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Abstract

We calculate the derivations and the first Hochschild cohomology group of the
quantum grassmannian over a field of characteristic zero in the generic case when
the deformation parameter is not a root of unity. Using graded techniques and two
special homogeneous normal elements of the quantum grassmannian, we reduce the
problem to computing derivations of the quantum grassmannian that act trivially
on these two normal elements. We then use the dehomogenisation equality which
shows that a localisation of the quantum grassmannian is equal to a skew Laurent
extension of quantum matrices. This equality is used to connect derivations of the
quantum grassmannian with those of quantum matrices. More precisely, again using
graded techniques, we show that derivations of the quantum grassmannian that act
trivially on our two normal elements restrict to homogeneous derivations of quantum
matrices. The derivations of quantum matrices are known in the square case and
technical details needed to deal with the general case are given in an appendix. This
allows us to explicitly describe the first Hochschild cohomology group of the quantum

grassmannian.
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1 Introduction

Let K denote a field of characteristic zero and ¢ € K be a nonzero element which is not

a root of unity. The quantum grassmannian O,(G(k,n)) is a noncommutative algebra
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that is a deformation of the homogeneous coordinate ring of the classical grassmannian of
k-planes in n-space. In this paper, we calculate the derivations and the first Hochschild
cohomology group of the quantum grassmannian.

One of the motivations for this paper is [8] where a connection between the totally non-
negative grassmannian — or rather its cell decomposition into the union of so-called positroid
cells — and Hochschild (co)homology of O,(G(k,n)) was established. More precisely, a link
between volume form of positroids and Hochschild (co)homology of O,(G(k,n)) is estab-
lished, allowing the contribution of a positroid cell to the scattering amplitude (in the N
= 4 - supersymmetric Yang-Mills theory) to be g-deformed. The present paper is the first
one in a project to compute the Hochschild (co)homology of quantum positroid varieties.
More precisely, the quantum grassmannian can be viewed as a “quantum positroid variety”
(corresponding to the totally positive grassmannian) thanks to [5], and we compute the
first Hochschild cohomology group of the quantum grassmannian. We will come back to
the general case in future work.

Assume k < n. Recall that O,(G(k,n)) is the subalgebra of the quantum matrix algebra
O,(M(k,n)) that is generated by the k x k quantum minors of O,(M (k,n)). These k x k
quantum minors are the so-called quantum Pliicker coordinates of O,(G(k,n)). They are
indexed by k-subsets of {1,...,m} and denoted by [I] for each k-subset I. The algebra
O,(G(k,n)) is graded with all quantum Pliicker coordinates homogeneous of degree 1.

Quantum Pliicker coordinates formed on consecutive columns play a special role: they
are normal and each one generates a completely prime ideal of O,(G(k,n)). They are
referred to as prime quantum Pliicker coordinates. Among the prime quantum Pliicker
coordinates, two are special: [u] = [1,...,k] and [w] = [n —k +1,...,n]. The reason for this
is that [u] (respectively, [w]) g-commutes with every quantum Pliicker coordinate [I] with

a nonnegative (respectively, nonpositive) power of ¢, that is:
[W][1] = ¢=°[1][u] and [w][I] = ¢="[I][w].

We exploit this observation and other graded techniques in order to reduce the problem of
computing derivations of O,(G(k,n)) to computing derivations D of O,(G(k,n)) that act
trivially on both [u] and [w]; that is, derivations D such that D([u]) = D([w]) = 0.

We then employ the dehomogenisation equality which shows that a localisation of the
quantum grassmannian is equal to a skew Laurent extension of quantum matrices. This
equality is used to connect the set of derivations of the quantum grassmannian acting
trivially on [u] and [w] with that of quantum matrices. More precisely, again using graded
techniques, we show that derivations of the quantum grassmannian that act trivially on

[u] and [w] restrict to homogeneous derivations of quantum matrices. To conclude we use
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our knowledge of derivations of quantum matrices: the set of derivations is known in the
case of square quantum matrices, see [3]. Some technical details that are needed to deal
with the fact that the non-square case has not yet been covered are given in an appendix.

This allow us to to show that the first cohomology group of O (G (k,n)) is a K-vector
space of dimension n, with basis given by the cosets of the derivations Dy, ..., D,, where
D; is the derivation of O,(G(k,n)) defined by

Il ifiel;

0 otherwise.

2 Basic definitions

Throughout the paper, K denotes a field of characteristic zero and ¢ € K is a nonzero
element which is not a root of unity.

The algebra of m x n quantum matrices over K, denoted by O,(M(m,n)), is the
algebra generated over K by mn indeterminates x;;, with 1 <7 < m and 1 < j <n, which

commute with the elements of K and are subject to the relations:

TijTiy = qTyTij, for1<i<m, and1<j<l<n;
TijThj = qTk;jTij, forl1<i<k<m,and1<j<n;
TijThl = TriTij, forl1<k<i<m,and1<j<l<n;

Tijxg — Taxiy = (@ — ¢ Dagzg, for1<i<k<m, and1<j<l<n.

It is well known that O, (M (m,n)) is an iterated Ore extension over K with the x;; added
in lexicographic order. An immediate consequence is that O,(M(m,n)) is a noetherian
domain.

When m = n, the quantum determinant D, is defined by;

Dq = Z (_Q)l(a)xlo’(l) <o+ Tno(n),

where the sum is over all permutations o of {1,...,n}.

The quantum determinant is a central element in the algebra of quantum matrices
Og(M(n,n)).

If I and J are t-element subsets of {1,...,m} and {1,...,n}, respectively, then the
quantum minor [I | J] is defined to be the quantum determinant of the ¢ x ¢ quantum

matrix subalgebra generated by the variables z;; with 7z € I and j € J.



The quantum matrix algebra O (M (m,n)) is a connected N-graded algebra with each

generator x;; given degree one. Note that each ¢ x ¢t quantum minor has degree ¢.

Definition 2.1. Let £ < n. The homogeneous coordinate ring of the k X n quantum grass-
mannian, Oy(G(k,n)) (known informally as the quantum grassmannian) is the subalgebra
of the quantum matrix algebra O,(M (k,n)) that is generated by the k X k quantum minors
of Oy (M(k,n)), see, for example, [2].

A k x k quantum minor of O,(M (k,n)) must use all of the k rows, and so we can specify
the quantum minor by specifying the columns that define it. With this in mind, we will
write [J] for the quantum minor [1,...,%k | J|, for any k-element subset J of {1,...,n}.
Quantum minors of this type are called quantum Plicker coordinates. The quantum grass-
mannian O,(G(k,n)) is a connected N-graded algebra with each quantum Pliicker coordi-
nate given degree one. The set of quantum Pliicker coordinates in O (G (k,n)) is denoted by
II. There is a natural partial order on II defined in the following way: if I = [i; < -+ < ix]
and J = [j; < -+ < ji] then [I] < [J] if and only if i, < j; foreach I = 1,... k. A standard
monomial in the quantum Pliicker coordinates is an expression of the form [/;][ls]. .. [I;]
where [; < I, < --- < [; in this partial order. The set of all standard monomials forms a
vector space basis of O,(G(k,n)) over K, see, for example, [2, Corollary 2.1]. We will re-

fer to the process of rewriting a monomial in terms of standard monomials as straightening.

The quantum grassmannian O,(G(1,n)) is a quantum affine space, and, as such, its
derivations are known, see [1, 1.3.3 Corollaire]; so we will assume throughout this paper
that £ > 1. As O,(G(n—1,n)) = O,(G(1,n)), by [4, Proposition 3.4], we exclude the case
k=n —1 as well. Thus, we will assume throughout the paper that 2 < k <n — 2, and so
n > 4.

Also, it is shown in [4, Proposition 3.4] that O,(G(k,n)) = O,(G(n — k,n)), when
2k < n. In Section 7 we need to assume that 2k < n and the general result is obtained

from this case in Subsection 8.2 by using the isomorphism just mentioned.

3 Derivations for O,(G(k,n)) inherited from O, (M (k,n))

We use the following notation for the delta truth function: if P is a proposition then
d(P) = 1if Pis true, while 6(P) = 0 if P is false. As is traditional, we write d;; for d(i = j)



Recall from [3] that for each column of O,(M(k,n)) there is a derivation that is the
identity on any quantum minor that contains that column, and is zero on the other quantum
minors. These derivations restrict to the subalgebra O, (G(k,n)) to give us n derivations

which we denote by D; for ¢ = 1,...,n. We refer to these derivations as the column
derivations of Oy(G(k,n)).

Lemma 3.1. For each 1 = 1,...,n, there is a derivation D; whose action on quantum
Pliicker coordinates is given by D;([I]) = (i € I)[1].

Proof. This is immediate from the definition of D; as the restriction to O,(G(k,n)) of a
column derivation of O (M (k,n)). O

Corollary 3.2.
1 n
! (z m) (1) = 11,
i=1
for each quantum Pliicker coordinate [I] in Oy (G(k,n)).

Proof. This follows immediately from the previous lemma, as there are k occurences of D;
for which D;([I]) = [{], and otherwise D;([/]) = 0. O

Our main aim in this paper is to prove the following conjecture.

Conjecture 3.3. Let K be a field of characteristic zero and let ¢ be a nonzero element of
K that is not a root of unity. Then every derivation of O,(G(k,n)) can be written as a
linear combination of inner derivations and column derivations . Furthermore, the column

derivations are linearly independent modulo the space generated by the inner derivations.

As a consequence of the truth of this conjecture we identify the first Hochschild coho-

mology group of the quantum grassmannian.

4 The dehomogenisation equality for O,(G(k,n))

In this section, we recall results concerning the dehomogenisation equality that occur in
[4, Section 3]. We refer the reader to that paper for detailed definitions and proofs.

Set w = {1,...,k}. Then [u] commutes with all other quantum Pliicker coordinates up
to a power of ¢, by [4, Lemma 3.1]. As O,(G(k,n)) is generated by the quantum Pliicker

coordinates it follows that the element [u] is a normal element and so we may invert [u] to



obtain the overring T := O,(G(k,n))[[u]™'].
For1<i<kand1<j<n-—k, set

Set p := n — k. The elements z;; generate a subalgebra of 7' that is a quantum matrix
algebra O,(M(k,p)). In fact, T is generated over O,(M (k,p)) by [u]*!, so

T = Oy(G(k,n))[[u] '] = O (M (k, p))[[u]*"; 0],

where ¢ is the automorphism of O, (M (k, p)) defined by o(x;;) := qz;; (since [u]z;; = qz;j[u]
for all 4, 5).
When we operate on the right hand side of this equality, we will write y for [u]. Thus,

yry; = o(z;;)y and

T = Oy(G(k,n))[[u] '] = Oy(M(k, p)ly.y": 0] (1)

We refer to this equality as the dehomogenisation equality. We will make extensive use
of the dehomogenisation equality to transfer derivations from O (M (k,p)) to O,(G(k,n))

and vice-versa.

Note that [4, Lemma 3.2] gives the formula for general quantum minors of the algebra
O,(M(k,p)) when viewed as elements in O,(G(k,n))[[u]!], and each quantum Pliicker

coordinate, multiplied by [u]™!, occurs in the formula. The formula is
) =[{1,...,kP\(k+1 =D U (k+ J)]u]™".
In the reverse direction, for a quantum Pliicker coordinate [L] of O,(G(k,n)), we have
[L] = [Le U Log] = [T | J][4]
where Loy == LN {l,...,k} and Lsy == LN{k+1,...,n}, while I = {(k+ 1) —
({1,...,k}\L<x} and J = L~y — k.
5 Derivations arising via dehomogenisation

The n column derivations D; of O, (G(k,n)) that we have defined in Section 3 satisfy
D;([u]) = [u], for 1 < i < k and D;([u]) =0, for i < k < n; so they extend to n derivations
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D; of T = R[y,y 0] = O,(G(k,n))[u]~" with Di(y) =y, for 1 <i <k, and D;(y) =0 ,
fori < k <n.

We will show that these derivations E of T coincide with extensions of known deriva-
tions of O (M (k,p)) which we now recall from [3].

For 1 < i < k, there are derivations D;, of O, (M (k,p)) defined by D;.(x,s) = 6;r s,
and for 1 < j < p, there are derivations D,; of O,(M(k,p)) defined by D,;(x,s) := d;s%s-
In other words, D;, fixes row ¢ and kills all the other rows of O (M (k,p)), while D,; fixes
column j and kills all other columns of O,(M (k,p)). For these observations, see the com-
ment after [3, Corollary 2.8].

Note that the Leibniz formula for derivations shows that D;.([I | J]) = d6(i € I)[{ | J]
and that D,;([L | J]) =4d(j € J)[I | J] for any quantum minor [I | J] of O,(M (k,p)). The
derivations that we have just defined are not linearly independent: it is easy to check that
Zf:l D = Z§:1 D*j'

We will extend these derivations of O (M (k,p)) to derivations D;, and /5; of T =
O(M(k,p))[y*'; 0] = O4(G(k,n))[u] ™" as follows. For each i = 1,...,k set Du(y) = y
and note that by applying the Leibniz formula for derivatives to 1 = yy~! we obtain
Di(y~') = —y~L. For each j = 1,...,p set lf?\*;(y) = Zf)\*/j(y_l) = 0. These choices for the

action on y are necessary to obtain Corollary 5.2.

In the next proposition, we calculate the effect of the derivations B; and D,; on quan-
tum Pliicker coordinates in O,(G(k,n)).

Proposition 5.1. Let [I] be a quantum Pliicker coordinate in O (G(k,n)) andlet1 <i <k
and 1 < 5 <n—k. Then,

(i) Don([)) = —0(k + 1 —i € I)[I], and

(ii) D.([1]) = 6(k + j € D)[1].

Proof. Write I = I<; U I-y. Then, with A= (k+1) — ({1,...,k}\I<x) and B = I — k,
we see that [I| = [A | Bly.



In case (i),

Di([I) = Du([A|Bly)
= Du([A] Bl)y+[A| BlDi(y)
= o(i e A)J[A|Bly—[A| Bly
= (6(ie A)—1)[]
Notice that A= (k+1) — ({1,...,k}\I<x) = (k+1) — ({1,...,k}\I).
Hence, i € Aif and only if k+1—1¢ ¢ I. It follows that §(i € A)+d0(k+1—iel)=1.
Hence, 6(i € A) — 1= —0(k+ 1 —1i € I), and the result follows.

In case (ii),

D.([1]) =

Note that B = I, — k. Hence, j € B = I, — k if and only if kK 4+ j € I, and the result
follows. o

Corollary 5.2. (i) Dy, = —Dyy1_i, for 1 <i <k, and (ii) Duj = Dysy, for 1 < j <n—k.

Example 5.3. For O,(G(2,4)), we have I?Z = —13;, Dy, = —13/1 and lf)\; = 13/3, D,y =
D..

Remark 5.4. Note, for later use, that

(D1 ++ -+ Dy+ Dypr+- -+ Dip)lo,ge) = —(Di++ -+ D1) + Dypa++ -+ Dy = 0,

while (Dy + -+ + Dy, + Diy1 + -+ + Diyp)(y) = ky.

6 Adjusting derivatives

In cohomology calculations, we can adjust our original derivation by adding or subtracting
derivations that arise as inner derivations. In this section, we consider what can happen

when we do this, or when adjusting by column derivations.
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Let [u] = [1,...,k] and [w] = [n — k + 1,...,n] denote the leftmost and rightmost
quantum Pliicker coordinates of O,(G(k,n)), respectively. For any quantum Pliicker co-
ordinate [I], set d(I) := # (I\(I Nu)) and e(I) := # (I\(I Nw)). This notation is fixed
for the rest of the paper. We will use the commutation relations for [u| and [w] with other
quantum Pliicker coordinates that are described in the following lemma without comment

throughout the paper.

Lemma 6.1. (i) [u][Il] = ¢*D[I][u], and
(it) [w][I] = ¢~ [1][w].

Proof. (i) is proved in [4, Lemma 3.1] and (ii) is proved in [2, Lemma 1.5]. O

If S =[L]...[Iy] is a standard monomial, then set d(S) := > d(I;) and note that each
d(I;) > 0 with d(I;) = 0 if and only if [I;] = [u]. Then, S[u] = ¢?[u]S, and so Su = uS
if and only if d(S) = 0 (in which case S = [u]™).

In any case, note that [u]S is a standard monomial, as [u] is the unique minimal quan-

tum Plucker coordinate.

Recall from Section 2 that O,(G(k,n)) is a graded algebra with each quantum Pliicker

coordinate having degree one.

Lemma 6.2. Let D be a derivation of O (G(k,n)) and suppose that D([I]) = bo+---+ b,
is the homogeneous decomposition of D([I]). Then by = 0.

Proof. Suppose that [I] # [u] and suppose that D([u]) = ag + - - - + a, is the homogeneous
decomposition of D([u]). Let d = d([I]) and note that d > 0 so that ¢ # 1. By applying
D to the equation [u][I] = ¢?[I][u], we obtain

D([u])[1] + [wlD([1]) = ¢"D([I]) [u] + ¢°[[]D([u]).
Examination of the terms in degree one in this equation reveals that
aol1] + bo[u] = ¢"bo[u] + ¢”aI],
from which it follows that ay = ¢%ay and by = ¢%by. Then ag = by = 0, as ¢¢ # 1. O

The following lemma is deduced from results in [5]. In the proof of the lemma, we use

the notation developed in that paper without further explanation.



Lemma 6.3. Letv ={1,...,k—1,k+1} and let [a] > [v] in the standard order on quantum
Pliicker coordinates. Sett := |a\(vNa)| and note thatt > 0. Then [v][a] = ¢'[a][v] modulo

{u).
Proof. There is an isomorphism

O,(G(k,n))
(u)
where o(x;;) = qz;; for the generators z;; of the partition subalgebra Y), see [5, Theorem
9.17]. If [I | J],~1 is a t x ¢ pseudo quantum minor in Yy then Y[I | J],-1 = ¢'[I | J],1Y".

v [0]71] — O (Va)) Y1 0]

Let a € IT\{u, v} and set ¢t := |a\v|. Then
V@v ) = AT | Ty

for some 8 € K, and t x t pseudo quantum minor [/ | J],-1, by [5, Theorem 9.17].

Hence,
U(wa) = ¥@)¥(av ¥ ()
= YBI | J]Y
= qtﬂ[f | J]q*1Y2
= ¢'V(av )V ([@?)
= ¢'¥U(a)
and so va = ¢'a v, as required. O

Definition 6.4. Suppose that a = > _;_, a;S; is an expression for an element a € O,(G(k,n))
in terms of standard monomials S; and that each a; is nonzero. Then the support of a,
written Supp(a), is defined to be {S; | i =1,...,s}.

Lemma 6.5. Let D be a derivation on O,(G(k,n)). Then,

(i) there are no standard monomials of the form [I;]*[I2]* ... [[,])*, with I, # u and
> a; >0, occurring in Supp(D[ul);

(ii) there are no standard monomials of the form [I1]“[I5]°2 ... [L,]*", with I, # w and

> a; >0, occurring in Supp(D[w]).

Proof. (i) The proof is by contradiction, so suppose that such a standard monomial exists.
Without loss of generality, we may assume that Iy = v = {1,...,k — 1,k + 1} as we are
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allowing the possibility that some a; = 0. As u and v differ only in one value, we know
that [u][v] = g[v][u].
Apply D to the equation [u][v] = ¢[v][u] to obtain

D([u])[v] + [u] D([v]) = ¢D([v])[u] + q[v] D([u]).

Suppose that D([u]) = >, a;S; + ., a;S; where ; € K and the S;,S; are standard
monomials such that [u] does not occur in the S;, but does occur in the S;. Also, suppose
that D([v]) = >_; B;1; where 3; € K and the T; are standard monomials. Then

D @Sl + ) aSikl+ ) Blully =3 afTlul+ ) aillSi+ Y aolls,

Now, S;[v] = ¢ *[v]S; modulo (u) for some ¢; > 0, by Lemma 6.3 (we allow zero as it
might be that S; is a power of [v].).
The image of the above equation in O,(G(k,n))/ ([u]) gives

Z g ieuv] S; = Z qoi[v] S;

or,

> (a7 = q)afv] S = 0.

Now, O,(G(k,n))/ ([u]) is the quantum Schubert variety determined by the quantum
Pliicker coordinate [v] (see [6] for the definition of quantum Schubert varieties in the
quantum grassmannian). As such, O,(G(k,n))/ ([u]) has a basis consisting of the images
of the standard monomials in O,(G(k,n)) that do not involve [u], see [6, Example 2.1.3].
Consequently, each (¢7" — ¢)a; in the equation above is equal to zero. As at least one o
is nonzero, this gives ¢~% — ¢ = 0, for that 7, which is a contradiction as ¢ is not a root of
unity and ¢; > 0.

(ii) Follows in a similar fashion. O

The next corollary follows immediately from the previous lemma.

Corollary 6.6. Let D be a derivation of Oy(G(k,n)). Suppose that D([u]) = a;+---+as is
the homogeneous decomposition of D([u]) and that D([w]) = by+- - -+, is the homogeneous
decomposition of D([w]). Then ay is a scalar multiple of [u] and by is a scalar multiple of

[w].
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In order to prove Conjecture 3.3, we will start by showing that we can adjust an ar-
bitrary derivation D by adding or subtracting derivations coming from the derivations
mentioned in the conjecture (column derivations and inner derivations) so that the ad-
justed derivation, which we will continue to denote by D, satisfies D([u]) = D([w]) = 0.
This will enable us to transfer the study of D into a quantum matrix problem by using
the dehomogenisation equality. We show that we can make this adjustment in a number

of steps that demonstrate how to remove standard monomials that occur in D([u]) (and

D([w])).

As a result of Lemma 6.5, any standard monomial that occurs in the support of D([u])
must start with [u]. Similarly, any standard monomial that occurs in the support of D([w])
must finish with [w].

The next lemma shows that, by adjusting D by suitable inner derivations, we can re-

move terms of D([u]) that are not of the form afu|* for values of a > 1.

Lemma 6.7. Suppose that S = [u]®[[;]*[[5]% ... [[,,]> is a standard monomial with [v] <
] and >, b; > 0, while a > 1. Let D be a derivation of O (G(k,n)) and suppose
that S occurs in the support of D([u]) with nonzero scalar coefficient o. Set d := d(S) =
bid(Iy)+- - +b,d(I,) and set z := q,g‘fl[u]“_l[h]bl [I]%2 ... [L,]. Also, set D' := D—ad.,.
Then

Supp(D'([u])) = Supp(D([u]))\{5}-
Proof. Note that d > 0, so ¢~ — 1 # 0. We calculate

ad,([u]) = zu—wuz
= q_da_ [ ([ B (L] ] = [l (L) (D] [a))
= qda_ (T P R] ) = [l () [B] () )
= g (@ = D 1))
= aS
It follows that Supp(D’'([u])) = Supp(D([u]))\{S}, as required. O

Corollary 6.8. Let D be a derivation of Oy(G(k,n)). Then there is a derivation D' such
that D" — D is a sum of inner derivations and such that the homogeneous terms of D'([u])
are of the form \,[u]* fora > 1 and o, € K.
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Proof. Lemma 6.5 shows that Supp(D([u])) has no terms whose standard monomials do
not begin with [u|. By using Lemma 6.7 an appropriate number of times, we can remove
terms in Supp(D([u])) that involve [u] and at least one other quantum Pliicker coordinate
by adjusting by suitable inner derivations. What remains is a derivation D’ whose support

only involves terms of the form [u]®. O

Our next task is to show that we can adjust further, if necessary, to see that we can

reduce to a = 1 being the only possibility.

Lemma 6.9. Suppose that D is a derivation of Oy(G(k,n)) such that [u]**[w] occurs in
Supp(D([w])) with a > 1. Then there is a derivation D" of O,(G(k,n)) such that D' — D s
an inner deriwation and D'([u]) = D([u]) while Supp(D’([w])) = Supp(D([w]))\[u]**[w].

Proof. Suppose that [u]*~[w] occurs in Supp(D([w]), say with nonzero coefficient 3. Now,
adpye-1 ([w]) = [u]* w]—[w][u]*~! = (1—¢~ @ @=D)[y]*~[w], and note that 1—g =91 o
0, as both d(w) and a — 1 are nonzero and ¢ is not a root of unity. Set D' := D —
B(1 — g4 e=)=ad ja-1. Then D'([u]) = D([u]), as adpe—1([u]) = 0. Also, D'([w])
D) = AL = ¢4 D)tady o s (fu]) = D([w]) — Bl ful, so that Supp(D/([u])) =
Supp(D([w]))\[u]*"![w], as required. O

The following corollary now follows by applying the previous lemma an appropriate

number of times.

Corollary 6.10. Let D be a derivation of Oy(G(k,n)). Then there is a derivation D" of
O,(G(k,n)) such that D' — D is a sum of inner derivations, D'([u]) = D([u]) and such
that there are no terms of the form [u]*~{w] with a > 1 occuring in Supp(D([w])).

Lemma 6.11. Let D be a derivation of Oy(G(k,n)) such that D([u]) = 3 N[u]® for some
\i € K and suppose that no terms of the form [u]**[w] with a > 1 occur in Supp(D([w])).
Then D([u]) = Ai[u].

Proof. Suppose that D([w]) = > £;S; for some standard monomials S; and 0 # f; € K
and note that there is no S; such that S; = [u]*~![w] for any a > 1, by assumption. Apply
D to the equation [u][w] = ¢ [w][u] to obtain

D([u)[w] + [u] D([w]) = ¢"* D([w])[u] + " [w] D([u]).

Hence,
SNl ] + > BiulSi =Y g™ BiSiul + > g N w][u]’
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and so

> Nl fw] + ) BilulSi =Y g 0B ]Sy 4+ g\ ] ).

The terms in this equation are all scalar multiples of standard monomials. Consider the
occurences of the standard monomial [u]®[w] for a given a > 1. If [u|S; = [u]*[w] then
S; = [u]*'w], which does not occur, by assumption. Hence, the second term on the
left side of this equation and the first term on the right side do not contain [u]*[w]. It
follows that A, [u]*[w] = ¢4\ [u]?[w], and this forces A\ (1 — ¢}=¥4®)) = 0. Now,
(1 —a)d(w) #0, as a # 1 so (1 — ¢g=24®)) £ 0. Hence, \, = 0. As this is true for all

a > 1, we obtain the required result. [

Recall from Lemma 3.1 that D; is the column derivation defined by D;([I]) = (1 €

I)[I] for each quantum Pliicker coordinate [I].

Corollary 6.12. Let D be a derivation of Oy (G(k,n)) such that D([u]) = Au] for some
X € K and suppose that no terms of the form [u]® *[w] with a > 1 occur in Supp(D([w])).
Then there is a derivation D' of D such that the following hold:

(1) D'([u]) = 0;

(ii) D' — D = AD;;

(iii) there are no terms of the form [u]* *|w] with a > 1 that occur in Supp(D'([w])).

Proof. Note that D;([u]) = Dy([1,...,k]) = [u] and Dyi([w]) = Di([n—k+1,...,n]) =0
as 1 <n—k+1. Set D' = D — Dy so that D'([u]) = D([u]) — AD1([u]) = Au] — Au] =0
Also, D'([w]) = D([w]) — AD1([w]) = D([w]); so no terms of the form [u]*![w] with a > 1
occur in Supp(D([w])). O

Y

Lemma 6.13. Let D be a derivation of Oy(G(k,n)) with the following properties:

(1) D([u)) =0,
(i) Supp(D([w])) contains no term of the form [u]*~[w] for a > 1.
Then D([w]) = afw] for some a € K.

Proof. Recall, from Lemma 6.5, that [w] must occur in any standard monomial contained in
Supp(D([w])). Suppose that S = [u]*[[;]% ... [[,]*"[w]® € Supp(D([w])) with u < I, and
I, < w while a,a; > 0,b > 0. Suppose that S occurs in D([w]) with nonzero coefficient
a € K. Note that d(I;) > 0 for each i. Apply D to the equation [u][w] = ¢¥*)[w][u],
remembering that D([u]) = 0, to obtain

[u] D([w]) = ¢™*D([w])[u]
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Examination of the standard monomials of the form [u]S in this equation reveals that

alul O] L] W] = aq™ W] [L) . L) [w] ]

_ aqd(w)—(d(w)b+a1d(11)+~~-+amd(1m))[u]a—i—l[jl]al o [[m]am [w]b'

As ¢ is not a root of unity, the only possibility is that the power of ¢ on the right hand side
is ¢°, and this is only possible for b = 1 and a; = --- = a,, = 0. Thus the only possible
terms in Supp(D[w]) are of the form [u]*[w]. Taking into account condition (ii) in the

statement of the lemma, we see that a > 0 is not allowed, so D[w] = a|w], as required. [

Recall from Lemma 3.1 that there are column derivations D;, for i = 1,...,n such that
D;([1]) = 6(i € I)[I] for each quantum Pliicker coordinate [/]. The results of this section

are summarised in the following proposition.

Proposition 6.14. Let D be a derwation of Oy(G(k,n)). Then there is a derivation D’
of Oy(G(k,n)) with D'([u]) = D'([w]) = 0 and such that (D" — D) is a linear combination
of derivations of the form ad,, with z € Oy (G(k,n)), and column derivations D; for i =

1,...,n.

Proof. We know the following facts hold for any derivation D of O,(G(k,n)) and so will
hold for the any derivation that occurs when we adjust a given derivation by adding or
subtracting inner derivations and scalar multiples of the D;: (i) the degree zero parts of
D([u]) and D([w]) are both zero, see Lemma 6.2; (ii) the degree one part of D([u]) is a
scalar multiple of [u] and, similarly, the degree one part of D([w]) is a scalar multiple of
[w], see Corollary 6.6; (iii) any standard monomial occurring in the support of D([u]) must
start with at least one occurrence of [u] and, similarly, any standard monomial occurring
in the support of D([w]) must end with at least one occurrence of [w], see Lemma 6.5.

Let D be an arbitrary derivation of O,(G(k,n)). By Corollary 6.8 there is a derivation
DW of O,(G(k,n)) such that DU — D is a sum of inner derivations and such that the
homogeneous terms of D™ ([u]) are of the form A\,[u]® for a > 1 and «, € K.

By Corollary 6.10 there is a derivation D® of O,(G(k,n)) such that D@ — DW is a
sum of inner derivations, the homogeneous terms of D ([u]) = DW([u]) are of the form
Aa[u]® for a > 1 and o, € K and such that there are no terms of the form [u]*~*[w] with
a > 1 occur in Supp(D®([w])). By Lemma 6.11, D@ ([u]) = A[u] for some \ € K.

Set D® := D@ — AD;. Then D®([u]) = 0 while D®([w]) = D@ ([w]) — AD;([w]) =
D@ ([w]), as Di([w]) = 0. Hence, there are no terms of the form [u]*~![w] with @ > 1 in
D) ([w]). Tt follows from Lemma 6.13 that D®([w]) = afw] for some a € K.
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Finally, set D' := D® —aD,,. Then D'([u]) = D®[u] =0, as D,,([u]) = 0 and D’([w]) =
D®)([w]) — aD,([w]) = 0. The passage from D to D’ via DM D@ DG only involves
adjustments by adding or subtracting derivations of the form ad,, with z € O,(G(k,n)),

and D; for i = 1,...,n at each stage, so the required result follows. O

7 Transferring derivations of O,(G(k,n)) to O,(M(k,p))

Throughout this section, we assume that 2k < n.

Recall the dehomogenisation equality from Section 4
T = Oy(G(k,n))[[u] 7] = Oy (M (k,p)) [y, y~"; 0.

Given a derivation D of O,(G(k,n)) with D([u]) = D(w]) = 0, we may extend D
to T by setting D([u]™') = 0 and then transfer, via the dehomogenisation equality, to
O,(M(k,p)y,y~*; o]. We then know that D(y) = D([u]) = 0. We retain the notation D

for this extension to 7.

Recall that in Section 4 we set R := O, (M (k,p)) where p = n — k. The quantum

matrix generators x;; of R were defined in Section 4:
zyi=[l.. k+t1—i .. kj+kueT

Our aim in this section is to show that D(R) C R for such a derivation D. We will use
a pair of gradings of 7' that were developed in [4, Section 6] to discuss a similar result for

certain automorphisms of O,(G(k,n)).

As 2k < n, we know that £k < n — k = p and so R has at least k columns and
the quantum minor [/ | J] :=[1...k | p+1—Fk,...,p| € R is defined (we are using
all the rows of R = O (M (k,p)) and the last k columns). As noted in [4, Lemma 6.1],
x| J] =q[l | J]x;; when j < p+1—k while z;;[I | J] =[I | J]z;; when j > p+1—k.

As a consequence, [I | J] is a normal element in R and also in 7T

Lemma 7.1. Let D be a deriwation of O,(G(k,n)), where 2k < n, with D([u]) = D(Jw]) =
0. Let [I'| J] be defined as in the previous paragraph. Then D([I | J]) = 0.

Proof. The discussion at the end of Section 4 shows that
I J)=[p+1...n)1.. K" =wu
and so D([I | J]) = D([w][u]™*) = 0. O
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Also, we can calculate how [I | J] commutes with [u] = [1...k]. Note that k <
n—k+1=p+1, as 2k < n. Thus the index sets {1,...,k} and {p+ 1,...,n} do not

overlap, and
[W][1] J] = [ul[w]fu] ™ = ¢*[w][u][u]™" = ¢"[w][u] ™ [u] = ¢"[ | J] [u],

where the second equality comes from Lemma 6.1.

The two gradings that were used in [4, Section 6] are defined by considering how ele-

ments of 7' commute with y = [u] and with [ | J].

Weset T = {a € T | yay~ = gi'a} and T = {a € T | [I | J]a[I | J]™* = ¢~}

Lemma 7.2. (1) T =", T;

(ii) T = @z‘:z T
(i5) (TOUTOYNT, C O (M(k,p)) = R

Proof. These results are established in [4, Lemma 6.2(i), Lemma 6.3(i), Lemma 6.4] [

Theorem 7.3. Suppose that 2k < n and that D is a derivation of Oy (G(k,n)) such that
D([u]) = D(Jw]) = 0. Then D(R) C R.

Proof. 1t is enough to show that D(x;;) € R for each generator z;; of R.

Note that z;; € (T UTW)NTy. This claim follows from the commutation rules given
in [4, Lemma 6.1] and the fact that yz;; = qz,;y.

Let a € Ti. Then ya = gay. Apply D to this equation, noting that D(y) = 0,
to obtain yD(a) = ¢D(a)y so that D(T}) C T). Similar calculations, using the fact
that D([I | J]) = 0 show that D(T©®) C T and D(TW) C TM. It follows that
D(zy;) CD((TOUTO)NT) C(TOUTH)YNT, CR.

As D takes each generator x;; of R into R, we see that D(R) C R, as required. [

8 The main theorem

Recall that we are assuming that K is a field of characteristic zero and that ¢ € K is a
nonzero element that is not a root of unity. We are also assuming that k # 1, as in this
case the quantum grassmannian is a quantum affine space, where the results are known,
see [1]. As O,(G(n — 1,n)) =2 O,(G(1,n)), we exclude this case as well. Thus, we are
assuming that 2 < k <n — 2.
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In this section, we prove Conjecture 3.3. The proof proceeds by first analysing the case
where 2k < n. The general case is then obtained by using the isomorphism O,(G(k,n)) =
O,(G(n —k,n)). In order to avoid breaking the flow of the main result, we relegate to an
appendix a discussion concerning homogeneous derivations on non-square quantum matri-

ces that we use in obtaining the truth of the conjecture in the case where 2k < n.

In this section, in order to make reading easier, we will use § to denote an arbitrary

derivative.

8.1 The case where 2k <n

In this subsection we consider O,(G(k,n)) in the case that 2k < n. In this case, the
dehomogenisation equality is:

Oy(G(k,n)[[u] '] = T = Oy(M(k, p))ly.y " 0],

where p =n — k. We set R := O (M (k,p)).

When 2k = n so that R = O,(M(k, k)), it is well known that the centre of R is K[D,],
where D, is the quantum determinant of O, (M (k, k)). It is also well known that when
2k < n, so that R is non-square, the centre of R is K. We also recall that the centre of
O,(G(k,n)) is always reduced to scalars. This follows easily from the basis of standard
monomials by first observing that an element is central in O,(G(k,n)) if and only if all
the standard monomials in its support are central, and next by noting that there are no
nontrivial central standard monomials since the only standard monomial commuting with

both [u] and [w] are scalars by Lemma 6.1.

Proposition 8.1. Assume that 2k < n. Then any derivation § of O,(G(k,n)), is equal,
modulo inner derivations, to a linear combination of D,...,D,. Furthermore, these n

deriwations are linearly independent modulo the inner derivations.

Proof. We use the same notation 0 for the extension to T. After possibly adjusting ¢
by inner derivations and linear combinations of Dy, ..., D, we may assume that §(y) =
d([u]) = d(Jw]) = 0, by Proposition 6.14, and then 6(R) C R, by Theorem 7.3. Apply J to

the equation yx;; = qx;;y to obtain
yo(zij) = qo(wis)y.
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Given this equation and the fact that 6(R) C R, we conclude that 6(z;;) is homogeneous

of degree one.

In order to prove the first claim, we consider the two cases (i) 2k = n and (ii) 2k < n
separately in order to show the subclaim that 0|z can be written as a linear combination
of the row and column derivations D;,, D,; of the quantum matrix algebra R introduced

in Section 5.

Subclaim: Case (i). First, suppose that 2k = n, so that £ = n — k. In this case,
R = O,(M(k,k)), and so R is a square quantum matrix algebra and the centre of R is
K[D,], where D, is the quantum determinant of O (M (k, k)).

By [3, Theorem 2.9], there are polynomials Pi,..., P, Q1,...,Qr € K[D,| and an
element z € R such that

k n—=k
d|r =ad, + ZpiDi* + ZQjD*j7
i=1 j=1
where D, D,; are the row and column derivations of I introduced in Section 5.

Let a; be the constant term in P; and b; be the constant term in ;. Then

k n—k
d(zps) — (Z a;Di(x,5) + Z bjD*j(wTS))

i=1 Jj=1

N

n—

k
= 2ZTps — TpsZ + Z(Pz - ai)Di*(x’rs) + (Q] - bj)D*j(xTS)
=1

.
Il
A

for all r,s. The terms on the left side of this equation all have degree one, whereas the
terms on the right hand side have degree greater than one, because zx,s — z,s2 has no

degree zero or degree one terms.

It follows that both sides are zero, and so d|g = Zle a; D, + Z;‘;f b;D,;, which es-
tablishes the subclaim in the case that 2k = n.

Subclaim: Case (ii). Next, suppose that 2k < n. In this case, R = O,(M(k,p)),
where p =n—k > k and so R is a non-square quantum matrix algebra with more columns
than rows, and the centre of R is K. The proof of this case is substantially more compli-
cated than that of Case (i) due to the fact that [3, Theorem 2.9] only covers derivations for
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square quantum matrices. To avoid disturbing the flow of the proof of this Proposition, the

proof of this subclaim is treated in the appendix and finally established in Proposition A.6.
Having established the subclaim, we revert to the condition that 2k < n.
By using Corollary 5.2 we see that
k n—k
(S’R = ZQZDZ* + ijD*j =
i=1 j=1
Set 6 = — S a;D; + Z;:f bjﬁ;;:j, so that d|p = g|R. Note that 6(y) = —(Zle a;)y, as

b:(y) =yfori=1,... k, while l/);:](y) =0for j=1,...,n—k. Recall from Remark 5.4
that > " | D; acts trivially on R, while > | D;(y) = ky.

IIM?r

n—=k .
Z i Di+j) IR -
j=1

Set § 1= (% ZZ 1 az> <ZZ . D ) Then, for all 7 and s, we have (g+ g) (2rs) = 0(2ps)+

§(rs) = 8(ys) +0 = 8(ys), while (3+3) (y) = 8(y) +3(y) = ~(X ay+ (: i) (ky) =
0=4(y). As § and 540 agree on the generating set x;;,y, they are equal as derivatives.

For the proof of the second part, suppose that

adz + Zn: aiDi =0
=1

for some z € Oy(G(k,n)) and a; € K. Thus, ad,([{]) + >, a;0(i € I)[I] = 0 for each
quantum Pliicker coordinate [I] € O,(G(k,n)). The first term has no components in de-
gree one and the other terms are all in degree one, so we deduce that ad,([I]) = 0 for each
quantum Pliicker coordinate [I] € Oy(G(k,n)) so that ad, = 0. Thus Y, a;D; = 0.

Forr=1,...,n+1—kset [[,]:=][1,...,k—1,k—1+r], and observe that

0= Z a; D[1] = ((ar + - - + ap—1) + ag—14-) [1;]
i=1
Thus, (a;+- - +ag_1)+ag_14 = 0 for each of these values of r. It follows that ay = a1 =
-+ = a,. In a similar manner, set [J,] :=[n—k+1—r,n—k+2,... ,nJforr=20,... n—k

to observe that a, g1, + (@p_s2 + -+ + a,) = 0 for these values of r. It follows that

a; = -+ = a,_k+1- These two ranges of values must overlap, or else n — k + 1 < k so that
n+1 < 2k < n, a contradiction. Thus, a; = as = --- = a,, and from this and Corollary
3.2 it follows that each a; = 0. O
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8.2 The general case

We have now proved our conjecture for O,(G(k,n)) in the case where 2k < n. In order to
remove this restriction, we use the fact that O,(G(k,n)) = O,(G(n —k,n)), see, for exam-
ple, [4, Proposition 3.1]. We will use D to distinguish derivations of O,(G(n — k,n)) from
derivations of O,(G(k,n)). Let ¥ : O, (G(k,n)) — O (G(n — k,n)) be the automorphism
of [4, Proposition 3.1]; so that ¢([I]) = [wo( )] for each quantum Pliicker coordinate [I] of
O,(G(k,n)), where I:= {1,...,n}\I and wy is the longest element of the symmetric group
S,. Let D be a derivation of O,(G(k,n)). Tt is easy to check that ¥ Dy~ is a derivation
of O,(G(n — k,n)). Similarly, if D is a derivation of O,(G(n — k,n)) then ¢y "1D1 is a
derivation of O,(G(k,n)).

Recall that we have the derivations D; of O,(G(k,n)) for i = 1,...,n, with D;([{]) =
(i € I)[I], and similarly we have derivations D; of O,(G(n — k,n)) for j =1,...,n.

For each i, we need to see how ¢ D;1h~! acts as a derivation on O,(G(n—k,n)) in terms
of the D;.

Note from Corollary 3.2 that —- (22:1 E) ([J]) = [J] for each quantum Pliicker
coordinate [J] € O,(G(n — k,n))

Lemma 8.2.
_ 1 " _
VD T _ m (Z Dj> — Dwo(i)
j=1

Proof. Let [J] be a quantum Pliicker coordinate in O,(G(n — k,n)) and suppose that
[J] = ¢([1]) = [wo(I)] for a quantum Pliicker coordinate [I] of O,(G(k,n)).

Before we do the calculation of 1 D;2p~1, note the following evaluation of a truth func-
tion:

~ ~

diel)=1—-0(t€el)=1—0wo(i) € we(l)) =1—9(wo(7) € J).
We obtain

vD N ([J]) = ¢Dy([I]) = (d(i € I)[1]) = d(i € I)|J]
= (1=0(w(i) € J))[J] = [J] =

as required. H

21



We can now obtain our main theorem without any restriction other than 1 < £ < n—1.
Given that we have proved the conjecture in the case that 2k < n, it is enough to prove
the result for O,(G(n — k,n)) when 2k < n.

Proposition 8.3. Assume that 2k < n. In O,(G(n—k,n)) any derivation is equal, modulo
inner derivations, to a linear combination of D1, ..., D,. Furthermore, these n derivations

are linearly independent modulo the inner derivations.

Proof. Let D be a derivation on O,(G(n—k,n)). Then ¢y~' Dt is a derivation on O, (G(k,n)).
Hence,

Y ' Dy =ad. + Y a;D;
=1

for some z € O (G(k,n)) and a; € K, by Proposition 8.1.
Therefore,

o n - n 1 n e o
D = adw(z) + Z CLZ'(ﬁDz'Lb 1 = ad¢(z) —+ Z a; {m (Z D]> — Dwo(i)} s
i=1 i=1 j=1

and the first claim follows.
The proof of the second part follows in the same way as for the second part of Propo-
sition 8.1. O]

We are now ready to state and prove our main result.

Theorem 8.4. Let 2 < k < n — 2. Then any derivation of O,(G(k,n)) is equal, modulo
inner derivations, to a linear combination of D1, ..., D,. Furthermore, these n derivations

are linearly independent modulo the inner derivations.

Proof. The result in the case that 2k < n has been established in Proposition 8.1; so
suppose that 2k > n. Set ¥ := n — k then 2K’ < nand n — k' = k. As 2K < n,
the result holds for O,(G(k’,n)). It then follows that the result holds for O,(G(k,n)) =
O,(G(n —k',n)), by using Proposition 8.3. O

Recall that the Hochschild cohomology group in degree one of a ring R denoted by
HH'(R), is defined by:
HH'(R) := Der(R)/InnDer(R),
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where InnDer(R) := {ad, | z € R} is the Lie algebra of inner derivations of R. It is well
known that HH'(R) is a module over HH’(R) := Z(R).

The following corollary is immediate from the above theorem.

Corollary 8.5. Let 2 < k < n—2. The first Hochschild cohomology group of the quantum
grassmannian, HH'(O,(G(k,n))) is an n-dimensional vector space over K with basis (the
cosets of ) Dy, ..., D,.

A Derivations on non-square quantum matrices

In this appendix, we prove Case (ii) of the Subclaim in the proof of Proposition 8.1.
To be more specific, in Case (ii) of the Subclaim, we are dealing with a derivation of
O,(M(k,p)), where k < p, that arises, via the dehomogenisation equality, from a derivation
D of O,(G(k,n)) that has the following properties: (i) D([u]) = D([w]) = 0; (ii) D is a
homogeneous derivative of O (M (k,p)). As a consequence of Lemma 7.1, the first condition
implies that the derivative D acts trivially on the rightmost quantum minor of O,(M (k, p)).

Hence, with a change of notation, throughout this appendix, we assume that we are
considering derivations on O,(M(m,n)) where m < n and that we have a derivation D
acting on O, (M (m,n)) with the following properties:

(i) the derivation D is homogeneous; that is, all terms appearing non-trivially in D(z,)
have degree one.

(ii)) D([1,...,m|n+1—=m,...,n]) =0.

The aim in this appendix is to show that such a derivation can be written as a lin-
ear combination of the row and column derivations D;, and D,; that were introduced in

Section 5. With this in mind, we fix the following notation.

Notation A.1. Throughout the appendix, B denotes the quantum matrix subalgebra of
O,(M(m,n)) generated by x,s in the first n —m columns of O,(M(m,n)) and C' denotes
the square quantum matrix subalgebra of O,(M(m,n)) generated by the x,s in the final
m columns. The quantum determinant of C'is [/ | J] :=[1,...,m|n—m+1,...,n] and
[I| J] is in the centre of C.
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A.1 Action of derivations on first m columns of O,(M(m,n))

Lemma A.2. Use Notation A.1. Let D be a derivation on Oy(M(m,n)) such that D(x;;)
is homogeneous of degree one for all x;; and suppose that D([I | J]) =0. Then D(B) C B

Proof. 1t is enough to show that D(xz;;) € B for j < m. For such an x;; suppose that

D(x;;) = > r<m Grstys With a,s € K. Now, x;[L | J] = ¢q[{ | J]xi;, by [4, Lemma 6.1(ii)].
s<n

Apply D to this equation, noting that D([I | J]) = 0, to obtain

Y anan[l 1=l |J] Y ana.

1<r<m 1<r<m
1<s<n 1<s<n

As [l | J] = q[I | J]zys when s < m, and 5[] | J| = [I | J]z,s for s > m, this gives

Z(l - q)arsxrs[] | ‘]] =0

r<m
s>m

and it follows that a,; = 0 when s > m, so that D(x;;) € B, as required.

A.2 We can adjust D so that D is trivial on C

Lemma A.3. Use Notation A.1. Let D be a derivation on Oy (M (m,n)) such that D(z;)
is homogeneous of degree one for all x;; and suppose that D([I | J]) =0. Then D(C) C C.

Proof. This is proved in a similar manner to the proof of Lemma A.2; using the fact that
x; commutes with [1 | J] for x in C.
0

We now show that we can adjust D by row and column derivations so that the adjusted

derivation acts trivially on C.

Lemma A.4. Use Notation A.1. Let D be a derivation on Oy (M (m,n)) such that D(x,)
is homogeneous of degree one for all x,.s and suppose that D([I | J]) = 0. There is a
homogeneous derivation D' of O,(M(m,n)) with D'|c = 0 and D'(B) C B such that
D" — D is a linear combination of D, fori=1,...,m, and D,;, forn—m+1<j <n,

the row and column derivations of O (M (m,n)) introduced in Section 5.

Proof. Note that D(C) C C, by Lemma A.3. Set Y := [I | J], the quantum determinant
of C. By [3, Theorem 2.9], there are polynomials P, ..., Py, Qn_m+1,-..,Qn € K[Y] and
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an element z € C such that

D|C—ad _'_ZPD’L*‘C—i_ Z Q] *]‘C

j=n—m+1

Let s >n —m+ 1 so that z,, € C. Then

D’C’(xrs) - ad xrs +ZPD1*‘C -Trs Z Q] *]|C -Trs)

=1 Jj=n—m+1

Let a; be the constant term in P; and b; be the constant term in (); so that

D’C xrs ZazDz*‘C */Ers Z bjD*j‘C(xTS)

j=n—m+1
n

= ZTyps — Tpgk + Z — a; Dz*|C(x7's) + Z (Q] - bj)D*j‘C(mrs)~
j=n—m+1
As D(z,s) is homogeneous of degree one, the terms on the left hand side of the equation all
have degree one, whereas the nonzero terms on the right hand side all have degree greater

than one. It follows that both sides are zero and so

D|C xrs ZazDz*|C Irs Z bjD*j|C(xrs)

i=n—m+1

Set
=D-— ZaDz*—l— Z b;D.;.
i=n—m+1
Then D'|c = 0. Note that D’ is a homogeneous derivation as D, D;, and D,; are all
homogeneous. Lemma A.2 shows that D'(B) C B.
O]

A.3 Derivatives column by column

Let €1,...,€6, and €, ..., €, be the standard bases for Z™ and Z", respectively. The quan-
tum matrix algebra O,(M (m,n)) has a natural Z™ x Z™ bigrading defined by giving each
x,s bidegree, also called bicontent, (e,,€.). Observe that any quantum minor [U | V] is
homogeneous of bidegree (xu, xi/), where xs (respectively x’) stands for the characteris-
tic function of a subset S of {1,...,m} (respectively, of {1,...,n}). If the bidegree of a

homogeneous element is (., x.), we refer to x, as the row content of the element and y.
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as the column content of the element. The main use of the notion of content will be that
in any equation of the form P = @), the terms of the same bicontent on each side of the

equation must be equal.

We consider O, (M (m,n)) with m < n and assume that we have a homogeneous deriva-
tion D that acts trivially on C' and that D(B) C B.

Lemma A.5. Use Notation A.1. Let D be a derivation on Oy (M (m,n)) such that D(z;)
is homogeneous of degree one for all ;. and that D(C') = 0.Then D is a linear combination
of Dyp, fork=1,...,n—m.

Proof. Let xy € B,sothat 1 <i<mand 1<k <n—m. As D(B) C B, by Lemma A.2,

we can write

D(xy) = Z a®y,,.

1<r<m
1<s<n—m

for some a'® € K. Our first aim is to show that a!*) = 0 whenever r # 4 so that

D(zy) = Z agk)xis.

1<s<n—m

Set | :=n —m+ 1. Choose any j < ¢. Note that z;yz;; = zizip. As z;; € C' we know

that D(x) = 0 so that when we apply the derivative D to this equation, we obtain

a’g‘s )xrsle = a1(ﬂs )xﬂﬂ?rs

1<r<m 1<r<m
1<s<l 1<s<l

or,

ik
g afﬂs ) (Trstji — xj0s) = 0.
1<r<m
1<s<l

Consider terms in this equation with bicontent (2¢;; €, + ¢) (which from now on we also

denote by (7, 7;$,1) to ease notation) to see that
ik
Z agzs ) (jszj — xjxjs) = 0.
1<s<l

As s < [ this gives
> al (q — Vs =0,

1<s<«l
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From which it follows that aysk) = 0 for all s when j < 1.

Next, choose any j > i. As D(z;;) € B, write

D(xj) = Z aiP,.,.

1<r<m
1<s<l

Apply D to the equation xyx; — xjzi = qryzjr (where ¢ := ¢ — ¢~'), noting that
D(z.) =0 as z, € C, to obtain

> oz = Y aWPaue. =g [ Y aln, ®

1<r<m 1<r<m 1<r<m
1<s<l 1<s<l 1<s<l

Look at terms with bicontent (7, 7;s,[) in Equation (2). There are no such terms on the

right hand side, as ¢ occurs as a row index and ¢ # 7, while on the left hand side we get

such terms when r = j. Hence, ag-isk)xjsxﬂ — ag-ik):cﬂxjs = 0, for each s. As s < [ this gives

(q — 1)a§.ik)xj$le = 0 and so agik) = 0, for all s and each j > i. As we already know that
a§ik) = 0 for all s when j < ¢ this gives
D(:Czk> = Z agik)$is,

1<s<l

for 1 <i < m as required.

Fix k, with 1 < k < [, and 7 > 1. Apply the derivative D to the equation x,x; —
T, = q X1, using the expressions we have just derived, to obtain
Y aiaan = Y P eae, =3 Y afPeua, (3)
1<s<l 1<s<l 1<s<l
Look at terms with content (1, j; s,1) in Equation (3) for fixed s. On the left hand side we
have aglsk)xlsxﬂ — aglsk)lexls and this is equal to E]\aglsk)x”xjs. On the right hand side we

(jk)xllxjs. It follows that a%k) = agk) for each s with 1 < s <[, so that

have g ajg
D(zp) =Y alPuy,

1<s<l
for each 7 with 1 < j < m.
Hence,
L1k x11 X12 X1,1-1
T2k (k) | *21 (k) | *22 (1k) T21-1
D ) =013 . + a9 ) oo tay . : (4)
Tmk Tm1 Tm2 Tm, -1
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For each k =1,...,1 — 1, we want to show that a( M = 0 when r # k, so that

L1k Tk Tik

Lok 1k Lok Lok
DI . = agk : ) = agk )D*k )

Tmk Lmk Tmk

Fix k with 1 < k < [—1. First, we show that a%k) = 0 for each r such that £ < r <[—1.
If k =1—1, there is no such r to consider, so assume that k < [—1, in which case k+1 < [

and z1 41 € B. Apply D to the equation 21,21 41 = q1 x+121% for £+ 1 <[ to obtain

D(z11) 1 51 + 216D (21,641) = ¢D(T1511)T1k + q01 j1 D(218),

which gives

k e k k
Z aﬁls )$1s$1 J+1 T Z aﬁls v L1kL1s = Z qaﬁi’ +1)I1s$1k+ Z qaﬁi )$1,k+19€1s- (5)

1<s<l 1<s<l! 1<s<l! 1<s<«l

Consider terms in this equation with content (1, 1;k + 1,7) for » > k. These occur in the
first and fourth sums when s = r and do not occur in the second and third sums because k is
in the column content of the terms in these sums. Hence, agik)xlrxl,kﬂ = qagik)m’kﬂxlr.
If r = k+ 1, then we get aSﬁﬂl,HliBLkH = qaﬁ,’:ll:cl k4121 k+1 and so agllﬁl =0. If

-1 -1, (1k) (1k)
r > k+1then x1,21 341 = ¢ 71 k1171, S0 We see that ¢~ ay, ' T1 171, = qay, Ti g1 T1r

and so agik) = 0. Hence, ag ) =0 for all r > k.
Next, we show ag,k) = 0 when r < k. If £ = 1 then there is no such r to consider, so

assume that & > 1, in which case £ —1 > 1 so that x; ;_; exists and is in B. Apply D to

the the equation x; ;121 = qT1 £T1 k-1

D(21 k1)1 + 21 61D (21 %) = ¢D(218) 21 -1 + g1, D(21,6-1),

which gives

(1,k—1) (LK)
ai, Tyt E iy T p—1T1s = E qals Qilsxlk 1+ E QGLS $U1k$1s (6)

1<s<l 1<s<«l 1<s<l 1<s<l

Consider terms in this equation with content (1, 1;r, k& — 1) with » < k. There are no such
terms in the first and fourth terms, as k is in the column content of the terms in these sums,

. . 1.k
and such terms occur in the second and third terms when s = r. Hence, agr )xl,k,lxlr =

28



1,k 1,k 1,k
qagT )!E1r$1,k—1. When r = k£ — 1 we see that a§7k21x1,k_1x17k_1 = qagyk,)1$1,k—1$1,k—1 so that
1,k — -1,k
ag’k_)l = 0. When r < k—1 then @y 121, = ¢ ‘21,71 11 S0 we see that ¢ 1a§7r )azlr:cl,k,l =

(1,k) (1,k

qay
r # k so that D(xy) = az(.,ik)xik for each 1 <i < m, as required to show that

T1,21 k-1 and so a; ) =0. Hence, a%;k) =0 for all » < k. Thus, aﬁﬂk) = 0 whenever

L1k L1k

T2k 1k Lok
D . = agk )

Tmk Tmk

for each 1 < k < [. As we already know that D acts trivially on columns n + 1 —m up to
n, this gives
D= aﬁ’”D*l + a§12’2)D*2 + -+ agjl:ll)D*,lfl?

as required. H

A.4 Conclusion of appendix

The preceding analysis proves the following Proposition.

Proposition A.6. Suppose that m < n and that we have a derivation D of O (M (m,n))
such that

(1) the derivation D is homogeneous; that is, all terms appearing non-trivially in D(x;;)
have degree one.

(i) D([1,...,m|n+1—-m,...,n])=0.

Then . .
D= a;Di.+ ) bDu
i=1 k=1
for some a;, b, € K.

Proof. By Lemma A 4, there is a homogeneous derivation D™ such that DM — D is a linear
combination of the D, with 1 < i <m, and D,;, with n —m +1 < j < n, and such that
DW|s = 0. By Lemma A.5, D is a linear combination of the D,;, with 1 <k <n —m.
Writing D = DM — (D(l) — D) gives the required result. ]
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