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Abstract

Let K be an arbitrary field of characteristic zero, P, := K|[z1,...,x,] be a polynomial
algebra, and P, 5, = K[acl_l,xl, .oy Zp], for n > 2. Let o’ € Autg(P,) be given by

r1—r1—1, TV T2+T, ..., Tpto> Tyt Tp_q.
It is proved that the algebra of invariants, F), := ;{’, is a polynomial algebra in n — 1
variables which is generated by [%] quadratic and [251] cubic (free) generators that are
given explicitly.
Let 0 € Autg(P,) be given by
ry— Ty, T1—T2+T1, .., Tpt>Tp+Tp_1.

It is well-known that the algebra of invariants, F,, := P?, is finitely generated (Theorem of
Weitzenbock, [5], 1932), has transcendence degree n — 1, and that one can give an explicit
transcendence basis in which the elements have degrees 1,2,3,...,n — 1. However, it is an
old open problem to find explicit generators for F,,. We find an explicit vector space basis
for the quadratic invariants, and prove that the algebra of invariants Py, is a polynomial
algebra over K[z, 27 '] in n — 2 variables which is generated by [%5}] quadratic and [52]
cubic (free) generators that are given explicitly.

The coefficients of these quadratic and cubic invariants throw light on the ‘unpredictable

combinatorics’ of invariants of affine automorphisms and of S Ls-invariants.

Mathematics subject classification 2000: 14124, 13A50, 16W20.
1 Introduction

Throughout the paper, K denotes an arbitrary field of characteristic zero. Let P, = plnl —

K[z] := Klx1,...,x,] be a polynomial ring in n variables over K. First, we consider the

*This research was done while the first author held a Royal Society/NATO Fellowship at the University of
Edinburgh.



K-algebra automorphism o of P,, given by
c:x1—x1—1, T1—22+21, ..., Tnt—Tp+ Tn_i.

This automorphism can be written in matrix form as o(z) = Jy(1)z — e1, where J,(1) =
L+ Z?;ll FEit1, is the n x n lower triangular Jordan matrix (F is the identity matrix and
E;; are the matrix units), z = (z1,...,2,)" and €1 = (1,0,...,0)". It is well-known that the

algebra of invariants, P7, is a polynomial algebra in n — 1 variables and that the generators

ns
can be chosen to have degrees 2,3,...,n. (Briefly, o can be presented as e = D i>0 % where
0 € Derg (P,) is a locally nilpotent derivation for which there exists an element z € P; such that
§(z) = 1, then P = P’ := ker(§) and the result is old and well-known for 4.) A theorem of
Weitzenbock [5] states that the algebra of invariants P¥e is finitely generated for every linear
action of the additive (algebraic) group G, of the field K (see also [4], [1], and also [3]). The
same result is true for the algebra of invariants P° where 6 is a linear derivation of P,; that
is, 0(z) = Az where A is an n X n matrix over K. It is an old open problem to find ezplicit
generators for the algebras PS and P°. Several cases for small n are considered in [2].
We summarise the main results of the paper below; full proofs are given later.

The proof of the first theorem is ‘direct’; that is, it does not use a reduction to the case of 4.

Theorem 1.1 Let o(z) = Jp(l)x —e1 € Autg(Py,), for n > 2. The algebra of invariants PS is

a polynomial algebra K|y, ..., yn] in n — 1 variables given by
i
Yirl = Z Qb—i—i-j-rj—l—l + iail(gb_i_l), for i=1,...,n—1,
j=1

where ¢o =1 and ¢_; 1= L@=V@=0D) g i > 1 (Note that deg(yipr) =i+ 1.) .

!

The polynomial algebra P, = Kx] = U;>oK|[z]<; is a filtered algebra by using the total
degree of variables; so that Klz]<; 1= Y qeg(p)<; Kp- The integer part of r € R is denoted
by [r] := max{m € Z | m < r}. The next theorem gives an explicit basis for the quadratic

invariants of the automorphism o.

Theorem 1.2 Let o(x) = Jp(1)x —e1, for n > 2, and suppose that K is a field of characteristic

zero. Then the elements ug = 1, and

k—12k—i 2k
2 k k
ur = Tj, + E E i jTiy + E Wi T,
i=1 j=k i=k

where b b i1
]?.: _ k—i — 1 — 1 —
Xy = {<j—k>+<j—k—1)}
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and

uf=(—1)k1{<ifk)+<ifl;—ll)}’

for k = 1,....,m := [n/2], form a basis of the vector space K[x]° N K[z]<2. In particular,
dimg (K[z]” N K[z]<2) = m+ 1 and K[z|” N K[x]<1 = K. FEach of the coefficients )\ﬁj and pif
18 MONZero. .
Remark. In particular, u; = 2% + 21 + 279 and us = 23 — 1 (72 + 223) — T2 — 373 — 274.

3
Note that y3 = x3 + x122 + % Consider the cubic o-invariant polynomial
v1 1= 3Y3 =$§+3$1$2 —x1 4+ 3x3 € K[xl,m’g,l’g]. (1)

Theorem 1.3 Let o(x) = Jp(1)z—e1, forn > 5, and suppose that K is a field of characteristic
zero. Then, for k=2,...,u:=[(n—1)/2], the following polynomials, vy, belong to
K[.%']U N K[.%']Sg.'

k—12k—i+1 2k+1
Vi = T1UL + TpTh4+1 + QLT g + ﬂz Ly, (2)
i=1 j=k+1 i=k+1

where

; k—i—1 k—i—1
k _ (_1\k—t . k
ai ;= (1) {2<j—k‘—1> +3<j—k:—2)}+(k i— 1A

=P () re o [(5E) GLT)))

B —aby by b Tor = kL 2k

and

where uy, )\ﬁj and uf are as defined in Theorem 1.2. Note that each of the coefficients aﬁj and

BE is nonzero. .

Remark. In particular,
O‘i’i?kqtlfi = (‘Dk_i(l +2(k —1i)) and O‘ﬁkJrl = (—1)k_i(k —i+1), (3)

and

Vg = X1Ug + Tox3 — 22103 — 3T1x4 — 33 — 8x4 — Dx5. (4)

The quadratic and cubic invariants obtained in the previous two theorems provide a gener-

ating set for the algebra of invariants, as the next theorem shows.



Theorem 1.4 Let o(z) = J,(1)z — €1, for n > 2. Set m = [2] and p = [25]. Then

1. P} = Klui,...,Un,V1,. ..,V 5 polynomial ring in n — 1 (= m + u) variables.

2. P, = P7[x1].
Proof. For each k > 1, we have
up = (—1)* 2x9, 4+ ... and v = (=1)"N1 + 2k)zopy1 + ..., (5)

where the three dots denote terms from P and Py respectively. These imply that P, =

Klui, ..., um,v1,...,v4][x1]. It then follows that P7 = Kluy,...,Un,v1,...,v,] and P, =
P7lx1], since Kug,...,Un,v1,...,v,) € P7, o(x1) =21 — 1 and char(K) = 0. .
Now, consider the K-automorphism o(x) = J,4+1(1)z of the polynomial algebra P,y1 :=
K[xla s 7xn+1]:
g:x1— X1, T2 T2+T1, ..., Tptl > Tpgl + Tn.

The algebra of invariants F' := P7,; = ®;>0F; is a positively graded subalgebra of the polynomial
algebra P11 = @;>0FPn+1, (the natural grading) where F; := F N P14 Let Pyyi1,, =

K[xl_l,xl,:cg, ..., Znt1] be the localization of P,;; at the powers of the element x;. Then
Poiigz, = K[mf, Zlye.ey2n) = Q[avf] where @ := K{z1,..., 2] is a polynomial algebra in the n
variables z; := —%*L i =1,...,n. We denote by the same letter o the unique extension of the

xry

automorphism o to Pp114,. Then o(Q) = Q and o(z) = Jp(1)z — e1; that is,
o(z1)=2z1—1, o(z2)=2+2, ..., 0(zn)=2n+ 2n_1.

Define polynomials py and ¢ in P41 as follows:

k—12k—i 2k
pr = u(2) = T + Z Z )\f’jxiﬂxjﬂ — 11 Z plxi g, for k>1, (6)
i=1 j—k i=k
while
q1 =T — o5 + 3x1T0m3 + T3x0 — 3231y, (7)
and
k—12k—i+1 2k+1
G = Tivp(2) = —Top + T TR Thp2 + 11 Y Y A mizi — 2t Y Bwi, (8)
i=1 j—hkt1 i=k+1
for k > 2.



Theorem 1.5 Let o(z) = Jpi1(1)z, for n > 2. Set m := [2] and p = [%5]. Then the set of
elements of P7, ,:

T1,P1y++-3Pmsq1s---59u

is a transcendence basis for the algebra P, |, with deg(p;) = 2 and deg(q;) = 3. Further,
;LT+1,:E1 — K[ajl,xfl][pl, s Pms Qs - Q-
Proof. This follows directly from Theorem 1.4. «

Corollary 1.6 Let o(x) = Juy1(1)z, for n > 2, and set m := [5]. Then 22.p1,. ., Pm 08 @

K -basis of the vector space of quadratic invariants.

Proof. This follows from Theorem 1.2 and Corollary 5.1(3). =
2 o-exponentials

Let K be a field of characteristic zero, and let o denote the affine automorphism of Klx] such
that o(z) = x — 1. Our aim is to choose a basis for K[z] as a K-vector space that facilitates
calculations involving o. The idea is to exploit the fact that 1 — ¢ is a o-derivation, and to
choose the basis with this in mind. Accordingly, we define
zx+1)---(x+i—1 zo Nz) - o7 (x) |
go:=1, ¢i:=¢i(x)= ( ) .( ) (>4 ()>221 (9)

7! 7!

and

o= 1, biim b ilx) = x(:n—l)--'-(a:—i—Fl) _ xa(aj)--.-a"_l(:n)’ is1. (10)

7! 7!

Each of the two sets {¢;} and {¢_;} forms a K-basis of K|[x].

Note that (1 —0)¢; = ¢i—1 and (1 — 0)p—; = o(¢—iy1), for © > 1, while (1 — o)po = 0. Note
also that ¢_;(—x) = (—1)'¢i(x), and that o*~1(¢;) = ¢_, for i > 1.

The choice of bases and the action of 1 — o suggests that we should construct exponential
functions, twisted by ¢. In order to do this, we extend the automorphism ¢ to an automorphism
of the the power series ring K [z][[O]] by defining ¢(0) = ©.

Now, define

E=E(x):=) ¢.0 =1+> ao(x): -.oi—l(x)g (11)
=0 =1

7!

5



and

E_=E(-z):=>)  ¢_i(-2)0" = (12)
=0
e

(=10 =1+ (-D'wo ()0 (x) T
i=0 i=1

(2

(13)

The following identities are easily established by direct computation:
(1-0)E =00(E), and (1-0)E_ =—-0OF_.

Lemma 2.1 E(z)~! = E(—z) in K[x][[0]].

Proof. Set E = E(z) and E_ = E(—=x). By applying the o-derivation (1 — o) to the product
(1-0

E_E, and, by using the identities (1 — 0)E = O (F) and (1 —0)E_ = —©FE_, we obtain

(1-0)(E_E) = (1-0)E_-E+4+o(E_-)(1-0)F (14)
= —O(l—-o0)(E_E). (15)
It follows that (1 —o)(E_E) € N>,0"K[x][[O]] = 0 and so o(E_E) = E_E. Hence, E_E €
k[z][[©]]° = K[[©]], and we may write E_E =14 322, X;0%, with each \; € K.
By setting x = 0 in the previous equality, we get
1=1-1=E_(0)E0) =1+ Y X6,
and it follows that each \; = 0; so that E_E =1 in K[z][[0]]. =

Consider the K-automorphisms o; of the polynomial ring K[z, x2] in two variables, defined by
oi(x;) = x; — 65, for i,j = 1,2, where J;; is the Kronecker delta symbol. The automorphisms

o; extend uniquely to automorphisms of the algebra K{[z1,x2][[©]], by setting 0;(©) = ©.

Lemma 2.2 E(z1)E(z2) = E(z1 + x2) in K[x][[0]].

Proof. Tt suffices to show that the product P := E_(x1)FE_(x2)E(xz1+x2) is equal to one. Note
that the identity (1 —o0;)(E(x1+22)) = O0;(E(x1 4+ x2)) holds, since o;(x1 +x2) = (x1+22) — 1.
Hence, by using the same argument as in the proof of (14), one easily obtains (1 — 0;)P =
(=0)"(1 — 0y)P, for all n > 1, and ¢ = 1,2. Hence,

P=1+) M\0O"eny ker(l—o;)=K[O],
=1



so that each A\; € K. Now, set 1 = 92 = 0 in the previous equality, to obtain
i .
1=E_(0)E_(0)E(0) =1+) N6
i=1

Hence, all \; = 0; and so P = 1, as required. =

The following useful identity now follows immediately.

Lemma 2.3 1. Forallk >1,

DF > (eisi= > (—1)igip; =0.
i+j=k i+j=Fk
i>0, j>0 i>0, 50

2. Foralln,k>1,

D" Y Ve = ). ()i =0.
i+j=k i+j=k
n2>i>0, n>j>0 n2>i>0, n>j>0

Proof. 1. This follows immediately from the equality

1=E-E=()_(-1)6:0)()_¢-;0")=> | > (-1)'¢is-; | ©".

i>0 >0 k>0 \itj—k

2. Follows immediately from the equality above by working modulo 6". «

In order to study the Jordan blocks occurring in the canonical form of an affine automor-
phism, we need to consider specializing the above results to the case that © is the nilpotent

(n—1) x (n— 1) matrix

00 0 O 0
0 O

0 0

oo o0 -~ 1 0

Note that @™~ =0, but ©"2 £ 0.



Consider the matrix

n—2
A=) (-1)'¢;0
i=0
1 0 0 0 O
—¢1 1 0 Y
®2 —P1 1
—3 ®2 —¢1
= . | € SLo_1(K[a)).
(_1)71—2(;5”_2 (_1)n_3¢n—3 """ _le 1
The above analysis reveals that
n—2
AT =) 900
i=0

Set ® := (=2, P3,..., (—=1)'pis1,...,(—=1)""L1p,)t € K[z]" L.

Lemma 2.4

where the ith entry is displayed.

Proof. Set

(16)

(17)



1 0 0 el e 00

b1 1 0 e ... 00 — s
m -2 -1 1 i ¢3
' — A1 — $—3 ¢—2 -1 ' :
: : (—1)'pis1
Mn—1 G—it1 :
: : (=1 'on
¢fn+2 ¢fn+3 """ (Z)fl 1
Then
i ' i+1
i = Z Givj(=1) i1 = — Z (=1 rd—i—144
—1 =2
’ i+1
= - Z (=)' 1d—i—141 + G—ic1 — P10
1=0
_ . l’—i_ __~(x+1)¢—i__. 1 '
R e R e

as claimed. Note that the 0 in the above calculation arises by applying Lemma 2.3. «

3 The invariant polynomials u; and v;

Let K be a field of characteristic zero, and let o be the affine automorphism of K[x] :=
Klxy,...,xzy], for n > 2, defined by the rule

olxz))=z1—-1, o(z2)=z24+z1, ..., 0(Tp)=Tp+Tp_1.

In matrix form,
o(x) = J,(1)x — ey,

where J,(1) = E + Z?;ll Eit1, is the n x n lower triangular Jordan matrix (£ is the identity
matrix and Ej; are the matrix units). Observe that o(K([z1,...,zn]) = K[z1,...,2y), for each

i > 1. In particular, o(K[z1]) = K[z1], and o(z1) = 21 — 1.

Recall, from the previous section, that the set of polynomials {¢; := ¢;(z1)} defined by

Cxp(rr 1) (i - 1)
B il

$o:=1, ¢ = pi(x1) , 12>1 (18)



is a K-basis of K[z1], and that (1 — 0)¢; = ¢;—1, for all ¢ > 1, while (1 — o)¢pg = 0.

The matrix © := J,_1(1) — I is a nilpotent matrix with ©@"~ = 0, but 6”2 # 0. As in the

previous section, we consider the matrix

n—2
A=) (~1)/¢;®'
=0
1 0 0 0 0
- 1 0 0O 0
G2 —P1 1
_ _fb‘”’ ¢:2 B - € SLy_y (K[z1]).
(_1)n_2¢n—2 (_1)n_3¢n—3 """ _le 1

Set
/

xr = (.TQ, FIRTRIPI 17 S [P .,.’En)t and (I) = (*qbg,qbg, ey (*1)i¢i+1, ceey (71)n—1¢n)t.

Define y = (y2,. .., yn)t € K[2]"~! by the linear equation 2’ = Ay + ®; so that y = A~! (2 — ®).
In more detail, we have

i

zigr = Y (=1 jyi + (1) i (19)
j=1
and
Yir1 = Y Goipitip+io (¢oin), (20)
=1

fori=1,...,n—1, by Lemma 2.4. We extend the action of o to the (n — 1) x (n — 1) matrix

ring M,,_1(K][z]) and to the column space K[z]"! in the obvious way (that is, elementwise).
The following proposition contains the claim of Theorem 1.1.

Proposition 3.1 Let o(x) = J,(1)x — e1, for n > 2, and suppose that char(K) = 0. Then, the
fized ring K[x]? is equal to the polynomial ring K[ya,...,yn] in the n — 1 variables defined by
(20). Further, K[z] = K[z1] ® K[z]” = K[21,Y2, .-, Yn]-

10



Proof. Note that the subalgebra K[y] of K|[z], generated by ya,...,yn, is isomorphic to a
polynomial ring in n — 1 variables, by (20).

Observe that
(1—-0)2' = —-02" — (¢1,0,...,0)", (1—0)®=-0% — (¢,0,...,0)

and
(1-0)A"t =00(A7h).

By applying the o-derivation (1 — o) to the equation y = A~ (2’ — ®), we obtain

1-0)y = 1—0)A™! (@ —®)+ (A" (1— o)z — )
= Oo(A Y — @) — o(AHO(a' — B) =0,

since Qo (A™1) = o(A71)6.

Thus, (1—0)y =0, and so o(y;) = v, for each ¢ = 2,...,n. Hence, k[y| := k[y2, ..., yn] C k[x]7,
and k[z] = kly] ® k[z1].

Let f =37, fi¢i € K[z]7, where each f; € K[y]. Then,

0=1—-0)f=fido+ -+ fsbs—1,
and it follows that f; =0, for all ¢« > 1. Thus, f = fy € K[y|, and K[z]° C K[y], as required. =

Let K be a commutative ring and let Z = I x Z be a subset of Z2, where I = [a,a + 1,...,],
for some a < b. Suppose that A, 1 : Z — K are functions such that (,5) — X\;; and (2,7) — i j

and such that the relation
Xij = 0(Xig1j-1 + Xiv1j) + pig-1,
holds for all (7,7) € Z and for some ¢ € K, then we write KA

Lemma 3.2 Let K be a commutative ring and suppose that two functions \,u : Z — K given
by (4,7) — Aij and (i,7) — pj satisfy the relation N ; = §(Niy1,j—1 + Nig1,5) + i j—1, for all
(i,7) € Z and for some 6 € K. Then,

1.

/

c—1 c ,
c c ¢! C
Aij =0 z : <d> Aitej—d T E :5 E : <d’> Hitc' j—1-d’> (21)
/=0

d'=0

11



for each integer ¢ > 0, such that i + c € [a, b].

In particular, when =0, we have

C . c
Aij =10 Z (d) Aite,j—ds (22)

d=0
for each integer ¢ > 0, such that i + ¢ € [a, b).

2. If, in addition, the function p satisfies the relation p; j = y(pit1,j—1+ fiv1,5), for all (3,j) € Z
and for some unit v € K, then

1,] yard d i+c,j—d ~ ~ ~ ij—1-

Proof. 1.  We use induction on ¢. The base cases of the induction ¢ = 0,1 are obvious.
Suppose that ¢ > 2 and that the result holds for ¢ — 1. Denote by Q = Q. the second sum in
(21). Then, by induction,

c—1 c
_ c—1
)\i,j =0 ! E < > ite—1,j— _d+ E 5C E < >,U/z+c J—1=d'
d=0 /=0

/

[

1 I
c c—1 § : c E :
o < d > itc,j—d— 1+A7,+C‘] d = 05 < ),"LZ+C,] 1-d’

l

T
o

CC c—1 c—1
() (G0 e
d=0

Cc c
=0 —~ <d> itc,j— d+Q

as required.

cl

2. By (22), pij—1 = ~¢ Zg:o (d’) Uit j—1—dr, for each integer ¢’ > 0. The element + is a unit,

Qc:<1++(> +~-—|—<> >,ui,j1,
Y Y v

and the equation (23) follows. a

SO

Remark. We are setting (Z) = 0, for each pair a,b € Z that does not satisfy 0 < b < a.

Corollary 3.3 Let K be a commutative ring. Suppose that the functions A, A\, ..., \": Z — K
satisfy
03 yn Pnst an=10n52 Sz S ho -y

12



where 01, ...,0, are units in K.
Then
1.

c c n c—1c1—1 ck—1—1 k S c
-1
Aij = 0 Nivejod+ Y DALY D > T == ;
d 0y
d=0 k=1 c1=0c2=0 cp=0 [=1

for each integer ¢ > 0 such that i + ¢ € [a, b].

2. In particular, when dg = 61 = --- = b, we have
c min(n,c)
)\127]' p— (58 Z <d> ’L+Cj d + Z k lgf)k k/' + ].))\1/] k (24)
d=0

Il
>
So
(-
N
S

Phes- d+z ( R (25)

d=0
Moreover,
c c min(n,c)
)\i,j = 58 <d> Z ¢k ’L+C,j k—d (26)
d=0
) min(n,c) ci k1 c e\ Lk
k=0 d=0

Proof. 1. We use induction on n. The base case n = 1 was proved in (23). Suppose that
n > 2, and that the result holds for the case n — 1. By induction, we have
c1 c1—1 cp—1
_ 1 Jel\k+1
=0 3 (a0 (5 TT()T).

d’'=0 C2—=! 0 Ck1= =01=1

for each integer ¢; > 0 such that i + ¢; € [a,b]. Combining the above equality with (21) in the
case \!; that is, with A! 2 A,

c C1
)\'i,j = 58 ( > itej—d T Z 501 Z ( ))"Ll+cl,j 1—d'>
d=0

c1=0 d'=0

13



we obtain

d=0
c—1 (50 1 n—1 A c1—1 c.—1 k 5[ Clt1
1 1yk+1
£ (F) e e (X X T ()
e=0 N1 k=1 e2=0  cppi=07=1 NOHH1
c c n c—1 c1—1 ck—1—1 k 5 o
= o (d>Ai+c,jd+Z(— L (Y Y H<5>
d=0 k=1 c1=0c2=0 cp=0 [=1
2. If §o =--- = d,, we will prove by induction on k that
c—1 c¢1—1 ck—1—1 k .
81\ op(c—k+1), ife>k
= Y 3 II(%Y) - | )
c1=0c2=0 c,=0 =1 O, if ¢ < k.

Obviously, I, = 0, whenever ¢ < k, so we assume that ¢ > k. Now,

c—1

L= ¢ealcr—k+2) = a() + 12+ + dralc—k+1) = gplc—k+1),
c1=0
since 0, —1,—2,..., —(k —2) are roots of the polynomial ¢3_; and ¢ > k. Since o*(¢r) = ¢_s,

for all £ > 1, we see that

oxle—k+1) = (51(60)) (0) = doi(e) = LD (2 RHD)

for ¢ > k. Hence, I, = (z), since we are setting (Z) = 0, for each pair a,b € Z that does not
satisfy 0 < b < a. Thus, the formula (24) follows.

Since

bu(c) = cle+ 1)..};0—%1{ 1) _ <c+Z 1>’
for k£ > 0, the second equality in (26) follows from the first; so, it remains to prove the first
equality in (26). We use induction on n. The case n = 0 is evident, see (22), so we suppose that
n>1. By (24),

min(n,c)

C . c
ELD <d> Nivejod— » (=D)* o k(A

d=0 k=1

14



By induction on n, setting m := min(n, ¢), we have

mm(n,c c

i+c,j—d — ¢ k’ ) 58

C
Aij =95 < J
k=1 d=

> (;

_ sc
d
_ sc
]
d
CC
_ sc
P <
d=0
_ sc
— Y0
d

min(n—k,c)
¢ et
<d> Z C ))‘ch (k+1)—d
0

=0
min(n,c) min(n—k,c)

o z+c,J d— Z Z ( 1)k¢fk(c)¢l( )/\fi_cl] (k+1)—d

d >\i+c,j—d_z Z (_ ) ¢ k( )¢l( ) f—l—c,j—s—d
s=1 k+l=s
m>k>1,m>1>0
c min(n,c)
C
(o

5 ZJrC,] d + E ¢S z+c7j—3—d )

P
)
Joos
)

o

as required, since

S (D k(0di(e) = —dsl0)+ D (=DFoi(e)dilc) = —¢s(0)+0 = —¢s(c),
k+l=s k+l=s
m>k>1,m>1>0 m>k>0,m>1>0

by Lemma 2.3. «

We are now in a position to prove Theorem 1.2 in which we find a basis for the quadratic

invariants.

Proof of Theorem 1.2. Any element of the set K[x]<2 which has constant term equal to zero

can be written as a sum
n n—1
_ 2 .
u = E )\]l‘j—i- E T; E Aijrj | + g T
j=1 i=1 j=i+1

The element u is uniquely determined by the upper triangular n x n matrix A = (\;j) € M,,(K)

and the vector (u1,...,u,) € K™. For the sake of convenience, we will set A; = \j;.

Observe that v € K[z]? if and only if d(u) = 0, where @ = 1 — o. In order to calculate 0(u),
we perform elementary computations using the fact that 0 is a o-derivation, and the following
facts: 9(x1) = 1 and d(a?) = 221 — 1; while d(z;) = —x;—1 and 9(2?) = —2z;_12; — x7 4, for
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i=2,...,n. We obtain

n—1

Ou) == (N1 + Nj)z]
j=1

n—2 n—1
- Z xi ¢ (Niig2 + Nig1it2 + 2N 1)Tip1 + Z (Nit1,5 + Nijr1 + Xigt1,j+1)Z5 + Nip1nTn
i—2 j=i+2
n—1
— I ()\273 + )\1,3 + 2)\2)1‘2 + Z()\QJ‘ + )\1,j+1 + )\Q,j_i_l)l‘j + )\Q,nl’n
=3

— 201 + (2A1 + A12 — p2)T1

+ ) o1+ A = 1)T1 4 A + (11— M)
=3
(29)

Thus, d(u) = 0 if and only if each of the coefficients in the expression above are zero. This gives
the system of linear equations below (see (30), (31), (32), (33), (34) below).

We can immediately see from the coefficients that the entries in the last column of the matrix
A must all be zero for a solution to d(u) = 0. Also, the linear terms are specified by the last

few coefficients, viz:
/‘Ll = )\1’ M2 = 2A1 + )\1’27 M] = )\17]_1 + )\17‘7‘7 j = 37 v e ,n. (30)

The remaining equations can be separated into four classes:

A23+ A3+ 2X =0, (31)

)\j,j+1+)\j+1 =0, j7=1,...,n—1, (32)
)\i+1’j+)\i,j+1+)\i+17j+1ZO, 1=1,....n—2, j=14+2,...,n—1, (33)
Aijit2 + At T 2041 =0, i=2,...,n—2. (34)

Obviously, the elements u; are linearly independent; so, it suffices to prove that an element
u € Klz]? N K[z]<2, with zero constant term, is a linear combination of the elements u;. In
order to do this, we will use induction on n > 2. In the case that n = 2, we see that the element
uy = %+ 1 + 273 is the unique solution (up to non-zero scalar multiple) of the system d(u) = 0.

The same is true for n = 3, since Ay = Aj2 = 0, by using (31) and (32).
Thus, we may assume that n > 4, and that the result is true for all n’ strictly less than n.
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The last column of the matrix (\;;) is zero. By using (33) withi=1,...,n —2 and j =n — 1,
we see that \; ,—1 =0, fori =2,...,n—2. Since \,—1 = —A\p—2n—1 = 0, by (32) with j =n—2,
it follows that \; ,—1 =0, for all « > 1. By using similar arguments, it follows that all of the

elements of the matrix ();;) lying below and on the anti-diagonal are zero; that is,

Nij =0, i+j>n+1 (35)

),

By passing from u to a suitable linear combination of the form u + Z;":ll aju;, where m/ =

[(n—1)/2] and o; € K, we may assume that

A== Ay =0. (36)

In more detail, we will solve the system assuming that the conditions above hold, as a result we

will have the polynomials u;, and this justifies our assumption. By (32), we have
)\j7j+1:0, j=1....m —1,

and
)‘j,j+2:07 jzl...,m/—2,
by (31) and (34). Now, by (33), we obtain
Nij=0, 4,j=1,....,m. (37)

In the case that n is even, it is enough to prove that the element wu,, is the unique solution (up
to a nonzero scalar multiple) satisfying (36), and in the case that n is odd, that the only solution
satisfying (36) is 0.

Suppose first that n is even, with n = 2m, and m > 2 (the cases where n = 2,3 have been
considered earlier). Suppose that n = 4. By (32), we see that A\j2 = —A2, and by (31), we
obtain A; 3 = —2\g; and so, u = Agug, by (30).

Suppose now that n = 6. By (32), we see that Ay 3 = —A3, and by (31), we obtain A; 3 = A3.
Now, A4 = —2X3, by (34). By (33), M4 = 3X3 and A\ 5 = 2A3, hence u = Azug, by (30).
Finally (for the even case), suppose that n = 2m, with m > 4. In this case, m’ = m — 1, so all
of the diagonal elements of the matrix (\;;), are zero, except for Ay, = Apum. By (32), we obtain

Am—1,m = —Am, and, by using (34), we get App—2.m = Am; then, by (32),
Nim = ()" N, i=1,...,m. (38)
By (34), Am—1,m+1 = —2A\,, and then, by (33),

An—imai = (=1)2\p, i=1,...,m—1. (39)
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Now, all of the entries of the first m—1 rows satisfy (33), and X\pp—1,m = —Am; Am—1,m+1 = —2Am;

also, all of the other entries of the (m — 1)-st row are zero. If we apply Lemma 3.2 to the entries

of the first m — 1 rows, and put § = —1, we obtain
T m— 11—
Aij = (=) kz_o ( I )/\m—l,j—k

= (=1 {‘ <m.7'——17r: Z) B 2(7 - D } h
= () ()

fori=1,....m—1,j=m,...,2m — .

i = (_1)m_1)\m{<j i%n:il> i <J’ igf?) " G—_TD " <~7 Z;Z)} (41)
=(—1)m_1)‘m{(jinm> + (]inn;il)}’

by (30) and (40). This finishes the even case.

Thus,

Now, suppose that n is odd, with n = 2m + 1, for some m > 2. In this case, m’ = m, and so
Am+1 = 0, by (35); and Ay mt1 = 0, by (32). If m =2, then A\; 3 =0, by (31), and A1 4 =0, by
(33); so that Aj; = 0, for all 4, j. If m > 3, then A\p,—1,m+1 = 0, by (34). It then follows that all
Aij are zero, by using (35), (36) and (33). a

Theorem 1.3, which presents the cubic invariants, can now be proved.

Proof of Theorem 1.3. The element uj, of Theorem 1.2 can be written as the sum, uy, = uj +uy,

of the quadratic terms uj, and the linear terms u. The element vy = z uy, + v}, + vy, where

k—12k—i+1 2k+1
vfﬁ = arpTr+1 + E E aﬁjxiazj and UZ = E ﬂf‘mz
i=1 j=k+1 i=k+1

Clearly,
A(vk) = ug + O(vy,) + 9(vy) = (uy, + A(vy,)) + (uy + A(vy)).
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Thus, by using (29), we see that 0(v;) = 0 if and only if the coefficient a and the ozﬁ i BE satisfy
the following system of linear equations:
—a+1=0
k
—a—0p_qp—1=0
k
—a =0y pip—2=0
k k k k
—(aiy1j Qi1 + i1 1) T A =0,
fori=1,....,k—1and j=k,...,2k —i; and
k k k k
By =aij1+aq;+H,

for j=k+1,...,2k + 1 (note that we set 0/1“72k+1 =0).

Equivalently,
k k
a=1, Op_1k+1 = -2, Op_1,k+2 = -3

and

k _ k k k
i = 0(oiy o1 + i1 ) + A s

fori=1,....,k—land j=k+1,...,2k—i+ 1, where 6 = —1.

We know, from the proof of Theorem 1.2, that )\ﬁj = 5()\5?“7];1 + )‘i‘c+1,j)’ fori=1,...,k—1
and j = k,...,2k — 1. Thus, by using Lemma 3.2.(2), we have

o ([k—i—1 k—i—1 .
a’ﬁj = (_1)k ! {<] _ k, _ 1>a£—1,]€+1 + <] _ kf_ Q)O[ﬁ—l,k?-‘r?} + (k; — 1= 1)>\i€7.7_1

e ) e [ )

4 F-direct sums

Let Q = U;ez Q; be a Z-filtered algebra with a filtration F = {Q;}. We will always assume that
the filtration is separated; that is, N;cz @; = 0. Any subspace U of () has an induced filtration
U = Uiez Ui, where U; := UNQ;. In this case, the associated graded space grzU = @®;ez U; /Ui—1

is a subspace of the associated graded algebra grrQ = @®;ecz Qi/Qi—1 in a natural manner.

Given a separated filtration F = {Q;} of @, then, for any nonzero element u € @, there exists a
unique 7 € Z such that u € Q;\Q;—1. The integer i is called the F-degree of u, and is denoted
by fdeg(u).
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Definition 4.1 Let {U;,j € J} be a set of subspaces of the F-filtered algebra Q. We say that
the sum ) c 7 Uj is F-direct if 3. 7 gr7U; = e 7 gr#U;j in grzQ.

The concept of F-directness is extremely useful in finding a K-basis of a ring of invariants and
in proving that relations for a ring of invariants are defining relations. For a separated filtration
F it follows easily that any F-direct sum jeg Ujis the direct sum, ®jc 7 Uj, of the subspaces
Uj.

Lemma 4.2 Let Q = Ujez Q; be a filtered algebra with separated filtration F = {Q;} and
> jeq Uj be an F-direct sum of subspaces {U;}. Then

1. if uj € Uj, then fdeg(> u;) = max{fdeg(u;)}.

2. (Zjej Uj) NQ; = Zjej Uj N Qi

Proof. 1. This is evident.

2. Denote by L and R the left and right hand side vector spaces in the equality that we are
trying to establish. Clearly, L O R. If u = Y u; € (> U;) N Q;, for some u; € Uj, then each
uj € U;j N Q;, by statement 1, s0 R C L. «

A K-basis {U;,i € J} of the filtered algebra @ = U;czQ; is called an F-basis if the sum
jeg Kuj is F-direct. In this case, {gru;,j € J} is a K-basis for
the associated graded algebra gr Q := @®;czQi/Qi+1. If, in addition, the algebra @ = U;>0Q); is
positively graded then the converse is true: a basis {u;,j € J} of Q is an F-basis of @ if and

of 1-dimensional subspaces )

only if {gru;,j € J} is a basis for grQ; and a basis {u;,j € J;} of Q; is an F-basis of @ if and
only if {gruj,j € J;} is a basis for &,_,Q,/Q,—1.

Similarly, elements {u;,j € J} of Q are F-independent if the sum of 1-dimensional subspaces
> jeg Kuj is F-direct. In this case, elements {gru;,j € J} are linearly independent elements of
gr Q. The converse is obviously true; so, the elements {u;,i € J} of @ are F-independent if and

only if the elements {gru;,j € J} are linearly independent in gr Q.
5 Number of variables < 5

Let K be a field of characteristic zero. The polynomial ring, P = PI"*1 = K(z] = K[x1, ..., Znt1],
in n 4 1 variables, is a positively graded K-algebra P = @®;>0 P;, where P; = K|z|; consists of

the homogeneous polynomials of degree i, together with zero.
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Consider the graded automorphism o € Autg,(P) defined by o(x) = Jp+1(1)z, where Jp11(1)

is the (n +1) x (n + 1) lower triangular Jordan matrix with 1 in each diagonal entry; that is,
o(x1) =z1, o(x2)=z2+x1, ..., 0(Tut1) = Tps1 + Tn.

We use the results in the earlier sections of the paper to give explicit generators and defining

relations for P? for some small values of n.

The algebra F' = P? of invariants is a positively graded algebra F' = @®;>0 F}, where F; = P;NF.
In the case that n = 0 we have that o is the identity map, so that F' = K[z1]. Thus, we assume

that n > 1. The element x; is o-invariant. Denote by P, the localization of P at the powers of

1, that is,
P, = S_lK[x] = K[xl,xl_l,xg, ey Ty Ty Tyt
where S = {¢ | i > 0}. Set z; := —x;c—tl, fori=1,...,n, so that
P, = K|z, xlil] = K|z,... ,zn,mlﬂ] = Q[:Ulﬂ], (42)

where Q = Q" = K|[z] = K|[z1,...,2,] is the polynomial ring in n variables. The algebra
Q = ®i>0 Q; is a positively graded K-algebra, using the degree of the polynomials. The filtration
F ={Q<; := ®j<i Qj}, for i >0, associated with this grading, satisfies Q<; = Pixy ", for i > 0,
and so Q@ =) Pyt

Let p(z1,...,2n+1) € P be a homogeneous polynomial. Then
T T
p(x1, . apg1) = (—21)38P)p(—1, —ﬁ, - Zl) = (=213 p(—1,21,.. ., 2,),  (43)
where p(—l, AT ,Zn) < dieg(p)'

Denote by the same letter o the unique extension of the automorphism o to the localized algebra
P,,. Then 0(Q) = Q, and o(z) = J(1)z — e1; that is,

o(z1) =21 —1, 0(22) =20+ 21,...,0(2n) = 2n + 2Zn—1.

Theorem 1.1 (or Proposition 3.1) now becomes available for use.

The case n =1

Clearly,
(K21, 22)0, )7 = K21, 257 = K[,



since 0(z1) = 21 — 1 and the characteristic of K is zero. Hence,
K[xl, .TQ]U = (K[:L’l, Jig]zl)a N K[xl, xQ] = K[(El] (44)

Thus, we may assume that n > 2. The first part of the next corollary follows immediately from
Proposition 3.1 (statement 3 follows from (43); statements 4 and 5 follow from the definition of
F-basis).

Corollary 5.1 Letn > 2. Then

1. Q7 = Klya,...,yn] is a polynomial ring in the n — 1 variables y; given by

Yit1 = Yit1(z Z G—irj(21)zj41 +io Hpoi—1(21)),
7j=1

fori=1,...,n—1, where the ¢; are defined in (10) and Q = K[z1] ® Q°.
2. yi =z (mod z1), fori=2,....n
3. F =®;>0F;, with F; = xﬁQ%i, where Q%z = Q% NQ<y, fori>0.

4. If {bj,j € Ji} is an F-basis for the vector space QZ; then {:L"Z deg. (b )( deg. (b )bj) jeJitisa
K -basis for Fy. If {b;,j € J} is an F-basis for the vector space Q° then {1‘11 degz ( deg-(b5)yp, i), J €
J} is a K-basis for F;.

5. Given g1,...,9m € Q7 such that, foreachz>0 {9 =9¢1" - gfm |a=(a1,...,am) € J; C
d

N} is an F-basis for QZ; then {:1:1 212 d08:(95) HTzl(xdegz(g])gj)% j € Ji} is a K-basis for

Fi;and if J1 C Jy C--- then

m

m

z Z o deg,(g;5) .

wy S ST (@9 gy e Ui i, i~ Y g deg, (g5) > 0}
j=1 J=1

is a K-basis for F. =
Corollary 5.2 1. Letu=u(z1,...,2,) € Q°. Then

w(z1y .y 2n) = u(0,92, ..., Yn).

2. In particular, for the elements ui and vy in Theorems 1.2 and 1.3,

k—12k—i
yl% ‘1‘2 Z AF i,jYiYj ‘1‘2 Nzyw
=2 j=k
k—12k—i+1 2k+1
k k
Vg = YkYk+1 T Z Z Qi YiYj + Z B; Yi-
i=2 j=k+1 i=k+1
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Proof. Note that Q = Q7 ® Qz1, Q° = Klya,...,yn] and y; = 2z; (mod z1), for i = 2,...,n,
s 2n)

by Corollary 5.1. Thus, for any u(z1,. .. € %, we have

w(z1, 22, .-y 2n) = w(0,y2, ..., Yn) + 217,
fore some polynomial v € ). However,
w(z1y .oy 2zn) —u(0,y2, ..., yn) =vz1 € Q7N Q2 =0,
since Q@ = Q7 @ Qz1. Hence, u(z1,...,2,) = u(0,y2,...,yn)-
2.  Evident. =

The polynomials
d i 3
Firr o= By =ty
fori=1,...,n — 1, belong to the algebra F' of invariants. Note that
o1 ir2(ze ). (z2 4+ (1 —J—1)xy)
firr =3 (1) 7 (i—4)! Tit2

j=1
" (—1)”17;(@ —xy)xa(ze +21) ... (22 + (1 — 1)x7) '

(i+1)

Corollary 5.3 For each homogeneous polynomial f(xi1,...,2p41) € F = Klxy,.

where o(x) = Jpy1(1)z:

F@1,. o wngn) = (—21)980 f(=1,0, fo/2d, ..., fu/2]).

Proof. This follows immediately from the equality (43) and Corollary 5.2.(1):

f(xr, .. ang1) = (—2) 38D F(=1, 21, ..., 20)
= (_xl)deg(f)f(_lv 07 Y2, ... 7y’ﬂ)
= <_x1)deg(f)f<_1707f2/$%7'"7fn/x711)' -

The case n =2

. ax?’LJrl]U;

By Corollary 5.1.(1), we know that Q° = K|u], where u; := 2ys = 27 + 21 + 225. Clearly,

{ui,i >0} is an F-basis for Q°. By Corollary 5.1(5), the algebra
K[l’l, x2, 1'3]0 = K[xhpl]a

is the polynomial ring in the two variables z; and p; := z3u? = 23 — 21 (22 + 273).
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The case n =3

Recall that

y2222+(21+21)21 and y3223+z1z2+z%_zl
Set
vl::3y3:z:f+321z2—21+323:zf+..., (46)
Clearly,
V1] = 21Ul — z% + 2129 — 21 + 329

= zju1 — U1 + 2122 + H29.
Consider the element
0= v% — uif 4 3viug + QU%. (47)
Direct computation gives

0 = —322{22 — 21 (20 + 223)} 4+ 921 (21 + 222) 23 — 825 + 2129(521 + 622)
+ 92% +3(z1 + 629)23 + 8z§ + 22129 (48)
= 32322 — z1(20 + 223)} + -+ .

The leading terms of the elements u; = 2§ + --- and 0 are algebraically independent, so the
subalgebra U := KJu, 6] of Q7 = K[uj,v1] is isomorphic to a polynomial ring in two variables,

and the elements {ui6 |i,j > 0} are F-independent.

Lemma 5.4 The sum Q° = U + Uwvy is an F-direct sum in the filtered algebra Q) with the
filtration F = {Q<;}. In particular, Q° =U @& Uv;.

Proof. Tt follows from (47) that Q7 = U + Uwv;. Observe that the degree of the leading term
of any element from U is even, and the degree of the leading term of any element of Uv; is odd.

The result then follows. =
Corollary 5.5 Fori >0, we have
QZ; =U<i ® U<(i_s) 01,

where U<; = U N Q<; = @{KuR20™ | ig,i4 > 0,20 + 4ig < i}, and {u20®60 | 2ig + 3iz + 4iy <
i; i3 = 0,1; 49,44 > 0} is an F-basis for QZ;.
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Theorem 5.6 The fized algebra F = K|x1,x9,x3,x4]7 is generated by the four elements
T1, p1i= x%ul = :c% —x1(xg + 223), @ := xi’vl = —x% + 3x1T973 + x%xz — 333%334
and
5= x10 = 313 {:1:§ — mo(w3 + 224) } — 9z122(22 + 233) 74 + 8x1a3
— zy29x3(5xy + 623) + 92523 + 303 (20 + 623)x4 + 82322 + 200013
of degrees 1,2,3,4, respectively, subject to the defining relation
235 = ¢} + 3xiprqr — pS + 223pl. (49)

Fori>0, F; = ®{Ka'p2qis™ | iy + iy + 3i3 + 4ig = 4; i3 = 0,1; i1,49,14 > 0}.

Proof. By Corollary 5.1, F = @;>0 F;, where F; = 2{QZ,. By Corollary 5.1(5) and Corollary
5.5, (using F-directness) F; = @lefpifq?’si“ where alliil, >0, and i3 = 0,1 while 41 + 2i9 +
3ig + 414 = i. We conclude that the fixed algebra F' is generated by the four elements above,
subject to the relation (49). The relation is the defining relation for F' (as the algebra that

satisfies this defining relation has the same basis {z}'p2¢i*s'} as F).

The case n =4

Recall that (Corollary 5.1 and Theorem 1.2)

21 (21 — 1)22 3(2’1 + 1)2’1 (21 — 1)(2:1 — 2)

Y4 = 24 + 2123 +

2! 4! ’
and
Uy = 25 — 21 (2 + 223) — 29 — 323 — 224 = 25 — 21 (20 + 223) + -+ . (50)
By Corollary 5.2,
2 1o, 1
Uz = Y5 — Yo — 3ys — 2y4 = ZUl— UL~ 21a4. (51)
Consider the element
0:=0+ 3uiug = v% — u?l’ + 3viur + 2u% + 3ujus. (52)

Direct computation gives
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0 = —622 24 + 621 (20 — 21)23 — 225 + 2122(320 — 21)
—6(21 + 229)24 + 9z§ — 62123 + 222 — 2129 (53)

= 62224+ 621 (20 — 21)23 — 225 + 2120(320 — 21) + - - -

The leading terms of the elements u; = z%—i—- ce LUy = z%—21(22+223)+~ -+, and 0 are algebraically
independent; so the algebra Q7 = K[y, 3, y4] contains the subalgebra U := K[u1, u, 6] which

is a polynomial ring in three variables.
For [ > 0, we set

U i=UnNQau = @ {Kuiuh0"|2i+2j+3k <1}
i,§,k>0
The set {u’luéék |20 + 25 + 3k <} is an F-basis for U<, and {u’luéék |i,7,k > 0} is an F-basis
for U. Now,

Q% = Klu1, up,0] + K[uy, up, 0lys = U + Uy, (54)

In more detail,

Q° = Kly2,y3,ya] = K[ui,v1,y4] = Klui,vi,ug] (by (51))

= Klui,ug,0] + Klui,uz,0lvr (by (52)).

Lemma 5.7 The sum Q° = U + Uwvy is an F-direct sum in the filtered algebra QQ with the
filtration F = {Q<;}. Hence, {uTuJQékvll |2m+2j+3k+3l <4, | = 0,1} is an F-basis for QZ,,
and {u{”uéékvll |m,j,k>0,1=0,1} is an F-basis for Q°.

Proof. This follows directly from the equality

QT =U+Uv = @ {Ku1] + K[ui]vy Jubb?
i,j>0

and the fact that the leading terms of the elements us2,6 and z are algebraically independent,

and from the fact that v; = 2§ + - and ug = 22 +---.

Theorem 5.8 The fized algebra F = K|x1,x2,x3, x4, 25| is generated by the five elements

T1, P1, qi, po = aiug = a3 — xo(xs + 224) + 21 (w3 + 34 + 275)
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and

t =230 = 62325 — 6x2(x3 — T2) 2y + 225 — Tox3(323 — T2)

+ 21 {—6(22 + 223) 75 + 927 — 6T274 + 223 — z273}  (55)
of degrees 1,2,3,2,3, respectively, subject to the defining relation
2t = ¢ — p} + 3zip1qr + 227p; + 3aipip. (56)
Fori >0,
Fy = 24Q%; = P{Kxiphp5tiaf |a+2b+ 2c+ 3t + 3e =i, e = 0,1}

where a,b,c,d > 0.

Proof. By Corollary 5.1 and Lemma 5.7, F' = @®;>0 F;, where
F; = 21Q%; = (DIKapipst%5 [a+ 2+ 2¢ + 3t + 3e = i, e = 0,1}

By (52), the relation (56) holds. This relation is the defining relation for the algebra F' since
the algebra that satisfies this defining relation has the same basis as F' (see (56)). =

Finally, we make a comment on the case where n > 5. Assume that n > 5. Set m := [%]

and p = [”T_l], then m = p, when n = 2m + 1, and m = p+ 1, when n = 2m. The
elements uy = uy(z) and v = vi(2) of Theorems 1.2, 1.3 can be written as sums uj, = u), + uj,
and v, = zjuy + v, + vy, where u), v, and u},v; are the quadratic terms and linear terms,

respectively. The elements

wy = vE — wpui = up(2210), — (21 4 222)uk) + (V)% + 2z1ugv) + 20p0) + ()2, (B7)
for k =2,..., u, have degree 5 and leading terms
lwy) = up (22105, — (21 + 229)uy,), (58)
for k =2,..., pu. Observe that v} is the leading term of the polynomial u.
The polynomials
up = (—1)* 220, 4+... and v = (—1)* 11+ 2k)zopp1 F ..., (59)
where by three dots we denote the terms from Q21 and Q[2*!, respectively. Hence,
Q=" :Q[4][v2,...,U#,ug,...,um], (60)
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and

Q% = (QM) vy, ... v, uz, .. um] = Q)T @V, (61)
where V := K{va, ..., vy, u3, ..., un]|. Note that

g

Q[4] o

@)% = (Q™)7[va],
@) = (QY)7[vz, s,
@M = (QM)7[va, v3, us),
(Q[S])U = (Q[4])U[U2,U3,U3,U4]
The polynomial ring V' contains the polynomial subalgebra W := Klwa, ..., wy, us, ..., un] and
v=H w, (62)

is a free W-module of rank 2!, where /S =7y x -+ x Zy is the product of p — 1 copies of

Zy = {0,1}, and v! = v ...Ufj‘, for I = (i3,...,i,) € Zg_l.
The leading terms of the polynomials ws, us, w3, uy, ..., are algebraically independent, since
lug) = uh = (=1 12212051 + .. and I(v,) = (=D 12k — Dzyzop +..., (63)

where three dots denotes terms from Q[2¥~2 and Q2F—1, respectively. Thus, the sum

W = ZKU oulm w2 . wfﬁ, (64)
for ig,...,j, > 0, is an F-direct sum.
Lemma 5.9 The sum (62) is an F-direct sum in the filtered algebra Q with the filtration F =
{Qi}-
Proof. This is evident, since l(vg) = z1l(ug), l(ur) = uj, and I(wy,) is as defined in (58). =

This means that one cannot produce new invariants from the elements of V'; that is, in any new

invariants generators of Q4 must necessarily occur.
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