PRIMITIVE IDEALS IN QUANTUM SL; AND GL3

K.R. GOODEARL AND T.H. LENAGAN

ABSTRACT. Explicit generating sets are found for all primitive ideals in the
generic quantized coordinate rings of SL3 and GL3 over an arbitrary alge-
braically closed field k. (Previously, generators were only known up to cer-
tain localizations.) These generating sets form polynormal regular sequences,
from which it follows that all primitive factor algebras of Og4(SL3(k)) and
Oq4(GL3(k)) are Auslander-Gorenstein and Cohen-Macaulay.

0. INTRODUCTION

The primitive ideals of quantum SL3 were first classified by Hodges and Lev-
asseur in the case of Oy (SL3(C)) [6, Theorems 4.2.2, 4.3.1, 4.4.1 and §4.5]. (Here
and throughout, we consider only generic quantized coordinate rings, meaning that
quantizing parameters such as ¢ are not roots of unity.) This classification was
extended to O4(SL,(C)) in [7], to Oy(G) for semisimple groups G and ¢ tran-
scendental in [9], and to multiparameter quantizations O, ,(G) over C in [8]. In
these classifications, the primitive ideals appear as pullbacks of maximal ideals from
certain localizations, and it is only in the localizations that generating sets are cal-
culated (assuming the base field is algebraically closed). The only case in which
generating sets for primitive ideals have been explicitly determined is the easy case
of O,(SLy(C)) [6, Theorem B.1.1]. Of course, once the primitive (or prime) ideals
of Oy(SL,(k)) are known in some form, those for O,(GL,(k)) can be readily ob-
tained via the isomorphism O, (G L, (k)) = O,(SLn(k))[zT!] observed by Levasseur
and Stafford [13, Proposition].

Our purpose here is to calculate explicit generating sets for all primitive ideals of
the (generic) quantized coordinate rings O,(SL3(k)) and O4(GL3(k)), over any al-
gebraically closed base field k. With some care in the choices of generators and the
order in which they are listed, we actually obtain generating sets which are polynor-
mal regular sequences, from which we obtain strong homological conclusions: All
primitive factor algebras of Og(SLs(k)) and O4(GL3(k)) are Auslander-Gorenstein
and Cohen-Macaulay (with respect to Gelfand-Kirillov dimension). Further, ad-
dressing a question raised in [5], we show that all maximal ideals of O, (SL3(k))
and O,(GL3(k)) have codimension 1.

The line of our calculations follows the framework given by stratifications rela-
tive to torus actions (see [2, Theorems I1.2.13 and I1.8.4]), which we recall below.
It is convenient to work first with O,(GL3(k)), since the results for O4(SL3(k)) are
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then immediate corollaries. On the other hand, with appropriate (obvious) modi-
fications, all steps of our calculations can be performed in parallel in Og4(SL3(k)).

0.1. Stratification. For the remainder of the introduction, set A := O,(GL3(k))
and H := (k*)5. There is a standard rational action of H on A by k-algebra
automorphisms (see §1.5), and we write H-spec A to denote the set of H-prime
ideals of A. (These coincide with the H-stable prime ideals of A by [2, Proposition
I1.2.9].) The prime and primitive spectra of A are stratified via H as in [2, Definition
1.2.1]:

spec A = |_| spec; A and prim A = |_| prim ; A,
JeEH-spec A JEH-spec A

where the H-strata spec; A and prim; A are the sets

spec; A :={P € spec A | ﬂ h(P)=J}
heH
prim; A := (prim A) N (spec; A).

Given J € H-spec A, the strata spec ; A and prim ; A have the following structure
[2, Theorem II.2.13, Corollaries I1.6.5 and I1.8.5].

(1) The set E; of all reqular H-eigenvectors in A/J is a denominator set, and
the localization Ay = (A)J)[E;"] is H-simple (with respect to the induced
H-action,).

(2) The center Z(Ajy) is a commutative Laurent polynomial ring over the field
k, in at most 6 indeterminates.

(3) Localization, contraction and extension provide bijections

spec; A «— spec Ay «— spec Z(Ay)

prim; A «— max A; «— max Z(Ay).

In particular, prim ; A is the set of mazimal elements of spec ; A.

There are exactly analogous results for the algebra O, (SLs3(k)), relative to a
standard action of a torus of rank 5 (see §1.5).

Our route to compute prim A follows the structure outlined above. We give more
detail for the individual steps below.

0.2. H-prime ideals and generating sets. The first step is to determine
H-spec A. Tt is known that A has exactly 36 H-prime ideals, induced from those
of Oy(Ms(k)) which do not contain the quantum determinant. Explicit generating
sets for the H-primes of O4(M3(k)) were calculated in [3], and from these we obtain
explicit generating sets for the H-primes of A (see §2.1). All these generators are
quantum minors.

The stratification of spec A corresponds to an analogous one for spec O, (SL3(k)),
which coincides with the partition introduced by Hodges and Levasseur in [6]. Their
partition was indexed by the double Weyl group Ss x S3, and we carry over their
indexing to write

H-spec A ={Qy | w € S5 x S3}
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(see §2.2). Tt is convenient to use similar indexing for the H-strata of spec A and
prim A. Namely, for w = (w4, w_) in S3 X S3, we set

spec,, A = spec A= specy A

w4 ,W—

prim,, A = prim,, ., A:=primg A.

0.3. Reduced localizations. For computational purposes, it is helpful to reduce
the localizations A; by shrinking the denominator sets £; to multiplicative sets
consisting of normal elements, provided the reduced localization remains H-simple.
(Recall that an algebra with an H-action is called H-simple provided it is nonzero
and it has no proper nonzero H-stable ideals. These conditions hold, in particular,
if the algebra is prime and has no nonzero H-prime ideals.) We identify appropriate
denominator sets E,, C &g, and set A, = (A/Qu)[E,"] for w € S5 x S5 (§§3.1-
3.2). The localization A,, satisfies the same properties as Ag,, (83.2). Namely,

(1) Ay is H-simple.
(2) Z(Ay) is a Laurent polynomial ring over k in at most 6 indeterminates.
(3) Localization, contraction and extension provide bijections

spec,, A < spec A, < spec Z(Ay)

prim,, A «—— max A,, «—— max Z(A,).

0.4. Indeterminates. The next step is to calculate each of the rings Z(A,), as
a Laurent polynomial ring in specific indeterminates. We do this in Lemma 4.3.
(The bound of 6 on the number of indeterminates is not sharp — as it turns out,
each Z(A,,) has Krull dimension at most 3.)

Once we have expressed Z(A,,) in the form [z, ..., 2F"], we can identify the
primitive ideals in the stratum prim, A via §0.3(3), assuming k is algebraically
closed. They are exactly the inverse images of the ideals

(E0.4) (A/Quw) N (Aw(z1 — 1) + -+ + Aw(2a — ),

for aa,...,aq € k™, under the quotient map A — A/Q,,. However, this description
only provides generators up to localization. Hence, one step remains.

0.5. Primitive generators. For w € S3 x S3 and ay,...,aq € kX, we find
elements aq,...,aq € A/Q, which generate a prime ideal of A/Q,, and which
generate the same ideal of A, as 21 — a1,...,24 — ag (Lemma 5.3 and proof of
Theorem 5.5). It follows that ai,...,aq generate the ideal described in (E0.4).
Combining coset representatives of the a; with generators for @, finally, we obtain
sets of generators for the primitive ideals in spec,, A (Theorem 5.5).

1. BACKGROUND AND NOTATION

Fix a base field k£ throughout, and a nonzero element g € k which is not a root
of unity. In our main theorem, we require k to be algebraically closed, but that
assumption is not needed for most of the prior results. For this section, also fix an
integer n > 2; later, we specialize to the case n = 3.

1.1. Generators and relations. For n € N, we present the quantized coordinate
ring of the matrix variety M, (k) as the k-algebra O4(M,(k)) with generators X;;
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for 1 <i4,j < n and relations
Xij Xy; = q X X5

(
(ELD) Xij Xim = ¢Xim Xy E
(

i<l
j <m)
Xij Xim = Xim Xij i<l,j>m)

Xij Xim — XimXij = qXim Xy i<l,j<m),
where §:= q — ¢~ '. The quantum determinant in O4(M,(k)) is the element

Dy = Z (—0)" X1 21y Xon(2)** Xnr(n) »
TESH

where ¢(7) denotes the length of the permutation =, that is, the minimum length
of an expression for 7 as a product of simple transpositions (¢,7 + 1). The element
D, lies in the center of Oy (M, (k)) (e.g., [14, Theorem 4.6.1]). The quantized
coordinate rings of GL,(k) and SL,(k) are then given as a localization and a
quotient of O4(M,(k)), respectively:

O4(CLa(k)) = Oy(Mu (k)[D; ); Oy(SLu(k)) := Og(Ma(k))/(Dy — 1),

Let us use x;; to denote the coset of X;; in Og(SLy(k)).
Due to the assumption that ¢ is not a root of unity,

(1) All prime ideals of Oq(My(k)), Oy(GLy,(k)), and Of(SLy(k)) are com-
pletely prime

[2, Corollary 11.6.10], meaning that quotients modulo these prime ideals are do-
mains.

1.2. Quantum minors. For any nonempty sets I,J C {1,...,n} of the same
cardinality, we write [I|.J] for the quantum minor with row index set I and column
index set J in Oy(M,(k)), that is, for the quantum determinant of O, (M, (k) in
the subalgebra k(X;; | i € I, j € J) C Og(Mp(k)). In detail, if T = {31 < --- <z}
and J = {j1 <--- < ji}, then

[I|J] = Z (_q)l(ﬂ-)Xilvjﬂ(l)Xi27j7r(2) c Xitvjﬂ(t) :
TES

The corresponding quantum minor in Oy(SL,(k)) is obtained by replacing X; ()
by 2; r(;) in the formula above. It is just the coset of [I|.J], and we will use the
same notation for it.

We often omit set braces and commas from the notation for quantum minors,
writing [1|3] and [12]23] for [{1}|{3}] = X153 and [{1,2}|{2, 3}], for instance. Com-
plementary index sets will appear in several formulas; we will use the notation

T:={1,....n}\I

Abbreviated set notation will be used here too, as in 23 = {2,3}.

1.3. Quantum Laplace and commutation relations. Some relations among
quantum minors are needed for our computations; we record them here. We state
ones holding in Oy(M,,(k)) (and thus also in Oy(GL,(k))), and simply note that
analogous ones hold in O,4(SL,(k)).
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The quantum Laplace relations say that

n n

(E1.3a) > (—q) "' X;[1lj) = 6uD, > (=) [l X = 6D,

j=1 j=1

for all ¢, I [14, Corollary 4.4.4]. There are many commutation relations among
quantum minors. Here are seven of the ones from [14, Lemmas 4.5.1, 5.1.2]:

(E1.3b) Xij[llm) = [[}m] X (I # 14, m# )
Xisl115] = qlll3)Xi; = @ _(—a)* 7 3] X
(E1.3¢) Xl - X _;<JZ>: N— (1 #1)
Xij[ilm] — qfilm) X; = qAZ(]—q)
D ] - i = —qz i3] X 73

X [ilg] — [i171X3; = fﬂ?(Z(—fJ)Siij [515] — Z(—Q)jtmfN]Xit)

s<i t>j

X7 - G71x = qla<z<—q>ﬂ‘tﬁ|ﬂxu s [’551) .

t<j >4

(E1.3¢)

Finally, we give some commutation relations among (n — 1) X (n — 1) quantum
minors [14, Theorem 5.2.1]:

(E1.3f) [i[7)(i1m] = q " [ilm] i[5] (j <m)
(E1.3g) [il711215] = ¢~ *[U5](al5] (1<)

(E1.3h) [il31(1]m] = [1])fil) (i<l,j>m)
(E1.31) [il5]lm) — (Ilm[il3] = glilm[il5) (i<l j<m).

1.4. Symmetry. The algebras Oy (M, (k)), Of(GLy(k)), and Oy(SL,(k)) enjoy a
number of symmetries, in the form of automorphisms and anti-automorphisms. We
single out three. First, there is the transpose automorphism T on O4(M,(k)), which
is a k-algebra automorphism such that 7(X;;) = X;; for all 4, j [14, Proposition
3.7.1(1)]. This automorphism also transposes rows and columns in quantum minors:

7([117]) = [711]

for all I, J [14, Lemma 4.3.1]. In particular, 7(D,) = D, and so 7 induces
automorphisms of Oy(GL,,(k)) and Oy(SLy,(k)), which we also denote 7.

Let S denote the antipode of the Hopf algebra Oy(GL,(k)); this is a k-algebra
anti-automorphism such that S(X;;) = (—¢)" ™7 [}ﬁ]D;l for all 7, j (see [14, Theo-
rem 5.3.2], with ¢ and ¢! interchanged). The action of S on quantum minors is
given by

S([117) = (=™ > [J11D, !
for all I, J [10, Lemma 4.1]. Since the antipode of Oy4(SL,,(k)), which we also de-
note by S, is induced by the antipode of O,(GLy(k)), we have S(z;;) = (—¢q)* 7 [714]
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for all 4, j, and the displayed formula becomes S([I]|J]) = (=q)*==I[J|I] in
Oy(SL (K)).

From [14, Proposition 3.7.1(3)], there is a k-algebra anti-automorphism p of
0,(M,,(k)) sending each X;; to Xp41—jn+1—i- This sends D, to itself [14, Lemma
4.2.3], so p induces anti-automorphisms of Oy (GL,(k)) and Oy(SL,(k)). Further,
by [14, Lemma 4.3.1],

p([171) = [wo () wo (1))

for all quantum minors [I|J] in Oy (M, (k)), where wo := [} ,2, = 7] is the longest
element of the symmetric group S,,.

1.5. Torus actions. Write H (or H,, if it is necessary to specify n) for the alge-
braic torus (k*)?", and let H act on O4(M,(k)) and O,(GL,(k)) in the standard
way, namely by k-algebra automorphisms such that

(ala .. '7an7617 v 7671)X1] = O‘ZBJXU

for all ¢, j. Then define the subgroup

SH :={(a1,...,n,b1,.-,0n) € H| vyas---apf1P2--- Bn =1}

of H. Since SH fixes D, —1, it induces an action (by k-algebra automorphisms) on
O4(SL,(k)). The actions of H on Oy(M,,(k)) and Oy(GL,(k)), and the action of
SH on O4(SL,(k)), are rational. All quantum minors in Oy (M, (k)) (respectively,
O4(SL,(k))) are H-eigenvectors (respectively, S H-eigenvectors).

Although the transpose automorphism 7 of O4(M,,(k)) is not H-equivariant, it
does satisfy

7'((041,. "7an7615' 7677.)}/) = (615' "7677.;0517" '7an)'T(Y)

for all (ou,...,0n,01,....0n) € H and Y € Oy(My(k)). (To see this, just check
the displayed identity for Y = X,;.) Consequently, 7 maps H-stable subsets of
0,(M,(k)) to H-stable subsets, and likewise in O4(GL,(k)). Similarly, 7 maps
S H-stable subsets of O4(SL,(k)) to SH-stable subsets.

As for the S and p, we have

S((al,...,an,ﬁl,...,ﬁn).Y) =B 8t an).S(Y)
p((ala" '7an7617" 7671)}/) = (ﬁna '761704717" '7al)'p(y)

for all (aq,...,an,01,...,0n) € Hand Y € Oy(GL,(k)). Consequently, S and p
send H-stable subsets of O,(GL,,(k)) to H-stable subsets, and similarly, S H-stable
subsets of O4(SLy(k)) are mapped to SH-stable subsets.

The sets of torus-invariant prime ideals in the algebras under discussion will be
denoted

H-spec Oy (M, (k)); H-spec Oy (GL,(k)); SH-spec Oy (SLy(k)).

Note that all three collections are stable under 7 and p, and that the latter two
are stable under S. Recall from [2, Proposition 11.2.9] that the H-prime ideals of
Oy(My(k)) or Oy(GL,(k)) coincide with the prime H-stable ideals, and that the
S H-prime ideals of Oy (SL,,(k)) coincide with the prime SH-stable ideals.
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2. TORUS-INVARIANT PRIME IDEALS

For most of this section, we concentrate on the case n = 3 and take A :=

Og(GL3(k)).

2.1. Generators. Generating sets for all H-prime ideals in O, (M3(k)) were deter-
mined in [3]. For the 36 H-primes not containing the quantum determinant, these
generating sets are encoded in [3, Figure 6], a version of which we give in Figure
1 below. Since all prime ideals of A are induced from prime ideals of O, (M3(k)),
Figure 1 also gives generating sets for all the H-prime ideals of A.

The positions in Figure 1 are indexed by pairs (w4, w_) of permutations from Ss;
we will explain this indexing in §2.2 below. Each of the small 3 x 3 diagrams within
the figure represents a selection of 1 x 1 and 2 X 2 quantum minors, given in positions
relative to the 3 x 3 matrix (X;;) of canonical generators for O,(Ms(k)). Circles
(o) are placeholders, bullets (o) stand for 1 x 1 quantum minors (i.e., generators
Xi;), and squares (O) stand for 2 x 2 quantum minors. For example, the diagram in
position (321, 321) records an empty set of generators, while the diagram in position
(231, 231) records the generators [12]23] and X3;.

w—
321 231 312 132 213 123
W4
0o0o OD O0Oe Oee OOCe Oee
321 ||ooo o 000 00O OO OO0e
00O 00O 00O 00O 00O 00O
ooo OD Ooce Oee OOCe Oee
231 ||oo0o0 o 000 00O OOCe OO0e
€00 €00 @00 @00 e0O0 @00
000 O O0Oe Oee OOCe Oee
312 o o ¢} ° °
Do o Do |:lo Do Do
ooo OD 0Ooce Oee OOCe Oee
132 ||@oco0 e €00 00 eOe eOe
€00 €00 @00 @00 e0O0 @00
ooo OD OOe Oee OOe Oee
213 ||ooo o 000 000 OO OO0e
€00 000 000 000 000 000
ooo OD 0Ooce Oee OOCe Oee
123 ||@eoc0o e €00 00 eOe eOe
000 000 000 000 000 000

FIGURE 1. Generators for H-prime ideals

2.2. Indexing. The indexing in Figure 1 is adapted from that used by Hodges
and Levasseur in [6, §2.2] for certain key ideals I,, = I,,, ._ generated by quantum
minors in O,(SLs(k)). In fact, one can show that the I, are exactly the SH-prime
ideals of O4(SL3(k)). Some of the quantum minors that belong to I, do not appear
among the generators given in [6], but we find it useful to include them. Thus, the
sets of quantum minors appearing in Figure 1 are slightly larger than the sets used
to define the ideals I,,. To give an explicit formula for our generating sets, it is
convenient to recall the following relations among index sets.
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Let I and J be finite sets of positive integers with the same cardinality, say t.
Write the elements of these sets in ascending order:

Iz{i1<"'<it} J:{j1<"'<jt}.
Then define I < J if and only if i < j, forall I =1,...,t.
For y € S5, define the following ideals of A:

Qy = ([il1] | i £ y(1)) +([12] [ i £ y(1),5(2)) +([1112] | I £ y(12))

Qy = (G i £ w(V) + ([F112) | T £ y(12)) + (T3] | T £ y(12),y(13)).
where, following our previous conventions, y(12) = y({1,2}). Finally, for w =
(wy,w_) in S5 X S3, set

Qw = Qw+,w, = Q$+ + Q;, :
The diagram in position w of Figure 1 gives a set of quantum minors that generate
@, where we label a permutation y by its effect on 1,2,3. In other words, if y is
given in input-output form by the matrix [y(ll) yé) y(33) ], we just record the bottom

row of this matrix. Note that generating sets for the ideals Q7 . = Quy 321 are
given in the left column of Figure 1, and those for Q;, = Q321,,_ in the first row.

2.3. Symmetry. By inspection of the generating sets in Figure 1, we see that

(@) = Qs (@) = Q)
for all y € S3. Consequently,
(E2.3a) T(Quiw) = @yt 4yt
for wy,w_ € S3, and therefore 7 induces isomorphisms
(E2.3Db) A)Quy v — A/QM:IJHII .

Further inspection reveals relations such as S(Q73,) € Q13 in A. Since S sends
H-primes of A to H-primes and preserves proper inclusions, we obtain

S(Qy) = Q) S(Qy) = Q-
for y € S3. Thus,
(E23C) S(Q’w+,w—) = lel,wil
for wy,w_ € S3, and therefore S induces anti-isomorphisms
(E2.3d) A Quy . > AfQuyt gyt
Finally, we find that
p(Q;r) = Q—utoy’lwo p(Q;) = Q;0y71w0
for y € S3, and thus
(E23e) p(Qw+,w,) = Qwowllwo,wowilwf)

for wy,w_ € S3. Hence, p and p7 induce anti-isomorphisms

P
A/Qw+7w, - A/ngwllwg,wowilwg

(E2.3f) o
A/Qw+,w, — A/ngw,wo,wow+wg

for all wy,w— € S3.
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For convenience in identifying the (anti-) isomorphisms (E2.3b), (E2.3d), (E2.3f),
we list the permutations y =1, woy~two, and woywy, for y € Sz, in Figure 2.

Y y~ ! woy ™~ wg WoYwo
321 321 321 321
231 312 231 312
312 231 312 231
132 132 213 213
213 213 132 132
123 123 123 123

FIGURE 2

2.4. Normal elements. The relations (E1.1) and (E1.3b—e) imply that various
quantum minors are normal in O, (M3(k)) and A, or become normal modulo certain
ideals. In particular:

(1) Xi3, Xa1, [12]23], and [23]|12] are normal.
(2) X12 and Xa3 are normal modulo (X13).
(3) X21 and X3z are normal modulo (X31).

Inspection of Figure 1 immediately reveals that for each H-prime ideal @ of A, the
given generators can be listed in a sequence aq,...,a; such that a; is normal and
a;, for i > 1, is normal modulo (ay,...,a;—1). Thus, we have a polynormal sequence
of generators. Further, Figure 1 shows that each of the ideals (ay,...,a;—1) is (H-)
prime, and so a; is regular modulo (aq,...,a;—1). Hence, our list of generators is
also a reqular sequence. To summarize:

(4) FEach H-prime ideal of A has a polynormal reqular sequence of generators.

We now turn to the SH-prime ideals of O4(SL3(k)), and show that they are
exactly the push-forwards of the H-prime ideals of O,(GLs(k)) with respect to the
quotient map. This holds for O4(SLy(k)) for arbitrary n, and we record the result
in that generality. Let us write 7 : Oy (M, (k)) — Oq(SLy(k)) for the quotient map
and also for the natural extension of this map to Oy(GL,(k)).

The following proposition, in the case when k = C and ¢ is transcendental over
Q, is a corollary of [11, Lemme 3.4.10].

Proposition 2.5. The set map P — w(P) provides a bijection of H-spec Oq(GLy(k))
onto SH-spec Oy(SLy(k)).

Proof. Set A = Oy(GL,(k)) and B = Oy4(SL,(k)), and let B[z*1] be a Laurent
polynomial ring over B. By [13, Proposition], there is a k-algebra isomorphism
¢ : A — B[z*1] such that £(X;;) = 21, for all j while £(X;;) = x;; for all i > 2
and all j. As shown in [2, Lemma I1.5.16], there is a bijection SH-spec B —
H-spec A given by the rule Q — ¢ 1(Q[z*!]). Hence, we need only show that
£(P) = m(P)[z*1] for all P € H-spec A.

Any P € H-spec A is generated by P N Oy(M,(k)), so it is generated by the
H-eigenvectors in P N Og(M,,(k)). Thus, it will suffice to show that for any H-
eigenvector a € O,(M,,(k)), there is a unit u € B[z*!] such that £(a) = um(a).
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Recall that O4(M,(k)) has a K-basis consisting of the lexicographically ordered
monomials in the generators X;;. Let us write such monomials in the form

m __ mi1 mi2 m
X5 = X X X,

2 . o
where m = (mq1, M12,...,Mpn) € Z%,. Consider an H-eigenvector

a = Z)\Slms € Oq(Mn(k))ﬂ

s=1

where the m, are distinct elements of Z’;ZO and \s € k*. If h=(¢,1,1,...,1) € H,
then B

(m)1 -

‘ n
ha=3" g AX™ € Oy(Ma(k)), s =
s=1 =

Since a is an H-eigenvector and ¢ is not a root of unity, r¢ = 1 for all s. Conse-

quently,
t

£(a) =Y 2 A X" = 20,

s=1

as desired. O

Corollary 2.6. The set map P — 7(P) provides a bijection
{P € H-spec Oy(My(k)) | Dq ¢ P} — SH-spec Oq(SLy(k)).
Proof. Compose the bijection of Proposition 2.5 with the bijection
{P € H-spec Oy(My,(k)) | Dg ¢ P} — H-spec Oq(GLy(k))
obtained from localization. (]

2.7. Generators and normal elements in Oy (SL3(k)). In view of Corollary
2.6, there are exactly 36 SH-prime ideals in O,(SLs(k)), also with generating sets
encoded in Figure 1. (Here, of course, bullets stand for generators x;;.) As in §2.4,

1) Each SH-prime ideal of O,(SL3(k)) has a polynormal regular sequence of
q
generators.

Combining §2.4(4) and §2.7(1) with Theorem 7.2 yields the following homological
information.

Theorem 2.8. (a) If P is any H-prime ideal of Oy(GL3(k)), then Oy(GL3(k))/P
is Auslander-Gorenstein and GK-Cohen-Macaulay.

(b) If P is any SH-prime ideal of Oy(SL3(k)), then Oy(SL3(k))/P is Ausland-
er-Gorenstein and GK-Cohen-Macaulay. O

3. LOCALIZATIONS

For the remainder of the paper, we take n = 3, and set A := O,(GL3(k)). Our
next step is to identify suitable normal elements with which to build the localiza-
tions A, of §0.3.

3.1. Normal H-eigenvectors in factors modulo H-primes. Let y € Ss.
Hodges and Levasseur identified certain normal H-eigenvectors, labelled cfy, in
their factor algebras Oy (SLs(k))/LF [6, Theorem 2.2.1]. The corresponding infor-

mation in our case may be stated as follows:
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(1) [y(M[1] and [y(12)[12] are normal modulo Q.

(2) [y/(\/l)m and [y/(\lg)ﬁ\é] are normal modulo Q.

In some cases, the 2 X 2 quantum minors given in (1) or (2) decompose into a
product modulo QJ or Q. For example, [23]12] = X51 X32 modulo Q331- In such
cases, both factors of the product turn out to be normal in the quotient algebra,
and we place both in the denominator set we will construct. Similarly, the central
element D, sometimes decomposes modulo Q; or @, in which case we include its
factors in our denominator set. For instance, D, = [12|12] X33 modulo Q3;5.

For w = (w4, w_) € S3 x Ss, we use the elements discussed above to generate a
multiplicative set E,, C A/Q.,. Since all the generators will be normal elements, E,,
will be a denominator set. The generators for E,, consist of some which are already
normal modulo Q) . and some which are normal modulo @, . It is convenient to
use these two types to generate multiplicative sets B L C A/ QF .- The lists of
generators are given in Figure 3 below.

It follows from (E1.1) and (E1.3b—e) that each quantum minor in row y and the
second (respectively, third) column of Figure 3 is normal modulo QJ (respectively,

Qy)-

Y generators for E;r generators for E -
(modulo Q) (modulo Q)

321 X1, [23/12] [12]23], X13
231 Xo1, Xa2 [13|23], X153
312 X1, [13]12] Xo3, X129

132 X11, X329, [23]23] [23|23], Xa3, X711
213 Xo1, [12]12], X33 X33, X129, [12]12]
123 X11, Xo2, X33 X33, X292, X11

FIGURE 3. Generators for denominator sets E

3.2. The localizations. For w = (wy,w_) € S3 x S3, define E,, to be the
multiplicative subset of A/Q,, generated by the cosets of the elements listed as
generators for E . and E,_ in Figure 3. The generators of E,, and thus all its
elements, are normal in A/Q,. Consequently, F,, is a denominator set, and we
define
Ay = (A/Qw)[Eil]

The action of H on A induces a rational action on A/Q,,, and since E,, consists of
H-eigenvectors, the latter action induces a rational action of H on A,, by k-algebra
automorphisms.

We next check that none of the generators of F,, is zero. For instance, Figure
1 records the fact that Q231w + (X21) = Q132,05 # Q231,45 for all w_, whence
Xo1 ¢ Q231,w,- That X351 ¢ Q312,w, follows similarly, since X3 € Q3121w7 would
imply X9, € Q312_’w7 or X3 € Q3121w7, given that [23|12] S Q312_’w7. To see, for
example, that [13[12] ¢ Qz12,,_, observe that Xzo ¢ Q,gy ,—1 and apply S. That

[23|23] ¢ Q132 follows from the fact that Dy = X11[23|23] modulo Q132,, . The
other non-membership statements hold for similar reasons.
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Thus, E,, consists of nonzero elements of the domain A/Q,,, and therefore the
localization map A/Q., — A, is injective.

In view of Figure 1, we also see that if J is an H-prime of A which properly
contains @, then J/Q,, contains at least one of the generators of E,,. It follows
that A, contains no nonzero H-primes, and consequently A, is H-simple. This
establishes §0.3(1), and §0.3(2) then follows by [2, Corollaries I1.3.9 and I1.6.5].

We have noted that if J is an H-prime of A properly containing @Q,,, then
(J/Qw) N Ey is nonempty. Consequently, (P/Q,) N E, is nonempty for any P
in spec; A. On the other hand, if P € spec,, A, the intersection of the H-orbit of
P/Qy is zero, so P/Q,, contains no H-eigenvectors of A/Q,,. Therefore

spec,, A={P €specA| P 2 Q, and (P/Q,) N E, = o},

and similarly for prim,, A. Consequently, localization provides a bijection spec,, A <
spec A,,. Since prim,, A consists of the maximal elements of spec,, A [2, Corollary
I1.8.5], it follows that localization also provides a bijection prim, A < max A,,.
The remaining bijections of §0.3(3) follow because A,, is H-simple [2, Corollary
11.3.9].

3.3. Some isomorphisms and anti-isomorphisms. Some of the localizations
A,, are isomorphic or anti-isomorphic to others, via combinations of 7, S*!, and
p, as follows. First, note that for y # 312, the automorphism 7 sends the (coset
representatives of the) generators for E;}‘ listed in Figure 3 to the generators for
E;l, while for z # 231, it sends the generators for E to the generators for
E:,l. Consequently, for w; # 312 and w_ # 231, the isomorphism AQw+,w, —
A/ijl,wj of (E2.3b) maps E.,, ._ onto Ewil.’w;l. Thus, 7 further induces
isomorphisms

(E3.3a) Ay — Ayt (wy # 312, w_ # 231).

Next, observe that for y # 231, the antipode S sends generators for Ej to a set
of generators for E;,l, up to units. For instance, in the case y = 321 we have

S(Xs1) =¢°[2312]D;"  and  S([23]12]) = ¢* X1 Dy, ',
while in the case y = 312 we have
S(X31) = ¢*123]12]D; " = ¢* X1 X3 D;' (mod Q)
S([13[12]) = ¢ XD, "
The cases y = 132,213 are similar to the latter case. In the case y = 123, we have
S(Xii) = [Zﬁ]Dq_l = Xz-Zl (mod Q753) fori=1,2,3.

Likewise, for z # 312, S sends generators for £ to generators for E__,, up to units.
Consequently, for wy # 231 and w_ # 312, the anti-isomorphism A/Qu, w_ —
A/wa w1 of (E2.3d) maps Ey, ., onto Ewll -1, up to units. Thus, S further

induces anti-isomorphisms

w

(E3.3b) Ao, 2 Ay (wy # 231, w_ # 312).

+ W
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Observation of the effect of the anti-automorphism p on generators for the de-
nominator sets E;t, combined with (E2.3f), yields anti-isomorphisms

(E3.3c) Ay, A (wy # 312, w_ # 231).

wowllwg,wowilwg

Finally, we observe that the composition pr sends generators for E;‘E to generators

for E7 ., With no restriction on y. Hence, there are induced anti-isomorphisms
pT
(E3~3d) Auur,w, — WoW — W ,WoW4 Wo (a’ll w+’ w*)'

In the following, we will write C' = D to record that k-algebras C' and D are
anti-isomorphic to each other. A list of some (anti-) isomorphisms obtained from
(E3.3a)—(E3.3d) is given in Figure 4. In each row, the (anti-) automorphism which
is used to obtain a given algebra from the first algebra in that row is displayed as
a subscript.

As21,321
: &, As1312 Sg-1 Asz12,321 Ss-17 A321,231
A231 321
: &, Aso1132 Sp A213,321 Spr Az21,213
A132,321
A123,321 =, Asoi123
231,231 Spr A312,312
A Spr A
As12,231 Sg Agsi,312
Ai3z2.231 Sg Ai32,312 Srs A2si1,132 =,5 A213,312
= A o A Sg- A
=5 Az1 013 Sg-1.9 As12,132 Ss-1p5 Ao13,231
Ss-1prs Az12,213
A123,231 Sg Ai23,312 Srg A231123 Sg-1,9 Az12,123
A132,132 =, A213,213
A213,132 =, Aizz.013
i =, Aiz2.123 Sp A123,213 Spr A213,123
A123,132
Ai23123

FIGURE 4. Some isomorphisms and anti-isomorphisms among the A,

4. CENTERS OF LOCALIZATIONS

4.1. Indeterminates. Let w = (w4, w_) € S3 x S3, and recall §0.3(2). Our
next task is to identify indeterminates for the Laurent polynomial ring Z(A,,). It
will be convenient to use the same symbol to denote an element of A as for the
corresponding coset in A/Q.,,. Thus, for a € A and e € E,,, we write ae~! for the
fraction (a + Qu)(e + Quw) ! in A,.

We first observe, using (E1.1) and (E1.3b—e), that the elements listed in position
w of Figure 5 below are central elements of A,,.

4.2. Centers of quantum tori. We reduce the process of determining the centers
of the localizations Z(A,,) to calculating centers of quantum tori whose commuta-
tion parameters are powers of q. Recall that if

(E4.2a) B =k, ... 2l | ziz; = q“xja foralli,j=1,...,m),

where (a;;) is an antisymmetric m x m integer matrix, then Z(B) is spanned
by the monomials in the x; it contains, and Z(B) is a Laurent polynomial ring
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321

231

312

132

213

123

321
.UQ
[23]12] X 3!
[12(23] X5,
Nuo
Xo1 X320 X 13

.UQ
[12(23] X5,

D,

Num
X2[12]23] X 5"

231

.UQ
[23[12] X 3!

Nuo
[13]23] X5,
[12[13] X5,

D,

D,
X11 X903 X5

.UQ
X190 X33 X5,

Dy

312

q
X12X23 X5,

D,

b@
[23|13] X 15
[13]12] X3!

D,
X11X32 X535

b@
X1 X33 X5

D,

132
@Q

D,
X11 X093 X5

D,
X11X32X53"

X1
[23(23]
Xo3 X355

D,

X1
X22X33

213
@Q

D,
X19X33X5,"

b@
Xo1 X33 X5

X33
[12]12]
X9 X0t

X11 X022
X33

FIGURE 5. Indeterminates for centers Z(A,)

123

b@
X22[23[12] X5,

D,

D,

X1
X22X33

X11X22
X33
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[z, ..., 25| for some monomials z; (e.g., [4, Lemma 1.2], [15, Lemma 2.4(a)]).
The central monomials are determined as follows:

(E4.2b) e -xym € Z(B) <= Zaijsj =0 fori=1,...,m,
j=1

because of our assumption that ¢ is not a root of unity.

Lemma 4.3. Let w = (w4, w—) € S3 x S3, and let z1,...,2q be the elements of
Ay, listed in position w of Figure 5. Then Z(Ay) is a Laurent polynomial ring of
the form

Z(Aw) = k[ 28,

Proof. (a) There are 9 cases in which A, is a quantum torus, namely, when
w = (231,123), (132,213), (132,123), (213,132),
(213,123), (123,312), (123,132), (123,213), (123,123).

In all of these cases, Dy = X11X22X33 in A/Q.,, whence X171, Xo9, X33 are invert-
ible in A/Q. Any other X;; ¢ @, becomes invertible in A,, because it occurs in
Ey. Thus, A, takes the form of a quantum torus on the generators Xij;l for those
Xij & Qu-

In the case w = (123,123), the algebra A,, is commutative, equal to a Laurent
polynomial ring k[ X35!, X5 X5

In the case w = (231,123), the algebra A, is generated by Xlill, Xzill, X2i21,
X ;21, X ;:31' A monomial in these generators is central if and only if it is of the form
X35 X5, X35 for some s € Z. Thus, Z(Ay) = k[(X11X22X33)F1], which we rewrite
in the form Z(A,) = k[DF'].

The remaining 7 cases listed above are analyzed in the same manner.

(b) There are 8 cases in which A,, can be presented as a localization of a skew-
Laurent extension of Oq(GL2(k)):

w = (321,123), (231,132), (231,213), (132,312),
(132,132), (213,312), (213,213), (123,321).
We deal with the case w = (321, 123) as follows. While A,, is not itself a quantum
torus, it can be localized to one. Namely, the powers of X5 form a denominator
set, and the localization A/ := A,[X5'] is a quantum torus on the generators
Xlill, Xzill, X2i21, X?)ill, [23]12]F1, X?)igl. Some of the work of checking this can be
avoided by first forming a quantum torus B as in (E4.2a) with m = 6 and

0101 10
~1011 00
0 —-100 00 |.

(@) ={ 1100 01 |
~1000 01
0 00-1-10

observing that there is a k-algebra homomorphism ¢ : B — Fract(A/Q,,) sending
T1,..-,Tp to X11, X21, XQQ, X31, [23|12], X33, respectively; and checking that
#(B) is generated by A, U{X5'}. (That X32 € ¢(B) follows from the identity
X390 = X5, (¢ X092 X31 +[23]12]).) Now B is a domain with GK-dimension 6, while
GK.dim(¢(B)) > GK.dim(A4/Q,) = 6, from which we conclude that ker¢ = 0.
Thus, ¢ maps B isomorphically onto A/ . From (E4.2b), we find that a monomial
X0 Xb X5, X9 [23|12]° X4, is central if and only if a = f = ¢+ d, b = 0, and
e = —d. Consequently, Z(A],) can be written as a Laurent polynomial ring in
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indeterminates X171 X922 X33 and X22X3_11 [23|12]. For convenience, we rewrite these
as D, and X22[23]12]X5,". Since these are elements of A,,, we see that Z(A!,) C A,
and therefore Z(A! ) = Z(A,). This verifies the entry in position w of Figure 5.
The other 7 cases can be analyzed in the same manner. In fact, it suffices to

deal with the cases (132,312) and (132,132), in view of the (anti-) isomorphisms

As21.123 =7 A123,321

Aoz 132 =7 Ai32.312 5p A213,312 = Ao31,213

Ai32,132 5, A213.213

given by (E3.3a), (E3.3c). For the mentioned cases, the following localizations A/,
of A, can be used:

A132 312[X 53] A132.132[X53']
(c) Six of the cases analyzed above yield additional cases via the following anti-
isomorphisms obtained from (E3.3b):
Asi12,213 S5 A231.213 Asi2,123 S5 A231,123 A123,231 S5 A123,312
Asi12,132 S5 A231,132 Ai32,231 S5 A132,312 A213,231 S5 A213,312
For instance, taking w = (312, 213), the anti-isomorphism A,, — Aa31 213 of (E3.3b)
sends

D;'— D, q°[23[13]7' Dy [12(12] D, '[13]23]D, " — X152 X53X ;"

In A,, we have [23]13]7'D,[12[12]D![13[23]D ;! = X5,' X33" X15, and so Z(Ay)
can be written as a Laurent polynomial ring in indeterminates D, and X2; X33.X 1_21.
This establishes the case w = (312,213), and the other 5 can be analyzed in the
same manner.

(d) Next, we consider 4 cases in which A,, is isomorphic to a localization of a
skew-Laurent extension of Oq(Mas 3(k)):

w = (321,132), (321,213), (132,321), (213,321).

If w = (321,132), the localization A’ := A,[X5,', X55'] is a quantum torus on
the generators X35!, X35!, X351, X5 XE! [23]12]F1, [23]23]*!. Using (E4.2b),
we compute that the central monomials in A/, are the powers of X11[23|23] = Dy,
whence Z(A),) = k[DF'], and thus Z(A,) = k[DF!].The remaining cases follow
from this one via the (anti-) isomorphisms

Aso1,132 =7 A3z 301 5p A213,321 = As21,213

given by (E3.3a), (E3.3c).
(e) Four cases in which @,, has height 2 remain:

w = (231,231), (231,312), (312,231), (312,312).

If w = (231, 231), the localization A’ := A,[X;3",[23|23]7!] is a quantum torus on
the generators Xi5', X5i', X35, X35', [13[23]%1, [23|23]*, DL, To see that X1y,
X12, X2, Xo3 lie in the given quantum torus, observe, using (E1.3a), that

X1y = (232371 (Dg + ¢ '[13]23] X21) X1z = ([13]23] + ¢ X 15 X52) X5

Xoo = q[13]23][23]23] X 12 Xo3 = q[13|23]71[23]23] X 13
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in Fract(A/Q.). With the help of (E4.2b), we compute that Z(A!)) is a Laurent
polynomial ring in the indeterminates D,, [13|23]X5,", and X13X5,'[13|23]71D,,.
The last of these is chosen to take advantage of the identity

(E4.3a) X13Dg = [12]13][13]23] — ¢[13]13][12]23],

which is obtained by applying S to the identity [12]23] = X12X23 — ¢X13X22 and
multiplying by qQD(?. In particular,

(E4.3Db) X13D, = [12]13][13|23] modulo ([12|23]),

whence X13X5,'[13|23]7'D, = [12|13]X5," in A,. Consequently, Z(A’)) is a Lau-
rent polynomial ring in the indeterminates listed in position w of Figure 5. Then
7' (Aw) = Z(Ay), completing this case.

The case (231,312) is analyzed in the same manner, and the other two cases
follow via the anti-isomorphisms Aszi2 231 S5 A231,312 and Aazi 231 Spr As12,312 of
(E3.3Db), (E3.3d).

(f) There are 5 cases remaining:

w = (321,321), (321,231), (321,312), (231,321), (312,321).
If w = (321,312), the localization A’ := A,[X;", X5;', [12/12]71] is a quantum
torus on the generators letll7 Xli;, XQill, X2i317 X?,ill7 [12|12)F1, [23]12]*, Djd,

which we analyze as above.
The cases (321,231), (231,321), (312, 321) follow via the (anti-) isomorphisms

Az12.321 S5 A231,321 = As21.312 Fg-1 A321,231
of (E3.3a), (E3.3b).
In the final case, w = (321, 321), the localization
Al = AL [X N X Xt (120127

is a quantum torus on the generators Xlill, Xlizl, Xligl, X2i11, X;Ell, [12[12]*1,
[12[23]*?, [23]12]*!, DF!, which we analyze as above. O

5. PRIMITIVE IDEALS

5.1. Generators. Let w € S3 x S3, let 21, ..., 24 be the elements of A,, listed in
position w of Figure 5, and let g, ..., aq in k™. By §0.3(3),
(1) For anyl < d, the elements z1 — a1,...,21 — «; generate a prime ideal of

Ay. It is a maximal ideal if and only if | = d.
(2) For anyl < d, the ideal
(E51) P = P?i}(a:l? R al) = ((Zl - al)Aw et (Zl - al)Aw) N (A/Qw)
is a prime ideal of A/Q.. It is primitive (whence P' = P/Q. for some
P € prim,, A) if and only if | = d.
(3) If k is algebraically closed, then every quotient P/Q,,, for P € prim,, A, is
an ideal of the form (E5.1) for I = d and some a; € k*.
We wish to identify generators for the prime ideals (E5.1). Each z; can be
expressed as a fraction el-fi_1 for some e;, f; € E,, and so P = P"A, N (A/Qu.)

where

P" = (e1 — a1 f1)(A/Qu) + - + (€1 — arfi) (A) Qu).
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Thus, P’ contains P” and these two ideals are equal up to E,-torsion. They will
be equal — thus providing a set of generators for P’ — if and only if P'/P" is E,-
torsionfree. To establish the latter condition, it will suffice to show that generators
for E,, are regular modulo P”.

Elements which we shall use to generate the above ideals are given in Figure 6,
where «, 3, v denote arbitrary nonzero elements of k. Each entry in position w
of this table is of the form e — \f for some e, f € E, and X\ € kX, where ef !
appears in position w of Figure 5. Thus, ef ' is a central element of A4,, and f is
a normal element of A/Q,,, from which it follows that e — Af is normal in A/Q,,.
To summarize:

(4) The elements c1, . .., cq listed in position w of Figure 6 are normal elements
of A/Qu.
(5) Forl <d, the elements c1,...,c; generate a prime ideal of A, .

5.2. To aid in showing that the elements displayed in Figure 6 generate prime ideals
in various factor algebras of A, we record some definitions and useful observations.

Suppose that R is a noetherian ring, o an automorphism of R, and a € Z(R).
The generalized Weyl algebra constructed from these data is the ring R(o,a) gen-
erated by R together with two elements z, y subject to the relations

yr=a xy = o(a) ar =o(r)x yr = U_l(r)y

for r € R. If R is a domain and a # 0, then R(o,a) is a domain [1, Proposition
1.3(2)].

Let m: A — O4(SL3(k)) be the quotient map, and w € S3 x S3. By Proposition
2.5, m(Qw) is a prime ideal of O4(SL3(k)), and so its inverse image, Q., + (Dq — 1),
is a prime ideal of A. Given any a € k™, we can choose h € H such that h(D,) =
a~ 1D, for instance h = (a=*,1,1,1,1,1). Then h(Qu+(Dy—1)) = Qu+(Dy—a),
and we conclude that

(1) Quw + (Dg — ) is a prime ideal of A for any w € S3 x Sg and o € k*.
Proposition 2.5 also shows that 7(Q.,) # 7(Qy) for any distinct w,v € S3 x Ss.
In particular, 7 must preserve strict inclusions among the @,,, whence
(2) If w,v € 83 xSz and Qu T Qu, then Qu + (Dg —1) € Qu + (Dg — 1).
This statement is useful in showing that certain elements do not belong to prime
ideals of the given form. For instance, if z € A and Q,, + (z) = @, for some v # w,
statement (2) implies that z ¢ Q. + (Dgy — 1).
As a particular example,

Xi2, Xo3 & Qa31312 + (Dg — 1) = Q321,312 + (Dg — 1, X31).
Since the displayed ideal is prime (by (1)), it does not contain X;2Xs3, and thus
X12X03 — X31 ¢ Q321,312 + (Dg — 1, X31).

Similarly, X12Xo3 — X31 ¢ Qu23312 + (Dg — 1). Since Q321312 C Q123312 and
[23|12] S Q123)312, it follows that

X12X03 — X31 ¢ Q321,312 + (Dg — 1, [23[12]).

The following easy observation will help us check that certain elements are reg-
ular modulo certain ideals.
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(3) Let © and y be nonzero normal elements in a domain B. If y is regular
modulo {(x) (e.g., if (x) is completely prime and y ¢ (x)), then x is reqular
modulo {y).
For, if b € B and xb € (y), then xzb = cy for some ¢ € B. Regularity of y modulo
(x) implies that ¢ = xd for some d € B, and thus zb = zdy. Cancelling = (valid
because B is a domain) yields b = dy € (y). Similarly, bz € (y) implies b € (y).

In applying (3) in factor algebras B of A, we continually rely on the fact that
all prime ideals are completely prime (§1.1(1)).

For example, we know from (1) that B := A/ (Q321)312 + (Dy — 1)) is a domain
and that X3, B is a prime ideal of B. As shown above, X15X93 — X371 is not in
X31B. Thus, (3) implies that X3; is regular modulo (X12X25 — X31)B. We also
saw that X12Xo3 — X351 is not in [23]12]B. The latter is a prime ideal of B, because

Q321,312 + (Dg — 1, [23[12]) = Q312,312 + (Dg — 1).
Consequently, (3) implies that [23|12] is regular modulo (X12X23 — X31)B. Re-
stating our information in A, we obtain that X3; and [23]12] are regular modulo
Q321,312 + (Dg — 1, X12X03 — X31).
Finally, we record one extension of (3):
(4) Let x, y, z be nonzero normal elements in a domain B. If y is regular
modulo (x) and z is reqular modulo (x,y), then x is reqular modulo (y, z).

For, if b € B and ab € (y, z), then xb = ¢y + c2z for some ¢; € B, and ¢z € (z,y).
By hypothesis, ca = xdy 4 ydz for some d; € B, and (b — d12) = c1y + ydaz € (y).
Since z is regular modulo (y) by (3), it follows that b—d;z € (y) and thus b € (y, z).
Similarly, bz € (y, z) implies b € (y, z).

For example, from (1) the algebra B := A/(Qa31,231 + (Dg — 1)) is a domain
and X921 B is a prime ideal. By (2), X392 is not in Q132,213 + (Dy — 1). Since the
latter ideal contains Q231,231 as well as X971 and [12|13], we see that [12]13] — X33 ¢
Q2317231 + <Dq — 1, X21>. Thus, [12|13] — X32 is not in XQlB, so it is regular
modulo Xo;B. Similarly, by inspecting (123,213 we see that [13|23] — X5 is not
in Xo1B + ([12]|13] — X32)B. This ideal of B is prime, as we shall prove in the
case (132,231) of Lemma 5.3. Once that is established, (4) will imply that X is
regular modulo

Q2317231 + <Dq -1, [12|13] — X3, [13|23] — X21>.

Lemma 5.3. Let w € S3 x S3, and let a1, ...,aq be the elements of A/Q., listed
in position w of Figure 6 (for some choices of o, B,y € k*). Forl=1,...,d, the
elements aq, . ..,a; generate a prime ideal of A/Q., .
Proof. 1 =1. For any o € k*, §5.2(1) implies that (D, — a) is a prime ideal of
A/Q,. This establishes the case | = 1 of the lemma for 29 of the 36 choices of w.
We shall deal with the other 7 choices in cases (a) and (b) below. For now, note
also that the lemma is complete in the following 12 cases:
w = (321,132), (321,213), (231,312), (231,123), (312,231), (312, 123),
(132,321), (132,213), (213,321), (213,132), (123,231), (123,312).
(a) As in the proof of Lemma 4.3, we next address the 9 cases in which A4, is

a quantum torus. Four of these cases are covered under (I = 1) above, leaving the
following 5 cases:

w = (132,123), (213,123), (123,132), (123,213), (123,123).
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If w = (123,123), the algebra A/Q,, is a commutative Laurent polynomial ring
with indeterminates X711, Xo22, X33, and the desired results are clear. If w =
(132,123), then

A/(Qw + (X11 — 04>) = k@ﬂ:l,y’Zﬂ:l | vy = qyz, 22 = 27, Yz = q2y)
Af(Qu + (X11 — a, XoaXzz = ) = k(z™y | 2y = qyz),
both of which are localizations of quantum affine spaces and so are domains. Thus,
the ideals (X117 — ) and (X171 — o, X20X33 — ) are prime ideals of A/Q.,,. The

other 3 cases follow the same pattern.
(b) Next, consider the 8 cases of Lemma 4.3(b):

w = (321,123), (231,132), (231,213), (132,312),
(132,132), (213,312), (213,213), (123,321).

w = (132,132). The relevant quotient algebras have the following forms:

Il

A/ (Qu + (X11 — ) =2 Og(GLa(k))
A/ (Qu + (X11 — a, [23]23] — B)) = Oy(SLa(k))
A/ (Qu + (X11 — a, [23]23] — 3, Xog — 7 X32)) =
k(z, 2,y | vz = gz, 2y = quz, 2y —qv2° = yo — ¢ 12 = B).
(In the third case, x, z, y correspond to Xao, X320, X33, respectively.) The first
two algebras are known domains. The third is a generalized Weyl algebra k[z](o, a)
where o is the automorphism of k[z] sending z — ¢z and a = ¢~ 'v2%2 + 3, and thus

it too is a domain. This establishes the case w = (132, 132).
The case w = (213, 213) is handled via the induced anti-isomorphism

A/Qu32.132 Fp A/ Q213,213

These results, together with (a), cover the remaining cases of (I =1).
w = (231,132). The quotient A/ (Qw +(Dg—a, X11Xa3— ﬁng)) is isomorphic
to the k-algebra with generators w, z, z, y, D*' and relations

wr = qrw Wz = ZW wy = yw
wD = qDw Tz = qzx 2y = qyz
xD = Dx zD =Dz yD = Dy

xy —qo 322D = yxr — ¢ ta"1B2°D = D.

(Here w, z, z, y, D correspond to Xa1, Xoo, X302, X33, [23]23], respectively.) This
algebra is a domain because it can be expressed as a skew polynomial extension of
a generalized Weyl algebra in the form (k[z, D*'](0,a))[w; p] where the automor-
phism o sends z — gz and D ~— D, the element a = ¢ 'a~'322D + D, and the
automorphism p sends

Zz D w— gD T qx Yy
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In view of the induced (anti-) isomorphisms

A/(Qa31,132 + (Dg — o, X11X03 — X32)) =,
A/ (Qusaz2 + (Dg — o, X11X32 — $Xa3))
A/ (Qa31,132 + (Dg — o, X11 X093 — fX39)) &,
A/(Q231,213 + (Dg — o, X12X33 — 3X01))
A/(Q231,213 + (Dg — o, X12X33 — $X21)) =,
A/(Qus 12 + (Dg — a, Xo1Xs3 — 6X12)),
the cases (132,312), (231, 213), and (213, 312) follow.
w = (321,123). Here we find that
A/ (Qu +(Dy — o, X22[23[12] = BX51)) = (k[z™", D] (0, a)) [w; ],

where a = ¢~ 137'22D + D and o, p act as in the case (231, 132). Finally, the case
(123, 321) follows from this one by applying 7.

(c) Of the 6 cases of Lemma 4.3(c), (312,123) and (123, 231) are covered under
(I=1), leaving

w = (312,132), (312,213), (132,231), (213,231).
The anti-isomorphism A/Q231,132 — A/Q312,132 of (E2.3d) sends Dy — a to
D;' — o and
X11Xo3 — X3 = [12|13] — B X530 —
—q ' Xo3Dy '+ Bq[13[12] Dt = —¢ 7 X3 Dt + BgX11 X2 D,

and consequently

A/(Q2s1,132 + (Dg — a, X11X23 — BX32)) =
A/(Qs12,132 + (Dg — ™', X11X32 — 8717 * Xa3)).

Since o~ ! and 37 !'¢~2 run through all choices of nonzero scalars in k, the case
(312, 132) thus follows from the case (231, 132). Similarly, the case (312, 213) follows
from the case (231, 213).

The cases (132,231) and (213,231) now follow from the cases (312,132) and
(312, 213) via 7.

(d) The four cases of Lemma 4.3(d), namely

w = (321,132), (321,213), (132,321), (213,321),

are all covered under (I =1).
(e)(f) Of the 9 cases considered in Lemma 4.3(e)(f), (231,312) and (312,231)
are covered under (I = 1), leaving

w = (321,321), (321,231), (321,312),
(231,321), (231,231), (312,321), (312,312).

w = (321,312). We must show that the ideal

P:=Qu+(Dg—a, Xi12X23 — X31)
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of A is prime. If h = (0,1,6,1,1,1) € H, where §,e € k™ are chosen so that
de =a~! and e = 3, then

h(Quw + (Dg — 1, X12X03 — X31)) = Qu + (Dg — o, X12Xa3 — 3X31).

Hence, we may assume that a = § = 1. In view of the discussion in §5.1, it will
suffice to show that the generators of E,, are all regular modulo P. In the present
case, these generators are

Xa1, [23]12], Xo3, Xi2.

To show that these four elements are regular modulo P, we verify the corresponding
properties for the ideal P’ := P/(Q. + (Dy — 1)) in the domain

A= A/(Qu+(Dg—1)).

That X3; and [23|12] are regular modulo P’ is already worked out in §5.2(d).
Similarly, we check that Xs3A’ and X15A’ are prime ideals of A’ which do not
contain X19Xo3 — X351, and then §5.2(3) implies that Xo3 and X5 are regular
modulo P’. Therefore we conclude that P is a prime ideal, completing the case
w = (321,312).

The cases (231,321), (321,231), and (312,321) follow via 7, S, and 75, respec-
tively, taking account of (E4.3b) in the case (321, 231).

w = (231,231). We must show that the ideals

P = Qu+ (D, — o, [13[23] = 5Xa)
M = Qu + (D — o, [13[23] = BXa1, [12/13] - 7 X52)

are prime. Without loss of generality, « = § = v = 1. It suffices to show that the
generators of E,,, namely

Xo1, X32, [13|23], X3,

are regular modulo P and M. We shall work with the images of P and M in the
domain A’ := A/(Quw + (Dgq — 1)), which we denote P’ and M’

Via §5.2(1)(2), we see that X1 A" and X30A’ are prime ideals of A’ which do not
contain [13]23] — X2;. Hence, §5.2(3) implies that X5 and X35 are regular modulo
P’. Since [13|23] is congruent to Xo; modulo P’ it follows that [13]23] is regular
modulo P’.

For the regularity of X3 modulo P’, we show that [13|23]— X3 is regular modulo
X13A". Observe that A’/ X3A" = A”/[12]|23] A” where

A" = A/ (Qa31,312 + (Dg — 1)).
Hence, it will be enough to show that [13|23] — X5, is regular modulo [12[23]A” =

X12X53A"”. For that, regularity modulo both X19A” and X93A” will suffice. Via
§5.2(1), we see that X12A” and Xa3A” are prime ideals of A”. Since

Q231,312 + (Dg — 1, X2, Xo3) = Q231,123 + (Dg — 1) € Q32,123 + (Dgq — 1),

we find that [13]23] — X21 ¢ X12A"” + Xo3A”. Thus, [13|23] — X2, is regular modulo
both X1,A” and X3A", as desired.
Therefore X13 is regular modulo P’, concluding the proof that P’ is prime.
Inspecting Q132,123, which contains Q231 231 as well as Xy and [12]|13] but not
X3z (by 85.2(2)), we see that [12]13] — X352 is not in X1 A’. We have already
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observed that the latter ideal is prime. Hence, [12]|13] — X3z is regular modulo
Xo1 A’ From the case (132,231) done in (c¢) above, we know that

Q132,231 + (Dg — 1, X11X03 — X32) = Qu32,231 + (Dg — 1, [12]|13] — X32)

is a prime ideal of A, and thus Xo; A" + ([12|13] — X32)A’ is prime. Inspecting
Q1237213, which contains Q2317231 as well as X21, X32, and [12|13] — X32 but not
[12|13], we see that [13|23] - X21 ¢ X21A/ + ([12|13] - XBQ)A/. HGDCG, [13|23] — X21
is regular modulo Xo; A’ + ([12]|13] — X32)A’. We now conclude from §5.2(4) that
Xo1 is regular modulo M’.

A symmetric argument shows that X35 is regular modulo M’. Since [13|23| and
[12|13] are congruent to X2; and X32 modulo M’, it follows that [13|23| and [12]13]
are regular modulo M'. In view of (E4.3b), X;3 is congruent to [12]|13][13]23]
modulo M’, and thus it is regular modulo M’. We now conclude that M’ is prime,
concluding the case (231, 231).

The case (312, 312) follows via 7.

w = (321,321). Here Q,, = 0, and we must show that the ideals

P = <Dq — Q, [23|12] — 6X13>
M = Qu + (D — a, [23|12] — X33, [1223] — vX31)

are prime. Without loss of generality, « = 8 = v = 1. It suffices to show that the
generators of E,,, namely

Xs1, [23|12], [12]23], X153,

are regular modulo P and M. We shall work with P’ := P/(D, — 1) and M’ :=
M/{Dq4 — 1) in the domain A" := A/(D, —1).
Via §5.2(1), we see that X331 A, [12|23]4’, and X13A" are prime. Since
(Dg — 1, X31) € Qua3 321 + (Dg — 1) € Q123,312 + (Dg — 1),
we see by §5.2(2) that [23|12] — X153 ¢ X31A’. Similarly, this element is not in either
[12|23]A/ or X13A/, as we see by inspecting Q3217123 g Q3127123 and Q3217312 g
Q312,312 Hence, [23]|12] — X3 is regular modulo each of X3;A4’, [12|23]4’, and
X134’. By 8§5.2(3), X31, [12]23], and X;3 are all regular modulo P’. Moreover,
[23|12] is congruent to X33 modulo P’, and so it is regular modulo P’. Therefore
P’ is a prime ideal of A’.
As just checked, [23]12] — X3 is regular modulo X;34’. By §5.2(1),
(Dg — 1, Xu3, [23]12] — X13) = Q312,312 + (Dg — 1)

is prime in A, and so X134’ + ([23]|12] — X13)A’ is prime in A’. This ideal does not
contain [13|23] — X31, as we see by inspecting Q1237312 g Q123)132 and Q1237312 g
Q123,213, and so [13|23] — X3 is regular modulo X134’ + ([23]12] — X13)A’. Thus,
§5.2(4) implies that X;3 is regular modulo M’. Applying 7, which induces an
automorphism of A’ stabilizing M’, we find that X3; is regular modulo M’. Since
[23]|12] and 12]23] are congruent to X153 and X3; modulo M’ it follows that [23]12]
and 12|23] are regular modulo M’. Therefore M’ is a prime ideal of A’, concluding
the last case of the lemma. ]

Corollary 5.4. Let w € S3 x S3, and let ay,...,aq be the elements of A/Q., listed
in position w of Figure 6 (for some choices of «, 8,y € k*). Then ai,...,aq is a
normal regular sequence in AJQ. O

We can now establish our main theorem.
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Theorem 5.5. Let A = Oy(GL3(k)), with k algebraically closed and ¢ not a root
of unity.

(a) Let w € S3 x S3, and let a,...,aq be the elements listed in position w of
Figure 6 (for some choices of a, 8,y € k*), now viewed as elements of A. Then
Qu + {a1,...,aq) is a primitive ideal of A.

(b) The ideals described in (a) constitute all the primitive ideals of A.

Proof. (a) Let z1, ..., zq be the elements of A,, listed in position w of Figure 5, and
write a1 =, ag =3, .... Set P = Q. + (a1,...,aq), and observe that

(P/Qw)Aw = (Zl - al)Aw + 4+ (Zd - ad)Aw s

which is a prime ideal of A,, by §5.1(1). By Lemma 5.3, P/Q,, is a prime ideal of
A/Qy, from which we conclude that P/Q., = (P/Qyw)Aw N (A/Qq). Consequently,
§5.1(2) implies that P is primitive.

(b) If P is a primitive ideal of A, then P € prim,, A for some w € S3 x S3. In
view of §5.1(3),

P/Qw = ((Zl - al)Aw +-+ (Zl - al)Aw) N (A/Qw)

for some «y; € k*, where z1,...,z4 are the elements of A,, listed in position w of
Figure 5. Set a = a1, 8 = a2, ..., and let aq,...,aq be the elements listed in
position w of Figure 6. As shown in the proof of (a) above, P/Q,, equals the ideal
of A/Q,, generated by the cosets of ai,...,aq, and therefore P = Q.+ (a1, ..., aq),
as desired. (]

Let m : Oy(GL3(k)) — Oy4(SLs(k)) denote the canonical quotient map. Since
the primitive ideals of O,4(SLs(k)) are precisely the ideals of the form 7(P) where
P is a primitive ideal of O4(GL3(k)) containing D, — 1, generators for the primitive
ideals of O4(SL3(k)) can be immediately obtained from Theorem 5.5, as follows.

Corollary 5.6. Let B = O4(SL3(k)), with k algebraically closed and q not a root
of unity.

(a) Let w € S3 x S3, and let a1,...,aq be the elements listed in position w of
Figure 7 (for some choices of a, 3,y € k™), now viewed as elements of B. Moreover,
view Qy as an ideal of B (as defined in §2.2). Then Qu+{a1,...,aq) is a primitive
ideal of B.

(b) The ideals described in (a) constitute all the primitive ideals of B. O

6. GENERAL CONSEQUENCES

Theorem 6.1. All primitive factor algebras of Oy(GL3(k)) and Oq4(SLs(k)) are
Auslander-Gorenstein and GK-Cohen-Macaulay (assuming k algebraically closed
and q not a root of unity).

Proof. Let P be an arbitrary primitive ideal of O,(GL3(k)), and let w € S3x.S3 such
that P € prim, O4(GL3(k)). By §2.4(4), Theorem 5.5, and Corollary 5.4, Q,, and
P/Q,, both have polynormal regular sequences of generators. It follows that P has a
polynormal regular sequence of generators. Since O,(GL3(k)) is Auslander-regular
and GK-Cohen-Macaulay (e.g., [2, Proposition 1.9.12]), we conclude from Theorem
7.2 that Oy(GL3(k))/P is Auslander-Gorenstein and GK-Cohen-Macaulay.

The remaining statement is immediate from the fact that every primitive factor
algebra of O4(SLs(k)) is also a primitive factor algebra of Ou(GLs(k)). O
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321

231

312

132

213

123

321 231 312 132 213

Ew:w_ — BX13 Ew:w_ — 06X13 X12Xo3 — X3 0 0
(12[23] — 7X51
X1 X390 — X713 [13]23] — X251 0 X11Xo3 — X320 X12X33 — X201
(1213] — 7X52
[12(23] — BX31 0 [23]13] — BX12  X11X32 — X3 Xo1X33 — 0X12
[13]12] — v Xa3
NHH —
0 X11X03 — BX30 X11X32 — BXoz  [23]23] —a™! 0
Xo3 — v X32
;vﬂww —
0 X12X33 — X201 X201 X33 — X2 0 [12[12] — 7!
X12 — X201
Xn -« X11 X2 —«
»X«mw:M_Mw_ — Qkuw 0 0 »X«ww;vﬂww — QIH »vm«ww — QIH

FIGURE 7. Generators for primitive ideals in factor algebras Oy (SLs(k))/Quw

123

X22[23]12] — 8 X351

NHH —
—1
X2 X33 —«

X11 X9 —«
»vm«ww — QIH
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By inspection, each primitive ideal of O4(G L3 (k)) is contained in one of the prim-
itive ideals in prim;; 193 Oy (GL3(k)). Since maximal ideals are primitive, we find
that the only maximal ideals of O,(GL3(k)) are those in prim;,3 193 Oy(GL3(k)),
and similarly in O,(SLs(k)). This establishes the following result, answering two
cases of a question raised in [5, Introduction].

Theorem 6.2. Every mazimal ideal of Oy(GL3(k)) and O4(SL3(k)) has codimen-
sion 1 (assuming k algebraically closed and q not a root of unity).

7. APPENDIX. HOMOLOGICAL CONDITIONS

Definition 7.1. A noetherian ring R is Auslander-Gorenstein provided
(1) The modules Rr and rR both have finite injective dimension;
(2) R satisfies the Auslander condition: Extyp(N, R) = 0 for all R-submodules
N of Ext} (M, R) whenever 0 <14 < j and M is a finitely generated (right
or left) R-module.
If condition (1) is strengthened to ‘gl.dim R < oo’, then R is Auslander-regular.
The grade (or j-number) of a finitely generated R-module M is

§(M) = jr(M) = inf{j > 0 | Ext},(M, R) # 0}.

Now assume that R is an affine k-algebra. Then R is GK-Cohen-Macaulay
provided GK.dim(R) < oo and

Jj(M) + GK.dim(M) = GK.dim(R)
for every nonzero finitely generated (right or left) R-module M.

Theorem 7.2. Let R be a noetherian ring, and let Q@ € R be a reqular normal
element.

(a) If R is Auslander-Gorenstein, then so is R/Q)R.

(b) Assume that R is an affine k-algebra. If R is GK-Cohen-Macaulay, then so
is R/QR.

Proof. (a) [12, §3.4, Remark 3].
(b) By [12, §3.4, Remark 3|, jr/or(M) = jr(M) — 1 for any nonzero finitely
generated (R/QR)-module M. Since R is GK-Cohen-Macaulay, we get

(E7.2) jrjar(M) + 1+ GK.dim(M) = GK.dim(R).

The case M = R/QR of (E7.2) implies that 1 + GK.dim(R/QR) = GK.dim(R),
and hence (E7.2) can be rewritten as

Jryor(M) + GK.dim(M) = GK.dim(R/QR).
This shows that R/QR is GK-Cohen-Macaulay. O
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