Weakly multiplicative coactions of

quantized function algebras

M Domokos^∗ and T H Lenagan

Abstract

A condition is identified which guarantees that the coinvariants of a coaction of a Hopf algebra on an algebra form a subalgebra, even though the coaction may fail to be an algebra homomorphism. A Hilbert Theorem (finite generation of the subalgebra of coinvariants) is obtained for such coactions of a cosemisimple Hopf algebra. This is applied for two coactions α, β : A → A ⊗ O, where A is the coordinate algebra of the quantum matrix space associated with the quantized coordinate algebra O of a classical group, and α, β are quantum analogues of the conjugation action on matrices. Provided that O is cosemisimple and coquasitriangular, the α-coinvariants and the β-coinvariants form two finitely generated, commutative, graded subalgebras of A, having the same Hilbert series. Consequently, the cocommutative elements and the S^2-cocommutative elements in O form finitely generated subalgebras. A Hopf algebra monomorphism from the quantum general linear group to Laurent polynomials over the quantum special linear group is found and used to explain the strong relationship between the corepresentation (and coinvariant) theories of these quantum groups.

2000 Mathematics Subject Classification. 16W30, 16W35, 20G42, 17B37, 57T05, 81R50 Keywords: coinvariant, cosemisimple Hopf algebra, quantum general linear group, quantum special linear group, quantum orthogonal group, quantum symplectic group, coquasitriangular Hopf algebra, quantized function algebras, adjoint coaction, cocommutative element

Let k be a field. Let A be a k-algebra and O a Hopf algebra over k and suppose that φ : A −→ A ⊗ O is a right coaction. The coinvariants of φ consist of the set A^{φ,O} := {c ∈ A | φ(c) = c ⊗ 1}. When φ is also an algebra homomorphism, A^{φ,O} is automatically a subalgebra of A. However, it has recently become apparent that progress can be made even when φ is not an algebra homomorphism, see [6, 7, 8, 9], for example, where examples of such coactions are studied, motivated by seeking quantum versions of results concerning the classical invariant theory of the general linear and special linear groups. In these

∗This research was supported through a European Community Marie Curie Fellowship. Partially supported by OTKA No. F 32325 and T 34530.

quantum cases, at the outset, it is not even clear that the set of coinvariants forms a subalgebra of A. However, under weaker conditions it is sometimes possible to show that the set of coinvariants does indeed form a subalgebra, and that this subalgebra enjoys desirable properties. The first purpose of this paper is to isolate the key points that make this process work. In particular, we are able to show that, under certain assumptions on φ, when O is cosemisimple, the set of coinvariants forms a subalgebra which is finitely generated.

Our leading examples for such coactions are associated to quantized algebras of functions on simple Lie groups. Let O be any of these quantum versions of classical groups (cf. [17]). We consider two right coactions α, β of O on the coordinate algebra A of the corresponding quantum matrix space. (In the case of O(SL_q(N)), the coordinate algebra of the quantum special linear group, both of these coactions are possible quantum deformations of the conjugation action of SL(N) on N × N matrices). As an application of the general considerations mentioned above, we show that provided that O is cosemisimple and coquasitriangular, each of the α-coinvariants and β-coinvariants forms a finitely generated, graded, commutative subalgebra of A, and these subalgebras have the same Hilbert series. In particular, both the cocommutative elements and the S^2-cocommutative elements (cf. [3]) form a finitely generated subalgebra in O.

The last section clarifies the relation between O(SL_q(N)) and O(GL_q(N)), the coordinate algebra of the quantum general linear group, which has consequences for coinvariant theory. Levasseur and Stafford, [13], have shown that O(GL_q(N)) and O(SL_q(N)) ⊗ k[z^{±1}] are isomorphic as k-algebras, and that ring theoretic properties of O(SL_q(N)) can be derived from this isomorphism. However, the algebra isomorphism O(GL_q(N)) → O(SL_q(N)) ⊗ k[z^{±1}] given in [13] is not a morphism of coalgebras. Here we construct a Hopf algebra homomorphism which embeds O(GL_q(N)) into the Hopf algebra O(SL_q(N))⊗ k[z^{±1}] in such a way that O(SL_q(N)) ⊗ k[z^{±1}] is a finitely generated free module over the image of O(GL_q(N)). This explains the strong relationship between the corepresentation theories of these quantum groups. To illustrate this, we derive explicitly generating O(SL_q(N))-coinvariants in O(M_q(N)) and O(SL_q(N)) (with respect to the coactions α, β, under the assumption that q is not a root of unity) from the corresponding results for O(GL_q(N)) obtained in [6].

1 Weakly multiplicative coactions

First, we identify a condition that is frequently satisfied by coactions even when they are not algebra maps, and which guarantees that the coinvariants form a subalgebra.

Let A be a k-algebra with unity, let O be a Hopf algebra over k, and let φ : A −→ A⊗O be a right coaction. We say that φ is left weakly multiplicative if φ(1) = 1 ⊗ 1, and φ(ab) = φ(a)φ(b) for all b ∈ A, provided that φ(a) = a ⊗ 1. Similarly, φ is right weakly multiplicative if φ(1) = 1 ⊗ 1, and φ(ab) = φ(a)φ(b) for all a ∈ A, provided that φ(b) = b ⊗ 1. The following trivial lemma shows that it is useful to identify when a right coaction is left or right weakly multiplicative.

Lemma 1.1 Let A be a k-algebra and let O be a Hopf algebra over k. If φ : A −→ A⊗O is either a left or right weakly multiplicative right coaction then the set of coinvariants A^{φ,O} = {c ∈ A | φ(c) = c ⊗ 1} forms a subalgebra of A.

Next, we show how to construct some left or right weakly multiplicative right coactions which, in general, are not algebra homomorphisms.

We fix the following notation. Let A be a k-algebra with unity and let O be a Hopf algebra over k. Denote by m, Δ, S and ε the multiplication, comultiplication, antipode and counit maps of O, respectively.

Suppose that λ : A −→ O ⊗ A is a left coaction and that ρ : A −→ A ⊗ O is a right coaction, and that both λ and ρ are algebra homomorphisms. Suppose further that λ and ρ commute, in the sense that (λ ⊗ id) ∘ ρ = (id ⊗ ρ) ∘ λ.

Define

α := (id ⊗ m) ∘ τ_{132} ∘ (S ⊗ id ⊗ id) ∘ (λ ⊗ id) ∘ ρ : A −→ A ⊗ O, (1) and β := (id ⊗ m) ∘ (τ ⊗ id) ∘ (S ⊗ id ⊗ id) ∘ (λ ⊗ id) ∘ ρ : A −→ A ⊗ O (2)

where τ_{132} is the map that sends a ⊗ b ⊗ c to b ⊗ c ⊗ a, and τ is the flip a ⊗ b → b ⊗ a. We will show that α is a right weakly multiplicative coaction, and that β is a left weakly multiplicative coaction.

Lemma 1.2 The maps α and β are right coactions.

Proof. We do the computations for α. The computations for β are similar. First, to show that α is a coaction, we have to show that (id ⊗ Δ) ∘ α = (α ⊗ id) ∘ α and that (id ⊗ ε) ∘ α = id_A. The commutativity assumption on λ and ρ make it possible to use the Sweedler notation. Note that in this notation, the formula for α is α(a) = � (a) a_0 ⊗ a_1S(a_{−1}). Thus, (α ⊗ id) ∘ α(a) = � (a) a_0 ⊗ a_1S(a_{−1}) ⊗ a_2S(a_{−2}). Now, (id ⊗ Δ) ∘ α(a) = (id⊗Δ)( � (a) a_0 ⊗a_1S(a_{−1})) = � (a) a_0 ⊗Δ(a_1S(a_{−1})) = � (a) a_0 ⊗{Δ(a_1) · Δ(S(a_{−1}))} = � (a) a_0 ⊗ {(a_1 ⊗ a_2) · (S(a_{−1}) ⊗ S(a_{−2}))} = � (a) a_0 ⊗ a_1S(a_{−1}) ⊗ a_2S(a_{−2}), as required.

Next, (id ⊗ ε) ∘ α(a) = (id ⊗ ε)( � (a) a_0 ⊗ a_1S(a_{−1})) = � (a) a_0 ⊗ ε(a_1)ε(S(a_{−1})) = � (a) a_0 ⊗ ε(a_1)ε(a_{−1}) = � (a) ε(a_{−1})a_0 ⊗ ε(a_1) = � (a) a_0 ⊗ ε(a_1) = � (a) a_0ε(a_1) = a, as required. Thus, α is a coaction. □

Proposition 1.3 The coaction α is right weakly multiplicative and the coaction β is left weakly multiplicative. In particular, the sets of coinvariants A^{α,O} and A^{β,O} are subalgebras.

Proof. The proofs are similar to [6, Lemma 2.2] and [9, Proposition 1.1]. We give the proof for α, the proof for β is similar. Let a, b ∈ A and suppose that α(b) = b ⊗ 1. Then, α(ab) = � (ab) (ab)0 ⊗ (ab)1S((ab)−1) = � (a) � (b) a_0b_0 ⊗ a_1b_1S(b_{−1})S(a_{−1}) = � (a) (a_0 ⊗ a_1) · ( � (b) b_0 ⊗ b_1S(b_{−1})) · (1 ⊗ S(a_{−1})) = � (a) (a_0 ⊗ a_1) · (b ⊗ 1) · (1 ⊗ S(a_{−1} )) = � (a) (a_0 ⊗ a_1S(a_{−1})) · (b ⊗ 1) = α(a)α(b); so that α is right weakly multiplicative. Now, apply Lemma 1.1. □

In [6, 8, 9] coactions that are not algebra homorphisms are constructed in this way, and their coinvariants are calculated. In [6], for example, A = O = O(GL_q(N)), and α, β are two possible quantum deformations of the conjugation coaction. Explicit generators and the structure of the two subalgebras of coinvariants were determined for the case when q is not a root of unity. The commutativity (and a vector space isomorphism) of these coinvariant subalgebras was explained recently in [3]; it was shown to follow from the fact that O(GL_q(N)) is coquasitriangular, and an interpretation of coinvariants via cocommutativity conditions (see Section 4). However, in [6] (and in [3]) the connection between these two possible quantum deformations α, β of the conjugation coaction is not considered. This is done in the next section of this paper for coquasitriangular Hopf algebras.

2 The coquasitriangular case

Recall, from [12, 10.1.1], that a bialgebra O is coquasitriangular if there exists a bilinear form (called a universal r-form) r : O × O −→ k such that the following conditions hold (in Sweedler notation):

(i) there exists a bilinear form r̄ : O × O −→ k satisfying � r(a_1, b_1)r̄(a_2, b_2) = � r̄(a_1, b_1)r(a_2, b_2) = ε(a)ε(b);

that is, r (considered as a linear form on O ⊗ O) is convolution invertible; (ii) ba = � r(a_1, b_1)a_2b_2r̄(a_3, b_3) (iii) r(ab, c) = � r(a, c_1)r(b, c_2) and r(a, bc) = � r(a_1, c)r(a_2, b) for a, b, c ∈ O.

Proposition 2.1 Let O be a coquasitriangular Hopf algebra. Suppose that A is an algebra and that λ : A −→ O ⊗ A and ρ : A −→ A ⊗ O are algebra homomorphisms that are left and right coactions, respectively, and that λ and ρ commute. Suppose that α and β are defined as in the previous section. Then α and β are isomorphic coactions.

Proof. Let r be a universal r-form for O, with convolution inverse r̄. Define ψ : A −→ A by ψ(v) = � (v) r(S(v_{−1}), v_1)v_0.

First we show that ψ is a vector space isomorphism, by giving an explicit inverse ϕ. Define ϕ : A −→ A by ϕ(v) = � (v) r̄(S(v_{−1}), v_1)v_0. Then,

ϕ(ψ(v)) = ϕ( � (v) r(S(v_{−1}), v_1)v_0) = � (v) r(S(v_{−2}), v_2)r̄(S(v_{−1}), v_1)v_0 = � (v) ε(S(v_{−1}))v_0ε(v_1) = v,

and, similarly, one checks that ψ(ϕ(v)) = v; so that ψ and ϕ are inverse linear transformations.

Next, we check that ψ intertwines between α and β; that is, α ∘ ψ = (ψ ⊗ id) ∘ β. An equivalent condition to (ii) above is the requirement that � r(a_1, b_1)a_2b_2 = � r(a_2, b_2)b_1a_1, for a, b ∈ O, see [12, p332, equation (5)]. Applying this with a = S(v_{−1}) and b = v, and noting that Δ(S(v_{−1})) = � S(v_{−1}) ⊗ S(v_{−2}), we obtain the equation � r(S(v_{−1}), v_1)S(v_{−2})v_2 = � r(S(v_{−2}), v_2)v_1S(v_{−1}). Thus,

α(ψ(v)) = α( � (v) r(S(v_{−1}), v_1)v_0) = � (v) r(S(v_{−2}), v_2)v_0 ⊗ v_1S(v_{−1}) = � (v) v_0 ⊗ r(S(v_{−2}), v_2)v_1S(v_{−1}) = � (v) v_0 ⊗ r(S(v_{−1}), v_1)S(v_{−2})v_2 = � (v) r(S(v_{−1}), v_1)v_0 ⊗ S(v_{−2})v_2 = (ψ ⊗ id)(β(v))

for v ∈ A; that is, α ∘ ψ = (ψ ⊗ id) ∘ β, as required. □

The above proof shows that v ∈ A is a β-coinvariant if and only if ψ(v) is an αcoinvariant.

In Section 4, we will see in examples that there is often a natural grading present on the algebra A, and that this induces a grading on the subalgebras of coinvariants for α and β. The maps ψ and ϕ respect these gradings, and so the subalgebras of coinvariants automatically have the same Hilbert series. However, the maps ψ and ϕ are not algebra homomorphisms in general (nor are their restrictions to the coinvariant subalgebras).

3 Coinvariant subalgebras are finitely generated

Next, we identify conditions that will guarantee that the coinvariants of a weakly multiplicative coaction form a finitely generated algebra. It is a well known basic fact in invariant theory that the noetherian property of the commutative polynomial algebra implies that the ring of invariants is finitely generated for linear group actions with an averaging operator, see for example [1, Chapter 1.6]. This argument can be translated to coinvariant theory as follows.

Recall that a Hopf algebra O is cosemisimple if any O-comodule decomposes as the direct sum of irreducible subcomodules, [12, 11.2.1]. An equivalent condition for O to be cosemisimple is given in terms of Haar functionals.

Definition 3.1 A linear functional h on O is left invariant if (id ⊗ h)Δ(a) = h(a)1, for all a ∈ O. Similarly, O is right invariant if (h ⊗ id)Δ(a) = h(a)1, for all a ∈ O.

A Hopf algebra O is cosemisimple if and only if there exists a unique left and right invariant linear functional h on O such that h(1) = 1, [12, 11.2.1, Theorem 13]. Such a functional is then called the Haar functional of O. In Sweedler notation, the Haar functional satisfies h(a)1 = � (a) a_1h(a_2) = � (a) h(a_1)a_2 for all a ∈ O. The Haar functional takes over the rôle of the averaging operator mentioned above, as is shown by the following known lemma.

Lemma 3.2 Let O be a cosemisimple Hopf algebra, with Haar functional h, and let V be a k-vector space, with a right coaction φ : V −→ V ⊗ O. Set π := (id ⊗ h) ∘ φ : V −→ V . Then (i) π(V ) ⊆ V^{φ,O}, and (ii) π(v) = v for all v ∈ V^{φ,O}.

Thus, π := (id ⊗ h) ∘ φ is a projection from V onto V^{φ,O}, cf. [12, 11.2.2, Corollary 19] and the comment following that result. The next lemma is known for multiplicative coactions, see [5, Sections 6.2, 6.3]. The weakly multiplicative condition is sufficient to carry through the proof.

Lemma 3.3 Let A be a k-algebra and let O be a cosemisimple Hopf algebra over k. Suppose that φ : A −→ A⊗O is a left weakly multiplicative right coaction with B := A^{φ,O}. Set π := (id ⊗ h) ∘ φ. Then π is a left B-module epimorphism from A to B; that is, π(A) = B and π(ba) = bπ(a) for all a ∈ A and b ∈ B.

The noetherian property is used in the form of the following well-known proposition.

Proposition 3.4 Suppose that B = B_0 ⊕ B_1 ⊕ . . . is an N-graded subring of a right noetherian ring A. Suppose that there exists an epimorphism π : A −→ B of left Bmodules. Then there exist homogeneous elements b_1, . . . , b_s ∈ B, of positive degree, such that B = � u∈M uB_0, where M is the multiplicative semigroup generated by 1, b_1, . . . , b_s.

In particular, B = B_0⟨b_1, . . . , b_s⟩ as a ring.

The finite generation of coinvariants now follows easily.

Theorem 3.5 Let A = A_0 ⊕ A_1 ⊕ . . . be a right noetherian N-graded k-algebra with A_0 = k and let O be a cosemisimple Hopf algebra over k. Suppose that φ : A −→ A ⊗ O is a left weakly multiplicative right coaction such that φ(A_i) ⊆ A_i ⊗ O for each i. Then A^{φ,O} is a subalgebra of A that is finitely generated as a k-algebra.

Proof. Note that B := A^{φ,O} is a subalgebra of A, by Lemma 1.1. Set B_i := B ∩ A_i and note that B = B_0 ⊕ B_1 ⊕ . . . , since φ(A_i) ⊆ A_i ⊗ O. Set π := (id ⊗ h) ∘ φ. Then π : A → B is a left B-module epimorphism, by Lemma 3.3. The result now follows from Proposition 3.4. □

Remark 3.6 The obvious modification of Theorem 3.5 holds for a left noetherian algebra endowed with a right weakly multiplicative right coaction.

Remark 3.7 The referee has pointed out that the results in this section can easily be established in the setting where the Hopf algebra O is co-Frobenius and A possesses a total integral, by using results from [5, Sections 6.2, 6.3].

4 Coinvariants of quantum groups in FRT-bialgebras

Examples of coactions α, β studied in Section 1 are naturally associated to quantized algebras of functions on the simple Lie groups SL(N), O(N), Sp(N). Let us briefly recall their construction due to Faddeev-Reshetikhin-Takhtajan [17]; see [12, Chapter 9] for a detailed presentation.

Take the free associative algebra C⟨x_{ij} ⟩ in N^2 generators x_{ij} , i, j = 1, . . . , N. Fix an N^2 × N^2 matrix R with complex entries R^{mn}_{ij} , i, j, m, n = 1, . . . , N. Let A(R) be the quotient algebra of C⟨x_{ij}⟩ modulo the two-sided ideal generated by � k,l R^{ji}_{kl}x_{km}x_{ln} − � k,l x_{ik}x_{jl}R^{lk}_{mn}, i, j, m, n = 1, . . . , N. (3)

Since this ideal is generated by homogeneous elements (with respect to the standard grading of the free algebra), the algebra A(R) is graded, the generators x_{ij} ∈ A(R) having degree 1. There is a unique bialgebra structure on A(R) such that

Δ(x_{ij} ) = � k x_{ik} ⊗ x_{kj}, ε(x_{ij} ) = δ_{ij} , (4)

where δ_{ii} = 1, and δ_{ij} = 0 for i ≠ j. Note that the comultiplication and the counit respect the grading. The bialgebra A(R) is called the coordinate algebra of the quantum matrix space associated with R, or briefly, the FRT-bialgebra. It is shown in [2] that if R is lower (or upper) triangular, then A(R) is a noetherian algebra.

For the rest of this section we assume that q ∈ C^∗ is not a root of unity, and that R is the R-matrix of the vector representation of one of the Drinfeld-Jimbo algebras U_q(sl_N ), U_q(so_N ) with N = 2n, U_q1/2 (so_N ) with N = 2n + 1, U_q(sp_N ) with N = 2n. See [12, 9.2, 9.3] for the explicit formulae for R; for the case of sl_N , the relations (3) will be given in Section 5, (9). For each of these cases A := A(R) contains a distinguished central group-like element Q (for the case of sl_N , Q is the quantum determinant, and Q is a quadratic element in the other cases, given explicitly in [12, 9.3.1]), such that the quotient bialgebra O := A/⟨Q − 1⟩ has a unique Hopf algebra structure. The Hopf algebra O is denoted by O(SL_q(N)), O(O_q(N)), O(Sp_q(N)) in the respective cases, and is called the coordinate algebra of the quantum special linear group, orthogonal group, and symplectic group, respectively. Furthermore, O(O_q(N)) contains a group-like element D (similar to the quantum determinant). The quotient Hopf algebra O(O_q(N))/⟨D − 1⟩ is denoted by O(SO_q(N)), and is called the coordinate algebra of the quantum special orthogonal group (cf. [11]).

From now on O stands for any of O(SL_q(N)), O(O_q(N)), O(SO_q(N)), O(Sp_q(N)), and π : A → O denotes the natural homomorphism from the corresponding FRTbialgebra. If q is transcendental over Q, then O is cosemisimple by [11]. The cosemisimplicity of O(SL_q(N)) is known under the weaker assumption that q is not a root of unity, see [18] (or [15] combined with our Section 5). It is well known that the bialgebras A, O(SL_q(N)), O(O_q(N)), O(Sp_q(N)) are coquasitriangular (for all q), see [12, 10.1.2].

Set λ := (π ⊗ id) ∘ Δ : A → O ⊗ A, ρ := (id ⊗ π) ∘ Δ : A → A ⊗ O.

Clearly λ is a left coaction, ρ is a right coaction, and both λ and ρ are algebra homomorphisms. Moreover, λ and ρ commute by the coassociativity of Δ. So we are in the setup of Section 1, and the formulae (1), (2) of Section 1 define the right coactions α and β of O on A. First we observe that the coinvariants can be interpreted independently from the coactions α, β as follows.

Proposition 4.1 For f ∈ A, with Δ(f) = � f_1 ⊗ f_2 we have

(i) f is an α-coinvariant if and only if � f_1 ⊗ π(f_2) = � f_2 ⊗ π(f_1).

(ii) f is a β-coinvariant if and only if � f_1 ⊗ f_2 = � f_2 ⊗ S^2(π(f_1)).

Proof. This is a straightforward modification of the proof of [6, Theorem 2.1] and [4, Lemma 1.1]. □

As an application of our results, properties of the subalgebras of α-coinvariants and β-coinvariants in A are summarized in the following theorem.

Theorem 4.2 Let O be any of O(SL_q(N)), O(O_q(N)), O(Sp_q(N)), and let A be the corresponding FRT-bialgebra. Then

(i) the sets of coinvariants A^{α,O} and A^{β,O} are graded subalgebras of A, having the same Hilbert series;

(ii) the algebras A^{α,O} and A^{β,O} are commutative.

Assume in addition that O is cosemisimple (this holds if q is transcendental over Q, or if O = O(SL_q(N)) and q is not a root of unity). Then

(iii) A^{α,O} and A^{β,O} are finitely generated subalgebras of A.

Proof. (i) The coinvariants form a subalgebra by Proposition 1.3. This is a graded subalgebra, since the comultiplication on A is homogeneous. Since O is coquasitriangular, α and β are isomorphic coactions by Proposition 2.1; the map ψ in its proof is homogeneous on A, hence the restrictions α_d, β_d of α, β to the homogeneous component A_d of A are also isomorphic coactions. It follows that the dimension of the space of α-coinvariants in A_d equals the dimension of the space of β-coinvariants in A_d. In other words, the graded algebras A^{α,O} and A^{β,O} have the same Hilbert series.

(ii) Both A and O are coquasitriangular bialgebras. Moreover, by [12, 10.1.2, Theorem 9] we know that there is a universal r-form r on A which induces a universal r-form on O denoted by the same symbol r. Thus we have

r(x, y) = r(π(x), π(y)) for x, y ∈ A. (5)

Assume that a, b are γ-coinvariants, where γ is either α or β. Let T denote the identity operator on O when γ = α, and the automorphism S^2 of O when γ = β. Note that

r(T (x), T (y)) = r(x, y) and r̄(T (x), T (y)) = r̄(x, y) for all x, y ∈ O (6)

by [12, 10.1.1, Proposition 2.(v)]. Then we have � a_1 ⊗ π(a_2) = � a_2 ⊗ T (π(a_1)) and � b_1 ⊗ π(b_2) = � b_2 ⊗ T (π(b_1))

by Proposition 4.1. Applying (π ⊗ id ⊗ id) ∘ (Δ ⊗ id) to these equalities we get � π(a_1) ⊗ a_2 ⊗ π(a_3) = � π(a_2) ⊗ a_3 ⊗ T (π(a_1)) (7) � π(b_1) ⊗ b_2 ⊗ π(b_3) = � π(b_2) ⊗ b_3 ⊗ T (π(b_1)). (8)

We have

ba = � r(a_1, b_1)a_2b_2r̄(a_3, b_3)

by condition (ii) in the defining properties of r (see Section 2). By (5), (7), (8), (6), and the defining property (i) of r, r̄ in Section 2, the right hand side of the above equality equals � r(π(a_1), π(b_1))a_2b_2r̄(π(a_3), π(b_3)) = � r(π(a_2), π(b_2))a_3b_3r̄(T (π(a_1)), T (π(b_1)) = � r((a_2, b_2)a_3b_3r̄(a_1, b_1) = � ε(a_1)ε(b_1)a_2b_2 = ab,

thus ab = ba for all γ-coinvariants a, b.

(iii) As we noted above, A is both left and right Noetherian by [2], since the R-matrix is triangular. The homogeneous components of A are subcomodules with respect to α and β. Hence we may apply Theorem 3.5 to conclude that A^{α,O} and A^{β,O} are finitely generated subalgebras. □ Remark 4.3 If O = O(SO_q(N)) with q transcendental over Q, then the α-coinvariants and the β-coinvariants form finitely generated graded subalgebras in A by the same arguments as above.

Remark 4.4 The above theorem was motivated by the main result of [6]. In that paper O = O(GL_q(N)), the coordinate algebra of the quantum general linear group, A = O(M_q(N)), the coordinate algebra of N × N quantum matrices, and π is the natural embedding of O(M_q(N)) into O(GL_q(N)). The main result of [6] is that if q is not a root of unity, then A^{α,O} and A^{β,O} are N-variable commutative polynomial algebras, with explicitly given generators. (This result implies the case of O(SL_q(N)) of Theorem 4.2, as we shall show in Theorem 5.5.) Moreover, α and β extend to coactions of the Hopf algebra O(GL_q(N)) on itself, and the subalgebras of coinvariants can be explicitly described. It was observed later in [3] that the commutativity of these coinvariant subalgebras follows from the coquasitriangularity of O(GL_q(N)), and the interpretation of the coinvariants in terms of certain cocommutativity conditions. The proof of statement (ii) in Theorem 4.2 is a modification of the proof of [3, Proposition 2.1].

Remark 4.5 Theorem 3.5 can be applied to conclude the finite generation property of various other subalgebras of coinvariants arising in this context. For example, the algebra A^{λ,O} of λ-coinvariants and the algebra A^{ρ,O} of ρ-coinvariants are also finitely generated, provided that O is cosemisimple. See also the problem studied in [9].

There are unique right coactions ᾱ, β̄ of the Hopf algebra O on itself such that π intertwines between α and ᾱ, and π intertwines between β and β̄. In Sweedler’s notation we have

β̄(x) = � x_2 ⊗ S(x_1)x_2 and ᾱ(x) = � x_2 ⊗ x_3S(x_1).

Since β̄ is the formal dual of the adjoint action (see [14, p.36]), it is called the adjoint coaction of O; the version ᾱ was introduced in [6]. Recall that x ∈ O is cocommutative if � x_1 ⊗ x_2 = � x_2 ⊗ x_1, Following [3], we call x ∈ O S^2-cocommutative if � x_1 ⊗ x_2 = � x_2 ⊗ S^2(x_1). The S^2-cocommutative elements coincide with the β̄-coinvariants (see [4, Lemma 1.1], whereas the cocommutative elements coincide with the ᾱ-coinvariants (see [6, Theorem 2.1]).

Corollary 4.6 Let O be any of O(SL_q(N)), O(O_q(N)), O(SO_q(N)), O(Sp_q(N)), and assume that O is cosemisimple (this holds if q is transcendental over Q, or if O = O(SL_q(N)) and q is not a root of unity). Then each of the cocommutative elements and the S^2-cocommutative elements in O forms a finitely generated subalgebra.

Proof. Since O is cosemisimple, the subspace of α-coinvariants (respectively β-coinvariants) in A is mapped onto the subspace of ᾱ-coinvariants (respectively β̄-coinvariants) under the morphism π of O-comodules. Moreover, π is an algebra homomorphism. So the statement follows from Theorem 4.2 and Remark 4.3. □

Remark 4.7 It was proved in [3, Theorem 2.2] that the coquasitriangularity of O implies that the two subalgebras in Corollary 4.6 are commutative. A vector space isomorphism between them was also established there.

Remark 4.8 More precise information on the subalgebra of S^2-cocommutative elements in O can be derived from the representation theory of the corresponding quantized enveloping algebra. We plan to return to this in a subsequent paper.

5 O(GL_q(N)) is a central extension of O(SL_q(N))

Over an algebraically closed base field, any element of the general linear group GL(N) can be written as the product of a scalar matrix and an element from SL(N). This and the centrality of scalar matrices imply a strong relationship between the representation theories of GL(N) and SL(N). Our aim is to establish such a link between the corepresentation theories of O(GL_q(N)) and O(SL_q(N)). By a corepresentation we mean a right coaction of a Hopf algebra on a vector space.

We work now over an arbitrary base field k, and q is a non-zero element of k. We fix N for the rest of this section, and to simplify notation, we write O(GL_q) and O(SL_q) instead of O(GL_q(N)) and O(SL_q(N)). Recall that the FRT-bialgebra of O(SL_q) is O(M_q), the coordinate algebra of quantum N × N matrices, which is the k-algebra generated by N^2 indeterminates x_{ij} , for i, j = 1, . . . , N, subject to the following relations.

x_{ij} x_{il} = qx_{il}x_{ij} , x_{ij} x_{kj} = qx_{kj}x_{ij} , x_{il}x_{kj} = x_{kj} x_{il}, x_{ij} x_{kl} − x_{kl}x_{ij} = (q − q^{−1})x_{il}x_{kj}, (9)

for 1 ≤ i < k ≤ N and 1 ≤ j < l ≤ N. The algebra O(M_q) is an iterated Ore extension, and so a noetherian domain. The quantum determinant, det_q, is the element

det_q := � σ∈S_N

(−q)^{l(σ)}x_{1,σ(1)} . . . x_{N,σ(N)}.

The element det_q is central in O(M_q) (see, for example, [16, Theorem 4.6.1]), and by adjoining its inverse we get the coordinate algebra of the quantum general linear group

O(GL_q) := O(M_q)[det^{−1}_q ].

The algebra O(GL_q) is a Hopf algebra, the comultiplication Δ being given by Δ(x_{ij} ) = �_N

k=1 x_{ik} ⊗ x_{kj}. The ideal generated by (det_q − 1) is a Hopf ideal of O(GL_q). The coordinate algebra of the quantum special linear group O(SL_q) is defined as the quotient Hopf algebra of O(GL_q) modulo the ideal generated by (det_q − 1). Denote by π the natural homomorphism O(GL_q) → O(SL_q), and set y_{ij} := π(x_{ij} ).

The coordinate algebra of the multiplicative group of k is the algebra of Laurent polynomials k[z, z^{−1}] = k[z^{±1}]. It is another Hopf algebra homomorphic image of O(GL_q): the homomorphism π_Z : O(GL_q) → k[z^{±1}] is given by π_Z (x_{ii}) = z for i = 1, . . . , N and π_Z (x_{ij}) = 0 if i ≠ j. This can be paraphrased by saying that the multiplicative group of k is a quantum subgroup of the quantum general linear group. Moreover, it is a central quantum subgroup in the following sense:

τ ∘ (π_Z ⊗ id) ∘ Δ = (id ⊗ π_Z ) ∘ Δ (10)

where τ : k[z^{±1}] ⊗ O(GL_q) → O(GL_q) ⊗ k[z^{±1}] is the flip τ(a ⊗ b) = b ⊗ a.

Consider η : k[z^{±1}] → k[ζ | ζ^N = 1], the natural homomorphism with η(z) = ζ and kernel ⟨z^N − 1⟩. It follows from π_Z (det_q) = z^N that η ∘ π_Z factors through π, so we have a commutative diagram

O(GL_q)^{πZ}−→ k[z^{±1}]

↓ π ↓ η O(SL_q)^{πζ}−→ k[ζ | ζ^N = 1]

(11)

of Hopf algebra homomorphisms. The map π_ζ is given explicitly by π_ζ (y_{ii}) = ζ for i = 1, . . . , N and π_ζ (y_{ij}) = 0 for i ≠ j. Equation (10) implies

τ ∘ (π_ζ ⊗ id) ∘ Δ = (id ⊗ π_ζ ) ∘ Δ. (12)

The relevance of the properties (10) and (12) is shown by Proposition 5.1 below. We state it in a general form. Let κ : O → C be a homomorphism of Hopf algebras such that

τ ∘ (id ⊗ κ) ∘ Δ_O = (κ ⊗ id) ∘ Δ_O.

Assume that C is cosemisimple. Then C decomposes as a direct sum � φ∈Λ C(φ) of simple subcoalgebras, where Λ is a complete list of irreducible corepresentations of C, and C(φ) is the coefficient space of φ (cf. [10]). Any O-corepresentation ψ : V → V ⊗ O ‘restricts’ to a C-corepresentation (id ⊗ κ) ∘ ψ : V → V ⊗ C. Therefore V decomposes as � φ∈Λ V_φ, where

V_φ = {v ∈ V | (id ⊗ κ) ∘ ψ(v) ∈ V ⊗ C(φ)}.

In other words, V_φ is the sum of simple C-subcomodules of V on which the C-corepresentation is isomorphic to φ. In particular, O = � φ∈Λ O_φ, where

O_φ = {f ∈ O | (id ⊗ κ) ∘ Δ(f) ∈ O ⊗ C(φ)}.

The proof of the following proposition is standard. Proposition 5.1 Any summand V_φ in V = � φ∈Λ V_φ is an O-subcomodule, and ψ(V_φ) ⊆ V_φ ⊗ O_φ. In particular, O_φ is a subcoalgebra, and V_φ is an O_φ-comodule.

Apply Proposition 5.1 with O = O(GL_q), C = k[z^{±1}], and κ = π_Z . Thus O(GL_q) decomposes as the direct sum of its subcoalgebras

O(GL_q)_d = {f ∈ O(GL_q) | (id ⊗ π_Z ) ∘ Δ(f) = f ⊗ z^d},

where d ranges over the set of integers Z. An arbitrary O(GL_q)-comodule V decomposes as V = � d∈Z V_d, where V_d is an O(GL_q)_d-comodule. (13)

Similarly, apply Proposition 5.1 with O = O(SL_q), C = k[ζ | ζ^N = 1], and κ = π_ζ . We obtain the decomposition of O(SL_q) as the direct sum of its subcoalgebras

O(SL_q)¯_d = {f ∈ O(SL_q) | (id ⊗ π_ζ ) ∘ Δ(f) = f ⊗ ζ^d}, where d̄ ranges over the set Z/(N) of residue classes modulo N (and we write d̄ for the residue class of d ∈ Z). Accordingly, any O(SL_q)-comodule V decomposes as V = �_¯

d∈Z/(N) Vd̄, where Vd̄ is an O(SLq)d̄-comodule.

To see the decomposition O(GL_q) = � d∈Z O(GL_q)_d more explicitly, note that it is an algebra grading, and for the generators of O(GL_q) we have x_{ij} ∈ O(GL_q)_1, det^{−1}_q ∈ O(GL_q)_{−N} , hence O(GL_q)_d is spanned by the elements w/det^{−r}_q , where w is a monomial in the x_{ij} of degree rN + d. The space O(SL_q)¯_d is spanned by the monomials in the y_{ij} whose degree is congruent to d modulo N.

Consider the tensor product Hopf algebra

B := O(SL_q) ⊗ k[z^{±1}],

together with the Hopf algebra surjections

id ⊗ ε : B → O(SL_q) and ε ⊗ id : B → k[z^{±1}],

where ε denotes the counit map of the appropriate Hopf algebra. The second surjection can be used to define the right coaction (id_B ⊗ (ε ⊗ id)) ∘ Δ_B : B → B ⊗ k[z^{±1}], giving the Z-grading B = � d∈Z B_d = � d∈Z O(SL_q) ⊗ z^d

on B as in Proposition 5.1. Clearly B is a graded algebra.

Proposition 5.2 (i) The map ι = (π ⊗ π_Z ) ∘ Δ is an embedding of the Hopf algebra O(GL_q) into O(SL_q) ⊗ k[z^{±1}].

(ii) The restriction π_d of π to O(GL_q)_d is a coalgebra isomorphism

O(GL_q)_d ∼= O(SL_q)¯_d

for all d ∈ Z.

Proof. (i) The centrality condition (10) and the fact that both π and π_Z are homomorphisms of Hopf algebras imply that ι is a Hopf morphism. The only thing left to show is that ι is injective. Assume to the contrary that f is a nonzero element of ker(ι). Multiplying f by an appropriate power of det_q we may assume that f ∈ O(M_q). Recall that B is a Z-graded algebra, and O(M_q) is also Z-graded, the generators x_{ij} having degree 1. Since ι(x_{ij} ) = y_{ij} ⊗ z, the restriction of ι to O(M_q) is homogeneous. So all of the homogeneous components of f are contained in ker(ι). We may assume that f itself is homogeneous of degree d. Then 0 = ι(f) = π(f) ⊗ z^d, implying that π(f) = 0. Thus f is a multiple of (det_q − 1). This is a contradiction, because no non-zero multiple of (det_q −1) in the domain O(M_q) is homogeneous.

(ii) From now on we shall freely identify O(GL_q) with ι(O(GL_q)). Then O(GL_q)_d = ι(O(GL_q)) ∩ B_d. The definition of ι implies that π is the restriction to O(GL_q) of the map id ⊗ ε, and π_Z is the restriction to O(GL_q) of ε ⊗ id. By (11) we know that π_d is a surjective coalgebra homomorphism. So we only need to show the injectivity. The restriction of id ⊗ ε to B_d is clearly a vector space isomorphism B_d → O(SL_q). Since π_d is the restriction of id ⊗ ε to O(GL_q)_d, it is also injective. □

Remark 5.3 Clearly ι(O(GL_q)) is the subalgebra of B generated by y_{ij} ⊗z (1 ≤ i, j ≤ N) and 1 ⊗ z^{−N} . It is easy to see that B is a free O(GL_q)-module of rank N generated by the central elements 1 ⊗ z^i, i = 0, . . . , N − 1, but we shall not use this fact. As k-algebras, O(GL_q) and B are isomorphic by [13], where ring theoretic properties of O(SL_q) are derived from this isomorphism. However, the algebra isomorphism O(GL_q) → O(SL_q) ⊗ k[z^{±1}] given in [13] is not a morphism of coalgebras. To relate the corepresentation theories, we need the Hopf algebra morphism ι.

For an O(GL_q)-corepresentation φ : V → V ⊗ O(GL_q) denote by φ = (id ⊗ π) ∘ φ the restriction to O(SL_q). Observe that if φ is indecomposable, then there is a d ∈ Z such that V = V_d, that is, the coefficient space of φ is contained in O(GL_q)_d. Therefore Proposition 5.2 (ii) immediately implies the following:

• φ is indecomposable if and only if φ is indecomposable.

• φ is irreducible if and only if φ is irreducible.

• φ is cosemisimple if and only if φ is cosemisimple.

The last statement above shows that O(GL_q) is cosemisimple if and only if O(SL_q) is cosemisimple. Actually, both of them are known to be cosemisimple if and only if q is not a root of unity, see [15], [11], [18].

Another consequence of Proposition 5.2 (ii) is that any O(SL_q)-corepresentation can be lifted to an O(GL_q)-corepresentation (in several ways). Indeed, it is sufficient to deal with indecomposable corepresentations. Let ψ : W → W ⊗O(SL_q) be an indecomposable corepresentation whose coefficient space is contained in O(SL_q)_e, where e ∈ Z/(N). Take an arbitrary d ∈ Z representing the residue class e, and define the O(GL_q)_d-coaction φ by φ = (id ⊗ π^{−1}_d ) ∘ ψ. Then φ is an O(GL_q)-corepresentation with φ = ψ.

Next we draw a consequence on O(SL_q)-coinvariants, extending to the quantum case the well known relation between relative GL(N)-invariants and absolute SL(N)- invariants.

Proposition 5.4 Let φ be an O(GL_q)-corepresentation on V , and let φ := (id ⊗ π) ∘ φ be its restriction to O(SL_q). Then the subspace of O(SL_q)-coinvariants in V equals � j∈Z {v ∈ V | φ(v) = v ⊗ det^j_q}.

In particular, if the coefficient space of φ is contained in O(GL_q)_0, then v ∈ V is an O(SL_q)-coinvariant if and only if v is an O(GL_q)-coinvariant.

Proof. Consider the decomposition V = � d∈Z V_d from (13). Obviously each summand V_d is an O(SL_q)-subcomodule (with respect to φ). Therefore v ∈ V is an O(SL_q)-coinvariant if and only if all components of v are O(SL_q)-coinvariants. Thus we may restrict to the case when V = V_d for some d. If there is a non-zero O(SL_q)-coinvariant v in V_d, then d = jN for an integer j, because 1 ∈ O(SL_q)¯_0. Assume that this is the case. We have π_d(det^j_q) = 1, and π_d is a coalgebra isomorphism by Proposition 5.2 (ii). So the coefficient space (cf. [10]) of the O(GL_q)-comodule generated by v is spanned by det^j_q. Since det^j_q is group-like, we have φ(v) = v ⊗ det^j_q. □

For the rest of the paper we assume that k = C, the field of complex numbers. As an application of Proposition 5.4, we deduce from the results of [6] an explicit description of the subsets of O(SL_q)-coinvariants in O(M_q) and O(SL_q) with respect to the coactions α, β defined in Section 4.

Fix an integer t with 1 ≤ t ≤ N. Let I and J be subsets of {1, . . . , N} with |I| = |J| = t. The subalgebra of O(M_q) generated by x_{ij} with i ∈ I and j ∈ J can be regarded as an algebra of t×t quantum matrices, and so we can calculate its quantum determinant - this is a t × t quantum minor and we denote it by [I|J]. The quantum minor [I|I] is said to be a principal quantum minor. We denote the sum of all the principal quantum minors of a given size i by σ_i. Note that σ_1 = x_{11} + · · · + x_{NN} and that σ_N = det_q. Consider also the weighted sums of principal minors τ_i := � I q^{−2w(I)}[I|I], i = 1, . . . , N (here w(I) denotes the sum of the elements of I, and the summation ranges over all subsets I of size i). Theorem 5.5 Assume that q ∈ C is not a root of unity.

(i) The subset of O(SL_q)-coinvariants in O(M_q) with respect to α is an N-variable commutative polynomial subalgebra of O(M_q) generated by σ_i, i = 1, . . . , N.

(ii) The subset of O(SL_q)-coinvariants in O(SL_q) with respect to α is an (N−1)-variable commutative polynomial subalgebra of O(SL_q) generated by π(σ_i), i = 1, . . . , N − 1.

(iii) The subset of O(SL_q)-coinvariants in O(M_q) with respect to β is an N-variable commutative polynomial subalgebra of O(M_q) generated by τ_i, i = 1, . . . , N.

(iv) The subset of O(SL_q)-coinvariants in O(SL_q) with respect to β is an (N−1)-variable commutative polynomial subalgebra of O(SL_q) generated by π(τ_i), i = 1, . . . , N − 1.

Proof. The coefficient space of both α and β is contained in O(GL_q)_0, so the subsets of O(SL_q)-coinvariants in O(M_q) are the same as for the corresponding O(GL_q)-coaction by Proposition 5.4. Hence (i) and (iii) follow from the main result of [6], describing the spaces of O(GL_q)-coinvariants. The statements (ii) and (iv) are immediate consequences of (i) and (iii). Indeed, since O(SL_q) is cosemisimple by our assumption on q, the subsets of O(SL_q)-coinvariants in O(M_q) are mapped by π (which is a morphism of comodules) onto the corresponding subsets of coinvariants in O(SL_q). So the only thing left to show is that π(σ_i), i = 1, . . . , N −1 are algebraically independent, and π(τ_i), i = 1, . . . , N −1 are algebraically independent. This follows from the observation that ker(π) ∩ O(M_q)^{α,O} = O(M_q)^{α,O}(det_q − 1) and ker(π) ∩ O(M_q)^{β,O} = (det_q − 1)O(M_q)^{β,O} by Lemma 3.3. □

Acknowledgement. We thank the referee for Remark 3.7 and for other comments improving the presentation of the paper.

References

[1] D. J. Benson, Polynomial Invariants of Finite Groups, Cambridge University Press, Cambridge, 1993.

[2] K. A. Brown and K. R. Goodearl, A Hilbert basis theorem for quantum groups, Bull.

London Math. Soc. 29 (1997), 150-158.

[3] M. Cohen and S Westreich, Some interrelations between Hopf algebras and their duals, preprint 2002.

[4] M. Cohen and S. Zhu, Invariants of the adjoint coaction and Yetter-Drinfeld categories, J. Pure and Appl. Alg. 159 (2001), 149-171.

[5] S. Dăscălescu, C. Năstăsescu, Ş. Raianu, Hopf Algebras. An Introduction, Monographs and Textbooks in Pure and Applied Mathematics, 235. Marcel Dekker, Inc., New York, 2001.

[6] M. Domokos and T. H. Lenagan, Conjugation coinvariants of quantum matrices, Bull. London Math. Soc. 35 (2003) 117-127.

[7] M. Domokos, R. Fioresi and T. H. Lenagan, Orbits for the adjoint coaction on quantum matrices, J. Geometry and Physics, to appear, posted at arXiv.org/abs/math.QA/0207207.

[8] K. R. Goodearl and T. H. Lenagan, Quantum determinantal ideals, Duke Math. J.

103 (2000) 165-190.

[9] K. R. Goodearl, T. H. Lenagan and L. Rigal, The first fundamental theorem of coinvariant theory for the quantum general linear group, Publ. Res. Inst. Math. Sci. (Kyoto) 36 (2000), 269-296.

[10] J. A. Green, Locally finite representations, J. Algebra 41 (1976), 131-171.

[11] T. Hayashi, Quantum deformations of classical groups, Publ. RIMS Kyoto Univ. 28 (1992), 57-81.

[12] A. Klimyk and K. Schmüdgen, Quantum Groups and Their Representations, Springer-Verlag, Berlin, Heidelberg, New York, 1997.

[13] T. Levasseur and J. T. Stafford, The quantum coordinate ring of the special linear group, J. Pure Appl. Alg. 86 (1993), 181-186.

[14] S. Montgomery, Hopf Algebras and their Actions on Rings, American Mathematical Society, Providence, 1993.

[15] M. Noumi, H. Yamada, and K. Mimachi, Finite dimensional representations of the quantum group GL_q(n; C) and the zonal spherical functions on U_q(n − 1)\U_q(n), Japanese J. Math. 19 (1993), 31-80.

[16] B. Parshall and J. Wang, Quantum linear groups, Mem. Amer. Math. Soc 89 (1991), no. 439.

[17] N. Yu. Reshetikhin, L. A. Takhtadzhyan, and L. D. Faddeev, Quantization of Lie groups and Lie algebras, (Russian), Algebra i Analiz 1 (1989), 178–206.

[18] M. Takeuchi, Some topics on GL_q(n), J. Algebra 147 (1992), 379–410.

M. Domokos: Rényi Institute of Mathematics, Hungarian Academy of Sciences, P.O. Box 127, 1364 Budapest, Hungary E-mail: domokos@renyi.hu (Domokos is in Edinburgh until February 2004.)

T. H. Lenagan: School of Mathematics, University of Edinburgh, James Clerk Maxwell Building, King’s Buildings, Mayfield Road, Edinburgh EH9 3JZ, Scotland E-mail: tom@maths.ed.ac.uk