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29th September 1558,

Dear Fritz,

I have recently made some progress with developing a
"Grothendiedk Theory" for almost complexmanifolds, and I thought
you might be interested in the results. So far I have only got
incompleye and preliminary results, and the final theory has yet
to be properly developed, but the main zféults are

(i) A very simple direct proof that the Todd genus is an integer,
(1i) A definition of f (1) for any almost complex map f: Y » X ,
Gin) MA Grothendisck R-R Theorem for f 1 (1),

(iM ) A weak form of R=R Theorem in the form suggested by you (1.e.
in terms of the R-R subgroup of the cohomology group).

Briefly the details are as follows,
Conventions and terminology. All spaces are supposed to be of a type
satisfying the classification theorem, so that B will always be

(N4n) U(n) |

understood to mean W)t or some large N, and 51mllaﬁ,for MU(n).
All maps, except where stated are to have base points, and if X is any
space we denote by ¥ X* the union of X with a disjoint (base) point.
Let K = Z)(BU (Z denoting the integers), and take a base point in
the component O)tBU + Let K(f} denote the group of homotopy classes
of maps y K . As usual S and {) will denote suspension and loop space

respectively. Then by Bott we have .{).(K) = K, and

(i) Integrality of the Todd genus.

Tet f denote the Universal bundle on BU(L{) y, and consider
A (fk) = % (- l) }i(fo € K(BU(k)) Restricted to BU(k 1)

gs( Sg ®L, and so )-,(fﬂk\’ A fg,,);\ {l}’ O since ) (1) = o.

Pr:
Hence X-,gfudeflnes an element of K(MU(k)), i.e. a mao(AU(k) -+ K.

Consider the induced homomorphism of homotopy

]
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3 'n"'zh(MU(k)) -+ TZn(KI)r = 2 . I assert that this is just the
Todd genus associated to a given Thom class, In fact if xcsan is

a representative manifold for the Thom class a € 7T2n(MU(k )}, and if
Q eK(Sgn) is the element induced by a from A.;(;p. ,then we have
the Gpothendieck formula :

#* * _* g
ch() - P r(x) , g : H(X) - H,(Szn) the Gysin hom.
On the other hand, by Bott,

*
(D =3,(7) = Pplads , where & eHeR(32%Y is the
generator corresponding to a definite choice of orientation.

Note that, just as in Milnor's proof, the manifold X has only to
be generslized almost complex.

(ii) Definition of f£f,(1)

Y aluov bl

Let X, Y be differentiable manifolds[and let f: Y+ X Dbe an
almost complex map (no base point), ie +the graph r_‘ < XXY  has
a given almost complex structure in its normal bundle. Embed Y C.Ezn,*
and consider l}c X X E2n with‘t}tg"‘{ormal bundle having the almost
complex structure given by b This then defines a
map(no base point) of XgEZn -+ MU(n + k) with XxJ;}2n -+ base point,
and hence defines a map (with base point)

325y 4 MU(n+k) (21; - dimX - dimY) |

4+
BZ- composition with fMKthis gives a map SZn(X) + K , and so a map
x5 S®™X) = K . By definition this element of K(X) is f,(1).

One must of course prove that this is independent of (a) the
embedding of Y in E2n’ and (b) of the integer n(assuming this is
sufficiently large). The proof of (a) is as in Thom Theory, but the
proof of (b) is non-trivial and expresses a significant relation
between the Bott periodicity for By, the stability (suspension)
property of the Thom compexes MU(k), and the maps fh. Essentially
one has to verify the following. TLet

., - I
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O and Bx be the maps MU(k) -» S}f (x) , Sg(MU(k)) -+ K given
respectively by the compositions

w2y k- 9

s2 (MU(k)) k™ (ke1) Pros ¢ .

Then we must verify that these maps are adjoints of one another., This
is easily done by computing Chern classes.

(iii) R=R for f,(1)

One breaks up the proof, as in the case of Grothendieck, to
(a) an inclusion Y&X , and (b) a suspension argument (which is
the analogue of the projection XXP + X of Grothendieck)., For the
inclusion the proof is essentially the same as the proof of the
integrality of the Todd genus given above; one has simply to use the
Gprothendieck formula :

¥
a(Ay §) - o (8 TR

For the suspension we proceed as'follows. Ne have Y = rl<582n(is,
and so a map lY - i!(lY) € K(San(XS) - even though Szn(is is not a
manifold this is clearly defined., Then one has simply to check in
the diagram

T S Ly R T SOy SP R T S g e

() h, HX)

o s
K(522(Y) % 1s2R ),

E

P

S
(wvhich is commutative as one sees from BoTT) that & f,(1) -»i, (1) .

Of course, tsking X = point, we see that the Todd gehus of Y is
just the dimension or augmentation of f,(1), and so is necessarily
an integer,

(iv) General R-R,

Let X be fixed and ConSider all f'(lY) for variable Y and f.
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Aﬁsiﬁgular cycle on X will be a formal sum of sugh maps, Lhen one can

prove the following ;: the sxm homomorphism of singular cycles - K(X)
is an epimorphism (cf. the similar but different result in Algebraic
Geometry). The proof is essentially the G/T argument of Hirzebruch-
Borel, From this it follows formally that given f : Y»X and given

Yy eK(Y5 there is an element xeK(XS such that the R-R Theorem holds:

f*(ch(y)T(f)) = ch(x) v If X,Y are both almost complex and f is
compatible with their almost complex structures then this is equivalent
to the usual form of R-R., The unsatisfactory feature of this is that

I know very little about y - x ; in particular is it really functorial
(i.e., transitive) ?

There are many points on which I am still not clear, In
psrticular I would like to understand the exact nature of the Bott
isomorphism K-ong: in this context. I hope also that there will
be interestirig applications to intégrality questions, but on this you
will know more than me,

Any comments or suggestions would be most welcome.

Yours sincerely,

[ REN g
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Hirzebruch to Atiyah

Excerpt
(slizhtly revised )

Your proof of the integrality of the Todd genus is exdramely clezant.
Thus this {3 reduced to Boit's Jivizibility theorem. In the joint paper with
Porel the situation is axactly opposite. Ve start with the integrality of Todd
(i. 8. praviically with the integrality «f the indax) and arrive at Dott's theorsm
exe 2 (0 ialm.r'a Todd gives then the com: :lgte Dott) .
7 our meihod can b2 used to prove that the 2 ~genus 8 20 lateger if the second
stiefel-Whitney class vanlshes and to show that /:(,.) is 2n even intecar if
Wo = U and dim £ ==4 (mod. 7). Tals last fact was unlmown. Tnstsad of the
e:;:tarier neoduct ropresentationa one has {0 use the spinor ragresentiations.
Let S be an 50(%r)-bundle with w,(S) = 0. Then S coimes iroma
~}3,1111(”'1‘)~~¥:mrr”1ea § Y which wve &n axtend by the right *nd taft spinor raora-
sentations /\ © A7 toiind 0 unitary buadlos A ( g ') and A §')
Introducing {-equivalence clasaes we caa form the differenc

_?= /"-\4-(%.)& A”(‘%t) .

Wpite the Fontrjagin classes of § 28 2lementary symmateic faactions in the
squares of certala variables 3y such that the product of the a is the Zuler
class o %‘ . Then it follows {rom thecharacter formuia of the spiaor ra-

srasentations that

—

sy o Il e - ety
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(The 3-dim, tzrmin ch( 2) ‘g irrelavaat for the {ollowing ¢ thus I Jdo not bother),




LR P ITS SRt el SERRAY BRI

. ~ ' . & s
(% %) il 1 ) 8445, ] 18 an integer and an even Integer if k is odd.

The sphere bundle % associated to § is the same as the sphere bundle
agsociated to § t, It one liits lfl to the total space E% one gets the trivial
[-equivalence class sinc3 the representations A* and A " become aqui-
valent when rgstficte’d to Spin(2r-1). Thereiore /7(/ zives rise to an I-equiva-
lence class 7) of unitary bundles (not necessarily uniquely determined) over
the Thom space M( § ) = (mapping cylinder of E% —> B with E shrunk

to a point).

Now lat X be a compact orientad differentiable manifold, with dim X = 4k
and wz(jx) =0 . Imbed X in a sphere of dim 4k+3n. Let '§ be the normal bundle
(B =X). Then w2(~§ ) = 0. The bundle ’IZ mentioned before gives rise
to‘a unitary bundle QAZ over Sy 4an - Let ‘£ , be the Gysin homomorphism
A (X) —> H*S 4k+8n) . Then formula (1) which is valid in the universal case
yields

-

" P e = )

AN .
dere (1 (X) is of course the "total class" balonging to the power series

1
¥
~ainh —%—-Y——;

Formula (*) corrasponds in your | proof of the integrality of Todd to the
nGrothendieck formula® f . - ] (x) = i ;I‘VL) where the 7Z comes in
this case from the alternating sum of the axterior product representations and
§ is a unitary bundle as in Milnorts naper on tha complex analogue of

cobordismae.

The U(‘Zélj"l}-mundles AN f') and A 7( E-') can be reduced to
;3-*13(24“'1) by a theorem of E. Cartan and Malcov (see the paper with Borel
at the 2nd of 26.5 ; this was the reason why I chose géhe codim. of X in the
aphere to be divisible by 3). It follows easily that YL is also the complexi-
flcation of an orthozonal bundle, Thus according to Bott-Kervaire



The formula (¥) implies s I Wg =, then A(X) is an integer ; if moracver
dimX = 4 mod 83, then ’\(X) is an aven integer . For dim X = 4 , this
is just Rchlin's theorem,

30 you have a mimeographed copy of Milaor's talk in Bdiaburgh 7 U not,
let me kaow, and 1 will sead you sne. This talk has become a joiat paper of
Milnor-Kervaire. As yos know they prove in theré that the image oi the
stable zroup 4 nul(iﬁ@(m)) in the stable group 1 . 4n-1(3. :n) under the
“Whitehead -Homomorphismus J is cyclic of a {inite order divisible by the
denominator of the rational *mmber ‘3 & /4n , where 2 2 is the Sarnoulli num-~
bar and a equal 2 for n odd and 1 for n even This can now be improved by
means of w})to the offect that this order is slivisible by the denominator of

a/m

-

£.8, It sesms possible that formula (*) can be used to develop a "Grothen-
dieck theory" for lifferentiable manifolds.
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UNIVERSITY OF CAMBRIDGE

Cembridge.

13th March 1959.

Dear Fritz,

Many thanks for your various communications, written,
typed, mimeographedi and oral ! I feel it is now my turn to reply.
First let me give my offical acceptance to your invitation to the

"Arbeitstagung". The dates you suggest are quite suitable for ume,
but I would be prepared to come at other times if this was more
convenient for others. However I cannot get away from Cambridge
before about June 20 because of examinations. You have a fine
invitation list and I hope all will be able to come.

I received yeur Bourbaki talk all right - in fact I received
two copies. You made a nice job of it, and it will make a very
useful draft for further versions. On.e small point about referencesy—:
you refer at one stage to Puppe for the proof of the appropriate
exact sequence for maps into an H-space. I myself have been using
the terminology of Hilton and HEckmann (Comptes Rendusrnotes 1958), )

' RS AR
which is very elegant and suitable for this purpose,’ (p.rove

Zbout the spectral sequence relating K(X) and H(X), I had §
myself made the same discovery but not by using the axioms of |
cohomology. Of course it amounts to the same thing, but I got
directly to the specpral sequence by taking a cell-complex Xy
defining 'M’ = ®(xP, x%) where ¥® is the p-skeleton of X,
and using the approach to spectral sequences given in Eilenberg and
Cartaq( As you say the spectral sequence becomes trivial after
tensoring with Q, and is actually trivial over Z if there is no
torsion or if there is only even-dimensional cohomology. This
makes the computation of X(X3) for many homogeneous spaces X very simple.
Thus if G is without torsion and U is of maximal rank, @Md.if
H(G/U,Z) is given by B.orel in the usual form in terms of X1y X
then ch(G/U) is simply obtained by replacing X, by Pe
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Por example for X = P (C) ch(X) = Z[ex] , where x is the( generator
of HZ(X,Z). I had rekarked this some time ago, and made use of}it in

connection with the problem of James that I wrote to you aboutf but
the use of the spectral sequence gives a much more elegant proof.
I also agree about writing K =% or perhaps K instead of k4,

I have now had: a provisional reply from Bott to my various

questions, So far he has been able to show directly from his maps

that his map j'l‘.ﬁu& S2xeBU - ZxBU is given by tensor product |
with the appropriate element of K(o )e Actually he had a little i
difficulty but this was because he had not properly taken into i
account the augmentation, H_e has also definite ideas on how to
extend this to the real case, and this will then answer all our §
questions very nicely. This will obviate the indirect proof I had |
to give to get round the problem of commutztivity between the real

and complex cases.

T have just found a nice application of the"unstable"Riemann-Roch
which I mentioned in my letter of 28 December. The argument on page
% of that letter which I uded to prove the integrality of the A-genus
can just as well be used to deduce '

Theorem Iet X be a compact oriented differentiable manifold of
dimension m = O mod 4, and suppose that X can be differentiably
embedded in Ruclidean space of dimension 2m-2q., Then the A-genus
of X is divisible by 2%,

As usual one can improve this slightly ; if q=2 mod 4 then A(X) is
divisible by =2%*1,

0f course for Spin manidolds this Theorem tells us nothing. In
general however it is quite a good result for problems of embeddability(
For example consider the czse of X= P (C) where n =2k, Cne deduces

Pn(C) cannot be embedded in space of dimension #4n -2a(n) -2

where aQn) is defined as féllows : write n = 3 a, 2 in binary form
(each a, = 0 or 1), then a(n) = 3 8. If morevver a(n)z 2 mod 4

then P, 4& R4nig(n) Although this result is not always best possible

it 1?huch superior to other known results Hr azlmost all n,
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I have tried hard to improve these raults by a further factor of 25
but so far without succéss. TIs it incidentally true that the A-genus
is always divisible by 2 7 It certainly is in the first few cases.

, e
Your argument for proving Milnor's rsult on the divisibility
"of s(M) directly is very nice, Frank Adams gave me the outline of the
proof and I shall now study you manuscript for the details.

I have been trying hard recently to see if I could understand the
real reason why the Todd polynomials came into your formulla for the
Steenrod powers on an almost complex manifold. T think I see my way,
and if I can get anything interesting I will let you know, It has
always seemed to me a great mystery that the Todd polynomials should
appear in this context - but perhaps you have some insight into this?

What do you think we should do about writing up and publishing
Riemann-Roch and it.s applications ? Do ® you think it would be
appropriate if we published jointly a note in the Bulletin of the
: 'American Math. Society ? This would have to be a brief statement of
g results with the barest outline of method of proof. Je could theqﬁake
our time thinking about the form of proper publication

badoy ek B L g TR,
i%/uxyixz A ﬁn ffé;m*jé,

A
y /(M }:;}d ax//
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22, Mirs 1959

Deay Michaels

Thank you very rmch for your letter of March 13. Here a few mathematicel

remarks,

1) The A-gemus is alveys ovem. Proofs The chmmacteristie power series is
. series
z\F/unhz\D_ and the cosffielent of 2*|1n thbs pover xaize: is

ke 2kel ,
(-1)¢ 25 (&1

o 1) Bk / (&)’ s as mentioned in Borel-Hi 2%5,1.

This coefficient does not contain 2 in its denominator, since (2k)! conteins

at most the power 251

and Bk has 2 excctly to the first power in its denoming=

tor. Bamumxmm Beceuse of the factor 221""1 we see thet the coefficient Bs O mod 2.

Thus the whole A-sequence is trivial mod 2 since its chnrac} istic series
 in gemerel _ l‘u ‘

mod 2 muymk equals 1 + -—= 1 do not know|by which power/of 2 the polynomiel

A, is divhiblﬁ If k is a power of 2, then A, is exactly divisible by 2.

Of course, the fact that the A-genus is an even integer does not contein more

informetion ebout Pontrjegin numbers tham the stetement that the A-genus is an

tntogor,  ( Thore ave uo ellfion, behoun Podiosel iy med 2.)

2) I like your application of the A-genus to imbedding problems very much.
Perheps you have already reslized that your method gives a more genersl theorem.
For en elmost complex menifold X end en element < CK(X) the number T(X, ) is
defined. For the definition of thiis number one use)only the first Chern class,

the Pontrjegin classes mm of X, snd the Chern charccter of S . Replace in this
a4

definition e, by en arbitrery 2-dim. integral cohomology cless{of X end ci(S) =
5, x xq 5/2 | %2 %2

e 0320...00‘1!:1 e +e0 + e0e *+ O « Having no suitable

terminology in thamemmm the moment, let me dencte this menipulated Chern character

by .
by ch(<*). Then the mumber obteined from T(X, S ) by the menipulations just
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described shall be denoted by ’l(x,a/z, §%) ¢« This notation is in accordsnce
with Borel-Hi 25,5, Of course, if O{is the line bundle with cherecteristiec class d
then

X % A ,&
(1) A(Xpd/2p $°) —  A(Xy0p (384)°)

A &X Mcl%gék(x) ;;;;;;
The number A(X,d/ﬂ._g%) ia defined for any coampact oriented differentiable menifell .

Theorems If dim X=2n and A€ X ig imbeddable 4n R ", then

A 4/2 5¥) 18 an tnteger.

Tlﬂ.ﬁ theorem tellds us nothing if d = 'ﬁ mod 2 and ﬂn&i eh( %) & eh(k(X)),
besause then A(X,d/2y € ¥) 1s the value of an element of the Riemann-Roch
group on the fundemental cycle of X .

‘:I'ho proof of the above theorem is by your stendard method.

Suppose XCRZ"2 | Let 3),00043, be the formal racts of the Aormal bundle
and ﬁ....,xq the formal roots of S ‘o Then

X Qﬁn*ooo“xq) : ” (.Y’ . Q‘.,J}/ ylyz. ..yk>
A =1

is an integer. ( ¢ ¢ taking the value on X) . For the moment, we denote this
integer by a . we}nw

£
(D7 " 2 T
mod & . - a(c. veesay || sty
A=) :
and
) / .
2 2 T
\ 2™ . % <(0x1 4 een ¢ oxq/ ) - H (sinh 13/2) / (75/2)
83)

s L
A(X,0, £°) ,

Because of (1) the theorem is proved.



The theorem admits meny applications.
If X is en algebraie veriety of complex dimension n ond H a divisor on X,
Ehen we cen consider Hilbert8s polynomidl

P(x) = %1. xH) .

1£ we take in the theorem for d the first Chern olese of X end for S the
H
1ine bundle belonging to the divisor, we get the following results

If X is inbeddable in " then 2""P(x) 1e an integer for every

half-ﬁntcm X o
1f for exemple P(x) has the form

(2) P(X) — (&/l’ll )(”dl)(”cz)nco(r’ﬂn)

with integers o, , & being the intersectiom number HeH © .es cH , then
i n tines

2“‘”?(%) has te be an integers This means that 2k(a/n3) does not cotain
2 in its denominator.

(2) 18 correct if X is ome of the irreducible hermitien symmetrie spaces
u(p+a)/0(p) x U(a), 50(2p)(p)s 80(2p42)/50(2p) x 80(2), Eg/Spin(10) x T,
E7/E,5 x 7y end if H corresponds to the generator of xa(x.z). This generalizes
your result on the camplex projoctive spaces, For these hermitien symmetrie
apeces the resultp gets worse corresponding to the power' of 2 contained in
the degree of thaf edd;ng corresponfling to He For exemple, the quedrie of
complex dimension n:zr cennot be imbedded in the space of dimensiom in - 204(&_) f
The degree of the imbedding of 36/ Spin(le) x ™ 1s 78. This space has =
complex dimension 16, Therefore it cennot be imbedded in R . The space
E7/E¢S x 1‘1 has complex dimensien 27. The degree of its projective imbedding
is 13110, Therefore it cemnot be imbedded in R96 o (Compare my Princeton
tolle, Cher. numbers of homogeneous domaing)e I did not try yet to study the

possible applications more systematically, but et least I epplied the theorem



of page 2 to the quaternimnie projective spaces r*(x)_ gp(a+1)/ sp(1) = Sp(lf) .
| ds usual vrits its cohomology ring in the form [ |, Thes
[ 3 Jashie. x! X - is the Chern chnraatu of m unitery hundle §‘over P‘(x)
AT i e have to calculete the mmber A(x,0.§ )+ Beceuse of th@ Imown relatimnship
«Yf Ahe cacowek potyesn the Pantriegin classes of X and mfklmexmm those of the Cuedrie of
(1) - b die complex dimensian 2q which we dencte here by Y ve get

Oves (Pc\(\() .

(3) 2. Xx 0 $N)= 2. J(xteetim) (= 2T(Y, (T D7),
9 Pn«;/f &ﬂ/t\-ﬂ—(v{w ,_f/-[ ()'/Z)
where H ia the hyperplans section of the quadrie. The 2 on the loft side of this »
/ eguation comes from the fact thet H- - -- °R =8 wherees x?‘ = l.gcm»é

2q-tines
rators The 2 o the right side of the equatiom cemn, 1f one likes, from “erre

duality, Sinve Qar,xn) W 1. paxynmﬁr\m x of the foem (2L
since by (3) A(x,o,g )} == P(-q+}) we conclude froam P (K) thm ;
thet  21/(2q)1 does not contedn 2 in its denominstor. In other words,
(k) comot be inbedied 1g 8°¥2 *(4) = 4

Porhaps one should be able tp prove thet P (x) carmot be imrbedded in

pBe2°a) 2\ 1 do not see Fight now hov this could be cbtained. If q

is a power of 2, then it is lmowm- {W} thet P (K) connot be imbedded in
gOa-h

3) 1 heve trouble with your remerlc that your imdedding theorem cen be improved
by a fector 2 in sertain casess To get this, it seems nocessary thet yowr
olement 4Lof the representatimm ring of 50(2m) (letter of Dees 28, poge 3)
comes from a "virtusl® orthogonal representation. Is this clear? If yes, elso

e

the theorem ant p.2 of my prosent letter could be improved in certain cases.

L v o X alecdery et
Ay u(‘r }/ b/ -(’,-/é-/?»m—,



4) I will think ebout your questiom concerning the Todd polynomisls in
camection with coh. operations. Here only twe preliminery remarks.
a)  The oceurance of Todd polymomials in this context cen be motiveted
by the theorem thet T(X,S ) is integrals If X hes complex dimensiom § end
i € 1a @ line bundle with first Chern clese &  (p prime, & € E(X,2)),
then

: o 3
(‘) dP/P’ "(" /(p—l)!)'!l * so0s * d’rl + !p integreal .

Since 'Ip is integral toe, we zet from (3) by multiplikation with p that

(5) /(10 +a(p2,;) =0 medp
here ane uses that T, ; is the first Todd polynominl comteining p (nemely
exnctly to the first power) in its denominetors Since (p-1)! = -1 mod p
we get from (5) d{_‘: mifte l/(p!p_l) mod p «

A sindler calcudation is probabiy possible if one replaces 4 by the
cless dunl to a subvaricty Y end Z by 1,(1) (1* —>X  injectidl).
Since in this case 4 is a Chemn cxamthev‘eﬁ‘m of the Steenrod povers m
d 1s probably hidden in the Chern character of 5 o I shall try the celculstiom,
but perheps you did jnet the seme,
b) The refiltions a la iu botwoem Pontrjegin numbers nbtwinzhim cen alse
be obtained from an imbedding of the manifold inm a sphere, This is formally
simllar to RR. It yields the proof thet a la fu one hets all relctions between
Pontrjegin mmbers (campere Doldy Methy Zeitschrift 65 (1956), who did the
seme for sw-mnubm} I will write the deteils imxwmmm at same other ocession

(continetion of my axposé{ Cohomelogie~Operaticnen in Mormigfeltisleiten).



5) This is em appendix %o 1) on pe 1. I have just found & proof that
) defined os the
Ve ()= X(k), Recall thet 2 is thexpmomomf:® lorgest power of 2
xmeh that A, 2 il is a polynamial vwhose coefficients do not contain
2 in thelr denaminstors. g&(k) is defined as in your letter.

First one caleulates the A-genmus of rak(e). We got
A(l’ak(c)) = % which is precisely divisible

oL(e)

Every oriented campect diff. manifold of dime divigible by 4 cen
be written as polynonial in the ?23(0). The coefifeients of this polymomial
heve ne 2 in thelr denominetors. (The determinent of Pontrjegin mmbers of
the products chx s X 1'23' ’ 51 # ees #), =k s 0dds This shows else
that thers ers ne reletioms mod 2 between Pontrjagin mmbers.)
Focfakimarockiodt  The A-genus of szlXchXP 24, is divisible by 2 te the power

<(§) + ><(52) + oos # ((4,) which m;m is not legs then (k)

Tims the A-gerus of every W ig divisible Ly 20 gnd this is elgso
the best péseible results

1g }Mk) woulb be lees them o[(k), the just tnderlined result would
zive a relation mod 2 between Pontrjagin mumbers which is irpossible.
Thue (E Skzs oﬂggh

Thig is a purely "muber theoretie” results The sbove proof is else

purely elgebraic if one repleces the complex projective spaces Dby the
gystems of their Pmtrjegin rambur g e |

The result that the A—-gemm of a Spin-manifold Iu an integer (k even)
respectively en oven integer (lc 8dd) is t'us a relation between Panirjegin

o > ;
number modulo 2% () respectively oo {1z }41
| figm A (k)
A dering conjectupe would be that the 2 «  resp.

21*1:' d(k) +1 mltiple of eny manifold is cobounding to & Spine

menifold.



-

I think I should come to on ends Meny thenke for your generous offer
of publishing jointly e-me%e about RB. This would be very nice, though I
have a little bit a bad consclence since you had the original ideas. But perhaps
I can continue te cantribute and we have time to work together in Princeton,
dm If you like, we can start immedietely te write the short note for the
Bulletin, It should clse contain epplications to malte it more interesting
for thm some more peoples How should we do the writing job? he shell start
to write?

(Collaque C.R.H.8¢)
I am supposed to give a tell =t Lille in the begiming of Jime,

I must give them a manuseript. Perhepa I will tale the cchonelogy rmmeksk
operations 1f this is not too trivisls In the moment I om very intmwmking
interested in thése imbedding problems, Pevheps one gets nice resulis for
a larger class of nlgebrale verlctiess In the paper, which should enly be a

a
few pages, I could report about your theorem on the A-genus, the generlisation

on pe.2 of this letter end epplications to W&‘%%%s it
would be appropriate to melce this Lille paper & joint peper, or I could say
thet I em reporting on your methods lilke in the cese of Bawbeli, Ve could
then amit the imbedding applications fram the Bulletin referring to Lille.
What de you think?

I am very glad that you will came to the "Arbeitstagimg®. Adems, yourself
and Serre have accepted sgreeing to the proposed dete, Borel,Orothendieck have
accepted, but pmxdums they de not lmow for sure yet whether the proposed dete
will be convenients Milnor will be probebly attending since he is here as a
visitor for one months Tham and Jemes cennot come since they are in Mexico or

Chieago respectively,

With my beet regards to ell the family and & heppy Bastern

Yours,

ﬁ[L; 1r



March 28, 1959

Dear Micheels

I em trying to get a more gemersl forrmlation for the non-imbeddability
theorems. It is casy to prove

T) Let X be a compeet oriented diiferentisble menifold of dimensicm 2n
with Sti-cless W5 = O. If thore exists on element d CH'(%,2) guch thet
(a".x) is odd, them X is not imbeddable in the space of dime hne2 ol (n)-2.

Prooft Let ey be an element of f(x.z) whose restrictiom mod 2 is w,. Then
/;(X,ti cx/z, -‘Yf),where/}/ia the line bhundle with coh. eless d, is a polymamial
in ¢ of degree n which takes for integral ¢ integrel velues, It cen therefore
be written ia the form

A I ! t t t
(1) A(X,QI/Z, /7/) = Bn(n) + .h“l(n"l) ¥ 200 ¥ 91(1) * I.o ‘:‘_P(t)o
where the aj ni'e intsgers. ("n =<a".x>) o Arasumo that X cen be imbedded
in RO . Then Zwk?(%) is sn integer. This gives
2!
(2) 2le_oodd/nd + odd/nt + - 2n-ln! odd/n! + 2"a nt)
n* e, 1 ¢ s *

is on integer . It followe tecouse LN ig cdd that

k
(%) 2 Wm:ld/n! is em integer which proves the desired reult.

®0dd" stends slways for scme odd integer,

I1) Let X e o cempoet criemted differentieble renifold of dimensiom Zm and

. 2m .
with Wy= 0. If there oxists s 4 CEP(x,2) suchf thet (& ,X>/2 is em odd
Ome2 O
integer, Then X cennot be imbodded im R .




For the proof ome uses (2) with n-2m. Simee & = 2yodd, one deduces that

' , hme2le
ak‘d‘add/‘nl 18 an integer whksk if XCR ) which proves II).
nore
I% is cleer that one cen ﬁnd\ orems of a similer nature.

Do you lmow & compnet oriented ﬂzn which cennot be ymdgg in R (n)ed 1
a
Can one ﬂndémorsto inbedding of P, (C) in * 1

concrote ,
Jomes told me someihing ebout imbeddings of projective spaces but I forgot

the deteila. Do you I'mow them?
T am very surprized by these strang results cancerning non-imbeddebility

obtainable by your methods

Cordisl greeting to all of you



5 : Yarch 28, 1959

I) and TI) eon be gonorelizeds Let  ¥mxmar S g X(X) where X is
sompect oriented differentisble of mmompimm dimension 2n. Then we define
(€)= x(nlen( £)) « 1f X 1s almost-camplox and T its complex tengent
bundle, then s( §) is the ususl a{X). TP farm Z o 4 (x) end 1f ZG is
fts complsx extensiom, them define s(l 3= MZ )3 this 4s O if A4 x% 0 (0)(
end 12 %ia the resl tangent bunile them s(ﬂz/) equals the usual a(X)e |

IIT) let X ba s compact oriented differentisble nenifold df dimensiom 2n with |
St¥-clage ¥, = v If thers existes n slevent SCK(X) mch thet o 5) is odds |
them X 1s not imbeddeble in the space of dimeneiom ln-2o(n)-2. Efckwmxaxexkiks
GYEVEYREieRaRRTENeS

Prooft  rite ch(§) § ch (g} vith ch (”g‘) e—f’(x,a) .

Them for overy inbeger & alst it eh’(E) belongs tc ch(X(X)) and is the
Chern cheracter of a canonical § (t} & K(X). This is a consequence of the

foct that :xl + Ex’" 4 esn * @ belongs ‘o the representatian ring of U(n).
A

Lile in I) w’o heve & polynomial P(t) = A(Xyey/2, §(")) vith e = (S e

This proves III), In the seme wey we Zet

IV) Lt X be ss in IIT) ut now of dimensicn bm. 1f there exists s & K(X)
such that s( £)/2 15 n odd intezey. Then X crmot be imbedded tn B2 ()4

This hes the result on the quaternionie projective speces ns corollary.
leA  Ge

In preticnler, we have: E€ X & compact orientsd differentieble of dim.

Srne20{{m Joult

*) bme I ow ig odd, thom X cemmot be imbedded im R

These results sre subject to certain improvement (comprre my questiom 3)
on p.4 of my preceding letter.
¥ il "Mthuﬁo*z_uq (‘}](9‘)

Perhaps it would be worthwile{ to loclk at the whole business from the

cobordisme- view-point. whkedhxix Petsos



Zd
htch X™ ore cobomding to & Y™ inbeddable in R (d given) 1t

%t/\ /{'EQ Qe\cQ;\/lUmz, \/\/A =0 /w; I - E@."%
GQ a_o-at cLz cL °



