in LP(B,u). Namely, we have

1Ty < (1 Flp, (2.3)
lim||T,F — F|, = 0.
10

Proof. By Jensen’s inequality, we have

TR = ] [ Fopea)| < [ FoPAe.dw).

Hence, by Proposition we have
IR (@) = /B (T F ()P pu(de) < /B /B \F(y)PPu(z, dy)u(d)
< /B F(y)Pudy) = | FII.

This proves . As for , we use the density argument. For F' € Sy, we have
limy g Ty (x) = F(x). Since {T}}¢>0 is uniformly bounded, it follows from Lebesgue domi-
nated convergence theorem that limy g || 73/ — F'||, = 0. Then, follows from the density
of Sy in LP(B, ). O

Let L denote the generator (called the Ornstein-Uhlenbeck operatoxEI) of the Ornstein-
Uhlenbeck semigroup {7} }+>0. Since the semigroup is define on LP(B, 1), we should specify
p and denote the generator by L, with its domain Dom(L,). If there is no confusion,
however, we simply use L. In the next subsection, we will obtain a concrete expression for
the Ornstein-Uhlenbeck operator L.

It is also called the Hartree-Fock operator.
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2.2. Differentiation. Recall the definition of a Gateaux derivative. We say that a function
F: B — R is Gateaux differentiable at « € B if there exists ¢ € B* such that

%F(m +ty)| =9
t=0
for all y € B. Here, (-, -) denotes the B-B* duality pairing. In this case, we say that ¢
is a Gateaux derivative of F' at z, denoted by F’(x). Note that the a Gateaux derivative
corresponds to a directional derivative, while a Fréchet derivative corresponds to a total
derivative.

In the following, we use Cameron-Martin theorem (Theorem and extend the no-
tion of differentiation called H-differentiation. Given an abstract Wiener space (B, H, i),
Cameron-Martin theorem states that the Gaussian measure p is absolutely continuous un-
der a shift in the direction of H.

Definition 2.3. A function F' : B — R is said to be H-differentiable at x € B if there
exists DF(x) € H* such that

d
S F(@+ th) - (h, DF(z))

for all h € H. We say that DF(x) is the H-derivative of F' at x.

We can also introduce higher order H-derivatives. Given k € N, we use £F(H;R) to
denote the collection of k-linear map ® : H x H — R. Then, F is said to be k-times

k times
H-differentiable if there exists ® € £F(H;R) such that
ak
—F—F tihy + - -tih =®(hy,...,h
Oty -+ Oty (z +t1hy + kh) et o (h1,. .., hy)

for all hy,...,hx € H. Such ® is called the kth H-derivative of I at x, denoted by D¥F'(x).
We say that ® € £2(H;R) is of trace class if

supz |D (A, )| < 00,

n=1
where {h,} and {k,} range over all complete orthonormal system in of H. The set of all

trace class operators is denoted by L1)(H). Given ® € L(;)(H), the trace of ® is defined
by

trd = i D(hp, hy)

n=1
where {h,} is a complete orthonormal systems in H. Note that tr ® does not depend on

the choice of {h,}.
Given F € S of the form ({2.2)), its Gateaux derivative of F' at © € B is given by

d

F'(x) =) 0if({&,p1),..., &, 0a))es- (2.5)

J=1
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10
Recall that ¢; € B*. The H-derivative of F' at x € B is given by
d
ZL‘) :Zajf«x 901> 7<35,Q0d>)S0j,
=1

J
where ; is regarded as an element in H*. Strictly speaking, we should use t*p; instead of

Soj' . .
S ({5 01),

D*F(z) = Z 9, -

Similarly, the kth H-derivative of F' at x € B is given by
(T, 0d)) e © -
J1yesJk=1
Without loss of generality, assume that {¢;} is an orthonormal system in H*. Then, we

have
tI‘D2 282 '7<xa¢d>)

= Adf(<$7 901>7 SRR <$7 Sod»a

where A4 denotes the usual Laplacian on R¢
Now, we are ready to compute a concrete expression for the Ornstein-Uhlenbeck operator
(2.7)

L.
Proposition 2.4. Let F € §. Then, we have
LF(x) = tr D*F(x) — g{z, F'(x)) g~
Proof. Let F' € S be given by (2.2). As before, we assume that {¢;} is an orthonormal
,{z,pq)). Then, from (2.1)), we have
_In?
2 dn. (2.8)

= ((z,p1),...
/ f(eitf + 11— e‘2tn)
R4

system in H*. Let &
Tt /F Pt(x dy) )g
2
Then, for t > 0, we have
d d 1 In]?
—TF(x) = — -t 1—e2p)e 2 d
G0 = ooy [ Vim e
_ 12
g/RdE etﬁjﬁf e+ V1—e2pe 2d77
— nle 2t \n\2
1—e2p)—— d
v

/ Zc’)f e+
_nl?
e

/ Ze*tfjajf(e*tf +41-— e—Qtn) ‘Tdn
Rd
—2t
dje” 2 dn

d
_ e
[ e

d
2

= d
2

1— —2t
‘ 77) 1—e

B d
2
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By integration by parts,

= —tZgﬂ/ Oif(e ¢+ V1 —e2n)e” "2‘2

1 e 2t _lnp?
+ Agf (et + V1 — e 2tp) ———=0,e 2 dn.
(2m) Jre ( ) Ve "
This computation makes sense pointwise (for each x € B). By Lebesgue dominated con-
vergence theorem, we see that the above computation holds in LP(B, u), providing LT, F
for ¢t > 0. By letting t — 0, we obtain

dn

1\3\&

d
LF(I‘) = Adf(<x7 @1)7 SR <$, ¢d>) - Z<$;90j>8jf(<$,801>7 SR <$’S0d>)' (29)
j=1

This is exactly (2.7) for F' € S of the form ([2.2)). O

Remark 2.5. As we saw in the proof of Proposition a question on (infinite dimensional)
B can be reduced to that on R? by choosing ¢1,. .., ¢4 to be an orthonormal system in
€ H*. We will use this reduction in the following as well. In doing so, we must be careful
to make sure that constants are independent of dimensions.

2.3. Hypercontractivity. Previously, we proved the contractivity of the Ornstein-
Uhlenbeck semigroup {7;}:>0. The following proposition due to Nelson [I2] shows that
much more is true for the Ornstein-Uhlenbeck semigroup. Namely, the Ornstein-Uhlenbeck
semigroup is hypercontractiveﬁ

Proposition 2.6 (Hypercontractivity). Given p > 1 and t > 0, set q(t) = e*(p — 1) + 1.
Then, we have

ITeF gy < 11l (2.10)
for any F € LP(B, p).

Remark 2.7. Another way to state Proposition is as follows: Given ¢ > p > 1, let
t> %log (%)' Then, we have

ITeFllg < [1Flp
for any F' € LP(B, p).

The following proof is due to Neveu [13].

Proof. By density of S in LP(B, ), it suffices to prove ([2.10) when B = R?. See Remark

8Let (X, ) be a measure space and let H be a non-negative self-adjoint operator on L*(X,u). The
semigroup e~ is called hypercontractive if (i) e™* is a contraction: L* N L? — L, 1 < p < oo, and (ii)
there exists ¢t > 0 such that e *# is bounded from L? to L*. Tt is known that if e"* is hypercontractive,
then given 1 < p < ¢ < oo, there exists T(p,q) < oo such that e 'H is a contraction from LP to L? for

t>T(p,q). See [9].



12 TADAHIRO OH

_ Let B; and Et, 0 <t <1 be independent d-dimensional Brownian motion with By =
By =0. For A = A(t) € (0,1) to be chosen later, let

—1
q= pT? =1. (2.11)

Furthermore, let f and g be Borel measurable functions on R? and assume that there exist
b > a > 0 such that a < f(x), g(x) < b for all x € R?. Now, define a new Brownian motion
By by

By = AB; + /1 — \2B,. (2.12)

Setting P = 0(Bs: 0 < s <t) and ftg = 0(Bs: 0 < s <t), define continuous martingale
Mt and Nt by

M, =E[fP(B))|FP]  and N, =E[g(B1)|FP)

for 0 <t < 1. Then, by the martingale representation theoremﬂ we have

t
M; = My +/ (PsdB&
0

t
Nt:N0+/ ¢sst-
0
Note tha@
t t t
<M)t:/ ©2ds, <N)t:/ Y3ds, and <M,N>t:/\/ ssds.
0 0 0

Then, by Ito’s formula, we have

1o 1 1 11 1
Ay NET) = - M N My S MIN AN,
11/1 11 -1 11

L o L 1_
——|-=1|M} N dM ——MP NS d(M,N
+2p<p > t t < >t+pq/ t t < ’ >t

et My, a < t < b, be a square integrable martingale with respect to {F¥ : a <t < b} and M, = 0.
Then, M, has a continuous version M; given by M, = fot 05dB; for some 0, € L2;([a,b] x Q) adapted to the
filtration.

10Given two local martingales M; and N, i.e. locally square integrable continuous martingales, the
quadratic variation (M, N); is defined such that M;N; — (M, N); is a martingale. If one of them is a process
of bounded variation, we set (M, N); = 0 by convention.
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Hence
1 i/ 1 L,
E[My N | —E[Mg Ny’ |
1 t 1.9 1.o(] 1
:—E[ M7 "N{ {(1-)1\@2@5
2 0 D
1 2.2
*2* MN)\QOS'l?bS g 1-— ? Msws ds
t 19 1 /7 [ol —
— _2E|: Msp qu {( s s q M "7[)5>
0
/p—1+/d — 1
9 VP qq, N M¢5—2/AN5¢5Msws}ds} (2.13)
(2.14)

+

From , we have
V-1 -1)=/(p-1) 7—1 _1
q—l p—1)

Therefore, from and -, we have Hence,
o E[Mo; Noy]

_2(‘/7 s — YL 2 ‘ﬁ s¢s)2ds] <0. (2.15)

"(By)], it follows

E[M N,
1 t
=—FE M"’ qu
20
Noting that My = f?(By), My = E[f?(B1)] N1 = g7 (By), and Ny = E|
from that
E[f(§1)g(31)] < E[f*(B1)]?Elg? (B1)] 7, (2.16)
In view of ( -7 we can write as
)\ 1— )2 % L _gd d
L [ 0e+vT=3ng <§>( g e T
1 7oy o };,
/Rdg (§)e n
(2.17)

1 » _le? P
7 | JP(E)e 2 dS 2
(2m)2 JRd (2m)2
= [Ifllpllgllq-
In view of the definition (2.1)) of the Ornstein-Uhlenbeck semigroup, we set A\ = e~ ! and
(2.18)

thus ¢ = ¢(t). Then, (2.17)) yields
1
/ Tf(€)9(6)—— ™5 de < [ Flllgllyce-
Rd (2m)2

By taking the limits, we see that (2.18)) holds for all non-negative functions f, g > 0. For
general Borel measurable functions, noting that |73 f(&)| < T;| f|(€), we have
Lk
2 dg

1 dg\ Tl e
(2m)’

d

/ T, (€)g(6)——
R4 (2m)2
< ||f||p|rg|rq<t>

3

By duality this proves (2.10)).
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Remark 2.8. There is also a notion of ultracontractivity. Given a measure space (X, i),
—tH is
called ultracontractive if (i) e is a contraction: LP — LP, 1 < p < oo, and (ii) e " is
bounded from L? to L™ for all ¢ > 0. It is known that the Ornstein-Uhlenbeck semigroup

is not ultracontractive. See Theorem 4.3.2 in [5]H

let H be a non-negative self-adjoint operator on L?(X,u). Then, the semigroup e
—tH

3. LOGARITHMIC SOBOLEV INEQUALITY

In the following, we prove that the hypercontractivity (Proposition [2.6) implies the fol-
lowing logarithmic Sobolev inequality.

Proposition 3.1. Let p > 1. For F' € Dom (Ly), i.e. F belongs to the domain of L in
LP(B, ), we have

p p p p
/B F@) log | F(@)lu) < —5 s /B Fo(2) LF(2)u(da) + | F|2log [FIE,  (3.1)
where
F@)P-l, i F(z) >0,
Fy(x) = |F(2)P*sgn(F(x)) = { 0, if F(z) =0,
—|F(x)[P~L, if F(z) <O0.

Gross [8] gave a direct proof of the logarithmic Sobolev inequality (3.1). Moreover, he
showed that the logarithmic Sobolev inequality is equivalent to the hypercontractivity.
For p > 2, we can rewrite (3.1 as

p _
/B |F(2)["log |F'(2)|u(dz) < 5 /B |F(«)[P~2| DF (2) |3 p(dz) + | F|Dlog | FII.  (3.2)
The usual Sobolev inequality states that
HuHLq(Rd;m) < C(d,p, Q)H‘VPUHLp(Rd;m)

if 5 = % — %, 1 < p < q < oo. Here, m denotes the Lebesgue measure on R?. For fixed s,
say s = 1, the gain in integrability tends to 0 as d — oo. Indeed, the logarithmic gain in

integrability in (3.1) and (3.3)) is the best we can have. See Remark below.
Proof of Proposition[3.1] Tt suffices to prove (3.1]) for F' € P. Proposition states that

1
(I TiFllge) = IFllp) <0,
where ¢(t) is given by
q(t) =e*(p—1)+1. (3.3)
Thus, we have
d
Tt lany| <0 (3.4)
t=0

HwWe can assume that F € S of the form (1.13) with d = 1. Then, we can apply the one-dimensional
result (Theorem 4.3.2 in [5]). Note that a direct computation shows H = —92 + 29, in Theorem 4.3.2 of

E).
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In the following, we compute this derivative explicitly. Define ¢ by

o) = ITFILY = [ L@ (o). (3.5)

Then, we have

o0 = [ {ImF@og TP @ 0

O[T @)1 sen(TF (@) ST () ba(de). (3.6)

Noting that ¢'(t) = 2¢%(p — 1), we have, for t = 0,

¢'(0) = /B {200~ VIF @) log |F(@)| +p [F(2)/" sgn(F()) LF(2) fu(da).  (3.7)

:Fp(x)
On the other hand, we have
d d, 1 1y —q'(t)
N F = —(p(t)1®) = ——p(t)1® . 3.8
FITF L = 5 007) = o0T60 + 60T ogoln 50 (38)
Putting (3.4), (3.7)), and (3.8) together, we obtain
d
— T F g
dt q(t) -0
1 p(%—l »
= IFI7 [ {260 = DIF@)! log [F(2)] + pEy(2) LF(2) fu(d)
2(p—1)
R | F[lp log [ F[|5
<0. (3.9)
Then, (3.1)) follows from multiplying (3.9) by ﬁHF ||£71. O

The converse statement that the logarithmic Sobolev inequality implies the hyper-
contractivity basically follows from (a slight modification of) reversing the proof of
Proposition 3.1} See Theorem 1 in [8] for details.

Given f € L*®(B, p) and g € C°(0,00), let F' = [[° g(t)T; fdt. Then, from Proposition
we see that F' € LY(B, p) for each ¢ > 1. Let D denote the linear span of all such F'.
Note that D is invariant under 7; and that T3 F', F' € D is differentiable in L(B, p) for all
g > 1. In particular, in view of Hille-Yosida theorem, we have D C Dom (L) for any ¢ > 1.

Given F' € D, it follows from the logarithmic Sobolev inequality with , ,

and (3.8) that

d 2(q
il Flao = HTFHQ { [ @R g 1 @)utas)
t

q(t) "
+W/B(TtF>q(t)(w)LTtF(w)( z) — | TiF 3, 10g|TtF||q(t)}

<0
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for t > 0, since T F' € Dom (Ly(;)). This shows (2.10) for F' € D. Then, by density of D,
(2.10) extends to all F' € LP(B,u). Indeed, if F' € LP(B,u), given € > 0 and t > 0, let
F. € D such that

| F = Fellp + [[F = Fellg) <e.
Then, from (2.10) for F. and Proposition we have
ITeFllqr) < 1 TiFellqey + I1TeF — TiFellgy < [[Fellp +& < [[Flp + 2,
for any € > 0. This proves (2.10)).
Remark 3.2. Let ¢ > p. Then, the following inequality
I, < C(ID*Fllp + [ Fllp) (3.10)

can not hold, no matter how large we take the constant C' or k£ € N.
We consider the case B = R. Let F(x) = e**, & > 0. Then, we have

1 z2 2 2 (z—qa)? 1.2 2
Fl|f = — / e 2 dr = ez / e 2 dr=e2T".
(rak 57 N .

On the other hand, we have

ID*F|L = o*?||F ||k = aPezv™e’
Noting that ¢ > p, we have

1P

IDEF|lp + 1l B (aF + 1)@%1’0‘2

— 00,

as a — 0o. This shows that (3.10|) can not hold.

APPENDIX A. EIGENFUNCTION OF THE ORNSTEIN-UHLENBECK OPERATOR: MULTIPLE
WIENER INTEGRALS

A.1. Hermite polynomials and multiple Wiener integrals. The Hermite polynomial
Hy(€), n € Zxg, £ € R, is defined byl

The first few polynomials are

Ho(§) =1, Hi(§)=¢, Hy(§) =35(—1), Hs()=§(&—9).

We list some of the fundamental properties of the Hermite polynomials:

12There are slightly different definitions of the Hermite polynomials with different multiplicative
constants.
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o0

(1) Generating function: etg*g = Zt”Hn(ﬁ), (A.1)
n=0
(2) Derivative: ddan(é) =H,_1(8), (A.2)
(3) Recursive formula: (n+ 1)Hp41(§) — EHR (&) + Hp—1(€) =0, (A.3)
. 1 & 1
(4) Orthogonality: /RHn(ﬁ)Hm(f)me Td¢ = mdnm, (A.4)
i 2 w2 qn
(5) Characteristic function: /Re’”EHn(f)\/%e_%df =e 2 %n”. (A.5)

See Chapter 9 in [10] for more on the Hermite polynomials (and the multiple Wiener-Ito
integrals).

Let A = {a = (a1,a2,...) : aj € Z>p, a; = 0 except for finitely many j}. For a € A,
we define a! := [[,_;~(a;!) and [a| := >°72, a;. We fix a complete orthonormal system
{¢;} € B* in H* in the following. Given a € A, We define a Fourier-Hermite polynomial
H, by

H,(r) = HHaj«xﬂDj))‘ (A.6)
j=1

Note that the infinite product above is actually a finite product since Hyp(§) = 1.

Definition A.1. Give n € Z>, the closed subspace spanned by {H,(z) : |a] = n} in
L?(B, ) is called the space of multiple Wiener integmlﬁ of degree n and is denoted by
H,. We denote by J, the orthogonal projection to H,,.

Note that H; defined in Subsection [I.1] coincides with the H; in Definition See
Subsection for more properties of H,, and J,,.

Proposition A.2 (Wiener-Ito theorem). (i) The collection {vVa!H, : a € A} is a complete
orthonormal system in L*(B, ).

(ii) The collection {vaH, : a € A, |a| = n} is a complete orthonormal system in H,,.
(iii) The space L?(B, ) has the following direct sum decomposition:

L*(B, ) = P M.
n=1

This decomposition is called the Wiener-Ito expansion.

A.2. Kernel expression of multiple Wiener integrals. Let L'@)(H;R) be the col-
lection of all n-linear Hilbert-Schmidt operators on H®". It is a Hilbert space with the
following Hilbert-Schmidt inner product; Then,

oo

(HR) i= Z S(ejyy--ei)T(ej, .. e,),

Jise-sgn=1

(S’ T)HS = (57 T)E?Q)

13They are also called multiple Wiener-Ito integrals of degree n or homogeneous Wiener chaoses of order
n.
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where {e;} C H is a complete orthonormal system in H. We denote the induced norm by
| - |las. Given T € Ll (H;R), we define its symmetrization ST by
1
ST(hl, ceey hn) = ﬁ Z T(hg(l), ceey hg(n)), hi,...,h, € H,
O’GSn

n

where S, is the symmetric group of order n. We say that T € [,(2) (H;R) is symmetric
it ST = T. We denote by SE?Q)(H ;R) the collection of all symmetric Hilbert-Schmidt

operators in E?Q)(H; R). This is a closed subspace of L (H;R).

Given a fixed complete orthonormal system {¢;} C B* in H*, define ®}_,¢; €

L7 (H;R) by

2)
®Z=1(pjk (h, R hn) = <h17 9011) e <h'fl7 ()D]n>7

for hy,...,hy, € H. Then,

{ @1 @t g1 dn=1,2,...}

forms a complete orthonormal system of £?2)(H ;R).
We can also construct a complete orthonormal system of SE?Q) (H;R) in a similar manner.
Given a € A with |a| = n, define p* € SL'@)(H;R) by
P =S @ - ). (A7)
Note that ||¢®||lus = y/a!/n!. Then, the collection
{Val/nlp®: a € A, |a] =n} (A.8)

forms a complete orthonormal system of Sﬁ?Q)(H ;R).
We now consider the kernel representation of multiple Wiener integrals. Given F €
L?(B, 1), we define a functional 7F on H* by

2 .
TF(0) = s / e O@) P2 p(dx),
B
for £ € H*. Then, given a € A with |a| = n, it follows from (A.5)) and (A.7) that
=7 1 a n
THo(0) = i" (¢ A9 )s.

Thus, we have

ol Y e >
™VaH,() =i" —=, " . A9
Va6 = (o) (A9)
In view of Proposition (ii) and (A.8]), we see that 7 is an isomorphism between H,, and

85?2)([{; R). Namely, given F' € H,,, there exists T € Sﬁ?z)(H; R) such that

TValF(0) = (T, (%™ )gs. (A.10)
Definition A.3. Using the correspondence (A.10]), we define I, : SL?Q)(H ;R) — H,, by
1,(T) = F, called a multiple Wiener integral (of T') of degree n An operator T' € SLY) (H;R)

is called the kernel of F. If T € E?Q)(H; R) is not symmetric, we define I,,(T') := I,,(ST).
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Note that we have
110 (T 128,y = V0!I T ||ns.

Furthermore, from ([A.9)), we have I,(¢%) = alH, for a € A with |a| = n.

The operator I, corresponds to the so-called Wick producﬂ As the Wick product is
usually denoted by : - :; we may write : T'(z) : in place of I,(T). For instance, given
V1,-.-,n € H*, we may write

In(p1 ® -+ ® ) () or Ha, 1) - (@5 o)

Remark A.4. Note that we have slightly abused notations. Given ¢ € H*, the expression

(x, @) does not necessarily make sense for x € B D H. ¢ can be approximated by a sequence
{1} € B* and (x,v,) converges to I1(p) in L?(B, ). Then, we define (x,¢) := I;(p).
This is called a Wiener integral and is defined p-almost everywhere.

Using the notation above, we have
o, 6)* (@, &) = Haj (2,&5))- (A.11)

where 71, ...,7n, are orthonormal in H*.
Example 3. Let £, € H*. Then, we have
s )@, m) = () @,m) — (& n)m-- (A.12)
If ¢ L n, then is obvious. Otherwise, write 1 as

_ (9 _ .9
€17 €12

=:(

-+ £.

Noting that £ L , it follows from (A.11) that

@, ) (@,m): = (1,8) H(m, )7 +@ (@, ) = (@6, (,) s + ) — (1,9)
= (2,€) + (z,7) — (n,€).
This proves .

Example 4 (classical Wiener space). In the case of the classical Wiener space B =
Co([0,00); R?), we can obtain concrete expressions for multiple Wiener integrals.
Given n-linear map 7' on H®", there exists a unique integral kernel ® = (®;, ;. ) €

L2([0, 00); (R4)®™) such that]

T(hy, ... Z / / i (b )BT (80) - B (1) - b, (AL13)

]17 7]77,

for hy,... hy € H.

171t is also called Wick ordering or Wick renormalization.
15Recall the definition of the Cameron-Martin space in (T.10). The superscript j on A’(t) denotes the
jth coordinate of h(t).
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If T is symmetric, then for any permutation ¢ € S,,, we have

T(h0(1)7 )
Z / / Jlseesdn tl, e ,tn)hi}(l) (tl) e h‘z;zn) (tn)dtl e dtn
Jlsesdn
- Z / o / (I)ja(l) ----- Jo(n) (t1,.- - tn )hjd((ll)) (t1)-- hira(("))( n)dty -+ dty,
. . 0 0
Jo(1)sda(n)

By rearranging the order of hj’“’

d o0 o0 . .o .
- ¥ /0 | i (e ) )ty

2/ / ooy (1) - - to(u ) (tn) -+ B (tn)dty - - dty.  (A.14)

J1seeesdn

Hence, from (A.13) and (A.14]), we have

(pja(l)a"'vja(n) (td(l)v ce 7t0(n)) =Pj,gn (b1, tn).

We denote the collection of all such functions by L?([0, c0); (R%)®™).
Using this relation, we have the following expression for multiple Wiener integrals.

Proposition A.5. Let ® € L2([0,00); (R))®"). Then, we have

t3 ) to .
Z / dw]n U /0 dw’? (t2) /0 cbjo(l),...,j(,(n) (ta(l)a s ata(n))dwjl (tl)'

]17 7.771

See [14] for the proof.

A.3. Eigenfunctions of the Ornstein-Uhlenbeck operator. The eigenvalues and
eigenfunctions of the Ornstein-Uhlenbeck operator L are completely known. In fact, they
are given in terms of the Fourier-Hermite polynomials (A.6)).

Lemma A.6. Let H,(z), a € A, be a Fourier-Hermite polynomial defined by (A.6). Then,
we have

LH,(z) = —|a|Hy(z), (A.15)
and consequently,

TyH,(z) = e 19"H, (2) (A.16)
forT > 0.

Proof. The 1dent1ty is immediate from with ( and (A.3), while (A.16))
follows from and the definition of T} = etL ]
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In the following, we use Lemma and show the symmetry of the semigroup {7}}.
Given F,G € L*(B, i), we define the inner product by

(F,G) = /BF(CU),G(JU),u(dx).
With a light abuse of notation, we also use (F,G) to denote the natural pairing of
F e LP(B,u) and G € LP (B, ).
Proposition A.7. Let p > 1. Then, we have
(T,F,G) = F,T;G), (A.17)

for F € L?(B, n) and G € L (B, yi). Moreover, if F € LP(B, u) belongs to Dom (Ly) of the
Ornstein-Uhlenbeck operator L and G € LP (B, j1) belongs to Dom (L), then we have

(LF,G) = (F, LG). (A.18)

Proof. Let H,(z) and Hy(x) be Fourier-Hermite polynomials. Then, from Proposition [A.2]
we have

1 1
(T, Hy) = e (Ho, Hy) = 71— 00 = 7000, = (Ho, T HL).
al !
Then, (A.17)) follows from the density of Fourier-Hermite polynomials. The second identity

(A.18]) follows from differentiating (A.17]) at time 0. O
Proposition A.8. Let F,g € S. Then, we have

L(FG)(z) = LF(z)G(x) + F(x)LG(x) + 2(DF (z), DG(x)) g+, (A.19)

(LF,G) = —(DF, DG). (A.20)

Here, (DF,DG) = [p(DF(z), DG (x))g-p(dx).

Proof. We only consider when B = R?. The first identity (A.19) follows from (2.9)), and
the second identity follows from integrating (A.20|) over B and use (A.18)). O

APPENDIX B. APPLICATIONS

In this appendix, we discuss several applications of the hypercontractivity of the
Ornstein-Uhlenbeck semigroup (Proposition [2.6)).

B.1. Multiple Wiener integrals. Recall from Definition that H,, is the closed sub-
space of L?(B, 1) spanned by {H, : |a] = n} and that .J,, denotes the orthogonal projection
onto Hy,, (in L*(B, u)).

Proposition B.1. The space H,, of multiple Wiener integrals of order n is a closed subspace
in LP(B, ), p > 1, and the norms || - ||, of LP(B, ), p > 1, are equivalent to each other.

Proof. Let F be a finite linear combination of {H, : |a|] = n}. By Lemma we have
T,F = e ™F. Given 1 < p < ¢, let t such that ¢ = e¢*(p — 1) + 1. Then, by Proposition
[2.6] we have

1Flp > 1 TeFllg = e[ Fllg,
ie. |F|lp <||Flq < e™||F|lp. This shows that the closed subspace of LP(B, 1) spanned by
{H, : |a| = n} is independent of p. Since H,, is the closed subspace of L?(B, i) spanned by
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{H,, : |a| = n}, it is also a closed subspace of LP(B, u). The equivalence of norms follows
from the above computation as well. O

Proposition B.2. The orthogonal projection J,, is bounded on LP(B,u), p > 1. Moreover,
we have

Indm = Jmdn = OpmJn, (B.1)
TyJp = Ju Ty = e " J,. (B.2)

Proof. We first clarify the meaning of the statement. On the one hand, for 1 < p < 2,
this means that J,, is to be extended to a bounded operator in LP(B, u), since LP(B, ) D
L%(B, u). On the other hand, for p > 2, the restriction of .J,, to LP(B, i) is to be bounded.

Let 1 < p < 2. Choose t such that 2 = e?(p — 1) + 1. Then, given F € L?(B, j1), noting
that holds for p = 2 and that T;J,F = e ™.J,F, it follows from Proposition that

le™™ JuFllp = 1T JnFllp < |TeJnFll2 = | TnTeFll2 < | TeFll2 < (| Fllp-
Hence, we have
1T llp < ™[I Flp.
This shows that .J,, can be extended to a bounded operator in LP(B, p).
Next, let p > 2. Choose ¢ such that p = e?* + 1. Then, given F € LP(B, u), Proposition
yields
le™™ JnFllp = | TednFllp < [|JnFll2 < | Fll2 < [|F],.
Hence, we have
1TFllp < ™[I Flp.

Namely, the restriction of J,, to LP(B, i) is a bounded operator.
The identities (B.1]) and (B.2)) can be easily seen to hold in LP(B, u) for (i) 1 < p < 2 by
the density of L?(B, u) and (ii) p > 2 since LP(B, u) C L*(B, ). O

B.2. Applications in nonlinear dispersive PDEs. The hypercontractivity of the
Ornstein-Uhlenbeck semigroup has recently played an important role in the study of non-
linear dispersive partial differential equations (PDEs) such as the nonlinear Schrédinger
equations (NLS). In particular, it appears in (i) the construction of the Gibbs measures
[16, (15, [11]:
“dp = Z_le_H(u)dU”,
where H is the Hamiltonian for a given nonlinear dispersive PDE, and (ii) probabilistic
construction of solutions in a low regularity setting [3]. In this subsection, we briefly discuss
the main tools that appear as a consequence of the hypercontractivity of the Ornstein-
Uhlenbeck semigroup. See [16, [3| 5], 11] for more details.
Proposition [2.6] along with Lemma yields that

I, < (p— 1) [|Fl2 (B.3)

for any F' € H,, := span {H, : |a| = n}. Note that this closure does not depend on LP(B, 1)
thanks to Proposition
The following proposition is an extension of the estimate (B.3).
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Proposition B.3. Fiz k € N and c(n1,...,n;) € C. Given N € N, let {g,})_; be a
sequence of independent standard complex-valued Gaussian random variables. Define Si(w)

by

Sk(&)) = Z C(?’Ll, s 7nk)gn1 (UJ) © o Ony, ((U), (B4)

A(k,N)
where A(k, N) is defined by
Ak, N) = {(n1,....ng) € {1,...,N}F:ng <+ <my. ).
Then, for all N > 1 and p > 2, we have
k
1Skllr@) < VE+1(p — 1) 2([Skll 2 (0)- (B.5)

The main point is that is independent of N. The proof is based on viewing the real
part x, and imaginary part y, of {gn}gzl as elements in an abstract Wiener space B.
Then, by Gram-Schmidt orthogonalization process, we can express g, - - - gn, as a linear
combination of Fourier-Hermite polynomial H, for |a| < k and apply . See Proposition
2.4 in [I5] for details.

The following simple lemma plays an important role in converting into a proba-
bilistic statement.

Lemma B.4. Let (B, H, u) be an abstract Wiener space. Given a measurable function F,
suppose that there exist a, N > 0, k € N, and C' > 0 such that

ok
|Fll, < CN~opt, (B.6)
for all p > 2. Then, there exists § > 0, C1, independent of N and a such that
2
/ NEHF@IE oy < 0 (B.7)
B

As a consequence, we have

2a

M({x € B: |F(x)| > )\}) < CleﬂsNT)\

o

(B.8)
for all A > 0.

The proof of follows from expanding the exponential in the Taylor series and applying
(B.6). See Lemma 4.5 in [16] for details.
Combining Proposition [B-3]and Lemma[B.4] we obtain the following tail estimate on the
L¥-norm of S; there exist ¢, C > 0 such that
2
P(|Sk| > \) < Cexp ( - cHSkHL;(Q)A%). (B.9)
This estimate some played an important role in constructing the Gibbs measures for some
nonlinear dispersive PDEs, in particular, in showing the integrability of a weight with
respect to the periodic (fractional) Brownian motion. This topic is related to Euclidean
quantum field theory.

Another consequence of is the following probabilistic improvement of Young’s in-
equality. Such a probabilistic improvement was essential in the probabilistic construction
of solutions to the (Wick ordered) cubic NLS in a low regularity setting [3]. For simplicity,
we consider a trilinear case.
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Proposition B.5. Let a,,b,,c, € (2(Z;C). Given a sequence {gn}nez of independent

standard complez-valued Gaussian random variables, define ay = gnan, by = gpbn, and

& = gncn, n € Z. Then, given € > 0, there exists a set Q. C Q with P(QS) < e and Ce >0
such thald

a5 * by c2]| o < Cellanllezllballezllenll ez (B.10)
for all w € Q.

The proof is immediate from . Without randomization, Young’s inequality only
yields

Han * by, * Cn”p < Ha”HﬁHbTLHﬁ HCWHEL

Thus, we see that there is a significant improvemenﬂ in (B.10)) under randomization of the
sequences, which was a key in establishing a crucial nonlinear estimate in a probabilistic
manner in [3].
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