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Abstract

We calculate the first Hochschild cohomology group of quantum matrices, the quantum
general linear group and the quantum special linear group in the generic case when the
deformation parameter is not a root of unity. As a corollary, we obtain information about
twisted Hochschild homology of these algebras.
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Introduction

There has been interest recently in calculating Hochschild homology and cohomology for

certain quantum groups and quantum algebras, see, for example, papers by Hadfield and

Krahmer, [6, 7], and Brown and Zhang, [2]. In this paper, we begin to study the Hochschild

cohomology of the algebra of quantum matrices, O4(M,,), in the generic case where ¢ is

not a root of unity. To be more specific, we calculate the first Hochschild cohomology,

HH'(0,(M,)), of O,(M,): in other words, we calculate the derivations of O,(M,). Once
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this has been done, we are also able to calculate HH' for the quantum general linear group,
04(GLy,), and the quantum special linear group, Oy (SLy,).

Alev and Chamarie, [1], have calculated HH'(O,(M3)) directly by using the commutation
relations for Oy(Ms). It seems impossible to follow this route in the general case: the com-
mutation relations one would have to deal with are far too involved. Thus, we have taken
another approach to the problem, by using Cauchon’s theory of deleting derivations.

Even via this approach, the calculations are necessarily very technical. However, the idea
is relatively easy to follow. The starting point is a result of Osborn and Passman, [12], that
describes the derivations of a quantum torus. In particular, they show that the first Hochschild
cohomology group of the quantum torus with n? generators is a free module of rank n? over
the centre of the quantum torus. The key to transfering this result to O4(M,,) is Cauchon’s
theory of deleting derivations, introduced in [3, 4]. The algebra O4(M,,) is presented in a
natural way as an iterated Ore extension in n? steps. In (n — 1)? of these steps a nontrivial
skew derivation is involved. The quantum torus of rank n? is a localisation of a quantum

2. This quantum affine space is an iterated Ore extension in n?

affine space of dimension n
steps and no skew derivations are involved in any of the steps. Cauchon shows that one can
construct a chain of algebras, starting from O,(M,,) and finishing with a quantum affine space
of dimension n2. At each stage in the construction of this chain of algebras, the two adjacent
algebras are equal up to the inversion of the powers of an element; and so information can be
passed along the chain. However, at (n— 1)? of the stages, the newly constructed algebra can
be presented as an iterated Ore extension using one fewer skew derivation. This process can
be reversed, and then at (n—1)? stages a skew derivation is re-introduced into the presentation
of the algebra as an iterated Ore extension. Informally, in reintroducing a skew derivation to
the presentation, one loses a derivation from the first Hochschild cohomology group. Thus,
by the time one has re-introduced all (n — 1)? skew derivations and recovered O,(M,,), there
2 — (n—1)% = 2n — 1 derivations in HH'(O,(M,)); in other words, HH' (O, (M,,)) is

free of rank 2n — 1 over the centre of Oy(M,,). The technical problems arise due to two main

remain n

problems. First, the formulae involved in the deleting and re-introducing skew derivations
process are awkward to deal with. Secondly, the centres change along the way.

In the last section, we apply our main result to compute the first Hochschild cohomology
group of the quantum groups Oy(GLy,) and Oy(SLy,).

Regarding the Hochschild homology of O4(SL;), Feng and Tsygan have shown, [5], that
HHy(O4(SLy)) = 0 for all k& > n, whereas the global dimension of O,(SLy) is n? — 1.
In other words, there is a “dimension drop” phenomenon in the Hochschild homology of
O4(SLy). To deal with this problem, Hadfield and Krahmer, [6, 7], have shown that one
should use the twisted Hochschild homology defined by Kustermans, Murphy and Tuset, [9],
rather than classical Hochschild homology. The twisted Hochschild homology of O4(SLy,)
depends on an automorphism of Oy(SLy). When ¢ is the modular automorphism associated
to the Haar functional of O4(SLy) ([8, Section 11.3]), Hadfield and Kriahmer have shown



that the twisted Hochschild homology group of degree n? — 1 is reduced to the base field
K that is, HH?, (O4(SLy)) = K, so that the “dimension drop” phenomenon disappears.
This result was recently generalised to any connected complex semisimple algebraic group G
by Brown and Zhang, [2]. In the last section of this paper, thanks to a (twisted) Poincaré
duality between the twisted Hochschild homology associated to the modular automorphism
and the Hochschild cohomology of Oy(SLy,), [7, 14], we derive new information on the twisted
Hochschild homology of O4(SLy): roughly speaking, we show that, when G is a connected
complex semisimple algebraic group of type A, the rank of the algebraic group G appears as
a twisted homological invariant of the quantised coordinate ring of G.

In an earlier paper, [10], we have calculated the automorphism group of Oy(M,, ) in the
case that m # n. Partial results were obtained for the square case O4(M,), but technicalities
prevented a resolution of the problem in this case. In a subsequent paper, we intend to use the

results obtained in this paper to finish the calculation of the automorphism group of O, (M,,).

1 The deleting derivations algorithm in the algebra of quan-

tum matrices.

In this section, we present briefly the deleting-derivations algorithm and use it to construct a
tower of algebras from the algebra of quantum matrices to a quantum torus. This tower will
be used in the next section to obtain the derivations of the algebra of quantum matrices from

the derivations of the quantum torus.

1.1 The algebra of quantum matrices.

Throughout this paper, we use the following conventions.

e The cardinality of a finite set I is denoted by |I|.

o [a,b] :={ieN|a<i<b}.

e K denotes a field of characteristic 0 and K* := K \ {0}.

e ¢ € K* is not a root of unity.

e n denotes a positive integer with n > 1.

e R = O4(M,) is the quantisation of the ring of regular functions on n x n matrices with
entries in K; it is the K-algebra generated by the n x n indeterminates Y; ,, for 1 <i,a <mn,

subject to the following relations:

Y;3Yia =q Y aYi g, (
ViaYia =q¢ YiaYja, (i < J);
Y pYia = YiaYjp, (
YjgYia ="YiaYjp— (¢ —a )YipYia (



It is well-known that R can be presented as an iterated Ore extension over K, with the
generators Y; , adjoined in lexicographic order. Thus the ring R is a Noetherian domain; its
skew-field of fractions is denoted by F'.

1.2 The deleting derivations algorithm and some related algebras.

First, recall, see [4], that the theory of deleting derivations can be applied to the iterated Ore
extension R = K[Y11][Y12;012] ... [Yan;Onn:0nn] (where the indices are increasing for the
lexicographic order <). The corresponding deleting derivations algorithm is called the stan-
dard deleting derivations algorithm. Before recalling its construction, we need to introduce

some notation.

e The lexicographic ordering on N? is denoted by <,. This order is often referred to as
the standard ordering on N?. Recall that (i,a) <s (4,) if and only if [(i < j) or (i =
j and a < 3)].

o Set 2= ([1,n]2 U {(n,n+1)})\ {(1, 1)},

e Let (j,0) € E with (4,8) # (n,n + 1). The least element (relative to <j) of the set
{(i,a) € E | (4, ) <s (i,)} is denoted by (4, 8)".

As described in [4], the standard deleting derivations algorithm constructs, for each r € E,
a family {Yl(g)}, for (i,a) € [1,n]?, of elements of F := Frac(R), defined as follows.

1. If r = (n,n + 1), then Yz’EZ’nH) =Y for all (i,a) € [1,n]?.

2. Assume that r = (j,3) <s (n,n+ 1) and that the Y;SZ;) for (i,a) € [1,n]? are already
constructed. Then, it follows from [3, Théoreme 3.2.1] that each Yj(gr) # 0 and that,

for all (i, ) € [1,n]?, we have

rt rt rt -1 rt ep . .
i(g) _ E/Z.Ea+) — }/zfﬁ ) (YJ(,B )> Yj(a ) ifi < jand a <
’ Z(; ) otherwise.

As in [3], for all (j,3) € E, the subalgebra of Frac(R) generated by the indeterminates
vUP | with (i,a) € [1,n]?, is denoted by RUA). Also, R denotes the subalgebra of Frac(R)

i,

generated by the indeterminates obtained at the end of this algorithm; that is, R is the sub-
algebra of Frac(R) generated by the T; , := Yz(;z) for each (i, ) € [1,n]2.

Recall [3, Theorem 3.2.1] that, for all (j,3) € E, the algebra RU?) can be presented as

an iterated Ore extension over K, with the generators Yi%ﬁ )

)

adjoined in lexicographic order.



Thus the algebra RU%) is a Noetherian domain.

For all (j,3) € E, the multiplicative system generated by the indeterminates T, for
(4,a) > (j,8) with i > 1 and o > 1, is denoted by S; 5. As Tj o = Yifi’ﬁ), for all (i,) > (4, 0)
with ¢ > 1 and a > 1, the set S(; 5) is a multiplicative system of regular elements of RUB),
Moreover, the T;,, such that (i,a) > (j, ) with i > 1 and o > 1 are normal in RU-%). Hence,
S(,p) 1s an Ore set in RUD); so that one can form the localisation

— pUL) g1
Ui = RU )S(j,ﬁ)'
Clearly, the set of monomials of the form (Yl(’jl’ﬁ))wl’1 (Yl(é’ﬁ))wl’2 (Y,hf%m)%’", with v, o € N
if (i,) < (j,8) ori=1or a=1, and v; o € Z otherwise, is a PBW basis of Uj; 3).

Further, recall from [4, Theorem 2.2.1] that X(; 5) := {(T}3)* | k € N} is an Ore set in

both RUA) and RUA)T | and that

(7B) -1 j— ('7ﬁ)+ -1
RVVE G gy = BP0 .

Hence, we obtain the following result.

Lemma 1.1 RUY = RU2) and U; 1) = Ug; ).

R _1 C 3V Fa—1 —1
Let § > 1. Then RUAIS Ly = RUATE L and U 5) = Uy gy 2 -

Let N € N* and let A = (A;;) be a multiplicatively antisymmetric N x N matrix over
K*; that is, A;; = 1 and Aj; = Ai_,j1 for all 4,5 € [1, N]. The corresponding quantum affine
space is denoted by K\[Ti,...,Tx]; that is, Kx[T},...,Tn] is the K-algebra generated by
the NV indeterminates T1,...,Tn subject to the relations T;T; = A; ;T;T; for all ¢, € [1, N].
In [4, Section 2.2], Cauchon has shown that R can be viewed as the quantum affine space

generated by the indeterminates T;, for (i, ) € [1,n]?, subject to the following relations.

TigTio =q 'TiaTip, (o <p);
Tj,aTi,a = q_sz‘,aTj,Oév (Z < .7)7
TjpTio = TiaTjp, (i <j,a>p);
T; 8150 = 1,015 8, (i <j,a<p).
Hence, R = K, [T11,T12,...,Thn]|, where A denotes the n2 x n? matrix defined as follows.
Set
0o 1 1
-1 0 1
A= € M,(2),
-1 -1 0 1
-1 -1 0



and

A T I ... 1T
-1 A I ... 1
B:=| .. 0t e Mye(z),
-I ... -1 A 1
—1 ... ... -1 A

where I denotes the identity matrix of M,,(Z). Then A is the n? x n? matrix whose entries
are defined by Ay, = ¢* for all k,1 € [1,n?].

Now, observe that

U =EKalT11.Tha, - Tins o1, Tog oo Tos oo Tat Ty T

2,n° n,2’ ’r - n,n

In other words,
U(272) = RS_I,

where S = S(3 9y is the multiplicative system generated by the T; o with ¢ > 1 and o > 1.

In order to investigate the Lie algebra of derivations of R, we also need to introduce the

following algebras.

For all (j,3) € [1,n]? with j = 1 or 8 = 1, the multiplicative system generated by those
T;,o such that (i,«) > (j, 3) and either i = 1 or a = 1 is denoted by S(; 3). Clearly, S(; g) is
an Ore set in Uy 9). Set

Viig = Up2)S; )
and observe that Vi, 1) = Ug 2).

As the set of monomials Tﬁllﬁsz;Q...ng;;”, with v;o € Nif ¢ = 1 or @ = 1, and
Yia € Z otherwise, is a PBW basis of Uy 9), it is easy to check that the set of monomi-
als Tﬁll’lTﬂ;’Q T, with 4.4 € Nif (4,0) < (4, 3) and either i = 1 or o = 1, and ;o € Z
otherwise, is a PBW basis of V/; g)

Finally, set V(1) := P(A), where P(A) denotes the quantum torus associated to the
quantum affine space R; that is, the localisation of R with respect of the multiplicative
system generated by all the T; . Recall that the set of monomials {7 17 T 17 52Ty, with
Yia € Z, forms a PBW basis of P(A).

Our proof will use the tower of algebras:

R=Umnni1) CUmnn) C- CUggz) CUgz2) = Vin1 C Vin-11)
C - C Vo) C Vi C-o- C Vo) = P(A) (1)



1.3 Quantum minors and the centres of O,(M,), P(A) and U, ).

The algebra O4(M,,) has a special element, the quantum determinant, denoted by det,, and
defined by

detg :=> (=0)'Y 501y Yoo ()

oz

where the sum is taken over the permutations of {1,...,n} and (o) is the usual length
function on such permutations. The quantum determinant is a central element of Oy (M,,),
see, for example, [13, Theorem 4.6.1]. If I and I" are t-element subsets of {1,...,n}, then the
quantum determinant of the subalgebra of O4(M,,) generated by Y; o, with i € I and « € T,
is denoted by [I | I']. The elements [I | I'] are the quantum minors of Oq(My,).

In order to describe the centres of P(A) and U9, we introduce the following quantum
minors of R.

For 1 <i < 2n —1, let b; be the quantum minor defined as follows.

bi::{[l,...,in—i—l—l,...,n] if1<i<n
[i—n+1,...,n|1,....2n—1d] ifn<i<2n-—1

For convenience, we set by = by, = 1. Note that these b; are a priori elements of R. However,

it turns out that they also belong to the quantum torus P(A), as the following result shows.
Lemma 1.2 For1l <1¢ < 2n —1, we have
b { Tip-iy1Tomiva. - Tin  f1<i<n
Ticn11Ti—ny22 .. . Thon—y ifn<i<2n—1
Proof. This follows from [4, Proposition 5.2.1] (see also [10, Lemma 2.2]). O

The centre of an algebra A is denoted by Z(A). Set A; := bib;_ilri for all i € {1,...,n}.
Notice that A,, = det,.
It follows from Lemma 1.2 that the A; belong to the quantum torus P(A): in fact, the A;

are also central. The following result is established in [10, Theorem 2.4].
Proposition 1.3 Z(P(A)) = K[ATY, ..., AF1).
It is useful to record for later use the expression for the A; in terms of the 7} ,.

-1 -1 -1 .
Lemma 1.4 Al = Tl,n7i+1T2,nfi+2 e Eynﬂ+l,1j—;+272 . Tn n—i’ fO’F 1 <7 <n.

)

Proof. This follows easily from Lemma 1.2, noting the commutation relations between the
T - O

We finish this section by describing the centre of the algebra Uy ). First, observe that
Z(Ugay) € Z(P(A)) = K[AT,..., AFl], since P(A) is a localisation of Uy 9). Next, by using
the PBW-basis of U, 2y together with the expressions for the A; as products of certain T; 4

coming from Lemma 1.4, we obtain the following result.

Lemma 1.5 Z(Ux9)) = K[Ay] = K[dety].



2 Derivations

Recall that R denotes the algebra of n x n generic quantum matrices. Our aim in this section
is to investigate Der(R), the Lie algebra of derivations of R.

Let D be a derivation of R.

First, as there exists a multiplicative system ¥ of R such that RX ™! = P(A) = Vi1,0), see
[3, Theorem 3.3.1], the derivation D extends (uniquely) to a derivation of the quantum torus
P(A). It follows from [12, Corollary 2.3] that D can be written as

D =ad, + 9,

where x € P(A) = V(1) and 0 is a derivation of P(A) such that 0(T; o) = 2i 015 With
Zio € Z(P(A)) for all (i,a) € [1,n]%
For v € Z”2, set
TY =TT 5% . T

As the set of monomials {Tl}7

2> forms a PBW basis of P(A), one can write

x:chTl,

yeE

ez

where € is a finite subset of Z"* and ¢y € C. Moreover, as ad,; = ad,, for all z € Z(P(A)),
one can assume that, for all v € £, the monomial 77 does not belong to Z(P(A)).
ezn? y,T* € P(A) is central if and only if 77 €

Z(P(A)) for each v € Z"* such that Yy # 0. Denote by F the set of all y € Z"* such that
T2 € Z(P(A)). Then, for all (i,a) € [1,n]?, we can write z; , in the form

Zi,a = § Zi,a,lTl7

yeEF

Next, recall that an element y = )

with Ziay € C.
Lemma 2.1 Let 0 < 3 <n. Then x € V{1 5.

Proof. The proof is by induction on . The case § = 0 follows from the above discussion,
because V(1 o) = P(A). Hence, assume that 3 > 1.
It follows from the inductive hypothesis that

T = Z ey 17,

Y€€

where & is a finite subset of the set {y € " | Y11 >0,...,718-1>0and T2 ¢ Z(P(A))}.
We need to prove that v; g > 0.



Observe that, by construction, V; ) is obtained from R by a sequence of localisations.
Thus, D extends to a derivation of V{; g). Let (i,a) # (1,8). Then D(T;,) € V{3 g), since

Tio € V(1,5); that is,

L0 — Tia® + ziaTia € ‘/(175)' (2)

Set

Ty = g cy T, r_ = E cy T2
V€€ Y€€
71,8>0 v1,8<0

We need to prove that z_ = 0.
It follows from (2) that

U= x—T’i,a - Ti,aw— + Zz',aTi,a € ‘/1,5-

Now,
U = Z (q—ezp(i,oul,-f-) _ q—el‘p(i,azlv_))clTl-f—éi,a + Z q_exp(i7a7l7+)Zi,a71T1+€i’°‘ (3)
<€ YEF
71,8<0
where

i—1 a—1 n n
exp(i, a, 7, _) = Z Vi, + Z Yi,k el‘p(i, a, 7, +) = Z Yk« + Z Yi,k
k=1 k=1 k=i+1 k=a+1

and €; o is the element of Z"* that has 1 in the (1, ) position and zero elsewhere. As we have

assumed that the monomial 77 does not belong to Z(P(A)) for all v € £, we have:
for all v € £, and for all 1’ €EF, Y +¢€iaF 1’ +€ia-

Hence, (3) gives the expression of u in the PBW basis of P(A).
On the other hand, as u belongs to V(; gy, we obtain

U= Z a:lTl,

yeg’

where £’ is a finite subset of {y € z"* | Y1,1>0,...,7,8 > 0}.
Comparing the two expressions of u in the PBW basis of P(A) leads to q_e"”p(i’a’l’” —

g eP27) = 0 for all 7 € € such that 71,5 < 0 and ¢y # 0. Hence,

liftz—:i,a ﬂ7a$7 = Z (q—exp(i,a,l,—&—) — q_exp(iva’l’_))clTl+si,a — O

Y€€
Y1,8<0

for all (7, @) # (4, ). In other words, x_ commutes with those T; , such that (i, «) # (1, 8).



Now, recall from Lemma 1.4 that A, 1_g = T1 g1 g+1 - - .Tnﬂ,ﬂ’nTn_J:%ﬁ 1Tn_+137ﬁ g - Tn_éfl

is central in P(A). Hence, x_ also commutes with T} 3. This implies that x_ € Z(P(A)); so

T_ = Z lel.

YEF

that x_ can be written as

Hence, z_ = 0, because £ N F = (); so that z = x4 € V(1,8), as desired. ]
The following result is proved by using similar arguments.
Lemma 2.2 Let 2 < j <n. Then x € V(;1). In particular, x € V(;, 1) = Uz.9).

The derivation D of R extends to a derivation of U(g g), since U(3 9 is obtained from R by

a sequence of localisations; so D(Tj o) € Uz for all (i,a) € [1,n]?. Hence
xﬂ,a - T’i,ax + Zi,aﬂ,a = D(Ti,a) € U(2,2)'

As we have proved that = € Uy 9), this implies that 2; T o € Ufg ) for all (4,a) € [1,n]?.
If i > 2 and o > 2, then T, is invertible in Uy o), so that 2 € Upg) N Z(P(A)) =
Z(U(9,2)). However, Z(U(s2)) = K[A,] by Lemma 1.5; so z; o € K[A,] C R in this case.
In the other cases, at this stage in the proof we can only prove a weaker result.
Assume that i =1 and o > 1. Then 21,71, € U(272). On the other hand, as 21 o belongs

to the centre of the quantum torus P(A), one can write 21 o as follows:
210 = P(A1,...,An) € K[ATY .. AFY.

Now, using the expressions of the A; as products of Tjjcﬁ1 coming from Lemma 1.4, we obtain

Zl,a = Z Zl,a,lTla (4)

YEZ
where Z denotes the set of those v = (M,1:71,25 -+ V) € 7Z"* such that
L mi=mr2=""=Yn

2. M8 ="2841 =" = Tn—Btin = —Vn—p+2,1 = -+ = —Yn3—1 for all § € [1,n],

and 2,0 € K for all vy € Z.
Hence,

Zl,aTI,a = Z le-ya’lTl—i_El"" S U(272),
1EZ
where 21 , . = q*21,4, for all 7 € Z. As the monomials Tﬂll’lTﬂlf Tt where 7,3 € N
when either j =1 or 8 =1, and v, 3 € Z otherwise, form a PBW basis of U(3 ), we obtain
2] 0,y = 0 whenever
either y11 <0,

10



or 71,3 # 0 for some 8 # 1,a,
or v, ¢ {—1,0}.
Hence we easily deduce from (4) and Lemma 1.4 that there exist polynomials P o, Q1o €

K[A,] such that
2l = Ql,a(An>A;}_1_a + Pl,a(An)-

Similar computations for z; 1, for 7 > 1, and for 21 ; lead to the following result.
Proposition 2.3 1.z € Upy)-
2. Let (i,a) € [1,n]?. Then there exist polynomials P; o, Qia € K[Ay] such that

Qia(An)A L + Pra(Ay) ifi=1,
Ria = Qi,a(An)Ai—l + Pi@(An) ifa= 1,
P (Ap) otherwise.

(Here we use the convention Ag = bob, ' = A L.)

Next, we have to deal with a second kind of localisation that involves inverting an element

which is not normal. This is done in several steps.
Lemma 2.4 1. z € Upy).
2. 211+ 222 =212+ 221.
3. 211,212,221 and 22 belong to Z(R) = K[A,].
4. D(Y;(i3)) = adw(YiEi’?’)) + zi,aYifiB) for all (i,a) € [1,n]?.

Proof. e Step 1: we prove that x € Uy 3).
In order to simplify the notation, set Z; o := Yl(is) for all (i,a) € [1,n]?. Moreover, for
ally € &:=N"x (Nx Z" 1) x--- x (NxZ"1) € Z", set

77 =2V 25 2

It follows from Proposition 2.3 that = belongs to U, 5). Using the notation of the previous

section, it follows from Lemma 1.1 that
-1
Ut22) = Ug2,3)X 2 9

so that x can be written as

v€E
with ¢, € C. Set
Ty = Z VAR r_ = Z cy 27,
y€E y€e€
72,220 v2,2<0

11



with ¢, € C. Assume that z_ # 0.

Denote by B the subalgebra of U2y generated by the Z; ., with (i,a) # (2,2) and the
Z; o with i > 2 and @ > 2 but (i,a) # (2,2). Hence Ufgg) = Upp3)X ;) is a left B-module
with basis {Zég}le% so that there are elements b; € B such that

—1
r_ = Z blZéQ

I=lo

with lp < 0 and b, # 0. (Observe that this makes sense because we have assumed that
x_ #0.)

The derivation D of R extends to a derivation of Uy 3), since Uy 3y is obtained from
R by a sequence of localisations; so D(Z11) € Upg). Now, Z11 = T11 + T1,2T2_721T271 =
T+ ZLQZQ_,QIZQJ; so that

x_Zin— v + 20210+ (212 + 200 — 210 — 222) 212253 %01 € U, (5)
Now
Zy5 2y = Zh1Zys + q(q*F — 1) 219221 255"

for each positive integer k. Hence,
1
r-Z1y — Z1a2- + 211210 + (212 + 221 — 211 — 22,2) 21,229 2221

-1 -1
= > WZhy+ Y qlg = V)iZy 2221755
I=lo I=lp

—(z12+ 221 — 211 — 22,2)21,QZ£%Z2,1 + 211211 € Ugn3). (6)

It follows from Proposition 2.3 that z1 1dety, z1,2b,,—1 and 22 1b,4+1 belong to R C U(273). On
the other hand, it follows from [4, Proposition 5.2.1] that det, = (Z11222—qZ12221)Z33 - . . Znn,
while bn—l = 21722273 . Zn—l,n and bn—i—l = 2271 . Zn,n—l‘ Hence each of 2171(21712272 —
qZ12221), 21,2212 and 221 Z21 belong to U(2,3). As 229 € R, by Proposition 2.3, we obtain

(12 + 221 — 211 — 222)Z12221(Z11 222 — qZ12721) € U 3).-

Multiplying (6) on the right by (Z1 1222 — qZ12Z2,1)Z2 2 leads to:

-1 -1

be(zl,lzz,z - qZLQZ2,1)Z;51 + Z q(q 2 = )0 Z12Z91(Z1 1722 — qu,2ZQ,1)Zé,2 € Upz3)-
I=lp I=lo

In other words,

1
Z b Zb s — q* (g — 1)bloZ12,2Z22,1Zé?2 € Ugp)-
I=lp+1
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As Uy 3) is a left B-module with basis {Zé’Q}leN, this implies that b;, = 0, a contradiction.
Hence z— =0 and z = 24 € Uy 3), as desired.

e Step 2: we prove that z11 + 220 = 212 + 221.
Asaz_ =0and 21 1(Z11222 — qZ12721) € U(a,3), we deduce from (5) that

Y= (212 + 221 — 211 — 222)212221(Z11Z22 — qZ1272,1) € U(g,3)Z2,2-

So y is an element of Uy 3) which g-commutes with Z; ; and which belongs to Uz 3)Z22. We
show next that this forces y = 0, so that 21,1 + 222 = 21,2 + 22,1, as desired.

Since U(g 3) is a left B-module with basis {Z§72}16N, one can write y = >, ylZéQ with
Y1 € B equal to zero except for at most a finite number of them. As y belongs to Uy 3)Z2 2,
it is easy to show that yo = 0, so that

Y= ZylZ%,Q-

leN
10

On the other hand, as y g-commutes with Z; 1, there exists a € Z such that Zy 1y = ¢“yZ1 1.

In other words,

Z Z1,1yzZé,2 = Z qaylZéng,l-
leEN leEN
120 120

As Zé,2ZLl = Zl,lZé’Q +q(g% - 1)2172Z271Zéj21 for all positive integer I, we get
YN ZowZhy =Y d"wZlinZhs+ Y q" T a = Vi aZan Zy,
leN leN leN
1£0 10 1£0

Assume that y # 0 and let /[y be minimal such that y;, # 0. Observe that lp > 1. As Uy 3)
is a left B-module with basis {Zé,z}leN, we deduce from the previous equality that we should
have 0 = an(q_QlO — 1)yi,Z1,222,1, a contradiction since lp > 1 and ¢ is not a root of unity.
So y = 0, as desired.

e Step 3: we prove that z; 1,212,221 and 232 belong to Z(R).
It follows from Proposition 2.3 that

211 = Q14,1 + Pri(Ay) 212 = Q12(An)A 4+ Pra(Ay)
221 = Q2.1(An)A1 4+ Poi(Ay) 209 = Pro(Ay)

where Q11 € K and Q; o, Pio € K[A,] otherwise. As 211 + 222 = 21,2 + 22,1, we obtain

Q1A + PLi(An) + Paa(An) = Qra(An)AL + Qa1 (An)AL + Pra(Ay) + Pai(Ay).
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Recalling that the monomials Aill ... A" with i), € Z, are linearly independent, we obtain

Q11 = Q12(An) = Q2,1(A,) =0,
so that 211 = P11(Ay), z12 = P12(Ay), 221 = P21(Ay). Hence 21,1, 212 and 221 belong to

K[A,] = Z(R), and we have already observed that zp9 = P22(A,) € K[A,] = Z(R).

e Step 4: we prove that D(Z;,) = ad,(Z; ) + 2i.aZia for all (i,a) € [1,n]?.
If (i,«) # (1,1), then Z; o = T o and so the result is obvious.
Next, consider the case (i,) = (1,1). Note that Z; 1 =111 + T172T2*’21T2,1. Hence,

D(Zy1) = D (T1,1 + T1,2T2_721T2,1>
= ad,(Th1) + 21171
+ad, (T1,2T£21T2,1> + (212 — 222+ 22,1)T1,2T£§T2,1
= ady(Z11)+ 211211+ (212 — 222 + 221 — 21,1)T1,2T2_721T2,1

Now it follows from the second step that 212 — 222 + 221 — 21,1 = 0. Hence,
D(Zy,) = ady(Z11) + 211211,
as desired. ]

The next two lemmas continue the process of descending down the tower of algebras (1).
Although the proofs superficially look the same as the proof of the previous lemma, there are

subtle differences in each proof; so we find it necessary to include the full proofs.

Lemma 2.5 Let 5 € [2,n].
1. x € Ug gy1)- (Here we use the convention Uz i1y = Uz 1y-)
2. For all o < 3, we have 21,4 + 228 = 213 + 22,0
3. 213 € Z(R).

4. D(Y;EZ’QH)) = a,dx(Y;gi’ﬁH)) + zLaY;EZ’ﬁH) for all i, € [1,n]?.
@nt) _ y B )

(Here we use the convention Y,
)

Proof. The proof is by induction on 3. The case § = 2 has been dealt with in the previous
lemma. Now, assume that 8 > 2 and that the lemma has been proved for 5. In order to
simplify the notation, set Z; o := Yifi’ﬁﬂ) for all (i,a) € [1,n]?. Moreover, for all y € £ :=
N™ x (NA=L x ZH1=8) x (N x Z"1) x -+ x (N x Z"71), set

VARE A AC U LS
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We now proceed in five steps.

e Step 1: we prove that = € Ui g;1)-
It follows from the inductive hypothesis that x belongs to U, 5). Using the notation of
previous sections, we have:

—1
U8 = Ues+1)52 35

so that x can be written as follows:

with cy € C. Set

Ty = Z ey 27, r_ = Z ey 2L

Y€€ yeE
v2,52>0 72,8<0

Assume that x_ # 0.
Denote by B the subalgebra of Uy g) generated by the Z; o with (i,«) # (2,3) and the
Zfo} with i > 2 and a > 2 but (i,«) > (2,3). Then Uy 5) = U(Qﬂ_s_l)Zgé is a left B-module

2

with basis {Zé g}leZ; so that there are elements b; € B such that

with lp < 0 and b, # 0. (Observe that this makes sense because we have assumed that

x_ #0.)
The derivation D of R extends to a derivation of Uy g1 1), since Uz g41) is obtained from
R by a sequence of localisations; so D(Z1,53-1) € Uz g41)- This implies that

T_Z13-1— L1810 +218-12415-1
(21,6 + 22,61 — 21,51 — 22.8) 21,875 5 %251 € U pr1)- (7)

Now,
ZykZ1p1 = Z1p 25+ ald™ = 1) 2157051255

for each positive integer k. Hence,
v Zvpg — Zigaso+apaZip+ (2184 221 — 2181 — 22.8) 71,575 370 51
—1 —1
= Y 0Zbs+ Y ala =)z 22517k

I=lo I=lo

- (n1p+228-1—218-1— Z2,ﬂ)Z1,ﬂZ£éZ2,ﬂ—1 +z15-121-1 € U gy
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It follows from the inductive hypothesis that 21 31 € R C U g41). Thus we obtain

ZblZMJrZ Vo Zy 522,517y 45
I=ly I=ly
—(218+ 22,8-1 — 2181 — 22,8) 21,825 522,51 € Uz p11). (8)

It follows from the inductive hypothesis and Proposition 2.3 (and Lemma 2.4 when 3 = 2)
that 21,5-1, 21,8bn—p+1, 22,5-1 and 29 g belong to R C U3 g41). On the other hand, it follows
from [4, Proposition 5.2.1] that b,_g4+1 = Z1 3Z28+1 - - - Zn—p+1,n- Hence, 21 gZ; g belongs to
U(2,841)- Thus,

(21,8 + 22,8-1 — 21,8-1 — 22,8) Z1,8Z2,5-1 € Ua pr1)-

Multiplying (8) on the right by Z3 g leads to

Z b/ZlJrl Z blZ1 ﬁZQ 8- 122 B S U(2 B+1)-
I=lp l=lo
In other words,
0
> 0255+ a(q7H0 = V)b Z1 37051755 € U pia)-
I=lp+1

As U g41) is a left B-module with basis {Z} g}ien, this implies that by, = 0, a contradic-
tion. Hence z_ =0 and © = x4 € U3 g41), as desired.

e Step 2: we prove that 215 1+ 223 = 2158+ 2235-1-
Asz_ =0and 2153 172151 € Ui g41) by the inductive hypothesis, we deduce from (7)
that

y = (21,8 +22,8-1 — 21,8-1 — 22,8)Z1,8Z2,5-1 € Uz 511)Z2,8-

Thus, y is an element of Uy g41) which g-commutes with Z; 31 and which belongs to
Ui,841)Z2,3- As in the proof of Lemma 2.4 (Step 2), some easy calculations show that
this forces y = 0, so that

21,6-1 1T 22,8 = 21,6 T 22,51,

as desired.

e Step 3: we prove that, for all o < 3, we have 21, + 223 = 218 + 22,-
First, when o = § — 1, the result follows from Step 2. Next, for a < g — 1, it follows from
the inductive hypothesis that

21,0 T 228-1 = 21,8-1 1 22,a-
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Further, it follows from Step 2 that

Z1,-1 1 228 = 218+ 22,81

Combining these two equalities leads to the desired result.

e Step 4: we prove that z; 3 belongs to Z(R).

It follows from Proposition 2.3 that z; 3 = Ql,ﬁ(An)A;j_l_
nomials Q1 g(Ay), P1 g(Arn) € K[A,]. Further, it follows from the inductive hypothesis and
Proposition 2.3 (and Lemma 2.4 when § = 2) that 21 31 = P1 g_1(An), 22,8-1 = Pag—1(Ay)

and 29 3 = P g(Ay), where each P, € K[A,]. As 2131+ 223 = 21,8+ 22,3-1, We obtain

5+ P1s(Ap), for some poly-

Prg1(An) + Pop(An) = Qua(An)A 15+ Prp(An) + Pap1(An).

Recalling that the monomials Aill ... A" with iy € Z are linearly independent, we get that

Ql,B(An) = 0;
so that 21 3 = P; g(Ay) belongs to K[A,] = Z(R).

e Step 5: we prove that D(Z;,) = ad.(Z; ) + 2iaZia for all (i,a) € [1,n]>.
First, if i > 2 or a > 3, then Z; o, = Y(2’B)+ = Y-(z’m, so that the result easily follows from

[NeY 7,00

the inductive hypothesis.
C_ _ v (2,8+1) _ 1-(2,8) —1
Next, assume that ¢ = 1 and o < 3, so that Z;, = i = YLa + Z1 82, ﬁZ27a.

Hence we deduce from the inductive hypothesis that
D(Z10) = D (Yl(i’ﬁ) + Zl,BZi}3Z2,a)

_ adx(Yl(iﬂ))"i‘Zl,aY(Qﬁ)

1,
+adg (Zl,ﬁZ£$Z2,a> + (21,8 — 22,8 + 22.0)21,8Z5 s 72,0
= ady(Z1,a) + 21,0210 + (21,8 — 228 + 22,0 — Zl,a)Zl,ﬁziézz,a

Now it follows from the Step 3 that 21 + 223 = 213 + 22, = 0. Hence,
D(Zl,a) = ada:(Zl,a) + Zl,aZLou

as desired.

Lemma 2.6 Let (j,5) € E with (j,5) > (3,1). Then

2. For all (k,0) < (4,0), i <k and a < 0, we have z; o + 2k5 = 2i5 + Zk,a-
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3. DY) = ado (V) 4 20097 for all i, € [1,n]2.

i,

Proof. We prove this result by induction on (j, ). The case (j,5) = (3,1) follows from
Lemma 2.5.

Assume that the result is established for (3,1) < (7,8) < (n,n+1), and let (j,3)" be the
smallest element of E greater then (j,3).

In order to simplify the notation, we set Z; o := Yz(iﬁ " for all (i,a) € [1,n]?. Moreover,
for all y € £ := NU—Dn 5 (NF~1 5 ZnH1-8) 5 (N x ZP 1) x -+ x (N x Z"71) € 27, set

AR A A A

We now proceed in four steps.

e Step 1: we prove that z € Uj; g)+.

It follows from the inductive hypothesis that x belongs to U; 3). We distinguish between
two cases.

If 8 =1, then U g)+ = Uy g); so that the induction step is obvious in this case.

Now, assume that G > 1. In this case, using the notation of the previous section,

—1
Ui = Ugip)+25

so that = can be written as

T = Z chl,

yeE
with ¢, € C. Set
Ty = Z cy 27, T_ = Z (A
y€e€ ye€
75,620 75,6<0

Assume that x_ # 0.

Denote by B the subalgebra of U; g = U(jﬂ)+2j_”é generated by the Z; o with (i,«a) #
(j,8) and the Z;O} such that i > 2 and o > 2 but (4,) > (4, 8). Then Uj;3) = U(j’5)+2;[13 is
a left B-module with basis {Z Jl 5}leZ; so that there are elements b; € B such that

-1
- = biZg

l=lo

with lp < 0 and b, # 0. (Observe that this makes sense because we have assumed that

x_ #0.)
The derivation D of R extends to a derivation of U(; )+, since U(; g+ obtained from R
by a sequence of localisations; so D(Z;_13-1) € Ujp)+- This implies that

T-Zj-1,6-1 = Zj-1,8-1T— + 2j-1,8-1Zj-1,5-1
(215 + 251 — Zi-1,8-1 — 2.8) Zi-1,8Z; 5 %551 € Ui gyt 9)
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Now,
Z5Zi-1p-1= Zi-15-1Z; 5 + (@ —1)Zj-15Z551 755

for all positive integers k. Hence,

T-Zj-1,6-1 = Zj-1,8-1T— + 2j-1,8-1Zj-1,5-1
-1
+(2j-1,8 + 2j,8-1 — 2j—1,8-1 — 2j,8) Zj—1,82; 3 Zj 31
-1 -1
= D WZs+ ) ala - OhZiapZipa 25
I=lo l=lo
—(zm18+2ip1— Zj-1.51— %.8) Zi187Z; 52551
+zj-15-1Z5-15-1 € U py+-

Now, observe that z;_1 31 € R C Ujg)+. Indeed, if 8 > 2, then it follows from Proposi-
tion 2.3 that z;_1 g1 also belongs to R C U(; g)+. On the other hand, if 3 = 2, then it follows
from the inductive hypothesis that z;_11 4+ 212 = 21,1 +2j-1,2. As each of 211, 212 and z;_1 2
belong to R C U; gy+ by Lemma 2.4 and Proposition 2.3, it follows that z;_11 € R C U g)+.

As zj_13-1 € R C U gy+, we obtain

Z b;ZJl}ﬁ + Z Q(q_2l - 1)ble_1ﬂZj75_1Zjl.%1

—(zj-1,5+ 251 — zi-18-1 — 2.8) Zi-1,8Z; 5 251 € U gyt (10)

It follows from Proposition 2.3 that z;_1 5 and z; 4 belong to R C Ug;g)+; so each of
2j_1,8-1, 2j—1,3 and z; g also belong to U(j’5)+.

We now distinguish between two cases to prove that
(2j-18 + 2j,p-1 = Zj-1,8-1 = 2,8) Zj-1,8Z55-1 € Ui g+

(Note that it only remains to show that z;3_17Z;_18Z;3-1 € U(j,ﬁ)+')

ee First, if § = 2, then it follows from Proposition 2.3 that z;3-1bp+j—1 € R C Uj+. On
the other hand, it follows from [4, Proposition 5.2.1] that by4j—1 = Zj1Zj412 .. Znn—jti-
Hence z; 3125 3-1 belongs to U g)+ since Zj 112, ..., Znn—j+1 are invertible in Uy; )+. Thus,

(2j-1,8 + 2j-1 — zj-1,8-1 — 2,8)Zj-1,8Zj5-1 € U(j )+,

as claimed.

ee [f 5> 2, then §—1> 2, and so it follows from Proposition 2.3 that z;j 51 € R C U g)+-
Thus,
(2j-1,8 % 2j,8-1 — 2j-1,8-1 — 2,8) Zj-1,8Zj,5-1 € U(j 3+,
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as claimed.

So, in each case, (Zj—l,ﬂ +2j8-1—%j-18-1— Zj,ﬁ)Zj—l,BZj,ﬁ—l € U(jﬁ)Jr, and thus multi-
plying (10) on the right by Z; 3 leads to:

-1
> bzl + Z Zi16Zi5-1Z55 € Ugipye-

I=lp I=lo

In other words, we have

_ 1
Z W 255+ a(a™" = Dby Zj1Z5,5-12 5 € Uy
I=lp+1

As U gy+ is a left B-module with basis {Z]l-ﬁ}leN, this implies that b, = 0, a contradic-

tion. Hence z_ = 0 and x = x4 € U(; g)+, as desired.

e Step 2: we prove that Zj—16-1+ 23 = 2j-18 + 2 5-1-
Asz_ =0and zj_1 5-1Zj-15-1 € U g+ by the above study, we deduce from (9) that

Y= (2j-1,8 + 25,-1 — 2j-1,8-1 — 25,8)Zj-1,82j6-1 € U g+ Zjz

Thus, y is an element of U;g)+ which g-commutes with Z; ;51 and which belongs to
Uipy+Zjp- As in the proof of Lemma 2.4 (Step 2), some easy calculations show that this
forces y = 0, so that

Zj-1,8-1 1 2j8 = Zj-1,8 + 2j,8-1,

as desired.

e Step 3: we prove that z o + 255 = 2i5 + 2k.q, for all (k,0) < (4,06)", with ¢ < k and
a <.

In order to do this, let (k,d) < (j,8)", with ¢ < k and a < §. If (k,6) < (4,3), it follows
from the inductive hypothesis that z; o + 2.5 = 25 + 2k,a, as required. Now we assume that
(k,6) = (5,0)

First, if (4, ) = (j—1, B—1), then we have just proved in Step 2 that 2z; o +2; 8 = 2i 3+ %j.a,
as required.

Next, assume that ¢ < j—1 and o« = 8 — 1. Then it follows from the inductive hypothesis
that

Zip-1t+2j-18=2p+2j-15-1-

Moreover, we have already shown that z;_1 53+ 2j3-1 = zj_1,3-1 + z;,3. Hence,

zip-1+zjp = Zip+ Zjp-1,
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as required. Similar arguments show that
Zj-la t 23 = Zj-1,8 1 Zja;

for all o < S3.
Assume now that ¢ < j — 1 and o < § — 1. It follows from the inductive hypothesis that

Ziat2j-18=%81+ Zj-1,a-
Moreover, we have already shown that
Zj-la T 25,8 = Zj-1,8 T Zja-
Combining these two equations leads to
Zio + 253 = Zij + Zj,a;
as desired.

e Step 4: we prove that D(Z;,) = ad.(Z; ) + 2iaZia for all (i,a) € [1,n]?.
First, if ¢ > j or « > 3, then Z; , = Y(]’ﬂ)+ —yUh)

fs li ; so that the result easily follows from

the inductive hypothesis.
ot .
Now assume that ¢ < j and a < 3, so that Z; , = Yz(iﬁ) = Yl(iﬁ) + ZiﬂZ;ﬁlea. Hence,

we deduce from the inductive hypothesis (and the previous case) that

D(Zia) = D(Y9P+ Zi97;37;0)

)

+ adg (Ziﬂzf,é Zj,a) + (zip — 25 + 2.0) %25 5 Zja

ady(Zi o) + ziaZia + (2ig — 2j,g + Zja — Zi,a)Zi,ﬁZ;glzj,a
Now it follows from Step 3 that z; 3 — 2; 38 + 2j,o — 2i,a = 0. Hence,

D(Zz a) = ada:(Zi,oz) + Zi,ozZi,om

)

as desired. 0
Corollary 2.7 The element z; o belongs to Z(R) = K[Ay] for all (i,a) € [1,n]%

Proof. We already know from Proposition 2.3 that z;, € Z(R) when ¢ > 2 and a > 2.
Further, it follows from Lemma 2.5 that z; o € Z(R) when ¢ = 1. Finally, let i > 2. It follows
from Lemma 2.6 that z;1 = 211 + 2;2 — z1,2. Thus, 2,1 € Z(R), since the three elements on
the right side of this equation belong to Z(R). O
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Corollary 2.8 Any derivation D of R = Oy(M,) = K[Y; ] can be written as D = ad, + 6,
where x € R and 0 is a derivation of R such that 0(Y; o) = 2i.aYia for some zjo € K[A]
satisfying 2o + 2ks = Zis + Zk,o Whenever ¢ < k and a < 4.

Proof. This is the case (n,n + 1) of Lemma 2.6. O

We now seek to describe the possibilities for the derivation 6 occuring in the previous
result.
It is easy to verify that there are 2n derivations of R given by D; «, D o, for 1 <i,a <n,
where
D;i«(Yjp) = 0ijYip  and  Dia(Yjp) = apYja-

In other words, D; , fixes row 7 and kills all the other rows, while D, , fixes column o and
kills all other columns.

We show that 6 above can be described in terms of these row and column derivations.
However, note that these derivations are not independent, since Y D;, = Y D, q; so we
begin by defining 2n — 1 derivations which span the same space, but which are independent.

Set

D — Dypy1—; for1<j<n-1
7 Dj i1 forn+1<j5j<2n-1

while . .
Dp=Diw+Dit =Y Din (=Diw+Dii— Y Dia).
i=1 a=1

It is easy to see that the K-span of {D; | 1 < j < 2n — 1} is the same as the K-span of
{Dis«,Dso |1 <i,a0<mn}.

Note that:
eIf j € [1,n—1], then Dj(Y; o) =Y;q if a =n+1—j, and D;(Y; o) = 0 otherwise.
e D,(Y11) =Y11, Dn(Yia) = —Yiq if i > 2 and a > 2, and D, (Y; o) = 0 otherwise.
oelf jen+1,2n—1], then D;(Y;o) =Yiqifi=j—n+1, and D;(Y; o) = 0 otherwise.

It follows from Corollary 2.8 that any derivation D of R can be written as follows:

D=ad; +2z10,D1+ -+ 212Dp-1 + 211Dp + 221 Dpg1 -+ + pin1Dop—1,

with z € R and 211,..., 210,221, --52n1 € Z(R).

Recall that the Hochschild cohomology group in degree 1 of R, denoted by HH!(R), is
defined by:
HH'(R) := Der(R)/InnDer(R),
where InnDer(R) := {ad, | # € R} is the Lie algebra of inner derivations of R. It is well
known that HH!(R) is a module over HH’(R) := Z(R). The following result makes this latter

structure precise.
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Theorem 2.9 1. Every derivation D of R can be uniquely written as
D =ady +p1 D1+ -+ + pon—1D2n—1,
with ad, € InnDer(R) and u1, ..., pon—1 € Z(R) = K[A,].
2. HHY(R) is a free Z(R)-module of rank 2n — 1 with basis (D1, ..., Dop_1).

Proof. 1t just remains to prove that, if z € R and py, ..., uop—1 € Z(R) with ady+p1 D1+ - -+
pon—1Don_1 =0, then 1 = -+ = pop—1 =0 and ad, = 0. Set 0 := u1 D1+ -+ -+ pon—1Don—1,
so that ad, 4+ 6 = 0. The derivation 6 of R extends uniquely to a derivation 8 of the quantum
torus P(A). Naturally, we still have ad, 46 = 0. Further, straightforward computations show
that

pnTh 1
- _ 17 if > 2
9(T’i7o¢) _ Hn+1—adl,a 1 ?4_
Pnti-1T5 1 if1>2

(Mnt1-a + tnyi-1 — pin)Tia  otherwise.

Hence 6 is a central derivation of P(A), in the terminology of [12]. Thus we deduce from
[12, Corollary 2.3] that ad, = 0 = #. Evaluating 6 on Y7 o, with a € [1,n], and on Y;; with
i € [1,n] leads to puy = - -+ = pzp—1 = 0, as desired. O

As a corollary of Theorem 2.9, we obtain some new information on the twisted homology
of quantum matrices. We refer to [7] and references therein for definition and properties of
the twisted homology. In [7], the authors have shown using results of [14] that the “dimension
drop” in Hochschild homology is overcome by passing to twisted Hochschild homology. More
precisely, they have shown that

HH,,2 (04 (Mp), Og(Mp)o) ~ K[An],
where o denotes the automorphism of O4(M,,) defined by
U(K,a) = q2(n+1_i_a)ifi,a7

for all (7,«) € [1,n]. In fact, it follows from Theorem 2.9 and [7, Proposition 2.1] that not
only HH,2(O4(My,), Oy(My,),) is nonzero, but also HH,2_1(O4(M,,), Oq(M,)s) is nonzero.
More precisely, recall from [7, Proposition 2.1] that O4(M,,) has the (twisted) Poincaré duality
property, so that HH,2_; (O, (M,), O,(M,),) is isomorphic as a vector space to HH' (O, (M,,)).

Hence we deduce from Theorem 2.9 the following result.

Corollary 2.10 HH, 2 _1(O4(M,),Oq(My,)s) # 0.
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3 On Hochschild cohomology and twisted Hochschild homol-
ogy of O,(GL,) and O,(SLy,).

In this section, we describe the derivations of O,(GLy,) and O4(SLy,). As a consequence, we
show that the Hochschild cohomology group in degree 1 and the twisted Hochschild homology

group in degree n?—2 of O,(SL,) are both finite-dimensional vector spaces of dimension 2n—2.

3.1 Derivations of O,(GL,).

The quantisation of the ring of regular functions on GL,(K) is denoted by O,(GLy,); recall
that it is the localisation of O,(M,,) at the powers of the central element A,,. It is well-known
that Oy(GLy,) is a Noetherian domain that is endowed with a Hopf algebra structure.

As O4(GLy,) is a localisation of Oy(M,,), the derivations Dy, ..., Da,—; of Oy(M,) defined
in the discussion before Theorem 2.9 extend uniquely to derivations of Oy(GLy,) that are still
denoted by D1,...,Doy_1.

Theorem 3.1 1. Every derivation D of O4(GLy,) can be uniquely written as follows:
D =ady;+ D1+ -+ pon—1Don—1,
with ad, € InnDer(Oy(GLy)) and pa, ..., pan—1 € Z(04(GLy)) = K[AE].
2. HHY(O,(GL,)) is a free Z(Oy(GLy))-module of rank 2n—1 with basis (D1, ..., Dap_1).

Proof. Let D be a derivation of Oy(GL;). Then there exists k& € N such that, for all
(i,a) € [1,n]?,
ARD(Yia) = D(Yia)AL € Og(My).

It is easy to check that AK.D resticts to a derivation of O,(M,). Hence, it follows from
Theorem 2.9 that there exist 1, ..., pon—1 € K[A,] and z € Oy(M,,) such that

AQ.D =ady + D1+ + pan—1Don—1.
As A, is central, we obtain

D =ady-«, + A Dy + -+ o 1A, Dy,

as desired.
It just remains to prove that, if x € Oy(GLy) and 1, ..., pon—1 € Z(Oy(GLy)) with
ady + 1 D1+ -+ + pon—1Dop—1 = 0, then 1 = -+ = pop,—1 = 0 and ad, = 0. Set D :=

adg + p1 Dy + -+ + pi2n_1D2,—1. Let k € N such that zAF ¢ O,4(M,,) and A= Oy (M)
for all i € [1,2n — 1]. Then AXD induces a derivation of O,(M,,) such that 0 = AKD =
adgak + i AEDy + o+ oy 1 AR Do, 1. As all the p; AF belong to K[A,] = Z(0Oy¢(My)),
we deduce from Theorem 2.9 that AX.ad, = adak, = 0 and wiAF =0 for all i € [1,2n — 1].
Naturally, this forces ad, = 0 and p; = 0 for all ¢ € [1,2n — 1], as required. O
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Following the same reasoning as in the discussion before Corollary 2.10, we obtain the

following result regarding the twisted Hochschild homology of O,(GL,,).

Corollary 3.2 HH,2_1(O4(GL,),04(GLy,),) # 0.

3.2 Derivations of O,(SL,).

In this section, we first consider the case where n > 3. (The case n = 2 needs a slighty
different treatment for technical reasons.)

The quantisation of the ring of regular functions on SL,,(K) is denoted by O4(SLy,); recall
that

Og(SLn) := Oq(Mn)/(An —1).

We set Xio = Yia + (A, —1) for all (i,a) € [1,n]% It is well-known that O,(SL,) is a
Noetherian domain whose centre is reduced to scalars.

Observe that, for all i € [1,n—1]U [n+1,2n — 1], the derivation D; + 5D, of Og(M,,)

satisfies (Di + ﬁDn> (Ap) = 0. Hence it induces a derivation of O4(SLy,) that we denote
by D.

Theorem 3.3 1. Every deriwation D' of Oq(SLy,) can be uniquely written as follows:
D' =ady + Dy + -+ piy 1 Dy oy + oy Dy + -+ i1 Dy,
with ady € InnDer(Og(SLy)) and py, ... pth_1, (i qs-- - Mop_1 € Z(Og(SLy)) = K.

2. HHY(O,(SLy,)) is a finite-dimensional vector space of dimension 2n — 2 with basis
(DY,....,D,_, D}y ..., D5, 1).

n—1°

Proof. Let D' be a derivation of Oy4(SLy,). Naturally, one can extend D’ to a derivation
of O,(SLy)[t*!] by setting D'(t) = 0. Now, recall from [11, Proposition] that there exists
a unique isomorphism ¢ : Oy (SLy)[t*!] — O4(GL,) such that (X, ,) = Y, if i > 1,
0(X1.0) = Y1aA Y, and ¢(t) = A,. As D' is a derivation of Oy(SL,)[t*!], one can transfer
it via ¢ in order to obtain a derivation of O,(GL,). More precisely, it is easy to check that
D := poD'op~!is a derivation of Oy(GL,) such that D(A,) = 0. Hence, it follows from the
proof of Theorem 3.1 that there exist k € N, p1,...,pon—1 € K[A,] and x € Oy(M,,) such
that D = A *ad, + A7 Fuy Dy + -+ Ay ¥ g, 1 Doy, 1. Moreover, since D(A,,) = 0, we must
have pi + -+ ftn—1 + fing1 + -+ pon—1 — (n—2)pn, = 0. Hence D = A, *ad, + A, Fu DY +
coo AF g, DY+ Agk,unHDgH + o+ AR ug, 1 DY, where D! = D; + ﬁDn for
allie[l,n—1]U[n+1,2n —1].

Hence,
_ _ 1
D(Y11) = Aj*ad, (Vi) + Ankm(m +oo 1 g1+ p2n—1)Yi10
D(Yia) = A;kadm(YLa) + A;kunﬂ,aYLa for a > 2
D(Y;1) = AyFady(Yia) + Ay F 1Yy fori>2
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and

D(K,a) = Aikadx(}/i,oa)

n

_ 1
+ A" <,un+1—a Ftinyiot = (e ey i+ M2n—1)> Yia

when ¢ > 2 and a > 2.

Set y := ¢~ !(z), and write y = Y ez yit! with y, € O,(SLy,) equal to 0 except for a finite
number of values of I. Also, for all i € [1,n—1]U[n+1,2n—1], we set o1 (1;) = >,z piat!
with p;; € O4(SLy,) equal to 0 except for a finite number of values of I. Now, ¢~ 1(u;) is
central in O,(SLy,)[t*!], since y; is central in Oy(M,); and so ¢~ 1(u;) € K[t*1]. Hence, for
all 7,1, u;; € K. Then, straightforward computations show that

D' = ady, + p1 kD] + -+ pn—1,D)_1 + tint1,6D5 1 + p2n—1,5Dop_o-

We show this when (7, a) = (1,1), the other cases are proved in a similar manner.
In this case, D'(X1,1) = o lo D(Yl’lA;l); that is,

_ __ e 1
D'(Xy1) =¢ ! <Ank Lad, (Y1) + ALK 1@(#1 + ot -1+ i+ Mzn—1)Y1,1>

1 _
= [adyz (Xu0) + = (g - e+ pimgrg - F M2n—1,Z)X1,1] tF.
lEZ

Now, as Oy (SLy)[tF] = ®1e204(SLy)t! and D'(X11) € Oy(SLy,), we deduce from the previ-
ous equality that
1
D'(X11) = ady (X11)+ m(ﬂl,k + o 1k gk o o1 k) X1
ady, (X1,1) + p1kD1(X11) + -+ + pn—1,6Dp 1 (X11)
a1,k D1 (X10) + -+ + pion-1,5 Do, 2(X11),

as desired.
To finish, let us mention that the decomposition of D’ is unique because of the uniqueness
of the decomposition of D in Oy(GLy,). O

Note that the automorphism o of O4(M,,) defined in the discussion before Corollary 2.10
induces an automorphism of O4(SLy,), still denoted by o, since o(A,) = A,. Following
the same reasoning as in the discussion before Corollary 2.10, we obtain the following result
regarding the twisted Hochschild homology of O4(SLy,).

Corollary 3.4 HH,2 5(O4(SLy),04(SLy)s) is a finite dimensional vector space of dimen-

ston 2n — 2.
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When n = 2, the derivations D1 — D3 and Dy of O4(M,,) satisfy (D1 — D3) (A,) =0 =

Dy (A,,).

Hence, they induce two derivations of O4(SLy) that are denoted by D} and Dj.

Then, by using arguments similar to those in the proof of Theorem 3.3, one can prove the

following result.

Proposition 3.5 1. Every derivation D" of O4(SLa) can be uniquely written as follows

D' = ady + py Dy + paDs,

with ad, € InnDer(O,4(SL2)) and ), ph € Z(Of(SLa)) = K.

2. HHY(O,(SLy)) is a two-dimensional vector space with basis (D, D).

3. HHo(O4(SLa), Oq(SLa)s) is a two-dimensional vector space.

Notice that Hadfield and Kridhmer have computed the twisted Hochschild homology
of Oy(SLy) in [6]. However, there is a misprint in [6, Theorem 1.1] in the dimension of
HH3(O4(SL2), ,-104(SL2)) ~ HH3(O4(SLa), Oy(SL2)s), as the authors have confirmed.
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