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Introduction

In their famous paper [1], Golod and Shafarevich gave a construction which yields, over
arbitrary fields, infinite dimensional, finitely generated nil algebras that are not nilpo-
tent algebras. In fact, the algebras arising from the Golod-Shafarevich construction have
exponential growth. In view of this, Lance Small has asked whether there is a finitely
generated, infinite dimensional nil algebra with finite Gelfand-Kirillov dimension, which is
not nilpotent, [3]. Small’s question is answered in this paper: we construct, over an arbi-
trary countable field, a finitely generated, non-nilpotent, nil algebra with Gelfand-Kirillov
dimension not exceeding 20.

In what follows K is a countable field and A is the free K-algebra in three non-
commuting indeterminates x,y and z. The set of monomials in x, y, z is denoted by
M and M (n) denotes the set of monomials of degree n, for each n > 0. Thus, M(0) = {1}
and for n > 1 the elements in M (n) are of the form z;...z,, where z; € {x,y,2}. The
K-subspace of A spanned by M (n) will be denoted by H(n) and elements of H(n) will be
called homogenous polynomials of degree n. Every polynomial f € A such that deg(f) = d
can be uniquely presented in the form f = fo+ fi+...4 fq, where f; € H(i). The elements
fi are the homogeneous components of f and deg(f) denotes the degree of the polynomial
f. A right ideal I of A is homogeneous if for every f € I all homogeneous components of f
are in I. Let V be a linear space over K, then dimyg V' denotes the dimension of V over K.
The Gelfand-Kirillov dimension of an algebra R is denoted by GKdim(R). For elementary

properties of Gelfand-Kirillov dimension we refer to [2].

1 Enumerating elements

Let A be the subalgebra of A consisting of polynomials with constant term equal to zero.
As usual, N denote the set of natural numbers.

The aim is to present an algebra with the desired properties as A/FE for a suitable ideal
E. The ideas develop from ideas in earlier papers by the second author, but we have to
define several sets of subspaces carefully in order to be able to control the growth of the
algebra we have in mind.

We start with two results derived from similar results in [4].



Lemma 1 Let K be a countable field, and let A be as above. Then there exist a set Z C N,
with all i € Z being greater than or equal to 5, such that elements of A can be enumerated
as f; fori € Z (that is, A = {fi}icz) and such that 2% > 3% for each i € Z, where t; is
the degree of f;.

Proof. The field K is countable and the algebra A is finitely generated over K, so the
elements of A can be enumerated: say A = {g1,¢2,...}. We now define an increasing
function 6 : N — N as follows. Set (1) := min{i € N | i > 4, 22" > 36dee(9)}  Suppose
that we have defined 6 : {1,...,n} — N such that 22" > 3648 for cach i =1,...,n.
Then set O(n + 1) := min{s | s > 0(1),...,0(n) and 2% > 364+ If we now rename
the elements of A by setting Jos) = gs then we have a listing of the elements of A with
the required properties. O

Given a subset S C H(n), for some n, let B, (S) denote the right ideal of A generated
by the set Uy, M (nk)S; that is,

B,(S) = i M (nk)SA.

k=0

Theorem 2 Let Z , {fi}icz be as in Lemma 1. Let i € Z, and let I be the two-sided ideal
generated by f;'°% where w; = 4.22". Then there is a linear K -space F, C H(221) such that
I C B,,(F) and dimg (F}) < 2*7" — 2.

Proof. Apply [4, Theorem 2| with f = f;, r = 22w = w; = 4.2, and put F, = spanF.
Note that these choices of f,r, w satisfy the hypotheses of [4, Theorem 2], by Lemma 1. [J
2 Definition of U(2") and V(2")

Set $:={[20 —i—1,20—1]|i=5,6,7,...}.

Theorem 3 Let Z, F; be as in Theorem 2. Then there are K -linear subspaces U(2") and
V(2™) of H(2") such that for all n > 0 we have:

1. dimg V(2") =2ifn ¢ S.

2. dimg V(22149 = 2% for all 1 < i and all 0 < j < i.



3. V(2™) is generated by monomials.

4. F; CU(2Y) for everyi e Z.

5. V(2") + U2") = H(2") and V(2?) N TU(2") = 0.
6. H2")U((2") + U(2")H(2") C U(2"+1) .

7. V() CvEemv(en).

Proof. We construct the sets U(2") and V(2") inductively. Set V(2°) := V(1) = Kz + Ky
and U(2°) = U(1) := Kz. Assume that we have defined V(2™) and U(2™) for m < n
in such a way that conditions 1-5 hold for all m < n and conditions 6 and 7 hold for all
m < n. Then we define V(2") and U(2""!) in the following way. Observe first that since
U(n) NV (n) =0 then

{Un)U(n)+Un)V(n)+Vmn)Um)}n{V(n)V(n)} =0.

Our next step is to make the following observation. If V, P C V(n)V(n) and VNP = 0
then
{UN)U(n)+Un)V(n)+V(n)U(n)+V}nP=0.

For, suppose that ¢ = ¢; + ¢ € P with ¢, € U(n)U(n) + U(n)V(n) + V(n)U(n) and
co € V. We claim that ¢ = 0. Notice that ¢ € P and ¢, € V implies that ¢; = ¢ — ¢y €
P+V CV(n)V(n). On the other hand, ¢ — ¢y = ¢; € U(n)U(n) +U(n)V(n) +V(n)U(n).
By the above observation, we get ¢; = 0 so that ¢ = ¢, € V. However, ¢ € P; so that
c€ PNV =0, as required.

Now we will define V(2"*1), U(2""!) inductively, in the following way. Consider the

three cases
l.neSandn+1eS.
2.n¢s.

3.neSandn+1¢5S.

Case 1. Suppose that n € S and n+1 € S. Then we define V(2") := V(2")V(2");

so condition 7 certainly holds. Notice that V' (2""!) is spanned by monomials, since V/(27)



is spanned by monomials; so condition 3 holds. Moreover dimg V(2") = (dimg V' (27))2.
Since n,n + 1 € S, it follows that n = 2° — i — 1 + j for some i and some 0 < j < 1.
By the inductive hypothesis, dimg V(2") = 2%. Now dimg V(2") = (22)2 = 2277,
as required for condition 2 (condition 1 does not apply in this case). Set U(2""!) :=
U(2")H(2™) + H(2™)U(2"); so condition 6 certainly holds. It is now easy to check that
condition 5 holds. Finally, observe that since n + 1 € S, we have 2"*! £ 22" for every i,

hence condition 4 is empty in this case and so holds trivially.

Case 2. Suppose that n ¢ S. Then dimg V(2") = 2, by the inductive hypothesis. Let
my, my be distinet monomials from V(2")V(2"). Set V(2"*1) := Kmy + Kmy. Then
dimg V(2") = 2, as required. Let V' C V(2")V(2") be such that V N V(2"!) = 0 and
V+V (@2 = V(2M)V(2h). Set U2 := UMV (2") + V(21U (2™ +U(2MU(27) + V.
We see that U(2"T)NV(2"!) = 0 and U(2""1) + V(2"*1) = H(2"!). Observe that since
n ¢S, we get 271 #£ 22" for every i, and again 4 holds trivially.

Case 3. Suppose that n € S while n+1 ¢ S. Then n = 2° — 1 for some ¢ > 1. By
the inductive hypothesis dimg V/(2") = dimg V(22 1) = dimg V(227714 = 22°. Now
dimg V(21)V(27) = 22"

Assume first that i € Z. We know that F; has a basis { fi, ..., fs} for some fi,..., fs €
H(2%) and s < 22" — 2. Write each f; as f; = f, + g; where f; € V(22)V(2?') and g; €
V(EPU(22) + U2P)U %) + U((2¥)V(2%). Since V(2%)NU(2%) = 0 this decomposition
is unique. Let P be a K-linear subspace of V(22')V(22') such that fjePforalll <j<s
and dimy P = 22" — 2.

Since V/(22')V(2?') is spanned by monomials and dimg (V(22)V(2%)) = 2*"" while
dimg P = 22" — 2, then there are monomials my,my € V(2%)V(2?') such that Km, +
Kmy+ P =V(22)V(2%) and P N (Kmy 4+ Kmy) = 0. Now set V(2" := Kmy + Kmy
and U(2™H) := U(2¥)V(22) + V(2 U (22) + U(22)U(2%) + P. Certainly, conditions 1,
3,5, 6, 7 hold (and 2 does not apply to this case), and condition 5 holds by the observation
from the beginning of the proof of this theorem. We claim that condition 4 holds. Indeed,
f; € PCU@2") and g; C U(2") for every 1 < j < s, so each f; € U(2"™). Therefore
F; C U2 = U(2%), as required.

Finally, to finish Case 3, consider the case that ¢ ¢ Z. In this case, take any two
monomials ¢y, g from V(22)V(2?') and set V(2"t!) := K¢ + Kqo. Let Q be a K-linear
subspace of V/(22')V(22) such that K¢, +Kqg+Q = V(22)V(2%) and QN (K¢, +K¢s) = 0.



Now set V(2"+1) = Kqy+ Kqo, U271 = U(22)V(22)+ V(22U (2% )+ U (22U (22) +Q.
It is easy to check all conditions, as in previous cases, noting that 27! = 22 but i ¢ 7, so
that condition 4 holds trivially. O

3 The ideal F

The algebra we require will be presented as a factor algebra A/E for an ideal E that we

now define.

Definition 4 Let » € H(n) for some n, and let m be the natural number such that
2m < < 2™ We say that r € E(n) if and only if for all 0 < j < 2™ — n we have

H(j)rH2™? —j—n) CUQR™NHHE2™) + HR™HU@2™).
We define £ = E(1) + E(2) +.. ..

Of course, it is not obvious from this definition that E is an ideal of A. This is the

content of the next theorem.
Theorem 5 The set E is a two-sided ideal of A.

Proof. 1t suffices to show that if » € E(n) for some n, then rH(1) € E(n + 1) and
H(1)r C E(n+1). Let m be the natural number such that 2™ < n < 2m*1,

Consider first the case where n < 2™*! — 1. Since r € E,, we know that
H(j)rH(2™? — j —n) CU@™MHE2™™) + HE2™HU (2™
for all j < 2™*2 — n and this implies that
H(j)rHL)H@2™? —j—n—1) CUER™NHHE2™") + H2™HU (2™

and
H(j)HL)rH@2™? —j —n—1) CUQ™HHE™") + H2™ U (2™)
for all j < 2™*2 —n — 1. Consequently rH (1) € E,1 and H(1)r C E,,;.

Next, consider the case where n = 2™+ — 1. We have to show that

H()HQ)rH(2™ — j —n — 1) C UQMH(™?) + HE™)U (")



and that
H(j)rH(1)H(2™ —j —n—1) CU(2™2)H(2™?) + H((2")U(2™?)
for all j < 2™*3 —n — 1. Consequently we have to show that
H(j)rH (2™ —n—j) CUQ™)H(2"?) + HE2™#)U2™)

for all j < 2m+3 —n.

There are three possibilities to consider:
1. j+mn<2mt2
2. j > 2m+t2,

3. 2MF2 < j4+n < 2mT2 4,

Case 1. Suppose that j +n < 2™*2. Since r € F(n) we have
H()rH@™ —n— j) € URMHE™) + HEMOUE™) € U@?)
by Theorem 3(6). Consequently H(j)rH (2™ —n — j) € U(2™?)H(2™*?), as required.
Case 2. Suppose that j > 2™2. Since r € E(n) we have
H(j— 2"y H(2™? —n—j) e UQ™HH(©2™M) + HER™HU (2™ C U(2™?),
by Theorem 3(6). Consequently H(j)rH (2™ —n — j) € H(2™2)U(2™+?2), as required.

Case 3. Suppose that 2712 < j4n < 2™*24n. Since n = 2™+ —1, we obtain 2™ 41 < j
and 2™*3 — j —n > 2™ Observe that

HG)rH2™? —j —n) C HR™NYH)rH () H(2™)

for some ¢,t', where t +t' = 22 — n (recall that n = degr).

Since r € E(n), we obtain

Ht)rH®) C U™ HE2™) + HE™hHU (2™,



Consequently,
H(j)yrHQ2™? —j—n) = HER™YHH@)rH{t')H(2™™)
= HE™HUE™HHE@™) + HEMHUEHE™)
C U@Q™2)H(2™?) + H(™ ) U(2™?),

because H(2m+)U(2m) C U(2™2) and U (2™ ) H(2™T1) C U(2™+2), by Theorem 3(6).
0

4  Definition of S(j),W(j), R(j), Q(5)

In Section 2, the sets U(x) and V() were only defined at powers of 2. In this section we
define corresponding sets at all other natural numbers j. These are defined in terms of the
U(2") and V(2") for terms occuring in the binary expansion of j.

Let j be a natural number . Write j in binary form as
J=2P0 4P 4 4o

with 0 < py < p1 < ... < p,.

Define .
W(j) =VEo)ver).. . vem) =][ver
i=0
and set .
S(j) =) S(j,k),
k=0
with
S(.0) = U@MH( —2) and  S(i.k) == H(te)U(2") H(my)

where

k—1 n

ty = 22’” and my = Z 2P
i=0 i=k+1

for each j,k > 0.

In a similar way, define

Q(j) =V (2r)V(2P1) .. V(2P) = H V(2r)



and set .
R(j) =) R(jk)
with
R(j,0):= H(j —2P)U(2") and R(j, k)= H(my)U(2P*)H (1)
where

k—1 n
tr = E 2Pt and my = 5 2P
i=0 i=k+1

for each j,k > 0.
Note that W (2") = Q(2") = V(2") and that S(2") = R(2") = U(2").

Lemma 6 Let j be a natural number. Then
1. S(j) + W(j) = H(j) and S(j) N W (j) =0
2. R(j) +Q(j) = H(j) and R(j) N Q(j) = 0.

Proof. Note that S(j) € H(j) and W(j) C H(j) for all 5. Since V(2P¢) + U(2F') = H(2P+)
for all i by Theorem 3(5), we get S(j) + W (j) = H(j). Observe that V(271 ) NU(2P*) =0
for all ¢ by Theorem 3(5). Therefore S(j) N W(j) = 0.

The proof of the second claim is similar. O

Lemma 7 Let j be a natural number, and let j = 2P0 + 2P 4+ . 4 2P be the binary form
of g with 0 < pyg <p1 <Py <...<pn. Let 0 <t <n andlet m = 2Pt 4 2Pt++ 4 4 2Pn
and m' = 2P0 4+ 2P .4 2P Then R(j) = R(m)H(m') + H(m)R(m').

Proof. Notice that m’ +m = j. Let R(j) = > i, R(j, k) be as in the definition above.
Then
R(j, k) = H(mp)U (2% ) H (Iy)

where
k—1 n
I, = g 2P and my = E 2P
i=0 i=k+1

Suppose that k < t; so that my > m. Then R(j, k) = H(m)H (my — m)U(2P%)H(l}).

Observe now that m' = Zf;é 2Pi is the binary form of m’ = j — m. Therefore R(m/, k) =
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H(my, — m)U(2P*)H(ly) for k < t. Hence R(j,k) = H(m)R(m', k) for k < t, and conse-

quently
t—1

R(j, k) = H(m)R(m').
i=0
Now suppose that k > t; so that [, > m/. Then
R(j, k) = H(my)U (2% )H (I —m')H(m'),

and, arguing as above, R(j, k) = R(m,k —t+ 1)H(m'). Therefore,

> R(j, k) = R(m)H(m).
i=t
The result follows. O

Theorem 8 For all natural numbers j,t we have
RG)H(t) CR(j+1) and H(H)S() C SG +1).

Proof. 1t is sufficient to show that for every j we have R(j)H (1) C R(j+1) and H(1)S(j) C
S(j+1). We will show that that R(j)H (1) C R(j+41). The proof that H(1)S(j) C S(j+1)
is similar.

First, consider the case where j = 2P™1—1 for some p > 0. Then j = 204214224 2P
Consequently R(j) = > r_, R(J, k), where

R(j, k) = H(2P*H — 2" U (2M H (2" — 1).

Notice that R(j+1) = R(2PT1) = U(2PT!). Therefore, it suffices to show that R(j, k)H (1) C
R(j+ 1) = U(2PT), for every k > 0. Notice that,

R(j,k)H(1) = H(2F™ —2M YU @M H (2% — 1)H (1) = H(2PT! — 28U (2F)H (29).

Hence,
R(j,k)H(1) C H(2PT! — 2k HU(2F 1),

by Theorem 3(6). Since H(2")U(2") C U(2!"!), again by Theorem 3(6), we obtain

H(2P — 29U (2" € H(2rH — 27y (27,
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Applying this observation several times for t = k+ 1, t = k+2,...,t = p, we get that
R(j,k)H(1) C U(2"), as required.

Next, assume that j # 2P —1 for all p. Write j in binary form: j = 2P0 42P1 4 42Pn
for some 0 < pyg <p; <p2 < ...+ < pn.

First, assume that pg # 0. Then j +1 = 20 4+ 2P0 4 2P1 + 4 2Pn is the binary form of
j+1. Let R(j) = 3. R(j,k) and R(j 4+ 1) = 3. R(j + 1,k) be as in the definition.
Now we see that R(j,k)H(1) C R(j+1,k+1). Therefore R(j)H(1) C R(j+1) as required.

Next, assume that py = 0, and let ¢ be minimal such that p; —p;,_1 > 1. Then p; = i for
all0 <i<t—1andp, >t Therefore j =2 —1+ > " 2Pi. By using Lemma 7, observe
that R(j) = R(m)H(m') + H(m)R(m') where m' = > " 2P = 28 — 1 and m = 3.1, 2¥i.
Thus,

R(j)H(1) = R(m)H(m')H(1) + H(m)R(m')H(1).
Since m’ = 2t — 1, we get R(m/)H (1) C R(m’ 4+ 1) = R(2"), by the first part of the proof.
Therefore
R(j)H(1) € R(m)H(m' + 1) + H(m)R(m' + 1).
Observe that the binary form of j+1is j+1=2"+>"" 2r'. Recall that m = S, or'

and that 2° = m’ + 1. Now from Lemma 7, we get
R(j+1)=R(m)H(m' + 1)+ H(m)R(m' + 1).

Consequently R(j)H (1) C R(j + 1), and the lemma follows. O

5 Estimation of the Gelfand-Kirillov dimension

In order to estimate the Gelfand-Kirillov dimension of A/E, we need to recognise when
certain homogenous elements are in £/. The next theorem provides a sufficient condition

for this to happen.

Theorem 9 Ifr € H(n) for somen andr € S(t)H(n—t)+H(t)R(n—t) for all0 <t <n,
thenr € E.

Proof. Suppose that r € S(t)H(n —t) + H(t)R(n —t) for all 0 < ¢t < n. Let m be the
natural number such that 2 < n < 2™*!. By the definition of E we have to show that

for all j < 2™*2 — n we have

H(j)rH(@2™? —j —n) CU@™YHHEQ™) + H™HU2™).
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Consider the three possibilities:
1. j4+n>2"" and 27t — 5 > 0.
2. j+mn>2"" and 2™t — 5 < 0.
3. j+n<omtl
Case 1. Suppose first that j +n > 27 and 2™t — j > 0. Set t = 2™+ — j. By

assumption, r € S(t)H(n —t) + H(t)R(n —t), since 0 <t andn —t =n +j — 2™ > 0.

Therefore

H(j)rH(@2™? = j —n) CHG){S)H(n —t)+ H{t)R(n — 1)} H2™"* — j —n).
Now, since j +t = 2™ we get

HG)rH(2™? —j —n) C H(H)SHHEQ™™) + H2™ ™ R(n — t)H(2™™ —n 4 1).

By Theorem 8, H(j)S(t) C S(2™*!) = U(2™*). Similarly, R(n — t)H(2™™ —n +t) C
R(2™t1) = U(2™*1), by Theorem 8. Therefore

H(j)rH(2m+2 —j o n) g U(2m+1)H(2m+1) 4 H(2m+1)U(2m+l),
as required.

Case 2. Suppose that j +n > 2™ and j > 2™*!. Then j = 2™*! + b for some b > 0.
Since j +n < 2m*2_ it follows that b+ n < 2™*! and b < 2™, since n > 2™. Now take
t =2" —b. Then 0 <t < n. Hence, by assumption, r € S(t)H(n —t) + H(t)R(n — t).

Consequently,
H(j)rH(2™ = j—n) CH(G) {S@)H(n —t)+ H{t)R(n — )} H2™"* — j —n).

Since j = 2™*! + b we obtain

H(j)rH@2™? —j—n) CHR™YHGB) {SH)H(n —t)+ Ht)R(n —t)} H2™ — j —n).

Consider the two terms that occur on the right hand side of this containment separately.
First, consider the term H(2™)H(b)S(t)H (n — t)H (2™ — j —n)
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Note that t + b = 2™ and that j +¢ = 2™** + 2™ Hence, H(b)S(t) C S(2™) = U(2™),
by Theorem §; and so

HE™ ) HO)SH(n ~ )H2™? — j—n) = HE™HUEQ™HE™? ~ j 1)
HE™ U (2")H(2")

H2mHu(2m),

N

as required.

Next, consider the term H (2™ )H (b)H (t)R(n — t)H(2™ — j — n).

Observe that R(n —t)H (2" — j —n) C R(2™) = U(2™), by Theorem 8, since j 4+t =
omtl | om Also, H(BYH(t) = H(t + b) = H(2™).

Hence,

HE™YHMBH)R(n — ) H(2™? — j —n)

N

H(2™H)H(@2™)U(2™)
H2m U (2™,

N

as required.
Consequently, H(j)rH(2™? — j —n) C H(2™)U(2™*1), as required.

Case 3. Suppose that j +n < 2™+l Then j < 2™, since n > 2™. Set t := 2™ — j. Then
0 <t < n. By assumption, » € S(t)H(n —t) + H(t)R(n — t). Note that j +t = 2™,
Therefore,
H(j)rH (2" —n—j) CHG{SOH(n —t) + H{t)R(n — )} H2™ —n — j).
Theorem 8 gives H(j)S(t) C S(j +t) = S(2™) = U(2™); so that
H(j)yrHQ2™? —n—4) CUQR™MH@2™? —j —t)+ H2™R(n —t)H(2™? —n — 7).
Consider the two terms on the right hand side of this containment.
First,
UQR™H@2™?—j—t) =UQ™H((2™?—2™) = U™ H (2™ H(2™) = U(2™ ) H (2™ ).
Secondly, note that 2" —n +t = 2™ —n + (2™ — j) = 2" — (n + 5) > 0 and that
2mt2 o — j=2ml 4 omHl _p g =9mFl 4 (2™ — 4 ¢); and so
H(Q2™R(n—t)H(2™? —n—j) = H2™R(n—t)HQ2™ —n+t)H(2™)
C HE™R(E2™)H(

)
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as required.
Consequently H(j)rH (2™ —n — j) C U(2™T)H(2™). This finishes the proof. [J

We can now estimate the size of the subspaces Q(n) and W (n).
Theorem 10 For all n > 0, we have dimg Q(n) < 3'"n? and dimyxg W(n) < 3'7nf.

Proof. We will show that dimg Q(n) < 3'"n?. The proof that dimg W(n) < 3'7n? is
similar. Let n = 2P0 4+ 2Pt + /. 4+ 2P" with 0 < py < p1 < p2 < ... < pp. Then
Q(n) =V (2r)V(2P1) ... V(2Pm). Consequently dimy Q(n) = [[;-, dimg V' (2P"). Therefore
dimg Q(n) < H}fg(”” dimg V(2%), where |log(n)] is the largest integer not exceeding
log(n). Recall that, from Theorem 2, either dimg V(2Y) =2 or i € S, where S = {[2" —i —
1,29 —1]|i=5,6,...}.

Now let ¢; = Hf:;ilil dimg V(2). We see that ¢; = Hé’:o dimy V (2%~ 1H7) =
H;:o 22 < 22" by Theorem 3(2). Since dimg Q(n) < TTEE™) dimg V(27), we have
dimg Q(n) < cc’ where ¢ = [[isgi<|10g(n)) diMK V(2") and ¢ = [Tics.i<0a(n)) dimx V(2.
First, observe that ¢ < 2Ues(I+1 < 95 Next, let ¢ be the maximal number such that
20 — q—1 < |log(n)]. Then ¢ < [, ¢ < [1,2*" < 22", Observe that 2071 <
21— (g41), if ¢ > 3. Therefore 22" = 22"7'2° — (227")8 < (2U°g("ﬂ)8 < n8, provided that
q > 3. Observe that if n > 16 then the maximal number ¢ with 29 — ¢ — 1 < [log(n)] is
indeed greater than or equal to 3; so that dimg(Q(n) < 2n.n® = 2n? provided that n > 16.
If n < 16, then dimg(Q(n)) < dimg(H(n)) < 3%, since Q(n) C H(n) for each n and A is
generated by the three elements x,y, z. Therefore dim;, Q(n) < 3'n? for each n. O

After all this preparation, we can now estimate the Gelfand-Kirillov dimension of our

factor algebra.
Theorem 11 GKdim(A/FE) < 20.

Proof. Let 0 < j < n. Note that S(j)+W(j) = H(j) and R(n—j)+Q(n—j) = H(n—j).
It follows that

H(n) = H(j)H(n —j) = W(HQn —j) +{SUG)H(n —j) + H(G)R(n - j)}.
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Let
. H(n)
0: Hn) EB {(SGYH(n —J) + HG)R(n— )}

be the natural map. Then
ker() ={re H(n) |r € S(j)H(n—j)+ H(j)R(n — j) for each 0 < 5 <n} C E(n)
by Theorem 9. Thus,
. H(n) . H(n) 34, 18
< < .
dim <E(n)> < dim (ker(@) <3 F(n+1)

Consequently, GKdim(A/E) < 20.

6 A/E is nil but not nilpotent

It remains to show that the algebra A/FE is nil but not nilpotent. We show that A/E is
nil by showing that the elements f;'" defined in Section 1 belong to E. In order to see

that A/E is not nilpotent we show that the K-subspaces V(2") are not contained in E.

Lemma 12 Let Z, {fi}icz, {Fi}icz be as in Theorem 2. Fix any i € Z and suppose that
m 42> 2. Then By, (F)) N H(2™2) C U™ H(2™) + H(2m 1)U (2m ).

Proof. We know that F; C H(22i) and w; = 4r; where r; = 22'. Set w := w; and r := ;. By
the assumptions of this lemma 2™+ > 22' Observe that B, (F;) C B.(F;), since w = 4r.
Also, B,(F;) C B,(U(r)), since F; C U(2%") = U(r) by Theorem 3(4). Consequently

By(F;) C B.(U(r)).
Therefore, it is sufficient to show that
B'r’(Ur> N H(2m+2) g U(2m+1)H(2m+1) 4 H(2m+1)U(2m+1)

for all m such that 2™t > 22 = r . We will proceed by induction on m. If m + 1 = 2
then 2™%2 = 2r; so that B,.(U(r)) N H(2r) = U(r)H(r) + H(r)U(r), by the definition of
B,.(U(r)), and the fact that U(r) C H(r).
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Suppose now that the result holds for some m, with 2! > 22 = . We will prove
that the result holds for m + 1. We have to show that

B.(U(r)) N H(2™) C U™ H(2™2) + H(2™)U (2™2).
Observe that, since r divides 22, we obtain
BA(U(r)NH(2™) = {B.(U(r) 0 H(@™42)} H2™2) 4 H2™2) {B,(U () N HE™2)},
by the definition of B,(U(r)). By the induction assumption
B.(U(r)) " H((2™?) C U™ H ™) + H™HUu ™) C U2™?)

by Theorem 3(6). Hence, B, (U(r))NH(2™3) C U(2™2)H(2™2) + H(2™2)U(2™+?) and
the result follows. U

Theorem 13 Let Z, {f;}icz be as in Lemma 1. Leti € Z and let I be the two sided ideal
of R generated by filow" where w; = 4.22'. Then I C E.

Proof. Let r € I. Thenr = 37"
10w; <n <s. It is sufficient to show that r,, € E. Let m be the natural number such that
2m < p < 2L Note that 10w; = 40.2%"; so 40.22' < n < 2L, Hence m + 1 > 2¢. In

order to show that r, € E, we have to show that

rp for some r, € H(p), and some s. Fix n, with

H(j)roH(2™? —n —j) CUQRMHHE™ ) + HE™HU @™,

for every 0 < j < 2m*2 —p,
Now r € I yields H(j)rH(2™™ —n — j) € I. Consequently, H(j)rH(2™* —n — j) C
By, (F;), by Theorem 2; so

H(j) ( > Tp> H(2™? —n—j) C By, (F).
p=10w;
It follows that H(j)r,H (2™ —n — j) C By, (F;), for every p with 10w; < p < s, since
By, (F;) is homogeneous and 1, € H(p) for every p.
In particular,
H(j)raH(2"™ = n — j) C By, (F).
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Now, since H(j)r,H (2™ —n — j) C H(2™"?) and m + 2 > 2', we have

H(j)roH2™* —n—j) C Buy,(F)nHE2™)
C HE™HUER™) + U@ HE2™),

by Lemma 12, and this completes the proof. Il
The next two results are now immediate.

Corollary 14 Let Z, {f;}icz be as in Lemma 1. Let N be the two-sided ideal in A gener-
ated by elements from the set {f/°"}icz where w; = 422, Then N C E.

Theorem 15 The algebra A/E is a nil algebra.

Proof. This follows from the previous theorem and Lemma 1. O
Finally, we show that A/FE is not nilpotent.

Theorem 16 The algebra A/E is not nilpotent.

Proof. Recall that V(2"1) C V(2")V(2"), for every n > 0, by Theorem 3(7). It follows
easily, by induction, that V' (2™) C V(2)?""". Thus, it is sufficient to show that V(2™ € E.

Recall that, by Theorem 3(3), V' (2™) is generated by monomials, for all m. Therefore,
there are 0 # r € V(2™) and 0 # ' € H(2™? — 2™) such that 0 # rr’ € V(2™2).
Suppose that r € E; so that, in fact, r € F(2™). By using the defining property of F, see

Definition 4, with 7 = 0 and n = 2™, we obtain
0#r" € HO)rHQ2™? —0-2m) CUR™HHE™™) + HER™ U™ C U@2m™t?).

Thus, 0 # rr’ € V(2™2) N U(2™2) = 0, contradicting Theorem 3(5).
Hence, r ¢ E; so that V(2™) € E, as required. O

In conclusion, we have proved:

Theorem 17 The finitely generated algebra A/ E is nil, but not nilpotent, and has Gelfand-

Kurillov dimension not exceeding 20.
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