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Surveys on Surgery Theory : Volume 1
Papers dedicated to C. T. C. Wall

Preface

Surgery theory is now about 40 years old. The 60th birthday (on
December 14, 1996) of C. T. C. Wall, one of the leaders of the founding
generation of the subject, led us to reflect on the extraordinary accomplish-
ments of surgery theory, and its current enormously varied interactions with
algebra, analysis, and geometry. Workers in many of these areas have of-
ten lamented the lack of a single source surveying surgery theory and its
applications. Indeed, no one person could write such a survey. Therefore
we attempted to make a rough division of the areas of current interest,
and asked a variety of experts to report on them. This is the first of two
volumes which are the result of that collective effort. We hope that they
prove useful to topologists, to other interested researchers, and to advanced
students.

Sylvain Cappell

Andrew Ranicki
Jonathan Rosenberg
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C. T. C. Wall’s contributions
to the topology of manifolds

Sylvain Cappell,* Andrew Ranicki,’
and Jonathan Rosenberg?

Note. Numbered references in this survey refer to the Research Papers
in Wall’s Publication List.

1 A quick overview

C. T. C. Wall' spent the first half of his career, roughly from 1959 to
1977, working in topology and related areas of algebra. In this period, he
produced more than 90 research papers and two books, covering

e cobordism groups,

e the Steenrod algebra,

e homological algebra,

e manifolds of dimensions 3, 4, > 5,
e quadratic forms,

e finiteness obstructions,

e embeddings,

e bundles,

e Poincaré complexes,

e surgery obstruction theory,

* Partially supported by NSF Grant # DMS-96-26817.

 This is an expanded version of a lecture given at the Liverpool Singularities Meeting
in honor of Wall in August 1996.

 Partially supported by NSF Grant # DMS-96-25336.

ICharles Terence Clegg Wall, known in his papers by his initials C. T. C. and to his
friends as Terry.
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homology of groups,

e 2-dimensional complexes,

e the topological space form problem,
e computations of K- and L-groups,
e and more.

One quick measure of Wall’s influence is that there are two headings in the
Mathematics Subject Classification that bear his name:

e 57Q12 (Wall finiteness obstruction for CW complexes).
e 57TR67 (Surgery obstructions, Wall groups).

Above all, Wall was responsible for major advances in the topology of
manifolds. Our aim in this survey is to give an overview of how his work has
advanced our understanding of classification methods. Wall’s approaches to
manifold theory may conveniently be divided into three phases, according
to the scheme:

1. All manifolds at once, up to cobordism (1959-1961).
2. One manifold at a time, up to diffeomorphism (1962-1966).
3. All manifolds within a homotopy type (1967-1977).

2 Cobordism

Two closed n-dimensional manifolds M{* and M3 are called cobordant if
there is a compact manifold with boundary, say W"*!, whose boundary
is the disjoint union of M; and Ms. Cobordism classes can be added via
the disjoint union of manifolds, and multiplied via the Cartesian product
of manifolds. Thom (early 1950’s) computed the cobordism ring 91, of
unoriented smooth manifolds, and began the calculation of the cobordism
ring ., of oriented smooth manifolds.

After Milnor showed in the late 1950’s that €2, contains no odd torsion,
Wall [1, 3] completed the calculation of €2,.. This was the ultimate achieve-
ment of the pioneering phase of cobordism theory. One version of Wall’s
main result is easy to state:

Theorem 2.1 (Wall [3]) All torsion in Q. is of order 2. The oriented
cobordism class of an oriented closed manifold is determined by its Stiefel-
Whitney and Pontrjagin numbers.

For a fairly detailed discussion of Wall’s method of proof and of its remark-
able corollaries, see [Ros].
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3 Structure of manifolds

What is the internal structure of a cobordism? Morse theory has as one
of its main consequences (as pointed out by Milnor) that any cobordism
between smooth manifolds can be built out of a sequence of handle attach-
ments.

Definition 3.1 Given an m-dimensional manifold M and an embedding
ST x D™~" — M, there is an associated elementary cobordism (W; M, N)
obtained by attaching an (r + 1)-handle to M x I. The cobordism W is
the union

W:fou( D+l x pmr

STXDWL*T) x{1}
and N is obtained from M by deleting S™ x D™~" and gluing in S”™ x D™™"
in its place:

N = (M AN (ST X Dmfr)) Ugr sy gm—r—1 DT+1 % Smfrfl.

The process of constructing N from M is called surgery on an r-sphere, or
surgery in dimenston T or in codimension m — r. Here r = —1 is allowed,
and amounts to letting IV be the disjoint union of M and S™.

Any cobordism may be decomposed into such elementary cobordisms.
In particular, any closed smooth manifold may be viewed as a cobordism
between empty manifolds, and may thus be decomposed into handles.

Definition 3.2 A cobordism W™t! between manifolds M™ and N" is
called an h-cobordism if the inclusions M — W and N — W are ho-
motopy equivalences.

The importance of this notion stems from the h-cobordism theorem of Smale
(ca. 1960), which showed that if M and N are simply connected and of
dimension > 5, then every h-cobordism between M and N is a cylinder
M x I. The crux of the proof involves handle cancellations as well as
Whitney’s trick for removing double points of immersions in dimension
> 4. In particular, if M™ and N™ are simply connected and h-cobordant,
and if n > 4, then M and N are diffeomorphic (or PL-homeomorphic,
depending on whether one is working in the smooth or the PL category).

For manifolds which are not simply connected, the situation is more
complicated and involves the fundamental group. But Smale’s theorem was
extended a few years later by Barden,? Mazur, and Stallings to give the s-
cobordism theorem, which (under the same dimension restrictions) showed
that the possible h-cobordisms between M and N are in natural bijection
with the elements of the Whitehead group Whry(M). The bijection sends

20ne of Wall’s students!
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an h-cobordism W to the Whitehead torsion of the associated homotopy
equivalence from M to W, an invariant from algebraic K-theory that arises
from the combinatorics of handle rearrangements. One consequence of this
is that if M and N are h-cobordant and the Whitehead torsion of the h-
cobordism vanishes (and in particular, if Wh (M) = 0, which is the case
for many m’s of practical interest), then M and N are again diffeomorphic
(assuming n > 4).

The use of the Whitney trick and the analysis of handle rearrangements,
crucial to the proof of the h-cobordism and s-cobordism theorems, became
the foundation of Wall’s work on manifold classification.

4 4-Manifolds

Milnor, following J. H. C. Whitehead, observed in 1956 that a simply con-
nected 4-dimensional manifold M is classified up to homotopy equivalence
by its intersection form, the non-degenerate symmetric bilinear from on
Hy(M; Z) given by intersection of cycles, or in the dual picture, by the
cup-product

H2(M; Z) x H*(M; Z) — H*(M; Z) — Z.

Note that the isomorphism H*(M; Z) — Z, and thus the form, depends
on the orientation.

Classification of 4-dimensional manifolds up to homeomorphism or dif-
feomorphism, however, has remained to this day one of the hardest prob-
lems in topology, because of the failure of the Whitney trick in this dimen-
sion. Wall succeeded in 1964 to get around this difficulty at the expense of
“stabilizing.” He used handlebody theory to obtain a stabilized version of
the h-cobordism theorem for 4-dimensional manifolds:

Theorem 4.1 (Wall [19]) For two simply connected smooth closed oriented
4-manifolds My and Ms, the following are equivalent:

1. they are h-cobordant;
2. they are homotopy equivalent (in a way preserving orientation);
3. they have the same intersection form on middle homology.

If these conditions hold, then My # k(S? x S?) and My # k(S? x S?) are
diffeomorphic (in a way preserving orientation) for k sufficiently large (de-
pending on My and Ms).

Note incidentally that the converse of the above theorem is not quite
true: My # k(S? x S?) and My # k(S? x S?) are diffeomorphic (in a way
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preserving orientation) for k sufficiently large if and only if the intersection
forms of M7 and My are stably isomorphic (where stability refers to addition
of the hyperbolic form ( (1) (1) ))

From the 1960’s until Donaldson’s work in the 1980’s, Theorem 4.1 was
basically the only significant result on the diffeomorphism classification of
simply-connected 4-dimensional manifolds. Thanks to Donaldson’s work,
we now know that the stabilization in the theorem (with respect to addition
of copies of 5% x S?) is unavoidable, in that without it, nothing like Theorem
4.1 could be true.

5 Highly connected manifolds

The investigation of simply connected 4-dimensional manifolds suggested
the more general problem of classifying (n — 1)-connected 2n-dimensional
manifolds, for all n. The intersection form on middle homology again
appears as a fundamental algebraic invariant of oriented homotopy type. In
fact this invariant also makes sense for an (n—1)-connected 2n-dimensional
manifold M with boundary a homology sphere OM = X2"~1 If M is a
homotopy sphere, it has a potentially exotic differentiable structure for
n>43

Theorem 5.1 (Wall [10]) For n > 3 the diffeomorphism classes of dif-
ferentiable (n — 1)-connected 2n-dimensional manifolds with boundary a
homotopy sphere are in natural bijection with the isomorphism classes of
Z-valued non-degenerate (—1)™-symmetric forms with a quadratic refine-

ment in 7, (BSO(n)).

(The form associated to a manifold M is of course the intersection form on
the middle homology H,,(M;Z). This group is isomorphic to 7, (M), by the
Hurewicz theorem, so every element is represented by a map S™ — M?2",
By the Whitney trick, this can be deformed to an embedding, with normal
bundle classified by an element of 7, (BSO(n)). The quadratic refinement
is defined by this homotopy class.)

The sequence of papers [15, 16, 22, 23, 37, 42] extended this diffeomor-
phism classification to other types of highly-connected manifolds, using a
combination of homotopy theory and the algebra of quadratic forms. These
papers showed how far one could go in the classification of manifolds with-
out surgery theory.

31t was the study of the classification of 3-connected 8-dimensional manifolds with
boundary which led Milnor to discover the existence of exotic spheres in the first place.
[Mi]]
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6 Finiteness obstruction

Recall that if X is a space and f : S™ — X is a map, the space obtained
from X by attaching an (r + 1)-cell is X Uy D", A CW complex is a
space obtained from () by attaching cells. It is called finite if only finitely
many cells are used. One of the most natural questions in topology is:

When is a space homotopy equivalent to a finite CW complex?

A space X is called finitely dominated if it is a homotopy retract of a
finite CW complex K, i.e., if there exist maps f : X — K, g: K —- X
and a homotopy gf ~ 1 : X — X. This is clearly a necessary condition
for X to be of the homotopy type of a finite CW complex. Furthermore,
for spaces of geometric interest, finite domination is much easier to verify
than finiteness. For example, already in 1932 Borsuk had proved that
every compact ANR, such as a compact topological manifold, is finitely
dominated. So another question arises:

Is a finitely dominated space homotopy equivalent to a finite
CW complex?

This question also has roots in the study of the free actions of finite groups
on spheres. A group with such an action necessarily has periodic coho-
mology. In the early 1960’s Swan had proved that a finite group 7 with
cohomology of period q acts freely on an infinite CW complex Y homotopy
equivalent to S9!, with Y/r finitely dominated, and that 7 acts freely on
a finite complex homotopy equivalent to S9! if and only if an algebraic
K-theory invariant vanishes. Swan’s theorem was in fact a special case of
the following general result.

Theorem 6.1 (Wall [26, 43]) A finitely dominated space X has an associ-
ated obstruction [X] € Ko(Z[n1(X)]). The space X is homotopy equivalent
to a finite CW complex if and only if this obstruction vanishes.

The obstruction defined in this theorem, now universally called the Wall
finiteness obstruction, is a fundamental algebraic invariant of non-compact
topology. It arises as follows. If K is a finite CW complex dominating X,
then the cellular chain complex of K, with local coefficients in the group
ring Z[m1(X)], is a finite complex of finitely generated free modules. The
domination of X by K thus determines a direct summand subcomplex
of a finite chain complex, attached to X. Since a direct summand in a
free module is projective, this chain complex attached to X consists of
finitely generated projective modules. The Wall obstruction is a kind of
“Euler characteristic” measuring whether or not this chain complex is chain
equivalent to a finite complex of finitely generated free modules.
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The Wall finiteness obstruction has turned out to have many appli-
cations to the topology of manifolds, most notably the Siebenmann end
obstruction for closing tame ends of open manifolds.

7 Surgery theory and the Wall groups

The most significant of all of Wall’s contributions to topology was un-
doubtedly his development of the general theory of non-simply-connected
surgery. As defined above, surgery can be viewed as a means of creating
new manifolds out of old ones. One measure of Wall’s great influence was
that when other workers (too numerous to list here) made use of surgery,
they almost invariably drew upon Wall’s contributions.

As a methodology for classifying manifolds, surgery was first developed
in the 1961 work of Kervaire and Milnor [KM] classifying homotopy spheres
in dimensions n > 6, up to h-cobordism (and hence, by Smale’s theorem,
up to diffeomorphism). If W™ is a parallelizable manifold with homotopy
sphere boundary OW = X" !, then it is possible to kill the homotopy
groups of W by surgeries if and only if an obstruction

Z if n =0 (mod4),
oc(W)e P, =< Z/2 if n=2(mod4),
0 if n is odd

vanishes. Here

(W) = signature(W) € Z if n=0(mod4),
7 | Arf invariant(W) € Z/2  if n =2 (mod 4).

In 1962 Browder [Br] used the surgery method to prove that, for n > 5,
a simply-connected finite CW complex X with n-dimensional Poincaré
duality

H'" *(X) 2 H.(X)

is homotopy equivalent to a closed n-dimensional differentiable manifold
if and only if there exists a vector bundle 1 with spherical Thom class
such that an associated invariant o € P, (the simply connected surgery
obstruction) is 0. The result was proved by applying Thom transversality
to 7 to obtain a suitable degree-one map M — X from a manifold, and
then killing the kernel of the induced map on homology. For n = 4k the
invariant o € Py, = Z is one eighth of the difference between signature(X)
and the 4k-dimensional component of the £-genus of —7. (The minus sign
comes from the fact that the tangent and normal bundles are stably the
negatives of one another.) In this case, the result is a converse of the
Hirzebruch signature theorem. In other words, X is homotopy-equivalent
to a differentiable manifold if and only if the formula of the theorem holds
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with 7 playing the role of the stable normal bundle. The hardest step
was to find enough embedded spheres with trivial normal bundle in the
middle dimension, using the Whitney embedding theorem for embeddings
S™ C M*™ — this requires 1 (M) = {1} and m > 3. Also in 1962, Novikov
initiated the use of surgery in the study of the uniqueness of differentiable
manifold structures in the homotopy type of a manifold, in the simply-
connected case.

From about 1965 until 1970, Wall developed a comprehensive surgery
obstruction theory, which also dealt with the non-simply-connected case.
The extension to the non-simply-connected case involved many innovations,
starting with the correct generalization of the notion of Poincaré duality.
A connected finite CW complex X is called a Poincaré complex [44] of
dimension n if there exists a fundamental homology class [X]| € H,(X; Z)
such that cap product with [X] induces isomorphisms from cohomology to
homology with local coefficients,

H"(X; Z[m (X)) — Ho(X; Z[r (X))

This is obviously a mecessary condition for X to have the homotopy type
of a closed n-dimensional manifold. A normal map or surgery problem

(f,b) : M*" - X

is a degree-one map f : M — X from a closed n-dimensional manifold to an
n-dimensional Poincaré complex X, together with a bundle map b: vy, — 7
so that
VM 2 n
1
M Lox
commutes.

Wall defined ([41], [W1]) the surgery obstruction groups L.(A) for any
ring with involution A, using quadratic forms over A and their automor-
phisms. They are more elaborate versions of the Witt groups of fields
studied by algebraists.

Theorem 7.1 (Wall, [41], [W1]) A normal map (f,b) : M — X has a
surgery obstruction
0.(f,0) € Ln(Z[m1 (X)),

and (f,b) is normally bordant to a homotopy equivalence if (and for n > 5

only if) o.(f,b) = 0.

One of Wall’s accomplishments in this theorem, quite new at the time, was
to find a way to treat both even-dimensional and odd-dimensional mani-
folds in the same general framework. Another important accomplishment
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was the recognition that surgery obstructions live in groups depending on
the fundamental group, but not on any other aspect of X (except for the di-
mension modulo 4 and the orientation character w;. Here we have concen-
trated on the oriented case, wy = 0). In general, the groups L, (Z[m1(X)])
are not so easy to compute (more about this below and elsewhere in this
volume!), but in the simply-connected case, 71(X) = {1}, they are just the
Kervaire-Milnor groups, L, (Z[{1}]) = P,.

Wall formulated various relative version of Theorem 7.1 for manifolds
with boundary, and manifold n-ads. An important special case is often
quoted, which formalizes the idea that the “surgery obstruction groups
only depend on the fundamental group.” This is the celebrated:

Theorem 7.2 “mw-m Theorem” ([W1], 3.3) Suppose one is given a surgery
problem (f,b) : M™ — X, where M and X each have connected non-empty
boundary, and suppose m1(0X) — w1 (X) is an isomorphism. Also assume
that n > 6. Then (f,b) is normally cobordant to a homotopy equivalence
of pairs.

The most important consequence of Wall’s theory, which appeared for
the first time in Chapter 10 of [W1], is that it provides a “classification” of
the manifolds in a fixed homotopy type (in dimensions > 5 in the absolute
case, > 6 in the relative case). The formulation, in terms of the “surgery
exact sequence,” was based on the earlier work of Browder, Novikov, and
Sullivan in the simply connected case. The basic object of study is the
structure set S(X) of a Poincaré complex X. This is the set of all homo-
topy equivalences (or perhaps simple homotopy equivalences, depending

on the way one wants to formulate the theory) M S x , where M is a
manifold, modulo a certain equivalence relation: M Jox and M’ Iox
are considered equivalent if there is a diffeomorphism ¢ : M — M’ such

that f’ o ¢ is homotopic to f. One should think of S(X) as “classifying all
manifold structures on the homotopy type of X.”

Theorem 7.3 (Wall [W1], Theorem 10.3 et seq.) Under the above di-
mension restrictions, the structure set S(X) of a Poincaré compler X is
non-empty if and only if there exists a normal map (f,b) : M — X with
surgery obstruction o.(f,b) =0 € L, (Z[m1(X)]). If non-empty, S(X) fits
into an exact sequence (of sets)

Ly1(Z[m (X)) = S(X) = T(X) = Ln(Z[m (X)),
where T (X) = [X, G/O] classifies “tangential data.”

Much of [W1] and many of Wall’s papers in the late 1960’s and early
1970’s were taken up with calculations and applications. We mention only
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a few of the applications: a new proof of the theorem of Kervaire char-
acterizing the fundamental groups of high-dimensional knot complements,
results on realization of Poincaré (i.e., homotopy-theoretic) embeddings in
manifolds by actual embeddings of submanifolds, classification of free ac-
tions of various types of discrete groups on manifolds (for example, free
involutions on spheres), the classification of “fake projective spaces,” “fake
lens spaces,” “fake tori,” and more. The work on the topological space
form problem (free actions on spheres) is particularly significant: the CW
complex version had already motivated the work of Swan and Wall on
the finiteness obstruction discussed above, while the manifold version was
one of the impulses for Wall’s (and others’) extensive calculations of the
L-groups of finite groups.

8 PL and topological manifolds

While surgery theory was originally developed in the context of smooth
manifolds, it was soon realized that it works equally well in the PL cat-
egory of combinatorial manifolds. Indeed, the book [W1] was written in
the language of PL manifolds. Wall’s theory has the same form in both
categories, and in fact the surgery obstruction groups are the same, regard-
less of whether one works in the smooth or in the PL category. The only
differences are that for the PL case, vector bundles must be replaced by
PL bundles, and in theorem 7.3, G/O should be replaced by G/PL.

Passage from the PL to the topological category was a much trickier
step (even though we now know that G/PL more closely resembles G/TOP
than G/O). Wall wrote in the introduction to [44]:

This paper was originally planned when the only known fact
about topological manifolds (of dimension > 3) was that they
were Poincaré complexes. Novikov’s proof of the topological
invariance of rational Pontrjagin classes and subsequent work
in the same direction has changed this . ...

Novikov’s work introduced the torus 7" as an essential tool in the study
of topological manifolds. A fake torus is a manifold which is homotopy
equivalent to T™. The surgery theoretic classification of PL fake tori in
dimensions > 5 by Wall and by Hsiang and Shaneson [HS] was an essential
tool in the work of Kirby [K] and Kirby-Siebenmann [KS] on the structure
theory of topological manifolds. (See also [KSW].) This in turn made it
possible to extend surgery theory to the topological category.
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9 Invariance properties of the signature

Wall made good use of the signature invariants of quadratic forms and
manifolds. We pick out three particular cases:

1. One immediate (but non-trivial) consequence of the Hirzebruch sig-

nature theorem is that if M is a k-fold covering of a closed manifold
M, then

signature (M) = k- signature (M) € Z .

It is natural to ask whether this property is special to manifolds,
or whether it holds for Poincaré complexes in general. But in [44],
Wall constructed examples of 4-dimensional Poincaré complexes X
where this fails, and hence such X are not homotopy equivalent to
manifolds.

2. For finite groups m, Wall [W1] showed that the surgery obstruction
groups L,.(Z[r]) are finitely generated abelian groups, and that the
torsion-free part of these groups is determined by a collection of sig-
nature invariants called the multisignature. This work led to a series
of deep interactions between algebraic number theory and geometric
topology.

3. The Novikov additivity property of the signature is that the signa-
ture of the boundary-connected union of manifolds is the sum of the
signatures. In [54], Wall showed that this additivity fails for unions
of manifolds along parts of boundaries which are not components,
and obtained a homological expression for the non-additivity of the
signature (which is also known as the Maslov index).

10 Homological and combinatorial
group theory

Wall’s work on surgery theory led to him to several problems in combi-
natorial group theory. One of these was to determine what groups can
be the fundamental groups of aspherical Poincaré complexes. Such groups
are called Poincaré duality groups. There are evident connections with the
topology of manifolds:

([W2], problem G2, p. 391) Is every Poincaré duality group I’
the fundamental group of a closed K (T, 1) manifold? Smooth
manifold? Manifold unique up to homeomorphism? (It will not
be unique up to diffeomorphism.)
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([W2], problem F16, p. 388) Let I" be a Poincaré duality group
of dimension > 3. Is the ‘fundamental group at infinity’ of
I" necessarily trivial? This is known in many cases, e.g. if T’
has a finitely presented normal subgroup I of infinite index
and either IV or I'/T” has one end. In dimensions > 5 it is
equivalent to having the universal cover of a compact K (T, 1)
manifold homeomorphic to euclidean space.

For more on the subsequent history of these problems, see [FRR] and [D].
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Classification of (n - 1)-connected
2n-dimensional manifolds
and the discovery of exotic spheres

John Milnor

At Princeton in the fifties I was very much interested in the fundamental
problem of understanding the topology of higher dimensional manifolds. In
particular, I focussed on the class of 2n-dimensional manifolds which are
(n — 1)-connected, since these seemed like the simplest examples for which
one had a reasonable hope of progress. (Of course the class of manifolds
with the homotopy type of a sphere is even simpler. However the general-
ized Poincaré problem of understanding such manifolds seemed much too
difficult: T had no idea how to get started.) For a closed 2n-dimensional
manifold M?" with no homotopy groups below the middle dimension, there
was a considerable body of techniques and available results to work with.
First, one could easily describe the homotopy type of such a manifold. It
can be built up (up to homotopy type) by taking a union of finitely many
n-spheres intersecting at a single point, and then attaching a 2n-cell e2"
by a mapping of the boundary de?” to this union of spheres, so that

M~ (8" VS Uy e,

Here the attaching map f represents a homotopy class in mg,_1(S™ V-V
S™), a homotopy group that one can work with effectively, at least in
low dimensions. Thus the homotopy theory of such manifolds is under
control. We can understand this even better by looking at cohomology.
The cohomology of such an M?", using integer coefficients, is infinite cyclic
in dimension zero, free abelian in the middle dimension with one generator
for each of the spheres, and is infinite cyclic in the top dimension where we
have a cohomology class corresponding to this top dimensional cell; that is

HO(MZH) o~ Z7 Hn(MQTL) o~ Z@@Z7 H2n(M2n) ~ 7

Taken from the lecture ‘Growing Up in the Old Fine Hall’ given on 20th March,
1996, as part of the Princeton 250th Anniversary Conference [9]. For accounts of exotic
spheres, see [1]-[4], [6]. The classification problem for (n — 1)-connected 2n-dimensional
manifolds was finally completed by Wall [10], making use of exotic spheres.
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The attaching map f determines a cup product operation: To any two co-
homology classes in the middle dimension we associate a top dimensional
cohomology class, or in other words (if the manifold is oriented) an integer.
This gives a bilinear pairing from H™ ® H™ to the integers. This pairing is
symmetric if n is even, skew-symmetric if n is odd, and always has determi-
nant +1 by Poincaré duality. For n odd this pairing is an extremely simple
algebraic object. However for n even such symmetric pairings, or equiva-
lently quadratic forms over the integers, form a difficult subject which has
been extensively studied. (See [7], and compare [5].) One basic invariant is
the signature, computed by diagonalizing the quadratic form over the real
numbers, and then taking the number of positive entries minus the number
of negative entries.

So far this has been pure homotopy theory, but if the manifold has a dif-
ferentiable structure, then we also have characteristic classes, in particular
the Pontrjagin classes in dimensions divisible by four,

(1) pi € HY(M) .

This was the setup for the manifolds that I was trying to understand as a
long term project during the 50’s. Let me try to describe the state of knowl-
edge of topology in this period. A number of basic tools were available. I
was very fortunate in learning about cohomology theory and the theory of
fiber bundles from Norman Steenrod, who was a leader in this area. These
two concepts are combined in the theory of characteristic classes [8], which
associates cohomology classes in the base space to certain fiber bundles.
Another basic tool is obstruction theory, which gives cohomology classes
with coefficients in appropriate homotopy groups. However, this was a big
sticking point in the early 50’s because although one knew very well how
to work with cohomology, no one had any idea how to compute homotopy
groups except in special cases: most of them were totally unknown. The
first big breakthrough came with Serre’s thesis, in which he developed an
algebraic machinery for understanding homotopy groups. A typical result
of Serre’s theory was that the stable homotopy groups of spheres

M, = mk(S¥)  (k>n+1)

are always finite. Another breakthrough in the early 50’s came with Thom’s
cobordism theory. Here the basic objects were groups whose elements were
equivalence classes of manifolds. He showed that these groups could be
computed in terms of homotopy groups of appropriate spaces. As an im-
mediate consequence of his work, Hirzebruch was able to prove a formula
which he had conjectured relating the characteristic classes of manifolds to
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the signature. For any closed oriented 4m-dimensional manifold, we can
form the signature of the cup product pairing

using real coefficients. If the manifold is differentiable, then it also has Pon-
trjagin classes (1). Taking products of Pontrjagin classes going up to the
top dimension we build up various Pontrjagin numbers. These are integers
which depend on the structure of the tangent bundle. Hirzebruch conjec-
tured a formula expressing the signature as a rational linear combination
of the Pontrjagin numbers. For example

(2) signature (M*) = ép1[M4]
and
(3) signature (M3) = 4715(7]92 — (p)H)[M?] .

Everything needed for the proof was contained in Thom’s cobordism paper,
which treated these first two cases explicitly, and provided the machinery
to prove Hirzebruch’s more general formula.

These were the tools which I was trying to use in understanding the
structure of (n — 1)-connected manifolds of dimension 2n. In the simplest
case, where the middle Betti number is zero, these constructions are not
very helpful. However in the next simplest case, with just one generator
in the middle dimension and with n = 2m even, they provide quite a bit
of structure. If we try to build up such a manifold, as far as homotopy
theory is concerned we must start with a single 2m-dimensional sphere and
then attach a cell of dimension 4m. The result is supposed to be homotopy
equivalent to a manifold of dimension 4m:

S2m U e4m ~ M4m .

What can we say about such objects? There are certainly known examples;
the simplest is the complex projective plane in dimension four — we can
think of that as a 2-sphere (namely the complex projective line) with a
4-cell attached to it. Similarly in dimension eight there is the quaternionic
projective plane which we can think of as a 4-sphere with an 8-cell attached,
and in dimension sixteen there is the Cayley projective plane which has
similar properties. (We have since learned that such manifolds can exist
only in these particular dimensions.)
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Consider a smooth manifold M*™ which is assumed to have a homotopy
type which can be described in this way. What can it be? We start with a
2m-dimensional sphere S?™, which is certainly well understood. According
to Whitney, this sphere can be smoothly embedded as a subset S?™ C M*™
generating the middle dimensional homology, at least if m > 1. We look
at a tubular neighborhood of this embedded sphere, or equivalently at its
normal 2m-disk bundle E*™. In general this must be twisted as we go
around the sphere — it can’t be simply a product or the manifold wouldn’t
have the right properties. In terms of fiber bundle theory, we can look
at it in the following way: Cut the 2m-sphere into two hemispheres Dim
and D?™, intersecting along their common boundary $?™~!. Over each of
these hemispheres we must have a product bundle, and we must glue these
two products together to form

E4m — (Dim % D2m) Up (D%m % D2m) )

Here the gluing map F(z,y) = (=, f(z)y) is determined by a mapping
f 5% — SO(2m) from the intersection D3™ N D*™ to the rotation
group of D?™. Thus the most general way of thickening the 2m-sphere can
be described by an element of the homotopy group ma,—1S0(2m). In low
dimensions, this group was well understood.

In the simplest case 4m = 4, we start with a D?-bundle over S? deter-
mined by an element of 7;SO(2) = Z. It is not hard to check that the only
4-manifold which can be obtained from such a bundle by gluing on a 4-cell is
(up to orientation) the standard complex projective plane: This construc-
tion does not give anything new. The next case is much more interesting.
In dimension eight we have a D*-bundle over S* which is described by an
element of m3(SO(4)). Up to a 2-fold covering, the group SO(4) is just a
Cartesian product of two 3-dimensional spheres, so that 7550(4) X Z ® Z.
More explicitly, identify S® with the unit 3-sphere in the quaternions. We
get one mapping from this 3-sphere to itself by left multiplying by an ar-
bitrarily unit quaternion and another mapping by right multiplying by an
arbitrary unit quaternion. Putting these two operations together, the most
general (f) € m3(SO(4)) is represented by the map f(x)y = 2'yx’, where
x and y are unit quaternions and where (¢,5) € Z @ Z is an arbitrary pair
of integers.

Thus to each pair of integers (i, j) we associate an explicit 4-disk bundle
over the 4-sphere. We want this to be a tubular neighborhood in a closed
8-dimensional manifold, which means that we want to be able to attach a
8-dimensional cell which fits on so as to give a smooth manifold. For that
to work, the boundary M7 = 9E® must be a 7-dimensional sphere S7. The
question now becomes this: For which ¢ and j is this boundary isomorphic
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to S7? Tt is not difficult to decide when it has the right homotopy type: In
fact M7 has the homotopy type of S7 if and only if i + j is equal to %1.
To fix our ideas, suppose that i + j = +1. This still gives infinitely many
choices of 7. For each choice of 7, note that j = 1 — ¢ is determined, and
we get as boundary a manifold M7 = 0E® which is an S3-bundle over S*
having the homotopy type of S7. Is this manifold S”, or not?

Let us go back to the Hirzebruch-Thom signature formula (3) in di-
mension 8. It tells us that the signature of this hypothetical 8-manifold
can be computed from (p;)? and py. But the signature has to be 41 (re-
member that the quadratic form always has determinant +1), and we can
choose the orientation so that it is +1. Since the restriction homomor-
phism maps H*(M?®) isomorphically onto H*(S*), the Pontrjagin class p;
is completely determined by the tangent bundle in a neighborhood of the
4-sphere, and hence by the integers ¢ and j. In fact it turns out that
p1 is equal to 2(i — j) = 2(2i — 1) times a generator of H*(M?), so that
pi[M?®] = 4(2i—1)?. We have no direct way of computing ps, which depends
on the whole manifold. However, we can solve equation (3) for po[M?®], to
obtain the formula

p2[MB] + 45 4(2i — 1) + 45

4 M®] = =

() palM¥ - g

For i = 1 this yields po[M®] = 7, which is the correct answer for the
quaternion projective plane. But for i = 2 we get pa[M?®] = %, which is

impossible! Since ps is a cohomology class with integer coefficients, this
Pontrjagin number py[M8], whatever it is, must be an integer.

What can be wrong? If we choose p; in such a way that (4) does not
give an integer value for ps[M8], then there can be no such differentiable
manifold. The manifold M7 = OFE® certainly exists and has the homotopy
type of a 7-sphere, yet we cannot glue an 8-cell onto E® so as to obtain
a smooth manifold. What I believed at this point was that such an M7
must be a counterexample to the seven dimensional Poincaré hypothesis:
I thought that M7, which has the homotopy type of a 7-sphere, could not
be homeomorphic to the standard 7-sphere.

Then I investigated further and looked at the detailed geometry of M.
This manifold is a fairly simple object: an S3-bundle over S* constructed in
an explicit way using quaternionic multiplication. I found that I could actu-
ally prove that it was homeomorphic to the standard 7-sphere, which made
the situation seem even worse! On M7, I could find a smooth real-valued
function which had just two critical points: a non-degenerate maximum
point and a non-degenerate minimum point. The level sets for this func-
tion are 6-dimensional spheres, and by deforming in the normal direction
we obtain a homeomorphism between this manifold and the standard S7.
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(This is a theorem of Reeb: if a closed k-manifold possesses a Morse func-
tion with only two critical points, then it must be homeomorphic to the
k-sphere.) At this point it became clear that what I had was not a coun-
terexample to the Poincaré hypothesis as I had thought. This M7 really
was a topological sphere, but with a strange differentiable structure.

There was a further surprising conclusion. Suppose that we cut this
manifold open along one of the level sets, so that

7 7 7
M" = DL u; DT,

where the D7 are diffeomorphic to 7-disks . These are glued together along
their boundaries by some diffeomorphism g : S — S6. Thus this manifold
M7 can be constructed by taking two 7-dimensional disks and gluing the
boundaries together by a diffeomorphism. Therefore, at the same time,
the proof showed that there is a diffeomorphism from S® to itself which
is essentially exotic: It cannot be deformed to the identity by a smooth
isotopy, because if it could then M7 would be diffeomorphic to the standard
7-sphere, contradicting the argument above.
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¢1. Introduction

I began to learn topology in 1956, mostly from Mikhail Mikhailovich
Postnikov and Albert Solomonovich Schwartz (so by the end of 1957 I
already knew much topology). I remember very well how Schwartz an-
nounced a lecture in 1957 in the celebrated “Topological Circle” of Paul
Alexandrov entitled something like “On a differentiable manifold which
does not admit a differentiable homeomorphism to S7”. Some topologists
even regarded this title as announcing the discovery of non-differentiable
manifolds homeomorphic to S7. In particular, this happened in the pres-
ence of my late father, who remarked that such a result contradicted his
understanding of the basic definitions! I told him immediately that he was
right, and such an interpretation was nonsense. In fact, it was an exposi-
tion of the famous discovery of the exotic spheres by Milnor ([6], [8]). At
that time my interests were far from this subject. Until 1960 I worked
on the calculations of the homotopy and cobordism groups. Only in 1960
did I begin to learn the classification theory of exotic spheres, from the
recent preprint of Milnor [7] (which was probably given to me by Rochlin,
who had already become my great friend). I was also very impressed by
the new work of Smale [24] on the generalized Poincaré conjecture and the
h-cobordism theorem, which provided the foundation of the classification.
The beautiful work of Kervaire on a 10-dimensional manifold without a dif-
ferentiable structure [4] completed the list of papers which stimulated me
to work in this area. (Let me point out that the final work of Kervaire and
Milnor [5] appeared later, in 1963.) Milnor, Hirzebruch and Smale person-
ally influenced me when they visited the Soviet Union during the summer
of 1961. They already knew my name from my work on cobordism.
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§2. The diffeomorphism classification of simply
connected manifolds

I badly wanted to contribute to the diffeomorphism classification of man-
ifolds. The very first conclusion I drew from Milnor’s theory was that it was
necessary to work with h-cobordisms instead of diffeomorphisms. My sec-
ond guess was that there should exist some cobordism-type theory solving
the diffeomorphism (or h-cobordism) classification problem. In the specific
case of homotopy spheres these types of arguments had already been de-
veloped, using Pontrjagin’s framed cobordism, reducing the problem to the
calculation of the homotopy groups of spheres. However, it was not clear
how to extend this approach to more complicated manifolds. Some time
during the autumn of 1961, I observed some remarkable homotopy-theoretic
properties of the maps of closed n-dimensional manifolds f : M; — M of
degree 1: I saw that the manifold M; is really homologically bigger than
M. The homology of M; splits as

with the kernel groups
K, =%ker(f.: H.(Mq) — H.(M))

satisfying ordinary Poincaré duality and a Hurewicz theorem connecting
it with ker(f, : m(M1) — 7w (M)) in the first non-trivial dimension. It
may well be that the idea of studying degree 1 maps came to me from
my connections with my friends who were learning algebraic geometry at
that time. Algebraic geometers call algebraic maps of degree 1 birational
equivalences. It is well known to them that the manifold M; is bigger than
M in many senses. This kernel K, became geometrically analogous to an
almost parallelizable manifold in the case when the stable tangent bundles
T D1, Tar, ® 1 of M, M, are in the natural agreement generated by the

map f
f*(’TM@].) = TMlEB]..

We call such maps (tangential) normal maps of degree 1. It is technically
better and geometrically more clear to work with the stable normal (N —
n)-bundles of manifolds embedded in high-dimensional Euclidean space
RY: M c E c RY ¢ SN with E a small e-neighbourhood of M in RY.
Then FE is the total space of the normal bundle v, and that collapsing the
complement of E in SN to a point gives a mapping SV to the so-called
Thom space

T(v) = EJOE = SN/(SN —E).
Therefore, we have a preferred element of the homotopy group 7y (T(v))

associated with the manifold M. More generally, any normal map f :
M; — M determines a specific element of the group 7 (T(v)) associated
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to M. This is a special case of the Thom construction. By Serre’s theorem
this homotopy group is

n(T(v) = Zo A

where A is a finite abelian group. The set of preferred elements of all the
normal maps f : My — M is precisely the finite subset

M@ACayTW) = ZOA.

It turned out that Milnor’s surgery technique can be applied here. Instead
of killing all the homotopy groups like in the case of the exotic spheres, one
can try to kill just the kernels K,. It worked well. Finally, I proved two
theorems [10] :

(i) For dimensions n > 5 with n # 4k+2 any preferred element of 7 (T'(v))
can be realized by a normal map f : M; — M with M; homotopy equiv-
alent to M, and that for n = 4k + 2 there is an obstruction (Pontrjagin
for n = 2,6, 14, Kervaire-Arf invariant in general) and the realizable subset
might be either the full set of preferred elements or subset of index 2.

(ii) If two (tangential) normal maps f1 : My — M, fo : My — M are
already homotopy equivalences and represent the same element in 7y (T'(v))
then f1, fo are normal bordant by an h-cobordism, and for n > 5 the
corresponding manifolds My, My are canonically diffeomorphic for n even,
and diffeomorphic modulo special exotic Milnor spheres (those which bound
parallelizable manifolds) for n odd. This difference in behaviour between
the odd and even dimensions disappears in the PL category.

This gave some kind of diffeomorphism classification of a class of simply-
connected manifolds normally homotopy equivalent to the given one. Of
course, the automorphism and inertia groups (and so on) have to be taken
into account, so the final classification will be given by the factorized set.
One of the most important general consequences of this result was that
the homotopy type and rational Pontrjagin classes determine the diffeo-
morphism class of a differentiable simply-connected manifold of dimension
> 5 up to a finite number of possibilities. This is also true in dimension 4,
replacing diffeomorphism by h-cobordism.

Soon afterwards I observed that it was not necessary to start with the
normal bundle of M C RY : this could have been replaced by any bundle
such that the fundamental class of the Thom space is spherical for n odd.
For n = 4k it is also necessary to ensure that the signature be given by
the L-genus, in accordance with the Hirzebruch formula expressing the
signature in terms of the Pontrjagin classes. As before, for n = 4k + 2 it is
necessary to deal with the Arf invariant, and such difficulties disappear in
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the PL category. This gave also a characterization of the normal bundles
of manifolds homotopy equivalent to the given one ([9]). It turned out
that completely independently, Bill Browder discovered the significance of
maps of degree 1 ([1]). He had obtained the same characterization of the
normal bundles of simply-connected manifolds, in a more general form.
In his theorem the original manifold was replaced by a Poincaré complex,
giving therefore the final solution to the problem of the recognition of the
homotopy types of differentiable simply-connected manifolds.

§3. The role of the fundamental group in
homeomorphism problems

For a long time I thought that algebraic topology cannot deal with con-
tinuous homeomorphisms: the quantities such as homology, homotopy
groups, Stiefel-Whitney classes whose topological invariance was already
established, were in fact homotopy invariants. The only exception was Rei-
demeister torsion, which was definitely not a homotopy invariant, not even
for 3-dimensional lens spaces. The topological invariance of Reidemeis-
ter torsion for 3-dimensional manifolds was obtained as a corollary of the
Hauptvermutung proved by Moise: every homeomorphism of 3-dimensional
manifolds can be approximated by a piecewise linear homeomorphism, us-
ing an elementary approximating technique. It was unrealistic to expect
something like that in higher dimensions. Indeed, Rochlin pointed out
to me that he in fact had proved the topological invariance of the first
Pontrjagin class p; of 5-dimensional manifolds in his work [22] preced-
ing the well-known result of Thom [25] and Rochlin-Schwartz [23] on the
combinatorial invariance of the rational Pontrjagin classes. 1 decided to
analyze the codimension 1 problem, with the intention of proving that
Rochlin’s theorem is inessential, and that p; of a 5-dimensional manifold
is in fact a homotopy invariant. This program was successfully realized:
I found a beautiful formula for the codimension 1 Pontrjagin-Hirzebruch
class Li(p1,...,pr) of a 4k + 1-dimensional manifold M involving the infi-
nite cyclic covering p : J\//.TZ — M associated with an indivisible codimension
1 cycle z € Hyp(M) = HY(M). Let Z € Hy(M,) be the canonical cycle
such that p.(2) = z. Consider the symmetric scalar product on the infinite

dimensional real vector space H 2]“(]/\4\,3; R)

i = fnn

The radical of this form has finite codimension, and therefore the signature
7(2) of this quadratic form is well-defined. The actual formula is

(Le(p1y...,pk),2) = 7(2) .

Let me point out that this expression made essential use of the funda-
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mental group and coverings. After finishing this theorem, a strange idea
occurred to me, that a Grothendieck-type approach could be used in the
study of continuous homeomorphisms. I had in mind the famous idea of
Grothendieck defining the homology of algebraic varieties over fields of fi-
nite characteristic. He invented the important idea of the étale topology,
using category of coverings over open sets rather than just the open sets
themselves. I invented the specific category of toroidal open sets in the
closed differentiable manifold :

M* x =41 R ¢ M* x R4 < M .

Changing the differentiable structure in the manifold we still have the same
open sets. However, I managed to prove that the rational Pontrjagin-
Hirzebruch classes can be completely defined through the homotopy struc-
ture of these toroidal open sets, studying sequences of infinite cyclic cover-
ings over them.

My first proof for codimension 2 was purely homological: it was al-
ready enough to establish the existence of homotopy equivalent but non-
homeomorphic simply-connected closed manifolds (the Hurewicz problem)
[11], [14]. T was not able to solve the general problem in this way : recently,
this idea was completely realized by M. Gromov who added a beautiful ho-
mological argument of a new type ([3]). I found the full proof of the topo-
logical invariance of the rational Pontrjagin classes based on the technique
of differential topology, including surgery theory, applied to non-simply-
connected manifolds ([12], [15],[20]). To be more specific, it was necessary
to deal with manifolds with a free abelian fundamental group, even for the
proof of the topological invariance of the rational Pontrjagin classes for
simply-connected manifolds.

It thus became clear for me that some special rational Pontrjagin classes
(the so-called Pontrjagin-Hirzebruch classes L) have a deep connection
with the homotopy structure of non-simply-connected manifolds. The
homeomorphism problems used only the specific case of the free abelian
fundamental group. (This approach was extended in 1968 by Kirby, lead-
ing to the final solution of several fundamental problems of continuous
topology.) This led to the so-called higher signature conjecture, elaborated
in the process of interaction with V. Rochlin and G. Kasparov — one of my
best students. (See [16],[17],[18]). The full formulation of the conjecture
was found during the period 19651970, classifying all the homotopy invari-
ant expressions from the Riemannian curvature tensor of a closed manifold

M

if x € H*(M;Q) is a cohomology class determined by the fundamental
group m (M) in the sense of Hopf-FEilenberg-MacLane then the integral of



36 S. P. Novikov

the Pontrjagin-Hirzebruch class L, (M) along the cycle D(x) is a homotopy
invariant for all closed manifolds M.

Important early results on this conjecture were obtained by Kasparov,
Lusztig and Mishchenko. Much work has been done since then ([2]).

It became clear that the surgery technique can also be applied to the clas-
sification theory for non-simply-connected manifolds, extending the simply-
connected case described in §1. However, in 1966 some important points
were still unclear, especially in the odd dimensions. A breakthrough in this
direction was made by C.T.C. Wall, whose preprint appeared in 1968 ([26]).
I combined his results with my own ideas on the higher signature and with
some algebraic and geometric material from the hamiltonian formalism of
classical mechanics. Using this combination I started to construct the her-
mitian K-theory over any ring with involution. Ignoring 2-torsion this
theory provided a nonstandard interpretation of Bott periodicity. My aim
was also to formulate the higher signatures as some kind of Chern charac-
ter in hermitian K-theory. It is interesting to point out that the standard
algebraic K-theory of Quillen and others does not have Bott periodicity
at all, and there are no analogs of the Chern character. This work was
published in [17], and completed and developed further by Ranicki [21].

As a final remark I would like to mention that many years later, in 1981, I
used my experience to work with free abelian coverings in the construction
of the Morse-type theory on manifolds with closed 1-forms ([19]).

Appendix

Smooth manifolds of the same homotopy type
(Short communication to 1962 Stockholm ICM)

FJ'Ia,Zl;K.I/Ie MHOI‘OOﬁpaBI/IH oﬁmero TOMOTOIINYECKOIro TUIia.

PaccmaTpuBatorcs raaakue oaHOCBA3HLIE MEOTOOOpa3us M", umero-
mye OO TOMOTONUYECKUN TUM U CTAOUILHLIM HOPMAJILHLIN Iy YOK.
Y cTaHaBIMBAETCA CBA3L MEKIY STUMU MHOMOOODA3UAMU U TOMOTOIM-
ueckort rpynnot [y, (Tn), rae Ty — npocrpanctso Toma HOpMAIL-
HOT'O IyYKa K MHOrooOpa3uio. V3BIEKAIOTCS KAYEeCTBEHHLIE CJIEACTBUA
(KOHEUHOCTBLUMCTA TAKUX MHOr000pa3uil) u pa3bupaeTrcs psl npuMe-
poB. Pe3ynnrarhl mpuMEHSIOTCA K CIENyIONUM 32 TadaM:

1. Karkonm SO(N)-nyuor manm M™ sBaseTcs HOPMAJILHLIM IJIsI HEKO-
Toporo M", romoronudecku sksuBaseHTHOro M"™ u riankoro (6LiTh
MoskeT, M™ KOMOUHATOPHO).
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2. B kakoM ciydae cBasHad cymma M"#S™ muppeomopdua (co cre-
nennio +1) muoroo6pasuro M™, roe S™ - mecragnapraaa chepa Mui-
HODA.

Ins ycraHOBIIEHMA CBA3M MEXIY I'OMOTOIMYECKMMU U IuddepeH-
OIUPYEMLIMUA 33JaYaMU KUCIOJIL3YKTCS, C OJHOW CTOPOHLI, ajrebpau-
YeCKUe METOMLI, C APYIOU CTOPOHLI — t-pPEryJspHOCTL, TEOPUS Iepe-
crpoek Mopca u pesyabrarel Cmenna-Yonneca. Ilpu pazbope kos-
KPETHBIX [IPUMEPOB KCIOJNbL3YETCS YMHOKEHUE B CTAOUIBHBIX T'OMO-
TOIIMYECKUX I'pynnax cdep.

English translation

Consider smooth simply-connected manifolds M™, which have the same
homotopy type and stable normal bundle. We establish a connection be-
tween such manifolds and the homotopy groups mn4n(Tn), where T is
the Thom space of the normal bundle of the manifold. Certain general
corollaries are obtained (e.g. the finiteness of such manifold types) and a
number of examples is discussed. The results are applied to the following
problems::

1. Which SO(N)-bundles over M™ (which could be combinatorial) come
from the normal bundle of a homotopy equivalent smooth manifold ?

2. In which case is the connected sum M ”#gn diffeomorphic to M™ (with
degree 1), with S™ an exotic Milnor sphere ?

To establish the connection between homotopy theoretic and differen-
tiable problems we use on the one hand algebraic methods, and on the
other hand t-regularity, the theory of Morse surgery and the results of
Smale-Wallace. In considering concrete examples, we use the multiplica-
tion in the stable homotopy groups of spheres.
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Differential topology

of higher dimensional manifolds*

William Browder

Colloquium Lectures, January 1977

Preface (written 1998)

These notes and the lectures they accompanied, were in no way intended
to be any sort of treatise, or even rough outline of the subject of surgery
theory at the time (1977). It was rather designed to give a little bit of the
flavor of the subject to as wide an audience as possible, while at the same
time giving an avenue, by way of the references, for someone to find their
way into the subject in a serious way.

The standard model for a colloquium lecture (or lecture series) in math-
ematics is that the first quarter is understandable by a general audience,
the second quarter by the specialists, the third quarter by only the speaker,
and the last quarter by absolutely no one.

While I have tried to avoid following this model too closely, there is
certainly an increasing level of technicality, as one proceeds through the
lectures. However, I hope that anyone with a first course in algebraic
topology under their belt, can follow the exposition and see the scenery, if
not the nuts and bolts of the detailed proofs (which are not given for the
most part).

In the first lecture, I gave proofs of very special cases of two theorems
from surgery theory, which are easy consequences of the general theorems
but have very simple direct proofs which illustrate much of the surgery
technique. In the second paragraph I tried to outline the contour of the
general machinery which had evolved, while in the third lecture I tried to
describe the important application to triangulation of manifolds, again in
the special simpler context of the Annulus Conjecture.

* These notes are a corrected reprinting of notes distributed in conjunction with the
Colloquium Lectures given at the 83rd annual meeting of the American Mathematical
Society, St. Louis, MO, January 26-30, 1977. Those notes were copyright © by the
American Mathematical Society, 1977, and are reprinted by permission of the Society.
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My initial plan had been to use the final lecture for a discussion of the
applications of surgery to the theory of compact transformation groups,
but I did not write notes for this part. In the interim, between the writing
of these notes and the delivery of the lectures, the work of Edwards on the
“Double suspension theorem” took the limelight, and I devoted the last
lecture instead to an account of a very special case, using a very simple
argument found by Giffen, and of course no notes are given for this lecture.

The informal nature of these notes should not be forgotten, and let me
emphasize again that the references constituted my attempt to offer a more
detailed and formal picture of the subject.

I am very happy to be able to contribute this paper to a volume honoring
Terry Wall. His central contributions to the theory of surgery are well
known, and his name has justly found its way onto several of the most
important objects of the theory.

Introduction (written 1977)

The past twenty-five years have seen the birth and the flowering of the sub-
ject called “differential topology” which established a new point of view for
solving geometric problems about manifolds and similar spaces. The new
method reversed the point of view which had been so powerfully developed
in the previous twenty years, in which the algebraic topological implica-
tions of geometric properties had been intensively investigated. The latter
development had included the enormous development of homotopy theory,
the theory of fibre bundles and characteristic classes, the theory of White-
head torsion, and finally the cobordism theory of Thom, which marked the
transition between the two eras.

The work of Thom studied a difficult geometrical question: given a
closed manifold M™, does there exist a manifold W™*t! one dimension
higher, whose boundary is M, OW = M? Thom showed that an algebraic
condition on the characteristic classes in cohomology of the tangent bundle
of M was equivalent to the geometric condition, that one could pass from
algebraic topological information to get existence of manifolds with certain
properties. The principal geometric tool in his study was his Transversality
Theorem, which we will describe soon.

The beginning of differential topology, as I will discuss it here, probably
should be dated from the work of Milnor. In that work, on differential
structures on spheres or on homotopy spheres, he began to ask the questions
which created the point of view of this field, and introduced the methods
of surgery which play such a central role. These lectures will be devoted
to an outline of this point of view and method, with its applications to
diverse problems in topology, and we will not try to encompass many other
interesting developments in somewhat different directions, e.g., immersion
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theory and its developments, the Morse-Smale critical point theory and
Cerf theory, foliation theory, etc. In fact, in four lectures it will only be
possible to touch on a few chosen aspects of the surgery theory, and I hope
to at least give the flavor of the subject, and suggest its scope.

1 Surgery theory and “classification”
of manifolds

The objective of describing a complete set of invariants which determines
a manifold up to homeomorphism, or diffeomorphism, is easily attained in
dimensions less than three. For example, for closed 2-manifolds, the Eu-
ler Characteristic is a complete invariant. While this objective might still
seem plausible for 3-manifolds, for manifolds of dimension 4 or more, the
fundamental diversity of possibilities would make such a set of invariants in-
ordinately complex. For example any finitely presented group occurs as the
fundamental group of a 4-dimensional manifold, and the homeomorphism
or diffeomorphism problem is at least as complicated as the isomorphism
problem for such groups.

In fact let K be a finite simplicial complex of dimension k. If we embed
K simplicially in R", which is always possible for n > 2k, then a regular
neighborhood N of K (which is a naturally defined closed simplicial neigh-
borhood of K homotopy equivalent to K) is a manifold with boundary of
dimension n, and the homotopy groups of N in dimensions < n — k are
the same as those of K. Thus the homotopy type of an n-manifold is quite
arbitrary in low dimensions, and it is reasonable to suppose that the “clas-
sification” of manifolds may be more difficult than homotopy classification
of finite complexes.

The basic premise of surgery theory is that we fix a homotopy type,
thus avoiding such questions, and study the manifolds of that homotopy
type. We get two basic questions.

1. Given a space X, when is X of the homotopy type of a manifold M
of dimension n?

2. How can one “classify” such manifolds M with the given homotopy
type?

The most obvious property of a compact closed oriented manifold from
the point of view of algebraic topology is the Poincaré Duality theorem,
and we make it into a definition.

Definition. Let X be a finite complex, and suppose H,(X) = Z with
generator [X] € H,(X). Also suppose [X] defines a natural isomorphism
P :HY(X) — H,_4(X) for all g (given by an algebraic map called “cap
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product”). We call such an X a Poincaré complez, the choice of [X] €
H, (X) the orientation, n = the dimension of X.

The explicit definition of the cap product defining the isomorphism is
only relevant in the technical details so we omit it. Naturality is described
by:

If X, Y are Poincaré complexes of dimension n, f : X — Y a map such
that f.([X]) = [Y], the diagram

Ho(x) <L

vl |

Hoo(X) —Ls H, (V)

commutes, i.e., P(y) = fuPf*y for y € HL(Y).

Besides Poincaré duality, another necessary condition on a space X to
be homotopy equivalent to a closed manifold is the existence of a bundle
which corresponds to the tangent bundle. It is more convenient to interpret
the existence of this bundle in a different way, through its inverse bundle,
that is, the normal bundle of an embedding of the manifold in Euclidean
space, or the sphere.

If M™ is a closed compact smooth manifold (dimension m), then Whit-
ney proved in the 1930’s an embedding theorem which implies that there is
a smooth embedding M™ C S™** (S™+F is the (m+k)-sphere in RmTr+1),
provided k& > m, and this embedding is unique up to isotopy if £ > m. (An
isotopy is a smooth family of such embeddings.)

For such a smooth embedding M™ C S™**, we can consider the tangent
vectors to S™1F at a point of M™, which are normal to M™ in some chosen
Riemannian metric. These vectors form a vector bundle, called the normal
bundle of M™ in S™+* denoted by vys. If a7 is the tangent bundle of
M, then 73 @ va is the bundle of tangents to S™1* at points of M, and
is thus the product bundle (since M C S™+F — {00} = R™**). Now the
set of normal vectors of length < € (for some small € > 0) is diffeomorphic
(using the exponential map) to an open neighborhood U of M™ in S™**,
We can thus consider U as the total space E(vas) of the vector bundle
Vs, since the set of vectors of length < ¢ is diffeomorphic to the set of
all vectors. If one takes the one-point compactification of E(vys) we get
a space T'(vpr) called the Thom complex of va;. On the other hand the
one-point compactification U* of U is homeomorphic to S™**/Sm+k _ 7
(i.e., identifying the subspace to one point). Thus we have a natural map
o §mMFk — gmAk /gmEk 7 = T(vpr). One can caleulate H, (T (var)),
and one sees that Hp,x(T(var)) = Z (if M is oriented), and that o, is an
isomorphism H,, 11 (S™%) — H,, 1 (T(var))-

The existence of such a bundle ¢ over X, with such a map a: S™** —
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T(€), is thus another necessary condition for X to have the homotopy type
of a smooth closed manifold.

These conditions are very close to being sufficient as well as necessary.
For example, we have the following propositions developed by S. P. Novikov
and myself:

Proposition 1.1 Let X be a I-connected Poincaré complex of dimension
n, and &° a k-dimensional vector bundle over X, k > n, with a map
a: 8"k — T(&) of degree 1.1 If n is odd, n > 5, then there is a homotopy
of a to 3 such that B~1(X) = M™ is a closed manifold, and B|M: M — X
is a homotopy equivalence, and the normal bundle vy; is mapped linearly
into € by B. If n = 2k > 4, there is an obstruction to achieving this conclu-
sion, and if k is even, this obstruction is calculable from the characteristic
classes of & and the index® of M.

Proposition 1.2 Suppose X is a 1-connected Poincaré complex of dimen-
sion n and & is a vector bundle over X, etc., as in Proposition 1.1. Then
X x S* for k > 1 is the homotopy type of a smooth manifold (and in fact
the conclusion of Proposition 1.1 holds for X x S*).

Examples of “uniqueness” theorems, analogous to these, can be easily
given.

Proposition 1.3 Let M, M’ be closed simply connected manifolds of di-
mensionn > 5. Let f: M — M’ be a homotopy equivalence, h:vayy — vagr a
linear bundle map of the normal bundles of M, M" in S™t* such that h lies
over the map f of base spaces. Let a: S — T(vyr), o': S"HF — T(vpp)
be the maps described above, and suppose T'(h)a is homotopic to . If n is
even, [ is homotopic to a diffeomorphism f': M — M’, while if n is odd,
f is homotopic to f' which is a diffeomorphism on the complement of a
point.

Proposition 1.4 Let M, M’ be as in Proposition 1.3. Then f x 1: M x
Sk — M’ x S* is homotopic to a diffeomorphism for k > 1.

These four propositions give a hint of the quantities of geometric in-
formation contained in the normal bundle vy; of M C S™** and the map
a: 8"tk — T(vyr), and we will later describe the comprehensive theory
that has emerged from this study. In the first lecture, I will outline some
of the geometric tools used in this development, and outline the proof of a
special case of Propositions 1.2 and 1.4.

1Editor’s note: Degree 1 means that ax sends the canonical generator of Hn+k(5"+k)
to the generator of H,1x(T'(€)) corresponding to [X] € Hy (X).

2Editor’s note: This is also known as the signature. Its role will be explained in
Lecture 2.
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Let us consider the situation of Propositions 1.1 and 1.2, where X is
simply connected and satisfies Poincaré duality, £* is a k-plane bundle over
X, and a: S"tF — T(¢) is a map of degree 1. The first step is the:

Thom Transversality Theorem. Let i) be a linear k-plane bundle over
a compact space X, let W"* be a smooth manifold and g:W — T(n).
Then g is homotopic (by an arbitrarily small homotopy) to a map g' such
that ¢’ is transversal to X, i.e., g’fl(X) is a smooth submanifold M™ C W
with normal bundle w*, and ¢' restricted to a bundle neighborhood of X
is a linear bundle map of w onto n. Further, if g|U is already transversal
to X for U an open meighborhood of A closed in W, the homotopy can be
taken fized on A.

In our circumstances the theorem tells us that a: S"** — T'(¢) is homo-
topic to a’: S"TF — T(¢) such that o’/ ' (X) = N C "% (with normal
bundle vy) and o/|E(vy) = b is a linear bundle map of vy into £ covering
o/|N = f: N — X (where E(vy) is a bundle neighborhood of N in S"**).

One can show, using Poincaré duality or the Thom isomorphism theo-

rem, that H;(X) = H;1(T(€)), and that f.[N] =¢[X] (N is oriented in a
natural way).

We take this to be a definition:

A smooth normal map is a pair of maps (f,b), f: M — X, M a smooth
closed manifold, X satisfying Poincaré duality, b: vp; — £ is a linear bundle
map lying over f, where vy is the normal bundle of M C S"*4 ¢ > n =
dimension M, ¢ a linear g-plane bundle over X, and f.[M] = [X].

The map f: N — X created by the Thom Transversality Theorem is
far from being a homotopy equivalence, so starting from (f,b) we must
get closer to a homotopy equivalence, by a normal bordism: a pair (F, B)
where F: W — X x [0,1], with OW = My U My, F|M; C X x {i}, Biw —
& x [0,1] (covering F), a linear bundle map, where w is the normal bundle
of W C 8™"H4 x [0, 1] with M; C St x {7,} If (F,B)|(M“VZ) = (fubz)7
we say (F, B) is a normal bordism of (fq, bg) to (f1,b1).

The Thom Transversality Theorem shows that normal maps and normal
bordisms correspond to maps a:S"T? — T(£) and homotopies of such
maps.

Now we try to construct a normal bordism of (f,b) to make a map
as close to a homotopy equivalence as possible. This construction is the
process called surgery:

Let M™ be a manifold (dimension m), and suppose we have an em-
bedding S* x D™~* C interior M. Let My = M — (interior Sk x Dm_k)
and define M’ = My U (D’H‘1 X Sm_k_l) with S* x §™—k—1 identified
together in M (as boundary of the embedded S* x D™~* C M) and in
DF+1 x §m=F=1 (as its boundary). The process of passing from M to M’
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is called surgery.

We note that if we define W = (M x [0, 1])U(D*™! x D™~*)  identifying
the S¥ x D™~% C boundary (D*™! x D™~*) with S¥ x D™% x {1} C
M x]0,1], then W is a manifold with boundary OW = MUM'U(OM)x[0, 1],
and is a bordism from M to M’ if M is closed (OM = 0). We call W the
trace of the surgery.

If M is smooth, and S* x D™~* is smoothly embedded, then W can be
made smooth, etc.

We note that shrinking the D™ % down to a point in DFt1 x D™=k,
or shrinking M x [0,1] down to M x {0}, are deformation retractions, and
we get

Lemma 1.5 W is homotopy equivalent to M U D**+1 with D*+1 attached
along S* x {0} c M.

Now M’ has embedded in it D**! x §m=*F=1 c §(D*! x D™=F), so
that one could do a surgery on M’ using this embedding, and clearly one
would arrive back at M (“the inverse surgery”). In fact it is not hard to
see that the trace of this surgery is the same W, only considered from the
opposite point of view, as a bordism from M’ to M. Thus it is also clear
that

Lemma 1.6 W is homotopy equivalent to M' U D™ % etc.

Thus for surgery on a sphere of dimension k < m — k — 1, we get:

Lemma 1.7 H;(M') = H;(W) =2 H;(M)/(p) fori <k <m—k—1, where
(@) is the subgroup of H;(M) generated by the homology of the embedded
manifold S* x {0}, so is non-zero only in dimension k. The same is true
in homotopy.

Thus surgery on low dimensional spheres produces bordisms which may
make homotopy and homology smaller. Now consider a normal map (f,b),
fiM™ — X, etc.

Lemma 1.8 If ©:S* x D"™%* — M" is a smooth embedding, the map
f: M — X extends to the bordism F: W — X x [0, 1] if and only if fo: S x
{0} — X extends to DF*1.

This follows immediately from Lemma 1.5, and in that case it can be
arranged for F(M') C X x {1}, F(M) c X x {0}.
Similarly:

Lemma 1.9 An extension F:W — X x [0,1], as in Lemma 1.8, can be
covered by a bundle map B:w — & x [0,1] if and only if b|(vas|S*) extends
to w|D*1 where w is the normal bundle to W C S"%4 x [0, 1].
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Now the relative homotopy groups of the map f: M — X are repre-
sented by commutative diagrams:

Sk$M"

| lf

Dk+1 0(41> X.

The embedding theorem of Whitney tells us that if & < 5, ag is homotopic
to an embedding, and f U a; defines a map ¢g: M U D**1 — X . Then vy,
extends to the pullback bundle g* (&) over M U D¥*1 and the embedding
E(vpy) € S™9 x {0} extends to an embedding of g*(£) C 8" x [0,1],
and the normal vectors to this bundle will define the trace W of a surgery
on S*¥ C M, which will define a normal bordism of (f,b).

Now we can prove:

Theorem 1.10 Let (f,b) be a normal map, f: M — X, dimension M = n.
Then (f,b) is normally bordant to (f', "), where f' is [%]-connected ([2] =
greatest integer < ). That is, fl:m;(M') — m;(X) is an isomorphism for
1< [%} and onto for i = [%}

Proof proceeds by induction on k& < [5]7 assuming f: M — X is k-

connected. Consider m;41(f), which fits in the exact sequence

.= M1 (M) I Trt1(X) = T (f) — m(M) Eid (X)) — ...

elements of 741 (f) are represented by homotopy classes of commutative
diagrams:

Ski>M

| lf

pE+1 2 x

By the Whitney embedding theorem and the above remarks we can find
a normal cobordism (F, B), F: W — X x [0,1] of (f,b) with W homotopy
equivalent to M U,, D**! (Lemma 1.5). Then 7 (M') = m,(M) /() and
one can easily show that 71 (f") = mp41(f)/ (0, @1). From the fact that
X and M are finite complexes one may deduce that m1(f) is finitely
generated,® and thus in a finite number of such surgeries we may reduce

7Tk+1(f) to 0.

3Editor’s note: The author is assuming here that X is simply connected. The problem
if this assumption is dropped is that there are finite complexes with homotopy groups
that are not finitely generated, e.g., ST v S2.
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We note that several things go wrong with this technique if & > [%] -1
First, the Whitney embedding theorem will fail in this form in case m M #
0, and the relation between homology and homotopy of M and of M’ is no
longer so simple. However, from Theorem 1.10, the most elementary result
of surgery, we can deduce Proposition 1.2 in the special case where n is
even.

First we note some consequences of Poincaré duality:

Lemma 1.11 Let f: M — X be a map of degree 1 (f.[M] = [X]), where
M, X satisfy Poincaré duality in dimension n. Then there are maps By :
H.(X) — H.(M), p*: H*(M) — H*(X), such that f.3. = 1y, (x) and
B f* = 11X 50 that

H (M) = H.(X)o K. (),
H* (M) = H"(X)oK"(f),

K.(f) = ker f., K*(f) = ker 8*, Further, K* and K, satisfy Poincaré
duality algebraically.

This follows immediately from naturality of Poincaré duality, using the
commutative diagram:

Define 8, = Pf*P~L, B, = P~Lf.P.

If (f,b) is a normal map, f: M — X, dimension = 2¢, and f is ¢-
connected (which we may assume by Theorem 1.10), then K;(f) = 0 for
i < £, so that K*(f) = 0 for i > ¢, by Poincaré duality. Since H, and H*
satisfy the Cohomology Universal Coefficient Theorem:

0 — Ext (H;_1(X);Z) — H(X;Z) — Hom (H;(X);Z) — 0,

it follows that K; and K are related by such an exact sequence, so that
K% =0 for i = £+ 1 implies that Ext (Ky;Z) = 0, which implies K, has
no torsion, and is a free Z-module. Similarly, we get K; = 0 for ¢ > ¢, so
K; # 0 only for ¢ = ¢, and is free over Z.

Lemma 1.12 Let (f,b), f: M — X, be a normal map, dim M = dim X =
n, M, X simply connected, and suppose K;(f) # 0 only fori = q, n—q, and
Ky(f) is free, with ¢ < §. Then (f,b) is normally bordant to a homotopy
equivalence.
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Assume Lemma, 1.12 for the moment and we will complete the proof of
Proposition 1.2 in case n = 2¢. We have seen that K;(f) = 0 for i # ¢, and
that K, is free. Multiplying by S*, (f x 1,bx 1), f x 1: M x §*¥ — X x S*

is a normal map, and now
Ki(f x 1gr) 2 Ki(f) ® Ho(S*) @ Ki i (f) ® Hy(S*)

from the Kiinneth formula relating the homology of a product to the ho-
mologies of the factors. Thus K;(f x 1gx) # 0 only for i = £ and i = { + k,
Ko(f x 1g1) = Ko(f) is free over Z, and £ < 3(n+k) = 2(20+ k) = (+ 5.
Then Lemma 1.12 applies provided X x S* is still simply connected, i.e.,
k > 1, so that f X 1gx is normally bordant to a homotopy equivalence, and
Proposition 1.2 is proved.

The case where n = 2¢ + 1 can be proved similarly with an extra step
involving the torsion in Ky (f).

Proposition 1.4 can be proved in a similar way, starting from the normal
bordism W of f: M — M’ to 1p;: M’ — M’, which comes from applying
the Transversality Theorem to the homotopy of a to a’. One does surgery
on the interior of the normal bordism W to make F [} ]-connected by
Theorem 1.10 (n = dimM =dimM’, son+ 1 =dimW), F: W — M’ x
[0,1]. If n+1 = 2¢, we follow the above line of argument to get K;(F) =0
for i # ¢, K;(F) free, and again use Lemma 1.12 to get F': W' — M’ x S¥ x
[0, 1] a homotopy equivalence, W' = (M x S*)U(M'x S*), FIM = fx1gx,
F|M' =1, gx. Now Proposition 1.4 follows from the

h-bordism Theorem of Smale. Let U be a compact manifold, simply
connected with dimension U > 6, 0U = NUN'. If the inclusion maps N —
U, N' — U are homotopy equivalences, then the identity map 1xy: N — N
extends to a diffeomorphism e : N x [0,1] — U, so in particular N x {1}
is diffeomorphic to N'.

The theorem of Smale, and its generalization to non-simply connected
manifolds due to Barden, Mazur, and Stallings, is the key to translating
homotopy and bordism information into diffeomorphism information.

We end this lecture with a sketch proof of Lemma 1.12.

Note first that we have the homotopy exact sequence mapping into the
homology exact sequence by the Hurewicz homomorphism:

s (M) L (X)) — () —= g (M) Dy (X) —
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The splitting G, shows that K;_1(f) = H;(f) and the relative Hurewicz
theorem implies 7;(f) = H;(f) = K;—1(f) =0for i < ¢+ 1 and mgq1(f) =
Hy1(f) = Ky(f) is free over Z. Choose a basis for m,11(f). We can do
surgery on an embedded sphere p: S¢ — M representing an element of this
basis. The exact sequence of the pair W, M (W = trace of the surgery)
gives

j*Tg j\go*

e Hyy (W, M) Hy(M) — Hy(W) —= Hy(W, M) —>
Hq+1(Dq+175q) %Hq(sq) 0

b

where j, is an isomorphism by the Excision Theorem of homology (see
Lemma 1.5). Now ¢, carries a generator of H,(S7) into a basis element of
K,(f) C Hy(M), and it follows that H,(W) = H,(M)/(p) and Hyy1 (W) =
H,11(M). From Lemma 1.6 it follows that H;(M’') = H;(W) for i <
n—q—1sothatifn—g—1> g+1 (ie.,q < §—1), weget K;(f') = 0= K;(f)
(where f":M" — X) for i # ¢, and K4(f') = Kq(f)/(¢), which is a free
module over Z with rank K,(f’) = rank K,(f) — 1. Thus for ¢ < § — 1,
the proof follows by induction.

For § —1 < g < 4, more use of Poincaré duality must be made to
calculate K4(f').

Much of this lecture could have been done without the assumption of
simple connectivity (for example Theorem 1.10), but at the cost of using
homology with local coefficients, or considering some slightly more delicate
homological algebra over Zm, the group ring of the fundamental group
7 = m(X). But if one removes the dimension restrictions, and tries to
do surgery in the middle dimension, a whole new set of difficulties arises,
which leads to a theory, in place of simple theorems.

2 Surgery invariants, classifying spaces,
and exact sequences

In this lecture I will try to describe the various parts of the theory of surgery

and the relations between them. This theory arises inevitably from trying

to refine theorems such as the rather elementary ones of the first lecture.
First recall the invariant of the index of a manifold or Poincaré space.

Let X satisfy Poincaré duality in dimension 4k, and consider the form

H?*(X)® H?*(X) Gl Z defined by (z,y) = (xUy)[X] for z, y € H?**(X),

[X] € Hyr(X) the orientation class. This is a symmetric pairing and we
define
I(X) = signature (, ) =ny —n_,
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where ny (n_) is the number of + (—) signs in a diagonal matrix repre-
senting (, ) over the real numbers.

It follows from relative Poincaré duality that if M** = 9W**+1 W ori-
entable, then I(M) = 0. For any z € H**(W), (i*z,i*z) = (i*2Ui*2)[M] =
i*(22)[M] = 2%(i.[M]) = 0, so that i* H?*(W) is a self-annihilating sub-
space of H?*(X). Poincaré duality implies that with Q = rational coeffi-
cients, i* H?*(W; Q) has rank = irank H?*(M;Q), which implies signature
( ) ) =0.

Therefore, if F:W — X x [0,1] is a bordism of f: M — X x {0} to
fi M — X x {1}, it follows that I(OW) = I(M) — I(M') =0so I(M) =
I(M'"), and if f’ is a rational homology equivalence, then I(M’) = I(X).
Hence if (f,b), f: M — X, is a normal map and I(M) # I(X), then (f,b)
could not be bordant to a homotopy equivalence. In fact:

Theorem 2.1 Let (f,b), f:M — X, be a normal map, X simply con-
nected, f.[M] = [X] and dimM = dim X = n = 4k > 4. Then (f,d) is
normally bordant to a homotopy equivalence if and only if (M) = I(X).
Furthermore, I(M) — I(X) is divisible by 8.

This description of a “surgery obstruction” in terms of index was first
found by Milnor in his initial paper on surgery, in the special context with
X a disk.

One first interprets I(M) — I(X) as the signature of ( , ) restricted to
K?F(f) = coker f*: H**(X) — H?¥(M) (see Lecture 1), and then shows
that the problem of finding embedded spheres S?* C M on which to do
surgery is related to (z, ), where x € H?*(M) is Poincaré dual to [S?*] €
Hyp(M). In particular, if X is 2k-connected and Pz € Kar(f), k > 1,
then Pz is represented by an embedding S%* x D* ¢ M if and only
if (z,2) = 0. If one could find half a basis for Ko (f) which annihilated
itself under ( , ), then an induction argument could be carried out to “kill”
Ko (f) and obtain a homotopy equivalence. If sign ( , )|Ka2x(f) = 0, then
such a half-basis can be found.

Thus we can say in this case that the “surgery obstruction” is §(I(M)—
I(X)), and in fact all integer values are assumed for this obstruction for
various problems.

This situation is the first example and the prototype for the theory of
the “surgery obstruction” in general. We shall now describe the general
surgery theory as it has emerged and then show how it relates to algebraic
K-theory on the one hand, and to homotopy theory, bundle theory, etc.,
on the other.

Let us define a w-Poincaré space to be a finite complex X, connected,
with 7 X = =, and such that Poincaré duality holds for all coefficient
systems (which is equivalent to holding for the coefficient system Zr).

If f;: M; — X, i =0, 1 are homotopy equivalences, M; a closed smooth
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manifold, we say that (M, fo) is concordant to (My, f1) if there is a smooth
manifold W with boundary OW = My U M; and a homotopy equivalence
F:W — X x [0,1] with F|My = (fo,0), F|M; = (f1,1).

We note that a similar definition of concordance could be made for
other kinds of equivalences — e.g., replace homotopy equivalence in the
definition by simple homotopy equivalence, or by homology equivalence, or
by normal maps and normal bordism.

If X is a m-Poincaré space, define S(X) = {concordance classes of
pairs (M, f), M is a smooth closed manifold, f: M — X a homotopy
equivalence}. We call S(X) the set of homotopy smoothings of X. We
could define similar sets using simple homotopy equivalence, or other re-
lations, but the technical complication of the exposition would increase
greatly, so we will confine ourselves to homotopy equivalence in these lec-
tures.

If f: M — X is a homotopy equivalence, then we can make f into a
normal map by taking £ = ¢*(var), g a homotopy inverse to f, so that
there is a linear bundle map b: vy; — £ covering f. The choice of b is not
unique; we could compose it with any linear automorphism of &.

Let us then define N'(X) = {normal bordism classes of normal maps
(f,0), 1M — X, bvy — & for all M, &, with the relation of identifying
(f,b) with (f,cb) if ¢:£ — € is a linear automorphism}.

Then we have a natural map n : S(X) — N (X). Now the existence and
uniqueness questions of Lecture 1 can be interpreted as questions about the
map 7. How big is the image of S(X)? How big is the inverse image 7~ (z)
for z € N(X)?

One of the central formulations of surgery theory is an exact sequence
in which 7 is embedded, with “surgery obstruction” groups on both sides.

Theorem 2.2 Let m be a finitely presented group and X a w-Poincaré
space of dimension n > 5. There are abelian groups L, (7), Ly4+1(7), and
an exact sequence of sets:

L (1) 2> S(X) —1> N(X) —Z> Ly (7).

More specifically, for z € N (X), o(z) = 0 if and only if z € n(S(X)), and
w denotes an action Ly,y1(m) x S(X) — S(X) such that if a, b € S(X),
n(a) = n(b) if and only if there is an n € L, 41 () such that w(n,a) = b.
Note that if w were simply a map, that would imply S(X) is non-empty,
which is not always true.
The groups L,(w) are called the surgery obstruction groups or Wall
groups, and they have many good properties.

Theorem 2.3 L;(7) is a covariant functor from finitely presented groups
to abelian groups, periodic of order 4 in i, i.e., Livq(mw) = L;(w). Further,
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if o:m — 7' is a homomorphism, we have another functor L;(p), periodic
of order 4, and an exact sequence

- — Li(m) 5 Li(x') = Li(¢) = Li—y(m) — -

The groups L, (¢) are associated to a sequence, similar to that of The-
orem 2.2, for the situation of manifolds with boundary, with = = 71 (0X),
7 =m (X).

The periodicity of L,(m) can be represented geometrically by taking
the product with CP?, i.e.,

Lusa(m) - = S(X) " N(X) ——> Lo(m)

J/'l’ ixlmz lxlmz lﬂ

Lyys(m) > S(X x CP?) —> N (X x CP?) -Z— L, 4 4(n).

This is an often used method for raising the dimension of surgery problems
to put calculations into higher dimension, where often more methods are
available. We will see examples of this later.

Replacing our general problems of Lecture 1, we may now set some
general problems involved in the calculation of S(X):

(A) Calculate L, ().

(B) Calculate N'(X).

(C) Calculate the map o.
(D) Calculate the image of n.
(E) Calculate the action w.

None of these problems is completely understood in general, but im-
portant special cases lead to a very interesting variety of theorems.

In particular, if we take m = 1, the trivial group, we have the result of
Kervaire-Milnor:

Proposition 2.4

0 n odd
L,(1)=<¢ Z n = 4k
Z/2 n=4k+2.

The case n = 4k is Theorem 2.1 of this Lecture, and Propositions 1.1
and 1.3 of Lecture 1 follow readily from this proposition.

The group L4 (1) as we saw is simply detected by the index and is
a Grothendieck group of non-singular, symmetric, even-valued quadratic
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forms over Z. The group Lsi42(1) is interpreted as an analogous group of
Z/2-valued quadratic forms, detected by the so-called Kervaire-Arf invari-
ant, which is analogous to the index. The general Wall group L, () has
a similar algebraic interpretation, where Ly () is a group of non-singular,
symmetric quadratic forms over the group ring Zm, Lyi42(7) is a similar
group of antisymmetric forms over Zm, while Lo, 1(7) is a Grothendieck
group of automorphisms of the trivial class of forms in Lo, ().

Besides the case m = 1, the case « finite can be very effectively studied
by using this algebraic definition, which has been done by Wall, R. Lee,
H. Bass, A. Bak, and others. But even in this case the picture is not
complete.?

Another approach to the calculation of L, () is based on using the
geometry of a manifold M with m M = 7, which gives a calculation for 7
free abelian, or free, and many other cases.® We will say more about this
in the next lecture.

The set N'(X) of bordism classes of normal maps into X, modulo bundle
equivalences over X, can be interpreted as homotopy classes of sections of
a certain bundle over X, with fibre a space called G/O. This space is
essentially a homogeneous space, the quotient of G = limit as k — oo of
the space G}, of homotopy equivalences of S*~1, by O = limit as k — oo
of O(k), the orthogonal group. If N(X) # 0, i.e., if there is one section
of this bundle, then as in the case of a principal bundle, the total space
is homotopy equivalent to X x G/O, and homotopy classes of sections are
given by V(X)) = [X, G/O], the set of homotopy classes of maps of X into
G/O0.

From the form of G/O as a “homogeneous space” we get an exact
homotopy sequence:

= 1(0) L (@) = m(GJO) = i1 (0) — - .
The periodicity theorem of Bott calculates
Z/2 i=0,1mod38
mi(0)=<¢ Z i =3, 7mod 8

0 otherwise.

The homotopy groups of G are the stable homotopy groups of spheres
mi(G) = mi4n(S™), n large, which can be seen by using the fibration

QFS* — G S S*,

4Editor’s note: This was written in 1977. For the present understanding of the Wall
groups of finite groups, see the survey by Hambleton and Taylor in this volume.

5Editor’s note: Again, for the present status of this approach, see the surveys by J.
Davis and C. Stark in this volume.
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where e is the fibre map which evaluates the homotopy equivalence of S*
at a fixed base point xg € S¥. The map J:m;(O) — 7;(G) is the famous
J-homomorphism of G. W. Whitehead, which has now been calculated
completely, through the work of J. F. Adams and many others, and one
gets m;(G/O) = cokernel J @& A;, where

A — 0 i#0mod4
71 Z i=0mod 4,

A; = kernel J on m;_1(0).

Putting together these facts with the surgery exact sequence (Theorem
2.2) we can get the results of Kervaire-Milnor: a long exact sequence in
which all terms are groups:

o Lua (1) = (™) = 1(G/O) = Ly(1) = -~ (n>5).

Using the relation of the surgery obstruction with the index if n = 4k and
the Hirzebruch Index Theorem to calculate the obstruction for elements
of m,(G/0O), n = 4k, together with the results on J above, the sequence
breaks down into short exact sequences:

0—bP,11 — S(S™) — C, — 0,

where bP,, 11 is a finite cyclic group which is 0 for n even, a subgroup of Z/2
is n =4k + 1, and for n = 4k — 1 calculable from numerators of Bernoulli
numbers B,,.° The group C, C cokernel J:7,(0) — m,(G), and is the
kernel of a homomorphism coker J — Z/2, given by using the Kervaire
invariant. This homomorphism is trivial for n # 2° — 2, is non-trivial for
n = 6, 14, 30, 62, but is not known to be non-trivial for other values of n.”

The group of exotic spheres of Milnor, S(S™) (denoted also by ©,, or
') is thus in fact S(S™) = bP, 11 ® coker J, for n # 2¢ — 2, where bP, 1
is finite cyclic and calculated for n # 2 — 3. (That the exact sequence
actually splits was shown by Brumfiel.)

3 Applications to topological manifolds

One of the most striking applications of surgery theory is in the applications
to the problems of existence and uniqueness of piecewise linear manifold
structures on topological manifolds, i.e., the triangulation problem and the
“Hauptvermutung”.

First we note that the surgery theory developed in Lectures 1 and 2 can
be developed also for piecewise linear manifolds instead of smooth mani-
folds. (A simplicial complex K is a piecewise linear (PL) manifold if each

6Editor’s note: See the paper by Lance in this volume for more details.
"Editor’s note: See the paper by E. Brown in this volume for more details.
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point has a neighborhood U which in some linear subdivision of K is lin-
early isomorphic to an open set in the linear space R™.) For linear bundles,
one substitutes PL bundles or so-called “block bundles”. Transversality
theorems can be proved in this context, and with the aid of the smoothing
theory of PL manifolds, the surgery exact sequence of Lecture 2, Theorem
2.2 can be derived:

L () % SpL(X) —Ls NpL(X) —Z—= Ly (),

where X is a w-Poincaré space of dimension n > 5, Spy,, Np1, are the
analogs of S and A using PL manifolds and bundles in place of smooth
manifolds and linear bundles, but L, (w) are the same groups as in the
smooth case.

While the problem (A) of Lecture 2, that of calculating L, (7), remains
identical, problem (B) becomes easier. If Npp,(X) # 0, then Npp,(X) =
[X, G/PL], and the space G/ PL has much simpler properties. In particular

0 7 odd
m(G/PL) =< Z 1= 4k
Z/)2 i=4k+2,

and in fact Sullivan showed that except for a slight complication in di-
mension 4, [X, G/PL] can be calculated from H*(X;Zy)), H*(X;Z/2)
and KO(X),y, p odd, where the subscript (p) denotes localization at the
prime p. Thus Npp,(X) is very calculable, when it is non-empty.

Sullivan, in his version of the “Hauptvermutung”, used this result to-
gether with a study of the map G/PL — G/ Top.

The “generalized Poincaré conjecture” of Smale and Stallings tells us
that a PL manifold M™ of the homotopy type of S™, n > 5, is PL equivalent
to S™. This shows that Spr,(S™) has exactly one element. One may then
interpret this in the surgery exact sequence to show that the action w of
L,+1(1) on Spr(X) is trivial, and one gets the statement:

If X is a l-connected closed PL manifold of dimension > 5, then
SpL(X) & [Xo, G/PL], where Xy = complement of a point in X.

Thus Sullivan’s result on the homotopy type of G/PL makes possible
extensive “classification” theorems for simply connected PL manifolds, or
manifolds whose fundamental group has relatively simple Wall groups. In
particular, for X = T"™ a very beautiful PL classification theorem can be
proved, as we shall see.

Perhaps the most dramatic application of surgery theory has been to
the study of triangulations of topological manifolds developed by Kirby
and Siebenmann. We will describe in some detail the first step in this
development, Kirby’s proof of the Annulus Conjecture for dimensions > 4.

An equivalent form of this conjecture can be stated as follows:
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Conjecture S,,. If f:R®™ — R" is a homeomorphism, then there ezist
homeomorphisms g, h:R™ — R"™ and open sets U, V C R" such that h is
PL, fIlU = ¢g|U and g|V = h|V. (Such a homeomorphism is called stable.
If f is stable and g = f on an open set, then g is stable.)

If two homeomorphisms of R™ agree on an open set, then they are iso-
topic, i.e., one can be deformed to the other through homeomorphisms.
Thus (S,,) implies any homeomorphism of R” is isotopic to a PL homeo-
morphism, and this can be thought of as the 0-dimensional step in a proof
of the triangulability of topological manifolds.

One starts with Connell’s observation that if f:R" — R”™ is bounded,
e, if ||f(z) — z|| < K for all x € R and fixed K, then f is stable. For,
if we treat R™ as interior D", the closed unit ball in R™, then f bounded
implies f extends to f: D™ — D™ with f|S"! = 1gn—1. The identification
of R™ with int D™ can be made to be the identity on a small ball, so the
result follows.

Kirby then observed that if fo: 7™ — T™ is a homeomorphism of the
torus, T" = S! x --- x S (n times), the induced homeomorphism of the
universal cover, fo: R™ — R™, is the product of a linear homeomorphism
g1 € GL(n, Z) (which gives the effect of fy on homology) and g» which
is periodic, preserving the integral lattice. Hence go is bounded by by
max ||g2(z) — x|, for z € fundamental domain in R™, and hence f; is stable.

One then asks if one can show that a homeomorphism f:R" — R"
agrees on some open set with fy:R™ — R" for some homeomorphism
forT™ —1Tm.

Using the Smale-Hirsch immersion theory, or by a direct argument, one
can find an immersion u : T — R"™, where T} = T™ — {point}. (u an
immersion means u is a smooth map of maximal rank everywhere.) One
can “pull back” the Smooth structure on R™ by the composite fu to get
a new smooth structure T, on the topological manifold T, so that T}, is
immersed in R™ (by @). Then we have a commutative diagram

R —L>Rn

-

ho  —n
n
TO TO )

where ho is the (identity) homeomorphism of the topological manifolds T¢}
and T0 Note that on a small open ball in 7}, fu agrees with uhg. Since u,
u are smooth immersions, if hg were the restriction of a homeomorphism of
T™ to itself, the conjecture (S,,) would follow. But Tg may not be smoothly
or PL equivalent to 7§, so the argument must be more complicated.
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First extend hg to h: T" — Tn, where T is the one-point compactifi-
cation of Ty. One shows that T is a PL manifold by a codimension-one
surgery argument, which we will not elaborate. The map h is a homeomor-
phism. Now we have the result of Hsiang-Shaneson and Wall:

Theorem 3.1 Let f: M™ — T™ be a homotopy equivalence, M a PL
manifold, T™ the torus, n > 5. Then a finite 2"-sheeted cover of f,
fer M — T =1T", is homotopic to a PL equivalence.

This follows from a classification theorem for homotopy PL structures
on T which we will discuss later.

Thus the 2"-fold cover T’ of T is PL equivalent to 7™, and let g: T —
T™ be the equivalence. Now we describe Kirby’s “Main Diagram”:

Let B™ be an n-dimensional ball in R™, so small that the inclusion
B™ C R™ can be factored though an embedding in 7§ and the immersion
u, and let B" be the image of B™ under h, which has similar properties,
and let hy = f|B™. Let m:T" — T™, 7 : T — T be the 2"-fold covers
(2-fold along each S! factor).

Main Diagram.

RTL > Rn

T —
D
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The balls B", B" are so small that the large curved arrows exist, lifting
the embeddings. Since g is PL, ¢ is PL, hence stable, and k is stable, as
the lift of a homeomorphism of T" to itself, where k is the induced map
from gh.. Hence g~ 'k is stable and f agrees with §~'k on the small ball
B™.

Now we return to a discussion of Theorem 3.1 and homotopy PL struc-
tures on T". The surgery exact sequence in that case gives us:

L1 (ZM) 2 Spp(T™) —2> [T, G/PL] ~Z— L, (Z").

Note that we have identified Npy(T") with [T, G/PL] using the identity
T — T™ as the “base point” which determines the isomorphism of sets
Npp(T") — [T™, G/PL].

First we will calculate L, (Z"), then [T", G/PL], and show o is an
injection. Then we show that the action of L,,11(Z"™) on Spr,(T™) is mostly
trivial, and that the non-trivial part of this action is through a number of
Z/2’s, which become trivial by taking the 2"-fold covers. The arguments
rely heavily on the fibering theorem of Farrell, generalizing the Browder-
Levine Theorem. We give a special case:

Theorem 3.2 Let WL — S be a fibre bundle (smooth or PL) with
fibre a closed manifold M™, n > 5, and suppose w1 (W) is free abelian. If

UL Wisa homotopy equivalence, then U is also a fibre bundle over S*,
and h is homotopic to a fibre-preserving homotopy equivalence. Similarly, if
OM # 0, and if OU — OW s already a homotopy equivalence of bundles, we
get the same result preserving the given structure on U, i.e., the fibering
and the maps extend from OU to U.

The proof of Theorem 3.2 is another “codimension 1”7 surgery argument,
which we will not present.

Considering the iterated fibrations 77 — T"+! — S we could apply
Theorem 3.2 to a homotopy equivalence M — T™*! to get similar fibrations
for M over S!, provided that the dimensions were kept > 5. Multiplying
both sides by CP? x CP? ensures that the dimensions involved will remain
large enough to apply Theorem 3.2, while the periodicity theorem of surgery
will show that the surgery obstruction information is preserved. Inductive
application of “cutting” along fibres will finally reduce a surgery problem
with range T 1! x CPP? x CP? to a collection of simply connected problems.
For example for 72, we consider T2 as the identification space of [0, 1] x
[0, 1], the rectangle with opposite sides identified:

a

|4 \%4

b b

14 14
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Using transversality to cut up a surgery problem
M — T? x CP? x CP?

in a similar way, we get maps into V x CP? x CP?, a x CP? x CP? and
b x CP? x CP?, and if we can solve each surgery problem (inductively),
the solutions can be “glued” back together to solve the problem for M —
T? x CP? x CP2. The fibering theorem (Theorem 3.2) shows that this is
the only way to solve this problem.

This enables us to interpret L, (Z™) as the collection of simply connected
surgery obstructions along the pieces of the “cut up” torus, and enables us
to show that o: [T", G/PL] — L,(Z") is injective.

The action w: Ljy41(Z") > Sp,(T™) can be similarly interpreted

after multiplying with CP? x CP?, but to show the action is trivial, this
information is not adequate. Most of the action of L,11(Z") can be inter-
preted on T™ itself, cut up, except for the part of L,,41(Z™) which comes
from the 3-dimensional pieces of the carved T". This part of the action is
seen to be non-trivial as a consequence of Rohlin’s theorem on the index
of 4-dimensional spin manifolds, but this non-triviality is of order 2, and
disappears on taking 2-fold covers in each direction.
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Differentiable structures on manifolds
Timothy Lance

Prologue.

Suppose M is a closed smooth manifold. Is the “smoothness” of the
underlying topological manifold unique up to diffeomorphism?

The answer is no, and the first, stunningly simple examples of distinct
smooth structures were constructed for the 7-sphere by John Milnor as
3-sphere bundles over S*.

THEOREM 1.1. (Milnor [52]) For any odd integer k = 2j +1 let M] be the
smooth 7-manifold obtained by gluing two copies of D* x S together via a
map of the boundaries S x S3 given by f; : (u,v) — (u,u'™vu=7) where
the multiplication is quaternionic. Then M,Z is homeomorphic to S” but,
if k? # 1 mod 7, is not diffeomorphic to S”.

This paper studies smooth structures on compact manifolds and the
role surgery plays in their calculation. Indeed, one could reasonably claim
that surgery was created in the effort to understand these structures.
Smooth manifolds homeomorphic to spheres, or homotopy spheres, are the
building blocks for understanding smoothings of arbitrary manifolds. Mil-
nor’s example already hints at surgery’s role. M ,Z is the boundary of the
4-disk bundle over S* constructed by gluing two copies of D* x D* along
53 x D* using the same map fj- Computable invariants for the latter
manifold identify its boundary as distinct from S7.

Many homotopy spheres bound manifolds with trivial tangent bundles.
Surgery is used to simplify the bounding manifold so that invariants such
as Milnor’s identify the homotopy sphere which is its boundary. We will
encounter obstructions lying in one of the groups 0,Z/2, or Z (depending
on dimension), to simplifying the bounding manifold completely to a con-
tractible space, so that its boundary will be the usual sphere. We call these
groups the Wall groups for surgery on simply connected manifolds.

Except in the concluding §7, no advanced knowledge of topology is
required. Some basic definitions are given below, and concepts will be
introduced, intuitively or with precision, as needed, with many references
to the literature. Expanded presentations of some of this material are also
available, e.g. [40] or Levine’s classic paper [45].
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81 Topological and smooth manifolds.

A topological n-manifold (perhaps with boundary) is a compact Haus-
dorff space M which can be covered by open sets V,, called coordinate
neighborhoods, each of which is homeomorphic to R" (or R"~! x [0, 00))
via some “coordinate map” ¢, : V, — R, with any points of the bound-
ary OM carried to R"~! x 0 via the maps ¢, (M is closed if no such points
exist). M is a smooth manifold if it has an “atlas” of coordinate neighbor-
hoods and maps {(Vi, ¢s)} such that the composites ¢, o ¢ are smooth
bijections between subsets of Euclidean space where defined (i.e., on the
sets Yo (Vo [V )-)

Similarly, M is piecewise linear, or PL, if an atlas exists such that the
composites @, 0 <p;,1, when defined, are piecewise linear. For any PL man-
ifold there is a polyhedron P C R? for some large ¢ and a homeomorphism
T : P — M, called a triangulation, such that each composite ¢, o T is
piecewise linear. Any smooth manifold M may be triangulated and given
the structure of a PL manifold, and the underlying PL-manifold is unique
up to a PL-isomorphism.

The triangulation T may be chosen so that the restriction to each
simplex is a smooth map. Any PL manifold clearly has an underlying
topological structure. A deep result of Kirby and Siebenmann [39] (see
also §7) shows that most topological manifolds may be triangulated.

We assume that all manifolds are also orientable. If M is smooth this
means that coordinate maps ¢, can be chosen so that the derivatives of the
composites p, o cp;,l have positive determinants at every point. The deter-
minant condition ensures the existence, for each coordinate neighborhood
V4, of a coherent choice of orientation for ¢, (V,) = R™. Such a choice is
called an orientation for M, and the same manifold with the opposite ori-
entation we denote —M. Orient the boundary (if non-empty) by choosing
the orientation for each coordinate neighborhood of M which, followed
by the inward normal vector, yields the orientation of M.

The sphere S™, consisting of all vectors in R"*! of length 1, is an
example of an orientable smooth n-manifold. S™ has a smooth structure
with two coordinate neighborhoods V,, and V; consisting of all but the
south (north) pole, with ,, carrying a point € V,, to the intersection
with R™ x 0 of the line from the south pole to x, and similarly for ¢s. S™
is the boundary of the smooth (n + 1)-manifold D",

If M is a closed, smooth, oriented manifold, then the question regard-
ing the uniqueness of “smoothness” means the following: given another set
of coordinate neighborhoods Ug and maps g, does there exist a homeo-
morphism ® of M such that the composites ¢, o ® 01/16_1 and their inverses
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are smooth bijections of open subsets of R™ which preserve the chosen
orientations?

One might also ask whether a topological or PL manifold has at least
one smooth structure. The answer is again no, with the first examples due
to Kervaire [37] and Milnor [52]. In this paper we assume that all manifolds
have a smooth structure. But we shall see in 4.5 and again in 4.8 examples
(including Kervaire’s and Milnor’s) of topological manifolds which have
smooth structures everywhere except a single point. If a neighborhood of
that point is removed, the smooth boundary is a homotopy sphere.

62 The groups of homotopy spheres.

Milnor’s example inspired intensive study of the set ©,, of h-cobordism
classes of manifolds homotopy equivalent to the n-sphere, culminating in
Kervaire and Milnor’s beautiful Groups of homotopy spheres: I [38]. Two
manifolds M and N are homotopy equivalent if there exist maps f : M —
N and g : N — M such that the composites g o f and f o g are homotopic
to the identity maps on M and N, respectively. They are h-cobordant if
each is a deformation retraction of an oriented (n + 1)-manifold W whose
boundary is the disjoint union M U (—N).

For small values of n # 3 the set ©,, consists of the h-cobordism class
of S™ alone. This is clear for n = 1 and 2 where each topological manifold
has a unique smooth structure, uniquely determined by its homology. The
triviality of ©4, due to Cerf [24], is much harder, requiring a meticulous
study of singularities. The structure of ©3 is unknown, depending as it
does on the Poincaré conjecture. But each topological 3-manifold has a
unique differentiable structure ([65], [98]), so if a homotopy 3-sphere is
homeomorphic to S it is diffeomorphic to it. The vanishing of ©5 and Og
will use surgery theory, but depends as well on the h-cobordism theorem
of Smale.

THEOREM 2.1. (Smale [79]) Any n-dimensional simply connected h-cobor-
dism W, n > 5, with OW = M U (—N), is diffeomorphic to M x [0, 1].

Smale’s proof is a striking demonstration of reflecting geometrically the
algebraic simplicity of the triple (W, M, N), that is, H.(W, M) = H,.(W, N)
= 0. One can find a smooth real valued function f : (W,M,N) —
([a,b],{a},{b}) such that, around each point x € W where the deriva-
tive of f vanishes, there is a coordinate neighborhood (V,, ¢.) such that
the composite f o' : R — R equals (21,...7,) — —27 — 23 — ... —
xi + xi_H + ...+ 22. We call x a non-degenerate singularity of index A,
and f a Morse function for W. The singularities are necessarily isolated,

and f can be adjusted so that [a,b] = [-1/2,n+ 1/2] and f(z) = A for any
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singularity of index A. Morse functions for W not only exist, but are plen-
tiful ([56], [57]). If f could be found with no singularities, then the integral
curves of this function (roughly, orthogonal trajectories to the level sets of
f, whose existence and uniqueness follow by standard differential equations
arguments) yield a diffeomorphism W 2 M x [0, 1]. This is always possible
given the above assumptions about trivial homology of (W, M) and (W, N).

To check this, let Wy = f~!((—oc, A + 1/2]), and let M _; be the
level set f~1(A—1/2) (the level set of any value between A —1 and A would
be equivalent). Let x, be an index A critical point. Then z, together
with the union of all integral curves beginning in M)_; and approaching
2, form a disk DQ 1, called the left-hand disk of z,, with bounding left-
hand sphere Sill C My_;. Wy is homotopy equivalent to the union of
W _1 and all left hand disks associated to critical points of index A, so that
Cy\ = H\(Wy,Wx_1) is a free abelian group with a generator for each such
singularity. We can similarly define, for any index (A — 1) critical point yg,
the right-hand disk Dng)‘H and right-hand sphere Sg;{‘ C My_1.

If the intersection number Sg‘le : Sg;{\ = %1, we can move 52,11 by
a homotopy so that it intersects Sg}f‘ transversely in a single point, and
change f to a new Morse function g with the same critical points and the
newly positioned left hand sphere for z). (The dimension restriction n > 5
is critical here, providing enough room to slide Séle around to remove
extraneous intersection points.) With this new Morse function there is a
single integral curve from yg to x,. By a result of Morse, g can be further
altered in a neighborhood of this trajectory to eliminate both critical points
o and yg.

This cancellation theorem is the key tool in proving the h-cobordism
theorem. The groups C) form a chain complex with 9y : C\ — Cy_1,
the boundary map of the triple (W, Wx_1, Wx_2), given explicitly by in-
tersection numbers: the yg coefficient of 9y (z,) equals S;‘le . Sg;{\. But
H.(C) = H.(W,M) = 0. Thus for each A\, kernel(d,) is the isomorphic
image under Oy4+1 of some subgroup of Cy1i. Thus the matrices for the
boundary maps d, corresponding to bases given by critical points can, by
elementary operations, be changed to block matrices consisting of identity
and trivial matrices. These operations can be reflected by correspondingly
elementary changes in the Morse function. By the above cancellation the-
orem all critical points can thus be removed, and W = M x [0, 1].

As an immediate consequence of 2.1, two homotopy spheres are h-
cobordant if and only if they are orientation preserving diffeomorphic. The
h-cobordism theorem also fixes the topological type of a homotopy sphere
in dimensions > 6. If ¥ is a homotopy n-sphere, n > 6, and W equals X
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with the interiors of two disks removed, what remains is an h-cobordism
which, by 2.1, is diffeomorphic to S"~! x [0,1]. Since this product may
be regarded as a boundary collar of one of the two disks, it follows that X
may be obtained by gluing two disks D™ via some diffeomorphism f of the
boundaries S™~! of the two disks. If ¥/ is constructed by gluing n-disks via
a diffeomorphism f’ of S"~!, we may try to construct a diffeomorphism
> — ¥ by beginning with the identity map of the “first” disk in each
sphere. This map induces a diffeomorphism f’ o =1 of the boundaries
of the second disks, which extends radially across those disks. Such an
extension is clearly a homeomorphism, and smooth except perhaps at the
origin. If n = 5 or 6, then ¥ bounds a contractible 6- or 7-manifold [38],
and by the above argument is diffeomorphic to S® or S°.

COROLLARY 2.2. ([79], [81], [100]) If n > 5, any two homotopy n-spheres
are homeomorphic by a map which is a diffeomorphism except perhaps at
a single point.

©,, has a natural group operation #, called connected sum, defined as
follows. If ¥; and ¥y are homotopy n-spheres, choose points z; € ¥;,i =
1,2, and let D; be a neighborhood of x; which maps to the disk D™ under
some coordinate map ; which we may assume carries x; to 0. Define
31 #X5 as the identification space of the disjoint union (X1 —z1)U (X —x2)
in which we identify ;! (tu) with o5 ' ((1 — t)u) for every u € S*~! and
O<t< 1.

Give X1 #X5 an orientation agreeing with those given on 1 — z1 and
Y9 — xo (which is possible since the map of punctured disks tu — (1 —
t)u induced by the gluing is orientation preserving). Intuitively, we are
cutting out the interiors of small disks in 3; and Y9 and gluing along the
boundaries, appropriately oriented.

Connected sum is well defined. By results of Cerf [23] and Palais [69],
given orientation preserving embeddings g1, go : D™ — M into an oriented
n-manifold, then go = f o g1 for some diffeomorphism f of M. (One may
readily visualize independence of the choice of points x;. Given x1 and 2/ in
31, there is an n-disk D C ¥, containing these points in the interior and a
diffeomorphism carrying x; to =} which is the identity on dD.) Connected
sum is clearly commutative and associative, and S™ itself is the identity.

The inverse of any homotopy sphere X is the oppositely oriented —X.
If we think of X#(—X) as two disks D™ glued along their common boundary
S7~1 then we may intuitively visualize a contractible (n + 1)-manifold W
bounding X#(—X) by rotating one of the disks 180° around the boundary
S7~1 till it meets the other — rather like opening an n-dimensional awning
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with S"~! as the hinge. Removing the interior of a disk from the interior
of W yields an h-cobordism from X#(—3) to S™.

THEOREM 2.3. (Kervaire, Milnor [38]) For n # 3 the group 0O, is finite.

We shall see below that in almost all dimensions, ©,, is a direct sum of
two groups: one is a cyclic group detected, much as in Milnor’s example,
from invariants of manifolds which the spheres bound; the second is a
quotient group of the stable nt" homotopy of the sphere.

The above definition of # applies to arbitrary closed n-manifolds M;
and M,. Though not a group operation in this case, it does define a group
action of ©,, on h-cobordism classes of n-manifolds. For bounded manifolds
the analogous operation, connected sum along the boundary, is defined as
follows.

Suppose M; = OWj;, i = 1,2. Choose a disk D"*! in W; such that
the southern hemisphere of the bounding sphere lies in M;. Remove the
interior of D"*! from W;, and the interior of the southern hemisphere from
OW; = M;,i = 1,2. What remains of these (n + 1)-disks are the northern
hemispheres of their bounding spheres. Glue the two resulting manifolds
together along these hemispheres D™ to form Wi#W5,. Restricted to the
boundaries this operation agrees with # defined above, and again respects
h-cobordism classes.

83 An exact sequence for smoothings.

To compute the group ©,,, we consider the tangent bundles of homo-
topy spheres and the manifolds they bound. Let M be any compact smooth
m-manifold. We may suppose M is a differentiable submanifold of R* via a
differentiable inclusion ® : M — R* for some k sufficiently large. (In fact,
this is a fairly direct consequence of the definition of smooth manifold).
For any x € M, coordinate neighborhood V,, containing x, and coordinate
map ¢ : V, — R™, define the tangent space to M at x, 7(M),, to be the
image of the derivative of ® o ¢ ! at ¢, (x). Change of variables in cal-
culus shows that the m-dimensional subspace 7(M), of R* is independent
of the choice of V,, and ¢,. Define the tangent bundle 7(M) to be the
set {(z,v) € R¥ x R¥|v € 7(M),} together with the map p: 7(M) — M
induced by projection to the first coordinate. The fiber p~1(x) is the m-
dimensional vector space {z} X 7(M).

The tangent bundle is a special case of an n-dimensional vector bundle
¢ consisting of a total space F, base space B, and map p : F — B which
locally is a projection map of a product. Thus we assume there are open
sets U covering B (or M in the case of 7(M)) and homeomorphisms :
s+ Us x R™ — p~1(Up) such that 7721/;1 o 9 is a linear isomorphisms
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on z x R" for every x € Ug N Ug/, and p o 93 is the projection onto Ug.
When the base space is a smooth manifold, we will assume the maps 13 are
diffeomorphisms. Any operation on vector spaces defines a corresponding
operation on bundles. For example, using direct sum of spaces we define
the Whitney sum @ as follows.

If & and & are m- and n-plane bundles, with total spaces F; and Fo
and common base B, then & @ & is the (m + n)-plane bundle with base
B and total space the fiber product {(x1,z2)|p1(z1) = p2(z2)}. Bundles
over a manifold “stabilize” once the fiber dimension exceeds that of the
manifold. That is, if & and & are bundles over an m-manifold M of fiber
dimension k > m, and if & @eg\/[ & @egw, where 63\4 is the product bundle
M x Rj HM, then 51 gﬁg.

We will need other vector bundles associated with M. If M is em-
bedded as a submanifold of an n-dimensional smooth manifold N, where
for simplicity we assume both M and N are closed, contained in R* for
some k, and m < n, the (n — m)-dimensional normal bundle of M in N,
v(M,N), has as fiber at z € M the elements of 7(N), which are orthogonal
to 7(M),. Here orthogonality can be defined using dot product in R*. We
denote the normal bundle of M in R¥ by v(M).

We call a manifold M parallelizable if 7(M) is trivial, that is, isomor-
phic to M x R™ — M. The sphere S™ is parallelizable precisely when n
equals 1, 3, or 7, a magical fact proved by Bott and Milnor [10] (and inde-
pendently by Kervaire) who also show that these are the only spheres which
support multiplications (complex, quaternionic, and Cayley). Recall that
Milnor used the quaternionic multiplication on S® in his first construction
of homotopy spheres.

A somewhat weaker condition on 7(M) is stable parallelizability, that
is, the bundle 7(M) @ €}, = e’fvfl. More generally, two vector bundles &;
and & over a base B are stably isomorphic if &; @6% =~ & @k where, if B is
a complex of dimension 7, the total fiber dimension of these Whitney sums
exceeds r. Such bundles are said to be in the “stable range”. A connected,
compact m-manifold M with non-trivial boundary is parallelizable iff it is
stably parallelizable, since it has the homotopy type of an (m — 1)-complex
and thus 7(M) is already in the stable range.

Though few spheres are parallelizable, all are stably parallelizable. In
fact, if we envision the fiber of v(S™) at z, in the usual embedding of
S™ C R™!, as generated by x, then v(S™) 2 S™ x R. Thus 7(5") @ ek, is
isomorphic to the restriction of the trivial tangent bundle of R**! to S™.
Far less obvious is the following result of Kervaire and Milnor ([38], 3.1),
which follows from obstruction theory and deep computations of Adams
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about the J-homomorphism:
THEOREM 3.1. Every homotopy sphere X" is stably parallelizable.

As an immediate corollary, if ¥ is embedded in R* where k > 2n+1,
then v(X") = i7" For 7(X") @ eh, @ v(8") equals the restriction of
R* @ ek, restricted to 7. But 7(X") @ el = 57! since the tangent bundle
is stably parallelizable, so v(X") is trivial by stability.

Given an isomorphism ¢ : (X") = ¥ x R*~" we define a continuous
map S¥ — S*" as follows. Regard ¥ x RF™™ as a subset of S*, and
Sk=n as the disk D" with its boundary identified to a point *. Then
send the pair ¢~ (z,y), where (z,y) € ¥ x D¥™™ to the point in S*—"
corresponding to y, and send all other points of S* to *. Following [38],
let p(X™, ) denote the homotopy class of this map in the stable homotopy
group of the sphere I1,,(S) = 7;,(S*~™).

Generally, if (M, ) is any n-manifold with framing ¢ : v(M) =
(M x R¥=") of the normal bundle in RF, the same definition yields a
map p(M,¢) € II,,(S). This is the Pontrjagin-Thom construction. If
(My, 1)U (Ms, p3) C R¥ form the framed boundary of an (n 4 1)-manifold
(W, 0W, ®) C (R*x[0,0), R* x0), we say that they are framed cobordant.

THEOREM 3.2. (Pontrjagin [72], Thom [89]) For any manifold M with
stably trivial normal bundle with framing , there is a homotopy class
p(M, ) dependent on the framed cobordism class of (M, ). If p(M) C
I1,,(S) is the set of all p(M, @) where ¢ ranges over framings of the normal
bundle, it follows that 0 € p(M) iff M bounds a parallelizable manifold.

The set p(S™) has an explicit description. Any map « : S™ — SO(r)
induces a map J(a) : S"*" — S” by writing S"*" = (S x D") U (D" x
S™=1), sending (z,y) € S™ x D" to the equivalence class of a(z)y in
D"/OD" = S", and sending D"T! x S™~1 to the (collapsed) dD". Let
J : 1, (SO) — IL,(S) be the stable limit of these maps as r — oco. Then
p(S") = image(J(m,(50O)) € 11, (S5).

Let 0P,4+1 denote the set of those h-cobordism classes of homotopy
spheres which bound parallelizable manifolds. In fact, bP,, ;1 is a subgroup
of ©,. If ¥1,¥9 € bP, 11, with bounding parallelizable manifolds Wy, W,
then ¥1#3¥5 bounds the parallelizable manifold W;# W5 where the latter
operation is connected sum along the boundary.

THEOREM 3.3. For n # 3, there is a split short exact sequence

0—bP41 — 0, —>0,/bP,11 —0
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where the left hand group is finite cyclic and ©,,/bP,, 11 injects into
IL,(5)/J (7 (SO))

via the Pontrjagin-Thom construction. The right hand group is isomorphic

to I1,,(S)/J (7, (SO)) when n # 27 — 2.

Injectivity of ©,,/bP,+1 — I1,,(S)/J (7, (SO)) follows from 3.2; see [38]
for details. Since the stable homotopy groups are finite, so is ©,,/bP, 1.
In the next two sections we examine how surgery is used to calculate bP,
and show that the sequence splits. In particular, we will get an exact order
for the group bP, 1 for most n, and verify the finiteness asserted in 2.1.

¢4 Computing bP,.; using surgery.

Suppose X" € bP, 1 bounds a parallelizable manifold W whose ho-
motopy groups m; (W) vanish below dimension j for some j < n/2. With
this latter restriction, any element of 7;(1¥) may be represented by an
embedding f : S7 — interior(W). Since W is parallelizable, the restric-
tion of 7(W) to f(S7) is trivial and hence, by stability, so is the normal
bundle v(f(S7),W). Let F : S/ x D"*1=J — interior(W) be an embed-
ding which extends f and frames the normal bundle. Let W(F') denote
the quotient space of the disjoint union (W x [0,1]) U (DI*! x D**177) in
which (z,y) € §7 x D" is identified with (F(z,y),1) € W x 1. Think
of the (n + 2)-manifold W (F) as obtained from W x [0,1] by attaching a
(4 + 1)-handle Di*1 x D"*+1=J via F. This manifold seems to have non-
smooth corners near the gluing points S7 x S"~7, but a straightforward
argument shows how to smoothly straighten the angle on this set. The
resulting manifold has boundary (W x {0}) U (3™ x [0,1]) U W' where W',
the “upper boundary” of W(F), is obtained by cutting out the interior
of F(S7 x D"t17J) leaving a boundary equal to S/ x S"J and gluing
Ditl x §77J to it along its boundary.

We say that W’ is obtained from W by doing surgery via the framed
embedding F'. Since this process attaches a (j+1)-disk via f and j < n/2,
it follows that 7;(W') = 7;(W) for i < j, and 7;(W') = 7;(W)/A for some
group A containing the homotopy class of f. The surgery can be done in
such a way that the tangent bundle 7(W') is again trivial. The restriction
of 7(W(F)) to the image of f has two trivializations, one coming from
the parallelizability of W x [0, 1], the other from the triviality of any bun-
dle over DI+l x D"*t1=J a contractible space. Comparing them gives a
map a : S — SO(n + 2). Since j < n — j, this factors as a composite
si 5, SO(j +1) S SO(n + 2), where the second map is the natural in-
clusion. (This is an elementary argument using exact homotopy sequences
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of fibrations SO(r) — SO(r + 1) — S" for r > j.) It follows that the
(n + 2)-manifold W (Fj-1) is parallelizable, where 37! : S9 — SO(n — j)
carries z to (B(x))~!, and Fg-1(z,y) = F(x, 8 (z)y). The restriction
of the tangent bundle of the “upper boundary” Wj_, of W(Fs-1) is iso-
morphic to 7(W}_,) @ 6%"/[’,71’ with the trivial subbundle 6‘1’ng1 generated

by the inward normal vectors along the boundary. Thus W[;,l is stably
parallelizable and, since W}, = ¥ # (), parallelizable.

Though surgery kills the homotopy class represented by f, it opens
up an (n — j)-dimensional “hole” represented by the homotopy class of
Flyxgn—s for any x € DI*1. But no matter. Our strategy is to start with
a generator g of the lowest non-zero homotopy group m;(W). As long as
j < n/2 we can do surgery to kill g, adding no new homotopy in dimension
j or lower, and leaving OM = ¥ fixed. Thus working inductively on the
finite number of generators in a given dimension j, and on the dimension,
we obtain:

PROPOSITION 4.1. If ¥™ bounds a parallelizable manifold, it bounds a
parallelizable manifold W such that m;(W) = 0 for j < n/2.

Suppose that n = 2k. The first possible non-zero homotopy (and
hence homology) group of the manifold W of 4.1 occurs in dimension k.
By Poincaré duality, all homology and cohomology of W is concentrated
in dimensions k and k + 1. If by surgery we can kill m (W), the resulting
manifold W’ will have trivial homology. Removing a disk from the interior
of W' thus yields an h-cobordism between ¥ and S™.

But if we do surgery on W using a framed embedding F : S¥ x D1 —
interior(W) to kill the homotopy class of f = F|gr g, it is possible that
the homotopy class of f' = F|jy g+ might be a “new” non-zero element of
7, (W'). If there were an embedding g : S**! — W whose image intersected
that of f transversely in a single point, then f’ would be null-homotopic.
For we may suppose that image(g) N image(F) = F(z x D**1) for some
x € S*. Then f' is homotopic to f = F|,«sr, and f deforms to a constant
in the disk formed by the image of g lying outside F(S™ x int(D"t1)).

By moving to homology, we get criteria which are easier to fulfill and
insure the triviality of f’. Let A € Hx(W) and A € Hi(W') be the homol-
ogy classes corresponding to f and f’ under the Hurewicz isomorphism,
and suppose also that A generates a free summand in Hy(WW'). By Poincaré
duality there is 4 € Hiy1(M) such that A - p = 1 where - denotes inter-
section number. The element p plays the role of the transverse sphere. A
straightforward argument involving homology exact sequences of the pairs
(W, Wy) and (W', Wy), where Wy = W\int(F(S* x D¥*1)) shows that
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X' =0, even when the framing F is replaced by Fz-1 to ensure paralleliz-
ability. Thus, by a sequence of surgeries, we can reduce Hy (W) to a torsion
group T'.

Here the argument becomes more technical and delicate. Kervaire
and Milnor show that if & is even, surgery always changes the free rank of
Hi (W), so if X is a generator of T, surgery on A reduces |T'| at the cost
of introducing non-zero Z summands, which are then killed by subsequent
surgeries. If k is odd, special care must be taken to choose a framing which
both reduces the size of T" and preserves parallelizability. In both cases,
Hy, (W) can be eliminated by surgery and we obtain:

THEOREM 4.2. (Kervaire-Milnor [38]) For any k > 1,bPa;41 = 0.

85 The groups bPs..

Suppose W is a parallelizable 2k-manifold with boundary the homo-
topy sphere %.2+F—1
surgery on W leaving OW fixed, that W is (k — 1)-connected. By Poincaré
duality the homology of W is free and concentrated in dimension k. Once

, k> 2. As in §4, we may assume, after performing

again, the homotopy class of an embedding f : S¥ — W can be killed by
surgery without adding new non-trivial homotopy classes if the geometry
near it is nice — i.e., if f(S*) has a trivial normal bundle and there is an
embedding g : S¥ — W whose image intersects f(S*) transversely in a
single point. Of course, we have no assurance that such transverse spheres
exists and, since v(f(S*), W) is just below the stable range, parallelizabil-
ity of W does not guarantee triviality of this normal bundle. But there
is a simple criterion for ensuring homological intersection conditions which
enable elimination of Hy (W) by surgery.

Let k& = 2m. The intersection number defines a symmetric bilinear
map Hop (W) X Hap, (W) — Z. Since OW is homeomorphic to a sphere, we
can view W as a topologically closed manifold and hence, by Poincaré du-
ality, the intersection pairing is non-singular. If this pairing is diagonalized
over R, define the signature o(W) to be the number of positive diagonal
entries minus the number of negative ones.

THEOREM 5.1. ([38], [54]) The homotopy (and hence homology) groups of
W can be killed by surgery if and only if o(W) = 0.

The intersection form is also even (for any homology class A € Ha,, (W),
the self-intersection number -\ is an even integer), and hence the signature
must be divisible by 8 ([15], [76]). A (2m — 1)-connected parallelizable 4m-
manifold Wi™ with boundary a homotopy sphere and signature o(W3™)
precisely equal to 8 can be constructed as follows. Let Fp, Es,..., Eg be
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disjoint copies of the subset of 7(5%™) of vectors of length < 1. We glue
FE; to E5 as follows. The restriction of E; to a 2m-disk in the base is
diffeomorphic to Di’f X DJ%T where the subscripts b and f denote base and
fiber (i.e., for z € Dgfi”, an element of the base of E;, x X D%T is the fiber
over z). Then we identify (z,y) € DJ'} x D}} with (y,z) € Dj%y x D¥7.
Thus the disk in the base of E; maps onto a fiber in Fs, transversely
crossing the base in a single point. We say that we have attached these
disks by “plumbing”. As before, there are corners, but these can be easily
smoothed by straightening the angle. We similarly attach Ey to E3, Ej
to Fy,..., Eg to E7, and Eg to E5. The resulting manifold W(‘)lm has
boundary a homotopy sphere Eém_l and homology intersection form given
by the following matrix with determinant 1 and signature 8 (see [15] or [60]
for nice expositions):

2 1
1 2 1
1 21
1 21
A= 1 21 01
1 210
01 2 0
1 0 0 2

where all omitted entries are 0. The 2’s on the main diagonal are the
self-intersections of the O-section of 7(52™) in Fy,... Es. Note that even
though the O-section of each F; has a sphere intersecting transversely in a
single point, it cannot be killed by surgery since its normal bundle in Wi™
is non-trivial.

By taking connected sums along the boundary (as described in §2) we
obtain, for any j, a parallelizable manifold with signature 85 and boundary
a homotopy sphere. If (W3™)#J equals the j-fold sum Wo# ... #W, if j >
0, and the (—j5)-fold sum (=Wpo)# ... #(=Wp) if j < 0, then o ((W3™)#7) =
8j. By 2.2, the boundary (Eém_l)#j is a homotopy sphere, homeomorphic
to S4m=1 We use this construction to compute the cyclic group bPy,,.

THEOREM 5.2. For m > 1 the homomorphism o : Z — bPy,, given by
a(j) = d(Wy™)* = (5" H)H
is a surjection with kernel all multiples of

Om = 0,y 2272221 — 1)numerator(B,, /4m)
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Here a,, = 2 or 1 depending on whether m is odd or even, and the
rational Bernoulli numbers B,, are defined by the power series
z z Bl 2 B2 4 Bg

_1_ = =1 =S 6
e T S T A T TR

This lovely result, announced in Groups of Homotopy Spheres I | is a con-
fluence of earlier work of Kervaire and Milnor, the signature theorem of
Hirzebruch ([31], [62]) and J-homomorphism computations of Adams ([1]
— [4]). We sketch a proof.

Suppose W4™ is an oriented, closed, smooth manifold with a framing ¢
of the stable tangent bundle in the complement of a disc. By the signature
theorem,
22m(92m-1 _1)B,,

(2m)!

where p,, (W) is the m*" Pontrjagin class and [W] € Hy,,(W) is the ori-
entation class. There is an obstruction O(W,¢) € 74,—1(SO) = Z to
extending to all W the given framing on W less a disk. Milnor and Ker-
vaire [61] showed that the Pontrjagin number (p,,(W),[W]) € Z corre-
sponds to +a,,(2m — 1)!O(W, ) under this identification of groups. This
shows that O(W, ¢) is independent of the choice of ¢, and that an almost
parallelizable W is stably parallelizable iff o(W) = 0. A straightforward
argument using the Pontrjagin-Thom construction shows that an element
v € m;—1(S0O) occurs as an obstruction O(W) to framing an almost par-
allelizable W7 iff J(y) = 0. A hard computation of Adams [4] showed
that the order(J(mgm—1(S0))) = denominator(B,,/4m), up to (perhaps)
multiplication by 2 in half the dimensions. In their solutions to the Adams
conjecture, Quillen [73] and Sullivan [87] showed that this multiplication
by 2 is unnecessary, completing the proof.

o(W) = < pm (W), [W]>

COROLLARY 5.3. Let me denote the space obtained from (W{™)#J by
attaching a cone on the boundary. If j # 0 mod o,,, then Wf’” is a closed
topological 4m-manifold with a smooth structure in the complement of a
point, but no smooth structure overall.

A second application of Adams’ J-homomorphism computation yields
the exact order of O4,_1. By the Pontrjagin-Thom construction, any el-
ement of the stable homotopy group Ily,_1(S) corresponds uniquely to a
framed cobordism class of (4n — 1)-manifolds. From the same argument
that showed that bPy,, 1 = 0, any such class is represented by a homotopy
sphere. Thus the injection of ©4,,_1/p(S*™ 1) = Tl4,_1(S)/J (7am—1(SO))
of 3.3 is a bijection and we have:
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THEOREM 5.4. [38] For m > 1, O4,,_1 has order

am22™ 4 (2*™~1 —1)B,, (order (4, —1(S)))/m.

Brieskorn ([11], [12]), Hirzebruch [33], and others ([34], [71]) have stud-
ied these homotopy spheres and their bounding manifolds in a very different
context. Let a = (ag,a1,...,a,) be an (n + 1)-tuple of integers a; > 2,
n > 3. Define a complex polynomial fo(z0,...,2n) = 20° + ... + 28".
The intersection f;1(0) N S?" 1 of the affine variety f,1(0) C C"*! with
the sphere is a smooth (2n — 1)-manifold M,. For small ¢ > 0, M,
is diffeomorphic to f,1(e) N S?"*1 and this in turn bounds the paral-
lelizable 2n-manifold f,1(e) N D?>"*2. Brieskorn [12] shows that if a =
(3,65 — 1,2,...,2), with 2 repeated 2m — 1 times (so that n = 2m),
then o(f,1(e) N D?"*?) = (—1)™8j. In particular, M, is diffeomorphic
to (Sg™H)#(=D"I. Tt follows from the work above, and is shown directly
in [12] or [34], that o(f; ' (¢) N D?**2) is diffeomorphic to (Wim)#(=D"J,

Finally, we consider bF,,+1 when n = 4m + 1, even more delicate and
still not computed for all m. Suppose ¥ = W42 where W is paral-
lelizable with framing ¢. By surgery, we may assume W is 2m-connected.
The obstruction to continuing this framed surgery to obtain a contractible
space, the Kervaire invariant ¢(W, ) € Z/2, derives from the Arf-invariant
for non-singular Z/2 quadratic forms. If V is a Z/2 vector space, we say
that € : V — Z/2 is a quadratic form if £(z + y) — £(x) — &(y) = (z,y) is
bilinear, and ¢ is non-singular if the associated bilinear form is. Suppose
V is finite dimensional, and choose a symplectic basis {cy, Bili = 1...r}
where (a;, ;) = (6, 6;) = 0 and (o, B;) = J; ;. Define the Arf invariant of
Eby A(&) =Y i, £(aw)&(B;) € Z/2. A theorem of Arf [6] (see also [15], pp
54-55) states that two non-singular quadratic forms on a finite dimensional
Z/2 vector space are equivalent iff their Arf invariants agree. The Arf in-
variant has been used by Kervaire [37], Kervaire and Milnor [38], Browder
[16], Brown [17], Brown and Peterson [18], and others to study surgery of
spheres and other simply-connected (4m + 2)-manifolds, and by Wall ([95],
[96]) to extend this work to the non-simply connected case.

THEOREM 5.5. There is a non-singular quadratic form
Y H**Y W, 0W,Z/2) — Z)2

with associated quadratic form (x,y) — (xz Uy, [W]). Let c([W,0W],¥),
the Kervaire invariant, be the Arf invariant of v, which depends on the
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framed cobordism class of ([W,0W], ). Then ([W,0W], ) is framed co-
bordant to a contractible manifold iff ¢([W,0W],¢) = 0. In particular,
bPyj12 is isomorphic to Z/2 or 0.

In [38], ¢ is defined as a cohomology operation which detects [ ¢, ¢](zU
y), where [, | is the Whitehead product; Browder [16] defines v using func-
tional cohomology operations. Using the Poincaré duality isomorphism
H2**Y(W,0W;Z/2) = Hoy 1 (W; Z/2), an alternative description of 1) may
be given using homology. From the Hurewicz theorem, any integral homol-
ogy class reducing to w € Hagy1(W,Z/2) can be represented by a map
w: S+ W. By [28] or [77], this map is homotopic to a framed im-
mersion. Define ¢p(w) to be the self-intersection number of this immersion
mod 2. Then A(¢)) = A(¢o) = (W, ¢).

If dim(W) = 6 or 14, we can find a symplectic basis represented
by framed embeddings, and bP; = bP;4 = 0. Thus we suppose that
m # 1,3, and that W4™*+2 is a framed manifold with boundary a ho-
motopy sphere. As in the case of the signature, ¢(W, ¢) is independent of
the choice of framing. We write ¢(W) for the Kervaire invariant, which
vanishes iff the quadratic form vanishes on more than half the elements
of H*™TY(W,0W;Z/2) (see, e.g. [15]). But computing this invariant has
proved extraordinarily hard.

By plumbing together two copies of 7(52"*+1), we obtain a (4m + 2)-
manifold Wy with ¢(Wy) = 1 and 0Wj a homotopy sphere. If OW, =
S4m+1 then by attaching a disk we obtain a closed, almost framed (4m+2)-
manifold of Kervaire invariant 1. Adams [2] showed that if m # 3 mod 4,
the J-homomorphism 7,,(SO) — II,,(S) is injective, so the almost framed
manifold can be framed. Thus bPy,,12 = Z/2 precisely when the Kervaire
invariant vanishes for framed, closed (4m + 2)-manifolds — that is, when
OW™*2 is non-trivial. Kervaire [37] showed this for dimensions 10 and 18,
Brown and Peterson [18] in dimensions 8%k + 2. Browder extended this to
show that the Kervaire invariant vanishes in all dimensions # 2¢ — 2, and is
non-zero in one of those dimensions precisely when a certain element in the
Adams spectral sequence survives to £°°. Combining this with calculations
of Mahowald and Tangora [48], and of Barratt, Jones, and Mahowald [§],
we have:

THEOREM 5.6. bPy, 40 = Z/2 if 4m+2 # 2' — 2, and vanishes if 4m +2 =
6,14, 30, and 62.

It is interesting to compare the results of this section with the h-
cobordism theorem. Suppose, for example, that j > 0 is chosen so that
O((Wim)#7) is the usual sphere S4™~1. Removing a disk from the interior,
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we obtain a cobordism W of S4™~1 to itself. Giving W a Morse function f
and following the proof of 2.1, it is possible to replace f with a new Morse
function f/ on W with critical points of index 2m only, with each left hand
disk corresponding to one of the 2m-spheres used to construct (WFm)#J.
These disks are embedded in W, but their bounding spheres S?™~! in the
“lower” boundary component S*™~! link according to the same rules for
intersections of the spheres plumbed together in constructing (Wgm™)#J.

86 Computation of ©,, and number theory.

Let Qframed denote the family of framed cobordism classes of k-mani-
folds with a framing ¢ of the stable trivial normal bundle in Euclidean
space. The Pontrjagin-Thom construction gives an equivalence ijam"d =
I1;(S) which generates the injection ©,,/bP,+1 — I1,(S)/J (7, (SO)) of
§3. In particular, Qiramed is finite group, with disjoint union as the group
operation.

By placing different restrictions on the normal bundle, we obtain other
cobordism groups. For example, Qg denotes the class of manifold where the
stable normal bundle has the structure of a complex vector bundle. Milnor
[53] showed that the groups QkU are torsion free, so that the canonical map
Q}?ame‘i — QU must be trivial. Thus for any ¥ € O there is a U-manifold
Wk with OW = ¥, even though ¥ may not bound a parallelizable manifold.
When k = 4m — 1, Brumfiel [19] shows that W*™ may be chosen with
all decomposable Chern numbers vanishing. In this case, o(WW) is again
divisible by 8, and independent mod 8¢, of the choice of such W. Define
a homomorphism «,, : ©4y,—1 — Z/0,, by sending the h-cobordism class
of ¥4m=1 to ¢(W)/8 mod o,,. Then a,, is a splitting map for the exact
sequence 3.3 in dimension n = 4m — 1. By similar arguments, Brumfiel
([20], [21]) defines splittings in all dimensions n = 4m + 1 not equal to
27 — 3. Combining this, the bijection ©,,/bP, 11 — I1,,(S)/J(7,(S0O)), and
the calculations of bP,, for n even we obtain:

THEOREM 6.1. If n = 4m + 1 # 2/ — 3, then
Oumt1 = Z/2® Hany1/J (Tam+1(S0)).

Ifn =4m —1 > 7, then Oy 1 = Z/O‘m D H4n+1/J(7T4m+1(SO)),
where 0, = a,,2°"2(22"~! — 1)numerator(B,, /4m).

The calculation of ©,, is thus reduced to determination of
I, (S)/J (m.(50)),

the cokernel of the J-homomorphism, a hard open problem in stable ho-
motopy theory, and calculating bP, 1. Surgery techniques yield bP,,41 =0
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when n is even, Z/2 most of the time when n+ 1 = 2 mod 4 (and a hard
open homotopy theory problem if n+1 = 27 — 2), and the explicit formula
bPyn = Z /oy, for m > 1.

Even for the latter, there are intricacies and surprises. For any given
m, it is possible (with patience) to display bPj,, explicitly. When m = 25,
for example, we get a cyclic group of order

62,514,094,149,084,022,945,360,663,993,469,995,647,144,254,828,014,731,264,

generated by the boundary of the parallelizable manifold W% of signature

8.

The integer o, increases very rapidly with m, with the fastest growing

contribution made by numerator(B,,)/m. For all m > me,

numerator(&) > B > i(E)Q

m m ~ \Je'me

where the first three terms are asymptotically equal as m — oo (see [62],
Appendix B, or [66]). As noted in §5, denominator(B,,/4m) equals the
image of the J-homomorphism ([4], [47]). Unlike the numerator, it is read-
ily computable. In 1840 Clausen [26] and von Staudt [83] showed that
denominator(B,,) is the product of all primes p with (p — 1) dividing 2m,
and the next year von Staudt showed that p divides the denominator of
B,,/m iff it divides the denominator of B,,. Thus for any such prime p,
if p is the highest power dividing m, then p#*! is the highest power of p
dividing the denominator of B,,/m.

Such results suggest that it might be better to compute one prime p
at a time. Let Z(,), the integers localized at p, denote the set of rational
numbers with denominators prime to p. Then for any finite abelian group
G, G ® Z(p) is the p-torsion of G. We investigate the p-group bPy, ® Z(,).

Let p be a fixed odd prime (the only 2-contribution in o, comes from
the factor a,,2%2™~*), and suppose k € Z generate the units in Z/p?. Define
seqiences {1}, {Gn b {3}, and {B} by s = (—1)™ 4 (K27 ~1) B,y /dm,
Cn = 2271 — 1) 6, = (—=1)m22m (k2™ — 1)(22"~! — 1)B,,/2m, and
Bm = (=1)"Bp,/m if m # 0 mod (p — 1)/2 and 0 otherwise. The first
three are sequences in Z,) since, for any generator k of the units in Z/p?,
vp(k*™ — 1) = v,(denominator(B,,/4m)), where v,(z) denotes the expo-
nent p in a prime decomposition of the numerator of z € Q ([2], §2 or
[62], Appendix B). The last sequence lies in Z,) from Clausen’s and von
Staudt’s description of the denominator of B,,/m.

The sequence 7 isolates p-divisibility in the numerator of B, /m:
Vp(m) = Vp(numerator(B,,/m)), and one is a unit in Z, times the other.

m—1

> 1



90 Timothy Lance

Similarly, v,(0.,) = v, (6.,) where oy, from 5.2 is the order of bPy,,. These
sequences come from maps, described in §7, of the classifying space BO for
stable bundles. The homology of these maps yields congruences between
terms of the sequences, and descriptions of the growth of p-divisibility of
those terms satisfied for many primes p:

THEOREM 6.2. [42] Let A = (A1, Ag,...), denote any of the above se-
quences.
1) Am = An, mod p**! whenever m = n mod p*(p — 1) /2.
2) Suppose m = n mod (p — 1)/2 are prime to p, and j is minimal such
that vy(Apmpsi) < j. Then v,(np') = j for all i > j.

For the sequence 3, the congruences are the familiar congruences of
Kummer: (—1)™B,,/m = (—=1)"B,/n mod p**! if m = n mod p*(p — 1)
and m,n #Z 0 mod (p —1)/2.

For A = n,(, or &, 6.2 gives tools for mapping out the p-torsion in
the groups bP,. If v,(A\n) = 0, that is, A, is a unit in Z,),
is true for any A, where n = m mod (p — 1)/2. Applying this to &, it

the same

follows that a given group bPj,, has p-torsion iff bP,, does for every n =m
mod (p — 1)/2. Thus to map out where all p-torsion occurs, it suffices to
check p-divisibility of the coefficients 61, 62,...,5(,—1)/2 Furthermore, the
growth of p-torsion is likely quite well behaved.

CONJECTURES 6.3. Let A = 0,(, or &, and suppose mg € {1,2,...(p —
1)/2} is such that p divides A\, (there could be several such my).

1. For any n = mg mod (p—1)/2 which is prime to p, the exponents of p in

the subsequence A, Apn, Ap2y,; - . . are given by j, vp(Amg), Vp(Amg)s - - -5
where j may be any integer > v, (Am,,).

2. Vp()‘mo - /\mo+(p—1)/2) = Vp()‘mo)~

3. Nmo and 1Ny, are non-zero mod p?.

These have been verified by computer for many primes. By the congru-
ences in 6.2, conjectures 1 and 2 are actually equivalent. When A = (, 1 and
2 are not conjectures but true globally and easily proved. The statement
for ¢ analogous to 3 fails, however. There exist primes p, albeit not many,
such that p? divides 2°~! — 1. For primes less than a million, p = 1093 and
3511 satisfy this. However, there is no 1093 torsion in the groups bPy,,
since 27 # 1 mod 1093 for any odd exponent j. The prime 3511 is more
interesting, with possible values of mg equal to 708 and 862 (where 3511
but not 35112 divides 7y, and G,,,), and mg = 878 (where 35112 but not
35112 divides 217 — 1 and G,,, ).
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The p-divisibility of these sequences have long been of interest because
of their relationship to Fermat’s Last Theorem, recently proved by Andrew
Wiles ([99], [88]).

THEOREM 6.4. 1. (Kummer [41]) If p does not divide the numerator of
B,,/m for m = 1,2,...,(p — 3)/2, then there is no integral solution to
P +yP = 2P,

2. (Wieferich [97]) If 2°=Y # 1 mod p?, then there is no integral
solution to xP + yP = 2P where xyz is prime to p.

A prime p satisfying the condition in 1 is said to be regular. Thus p is
regular iff it is prime to the sequence 7. The smallest irregular prime is 37,
which divides the numerator of Big. There are infinitely many irregular
primes, with the same statement unknown for regular primes. Extensive
computations suggest rough parity in the number of each (about 40% are
irregular).

The condition in 2 is almost equivalent to p? not dividing the sequence
¢ — almost, but not quite. The prime p = 1093 is prime to ¢ even though
10932 divides (21992 — 1) because 2 # 1 mod 1093 for any odd factor of
1092. Vandiver [91], Miramanoff [63], and others (see [92] for an extensive
summary) have shown that for primes r < 43, v~ # 1 mod p? implies
that P + yP = 2P has no integral solutions with xyz prime to p.

All this work attempted to verify Fermat’s last theorem. It would
be wonderful to know whether Wiles’s result could be used to establish
any of the conjectures 6.3, potentially giving complete information about
the p-torsion in the groups bPy,,. Other fairly recent algebraic results
have yielded partial information. For example, by translating Ferrero and
Washington’s proof of the vanishing of the Iwasawa invariant [27] into the
equivalent formulation using Bernoulli numbers [36], it follows that p? does
not divide (By/n) — By (p—1)/2/(n+ (p—1)/2).

87 Classifying spaces and smoothings of manifolds.

By comparing the linear structures on a “piecewise linear” bundle
(discussed below), we are able to define a space PL/O whose homotopy
groups equal ©,,. Specifically, PL/O is the fiber of a map BO — BPL
where BO and BPL, the spaces which classify these bundle structures, are
defined as follows.

For any positive integers n and k, let G, (R"*) be the compact
Grassmann nk-manifold O(n + k)/O(n) x O(k) where O(j) is the orthog-
onal group. We may think of this as the space of n-planes in (n + k)-
space. There are natural maps G,(R"*) — G,(R"**+1) and we write
BO(n) = limg o G, (R"*). The elements of the individual n-planes in
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G, (R"*) form the fibers of a canonical R"-bundle 4", and given any n-
bundle £ over a compact base B, there is a map ¢g : B — BO(n) unique up
to homotopy such that £ is isomorphic to the pullback bundle f*(y™). Set
BO = lim,,_.o, BO(n) = lim,, .o, G,(R?*"). The set of homotopy classes
[M, BO(n)] and [M, BO] then correspond to n-dimensional and stable bun-
dles over the compact manifold M.

For PL manifolds the object corresponding to the vector bundle is
the block bundle [74]. (Alternatively, one may use Milnor’s microbundles
[565]). We omit the definition, but note that the vector bundle tools used for
surgery on a smooth manifold are also available for block bundles. Given
any embedding M — N of PL manifolds, for example, there is a normal
block bundle of M in N. One may construct a classifying space BPL(n) for
n-dimensional block bundles, which is the base space for a universal block
bundle v%,. (We abuse notation slightly; BPL is often denoted BPL
in the literature, with BPL used for its equivalent in the semisimplicial
category.)

Set BPL = lim,_..c BPL(n). Piecewise differentiable triangulation
of the canonical vector bundles v" yields v, , classifying maps BO(n) —
BPL(n), and the limit map BO — BPL. Regarding this map as a fibra-
tion, we define PL/O to be its fiber.

Products and Whitney sums of block bundles are defined analogously
to x and & for vector bundles. Using these constructions, we obtain com-
mutative H-space structures u® : BO x BO — BO and u%L : BPL x
BPL — BPL under which the map BO — BPL is an H-map, and defines
an H-space structure on the fiber PL/O as well.

Let S(M) denote the set of concordance classes of smoothings of a
PL manifold M, where two smoothings of M are concordant if there is a
smoothing of M X [0, 1] which restricts to the given smoothings on M x 0
and M x 1. If M is the smooth triangulation of a smooth manifold M, we
think of S(M,,) as the concordance classes of smoothings of M with a given
preferred smoothing M,. Note that S(S™) = ©,, except for n = 3. The
unique smooth and PL structure on a topological S dictates that S(S?)
consists of a single element.

If a PL manifold M has a smooth structure, then the normal block
bundle of the diagonal A in M x M is actually the normal vector bundle. In
fact, such a linearization is sufficient for existence of a smoothing. For any
PL manifold M and submanifold K C M, a linearization of (M, K) is a
piecewise differentiable vector bundle p : E — K where F is a neighborhood
of K in M, and M induces a compatible PL structure on E. Let L(M, K)
denote the set of all equivalence classes of such linearizations, and L (M, K)



Differentiable structures on manifolds 93

the classes of stable linearizations (i.e., the direct limit of L(M,K) —
LM xRN K) — L(M x R?, K) — ..., where the maps are defined by
Whitney sum with a trivial bundle).

THEOREM 7.1. ([55], [30], [44]) A closed PL-manifold M has a smooth
structure iff LM x M,A) # 0 iff Ls(M x M,A) # (), and there is a
bijection S(M) — Ls(M x M, A).

This description uses block bundles and follows the notation of [30],
but essentially identical results using microbundles are true. The theorem
suggests that “smoothability” is a stable phenomenon. This is true; the
natural map S(M) — S(M xR™) is a bijection (see [29], [50] for smoothing
products with R, or [90], [65] for the M x [0, 1] analogue). By 7.1, a PL
manifold M supports a smooth structure iff the classifying map M — BPL
for the stable normal block bundle of the diagonal A C M x M lifts to BO.
But the homotopy classes of such lifts are in turn classified by maps into
the fiber of BO — BPL:

THEOREM 7.2. ([30], [44]) Let M be closed PL-manifold which can be
smoothed, and let M, be some fixed smooth structure on it. Then there is
a bijection U, : S(M) — [M, PL/O] which carries the concordance class
of M, to the trivial homotopy class.

Despite apparent dependence on a particular smooth structure and,
given M,, on a choice of smooth triangulation, there is a great deal of
naturality in the bijection ¥,. If IV is another smoothable PL manifold
with chosen smooth structure Ng, and if f : M, — Ng is both a dif-
feomorphism and PL-homeomorphism, then ¥go f* = f# o ¥, where
f*: S(N) - S(M) and f# : [N,PL/O] — [M,PL/O] are the natural
maps. The bijections ¥, can be used to reformulate 7.2 as a well defined
homotopy functor defined on “resmoothings” of a smooth manifold [30].

The H-multiplication PL/O x PL/O — PL/O gives [M,PL/O] the
structure of an abelian group. Given a smoothing M, of M, the bijection
U, gives S(M) the structure of a group, which we denote S(M,). For
any smoothing Mg of M, let [Mpg] denote its concordance class, a group
element of S(M,)

THEOREM 7.3. The group operation x in S(My,) is given by [Mpg]* [M,] =
[M,,] where M, is the unique (up to concordance) smoothing such that the
germ of the smooth manifold M, x M, along the diagonal equals that of
Mp x M,. In particular, [M,] is the identity element. If M = Si denotes
the n-sphere regarded as a PL manifold given the usual smoothing, the
resulting bijection W is a group isomorphism ©,, — 7, (PL/O) for n # 3.
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Using 7.2, the H-space structure on PL/O, induced by Whitney sum
of vector- and block-bundles, allowed us to define (isomorphic) group struc-
tures on S(M) via the bijections U,.

It is interesting to note that the finite group structures on ©,, (with
0 substituted for the unknown O3) can in turn be used to describe the H-
multiplication on PL/O. See [30] for a proof. Theorem 7.2 also provides a
homotopy theoretic description of smoothings for an arbitrary smoothable
PL manifold, one which recasts the obstruction theories for smoothings of
Munkres [65] and Hirsch [29] in terms of classical obstruction theory.

We examine the homotopy theory of PL/O, studying it one prime
at a time, just as we did for the coefficients in §6. For any prime p and
well-behaved space X (for example, any CW complex or any H-space),
there is a space X(,), the localization of X at p, and map X — X(,) which
on homotopy groups is the algebraic localization 7, (X) — m,(X) ® Z).
Similarly, H.(X(,)) = H.«(X)®Z(,). We will see below that the localization
PL/O, is a product, reflecting homotopy theoretically the splitting of the
exact sequence of 3.3.

Suppose first that p is an odd prime. The sequences 7, (, &, and (3 of §6
all arise from self-maps of the p-localizations of BO and BU (the analogue
of BO which classifies stable complex vector bundles) which are reflections
of geometric operations on bundles. An important example is the Adams
map F : BU(,y — BU ), which arises from the K-theory operation

WE) = ) (DR aD{ad (AN @) A (2)),

w(a)=k

where x € K(X), A is the exterior power, the sum is taken over all j-tuples
of non-negative integers o = (a1, . . ., ;) of weight w(a) = a1 +2a9+...+
ja; =k, and {a} is the multinomial coefficient (o; + ... 4+ a;)!/aq!. .. ol
The reader may recognize this as the Newton polynomial applied to exterior
operators. The induced map on the homotopy group ma,, (BUy)) = Z(y) is
multiplication by k™. The Adams map on BU(, induces one on BO,) by
the following:

THEOREM 7.4. (Adams [5], Peterson [70]). There are H-space equiva-
lences

BUgy) — W x QW x .. Q% 7*W and BOg,) — W xQ'W x ... Q* W

where mo;,—1)(W) = Zy,j = 1,2,..., and m;(W) = 0 otherwise. In
particular, BU(,) = BO,) X QQBO(p). Any H-map f : BOg,y — BO,



Differentiable structures on manifolds 95

induces H-maps fy; of QYW , and under this equivalence f becomes a
product fo X fq X ... X fop_g, with an analogous decomposition for a self
H-map of BUy.

In fact, these are infinite loop space equivalences. Peterson constructs
W as the bottom space of a spectrum associated to a bordism theory with
singularities. The maps fs; allow us to write the fiber F' of f as a product
Fo x Fy x ... X Fyp_¢, where Fy; can be seen to be indecomposable by
examining the action of the Steenrod algebra on it.

Returning to the Adams map, associated to the K-theory operation
r — YF(x) —x is an H-map * — 1 of BU(, and, by 7.4, Pk —1: BOy —
BO(y). The induced homomorphism on 74, (BO ) = Z,) is multiplica-
tion by k™ — 1. If k generates the units in Z/p?, the fiber J of % — 1
(sometimes called “Image J”) is independent, up to infinite loop space
equivalence, of the choice of k, and has homotopy groups equal to the p
component of the image of the J-homomorphism. Since k% # 1 mod p
unless j = 0 mod (p — 1)/2, using 7.4 we may also describe J as the fiber
of (WF —1)g: W — W.

The numbers k%) — 1 are an example of a “characteristic sequence”. If
[ BOy — BO(;y induces multiplication by \; € Z,) on 74, (BO ), it is
determined up to homotopy by the characteristic sequence A = (A1, Aa, .. .)
(with a similar statement for self-maps of BU). The elements of A sat-
isfy the congruences and p-divisibility conditions of 6.2 for any self-map
of BO(;), and analogous statements for almost any map (including all H-
maps) of BU(y) ([42], [25]).

We can use the Adams map and other bundle operations to realize the
sequences of §6 as characteristic sequences. To construct these maps we
must depart from the more self-contained material of the first six sections,
and in particular require p-local versions of oriented bundle theory and the
Thom isomorphism ®. We refer the reader to May [49] or the Adams J(X)
papers [1] - [4] for beautiful presentations of this material, and present the
constructions without greater detail simply to show that these sequences,
so rich with number theoretic information, all arise geometrically.

¢. Since p is an odd prime, 1? is a homotopy equivalence. Then

(1/2)®*) " o (" = 20%) : BO,) — BO,

has characteristic sequence ¢, where ¢, = 22"~ — 1.

7. For an oriented bundle ¢ define p* (&) = (®)~'¢*®(1) € KO(B) where
B is the base of the bundle ¢ and k generates the units in Z/p? as above.
The resulting H-map p* : BO?;) — BOE@;)7 the so called Adams-Bott



96 Timothy Lance

cannibalistic class ([2], [9], [49]), has characteristic sequence 7 given by
N = (1)L (k2™ —1)B,,/4m. The superscripts & and ® indicate
that BO(p) carries the H-multiplication coming from Whitney sum
and tensor product, respectively.

&. In the J(X) papers ([1] to [4]) Adams conjectured, and Sullivan [87]
and Quillen [73] proved, that for any € K(X), where X is a finite
complex, the underlying spherical fiber space of k9(1)*(x) — x) is sta-
bly trivial for large enough q. Localized at p, this means that the map

BO,) w:} BO(,y — BG ) is null-homotopic, where BG is the classi-
fying space for stable spherical fiber spaces. (Its loop space G = QBG
has homotopy equal to the stable homotopy of spheres.) Thus % — 1
lifts to a map v* : BO(, — (G/O)(,), where G/O is the fiber of
BO — BG@G. In his thesis [84] Sullivan showed that, when localized
at an odd prime p, the fiber G/PL of BPL — BG is H-space equiv-

k
alent to BOa). Let 0% denote the composite BO?;) RN (G/O) ) —

(G/PL) 4y = BO%)). Then 6% has characteristic sequence & where

Gm = (—1)m22m (k2™ — 1)(22m=1 — 1)B,,,/2m.

B. For j =1,2,...,(p—3)/2, define b; : QYW — QYW to be p* o (* —
1)~!, and let by be the constant map on W. Taking the product of
these maps and applying 7.4, the resulting map b : BO(,y — BO,)
has characteristic sequence 3 where 3,, = (—1)™B,,/m.

Let bP denote the fiber of §*. Clearly there amap ¢ : bP — (PL/O) ).
There is also a p-local space C, the so-called “cokernel of J”, whose homo-
topy is the p-component of the cokernel of the J-homomorphism in II, (.S)
(see e.g. [49]). These spaces yield a p-local splitting of PL/O (see [49] for
a beautiful presentation).

THEOREM 7.5. There is a map  : C — (PL/O), such that the compos-
ite
LXK mult
bP x C 5 (PL/O) ) x (PL/O)(p) ™5 (PL/O) ()
is an equivalence of H-spaces (indeed, of infinite loop spaces).

The homotopy equivalence (PL/O),) ~ bP x C now yields a p-local
isomorphism ©,, = bP, 11 @ I1,(5)/J (7, (SO)), not just when n = 4m —
1 (6.1), but in all dimensions # 3 (where m3(PL/O) vanishes). Hidden
in this is the representability of framed cobordism classes by homotopy
spheres. In dimension 4m this is a consequence of the signature theorem
and finiteness of IT.(S). In dimension 4m + 2 there may be a Kervaire
invariant obstructions to such a representative, but the obstruction lies in
Z/2 and hence vanishes when localized at odd p.
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Let L and M denote the (p-local) fibers of the maps 2¢? — ¥* and
p. Comparing characteristic sequences, it follows that #* is homotopic to
pF o (20?2 —4*), and there is a fibration L — bP — M. If the factor spaces
L,; and My, are both non-trivial for some j =1,..., (p—3)/2, the induced
fibration L4; — bP,;; — My, cannot be a product. Otherwise, we do have
a homotopy equivalence bP ~ L x M by 7.4.

This is usually the case; bP can be written this way, for example,
for all primes p < 8000 except p = 631. When p = 631, both pk., and
(2902 — 9s,) are non-trivial, and the indecomposable space bPy52 cannot
be written as a product.

In sections 4 and 5, we saw that it was possible to kill a framed homo-
topy class = by surgery with no new homotopy introduced if there was a
framed sphere crossing a representing sphere for = transversely at a single
point. The same kind of criterion provides a tool for computing the group
[M, bP] of smoothings classified by bP. Suppose M is a smoothable PL n-
manifold, with smooth handle decomposition § C My C M; C ... C M,, =
M, where each M is obtained from M;_; by attaching handles D7 x D"~J
via embeddings ¢, : S77! x D" — 9M;_;. Thus with each attachment
of a j-handle hJ, we are performing surgery on a homotopy class in OM;_.
For any j-handle, we refer to the image of D7 x 0 as the left hand disk of
the handle.

Handles give us a way of trying to build new smoothings. Given a
j-handle A7, and a homotopy j-sphere X regarded as the union of two j-
disks attached by a diffeomorphism f; 5 : S7~! — S7=1 form a new smooth
manifold M;#X by attaching the handle using the map ¢, 0 (fj3x1). We
describe circumstances under which such resmoothings extend to all of M
and give a tool for explicitly calculating smoothings.

Suppose that the homology of M and of its suspension XM is p-locally
Steenrod representable. Thus given any x in the p-local homology of M or
of ¥ M, there is an orientable smooth manifold X and map X — M which
carries the orientation class of X to x. Suppose in addition that the odd
prime p satisfies the conjecture 6.3. Then there is a set of manifolds { X, },
and maps X, — M with the top handle D7~ of X, mapped homeomor-
phically onto the left hand disk of some j,-handle hi> (the rest mapping
to M;,_1) satisfying the following: any resmoothing of M corresponding
to a homotopy class in [M,bP] is formed by extensions to M of smooth-
ings of M, of the form Mja#Eg‘. This is a sort of “characteristic variety
theorem” for smoothings classified by bP. See [43] for details.

We conclude with a few remarks about the prime 2, where life is very
different. At the outset we have the problem posed by Kervaire in 1960, and
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still not completely settled, on the existence of a framed, closed (4m + 2)-
manifolds W with Kervaire invariant 1. This prevents the algebraic split-
ting Ogmi1 =2 Z/2 ® Ogimy1/bPam+2 for some values of m. Furthermore,
not all parallelizable manifolds are representable by homotopy spheres, so
we may not in general identify ©y4y,41/0Psmy2 with the cokernel of the
J-homomorphism.

Many of the results above at odd primes depend on the solution of
the Adams conjecture — a lift v* : BSO(5) — (G/O) (2 of ¥* — 1. Such a
solution exists at 2, but cannot be an H-map, a condition needed to define
the H-space structure for bP.

Finally, at odd p Sullivan defined an equivalence of H-spaces

(G/PL)p) — (BO®)(1))'
At 2, G/PL is equivalent to a product

S x H(K(Z/2,4j +2) x K(Z2),45 +4)),

Jj=1

where K(G,n) denotes the Eilenberg-Maclane space with a single homo-
topy group G in dimension n, and where S is a space with two non-zero
homotopy groups, Z/2 in dimension 2, and Z(y) in dimension 4. There is
a non-trivial obstruction in Z/2 to S being a product, the first k-invariant
of S. For the 2-localization of the analogous space G/TOP (the fiber of
BTOP — BG) that obstruction vanishes. This is a consequence of the
extraordinary work of Kirby and Siebenmann:

THEOREM 7.6. [39] The fiber TOP/PL of the fibration G/PL — G/TOP
is an Eilenberg-MacLane space K(Z/2,3), and the following homotopy
exact sequence does not split:

0 — m4(G/PL) — m4(G/TOP) — w3(TOP/PL) — 0.

Epilogue.

Surgery techniques, first developed to study smooth structures on
spheres, have proved fruitful in an extraordinary array of topological prob-
lems. The Browder-Novikov theory of surgery on normal maps of simply
connected spaces, for example, attacked the problem of finding a smooth
manifold within a homotopy type. This was extended by Wall to the non-
simply connected space. Surgery theory has been used to study knots and
links, to describe manifolds with special restrictions on their structure (e.g.,
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almost complex manifolds, or highly connected manifolds), and to under-

stand group actions on manifolds. The articles in this volume expand on

some of these topics and more, and further attest to the rich legacy of
surgery theory.
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The Kervaire invariant and surgery theory

Edgar H. Brown, Jr.

ABSTRACT. We give an expository account of the development of the Ker-
vaire invariant and its generalizations with emphasis on its applications to
surgery and, in particular, to the existence of stably parallelizable manifolds
with Kervaire invariant one.

1. INTRODUCTION

As an expository device we describe the development of this subject
in chronological order beginning with Kervaire’s original paper ([10]) and
Kervaire-Milnor’s Groups of Homotopy Spheres ([11]) followed by Frank
Peterson’s and my work using Spin Cobordism ([5], [7]), Browder’s applica-
tion of the Adams spectral sequence to the Kervaire invariant one problem
([3]), Browder-Novikov surgery ([16]) and finally an overall generalization
of mine ([6]). In a final section we describe, with no detail, other work and
references for these areas. We do not give any serious proofs until we get
to the “overall generalization” sections where we prove the results about
the generalized Kervaire invariant and Browder’s Kervaire invariant one
results.

2. COBORDISM PRELIMINARIES.

We make RY ¢ RNV*! by identifying # € R with (z,0). Then BOy =
\U Gk, where Gy is the space of k dimensional linear subspaces of RF+!
and the universal bundle (, — BOy, is the space of all pairs (P, v), where
v € P € Gy, for some [. A vector bundle is assumed to have a metric on
its fibres. Hence if £ is a k-plane bundle over X, it has associated disc and
sphere bundles, D¢ and S¢, a Thom space T¢ = DE/SE, and a Thom class
U € H¥(T¢) (coefficients Z or Z/27 as appropriate).

Throughout this paper “m-manifold” means a smooth, compact man-
ifold of dimension m, equipped with a smooth embedding into Euclidean
space, R™** [ large (k > 2m + 1). If M is such a manifold, its tangent
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and normal bundles are given by

(M) = {(x,v) € MxR™* |y is tangent to M at z},
v(M) = {(x,v) € MxR™"* | v is perpendicular to M at z}.

One associates to M a map t : S™T* = Rk U {co}—T'(v), the Thom
construction, as follows: For e > 0 sufficiently small, e : D (v(M)) —
R™+* given by e(z,v) = = + v, is an embedding. Let t(u) = (z,v/e) if
u=e(x,v) and = {S(v(M))} otherwise. If £ is a k-plane bundle over X, a
&-structure on a manifold M is a bundle map f : v(M)—&; far: M—X
denotes the underlying map.

We define the m'" ¢-cobordism group, Q,,(£), to be the set of pairs
(M, f), where M is a closed m-manifold with a &-structure f, modulo
the equivalence relation generated by the following to relations. If i : M C
R™ % and j : R™*T*k ¢ R™*Tk+1 are their given inclusions, then M equipped
with ¢ is equivalent to M equipped with ji. Also (M1, f1) and (Ma, f2) are
equivalent if they are &-cobordant, that is, there is a (m -+ 1)-manifold
N with a ¢-structure F' and an embedding N C R™**x[0, 1] such that
ON = MUMjy, N is perpendicular to R™*+*x{0,1}, (N, F) NR™T*x {i —
1} = (M, f;). Disjoint union of pairs (M, f1) and (Ma, fo) makes Q,,(&)
into an abelian group.

Theorem 2.1 (Thom [21]). Sending (M, f) to T(f)t : S™Hk—T(¢)
induces an isomorphism, ¥ : Qp, (§)—mm+k(T(£)).

Sometimes when £ is a bundle over a particular X, we denote T¢ by T X
and Q,,(€) by Q,,,(X), or when X = BGy, by Q,,,(G).

3. GROUPS OF HOMOTOPY SPHERES

Kervaire and Milnor ([11]) defined the group of homotopy m-spheres,
0., to be the set of closed, oriented m-manifolds homotopy equivalent to
S™ (for m > 4, by Smale’s Theorem, homeomorphic to S™) modulo the
relation of h-cobordism (for a cobordism N between M; and Ms, the in-
clusions of M; into N are required to be homotopy equivalences). Addition
is defined using the connected sum operation. Using Bott’s computation
of m.(BO) and results of Adams concerning the J-homomorphism, they
prove:

Theorem 3.1. If M is a homotopy m-sphere, v(M) is trivial (k large).

For the remainder of this section we assume m > 4. Let 0¥ denote
the vector bundle R¥—pt. Thus an 0F-structure on M is a framing of
v(M). If M is a homotopy m-sphere, choosing a framing of v(M) gives an
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element of €,,(0¥)~,,+1(Sk) and a simple argument shows that changing
the framing adds to this element an element in the image of J. Thus we have
an induced map ¥ : 6,,— 7,41 (Sg)/Im J. The Kervaire-Milnor paper is
mainly devoted to computing the kernel and cokernel of this map, both of
which turn out to be finite cyclic groups; the kernel is denoted by bP,, 11
= homotopy spheres bounded by stably parallelizable (m + 1)-manifolds.

4. SURGERY

The process of doing surgery on an m-manifold with respect to an em-
bedding g : S"x D™ "—M (S971 and D? are the unit sphere and disc
in R?) consists of producing a new manifold M’ and a cobordism N be-
tween M and M’ as follows. Let N be a smoothed version of the iden-
tification space formed from M xIUD"*tx D™= by identifying (z,y) €
S"x D™ " with (g(x,y),1). The boundary of N consists of three parts,
M = Mx{0},M — g(S"x D™ " )uUD"*1x §m="=1 and (OM)xI. In what
follows M is closed or its boundary is a homotopy (m — 1)-sphere which we
can cone off to form a topological closed manifold. Henceforth we ignore
OM. Note M’ has an embedding D"t xS™~"~1 M’ namely the inclu-
sion, and applying surgery to it gives M. We define a &-surgery to be one in
which M, M’ and N have £-structures making a -cobordism. For our appli-
cations to bP,, 1 we use & = 0¥, The change in homology going from M to
M’ can be easily computed from the homology exact sequences of the pairs
(N,M) and (N, M’) and the observation that H,(N, M)~H,(D"! S™).
If 2n < m — 1, H(M)=Hy(M') for ¢ < n and H,(M')~=H,(M)/{u},
where u is the homology class represented by ¢(5",0). If 2n = m — 1
or m the outcome is more complicated. If m = 2n, M is oriented and if
there is a v € H,(M) such that the intersection number w-v = 1, then
H,(M"~H,(M)/{u,v}.

Suppose M has a &-structure f and w is in the kernel of

(far)« = Hn(M)—Hn(X)

(X is the base of £). If X is simply connected, M can be made simply con-
nected by a sequence of n = 0 and 1 &-surgeries. The standard procedure
for killing u by &-surgery proceeds through the following steps:

(i) Represent u by a map g : S"—M such that fyg : S"—X is
homotopic to zero. If M and X are simply connected and 7, (X, M)
is zero for ¢ < n, g exists. (If X = {pt}, M is (n — 1) -connected.)

(ii) Choose g so that it is a smooth embedding. If 2n < m or M is
simply connected and 2n = m, such a g exists.

(iii) Extend g to an embedding g : S™xD™~"— M. Such an extension
exists if the normal bundle of S™ in M, v, is trivial. Since fp;g is
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homotopic to zero, v is stably trivial. Hence v is trivial if 2n < m,
or 2n = m = 4a and the Euler class of v is zero, or 2n = m = 4a+2
and from the two possibilities for v, trivial or 7(S™), it is trivial.
This last case is what this paper is all about.

(iv) Extend the & structure over the cobordism N. This follows from
the hypotheses in (ii), except when m =2n and n =1, 3, 7.

5. APPLICATION OF SURGERY TO THE CALCULATION OF bP,,

Suppose M has an 0F-structure and the boundary of M is null or a
homotopy sphere. Starting in dimension zero, one can make it ([m/2] —1)-
connected by a sequence of 0F-surgeries. When m = 2n + 1, delicate
arguments show that 0*-surgery can be applied to produce an n-connected
manifold and hence, by Poincaré duality, an (m — 1)-connected manifold
which is either an m-disc or a homotopy m-sphere. Hence bPs, 1 = 0 and
coker ¥ = 0 in odd dimensions.

Suppose m = 2n and M is (n—1)-connected. We first consider the case n
even, which provides techniques and results which one tries to mimic when
n is odd. As we described above, we can kill u € H,,(M;Z) by 0*-surgery
if there is a class u € H, (M) such that uw-v = 1 and, when u is represented
by an embedded n-sphere, its normal bundle, v, is trivial; v is trivial if
and only if its Euler class is zero if and only if w-u = 0. Thus one can kill
H, (M) by surgery if and only if H, (M) has a basis u;,v;,i = 1,2,...,r,
such that wu;-u; = v;-v; = 0 and u;-v; = d; 5, that is, a symplectic basis.
From this one can deduce that M can be made n-connected (and hence
m — 1 connected) if and only if the index of M, that is, the signature of
the quadratic form on H, (M;Z) given by the intersection pairing, is zero
([15]). For M closed, the Hirzebruch index theorem expresses the index
of M as polynomial in the Pontrjagin classes. But since M has an 0*-
structure, the Pontrjagin classes are zero. Thus the cokernel of ¥ is zero
in dimensions 4a,a > 1. Kervaire-Milnor also use the Hirzebruch index
theorem to calculate bPy,.

Now suppose M is as above with n odd, n # 1,3 or 7. In the 1, 3, 7 cases
there is an obstruction to extending the 0*-structure over the cobordism
N. Although our function ¢ measures this obstruction, we do not treat
this case because of the difficulty of the surgery details required. Suppose
M is (n — 1)-connected. Let ¢ : H,(M;Z)—7Zy = Z/27 be defined as
follows: For uw € H,,(M;Z), represent u by an embedded n-sphere and let
vy, be its normal bundle in M. Let ¢(u) = 0 or 1 according as v, is trivial
or isomorphic to 7(S™) (the only two possibilities for v,,).

Lemma 5.1. ¢ is well defined and satisfies:
d(u+v) = o(u) + ¢(v) + u-v.
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Since n is odd, u-u = 0, and therefore ¢(2u) = 0. Hence we do not
lose anything by taking w in H,,(M;Zs). For the remainder of this paper
H, (M) = H,(M;Zs). As above, we may make M (m — 1)-connected by
0F-surgery if H,(M) has a symplectic basis u;,v; such that ¢(u;) = 0 for
all 4. Arf associated to quadratic functions such as ¢ a Z, invariant given
by

A9) = 3 plu)(vs).

He also proved that given the pairing, A(¢) classifies such quadratic func-
tions and H, (M) has a symplectic basis u;, v; such that ¢(u;) = 0, for all
i, if and only if A(¢) = 0. Thus, if A(¢) = 0, M can be made (2n — 1)-
connected. Starting with a closed 2n-manifold, n odd # 1,3,7 and 0*-
structure f on M, by a sequence of surgeries one can produce an (n — 1)
connected (M’, f') and then a ¢p;r. Then A(¢p ) is the Kervaire invariant
of M and the following was proved in [10]:

Theorem 5.2. Sending (M, f) to A(¢rr) induces a homomorphism
(03 an(Ok)—>Zg .

An element z € Qy,,(0%) can be represented by a homotopy sphere, if and
only if a(z) = 0.

Corollary 5.3. In dimensions 4a + 2, the kernel and cokernel of ¥ are 0
or Zso; ker W =0 if and only if « = 0 and coker ¥ = 0 if and only if a # 0.

The present state of knowledge on « is:

Theorem 5.4. « # 0 for 2n = 2,6,14 ([11]), 30 ([24]), 62 ([2]) and o =0
for 2n =10 ([10]), 8a + 2 ([7]), # 27 =2 ([3]). « # 0 if and only if h’
lives to Ey in the Adams spectral sequence for stable homotopy groups of
spheres. ([3]) (Should such an element exist it is called 6;.)

We prove Browder’s results in section 8.

An (n — 1)-connected 2n-manifold M with 0*-structure, boundary a ho-
motopy sphere and A(¢pp;) = 1 may be constructed as follows: One plumbs
together two copies of D7(S™) as follows: Let h : D"—S™ be a homeo-
morphism onto the upper hemisphere of S™ given by h(z) = (z, /1 — |z|?)
and 7 : D"xD"—7(58™) be a bundle map covering h. Let M be a
smoothed version of D7(S™)x{0}UD7(S™)x{1} with (h(z,y),0) identi-
fied with (h(y,x),1) for all z,y. An easy cell decomposition of M shows
that its boundary is two n-discs glued together along their boundaries and
hence the boundary of M is a homotopy sphere ¥. Let N be M with X
coned off.
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Theorem 5.5. If ¥ is diffeomorphic to S?>"~', N is smoothable and has
Kervaire invariant one; otherwise N is a topological manifold which does
not admit a differentiable structure ([10]) and ¥ generates bPay, = Zs.

The proofs of the results cited in theorem 5.4 follow a very orderly
path which we now outline. We switch from homology to cohomology,
H"(M) = H™"(M;Zs). Composing with Poincaré duality, ¢ becomes ¢ :
H"(M)—Zs. One wants to associate to a closed 2n-manifold M, n odd,
¢ satisfying:

(5.6) ¢(u+v) = Pp(u) + ¢(v) + uv([M]) where uv denotes cup product.

(5.7) If the Poincaré dual of u can be represented by an embedded n-
sphere with stably trivial normal bundle v and n # 1,3,7, then ¢(u) =0
if and only if v is trivial.

In [10] Kervaire defines ¢ for an (n — 1)-connected M as follows. Recall
the loop space 2 = Q(S™*1) has cohomology generators e; in dimensions
ni and under the multiplication QxQ—€), e; goestoe; @1+ 1®e; and e
goes to ea @1+ 1Rey+e1®ey. For u € H*(M) there is a map f, : M—Q
such that f¥(e;) = u; ¢ is then defined by ¢(u) = f(e2) and satisfies 5.6
and 5.7. Then it is shown that a : 72,4 1(S*) = Q2,—Zs, as above, is a
well defined homomorphism. Kervaire proves that « is zero for n = 5 using
knowledge of 7194 %(S*), namely, this group has a unique element a of order
two and a = be, b € 7441 (S*) which represents a manifold S* x M’ which
then can be surgered to a homotopy sphere. We remark that an equivalent
way of defining ¢ would be to represent u by a map F' : SM — S, 11
(S=suspension) and define ¢(u) to be the functional squaring operation
ngﬂ(snﬂ), Sn+1 the cohomology generator.

In [5] & : Qgq42(Spin) — Zs was defined as follows: €, (Spin) = Q,,,(€),
where £ — BSpin,, is the universal Spin,, vector bundle. For n = 4a + 1,
the Adem relation,

Sqn+1 — SqQSqn—l + SqlsQQSqn—Q
gives a relation on H™ (M),
SQQSqn—l 4 SqlsQZSqn—Q =0

which in turn gives a secondary cohomology operation on M with a Spin
structure,
¢ H"(M) — H*™(M) .

Define ¢(u) = ¢'(u)(M). The Spin structure is used to ensure that ¢’
is defined on all of H"(M) with zero indeterminacy. For example, Sq' :
H?"=Y(M) — H?"(M) is given by Sq*(v) = wiv. Then ¢ satisfies 5.6
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and 5.7 and defines a.. In [7] we showed that « was zero on the image of
Qsk12(0F) (framed cobordism) in Qg,12(Spin) using the result of Conner
and Floyd and Lashof and Rothenberg that if A € Qgg42(SU) goes to zero
in ng+2(U)7 then A = B2C,B S ng(SU)

In [3] Browder developed a : 25, (§) — Za, n even or odd, { — X, as
follows: One may assume that X is a smooth closed N-manifold, N large,
with normal bundle in R¥** equal to £. Suppose M is a smooth closed
2n-manifold with &-structure f. One may assume f); is an embedding.
Then the normal bundle of M in X is trivial and trivializing and using the
Thom construction one obtains a map F : X — S¥M (S*M, the k-fold
suspension of M). Then ¢ is defined by

$(u) = Sqit (S*u).

In order for ¢(u) to be defined, F*(S*u) must equal zero, and for there
to be no indeterminacy, S¢"*1 : HN=""1(X) — HY(X) must be zero.
Sq" T (w) = vy w for w € HY~"71(X), where v, ;1 is the Wu class of ¢.
One restricts the choice of £ to bundles with v, 1 = 0. Then ¢ : P — Zso
where P = {u € H"(M)|F*(S*u) = 0}. Where defined ¢ satisfies 5.6 and
5.7. One restricts « to those (M, f) such that ¢ is zero on all u € P such
that wv(M) = 0 for all v € P. The Arf invariant algebra then works to give
an integer mod 2. Then « is related to the Adams spectral sequence by
computing a Postnikov system, up to the relevant dimension of M O[vy,41].
We give the details in section 8.

6. GENERALIZED GROUPS OF HOMOTOPY SPHERES

Several people, most notably Novikov, discovered that the Groups of
Homotopy Spheres paper ([11]) could be generalized by the following two
step process. Replace 0%, the bundle R¥ — pt, by OF the bundle S™ x
R¥ — S™. Then the coker ¥ question asks: “Which elements {M, f},
where fjs has degree one, can be represented by {M, f}, where fys is a
homotopy equivalence?” (For there to be an (M, f) with fi; of degree one,
the top homology class of T(£) must be spherical.) The bP,,11 question
asks, “If {M, f} = {S™,id}, can the cobordism between them be chosen
to be an h-cobordism?” Now replace all occurrences of OF with & —
X, where X is a simply connected CW complex of finite type satisfying
Poincaré duality in dimension m, that is there a class © € H,,(X;Z) such
that cap product with x gives an isomorphism, H"(X) — H,,_,(X) for
all n. Then everything in Kervaire-Milnor goes through. Suppose {M, f} €
0., () and fpr has degree one. The trick is to consider the commutative
diagram:
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HM(M) o H"(X)

fm*

l[M]ﬁ lm
Hyppn(M) 22 H 0 (X)

By Poincaré duality fas, is an epimorphism and fj;* is a monomor-
phism. For 2n < m one can kill elements in the kernel of fas, just as in
[11]. This material is thoroughly described in Browder’s book “Surgery on
Simply Connected Manifolds” ([4]). This material, when X is not simply
connected, is the subject of Wall’s book “Surgery on Compact Manifolds”
([22]), where the general pattern of the above is followed but surgery in
the middle dimensions is much more complicated and leads to Wall’s L-
groups, in which the obstructions to doing the middle dimension surgery lie.
Ranicki develops in “Exact Sequences in the Algebraic Theory of Surgery”
([19]) a completely algebraic approach to these surgery obstructions, replac-
ing manifolds by their chain complex analogs. Michael Weiss refines this
algebraic approach to surgery obstructions and makes it more calculable
(123], [24)).

7. A FURTHER GENERALIZATION OF ¢

We state the main theorems of this section and then prove them.

In the remainder of this section most spaces have base points, M T is M
with a disjoint base point, [X, Y] is the homotopy classes of maps from X
to Y, {X,Y} =1lim[S*X, S¥Y] and 7 : [X,Y] — {X,Y} sends [f] to {f}.
Let s : S — K,, be the m, generator.

Lemma 7.1. The Hopf construction h()\) : S*"*1 — SK,, on
A:S" xSt LK, x K, B K,

with p the multiplication, gives a generator of {S*", K, }~Zs.

Suppose M is a closed 2n-manifold (n even or odd). We form an abelian
group G(M) = H*(M) x H?>"(M) with addition

(u,v) + (v, v") = (u+ v, v+ 0" +uu').

Let j : Zo — Z4 be the homomorphism sending 1 to 2. Then functions
¢ HY(M) — Z4 satistying ¢(u + v) = ¢(u) + ¢(v) + j(uv([M])) are in
one to one correspondence with homomorphisms b : G(M) — Z4 such
that h(0,v) = j(v([M])). We will see that such functions occur in nature.
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Theorem 7.2. Let F : G(M) — {M™*,K,}, given by F(u,v) = n(u) +
h(\)g,, where g, — S?™ has degree one. Then F is an isomorphism.

Let v be the normal bundle of M in R?"t* and A : Tv — Tv AMT

be the diagonal map sending v to (v,p(v)),p : v — M. Then Stk N

Tv 2 Tu A M* is an S (Spanier-Whitehead) duality map ([20]). Then
{M* K,} ~{S*n,Tv A K,,} under the map sending S'M — S'K,, to

stk L STy — ST AMY) =Tv AS'MT — Tv A S'K, .

Let q(\) € {S?",Tv A K,,} be the image of h()\) under this map.

Lemma 7.3. If f: v — &, the image of f.«(q(\)) is non-zero if and only
if vpy1(€) = 0 and it is at most divisible by 2.

We call £ a Wu-n spectrum if v,11(§) = 0 in which case we can choose a
homomorphism w : {S?", TE AK,,} — Z4 such that w((f.(g(N\))) = 2. Let
¢ = ¢(M, f,w) be the composition H*(M) = [M T, K, — {M*,K,} —
{82 Tv NK,} — {S?", T¢ AN K,,} — Z4. Hence,

Theorem 7.4. ¢ = ¢(M, f,w) satisfies

P(u+v) = ¢(u) + ¢(v) + j(uv([M])).

Let BOg[vp41] — BOy, be the fibration with fibre K, and k-invariant
Un41 and let £[v,41] be the pull back of the universal bundle over BOj.
Suppose M has a {[v,41]-structure, S™ C M has normal bundle yu and
v|S™ is trivial. Then S™ — M — BOg[v,+1] factors through K,,. Let
€1 = 0 or 1 = degree of this map. Let e = 0 or 1 according to whether
w is trivial or 7(S™). Let u be the Poincaré dual of the homology class
represented by S — M.

Lemma 7.5. Ifn is odd and # 1,3,7, then ¢(u) = 2(e1 + €32).

Remark. Ifn is even, e = Euler number of p mod 4. If n =1,3, or 7 and
€ = 0, the element in Ton 1 (TE A K,) involves a map g : S*"Hk — Gk
such that e, =Hopf invariant of g.

Let 8™ x S™ — BOg[vp+1] be the composition of K, — BOj[vn41]
and s ® 1 + 1 ® s. This lifts to a &[v,41]-structure g. Then 7.5 gives

Lemma 7.6. The ¢ associated to (S™ x S™,q). satisfies p(s®@1) = p(1®
s) =2.

The following gives an analog of the Arf invariant for these quadratic
functions.
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Definition 7.7. Let V be a finite dimensional vector space over Zs. A
function ¢ : V. — Zy is a (nonsingular) quadratic if it satisfies ¢(u +
v) = ¢(u) + ¢(v) + jt(u,v) where j : Zo — Z4 sends 1 to 2 and t is a
nonsingular bilinear pairing. If ¢; 1 V; — Z4,1 = 1,2, are such functions
@1 = ¢ if there is an isomorphism T : Vi ~ V5 such that ¢1 = ¢2T.
(p1+ ¢2) : Vi + Vo — Zy,—¢ and (¢p1d2) : V1 @ Vo — Zy are defined
by (1 + ¢2)(u,v) = ¢1(u) + ¢2(v), (@) (u) = —¢(u) and (P1¢2)(u®v) =
P1(u)d2(v).

A proof of the following appears in [6] and is straightforward. The first
part of the theorem is proved by showing that the Grothendieck group of
these functions is cyclic of order eight.

Theorem 7.8. There is a unique function o from quadratic functions as
in 7.1 to Zg satisfying:

(i) If o1 = @2 , then o(¢1) = o (¢2)

(i) o(¢1+ ¢2) = o(¢1) + o(¢2)

(i) o(—¢) = —o(6)

(iv) o(y) =1, where vy : Zg — Z4 by v(0) =0 and (1) = 1.

Furthermore o satisfies:

() I 6 = j¢', 0(6) = 4 Art(&).

(Vi) If ¢ : V — Z4,0(¢) = dimV mod 2.

(vii) o(¢12) = o(d1)o(¢2).

(vili) If U is a finitely generated abelian group, 7 : U QU — Z is a
symmetric unimodular form, ¥(u) = 7(u,u) and ¢ : U/2U — Zy
is defined by ¢(u) = ¥U(u) mod 4, then ¢ is quadratic and o(¢p) =
(signature ¥) mod 8.

(ix) Suppose t is the bilinear form of ¢ - V — Ly, Vi =5 vV N Vs is
an exact sequence and t' : Vi @ Vo — Zs is a nonsingular bilinear
form such that t'(u, 6v) = t(vu,v). If v =0, then o(p) = 0.

(x) Withi= /-1,

7(6) = (di/m) (2 V)2 (3 i#0).

ueV

Theorem 7.9. Sending (M, f) to o(¢(M, f,w)) induces a homomorphism
0w Qon(&[vns1]) — Zsg such that o, composed with

an (Ok) — Q2n (g[vn+1} )

gives the Kervaire invariant.

We can apply o, to the general, simply connected surgery problem as
follows.
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Definition 7.10. For n odd, a 2n-Poincaré quadruple (X,€,3,w) is a
connected finite CW compler X, a k-plane bundle £ over X, w a homo-
morphism as above and 8 € T4k (TE) such that

smtk Zome B e p X,

is an S duality (which makes & a Wu bundle).

Theorem 7.10. Then by the Thom Theorem, [ gives a 2n-manifold M
with a &-structure f such that fa; has degree one and the surgery obstruction
to making far a homotopy equivalence is o(P(X,idx,w)) — o(d(M, f,w)).

Proof of 7.1 and 7.2. Let ¢ be the generator of H"(K,,). Let F — K, 1
be the fibration with fibre Ks,,,1 and k-invariant (2 +1- Then Si,, — Ky
lifts g : St,, — E and on homotopy groups m; m;(g) is an isomorphism
for i < 2n + 1. Then since M is 2n dimensional {M, K,,} = [SM, SK,,] =
[SM,E] ~ [M,QF] = [M,K,, x Ky,] = H"(M) x H?>*(M). The addi-
tive structure comes from the fact that under multiplication QExQF —
QF, 1oy, goes to Lo, @1+ 1® oy + tn @ L. Applying this to M = S™ x S™
gives 7.1.

Proof of 7.3. Let V(X) = {S?"+tF+l X A SY(K,,)}. We want to know the
image of V(S*) in V(T¢) and how divisible it is. We can assume T¢ is a
finite (k — 1)-connected CW complex and S'(K,) — K, is a fibration
with fiber Ky, ; and k-invariant Sq"*1¢, ;. Applying {S?"+F+L T ()},
this gives an exact sequence

s Hypnin(TE) 27 H(T€) — V(TE) — Hyppn (TE) —

and the same with T¢ replaced by S*. For x € Hyin.1(T€) and U the
Thom class,

U(Sq" ! (2)) = x(S¢" " )(U)(2) = vny1U(2) .

The two exact sequences make a ladder from which the desired result can
be read off.

Proof of 7.5. Note, applying the Thom construction and the Thom class
give maps S™ x " — T7(S8™) — K,, and the Hopf construction gives
S+l s STr(S™) — SK,,. Also the element a € 7o, 41 (T¢ A K,,) such
that ¢(u) comes from it is given by S?"** — Tvgn — SE(S"I)AT —
SHK)ANK, =S*K, Vv S*K, N K, — T¢ A K,. Combining these two
gives the desired result.
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Proof of 7.9. To show that o(w) is well defined suppose (M, f) = (N, F).
By virtue of 7.8(ix) and the exact sequence

H(N) 5 H" (M) — H™'(N, M),
it is sufficient to show that ¢(j*(u) = 0. The element a € 7o, 1 (TEN K,)
such that ¢(5*(u) = w(a) is
Skl L Tun /Ty — Tuy A (N/M) —
Ty ANSMY — Tuvy ASNT — TEA SK,

But this is zero because N/M — SM+ — SN is zero.

8. PROOF OF THEOREM 5.4

Let B = BOy, K, = K(Z2,n), Uny1 : B — K, 11 represent the (n+1)-

th Wu class, C = {(b,a) € Bx K/ .1 | a(1) = v,41(b)}, D = BOg[vn11] =
{(b,a) € C | a(0) = *},i: B — C by i(b) = (b, ap) where ap(t) = vy11(b)
and 7 : (C;D) — (B X Kp41,B x {*}) and 7' : C — B x K41 by
(b,a) — (b,a(0)). The following is easily verified:
Lemma 8.1. The map i is a homotopy equivalence. 7 is a fibre map with
fibre K,, and in the Serre cohomology spectral sequence for w, EY? =0 for
q> 0 and p+q < 2n+2 except B3 ~ Zy. Hence 7 : H(Bx K, 41, Bx
{x}) = HP(C, D) for p < 2n+2 except it may have a kernel isomorphic to
Zo for p=2n+ 2.

Lemma 8.2. The kernel of
7% H*(B x K41, B x {x}) — H*""2(C, D)
s generated by vp41 @ tpt1 +1® L%+1.

Proof. Recall that via the inclusion map j : X — (X, A), H*(X) acts
on H*(X,A), and for v € H*(X,A), u? = j*(u)u. Note in’ sends b to
(b, vp4+1(b)) and hence (in')*(1 ® tp41) = Upt+1. Thinking of 1 ® tpy1 €
H" Y (B x K41, B x {x}),

(1@ uh) =7 7 (1@ tny1)(1 @ tny1)
=" (V41 @ 1)(1 ® tnt1)
=" (Vnt1 ® tnt1)-
Under the map C' — B sending (b, a) to b, the universal bundle over B
pulls back to bundles over C' and D whose Thom spaces we denote by

TD,TC, and TB and whose Thom classes we denote by U. The map 7
induces a map Tn: TCANTD — TB A K,41. And,
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Lemma 8.3. The kernel of HY(T'w) for ¢ < 2n+ 2+ k is generated by

V41U @ tny1 +U @ LfH_l = xS @ty +1® I,,?H_l

=D X(S¢)(U @ Sq" ).
>0

The same Steenrod square manipulations yield:

Lemma 8.4. For j <n+1, TB — TC — TC/TB — TC AN K41
sends (U ® S¢’t,41) to

D (S (vn g0k U) + x(S¢") (S Fu))U)).
k>0

We very briefly describe the portion of Adams’ work on cohomology
operations ([1]) relevant to this proof. All the spaces we will deal with
will be approximately k-connected, and the results we state will be correct
in a range of dimensions up to about 2k. Suppose L and K are spaces
and F' : L — K is a map, E is the space of paths in L starting at a
base point and P : E — L sends a path to its end point. Note E is
contractible and P is a fibre map with fibre the loops on K, Q(K). Let
p: Erp = F*E — L be the induced fibration. Suppose Gy : Ly «— Lo is
an inclusion and F : Ly — Lo/L; is the quotient map. Then Ly = Ep
and p = G. Suppose Go : Ly — L3 and G2G1 is homotopic to the
constant map. Then G; lifts to G} : Ly — Eg, and we form Eg;.
There is a map G4 : Eg, — Q(Lz) such that Eg, = Eg;. Call this
space E(G1,G2). We apply this to our situation by taking L, = TB,
Ly =TBAKp41,Ls = K2n+2+k,G1 :TB — TC/TD — TBAKpp
and Go : TB N Kj, 41 — Kopto4k representing the cohomology element
in Lemma 8.3. The map TD = T(BO[vn11]) — T(BOy) = TB lifts to
h:TD — E(G1,G2), and

Lemma 8.5. 7w (h) is an isomorphism for ¢ < 2n + k.

Proof. TC/TD — TB A K41 lifts tor : TC/TD — Eg,. Hi(r) is
an isomorphism for ¢ < 2n + 2 + k, hence m,(r) is an isomorphism for
g <2n+ 1+ k and hence 74(h) is as an isomorphism for ¢ < 2n + k.

The cohomology of both T'C' = T'B and TBAK,, ;1 are free modules over
the mod two Steenrod algebra A. If {u;} is a basis for H*(T'B) over A and
{v;} is a basis for H*(Kp41), {u; ®v;} is a free A-basis for H*(TBAKp41).
Up to homotopy type T'B =[] K}, and similarly for TB A K, 4.

Let s : S¥ — T'D represent the generator of 7(7T'D). Then the map
of 2n-framed cobordism to 2npOg[vs4+1] cobordism corresponds to s, :
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7T2n+k(5k) — 7T2n+k(TD) ~ 7T2n+k(E(G1,G2)). Let V: Ky — TB be
the map such that U, the Thom class pulls back to ¢;. Then S¥ — TD —
TB factors through V : K; — TB and hence S* — TD — E(G1,G>)
factors through F(G1V,Gs) giving a map t : S¥ — E(G1V,Gy). In [1]
Adams (with some refinements) that one may of viewing E(G1V, G2) is as
the beginning of a tower building S*. This tower gives a spectral sequence
with By = Ext(Zy,7Z5) and a map S?"T* — E(G,V,G3) representing
an element of Fs is said to live to F, if it lifts all the way up the tower
giving a map S?"** — S* (more or less). At this two stage level, the
relevant elements of Ey have names “h;h;”, ¢ < j. Adams proves that
if a map S?"t* — Sk — E(G.V,G3) is non zero, then G1V and Go
satisfy the following condition: The algebra A is generated by elements
Sq%'. Let hi : A — Z3 be the linear map which is zero on decomposables
and h;(Sq¢* = 6; ;. Let x,{y;} and z be A generators of H*(K},), H*(TBA
Kp+1) and H*(Kgian+2). Then G3(2) = > a;y;, and G5 (y;) = biz. (Since
G2G41V is homotopic to zero, Y a;b; = 0.)

Theorem 8.6 (Adams). If a map S*t¢ — Sk — E(G1V,G3) is
non-zero, then for some s and t < s, > hs(a;)hi(b;) = 0.

Using the fact that X(SqT) = S¢* + decomposables, and inspecting the
elements in 8.2 and 8.4, one sees that the condition in 8.6 is satisfied exactly
when n is of the form 2° — 1. If a framed 2n-manifold has Kervaire invariant
one, it will be non-zero in Qa, (BO[v,+1]). Conversely, if h? lives to Foo,
there is a non-zero map s : S22t — Sk . B(G1,G5). By an easy
Hopf invariant one type argument, it goes to zero in Eg, and hence must
be the 7, generator of the fiber of E(G1,G2) — Eg,, Kai_o, 1. But this
generator corresponds to (S~ x §2'~1 ¢) since by 7.6 this manifold has
Kervaire invariant one and the underlying map of ¢ factors through K,.
Hence,

Corollary 8.7 (Browder). There is a framed 2n-manifold with Kervaire
invariant one, if and only if n = 2 — 1 and h? lives to E in the Adams
spectral sequence for . (SY).

9. OTHER WORK

An amusing low dimensional application of the generalized Kervaire in-
variant is afforded by immersions of surfaces = closed, compact smooth
2-manifolds in R3. If f : S — R3 is such an immersion, associate to it
¢ Hi(S) = Hi(S;Z2) — Z4 as follows. Represent v € H;(S) by an
embedded circle and let T be a tubular neighborhood in S of this circle.
Define ¢(u) to be the number of half twists (by 180°) of the twisted strip
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f(T). This makes sense mod 4 and ¢ has the quadratic property with re-
spect to the intersection pairing on H;(S). Then the quadratic functions
associated to the intersection pairing are in one to one correspondence with
the regular homotopy classes of immersion of S in R3 and the Kervaire in-
variant gives an isomorphism of the cobordism group of such immersions
onto Zg ([6]).

Ochanine has generalized the above to surfaces immersed in 3- manifolds
and to a (8a + 2)-manifold V' immersed in a (8a + 4)-manifold and dual
to wo(M). He also related KO characteristic classes for Spin (8a + 2)-
manifolds to these issues ([18]).

A variant of the above is to take S with boundary S* and f: S — R?
an embedding. Then f(0S5) is a knot. In this connection the Kervaire
invariant appears in a number of knot and link theory papers. For example,
Levine expresses the Kervaire invariant of a knot in terms of its Alexander
polynomial ([12]).

There are a number of papers in homotopy theory studying the existence
of framed manifolds having Kervaire invariant one, for example [13]. The
existence of such manifolds in dimensions 30 and 62 was first proved by
homotopy groups of spheres calculations ([2], [14]). In [8] Jones constructed
a stably framed 30-manifold with Kervaire invariant one and also proved
that a similar construction does not work in dimension 62. In [9] Browder’s
results for 2n # 27 — 2 are deduced from the Kahn-Priddy theorem.
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A guide to the classification of manifolds

Matthias Kreck

1. INTRODUCTION

The purpose of this note is to recall and to compare three methods for
classifying manifolds of dimension > 5.

The author has the impression that these methods are only known to a
rather small group of insiders. This is related to the fact that the litera-
ture is not in good shape. If somebody gets interested in the classification
problem, he has to go through a vast amount of literature until he per-
haps finds out that the literature he has studied does not solve his specific
problem. By presenting the basic principles of classification methods, the
author hopes to provide a little guide addressing non-experts in the field.

The first method shows that a smooth manifold M is diffeomorphic
to a certain explicit model M by decomposing the model into pieces P;:
M = |J P; and decomposing the manifold M into diffeomorphic pieces by
embedding them appropriately. Then M is also the union of the same
pieces but perhaps glued together in a different way. The final step is to
study the different glueing diffeomorphisms. Wall has in the early sixties
applied this method to classify highly connected manifolds at least up to
homeomorphism, in particular (n — 1)-connected 2n-manifolds [W1].

The second method is the surgery program which classifies manifolds
together with a homotopy equivalence to a given Poincaré complex. The
first important application of this method is the classification of homotopy
spheres, or better, its reduction to the stable homotopy groups of spheres
by Kervaire and Milnor [KM]. A systematic treatment of the theory in
the 1-connected case was independently developed by Browder [B1] and
Novikov [N]. The much harder general case was done by Wall in his fa-
mous book [W2]. This book contains also a lot of applications. Later on,
together with Madsen and Thomas, he solved the famous spherical space
form problem, asking for those fundamental groups of smooth manifolds
whose universal coverings are spheres [MTW]. Other fundamental results
and problems dealt by Wall’s surgery theory include the study of mani-
folds which are K(m,1)-complexes. The key words here are the Novikov
and Borel conjectures.
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The third method is a modification of the second. In both cases one
tries to find an s-cobordism between two given manifolds. For this, one
assumes the existence of some cobordism between the given manifolds and
tries to replace it via a sequence of surgeries by an s-cobordism. Then,
for dimension of the given manifolds > 5, the s-cobordism theorem implies
that the manifolds are diffeomorphic [Ke]. To carry the surgeries out, one
needs some control. In the classical surgery theory, the control comes from
assuming that the homotopy equivalences from the manifolds to a given
Poincaré complex extend to the bordism in such a way that an appropriate
stable vector bundle over the Poincaré complex pulls back to the normal
bundle of the cobordism. In the early eighties the author modified this the-
ory by replacing the Poincaré complex by something weaker, which roughly
controls the homotopy type of the given manifolds up to half the dimension.
This allows one sometimes to classify manifolds where the homotopy types
are unknown or manifolds where the passage from the diffeomorphism types
of pairs (M, f) of manifolds M together with a homotopy equivalence f to
a given Poincaré complex X to the diffeomorphism types of the manifolds
M homotopy equivalent to X alone is not known. This theory was suc-
cessfully applied to classify certain complete intersections [K], [T], and to
many 7-dimensional homogeneous spaces [KS1], [KS2].

We don’t say anything about the classification problem in dimensions
3 and 4. For the homeomorphism classification of 4-manifolds one can
(thanks to Freedman’s s-cobordism theorem) apply similar surgery meth-
ods, if the fundamental groups are for example finite. Results in this
direction are contained in [HK1], [HK2]. For the diffeomorphism classi-
fication of 4-manifolds the picture is completely different, as follows from
the breakthroughs of Donaldson and later on the Seiberg-Witten theory.
In dimension 3, again the surgery methods don’t help. There Thurston’s
geometrization program is the most promising method.

2. THE EMBEDDING METHOD

I will explain this method by discussing a simple example. Consider
the problem of how to decide if a smooth manifold M is diffeomorphic to
S™ x S™ for n > 3. The starting point is to observe that S™ x S™ can
be decomposed into a regular neighbourhood of the two factors S™ x {x}
and {*} x S" and D?>" = D" x D". The regular neighbourhood of the
union of the factors can itself be constructed by a plumbing construction
from two copies of S™ x D" identified along D™ x D™ where D™ x D™ is
embedded into the first copy as ST x D",S% the upper hemisphere, and
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into the second copy as D™ x S7%:

(©

If we call the result of this glueing of two copies of D™ x D™ by X, then
S™ x 8™ = X Ugzn—1 D?". For this, note that the boundary of the plumbed
manifold X is D" x S»~ty S§n—! x D" = §2n— 1,

Now one can decide if M is diffeomorphic to S™ x S™ by trying to re-
construct M as X Ugen-1 D?". For this, one first tries to embed two copies
of S™ into M meeting in one point transversally. This can be achieved if
M is 1-connected and there are two maps a: S™ — M and g: S" — M
with homological intersection number 1. For then by Whitney’s embed-
ding theorem [H] one can approximate o and § by embeddings and then
by the Whitney trick [Mil] choose these embeddings such that they meet
transversally in one point.

The next step is to look at a thickening of the union of these two embed-
ded n-spheres and to decide if it is diffeomorphic to the plumbed manifold
X. For this, it is enough to check if the normal bundles of the two embedded
spheres are trivial, since then the union of small tubular neighbourhoods
is X. The normal bundles are n-dimensional vector bundles over S™. For
n = 0 mod 4, an n-dimensional vector bundle E over S™ is by Bott peri-
odicity stably trivial if and only if its Pontrjagin class p, 4 (£) = 0. If n
is even a stably trivial bundle E over S™ is trivial if and only if its Euler
class e(E) = 0. This is in turn equivalent to the vanishing of the homo-
logical self intersection number of the zero section in E. Recall that the
hyperbolic plane H over Z is the symmetric bilinear form S over Z? with
S(a,a) = S(b,b) =0 and S(a,b) = S(b,a) = 1, where ¢ and b are a basis.
Thus, if H: m,(M) — H,(M;Z) denotes the Hurewicz homomorphism,
the existence of o and 3 with the desired properties is equivalent to the
existence of an isometric embedding of the hyperbolic plane H into the
image of H in H,(M;Z) equipped with the intersection form, such that for
each element x € H, the following holds:

Thus we have proved:

Lemma 1. For n = 0 mod 4 and M a 1-connected smooth manifold of
dimension 2n, X can be embedded into M if and only if there is an isometric
embedding of the hyperbolic plane H into the image of H in H,(M;Z)
equipped with the intersection form, such that for each element x € H, the
following relation holds: (p,;4(TM),x) = 0.
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With this information one can proceed (for n = 0 mod 4) with the
embedding method as follows. Once one knows that X can be embedded
into M, one has as a next step to decide if the complement M — X° is
diffeomorphic to the ball D?". By Smale’s h-cobordism theorem [S] this is
for n > 3 equivalent to: M — X° is 1-connected and H; (M — X°;7Z) = 0
for all 4.

A simple exercise in algebraic topology shows that this condition is for
n > 3 equivalent to: M is (n—1)-connected and H,, (X;Z) — H, (M;Z) is
an isomorphism. Summarizing the conditions of Lemma 1 and these con-
siderations, we see that for n = 0 mod 4 M is diffeomorphic to XUy D?*" for
some diffeomorphism f if and only if M is (n — 1)-connected, p,/4(M) = 0
and the intersection form S on H,(M;Z) is isometric to the hyperbolic
plane H. Every diffeomorphism f: X = S§?"~! — 9D?" = §?"~1 de-
termines a homotopy sphere ¥; = D2"UfD2” and XUfD2" is diffeomor-
phic to XUrgD?"#% ¢ or to S x S"#Xs. Thus M is diffeomorphic to
S™ x S™#3 for some homotopy sphere Y. In particular, M is homeomor-
phic to S™ x S™.

The remaining question is to decide when S™ x S"#%X is diffeomorphic
to S™ x S™. This question has no simple answer. It turns out that this is
equivalent to the question of when ¥ is diffeomorphic to S?". Using the
results of Kervaire-Milnor on the classification of homotopy spheres, one
knows that ¥ is diffeomorphic to S?" if and only if ¥ bounds a parallelizable
manifold [KM]. Combining this with the considerations above leads to the
following result.

Theorem 1. Assume n = 0 mod 4. A 2n-dimensional smooth manifold
M is homeomorphic to S™ x S™ if and only if M is (n — 1)-connected,
Pn/a(M) = 0 and the intersection form S on H,(M;Z) is isometric to the
hyperbolic plane H.

M is diffeomorphic to S™ x S™ if, in addition, M bounds a parallelizable
mamnifold.

It is not difficult to generalize the homeomorphism classification to ar-
bitrary (n — 1)-connected 2n-manifolds M, n > 2. The Pontrjagin class
which measures the stable normal bundle of embedded n-spheres in M has
to be replaced by a more complicated invariant and, for n odd and n not
equal to 3 or 7, the intersection form has to be refined by a quadratic form
q with values in Z/2 defined on those homology classes which can be rep-
resented by spheres with stably trivial normal bundle. All this is carried
out in [W1]. There is also some strong information by S. Stolz [St] about
the passage to the diffeomorphism classification, which again boils down to
the question of when M#3Y. is diffeomorphic to M for a homotopy sphere
3.
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How far can one further generalize the embedding method? If one looks
closer at the case S™ x S™, one observes that the decomposition as X U D?"
is a special case of a handle body decomposition:

M=DFUH,UH,U...

where H; are handles of the form D® x DF—s,

Thus there is a chance only if one can (in principle) decide if for an em-
bedding of D¥UH;---UH, into M one can extend this to an embedding
of DFUH,---UH, U H,,1 into M. There are general results reducing
this question to homotopy theory, which work rather nicely in the so called
metastable range, i.e., if M is roughly k/3-connected. Thus for such man-
ifolds one can, if the homological picture is not too complicated, try to
apply the embedding methods.

3. THE SURGERY PROGRAM

The starting point here is a finite connected Poincaré complex X. For
simplicity we assume it to be oriented and 71 (X) finite. Then by definition,
X is a finite CW-complex together with a class [X]| € H,, (X;Z) such that
if we call [X] the transfer of [X] in H,, (X;Z), X the universal covering,
we assume that [X]N: H* (X;Z) — H,_j (X;Z) is an isomorphism. Each
closed (oriented with finite fundamental group) smooth manifold has a
CW -structure, and Poincaré duality implies that it is a Poincaré complex.

Wall reserves the name finite Poincaré complex for the case where the

map induced by [X]N on the chain level,
C* (X) = Coi (X)),

is a simple homotopy equivalence, i.e., its Whitehead torsion [W2] vanishes.
Here C*(X) and C(X) mean the cellular chain complexes with respect to
the C'W-composition of X (pulled back to X), and the Whitehead tor-
sion is taken with respect to the basis given by the cells. Again, a closed
smooth manifold (oriented with finite fundamental group) is a simple finite
Poincaré complex, and for those who are not used to Poincaré complexes,
it is convenient to think of this case.

The surgery program aims to classify all smooth manifolds simply homo-
topy equivalent to a given finite simple Poincaré complex X of dimension
> 5. Unfortunately, it studies something even more complicated, the set
of so called homotopy smoothings S (X). S (X) consists of diffeomorphism
classes of pairs (M, f), where f: M — X is a simple (again with respect
to the cellular basis) homotopy equivalence of a smooth closed manifold
M to X. Two such homotopy smoothings are diffeomorphic if there is a
diffeomorphism between the manifolds commuting up to homotopy with
the simple homotopy equivalences.
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The group of homotopy classes of simple self equivalences of X, Aut, (X),
acts on S (X) by composition, and the orbit space is what we are looking
for, the set of diffeomorphism classes of manifolds simply homotopy equiv-
alent to X. We denote this set by M(X). Then

M(X) = S(X)/Aut, (X).

One can make similar definitions in the topological category, replacing
smooth manifolds by topological ones and looking for classification up to
homeomorphisms. The whole program can be carried out in this context
and the answers are in a certain sense even simpler. But there are deep
facts behind this, the smoothing theory of Kirby and Siebenmann [KS].
On the other hand, the smooth surgery theory of Wall played an important
role in smoothing theory, in particular in connection with the classification
of homotopy tori. I decided to concentrate in this article on the smooth
category and refer to the literature for the topological case.

Now, if one wants to classify the manifolds simply homotopy equivalent
to X, one has to compute S(X), Auts (X) and the action of Auts (X) on
S(X). None of these steps is simple. The group Aut, (X) fits into an exact
sequence

1 — Auts (X) — Aut (X) — Wh (71 (X))

The middle term is the group of homotopy classes of self equivalences,
an object of classical homotopy theory. Although there are general meth-
ods for attacking this group, typically based on obstruction theory, its
computation is in general hopeless. The map Aut (X) — Wh(m1(X)) is
Whitehead torsion and the kernel is Auts (X).

For S (X) has to distinguish the case where S (X) is empty, i.e. there
is no smooth manifold homotopy equivalent to X, from the other case, on
which we want to concentrate. Then S (X) can also be computed in terms
of an exact sequence. We can assume that X is itself a manifold. In this
situation there is a fundamental invariant on S (X)), the normal invariant.
Let f: M — X be a simple homotopy equivalence. Let g be a homotopy
inverse of f. Then F := g*v (M), v (M) the stable normal bundle of M,
is a stable vector bundle over X, and there is an isomorphism « between
v(M) and f*E. The set of bordism classes of quadruples (M, f, E, «),
where f: M — X is a degree 1 map, E a stable vector bundle over X and
a an isomorphism between v (M) and f*E, is denoted by Qd (X), and the
normal invariant is given by the quadruple defined above, giving a map

n:S(X)— Qd(X).
The next step in computing S (X) is the determination of the fibres
of n. This is the central result of [W2]. The basic idea is to look at a
bordism between (M, f, E,«) and (M’, f', E',a’) and to ask if this bor-

dism is itself bordant rel. boundary to an s-cobordism between M and M’.
If this is the case, the s-cobordism theorem implies that (M, f, E, ) and
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(M', f',E', &) are diffeomorphic (assuming dim M greater than 4). Since
the s-cobordism theorem is so central for the classification of manifolds, let
me say a few words about it. Let’s first assume that all manifolds are sim-
ply connected. An h-cobordism is a bordism such that the inclusions from
the two boundary components to the bordism is a homotopy equivalence.
Thus, up to homotopy, the bordism is a cylinder. The surprising deep result
of Smale [S] states that the bordism is actually diffeomorphic to a cylinder.
If the manifolds are not simply connected, this is not always true. There
is an additional obstruction to be taken care of, the Whitehead torsion,
which assigns to a homotopy equivalences between finite CW-complexes
(e.g., compact manifolds) an invariant in the Whitehead group of the fun-
damental group. This is how algebraic K-theory (the Whitehead group is
essentially the algebraic K-group K1) comes naturally into the game.

Let’s return to the surgery program. Wall defines, in a purely algebraic
way, groups denoted L,,(m (X)), depending on 7y (X) and the dimension
m of X (modulo 4). The groups are quadratic form analogs of algebraic K-
groups. For m even they are roughly Grothendieck groups of unimodular
symmetric, if m = 0 mod 4, and antisymmetric, if m = 2 mod 4, hermitian
forms over free Z[m (X)]-modules. For details I refer to [W2]. Then Wall
defines a map

0: Qd(X) — L, (m (X)),
where m is the dimension of the smooth manifold X, and an action
Lypti(m (X)) xS(X) = S(X)

such that the orbit space injects under 6 into the “kernel” of n. This is the
content of the famous surgery exact sequence.

Theorem 2. Let X be a closed smooth manifold of dimension m > 5.
There is an exact sequence (in the sense described above)

Lins1(m1 (X)) 5 S(X) — Qd(X) 5 Loy (m (X))

Thus, to determine S (X), one has as a first step to compute the group
Lyp(4+1) (m1(X)) and the set Qd (X). For the first, Wall [W3] has devel-
oped deep algebraic techniques which allow very powerful computations.
For trivial fundamental groups, Kervaire and Milnor, without having the
language of L-groups available, indirectly compute these groups in [KM].
For an overview of computation of Wall groups compare [HT]. Although
Qd (X) has — as described — no group structure, there is another inter-
pretation by Sullivan which not only gives a group structure (where 6 is
in general not a homomorphism) but, in addition, shows that the functor
Qd(X) is a generalized cohomology theory. Let G be the limit as k goes
to infinity of the monoid of self equivalences on S*. The homomorphism
O — @ induces a map between classifying spaces BO — BG whose fibre
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is denoted G/O. Sullivan identifies:
Qd(X) = [X,G/0]

and proves several deep facts concerning G/O and the topological analogue
G/TOP. Using this determination of 2d leads to the final form of the
surgery exact sequence:

Theorem 3. Let X be a closed smooth manifold of dimension m > 5.
Then there is an exact sequence

[£X,G/0] % Lyi(m(X)) — S(X)
2 [X,G/O] % Lin(m (X)).

Here 1 is the analog of § on the manifold X x I (rel. boundary). ©X
is the suspension of X. It turns out that, in contrast to 6, the map 1 is
a homomorphism. Thus, up to an extension problem, the computation of
S (X) is reduced to the computation of L1y (71 (X)), of [(X)X,G /O],
and of the maps ¢ and §. The computation of [X, G/O] and of [£X, G/O]
is very much simplified by the fact that X — [X,G/O] is a generalized
cohomology theory.

To make use of the fact that [X, G/O] is a generalized cohomology the-
ory, one has to understand the coefficients [S™, G/O] = m,(G/O). For this
one uses the homotopy exact sequence of the fibering BO — BG:

Tn+1(BO) = mp41 (BG) — 1, (G/0) — m, (BO) — 7, (BG).
Then one uses the standard isomorphisms m, (BO) = m,,_1(0O) and
T (BG) = 11 (G) &y

the stable (n—1)-stem. It turns out the map m,, (BO) — m, (BG) translates
into the J-homomorphism J,,, implying a short exact sequence:

0 — cok J, — m, (G/O) — ker J,,—1 — 0.

According to [A], ker J,,_1 is zero unless n = 0 mod 4, when it is isomorphic
to Z. Thus we obtain

~ | Zx cok J, n =0 mod 4,
™ (G/0) = { cok J, n #Z 0 mod 4.

We want to apply Theorem 2 to compute the group of homotopy spheres
of dimension n, which is denoted by 0,,. We first note that Auts (S™) = 1,
since the degree determines the homotopy class, and the Whitehead torsion
is trivial for 1-connected spaces. Thus 0,, = S (S™).

Using the computation of the L-groups of a trivial fundamental group
[W2] (Theorem 13 A.1) (indirectly contained in [KM]):
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Lok y1{1} {0}

L4k{1} >~ 7

Lip2{1} = 7Z/2,

the fact that for n = 0 mod 4 the map from m,(G/O) to L,({1}) 2 Z is
given by the signature and thus injective, and that by construction [W2]
the map Lp,+1{1} — S (S™) maps to those pairs (X, f) where ¥ bounds a
parallelizable manifold, one obtains the result originally proved by Kervaire
and Milnor [KM]:

Theorem 4. There is an exact sequence of groups
0— bP,y1 — O, — cok J,,

where bP, 1 is the group of homotopy spheres which bound a parallelizable
mamnifold.

Kervaire and Milnor prove in addition that bP,, ;1 is a cyclic group and
determine its order, and show that the map ©,, — cok J,, is surjective, un-
less perhaps n = 2 mod 4, where its cokernel is either trivial or isomorphic
to Z/2. This is equivalent to studying the map 1 in Theorem 3. To decide
when the map ©,, — cok J,, is surjective is the famous Arf-invariant 1 man-
ifold problem: It is surjective if and only if there is no closed parallelizable
manifold of Arf invariant 1. By work of Browder, if such a manifold exists,
n is of the form 2¢ — 2 [B2].

There are not many other homotopy types of manifolds X where a sim-
ilar computation for M(X) is known. Wall himself studies the case where
X is a lens space and calls it “the best example for application of our tech-
niques” [W2]. To my knowledge, even for lens spaces a complete answer
analogous to the case for S™ is up to now not known.

We have concentrated on the case where the Poincaré complex is ho-
motopy equivalent to a manifold, i.e. S(X) # . Wall’s techniques also
deal with the question of when S(X) # (. As mentioned in the intro-
duction, he, together with Madsen and Thomas, solves with his techniques
and a lot of computational work on L-groups the famous spherical space
form problem. I consider this the best application of Wall’s surgery the-
ory. Of course, there is a vast literature making use of Wall’'s book. In
particular, the computation of L-groups leads in many cases to a reduction
of the computation of S (X) to stable homotopy (i.e. the computation of
[X,G/0]). My impression is that the final step, the investigation of the
action of Auts (X) on S (X), is almost never studied. One has best chances
if the manifolds are K (m, 1)’s or at least close to such spaces. This is one of
the reasons why the method was so successfully applied to such important
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problems like the space form problem, the Novikov and Borel conjectures.
To make surgery theory accessible to some other natural contexts where
the action of Aut, (X) on S (X) is too difficult is one of the motivations
for the third classification method described below. Of course, this is only
a modification of Wall’s method.

4. SURGERY AND DUALITY

This is the name of a program which is a modification of the surgery
program. The idea is to weaken the homotopy theoretical input, hoping
that Poincaré duality or stronger duality forces allow one to obtain full
classification results. I will demonstrate the method by an example, the
diffeomorphism classification of complete intersections. Let fi,---, f, be
homogeneous polynomials on C P™"" of degrees dy, - - - , d,.. If the gradients
of these polynomials are linearly independent, the set of common zeros
is a smooth complex manifold of dimension n, a non-singular complete
intersection. As was noted by Thom, the diffeomorphism type of non-
singular complete intersections depends only on the unordered tuple § =
(d1,--- ,d;), called the multidegree. We denote this diffeomorphism type
by X§'. It is natural to ask for a diffeomorphism classification of this very
interesting class of algebraic manifolds.

Except under some restrictive assumptions ([LW1], [LW2]), even the
homotopy classification of the X§’s, which is the first step in the ordinary
surgery theory, is unknown. On the other hand the topology of X3 up to
half the dimension is known. According to Lefschetz the inclusion

i: X§ — CP™
is an n-equivalence.

Moreover, it is easy to see that the normal bundle of X3 is isomorphic
to

V(XP) = i*(W(C P @ H @ - @ H)
"(—(n+r+1)  HOH" @-- & H™)

where H is the Hopf bundle and H% means the d;-fold tensor product.
Denote —(n+r+1)-H® HM @ ---® Hé by £(n,9).

To obtain numerical invariants we choose a generator

re H*(X]7Z).

1%

Then the Pontrjagin classes are expressed as p; (X}) = ai(n, §)-z%*. We say
that two complete intersections Xj and Xj, have equal Pontrjagin classes
if a;(n,d) = a(n,d’) for all ¢« < 2n. Obviously diffeomorphic complete
intersections have equal Pontrjagin classes.

Now we are looking for a space B in which we can compare two com-
plete intersections. B will play the role of the Poincaré complex X in the
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standard surgery theory. As topological space B will be C P x BO(n+1),
where the second factor denotes the (n+ 1)-connected cover over BO. This
is a space admitting a fibration over BO whose homotopy groups vanish
up to dimension n 4+ 1 and are mapped isomorphically in higher dimen-
sions. For n = 0 one obtains of course the usual universal cover. Denote
by E — BO(n + 1) the stable vector bundle obtained as pullback of the
universal bundle over BO. Then £ (n,d) X E is a stable vector bundle over
B. Obviously the inclusion into the first factor gives a map f: X3 — B
under which & (n,0) x E pulls back to the normal bundle of X§. This map
is an n-equivalence. If X, is a second complete intersection with equal
Pontrjagin classes, an easy obstruction theory argument shows that there
is another n-equivalence f’ = X§, — B under which £ (n,d) x E pulls back
to the normal bundle of X§,.

Then we are in a similar situation as in the surgery program. The only
difference is that the space B in which we compare our two manifolds is
not a Poincaré complex.

At this point we generalize for a moment from complete intersection to
arbitrary manifolds. Let B be a CW-complex and E a stable vector bundle
over B. Let (M, f,a) be a triple of a closed oriented smooth manifold M
of dimension k = 2n or 2n + 1 together with an n-equivalence f: M — B
and an isomorphism « between f*E and v (M). This is called a normal
n-smoothing. Denote the bordism group of such triples, where we do not
require that f is an n-equivalence, by Q (B, E). Denote the set of dif-
feomorphism classes of normal n-smoothings (M, f,a) by Sk (B, E). The
main result of [K] is the construction of a monoid lj(7;(B)) and of an
invariant (W, g, 8) € lg41(m1(B)). Here (W,g,0) is a bordism between
two normal n-smoothings (M, f,«) and (M’', f',a’), and (W, g, ) is bor-
dant rel. boundary to an s-cobordism if and only if (W, g, ) is elementary,
which is a purely algebraic property of elements in lj1 (71(B)).

Theorem 5. ([K], Theorem B) Assume k > 5. The forgetful map Si(B, E)
— Qu(B, E) is surjective. If (W, g, /) is a bordism between two elements
in Sk(B, E) with the same Euler characteristic, then this is bordant to an
s-cobordism if and only if 0(W, g, 5) € lp+1(m1(B)) is elementary.

The obstruction I-monoids are very complicated and algebraically — in
contrast to the L-groups — not understood. Thus it is a surprise that for
k even, at least for finite fundamental groups, one can under some mild
conditions forget the obstruction.

Theorem 6. ([K], Theorem 5) Let (W, g, 3) be a bordism between two nor-
mal n-smoothings of 2n-dimensional manifolds M and M’ with same Euler
characteristic. Then there is another bordism (W', g', ") between the same
manifolds such that 0(W',¢', ") € lant1 (m1(B)) is elementary if one of
the following conditions is fulfilled:
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i): q odd and B 1-connected

ii): ¢ even, B 1-connected and ker(my(M) — mq(B))/rad splits off H.

iii): m1(B) is finite and ker(my (M) — my(B))/rad splits off H.(A?).
Here A is the group ring Z[m1(B)] and H.(A?) is the hyperbolic form over
A2

In §2 we have found necessary and sufficient conditions for fulfilling ii).
One can show that these conditions are fulfilled for all complete intersec-
tions (of complex dimension > 3) except for X7, X5, X (2,2)> In which case
the total degree d = [] d; and the Pontrjagin class determine the d;’s and
thus the diffeomorphism type.

Furthermore one can show that up to homotopy the map f: X3 — B is
unique, and thus we obtain from Theorems 5 and 6:

Theorem 7. Given «; (1 < 2i < n), the set of diffeomorphism types
of complete intersections with Pontrjagin classes given by «; injects into
Q2n(B7 f) X 2.

Here B = CP™ x BO{n+ 1), £ = & x E with & the bundle over
C P™ pulling back to the normal bundle of the complete intersections under
the map inducing an isomorphism on second cohomology (this bundle is
determined by the «;’s). The map into the first factor is given by the
bordism class of the (unique) normal n-smoothing. The map to Z is given
by the Euler characteristic.

This reduces the classification of complete intersections to a bordism
invariant. Unfortunately the corresponding bordism groups are not ex-
plicitly known. But perhaps one can decide if the complete intersections
are bordant without computing the bordism group. Under conditions on
the total degree this is actually possible, a program which was carried out
in the Diplomarbeit of Claudia Traving [T]. This leads to the following
result. If d = dy - -+ - d, is the total degree of a complete intersection
Xgl,---,dr of complex dimension n, then we assume that for all primes p

with p(p — 1) < n + 1, the total degree d is divisible by pl(?n+1)/(2p=1)]+1,

Theorem 8. Two complete intersections Xg and Xj, of complex dimen-
sionn > 2 fulfilling the assumption above for the total degree are diffeomor-
phic if and only if the total degrees, the Pontrjagin classes and the Fuler
characteristics agree.

It is an open and very interesting problem to determine if this theorem
holds without assumptions on the total degree.
5. COMMENTS

All three methods have their specific strength and weakness. The embed-
ding method, if applicable, is very straightforward and not only classifies
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manifolds but also identifies them with explicit models. The disadvantage
is that except for highly connected manifolds there are very few cases when
this method works.

The advantage of the surgery program over both other methods is that
— in principle — it answers a very natural and general problem: The classi-
fication of diffeomorphism classes of manifolds simply homotopy equivalent
to a given manifold. But the actual computation is very hard. In particular,
the last step, passing from the homotopy smoothings to the diffeomorphism
types, is a difficult problem. Of similar type is the question of when two
manifolds are (simply) homotopy equivalent.

The third method can sometimes avoid the latter difficulty since the
homotopy type is replaced by the (n/2)-type, n the dimension of the man-
ifold. And also the problem of the action of Auts (X) on S(X) can become
easier or disappear. The latter case can be demonstrated by classifica-
tion of certain 1-connected 7-dimensional homogeneous spaces containing
the Aloff-Wallach spaces. In joint work with Stephan Stolz [KS2] we give
a diffeomorphism classification based on Theorem 5. In contrast to the
even-dimensional case of complete intersections, here one has to analyze
the obstructions in the monoid lg. The homotopy type of these homoge-
neous spaces (and some generalizations) was determined later, by Kruggel
[Kr] and Milgram [M] independently. Here it is not difficult to determine
S (X), but to my knowledge nobody has computed the action of Aut (X)
on § (X). Concerning the Witten spaces classified in [KS1] most of these
results were obtained shorty after our proof by Ib Madsen using a different
approach. Recently I heard that Christine Escher [E] found a new way to
classify these Witten spaces, confirming the results from [KS1], and some
generalized spaces.
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Poincaré duality spaces

John R. Klein

INTRODUCTION

At the end of the last century, Poincaré discovered that the Betti num-
bers of a closed oriented triangulated topological n-manifold X"

bi(X) = dimgH;(X;R)

satisfy the relation
bi(X) = bp—i(X)

(see e.g., [Di, pp. 21-22]). In modern language, we would say that there
exists a chain map C*(X) — C),_.(X) which in every degree induces an
isomorphism

H*(X)2 H,_.(X) .

The original proof used the dual cell decomposition of the triangulation
of X. As algebraic topology developed in the course of the century, it
became possible to extend the Poincaré duality theorem to non-triangulable
topological manifolds, and also to homology manifolds.

In 1961, Browder [Brl] proved that a finite H-space satisfies Poincaré
duality. This result led him to question whether or not every finite H-space
has the homotopy type of a closed smooth (= differentiable) manifold.
Abstracting further, one asks:

Which finite complexes have the homotopy type of closed topological mani-
folds? of closed smooth manifolds?

To give these questions more perspective, recall that Milnor had already
shown in 1956 that there exist several distinct smooth structures on the 7-
sphere [Mil]. Furthermore, Kervaire [Ke] constructed a 10-dimensional PL
manifold with no smooth structure. It is therefore necessary to distinguish
between the homotopy types of topological and smooth manifolds. Kervaire
and Milnor [K-M] systematically studied groups of the h-cobordism classes
of homotopy spheres, where the group structure is induced by connected
sum. They showed that these groups are always finite. In dimensions > 5
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the h-cobordism equivalence relation is just diffeomorphism, by Smale’s
h-cobordism theorem [Sm]).

Since topological manifolds satisfy Poincaré duality (with respect to
suitable coefficients), the existence of a Poincaré duality isomorphism is
a necessary condition for a space to have the homotopy type of a closed
manifold. Such a space is called a Poincaré duality space, or a Poincaré
complex for a finite CW complex.

Poincaré complexes were to play a crucial role in the Browder-Novikov-
Sullivan-Wall surgery theory classification of manifolds. We can view the
surgery machine as a kind of descent theory for the forgetful functor from
manifolds to Poincaré complexes:

e Given a problem involving manifolds, it is often the case that it has
an analogue in the Poincaré category.

e One then tries to solve the problem in the Poincaré category, where
there is more freedom. In the latter, one has techniques (e.g., ho-
motopy theory) that weren’t available to begin with.

e Supposing that there is a solution to the problem in the Poincaré
category, the last step is to lift it back to a manifold solution. It
is here that the surgery machine applies. Except in low (co)dimen-
sions, the only obstruction to finding the lifting is given by the
triviality of certain element of an L-group L, ().

Thus surgery theory gives an approach for solving manifold classification
problems, modulo the solution of the corresponding problem for Poincaré
complezxes.

In general, a Poincaré duality space is not homotopy equivalent to a
topological manifold. Thus Poincaré duality spaces fall into more homo-
topy types than topological manifolds. In 1965, Gitler and Stasheff [G-S]
constructed an example of a simply connected finite complex X which sat-
isfies 5-dimensional Poincaré duality, but which isn’t the homotopy type of
a closed topological manifold. This example has the homotopy type of a
complex of the form (S?V S3)Ue®, with respect to a suitable attaching map
54 — §2Vv.83. More specifically, X is the total space of a spherical fibration
S? — X — S3 which admits a section. By the clutching construction, such
a fibration is classified by an element of 7o (Aut, (S?)) = 74(S?) = Z/2. We
take X to correspond to the generator of this group.

Returning to Browder’s original question about finite H-spaces, it is
worth remarking that at the present time there is no known example of a
finite H-space which isn’t the homotopy type of a closed smooth manifold.

Outline. §1 concerns homology manifolds, which are mentioned more-or-
less for their historical interest. In §2 we define Poincaré complexes, follow-
ing Wall. T then mention the various ways Poincaré complexes can arise.
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§3 is an ode to the Spivak normal fibration. I give two proofs of its ex-
istence. The first essentially follows Spivak, and the second is due to me
(probably). In §4 I outline some classification results about Poincaré com-
plexes in low dimensions, and I also give an outline as to what happens in
general dimensions in the highly connected case. In §5 I describe some re-
sults in Poincaré embedding theory and further connections to embeddings
of manifolds. §6 is a (slightly impious) discussion of the Poincaré surgery
programs which have been on the market for the last twenty five years or
so. I've also included a short appendix on the status of the finite H-space
problem. The bibliography has been extended to include related works not
mentioned in the text.

Acknowledgement. T am much indebted to Andrew Ranicki for help in re-
searching this paper. Thanks also to Teimuraz Pirashvili for help with
translation from the Russian.

1. FORERUNNERS OF POINCARE DUALITY SPACES

Spaces having the homological properties of manifolds have a history
which dates back to the 1930s, and are to be found in the work of Cech,
Lefschetz, Alexandroff, Wilder, Pontryagin, Smith and Begle. These ‘gen-
eralized n-manifolds’ (nowadays called homology manifolds) were defined
using the local homology structure at a point. The philosophy at the time
of their introduction was that these spaces were supposedly easier to work
with than smooth or combinatorial manifolds.

We recall the following very special case of the definition (for the general
definition and the relevant historical background see [Di, pp 210-213]). An
(ANR) homology n-manifold X is a compact AN R with local homology
groups

Z ifx=mn

H*<X,X\{x}>=H*<R",R"\{0}>:{0 oy X

Now, if our ultimate goal is to study the homotopy properties of mani-
folds, this definition has an obvious disadvantage: it isn’t homotopy invari-
ant. It is easy to construct a homotopy equivalence of spaces X =, Y such
that X is a homology manifold but Y is not a homology manifold. The
notion of Poincaré duality space is homotopy invariant, offering a remedy
for the problem by ignoring the local homology structure at each point.
Any space homotopy equivalent to a Poincaré duality space is a Poincaré
duality space.
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2. THE DEFINITIONS

There are several different flavors of Poincaré complex in the literature
[Wa3], [Wad], [Lel], [Spi]. We shall be using Wall’s definition in the finite
case, without a Whitehead torsion restriction.

Suppose that X is a connected finite CW complex whose fundamental
group m = 71(X) comes equipped with a homomorphism w: 7 — { £+ 1},
which we shall call an orientation character. Let A = Z[r] denote the
integral group ring. Define an involution on A by the correspondence g +— g,
where § = w(g)g~! for g € m. This involution will enable us to convert
right modules to left modules and vice-versa. For a right module M, let
“M denote the corresponding left module. For a left module N, we let N
denote the corresponding right module.

Let C., ()Z' ) denote the cellular chain complex of the universal covering
space X of X. Since 7 acts on X by means of deck transformations, it
follows that C,(X) is a (finitely generated, free) chain complex of right
A-modules.

For a right A-module M, we may therefore define

H*(X;M) := H_,(Homy(C,(X), M))

H.(X; M) H.(C.(X) @2 " M)

Given another right A-module N, and a class [X] € H,(X;"N) we also
have a cap product homomorphism

oM P g (XM e, N

where the tensor product M ®z “ N is given the left A-module structure
via
g-(t@y):=zg'@gy (gemrzoye M"N).

With respect to these conventions, there is a canonical isomorphism of left
modules YA = A ®y V7.

2.1. Definition. The space X is called a Poincaré complex of formal
dimension n if there is a class [X] € H,(X;"Z) such that cap product
with it induces an isomorphism

NX]: H*(X;A) = Hpoo(X;YA).

More generally, a disconnected space X is a Poincaré complex of formal
dimension n if each of its connected components is.
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We abbreviate the terminology and refer to X as a Poincaré n-complez.
For the rest of the paper, we shall be implicitly assuming that X is con-
nected. If the orientation character is trivial, we say that X is orientable,
and a choice of fundamental class [X] in this case is called an orientation
for X.

2.2. Remarks. (1). Wall proved that the definition is equivalent to the
assertion that the cap product map

e (x;) 2 g, (e

is an isomorphism for all left A-modules M. In particular, taking M = Z,
we obtain the isomorphism N[X]: H*(X,Z) & H,_.(X;"Z) as a special
case, which amounts to the statement of the classical Poincaré duality
isomorphism when w is the trivial orientation character.

(2). Every compact n-manifold X satisfies this form of Poincaré duality.!
A vector bundle i over S* is trivializable if and only if

wl(n) =+41e€ Hl(Sl;Zg) =79 = {:l:l}

The homomorphism w: 7 — {#1} is defined by mapping a loop ¢: S1 — X
to 41 if the pullback of the tangent bundle of X along ¢ is trivializable and
—1 otherwise.

(3). In Wall’s treatment of surgery theory [Wad], the above definition
of Poincaré complex is extended to include simple homotopy information.
This is done as follows: the cap product homomorphism is represented
by a chain map C*(X;A) — C,_.(X;™A) of finite degreewise free chain
complexes of right A-modules. One requires the Whitehead torsion of this
chain map to be trivial. In this instance, one says that X is a simple
Poincaré n-complex. It is known that every compact manifold has the
structure of a simple Poincaré complex.

2.3. Poincaré pairs. Let (X, A) be a finite CW pair. Assume that X
is connected. We assume that X comes equipped with a homomorphism
w: m(X) — {£1}. We say that (X, A) is a Poincaré n-pair if there is a
class

[X] € H,(X, A, YZ)

IThe standard picture of a handle in a manifold, with its core and co-core intersecting
in a point, has led Bruce Williams to the following one word proof of Poincaré duality:
BEHOLD!
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such that cap product with it induces an isomorphism
A[X]: H*(X;A) = Ho_ (X, A;“A).

Moreover, it is required that 0,([X]) € Hn—1(A;“Z) equips A with the
structure of a Poincaré complex, where the orientation character on A is
the one induced by the orientation character on X. Note, however, that in
many important examples, A is not connected, even though X is.

2.4. Examples. We mention some ways of building Poincaré complexes.

Gluing. If (M,0M) and (N,ON) are n-manifolds with boundary or, more
generally, Poincaré pairs, and h: dM — ON is a homotopy equivalence,
then the amalgamated union M Uy N is a Poincaré n-complex.

A special case of this is the connected sum X+#Y of two Poincaré com-
plexes X™ and Y™. To define it, we need to cite a result of Wall: every
Poincaré n-complex X has the form KUD™, where K is a CW complex and
dim K < n; this decomposition is unique up to homotopy (see 4.9 below).
Converting the attaching map S”~! — K into an inclusion S"~! C K, we
see that (K,S"~ ') is a Poincaré n-pair. Similarly, with Y = L U D", we
may define the connected sum X#Y to be K Ugn-1 L.

Fibrations. Suppose that I — E — B is a fibration with F, £ and B
having the homotopy type of finite complexes. Quinn [Qu2] has asserted
that E is a Poincaré complex if and only if F' and B are. A proof using
manifold techniques can be found in a paper of Gottlieb [Got].

This result is important because it explains a wide class of the known
examples of Poincaré complexes:

(1) The total space of a spherical fibration over a manifold.

(2) The quotient of a Poincaré complex by a free action of a finite

group.

In a somewhat different direction, if a group G acts on a Poincaré com-
plex M, then the orbit space M/G satisfies Poincaré duality with rational
coefficients. This includes for example the case of orbifolds.

S-duality. Let K and C be based spaces, and suppose that
d:S"? - KANC

is an S-duality map, meaning that slant product with the homology class
d.([S"72]) € H,—2(K A C) induces an isomorphism in all degrees f :
H*(K)~ H,—.—2(C).

Let P: X(KAC) — YKV XC denote the generalized Whitehead product
map, whose adjoint K A C — QX (K Vv C) is defined by taking the loop
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commutator [ix,ic] (Samelson product), where i : K — QX (K Vv C) and
ic: C — XY (K V C) are adjoint to the inclusions (see [B-S, p. 192]).
The CW complex

X = (EK\/ EC) Upoxq D"
is a Poincaré n-complex, with

nxX] = <?c ig) CH™H(X) = BN K) e BN(0)

~ H.(X) = Hoy(K)® Hoa(C) (x4 0,m) .

(The proof uses [B-S, 4.6, 5.14]; see also 4.10 below). Spaces of this kind
arise in high dimensional knot theory, where X is the boundary of a tubular
neighborhood of a Seifert surface V" € S"*! (i.e., the double V Uyy V of
(V,0V)) of a knot St C St

Given X™ as above, we can form a Poincaré (n+2)-complex Y2 by ap-
plying the same construction to the doubly suspended S-duality X2d: S™ —
YK A XC. Thus iterated application of the operation

(K,C,d) — (YK, XC,%%)

gives rise to a periodic family of Poincaré complexes. This type of phenom-
enon is related to the periodicity of the high-dimensional knot cobordism
groups.

3. THE SPIVAK FIBRATION

A compact smooth manifold M™ comes equipped with a tangent bundle
Tanr, whose fibres are n-dimensional vector spaces. Embedding M in a high
dimensional euclidean space R™*, we can define the stable normal bundle
v, which is characterized by the equation

™ ®vy =0

in the reduced Grothendieck group of stable vector bundles over M. By
identifying a closed tubular neighborhood of M™ in R™** with the normal
disk bundle D(v), and collapsing its complement to a point (the Thom-
Pontryagin construction), we obtain the normal invariant?

a: Sn+k _ (Rn+k)+ collapse R7l+k/(Rn+k —intD(VM)> excision T(VM)7

2The use of this term in the literature tends to vary; here we have chosen to follow
Williams [Wil].
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in which T'(v) = D(vpr)/S(var) is the Thom space of v (here, S(vpr) de-
notes the normal sphere bundle of v5;). The map « satisfies

Una.([s") = [M],

where U € H*(D(var), S(var); Z!) denotes a Thom class for vy, in which
the latter cohomology group is taken with respect to the local coefficient
system defined by the first Stiefel-Whitney class of v (i.e., the orientation
character of M).

The above relation between the normal invariant, the Thom class and
the fundamental class is reflected in an observation made by Atiyah. If
p: D(vpr) — M denotes the bundle projection, then the assignment v —
(v,p(v)) defines a map of pairs

(D(var), S(vm)) — (D(var) x M, S(var) x M)
which induces a map of associated quotients
T(l/]\/[) — T(I/M) N M+ s

where M denotes M with the addition of a disjoint basepoint. Composing
this map with the normal invariant, we obtain a map

S L D) A M,

3.1. Theorem. (Atiyah Duality [At]). The map d is a Spanier- Whitehead
duality map, i.e., slant product with the class d.([S"T*]) € Hyyx (T (var) A
M) yields an isomorphism

H(Tar)) = Hopnn(My).

With respect to this isomorphism (or rather, taking a version of it with
twisted coefficients), we see that a Thom class U maps to a fundamental
class [M] and the map is given by cap product with a, ([S"**]). Thus, the
relation U N a, ([S"T*]) = [M] is a manifestation of the statement that the
Thom complex T'(vy) is a Spanier-Whitehead dual of M, .

The above discussion was intended to motivate the following:

3.2. Definition. Let X be a Poincaré n-complex with orientation char-
acter w. By a Spiwak normal fibration for X, we mean
e a (k—1)-spherical fibration p: F — X, and
e a map
L OF

where T'(p) = X U CE denotes the mapping cone of p.
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Moreover, we require that
U N . ([S™H) = [X],

where U € H*(p; Z") is a Thom class for the spherical fibration p (here we
are taking the cohomology group of the pair (X U, E x I, E x 0) defined by
the mapping cylinder of p and the coefficients are given by the local system
on X defined by the orientation character w).

The map a: S"t* — T(p) is called a normal invariant.

3.3. Theorem. (Spivak). Every Poincaré n-complex X admits a Spivak
normal fibration with fibre S*~1, provided that k > n. Moreover, it is
unique in the following sense: given two Spivak fibrations (Eq,po, ) and
(E1,p1, 1) with respect to the same integer k, then there exists a stable
fibre homotopy equivalence

h:ElE_)EQ

such that the induced map T'(h): T(po) — T(p1) composed with ag is ho-
motopic to a;.

Actually, Spivak only proves this in the 1-connected case, but a little
care shows how to extend to result to the non-simply connected case.

Let me now give Spivak’s construction. As X is a finite complex, we
can identify it up to homotopy with a closed regular neighborhood N of a
finite polyhedron in euclidean space R"t*. Let p: E — X be the result of
converting the composite

ON — N~X

into a fibration. One now argues that the homotopy fibre of p is homo-
topy equivalent to a (k—1)-sphere. To see this, we combine n-dimensional
Poincaré duality for X together with the (n+k)-dimensional Poincaré dual-
ity for (V,ON) (the latter having trivial orientation character) to conclude
that

H*(X;A) = Hu o(X5"A)
= Hno(N;YA)
~  HM(N,ON;(“A)°)

H* ™ (p; (VA)%),
where (*A)¢ denotes the effect of converting * A to a right module by means
of the trivial orientation character e(g) := 1.

Now, it is straightforward to check that this isomorphism is induced by
cup product with a class U € H*(p; Z"), so it follows that the fibration
p: E — X satisfies the Thom isomorphism with respect to twisted coeffi-
cients. However, by the following, such fibrations are spherical fibrations.

1%
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3.4. Lemma. (Spivak [Spi, 4.4], Browder [Br4, 1.4.3]). Suppose that
p: E — B is a fibration of connected spaces whose fibre F is 1-connected.
Then F ~ S*=1 k> 2, if and only if the generalized Thom isomorphism
holds, i.e., there exists a class U € H*(p; Z") (with respect to some choice
of orientation character w: w1 (B) — {£1}) such that cup product induces
an isomorphism

UU: H*(B; A) — H* ™" (p; (“A)°)

(The original proof of this lemma involves an intricate argument with
spectral sequences. For an alternative, non-computational proof see Klein
[K11].)

To complete the proof of the existence of the normal fibration, we need
to construct a normal invariant a: S"T* — T(p). By definition, T'(p)
is homotopy equivalent to N/IN, and the latter comes equipped with a
degree one map

Stk NJON

given by collapsing the exterior of N to a point. This defines a.

Observe that when X is a smooth manifold then the Spivak fibration
E — X admits a reduction to a k-plane bundle with structure group O(k),
i.e., the stable normal bundle of X. Similar remarks apply to PL and
topological manifolds. This observation gives the first order obstruction
to a finding a closed (TOP, PL or DIFF) manifold which is homotopy
equivalent to a given Poincaré complex: the normal fibration should admit
a (TOP, PL or DIFF) reduction.

We illustrate the utility of this by citing a result from surgery theory.

3.5. Theorem. (Browder, cf. [Rad, p. 210]). If X is a l-connected
Poincaré complex of dimension > 5, then X is homotopy equivalent to a
closed topological manifold if and only if the normal fibration for X admits
a TOP-reduction.

As a corollary, we see that every finite 1-connected H-space of dimension
> 5 is homotopy equivalent to a topological manifold: the Spivak fibration
in this case is trivializable (cf. Browder and Spanier [Br-Sp]), so we may
take the trivial reduction.

3.6. An alternative approach. The above construction of the Spivak
normal fibration required us to identify the Poincaré complex X with a
regular neighborhood of a finite polyhedron in R”. From an aesthetic point
of view, it is desirable to have a construction which altogether avoids the
theory of regular neighborhoods. The following, which was discovered by
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the author, achieves this. To simplify the exposition, we shall only consider
the case when 71 (X) is trivial, and refer the reader to [K15] for the general
case.

Let G be a topological group (which to avoid pathology, we assume is a
CW complex). Consider based G-spaces built up inductively from a point
by attaching free G-cells D/ xG along their boundaries $7~!xG. Such
G-spaces are the based G-C'W complexes which are free away from the
basepoint. We shall call such G-spaces cofibrant.

Given a cofibrant G-space Y, define the equivariant cohomology of Y by

HL(Y) := H (Y/G; Z)

where the groups on the right are given by taking reduced singular coho-
mology.
Similarly, we have the equivariant homology of Y

HE(Y):=H,(Y/G:Z).

Given two cofibrant G-spaces Y and Z, we can form their smash product
Y AZ. Give this the diagonal G-action, and let Y Ag Z denote the resulting
orbit space.

3.7. Definition. Assume that mo(G) is trivial. A based map d: S™ —
Y Ag Z is said to be an equivariant duality map if the correspondence
x +— x/d([S™]) defines an isomorphism

HE(Y) = HS_.(Z).

3.8. Remarks. (1). Another way of saying this is that the evident compos-
ite
S™ =Y ANe Z— (Y/G)AN(Z/G)

is an S-duality map.

(2). Our definition is a dual variation of one given by Vogell [Vo], and the
set-up is similar to Ranicki [Ral, §3] who defines an analogue for discrete
groups. If G is not connected, then the definition is slightly more technical
in that we have to take cohomology with A = Z[r(G)]-coefficients.

Now, using a cell-by-cell induction (basically, Spanier’s exercises [Spa,
pp. 462-463] made equivariant), one verifies that every finite cofibrant G-
space Y (i.e., which is built up from a point by a finite number of G-cells)
has the property that there exists a finite G-space Z and an equivariant
duality map S™ — Y Ag Z for some choice of m > 0.
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It is well-known that any connected based CW complex X comes e-
quipped with a homotopy equivalence BG — X, where G is a suitable
topological group model for the loop space of X (e.g., take G to be the
geometric realization of the underlying simplicial set of the Kan loop group
of the total singular complex of X'). Here, BG denotes the classifying space
of X. Let EG be the total space of a universal bundle over X. Then EG is
a free contractible G-space. Let EG, be the effect of adjoining a basepoint
to EG. Since BG is homotopy finite, it follows that EG is the equivariant
type of a finite cofibrant G-space. Hence, there exists an equivariant duality
map

sm i> EGi Ng Z := Zye

for suitably large m, where Zng := (EG xXg Z)/(EG X g %) is the reduced
Borel construction of G acting on Z (note in fact that Z,g is homotopy
equivalent to Z/G since Z is assumed to be cofibrant).

In what follows, we assume that m > n =: dim X.

3.9. Claim. If BG has the structure of an n-dimensional Poincaré com-
plex, then Z is unequivariantly homotopy equivalent to a sphere of dimen-
ston m—n—1.

Proof. Combining Poincaré duality with equivariant duality, we obtain an
isomorphism

One checks that this isomorphism is induced by cap product with a suitable
class U € H™ ™(Zpq). Now observe that up to a suspension, Zpq is the
mapping cone of the evident map

EGXGZ—>BG

and it follows that Zj,g amounts to the Thom complex for this map con-
verted into a fibration. It follows that the Thom isomorphism is satisfied,
and we conclude by 3.4 above that its fibre Z has the homotopy type of an
(m—n—1)-sphere.

To complete our alternative construction of the Spivak fibration, we
need to specify a normal invariant «. This is given by the duality map
d: S — Zhg.

4. THE CLASSIFICATION OF POINCARE COMPLEXES

We outline the classification theory of Poincaré complexes in two in-
stances: (i) low dimensions, and (ii) the highly connected case. In (i), we
shall see that the main invariants are of Postnikov and tangential type, and
ones derived from them. In (ii), the Hopf invariant is the main tool.
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4.1. Dimension 2. Every orientable Poincaré 2-complex is a homotopy
equivalent to a closed surface (see Eckmann-Linnell [E-L] and Eckmann-
Miiller [E-M]). Surprisingly, this is a somewhat recent result.

4.2. Dimension 3. Clearly, Poincaré duality implies that a 1-connected
Poincaré 3-complex X is necessarily homotopy equivalent to S3.

Wall [Wa3] studied Poincaré 3-complexes X in terms of the fundamental
group m = 71(X), the number of ends e of 7 and the second homotopy
group G = mo(X). The condition that e = 0 is the same as requiring 7 to
be finite. It follows that the universal cover of X is homotopy equivalent
to S3, so G is trivial in this instance.

It turns out in this case that 7 is a group period 4, meaning that Z
admits a periodic projective resolution of Z[r] modules of period length 4.
Wall showed that the first k-invariant of X is a generator g of H*(m;Z)
(the latter which is a group of order |7|). The assignment X — (m1(X), g)
was proved to induce a bijection between the set of homotopy types of
Poincaré complexes and the set of pairs (m,g) with 7 finite of period 4
and g € H*(m;7Z) a generator, modulo the equivalence relation given by
identifying (m, g) with (7/, ¢') if there exists an isomorphism © — 7’ whose
induced map on cohomology maps ¢’ to g.

In the case when e # 0, then 7 is infinite and X is non-compact. If
e = 1, homological algebra shows that X is contractible in this case, so X
isa K(m1).

If e = 2, the Wall shows that X is homotopy equivalent to one of
RP34RP3, S! x RP? or to one of the two possible S?-bundles over SI.
This summarizes the classification results of Wall for groups for 7 in which
e <2.

In 1977, Hendriks [He] showed that the homotopy type of a connected
Poincaré 3-complex X is completely determined by three invariants:

e the fundamental group © = 7 (X),

e the orientation character w € Hom(m,Z/2), and

e the element 7 := wu.([X]) € H3(Bm;“Z) given by taking the im-
age of the fundamental class with respect to the homomorphism
Hs3(X;%Z) — Hs3(Bm(X);"¥Z) induced by the classifying map
u : X — Br for the universal cover of X.

Call such data a Hendriks triple.

Shortly thereafter, Turaev [Tu] characterized those Hendriks triples (,
w,7) which are realized by Poincaré complexes, thereby completing the
classification. For a ring A, let ho-mod, be the category of fractions
associated to the category of right A-modules given by formally inverting
the class of morphisms 0 — P, where P varies over the finitely generated
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projective modules. Call a homomorphism M — N of right A-modules a
P-isomorphism if it induces an isomorphism in ho-mod,.

Set A = Z[n], where 7 is a finitely presented group which comes equipped
with an orientation character w: @ — {£1}. Let I C A denote the aug-
mentation ideal, given by taking the kernel of the ring map A — 7Z defined
on group elements by g — 1. In particular, I is right A-module.

Choose a free right A-resolution

&CQE>01->I->O

of I, with C; and Cs finitely generated. Let C* := homy (C;, A) denote the
corresponding complex of dual (left) modules. Let J be the right module
given by taking the cokernel of the map

saw (d2)” \w
(CT)" ——(C3)".

Then Turaev shows that there is an isomorphism of abelian groups
A: hompe mod, (7, 1) = H(m;"7Z) .

4.3. Theorem. (Turaev). A Hendriks triple x := (m,w,T) is realized
by a Poincaré 3-complex if in only if T = A(t) for some P-isomorphism
t:J — 1.

4.4. Dimension 4. Milnor [Mi2] proved that the intersection form
Hy(X*) ® Hy(X*) — Z

(or equivalently, the cup product pairing on 2-dimensional cohomology)
determines the homotopy type of a simply connected Poincaré 4-complex,
and that every unimodular symmetric bilinear form over Z is realizable. We
should perhaps also mention here the much deeper theorem of Freedman,
which says that the homeomorphism type of a closed topological 4-manifold
is determined by its intersection form and its Kirby-Siebenmann invariant
(the latter is a Z/2-valued obstruction to triangulation).

We may therefore move on to the non-simply connected case. It is well-
known that any group is realizable as the fundamental group of a closed 4-
manifold, and hence of a Poincaré 4-complex. Given a Poincaré 4-complex
X with fundamental group 7, the obvious invariants which come to mind
are G := m2(X) and the intersection form on the universal cover, which
can be rewritten as ¢: G x G — Z (since m5(X) = Hy(X)); the group 7
acts via isometries on the latter.



Poincaré duality spaces 149

Wall [Wa3] studied oriented Poincaré 4-complexes X4 whose fundamen-
tal group is a cyclic group of prime order p # 2. Wall showed under these
assumptions that the homotopy type of X is determined by G and the
intersection form G x G — Z. However, when 7 is the group of order 2,
this intersection form is too weak to detect the homotopy type of X (see
[H-K, 4.5]).

Hambleton and Kreck [H-K] extended Wall’s work to the case when 7
is a finite group with periodic cohomology of order 4. To a given oriented
X4, they associate a 4-tuple

(m,G, ¢, k)

where 7 = m (M), G = (M), ¢: G x G — Z denotes the intersection
form and k € H?(m; G) denotes the first Postnikov invariant of X. Such
a system is called the quadratic 2-type of X. Moreover generally, one can
consider all such 4-tuples, and define isometry (v, G, ¢, k) — (v',G', &', k)
consist of isomorphisms 7 = 7’ and G = G’ which map ¢ to ¢’ and k to k’.

4.5. Theorem. (Hambleton-Kreck). Let X* be a closed oriented Poincaré
complex with m = w1 (X) a finite group having 4-periodic cohomology. Then
the homotopy type of X is detected by the isometry class of its quadratic
2-type.

Notice that the result fails to identify the possible quadratic 2-types
which occur for Poincaré complexes. Bauer [Bauer| extended this to fi-
nite groups m whose Sylow subgroups are 4-periodic. Teichner [Te] ex-
tended it to the non-orientable case where a certain additional secondary
obstruction appears. Teichner also realizes the obstruction by exhibiting
a non-orientable Poincaré 4-complex having the same quadratic 2-type as
RP*#CP2?, but the two spaces have different homotopy types. Thus Te-
ichner’s secondary obstruction may be non-trivial. Other examples in the
non-orientable case were constructed by Ho, Kojima, and Raymond [H-K-
R].

Another approach to classification in dimension 4 is to be found in the
works of Hillman (see e.g., [Hill]).

We should also mention here the work of Baues [Baues] which a pro-
vides a (rather unwieldy but) complete set of algebraic invariants for all
4-dimensional CW complexes.

4.6. Dimension 5. The main results in this dimension assume that the
fundamental group is trivial. Madsen and Milgram [M-M, 2.8] determined
all Poincaré 5-complexes with 4-skeleton homotopy equivalent to S? v S3.
They show that such a space is homotopy equivalent to one of the following;:

(1) S% x S3,
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(2) S(n @ €%) = the total space of the spherical fibration that is given
by taking the fibrewise join of the Hopf fibration S3 2, 82 with the
trivial fibration €2: S? x S' — S2, or

(3) the space given by attaching a 5-cell to S?V S? by means of the map
St — 5%V S3 given by [i2,t3] + n?t2, where [12,13]: S* — S? Vv §3
denotes the attaching map for the top cell of the cartesian product
S? x 83 (= the Whitehead product), n?: S* — S? denotes the
composite Xn: S* — S3 followed by 7, and 1p: S? — S? v §2
denotes the inclusion.

The last of these cases is the Gitler-Stasheff example mentioned in the
introduction, and hence fails to have the homotopy type of a closed smooth
5-manifold. This can be seen by showing that the Thom space of the
associated Spivak normal bundle fails to be the Thom space of a smooth
vector bundle.

Stocker has completely classified 1-connected Poincaré 5-complexes up
to oriented homotopy type. To a given oriented X°, we may associate the
system of invariants

I(X) = (G,byws,e)
where
o G = Hy(X),
e b: T(G)xT(G) — Q/Z is the linking form for the torsion subgroup

T(G) C G,

e wy € Hom(G,Z/2) is the second Stiefel-Whitney class for the Spi-
vak fibration of X (which makes sense since Hom(m2(BSG),Z/2) =
Z,/2, where the space BSG classifies oriented stable spherical fibra-
tions), and

e c€ H3(X;7Z/2) =2 G ®7Z/2 denotes the obstruction linearizing the
Spivak-fibration over the 3-skeleton of X (we are using here that
the map BSO — BSG is 2-connected, so a linearization always
exists over the 2-skeleton).

We remark that the first three of these invariants was used by Barden [Bar]
to classify 1-connected smooth 5-manifolds.

More generally, one can consider tuples (G,b,ws,e) in which G is a
finitely generated abelian group, b: T(G) x T(G) — Q/Z is a nonsingular
skew symmetric form, we: G — Z/2 is a homomorphism and e € G ® Z/2
is an element. The data are required to satisfy wa(z) = b(z,z) for all
x € T(G) and (w2 ®id)(e) = 0. It is straightforward to define isomorphism
and direct sums of these data, so we may define J to be the semi-group of
isomorphism classes of such tuples.

4.7. Theorem. (Sticker [Sto]). The assignment X° — I(X5) defines an
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isomorphism between J and the semigroup of oriented homotopy types of
1-connected Poincaré 5-complexes, where addition in the latter is defined
by connected sum.

Using a slightly different version of this, it is possible to write down
a complete list of oriented homotopy types of l-connected Poincaré 5-
complexes in terms of ‘atomic’ ones and the connected sum operation (see
[loc. cit., 10.1]).

4.8. The highly connected case. In “Poincaré Complexes: 1”7, Wall
announces that the classification of ‘highly connected’ Poincaré complexes
will appear in the forthcoming part II. Unfortunately, part II never did ap-
pear. We shall recall some of the homotopy theory which would presumably
enter into a hypothetical classification in the metastable range.

To begin with, it is well-known that a closed n-manifold can be given
the structure of a finite n-dimensional CW complex with one n-cell. The
analogue of this for Poincaré complexes was proved by Wall [Wa3, 2.4],
[Wad, 2.9] and is called the disk theorem:

4.9. Theorem. (Wall). Let X be a finite Poincaré n-complex. Then X
is homotopy equivalent to a CW complex of the form LUy, D™. Ifn # 3
then L can be chosen as a complex with dim L < n—1 (when n =3, L can
be chosen as finitely dominated by a 2-complex). Moreover, the pair (L, «)
is unique up to homotopy and orientation.

Suppose that X is a n-dimensional CW complex of the form (¥'K) U,
D", with K connected. We want to determine which attaching maps
a: 81 — YK give X the structure of a Poincaré complex. To this
end, we recall the James-Hopf invariant

T 1(ZK) 25 10 1 (5K A K)

which is defined using the using the well-known homotopy equivalence
J(K) = QXK, where J(K) denotes the free monoid on the points of K.
In terms of this identification, H is induced by the map J(K) — J(K A K)
given by mapping a word [[; #; to the word [, _; i A z;.

4.10. Theorem. (Boardman-Steer [B-S, 5.14]). Up to homotopy, the
reduced diagonal A: X — X AN X factors as

X pinch gn YH(a)

YKAYK S XAX,

where the first map in this factorization is given by collapsing XK C X to
a point.

Since the slant product is induced by the reduced diagonal, we obtain,
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4.11. Corollary. A map a: S"!' — XK gives rise to a Poincaré n-
compler X = (¥ K) U, D™ if and only if its Hopf invariant

H(a): S" ' - YK AK
is a Spanier- Whitehead duality.

In particular, this result says that the complex K is self-dual whenever
X is a Poincaré complex (compare [Wal, 3.8]).

Suppose now that we are given CW complex X = LU, D™ which (r—1)-
connected. If X is to be a Poincaré complex, then it would follow by duality
that L is homotopy equivalent to a CW complex of dimension < n—r, so
we may as well assume this is the case to begin with. If we assume moreover
that n < 3r — 1 then the Freudenthal suspension theorem implies that L
desuspends, so we may write L ~ YK, and X is then of the form Y KU, D"
up to homotopy. Hence the corollary applies in this instance. Lastly, if we
assume that n < 3r — 2, then K is unique up to homotopy.

The above result shows that it would be too optimistic to expect an
algebraic classification of Poincaré complexes in the metastable range (in-
deed, the classification of self-dual CW complexes in the stable range would
probably have to appear in any such classification). However, if we assume
that we are at the very beginning of the metastable range, i.e., n = 2r,
then YK is homotopy equivalent a wedge of r-spheres, say

t
YK = \/ST.

The Hilton decomposition [Hilt] can be used to write the homotopy class
of @ in terms of summands and basic Whitehead products, i.e,

t
a = Zﬂij @ Z Yijltis L] 5
j=1

1<i<j<t

where ¢;: S — YK denotes the (homotopy class of) the inclusion into the
j-th summand, 3; € m,—1(S") is an element, [¢;,¢;] € m,—1(S"V.S") denotes
the basic Whitehead product (= the attaching map S?"~1 — S™ Vv S" for
the top cell of S” x S™) and ~;; is an integer. Higher order Whitehead
products do not appear in this formula for dimensional reasons.

It follows that the data (8;,7:;) give a complete list of invariants for X.
If e; denotes the Kronecker dual to the cohomology class defined by ¢;,
then the cohomology ring for X is given by

Vij if i < j,
eie; = (=) ifj <,
H(ﬁl) € 7T’nfl(‘s’n_l) =7 if 4 = 7.
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Therefore, the obstruction to X satisfying Poincaré duality is given by the
demanding that matrix (e; Ue;) be invertible.

For the classification (of manifolds) in the odd dimensional case n =
2r + 1, see [Wa3].

5. POINCARE EMBEDDINGS

The notion of Poincaré embedding is a homotopy-theoretic imperson-
ation of what one obtains from an embedding of actual manifolds. If a
manifold X is decomposed as a union

X = KuuC

where K,C C X are codimension zero submanifolds with common bound-
ary A := KNC, then X stratifies into two pieces, with A as the codimension
one stratum and int(KIIC) as the codimension zero stratum. By replac-
ing the above amalgamation with its homotopy invariant analogue, i.e.,
the homotopy colimit of K «— A — C, we may recover X up to homotopy
equivalence.

A Poincaré embedding amounts to essentially these data, except that we
do not decree the spaces to be smooth manifolds: the manifold condition
is weakened to the constraint that Poincaré duality is satisfied.

Specifically, suppose that we are given a connected based finite CW
complex K* of dimension k, a Poincaré n-complex X” and a map f: K —
X. The definition of Poincaré embedding which we give is essentially due
to Levitt [Lel].

5.1. Definition. We say that f Poincaré embeds if there exists a commu-
tative diagram of based spaces

A— C

L

K — X
!

such that

e the diagram is a homotopy pushout, i.e., the evident map from the
double mapping cylinder K x 0UA % [0,1]JUC x 1 to X is a homotopy
equivalence.

e The image of [X] under H,(X;YZ) — H,(i; f*"Z) induced by
the boundary map in Mayer-Vietoris sequence of the diagram gives
(K, A) the structure of an n-dimensional Poincaré pair, where K :=
K Uaxo A % [0,1] denotes the mapping cylinder of ¢. Similarly, [X]
induces a Poincaré pair structure on (C, A).

e The map ¢ is (n—k—1)-connected.
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The space C' is called the complement.

The above definition applies when X has no boundary. If (X,0X) is a
Poincaré n-pair, then the definition is analogous, except: (i) we require the
map 0X — X to factor as 0X — C — X, and (ii) the Poincaré boundary
for C' is given by 0X 1T A.

The first condition of the definition says that X is homotopy theoreti-
cally a union of K with its complement. The second condition says that the
‘stratification’ of X is ‘Poincaré’. The last condition is essentially technical.
In the smooth category, it would be an automatic consequence of transver-
sality (a closed regular neighborhood N a k-dimensional subcomplex of an
n-manifold has the property that ON C N is (n—k—1)-connected), so the
condition that ¢ be (n—k—1)-connected is imposed to repair the lack of
transversality in the Poincaré case. However, note when k < n—3 that 4
is 2-connected if and only if ¢ is (n—k—1)-connected, by duality and the
relative Hurewicz theorem.

We will assume throughout that we are in codimension > 3, i.e., k <
n—3.

5.2. Remark. Suppose additionally that K* has the structure of a Poincaré
k-complex. Then application of 3.4 above shows that the homotopy fibre
of i is homotopy equivalent to an (n—k—1)-sphere. Hence the map i in
the definition may be replaced by a spherical fibration. This recovers the
notion of Poincaré embedding given by Wall [Wa2, p. 113].

The following result, which has a ‘folk’ co-authorship, says that the
descent problem for finding locally flat PL-manifold embeddings can always
be solved in codimension > 3. Moreover, the smooth version can always
be solved in the metastable range.

5.3. Theorem. (Browder-Casson-Sullivan-Wall [Wa2, 11.3.1]).

(1). Suppose that K* and X" are PL manifolds and that k < n—3. Then
f is homotopic to a locally flat PL embedding if and only if f Poincaré
embeds.

(2). If K* X" are smooth manifolds with k < n—3, then f: K¥ — X"
is homotopic to a smooth embedding if and only if f Poincaré embeds
and, additionally, one of the following holds: (i) 2n > 3(k+1), or (i)
the (n—k—1)-spherical fibration A — K (c¢f. 5.2) admits a vector bundle
reduction of rank n—Fk.

Thus, the problem of finding an embedding of PL-manifolds in codimen-
sion > 3 has been reduced to a problem in homotopy theory. When can
this homotopy problem be solved?
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A map M™ — N™ of manifolds with n > 2m+1 is always homotopic
to an embedding, by transversality. It is natural to ask whether a sim-
ilar result holds in the Poincaré case. Fix a map f: K* — X", where
K* is a k-dimensional CW complex, X™ is a Poincaré complex (possibly
with boundary) and k¥ < n—3. According to Levitt [Lel], f Poincaré em-
beds when n > 2k 4+ 2 . One would expect that the result holds in one
codimension less, in analogy with manifolds, but this isn’t known in gen-
eral. However, Hodgson [Hol] asserts that f will Poincaré embed when
n > 2k + 1, with the additional assumptions that K is a Poincaré complex
and X is 1-connected. Both Hodgson and Levitt used manifold engulfing
techniques to arrive at these results.

Recently, the author [K12] proved a general result about Poincaré em-
beddings which implies the Levitt and Hodgson theorems as special cases:

5.4. Theorem. Let f: K*¥ — X™ be an r-connected map with k < n—3.
Then f Poincaré embeds whenever

r > 2k—-n+2.

Moreover, the Poincaré embedding is ‘unique up to concordance’ if strict
inequality holds.

(Two Poincaré embedding diagrams for f are called concordant if they
are isomorphic in the homotopy category of such diagrams.)

In contrast with the engulfing methods of Levitt and Hodgson, the au-
thor proves this result using purely homotopy theoretic techniques (a main
ingredient of the proof is the Blakers-Massey theorem for cubical diagrams
of spaces, as to be found in [Good]).

An old question about Poincaré complexes is whether or not the diagonal
X — X x X Poincaré embeds. As an application of the above, we have

5.5. Corollary. Let X™ be a 2-connected Poincaré n-complex.> Then
the diagonal X — X x X Poincaré embeds. Moreover, any two Poincaré
embeddings of the diagonal are concordance whenever X is 3-connected.

It would be interesting to know whether or not the corollary holds
without the connectivity hypothesis. Clearly, the diagonal of a manifold
Poincaré embeds, by the tubular neighborhood theorem, so the existence
of a diagonal Poincaré embedding for a Poincaré complex is an obstruction
to finding a smoothing.

3 Additional Note: The existence part of the corollary holds when X is 1-connected
(see [Kl14]).
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5.6. Example. Let X be a finite H-space with multiplication p: X x X —
X. Write X = Xy U D" using the disk theorem, and let a: D™ — X be
the characteristic map for the top cell of X. Consider the commutative
diagram

XXSn71 M XXX()

ﬂl ls
XxD' —% . XxX
where the map s is given by (x,y) — (z,u(x,y)), and the map d is given
by (z,v) — (z,pu(z,a(v))). Then the diagram is a homotopy pushout
and, moreover, the restriction of d to X X * C X x D" coincides with the

diagonal. Hence, the diagram amounts to a Poincaré embedding of the
diagonal.

5.7. Poincaré embeddings and unstable normal invariants. Ano-
ther type of question which naturally arises concerns the relationship be-
tween the Spivak normal fibration and Poincaré embeddings in the sphere.
Suppose that K* is a Poincaré complex equipped with a choice of spherical
fibration p: S(p) — K with fibre S7~!. One can ask whether K* Poincaré
embeds in the sphere S¥*7 with normal data p. That is, when does there
exist a space W and an inclusion S(p) C W such that K Ug,) W is homo-
topy equivalent to S¥*7? Obviously, if p isn’t a Spivak fibration then there
aren’t any such Poincaré embeddings. So the first obstruction is given by
the existence of a normal invariant S**7 — T'(p).

More generally, let K* be a k-dimensional CW complex which is e-
quipped with a map ¢g: A — K. Let K be the mapping cylinder of g and
assume that (K, A) is an oriented Poincaré n-pair. We want to know when
there exists a Poincaré embedding of K in S™ with normal data A — K,
i.e., when does there exist an inclusion of spaces A C W such that KU W
is homotopy equivalent to S™? This problem specializes to the previous
one by taking g to be a spherical fibration.

Now, if the problem could be solved, then a choice of homotopy equiva-
lence S™ = K Uy W gives rise to a ‘collapse’ map

SniKUAWZKVUAWHKUA*:T(g)

where T'(g) denotes the mapping cone of g: A — K. By correctly choosing
our orientation for (K, A), we may assume that this map is of degree one.
This prompts the following more general notion of normal invariant.

5.8. Definition. Given g: A — K as above together with an orientation
for (K, A), we call the homotopy class of any degree one map S™ — T'(g)
a normal invariant.
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The following result says that there is a bijective correspondence between
normal invariants and concordance classes of Poincaré embeddings in the
sphere with given normal data in the metastable range. It was first proven
by Williams [Wil], using manifold methods. A homotopy theoretic proof
has been recently given by Richter [Ril].

5.9. Theorem. Suppose that 3(k+1) < 2n andn > 6. Then K* Poincaré
embeds in S™ with normal data g: A — K if and only if there exists a nor-
mal invariant S™ — T(g). Moreover, any two such Poincaré embeddings

of K which induce the same normal invariants are isotopic provided that
3(k+1) <2n.

Richter [Ri2] has found some interesting applications of this result. For
example, he has shown how it implies that the isotopy class of a knot
S™ C §™*? is determined by its complement X, whenever 7, (X) = 7, (S!)
for x* < 1/3(n + 2); this extends a theorem of Farber by one dimension.
For an extension of Theorem 5.9 to the case when the ambient space an
arbitrary Poincaré complex, see [K14].

6. POINCARE SURGERY

Controversy seems to be one of the highlights of this subject, so to avoid
potential crossfire I'll begin this section with a quote from Chris Stark’s
mathematical review [Stk] of the book Geometry on Poincaré spaces, by
Hausmann and Vogel [H-V]:

The considerable body of work on these matters is usually re-
ferred to as “Poincaré surgery” although other fundamental issues
such as transversality are involved. These efforts involve several
points of view and a number of mathematicians—the authors of
the present notes identify three main streams of prior scholarship
in their introduction and include a useful bibliography. Because of
technical difficulties and unfinished research programs, Poincaré
surgery has not become the useful tool proponents of the subject
once hoped to deliver.

For the sake of simplicity, I shall only discuss the results found in [H-
V], which is now the standard reference for Poincaré surgery. We begin
by explaining the fundamental problem of Poincaré surgery. To keep the
exposition simple, we only consider the oriented case.

6.1. Surgery. Quinn [Qu2] defines a normal space to be a CW complex
X equipped with an (oriented) (k—1)-spherical fibration px: E — X and
a degree one map ax: S"* — T(px), where T(px) denotes the mapping
cone = Thom space of px (here the integer k is allowed to vary). We define
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the formal dimension of X to be n. Similarly, we have the notion of normal
pair (X, A).

A normal map of normal spaces from X to Y consists of a map f: X —
Y and an oriented fibre equivalence of fibrations b: px — py covering f
such that the composite

« T(b
S 2, 1) T T(py)

coincides with ay. Note that the mapping cylinder of f has the structure
of a normal pair whose boundary is X IT Y. Similarly, there is an evident
notion of normal cobordism for normal maps.

The obvious example of a normal space is given by a Poincaré complex
equipped with Spivak fibration. The central problem of Poincaré surgery
is to decide when a given normal map f: X — Y of Poincaré complexes
is normally cobordant to a homotopy equivalence. Analogously, in the
language of normal pairs, one wants to know when a normal pair (X, A),
with A Poincaré, is normally cobordant to a Poincaré pair.

The algebraic theory of surgery of Ranicki [Ral-2], [Ra3] associates to a
normal map of Poincaré complexes f: X — Y asurgery obstruction o(f) €
L, (m1(Y)) which coincides with the classical one if the given normal map
comes from a manifold surgery problem. The principal result of Poincaré
surgery says that this is the only obstruction to finding such a normal
cobordism, i.e., that the manifold and Poincaré surgery obstructions are
the same. According to Hausmann and Vogel, there are to date three basic
approaches to Poincaré surgery obstruction theory.

The first is to use thickening theory to replace a Poincaré complex with
manifold with boundary, so that we can avail ourselves of manifold tech-
niques, such as engulfing. This is the embodied in approach of several
authors, including Levitt [Le2], Hodgson [Ho6] and Lannes-Latour-Morlet
[L-L-M]. One philosophical disadvantage of this approach is that, in the
words of Browder, “a problem in homotopy theory should have a homo-
topy theoretical solution” [Qul].

The second approach, undertaken by Jones [Jol], also uses sophisticated
manifold theory. The idea here is to equip Poincaré complexes with the
structure of a patch space, which a space having an ‘atlas’ of manifolds
whose transition maps are homotopy equivalences, and having suitable
transversality properties.

Lastly, we have the direct homotopy theoretic assault, which was first
outlined by Browder and which was undertaken by Quinn [Qul-3]. If a
map (3: S — X" is an element on which one wants to do surgery, then
the homotopy cofiber X Ug D7*! has the homotopy type of an elementary
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cobordism, i.e., the trace of the would-be surgery. Moreover, as Quinn
observes, if the surgery can be done then there is a cofibration sequence
X" — X Ug DIt — S where X' is the ‘other end’ of the cobordism.
The composite map X C X Ug DTt — S"~J is a geometric representative
for a cohomology class which is Poincaré dual to the homology class defined
by £. Quinn’s idea [Qu3] is to find homotopy theoretic criteria (involving
Poincaré duality) to decide when a map X Ug D/T! — S"~J extends to
the left as a cofibration sequence, thus yielding X'.

Hausmann and Vogel point out that these three approaches are imbued
with a great deal of technical difficulty and none of them were completely
overcome. We pigeonhole the book of Hausmann and Vogel by placing it
within the first of these schools.

6.2. Poincaré bordism. Under this title belong the fundamental ex-
act sequences of Poincaré bordism found by Levitt [Le2], Jones [Jol] and
Quinn [Qu2]. Given a normal space X, we can let QF(X) denote the
bordism group of normal maps (f,b): Y — X with X a normal space of
formal dimension n and Y a Poincaré n-complex, and where cobordisms
are understood in the Poincaré sense. Similarly, we can define QY (X) to
be the bordism group of normal maps (f,b): Y — X. Then there is an
exact sequence

- La(m (X)) = Q7 (X) =% QY(X) = Lya(m (X)) — -
and moreover, an isomorphism QY (X) & H, (X; MSG), where the latter
denotes the homology of X with coefficients in the Thom spectrum MSG
whose n-th space is the Thom space of the oriented spherical fibration with
fibre S™~1 over the classifying space BSG,,.

6.3. Transversality. Let A be a finite CW complex and suppose that
(D, S) is a connected CW pair such that A includes in D as a deformation
retract. We also assume that the homotopy fibre of S C D is (k—1)-
spherical. Given an inclusion S C C, let Y denote the union D Ug C.
Roughly, we are thinking of the Y as containing a ‘neighborhood thickening’
D of A in such a way that the ‘link” S of A in Y is a spherical fibration
(up to homotopy).

Let X be a Poincaré n-complex and let f: X — Y be a map. We say
that f is Poincaré transverse to A when (f~1(D), f=(S)) and (f~(C),
F~1(S)) have the structure of Poincaré n-pairs, and moreover, we require
that the homotopy fibre of the map

F7H8) — fH(D)
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is also (k—1)-spherical.

Hence, if f is Poincaré transverse to A, we obtain a stratification of
X as a union of f~1(D) with f~1(C) along a common Poincaré bound-
ary f~1(S). Moreover, it follows from the definition that f~!(A) has
the structure of a Poincaré (n—k)-complex, so we infer that the inclusion
f~1(A) C X Poincaré embeds (with normal data f~1(S)).

The main issue now is to decide when a map f: X — Y can be ‘de-
formed’ (bordant, h-cobordant) so that it becomes Poincaré transverse to
the given A. The philosophy is that although one can always deform a map
in the smooth case to make it transverse, there are obstructions in the Wall
L-groups for the Poincaré case, and the vanishing of these obstructions are
both necessary and sufficient for Poincaré transversality up to bordism.

The algebraic L-theory codimension k& Poincaré transversality obstruc-
tions for k = 1,2 are discussed in Ranicki [Ra3, Chap. 7]. Supposing in
what follows that & > 3, Hausmann and Vogel provide a criterion for de-
ciding when f can be made (oriented) Poincaré bordant to a map which is
transverse to A [H-V, 7.11]. They define an invariant ¢(f) € L,_x(71(A))
whose vanishing is necessary and sufficient to finding the desired bordism.
If in addition f is 2-connected, then t(f) is the complete obstruction to
making f transverse to A up to homotopy equivalence (i.e., Poincaré h-
cobordism) [loc. cit., 7.23]). Assertions of this kind can be found in the
papers of Levitt [Le2],[Led],[Le5], Jones [Jol], and Quinn [Qu2]. For a
general formulation, see [H-V, 7.11, 7.14].

6.4. Handle decompositions. Given a Poincaré n-pair (Y,9Y), and a
Poincaré embedding diagram

Sk—l X Sn—k—l C

| !

Sk=1x pr—k oY

we can form the Poincaré n-pair
(2,0Z) := (YUDFx D" * CuDFxgnF1y,

where DF x D"~ % is attached to Y by means of the composite S¥~1 x
D" % — 9Y C Y and DF x S"#~1 is attached to OY by means of the
map S~ x §n~k=1 _ . Call this operation the effect of attaching a
k-handle to (Y,0Y). Note that there is an evident map ¥ — Z.
A handle decomposition for a Poincaré complex X" consists of a sequence
of spaces
W_1—Wy— - — W,
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(with W_; = §)) and a homotopy equivalence W,, — X. Moreover, each
W is the underlying space of a Poincaré n-pair with boundary 0W; in such
a way that W; is obtained from W;_; a a finite number of j-handle attach-
ments. Handle decompositions are special cases of Jones’ patch spaces
[Jol].

6.5. Theorem. ([H-V, 6.1]). If X is a Poincaré n-complex with n > 5,
then X admits a handle decomposition.

6.6. APPENDIX: A QUICK UPDATE ON THE FINITE H-SPACE PROBLEM

When Browder posed his question: Does every finite H-space have the
homotopy type of a closed smooth manifold?, it wasn’t known that there
exist 1-connected finite H-spaces which are not the homotopy type of com-
pact Lie groups (except for products with S7 or quotients thereof; see
Hilton-Roitberg [H-R] and Stasheff [Sta, p. 22] for examples).

We remarked in §3 that every 1l-connected finite H-space X" has the
homotopy type of a closed topological n-manifold. Browder [Br5| has noted
in fact that the manifold can be chosen as smooth and stably parallelizable
if n isn’t of the form 4k+2.

Using Zabrodsky mixing [Z] and surgery methods, Pedersen [Pe] was
able to extend Browder’s theorem to show that certain classes of finite
H-spaces (some with non-trivial fundamental group) have the homotopy
type of smooth manifolds. Recall that spaces Y and Z are said to have
the same genus if Y(,) ~ Z,) for all primes p, where Y{,) denotes the
Sullivan localization of Y at p. Among other things, Pedersen proved that
when a finite H-space X happens to be 1-connected and has the genus
of a 1-connected Lie group, then X has the homotopy type of a smooth,
parallelizable manifold.

Weinberger [We] has settled the ‘local’ version of the problem: if P
denotes a finite set of primes, then a finite H-space is P-locally homotopy
equivalent to a closed topological manifold.

Using localization techniques and surgery theory, Cappell and Wein-
berger [CW1] have shown that a finite H-space X has the homotopy type
of a closed topological manifold when 71 (X) is either an odd p-group or
infinite with at most cyclic 2-torsion. In another paper [CW2] they show
that X has the homotopy type of a closed smooth parallelizable manifold
whenever X ;) contains a factor which is S7 or a Lie group at the prime
2, and moreover, 71 (X) is either trivial, an odd p-group or infinite with no
2-torsion.
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Poincaré¢ duality groups

Michael W. Davis

§1. INTRODUCTION

A space X is aspherical if m;(X) = 0 for all ¢ > 1. For a space of the
homotopy type of a CW-complex this is equivalent to the condition that
its universal covering space is contractible.

Given any group TI', there is an aspherical CW-complex BT (also de-
noted by K(T',1)) with fundamental group I'; moreover, BT is unique up
to homotopy equivalence (cf. [Hu]). BT is called the classifying space of
I. (BT is also called an Filenberg-MacLane space for T'.) So, the theory of
aspherical C'W-complexes, up to homotopy, is identical with the theory of
groups. This point of view led to the notion of the (co)homology of a group
I': it is simply the (co)homology of the space BT.

Many interesting examples of aspherical spaces are manifolds. A prin-
cipal feature of a manifold is that it satisfies Poincaré duality. Thus, one
is led to define an n-dimensional Poincaré duality group T’ to be a group
such that H(T'; A) = H,,_;(T'; A) for an arbitrary ZI'-module A. (There is
also a version of this with twisted coefficients in the nonorientable case.)
So, the fundamental group of a closed, aspherical n-dimensional manifold
M is an n-dimensional Poincaré duality group I' = m1(M). The question
of whether or not the converse is true was posed by Wall as Problem G2
in [W3]. As stated it is false: as we shall see in Theorem 7.15, Poincaré
duality groups need not be finitely presented, while fundamental groups of
closed manifolds must be. However, if we add the requirement that the
Poincaré duality group be finitely presented, then the question of whether
it must be the fundamental group of an aspherical closed manifold is still
the main problem in this area.

* Partially supported by NSF grant DMS-9505003
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Examples of aspherical closed manifolds
1) Low dimensional manifolds.
e Dimension 1: The circle is aspherical.
e Dimension 2: Any surface other than S? or RP? is aspherical.

e Dimension 3: Any irreducible closed 3-manifold with infinite funda-
mental group is aspherical. (This follows from Papakyriakopoulos’
Sphere Theorem.)

2) Lie groups. Suppose G is a Lie group and that K is a maximal com-
pact subgroup. Then G/K is diffeomorphic to Euclidean space. If T' is
a discrete, torsion-free subgroup of G, then I' acts freely on G/K and
G/K — T'\G/K is a covering projection. Hence, I'\G/K is an aspher-
ical manifold. For example, if G = R™ and I' = Z", we get the n-torus.
If G = O(n,1), then K = O(n) x O(1), G/K is hyperbolic n-space and
I'\G/K is a hyperbolic manifold. One can also obtain closed infranil-
manifolds or closed infrasolvmanifolds in this fashion by taking G to be a
virtually nilpotent Lie group or a virtually solvable Lie group. (A group
virtually has a property if a subgroup of finite index has that property.)

3) Riemannian manifolds of nonpositive curvature. Suppose M™ is a closed
Riemannian manifold with sectional curvature < 0. The Cartan-Hadamard
Theorem then states that the exponential map, exp : T,M™ — M™, at
any point x in M", is a covering projection. Hence, the universal covering
space of M™ is diffeomorphic to R™ (& T, M™) and consequently, M™ is
aspherical.

During the last fifteen years we have witnessed a great increase in our
fund of examples of aspherical manifolds and spaces. In many of these
new examples the manifold is tessellated by cubes or some other convex
polytope. Some of these examples occur in nature in contexts other than
1), 2) or 3) above, for instance, as the closure of an (R*)™ -orbit in a flag
manifold or as a blowup of RP™ along certain arrangements of subspaces.
(See [DJS].) Some of these new techniques are discussed below.

4) Reflection groups. Associated to any Coxeter group W there is a con-
tractible simplicial complex 3 on which W acts properly and cocompactly
as a group generated by reflections ([D1], [D3], [Mo]). It is easy to arrange
that ¥ is a manifold (or a homology manifold), so if T' is a torsion-free
subgroup of finite index in W, then ¥/T" is an aspherical closed manifold.
Such examples are discussed in detail in §7.
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5) Nonpositively curved polyhedral manifolds. Many new techniques for
constructing examples are described in Gromov’s paper [G1]. As Aleksan-
drov showed, the concept of nonpositive curvature often makes sense for a
singular metric on a space X. One first requires that any two points in X
can be connected by a geodesic segment. Then X is nonpositively curved
if any small triangle (i.e., a configuration of three geodesic segments) in X
is “thinner” than the corresponding comparison triangle in the Euclidean
plane. (“Thinner” means that the triangle satisfies the C' AT'(0)-inequality
of [G1].) The generalization of the Cartan-Hadamard Theorem holds for
a nonpositively curved space X: its universal cover is contractible. Gro-
mov pointed out that there are many polyhedral examples of such spaces
equipped with piecewise Euclidean metrics (this means that each cell is
locally isometric to a convex cell in Euclidean space). Here are two of
Gromov’s techniques.

e Hyperbolization: In Section 3.4 of [G1] Gromov describes several dif-
ferent techniques for converting a polyhedron into a nonpositively
curved space. In all of these hyperbolization techniques the global
topology of the polyhedron is changed, but its local topology is pre-
served. So, if the input is a manifold, then the output is an aspherical
manifold. (Expositions and applications of hyperbolization can be
found in [CD3] and [DJ].)

e Branched covers: Let M be a nonpositively curved Riemannian man-
ifold and Y a union of codimension-two, totally geodesic submani-
folds which intersect orthogonally. Then the induced (singular) met-
ric on a branched cover of M along Y will be nonpositively curved.
(See Section 4.4 of [G1], as well as, [CD1].) Sometimes the metrics
can be smoothed to get Riemannian examples as in [GT]. As Gromov
points out (on pp.125-126 of [G1]) there is a large class of examples
where M™ is n-torus and Y is a configuration of codimension-two
subtori (see also Section 7 of [CD1]).

Using either the reflection group technique or hyperbolization, one can
show that there are examples of aspherical closed (topological) n- mani-
folds M™,n > 4, such that a) the universal covering space of M™ is not
homeomorphic to R™ ([D1], [DJ]) or b) M™ is not homotopy equivalent to
a smooth (in [DH]) or piecewise linear manifold (in [DJ]).

My thanks go to Tadeusz Januszkiewicz, Guido Mislin, Andrew Ranicki
and the referee for their suggestions for improving earlier versions of this
survey.
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§2. FINITENESS CONDITIONS

The classifying space BI' of an n-dimensional Poincaré duality group I is
(homotopy equivalent to) an n-dimensional CW complex. If BT is a closed
manifold, then it is homotopy equivalent to a finite CW complex. We
now investigate the cohomological versions for a group I' (not necessarily
satisfying Poincaré duality) of the conditions that BT is either a) finite
dimensional or b) a finite CTW-complex. A good reference for this material
is Chapter VIII of [Br3].

Suppose that R is a nonzero commutative ring and that RI" denotes the
group ring of I'. Regard R as a RI'-module with trivial I'-action.

The cohomological dimension of T' over R, denoted cdr(T"), is the projec-
tive dimension of R over RI'. In other words, cdr(T") is the smallest integer
n such there is a resolution of R of length n by projective RI'-modules:

0—P,— +—P—-F—-R—0.

Our convention, from now on, will be that if we omit reference to R,
then R = Z. For example, ¢d(T") means the cohomological dimension of T
over Z.

If T acts freely, properly and cellularly on an n-dimensional C'W-complex
E and if E is acyclic over R, then c¢dg(I") < n. (Proof: consider the chain
complex of cellular chains with coefficients in R:

0— Cu(E;R) —...Co(E;R) SR — 0,

where ¢ is the augmentation.) In particular, if BT is (homotopy equivalent
to) an n-dimensional CW-complex, then cd(I') < n.

The geometric dimension of T', denoted gd(T'), is the smallest dimension
of a K(T',1) complex (i.e., of any CW-complex homotopy equivalent to
BT'). We have just seen that ¢d(I') < gd(I"). Conversely, Eilenberg and
Ganea proved in [EG] that gd(I') < max{cd(T"),3}. Also, it follows from
Stallings’ Theorem [St] (that a group of cohomological dimension one is
free) that ¢d(I") = 1 implies gd(T') = 1. The possibility that there exists a
group I" with ¢d(T') = 2 and ¢d(T") = 3 remains open.

A group of finite cohomological dimension is automatically torsion-free.
(Proof: a finite cyclic subgroup has nonzero cohomology in every even
dimension.) Similarly, if cdr(I") < oo, the order of any torsion element of
I" must be invertible in R.



Poincaré duality groups 171

A group I is of type F' if BT" is homotopy equivalent to a finite complex.
T is of type F Pr (respectively, of type F'Lg) if there is a resolution of R of
finite length by finitely generated RI™-modules:

0—F,— - —PF—-R—=Q0,

where each P; is projective (respectively, free). (The key phrase here is
“finitely generated.”)

If T' acts freely, properly, cellularly and cocompactly on an R-acyclic
CW-complex E, then T is of type F'Lg. (Consider the cellular chain com-
plex again.) So, a group of type F' is of type FL. Similarly, if BT is
dominated by a finite complex, then I' is of type F'P. Conversely, Wall
[W1] proved that if a finitely presented group is of type FL, then it must
be of type F.

There is no known example of a group which is of type F'P but not of
type F'L. In fact, it has been conjectured that for any torsion-free group
T", the reduced projective class group, K, (ZT), is zero, that is, that every
finitely generated projective ZI'- module is stably free.

A group T is finitely generated if and only if the augmentation ideal is
finitely generated as a ZI'-module (Exercise 1, page 12 in [Br3]). Hence,
any group of type FP is finitely generated. However, it does not follow
that such a group is finitely presented (i.e., that it admits a presentation
with a finite number of generators and a finite number of relations). In fact,
Bestvina and Brady [BB] have constructed examples of type F'L which are
not finitely presented. These examples will be discussed further in §7.

§3. POINCARE DUALITY GROUPS

If T is the fundamental group of an aspherical, closed n-manifold, M,
then it satisfies Poincaré duality:

HY(T;A) =2 H, ;(T;D® A)

where D is the orientation module and where the coefficients can be any
ZI-module A.

Since the universal covering space M™ of an aspherical M™ is con-
tractible, it follows from Poincaré duality (in the noncompact case) that
the cohomology with compact supports of M" is the same as that of R”,
ie.,

0, fori#n

oM7) {Z7 for i = n.
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On the other hand, if I" acts freely, properly and cocompactly on an acyclic
space E, then H*(T;ZT') = HY(E) (by Prop. 7.5, p. 209 in [Br3]). Hence,
for T' = 7 (M™),

0, fori#n

H' (T 21) = { Z, fori=n

These considerations led Johnson and Wall [JW] and, independently Bieri
[Bi] to the following two equivalent definitions.

Definition 3.1. ([Bi]) A group I is a Poincaré duality group of dimension
n over a commutative ring R (in short, a PD%-group) if there is an RI-
module D, which is isomorphic to R as an R-module, and a homology class
w € Hy(T; D) (called the fundamental class) so that for any RI'-module A4,
cap product with p defines an isomorphism: H*(T; A) = H,,_;(T; D @ A).
D is called the orientation module (or dualizing module) for T'. If T' acts
trivially on D, then it is an orientable PD'%-group.

Definition 3.2. ([JW]). A group T is a Poincaré duality group of dimen-
sion n over R if the following two conditions hold:

(i) T is of type FPg, and
A 0 ,for 4
) ey = {00
R fori=n
We note that if R = Z, then (i) implies that T' is torsion-free and (ii)
implies that c¢d(T") = n.

Theorem 3.3. ([BE2], [Brl], [Br3]). Definitions 3.1 and 3.2 are equiva-
lent.

On pages 220 and 221 of [Br3] one can find three different proofs that
the conditions in Definition 3.2 imply those in Definition 3.1. The dualizing
module D is H"(T'; RT"). Conversely, suppose I' satisfies the conditions of
Definition 3.1. Since D ® RT is free (by Cor. 5.7, page 69 of [Br3]),
it is acyclic. Hence, HY(I'; RT') =& H,,_;(I'; D ® RT') vanishes for i # n
and is isomorphic to R for ¢ = n. The main content of Theorem 3.3 is
that Definition 3.1 forces I' to be of type F'Pgr. The reason for this is
that the statement that I" is of type FPg is equivalent to the statement
that ¢dr(T") < oo and that for each 4, the functor on RI-modules A —
H(T'; A) commutes with direct limits (see [Br3]). By naturality of cap
products and by Poincaré duality, this functor can be identified with A —
D®A— H,_;(T';D® A) and this clearly commutes with direct limits.
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In line with our convention from §2, for R = Z, denote PD?% by PD".
As Johnson and Wall observed, if T" is a finitely presented PD™- group,
then BT is a Poincaré complex in the sense of [W2]. In particular, BT is
finitely dominated.

The principal question in this area (as well as the most obvious one)
is if every PD"-group is the fundamental group of an aspherical closed
manifold. As stated the answer is no. For, as we shall see in §7, the
Bestvina-Brady examples can be promoted to examples of PD™-groups,
n > 4, which are not finitely presented. (Kirby and Siebenmann proved
that any compact topological manifold is homotopy equivalent to a finite
CW-complex; hence, its fundamental group is finitely presented.) So, the
correct question is the following.

Question 3.4. Is every finitely presented PD™-group the fundamental
group of an aspherical closed manifold?

This is closely related to Borel’s Question: are any two aspherical closed
manifolds with the same fundamental group homeomorphic? (See [FJ] for
a discussion of Borel’s Question.) Thus, Question 3.4 asks if any finitely
presented PD™-group corresponds to an aspherical closed manifold and
Borel’s Question asks if this manifold is unique up to homeomorphism.

A space X is a homology manifold of dimension n over R if for each
point  in X, H,(X, X — 2; R) & H,(R",R™ — 0; R), i.e., if

0, fori#n

Hi(X,X—x;R)%{ .
R, fori=n.

The usual proof that manifolds satisfy Poincaré duality also works for ho-
mology manifolds. As we shall see in Example 7.4 there are aspherical
polyhedra which are homology manifolds over some ring R but not over
Z. The fundamental groups of these examples are Poincaré duality groups
over R but not over Z. So, when R # Z the appropriate version of Question
3.4 is the following.

Question 3.5. Is every torsion-free, finitely presented, PD%-group the
fundamental group of an aspherical closed R-homology manifold?

In fact this question is relevant even when R = Z. The reason is this.
While it is true that every closed polyhedral homology manifold is homo-
topy equivalent to a closed manifold, Bryant, Ferry, Mio and Weinberger
have shown in [BFMW] that there exist homology manifolds which are
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compact AN Rs and which are not homotopy equivalent to closed mani-
folds. Thus, there is the intriguing possibility that some of these exotic
“near manifolds” of [BFMW] could be aspherical.

Ranicki has shown (in Chapter 17 of [R]) that, for T of type F', Question
3.4 has an affirmative answer if and only if the “total surgery obstruction”
s(BT) € S,,(BT) is 0 (where S, means the relative homotopy groups of the
assembly map in algebraic L-theory). A similar remark applies to Question
3.5 using the “4-periodic total surgery obstruction” in Chapter 25 of [R].
In fact, as explained on page 275 of [R], the strongest form of the Novikov
Conjecture is equivalent (in dimensions > 5) to the conjecture that both
Question 3.4 and Borel’s Question have affirmative answers. As explained
on page 298 of [R], a slightly weaker version of the Novikov Conjecture
(that the assembly map is an isomorphism) is equivalent to allowing the
possibility that there exist aspherical ANR homology manifolds which are
not homotopy equivalent to manifolds, as in [BFMW].

Duality groups. There are many interesting groups which satisfy Defini-
tion 3.1 except for the requirement that D be isomorphic to R. The proof
of Theorem 3.3 also gives the following result.

Theorem 3.6. (Bieri-Eckmann [BE2], Brown [Brl]). The following two
conditions are equivalent.

(i) There exists an RT'-module D and a positive integer n such that for
any RT-module A there is a natural isomorphism (i.e., induced by
cap product with a fundamental class): H (T'; A) = H,,_;(T; D® A).

(it) T is of type FPgr and

i [0, fori#n
H(F;Rr){D fori=n

If either of these conditions hold, then I is a duality group of dimension
n over R (in short, a D%-group).

Theorem 3.7. (Farrell [F]). Suppose R is a field and that T' is a DY-
group. If dimg(D) < oo, then dimg(D) = 1 (and consequently T is a
PD%}-group).

It follows that if T' is a duality group over Z, then either D = Z or D is
of infinite rank. Conjecturally, D must be free abelian.
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Examples of duality groups
1) Finitely generated free groups are duality groups of dimension 1.

2) Suppose that M is a compact aspherical n-manifold with nonempty
boundary. Let 01M,...,0,M denote the components of of M and sup-
pose that each 9; M is aspherical and that m1(9;M) — 71 (M) is injective.
Then 71 (M) is a duality group of dimension n — 1. For example, any knot
group (that is, the fundamental group of the complement of a nontrivial
knot in S3) is a duality group of dimension two.

3) Let I' be a torsion-free arithmetic group and G/K the associated
symmetric space. Then I' is a duality group of dimension n — ¢, where
n = dim(G/K) and ¢ is the Q-rank of T'. (See [BS].)

4) Let S, denote the closed surface of genus g > 1. The group of outer
automorphisms Out(71(Sy)) is the mapping class group of Sy. It is a virtual
duality group of dimension 49 — 5 (i.e., any torsion-free subgroup of finite
index in Out(m1(Sy)) is a duality group). (See [Ha].)

§4. SUBGROUPS, EXTENSIONS AND AMALGAMATIONS

‘We have the following constructions for manifolds:
1) Any covering space of a manifold is a manifold.

2) If F — E — B is a fiber bundle and if F' and B are manifolds, then
sois E.

3) Suppose M is a manifold with boundary and that the boundary con-
sists of two components 9; M and d, M which are homeomorphic. Then the
result of gluing M together along 0; M and 0y M via a homeomorphism is
a manifold. (In this construction one usually has one of two situations in
mind: either a) M is connected or b) M consists of two components with
01 M and 9 M their respective boundaries.)

In this section we consider the analogous constructions for Poincaré du-
ality groups.

Subgroups. The following analog of construction 1), is proved as Theorem
2 in [JW]. It follows fairly directly from Definition 3.2.

Theorem 4.1. ([Bi], [JW]). Suppose that T' is a torsion -free group and
that T is a subgroup of finite index in I'. Then T is a PD%-group (R a
commutative ring) if and only if T' is.
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By way of contrast, there is the following result of Strebel [Str].

Theorem 4.2. ([Str]). IfT is a PD™-group and " is a subgroup of infinite
index, then c¢d(T") < n.

Extensions. The next result, the analog of construction 2), is Theorem 3
of [JW].

Theorem 4.3. ([Bi], [JW]). Suppose that T is an extension of T by T":
1-T"=>T—-T"—1

If both TV and T are Poincaré duality groups over R, then so is T'. Con-
versely, if I is a Poincaré duality group over R and if both T and T are
of type F'PR, then TV and I are both Poincaré duality groups over R.

The corresponding result for Poincaré spaces was stated in [Q] and
proved in [Go].

Theorem 4.4. ([Go], [Q]). Suppose that F — E — B is a fibration and
that F and B are dominated by finite complexes. Then E is dominated by
a finite complex and E satisfies Poincaré duality if and only if both F and
B do.

Corollary 4.5. Suppose that T is a finitely presented, torsion-free group
of type F P and that " acts freely, properly and cocompactly on a manifold
M. If M is dominated by a finite complex, then T' is a Poincaré duality
group.

Proof. Consider the fibration M — M xp ET' — BT, where ET" denotes
the universal covering space of BT'. Since M xr ET is homotopy equivalent
to the closed manifold M/T, it satisfies Poincaré duality. O

For example the corollary applies to the case where M = S x R™. (See
[CoP].)

Amalgamations. Suppose that M is a compact manifold with boundary,
with boundary components (0; M), ecr, that M, as well as each boundary
component is aspherical, and that for each j € I the inclusion 0;M C M
induces a monomorphism m1(9;M) — m (M). Set I' = w1 (M), let S; de-
note the image of 71 (0;M) in I, and let S denote the family of subgroups
(Sj)jer. Then, following [BE3] and [E], the fact that (A,0M) satisfies
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Poincaré-Lefschetz duality can be reformulated in terms of group cohomol-
ogy as follows.

Let " be a group and § = (5;);jer a finite family of subgroups. For
any subgroup H of T' let Z(T'/H) denote the free abelian group on I'/H
with ZI'-module structure induced from left multiplication. Let A =
ker(DZ(I'/S;) — Z), where € is defined by €(yS;) = 1 for all j € I
and v € T'. Set

Hi(F,S; A) = HZ',]_(F; A & A)

HY(T,8;A) = H™!(T'; Hom(A, A)).

Definition 4.6. ([BE3], [E]). The pair (I',S) is a Poincaré duality pair of
dimension n (in short a PD™-pair) with orientation module D (where D is
isomorphic to Z as an abelian group) if there are natural isomorphisms:

H'(T;A) = H, (', 8;D® A)
HYT,S;A) = H"Y(T; D ® A).
(It follows that each S; is a PD"~!-group.)

As observed in [JW] one can then use Mayer-Vietoris sequences to prove
the analogs of construction 3). For example, suppose that (I'y, H) and
(T'g, H) are PD"™-pairs. (Here S consists of a single subgroup H.) Then
the amalgamated product I'y g I's is a PD™-group. Similarly, suppose
(T',S) is a PD™-pair where S counsists of two subgroups S; and S, and
that 0 : S — S5 is an isomorphism. Then the HN N-extension I'xg is
a PD"-group. If a group can be written as an amalgamated product or
H N N-extension over a subgroup H, then it is said to split over H.) From
these two constructions and induction one can prove the following more
general statement.

Theorem 4.7. Suppose that T" is the fundamental group of a finite graph
of groups. Let T, denote the group associated to a vertex v and S, the
group associated to an edge e. For each vertex v, let E(v) denote the set of
edges incident to v and let 8y, = (Sec)ecp(v) be the corresponding family of
subgroups of T,. If (T'y,Sy) is a PD™-pair for each vertex v, then T is a
PD"™-group.

For the definition of a “graph of groups” and its “fundamental group”,
see [Se2] or [SW].

Kropholler and Roller in [KR1,2,3] have made an extensive study of
when a PD"-group can split over a subgroup H which is a PD"!-group.
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If a PD"-group I splits over a subgroup H, there is no reason that
H must be a PD" !-group. (We shall give examples where it is not in
Example 7.3.) However, it follows from the Mayer-Vietoris sequence that
cd(H) = n — 1. In particular, for n > 3, a PD"-group cannot split over
a trivial subgroup or an infinite cyclic subgroup. We restate this as the
following lemma, which we will need in §6.

Lemma 4.8. Forn > 3, a PD"™-group is not the fundamental group of a
graph of groups with all edge groups trivial or infinite cyclic.

§5. DIMENSIONS ONE AND TWO

Question 3.4 has been answered affirmatively in dimensions < 2.

A PD'-group is infinite cyclic. (Since H!(T;ZI') = Z, T has two ends
and since I is torsion-free, a result of Hopf [H] implies that I" = Z.)

The affirmative answer to Question 3.4 in dimension two is the culmi-
nation of several papers by Eckmann and his collaborators, Bieri, Linnell
and Miiller, see [BE1], [BE2], [EL], [EM], [M] and especially [E].

Theorem 5.1. A PD?-group is isomorphic to the fundamental group of a
closed surface.

A summary of the proof can be found in [E]. In outline, it goes as follows:
1) using a theorem of [M] one shows that if a PD?-group splits as an amal-
gamated product or HNN extension over a finitely generated subgroup,
then the theorem holds and then 2) using the Hattori-Stallings rank, it is
proved in [EL] that any PD?-group has positive first Betti number and
hence, that it splits.

Combining Theorem 5.1 with Theorem 4.1 we get the following.

Corollary 5.2. Suppose that a torsion-free group T contains a surface
group T as a subgroup of finite index. Then T is a surface group.

For a discussion of the situation in dimension three see Thomas’ article
[T].

§6. HYPERBOLIC GROUPS

Any finitely generated group I' can be given a “word metric,” d : I'xT" —
N, as follows. Fix a finite set of generators T. Then d(v,~’) is the smallest
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integer k such that v~ !4/ can be written as a word of length k in TUT 1. If
T is a discrete group of isometries of a metric space Y and Y/T is compact,
then the word metric on I' is quasi-isometric to the induced metric on any
T'-orbit in Y.

Rips defined the notion of a “hyperbolic group” in terms of the word
metric (For the definition, see [G1].) This idea was then developed into
a vast and beautiful theory in Gromov’s seminal paper [G1]. It is proved
in [G1] that the property of being hyperbolic depends only on the quasi-
isometry type of the word metric, in particular, it is independent of the
choice of generating set. The idea behind the definition is this: in the
large, I" should behave like a discrete, cocompact group of isometries of a
metric space Y which is simply connected and “negatively curved” in some
sense (for example, a space Y which satisfies the CAT(e)-inequality for
some € < 0). In particular, the fundamental group of a closed Riemannian
manifold of (strictly) negative sectional curvature is hyperbolic. Many more
examples can be found in [G1].

Rips proved that given a hyperbolic group I' there is a contractible
simplicial complex E on which I" acts properly and cocompactly, see [G1].
In particular, if T is torsion-free, then E/T" is a K(T',1) complex. So,
torsion-free hyperbolic groups are automatically of type F.

Associated to any hyperbolic group T', there is a space OI', called the
“ideal boundary” of I". The points in JI" are certain equivalence classes of
sequences (;)ien in I' which go to infinity in an appropriate sense. (The
definition of OT" can be found on page 98 of [G1].) If I is the fundamental
group of a negatively curved, closed Riemannian n-manifold, then OI" is
homeomorphic to S?~! (in this case, ' can be identified with the space
of all geodesic rays in the universal covering space emanating from some
base point).

In [BM] Bestvina and Mess proved that the Rips complex E can be
compactified to a space E by adding OI" as the space at infinity; moreover,
OT is homotopically inessential in E in a strong sense. (In technical terms,
E is a Euclidean retract and 0T is a Z-set in E.) It follows that H*(E) =
H*=1(9T), where H*~1(AT") denotes the reduced Céch cohomology of T
Since we also have H*(I'; ZI') = H(FE), this gives the following theorem.

Theorem 6.1. (Bestvina-Mess [BM]). Let T' be a torsion-free hyperbolic
group and R a commutative ring. Then H*(I'; RT') = H*~1(dT; R).

Remark. Suppose I' is a (not necessarily hyperbolic) group of type F' (so
that BT is a finite complex). Then T' has a Z-set compactification if ET



180 Michael W. Davis

can be compactified to a Euclidean retract ET so that ET (= ET — ET)
is a Z-set in ET. It is quite possible that every group of type F admits a
Z-set compactification. (The Novikov Conjecture is known to hold for such
groups, see [CaP].) We note that Theorem 6.1 holds for any such group.
Thus, such a group I" is a D™-group if and only if the Céch cohomology of
OET is concentrated in dimension n — 1; it is a PD"-group if and only if
OET has the same Céch cohomology as S™~ 1.

Theorem 6.2. (Bestvina [Be]). Suppose that a hyperbolic group T is a
PD%}-group. Then OT is a homology (n — 1)-manifold over R (with the
same R-homology as S"~1).

However, as shown in [DJ], even when R = Z, for n > 4, there are
examples where OI" is not homeomorphic to S™1; 9T" need not be simply
connected or locally simply connected (so, in these examples OT" is not even
an ANR). In dimension three Theorem 6.2 has the following corollary.

Corollary 6.3. (Bestvina-Mess [BM]). If T is a hyperbolic PD?- group,
then OT is homeomorphic to S2.

In this context, Cannon has proposed the following version of Thurston’s
Geometrization Conjecture.

Conjecture 6.4. If a PD3-group is hyperbolic (in the sense of Rips and
Gromov), then it is isomorphic to the fundamental group of a closed hyper-
bolic 3-manifold (i.e., a 3-manifold of constant curvature —1).

A proof of this would constitute a proof of a major portion of the Ge-
ometrization Conjecture. The issue is to show that the action of the group
I on OT'(= S?) is conjugate to an action by conformal transformations.
Cannon and his collaborators seem to have made progress on an elaborate
program for proving this (see [C]).

The group of outer automorphisms of a hyperbolic PD"-group.
A proof of the following theorem is outlined on page 146 of [G1]. A different
argument using work of Paulin [P] and Rips [Ri] can be found in [BF].

Theorem 6.6. (Gromov). Let T' be a hyperbolic PD"™-group with n > 3.
Then Oul(T), its group of outer automorphisms, is finite.

Sketch of Proof. (See [BF].) Paulin [P] proved that if T" is hyperbolic and
Out(I") is infinite, then I" acts on an R-tree with all edge stabilizers either
virtually trivial or virtually infinite cyclic. A theorem of Rips [R] then
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implies that there is a I'-action on a simplicial tree with the same type
of edge stabilizers. Since I' is torsion-free this implies that I' splits as an
amalgamated free product or HNN extension over a trivial group or an
infinite cyclic group. By Lemma 4.8 such a group cannot satisfy Poincaré
duality if n > 3. O

Remarks. i) The theorem is false for n = 2, i.e., for surface groups.

ii) The theorem is also false in the presence of 0 curvature. For example,
Out(Z™) = GL(n,Z), which is infinite if n > 1.

iii) Suppose M; and M, are two aspherical manifolds with boundary
with OM; = OMy = T™ 1. Let M be the result of gluing M; to M, along
Tt and let T' = 7 (M). (If n > 3, then T is not hyperbolic.) The
homotopy class of any closed loop in 77! then defines a Dehn twist about
T~ In this way we get a monomorphism Z"~1 — Out(T), so the outer
automorphism group is infinite.

iv) When T is the fundamental group of a closed hyperbolic manifold
(either a real, complex or quaternionic hyperbolic manifold) of dimension
> 2, then Theorem 6.6 follows from the Mostow Rigidity Theorem.

§7. EXAMPLES

Right-angled Coxeter groups. Given a simplicial complex L, we shall
describe a simple construction of a cubical cell complex Py, so that the link
of each vertex in Py, is isomorphic to L. If L satisfies a simple combinatorial
condition (that it is a “flag complex”), then Py, is aspherical.

Let S denote the vertex set of L and for each simplex o in L let S(o
denote its vertex set. Define Py, to be the subcomplex of the cube [—1,1]%
consisting of all faces parallel to R%(?) for some simplex o in L (such a
face is defined by equations of the form: z; = ,, where s € S — S(o
and ¢, € {£1}). There are 2° vertices in P and the link of each of
them is naturally identified with L. Hence, if L is homeomorphic to S»~1!,
then Py, is a closed n-manifold. Similarly, if L is an (n — 1)-dimensional
homology manifold over R with the same R-homology as S™~!, then Py, is
a R-homology n-manifold.

For each s in S let 7y be the linear reflection on [—1, 1]¥ which sends the
standard basis vector es to —es and which fixes ey for s’ # s. The group
generated by these reflections is isomorphic to (Z/2). The subcomplex
Pp is (Z/2)°- stable. A fundamental domain for the action on [—1,1]°
is [0, 1]%; moreover, the orbit space [—1,1]°/(Z/2)° is naturally identified
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with this subspace. Set K = P, N[0,1]° and for each s in S let K, be the
subset of K defined by z; = 0. (K is called the mirror associated to rs.)
The cell complex K is homeomorphic to the cone on L; the subcomplex
K is the closed star of the vertex s in the barycentric subdivision of L. In
order to describe the universal covering space X of P, we first need to
discuss Coxeter groups.

A Cozeter matrix M on a set S is a symmetric S x S matrix (mg)
with entries in N U {oo} such that mg = 1 if s = ¢t and mg > 2 if s # ¢.
Associated to M there is a Coxeter group W defined by the presentation

W ={(S]|(st)™* =1, (s,t) € Sx8S)

A Coxeter matrix is right-angled if all of its off-diagonal entries are 2 or oc.
Similarly, a Coxeter group is right-angled if its Coxeter matrix is.

One can associate to L a right-angled Coxeter matrix M and a right-
angled Coxeter group Wy, as follows. M, is defined by

1

mst =< 2, if {s,t} spans an edge in L

ifs=t

)

oo, otherwise.

Wy, is the associated Coxeter group. Let © : Wr — (Z/2)° be the epi-
morphism which sends s to r; and let I';, be the kernel of ©. Then I'y, is
torsion-free. (I is the commutator subgroup of Wy,.)

The complex Y can be defined as (W x K)/ «. The equivalence
relation «~ on Wy, x K is defined by: (w,x) « (w',2’) if and only if x = 2’
and w™tw’ € W,,, where W, is the subgroup generated by {s € S | x € K,}.
It is easy to see that Pr, = ((Z/2)° x K)/ «, where the equivalence relation
is defined similarly. The natural ©-equivariant map X; — Py, is a covering
projection. Moreover, Xy, is simply connected (by Corollary 10.2 in [D1]).
Consequently, ¥, is the universal covering space of P, and 71 (Pr) =T'f.

We now turn to the question of when >y is contractible. A simplicial
complex L with vertex set S is a flag complex if given any finite set of
vertices S’, which are pairwise joined by edges, there is a simplex ¢ in L
spanned by S’ (i.e., S(o) = S’). For example, the derived complex (also
called the “order complex”) of any poset is a flag complex. In particular, the
barycentric subdivision of any simplicial complex is a flag complex. Hence,
the condition that L is a flag complex does not restrict its topological type;
it can be any polyhedron.
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Theorem 7.1. ([D1], [D3]). The complex X1, is contractible if and only if
L is a flag complez.

Gromov gave a different proof from that of [D1] for the above theorem
(in Section 4 of [G1]); he showed that the natural piecewise Euclidean
metric on a cubical complex is nonpositively curved if and only if the link
of each vertex is a flag complex. Since X, is a cubical complex with the
link of each vertex isomorphic to L, the theorem follows. (An exposition
of this method is given in [D3].)

Example 7.2. (Topological reflection groups on R™). Suppose that L is
a PL triangulation of the sphere S"~! as a flag complex. (To insure that
L is a flag complex we could take it to be the barycentric subdivision of an
arbitrary PL triangulation of S"~!.) Then K is homeomorphic to the n-
disk (since it is homeomorphic to the cone on L). The K are the dual cells
to the vertices of L. If L is the boundary complex of a convex polytope,
then K is the dual polytope. In fact this is the correct picture to keep
in mind: K closely resembles a convex polytope. In various special cases
W can be represented as a group generated by reflections on Euclidean
n-space or hyperbolic n-space so that K is a fundamental domain. The
right-angledness hypothesis on the Coxeter group should be thought of as
the requirement that the hyperplanes of reflection intersect orthogonally,
i.e., that if two of the K intersect, then their intersection is orthogonal. For
example, suppose L is a subdivision of the circle into m edges. L is a flag
complex if and only if m > 4. K is an m-gon; we should view it as a right-
angled m-gon in the Euclidean plane (if m = 4) or the hyperbolic plane (if
m > 4). Py, is the orientable surface of Euler characteristic 2 2(4 — m);
its universal cover ¥ is the Euclidean or hyperbolic plane as m = 4 or
m > 4. For another example, suppose that L is the boundary complex
of an n-dimensional octahedron (the n-fold join of S° with itself). Then
K is an n-cube, the K, are its codimension-one faces, P, is an n-torus,
31 is R™ and its tiling by copies of K is the standard cubical tessellation
of R*. If L is a more random PL triangulation of S"~!, then we may
no longer have such a nice geometric interpretation; however, the basic
topological picture is the same ([D1]): K is an n-cell, the K are (n — 1)-
cells and they give a cellulation of the boundary of K, Py, is a closed PL
n-manifold and its universal cover ¥, is homeomorphic to R™. (The proof
that X1 is homeomorphic to R™ uses the fact that the triangulation L is
PL; otherwise, it need not be, cf., Remark (5b.2) in [DJ].) We can think
of K as an orbifold; each point has a neighborhood which can be identified
with the quotient space of R = R* x R"~* by the action of (Z/2)F x 1,
for some k < n. Its orbifoldal fundamental group is Wy, and its orbifoldal
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universal cover is X,.

Example 7.3. (Splittings). Suppose that L is triangulation of S"~! as
a flag complex and that Ly, L; and Lo are full subcomplexes such that
LiULy = L and L N Ly = Lyg. Then Pr, is an aspherical n-manifold,
Pr, UPp, = Pr, and Pr, NPp, = Pr,. Thus, I'g, splits as an amalgamated
product of 'z, and I'z, along I'y,,. It follows from Theorem B in [D4] that
Iy, is a PD" lgroup if and only if Ly is a homology (n — 2)-manifold
with the same homology as S™~2, and if this is the case, then Pr, is an
aspherical homology (n — 1)- manifold. On the other hand, the complexes
Lo, L1 and Ly can be fairly arbitrary. For example, we could choose Lg
to be a triangulation of any piecewise linear submanifold of codimension
one in S"~!. (Lg then separates the sphere into two pieces L; and Ls.)
By Theorem A in [D4], for 1 < i < n, H'(I'1,;ZI'L,) is an infinite sum
of copies of H'"!(Lg). So, if Lo is not a homology sphere, then I'z, will
not be a PD""!-group and (T'z,,Tz,) and (T'p,,Tr,) will not be PD"-
pairs. Hence, there are many examples of splittings of PD™-groups over
subgroups which do not satisfy Poincaré duality.

By allowing L to be a homology sphere we can use Theorem 7.1 to get
many examples of aspherical homology manifolds Py, over various rings R.

Example 7.4. (The fundamental group at infinity, [D1]). Suppose L is
a triangulation of a homology (n — 1)-sphere as a flag complex. Then P,
is an aspherical homology n-manifold and hence, I'y, is a PD™-group. For
n > 4, there are homology (n — 1)-spheres which are not simply connected.
If we choose L to be such a homology sphere, then it is proved in [D1] that
Yy, is not simply connected at infinity; its fundamental group at infinity
(an invariant of I'y) is the inverse limit of k-fold free products of mq(L).
(This answered Question F16 of [W3] in the negative.)

Example 7.5. (Nonintegral Poincaré duality groups, [D3], [D4], [DL]).
Suppose that R = Z[%] and that L is a triangulation of a lens space,
S%k=1/(Z/m) as a flag complex. With coefficients in R, L has the same
homology as does S?*~!. Hence, Py, is an aspherical R-homology manifold
of dimension 2k and consequently I'y, is a PD%-group, for n = 2k. Further-
more, one can show (as in Example 11.9 of [D3] or Example 5.4 of [D4])
that H"(T'1; ZT') 2 H*(X1;Z) &2 Z, while for 1 <i < n, H(T1;Zl'L) is a
countably infinite sum of H*~!(L;Z) which is m-torsion whenever i is odd
and i > 3. So, I'p, is not a Poincaré duality group over Z. By taking L to
be the suspension of a lens space we obtain a similar example for n odd.
Therefore, we have proved the following.
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Theorem 7.6. For R = Z[-X] and for any n > 4 there are PD%-groups
which are not PD"™-groups.

The construction in Example 7.5 suggests the following.

Question 7.7. IfT is a PD}%-group for a nonzero ring R, then is H"(T;
r) =17.¢

There is also the following weaker version of this question.

Question 7.8. For any PD}, group I', is it true that the image of the
orientation character wy : I' — Aut(R) (defined by the action of T' on
H"™(T'; RT")) is contained in {£1}?

The Bestvina-Brady example. There is a similar construction to the
one given above involving “right-angled Artin groups” (also called “graph
groups”). Given a flag complex L with vertex set S, let Q1 be the subcom-
plex of the torus T consisting of all subtori 75(?), where o is a simplex
in L. Then, as shown in [CD4], [D3], Q. is aspherical and its fundamental
group is the right-angled Artin group defined by the presentation:

Ap = (S| [s,t] =1, if {s,t} spans an edge of L).

Let p: A, — Z be the homomorphism defined by p(s) =1, for all s € S
(or p could be any other “generic” homomorphism). Denote the kernel of
p by Hyp.

The universal covering space Q  of Qr is naturally a cubical complex.
One can find a p-equivariant map f : QL — R, such that its restriction to
each cube is an affine map. Choose a real number A\ and let Y denote the

level set f~'(\), and Y = Y/Hp. Then Y is a finite CW-complex of the
same dimension as L.

Bestvina and Brady prove in [BB] that (i) if L is acyclic, then so is Y
and (ii) if L is not simply connected, then Hj, is not finitely presented. So,
if L is any complex which is acyclic and not simply connected, then Hyp, is
a group of type F'L which is not finitely presented.

Theorem 7.9. (Bestvina-Brady [BB]). There are groups of type F' L which
are not finitely presented.

Remark. In fact, the right angled Artin group Ay is a subgroup of finite
index in a right-angled Coxeter group W. To see this, for each s € S,
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introduce new generators r and t, and new relations: (rs)? = 1 = (t,)?
and whenever s # s, (rsr)? = 1, (rste)? = 1, and (tste)? = 1 if {s,s'}
spans an edge in L. Let W be the right-angled Coxeter group generated
by the 75 and t, and let § : W — (Z/2)® be the epimorphism which, for
each s € S, sends both 74 and t to the corresponding generator of (Z/2).
Then Ay is the kernel of . The generators of Ay can be identified with

{Tsts}sES~

The reflection group trick. Example 7.2 can be generalized as follows.
Suppose that X is an n-dimensional manifold with boundary and that L
is a PL triangulation of its boundary. The cellulation of X which is dual
to L gives X the structure of an orbifold. (For example, think of X as a
solid torus with dX being cellulated by polygons, three meeting at each
vertex.) Asin Example 7.2 each point in X has a neighborhood of the form
R*/(Z/2)F x R"* for some k < n. The orbifoldal fundamental group G of
X is an extension of the right-angled Coxeter group Wy, defined previously.
The epimorphism G — Wy, — (Z/2)® defines an orbifoldal covering space
P of X and an action of (Z/2)° on P as a group generated by reflections.
Since X is an orbifold, P is a closed n-manifold. Its fundamental group
I is the kernel of G — (Z/2)°. It is not hard to see (cf., Remark 15.9 in
[D1]) that if X is aspherical and if L is a flag complex, then P is aspherical.
Hence, its fundamental group I' is a PD™-group.

Example 7.10. (The reflection group trick, first version). Suppose that
7 is a group of type F. “Thicken” the finite complex Bm into a compact
manifold with boundary X (e.g., embed B in Euclidean space and take X
to be a regular neighborhood). Let L be a PL triangulation of 0X as a flag
complex. Then P is an aspherical closed manifold with fundamental group
I'. Since X is a fundamental domain for the (Z/2)-action on P, the orbit
map P — X is a retraction. Hence, on the level of fundamental groups,
there is a retraction from I' onto 7. If 7w has some property which holds for
any group that retracts onto it, then I' will be a PD"-group with the same
property. In [Me], Mess used this construction to show that PD™-groups
need not be residually finite (answering Wall’s Question F6 of [W3] in the
negative).

Theorem 7.11. (Mess [Me]). There are aspherical closed n-manifolds,
n > 4, the fundamental groups of which are not residually finite.

Next we want to give some more detail about the reflection group trick
and at the same time weaken the hypotheses in two ways. First, we will
not require X to be a manifold with boundary. Second, we will not require
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X to be aspherical, but, rather, only that it has a covering space X which
is acyclic. So, suppose we are given the following data:

(i) a finite CW-complex X,

(ii) a group m and an epimorphism ¢ : m1(X) — 7 so that the induced
covering space X — X is acyclic,

(iii) a subcomplex of X and a triangulation of it by a flag complex L.

From this data we will construct a virtually torsion-free group G and an
action of it on an acyclic complex €2 with quotient space X.

Let L denote the inverse image of L in X and let S be its vertex set. Let
W; be the right-angled Coxeter group defined by L. The group 7 acts on S
(by deck transformations) and hence, on W; (by automorphisms). Define
G to be the semidirect product, Wj x w. There is a natural epimorphism
0:G— Wr. Set I' = 0~1(I'r,). Then I is torsion-free (since I'y, and 7
are) and of finite index in G. Since G is a semidirect product, so is T'. In
particular, the natural map I' — 7 is a retraction.

For each s in S let X, denote the closed star of s in the barycentric
subdivision of L and define Q@ = (W; x X)/ « as in the first part of this
section. The groups W; and 7 act on 2. (W; acts by left multiplication
on the first factor; 7 acts by automorphisms on the first factor and deck
transformations on the second.) These actions fit together to define a G-
action on . This G-action is proper and cellular and Q/G = X. Let
P =QJT. As in [D1] or [DL], it can be shown that € is acyclic. (9 is
constructed by gluing together copies of X, one for each element of W;. If
we order the elements of W; compatibly with word length, then each copy
of X will be glued to the union of the previous ones along a contractible
subspace.) The above discussion gives the following result.

Proposition 7.12. ([D4]).

(i) T 4s of type FL.

(ii) If m(X) = 7 and ¢ is the identity (so that X = Br), then Q is
contractible and hence, T is of type F.

The next proposition, which is stated in [DH], follows easily from the
results of [D1].

Proposition 7.13.
(1) If X is a compact n-manifold with L = 0X, then Q/T is a closed
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n-manifold.

(ii) If X is a compact homology n-manifold with boundary over a ring
R and if L = 0X, then Q/T is a closed R-homology n-manifold.

(iil) If (X, L) is a Poincaré pair and if L is a homology (n—1)-manifold,
then Q/T" is a Poincaré space.

Example 7.14. (The Bestvina-Brady example continued). This example
is similar to Example 7.10. Let 7 be one of the Bestvina-Brady examples
associated to a finite acyclic 2-complex. So there is a finite 2-complex Y
and an epimorphism ¢ : 71 (Y) — 7 so that the induced covering space Y is
acyclic. Thicken Y to X, a compact manifold with boundary, (X can be of
any dimension n > 4) and let L be a triangulation of 0X as a flag complex.
Since € is then an acyclic manifold and since H*(I';ZI') = H} (), we
see that I' is a PD"-group. Since 7 is not finitely presented and since I'
retracts onto m, I' is not finitely presented (Lemma 1.3 in [W1]). So, we
have proved the following result (which answers Question F10 of [W3]).

Theorem 7.15. ([D4]). In each dimension n > 4, there are PD"™-groups
which cannot be finitely presented.

§8. THREE MORE QUESTIONS

Many open questions about aspherical manifolds make sense for Poincaré
duality groups. Here are three such.

For any group I of type F'P one can define its Euler characteristic x(I'),
as in [Br2], [Br3]. If I' is a PD"-group and n is odd, then Poincaré duality
implies that x(I') = 0. For n even, we have the following.

Question 8.1. IfT" is a Poincaré duality group of dimension 2m, then is

(=1)™x(T) = 07

In the context of nonpositively curved Riemannian manifolds, the con-
jecture that this be so is due to Hopf. Thurston asked the question for
aspherical manifolds. A discussion of this conjecture in the context of non-
positively curved polyhedral manifolds can be found in [CD2].

If T is orientable and of dimension divisible by 4, then its signature o(I")
can be defined as the signature of the middle dimensional cup product
pairing. Its absolute value is independent of the choice of orientation class.
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Suppose that BI' is a finite complex and that ET denotes its universal
covering space. As in Section 8 of [G2], one can then define Ly-cochains on
ET and the corresponding cohomology groups ¢; H*(ET') (the so-called “re-
duced” Lo-cohomology). When nonzero, these Hilbert spaces will generally
be infinite dimensional. However, following [A], there is a well-defined von
Neumann dimension or {o-Betti number h*(T), which is a nonnegative real
number and an invariant of fo H¥(ET) with its unitary [-action. Atiyah
proved in [A] that x(T') is the alternating sum of the ¢5-Betti numbers. He
also showed that when I' is the fundamental group of a closed aspherical
4m-dimensional manifold then its middle dimensional Ls-cohomology is a
sum of two subspaces and o(T") is the difference of their von Neumann
dimensions. Singer then observed that Question 8.1 would be answered
affirmatively if the following question is answered affirmatively.

Question 8.2. Suppose that ' is a PD*>™-group of type F. Is it true that
loHY(ET) =0 for i #m? In other words, is h*(T) =0 for i #m?

Similarly, in dimensions divisible by 4, an affirmative answer to this
question implies an affirmative answer to the following stronger version of
Question 8.1.

Question 8.3. If T is an orientable Poincaré duality group of dimension
4m, then is

x() = |o(I)]7

Further questions of this type can be found in Section 8 of [G2].
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Manifold aspects of the Novikov Conjecture

James F. Davis*

Let Ly, € H**(M; Q) be the Hirzebruch L-class of an oriented manifold
M. Let Bmw (or K(m, 1)) denote any aspherical space with fundamental
group 7. (A space is aspherical if it has a contractible universal cover.) In
1970 Novikov made the following conjecture.

Novikov Conjecture. Let h: M’ — M be an orientation-preserving ho-
motopy equivalence between closed, oriented manifolds." For any discrete
group ™ and any map f: M — Bm,

feo hu(Lyy O [M']) = fu(Lar N [M]) € Ho(B; Q)

Many surveys have been written on the Novikov Conjecture. The goal
here is to give an old-fashioned point of view, and emphasize connections
with characteristic classes and the topology of manifolds. For more on the
topology of manifolds and the Novikov Conjecture see [58], [47], [17]. This
article ignores completely connections with C*-algebras (see the articles of
Mishchenko, Kasparov, and Rosenberg in [15]), applications of the Novikov
conjecture (see [58],[9]), and most sadly, the beautiful work and mathemat-
ical ideas uncovered in proving the Novikov Conjecture in special cases (see
[14)).

The level of exposition in this survey starts at the level of a reader
of Milnor-Stasheft’s book Characteristic Classes, but by the end demands
more topological prerequisites. Here is a table of contents:

* Partially supported by the NSF. This survey is based on lectures given in Mainz,
Germany in the Fall of 1993. The author wishes to thank the seminar participants as well
as Paul Kirk, Chuck McGibbon, and Shmuel Weinberger for clarifying conversations.

1Does this refer to smooth, PL, or topological manifolds? Well, here it doesn’t really
matter. If the Novikov Conjecture is true for all smooth manifolds mapping to B, then
it is true for all PL and topological manifolds mapping to Bw. However, the definition
of L-classes for topological manifolds depends on topological transversality [25], which is
orders of magnitude more difficult than transversality for smooth or PL-manifolds. The
proper category of manifolds will be a problem of exposition throughout this survey.
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1 Hirzebruch L-classes

The signature o(M) of a closed, oriented manifold M of dimension 4k is
the signature of its intersection form

da: H* M x H*M — Z
(a,8) = {aU B3, [M])

For a manifold whose dimension is not divisible by 4, we define o(M) = 0.
The key property of the signature is its bordism invariance: o(0W) = 0
where W is a compact, oriented manifold. The signature of a manifold?
can be used to define the Hirzebruch L-class, whose main properties are
given by the theorem below.

Theorem 1.1. Associated to a linear, PL, or topological R™-bundle® & are
characteristic classes

Li(§) € HY(B(€):Q)  i=1,23,...
satisfying
1. L; =0 for a trivial bundle.

2. For a closed, oriented 4k-manifold M,

(Lie(Tm), [M]) = o(M)

3. Properties 1. and 2. are axioms characterizing the L-classes.

4. Let L=14+Li+ Lo+ L3+ ... be the total L-class. Then

L€ @n) = L(E)L(n).

2Gromov [17] says that the signature “is not just ‘an invariant’ but the invariant
which can be matched in beauty and power only by the Euler characteristic.”

3We require that these bundles have 0O-sections, i.e. the structure group preserves the
origin. We also assume that the base spaces have the homotopy type of a CW-complex.
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5. Let B = BO,BPL, or BTOP be the classifying spaces for stable
linear, PL, or topological Euclidean bundles, respectively. Then

H*(BaQ) - Q[L17L27L33 .. ]
where L; denotes the i-th L-class of the universal bundle.

We write Ly = L(7a) and call property 2. the Hirzebruch signature
formula.

Properties 1.-4. are formal consequences of transversality and Serre’s
theorem on the finiteness of stable homotopy groups; this is due to Thom-
Milnor [32], Kahn [22], and Rochlin-Svarc. Property 5 is not formal. One
checks that Ly, Lo, L3, ... are algebraically independent by applying the
Hirzebruch signature formula to products of complex projective spaces and
shows that H*(BO; Q) is a polynomial ring with a generator in every fourth
dimension by computing H*(BO(n); Q) inductively. That BO, BPL and
BTOP have isomorphic rational cohomology is indicated by Novikov’s re-
sult [38] that two homeomorphic smooth manifolds have the same ratio-
nal L-class, but also depends on the result of Kervaire-Milnor [24] of the
finiteness of exotic spheres and the topological transversality of Kirby and
Siebenmann [25].

We indicate briefly how the properties above can be used to define the L-
classes, because this provides some motivation for the Novikov Conjecture.
By approximating a CW-complex by its finite skeleta, a finite complex
by its regular neighborhood, and a compact manifold by the orientation
double cover of its double, it suffices to define Ly, for a closed, oriented n-
manifold. The idea is that this is determined by signatures of submanifolds
with trivial normal bundle. Given a map f : M — S" % the meaning of
o(f~1(x)) is to perturb f so that it is transverse to * € S"~% and take the
signature of the inverse image. This is independent of the perturbation by
cobordism invariance of the signature. Given such a map, one can show

(Lag U fu, [M]) = o(f7())
where u € H"~4(8"~4%) is a generator. Using Serre’s result that
") 8 Q — B HOL Q)

is an isomorphism when 4¢ < (n — 1)/2, one sees that the above formula
defines the 4i-dimensional component of Lj; when 4¢ is small. To de-
fine the high-dimensional components of Lj; one uses the low-dimensional
components of Ljsxsm for m large.

It is more typical to define Pontryagin classes for linear vector bundles,
then define the L-classes of linear bundles as polynomials in the Pontryagin
classes, then prove the Hirzebruch signature theorem, then define the L-
classes for PL and topological bundles (as above), and finally define the
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Pontryagin classes as polynomials in the L-classes. But L-classes, which
are more closely connected with the topology of manifolds, can be defined
without mentioning Pontryagin classes. The Pontryagin classes are more
closely tied with the group theory of SO, and arise in Chern-Weil theory
and the Atiyah-Singer index theorem. They are useful for computations,
and their integrality can give many subtle properties of smooth manifolds
(e.g. the existence of exotic spheres).

We conclude this section with some remarks on the statement of the
Novikov Conjecture. Given a map f : M — B, the 0-dimensional compo-
nent of f, (L N[M]) is just the signature of M, and its homotopy invariance
provides some justification of the Novikov Conjecture. If one proves the
Novikov Conjecture for a map f : M — Bm; M inducing an isomorphism
on the fundamental group, then one can deduce the Novikov Conjecture
for all maps M — Bw. But the more general statement is useful, because
it may be the case that one can prove it for 7 but not for the fundamental

group.

Definition 1.2. For f : M — Br and for v € H*(Bm;Q), define the
higher signature

Uu(Ma f) = <LM Uf*uv [M]> S Q

When u = 1 € H?, the higher signature is just the signature of M. The
higher signature can often be given a geometric interpretation. If the
Poincaré dual of f*u can be represented by a submanifold with trivial
normal bundle, the higher signature is the signature of that submanifold.
Better yet, if Bx is a closed, oriented manifold and the Poincaré dual of
w in Bm can be represented by a submanifold K with trivial normal bun-
dle, the higher signature is the signature of the transverse inverse image of
K. The Novikov Conjecture implies that all such signatures are homotopy
invariant.

Henceforth, we will assume all homotopy equivalences between oriented
manifolds are orientation-preserving and will often leave out mention of
the homotopy equivalence. With this convention we give an equivalent
formulation of the Novikov Conjecture.

Novikov Conjecture. For a closed, oriented manifold M, for a discrete
group w, for any w € H*(Bw), for any map f : M — Bm, the higher
signature o, (M, f) is an invariant of the oriented homotopy type of M.
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2 Novikov Conjecture for m = Z

We wish to outline the proof (cf. [17]) of the following theorem of Novikov
[37].

Theorem 2.1. Let M be a closed, oriented manifold with a map f: M —
S, Then f.(Ly N[M)) € Ho(SY;Q) is homotopy invariant.

Since (1, f«(LypN[M])) = o(M), the degree-zero component of f,(LpsN
[M]) is homotopy invariant. Let u € H'(S1) be a generator; it suffices to
show (u, f«(Las N [M])) is a homotopy invariant, where dim M = 4k + 1.
Let K* = f~1(x) be the transverse inverse image of a point. (Note: any
closed, oriented, codimension 1 submanifold of M arises as f~!(x) for some
map f.) Let i : K < M be the inclusion. Then the Poincaré dual of i, [K]
is f*u, since the Poincaré dual of an embedded submanifold is the image of
the Thom class of its normal bundle. Thus we need to show the homotopy
invariance of

(u, f(Lag N [M]))

I
~ o~~~
~
S
J@.

*
=
=

= o(K).

Definition 2.2. If K** is a closed, oriented manifold which is a subspace
i: K — X of a topological space X, let

oxcx  H™M(X;Q) x H*(X;Q) - Q
be the symmetric bilinear form defined by
drcx(a,b) = (aUb,i[K]) = (i"aUi*b, [K]) .
If X = K, we write ¢k.
Remark 2.3. 1. Note that
o(¢prcx) = ook : i*H*(X;Q) x i*H**(X;Q) — Q) ,
so that the signature is defined even when X is not compact.

2. If h: X’ — X is a proper, orientation-preserving homotopy equiva-
lence between manifolds of the same dimension, and K’ is the trans-
verse inverse image of a closed, oriented submanifold K of X, then
h.t, [K'] = i.[K], so

o(¢rrcx) = o(Prex) -
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The Novikov conjecture for m = 7Z follows from:

Theorem 2.4. Let M***1 be a closed, oriented manifold with ¢ map f :
M — S*. Let K = f~1(x) be the transverse inverse image of a point. Then
the signature of K is homotopy invariant. In fact, 0(K) = o(¢rycm..)
where My, — M s the infinite cyclic cover induced by the universal cover

of the circle and Koy = f~1(¥) C My is a lift of K.
There are two key lemmas in the proof.

Lemma 2.5. Let K* be a closed, oriented manifold which is a subspace
i: K — X of a CW-complex X. Suppose X is filtered by subcomplexes

XOCXlCX2C"'CXnC---CX:UXn_

Then there exists an N so that for allm > N,

o(drcx) = o(drcx,)

Proof. Since K is compact, K C X, for n sufficiently large; so without
loss of generality i, : K — X, for all n. Let i,, and 4. (i," and i*) be
the maps induced by 4,, and ¢ on rational (co)-homology in dimension 2k.
The surjections J,, p41 @ im 4y, — im 4,41, must be isomorphisms for n
sufficiently large (say for n > N) since Hay(K; Q) is finite dimensional. We
claim

Jp im i, — im i,

is also an isomorphism for n > N. Surjectivity is clear. To see it is
injective, suppose [a] € Hap(K;Q) and i.Jo] = 0. On the singular chain
level a = 98, where 3 € Sop11(X;Q) = Uy, Sopt1(Xn; Q). Thus iy, [a] =0
for n sufficiently large, and hence for n > N since the maps J, 41 are
isomorphisms.

Dualizing by applying Hom( ; Q) we see that

imi* — im 2,"
is also an isomorphism for n > N, and hence

o(prcx,) =o(im i,* x im 3,* — Q)
o(im ¢* X im i* — Q)

U(¢KCX)
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Lemma 2.6. Let X***1 be a manifold with compact boundary. (Note X
may be non-compact.)

1. Let L = (im i* : H*(X;Q) — H?*(0X;Q)) and
L+ ={a € H*(0X;Q) | pox(a,L) =0} .
Then Lt C L.

2. U(¢8XcX) = O’(@X)

Remark 2.7. In the case of X compact, part 2. above gives the cobordism
invariance of the signature. Indeed

doxcx(a,b) = (ifaUi'b, [0X])
= (i*a,i*b N AL[X])
= (i"a,0.(bN [X]))
— (5*i*a,bN[X))
= 0

Proof of Lemma. 1. Poincaré-Lefschetz duality gives a non-singular pairing
ox : HIFH(X,0X;Q) x HM(X;Q) — Q

Let 6* be the coboundary map and ¢ be the coboundary with compact
supports. Now 0 = ¢gx (L', i*H**(X;Q)) = ¢x(6:L+, H**(X;Q)), so
§:L*+ =0, and hence Lt C ker §* C ker §* = L.

2. By 1., ¢pox(L*+,L+) = 0. Choose a basis ey,...e, for L*, then find
fi,..- fn € H*(0X;Q) so that ¢ox(e;, f;) = 0;; and ¢ox(fi, f;) = 0.
The form ¢sx restricted to H(L*) = Span(ey, ... ,en, fi,..., fn) is non-
singular and has zero signature. There is an orthogonal direct sum of vector
spaces

H?**(0X;Q) = H(L*)® H(L*)*

The inclusion of L in H?*(9X; Q) followed by the projection onto H(L1)+
induces an isometry between the form restricted to H(L*)* and

dox :L/LJ‘ X L/LJ‘ —-Q
Thus

0(0X)=0o(L/L* x L/L* — Q) = o(L x L — Q) = o(¢oxcx)-



202 James F. Davis

Proof of Theorem. One has the pull-back diagram
M S SN R

| e

ML gt
Suppose f is transverse to * = 1 € S?! C C. Let K = f71(x) and,
abusing notation slightly, also let K denote f~(0) C M. Let My =

f710,00) and X,, = f~[-n,n]. Let t : Mo, — M, be the generator of
the deck transformations corresponding to  +— x + 1 in R. Then

o(K) =o(dxcn,) (by Lemma 2.6)
=0(drcivxy) (for N > 0 by Lemma 2.5)
=0(¢-vrcxy) (" is a homeomorphism)
=0(drcxy) (since K and t~V K are bordant in Xy)
=0(PrcMa) (for N > 0 by Lemma 2.5 again)

O

This beautiful proof of Novikov should be useful elsewhere in geometric
topology, perhaps in the study of signatures of knots. The modern proof
of the Novikov Conjecture is by computing the L-theory of Z[Z] as in [49];
further techniques are indicated by Remark 4.2 in [47]. Later Farrell-Hsiang
[19], [12] and Novikov [39] showed that the Novikov Conjecture for 7 = Z"™
is true, although additional techniques are needed to prove it. Lusztig [27]
gave an analytic proof of this result.

3 Topological rigidity
Given a homotopy equivalence
heM™— M"

between two closed manifolds, one could ask if h is homotopic to a home-
omorphism or a diffeomorphism. A naive conjecture would be that the
answer is always yes, after all M’ and M have the same global topology
(since h is a homotopy equivalence) and the same local topology (since they
are both locally Euclidean). At any rate, any invariant which answers the
question in the negative must be subtle indeed.

Here is one idea for attacking this question. Let K* C M™ be a closed
submanifold and perturb h so that it is transverse to K. Then we have
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M’LM

[ I

hlK —— K

If k is divisible by 4 and M and K are oriented, then the difference of
signatures

oh,K)=0c(h'K)—-o(K)€Z

is an invariant of the homotopy class of h which vanishes if h is homotopic
to a homeomorphism. If n—k = 1, then o(h, K) is always zero; this follows
from the Novikov conjecture for m = Z.

Example 3.1. This is basically taken from [32, Section 20]. Other exam-
ples are given in [47] and [17]. Let R® — E — S* be the 5-plane bundle
given by the Whitney sum of the quaternionic Hopf bundle and a trivial line
bundle. Then it represents the generator of m4(BSO(5)) = m3(SO(5)) = Z
and p1(E) = 2u, where u € H*(S*) is a generator. Let R® — E’ — §*
be a bundle with p;(E’) = 48u, say the pullback of E over a degree 24
map S* — S% Then E’ is fiber homotopically trivial (by using the J-
homomorphism J : 73(SO(5)) — mg(S®) = Z/24, see [20] for details).
Thus there is a homotopy equivalence

h:S(E') — S*x s

commuting with the bundle map to S* in the domain and projecting on the
second factor in the target. It is left as an exercise to show o (h, pt x S*) = 16
and hence h is not homotopic to a homeomorphism. It would be interesting
to construct h and h~!(pt x S*) explicitly (maybe in terms of algebraic
varieties and the K3 surface).

The Novikov conjecture for a group =« implies that if h : M’ — M is
a homotopy equivalence of closed, oriented manifolds and if K C M is a
closed, oriented submanifold with trivial normal bundle which is Poincaré
dual to f*p for some f: M — Bm and some p € H*(Bm), then

o(h, K) =0

In particular if M is aspherical, then M = Br and o(h,K) = 0 for all
such submanifolds of M. Note that any two aspherical manifolds with
isomorphic fundamental group are homotopy equivalent. In this case there
is a conjecture much stronger that the Novikov conjecture.
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Borel Conjecture.* Any homotopy equivalence between closed aspherical
mamnifolds is homotopic to a homeomorphism.

See [1] for more on the Borel Conjecture and [9] for applications to the
topology of 4-manifolds.

We conclude this section with a historical discussion of the distinction
between closed manifolds being homotopy equivalent, homeomorphic, PL-
homeomorphic, or diffeomorphic. It is classical that all the notions co-
incide for 2-manifolds. For 3-manifolds, homeomorphic is equivalent to
diffeomorphic ([33], [35]). Poincaré conjectured that a closed manifold ho-
motopy equivalent to S3 is homeomorphic to S2; this question is still open.
In 1935, Reidemeister, Franz, and DeRham showed that there are homo-
topy equivalent 3-dimensional lens spaces L(7;1,1) and L(7;1,2) which are
not simple homotopy equivalent (see [31], [7]), and hence not diffeomor-
phic. However, this was behavior based on the algebraic K-theory of the
fundamental group. Hurewicz asked whether simply-connected homotopy
equivalent closed manifolds are homeomorphic. Milnor [29] constructed ex-
otic 7-spheres, smooth manifolds which are (PL-) homeomorphic but not
diffeomorphic to the standard 7-sphere. Thom, Tamura, and Shimada gave
examples in the spirit of Example 3.1, which together with Novikov’s proof
of the topological invariance of the rational L-classes showed that simply-
connected homotopy equivalent manifolds need not be homeomorphic. Fi-
nally, Kirby and Siebenmann [25] gave examples of homeomorphic PL-
manifolds which are not PL-homeomorphic. Thus all phenomena are real-
ized. We will return frequently to the question of when homotopy equiva-
lent manifolds are homeomorphic.

4 Oriented bordism

Let Q, be the oriented bordism group of smooth n-manifolds. €, is a
graded ring under disjoint union and cartesian product. Thom [53] com-
bined his own foundational work in differential topology and with then

4A. Borel conjectured this in 1953, long before the Novikov conjecture. The mo-
tivation was not from geometric topology, but rather from rigidity theory for discrete
subgroups of Lie groups.

The choice of category is important; the connected sum of an n-torus and an exotic
sphere need not be diffeomorphic to the n-torus.
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recent work of Serre [48] to show®
Q. ® Q = Q[CP%,CP*,CPS,CP8,...]

A map f: M — X where M is a closed, oriented n-manifold and X is a
topological space is called a singular n-manifold over X. Let ,,(X) be the
oriented bordism group of singular n-manifolds over X, see [8]. Then Q.,.(X)
is a graded module over Q... The map H : Q,X ® Q — H,(X;Q) defined
by H(f : M — X) = f.[M] is onto. 2, X ®Q is a free module over 2, ® Q
with a basis given by any set of singular manifolds {(f, : M, — X) ® 1}
such that {(fo)«[Ma]} is a basis of H.(M;Q). The Conner-Floyd map is

(f  M-=X)®r — rf.lyn[M])

Here Q is an ,-module via the signature homomorphism. The domain
of the Conner-Floyd map is Z4-graded, and the Conner-Floyd map is a
Z4-graded isomorphism, i.e. for ¢ =0,1,2, or 3

Qps4iX ®@, Q= @ Hn(X;Q) -

n=i(4)

All of these statements are easy consequences of the material in the previous
footnote.

Definition 4.1. Let M be a closed, smooth manifold. An element of the
structure set S(M) of homotopy smoothings is represented by a homotopy
equivalence h : M’ — M where M’ is also a closed, smooth manifold.
Another such homotopy equivalence g : M — M represents the same
element of the structure set if there is an h-cobordism W from M’ to M"
and a map H : W — M which restricts to h and g on the boundary.

5The modern point of view on Thom’s work is:
Q2. Q27m,(MSO)® Q== H,(MSO;Q) = H.(BSO;Q).

Here MISO is the oriented bordism Thom spectrum, whose n-th space is the Thom
space of the universal R"”-bundle over BSO(n). The isomorphism Q. = 7, (MSO) fol-
lows from transversality and is called the Pontryagin-Thom construction. From Serre’s
computations, the Hurewicz map for an Eilenberg-MacLane spectrum is an rational iso-
morphism in all dimensions. It follows that the Hurewicz map is a rational isomorphism
for all spectra, and that the rational localization of any spectrum is a wedge of Eilenberg-
MacLane spectrum. The Thom isomorphism theorem shows H.(MSO) = H,.(BSO).
After tracing through the above isomorphisms one obtains a non-singular pairing

H*(BSO;Q) x (2. ®Q) = Q (o, M) — a[M]

A computation of L-numbers of even-dimensional complex projective spaces shows that
they freely generate Q. ® Q as a polynomial algebra. References on bordism theory
include [8], [50], and [28].
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In particular, if A : M’ — M and g : M" — M are homotopy equiva-
lences, then [h] = [g] € S(M) if there is a diffeomorphism f: M’ — M" so
that g >~ ho f. The converse holds true if all h-cobordisms are products, for
example if the manifolds are simply-connected and have dimension greater
than 4.

Given a map f : M™ — B, there is a function

S(M) — Q. (Bm)
(M" — M)+ [M" — Br] — [M — Bn]

It is an interesting question, not unrelated to the Novikov Conjecture, to
determine the image of this map, but we will not pursue this.

There are parallel theories for PL and topological manifolds, and all
of our above statements are valid for these theories. There are variant
bordism theories QP QTOP and variant structure sets S¥% and STOF,
The bordism theories are rationally the same, but the integrality conditions
comparing the theories are quite subtle.

5 A crash course in surgery theory

The purpose of surgery theory is the classification of manifolds up to home-
omorphism, PL-homeomorphism, or diffeomorphism; perhaps a more de-
scriptive name would be manifold theory. There are two main goals: ezis-
tence, the determination of the homotopy types of manifolds and unique-
ness, the classification of manifolds up to diffeomorphism (or whatever)
within a homotopy type. For the uniqueness question, the technique is
due to Kervaire-Milnor [24] for spheres, to Browder [5], Novikov [36], and
Sullivan [51] for simply-connected manifolds, to Wall [55] for non-simply-
connected manifolds of dimension > 5, and to Freedman-Quinn [16] for
4-manifolds. Surgery works best for manifolds of dimension > 5 due to the
Whitney trick, but surgery theory also provides information about mani-
folds of dimension 3 and 4.

The key result of the uniqueness part of surgery theory is the surgery
exact sequenced

s L (Zm M) -2 S(M) L N (M) - Ly (Zwy M)

for a closed, smooth, oriented manifold M™ with n > 5. The L-groups are
abelian groups, algebraically defined in terms of the group ring. They are
4-periodic L,, & Ly44. For the trivial group, L,(Z) = Z,0,Z5,0 for n =
0,1,2,3 (mod 4). The L-groups are Witt groups of quadratic forms (see

6This is given in [55, §10], although note that Wall deals with the L*- and S*-theory,
while we work with the L" and S"-theory, see [55, §17D].
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Wall [55]), or, better yet, bordism groups of algebraic Poincaré complexes
(see Ranicki [45]). The structure set S(M) and the normal invariant set
N (M) are pointed sets, and the surgery exact sequence is an exact sequence
of pointed sets. Furthermore, L,i1(Zm M) acts on S(M) so that two
elements are in the same orbit if and only if that have the same image
under 7.

Elements of the normal invariant set N (M) are represented by degree
one normal maps

vmr — 5

! !
M L M

that is, a map g of closed, smooth, oriented” manifolds with g.[M’] = [M],
together with normal data: a stable vector bundle & over M which pulls
back to the stable normal bundle of M’; more precisely, the data includes
a stable trivialization of ¢g*¢ ® T (M’). There is a notion of two such maps
to M being bordant; we say the maps are normally bordant or that one can
do surgery to obtain one map from the other. The normal invariant set
N (M) is the set of normal bordism classes. The map 1 : S(M) — N(M)
sends a homotopy equivalence to itself where the bundle £ is the pullback of
the stable normal bundle of the domain under the homotopy inverse. The
map 0 : N(M) — L,(Zr M) is called the surgery obstruction map, and
is defined for manifolds of any dimension, however when the dimension is
greater than or equal to five, 8(g) = 0 if and only if ¢ is normally bordant
to a homotopy equivalence.

Sullivan computed the normal invariant set using homotopy theory; it
is closely connected with characteristic classes, see [28]. In fact there is a
Pontryagin-Thom type construction which identifies

N(M) = [M,G/O]

Here G(k) is the topological monoid of self-homotopy equivalences of S*~!
and G = colim G(k). There is a fibration

G/0 % BO - BG

BG (k) classifies topological R*-bundles up to proper fiber homotopy equiv-
alence and so G/O classifies proper fiber homotopy equivalences between
vector bundles. A map M — G/O corresponds to a proper fiber ho-
motopy equivalence between vector bundles over M, and the transverse
inverse image of the 0-section gives rise to the degree one normal map. If

7There are variant versions of surgery for non-orientable manifolds.
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we take the classifying map § : M — G/O of a degree one normal map
g: (M vpp) — (M), then ¥ o g is a classifying map for £ ¢ 7p7. Finally,
the homotopy groups of G are the stable homotopy groups of spheres, which
are finite (Serre’s result again), and so given any vector bundle M — BO,
then some non-zero multiple of it can be realized as a “£” in a degree one
normal map.

Later it will be useful to consider the surgery obstruction map

0:N(M"™) — L,(Zr)

associated to a map M — B, which may not induce an isomorphism on
the fundamental group. This is covariant in 7. When 7 is the trivial group
and g: (M’ ,vap) — (M, €) with n =0 (mod 4),

0(g) = (1/8)(0(M') — o(M)) € Ln(Z) = Z

For n =2 (mod 4), the simply-connected surgery obstruction is called the
Arf invariant of g.

6 Surgery and characteristic classes

This section is in some sense the core of this survey. We give a converse
to the Novikov conjecture and rephrase the Novikov conjecture in terms of
injectivity of an assembly homomorphism. The two key tools are the bor-
dism invariance of surgery obstructions and the product formula for surgery
obstructions. They are due to Sullivan in the case of simply-connected man-
ifolds and the facts we need are due to Wall in the non-simply-connected
case. Both of the tools were proved in greater generality and were given
more conceptual interpretations by Ranicki.

The bordism invariance of surgery obstructions is that the surgery ob-
struction map associated to a f : M — Bm factors [55, 13B.3]

N(M™) 25 0,(G/0 x Br) -2 L,(Zx)

Here 5(9) = [(§,f) : M — G/O x Br| where § classifies the degree one
normal map. (The geometric interpretation of this result is that surgery
obstruction is unchanged by allowing a bordism in both the domain and
range.)

Example 6.1. The K3-surface K* is a smooth, simply-connected spin 4-
manifold with signature 16. There is a degree one normal map

g+ (K vi) — (5%¢)

where ¢ is any bundle with (L;(€),[S%]) = 16. Then (g x Idgs+) = 0 since
the classifying map S* x §* — G/O is constant on the second factor and
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hence bounds. Thus g xIdga is normally bordant to a homotopy equivalence
h with o(h=1(pt x S*)) = 16. This is the same homotopy equivalence as in
Example 3.1.

The second key tool is the product formula. This deals with the follow-
ing situation. Given a degree one normal map

gt (M var) — (M,€)
and a closed, oriented manifold N7, together with reference maps
M — B, N — Br/,
one would like a formula for the surgery obstruction
0(g x 1) € Liy;(Z[n x 7))

This has been given a nice conceptual answer by Ranicki [44]. There
are “symmetric L-groups” L’ (Zx'). There is the Mishchenko-Ranicki sym-
metric signature map

o*: Q.Brn' — L*(Zr")

(sending a manifold to the bordism class of the chain level Poincaré duality
map of its 7'-cover), and a product pairing

Li(Zn) ® L (Zn') — Liv;(Z[7 x 7))
so that
0(g xIdy) =6(9) ® 0™ N

Furthermore, for the trivial group, L/(Z) = 7Z,Z,,0,0 for j = 0,1,2,3
(mod 4). For j = 0 (mod 4), ¢*(N) € Z is the signature o(N) and for
j =1 (mod 4), 0*(N) € Zy is called the De Rham invariant. We only need
the following theorem, which follows from the above, but also from earlier
work of Wall [55, 17H].

Theorem 6.2. 1. Ifm =1, 6(g x Idy) € Li1;(Z7") @ Q depends only
on the difference o(M') — o(M) and the bordism class [N — Br'] €
Qj (BTFI) ® Q

2. If 7' =1, then
0(g x Idn) =6(g) - 0(N) € L ;(Zm) @ Q

In the above theorem we are sticking with our usual convention that
the signature is zero for manifolds whose dimensions are not divisible by 4.
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Example 6.3. Let
g: (Ka VK) - (5476)

be a degree one normal map where K is the K3-surface as in Example 6.1.
Another way to see that 6(g x Idga) = 0 is by the product formula.

As a formal consequence of the bordism invariance of surgery obstruc-
tions, the product formula, and the Conner-Floyd isomorphism, it follows
that the Novikov conjecture is equivalent to the injectivity of a rational
assembly map. This is due to Wall [55, 17H] and Kaminker-Miller [23].

Theorem 6.4. For any group m and for any n € Zy4, there is a map

Ay: €D Hi(mQ) — Lu(Zm) 2 Q

i=n(4)
so that

1. For a degree one normal map g : (M’ ,vpp) — (M,€) and a map
f: M — Bm,

0(g) = Au((f 0 9)«(Lagr NVIM']) = fi( Ly N [M])) € Lo (Zm) @ Q

2. If A, is injective then the Novikov conjecture is true for all closed,
oriented manifolds mapping to Bw whose dimension is congruent to
n modulo 4. If the Novikov conjecture is true for all closed, oriented
manifolds with fundamental group isomorphic to m and whose dimen-
sion is congruent to n modulo 4, then A, is injective.

Proof. Bordism invariance, the Conner-Floyd isomorphism, and the prod-
uct formula show that the surgery obstruction factors through a Z4-graded
map

A, @ H;(G/O x Bm;Q) — L, (Z7) ® Q

i=n(4)
with B
An((9, )«(Ly N [M])) = 0(g) € Ln(Zm) @ Q

When 7 is trivial, the map A, is given by Kronecker pairing 9« (Lar N[M))
with some class ¢ € H*(G/O;Q). In the fibration

Ga/o0 <Y BO - BG

1* gives a rational isomorphism in cohomology, and it is not difficult to
show that L
= (ST 1)
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where L is the multiplicative inverse of the Hirzebruch L-class.® The key
equation is that if g : (M’,vpr) — (M, €) is a degree one normal map with
classifying map g, then

8§ ULy =L(§) — Ly

The homology of G/O x Br is rationally generated by cross products
G« (Lps N[M]) x fo(Ln N[N]) where g : M — G/O and f : N — Bm; these
correspond to surgery problems of the form M’ x N — M x N The product
formula for surgery obstructions shows that

Ac(§-(Lar 0 [M]) % fu(Ly N[N]) =0

whenever (£, §.(Ly N [M])) = 0. It follows that A, factors through the
surjection given by the slant product

0\: @ Hi(G/Ox BmQ) —»  Hi(Bm;Q),

i=n(4) i=n(4)

giving the rational assembly map

An: P Hi(BmQ) — Li(Zm) ©Q

i=n(4)

Tracing through the definition of A, gives the characteristic class formula
in part 2. of the theorem. (I have suppressed a good deal of manipulation
of cup and cap products here, partly because I believe the reader may be
able to find a more efficient way than the author.)

If A, is injective, the Novikov conjecture immediately follows for n-
manifolds equipped with a map to B, since the surgery obstruction of a
homotopy equivalence is zero.

Suppose A, is not injective; then there exists an non-zero element
a € Hyuin(Bm;Q) so that A,(a) = 0 € L,(Zr) ® Q. There is a b €
Hyin(G/O x Bm;Q) so that a = ¢\b. Next note for some 4, there is
an element ¢ = [(g,f) : M — G/O x Br] € Qu4n(G/O x Bm), so
that (g, f)«(Lar N [M]) = kb where k # 0. (Note the ¢ here. To get
¢ € Qquyn one simply uses the Conner-Floyd isomorphism, but one might
have to multiply the various components of ¢ by products of CP? to guar-
antee that ¢ is homogeneous). By multiplying ¢ by a non-zero multiple,
find a new ¢ = [(g,f) : M — G/O x Br] € Qui1n(G/O x Bm) so that
0(c) = 0 € Lyjyn(Zmw). We may assume that 4i + n > 4. By (very) low

8This class £ has a lift to H*(G/O; Z(g)) which is quite important for the characteristic
class formula for the surgery obstruction of a normal map of closed manifolds [28], [34],
[52].
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dimensional surgeries [55, Chapter 1], we may assume M has fundamen-
tal group w. Since 6(c) = 0, one may do surgery to obtain a homotopy
equivalence h : M’ — M, where the difference of the higher signatures in
H,.(Bm;Q) is a multiple of a and hence non-zero. O

Our next result is folklore (although seldom stated correctly) and should
be considered as a converse to and a motivation for the Novikov conjec-
ture. It generalizes Kahn’s result [21] that the only possible linear combi-
nations of L-classes (equivalently rational Pontrjagin classes) which can be
a homotopy invariant of simply-connected manifolds is the top L-class of
a manifold whose dimension is divisible by 4. The non-simply connected
case requires a different proof; in particular one must leave the realm of
smooth manifolds.

Theorem 6.5. Let M be a closed, oriented, smooth manifold of dimension
n > 4, together with a map f : M — Br to the classifying space of a
discrete group, inducing an isomorphism on fundamental group. Given
any cohomology classes

L=1L1+ Lo+ L3+ € H*(M;Q), L; € HY¥(M;Q),

so that fo (LN [M]) =0 € Hy,_4.(Bm;Q), there is a non-zero integer R, so
that for any multiple r of R, there is a homotopy equivalence

h:M — M
of closed, smooth manifolds so that
h*(L]V[ + ’I"[,) = LM/

Proof. As motivation suppose that there is a map § : M — G/O so that
G0 = (1/8)LLys, where £ € H*(G/O;Q) is as above and Ly is the multi-
plicative inverse of the total Hirzebruch L-class of M. Then if g: N — M
is the corresponding surgery problem, a short computation shows that

g (Lm+L)=Ln

and, by using Theorem 6.4, Part 2, that 6(§) = 0 € L,(Z7) ® Q. So the
idea is to clear denominators and replace ¢ by a multiple. Unfortunately,
this is nonsense, since the surgery obstruction map is not a homomorphism
of abelian groups.

To proceed we need two things. First that G/TOP is an infinite loop
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space’ and

[M,G/TOP] —%— L,(Zn)

A,
@izn(zl) Hi(m;Q) —— Ln(Zm)®Q

is a commutative diagram of abelian groups'® where the left vertical map
is given by ¢ — f.(g*¢ N [M]). (See [52].)

The second thing we need is a lemma of Weinberger’s [57]. Let j :
G/O — G/TOP be the natural map.
Lemma 6.6. For any n-dimensional CW -complex M, there is a non-
zero integer t = t(n) so that for any [f] € [M,G/TOP], t[f] € im j. :
[M,G/O] — [M,G/TOP].

Now suppose we are given £ € H*(M;Q) as in the statement of the
theorem. The cohomology class ¢ gives a localization of H-spaces at 0

0:G/TOP — [ K(Q,4i)
i>0
and hence a localization of abelian groups
[M,G/TOP] — [[ H*(M;Q)
i>0

In particular, there is an non-zero integer R, so that for any multiple rq
of Ry, there is a map §: M — G/TOP so that

1 —
g*£ = TlgﬁLM

Then 6(g) = 0 € L,(Z7) gy, so there is a non-zero Ry so that R26(g) =0 €
L, (Zr). Finally, by Weinberger’s Lemma, there is a non-zero Rs, so that
R3[R2g] factors through G/O. Then R = R; RsR3 works. Surgery theory
giving the homotopy equivalence. O

Weinberger’s Lemma follows from the following; applied where s : Y —
Z is the map G/TOP — B(TOP/O). Note that B(TOP/O) has an infinite
loop space structure coming from Whitney sum.

9G/0O, G/PL, and G/TOP are all infinite loop spaces with the H-space structure
corresponding to Whitney sum. However, the surgery obstruction map is not a homo-
morphism. Instead, we use the infinite loop space structure on G/TOP induced by
periodicity Q*(Z x G/TOP) ~ 7 x G/TOP. This will be discussed further in the next
section.

10We can avoid references to topological surgery by using the weaker fact that the
surgery obstruction map 6 : [M,G/PL| — Ly(Zr) is a homomorphism where G/PL is
given the H-space structure provided by the Characteristic Variety Theorem [51].
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Lemma 6.7. Let s:Y — Z be a map of simply-connected spaces of finite
type, where Y is an H-space and Z is an infinite loop space with all homo-
topy groups finite. Then for any k there is a non-zero integer t so that for
any map f: X — Y whose domain is a k-dimensional CW -complex, then
s«(t[f]) =0, where

s« [X,Y] — [X, Z]

is the induced map on based homotopy.

Proof. Tt suffices to prove the above when f is the inclusion i; : Y* — Y
of the k-skeleton of Y’; in other words, we must show s.[ix] € [Y*, Z] has
finite order. Let Y =Y,, n = 1,2,3,.... Let a,, : Y;, — Y41 be a
cellular map so that [a,] = nl![Id]. Then «, induced -n! on homotopy
groups, since the co-H-group structure equals the H-group structure. Let
hocolim,, Y,, denote the infinite mapping telescope of the maps «,,. Then
Y — hocolim, Y,, induces a localization at 0 on homotopy groups.
Consider the following commutative diagram of abelian groups.

[hocolim,, Y;{+2, 2] —%— lim, [V+?, 2] 2 [y}, 7]

u | |

[hocolim, Y*, 2] —2— 1lim,[VF, 2z] —2s [V}, Z]

To prove the lemma it suffices to show that some multiple of s, [ix] € [V, Z]
is in the image of C' o pr; o ® and that A is the zero map. First note
CS*[ik+2] = Sk [Zk] Now

im([Y, Z] — [Y**2,Z])
is a finite set by obstruction theory, so

{se(nMik12]) bn=1,2,3,...

sits in a finite set, hence there exists an N so that s.(N![ixyo]) pulls
back arbitrarily far in the inverse sequence. Hence by compactness of
the inverse limit of finite sets, there is an [a] € lim,[Y,*"2 Z] so that
prifa] = s.(N[ir42]). By Milnor’s lim! result [30], ® is onto, so that
[a] = ®[b] for some [b].

We next claim that A is the zero map. Indeed the homology groups of
hocolim,, Y;*+2 are rational vector spaces in dimensions less than k +2. By
obstruction theory any map hocolim,, Y,**? — Z is zero when restricted
to the (k + 1)-st skeleton, and thus when restricted to hocolim,, Y,*. Thus
we have shown that s, (N![ix]) is zero by tracing around the outside of the
diagram. Let ¢t = NI O
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Remark 6.8. For a closed, oriented, topological n-manifold M, define

[h: M — M]— L  where h*(Ly + £) = Ly

If M is smooth, define an analogous map I'P/FF (M) from the smooth
structure set. The above discussion shows that the image of T79F (M) is
a finitely generated, free abelian group whose intersection with the kernel
of the map H**(M;Q) — H,_4.(Bm1M;Q) is a lattice (i.e a finitely gen-
erated subgroup of full rank). Furthermore if the Novikov Conjecture is
valid for 7; M, the image of TTOF (M) is a precisely a lattice in the above
kernel.

Similar things are true for smooth manifolds up to finite index. If
t = t(n) is the integer from Lemma 6.7, then

Lim rTOP(M)  im TPIFE (M) ¢ im TTOP (M)
t

However, a recent computation of Weinberger’s [56] shows that the image
of TPTFF (M) is not a group when M is a high-dimensional torus. It follows
that SPTEF (M) cannot be given a group structure compatible with that of
STOP (M) and that G/O cannot be given an H-space structure so that the
surgery obstruction map is a homomorphism.

7 Assembly maps

The notion of an assembly map is central to modern surgery theory, and
to most current attacks on the Novikov Conjecture. Assembly maps are
useful for both conceptual and computation reasons. We discuss assembly
maps to state some of the many generalizations of the Novikov conjecture.
Assembly can be viewed as gluing together surgery problems, as a passage
from local to global information, as the process of forgetting control in
controlled topology, as taking the index of an elliptic operator, or as a map
defined via homological algebra. There are parallel theories of assembly
maps in algebraic K-theory and in the K-theory of C*-algebras, but the
term assembly map originated in surgery with the basic theory due to
Quinn and Ranicki.

With so many different points of view on the assembly map, it is a bit
difficult to pin down the concept, and it is perhaps best for the neophyte
to view it as a black box and concentrate on its key properties. We refer
the reader to the papers [42], [43], [46], [59], [11] for further details.

The classifying space for topological surgery problems is G/TOP. The
generalized Poincaré conjecture and the surgery exact sequence show that
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7n(G/TOP) = L, (Z) for n > 0. There is a homotopy equivalence
ONZ x G/TOP) ~7Z x G/TOP

(Perhaps the 4-fold periodicity is halfway between real and complex Bott
periodicity.) Let L denote the corresponding spectrum. Oriented manifolds
are oriented with respect to the generalized homology theory defined by L.
When localized at 2, L is a wedge of Eilenberg-MacLane spectra, and after
2 is inverted, L is homotopy equivalent to inverting 2 in the spectrum
resulting from real Bott periodicity. The assembly map

A, Hy(X;L) — L,(ZmX)

is defined for all integers n, is 4-fold periodic, and natural in X. By natu-
rality, the assembly map for a space X factors through Bm X.

The surgery obstruction map can interpreted in terms of the assembly
map. Let G/TOP be the connective cover of L, i.e. there is a map
G/TOP — L which is an isomorphism on ; for ¢ > 0, but m;(G/TOP) =
0 for 4 < 0. Here G/TOP is an Q-spectrum whose 0-th space is G/TOP.
The composite

H,(X;G/TOP) — H,(X;L) 25 L, (Zm X)

is also called the assembly map. When X = B, this assembly map ten-
sored with Idg is the same as the assembly map from the last section. In
particular the Novikov conjecture is equivalent to the rational injectivity
of either of the assembly maps when X = Br.

The surgery obstruction map for a closed, oriented n-manifold M

0:[M,G/TOP] — L,(Zm M)
factors as the composite of Poincaré duality and the assembly map
[M,G/TOP] = H°(M; G/TOP) ~ H,(M; G/TOP) 2 L, (Zm M)

There is a surgery obstruction map and a structure set for manifolds with
boundary (the L-groups remain the same however). The basic idea is that
all maps are assumed to be homeomorphisms on the boundary throughout.
The surgery exact sequence extends to a half-infinite sequence

oo 5 STOP(M % 1,0) — [(M x I)/8,G/TOP] — Ly 11 (Zm1 M)
— STOP (M) — [M,G/TOP] — L,(Zm M)

Assembly maps are induced by maps of spectra; we denote the fiber of

X, AG/TOP 2 L(Zm,X)
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by STOP(X). When X is a manifold, the corresponding long exact se-
quence in homotopy can be identified with the surgery exact sequence.
In particular, the structure set STOP (M) = 7,STOP(M) is naturally an
abelian group, a fact which is not geometrically clear. Thus computing
assembly maps is tantamount to classifying manifolds up to h-cobordism.
There is a parallel theory in algebraic K-theory. For a ring A, there
are abelian groups K, (A) defined for all integers n; they are related by the
fundamental theorem of K-theory which gives a split exact sequence

0 — K,(A) = K,(Alt]) @ K, (A[t™Y]) — K, (A[t,t7]) — K, 1A — 0

There is an Q-spectrum K(A) whose homotopy groups are K,(A). Abbre-
viate K(Z) by K; its homotopy groups are zero in negative dimensions, Z
in dimension 0, and Z/2 in dimension 1. There is the K-theory assembly
map [26], [11]

A, Hy(X;K) — K (Zm X).

Computing with the Atiyah-Hirzebruch spectral sequence and the test case
where X is the circle shows that A,, is injective for i < 2, and the cokernels
of Ay are K,,(Zm1 X), Ko(Zm X), Wh(m X) for n < 0,n =0,n = 1.

The analogue of the Novikov conjecture in K-theory has been proven!

Theorem 7.1 (Bokstedt-Hsiang-Madsen [4]). Suppose 7 is any group
such that H,,(B) is finitely generated for alln. Then A, ® Idy is injective.

Hopefully this result will shed light on the Novikov conjecture in L-
theory (which has more direct geometric consequences), but so far this has
been elusive.

8 Isomorphism conjectures
A strong version of Borel’s conjecture is:

Conjecture 8.1. Let h : M’ — M be a homotopy equivalence between
compact aspherical manifolds so that h(M' — OM') C h(M — OM) and
hlop : OM' — OM is a homeomorphism. Then h is homotopic rel J to a
homeomorphism.

Applying this to h-cobordisms implies that Wh(m; M) = 0, and by
crossing with tori, that Ko(Zm M) = 0 and K_;(ZmM) = 0 for i >
0. Similarly, the structure groups STOF (M x I',9) = 0, so the assembly
maps are isomorphisms. The following conjecture is motivated by these
considerations.
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Borel-Novikov Isomorphism Conjecture. ' For m torsion free, the
assembly maps

A, : H.(Bm;K) — K.(Zn)
Ay H.(Bm; L) — L.(Zr)

are isomorphisms.

This implies the geometric Borel conjecture for manifolds of dimension
greater than 4, and for torsion-free groups the vanishing of the Whitehead
group, that all finitely generated projective modules are stably free, and
the Novikov Conjecture.

What can be said for more general groups, in other words how does
one compute the L-groups and the surgery obstruction groups? Well, for
finite groups, the assembly map has been largely computed, starting with
the work of Wall [55] and ending with the work of Hambleton, Milgram,
Taylor, and Williams [18]. The techniques here are a mix of number theory,
quadratic forms, and topology. The assembly maps are not injective, and
not even rational surjective, in K-theory, because the Whitehead groups
may be infinite, and in L-theory, because the multisignature (or p-invariant)
show that the L-groups of the group ring of a finite group may be infinite.

There are also analyses of the K- and L-theory of products Z x G and
amalgamated free products Axp C (see [2], [49], [41], [54], [6]). While these
give evidence for the Borel-Novikov Isomorphism Conjecture for torsion-
free groups, for infinite groups with torsion the “nil” phenomena showed
that the non-homological behavior of L-groups could not all be blamed on
the finite subgroups. In particular there are groups m where the assembly
map is not an isomorphism, but where the assembly map is an isomorphism
for all finite subgroups. To account for this, Farrell and Jones laid the blame
on the following class of subgroups.

Definition 8.2. A group H is virtually cyclic if it has a cyclic subgroup
of finite index.

For example, a finite group G is virtually cyclic and so is Z x G. Farrell-
Jones have made a conjecture [13] which computes K, (Zn) and L, (Z) in
terms of the assembly maps for virtually cyclic subgroups and homological
information concerning the group 7 and the lattice of virtually cyclic sub-
groups of m. We give the rather complicated statement of the conjecture

1 Neither Borel nor Novikov made this conjecture, but rather made weaker conjectures
whose statements did not involve assembly maps.

It is a fairly bold conjecture; there exist a lot of torsion-free groups. A more conser-
vative conjecture would be to conjecture this when B7 is a finite complex and perhaps
only that the assembly map is a split injection. One might also wish to restrict the
conjecture in K-theory to % < 2, where there is a geometric interpretation of the results.
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below, but for now we note that the Farrell-Jones isomorphism conjecture
implies:

1. The Novikov conjecture for a general group 7.

2. The Borel-Novikov isomorphism conjecture for a torsion-free group
.

3. For any group m and for any N € Z U {oo}, if for all virtually cyclic
subgroups H of m, the assembly map

A, : H.(BH;K) - K,.(ZH)

is an isomorphism for * < N and a surjection for * = IV, then the
assembly map for 7 is an isomorphism for x* < N, and similarly for
L-theory.

We proceed to the statement of the isomorphism conjecture, as formu-
lated in [11]. We work in K-theory, although there is an analogous conjec-
ture in L-theory.!? One can show that an inner automorphism of 7 induces
the identity on K,(Zm), but not necessarily on the associated spectrum.
(One needs to worry about such details to make sure that constructions
don’t depend on the choice of the base point of the fundamental group.)
To account for this, one uses the orbit category Or(w), whose objects are
left m-sets {m/H}pgcr and whose morphisms are m-maps. For a family of
subgroups F of 7 (e.g. the trivial family F = 1 or the family F = VC
of virtually cyclic subgroups of 7), one defines the restricted orbit category
Or(m, F) to be the full subcategory of Or(w) with objects {7/H }gecr. A
functor

K : Or(7) — SPECTRA

is constructed in [11], with 7. (K(7n/H)) = K.(ZH). The (classical) assem-
bly map is then given by applying homotopy groups to the map

A : hocolim K — hocolim K
Or(m,1) Or(m)

induced on homotopy colimits by the inclusion of the restricted orbit cat-
egory in the full orbit category.

Farrell-Jones Isomorphism Conjecture. For any group T,

hocolim K — hocolim K
Or(m,VC) Or ()

induces an isomorphism on homotopy groups.

121 L-theory it is necessary to work with a variant theory, L = L{=°°).
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This gives a theoretical computation of the K-groups, the (classical)
assembly map, and in L-theory, the classification of manifolds with fun-
damental group . For proofs of the conjecture in special cases see [13].
For applications in some special cases see [40] and [10]. The Farrell-Jones
Isomorphism Conjecture is parallel to the C*-algebra conjecture of Baum
and Connes [3], with the family of virtually cyclic subgroups replaced by
the family of finite subgroups.
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A guide to the calculation of the surgery
obstruction groups for finite groups

[an Hambleton and Laurence R. Taylor

We describe the main steps in the calculation of surgery obstruction
groups for finite groups. Some new results are given and extensive tables
are included in the appendix.

The surgery exact sequence of C. T. C. Wall [68] describes a method
for classifying manifolds of dimension > 5 within a given (simple) homo-
topy type, in terms of normal bundle information and a 4—periodic sequence
of obstruction groups, depending only on the fundamental group and the
orientation character. These obstruction groups L% (ZG,w) are defined
by considering stable isomorphism classes of quadratic forms on finitely
generated free modules over ZG (n even), together with their unitary au-
tomorphisms (n odd).

Carrying out the surgery program in any particular case requires a
calculation of the surgery obstruction groups, the normal invariants, and
the maps in the surgery exact sequence. For fundamental group G = 1, the
surgery groups were calculated by Kervaire-Milnor as part of their study
of homotopy spheres:

Li(Z)= 87,0, Z/2, 0 forn=0,1,2,3(mod4) ,
where the non—zero groups are detected by the signature or Arf invariant,
and the notation 8Z means that the signature can take on any value =
0 (mod 8). The Hirzebruch signature theorem can be used to understand
the signature invariant, and a complete analysis of the normal data was
carried out by Milgram [45], Madsen—Milgram [43] and Morgan—Sullivan
[48].

The theory of non—simply connected surgery has been used to investi-
gate three important problems in topology:

The authors wish to thank the Max Planck Institut fiir Mathematik in Bonn for its
hospitality and support. This research was also partially supported by NSERC and the
NSF.
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(i) the spherical space form problem, or the classification of free finite
group actions on spheres

(ii) the Borel and Novikov conjectures, or the study of closed aspherical
manifolds and assembly maps

(iii) transformation groups, or the study of Lie group actions on manifolds.

In the first problem, surgery is applied to manifolds with finite fundamental
group and the surgery obstruction groups can be investigated by methods
closely related to number theory and the representation theory of finite
groups. In the second problem, the fundamental groups are infinite and
torsion—free, and the methods available for studying the surgery obstruction
groups are largely geometrical. The case of the n—torus was particularly
important for its applications to the theory of topological manifolds. The
third problem includes both finite group actions and actions by connected
Lie groups. The presence of fixed point sets introduces many interesting
new features.

In this paper we consider only L,(ZG) for finite groups G. The
Novikov conjectures and other topics connected with infinite fundamen-
tal groups are outside the scope of this article.

Before giving some notation, definitions and a detailed statement of
results, it may be useful to list some general properties of the surgery
obstruction groups for finite groups.

(1) The groups L,(ZG) are finitely generated abelian groups, the odd—
dimensional groups Ly, ,(ZG) are finite, and in every dimension the
torsion subgroup of L,(ZG) is 2—primary.

There is a generalization of the ordinary simply—connected signature, called
the multi-signature [68, 13A], [40].

(2) The multi-signature is a homomorphism og: Ly, (ZG) — R(é)k(G)
where Rc(G) denotes the ring of complex characters of G. The multi—
signature has finite 2—groups for its kernel and cokernel.

Complex conjugation acts as an involution on Rc(G), decomposing it as
a sum of Z’s from the real-valued (type I) characters, and a sum of free
Z[Z/2] modules generated by irreducible type II characters x # . The
(—1)*—eigenspaces of the complex conjugation action are denoted Ry >k(G).

The theory of Dress induction [24, 25] greatly simplifies the calculation
of L—groups. A group G is called p—hyperelementary if G = C' x P where
P is a p—Sylow subgroup and C' is a cyclic group of order prime to p.
Then G is determined by C, P and the structure homomorphism ¢: P —
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Aut(C). Further, G is p—elementary if it is p-hyperelementary and t is
trivial (equivalently G = C x P).

(3) L.(ZG) can be calculated from knowledge of the L-groups of hyper-
elementary subgroups of G, together with the maps induced by sub-
group inclusions.

Moreover, one can calculate L, (ZG) ® Zs), Rc(G) @ Z(2) and o¢ ® 1 from
the 2-hyperelementary subgroups and the maps between them. Since (1)
and (2) imply that

oG

L.(ZG) Rc(G)

1 oe®l !
L.(ZG)® Z(g) ——— Rc(G)® Z(g)

is a pull-back, Dress’s work computes L,(ZG) in terms of representation
theory and the L—theory of 2-hyperelementary groups. For this reason,
most of the calculational work has been devoted to the 2-hyperelementary
case.

These general properties are fine until one needs more precise informa-
tion for computing surgery obstructions. An early result of Bak and Wall
(worked out as an example in Theorem 10.1) is that for G of odd order

LI(ZG)= YX®8Z, 0, X®Z/2, 0 forn=0,1,2,3(mod4) .

The terms ¥ = ®4(x £ x) comes from the multisignatures at type II
characters, and the term Z is the summand of Rc(G) generated by the
trivial character. The term Z/2 is detected by the ordinary Arf invariant.

Another nice case is G = C x P, where C is a cyclic 2—group and
P has odd order (this includes arbitrary cyclic groups as well as the p—
hyperelementary groups G for p odd). Assuming C' is non—trivial, we have:

L)(ZG) = S®8Z®8Z, 0, X Z/2, Z/2 forn=0,1,2,3(mod4) .

The signature group again has two sources, the term ¥ = @ 4(x £+ x) from
the type II characters and the two Z’s coming from the type I characters
(just the trivial character and the linear character which sends a generator
to —1). The Z/2 in dimension 2 is the ordinary Arf invariant and the
Z/2 in dimension 3 is a “codimension one” Arf invariant. The special case
G =7Z/2" is worked out in Example 11.1.

Many geometric results have been obtained just from the vanishing
of the odd—dimensional L—groups of odd order groups, but unfortunately
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L (Z@G) is usually not zero, and the torsion subgroup can be complicated
(for example, even when G is a group of odd order times an abelian 2—
group).

Nor does it help to relax the Whitehead torsion requirements, and
allow surgery just up to homotopy equivalence. For example, the group
L% (Z[Z/27]) has torsion subgroup ([2(2"72 +2)/3] — [r/2] — €)Z/2, where
e =11if k is even and 0 if %k is odd [12, Thm.A]. The notation [z] means
the greatest integer in 2. The source of this torsion is D(ZG) C Ko(ZG),
a part of the projective class group that is often amenable to calculation
[50].

The torsion subgroup of L, (ZG) can also involve the ideal class groups
of the algebraic number fields in the centre of the rational group algebra
QG, and the computation of ideal class groups is a well-known and difficult
problem in number theory. Another major complication is that comput-
ing the surgery obstruction groups often requires information about the
Whitehead groups Wh(ZG), the algebraic home for the theory of White-
head torsion.

Here the problem is that the torsion subgroup SK;(ZG) of Wh(ZGQG)
is highly non—trivial [49]. In particular, both the first optimistic claims for
the Whitehead groups of abelian groups (tentatively quoted by Milnor in
[47]) and Wall’s conjecture [75,p.64,5.1.3] about the Tate cohomology of
Whitehead groups, turned out to be incorrect.

In spite of these complications, the L—groups can be effectively com-
puted in many cases of interest. The approach presented here (following
the procedure established by Wall in [67]-[75]) will be to try and reduce
the compution of L,(ZG) to specific and independent questions in number
theory and representation theory. From the statement of results in Section
2, we hope that the reader can get an overview of present knowledge, and
useful references for further investigation. In the rest of the paper, we de-
scribe the main steps in the calculation and work out some relatively easy
examples.

TABLE OF CONTENTS

§1. L—groups, decorations and geometric anti—structures
§2. Statement of Results

83. Round decorations

84. The main exact sequence

§5. Dress induction and idempotents

§6. Central simple algebras with involution
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§7. Computation of the relative group, Ly (ZG— ZQG)

§8. The 2-adic calculation, LY (Z2G)

§9. The maps 1#;?:in(226‘) — Lii(ZGﬁng)

§10. Groups of odd order

§11. Groups of 2-power order

§12. Products with odd order groups

§13. Dihedral groups

§14. Appendix: Useful Tables
A. L-groups of fields and skew fields
B. The Hasse principle
C. The relative groups L' (ZG—Z @)
D. The relative groups LﬁO(ZGﬂng)
E. Finite 2-groups

1. L—groups, decorations and geometric anti—structures

We begin with some algebraic definitions. An antistructure is a triple
(R, a,u), where R is a ring with unity, v is a unit in R and a: R — R is
an anti-automorphism such that a(u) = v~ and o?(r) = uru™?! for all
r € R. Such rings have L—groups, denoted L, (R, @, u), and in [67]-[75]
Wall developed effective techniques for computing them, especially for the
case when R = ZG, and G a finite group. The main idea is to compare
quadratic and hermitian forms over ZG to those over local and global fields
using the “arithmetic” pull-back square

7G — QG
l !
7ZG — QG

of rings with antistructure to obtain Mayer—Vietoris sequences in L-theory.
Here 2, Q denote the completions of Z, Q with respect to the primes in
Z. The L—groups themselves have a variety of definitions. Wall gives
both a geometric and an algebraic definition in [68]. Ranicki found the
“formation” version for the odd dimensional L—groups [56]. Ranicki later
developed an approach based on chain complexes [60] which is very useful
for applications. For finite groups it is the algebraic definitions which are
most useful. These definitions lead to Mayer—Vietoris sequences for the
arithmetic square above as well as calculations of certain carefully chosen
L—groups involving various completed group rings.

There is a class of antistructures which suffice for applications of L—
groups to the topology of manifolds, and which have other good properties.
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We say (a,u) is a geometric antistructure on a group ring ZG provide
that « is given by a(g) = w(g)f(g~'), where @ is an automorphism of G,
w: G — {£1} is a homomorphism and u = £b for some b € G [33,p.110]. A
geometric antistructure is standard if 4 is trivial and b = e and oriented if w
is trivial. Clearly («,w) determines 6, w and b uniquely. Conversely, given
any automorphism 6, any homomorphism w: G — {£1} and any b € G
the pairs (o, £b) are antistructures provided #2(g) = bgb~? for all g € G,
wof =w, 8(b) =band w(b) = 1. In particular, a geometric antistructure
induces an antistructure on the group ring AG for any ring with unity
A so they fit well with the arithmetic square. In general L,(R,a,u) =
L, o(R,a,—u), so we will usually only consider the case u = b. Another
useful observation is that geometric antistructures induce involutions on
Wh(ZG).

Traditionally the L—groups with standard antistructure are denoted
L.(ZG) if the antistructure is oriented and L, (ZG, w) if it is not. One of the
main theorems of surgery [68] states that these algebraically defined groups
are naturally isomorphic to the geometrically defined surgery obstruction
groups. Wall discovered the more general geometric antistructures while
studying codimension one submanifolds (they give an algebraic description
of the Browder-Livesay groups LN, see [68,12C]).

The surgery obstruction groups come with K—theory decorations de-
pending on the goal of the surgery process. For surgery up to homotopy
equivalence (resp. simple homotopy equivalence) on compact manifolds,
the relevant L-groups are L"(ZG) (resp. L:(ZG)). For surgery on non—
compact manifolds up to proper homotopy equivalence, the appropriate
groups are LY(ZG): see [55] and the references therein. Cappell [11] in-
troduced “intermediate” L—groups for any involution invariant subgroup
of Ko(ZG) or Wh(ZG) for use in his work on Mayer-Vietoris sequences
for amalgamated free products and HNN extensions. Each of these has the
form L:X (ZG), denoting an algebraic L-group ([56]) with decorations in an
involution-invariant subgroup X C K;(ZG) or X C Ko(ZG). In the first
case, X is always the inverse image of an involution—invariant subgroup in
Wh(ZG), so we often refer instead to the decoration subgroup in Wh(ZG).
For general antistructures (o, u) LX (ZG, o, u) is not defined unless u € X,
so again geometric antistructures provide the right setting.

Intermediate L—groups appear in the arithmetic Mayer—Vietoris se-
quence as well: in particular, L/, (ZG) based on

X = SK,(ZG) C Wh(ZG),

where SK1(ZG) = ker(K1(ZG) — K1(QG)), is especially important. It
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turns out that these L'—groups are more accessible to computation than
either L® or L, and so they have a central role in this subject.

The L-groups are related by many interlocking exact sequences [60],
involving change of K-theory and change of rings. Such sequences often
have both an algebraic and an geometric interpretation, making them useful
for topological applications.

REMARK:  The L-groups mentioned so far only involve the K groups
Ky and K7, and it is natural to wonder about decorations in other Kj.
In fact, there are geometrically interesting L—theories for both higher and
lower K;, and these are related to the ones studied here via change of K-
theory sequences. See [77] for the higher L-theories and [61] for the lower
ones. Carter, [16], [17], calculates K_;(ZG) and shows K_;(ZG) = 0
for finite groups if 4 > 2. This should bring the calculation of the lower
L-groups within range (see [44, §4] for lower L—groups of odd order cyclic
groups), but we do not know of any comprehensive treatment. Calculation
of the higher L—groups seems to much more difficult. For these reasons,
this survey omits consideration of both higher and lower L—groups.

The exact sequences describing the change of K—theory decoration are
often called “Ranicki-Rothenberg” sequences [62], [56]. Some important
examples are

.= Ly 1 (ZG) — H" M (WA(ZG)) — L},(ZG) — Ly (ZG)
— H"(Wh(ZG)) — ...

and -
.— LY (ZG) — H"(Ko(ZG)) — LMZG) — L2 (ZG)

— H" Y (Ko(ZG)) — ...

although the step between L® and L" can also be usefully divided into
L® — L', with relative group H*(SK,(ZG)), and L' — L" with relative
group H*(Wh'(ZG)). Here Wh/(ZG) = Wh(ZG)/SK1(ZG), and we use
the convention that H*(X) denotes the Tate cohomology H*(Z/2; X) for
any Z/2-module X: H*(Z/2;X) ={a € X | a = (-1)*a}/{a + (-1)*a}.
There are versions of these sequences for any geometric antistructure.

The exact sequences involving change of rings are particularly impor-
tant for computing L—groups. The most important example is

= L (ZG—ZsG) — L (ZG) — L(ZoG) — L (ZG—ZsG) — . ..

This sequence remains exact for any geometric antistructure.
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2. Statement of Results

What does it mean to compute L-groups? Given a finite group G and
a geometric antistructure («,u), the rational group algebra QG becomes
an algebra with involution. Under the Wedderburn decomposition, QG
splits canonically into simple algebras with involution and it is reasonable
to assume that the classical invariants for such algebras (type, reduced
norms, Schur indices, ideal class groups of centre fields, etc.) can be worked
out for the given group G.

GoAL:  Find an algorithm to compute L, (ZG, «,u) for geometric anti-
structures, in terms of the character theory of G and the classical invariants

of QG.

Here is a brief summary of the state of progress towards this goal.
Properties (1) and (2) in the introduction hold for L-groups of finite groups
with geometric antistructures and any involution—invariant torsion decora-
tion in Wh(ZG) or Ko(ZG) [25], [74], [75], although the description of the
multi-signature becomes more complicated. Dress’s results (3) certainly
hold for the standard geometric antistructures (oriented or not) with dec-
orations p, s, /, h and many others, but the general case has not been
worked out. In the case of the standard antistructures, we will apply
Dress induction to obtain calculations for odd order groups in §10, and
p-hyperelementary groups, p odd, in §12.

One obvious difficulty in extending Dress induction is that a given
geometric antistructure on G' may not restrict to a geometric antistruc-
ture on enough subgroups to simplify the calculation. In any case, not
much work has been done on the maps induced by subgroup inclusion
(even for the standard oriented antistructure), so we will consider only
2-hyperelementary groups from now on.

(4) For 2—hyperelementary groups G with arbitrary geometric antistruc-
ture (a, u), the groups LY (ZG, o, u) can be computed in terms of char-
acter theory of G and the number theory associated to QG. The tor-
sion subgroup has exponent 2 for the standard oriented antistructure,
and exponent 4 in general. [30]

Since the goal has been achieved for the LP—groups, we turn to the groups
L (ZG, a,u) with Wh(ZG) decoration lying in the subgroup SK;(ZG).
The approach is to study L’ (ZG, o, u) using the exact sequence comparing
it with L’ (Z2G, a,u). The relative term is under control:

(5) For 2—hyperelementary groups G and any geometric antistructure, the
relative groups L, (ZG—ZyG, a,u) can be computed in terms of char-
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acter theory of G and number theory associated to QG. The torsion
subgroup has exponent 2 (see [75] or Tables 14.12-14.15, and Theorem
7.1 for the exponent of the torsion subgroup).

The remaining obstacles are the groups L’*(ng, a,u), and the maps
U L (ZoG, o, u) — LL(ZG—ZsG, v, 1)

The groups L;(ZQG,a,u) can be compared to LZ(ZQG,a,u) using the
change of K—theory sequence

L, H"‘H(Wh/(izG)) N L;(ZQG,a,u) — LZ(ZzG,Oé,U)
— H"(Wh(Z2G)) — ...

Every third term is easy to compute:

(6) The groups LQ(ZQG, a, u) for geometric antistructures are determined
by the centre of FoGG, and the kernel of the discriminant

L(ZyG, o, u) — H(Wh (Z2G))

is computable from the characters and types ([71] and [29,1.16], see
also Remark 8.5).

For the Tate cohomology terms we have:

(7) Wh'(igG) is computable by restriction to the 2—elementary subgroups
of G. There is an algorithm to calculate Wh' (ZQG) for 2—elementary
groups ([49, Thm. 6.7, 12.3]). If w is trivial or if G is a 2-group, the
involution induced by the geometric antistructure has been computed
fairly explicitly (see [49,p.163] and [50, p.61]).

It follows that L/, (ZQG, a, u) is algorithmically computable up to extensions
in the oriented case or in the case that G is a finite 2—group.

Most difficult of all is to describe the 1, maps. Some examples can be
worked out, especially for the standard antistructure.

Example: If G is an abelian group then L. (ZG,w) is computable in terms
of the characters of G (see [75], and Example 11.1 for cyclic 2-groups done
in detail).

Example: If G = G1 x G4 is a direct product where Gy has odd order,
then L, (ZG,w) is computable in terms of L’ (ZGy,w) and the character
theory of QG ([39] and Proposition 12.1).
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Example: Computations (modulo some extension problems) are available
for L.(ZG,w) in certain families of 2-hyperelementary groups G, including
(i) groups of 2—power order, (see [75,8§5] for partial results and Ex-
ample 9.2 for a reduction of the maps ¥, to K-theory),
(ii) groups with periodic cohomology, [42], [39]
(iii) groups G = C x P where ker(P — Aut(C)) is abelian and P is
a 2-group (see [75], and Proposition 13.4 for G dihedral done as
an example).

Finally, what can one say about the L—groups of primary geometric in-
terest? To study L:(ZG) or L'"(ZG) via L. (ZG) we need the groups
H™(SK,(ZG)) or H*(WHK (ZG)). Observe that we only need Wh(ZG) ®
Z 5 for computing Tate cohomology, and this can result in significant sim-
plification.

(8) Extensive computations are available for the groups SK;(ZG), but
it is not easy to determine the action of the involution induced by
the antistructure (see [49] as a general reference, and [46] for a nice
application to L*—groups).

There is a short exact sequence
0 — CL(ZG) @ Zgy — SK1(ZG) @ Zg) — SK1(ZsG) — 0

and Bak [3] (or [49,5.12]) shows the standard oriented involution is triv-
ial on Cly(ZG) ® Zzy. Oliver [49,8.6] shows that the standard oriented

involution on SK 1(226’) is multiplication by —1, at least for 2—groups G.

(9) The groups Wh'(ZG) are free abelian with rank depending on the
characters of G. For the standard oriented antistructure, the induced
involution on WH (ZG) is the identity, and H (WK (ZG)) = 0 [72]
(see [50,4.8] for the answer when w # 1).

The study of L"(ZG) via LY(ZG) looks promising, but we need knowledge
of H"(Ko(ZG)). In general this is not easy to compute, however:

Example: The groups L"(ZG,w) can be computed (up to extensions) in
terms of the character theory of G, for G a finite 2—group (See [31], [50],
[12] for pieces of the solution, but there is no complete account in the
literature).

REMARK: In order to keep this paper reasonably short, we have omitted
any discussion of hermitian K—theory and form parameters. This approach
is fully developed in [9], [10], and [1]-[6].
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3. Round decorations

There are two detours to be made along the way towards systematic
computations of the surgery obstruction groups. The first is to use the
“round” algebraic L-theory L:X(R,a,u) for a ring R with antistructure,
based on involution—invariant subgroups X of K;(R), instead of the ge-
ometrically useful groups.. These groups were introduced by Wall in his
sequence of calculational papers, [67, 69, 71, 73, 74, 75] and formalized
in [32,82]. These round groups have several algebraic advantages. They
respect products, and are invariant under quadratic Morita equivalence
of rings [33]. These are related to the usual L-groups by exact sequences
which can be analyzed and largely determined in the cases considered here.
The definitions also make sense for higher and lower L-theory, but all of
our actual computations are for the L—groups based on subgroups of K
or K;. To our knowledge, no calculational work has been done on higher
L—theory for finite groups and very little has been done for lower L-theory.

A particular example of quadratic Morita equivalence is the notion of
scaling. If (o,u) is an antistructure on R and v € R is a unit, (au,u,)
is also an antistructure where a,(z) = va(x)v~! and u, = va(v™!)u:
furthermore L:X (R, o, u) = LX (R, ay,u,) [38,p.74] for any subgroup X C
K;(R) invariant under the involution induced by a.

The second step is to choose the “right” K—theory decoration. For any
ring R, let O;(R) = 0 C K;(R) and let X;(R) = ker(K;(R) — K;(R®Q)).
Note that Ly (R) = L, "' (R), so there is a Ranicki-Rothenberg sequence
relating L9 — L-1 with relative term H*(K;(R)). For group rings AG
and i = 1, we define

Yi(AG) = X1(AG) @ {£G")
where G® denotes the set of elements in the abelianization of G. If i < 0
then we define Y;(AG) = X;(AG). For higher L-theory (i > 2) it seems
that the right definition of Y;(AG) would be the image of the assembly map
in K—theory.

Fortunately, the passage between round and geometric L—theory is
very uniform so the round results suffice. Given a geometric antistructure
and any invariant subgroup U C K;(ZQ), let U C K;(ZG) denote the
inverse image. There is a natural map 7: LY (ZG, a,u) — LY(ZG, o, u)
from the round to the geometric theory. For subgroups of [~(0, T is an
isomorphism, and for U = Y7, the following sequence is exact (see [32, 3.2]).

TY,
0 — LIZG, o, u)—— Ly (ZG, o, u) — Z)2 — L3 (ZG, o, u)
TY

—1)L12k71(ZG, (e u) — 0.
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The map into Z/2 is given by the rank (mod 2) of the underlying free
module.

THEOREM 3.1: For (a,u) any geometric antistructure, Lyt (ZG, o, u) =
LYy (ZG,a,u) and Ly, (ZG,a,u) is obtained from L. |(ZG,a,u) by
dividing out a single Z/2 summand.

The intermediate projective L—groups we can compute are the L,’(ZG) =
L3°(ZG) (denoted L;°(ZG) in [27,§3]) based on the subgroup Xo(ZG).
These are related to the usual projective L—groups, L? = L¥° by the exact
sequence [32,3.2], [27,3.8])

0— L;,S(ZG) — Lgk(ZG) —Z/2— L;(IS_I(ZG) — Lgk_l(ZG’) —0.

The map into Z/2 is given by the rank (mod 2) of the underlying projective
module.

THEOREM 3.2: For (a,u) any geometric antistructure, Ly (ZG,a,u) =
LY, (ZG,a,u) and LY, | (ZG,a,u) is obtained from L;0 |(ZG,a,u) by
dividing out a single Z/2 summand.

We now follow the procedure outlined in the first two sections to com-
pute Ly, i = 0, 1 and then use Theorems 3.2 and 3.1 to compute LY or
L.

4. The main exact sequence

Exact sequences for computing L—groups come from the arithmetic
square [74], [60, §6], where the basic form is

.= LyH(R) — Ly (R) & LYH(S) — LY (S) — Ly y (R) — ...

where R is a ring with antistructure, S = R®Q, R=R®Zand S = R@Q.
This assumes that excision holds in algebraic L—theory, which is known for
< 1.

Most of the difficulties involved in computing Ly (ZG, o, u) for a geo-
metric antistructure concern the group LZ"(ZQG, a,u). We therefore reor-
ganize the calculation by considering the exact sequence
(4.1)

.= LY

~ ~ Yn =~
Y (ZG—20G)— LY (ZG)— LY (ZoG)—— L (ZG—ZsG) — ...

valid for any antistructure. On the other hand, we have isomorphisms of

relative groups
LY (ZG—1ZyG) =2 L) (ZG—Z-G)
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so we are free to use the L™ relative groups for computation. By excision
(4.2) LX(ZG—ZsG) = LG (Roaa © S — 9),

where ﬁodd is the product of the {—adic completions of R at all odd primes
L.

We now introduce the groups
(4.3) CLY(S) = LY (S — Sa)

where S4 = S @ (S ® R) is the adelic completion of S. Let T = S @ R.
Then by the arithmetic sequence and (4.2) we have a long exact sequence
(4.4)

L CLO L, (8) = LY (ZG—ZaG) — LY (Roga & T)—CLY (S) — ...

valid for any geometric antistructure. This is the main exact sequence
for computing the relative groups, and then (4.1) is used to compute the
absolute groups. It is a major ingredient in Wall’s program that the groups
CLYi(S) are actually computable [73], although not finitely generated. In
fact, they are elementary abelian 2—groups depending only on the idele
class groups of the centre of S (see Tables 14.9-14.11). This is a form
of the Hasse principle for quadratic forms, and follows from the work of
Kneser on Galois cohomology.

5. Dress induction and idempotents

The calculation of L-groups of finite groups can be reduced to cal-
culating a limit of L-groups for hyperelementary subgroups. This process
is known as Dress induction. More generally, Dress assumes that some
Green ring, say G, acts on a Mackey functor M. Let H denote a family of
subgroups of G which is closed under conjugation and subgroups. Write

57 €P G(H) — 6(G)

HeH

for the sum of the induction maps.

THEOREM 5.1:If there exists y € @y G(H) such that 67 (y) = 1 €
G(G), then both Amitsur complexes for M are contractible.

REMARK: One writes the conclusion as M(G) = lim M(H) = lim M(H)

H H
where the first limit made up of restrictions and the second of inductions.
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We also say M is computable from the family H. The result above follows
from [24, Prop.1.2,p.305] and the remark just above [25, Prop.1.3,p.190].

Dress also proves a local result which says the following about M(G).
Fix a prime p, let H, denote the family of p-hyperelementary subgroups
and let M(G),) denote the p— localization of M(G). Then

(5.2) M(G)p) = lim M(H) p) = lim M(H) ) -
H H

P P

By [74] the 2-localization map is an injection on L—groups of finite groups.
To apply these results to computation of L—groups, Dress defined a suitable
Green ring (see also [75]). For any commutative ring R, let y(G, 0, R) be
the Grothendieck group of finitely—generated, projective left R modules
with an R bilinear form A: M x M — R which is

equivariant in that A(mq, gmz) = A(0(g~1)m1, m2),

symmetric in that A(ma, m1) = AN(b~1my, ms), and

non—singular in that the adjoint of A is an isomorphism.
Define GU(G, 0, R) and GW (G, 6, R) by equating two forms with isomor-
phic Lagrangians or modding out forms with a Lagrangian. Thomas [65]
produces the formulae needed to check that GW (G, 0, R) acts on the groups
L2 (RG, o, b) where « is the antistructure associated to any geometric an-
tistructure 6, b, w where 6 and b are fixed but w is allowed to vary subject
only to w o6 = w. Dress proves generation results for the case 6 = 14
which yield

THEOREM 5.3: For the standard geometric antistructures, the LP—groups
of finite groups are computable from the family of 2—hyperelementary
and p—elementary subgroups, p odd. The torsion subgroups of the LP—
groups and the groups LP ® Z are computable from the family of 2—
hyperelementary subgroups.

REMARK 5.4: One can also show that the round groups L°:, L*: and
LY localized at 2 are 2-hyperelementary computable. This can be done
either by refining the groups GW or by studying the Ranicki-Rothenberg
sequences.

Dress proves these results by studying the Burnside ring and its p—
localizations. He also constructed idempotents in the p—local Burnside
ring and in [27,§6] and [49,§11] these idempotents are combined with
induction theory to do calculations. We discuss the p—local case on a finite
group G. Dress constructs one idempotent eg(G) in the p-local Burnside
ring for each conjugacy class of cyclic subgroups of order prime to p in G
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and shows that they are orthogonal. One can then split any p—local Mackey
functor, F, using these idempotents into pieces eg(G) - F(G) plus a piece
left over since 1g # > per(G) in the p-local Burnside ring. If F(G)
is generated by the images under induction from the p-hyperelementary
subgroups, then the leftover piece vanishes. The additional result we want
is Oliver’s identification of the pieces [49, 11.5,p.256]. Let F' be a p-local
Mackey functor on G which is p-hyperelementary generated. In general
Oliver describes eg(G) - F(G) as a limit over subgroups H of the form
E <« H - P where P is a p—group. He then makes the observation that
the limit takes place inside Ng(E) so

ep(G) - F(G) = eg(Na(E)) - F(Na(E)) .

If one could compute conjugations, induction and restriction maps for index
p—inclusions of p-hyperelementary, then one could work out the limit in
general. This makes 2-hyperelementary groups especially important for
L—theory.

The L—theory case has an additional feature: for general geometric an-
tistructures, the L—groups are not Mackey functors. The theory of “twist-
ing diagrams”, [33] or [59], can be used to overcome this difficulty.

Given an extension ¢

G <« G—17)2,

one can use ¢ to pull-back a non—trivial line bundle over a surgery problem
with fundamental group G. This gives rise to a transfer map

tr: L,(ZG, wp) — L, 1 (ZG — ZG, w) .

Selecting a generator t € G-G gives rise to an automorphism 6 of G given
by conjugation by ¢t. We assume that w extends over G with w(t) = 1.
Setting b = t? € G gives a geometric antistructure on G and there is a long
exact sequence

i Ln+2(ZG_>Zé7w) - Ln(ZG7a7 b) - Ln(Z@7w¢>
o, Ln_‘_l(ZGHZé,w) — e

where « is the antistructure associated to 6, b and s¢. Conversely, any
geometric antistructure on G arises from such a procedure. The group
Ln(Zé;'7 Aw) is a Mackey functor and the relative group L,,  ; (ZG — ZG, w)
sits in a long exact sequence where the other two terms are Mackey func-
tors. This allows one to produce decompositions of L, (ZG, «, b) mimicking
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the Mackey functor case even though L, (ZG, «,b) has no obvious Mackey
functor structure.

The most important application of these decomposition techniques ap-
plies to the 2-hyperelementary case G = C x P, because here there is a
further identification of the ec(G) - F(G) with a twisted group ring of P.
In principle, this reduces the calculation to 2-groups where numerous sim-
plifications occur. Wall [75, §4] was the first to explore this decomposition.
He produced the idempotent decomposition by hand but had to restrict
to groups with abelian 2-Sylow group. Hambleton-Madsen do the general
case using the Burnside ring idempotents, [27, §6].

If C, is cyclic of odd—order m, let (,,, denote a primitive mth root of
unity. Any d|m determines a unique cyclic subgroup of odd order of G and
we denote the corresponding summand of our functor by F(G)(d). The map
t: P — Aut(C,y,) can be regarded as a map t: P — Gal(Q((n)/Q) and we
let Z[(»]' P denote the corresponding twisted group ring. Any geometric
antistructure induces an antistructure on Z[(,,|! P which we continue to
denote by (a,u). The main exact sequence can be applied again.

THEOREM 5.5:([27,6.13,7.2]) For i = 0,1 and G = C,, x P with any
geometric antistructure, there is a natural splitting

Lyi(ZG, o, u) 0y = ZGB{LZ'i(ZG,a,u)(d) i d | m}

(i) Ly (ZG, o, u)(1) = L' (ZP, a,u) (o) via the restriction map,

(i) for d # 1, Ly (ZG, o, u)(d) = Ly (ZG, o, u)(d),

(iii) Ly (ZG, o, u)(d) maps isomorphically under restriction to
Ly (Z[Cyx P), v, u)(d),

(iv) for each d | m there is a long exact sequence

= CLE4L(S() = L3 (26, 0,0)(d) — [[ L3 (Reld)) & LY (T(d))
od
— CLG(S() — -

where R(d) is the twisted group ring Z[(4)' P with antistructure (a, u), and
S(d) = R(d)® Q, Ry(d) = R(d) ® Zy, T(d) = R(d) @ R.

There are similar splittings and calculations for the relative L—groups and
the 2—adic L—groups.

For certain purposes, it is useful to be able to detect surgery obstruc-
tions. Dress’s results for the standard antistructures say that we can de-
tect by transfer to the collection of 2-hyperelementary subgroups. In some
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cases we can also reduce from hyperelementary groups to a smaller collec-
tion, the basic groups. More explicitly [34,3.A.6], a 2-hyperelementary
group G = C' x P is basic provided

Py = ker(t: P — Aut(C))

is cyclic, dihedral, semi-dihedral or quaternion.

In [34,1.A.4] we introduced the category RG—Morita, for any commu-
tative ring R. The category QG—Morita is defined as follows. The objects
are subgroups, H C G, and the morphisms from H; to Hy are generated by
the Ho—H; bisets X, modulo some relations spelled out in [34, p.249-250].
From [34, 1.A.12(i), p.251], Rq(G) is a functor on QG-Morita defined by
sending a rational representation Vof Hy to Q[X] ®qu, V. Note if V is a
permutation module on the Hi—set Y, then

Q[X] ®qm, QY] =Q[X xg, Y].

We proved in [34, 1.A.9, p.251] that the morphisms in QG—Morita are gen-
erated by generalized inductions and restrictions corresponding to homo-
morphisms f:G; — G2 which are either injections (subgroups) or surjec-
tions (quotient groups). Let M be a functor on QG—Morita.

THEOREM 5.6:([34], 1.A.11, p.251) The sum of the generalized restriction
maps,
M(G) — P M(B)
BeBa
is a split injection where B denotes the set of basic subquotients of G.
The sum of the generalized induction maps is a split surjection.

This result has an analogue for quadratic Morita theory, and it applies
to detect the relative groups Li* (ZG—>22G)(d) for i = 0,1 since these are
functors out of (QG, —)-Morita. To detect LE(ZG,w) we need the w—basic
subquotients of G, defined in [34]. Combining [34,1.B.7] with [34,6.2]
gives:

THEOREM 5.7:([30, Thm.A]) Let G be a 2-hyperelementary group. Then
the sum of all the (generalized) restriction maps

L2(ZG,w) — LA (Z[G],w)®> {Lﬁ(Z[H/NLw) : Zﬁé\;ujtg?a;}cG }

is a natural (split) injection, where G = G/[Py, P].
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We remark that [30, Thm.B] lists specific invariants which detect all ori-
ented LP surgery obstructions, and [30,5.21] shows that the torsion sub-
group of the LP—groups has exponent 4 in general (exponent 2 in the stan-
dard oriented case).

6. Central simple algebras with involution

We collect here some terminology and results about the building blocks
for our calculations. These are the L-groups Ly’ (R, a,u) where (R, a,u)
denotes an antistructure over an algebra. When the cases i = 0, 1 are being
considered separately, we will use Wall’s notation L° = L° and L* = L°o.

First we summarize some of the standard facts about quadratic forms
on simple algebras with centre field continuous, local (of characteristic 0),
and finite. For our purposes, the main references are [69] and [73]. Since
we are only interested in the applications to surgery theory, we will restrict
ourselves to the simple algebras which arise from the rational group rings
of finite groups. This assumption will simplify the arguments at various
points. More precisely, if D denotes such a skew field with centre E, and
A C FE the ring of integers, then E is an abelian extension of Q. We fix
an odd integer d such that Dy is split, and F, is an unramified extension
of Qg for all finite primes ¢ with #2d. We also assume that D has “uni-
formly distributed invariants”: the Schur indices of D at all primes ¢ € FE
over a fixed rational prime are equal, and the Hasse invariants are Galois
conjugate. This holds for the algebras arising from group rings by the
Benard-Schacher Theorem [78, Th. 6.1].

In addition to listing the values of the groups, we mention explicit
invariants (such as signature and discriminant) used to detect them. From
these facts we can compute the CLy and prepare for the computation of
the maps ;. The L to L* Rothenberg sequences are tabulated in Tables
14.1-14.8.

If (D,a,u) denotes an antistructure on a division algebra with centre E
(and A C F the ring of integers), then we distinguish as usual types U,
Sp and O (see [75,§1.2]). We further subdivide into types OK if D = E,
type OD if D # E and similarly for type Sp. If an involution-invariant
factor is the product of two simple rings interchanged by the involution,
this is type GL. Such factors make no contribution to L-theory. When the
anti-structure is understood, we will say “D has type ...” for short. Recall
that LX (D, a, —u) = LK, ,(D, o, u) and types O and Sp are interchanged,
so we usually just list type O.

(6.1) Continuous Fields: For continuous fields (E = R or C) the signa-
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ture gives an explicit isomorphism of L& (C, ¢, 1), LE(C, ¢, 1), LE(R,1,1)
and LE (H, ¢, 1) onto 2Z (the types are U, U, O and Sp); in all these cases
except for (H, ¢, 1) the discriminant map LE (E) — H°(E*) is onto. Indeed
the groups H"(K;(H)) = 0so LS (H,¢,1) = LE(H, ¢,1). The discriminant
also gives an isomorphism for L¥(R,1,1) = Z/2 and L¥(C,1,1) = Z/2.
The other L*¥—-groups are zero. In the final calculation we wish to keep
track of the divisibility of the signatures. The notation 2Z stands for an
infinite cyclic group of signatures taking on any even value.

(6.2) Local Fields: Over local fields (of characteristic 0), in type U:
L% (D) = HY(E*) = Z/2 via the discriminant and L%, (D) = 0. In type
OD, LE (D) =2 H°(E*) and the others are zero. In type OK, L¥(E) =
H(E*) = Z/2 by the discriminant and L§ (E) is an extension of H°(E*)
by Z/2, while L5 (E) = L5 (F) = 0. The natural map L{(E) — L{(E) is
zZero.

(6.3) Finite Fields: For finite fields in type U, L = LX = 0, and in
type O characteristic 2, L7 = LK = Z/2 for each n. For type O odd
characteristic, the discriminant gives isomorphisms L§ = Z/2 | L¥ = Z/2
and L¥ = LY = 0. The groups L7 =0 for n = 0,3 and L] = L§ = Z/2.
The map L7 — Lf is zero.

7. Computation of the relative group, Lﬁi(ZGHZQG)
We can now compute the map
Y9 (d): LY (Roaa(d) © T(d)) — CL (S(d))
from (4.4) for each involution-invariant factor of S(d). The main result

about the relative groups is:

THEOREM 7.1: For 2-hyperelementary groups G and any geometric an-
tistructure, there is an isomorphism

LY (ZG—Z5G)(d) = cok (d) & ker v, (d)

and each of the summands decomposes according to the types of the simple
components of QG.

The proof is just to look at the tables of the Rothenberg sequence for
the relative groups. The places where we could have an extension problem
in the L® tables are hit surjectively from the Tate cohomology term, hence
have exponent two.
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Each simple component of QG is a matrix algebra over a skew field,
and by Morita equivalence it suffices to study <, for an antistructure
(D,a,u) on a skew field D. Its centre E is an abelian extension of Q
with ring of integers A C E. We fix an odd integer d such that Dy is split,
and F, is an unramified extension of Qg for all finite primes ¢ with #2d.
Tables 14.12-14.14 (for ¢ = 1) and Tables 14.16-14.22 (for ¢ = 0) list the
domain, range, kernel and cokernel of each summand of v, (d).

In order to use the tables, it is necessary to determine the types (O,
Sp, U or GL) and centre fields for all the rational representations of G =
Z/d x P, following the method given in [29,p.148], or [33, Appendix IJ.
Recall that for a simple factor of type Sp, the groups cok ~,, and ker~,, are
equal to cok 12 and ker 7,42 respectively. For the d—-component we need
to consider only those representations which are faithful on Z/d. Here is a
list of the possible types, subdivided according to the behaviour at infinite
primes.

Type O:
OK(R) if D = F and E has a real embedding,

OK(C) if D = FE and E has no real embedding.

OD(H) if D # E and D is nonsplit at infinite primes,

OD(R) if D # FE is split at infinite primes and E has a real embed-
ding,

OD(C) if D # E is split at infinite primes and E has no real embed-
ding.

Type U:

U(C) if Do, has type U,
U(GL) if Do, has type GL.

We remark that in type U(C) the centre field of D, at each infinite place is
the complex numbers with complex conjugation as the induced involution.
Type U(GL) algebras are isomorphic to matrix rings over C x C or R xR,
at each infinite place, with the induced involution interchanging the two
factors of C or R.

In the remainder of this section we give a brief discussion of the com-
putation in the case i = 0, including the definition of the maps ®, ®’, the
group I'(E), and related notation (see [30] or [39] for more details).

First we consider type U where H°(C(E)) = Z/2 lies in the sequence

0— HYE*) — HY(EX) — H°(C(E)) — 0.
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At finite primes L% (A;) = LX(A;/Rad) = 0, since the right-hand side is
the sum of L¥-groups of finite fields. At the infinite places we have the
signature group L§, (Do ). This is non-zero when D, remains type U (a
change to type GL is possible) and the fixed field Fy C E of the involution
is real. In type U(C), each factor 2Z maps surjectively to H°(C(E)) = Z/2
S0 cok 7y, = 0 and ker o, = 3, where X is a subgroup of index 2 in a direct
sum of factors 2Z, one for each complex place.

Next we consider type O. It is convenient to introduce the “discrimi-
nant part” 4, of 7, for a factor (D, a,u) = (E,1,1) of type OK to fit into
the following commutative diagram:

[T Li(A) x L (Bx) = OL(E)
t2d
(7.2) l l
H"(A,) x HMEX) -5 H"(C(E))
where A%, = [] AS. Below we will also use the notation A}, = [] Ax.
42d 7)2d

Since 7, has the same kernel and cokernel as the map

H"(A3,

) x H'(ES) x H"(E”) — H"(E}) ,
we are led to consider the following commutative diagram (for n = 0):

0 — keryo — HOAJ,)xH(BX)xH(E*) — H°(EY) — cokyy — 0

| l I l

0 — E@/Ey — HOAX)xH(EX)xHY(EX) — HY(EX) — HO(L(E)) — 0
(7.3)  H(43) ——— H(43)
Let E®® denotes the elements of F with even valuation at all finite primes
and I'(E) is the ideal class groups defined by
1— E*/A" _>E></A>< —-T(F)—1.

To obtain the middle sequence, add H O(Agd) to the domain of 7y, then the
map to HO(E%) has the same kernel and cokernel as H*(E*) — HO(I(E))
where I(E) = E* /A% is the ideal group of E.

From (7.3) we obtain the following exact sequence

@/ .
(74) 0— keryy — E® /B> HO(A},) — coky — HY(T'(E)) — 0
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for the computation of 7 in type OK. In type OD(H) when (D, a,u) is
non-split at all infinite primes, the term H°(EZ) is missing from the top
row of 7.3. This produces instead:

(7.5) o K

0 — keryp — E®/E*?—H(AS,)@H(EL) — cokAy — H(D(E)) — 0

For the map 4; in type OK a similar but easier analysis gives kery; = 0
and an exact sequence

(7.6) 0 — HY(AX) — H'(A},) — cok#; — 0.

In type OD, nonsplit at infinite primes, H'(EX) is added to the middle
term.

The maps ® and @' occur in number theory, and the 2-ranks of
their kernel and cokernels are determined by classical invariants of E (see
[75,4.6]). A similar discussion can be carried out for the maps v°1(d), and
it turns out that the same maps ®, ®’ appear in the calculation.

PROPOSITION 7.7:([30,2.18])
(i) The 2-rank of ker & (resp. ker &) is v*(E, 2d) (resp. v(E,2d) ).
(ii) The 2-rank of cok @ (resp cok @) is goa(E) + 12 +~v*(E, 2d)) —~v(E)
(resp. gaa(E) + 11 +(E, 2d)) — (E)).
Here v(E,m) (v*(E, m)) denotes the 2-rank of the (strict) class group of
A[L], g (E) is the number of primes in E which divide m and ry (r2) is
the number of real (complex) places of E.

EXAMPLE 7.8: If T'(E) has odd order then the exact sequence
0— H°(A*) - E®/EX* - HYT(E)) — 0

gives an isomorphism H®(A*) = E()/E*2. Then the map ® is just the
reduction map H°(A*) — HY(Aj,). For example, if E C Q((y) and
d =1, then ker ® = 0 and cok ® = (Z/2)"*1. n

8. The 2—adic calculation, L,‘?(ZQG)

We want to state the main result of [29,1.16] which computes the
map

(8.1) U, : LE(ZoG, o, u) — LE(QuG, o, )

for G = CxP a 2-hyperelementary group with a geometric antistructure
(o, u) with K = Op. This map appears in the calculation of the ¢ maps
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in the next section as well as in the Ranicki-Rothenberg sequence for com-
puting in(ZQG,a,u). Since ¥, splits as in (5.5), it is enough to give the
answer for the d-component for each d | |C| which we know is determined
by the top component for the various G = Cy x P. If T € C denotes a
generator, then 6 induces an automorphism of C given by 0(T) = T (there
is a misprint in the formula in [29, p.148 line-9]). The domain of ¥, is easy
to compute:

THEOREM 8.2:
L¥(Z2G)(d) = LE(Z2G)(d) = g2(d) - (Z/2)

where g2 (d) = g2 (Q((d)P) denotes the number of primes ¢ dividing 2 in the
field Q(¢q)*, where P acts as Galois automorphisms via the action map t.

Recall that if P, = ker (t: P — (Cg4)*), then any irreducible complex
character of G which is faithful on Cy is induced up from y® & on Z/d x P,
where x is a linear character of Z/d and ¢ is an irreducible character of P;.
These are the representations in the semi—simple algebra S(d). They are
divided as usual into the types O, Sp and U, and we say that the order
of a linear character £ is the order of its image {(P;). Let S(d,§) denote
the simple factor of S(d) associated to an involution-invariant character
(x ® &)*, induced up from x ® &.

THEOREM 8.3: ([29,1.16]) Let (o, u) be a geometric antistructure. If d > 1
and if there is no element gy € P satisfying t(go) = —9~!, then it follows
that L¥(Ry(d), o, u) = 0. Otherwise if d > 1 pick such a gy (or when d = 1
set go =€), and let m = n if w(gg) =1 (resp. m =n+ 2 if w(gg) = —1).
For each irreducible complex character £ of P; the composite

PPN v, (d) KA proj. '
Ln (RQ(d)ﬂ a, u)—)Ln (SQ(d)v «, u)—>Ln (52(d7 6)7 «, u)

is injective or zero and is detected by the discriminant. It is injective if and
only if the character £ is

(a) linear type O (and m =0 or 1 (mod 4))

(b) linear type Sp (and m =2 or 3 (mod 4))

(c) linear type U (and m even), order 2° and £(b2 ") = —1.

Here the types refer to the antistructure (Qa[Pi],o0,bo), with ag(a) =
goaa)gy and by = goa(gy H)bw(go) € £Py.

REMARK: A type I linear character ¢ has type O (resp. Sp) if £(bg) =1
(resp. &£(bg) = —1). If P; has a linear character £ of type 8.3(c), then (by
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projecting onto the Z/2 quotient of {(Py)) it also has linear characters of
type O and Sp.

COROLLARY 8.4: For X = O1(Ry) or X = X1 (R,), the discriminant map
i/ Ly (Ra(d), 0, b) — H™ (K (Ba(d))/X)

is injective or zero. For X = X (Eg), it is injective if m = 0,1 (mod 4), or
if m = 2,3 (mod 4) and there exists a linear character £ with type Sp.

REMARK 8.5: The first statement in Corollary 8.4 holds for any decora-
tion subgroup X (§2) that decomposes completely over the primes ¢ | d in
QI¢q]”, but O and X; are the usual examples. If m = 2,3 (mod4) and
under certain assumptions, this condition is also known to be necessary for
the discriminant maps df to be non-zero (see [39,3.14]). In either case
(X =05 or X1), when d,, = 0 the kernel ker d,, & g2 - Z/2 can be lifted to
a direct summand of L (ZyG) or Lffl(ng) isomorphic to (Z/4)" if n is
odd, and to (Z/2)" if n is even. A basis for these summands is represented
by flips or rank 2 quadratic forms with Arf invariant one at primes ¢ | 2 in
Q[ca]”.

It is not hard to check that these flips and Arf invariant one planes in
Ly} (ZQG) map to zero under

U (d): L3 (Z26) — L7 (QeG)
so the computation of ¥, (d) is reduced to the map
H" (K (Ro(d))/X1) — H' (K1 (S5(d)))

which only involves K—-theory. 1

When the discriminant map into H™ (K (55(d, €))) is injective, its im-
age in H™(A)) for £ | 2 is either (1 —4p3) if n = 0,2, or (—1) if n = 1,3.
The element 3 € A; is a unit whose residue class has non—zero trace in
F5. This description allows us to identify the image of the discriminant in
H"(K1(Ry(d))) once the Tate cohomology group has been calculated, and
thus compute Lfl(ng).

ExAMPLE 8.6: Consider the simplest case, where G = 1. Then Kl(ZQ) =
Z} is generated by the units (5,—1). Therefore H"(K1(Z2)) = Z/2 &
Z/2 (n even) or Z/2 (n odd), and LX(Zs) = Z/2 in each dimension. In
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particular, the element 1 — 43 = 5 is the discriminant of the generator in
L (Zo).
By the results above, we get

L3(Zy) =0, Z)26Z)2, Z)26 Z)2, Z/4 for n=0,1,2,3 (mod 4) .

The Z/4 in L3 is generated by the flip automorphism 7(e) = f, 7(f) = —e
of the hyperbolic plane over (Zs,1,—1). Since X;(Zs) = 0, we also have
computed Li'(Zy) = L5(Z3). W

9. The maps ¢ L (ZoG) — L (ZG—ZoG)

The final step in computing the main exact sequence is to determine
the maps v, for 2-hyperelementary groups. First we consider the case
i = 0 needed for computing the LP—groups:

Un(d) : L (ZoG)(d) — LX0(ZG—ZoG)(d) .
Here v, factors through
_ ~ v, ~
Vi Ly (Z2G)—— Ly (Q2G) — CLy; (QG) — coky,

and after taking the d—component these can be studied one simple compo-
nent of QG at a time. The maps ¥,,(d) are given in Theorem 8.3, and the
other maps in the composite are contained in Tables 14.16-14.22.

Computing 1, (d) also computes the kernel and cokernel of 1, (d) since
ker v, (d) = ker ¥,,(d), and cok ), (d) = cok ¥, (d) @ ker y,,_1(d).

EXAMPLE 9.1: We continue with the example G = 1 from the last section.
The group cokvyy = Z/2 generated by the class (5) € HO(Kl(zg)) (see
Example 7.8) and otherwise is zero. It follows that the map v is an
isomorphism, and we get the values

L}(Z,1,1)=8Z, Z/2, Z/2, Z/2 forn=0,1,2,3(mod4) .

To obtain the geometric LP—groups, we cancel the terms Z/2 in odd dimen-
sions. Note that since Ko(Z) = 0 = Wh(Z), the other geometric L-groups
are isomorphic to LY(Z). &

The calculation of the maps ,: Lyt (ZoG) — L1t (ZG—ZyG) needed
to determine the L’—groups is more involved. Notice, however, that by
Theorem 5.6 it is enough in principle to do the calculation for basic subquo-
tients of G and then compute some generalized restriction maps. Because
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of the difficulties involved in computing restriction maps on L;* (ZgG) this
approach remains more a theoretical simplification than a practical one.
We can again define 1, as the composite

_ ~ v, ~
Ui L (ZoG) L3 (Q2G) — CLE(QG) — cok A

but this time we only have a commutative diagram
~ ~ Pn
Hn+1(K1(ZQG)/X1) — Lil (ZQG) e COk’Yi
l 1 1
~ PN P =
Hn+1(K1(Z2G)/Y1) — LZI(ZQG) — L::l (ZG—>Z2G)

where the right-hand vertical arrow is a (split) injection. Note that the quo-
tient group Kl(igG)/Yl = WH (ZyG), which has been studied intensively
in [49], [50]. Applying the idempotent splitting partly solves the problem:
on the d-component for d > 1 the groups Ly (ZsG)(d) = L¥'(Z2G)(d),
and in Remark 8.5 we pointed out that the calculation of v, (d) is now
reduced to K—-theory.

For d = 1 we may assume that G is a finite 2-group. Then Lf(zzG) =
Z /2 and the map v, also factors through cok vS 22 cokyy". (both assertions
follow because there is just one prime £ | 2 in the centre fields of QG). We
may assume that 1, is known from Theorem 8.3.

To proceed, we first compute Ly (22G) via the discriminant map
A5/ (ZoG) — H™ (Wh’(ZQG)), either directly (starting with the map

dn /X% which is known), or using the long exact sequence

o HMPH ({106 o LX(ZyG) — LY (ZoG) — HM({#1}0G) — |

It is quite likely that the “twisting diagram” method introduced in [26]
and [33] would be useful here.

Next, we must compute 1,,. One remark that may be helpful is that the
the image of H"!({+1}®G") in Lifl(igG) is mapped by ¥,, into integral
units, hence mapped to zero under v,,. Hence, if L' (ZyG) — L3 (ZoG)
happens to be surjective, we are done.

An alternate approach is to apply Remark 8.5 (valid for Y1(22G) if
G is a finite 2—-group) to the L** to L* Rothenberg sequence for Z,G. As
before, this reduces the computation of v, to K—theory calculation. We

can compute the composite
H" 1 (K1(ZoG) /Y1) — H™ P (K1 (QoG) /Y1) — CL;(QG)

using the algorithm from [49], [50] for computing Wh'(Z,G). For a general
geometric antistructure, this can involve a lot of book—keeping. For the
standard oriented antistructure, things are not so difficult.
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ExXAMPLE 9.2: For the standard oriented antistructure, we can always split
off L,,(Z) from L, (ZG) or Ln(22G) by using the inclusion and projection
1-G—1.

If G is a finite 2—group, then

L¥(Z»G) = L¥(Z2G/Rad) = L¥ (Fs)
so the image of L3 (ZsG) — CL;(QG) is just the image of the composite
H" (K1 (22G) /Y1) — H' (K1(QeG) /Y1) — Ly (QeG) — CL(QG)

This directly reduces the calculation of v, to a Kj—calculation. B

10. Groups of odd order

We prove a well-known vanishing result, as an example of the tech-
niques developed so far.

THEOREM 10.1:  Let G be a finite group of odd order. Then in the
standard oriented antistructure, L?QkH(ZG) =0 for? =s,/,h and p.

Proof: For groups of odd order, the 2-hyperelementary subgroups are
cyclic, so it is enough to let G = (), denote a cyclic group of odd order
m. We have a decomposition into components L’ (ZG)(d) indexed by the
divisors d | m, and there are two distinct cases according as d = 1 or d # 1.

Let us start with ¢ = 0 or LP—groups. By Theorem 5.5, when d = 1 we
are computing Lf(Z) which was done in Example 9.1. For d > 1, all the
summands in S(d) have type U(C), so by Table 14.21 we have

LX(ZG—ZyG) =0, £, 0, ¥ forn=0,1,2,3(mod 4) .

Next LX (Ry(d)) = 0, for all n, since Ry(d) = Zy ®Z[(4] reduces modulo the
radical to a product of finite fields with type U antistructure. Therefore

LP(ZG)(d)=%, 0, ¥, 0 forn=0,1,2,3(mod4)

and in particular the LP—groups vanish in odd dimensions.

Next we consider the d > 1 components in the main exact sequence
for L' (ZG)(d). Since type U factors of Roqq or QG make no contribution
to the relative L'—groups, we have

LX(ZG—Z2G) =0, %, 0, ¥ forn=0,1,2,3(mod4) .
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as before. Now consider the 2—adic contribution. Here
H™ (K (Ra(d))/X1) = LY (Ra(d))

and Xl(ﬁg(d)) = 0 since the ring is abelian, so K; is just the group of
units. Let A = Zs[(,] and consider the sequences

1—-(1+24)" - A" — (4/24)" =1

and -
1— (142"T1A)" - (14274) SA/24 — 1

for r > 1, where ¢(1 + 2"a) = a(mod2). Since (A/2A)" has odd order
and A/2A = F5[(4] has non-trivial involution, both are cohomologically
trivial as Z/2-modules. Therefore H*(A*) = 0 and

L' (ZG)(d) =%, 0, %, 0 forn=0,1,2,3(mod 4)

so once again the L—group vanish in odd dimensions. For G cyclic, we have
SK1(ZG) = 0 and so L' = L*. Also, H*(Wh/(ZG)) = 0 in the standard
oriented antistucture, so L, ,(ZG) surjects onto L%, | (ZG). »

REMARK 10.2: We do not want to leave the impression that all the L—
groups of odd order groups G are easy to compute. For G cyclic of odd
order, the groups L%, (ZG) have torsion subgroup H°(Ky(ZG)) and this
can be highly non—trivial. &

11. Groups of 2—power order

In [33] the groups LP-groups for ZG were completely determined, for
G a finite 2-group with any geometric anti-structure. For L, (ZG) with
the standard oriented antistructure, there is in principle an algorithm for
carrying out the computation. We have already discussed the steps in
computing the main exact sequence (see Example 9.2) and mentioned that
results of Oliver give an algorithm for computing K7 (Z,G) = K1(Z2G)/ X1,
together with the action of the antistructure, by using the integral loga-
rithm [49, Thm. 6.6]. Thus we can regard the L’'—groups for 2-groups as
computable up to extensions, although the method can be difficult to carry
out in practice.

EXAMPLE 11.1: Let’s compute L, (ZG) for G a cyclic 2-group of order
2% > 2 in the standard oriented antistructure (done in [75,3.3]). Since
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SK1(ZG) = 0, this also gives us L(ZG). Note that LL(ZG) is tabulated
in [33], and L"(ZG) was reduced to the computation of H°(D(Z@G)) in
[31] or [2]. The final step, the computation of H°(D(Z@G)) was carried out
independently in [50] and [12].

We begin as usual with the relative groups, this time from Table 14.23
and Table 14.15. The types are U(C) and OK(R), where the latter are
the two quotient representations arising from the projection G — Z/2. We
get

LX(ZG—ZG) = 0, S®(8Z)*®(Z/2)%, 0, £ for n=0,1,2,3(mod 4).

Here ¥ = ©47Z is the is the signature group from the type U(C) represen-
tations.

Next we compute Ly (ZyG) by comparing it to L% (ZyG). Since the
antistructure is oriented, we can split off L} (Zs) = L' (Z3) computed in
Example 8.6, and obtain

L(ZsG) = L (Zo) © H™ (1 +1)7/c)

where [ = I(ZQG) is the augmentation ideal of ZG. It is not hard to see
that
H"((1+1)"/a)=2/2, 0 for n=0,1(mod2),

and a generator for the non—trivial element in HY is given by (3 —g—g~1)
where g € G is a generator. Since this element has projection (5) at the
non-trivial type OK (R) representation (where g — —1), the map 1, has
image Z/2 in this summand of the relative group. This is an example of the
“book—keeping” process mentioned in Example 9.2. Putting the summand
from the trivial group back in, we get the well-known answer

L'(ZG) =Y ®8Z®8Z, 0, S & Z/2, Z/2 forn=0,1,2,3(mod4) .
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12. Products with odd order groups

Here we correct an error in the statement of [30, 5.1] where G =0 X p
with o an abelian 2-group and p odd order. More generally, for G = G1 XG>
where G has odd order, we can reduce the calculation of L,(ZG,w) to
knowledge of L,(ZG2,w) and the character theory of G.

PROPOSITION 12.1: Let G = G1 X Go, where Gy has odd order. Then for
1=0,1
in (ZG7 w) = Lil (ZGs, w) (&) Lﬁl (ZG2—ZG,w)

where w: G — {%£1} is an orientation character. For n = 2k, the second
summand is free abelian and detected by signatures at the type U(C)
representations of G which are non—trivial on Gy. Fori =0 andn = 2k+1,
the second summand is a direct sum of Z/2’s, one for each type U(GL)
representation of G which is non—trivial on p.

REMARK 12.2:In the important special case when G is an abelian 2-
group, note that type U(C) representations of G exist only when w = 1,
and type U(GL) representations of G exist only when w # 1. In both
cases, the second summand is computed by transfer to cyclic subquotients
of order 2"q, ¢ > 1 odd, with r > 2. If G5 is a cyclic 2-group, then L® = L’
by [49, Ex.3,p.14].

Proof: The given direct sum decomposition follows from the existence of a
retraction of the inclusion Gy — G compatible with w. It also follows that

LY (ZG—ZoGow) = LY (ZGy—ZoGo,w) @ LY (ZGo—ZG, w)

since the map induced by inclusion Lﬁi(ZQGgﬂl)) — Lﬁi(ng,w) is an
isomorphism ([39,3.4] for i = 1).

The computation of the relative groups for Z — 22 can be read off
from Table 14.22: for each centre field E of a type U(GL) representation,
the contribution is H(C(F)) 2 Z/2 if i = 1 (mod 2).

The detection of L2(ZG— ZQG, w) by cyclic subquotients is proved in
[34,1.B.7, 3.A.6, 3.B.2]. u

COROLLARY 12.3: Let G = Cyrg, for ¢ odd and r > 2. If ¢ = 1 assume
that v > 3. Then the group

Ly, \(ZG,w)(q) = P CLy(E:) = (Z/2)"
i=2
when w # 1, where the summand CLY (E;) = H°(C(E;)), 2 < i < r,

corresponds to the rational representation with centre field E; = Q((aigq)-
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13. Dihedral groups

Wall [75], Laitinen and Madsen [42], [39] did extensive computations
for the L'—groups of the groups G with periodic cohomology, because of the
importance of these computations for the spherical space form problem.

As a final, and much easier example, we will consider the dihedral
groups G = Cy x Z/2 with d odd. These are the simplest kind of 2—
hyperelementary groups which are not 2—-elementary. Here the action map
is injective, as a generator of the Z/2 quotient group acts by inversion on
Cy. We take the standard oriented antistructure. Note that L' = L® for
dihedral groups [49, p.15].

It is enough to do the d > 1 component and apply Theorem 5.5. We
see that S(d) contains a single type OK (R) representation with centre field
E =Q(¢a+¢;") and ring of integers A.

For the remainder of this section, let g,(E) denote the number of
primes in the field F lying over the rational prime p. For any integer r, let
gr(E) =Y {gp(E) : p| r}. Let rg be the number or real places in E and
recall rg = ¢(d)/2.

For the LP calculation, we have relative groups

LX(ZG—ZoG)(d) = cok X @ ker v,

which can be read off from Table 14.16. The groups Lﬁ(iQG) = g2(F) -
(Z/2) in each dimension and ¥, (d) is injective for n = 0,1 (mod4) but
zero for n = 2,3 (mod 4).

Since the image of Wy(d) hits the classes (—1) at primes lying over
2, it follows that v1(d) is injective with cokernel H'(AY)/H'(A*), an
elementary abelian 2-group of rank g4(E) — 1.

Similarly, the image of Wo(d) hits the classes go(E)(1—43) in HO(AJ),
so we must compute the kernel and cokernel of the map

(13.1) : E@/E*2 — HO(A},)/g92(E)(1 - 48) .

It is not hard to see that ker ® = ker ® @ ker ¢y(d) and cok ® = cok vy (d)
(see [30,p.566]). In the short exact sequences

0 — cok ¥, 41(d) @ ker v, (d) — L¥X°(ZG)(d) — ker i, (d) — 0,

the only potential extension problem occurs for n = 0. Let Agp = gq4(E) +
v*(E,d). Then a similar argument to that in [30,p. 551], together with
[30,5.19], shows that
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PROPOSITION 13.2: Let G = Cy x Z/2 be a dihedral group, with d > 1

LY(ZG)(d) = S & (Z/2)*=
LX(ZG)(d) =0

L5(2G)(d) = g2(E) - Z/2
LEY(ZG)(d) = 92(E) - Z/2 ® (Z/2)*"

REMARK 13.3: The signature divisibility is given by
Y =8Z @ (4Z) =TT @ (2Z)7F

where 7 is the 2-rank of the image of (©|ker ®) as in [30,p.550] and
rg = ¢(d)/2 is the number of real places in E. The formula in [30, 5.17(ii)]
is incorrect. It should read

(8z)'r‘(5) @ (4z)T1(S)7TO(S)7T(S) @ (2z)’r‘o(s)

where r(S) denotes the number of type OK (R) factors in S(d), and r1(S),
ro(S) are as defined in [30]. B

For the L’ calculation, we have relative groups
LXY(ZG—Z2G)(d) = cokyS @ kervS_,

which can be read off from Table 14.12. The groups Lﬁl(ng)(d) are
computed from the Rothenberg sequence using the same method as in
Section 9. We have

0 n = 0(mod 4),
~ HO(AZ n =1 (mod 4),
L3(ZsG)(a) = { 1T 72 mod )
HYAS)® g2(E) - Z)2 n = 2(mod 4),

HO(A
W@QZ(E) Z/4 nE3(m0d4),

where HO(AX) has 2 rank rg + go(E). The analogous number theoretic
map to (13.1) is
dp: E@ /B - HO(AY) .

and the 2-ranks of its kernel and cokernel can again be given in terms of
classical invariants (see [75,p.56]). We then have the torsion subgroup of
L (ZG) isomorphic to

ker by @ cok®p @ (ga(E) —1)-Z/2 2 ker®p @ (ga(E) —1)-Z/2 .
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However, the exact sequence
0 —ker®p — kerdp — HO(AQX) — coky; — cokPp — 0

allows us to compute the 2-rank of ker o g in terms of the 2-rank of cok o E
and previously defined quantities. Recall that vg denotes the 2-rank of
HO(T'(E)). Tt is also useful to define the quantity

¢g =VE+7E

where cok ® = (Z/2)”#. Putting the information together gives:
PROPOSITION 13.4: Let G = Cy x Z/2 be a dihedral group, with d > 1

Li(ZG)(d) =X & (Z/2)%F
I4(2G)(d) = (Z/2)77 5!
WZG)(d) = ga(E) - Z/2
Ly(ZG)(d) = Li(A2)(d) = g2(B) - Z/4 @ (Z/2)7=(E)

REMARK 13.5: The signature divisibility this time is given by
Y =8Z @ (4Z)" =t .

These are the same divisibilities as in the relative group. 1
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14. Appendix: Useful Tables

14.A L—groups of fields and skew fields

We give the L® to L*¥ change of K—theory sequences for the antistruc-
tures (D, a,u) where D is a (skew) field with center E, and F is either
finite, continuous (R or C) or local (a finite extension field of Q).

From the tables below, one can read off invariants determining the
L—groups in most cases (e.g., discriminant, signature, and Pfaffian). The
remaining cases are labelled ¢, x, and 7 for the Arf invariant, Hasse-Witt
invariant or flip respectively (7 in L® is represented by the automorphism

0 1

0

finite fields or local fields in type U, and that for a division algebra D

with centre F the group Li¥(D,a,u) = 0 unless (D, a,u) = (F,1,1) and
L¥(E,1,1) = Z/2 detected by the discriminant.

) of the hyperbolic plane). Note that L°—groups are all zero for

Table 14.1: Finite fields, odd characteristic, Type O

L3(E,1,1)| LX(E,1,1)| H*(E*)
n=3 0 0 7/2
n=2 Z/2 0 7/2
n=1| Z/2 7/2 7/2
n=0 0 7/2 Z/2

For finite fields in type U, both L (F,1,1) = LE(E,1,1) = 0. In charac-
teristic 2, LS (E,1,1) = LX(E,1,1) = Z/2 in each dimension (detected by
¢ in even dimensions, and 7 in odd dimensions)
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Table 14.2: Local fields, Type OK

L3(E,1,1)| LX(E.1,1) |HY(E~)
n=3 0 0 /2
n=2 Z/2 0 HO(E")
n=1| HO(E*) /2 Z/2
n=0| Z/2(x) |Z/2%xH(E*)|H"(E~)

The extension Z/2x H°(E*) appearing in this table is split if and only if

-1 e E*=

Table 14.3: Local fields, Type OD

L3(D,o,1) | LX(D, o, 1) | H"(EX)
n=3 0 0 7/2
n=2| Z/2 0 HO(EX)
n=1| HOE") 0 7/2
n=0| Z/2 HO(E*) | HY(EX)

In type OD we can always scale the antistructure so that it has u = +1.
For local fields in type U, we have two—fold periodicity LX(FE,1,1)

LE, (B, 1,1).

Table 14.4: Local fields, Type U

L3(E,1,1) | LX(E,1,1) | H*(E*)
n=1,3 0 0 0
n=0,2 0 7/2 7/2
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Table 14.5: Continuous Fields, £ = R, Type O
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Ls(E,1,1)| LE(E,1,1)| H*(E¥)
n=3 0 0 Z/2
n=2 Z/2 0 Z/2
n=1| Z/2 Z/2 Z/2
n=0| AZ 27 Z/2

Table 14.6: Continuous Fields, £ = C, Type O

L3(E,1,1)| LE(E,1,1)| H*(E¥)
n=3 0 0 Z/2
n=2 Z/2 0 0
n=1 0 Z/2 Z/2
n=0 0 0 0

Table 14.7: Continuous Fields, £ = C, Type U

LS(E,c,1)| LE(E,c,1) | H"(E*)
n=1,3 0 0 0
n=0,2 AZ 27 72
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Table 14.8: Continuous Fields, D = H, Type O

L3(D,d 1) | LE(D,d,1) | H*(E>)
n=3 0 0 0
n=2 2Z 2Z 0
n=1 0 0 0
n=0 0 0 0

Here ¢’ denotes the type O involution on the quaternions H. Explicitly, it
is given by (i) = 4, ¢/(j) = j and ¢/(k) = —k. For the usual (type Sp)
involution ¢(i) = —i, ¢(j) = —j, we have L, (D,c,1) = L, (D, c,1).

14.B The Hasse principle

We will need the groups CLS (D, «,u) describing the kernel and cok-
ernel of the Hasse principle Ly, (D, o, u) — Ly (Da, o, u). We will tabulate
the associated change of K—theory sequences

.. = CL(D,a,u) — CLE(D, a,u) — H(C(E)CLE_,(D, ayu) —

where C(D) = C(E) = E/E* is the idele class group of the center field
E in D. The map ¢ is the coboundary map in the long exact sequence.
There are short exact sequences (n = 0,1):

0— H"(E") — H"(E}) — H"(C(E)) =0
and the maps are induced by the inclusions of fields.

Table 14.9: Type OK

CL(E) CL,(E) |H"(C(E))
n=3 0 0 HY(C(E))
n=2|H(C(E)) 0 HO(C(B))

n=1|H(C(E)| H'C(E) |H'(C(E)

n=0| Z/2 |Z/2%xH°(C(E))|H*(C(E))
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The extension 0 — Z/2 — CL{ (D) — H°(C(E)) — 0 appearing in this
table is split if and only if —1 € E*2.

Table 14.10: Type OD

CL,(E) CL,(E) H"(C(E))
n=3 0 0 Hl(O(E))
n=2|HYC(E)) 0 HO(C(E))

n=1|HY(C(E)) | ker{s: H'(C(E)) — Z/2} | H'(C(E))

n=0| 27/2 HO(C(E)) H°(C(E))

Some of the details of these results are clarified in [20].

Table 14.11: Type U

CLy(E)|CL, (E) | H"(C(E))

n=1,3] 0 0 0

n=0,2| 0 72 Z/2

14.C The relative groups Lil(ZG_)ZQG)

We now suppose that G is a 2-hyperelementary group and give tables
for calculating the relative groups L' (ZG—ZoG) and Lx®(ZG—ZyG).
Recall that by excision these split up according to the way QG splits into
simple algebras with involution. Then if G = C' x P where C' = Z/d we
can compute the d—component in terms of the map ~, defined earlier. In
particular, a summand of v, (d) is determined by a single algebra (D, «, u)
with centre field E and ring of integers A C E. Restricted to this summand
it is the natural map

d): [] L5 (A0 x L5 (Es) — CL3(D)
o2d
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and in the domain the terms
L5 (Ay) = L (Ay/Rad)

are just L—groups of finite fields. Thus all the terms in the domain and
range are given in the previous tables for fields. The maps 7, (d) are also
easy to relate to number theory. In particular, note that mapping a term
H”(/l;d,) or H"(EZX) to H™(C(E)) is the map induced by the inclusion into
H"™(E}) followed by the projection H"(E}) — H"(C(E)). The symbol ¥

in the tables denotes a free abelian group of signatures at infinite primes.

Table 14.12: Type OK(R) or Type OD(R)

HHd L3(Ag) x L3 (Ex) | CL3(D) |kervs(d) cok v, (d)

/12

n=3 0 0 0 0

n=2| H'(A;,) x H'(E%) | HY(C(E)) 0 H'(A3,)/H'(A*)
n=1|HA},) x HY(EL) |HY(C(E))| ker ® |cok® @ H(T(E))
n=0 0x @ 4Z Z/2 ) 0

Table 14.13: Type OK(C) or Type OD(C)

[T L5(A) x LE(Ex) | CLE(D) | kervg(d) cok 7S (d)
H2d

n=3 0 0 0 0

n=2| H'(A},) x H(EL) |[H(C(E)| 0 | H'(Az)/H (A

n=1|HA},) x HY(EL) |H(C(E))| ker & |cok®® H(I'(E))

n=0 0 x 0 Z/2 0 72
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Table 14.14: Type OD(H)
[T L (Ag) x L3 (Doo) | CL(D) | kervi(d) | cok 3 (d)(d)
42d
n=3 0 0 0 0
n=2 HYAJ,)x®2Z |H(C(E)) ) H'(Ay,)/H'(A%)
n=1 HO(A},) % 0 HO(C(E))| ker ® |cok® @ H°(T'(E))
n=0 0x0 Z/2 0 Z/2
Table 14.15: Type U
[T L3 (Ar) x L (Ewo) | CL; () | ker v5(d) | cok v (d)(d)
oH2d
n=1,3 0 0 0 0
n=0,2 0x @ 4Z 0 © 4Z 0

Since the L°—groups are all zero in type G L, this completes the L°—tables.

14.D The relative groups Lﬁ“(ZGHZQG)

We now give the relative group tables for the LP—groups. Some addi-
tional notation is defined as it appears.

Table 14.16: Type OK(R)

[T LE(A) x LE(Ex) | CLE(E) | keryf cok ¢
#2d
n=3 0 0 0 0
n=2 0 0 0 0
n=1 | HY(AS,) x H(Ex) | HY(C(E)) 0 HY(A},)/H'(A%)
n=0 HO(A;d,) X @ 27 Z/2%H(C(E)) | S@®ker®’ | cok@@H’(T(E))
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Table 14.17: Type OD(R)
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[T Li(A) x LE(Ex) | CLE(D) | keryk cok 7

42d
n=3 0 0 0 0
n=2 0 0 0 0
n=1 | H'(AS,) x H'(Ex) ker 0 ker A/
n=0 | HO(A},)x®2Z |HYC(E))| S@kerd | cokdoH"(I(E))

Here the map A’ is the map
HY(AZ) ® HY(EX
A/: ( 2d) @ ( oo) . {il}

defined by A’({—1),)

H(AX)

Table 14.18: Type OK(C)

—1 if and only if ﬁg is nonsplit.

[1 LE(A)x LE(Es) | CLE(E) | keryk cok
oH2d
n=3 0 0 0 0
n=2 0 0 0 0
n=1 | H(AS,) x H'(Ex) | H'(C(E)) 0 HY(Ay,)/H'(A%)
n=0 HO(A},) % 0 z/2%HO(C(E)) | ker® | z/2%(cok @ HO(I(E)))
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Table 14.19: Type OD(C)
[T Ly (A) X L (Ex) | CL(D) | kervys cok7*
o2d
n=3 0 0 0 0
n=2 0 0 0 0
n=1 Hl(A;d,)le(Eoo) ker & 0 ker A
n=0 HO(A},) %0 HO(C(E))| ker® | cok® @ HO(T'(E))

The map A has the same definition as A’ but H!(EZX) is missing from the

domain.
Table 14.20: Type OD(H)
[T Li(A) x LE(Dso) | CLE(D) | ker v cok v
o2d
n=3 0 0 0 0
n=2 0 x @27 0 ) 0
n=1 Hl(jl;d,)xo ker § 0 ker A’
n=0 HO(A%,) % 0 H(C(E)) |ker ® |cok® @ HO(T'(E))
Table 14.21: Type U(C)
[T LE(Ag) x LE(Doo) | CLE(D) | ker 7)< | cok
o2d
n=1,3 0 0 0 0
n=0,2 0x @ 2% H(C(E))| = 0
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Table 14.22: Type U(GL)

IT L (A) x L (Do) | CLi(D) | ker ;s | cok e
2d
n=1,3 0 0 0 0
n=0,2 0x0 HY(C(E))| 0 Z/2

14.E Finite 2—groups

Here complete calculations already appear in [33, §3,p.80]. To com-
pare our results with the tables there note that I'(E) and I'*(F) have odd
order (Weber’s Theorem) for all the centre fields appearing in QG and
92(F) = 1. Hence ® and @’ are injective with cok ®g of 2-rank 1 + ry
(resp. cok @ of 2-rank 1+ r1). As above, the degree [E, Q] = 1 + 2rq,
where r; denotes the number of real places of £ and r, the number of
complex places.

In [33] the basic antistructures on the simple components of QG are
labelled 'y, Fiv, Ry, Hn, UI and UII. These have type OK(C), OK(C),
OK(R), OD(H), U(C) and U(GL) respectively in our notation. In our
tables, the distinction between I'y and Fy is whether —1 € E*2. Let (n
denote a primitive 2V¢h root of unity. The centres E for the type O factors
are Q((n+1), Q¢Nn+2—Cnia)s QN 21Cnls), Q(CN+(y") so that (r1,72)
equals (0,2V=1), (0,2N=1), (2V,0), (2V=2,0) respectively. Therefore using
Tables 14.12-14.14 and 14.16-14.20 we can list the contribution of the type
O components to L' (R — Ry) or LX°(R — R,). The contributions from
type U components are already easily read off from Tables 14.15, 14.21 and
14.22. Note that only the rank and not the divisibilities in the signature
groups are given in the tables.
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Table 14.23: L}'(R — R,) in Type O

0 I'n Fn Ry Hy
n=3 0 0 0 VAR
n=2 0 0 0 0
n=1[(Z/2)=T | (Z/2)=>T |Z" & Z/2|(Z/2)" !
n=0| 17/ Z/2 0 7/2

Table 14.24: L,°(R — ]/%2) in Type O
o) Ty Fy Ry Hy
n=3 0 0 0 VAR
n=2 0 0 0 0
n=1 0 0 zZn | (Z/2) !
n=0|(Z/2)""? | Z/A® (Z/2)"| Z/2 |(Z/2)""!

The divisibilities for L? are determined in [30, 2.8] to be ¥ = 8Z®(4Z)™ !
in type Ry (for 2-power cyclotomic extensions F, the quantity rg = 0),
and ¥ = & 2Z in type Hy. Those for L’ are the same, by the Rothenberg

sequence tables.

Table 14.25: H"(K{(R — Ry)) in Type O

0 Tx Fy Ry Hy
n=3 0 0 0 (Z/2)"
n=2|(Z/2" | (/2| Z/2 | (/2
n=1 0 0 0 (Z/2)
n=0|(Z/2)7+" | (z/2)=*" | Z/2 | (Z/2)"+!
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Surgery theory and
infinite fundamental groups

C. W. Stark*

1 Introduction

We begin with a sketch of early work in surgery on manifolds with infi-
nite fundamental groups, state some of the major problems in surgery and
manifold topology concerning such manifolds, and then describe surgical
aspects of certain classes and constructions of geometrically interesting infi-
nite groups. The themes and outline of this survey may soon be outdated,
especially as new aspects of the Borel and Novikov conjectures come to
light.

Like many readers the author would be grateful for an authoritative
history of these developments, but such an account is unlikely to appear
since the intensity of activity around some of these problems makes precise
attributions difficult, especially after the passage of ten to thirty years. The
author apologizes to any researchers whose work and favorite problems in
manifold topology and related subjects may be slighted or omitted in this
terse account.

The books of Wall [155] and Ranicki [130], and other papers in the
present volume should be consulted for information on the L-groups and
other features of surgery theory. A brief guide to the relevant literature of
surveys and problem lists concludes this paper.

A few important terms may be unfamiliar. A path—connected topolog-
ical space X is aspherical if the homotopy groups m;(X) = 0 for ¢ > 2; if X
is homotopy equivalent to a CW complex then an equivalent statement is
that the universal covering space of X is contractible. (Many examples of
aspherical manifolds appear below.) A closed manifold X is topologically
rigid if any other closed manifold homotopy equivalent to X is homeomor-
phic to X.

* Partially supported by an NSA grant.
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Algebra, topology, and geometry are fruitful sources of manifolds with
infinite fundamental groups. Specialists in combinatorial group theory
sometimes warn topologists that we tend to consider only a small sam-
ple of a large, unruly population of infinite groups and the reader should
bear this in mind.

2 Free Abelian Groups and Homotopy Tori

Manifolds with free Abelian fundamental group assumed a distinguished
place with Novikov’s arguments for the topological invariance of rational
Pontrjagin classes and the first versions of the Novikov conjecture on higher
signatures [114, 115, 116, 63].

After Wall had established a surgery theory for non—simply connected
manifolds and Poincaré complexes [153], free Abelian fundamental groups
were among the first to be studied closely (in the latter half of the 1960’s).
These groups have the advantage of permitting an attack by induction on
rank via the split surjection Z™ — Z with kernel Z"~!. A model for such an
argument was already one of the best—known achievements of K—theory, the
Bass—Heller—Swan theorem [3], which also showed that Whitehead groups
vanish for free Abelian groups and therefore that their L—groups will be
insensitive to K—theoretic decorations.

The key results describe the L-groups of a product = x Z [141, 154], or
more generally of a group II realized as an extension 1 - 7 — Il - Z — 1.

Theorem 2.1 (Shaneson, Wall). For free Abelian groups with trivial
orientation character,

Loz = P (:) Lm—i(1).
0<i<r

See [155, Theorems 12.6 and 13A.8] for this and related results, espe-
cially those involving nontrivial orientation characters.

The classification of piecewise linear structures on tori is the main ap-
plication of these computations of L—groups, and this classification was ob-
tained by Hsiang—Shaneson and Wall [82, 154] circa 1969; the summaries
in the books of Wall and Kirby—Siebenmann [155, 94] are the standard
references. The L—group results are accompanied by computations of the
PL surgery obstruction for tori [155, Proposition 13.B.8] and of the long
exact sequence of surgery for tori [155, Chapter 15A].

Theorem 2.2 (Hsiang—Shaneson, Wall). The piecewise linear struc-
ture set of the torus is

Spr (T" x DF, T™ x SF=1) = g3~(T"; Z/2),

forn+k > 5, and the bijection is natural for finite covering projections.
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The naturality claim for this bijection and the consequent vanishing
of every element of the PL structure set of the torus under transfer to
suitable finite—sheeted covering spaces provide the last step in the applica-
tion by Kirby and Siebenmann of Kirby’s torus trick in the solution of the
Hauptvermutung [93, 94]. For more information on the Hauptvermutung
see [132] for historical remarks and earlier papers and see also the papers
collected as appendices to [94].

The classification of PL structures on the torus turns out to preserve
the normal invariant of the standard torus, so all these PL structures are
parallelizable and smoothable, and the smooth structure set Sprpp (T™) =
[T™, PL/O] (see Wall [155, p. 227]).

Hsiang and Wall [83] showed that any closed topological manifold ho-
motopy equivalent to T is homeomorphic to it:

Theorem 2.3 (Hsiang—Wall). The topological structure set
STOP (Tn X Dk,Tn X 8Dk)
has a single element for n+ k > 4.

The TOP version of the Farrell fibering theorem [41] and Siebenmann
periodicity [94, 112] yield the result for n + k > 5, while Freedman’s work
on four—dimensional surgery is applicable since Z™ is a good group for his
methods [69].

The ideas developed in the attack on free Abelian groups and homotopy
tori reappear in product and transfer formulae (see Section 4), fibering and
splitting theorems (Section 5), and topological rigidity results for aspher-
ical manifolds. The explicit determination of piecewise linear and smooth
structure sets for tori is rarely duplicated for other aspherical manifolds.

Exotic differentiable structures on the torus have received a limited
amount of subsequent attention. In one result of note, Farrell and Jones
showed that these smooth manifolds can carry expanding self-maps [51].
The models for this class of maps are the self-covering of T induced by
the linear maps ¢ — az on R™, for a € Z (> 1).

3 Grand Challenge Problems

Some of the major problems of manifold topology concern manifolds with
infinite fundamental groups and surgery on such manifolds. Only a few of
the problems stated below are completely settled and some, such as the
Novikov conjecture, are receiving intense attention.
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3.1 Novikov’s Theorem: Topological Invariance of
Rational Pontrjagin Classes

The influence of this theorem is considerable, if sometimes indirect. Novi-
kov’s proof that if f: M™ — N™ is a homeomorphism of smooth manifolds
then f*(p(N)) = p(M), where p(V) € H*(V;Q) is the total Pontrjagin
class of the smooth manifold V', involved an analysis of noncompact man-
ifolds of the form 7" x B?, sometimes called “anchor rings” on the model
of the solid torus in dimension three.

The argument is a precursor of splitting arguments (see Section 5) and of
non—simply connected finiteness, simple homotopy, and surgery arguments.
We recommend the survey [63] as well as Novikov’s papers for the interested
reader.

3.2 The Novikov conjecture

One of the most important outgrowths of Novikov’s theorem is the Novikov
conjecture, or more accurately the family of conjectures which grow out of
Novikov’s original conjecture. See [117] for the original statement, the
survey volumes [64, 63], and the chapter [32] in this volume.

3.3 The Borel conjecture

Modern versions of the Novikov conjecture for various functors assert that a
rationalized assembly map is a split injection. The much stronger assertion
for a closed aspherical manifold M™ that the assembly map for topological
surgery is an isomorphism translates to the following claim.

Conjecture 3.1. (The Borel Conjecture)
If M™ is a closed aspherical manifold then the topological structure set
Stop(M™ x D¥ M™ x 9D*) is a one-element set.

This is the modern, strong form of the Borel conjecture on topological
rigidity for aspherical manifolds. See chapter [32] in this volume and the
survey volumes [64, 63]. The brief sketch in Kirby’s problem list is a good
starting point for readers who have not encountered the problem before
[92, Problem 5.29].

3.4 Structure of open manifolds

Versions of the following question have been extremely influential, begin-
ning with [13]; Siebenmann’s thesis [142] has been particularly useful in
later work. See Section 5 for more information.

Problem 3.2. Given a connected, open (that is, noncompact) manifold
V™ is this space the interior of a compact manifold with boundary?
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Note that this conclusion forces a number of finiteness properties upon
V™, the question is whether algebraic finiteness properties are equivalent
to the geometric finiteness operation of compactifying V™ to a manifold
with boundary.

The classification problem for open manifolds is available in a variety of
flavors to suit one’s taste and applications. If open manifolds V™ and W™
are homotopy equivalent, we then ask if they are simple homotopy equiva-
lent in a more stringent sense (allowing only maps and homotopies which
are proper, metrically bounded, or controlled against a variable gauge),
and if such homotopy equivalences or simple homotopy equivalences imply
homeomorphism, which may also be obliged to satisfy a control hypothesis.
The work of Chapman and Ferry [23] and Quinn’s sequence of papers on
ends of maps [125, 126, 127] were followed by a long stream of developments
which are described in [121] elsewhere in this volume.

3.5 Placement problems

Surgical questions concerning manifold imbeddings N* < M™ have been
studied since the early 1960s in the context of knot theory and as problems
in relative or ambient surgery which might serve as stepping stones toward
theorems concerning M ™. Note that in this context one tends to do surgery
on N* with normal cobordisms contained within N™: the two manifolds
separately and the imbedding N* < M™ could all work to obstruct a
sequence of surgeries.

Wall develops a variety of placement problems and their obstruction
groups in [155, Chapter 12]. Splitting methods (Section 5) are the main
placement problems considered in the present paper. We are concerned
with codimension—one submanifolds of M™ and approaches to the structure
set or other features of M"™ which proceed by induction over a sequence of
cut—and—paste constructions for this manifold.

3.6 Topological space—form problems

Classically a “space—form” is a Riemannian manifold of constant sectional
curvature and the “space—form problem” asks for a classification of closed
or complete Riemannian manifolds of constant sectional curvature.

These questions may be reduced to group theory, since we are asking for
a classification of faithful representations with discrete image in the isom-
etry group of the sphere, Euclidean space, or hyperbolic space. Excellent
results are known for the first two cases [108, 160], while a characterization
of the fundamental groups of closed hyperbolic manifolds is still lacking
[161, Problem 9], even after the remarkable characterization of manifolds
of nonpositive curvature whose rank is two or greater (we cite [1, 2] from
a much larger body of work in this area).
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Wall [156] stated classification problems in topology for manifolds with
simple universal covering spaces (spheres and Euclidean spaces), largely
modelled on his work then in progress on groups which act upon S™ as
groups of covering transformations.

Problem 3.3. Classify the cocompact, free, and properly discontinuous
group actions (in TOP, PL, or DIFF) on S™ and R".

Problem 3.4. Which homotopy spheres and contractible manifolds ap-
pear as the universal covering spaces of closed manifolds?

The phrase “which contractible manifolds” may seem odd above, but
in dimensions n > 3 there are contractible manifolds V"™ which are not
homeomorphic to R™. Stallings showed in 1962 that a contractible manifold
is homeomorphic to Euclidean space if and only if it is simply connected at
infinity [145]; contractible manifolds which do not have this property had
been known since early work of J. H. C. Whitehead [159]. In 1982 M. Davis
constructed the first examples of closed manifolds whose universal covering
spaces are contractible but not Euclidean [34, 35]. Problem 3.4 has received
a great deal of attention in dimension three; see Kirby’s problem list [92].

3.7 Poincaré duality groups

If 7 is the fundamental group of a closed n—manifold with contractible uni-
versal covering space then the group cohomology H™* () satisfies Poincaré
duality (in a twisted sense if M™ is nonorientable). The properties of such
groups were abstracted by Bieri and Johnson—Wall [6, 88] in the definition
of a Poincaré duality group of formal dimension n, or PD(n)-group. (A
convenient source is Brown’s textbook [16].) The main problem in this
direction is an existential version of the Borel conjecture (see versions in

[157] and [92, Problem 5.29]):

Problem 3.5. If 7 is a PD(n)—group, must 7 be the fundamental group
of a closed aspherical manifold?

3.8 Mixed spaceform problems

A generalized version of the periodicity conditions seen in the spherical
spaceform problems appears in the Farrell-Tate cohomology groups of the
fundamental group of a manifold covered by S™ xRF [43, 14, 15]. Wall asked
if every group satisfying these periodicity conditions is the fundamental
group of a closed manifold covered by S™ x R¥ [157], and although a number
of authors have worked on the question, a full characterization of such
manifolds and groups has not been found [27, 60, 78, 87, 122, 147].

Less classical, but almost as interesting because of close connections
to the study of discrete subgroups of Lie groups, are variations on these
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questions in which we ask that an infinite-sheeted regular covering space
be a product of a closed manifold and a Euclidean space or that such a
covering space have the homotopy type of a finite complex.

3.9 Nielsen problems

Let 7 be a group, let Aut(7) denote its automorphism group, and let Inn()
denote the subgroup of inner automorphisms (those homomorphisms a: 7 —
7 with an associated element g € 7 such that a(r) = grg~!). The inner
automorphisms are a normal subgroup of the group of all automorphisms of
7 and the quotient Out(7) is known as the group of outer automorphisms
of m.

If X is a path—connected topological space and h: X — X is a home-
omorphism then base—point difficulties may not allow the association of
an element of Aut(m (X, z)) to h, but we get a homomorphism of groups
Homeo(X) — Out(m (X, z)).

The problem of lifting subgroups of the outer automorphism group of
m1(M™) to groups acting on M™ is often called the Nielsen problem in honor
of its original version for surfaces. The survey paper of Conner—-Raymond
[26] is a good source for results which are non—surgical and mostly related
to group actions on the most interesting case of this question, aspherical
manifolds. See 8.

3.10 Harmonic homotopy equivalences

For ¢ = 1,2 suppose that (M;,g;) is a Riemannian manifold and suppose
that Mj is closed. The Lo—norm of the covariant derivative of a smooth
map f: My — My determines an energy functional E: C*°(My, Ms) — R
whose critical points (which may lie in a Sobolev space or other completion
of C*°) are called harmonic maps.

Many aspects of harmonic maps resemble minimal surface theory and,
like minimal surfaces, these maps are useful in surprising ways. For exam-
ple, Corlette’s method for proving superrigidity theorems is a close analysis
of harmonic sections of certain bundles [31].

Variational methods and heat flow techniques establish existence results
and some uniqueness results, which are particularly satisfactory if My has
negative sectional curvature.

Regularity or singularity properties of harmonic maps are a matter of
ongoing work in geometric analysis and S.=T. Yau posed the following
regularity problem c. 1980 [161, Problem 111]:

Problem 3.6 (Yau). Let f: M; — M, be a diffeomorphism between two
compact manifolds with negative curvature. If h: M; — M> is a harmonic
map which is homotopic to f, is h a univalent map?
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Farrell and Jones have produced several examples of badly behaved
harmonic maps using smooth nonrigidity results [59].

3.11 Four—dimensional surgery

The remaining and perhaps immensely difficult challenge in completing
M. Freedman’s extension of topological surgery into dimension four con-
cerns infinite fundamental groups which grow quickly (in the sense of the
volume of balls in the word length metric). Current technology for handle
manipulation breaks down for such groups, so advances as radical as Cas-
son’s original introduction of kinky handles appear necessary. See the last
chapter of [69], Freedman’s papers [21, 66, 67, 68], and the portions of the
sequel to this volume on four—dimensional topology for more information.

4 Products, bundles, and transfers

4.1 Extensions, Bundles, and Singular Bundles

Bundles and orbifold bundles (also known as singular bundles or Seifert
fibered spaces) often lead to extensions of fundamental groups, thanks to
the long exact sequence in the homotopy groups of a fibration. Although
an extension of groups yields a fibration of Eilenberg—MacLane classifying
spaces corresponding to those groups, work is still under way on the real-
ization of extensions by manifold and orbifold bundles. Conner, Raymond,
and their collaborators are responsible for much of our knowledge of these
constructions [25, 26, 89, 97, 98, 133].

Closed manifolds carrying effective toral actions are among the best un-
derstood aspherical manifolds known, at least if the torus action is of low
codimension. Other bundles or singular bundles are usually more mysteri-
ous.

Problem 4.1. Must a manifold M"™ which is homotopy equivalent to the
total space E of a fiber bundle also admit a bundle structure? Is the
generalization to orbifold bundles tractable?

Versions of this question influenced Quinn’s development of the surgery
assembly map [124] and was considered by Casson [20, 22].

4.2 Product and transfer formulae

After the computations of Shaneson [141] and Wall described in Section
2, a number of authors studied formulae for surgery obstructions in prod-
ucts and fiber bundles, along with K—theory formulas for the finiteness
obstruction and Whitehead torsion.
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The geometric splitting theorem of Shaneson [141]
Ly(mx Z) = Ly (m) @ Ly _y(7)

was obtained algebraically by Novikov [117] and Ranicki [131]. See also
Milgram and Ranicki [107].

These results often compute obstructions for a problem induced in the
total space of a fiber bundle by a problem in the bundle’s base space.
When the bundle is a product, we are often able to get vanishing results
for the induced obstruction. Product formulae for the finiteness obstruction
and the Whitehead torsion are perhaps the most familiar theorems in this
genre [70, 96], especially in the guise of vanishing results for products with
manifolds of Euler characteristic zero.

The most reliable resource on these constructions in surgery theory is
the work of Liick—Ranicki [100, 101].

Ranicki has studied the stabilizing effect of taking products with tori
in his work on lower K— and L-theory [131].

5 Graphs of groups and splitting problems

5.1 Graphs of groups

See [136] for a discussion of combinatorial group theory along the lines
indicated below. More algebraic treatments are found in [102, 104].

Let T be a connected graph with vertex set V(I') and edge set E(T").
We assume that the edges are oriented and we denote the vertices joined
by an edge e by dy(e), d1(e); note that we allow dy(e) = d1(e). Regard T’
as a category whose objects are the elements of V(I') U E(T') and whose
morphisms are the assignments e — dpe and e — 0;(e) as e runs over the
edge set.

Let G: ' — GroupsInc be a covariant functor from this category
to the category of groups and inclusions. The resulting pushout group is
known as the “fundamental group of the graph of groups with vertex groups
G(v) and edge groups G(e).”

In topology this construction arises when we paste spaces together and
use the Seifert—van Kampen theorem to compute fundamental groups.

The simplest graphs lead to well-established constructions in combina-
torial group theory. If " has one edge e and two vertices joined by e then our
pushout is the “free product with amalgamations” G(do(e)) *a(e) G(01(e)),
while if I' has one edge e and one vertex v then our pushout is then “HNN
extension” determined by G(v) and two inclusions of G(e) into G(v).

Terminology and technique for these constructions has been heavily
influenced by Serre’s demonstration [140] that this structure for a group
7 is equivalent to the existence of a simplicial action of m on a tree T
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(connected simplicial 1-complex) which has the property that if a group
element v carries an edge e to itself then « fixes both vertices of e. Given
an action (w,T'), m is constructed from the stabilizer subgroups for edges
and vertices of T by the pushout construction described above.

5.2 Splitting manifolds and maps

This algebraic construction is often encountered in manifold topology
through constructions which build up a manifold by pasting together two
boundary components of a not—necessarily—connected manifold, or which
break down a manifold through dissections along well-imbedded codimen-
sion—one submanifolds with trivial normal bundle.

These ideas are readily extended from manifolds to maps; the following
description is given in the differentiable category but generalizes. Given
manifold pairs (M™, N"~!) and (V",W"~!) where the submanifolds are
smoothly imbedded with trivial normal bundles, along with a homotopy
equivalence g of M™ to V"™, we ask if ¢g is homotopic or cobordant to a
homotopy equivalence f: (M™ N"~1) — (V™ Wn"~1) of manifold pairs,
where f is transverse to W~ ! and N"~1 = f=1(Wn-1).

If we can deform g to such a homotopy equivalence f then we say that
we can split the homotopy equivalence g along W™=, This analysis of
homotopy equivalent manifolds by dissection is familiar and venerable in
dimension two; the class of three—manifolds which may be broken down
to a union of disks by well-controlled dissections form the “Haken mani-
folds” for which we have proved the sharpest theorems in three-manifold
topology, including the work of [149] and the settled cases of Thurston’s
geometrization conjecture.

In higher dimensions the basic move of cutting a homotopy equiva-
lence of manifolds open along a locally flat, two—sided, codimension—one
submanifold may be obstructed, as we explain below.

5.3 Early splitting arguments

Novikov’s proof of the topological invariance of rational Pontrjagin classes
is an induction which was recognized as a splitting argument for open
manifolds.

A similar theme was taken up by Browder [10]: when is M™ diffeomor-
phic to a product N*~! x R? This question is imbedded within the study
of manifolds which fiber over the circle [12], since a fiber bundle projection
M™ — 8! induces a projection with the same fiber from an infinite cyclic
covering space V"™ of M™ to the real line, and hence a product structure
on V™. At the time the fibering question was taken up in the surgical
dimensions a definitive fibering theorem for 3—manifolds had already been
proved by Stallings [144]. Stallings’ theorem served as a model in higher
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dimensions, in part by emphasizing the role of homotopy finiteness of an
infinite cyclic covering space.

5.4 Algebra and fibering problems

If a group is a product with an infinite cyclic group, I' = m x Z, then the
group ring ZI' = Zn[t,t71], the ring of Laurent polynomials over Zm. If
I is the fundamental group of a fibration N*~! — M"™ — S! with fiber
N7"~1 then ZT is a twisted Laurent extension of Zm;(N™).

The Bass—Heller-Swan theorem [3] analyzed the K—theory of products
with a circle by describing the K—theory of polynomial and Laurent polyno-
mial rings. The crucial discovery for later developments is that the Mayer—
Vietoris sequences for such extensions are cluttered by unanticipated K-
groups generally known as Nil-groups.

These results were extended to fiber bundles over a circle by Farrell-
Hsiang [46, 47] and then clarified by the Loday K-theory assembly map
[99] and Waldhausen’s results on the algebraic K—theory of free products
with amalgamation and HNN extensions [150].

5.5 Compactification of open manifolds

Section 3 described the problem of compactifying an open manifold V" to
a manifold with boundary. Because this is usually approached internally,
by looking for submanifolds which may serve as cross—sections in a product
structure for an end, the classic results on finding a boundary for an open
manifold are closely related to splitting theorems.

Browder—Levine-Livesay [13] addressed this problem for the simply con-
nected case in high dimensions. The pattern of argument here and in sub-
sequent papers is heavily influenced by h—cobordism results: an end of a
manifold is the union of a sequence of cobordisms, which one hopes to
show may be taken to be h—cobordisms and eventually to be product h—
cobordisms. Stallings’ characterization of Euclidean space [145] is also of
influence on later papers.

The major geometric issue in this problem is that each end of V™ must
be modelled on a product with a half-line, so one needs algebraic recogni-
tion criteria for this situation. Siebenmann [142] succeeds both in stating
homological prerequisites to compactifiability (tameness conditions) and in
the identification of an obstruction related to Wall’s finiteness obstruction
[151, 152]. See [86] for a detailed modern account of some of this material.

5.6 Fibering a manifold over a circle

Criteria for fibering a manifold over a circle in the surgical dimensions were
provided by Farrell in his 1967 thesis [41], which exhibited complete ob-
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structions in K—theory (see also [46, 47, 143]). These results have been ex-
tended to all dimensions, within the limitations of current four—dimensional
methods [158]. The fibering obstruction lies in a Whitehead group and is
a complete invariant for the problem in high dimensions, there exist four—
and five-dimensional manifolds which satisfy the preliminary hypotheses
for fibering and have vanishing Whitehead fibering obstruction, but do not
fiber over a circle [90, 158].

See [131, Section 20] for an algebraic treatment of the obstruction to
fibering a manifold over a circle.

5.7 Splitting theorems following Waldhausen

Waldhausen’s K—theory splitting theorem [150] shows that the pattern of
the Bass—Heller-Swan theorem persists for the basic constructions in a
graph of groups: free products with amalgamations and HNN extensions
both lead to Mayer—Vietoris sequences in K-theory involving secondary
terms known as Nil groups. Roughly speaking, the algebraic version of a
splitting problem over a group 7 given as a free product with amalgamation
m = A xc B amounts to a rewriting problem for a finitely generated free
chain complex C, over Zm. The challenge is to make a Mayer—Vietoris
decomposition of C over ZA and Z B, with relations and trade-offs passing
through a chain complex over ZC'; the trading process may be blocked at
some stage, and the Nil groups are the repository of this obstruction. (The
name “Nil” is a nod toward the filtered structure observed in the trading
process, which arises from the fact that a handle in a split manifold may
cross the splitting submanifold many times.)

Cappell’s L-theory splitting theory [18, 17, 19] continues the stream
of development: Mayer—Vietoris sequences are exhibited, with the modi-
fication that exotic terms known as UNil groups (for “unitary nilpotent”
structures) appear as obstructions to splitting problems.

5.8 Nil groups

One would usually prefer to do without the Nil and UNil groups. They
are prime candidates for the production or detection of counterexamples
to the Borel Conjecture, but they tend to resist direct computation. The
computational difficulties are in part due to the fact that these groups are
attributes of a pushout diagram and are not determined by any single group
in the diagram. Even if the edge and vertex groups in a graph of group are
very well understood in K— or L-theory we might have almost no access
to the Nil or UNil groups except through a vanishing theorem.

Sufficient conditions are known for the vanishing of Nil and UNil groups
which are adequate for some striking applications of these theories to man-
ifold classification problems and the Novikov Conjecture, but every worker
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in the subject would like to see more vanishing conditions and structural
results.

We concentrate on the UNil groups here, with an occasional glance
at the Nil groups. Cappell found that the UNil groups vanish for a free
product with amalgamation 7 = A x¢ B or HNN extension m = Ax¢,
provided that the amalgamating subgroup C' is square-root closed in the
sense that if g € 7 and g% € C, then g € C. The principal example of a
graph of of groups structure which is not square root closed is the infinite
dihedral group @ = Z/2 x Z/2: the square of any element of either free
summand is trivial, hence an element of the trivial amalgamating subgroup.

Cappell showed that the UNil group of Z/2 x Z/2 is nontrivial, and in
fact is infinite. Most and probably all of the nonvanishing UNil groups
known are closely related to this example; this observation has produced
more guesswork than theorems to date, unfortunately.

The nonvanishing result is striking because the UNil groups for a split-
ting of M™ act on the structure set of M™ through the action of L, 1,
and Cappell shows that this action is faithful. The exhibition of an infi-
nite family of nontrivial elements in the UNil group of Z/2 x Z/2 therefore
shows that in appropriate dimensions, the connected sum of two real pro-
jective spaces has an infinite structure set: these spaces are spectacularly
non-rigid in all three manifold categories.

Farrell showed that if a Nil group is nontrivial then it is infinitely gen-
erated [42]. He also refined Cappell’s analysis of the exponents of UNil
groups [44], so that we have some qualitative sense of the behavior of these
infinitely generated Abelian 2—groups. Connolly has investigated the be-
havior of Nil-type groups as modules, in which sense they can be finitely
generated [28].

Ranicki has treated the splitting problem within the algebraic theory
of surgery in [129] and especially in [130, Section 23]. This view of the
theory is valuable for applications because finiteness hypotheses are often
unnecessary in the algebraic theory: for instance, the algebraic view of
twisted Laurent polynomial extensions can be applied to the extension
associated to an infinite cyclic covering space of manifold which might
have no connection to a true circle fibering.

5.9 Further applications

Aspherical manifolds built using toral actions of low codimension can of-
ten be analyzed with a combination of splitting and Frobenius induction
techniques [113].

Graphs of free Abelian groups have been analyzed using the algebraic
splitting theory [146]. This is an example of a not uncommon problem
with known vanishing results: a class of groups formed by taking repeated



288 C. W. Stark

graphs of groups can be partially, but not completely described in K- or L—
theory because the vanishing criterion weakens after repeated use. (Similar
problems arise with Waldhausen’s vanishing results: he is able to induce
along with a hierarchy specifying the way a Haken 3—manifold is built up
from 2-balls by a finite number of sums along boundary surfaces, which are
similarly built up from 2-balls, but his vanishing criterion for Nil groups is
not strong enough to carry on to the 4—manifolds which might be expected
to come next.)

Right-angled Coxeter groups have been carefully analyzed from the
splitting point of view [123], and we have good rigidity results in conse-
quence.

6 Frobenius reciprocity for infinite groups

The solution by Wall and his co—authors of the spherical spaceform prob-
lem relies upon reduction steps using Frobenius reciprocity theorems for
surgery groups. This technique is borrowed from representation theory
and is described for finite groups in [148, 40, 103].

Hsiang’s student Nicas [112] proved a version of such a reduction or
induction theorem for infinite groups with finite quotients. If ¢: I' — @
is an epimorphism to a finite group then we may decide nontriviality of
elements in terms in the exact sequence of topological surgery for a Poincaré
complex X with fundamental group 7 by considering the transfers of those
elements to covering spaces X(¢~(F)) as E runs over the family of 2—
hyperelementary subgroups of (. (This is a brief summary of a technique
which can often employ a smaller family of test covers; see [112] for details.)

The technique of hyper—elementary induction for infinite fundamental
groups is employed by Farrell-Hsiang for Riemannian flat manifolds and
related spaces [48, 49, 50]. It has been useful in other contexts, but never
so spectacularly successful as in [48].

7 Groups with geometric origins
and controlled methods

This section begins with brief descriptions of geometric sources of infinite
groups and continues with results derived by controlled methods. Discrete
subgroups of Lie groups and rigidity results concerning them lie at the root
of the Borel Conjecture; curvature conditions on finitely generated groups
are a later development largely arising with Gromov [73, 74], although
curvature conditions on polyhedra had been heavily studied by Alexandrov
and others.
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7.1 Geometric sources: discrete subgroups
of Lie groups

Geometry and arithmetic often construct manifolds with infinite fundamen-
tal groups via discrete subgroups of Lie groups. If I' is a discrete subgroup
of a Lie group G then the coset space I'\G is a smooth manifold; if H
is a closed subgroup of G then it may also happen that the double coset
space I'\G/H is a manifold (see [95] for properness criteria for the action
(I',G/H)). Locally symmetric spaces are among the familiar manifolds
which may be described as double coset spaces of Lie groups.

Analytic and dynamical methods for the study of discrete subgroups of
Lie groups are most effective if we assume that the discrete subgroup I’ is
a lattice in the Lie group G, i.e. that for some left—invariant volume form
on G the volume of the quotient space T'\G is finite. This hypothesis often
leads to topological as well as volumetric finiteness results. The standard
reference for basic properties is [128].

Certain discrete subgroups of linear algebraic Lie groups are defined by
integrality conditions, and are known as arithmetic groups; a variation on
this class leads to S—arithmetic groups [139]. The superrigidity theorem
of Margulis [105, 106] asserts that under commonly satisfied hypotheses, if
I" is a lattice in a linear algebraic group of R-rank two or more then I is
arithmetic.

Lattices in semisimple linear groups are plentiful thanks to an existence
result of Borel [7] based on arithmetic constructions. Arithmetic groups
have most of the important geometrical or homological finiteness proper-
ties [138, 8, 9], thanks in part to careful compactification constructions
involving Tits buildings. Similar results for more general lattices may be
extracted from compactifications obtained by other methods such as Morse
theory [128].

For more information see the surveys [138, 139] and books [128, 106,
162]. See also the volumes on Lie groups in the Encyclopzedia of Mathe-
matics [119, 120].

7.2 Geometric classes of groups: fundamental groups
of nonpositively curved polyhedra

The Cartan-Hadamard theorem shows that any complete Riemannian man-
ifold of nonpositive sectional curvature is diffeomorphic to Euclidean space
via the exponential map at any basepoint. Because of this, the most famil-
iar and geometric aspherical manifolds have long been the closed manifolds
of constant, nonpositive sectional curvature: Riemannian flat and real hy-
perbolic manifolds.

Gromov [74] showed that many of the best features of complete Rieman-
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nian manifolds of negative sectional curvature are reproduced in the setting
of geodesic length spaces which possess negative curvature as detected by
methods of Alexandrov and Toponogov, based on geodesic triangle com-
parisons. If the Cayley graph of a finitely generated group w is a length
space of curvature bounded above by some ¢ < 0 then we say that 7 is a
hyperbolic group (or word hyperbolic group, if we care to emphasize the
use of the word length metric).

Hyperbolic groups and Gromov’s account of their properties have been
explicated in a number of publications, of which we cite only a few [29,
30, 71, 72]. The hyperbolization construction introduced by Gromov and
placed on solid footing by M. Davis and his co-workers [36, 24] is both
useful and delicate (mistakes have been made and the reader who is new
to the topic should place more faith in [24] than in earlier references): in
particular, thanks to hyperbolization we have a very large supply of word
hyperbolic groups.

Olshanskii [118] confirmed a claim made by Gromov in [74] that almost
every finitely presented group is hyperbolic, in an asymptotic statistical
sense. Despite this result, a class of groups which properly contains the
hyperbolic groups is of great interest: fundamental groups of compact,
polyhedral length spaces of nonpositive curvature are an environment in
which the tools of controlled topology have fair chances of success.

Geometric constructions relevant to the applications of controlled topol-
ogy in this setting include Gromov’s construction of a boundary for a group
which is a counterpart to the sphere at infinity in a nonpositively curved
manifold and several features with origins in hyperbolic dynamics, such as
a sort of geodesic flow.

The similarity between hyperbolic groups and hyperbolic manifolds can
be pressed too far, and the reader should beware of this tendency. Benakli
and Dranishnikov have produced examples of hyperbolic groups or funda-
mental groups of nonpositively curved polyhedra whose Gromov boundary
is far from spherical [4, 37, 39, 38].

7.3 Geometric constructions: Coxeter groups, Artin
groups

Among the groups arising as fundamental groups of compact, polyhedral
length spaces of nonpositive curvature we find some which are geometrically
and combinatorially pleasant, if not as familiar as they first appear.

Coxeter groups are finitely presented groups generated by elements of
order and satisfying relations modelled on reflections in a totally geodesic
hyperplane within a symmetric space. These groups are known to admit
faithful linear representations, and therefore possess finite—index subgroups
which are torsion—free, by the Selberg lemma [137].
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A Coxeter group admits several combinatorial descriptions, of which
the clearest for topological purposes labels a space which serves as a fun-
damental domain with reflection walls and finite isotropy subgroup data.
M. Davis used such a description of Coxeter groups in his beautiful con-
struction of closed aspherical manifolds with non—Euclidean universal cov-
ers [34, 35, 33]. More recently, infinite Coxeter groups have been shown
to be fundamental groups of nonpositively curved polyhedra [111], so they
are amenable to metric as well as to combinatorial analysis.

The familiar braid groups generalize to a family of groups known as
Artin groups, which may be attacked with some the descriptive tools de-
veloped for Coxeter groups. Working in this context, Bestvina and Brady
[5] produce some remarkable counterexamples to some of the stronger con-
jectures concerning Poincaré duality groups.

7.4 Consequences of controlled methods

See the papers in this volume on controlled topology for details — we list a
few consequences of controlled methods here.

Fundamental groups of closed manifolds of nonpositive curvature have
as many rigidity properties as we are able to establish in any context,
including positive solutions of the Novikov and Borel conjectures for these
groups. Many hands have been involved in the Novikov conjecture for these
groups, but the Borel conjecture results are largely due to [53] and other
work of Farrell-Jones. The surveys [54, 55, 57, 45] may be particularly
useful.

Jones’ student Bizhong Hu is responsible for extending some of the K—
theoretic arguments of Farrell and Jones to fundamental groups of polyhe-
dra of probably nonpositive curvature [84, 85]. The Novikov conjecture has
been well studied for hyperbolic groups and the nonpositively curved case
has received attention there as well. See also [32] for more information.

7.5 Mapping class groups

Let Eg be a closed, orientable Riemann surface of genus ¢ > 2. The
mapping class group Out(71(X2)) has been studied in algebraic geometry
and geometric group theory. It can serve as a chastening example for
over—ambitious topologists since it shares many of the properties of groups
discussed above without quite falling into any of those classes.

Out(m(Ef])) has many of the properties of arithmetic groups. In par-
ticular, this group has a torsion—free subgroup I' of finite index, and the
quotient 7, /T" of the Teichmiiller space of 23 by such a subgroup is an
open aspherical manifold which is known to have good compactifications
[79, 80, 81].



292 C. W. Stark

7,/T is an interesting testbed for geometrical approaches to rigidity
and L—theoretic problems since the most familiar geometric structures on
Teichmiiller space are geodesically incomplete, while compactifications de-
fined in algebraic geometry are notably explicit in some ways.

8 Uncharted Territory

This section lists some questions which have been visited by exploring par-
ties but for which we do not have good maps of the terrain. The most
important of the grand challenge problems listed in Section 3 will not be
repeated here.

8.1 Nielsen problems for aspherical manifolds

The most familiar settled cases are for surfaces [91, 109] or are due to
Mostow rigidity [110].

Farrell and Jones have investigated outer automorphism groups where
their methods apply, along with pseudo-isotopy.

The following Nielsen—type problem remains of interest, and should be
extended to other contractible universal covering spaces.

Problem 8.1 (Problem G1 of [157]). Let I'V be a subgroup of finite in-
dex in T and suppose given a free, proper action of IV on R™ with compact
quotient. Does the action necessarily extend to I'?

8.2 Gromovian constructions

Surgical aspects of two of Gromov’s geometric constructions have not been
much studied.

Gromov and Thurston used branched covers to construct negatively
curved manifolds which are close to hyperbolic manifolds in the Gromov—
Hausdorff metric, but which admit no hyperbolic metric [76].

Gromov and Piatetski-Shapiro mixed arithmetic lattices by a splitting
and regluing procedure to produce numerous examples of non—arithmetic
hyperbolic manifolds [75].

A surgery in the style of Dehn surgery is part of the Farrell-Jones
program for producing exotic smooth structures [52, 56, 58]. We hope that
their methods may be useful in other aspherical manifolds.

8.3 Hyperplane arrangements

Proper, controlled, or stratified classification and rigidity theorems for hy-
perplane arrangements in C™ may be in reach of current methods. See [92,
Problems 4.144-ff.] for some remarks and references.
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8.4 Infinite groups without 2—-torsion

The surgery sequence, especially away from 2, may be particularly tractable
for infinite groups without 2-torsion. Conjectures have been offered in a
quiet way on this for several years and most workers hope that this will
eventually be seen to be a relatively pleasant class of fundamental groups.

8.5 Dimension three

The Poincaré-duality group counterpart to the Seifert fiber space conjec-
ture in dimension three is unsettled as of [92, Problem 3.77(B)]. (Le., if a
PD(3) group has infinite cyclic center, must it be the fundamental group
of a closed aspherical 3—manifold?)

8.6 Virtually standard smooth structures

If M™ is a closed, aspherical, smooth manifold with residually finite fun-
damental group, is there a finite sheeted covering projection N — M such
that all smooth or piecewise linear structures on M become equivalent on
pullback to N? (This is a counterpart of the property Kirby and Sieben-
mann needed for exotic tori.)

9 Surveys and problem lists

Kirby’s revised problem list includes a bibliography of problem lists [92].
No one working in high—dimensional topology seems to have the strength
to emulate Kirby’s list, but the problem lists of [64, 65] and [157], among
others, were consulted for this paper.

Textbooks and surveys of manifold topology and related material in-
clude surveys by Farrell [45], Farrell-Jones [54], and Ferry [61]. Ferry’s
forthcoming textbook [62], Rosenberg’s text on algebraic K—theory [135],
and the book of Freedman and Quinn on four—-dimensional surgery [69] are
more detailed.

The books of Wall [155], Browder [11] and Ranicki [129, 130, 131] are
probably our most reliable book—length references on surgery. Discussions
of specialized variations, such as equivariant surgery or surgery on stratified
spaces are worth consulting in part for the light they throw on the garden—
variety theory.

Reports on the Borel and Novikov conjectures include the Farrell-Jones
CBMS lectures [54], the Novikov conjecture conference volumes [64, 65],
and Roe’s CBMS lectures [134].

Sources of mainly historical interest may also yield fruitful ideas; we list
a few items in this category [77, 94, 132].
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Continuously controlled surgery theory

Erik Kjeer Pedersen

0. INTRODUCTION

One of the basic questions in surgery theory is to determine whether
a given homotopy equivalence of manifolds is homotopic to a homeomor-
phism. This can be determined by global algebraic topological invariants
such as the normal invariant and the surgery obstruction (the Browder—
Novikov—Sullivan-Wall theory). Another possibility is to impose extra geo-
metric hypothesis on the homotopy equivalence. Such conditions are par-
ticularly useful when working in the topological category. Novikov’s proof
of the topological invariance of the rational Pontrjagin classes only used
that a homeomorphism is a homotopy equivalence with contractible point
inverses, as was first observed by Sullivan. Siebenmann [30] proved that ev-
ery homotopy equivalence of manifolds in dimension bigger than five, with
contractible point inverses is in fact homotopic to a homeomorphism by a
small homotopy. Chapman and Ferry [10] generalized this to showing that
e-controlled homotopy equivalences are homotopic to homeomorphisms.

Controlled algebra was developed in order to guide geometric construc-
tions maintaining control conditions, where the smallness is measured in
some metric space. Such a theory was first proposed by Connell and
Hollingsworth [11]. One of the aims was to prove the topological invari-
ance of Whitehead torsion for homeomorphisms of polyhedra. In fact the
first proof of topological invariance of Whitehead torsion [8] was developed
without the use of controlled algebra. Such proofs have been developed
later [14, 29]. Chapman developed a controlled Whitehead torsion theory
using geometric methods [9]. Quinn [25, 26] developed the theory of Con-
nell and Hollingsworth into a usable, computable tool. However there are
technical difficulties in any kind of € control because of the lack of functo-
riality. The composite of two € maps is a 2¢ map, so one needs to apply
squeezing to regain control.

The basic idea in bounded topology and algebra is to keep control
bounded, but let the metric space “go to infinity”. This is obtained as
follows. Assume K C S™~!. We then define the open cone

OK)={t -zt €[0,00) CR", z € K}.

The author was partially supported by NSF grant DMS 9104026.
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The subset t- K C O(K) is a copy of K, but the metric has been enlarged by
the factor ¢. This approach was developed in [21, 24, 15] and the controlled
torsion and surgery obstructions live in the K and L-theory of additive
categories (with involution). The basic fact being used is that bounded +
bounded is bounded. Similarly as € goes to 0 we may use that 0 +0 = 0,
and that is the basis of continuously controlled algebra and topology. Again
the obstruction groups live in the K and L-theory of additive categories
(with involution).

The object of this paper is to study the obstructions to deforming a
homotopy equivalence of manifolds to a homeomorphism using continuously
controlled algebra [1]. Suppose given a homotopy equivalence of manifolds
f: M — N and a common closed subspace K C M, K C N such that
f restricted to K is the identity. We also assume f : (M,K) — (N, K)
is a strict map i. e. that f sends M — K to N — K. The basic question
of continuously controlled surgery is whether it is possible to find a strict
homotopy of f relative to K to a homeomorphism. A strict homotopy is a
homotopy through strict maps. We shall also study an existence question
corresponding to the uniqueness question above.

This type of question has typically been studied using bounded surgery
[15], at least when K is compact, by methods as follows: Choose an em-
bedding of K in a large dimensional sphere, and define O(K) = {t -z €
RN+t € [0,00),z € K}. If K is a neighborhood retract, it is easy to
produce a proper map from N — K to O(K) with the property that if we
compactify O(K) radially by adding a copy of K, the map extends contin-
uously to IV, using the identity on K. Thus when we approach K in N, the
image goes to infinity in O(K). If the map M — K — N — K can be homo-
toped to a homeomorphism which does not move any point more than a
bounded amount when measured in O(K), we may obviously complete the
homotopy by the identity on K to obtain a strict homotopy of f: M — N
relative to K, to a homeomorphism. This follows because the open cone
construction blows up the metric near K, so bounded moves measured in
O(K) become arbitrarily small as we approach K in the original manifold.
The method works well in the case when M and K are compact, and can be
related to compact surgery theory via the torus. This is because homotopy
equivalences parameterized by a torus become bounded homotopy equiv-
alences parameterized by Euclidean space when passing to the universal
cover of the torus, thus giving a way to use compact surgery theory for this
kind of problem. The choice of the reference map to O(K) however, is a
bit unnatural, even though it can be shown not to matter, and in case M
and K are not compact, this method does not work so well.

We shall indicate how to develop a continuously controlled surgery the-
ory, in the locally simply connected case, and in the non-simply connected
case, in the special case of a group action. The algebra described here
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was developed in [18] in the case of finite isotropy groups at the singular
set. The case developed here allowing infinite isotropy groups is new. This
algebra is relevant to generalized assembly maps of the type considered in
the Baum—Connes and Farrell-Jones conjectures, [2, 13] see [12]. This is
discussed in §4 .

A lot of the arguments are very similar to the bounded surgery theory
[15], and will not be repeated here. We shall choose to emphasize the points
where there are essential differences, and try to state precise definitions.

Following the path initialized by Wall in [32] we need to develop algebra
that determines when a strict map

(f:1k) : (M, K) — (N, K)

is a strict homotopy equivalence relative to K. The problem will then be
solved by establishing a continuously controlled surgery exact sequence.

1. THE SIMPLY CONNECTED CASE

As a warmup let us consider the simply connected case. We assume M
and N are manifolds, and by simply connected we shall mean N — K is
simply connected and N is locally connected and locally simply connected
at K. Specifically for each point z € K and each neighborhood U in N,
there must exist a neighborhood V so that every two points in V — K
can be connected in V' — K, and every loop in V — K bounds a disk in
U — K. These conditions are satisfied if N is simply connected and K
is of codimension at least three. Recall the definition of the continuously
controlled category from [1] and [5].

1.1. Definition. Let R be aring and (X, 9X) a pair of topological spaces,
X = X — 0X with 90X closed in X and X dense in X. We define the
category B(X,0X; R) as follows: An object A is a collection {A;},ex of
finitely generated free R-modules so that {z|A, # 0} is locally finite in
X. A morphism ¢ : A — B is an R-module morphism ¢4, — @©B,,
satisfying a continuously controlled condition: For every z € dX and for
every neighborhood U of z in X, there exists a neighborhood V of z in X
such that ¢4 =0 and ¢y =0ifzeVNX andye X - U.

The continuous control condition thus requires that non trivial compo-
nents of a morphism must be “small” near 0.X.

In the case discussed above, we could put (X,0X) = (N, K). We may
then triangulate N — K in such a fashion that simplices become small near
K. Specifically this means that for every z € K and every neighborhood
U there exists a neighborhood V' such that if a simplex o intersects V, it
must be contained in U. The cellular chain complex of N — K can thus
be thought of as a chain complex in B(N, K;Z) by associating each Z-
module generated by a simplex to the barycenter of that simplex. Since
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the boundary maps in a cellular chain complex are given by geometric
intersection, boundary maps will indeed be continuously controlled in the
sense of definition 1.1. The following condition gives an algebraic condition
for strict homotopy equivalence and thus provides the key to a continuously
controlled surgery theory.

1.2. Proposition. Suppose M and N are manifolds, and that (M, K) and
(N, K) are simply connected and locally simply connected at K. Given a
strict map f : (M, K) — (N, K), which is the identity on K. Then f is a
strict homotopy equivalence relative to K, if and only if fy : C4(M — K) —
Cy(N — K) is a chain homotopy equivalence in B(N, K;Z)

Remark. In the proposition above, we do not actually need M and N
to be manifolds, it would suffice to have locally compact Hausdorff pairs
(M, K) and (N, K) with a CW structure on M — K and N — K satisfying
some extra conditions. We shall return to this.

The proof of this proposition is a straightforward handle argument.
However translation to algebra depends very strongly on the pair (N, K).
To remedy this situation and show that it really only depends on K we
present the following lemma from [5]:

1.3. Lemma. If (X,0X) is a compact metrizable pair then, denoting the
cone of 0X by COX we have an equivalence of categories

B(X,0X:R) = B(COX,0X; R)

Proof. The isomorphism is given by moving the modules A,, z € X to
points in COX, the same module. If two are put at the same place we take
the direct sum. On morphisms the isomorphism is induced by the identity,
so we have to ensure the continuously controlled condition is not violated.
We proceed as follows: Choose a metric on X so that all distances are < 1.
Given z € X, let y be a point in 90X closest to z, and send z to (1—d(z,y))y.
Clearly, as z approaches the boundary it is moved very little. In the other
direction send ¢ - y to a point in B(y;1 — t), the closed ball with center y
and radius 1 — ¢, which is furthest away from dX. Again moves become
small as t approaches 1 or equivalently as the point approaches 0X. It is
easy to see that we never take more than a finite direct sum, and that the
local finiteness condition is preserved. O

This lemma shows that in the metrizable case the algebra only depends
on K.

We need duality in the category B(X,0X; R) . The duality we need is
that B(X,0X;R) is an additive category with involution in the sense of
Ranicki [27]. The duality is given by (A*), = (A4,)*. This codifies the local
nature of Poincaré duality. The dual cell of a cell sitting near = will also be
near z. Given this duality the algebraic L-groups are defined in [27] using
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forms and formations. These will be the appropriate obstruction groups.
Using this duality, a chain complex Cy in B(X,0X; R) has a “dual” chain
complex C* in B(X,0X; R).

Before continuing to develop the continuously controlled surgery theory,
of which we have only touched upon the uniqueness aspects, notice that for
the preceding discussion we do not really need that M and N are manifolds.
All we needed was that M — K and N — K are manifolds, that allow a
triangulation (or handle body decomposition) with small simplices near
K. This is important in developing the existence aspects of a continuously
controlled surgery theory which we shall proceed to do.

We need to codify a continuously controlled simply connected Poincaré
duality space. We model this on a simply connected manifold M with a
closed subset K of codimension at least three. Consider a pair (X,9X) as
above with X closed in X and X = X — 9X dense in X.

1.4. Definition. The pair (X,0X) is —1-connected at 0X if for every
point z € X and every neighborhood U we have U N X is nonempty.
The pair (X,0X) is 0-connected at 0X, if for every z € 0X and every
neighborhood U of z in X, there is a neighborhood V of z in X so that
any two points in V N Z can be connected by a path in U N X. The pair
is 1-connected at 0X if if for every z € 0X and every neighborhood U of
z in X, there is a neighborhood V of z in X so that every loop in VN X
bounds a disc in U N X.

1.5. Definition. A continuously controlled CW -structure on the pair (X,
0X) is a CW structure on (X — 9X) such that the cells are small at 0X
i. e. such that for every z € 0X and every neighborhood U of z in X,
there is a neighborhood V of z in X so that if a cell in the CW structure
intersects V' then the cell is contained in U. A continuously controlled CW -
complex (X,0X) is such a pair endowed with a continuously controlled
CW-structure. We shall call the CW-structure locally finite if the CW-
structure on X — 90X is locally finite. Similarly there is an obvious notion
of locally finitely dominated in the continuously controlled sense.

Obviously a manifold M with a codimension at least three subcomplex
K is —1-, 0- and 1-connected at K and can be given a CW- structure which
is continuously controlled at K.

1.6. Definition. A simply connected continuously controlled Poincaré Du-
ality space at 0X is a continuously controlled, locally finite CW-complex
(X,0X), X = X — 0X, such that X is simply connected, (X,9X) must
be —1-, 0- and 1-connected at X and the CW-structure must be con-
tinuously controlled at 9X. Given this the cellular chains of X, define a
chain complex in the category B(X,0X;Z) which we denote by Cy(X),
with dual chain complex denoted C*(X). We then further require the ex-
istence of a homology class [X] € H'“/(X; Z) such that cap product with
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[X] N —, which by its geometric nature defines a map of chain complexes
in B(X,0X;7Z), is a homotopy equivalence of chain complexes

CHX;Z) — Cy(X;2)
as chain complexes in the category B(X,0X;Z).

Remark. The locally finite homology referred to above is singular homol-
ogy based on locally finite chains

Once again it is clear that a simply connected manifold with a codimen-
sion three subcomplex can be triangulated to satisfy these conditions.

Given a pair (X,0X) and a proper map f : Y — X we say fis a
continuously controlled homotopy equivalence at 0X if f induces a strict

homotopy equivalence of pairs (Y, 9.X) REIDN (X,0X) relative to X . Here

Y is a completion of Y by 0X through the map f. As a set Y is the disjoint
union of Y and 09X, and the topology is given by the open sets being the
open sets of Y and sets of the form V N dX U f~1(V), where V is open
in X. The aim of continuously controlled surgery is to turn a degree one
normal map (in the proper sense) into a continuously controlled homotopy
equivalence. Proper surgery [31] fits into this picture by completing an
open Poincaré duality space by precisely one point for each end. Since a
continuously controlled Poincaré duality space is automatically a proper
Poincaré duality space, we can use the theory of Spivak normal fibrations
from the proper theory. Alternatively it is not very difficult to see that the
inclusion of a the boundary of a regular neighborhood in Euclidean space
produces a spherical fibration.

At this point we proceed exactly as in [15] to do surgery below the
mid-dimension. The method introduced by Wall [32] for surgery below the
mid-dimension is completely geometric: Given a surgery problem M — X
we may replace the map by an inclusion, replacing X by the mapping
cylinder. Doing a surgery for each of the cells in X — M until we reach the
mid-dimension produces a surgery problem N — X where X is obtained
from N by attaching cells above the mid-dimension, see [15] for more details
on this. This makes sense in the continuously controlled setting if we
triangulate the manifold so that we obtain a continuously controlled CW-
complex.

At this point we get obstructions to obtain continuously controlled ho-
motopy equivalences with values in the algebraic L-theory of the additive
categories with involution B(X,0X;Z). The proof of this once again fol-
lows [15] closely and is a translation of the arguments given in [32] avoiding
homology at all points, i. e. working directly with the chain complexes in
the additive category. Given a controlled simply connected Poincaré pair
(X,0X) with X = X — X with a reduction of the Spivak fibration to
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B CAT where CAT = Top, PL or O, we obtain a surgery exact sequence

= L1 (B(X,0X;Z)) —
54 (X,0X) — [X,G/ CAT] — Ln(B(X,0X; 7))

deciding topological, PL, and smooth, continuously controlled structures on
X respectively. The continuously controlled structure set consists of CAT
manifolds M together with a continuously controlled homotopy equivalence
to X = X — 0X. Two structures M; — X and My — X are equivalent,
if there is a continuously controlled h-cobordism (in the CAT-category)
between M7, My and a map extending the given maps.

Remark. There are all the usual possible modifications of a surgery the-
ory. There is an obvious notion of a simple Poincaré complex in this context
allowing the h-cobordism to be replaced by s-cobordism. Notice it is stan-
dard to prove a continuously controlled h- or s-cobordism theorem along
the lines of of [22]. Similarly by allowing locally finitely dominated Poincaré
complexes in the continuously controlled sense we would obtain a projec-
tive version of such a surgery theory along the lines of [23]. In the simply
connected case these theories coincide, but later we shall indicate how to
weaken the simply connected assumption.

2. GERM CATEGORIES

One would obviously want to generalize this to a non simply connected
situation, but before discussing that we shall consider a less obvious gener-
alization involving germs, that turns out to be very useful for computations.
Suppose U is an open subset of 0X. We wish to develop a surgery theory
where the aim is only to obtain a homotopy equivalence in a neighborhood
of U. By this we mean that the “homotopy inverse” is only defined in
a neighborhood of U, and that the compositions are homotopic by small
homotopies to the identity in a neighborhood of U. We shall proceed to
describe the algebra that describes this situation. Denote the complement
of U in 0X by Z. We need a definition

2.1. Definition. An object A in B(X,dX; R) has support at infinity con-
tained in Z if

(2[4, 20} N0X C Z

We denote the full subcategory of B(X,dX; R) on objects with support
at infinity contained in Z by B(X,0X; R)z. This is a typical example of an
additive category U = B(X,0X; R) which is A = B(X,0X; R) z-filtered in
the sense of Karoubi [20], see also [4]. We recall the notion of an A-filtered
additive category U in the following
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2.2. Definition. We say U is A-filtered if every object U has a family of
decompositions {U= E, ® U, } (called a filtration of U) satisfying the fol-
lowing axioms: (We denote objects in Aby A, B,... andinU by U,V,...)
F1: For each U, the decompositions form a filtered poset under the
partial order F, © U, < Eg ® Ug whenever Ug C U, and E, C Eg.
F2: Every map A — U factors A — E, — E, & U,= U for some a.
F3: Every map U — A factors U= F, & U, — E, — A for some a.
F4: For each U, V the filtration on U@ V is equivalent to the sum of
filtrations {U = E, @ Uy} and {V = Fg & V3}, i. e. to {UBV =
(Eo © F3) @ (Ua @ Vp)}.

This is a precise analogue in the category of small additive categories
of an ideal in a ring. The quotient category U/A is defined to have the
same objects as U, but two morphisms ¢ : U — V and ¢5 : U — V are
identified if the difference ¢ — ¢ factors through the category A, i. e. if
there exists an object A in A and a factorization ¢; — ¢ : U — A — V.
The axioms ensure that U/ A is a category.

In the case we are considering U = B(X,0X; R) and A = B(X,0X;R)z
it is easy to see the axioms above are satisfied: as indexing set we may use
open neighborhoods of X — Z in X, and decompose an object U = {U,}
in a part where U, is replaced by 0 if x belongs to the given neighbor-
hood, and another part where U, is replaced by 0 if x does not belong
to the given neighborhood. We denote the quotient category U /A by
B(X,0X;R)X~%. Evidently two morphisms are identified if and only
if they agree in a neighborhood of U = 0X — Z, and it is not difficult to see
that the category B(X,0X;Z)?X~% measures morphisms that are homo-
topy equivalences in a neighborhood of U. To us however the real strength
of these categories is in conjunction with Lemma 1.3, they allow computa-
tion of the L-groups, see Theorem 2.4 below. To prepare for this we need
the idempotent completion of an additive category [16, p. 61]. The idem-
potent completion A" of A has objects (A, p) where A is an object of A and
p is an idempotent morphism p? = p. A morphism ¢ : (4,p) — (B, q) is an
A-morphism ¢ : A — B such that g¢p = ¢. Intuitively (A, p) represents
the image of p, and the condition says that ¢ only depends on the image
and lands in the image. The category A is embedded in its idempotent
completion by sending A to (A,1). Given a subgroup k¥ C Ky(A"), we can
perform a partial idempotent completion A”*, the full subcategory of A"
on objects (4,p) with [(4,p)] € k C K¢(A”"). The following theorem is
proved in [5] based on ideas from [28].

2.3. Theorem. Given an additive category with involution U which is A-
filtered by a x-invariant subcategory A, there is a fibration of 4-periodic
L-spectra

L(AM) — L) — LU/ A)
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where k is the inverse image of Ko(U) in Ko(U")

The proof of this theorem goes as follows: It follows from standard
bordisms methods that there is a fibration of spectra L(A) — L(U) —
LU, A). Next one proves that a chain complex in U is dominated by a
chain complex in A if and only if the chain complex induces a contractible
chain complex in U/A. This means that an attempt to prove L(i,.A)
is homotopy equivalent to L(U/.A) is off by a finiteness obstruction, and
adjusting with idempotent completion as in the statement above solves the
problem. For the ultimate statement regarding the decorations on the L-
groups see [17, Theorem 6.7]. It is now fairly straightforward to compute
the L-groups of B(X,dX;Z) in the case (X, 0X) is metrizable using Lemma
1.3 as in [6]. The result is

2.4. Theorem. If (X,0X) is a compact metrizable pair, then
L.(B(X,0X;7))

is isomorphic to the Steenrod homology theory (see axioms below) of 0X
associated to the spectrum XL(Z).

In case 0X is a CW-complex this is just the standard generalized ho-
mology theory associated with a spectrum. In the general case it satisfies
the Steenrod axioms. The Steenrod axioms for a homology theory h [19]
say

(i) given any sequence of compact metrizable spaces A C B — B/A

there is a long exact sequence in homology

- — hi(A) — hi(B) — hi(BJA) — hi_1(A). ..

(ii) Given a countable collection X; of compact metrizable spaces letting
V X, C J[X; be given the subset topology (the strong wedge) we
have an isomorphism

he(\/ Xi) = [ he(X0)

It is also required that h is homotopy invariant.

3. THE EQUIVARIANT CASE

Finally we want to discuss to what extent we can avoid the simple con-
nectedness assumption. We shall not try to deal with the most general case,
even though something could be said using the germ methods mentioned
above. We shall satisfy ourselves with the following situation where the
local variation in the fundamental group is given by a global group action,
in other words, we shall consider the situation where we have a group I'
acting freely cellularly on X = X — 09X, and (X,0X) is a simply con-
nected, continuously controlled Poincaré duality space. We need to be able
to decide when an equivariant proper map from M to X is a continuously
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controlled equivariant homotopy equivalence in order to setup a surgery
theory as in the simply connected case.

The action of T' is not assumed to be free on dX. In the case where
we only have finite isotropy it is fairly easy to define a category which
measures this kind of continuously controlled equivariant homotopy equiv-
alence. This was done in [15] and [18]. Here we want to deal with the more
general situation where we do not have an assumption about isotropy. This
is of interest in connection with the kind of generalizations of the assembly
map studied in the Baum—Connes and the Farrell-Jones conjectures [2, 13].
An extra complication is to be able to deal with duality on the category.
Assume (X,0X) is a compact Hausdorff pair with a I'-action (if the pair
is only locally compact Hausdorff one point compactify ). Choose once
and for all a large R[] module say U = R[I' x N]. We shall think of U
as a universe. This will help make categories small and thus allow talking
about group actions on categories. We shall call a subset Z C X relatively
I'- compact if Z-T'/T C X/T is contained in a compact subset of X /T.

3.1. Definition. The category D(X,0X; R) has objects A, an R-submod-
ule of U, together with a map f: A — F(X xI'), where F(X x T') is the
set of finite subsets of X x I', X = X — 0X, satisfying
(i) Ay ={a € Alf(a) C {z}} is a finitely generated free sub R-module
for each z € X x I
(ii) As an R-module A =&, v, Az
(i) f(a+b) C fla) U (b) N
(iv) {x € X xT'|A, # 0} is locally finite and relatively I'-compact in X xT"
with the diagonal I'-action.

A morphism ¢ : A — B is a morphism of R- modules, satisfying the
continuous control condition at X when we forget the extra factor of I,
i. e. for every point z in X and for every neighborhood U of z in X
there is a neighborhood V of z in X such that if z € (X — U) x I' and
y € (V —0X) x T, then ¢y and ¢} are 0.

Combining the action of I' on U and on X we get a I'-action on D(X, 0X;
R) by conjugation. An object A is fixed under this action if A is invariant
under the I'-action on U, thus inheriting an R[I']-module structure which
has to be free, and the reference map is equivariant. A morphism is fixed
under the T'-action if it is I'-equivariant. We denote the fixed category
by Dr(X,0X;R). These are the categories that determine the relevant
equivariant continuously controlled homotopy equivalences.

Remark. In case I is the trivial group and X is compact we recover our
old definition of the B-categories. In case X is not compact we get a
different category which corresponds to homology rather than homology
with locally finite coefficients when applying K or L-theory.
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The definition above is designed to make it easy to define a duality on
the category. We define the dual of an object A to be the set of R-module
homomorphisms from A to R that are locally finite i. e. only nontrivial
on A, for finitely many x. The reference map to F(X x T') is given by
the set of x for which the homomorphism is non-zero. As usual we inherit
a left I'-action which we may turn into a right action, possibly using an
orientation homomorphism in the process.

In the definition above we crossed with I'. It is easy to see we get an
equivalent category if instead we crossed with some other free I' space. In
particular we could cross with ET. This is relevant for developing this kind
of theory in A-theory where the underlying homotopy type does play a role.

Suppose F is a locally compact Hausdorff I'-space. Consider E C E x I
included as E x 1. The category A = Dr(E X I, E; R)y is the full subcate-
gory of Y = Dr(E x I, E; R) on objects with empty support at infinity i.e.
on objects A such that the closure of {z € E x [0,1)[3g € ' : A, 4 # 0}
intersects £ = FE x 1 trivially. It is easy to see that U is A- filtered.
Dr(E x I,E;R)y is equivalent to the category of finitely generated free
R[T'}-modules. We denote the quotient category by Dr(E x I, E; R)®. It
is a germ category. Objects are the same as in Dp(E x I, E; R), but mor-
phisms are identified if they agree close to E.

When studying the L-theory we have to deal with the variations in the
upper index. This is necessary in the geometric application. Here we choose
to use L~°°, avoiding that problem. Similarly in algebraic K- theory we
need to use K ~°°, the K- theory functor that includes the negative K-
theory groups. It was proved in [24], see [4] for a more modern proof, that
we have a fibration of spectra

K™%(A) = K=%(U) — K~>(U/A)
whenever we have an A- filtered category U. This leads to the following

3.2. Theorem. The functors from locally compact Hausdorff spaces with
T-action and T'-equivariant maps, sending E to

K=°(Dr(E x I, E; R)®) and L~>°(Dr(E x I, E; R)¥)

are homotopy invariant and excisive. If T' acts transitively on S, the value
on S is homotopy equivalent to XK ~°°(R[H]) and XL~ *°(R[H]) respec-
tively, where H denotes the isotropy subgroup.

The proof of the first two statements follows the methods in [5] closely.
It is an application of the basic A — U — U/A fibrations. In the last
statement one should notice that the identification is not canonical, it de-
pends on choosing a basepoint in S. To see the last statement notice that
we are considering R[I']-modules parameterized by S x [0, 1), and germs of
morphisms near S x 1. The control conditions imply that near S x 1, a
morphism can not reach from one component of S to another. Hence this
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category is equivalent to the category of R[H]-modules parameterized by
[0,1] with germs taken near 1, since the group action tells us what to do
everywhere else. The K or L- theory of this category is a deloop of the K
or L-theory of R[H].

These methods are generalized to the C*-situation in [7]. The advantage
of this method is that we not only get the kind of description needed in the
study of assembly maps in [12], but we also obtain the relevant spectra as
fixed spectra under a I'-action.

4. ASSEMBLY MAPS

Denote K~°° or L~°° applied to Dr(E x I, E; R)¥ by F. It is then easy
to see, using the methods of [5], specifically [5, Theorem 1.28, Theorem 4.2]
and their corollaries, that F' is a homotopy invariant excisive functor from
the category of I'-spaces and I'-maps to spectra, and thus fits precisely into
the framework developed by Davis and Liick [12] for generalized assembly
maps of the type considered by Quinn, Farrell-Jones, and Baum—-Connes.
That F is a functor on all I' maps without any properness assumption uses
the fact that we have a I'-compactness assumption on the support of the
modules considered.

Davis and Liick describe assembly maps of this type as the induced
map F(E) — F(x), where E is a I-space. The Farrell-Jones conjecture is
then the statement that F/(E) — F(x) is an isomorphism when FE is the
universal space for I' actions with isotropy groups virtually cyclic groups,
and the Baum-Connes conjecture is a similar statement where F' is defined
using topological K-theory and E is the universal space for I'-actions with
finite isotropy. Consider

Dr(E x I, B;R)y — Dr(E x I, E; R) — Dr(E x I, E; R)?

Applying K~ or L™°° we get a fibration of spectra (by [5, Theorem 1.28
and Theorem 4.2])

4.1. Theorem. The generalized assembly map is the connecting homo-
morphism in the above mentioned fibration.

Proof. The category Dr(E x I, E;R)y is equivalent to the category of
finitely generated RI-modules since the support conditions make the mod-
ules finitely generated RI-modules and the control conditions vacuous.
Consider the diagram:

Dr(E x I,E; R)y — Dr(E x I, E; R) — Dp(E x I, E; R)F

ia ] )

Dr(x x I,%; R)g — Dr(x x I,x; R) — Dr(* x I, *; R)*
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Here a is an equivalence of categories, since both categories are equivalent
to the category of finitely generated free RI'-modules. The K- and L-theory
of Dp(x x I, *; R) is trivial since the category admits a flasque structure by
shifting modules towards 1. The map c is the induced map of E — *. The
result now follows.

O

We finish by mentioning a result which is essentially contained in [5] but
not explicitly stated.

4.2. Theorem. Let M be an n-dimensional topological manifold. Then
the (4-periodical) structure set of M is isomorphic to

Ll (Dr(M x I, M;Z))
where T" is the fundamental group of M acting on the universal cover M.

Remark. The surgery exact sequence for topological manifolds is 4-period-
ic except the periodicity breaks down in the bottom since the normal in-
variant is given by [M,G/ Top|, not [M,G/Top xZ]. The result above
identifies the L-group with a periodical structure set. See [3] for a further
discussion of this phenomenon.

Proof. Consider
Dr(M x I, M;Z)y — Dr(M x I, M;Z) — Dr(M x I, M;2)™
which, in the following we will discuss as
A—U—-UJA.

According to [5, Theorem 4.1] we get a fibration of L-spectra if we choose
appropriate decorations. We can, as mentioned above, always use the —oo
decoration. but we need to improve on that a bit. we have

UJA =Dr(M x I, M; )™ = B(M x I, M; Z)M

and by [1] K;(B(M x I, M;Z) = h;—1(My; K7Z) where KZ is the K-theory
spectrum for the integers. Hence Ky(U/A) = Z and the boundary map
(which is the K-theory assembly map) hits the subgroup of Ky(ZI') given
by the free modules. This means we get a fibration of spectra

L"(Dp(M x I, M;Z)y) —
LM(Dr(M x I, M;Z)) — L"(Dr(M x I, M;Z)™)
which we identify with
LM(ZT) — LMD (M x I, M;Z)) — SM, AL(Z)

as in [5]. The classifying map XM, AL(Z) — XL"(ZI') was identified with
the (suspension of) the assembly map in [5]. Hence the fibre represents the
structure set, and the result follows. O
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Homology manifolds

Washington Mio

The study of the local-global geometric topology of homology manifolds
has a long history. Homology manifolds were introduced in the 1930s in
attempts to identify local homological properties that implied the duality
theorems satisfied by manifolds [23, 56]. Bing’s work on decomposition
space theory opened new perspectives. He constructed important exam-
ples of 3-dimensional homology manifolds with non-manifold points, which
led to the study of other structural properties of these spaces, and also
established his shrinking criterion that can be used to determine when ho-
mology manifolds obtained as decomposition spaces of manifolds are man-
ifolds [4]. In the 1970s, the fundamental work of Cannon and Edwards on
the double suspension problem led Cannon to propose a conjecture on the
nature of manifolds, and generated a program that culminated with the
Edwards-Quinn characterization of higher-dimensional topological mani-
folds [15, 24, 21]. Starting with the work of Quinn [44, 46], a new viewpoint
has emerged. Recent advances [10] use techniques of controlled topology to
produce a wealth of previously unknown homology manifolds and to extend
to these spaces the Browder-Novikov-Sullivan-Wall surgery classification of
compact manifolds [53], suggesting a new role for these objects in geomet-
ric topology, and tying together two strands of manifold theory that have
developed independently. In this article, we approach homology manifolds
from this perspective. We present a summary of these developments and
discuss some of what we consider to be among the pressing questions in the
subject. For more detailed treatments, we refer the reader to article [10]
by Bryant, Ferry, Mio and Weinberger, and the forthcoming lecture notes
by Ferry [26]. The survey papers by Quinn [45] and Weinberger [54] offer
overviews of these developments.

1. EARLY DEVELOPMENTS

Localized forms of global properties of topological spaces and continu-
ous mappings often reveal richer structures than their global counterparts
alone. The identification of these local properties and the study of their
influence on the large scale structure of spaces and mappings have a history

Partially supported by the National Science Foundation.
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that dates back to the beginning of this century. Wilder’s work [56] reflects
the extensive study of local homology conducted by many authors, a line
of investigation that has its roots in the search — started by Cech [20] and
Lefschetz [38] — for local homological conditions that implied the duality
and separation properties known to be satisfied by triangulable manifolds.

Definition 1.1. A topological n-manifold is a separable metrizable space
that is locally homeomorphic to euclidean n-space R™.

Early proofs that a closed oriented manifold M™ satisfies Poincaré du-
ality assumed the existence of a triangulation of M [37, 42]. Orientability
was defined as a global property of the triangulation, and the Poincaré
duality isomorphism

N[M]: H*(M;Z) — Hp—.(M;Z)

was established by analysing the pattern of intersection of simplices with
“cells” of the dual block structure on M obtained from the triangulation.

If M is an n-manifold and « € M, then x has arbitrarily small n-disk
neighborhoods which have (n — 1)-dimensional spheres as boundaries. By
excision, homologically this local structure can be expressed as H, (M, M ~
{z}) = H. (D", 8" 1), for every x € M.

Definition 1.2. X is a homology n-manifold if for every x € X

Z, ifi=n
Hi(X, X~ Awp) = {O, otherwise.

The local homology groups H,.(X, X ~ {z}) of these generalized mani-
folds can be used to define and localize the notion of orientation for these
spaces, and to formulate proofs (at various degrees of generality) that com-
pact oriented generalized manifolds satisfy Poincaré and Alexander duality.
For a historical account of these developments, we refer the reader to [23].

Topological manifolds are homology manifolds; however, the latter form
a larger class of spaces. (As we shall see later, there are numerous ho-
mology manifolds without a single manifold point.) Spaces X satisfy-
ing the Poincaré duality isomorphism with respect to a fundamental class
[X] € H,(X) are called Poincaré spaces of formal dimension n. We thus
have three distinct classes of spaces related by forgetful functors:

Topological Homology Poincaré
manifolds manifolds spaces
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Classical surgery theory studies topological-manifold structures on Poincaré
spaces [53]. Our discussion will be focused on the differences between topo-
logical and homology manifolds, a problem that is usually treated in two
stages:

(i) determine whether or not a given homology manifold X is a “fine”
quotient space of a topological manifold (we shall elaborate on this
later), and

(ii) exhibit conditions under which a quotient space X of a manifold M
is homeomorphic to M.

The latter is a central question in decomposition space theory, an area that
originated with the work of Moore [40]. He proved that if X is Hausdorff
and f: S%? — X is a surjection such that S? \ f~!(z) is non-empty and
connected, for every x € X, then X is homeomorphic to S2. This result
is a precursor to the characterization of the 2-sphere in terms of separa-
tion properties obtained by Bing. If X is a compact, connected, locally
connected metrizable space with more than one point, then X is homeo-
morphic to S? if and only if the complement of any two points in X is
connected and the complement of any subspace of X homeomorphic to a
circle is disconnected [3].

Bing’s work on decompositions of 3-manifolds defined an important
chapter in decomposition theory. While focused on the geometry of de-
compositions of low dimensional manifolds, his work was influential in
subsequent developments in higher dimensions. Given a quotient map
f: M — X, exploiting the interplay between the local structure of X near
points # € X and the local geometry of the embeddings f~!(z) C M of
the corresponding point inverses, he constructed examples of generalized
3-manifolds with non-manifold points, which led to the first considerations
of general position properties of generalized manifolds. Conversely, Bing’s
shrinking criterion uses the geometry of the point inverses of f to provide
conditions under which the quotient space X is homeomorphic to M [4].
For metric spaces, the criterion can be stated as follows.

Theorem 1.3 (R. H. Bing). A surjection f: M — X of compact metric
spaces can be approximated by homeomorphisms if and only if for any e > 0,
there is a homeomorphism h: M — M such that:

(i) d(foh,f)<e.
(ii) diam h(f~Y(x)) <, for every z € X.

Applications of the shrinking criterion in low dimensions include the
construction of a Zs-action on S which is not topologically conjugate to a
linear involution [4].

Generalized manifolds also arise in the study of dynamics on manifolds.
Smith theory [50, 7] implies that fixed points of topological semifree circle
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actions on manifolds are generalized manifolds, giving further early evi-
dence of the relevance of these spaces in geometric topology.

2. THE RECOGNITION PROBLEM

How can one decide whether or not a given topological space X is a
manifold? A reference to the definition of manifolds simply reduces the
question to a characterization of euclidean spaces, a problem of essentially
the same complexity. The proposition that a characterization of higher
dimensional manifolds in terms of their most accessible properties might be
possible evolved from groundbreaking developments in decomposition space
theory in the 1970s. We begin our discussion of the recognition problem
with a list of basic characteristic properties of topological manifolds. For
simplicity, we assume that X is compact, unless otherwise stated.

(i) Manifolds are finite dimensional.

Definition 2.1. The (covering) dimension of a topological space X is < n,
if any open covering U of X has a refinement V such that any subcollection
of V containing more than (n+1) distinct elements has empty intersection.
The dimension of X is n, if n is the least integer for which dimension of X
is < n. If no such integer exists, X is said to be infinite dimensional.

Topological n-manifolds, and euclidean n-space R™ in particular, are
examples of n-dimensional spaces.

(ii) Local contractibility.

Every point in a manifold has a contractible neighborhood. The follow-
ing weaker notion of local contractibility is, however, a more manageable

property.

Definition 2.2. X is locally contractible if for any x € X and any neigh-
borhood U of z in X, there is a neighborhood V of x such that V' C U and
V can be deformed to a point in U, i.e., the inclusion V' C U is nullhomo-
topic.

Absolute neighborhood retracts (ANR) are important examples of lo-
cally contractible spaces. (Recall that X is an ANR if there is an embedding
of X as a closed subspace of the Hilbert cube I°° such that some neigh-
borhood N of X retracts onto X.) Conversely, if X is finite dimensional
and locally contractible, then X is an ANR [6]. Since any n-dimensional
space can be properly embedded in R?"*! [31], it follows that X is a fi-
nite dimensional locally contractible space if and only if X is an euclidean
neighborhood retract (ENR). The definition of ENR is analogous to that of
ANR with the Hilbert cube replaced by some euclidean space. Hence, con-
ditions (i) and (ii) above can be elegantly summarized in the requirement
that X be an ENR.
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(iii) Local homology.

Topological n-manifolds are homology n-manifolds. The assumption
that X is an ENR homology manifold encodes all separation properties sat-
isfied by closed manifolds, since compact oriented ENR homology manifolds
satisfy Poincaré and Alexander duality. (As usual, in the nonorientable case
we twist homology using the orientation character.) Moreover, since the
dimension of finite dimensional spaces can be detected homologically, ENR
homology n-manifolds are n-dimensional spaces.

An ENR homology n-manifold X is an n-dimensional locally contractible
space in which points have homologically spherical “links”. Thus, to this
hypothesis, it is necessary to incorporate a local fundamental group con-
dition that will guarantee that “links” of points in X are homotopically
spherical, as illustrated by the following classical example.

Let H™ be a homology n-sphere (i.e., a closed manifold such that H,(H;
Z) = H,(S™;Z)) with nontrivial fundamental group, and let X = Y H
be the suspension of H. X is a simply connected homology manifold,
but arbitrarily close to the suspension points there are loops « that are
nontrivial in the complement of the suspension points. Therefore, X is not
a manifold since any small punctured neighborhood of a suspension point
is non-spherical. Nonetheless, an important result of Cannon establishes
that the double suspension of H is a topological manifold [14]. Since any
bounding disk D? for the loop o must intersect one of the suspension points,
the presence of a nontrivial local fundamental group can be interpreted as
a failure of general position, if n > 4. D2 cannot be moved away from itself
by small deformations.

(iv) The disjoint disks property.

Manifolds satisfy general position. If PP and Q9 are complexes tamely
embedded in a manifold M, under arbitrarily small perturbations, we can
assume that P N @ is tamely embedded in M and that dim (P N Q) <
p + q¢ —n. In particular, if n > 5, 2-dimensional disks can be positioned
away from each other by small moves.

Definition 2.3. X has the disjoint disks property (DDP) if for any € > 0,
any pair of maps f,g: D> — X can be e-approximated by maps with
disjoint images.

The fact that the DDP is the appropriate general position hypothesis for
the recognition problem became evident in Cannon’s work on the double
suspension problem. Later, Bryant showed that if X™ is an ENR homology
manifold with the DDP, n > 5, then tame embeddings of complexes into
X can be approximated by maps in general position. [8].

ENR homology manifolds with the DDP have the local-global algebraic
topology and general position properties of topological manifolds. In 1977,
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motivated largely by his solution of the double suspension problem, Cannon
formulated the following conjecture [14, 15].

The characterization conjecture. ENR homology n-manifolds with the
disjoint disks property, n > 5, are topological n-manifolds.

Definition 2.4. A mapping f: M — X of ENRs is cell-like (CE), if f is
a proper surjection and for every # € X, f~1(x) is contractible in any of
its neighborhoods. A C'E-map f is a resolution of X if M is a topological
manifold.

All examples of ENR homology manifolds known at the time these de-
velopments were taking place could be obtained as cell-like quotients of
topological manifolds. In addition, if M is a manifold and f is cell-like,
then X is a homology manifold [36]. The fact that suspensions of homology
spheres are resolvable follows from a theorem of Kervaire that states that
homology spheres bound contractible manifolds [34].

The following result, of which the double suspension theorem is a special
case, is a landmark in decomposition space theory [21, 24].

Theorem 2.5 (R. D. Edwards). Let X™ be an ENR homology manifold
with the DDP, n > 5. If f: M — X is a resolution of X, then f can be
approrimated by homeomorphisms.

In light of Edwards’ theorem, the completion of the manifold character-
ization program is reduced to the study of the following conjecture.

The resolution conjecture. ENR homology manifolds of dimension > 5
are resolvable.

Early results supporting this conjecture assumed that the homology
manifolds under consideration contained many manifold points. Cannon
and Bryant-Lacher showed that X is resolvable if the dimension of the
singular set of X is in the stable range [16]. Galewski and Stern proved
that polyhedral homology manifolds are resolvable, so that non-resolvable
homology manifolds, if they exist, must not be polyhedral [29].

A major advance toward the solution of the resolution conjecture is due
to F. Quinn. He showed that the existence of resolutions can be traced to a
single locally defined integral invariant that can be interpreted as an index
[44, 46].

Theorem 2.6 (Quinn). Let X be a connected ENR homology n-manifold,
n > 5. There is an invariant [(X) € 8Z + 1 such that:

(a) If U C X is open, then I(X) = I(U).

(b) I(X xY) = I(X) x I(Y).

(¢) I(X) =1 if and only if X is resolvable.

Remark . The local character of Quinn’s invariant implies that if X is
connected and contains at least one manifold point, then X is resolvable.
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Thus, a non-resolvable ENR homology n-manifold, n > 5, cannot be a cell
complex, since the interior of a top cell would consist of manifold points.

Combined, Theorems 2.5 and 2.6 yield the celebrated characterization
of higher dimensional topological manifolds.

Theorem 2.7 (Edwards-Quinn). Let X be an ENR homology n-manifold
with the DDP, n > 5. X s a topological manifold if and only if I(X) = 1.

The resolution conjecture, however, remained unsolved. Are there ENR
homology manifolds with 7(X) # 17

3. CONTROLLED SURGERY

This is a brief review of results of simply-connected controlled surgery
theory needed in our discussion of the resolution problem. Proofs and
further details can be found in [27, 28].

In classical surgery theory one studies the existence and uniqueness of
manifold structures on a given Poincaré complex X" of formal dimension
n. Controlled surgery addresses an estimated form of this problem, when
X is equipped with a map to a control space B. For simplicity, we assume
that X = (), although even in this case bounded versions are needed in
considerations of uniqueness of structures.

Definition 3.1. Let p: X — B be a map to a metric space B and ¢ > 0.
A map f: Y — X is an e-homotopy equivalence over B, if there exist a
map ¢g: X — Y and homotopies H; from go f to 1y and K; from fog
to 1x, respectively, such that the tracks of H and K are e-small in B, i.e.,
diam (po fo Hi(y)) < € for every y € Y, and diam (po K¢(x)) < ¢, for every
z € X. The map f: Y — X is a controlled equivalence over B, if it is an
e-equivalence over B, for every € > 0.

In order to use surgery theory to produce e-homotopy equivalences, we
need the notion of e-Poincaré spaces. Poincaré duality can be estimated by
the diameter of cap product with a fundamental class as a chain homotopy
equivalence.

Definition 3.2. Let p: X — B be a map, where X is a polyhedron and B
is a metric space. X is an e-Poincaré complex of formal dimension n over
B if there exist a subdivision of X such that simplices have diameter < ¢
in B and an n-cycle y in the simplicial chains of X so that Ny: C#(X) —
Cr—4(X) is an e-chain homotopy equivalence in the sense that Ny and the
chain homotopies have the property that the image of each generator ¢ only
involves generators whose images under p are within an e-neighborhood of
p(o) in B.

The next definition encodes the fact that the local fundamental group
of X is trivial from the viewpoint of the control space B.
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Definition 3.3. A map p: X — B is UV! if for any € > 0, and any
polyhedral pair (P, Q) with dim (P) < 2, and any maps ap: @ — X and
B: P — B such that po ag = 3|g,

Q> x

a/‘/
s
PTB

there is a map a: P — X extending ag so that d(po «,3) <e.

Remark . When both X and B are polyhedra and p is PL, this is the same
as requiring that p~1(b) be simply connected, for every b € B.

Definition 3.4. Let p: X — B be an e-Poincaré complex over the metric
space B, where p is UV'. An e-surgery problem over p: X — B is a
degree-one normal map

VML>

I

where £ is a bundle over X, vj; denotes the stable normal bundle of M,
and F' is a bundle map covering f.

Theorem 3.5. Let B be a compact metric ENR and n > 5. There exist
an eg > 0 and a function T: (0,¢0] — (0,00) satisfying T(t) > t and
lim; o T'(t) = 0, such that for any e, 0 < € < e, if f: M — X is an e-
surgery problem with respect to the UV' map p: X — B, associated to the
normal bordism class of f, there is an obstruction oy € H,(B;L) which
vanishes if and only if f is normally bordant to a T(e)-equivalence over
B. Here, H,(B;L) denotes the nth generalized homology group of B with
coefficients in the simply-connected periodic surgery spectrum.

Theorem 3.5 requires that X be a polyhedron. Nonetheless, if X is an
ENR homology n-manifold, a normal map f: M — X has a well-defined
controlled surgery obstruction over B. Let U be a mapping cylinder neigh-
borhood of X in a large euclidean space RY with projection 7: U — X
[55, 43]. For any € > 0, U is an e-Poincaré complex of formal dimension
n over B under the control map pon: U — B [11]. Hence, the composi-
tion M L X C U can be viewed as an e-surgery problem f’ over B. By
Theorem 3.5, for each €, 0 < € < €y, f' has a well-defined T'(e)-surgery
obstruction oy € H,(B;L) over B, where lim;_.oT(t) = 0. The controlled
surgery obstruction of f is defined by o = oy/.
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Theorem 3.6. Letp: X — B be a UV map, where X is a compact ENR
homology n-manifold, n > 5. The controlled surgery obstruction oy €
H,(B;L) of f: M — X is well-defined, and oy vanishes if and only if, for
any € > 0, f is normally bordant to an e-homotopy equivalence over B.

Definition 3.7. Let X be a compact ENR homology manifold, and let
p: X — B be a control map. An e-structure on p: X — B is an e-
homotopy equivalence f: M — X over B, where M is a closed manifold.
Two structures f;: M; — X, i € {1,2}, are equivalent if there is a home-
omorphism h: M; — My such that f; and fs o h are e-homotopic over B.

X
The collection of equivalence classes of e-structures is denoted by S ( ! )
B

Given a Poincaré space X of formal dimension n, let N,,(X) denote the
collection of normal bordism classes of degree-one normal maps to X.

Theorem 3.8. Let X be a compact ENR homology n-manifold, n > 5, and
let p: X — B be a UV control map, where B is a compact metric ENR.
There exist an €9 > 0 and a function T: (0,e9] — (0,00) that depends only

on n and B such that T(t) > t, PII(IJ T(t) =0, and if S, ()g) # 0, there

is an exact sequence

T n+1(B§L) HSE(

=

) = N (X) — H,(B;L),

for each 0 < € < €y, where

s (1) =m(s(}) —sr0 (3)).
Moreover, S. (g) =8, (i;) if e <eg.

4. THE RESOLUTION OBSTRUCTION

In this section we discuss various geometric aspects of Quinn’s work
on the resolution conjecture that lead to the invariant I(X), adopting a
variant of his original formulation. For simplicity, we assume that X is a
compact oriented ENR homology n-manifold, n > 5.

Resolutions are fine homotopy equivalences that desingularize homology
manifolds. A map f: M — X is aresolution if and only if f|¢-1(¢y: f1(U)
— U is a homotopy equivalence, for every open set U C X [36]. This implies
that f: M — X is a resolution if and only if f is a controlled homotopy
equivalence with the identity map of X as control map.

In [27], Ferry and Pedersen showed that there is a degree-one normal
map f: M — X. Our goal is to understand the obstructions to find-
ing a controlled homotopy equivalence over X within the normal bordism
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class of f. Notice that if an obstruction is encountered, we can try to
eliminate it by changing the normal map to X. Therefore, in trying to
construct resolutions, it is more natural to consider the collection N,,(X)
of all normal bordism classes of n-dimensional degree-one normal maps to
X. Recall that there is a one-to-one correspondence between N,,(X) and
(stable) topological reductions of the Spivak normal fibration vx of X. A
topological reduction of vy corresponds to a fiber homotopy class of lifts
to BTop of the map vy: X — BG that classifies the Spivak fibration of
X.

BTop

7
s
e

-
X — BG

Any two reductions differ by the action of a unique element of [X, G/Top],
where G/Top is the homotopy fiber of BTop — BG. Hence, [X,G/Top]
acts freely and transitively on N, (X), since N,,(X) # . When X is a mani-
fold, this action induces a canonical identification n: Ny, (X) — [X,G/Top]
since there is a preferred element of N,,(X), namely, the bordism class of
the identity map of X, which corresponds to the (stable) Top reduction of
vx given by the normal bundle of an embedding of X in a large euclidean
space. We refer to n(f) € [X,G/Top] as the normal invariant of f.

To motivate our discussion, we first consider the case where X is a
closed manifold, although this assumption trivializes the problem from the
standpoint of existence of resolutions. Siebenmann’s CE-approximation
theorem states that cell-like maps of closed m-manifolds, n > 5, can be
approximated by homeomorphisms [49]. Hence, if X is a manifold, we are
to consider the obstructions to finding a homeomorphism in the normal
bordism class of f. Such homeomorphism exists if and only if the normal
invariant 7(f) vanishes [53].

Sullivan’s description of the homotopy type type of G/Top [52] shows
that, rationally, the normal invariant is detected by the difference of the
rational L-classes of M and X, respectively. Let

Lx =1+l +l+...€ H*(X;Q)

be the total L-class of X™. The ith class ¢; € H*(X;Q) is determined
(after stabilizing X by crossing it, say, with a sphere if 47 > "T_l) by the
signature of 4i-dimensional submanifolds N* C X with framed normal
bundles. Hence, up to finite indeterminacies, the normal invariant of f
is detected by the difference of the signatures of these characteristic sub-
manifolds and their transverse inverse images. Notice that when X is a
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manifold, we can disregard 0-dimensional submanifolds, since the trans-
verse inverse image of a point under a degree-one map can be assumed to
be a point.

Carrying out this type of program for studying the existence of resolu-
tions involves, among other things, defining (at least implicitly) character-
istic classes for ENR homology manifolds. This has been done in [17], but
following [10, 27] we take a controlled-surgery approach to the problem and
argue that the Spivak normal fibration of an ENR homology manifold has
a canonical Top reduction.

By Theorem 3.6, associated to a normal map f: M — X there is a
controlled surgery obstruction oy € H,(X;L) = [X,G/Top x Z] such
that oy = 0 if and only if, for any € > 0, f is normally bordant to an
e-homotopy equivalence. Under the natural (free) action of [X,G/Top]
on H,(X;L) 2 [X,G/Top x Z], controlled surgery obstructions induce a
[X, G/Top]-equivariant injection

Let f: M — X be a normal map. Letting [X,G/Top] act on f, we can
assume that the image of oy under the projection H, (X;L) = [X,G/Top x
Z] — [X,G/Top] vanishes, so that oy € [X,Z] C [X,G/Top x Z]. Hence,
if X is connected, o is an integer. The local index of X is defined by

I(X)=80;+1€8Z+1.

Since the Z-component of o is persistent under the action of [X, G/Top],
this is the closest we can get to a resolution. This construction yields a
preferred normal bordism class of normal maps to X (and therefore, a
canonical Top reduction of vx) and induces an identification n: N, (X) —
[X,G/Top]. Rationally, the action of [X,G/Top] on f can be interpreted
as the analogue of changing the normal map f so that the signatures of
the transverse preimages f~'(N) and N be the same for (stable) framed
submanifolds N4 C X, i > 0, when X is a manifold. This suggests that
the Z-component of oy be interpreted as a difference of signatures in di-
mension zero and that I(X) be viewed as the 0-dimensional L-class of X.
This is the approach taken by Quinn in [44, 46], which explains the local
nature of the invariant.

If I(X) = 1, there is a normal map f: M — X such that oy = 0.
Let ¢, — 0 be a decreasing sequence. Theorem 3.6 implies that, for each
i > 0, there is an ¢;-structure f;: M; — X, so that 8., # 0. Under
the identification N, (X) = [X,G/Top] = H,(X;G/Top), the controlled
surgery sequence of Theorem 3.8 can be expressed as
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Hy1(X;G/Top) — Hpa (X;1) —
X
8. ()1() — Ho(X; G/ Top) — H,(X;L).

It follows from the Atiyah-Hirzebruch spectral sequence that H;(X; G/ Top)

— H;(X;L) is injective if ¢ = n, and an isomorphism if ¢ = n + 1. This
X

shows that S, ()l() = 0, if ¢; is small enough. Then, viewing f; and f;+1

as equivalent ¢;-structures on X, we obtain homeomorphisms h;: M; —

M, 41 such that f;1q 0h; and f; are T'(¢;)-homotopic over X. Consider the

sequence

ff=fiohj_10---0ohy: M; — X.

3

For each ¢ > 0, f7 is an ¢;-equivalence over X and

d(fias £7) = d(fiv1 o his fi) < T(€)-

If ¢, > 0 is so small that > T'(¢;) < oo, the sequence {f;} converges to a
resolution of X.

5. PERIODICITY IN MANIFOLD THEORY

A beautiful periodicity phenomenon emerges from the surgery classifica-
tion of compact manifolds. All essential elements in the theory exhibit an
almost 4-periodic behavior with respect to the dimension n. Siebenmann
periodicity is the most geometric form of this phenomenon.

Definition 5.1. Let X be a compact manifold. A structure on X is a sim-
ple homotopy equivalence f: M — X that restricts to a homeomorphism
f:OM — 09X on the boundary, where M is a topological manifold. The
structures f;: M; — X, i € {1,2}, are equivalent if there is a homeomor-
phism h: M; — M, making the diagram

homotopy commute rel (). The structure set $(X) is the collection of all
equivalence classes of structures on X.
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The following theorem is proved in [35], with a correction by Nicas in
[41].

Theorem 5.2 (Siebenmann periodicity). If X™ is a compact connected
manifold of dimension > 5, there is an exact sequence

©

0 $(X) $(X x DY) —Z=7.

Moreover, g is an isomorphism if 0X # ().

The map o associates to a structure f: W — X x D?*, the signature
of the transverse inverse image of {*} x D*. Siebenmann’s construction
of the map g was indirect. In [18], Cappell and Weinberger describe a
geometric realization of the periodicity map p: §(M) — §(M x D*) using
the Casson-Sullivan embedding theorem and branched circle fibrations.

The structure set 8(S™) of the n-sphere, n > 4, contains a single ele-
ment, by the generalized Poincaré conjecture. However, it can be shown
that 8(S™ x D*) = Z, so that periodicity does fail for closed manifolds.
This suggests that there may be “unidentified manifolds” that yield a fully
periodic theory of manifolds.

Quinn’s work on the resolution problem shows that the local index that
obstructs the existence of resolutions and the Z-factor that prevents peri-
odicity from holding for closed manifolds have the same geometric nature,
a fact to our knowledge first observed by Cappell. This indicates that the
non-resolvable homology manifolds in the recognition problem are the same
as the missing manifolds in Siebenmann periodicity, and creates an inter-
esting link between the classification theory of manifolds and the resolution
conjecture.

6. CLASSIFICATION OF ENR HOMOLOGY MANIFOLDS

The first examples of nonresolvable ENR homology manifolds were pro-
duced in 1992 by Bryant, Ferry, Mio and Weinberger using techniques of
controlled topology [9]. In this section, we outline the construction of exam-
ples modeled on simply-connected PL manifolds, where the central ideas
are already present. For a more general discussion, we refer the reader to
[10].

Theorem 6.1 (BFMW). Let M™ be a simply-connected closed PL man-
ifold, n > 6. Given o € 8Z + 1, there exists a closed ENR homology
n-manifold X homotopy equivalent to M such that I(X) = o.

Variants of the methods employed in the construction yield an s-cobor-
dism classification of ENR homology n-manifolds within a fixed simple
homotopy type and an identification of the (simple) types realized by closed
homology manifolds of dimension > 6 in terms of Ranicki’s total surgery
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obstruction [47]. We only state the classification theorem [10, 11], whose
proof requires relative versions of the arguments to be presented.

Definition 6.2. Let M™ be a compact manifold. A homology manifold
structure on M is a simple homotopy equivalence f: (X,0X) — (M,0M),
where X is an ENR homology n-manifold with the DDP and f restricts to
a homeomorphism on the boundary. The homology structure set ¥ (M)
of M is the set of all s-cobordism classes of homology manifold structures
on M.

Remark . We consider s-cobordism classes of structures since the validity
of the s-cobordism theorem in this category is still an open problem.

Since a structure f: X — M restricts to a homeomorphism on the
boundary, if OM # () we have that 0X is a manifold. Adding a collar
0X x I to X gives a homology manifold Y containing manifold points.
Since Quinn’s index is local, I(X) = I(Y) = 1 and X is a manifold. By the
manifold s-cobordism theorem, $# (M) = §(M), so that 87 (M) consists
entirely of manifold structures if M # (.

Theorem 6.3 (BFMW). If M™ is a closed manifold, n > 6, there is an
exact sequence

. n+1(M,L) — Ln+1(Z7T1(M)) —
SH(M) — H,(M;L) 3 L, (Zr (M),

where L; is the ith Wall surgery obstruction group of the group mi (M),
L is the simply-connected periodic surgery spectrum, and A denotes the
assembly map.

This classification implies that homology manifold structures produce a
fully periodic manifold theory.

Corollary 6.4. The Siebenmann periodicity map o: S (M) — $H (M x
D*%) is an isomorphism, if M™ is a compact manifold, n > 6.

Sketch of the proof of Theorem 6.1. We perform a sequence of cut-paste
constructions on the manifold M to obtain a sequence {X;} of Poincaré
complexes that converges (in a large euclidean space) to an ENR homology
manifold X with the required properties. There are two properties of the
sequence that must be carefully monitored during the construction:

(i) Controlled Poincaré duality.

As pointed out earlier, homology manifolds satisfy a local form of Poinca-
ré duality. Therefore, the approximating complexes are constructed so that
X;, 1> 2, are Poincaré complexes with ever finer control over X;_;.

(ii) Convergence.
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We need the limit space X to inherit the fine Poincaré duality and the
local contractibility of the complexes X;. This is achieved by connecting
successive stages of the construction via maps p;: X;4+1 — X; which are
fine homotopy equivalences over X;_ 1.

If the maps p;: X;41 — X; are fine equivalences, they are, in particular,
finely 2-connected. Control improvement theorems imply that once enough
control has been obtained at the fundamental group level, arbitrarily fine
control can be achieved under a small deformation [1, 25]. Hence, through-
out the construction we require that all maps be UV'! (see Definition 3.3) so
that the construction of controlled homotopy equivalences can be reduced
to homological estimates via appropriate forms of the Hurewicz theorem
[43].

Constructing X1. Gluing manifolds by a homotopy equivalence of their
boundaries, we obtain Poincaré spaces. We use a controlled version of this
procedure to construct e-Poincaré spaces. Let C; be a regular neighbor-
hood of the 2-skeleton of a triangulation of M, D; be the closure of the
complement of C7 in M, and Ny = 9C}.

FIGURE 6.1

If the triangulation is fine enough, there is a small deformation of the
inclusion Ny «— M to a UV! map ¢: N; — M. A controlled analogue
of Wall’s realization theorem (Theorem 5.8 of [53]) applied to the control
map ¢q: N7 — M gives a degree-one normal map F,: (V, N1, N{) — (N7 X
I, N7 x {0}, N1 x {1}) satisfying:

(a) F,ln, =1d.
(b) fo = Fo|n; is a fine homotopy equivalence over M.
(¢) The controlled surgery obstruction of F, rel 9 over M is o € H,,(M;L).

Since the image of o under the surgery forget-control map H, (M;L) —
L, (e) is trivial, doing surgery on V we can assume that V = Ny x I, and
in particular that Ny = N;. Using f,: N; — Nj as gluing map, form the
complex X; = D; Uy, C; as indicated in Figure 6.2.
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FIGURE 6.2

Here, Cy, is the mapping cylinder of f,. The construction of X; allows
us to extend the control map q: Ny — M to a UV homotopy equivalence
po: X1 — M such that the restrictions of pg to C7 and Dy are close to the
respective inclusions. In a large euclidean space R”, gently perturb pg to
an embedding. This defines a metric on X; and completes the first stage
of the construction. Notice that the control on the Poincaré duality of X,
over M is only constrained by the magnitude of the controlled equivalence
fo: N1 — Ny, which can be chosen to be arbitrarily fine.

Constructing X,. Starting with a UV homotopy equivalence M — X, we
perform a similar cut-paste construction on M along the boundary Ns of
a regular neighborhood Cs of the 2-skeleton of a much finer triangulation
of M. As in the construction of pg: X; — M, we obtain a UV homotopy
equivalence p}: X} — X;. The difference in this step is that we modify
P} to a fine equivalence over M, with a view toward fast convergence. By
construction, the controlled surgery obstruction of p}] with respect to the
control map po: X3 — M is zero. Surgery on X} can be done as in the
manifold case, by moving spheres off of the 2-dimensional spine of Cy and
pushing them away from the singular set under small deformations. This
gives a fine UV! homotopy equivalence p;: Xo — X; over M. Control on
p1 is only limited by the Poincaré duality of X; over M, since X5 can be
constructed to be a much finer Poincaré space than X;.

Mildly perturb p;: X2 — X7 to an embedding of X5 into a small regular
neighborhood V; of X; C RL. By the thin h-cobordism theorem [43], we
can assume that the region between V; and a small regular neighborhood
V5 of X5 in Vi admits a fine product structure over M.

Va

FIGURE 6.3
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Iterating the construction, we obtain fine homotopy equivalences p;: X; 11
— X; over X;_1. The control on p;;; depends only on the Poincaré duality
of X; over X;_; which can be chosen to be so fine that the region between
small regular neighborhoods V; and V;4; of X; and X, 1, respectively, ad-
mits a controlled product structure over X;_ ;. As before, the Poincaré
duality of X;;; over X; can be assumed to be as fine as necessary in the
next stage of the construction.

Let X = _Ori Vi be the intersection of the nested sequence V; of regu-
=

lar neighborhoods of X;. Concatenating the product structures on V; ~\
int (Viy1), i > 1, gives a deformation retraction p: V3 — X, provided that
the product structures are sufficiently fine. This shows that X is an ENR.
The map p actually defines a mapping cylinder structure on the neighbor-
hood V7 of X.

In order to show that X is a homology manifold, we first reinterpret
controlled Poincaré duality in terms of lifting properties, via a controlled
analogue of Spivak’s thesis [51]. Let p = p|av, : V1 — X, and let p;: OV; —
X; denote the restriction of the regular neighborhood projection V; — X;
to dV;. Proposition 4.5 of [10] implies that given § > 0, p; has the §-
homotopy lifting property, provided that i is large enough. Hence, the
projection 0V} — X; obtained from the product structure connecting 9V}
to dV; also has the §-homotopy lifting property, for ¢ large enough. Since
the homotopy equivalences X; — X become finer as i — oo, it follows that
p: 0Vi — X has the e-homotopy lifting property, for every € > 0, i.e., pisa
manifold approximate fibration over X. This implies that X is a homology
manifold [22].

The approximate homology manifolds X; were constructed to carry
the resolution obstruction o, in the sense that there is a normal map
¢i: M — X; with controlled surgery obstruction o € H,(X;_1;L). Since
the sequence {X;} converges to X, a change of control space argument
implies that I(X) = o. This concludes the construction. O

7. CONCLUDING REMARKS

The existence of nonresolvable ENR homology manifolds raises numer-
ous questions about the geometric topology of these spaces. In [10], we
summarized several of these questions in a conjecture.

Conjecture (BFMW). There exist spaces R%, k € Z, such that every
connected DDP homology n-manifold X with local index I(X) = 8k + 1,
n > 5, s locally homeomorphic to R‘,ﬁ, x R"=4. ENR homology n-manifolds
with the DDP are topologically homogeneous, the s-cobordism theorem holds
for these spaces, and structures on closed DDP homology manifolds X™ are
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classified (up to homeomorphisms) by a surgery exact sequence
= Hp1 (X51L) — Ly (Zmy (X)) —
§H(X) — H,(X;L) — L,(Zm (X)).

Remark . This exact sequence has been established in [10] up to s-cobor-
disms of homology manifolds.

Recall that a topological space X is homogeneous if for any pair of points
a,b € X, there is a homeomorphism h: X — X such that h(a) = b. The
topological homogeneity of DDP homology manifolds seems to be a problem
of fundamental importance. A positive solution would strongly support the
contention that DDP homology manifolds form the natural class in which
to develop manifold theory in higher dimensions and would also settle the
long standing question “Are homogeneous ENRs manifolds?”, proposed by
Bing and Borsuk in [5].

The validity of Edward’s CE-approximation theorem in this class of
spaces is a recurring theme in the study of the topology of homology man-
ifolds. Can a cell-like map f: X — Y of DDP homology n-manifolds,
n > 5, be approximated by homeomorphisms? Homogeneity and many
other questions can be reduced to (variants of) this approximation prob-
lem.

Homology manifolds are also related to important rigidity questions. For
example, the existence of a nonresolvable closed aspherical ENR homology
n-manifold X, n > 5, would imply that either the integral Novikov conjec-
ture or the Poincaré duality group conjecture are false for the group m (X).
Indeed, if the assembly map

A: Ho(X;L) —— L. (Zm (X))

is an isomorphism, the homology-manifold structure set §(X) contains a
single element. Therefore, if M is a closed manifold homotopy equivalent to
X, then X is s-cobordant to M. This implies that I(X) = 1, contradicting
the assumption that X is not resolvable. Hence, 7 (X) would be a Poincaré
duality group which is not the fundamental group of any closed aspherical
manifold [27].

Can a map of DDP homology manifolds be made transverse to a codi-
mension g tamely embedded homology manifold? In her thesis, Johnston
established map transversality (up to s-cobordisms) in the case the homol-
ogy submanifolds have bundle neighborhoods [32] (see also [33]). Although
the existence of such neighborhoods is, in general, obstructed (since indices
satisfy a product formula), it seems plausible that there exist an appropri-
ate notion of normal structure for these subobjects that yield general map
transversality. When the ambient spaces are topological manifolds, g > 3,
and the homology submanifolds have dimension > 5, mapping cylinders
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of spherical manifold approximate fibrations appear to provide the right
structures [43]. This is consistent with the fact that, for manifolds, Marin’s
topological transversality is equivalent to the neighborhood transversality
of Rourke and Sanderson [39]. In [12], approximate fibrations are used
to extend to homology manifolds the classification of tame codimension
g manifold neighborhoods of topological manifolds, ¢ > 3, obtained by
Rourke and Sanderson [48]. This classification is used to prove various
embedding theorems in codimensions > 3.

Smith theory [50] and the work of Cappell and Weinberger on propaga-
tion of group actions [19] indicate that nonstandard homology manifolds
may occur as fixed sets of semifree periodic dynamical systems on mani-
folds. Homology manifolds also arise as limits of sequences of riemannian
manifolds in Gromov-Hausdorff space [30]. Results of Bestvina [2] show
that boundaries of Poincaré duality groups are homology manifolds, fur-
ther suggesting that exotic ENR homology manifolds may become natural
geometric models for various phenomena.

Acknowledgements. 1 wish to thank Andrew Ranicki for many comments
and suggestions, and John Bryant for numerous discussions during several
years of collaboration.
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A survey of applications of surgery to knot
and link theory

Jerome Levine and Kent E. Orr

1. INTRODUCTION

Knot and link theory studies how one manifold embeds in another.
Given a manifold embedding, one can alter that embedding in a neigh-
borhood of a point by removing this neighborhood and replacing it with
an embedded disk pair. In this way traditional knot theory, the study of
embeddings of spheres in spheres, impacts the general manifold embedding
problem. In dimension one, the manifold embedding problem is knot and
link theory.

This article attempts a rapid survey of the role of surgery in the devel-
opment of knot and link theory. Surgery is one of the most powerful tools
in dealing with the question “To what extent are manifolds (or manifold
embeddings) uniquely determined by their homotopy type?” As we shall
see, roughly speaking, knots and links are determined by their homotopy
type (more precisely, Poincaré embedding type) in codimension > 3 and
are much more complicated in codimension two. We proceed, largely, from
an historical perspective, presenting most of seminal early results in the
language and techniques in which they were first discovered. These results
in knot theory are among the most significant early applications of surgery
theory and contributed to its development. We will emphasize knotted and
linked spheres, providing only a brief discussion of more general codimen-
sion two embedding questions. In particular, the theory of codimension
two embedding, from the standpoint of classifying within a Poincaré em-
bedding type, deserves a long overdue survey paper. The present paper will
not fill this void in the literature. Cappell and Shaneson give an excellent
introduction to this subject in [CS78].

By no means is this survey comprehensive, and we apologize in advance
for the omission of many areas where considerable and important work has
been done. For example, we will omit the extensive subject of equivariant
knot theory. We will also not include any discussion of the techniques of
Dehn surgery that have proven so valuable in the study of three manifolds
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and classical knots. Furthermore, we will not touch on the related sub-
ject of immersion theory, and barely mention singularity theory. We urge
the reader to consult one of the many excellent surveys which have cov-
ered the early (before 1977) development of codimension two knot theory
in more depth. The articles by Cameron Gordon [Gor77] and Kervaire-
Weber [KW77] on, respectively, low-dimensional and high-dimensional knot
theory are excellent. A detailed discussion of surgery and embedding the-
ory can be found in Ranicki’s books, [Ran81], [Ran98]. On the other hand,
we are not aware of any previously existing comprehensive survey of recent
developments in link theory.

2. CODIMENSION > 2

Perhaps the first use of surgery techniques in knot theory was in the
work of Andre Haefliger. In 1961 Haefliger [Hae61] proved a basic theo-
rem which showed that, for appropriately highly connected manifolds, the
isotopy classification of embeddings coincided with the homotopy classifi-
cation of maps, as long as one was in the metastable range of dimensions.
More specifically Haefliger showed that if M is a compact manifold, then
any g-connected map f : M™ — V™ (where superscripts denote dimen-
sion) is homotopic to an embedding, if m > 2n — ¢, and any two homotopic
g-connected maps M"™ — V™ are isotopic if m > 2n — ¢q. This theorem
required, also, the restriction 2m > 3(n + 1) and 2m > 3(n + 1), respec-
tively. In particular, any homotopy n-sphere embeds in S™ and any two
such embeddings are homotopic as long as 2m > 3(n + 1).

His proof proceeded by examining the singular set of a smooth map
and eliminating it by handle manipulations — a generalization of Whit-
ney’s method for n-manifolds in 2n-space. Meanwhile Zeeman in the PL-
category, and Stallings in the topological category, had shown, using the
technique of engulfing, that there were no non-trivial knots as long as
m > n + 2 [Zee60] [Sta63].

Haefliger, in a seminal paper [Hae62], showed that when m = %(n +1),
the analogous smooth result was already false. Here was the first real use
of surgery to study embedding problems. In this paper Haefliger developed
the technique of ambient surgery, i.e. surgery on embedded manifolds, and
used this technique to give a classification of knotted (4k — 1)-spheres in
6k-space (which was, shortly after, extended to a classification of (2k — 1)-
spheres in 3k-space). He first observed that the set ©™F of h-cobordism
classes of embedded homotopy n-spheres in (n + k)-space was an abelian
group under connected sum (by results of Smale, h-cobordism and isotopy
are synonymous if k¥ > 2 and n > 4). He then showed that @*~1.2k+1 =~ 7
by constructing an invariant in the following manner.

If K4 ~1 C §% is a smooth knot, then choose a framed properly embed-
ded submanifold N C D! bounded by K. A 2k-cocycle of N is defined
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by considering the linking number of any 2k-cycle of N with a translate of
N in DS**+1  The square of this cocycle is the desired invariant. It turned
out to be the complete obstruction to ambiently “surgering” N to a disk .
A similar argument showed that @4*+1.2k+2 = 7,

In 1964 Levine [Lev65a] used the methods of Kervaire-Milnor’s ground-
breaking work [KM63] on the classification of homotopy-spheres, together
with Haefliger’s ambient surgery techniques, to produce a non-stable version
of the Kervaire-Milnor exact sequences for k > 2 and n > 4:

- — T41(Gh, SO) = Payr % ™% Lo (Gi, SOR) 5 Py — -+ .

Here P, is defined to be Z, if n = 0 (mod 4), Zy if n =2 (mod 4), and 0
if n is odd. Gy, is the space of maps S¥~1 — S¥=1 of degree 1. The map d is
defined as follows. Choose a proper embedding N"*1 C D"+k+1 where N
is some framed manifold with spherical boundary and signature or Kervaire
invariant a given element a € P,y;. Then d(a) is defined to be the knot
ON C S™t* and is independent of the choice of N. If K C S™t* then
7([K]) is defined from the homotopy class of the inclusion 9T C S" T+ — K ~
SF=1 where T is a tubular neighborhood of K. This sequence essentially
reduced the classification of knots in codimension > 2 to the computation
of some homotopy groups of spheres and the relevant J-homomorphisms,
modulo some important group extension problems including the infamous
Kervaire invariant conjecture.

Shortly after this, Haefliger [Hae66a] produced an alternative classifica-
tion of knots using triad homotopy groups. He considered the group C™*
of h-cobordism classes of embeddings of S™ in S™**. The relation between
C™* and ©™F is embodied in an exact sequence due to Kervaire:

7] _
N ®n+1 N Cn,k N (_)n,k N @n 9 Cn 1,k e,

Here ©™ denotes the group of h-cobordism classes of homotopy n-spheres,
and 0 is defined by associating to any ¥ € ©" its gluing map h, defined by
the formula ¥ = D™ U;, D", and then considering the embedding

Snfl g Snfl C S’I’L‘kal

Haefliger showed that C™F = 7, 1 (G; Gy, SO), where G = limg_. G4 and
SO = limy_, SOy.

All of these results are interconnected by a “braided” collection of exact
sequences (see [Hae66a)).

In [Hae66b] Haefliger applied these techniques to the classification of
links in codimension > 2 and the result was another collection of exact
sequences which reduced the classification of links to the classification of
the knot components and more homotopy theory. For any collection of
positive integers p1,- - - p,, m, where m > p; + 2, the set of h-cobordism
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classes of disjoint embeddings SP* 4 --- 4+ SP~ C S™ forms an abelian
group under component-wise connected sum. It contains, as a summand,
the direct sum @, CP#""™Pi, representing the split links. The remaining
summand Lj" was shown by Haefliger to lie in an exact sequence:

@ A = Bl S LY — AR S B

where p stands for the sequence pi,---p,. The terms AJ' and By are
made up from homotopy groups of spheres and W is defined by Whitehead
products.

After the development of the surgery sequence of Browder, Novikov, Sul-
livan and Wall [Wal70] these earlier knot and link classification results were
given a more concise treatment in [Hab86]. In fact the methods of Browder
and Novikov had already been extended to give a surgery-theoretic classi-
fication of embeddings of a simply-connected manifold in another simply-
connected manifold. A general classification of embeddings in the meta-
stable range, using the homotopy theory of the Thom space of the normal
bundle was given by Levine in [Lev63]. For any closed simply-connected
manifold M™ and vector bundle ¢* over M, with n < 2k — 3, which is sta-
bly isomorphic to the stable normal bundle of M, there is a one-one corre-
spondence (with some possible exceptions related to the Kervaire invariant
problem) between the set of h-cobordism classes of embeddings of M into
S7+F and normal bundle ¢ and the set h™!(w), where w € H,,(T(§)) = Z
and h: 7,41 (T(§)) = Hpyr(T(€)) is the Hurewicz homomorphism. Here,
T(&) is the Thom space of £. Browder, in [Bro66], gives a classification
of smooth simply connected embeddings in codimension > 2 in terms of
a homotopy-theoretic model of the complement. Here the fundamental
notion of a Poincaré embedding first appeared, and was later refined by
Levitt [Lev68] and Wall [Wal70].

A Poincaré embedding of manifolds X in Y is a spherical fibration £ over
X, a Poincaré pair (C, B), a homotopy equivalence of B with the total space
S(&) of ¢, and of Y with the union along B of C' and the mapping cylinder of
the map S(§) — X. C is a homotopy theoretic model for the complement of
the embedding. A theorem of Browder (extended by Wall to the non-simply
connected case) says that if if X is an m manifold and Y is an n manifold,
and n—m > 3 then a (locally flat) topological or PL embedding determines
a unique Poincaré embedding and a Poincaré embedding corresponds to a
unique locally flat PL or topological embedding (See, for instance, [Wal70].)
For smooth embeddings one must first specify a linear reduction for £ as
well. This extended an earlier result of Browder, Casson, Haefliger and Wall
that said that any homotopy equivalence M™ — V"%4 of PL-manifolds is
homotopic to an embedding if ¢ > 3. (The more general result has been
sometimes referred to as the Browder, Casson, Haefliger, Sullivan, Wall
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theorem.) A broad extension of this result to stratified spaces can be found
in [Wei94].

3. KNOT THEORY IN CODIMENSION TWO

3.1. Unknotting. One of the earliest applications of surgery to codimen-
sion two knot theory was the unknotting theorem of Levine [Lev65b] which
states that a smooth or piecewise-linearly embedded homotopy n-sphere
K C S"*2 for n > 2, is smoothly isotopic to the standard embedding
S™ C S"™*+2 if and only if the complement S™*2? — K is homotopy equivalent
to the circle. Earlier Stallings had established that topological locally flat
codimension 2 knots, of dimension > 2, whose complements have the ho-
motopy type of a circle, are unknotted [Sta63]. His proof used the method
of engulfing. Levine’s proof of this fact (in dimensions > 4, extended by
Wall [Wal65] to n = 3) in the smooth or piecewise-linear category pro-
ceeded by showing that one could do ambient surgery on a Seifert surface
of the knot to convert it to a disk.

These surgery techniques were later used by Levine, in [Lev70], to give a
classification of simple odd-dimensional knots of dimension > 1—i.e. knots
whose complements are homotopy equivalent to that of the trivial knot
below the middle dimension— in terms of the Seifert matriz of the knot.
The Seifert matrix of a knot K27~ C §2"*! is a representative matrix of
the Seifert pairing which is defined as follows. Choose any (n—1)-connected
Seifert surface for K, i.e. a submanifold M?" C $?"*! whose boundary is
K. The existence of such M is equivalent to K being simple. The Seifert
pairing associated to M is a bilinear pairing o : H,(M) ® H,(M) — Z.
If a, 8 € H, (M) choose representative cycles z,w, respectively and define
o(a, ) = Lk(Z',w), where £k denotes linking number and 2’ is a translate
of z off M in the positive normal direction. Different choices of M give
different Seifert matrices but any two are related by a sequence of simple
moves called S-equivalence. The classification of simple knots is then given
by the S-equivalence class of its Seifert matrix.

Classification of simple even-dimensional knots was achieved, in special
cases, by Kearton [Kea76] and Kojima [Koj79] and, in full generality, by
Farber in [Far80]. The classification scheme here is considerably more com-
plex than in the odd-dimensional case. For a simple knot K?" C §2n+2
let X = §2"*2 _ K and X denote the infinite cyclic cover of X. Then
the invariants which classify, in Farber’s formulation, are: the Z[t,t -
modules A = H,(X),B = 7r§+2()z') (the stable homotopy group), the map
o : A® Zs — B, defined by composition with the non-zero element of
Tn42(S™), and two pairings I : T(A) @ T(A) — Q/Z (T (A) is the Z-torsion
submodule of A) and ¢ : B®z B — Z,4 which are defined from Poincaré
duality.
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This result is, in fact, a consequence of a more general result of Far-
ber’s [Far84] which gives a homotopy-theoretic classification of stable knots,
i.e. knots K™ C S"*2 whose complements are homotopy equivalent to that
of the trivial knot below dimension (n + 3)/3. The classification is via
the stable homotopy type of a Seifert surface M together with a prod-
uct structure u: M A M — S™tL, representing the intersection pairing,
and a map z: XM — XM (XM is the suspension of M) representing the
Seifert pairing, i.e. translation into the complement of M in S"*2 com-
bined with Alexander duality. In a somewhat different direction, Lashof-
Shaneson [LS69], used the surgery theory of Wall [Wal70] to show that the
isotopy class of a knot is determined by the homotopy type of its comple-
mentary pair (X,0X), where X is the complement of the knot, as long as
1 (X) =7Z.

A specific problem which received some attention was the question of
how well the complement of a knot determined the knot (we restrict our-
selves to knots of dimension > 1). Gluck [Glu67] showed that there could be
at most two knots with the same complement in dimension 2. Later Brow-
der [Bro67] obtained this result in all dimensions > 5. Lashof and Shaneson
extended this to the remaining high dimensional cases, n = 3,4 [LS69]. It
followed from Farber’s classification that stable knots were determined by
their complement, but Gordon [Gor76], Cappell-Shaneson [CS76b] and Su-
ciu [Suc92] constructed examples of knots which were not determined by
their complements. These examples all had non-abelian fundamental group
and it remains a popular open conjecture that, when m; (complement) = Z,
the knot is determined by its complement.

3.2. Knot invariants. Surgery methods were also used to describe the
various algebraic invariants associated to knots. For example in [Lev66]
Levine gave another proof of Seifert’s result characterizing which polyno-
mials could be the Alexander polynomial of a knot (also see [Rol75]). This
generalized Seifert’s result to a wider array of knot polynomials, defined for
higher-dimensional knots as the Fitting invariants of the homology Z[t, t ~]-
modules of the canonical infinite cyclic covering of the complement of the
knot. In [Ker65a] Kervaire gave a complete and simple characterization
of which groups 7 could be the fundamental group of the complement of
a knot of dimension > 2. The proof used plumbing constructions to con-
struct the knot complement with the desired group, and then invoked the
Poincaré conjecture to recognize that a given manifold was a knot comple-
ment. This last idea at least partially foreshadowed the homology surgery
techniques of Cappell and Shaneson of the next decade. The conditions
Kervaire obtained were:

(i) Hi(m)=2Z
(i) Ha(r) =0
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(iii) = is normally generated by a single element
By replacing condition (ii) by the stronger condition:
(ii”) 7 has a presentation with one more generator than relators

he described a large class of groups which are the fundamental group of
the complement of some 2-dimensional knot (the process of spinning shows
that any 2-knot group is a 3-knot group). Using Poincaré duality in the
universal cover of the complement, several people found further proper-
ties of 2-knot groups which enabled them to produce examples of 3-knot
groups which were not 2-knot groups, but the problem of characterizing
2-knot groups is still open (as is, of course, 1-knot groups). See Far-
ber [Far75], Gutierrez [Gut72], Hausmann and Weinberger [HW85], Hill-
man [Hil80], Levine [Lev77b], and especially, see Hillman’s book [Hil89]
for an extensive study of this question. An old example of Fox showed
that (ii’) was not a necessary condition for 2-knot groups. In [Ker65a]
Kervaire also gave a complete characterization of the lowest non-trivial ho-
motopy group of the complement of a knot with 71 (complement) = Z, as a
Z[t,t~']-module. In [Lev77a], Levine gives a complete characterization of
the Z[t,t~!]-modules which can arise as any given homology module of the
infinite cyclic covering of a knot of dimension > 2 (except for the torsion
submodule of Hy).

3.3. Knot concordance. In codimension two, the relation of h-cobordism
(more often called concordance today) is definitely weaker than isotopy and
so the group ©™2, known as the knot concordance group, measures this
weaker relation. Its computation required drastically different techniques.

The application of surgery techniques in this context was begun by Ker-
vaire. In [Ker65b] he showed that all even-dimensional knots were slice.
In [Lev69b| Levine gave an algebraic determination of the odd-dimensional
knot concordance group in dimensions > 1 in terms of the algebraic cobor-
dism classes of Seifert matrices. Two Seifert matrices A, B are cobordant if
the block sum A& (—B) is congruent to a matrix of the form ({ % ), where
X,Y,Z and the zero matrix 0 are all square. It was then shown [Lev69a],
using results of Milnor [Mil69], that the knot concordance group is a sum
of an infinite number of Z,Z/2 and Z/4 summands. More detailed infor-
mation on the structure of this group was obtained by Stoltzfus in [Sto77].

In summation, knot concordance is now reasonably well-understood in
dimensions > 1; the (smooth and PL) knot concordance group is periodic
of period 4 (except it is a subgroup of index 2 for 3-dimensional knots). The
topological knot concordance group preserves this periodicity at dimension
3 and is otherwise the same as the smooth and PL groups (see [CST3]).

3.4. Homology surgery. In [CS74], Cappell and Shaneson attacked the
problem of classifying codimension two embeddings within a fixed h-Poin-
caré embedding type. (See [CST78] for a precise definition of an h-Poincaré
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embedding.) Here, the key idea was to interpret codimension two embed-
ding problems as problems in the classification of spaces up to homology
type. The motivating example should illustrate this well.

By the high-dimensional Poincaré conjecture, a manifold with bound-
ary S™ x S' is the complement of a knot if and only if it is a homology
circle and the fundamental group is normally generated by a single ele-
ment (the meridian.) Thus, the classification of knot complements is the
classification of homology circles, a calculation carried out in [CS74]. (In
contrast, Levine’s unknotting theorem tells us that only the trivial knot has
the homotopy type of S'.) Similarly, a homology cobordism between knot
complements (again with extra m condition) extends, by the h-cobordism
theorem, to a concordance of knots. Hence the classification of knot concor-
dance reduces to computing the structure group of homology S* x D',
A general discussion tying together the various surgery theoretic tools for
codimension two placement, known as of 1981, can be found in [Ran81].

Cappell and Shaneson’s applications of these techniques were quite rich.
For example they showed that concordance classes of embeddings of a
simply-connected manifold in a codimension two tubular neighborhood of
itself were in one-one correspondence with the knot concordance group of
the same dimension and this bijection was produced by adding local knots
to the 0-section embedding. (See Matsumoto [Mat73] for related results.)
This allowed for a geometric interpretation of the periodicity of knot con-
cordance from a more natural surgery theoretic point of view [CS74], than
those given via tensoring knots [KN77], or groups actions [Bre73]. In turn,
as an example of how knot theory fertilizes the more general subject of
manifold theory, knot theoretic ideas (in particular, branched fibrations)
provided a geometric description of Siebenmann periodicity [CW87].

Cappell and Shaneson applied their homology surgery techniques to the
study of singularities of codimension two PL-embeddings (i.e. non-locally
flat embeddings) in [CS76a] and gave definitive results on the existence of
such embeddings as well as an obstruction theory for removing the singu-
larities. A codimension two PL locally flat embedding has a trivial tubular
neighborhood. Thus one might hope to study non-locally flat embeddings
with isolated singularities via the knot types of the links of the singulari-
ties. Indeed, they showed that the classifying space of oriented codimension
two thickenings has the knot concordance groups as its homotopy groups.
More recently, Cappell and Shaneson studied non-isolated singularities by
observing that, with appropriate perversity, the link of a singularity looks
like a knot to intersection homology [CS91].

Cappell and Shaneson prove that for closed oriented odd dimensional PL
manifolds M™ and W"*2, with n > 3, amap f : M — W is homotopic to a
(in general, non-locally flat) PL embedding if and only if f is the underlying
map of an h-Poincaré embedding. This is often false in even dimensions,
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but still holds if W is simply connected. In fact, they show the existence
of even dimensional spineless manifolds, i.e., manifolds W"*2? with the
homotopy type of an n manifold and such that W contains no codimension
two embedded submanifold within its homotopy type. See [CS78] for an
extensive discussion of these and other results and the techniques used to
derive them.

3.5. Four-dimensional surgery and classical knot concordance. For
the case of classical one-dimensional knots it was clear that the classifica-
tion scheme of Kervaire and Levine must fail but it took some time before
it was actually proved by Casson and Gordon [CGT6], in a paper that
is among the deepest in the literature of knot theory. All the higher-
dimensional knot concordance invariants are invariants of knotted circles
as well, and knots for which these invariants vanish are often called alge-
braically slice. Casson and Gordon defined secondary slicing obstructions
using signatures associated to metabelian coverings of the knot comple-
ment, and gave explicit examples of very simple one-dimensional knots
that were algebraically slice but not (even topologically) slice. These re-
main among the most obscure invariants in geometric topology, and very
little progress has been made in understanding them. Several papers of
interest include Gilmer [Gil83], and Letsche [Let95] for traditional Casson
Gordon invariants, and results of Cappell and Ruberman [CR88|, Gilmer-
Livingston [GL92], Ruberman [Rub83], and Smolinsky [Smo86] that inves-
tigate the use of Casson Gordon invariants to study doubly slice knots in
the classical and higher dimensional context.

The knot slice problem seeks to classify the structure set of homology
circles, and it seems natural to suppose that the Casson-Gordon invariants
manifest the existence of secondary four-dimensional homology surgery in-
variants. Freedman’s work suggests that any secondary obstructions to
topological surgery obstruct building Casson handles. It is a central ques-
tion to relate these ideas, and see what role Casson-Gordon invariants play
in the general problem of computing homology structure groups in dimen-
sion four, and in creating Casson handles in general.

In a remarkable application of Freedman’s topological surgery machine,
Freedman has shown that a classical knot is slice with a slicing comple-
ment with fundamental group Z (called Z-slice) if and only if the Alexan-
der module of the knot vanishes [Fre82]. (Donaldson’s work implies not
all of these knots are smoothly slice, giving counterexamples to the topo-
logical ribbon slice problem! Freedman’s work predicts that an analogous
class of links, called good boundary links, are slice. However, such links
have free (or nearly so) fundamental groups, and it is still an open ques-
tion whether topological surgery works for such groups. In fact, Casson
and Freedman showed that good boundary links are slice if and only if
every four-dimensional normal map with vanishing surgery obstruction is
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normally cobordant to a homotopy equivalence [CF84]. The Whitehead
double of any link, with pairwise vanishing linking numbers zero, is a good
boundary link, and the slicing problem for the Whitehead double of the
Borromean rings may be the archetypal example on which this problem’s
solution rests. A discussion of these and other connections between the
four-dimensional topological surgery conjecture and the link slice problem
can be found in [FQ90].

Among the most important open problems that surgery theory gives
hope of answering is the ribbon-slice problem. It is conjectured that a knot
is ribbon if and only if it is smoothly slice. In the topological category,
one seeks to determine if a knot is slice if and only if it is homotopy rib-
bon. A knot is homotopy ribbon if it is slice by a locally flat, topologically
embedded two disk where the inclusion of the complement of the knot to
the complement of the slicing disk induces an epimorphism on fundamen-
tal group. The Casson-Gordon invariants give potential obstructions to
this, as they may detect the failure of this map to induce an epimorphism
of fundamental groups. A more complete theory of topological homology
surgery in dimension 4 would give deeper invariants, and possibly real-
ization techniques for solving the homotopy ribbon-slice problem. For in-
stance, reducing the classification of classical knot concordance to the four
dimensional topological surgery conjecture might reduce this problem to a
surgery group computation.

4. LINK CONCORDANCE

4.1. Boundary links. Following success in the classification of knot con-
cordance in high dimensions, attention focused on classifying links up to
concordance. The knot concordance classification theorems made explicit
use of the Seifert surface for the knot. The existence of this Seifert sur-
face meant that S! split from the knot complement. A link for which the
components bound pairwise disjoint Seifert surfaces is called a boundary
link. A boundary link complement splits a wedge of circles. It is natural
to suspect that concordance of boundary links might be computable using
similar techniques to those used to classify knots. In fact, the trivial link
gives a nice Poincaré embedding and the classification of concordance of
boundary links is, roughly, the classification of homology structures on the
trivial link complement.

The arguments of Kervaire used to slice even-dimensional knots were eas-
ily seen to slice even-dimensional boundary links as well. Cappell-Shaneson
applied their homology surgery machinery to calculate the boundary con-
cordance group of boundary links of dimension > 1 [CS80], where bound-
ary link concordance is the natural notion of concordance for boundary
links. More precisely, the components of the concordance, together with
the Seifert surface systems for the links, are assumed to bound pairwise
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disjoint, oriented, and embedded manifolds. They prove that in all odd di-
mensions there exist infinitely many distinct concordance classes of bound-
ary links none of which contain split links. Their argument is somewhat
delicate. The homology surgery group which computes boundary concor-
dance of boundary links detects links not boundary concordant to a split
link. Further arguments were needed to show that these same links were
not concordant to split links.

Later, Ko [Ko87] and Mio [Mio87] used Seifert matrices to give an alter-
native classification of boundary link concordance of boundary links and
Duval [DuV86] obtained the classification using Blanchfield pairings. The
complete computation of these surgery groups has not been attempted to
our knowledge, and remains an interesting open problem. An isotopy clas-
sification of simple odd-dimensional (boundary) links was carried out by
Liang [Lia77].

4.2. Non-boundary links. We have seen that the classification of bound-
ary links, up to concordance, followed similar lines to the classification of
knot concordance. But the concordance classification of non-boundary links
has proven more difficult, requiring new ideas and techniques. With the
work of Cappell and Shaneson, attention naturally focused on these two
questions:

1. Are all links concordant to boundary links?
2. Is boundary link concordance the same as link concordance?

The first question has only recently been answered and the second remains
open.

Perhaps the first suggestion of how to proceed appeared in a small con-
cluding section of [CS80], where the authors anticipate and motivate many
of the techniques which continue to dominate research on link concordance.
The authors suggested that one may study general link concordance (as op-
posed to boundary link concordance) by considering limiting constructions
which serve as a way of measuring the failure of a given link to be a bound-
ary link. We elaborate further.

Boundary links are accessible to surgery techniques because there is a
terminal boundary link complement (the trivial link) to which all boundary
link complements map by a degree one map. This gives a manifold to
which all boundary link complements can be compared. Similarly, a slice
complement for the trivial link is terminal among all boundary link slice
complements. Since the fundamental group can change dramatically under
a homology equivalence (and under a concordance), no simple terminal
object exists for general links. Cappell and Shaneson suggested that a
limit of link groups might be used to construct such a terminal object for
links. This suggestion launched a flurry of research activity.



356 Jerome Levine and Kent E. Orr

The missing idea, needed to make Cappell and Shaneson’s suggestion
work, was discovered by Vogel in an unpublished manuscript, and imple-
mented in a paper of Le Dimet [Dim88]. Vogel suggested that instead of
taking the limit through link groups, one should take the limit through
spaces of the homology type one seeks to classify, thus constructing a ter-
minal object within a homology class. Homotopy theory had long studied
similar limiting constructions, i.e., Bousfield’s homology localization of a
space [Bou75|. Bousfield’s space was far too big for the study of compact
manifolds. The Vogel localization was a limit through maps of finite CW
complexes with contractible cofiber.

In [Dim88], Le Dimet uses Vogel’s idea to classify concordance classes
of disk links. A disk link is a collection of codimension two disks disjointly
embedded in a disk so that the embedding is standard on the bound-
ary [Dim88]. (We believe disk links first appeared in this paper. Links
in the 3-disk were later referred to as string links.) The inclusion of the
meridians (a wedge of circles) of a disk link into the complement is a map
of finite complexes with contractible cofiber, and thus becomes a homo-
topy equivalence after localization. Restricting a homotopy inverse to the
boundary of the disk link complement gives a map whose homotopy class is
a concordance invariant of the disk link. We will refer to this as Le Dimet’s
homotopy invariant. Le Dimet proved that m component, n-dimensional
disks links, modulo disk link concordance, form a group C,, ,, and that, for
n > 2, this group and his homotopy invariant fit into an exact sequence
involving Cappell-Shaneson homology surgery groups. In particular, Le
Dimet gives a long exact sequence as follows:

i n+1,m_) n+1_>Fn+3_)Cn,m_)Hn_>"'

Here, H,, = [#S™ x S, E(vS')] (homotopy classes of maps) is the home
of Le Dimet’s homotopy invariant. E(VS!) is the Vogel localization of a
wedge of circles, and T',, 43 is a relative homology surgery group involving
71 (E(vS!)) which acts on Cy, ..

Concordance classes of links are a quotient set of Le Dimet’s disk link
concordance group, and so the computation of this group is of fundamental
importance. Unfortunately, the Vogel localization is difficult to compute
and almost nothing is known about it. Understanding this space and its
fundamental group remains among the most central open problems in the
study of high-dimensional link concordance. For example, if this space is a
K(m, 1), then even-dimensional links are always slice.

In [CO90, CO93], Cochran and Orr gave the first examples of higher
odd-dimensional links not concordant to boundary links. Although this
work was partly motivated by Le Dimet’s work (and other sources as well)
the paper gave obstructions in terms of localized Blanchfield pairings of
knots lying in branched covers of the given link. They obtained examples
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of 2-torsion and 4-torsion, Brunnian examples (remove one component and
the link becomes trivial) as well as other interesting phenomena. They
gave similar examples for links in S3. (Here the interesting problem was
to find links with vanishing Milnor fi-invariants that are not concordant to
boundary links.) All these examples are odd-dimensional and realize non-
trivial surgery group obstructions from Le Dimet’s sequence. After their
work several alternative approaches have provided more examples. (See
Gilmer-Livingston [GL92] and Levine [Lev94]. The latter paper investi-
gates the invariance of signatures and the Atiyah-Patodi-Singer invariant
under homology cobordism.)

In [Coc87], Cochran began an investigation of homology boundary links
and concordance. Homology boundary links, like boundary links, have a
rank preserving homomorphism from their link groups to a free group.
But unlike boundary links, this homomorphism is not required to take
meridians to a generating set. (Using the Pontryagin-Thom construction
one can obtain what is called a singular Seifert surface system for this class
of links (see Smythe [Smy66]). All known examples of higher-dimensional
links not concordant to boundary links are sublinks of homology boundary
links.

Realizing Le Dimet’s homotopy obstruction is a difficult problem about
which almost nothing is known. For even-dimensional links it is the sole ob-
struction to slicing. For links in S3, Levine showed that it (or equivalently,
an invariant he defined independently — see below) vanishes if and only if
the link is concordant to a sublink of a homology boundary link [Lev89].
Shortly afterwards, Levine, Mio and Orr proved the same result for links of
higher odd dimension [LMO93]. An easy calculation shows Le Dimet’s in-
variant vanishes on even dimensional sublinks of homology boundary links
as well, implying these links are always slice! Thus, homology boundary
links provide a geometric interpretation for the vanishing of Le Dimet’s
homotopy invariant.

In [CO94], Cochran and Orr classified homology boundary links. Of
particular interest here was a new construction for creating a homology
boundary link from a boundary link and a ribbon link with a fixed normal
generating set, creating a link with prescribed properties and realizing given
surgery invariants. It seems likely that this construction can be generalized,
potentially providing examples for a wide class of related problems in knot
and link theory.

The work of Vogel and Le Dimet was not unprecedented. In [Coc84],
Cochran employed Cappell and Shaneson’s suggestion of taking a limit
through link groups to classify links of two spheres in S*. He used the
observation that link groups had the homology type of link complements
through half the dimensions of the link complement for links in S*. In fact,
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Le Dimet’s homotopy invariant followed a flurry of mathematical activity
in the study of homotopy theoretic invariants of link concordance.

Prior to 1980, Milnor’s i-invariants for classical links (equivalently, Mas-
sey products) were the only known homotopy theoretic obstructions to
slicing a link. They remain among the deepest and most important invari-
ants of knot theory and play an important role in the study of topological
surgery in dimension four [FQ90]. In [Sat84], Sato (and Levine, indepen-
dently) introduced a concordance invariant for higher-dimensional links
that generalized the ji-invariant, [i1212, which detects the Whitehead link
in dimension one. These invariants were greatly extended using geometric
techniques by Cochran [Coc85, Coc90], and homotopy-theoretic techniques
by Orr [Orr87, Orr89]. But the only invariant among these that was not
later shown to vanish, or to be roughly equivalent to Milnor’s invariants
was a single invariant from [Orr89]. This invariant remains obscure and
unrealized.

One outgrowth of this study was the formulation of a group theoretic
construction called algebraic closure by Levine in [Lev89], a smaller version
of the nilpotent completion. This work provides a combinatorial description
of the fundamental group of a Vogel local space, and has proven useful
both in defining new invariants, and as a tool for computing local groups.
There are two variations of this construction. For a group 7, 7 lives in the
nilpotent completion of 7 while the possibly larger group 7 is defined by
a universal property. 7 is the fundamental group of the Vogel localization
of any space with fundamental group 7. Levine used this latter algebraic
closure construction to define a new invariant for certain classical links.
First of all, the fi-invariants of Milnor can be viewed as living in F. (This
observation allows one to prove a realizability theorem for the i invariants;
one of the conditions for realizability is the vanishing of a class in Ho(F)).
One can define a slight generalization of the i invariants which are just
liftings into . Then, for (classical) links on which these invariants vanish,
a new, possibly non-trivial, concordance invariant lives in Hg(F). This
latter invariant vanishes if and only if Le Dimet’s invariant vanishes. It
was then proved in [Lev89] that this invariant vanishes if and only if the
link is concordant to a sublink of a homology-boundary link, and that
every element of Hs(F) is realized by some link. (Unfortunately we do
not know if this homology group is non-zero.) This result suggested the
higher-dimensional analogue in [LMO93].

4.3. Poincaré embeddings again. In summary, it is still unknown whe-
ther all even-dimensional links are slice and whether every higher-dimen-
sional link is concordant to a sublink of a homology boundary link. Both
of these problems would be solved by computing Le Dimet’s homotopy
invariant. But, more generally, we should ask what is the larger role of
Vogel local spaces in surgery and embedding theory?
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Implicit in Le Dimet’s work is the notion that, for codimension two
placement and the classification theory of manifolds within a homology
type, one should consider a weakened version of Poincaré embedding, where
spaces are replaced with their Vogel local counterparts. For the study of
high-codimension embeddings all spaces considered are usually simply con-
nected, and therefore already local. For this reason, earlier results did not
need this operation of localization. This helps account for both the early
progress in high codimension, and the long delay in dealing effectively with
the codimension-two case. It is a fundamental problem to develop this the-
ory to its conclusion, and to consider the more general theory for stratified
spaces (see [Wei94].) Examples where this is used (at least implicitly) to
study general embedding theory can be found in the classification results
of Mio, for links with one codimension component [Mio92], and the torus
knotting results of Miller [Mil94].

Another problem is to derive the surgery exact sequence for this type
of classification. Normal maps with coefficients were classified in [Qui75]
and [TW79] for subrings of Q, but a general theory for the localization of
an arbitrary ring does not exist at this time.

4.4. Open problems. The following list of problems is by no means ex-
haustive, representing a small subset of difficult problems we think are
particularly interesting. They are either problems in surgery theory moti-
vated by knot theory and from whose solution knot theory should benefit,
or problems in knot theory that should be approachable through surgery
theory.

Are knots determined by their complement when 7 is Z7

Give an algebraic characterization of 2-knot groups.

Find tools for computing the algebraic closure of a group.

For the free group F, compute the homology of F and the algebraic

closure of the free group F 22 m (E(VSY)). Is F = F?

Are all even-dimensional links slice?

6. Is every odd dimensional link (with vanishing Milnor’s pi-invariants
if n = 1) concordant to a sublink of a homology boundary link? Are
all higher dimensional links sublinks of homology boundary links?

7. Is every sublink of a homology boundary link concordant to a homol-
ogy boundary link?

8. Compute the homotopy type of the Vogel localization of a wedge
of circles, and Le Dimet’s homotopy invariant. More generally, find
tools for computing the homotopy type of Vogel local spaces.

9. Find more invariants and, ultimately, compute the homology surgery

group classifying boundary link concordance. In particular, if two

boundary links are concordant, are they also boundary concordant?

W

(V21
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11.

12.
13.

14.

15.
16.
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. Find more invariants and, ultimately, compute the homology surgery
group in LeDimet’s exact sequence which classifies sublinks of homol-
ogy boundary links up to concordance.

Derive a surgery exact sequence for homology structures with coeffi-
cients. In particular, classify normal maps.

Find a complete set of invariants for classical knot concordance.

If a classical knot is topologically slice in a homology three disk, is
it topologically slice? This problem measures the possible difference
between computing concordance of classical knots, and the solution
of a homology surgery problem.

Develop a theory of homology surgery in dimension four (at least
modulo Freedman’s four dimensional topological surgery problem.)
Solve the homotopy ribbon-topological slice problem.

Relate Casson-Gordon invariants to a topological four-dimensional
homology surgery machine, and in particular, find the relation to
Casson handles.

REFERENCES

[Bou75] A. K. Bousfield. The localization of spaces with respect to homology. Topology,

14:133-150, 1975.

[Bre73] G. Bredon. Regular O(n) manifolds, suspensions of knots, and periodicity.

Bull. Am. Math. Soc., 79:87-91, 1973.

[Bro66] W. Browder. Embedding 1-connected manifolds. Bull. Am. Math. Soc.,

72:225-31, 1966.

[Bro67] W. Browder. Diffeomorphisms of 1-connected manifolds. Transactions AMS,

128:155-163, 1967.

[CF84] A. Casson and M. H. Freedman. Atomic surgery problems. AMS Contempo-

rary Math., 35:181-200, 1984.

[CG76] A. Casson and C. McA. Gordon. On slice knots in dimension three. In Proc.

Symp. Pure Math. XXXII, volume 2, pages 39-53. AMS, 1976.

[CO90] T.D. Cochran and K. E. Orr. Not all links are concordant to boundary links.

Bull. Amer. Math. Soc., 23(1), 1990.

[CO93] T.D. Cochran and K. E. Orr. Not all links are concordant to boundary links.

Annals of Math, 138:519-554, 1993.

[CO94] T.D. Cochran and K. E. Orr. Homology boundary links and Blanchfield forms:

Concordance classification and new tangle-theoretic constructions. Topology,
33:397-427, 1994.

[Coc84] T. D. Cochran. Slice links in S*. Transactions AMS, 285:389-401, 1984.
[Coc85] T. D. Cochran. Geometric invariants of link cobordism. Comment. Math.

Helv., 60:291-311, 1985.

[Coc87] T. D. Cochran. Link concordance invariants and homotopy theory. Invent.

Math., 90:635-645, 1987.

[Coc90] T. D. Cochran. Derivatives of links: Milnor’s concordance invariants and

Massey products. Memoirs AMS, 84:291-311, 1990.

[CR88] S. Cappell and D. Ruberman. Imbeddings and cobordisms of lens spaces.

Comm. Math. Helv., 63:75-88, 1988.

[CS73]  S. Cappell and J. L. Shaneson. On topological knots and knot cobordism.

Topology, 12:33-40, 1973.



A survey of surgery and knot theory 361

[CS74]
[CS76a)]
[CST76b)

[CST78]

[CS80]
[CS91]

[CW8T]

[Dim88)
[DuVse]

[Far84]
[Far75]

[Far80]
[FQ90]
[Fre82]

[Gil83]
[GL92)

[Glu67]
[GorT76]

[Gor77]

[Gut72]
[Hab86]
[Hae61]
[Hae62)
[Hae66a]

[Hae66b)

S. Cappell and J. L. Shaneson. The codimension two placement problem and
homology equivalent manifolds. Annals of Math., 99:277-348, 1974.

S. Cappell and J. L. Shaneson. Piecewise linear embeddings and their singu-
larities. Annals of Math., 103:163—228, 1976.

S. Cappell and J. L. Shaneson. There exit inequivalent knots with the same
complement. Annals of Math., 103:349-353, 1976.

S. Cappell and J. L. Shaneson. An introduction to embeddings, immersions
and singularities in codimension two. In Proc. of Symp. in Pure Math. XXXII,
volume 2, pages 129-149. AMS, 1978.

S. Cappell and J. L. Shaneson. Link cobordism. Comment. Math. Helv., 55:20—
49, 1980.

S. Cappell and J. L. Shaneson. Singular spaces, characteristic classes, and
intersection homology. Annals of Math., 134:325-374, 1991.

S. Cappell and S. Weinberger. A geometric interpretation of Siebenmann’s
periodicity phenomenon. In Proc. 1985 Georgia Topology Conference, pages
476-52. Dekker, 1987.

J. Y. Le Dimet. Cobordisme d’enlacement de disques. Bull. Soc. Math. France,
116, 1988.

J. DuVal. Forme de Blanchfield et cobordisme d’entrelacs bords. Comment.
Math. Helv., 61:617-635, 1986.

M. Farber. Knots and stable homotopy. Lecture Notes, 1060:140-150, 1884.
M. Farber. Linking coefficients and codimension two knots. Soviet Math. Dok-
lady, 16:647-650, 1975.

M. Farber. An algebraic classification of some even-dimensional spherical knots
I, II. Trans. AMS, 261:185-209, 1980.

M. H. Freedman and F. Quinn. Topology of 4-manifolds. Princeton University
Press, 1990.

M. H. Freedman. The topology of four dimensional manifolds. Jour. Diff.
Geom., 17:357-453, 1982.

P. M. Gilmer. Slice knots in S3. Quart. J. Ozford, 34(3):305-322, 1983.

P. M. Gilmer and C. Livingston. The Casson-Gordon invariants and link con-
cordance. Topology, 31:475-492, 1992.

H. Gluck. The embeddings of 2-spheres in the 4-sphere. Bull. AMS, 67:586—
589, 1967.

C. McA. Gordon. Knots in the 4-sphere. Comment. Math. Helv., 51:585-596,
1976.

C. McA. Gordon. Some aspects of classical knot theory. In Proc. Knot Theory
Conference, Plan-sur-Bex, Lecture Notes in Math. 685, pages 1-60. Springer,
1977.

M. Gutierrez. Boundary links and an unlinking theorem. Trans. AMS,
171:491-499, 1972.

N. Habegger. Knots and links in codimension greater than 2. Topology, 25:253—
260, 1986.

A. Haefliger. Plongements differentiables de variété dans variétés. Comment.
Math. Helv., 36:47-82, 1961.

A. Haefliger. Knotted (4k — 1) spheres in 6k space. Annals of Math., 75:452—
466, 1962.

A. Haefliger. Differentiable embeddings of S™ in S"t4 for ¢ > 2. Annals of
Math., 83:402-436, 1966.

A. Haefliger. Enlacements de sphére en codimension superieure a 2. Comment
Math. Helv., 41:51-72, 1966.



362
[Hil80]
[Hil89]
[HW85)
[KeaT6)
[Ker65a]
[Ker65b]
[KM63]
[KN77]
[Ko87]
[Koj79]

[KW77]

[Let95]
[Lev63]
[Lev65a]

[Lev65b]
[Lev66]

[Lev68]

[Lev69al
[Lev69b)

[Lev70]
[Lev77al
[Lev77b)
[Lev8d]
[Levod]
[Lia77]

[LMO93)

Jerome Levine and Kent E. Orr

J. A. Hillman. High-dimensional knot groups which are not 2-knot groups.
Australian Math. Soc., 21:449-462, 1980.

J. A. Hillman. 2-knots and their groups. Cambridge U. Press, 1989.

J. C. Hausmann and S. Weinberger. Charactéristiques d’Euler et groupes fon-
damentaux des variété de dimension 4. Comment. Math. Helv., 60(1):139-144,
1985.

C. Kearton. An algebraic classification of some even-dimensional knots. Topol-
ogy, 15:363-373, 1976.

M. Kervaire. Les noeuds de dimension supérieures. Bull. Soc. de France,
93:225-271, 1965.

M. Kervaire. On higher-dimensional knots. In S. Cairn, editor, Differential
and combinatorial topology, pages 105—120. Princeton Univ. Press, 1965.

M. Kervaire and J. Milnor. Groups of homotopy spheres I. Annals of Math.,
77:504-537, 1963.

L. H. Kauffman and W. D. Neumann. Products of knots, branched fibrations
and sums of singularities. Topology, 16:369-393, 1977.

K. H. Ko. Seifert matrices and boundary link cobordism. Transactions AMS,
299:657-681, 1987.

S. Kojima. Classification of simple knots and Levine pairings. Comment. Math.
Helv., 54:356-367, 1979.

M. Kervaire and C. Weber. A survey of multidimensional knots. In Proc.
Knot Theory Conf., Plans-sur-Bex, Lecture Notes in Math. 685, pages 61-134.
Springer, 1977.

C. Letsche. Fta invariants and the knot slice problem. Ph.D. thesis, Indiana
University, Bloomington, 1995.

J. Levine. On differential embeddings of simply-connected manifolds. Annals
of Math., 69:806-9, 1963.

J. Levine. A classification of differentiable knots. Annals of Math., 82:15-50,
1965.

J. Levine. Unknotting spheres in codimension two. Topology, 4:9-16, 1965.

J. Levine. Polynomial invariants of knots of codimension two. Annals of Math.,
84:537-554, 1966.

N. Levitt. On the structure of Poincaré duality spaces. Topology, 7:369—-388,
1968.

J. Levine. Invariants of knot cobordism. Invent. Math., 8:98-110, 1969.

J. Levine. Knot cobordism in codimension two. Comment. Math Helv., 44:229—
244, 1969.

J. Levine. An algebraic classification of knots some knots of codimension two.
Comment. Math. Helv., 45:185-198, 1970.

J. Levine. Knot modules 1. Trans. AMS, 229:1-50, 1977.

J. Levine. Some results on higher dimensional knot theory. In Proc. Knot The-
ory Conf., Plan-sur-Bez, Lecture Notes in Math. 685, pages 243-70. Springer,
1977.

J. Levine. Link concordance and algebraic closure of groups, II. Invent. Math.,
96:571-592, 1989.

J. Levine. Link invariants via the eta invariant. Comment. Math. Helv., 69:82—
119, 1994.

C. C. Liang. An algebraic classification of some links of codimension two. Proc.
Amer. Math. Soc., 67:147-151, 1977.

J. Levine, W. Mio, and K. E. Orr. Links with vanishing homotopy invariant.
Comm. Pure and Applied Math., 66:213—220, 1993.



A survey of surgery and knot theory 363

[LS69]
[Mat73]

[Mil69)
[Mil94]

[Mio87]
[Mio92]
[Orr87]
[Orr89)]
[QuiTs)
[Ran81]
[Ran98]
[Rol75]
[Rubs3]
[Sat84]
[Smo86]
[Smy66]
[Sta63]
[Sto77]
[Suco?]

[TW79]

[Wal65]

[Wal70]
[Wei94]

[Zee60)]

R. Lashof and J. L Shaneson. Classification of knots in codimension two. Bull.
AMS, 75:171-175, 1969.

Y. Matsumoto. Knot cobordism groups and surgery in codimension two. J.
Fac. Sci. Tokyo, 20:253-317, 1973.

J. Milnor. Isometries of inner product spaces. Invent. Math., 8:83-97, 1969.
D. Miller. Noncharacteristic embeddings of the n-dimensional torus in the
(n + 2)-dimensional torus. Trans. AMS, 342(1):215-240, 1994.

W. Mio. On boundary link cobordism. Math. Proc. Camb. Phil. Soc., 101:259—
266, 1987.

W. Mio. On the geometry of homotopy invariants of links. Proc. Camb. Phil.
Soc., 111(2):291-98, 1992.

K. E. Orr. New link invariants and applications. Comment. Math. Helv.,
62:542-560, 1987.

K. E. Orr. Homotopy invariants of links. Invent. Math., 95:379-394, 1989.

F. Quinn. Semifree group actions and surgery on PL homology manifolds. In
Geometric Topology, Proc. Conf., Park City, Utah, Lecture Notes in Math.
438, pages 395-419. Springer, 1975.

A. Ranicki. Ezact sequences in the algebraic theory of surgery. Princeton Uni-
versity Press, 1981.

A. Ranicki. High-dimensional knot theory. Springer, 1998.

D. Rolfsen. A surgical view of Alexander’s polynomial. In L. C. Glaser and
T. B. Rushing, editors, Geometric Topology, Lecture Notes in Math. 438, pages
415-423. Springer, 1975.

D. Ruberman. Doubly slice knots and the Casson-Gordon invariants. Trans.
AMS, 279:569-88, 1983.

N. Sato. Cobordism of semi-boundary links. Topol. and its Applic., 18:97-108,
1984.

L. Smolinsky. Doubly slice knots which are not the double of a disk. Trans.
AMS, 298(2):723-32, 1986.

N. Smythe. Boundary links. In R. H. Bing, editor, Annals of Math. Studies,
volume 60, pages 69-72, 1966.

J. Stallings. On topologically unknotted spheres. Annals of Math., 77:490-503,
1963.

N. Stoltzfus. Unraveling the knot concordance group. In Memoirs AMS, vol-
ume 192. Amer. Math. Soc., 1977.

A. Suciu. Inequivalent framed-spun knots with the same complement. Com-
ment. Math. Helv., 67:47-63, 1992.

L. Taylor and B. Williams. Local surgery: foundations and applications. In
Algebraic Topology, Aarhus 1978, Lecture Notes in Math. 763, pages 673—695.
Springer, 1979.

C. T. C. Wall. Unknotting tori in codimension one and spheres in codimension
two. Proc. Camb. Phil. Soc., 61:659-664, 1965.

C. T. C. Wall. Surgery on compact manifolds. Academic Press, 1970.

S. Weinberger. The topological classification of stratified spaces. University of
Chicago Press, 1994.

E. C. Zeeman. Unknotting spheres. Annals of Math., 72:350-361, 1960.



364

DEPARTMENT OF MATHEMATICS

BRANDEIS UNIVERSITY

WarTtHAM, MA 02254-9110

E-mail address: levine@max.math.brandeis.edu

DEPARTMENT OF MATHEMATICS
INDIANA UNIVERSITY

BLoOMINGTON, IN 47405

E-mail address: korr@ucs.indiana.edu

Jerome Levine and Kent E. Orr



Surgery and C*-algebras

John Roe

1. INTRODUCTION

A C*-algebra is a complex! Banach algebra A with an involution ,
which satisfies the identity

l|lz*z|| = ||z||* Va e A.
Key examples are

e The algebra C(X) of continuous complex-valued functions on a com-
pact Hausdorff space X.
e The algebra B(H) of bounded linear operators on a Hilbert space H.

The theory of C*-algebras began when Gelfand and Naimark proved
that any commutative C*-algebra with unit is of the form C(X), and a
little while later that any C*-algebra (commutative or not) is isomorphic
to a subalgebra of some B(H).

A simple consequence of Gelfand and Naimark’s characterisation of
commutative C*-algebras is the so-called spectral theorem. Let A be a
C*-algebra with unit, and let z € A be normal, that is zz* = z*z.
Then z generates a commutative unital C*-subalgebra of A which (by
Gelfand-Naimark) must be of the form C(X) for some X. In fact we
can identify X as the spectrum

X =o(z) = {X € C: 2z — Al has no inverse}

with x itself corresponding to the canonical inclusion X — C. We thus
obtain the Spectral Theorem: for any ¢ € C(o(z)) we can define p(z) € A
so that the assignment ¢ — ¢(z) is a ring homomorphism. If z is self
adjoint (x = x*), then o(z) C R, since the canonical inclusion map
o(x) — C must be invariant under complex conjugation.

As a consequence of Atiyah and Bott’s elementary proof of the periodic-
ity theorem, it was realised in the early sixties that it is possible and useful
to consider topological K-theory for Banach algebras [34]. In particular
one can define K-theory groups for C*-algebras. For A unital

e Ky(A) = the Grothendieck group of f.g. projective A-modules (in
other words, the ordinary algebraic K, group)

IThere is also a theory of real C*-algebras, but we will not consider it here.
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o Ki(A) =m9GLx(A)
and there is a simple modification which extends the definition to non-unital
A. For an introduction one may consult [33].
For any integer ¢ define K; = K;1o. Then to any short exact sequence
of C*-algebras
0—-J—-A—-A/J—0
there is a long exact K-theory sequence

(The map 0: K;(A/J) — K;_1(J) is known as the connecting map.) The
2-periodicity is a version of the Bott periodicity theorem. Of course,
algebraic K-theory does not satisfy Bott periodicity; analysis is essential
here.

Here is an important example. An operator 1" on a Hilbert space H is
called Fredholm if it has finite-dimensional kernel and cokernel. Then the
index of T is the difference of the dimensions of the kernel and cokernel.

(1.1) DEFINITION: The algebra of compact operators, R(H), is the
C*-algebra generated by the operators with finite-dimensional range.

One then has Atkinson’s theorem:

(1.2) ProposITION: T € B(H) is Fredholm if and only if its image in
B(H)/R(H) is invertible.
Consider the short exact sequence of C*-algebras
0— R(H)—B(H)—B(H)/R(H) — 0.

A Fredholm operator T € B(H) maps to an invertible in the quotient
SB(H)/R(H), by Atkinson’s theorem, and hence defines a class [T] in
K1(%B/£). Under the connecting map O this passes to 9[T] € Ko(R).
However, Ky(R) is easily identified with Z, and, under this identification,
J[T] corresponds to the index. Thus the Fredholm index may be regarded
as a special case of the K-theory connecting map.

2. SURGERY AND TOPOLOGICAL K-THEORY

It seems that Gelfand and Mishchenko [12] were the first to point
out that topological K-theory could be relevant in studying the surgery
obstruction groups. They considered the following situation. Let I" be a
discrete countable abelian group. The surgery obstruction group L(ZI") is
constructed out of hermitian forms on finitely generated free ZI'-modules.
Now by Pontrjagin duality there is a dual group f, a compact abelian
topological group, such that every element of the complex group ring
CI' corresponds to a continuous complex-valued function on [. Thus
a nonsingular hermitian form on a f.g. free ZI'-module gives rise to a
map from T to the space of all nonsingular hermitian matrices (suitably
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stabilized). This latter space, however, is easily seen to be homotopy
equivalent to a classifying space Z x BU for K-theory (with the integer
component given by the signature) and so we get a class in K (f) We have
thus got a map
s: L(ZI) — K(T).

When T is a finite group, this is essentially the multisignature of Wall
[32, §13A]. When I' = Z' is free abelian, Tisa torus, and Gelfand and
Mischenko pointed out that in this case o is a rational isomorphism;
the surgery groups on the left had been computed by Novikov. Since
topological K-theory seems rather more malleable than algebraic L-theory,
the existence of this isomorphism in the fundamental case of a free abelian
group was suggestive and encouraging.

In order to extend the idea to non-abelian groups we note that the group

~

K(T') can be expressed as the (topological) K-theory of the C*-algebra of
continuous complex-valued functions on I'. This algebra is nothing other
than a certain completion of the complex group algebra CI'; in fact it is

the group C*-algebra in the sense of the following definition.

(2.1) DEFINITION:  Let T' be a discrete (countable) group. The reduced
group C*-algebra, CT', is the completion of CI' in the norm of bounded
operators on the Hilbert space (°T.

Now K-theory can be defined for any C*-algebra, commutative or not,
and we will see that an extension of the Gelfand-Mischenko argument gives
a map

¥: Ly(ZT') — K.(C:T)

for any countable discrete group I'. It is of vital importance that we are
using C*-algebras here. In fact, let A be a unital C*-algebra, and consider
a nondegenerate hermitian form over A — for simplicity, just think of a
selfadjoint € A. The spectrum o(x) of = is then a closed subset of R,
which does not contain 0 (because of nondegeneracy). The function fy
which is equal to +1 on the positive reals and 0 on the negative reals is
therefore continuous on o(z), as is the function f_ =1 — f,. Thus, using
the spectral theorem, we find that

p+ = f+(@), p-=f-(2)
are well defined self-adjoint projections in A and so their difference [p] —
[p—] gives an element of Ky(A). It can be shown [29] that this procedure
gives rise to an isomophism Lf(A) — Ky(A). Our map ¥ may now easily
be defined as the composite
Lo(ZI') — Lo(CyT) — Ko(CpT)
and there is also a definition in odd dimensions.

In Chapter 9 of [32], Wall gave an alternative definition of the surgery
obstruction groups, as cobordism groups of a certain kind. It is helpful to
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consider the map from surgery groups to C*-algebra K-theory also from
this perspective. The key to doing so is the signature operator. This is a
certain first order elliptic operator — we will denote it by D — defined
on differential forms on an oriented manifold M. If M is compact and its
dimension is a multiple of 4, then the index of the signature operator is
just the Hirzebruch signature of M, as follows from an easy argument using
Hodge theory. By applying the index theorem to this operator, Atiyah and
Singer [2, 3] were able to rederive Hirzebruch’s signature theorem.

Surgery obstructions can be thought of as sophisticated signatures.
Analogously, on the analytic side, there is a more sophisticated index theory
for manifolds with non-trivial fundamental group. Given such a manifold
M, with 1M =T, let M be its universal cover. The signature operator
D lifts to a I'-equivariant operator on the non-compact manifold M. Now
just as an ordinary elliptic operator like D is invertible modulo the ideal of
smoothing operators on M, so D is invertible modulo the ideal of invariant
smoothing operators on M. This ideal can be completed to a C*-algebra,
which is isomorphic? to C*(T') ® & where & denotes the algebra of compact
operators. The connecting homomorphism in C*-algebra K-theory now
produces an index in K, (CiT' ® R) = K, (C!T) for the signature operator,
and this is the ‘analytic’ higher signature that we require.

Recall that in Wall’'s Chapter 9 a geometric group® L{°“™(T) is de-
fined, equipped with a natural map LI“™(I') — L29(ZT), defined by
surgery obstructions, which subsequently turns out to be an isomorphism.
Generalizing somewhat the discussion above* one can associate a ‘higher
analytic signature’ in K, (C!T) to every cycle for L{**™(T") and thus fill in
the diagonal arrow in the diagram

L{™T) — L29(7T)

.

K.(Cx(T))

where the horizontal arrow is Wall’s map and the vertical arrow is the
generalized Gelfand-Mischenko construction described above.

2This is not hard to see. Essentially, the compact operators act on a fundamental
domain, and the C;T' handles the combinatorics of how the fundamental domains fit
together.

3 Actually two such groups, but I will conflate them for the purposes of this exposition.

4The cycles for Wall’s geometric group are made up of certain Poincaré spaces and
maps between them. Recall now that the ordinary signature can be defined for any
Poincaré space, even one which is not a manifold. We need the ‘higher, analytic’
generalization of this; the C*-algebraic higher signature can be defined for an arbitrary
(compact) Poincaré space. Details of the construction will appear in [14].
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The C*-algebraic higher indices were described in [17, 1, 23] using
slightly different language to that above. However, in the special case of
free abelian I' they were first used by Lusztig [21] in an analytic approach to
Novikov’s conjecture on the homotopy invariance of the higher signatures.
We now turn to this topic.

3. ANALYSIS AND THE NOVIKOV CONJECTURE

We recall the original statement of Novikov’s conjecture (see the final
pages of Wall’s book). Let M be a compact manifold with fundamental
group I'. Let ¢: M — BI' be a map classifying the universal cover.
The higher signature of M is ¢.([M] ~ L(M)) € H,(BT;Q); Novikov
conjectured that it is an (oriented) homotopy invariant. At the time Wall
wrote the conjecture was known for poly-Z groups, and it is now proved
for a much wider range of geometrically tractable groups.

There is a natural map, now called the assembly map, A: H.(BT';Q) —
L.(ZT') ® Q. The image of the higher signature under the assembly map
is the Mischenko-Ranicki symmetric signature of M, which is a homotopy
invariant by construction. Thus to prove the Novikov conjecture it suffices
to prove the injectivity of A; indeed, conjectures about the injectivity
of assembly maps in a variety of contexts are now known as ‘Novikov
conjectures’.

(3.1) PrROPOSITION:  The image of the symmetric signature under the
natural map L.(ZI') — K.(C!T) is the higher index of the signature

operator on the universal cover M.

It follows from this proposition that the K, (C}T')-index of the signature
operator is an invariant of homotopy type, and proofs of this fact not
depending on explicit appeal to the theory of the symmetric signature
were given by Lusztig (in the case of interest to him), Kasparov, and
Kaminker-Miller [16]. To prove the Novikov conjecture it therefore suffices
to show that the ‘analytic’ assembly map

A: H,(BT;Q) - K, (C:Th®Q

is injective. Lusztig did this for the case I' = Z™, where BT is a torus, and
C?T is (by Fourier analysis) the algebra of continuous functions on a torus;
the assembly map is just the inverse of the Chern character. This analytic
approach has since been developed in two significantly different directions.

The first, especially associated with the work of Connes [7, 9, 10], is to
develop a ‘noncommutative de Rham theory’ and use this to construct a
faithful pairing between K, (C;T") and the cohomology of BT'. The relevant
theory is Connes’ cyclic homology. In the argument there is one crux at
which the geometry of I' must be used; it is necessary to pass to a subalgebra
of C:T', sufficiently large that its K-theory agrees with the K-theory of the
full C*-algebra, but sufficiently ‘regular’ that cyclic homology classes are



370 John Roe

defined for it®; and it seems that there is no universal construction for such
an algebra. (The significance if not the intractability of this point was
anticipated by Gelfand and Mischenko; in their original paper, they wrote
“Distinct completions of the group ring lead to distinct subrings [of the
C*-algebra]; however this probably influences only slightly the homotopy
invariants determined by those subrings.”)

The second approach is to consider an analytic assembly map, running
from the K-homology H,.(BI';K) of BI' (i.e. the generalized homology
theory with coefficients in the periodic K-spectrum) to the K-theory of
CrT. This map is a refinement of the rationalized assembly map described
above, analogous to the assembly map

A: H (X;L(e)) — Li(m X)

arising in a modern formulation of the surgery exact sequence for topolog-
ical manifolds [25]. One can then conjecture that under suitable circum-
stances (e.g. when T' is torsion-free) this map is integrally an isomorph-
ism. Kasparov [19] has followed this road, using sophisticated versions
of bivariant K-theory. More recently methods of ‘controlled functional
analysis’ have been used to approach the same set of results [13]. There
is still much work to be done on the connection between K K-theory and
controlled topology, but it is clear that these latter developments mark
a reconvergence of topological and analytic approaches to the Novikov
conjecture, after a period during which the methods employed seemed
rather distinct.

The Novikov conjecture has been comprehensively surveyed elsewhere
[11]; we will therefore not extend this section any further. However the
existence of an analytic counterpart to the assembly map raises some
further natural questions: is there an analytic counterpart to the whole
surgery exact sequence? And, if so, what is the geometric meaning of the
structure set term?

4. C*-COUNTERPARTS OF THE EXACT SURGERY SEQUENCE

In this section I want to describe a construction, due to Higson and
myself [15, 14, 26], of an analytic version of the surgery exact sequence. We
begin with a compact space X. For simplicity of notation we will assume
that X is a manifold, and we equip it with some Riemannian metric; let
I' = m(X). I will describe two C*-algebras, Cf:(X) and D5 (X), which will
be algebras of operators on the Hilbert space H = LQ()~( ).

Let T be a bounded linear operator on H. It will be called properly
supported if Tu is compactly supported whenever u is compactly supported.

5Recall that cyclic homology is modeled on de Rham cohomology. De Rham theory
fits well into the context of the ring C*° (M) of smooth functions, but not the ring C'(M)
of continuous functions.
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For a bounded continuous function f on M let M denote the corresponding
multiplication operator on X. Then T will be called locally compact if T' M
and M;T are compact operators for all compactly supported functions
on X. Finally, T" will be called pseudolocal if M;T'M, is compact for all
functions f and g with disjoint supports.

EXAMPLE: Any properly supported (and globally L2-bounded) pseudo-
differential operator of order < 0 is pseudolocal, and any such operator of
order < 0 is compact.

As an important special case, the ‘normalized signature operator’ F' =
D(1+ Dz)’% on X is a pseudolocal operator®, and ellipticity shows that
it is invertible modulo locally compact operators.

REMARK: Pseudolocality is, of course, a standard property of pseudodif-
ferential operators [31]. However, from the point of view of topology, it is
helpful to think of pseudolocality as a condition of ‘continuous control at
infinity in the spectrum’. Roughly, one regards the Hilbert space H as ‘con-
trolled” by a decomposition given by an orthonormal basis; pseudolocality
suggests that only finitely many basis elements ‘propagate’ over distance
greater than some fixed €. For more on this see [27].

Notice that the properly supported pseudolocal operators form an alge-
bra in which the locally compact operators form an ideal. We define C}i(X)
to be the C*-algebra generated by the I-equivariant properly supported
locally compact operators on X, and D} (X) to be the C*-algebra generated
by the I'-equivariant properly supported pseudolocal operators. Thus we
have a short exact sequence

0 — Cp(X) — Dp(X) —— Di(X)/Cp(X) —0
of C*-algebras.

(4.1) DEFINITION:  The analytic surgery exact sequence for X is the long
exact sequence of K-theory groups associated to the short exact sequence of
C*-algebras above.

By Bott periodicity this long exact sequence is 2-periodic (or 8-periodic
if we refine matters by using real C*-algebras and real K-theory). This
contrasts with the 4-periodicity of surgery theory.

Of course the description ‘surgery exact sequence’ needs justification.
Here are some significant facts.

(4.2) PROPOSITION:  The algebra C{(X) is Morita equivalent to (and
hence has the same K-theory as) the group C*-algebra C}T.

61t need not be properly supported, but standard techniques show that it can be
abitrarily well approximated by properly supported operators.
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In fact, C{(X) just is the appropriate ‘error ideal” with respect to which
T-invariant elliptic operators are invertible.

(4.3) PROPOSITION:  The K-theory of the quotient C*-algebra
Dr(X)/Cr(X)
is isomorphic to the K-homology of X : K;11(Dj(X)/CE(X)) = Hi(X;K).

This approach to K-homology arises from the work of Kasparov [17];
Paschke and Higson realized that it could be reformulated in the language
of ‘dual algebras’. A direct proof of this proposition using techniques more
conventional in algebraic topology would begin by showing that the left
hand side is a homology theory (a homotopy invariant and excisive functor)
and would then identify the coefficient spectrum.

The connecting map in the long exact K-theory sequence is therefore a
homomorphism

and it is not too hard to identify it with other formulations of the ‘analytic
assembly’ map. We therefore have obtained a long exact sequence into
which the assembly map fits, so it seems reasonable to call it the analytic
surgery exact sequence and to call K, (Dy(X)) the analytic structure set.
Since K; of an algebra is generated by invertibles (in matrix algebras)
it is appropriate to think of the homology term K, (Dy(X)/C{(X)) as
generated by ‘elliptic’ operators — pseudodifferential-like operators which
are invertible modulo locally compact error. (In particular the (normalized)
signature operator defines a K-homology class; this is the analytic coun-
terpart to the canonical L-theory orientation of a manifold.) In the same
spirit one should think of the structure set terms as generated by ‘invertible
elliptic’ operators — elliptic operators ‘without homology’. This should
be compared with Ranicki’s algebraic definition of the structure set, as
the cobordism group of complexes which are locally Poincaré and globally
contractible.

With Higson I have reinforced this analogy by constructing [14] a natural
transformation from the (DIFF) surgery exact sequence to the analytic
surgery exact sequence after tensoring with Z[%] In particular there is a
map from the manifold structure set to the ‘analytic structure set’. The
construction uses large scale geometry to associate an analytic signature
to the mapping cylinder of a homotopy equivalence between manifolds;
this mapping cylinder has the structure of a Poincaré space and therefore
a signature. From this signature one obtains the necessary ‘structure
invariant’ by various geometric and analytic reductions. To see that
equivalent structures give the same analytic invariant one remarks that
the mapping cylinder of a diffeomorphism is actually a manifold, so that
its signature is the index of an elliptic operator, i.e. belongs to the image
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of an assembly map. From a version of the analytic surgery exact sequence
it follows that the analytic structure invariant of a diffeomorphism is zero.

The need to invert 2 arises from the difference between the Dirac
and signature operators. In fact, a fundamental fact in working with
K-homology is that if W is a manifold with boundary OW, then the
boundary map in the K-homology long exact sequence,

takes the cycle defined by the Dirac operator on the interior of W to the
cycle defined by the Dirac operator on the boundary. Now surgery groups
are cobordism groups, but the map from surgery to analysis is defined
by the signature operator, not the Dirac operator. In the set-up above the
boundary of the signature operator on W is either 1 or 2 times the signature
operator on OW (depending on the parity of the dimension) and so we get
certain extra factors of 2; these can be normalized away by multiplying by
a suitable power of % (depending on the dimension), but to do this we need
to have tensored by Z[1].

5. THE ANALYTIC STRUCTURE SET

What sorts of ‘structures’ does the analytic structure set describe? It
seems to be a universal analytic receptacle for index maps from various
kinds of geometrical structure sets, of which the classic structure set of
surgery theory is only one. For example, there is a map from the ‘positive
scalar curvature structure set’” — the space of concordance classes of posi-
tive scalar curvature metrics on a given spin manifold M — to K,(DfM).
We see this by considering the Dirac operator, rather than the signature
operator. Indeed, the Dirac operator on a positive scalar curvature man-
ifold is invertible, by the Weitzenbock formula, so its homology class is
the image of a ‘structure class’ in K, (DjM). We have simply formalized
in homological language the argument of Lichnerowicz’ vanishing theorem
[20]; it ought to be possible to treat other vanishing theorems, such as
Kodaira vanishing on Ké&hler manifolds, similarly, obtaining maps from
other moduli spaces to the analytic structure set.

It is more difficult to see the map from the usual structure set to
K,.(DfM). One attempt at a construction would begin from a model of
the structure set described by Carlsson-Pedersen [4]. They show that the
(TOP) structure set of X can be described as the L-theory of a certain
continuously controlled category

B(X x[0,1),X x 1;Z)"
whose objects are geometric Z-modules over X x [0,1) and whose mor-

phisms are I' equivariant and continuously controlled at 1. If we now
replace Z by C we obtain a category whose objects are infinite dimensional
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based complex vector spaces — so can naturally be completed to Hilbert
spaces. Moreover, if we let continuous functions on X act on these Hilbert
spaces by multiplication along the first coordinate, the morphisms in the
category are pseudolocal; in fact the continuous control condition shows
that M ;T M, has finite rank whenever T" is a morphism and f and g have
disjoint supports. The stage therefore seems to be set for a mapping from
L-theory to K-theory as in section 2, but there is a problem; we have
no reason to anticipate that the morphisms will be bounded operators on
the relevant Hilbert spaces. This problem is linked the fact that we have
tried to use techniques based on differential operators to study topological
manifo 1ds; some torus trickery is called for, and was worked out in a slightly
different context in [24].

A fundamental result in the theory of topological manifolds is the
a-approximation theorem of Chapman and Ferry [5] which states that a
homotopy equivalence f: M’ — M of topological manifolds, such that
the tracks of the homotopy are sufficiently small when measured in M, is
homotopic to a homeomorphism: ‘a sufficiently well controlled topological
manifold structure is trivial’. In the context of the analytic structure set,
Guoliang Yu [35] established an analogous result, which he then put to
good use in the study of the Novikov conjecture.

(5.1) DEFINITION:  An operator T € Di(X) is e-controlled if
[MyTMy|| < esup|f|sup|g|

whenever the distance between the supports of f and g is greater than €.

Yu’s result” is

(5.2) PROPOSITION:  For any compact manifold (or even a finite complex)
X there is a constant ex such that any €x -controlled analytic structure on
X is trivial (i.e., represents zero in K.(Dy(X))).

Yu applied his result (actually a generalization to certain non-compact
spaces) to prove the Novikov conjecture for groups of ‘finite asymptotic
dimension’. The relevant point in this proof is the scaling of the control
constant when the space is expanded by some fixed factor. One might
also, however, try to make use of Yu’s result to get an analytic handle
on some other classic results of manifold topology. For example, consider
the topological invariance of the rational Pontrjagin classes. It is well
known that this would follow from a similar invariance property for the
K-homology class of the signature operator. But now, we might argue,
consider a homeomorphism h: M — M’ of compact smooth manifolds.
Using D for signature operators, we know from the analytic surgery

"Strictly speaking, Yu works with an alternative definition of the ‘analytic structure
set’; but doubtless his results extend to the present context also.
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sequence that
he[Dpn) — [Darr] € Ho(M';K)

is the image of a class in the analytic structure set defined by h. But h is
arbitrarily well controlled, hence (?) by Yu’s theorem it defines the zero
class in K.(DyM'), and hence h.[Dys] = [Das] as required.

This argument is flawed. It turns out that in order that a structure
should be well controlled in the analytic sense required by Yu’s theorem, one
needs more than just that the corresponding homotopy equivalence should
be well controlled in the natural geometric sense. Essentially, one needs
some extra information about derivatives. The point is exactly the same as
the one about bouded operators in the Carlsson-Pedersen category, above;
and the effect is that we can (probably) get the Lipschitz invariance of the
Pontrjagin classes from an argument like this, but not the much deeper
topological invariance. It is of course tempting to circumvent the whole
issue by appealing to Sullivan’s theory of Lipschitz structures on topological
manifolds [30], but this is not wholly satisfactory; to my mind it remains a
challenge to incorporate the deep facts about the topology of Euclidean
space, used in Sullivan’s theory or in the topological a-approximation
theorem, into an analytic framework such as that sketched above.

6. NOTES AND COMMENTS

In this article I have sketched out one approach to the connection
between surgery theory and C*-algebraic index theory. For a more detailed
and rounded presentation the reader may wish to look at my CBMS
lectures, [26]. These also discuss C*-counterparts to ‘bounded’ and ‘con-
trolled’ surgery theory, using index theory on non-compact manifolds.

The work of Kasparov provides other powerful tools for studying as-
sembly maps in the context of analysis [17, 18, 19]. Bivariant K-theory
is a C*-algebraic tool which Kasparov invented and used extensively, and
to which there does not presently seem to be a counterpart in surgery
(‘algebraic LL-theory’?) — although see [28] for some suggestions. Kas-
parov’s work also yields results about the surjectivity of the assembly map
— the so-called Baum-Connes-Kasparov conjecture. This seems to be a
very delicate area, even more so than the corresponding surjectivity on the
topological side®, involving hard questions of analysis and representation
theory.

A very careful account of the relation between K-theory and L-theory
for C*-algebras, using Kasparov’s machinery, is in [22].

For Connes’ approach to the Novikov conjecture, using cyclic homology
as well as C*-algebras, see the papers [6, 10, 8], among others.

8i.e. the Borel conjecture
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The classification of Aloff-Wallach manifolds
and their generalizations

R. James Milgram

Introduction

The surgery program for classifying manifolds starts with the study
of the homotopy type of the manifold and then applies the surgery exact
sequence to determine the h or s cobordism classes of manifolds within
the homotopy type. There are different sequences depending on whether
we work with piecewise linear or differential classification. In this note we
apply the surgery program to study the classification of the set of free,
isometric S'-actions on the Lie group SU(3). Examples of these kinds
originally occurred in surgery theory through the work of Kreck and Stoltz,
[KS1], [KS2], motivated by results of Witten on possible models for unified
field theories in physics. The cases studied in [KS1] and [KS2] provide the
first examples of homeomorphic but non-diffeomorphic symmetric spaces.
Also, recent work by differential geometers has concentrated on the natural
metrics on these spaces. It is clear that they provide wonderful examples
for studying all kinds of structure on manifolds*.

Up to a possible single Z/2 indeterminacy, we obtain a complete clas-
sification in the piecewise linear case. These techniques can be extended to
complete the classification up to the same indeterminacy in the differential
case as well, and results along these lines have been obtained by Kruggel,
[K1], [K2].

The set of distinct metric preserving differentiable actions of S' on
SU(2) is indexed by integer 4-tuples (p1, p2, p3, p4) subject to the constraint
that

p1 = p2 = p3 = pg mod (3).

Research partially supported by a grant from the N.S.F.
* Ib Madsen has obtained similar results independently.
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The set of relations below defines an equivalence relation on these
4-tuples and equivalent tuples give equivalent actions.

(p1, 02,3, P4) = (P3,P4,D1,P2) = (P2, D1, P3,D4)
= (p2, —(p1 + p2), P3, Pa).

The explicit action is given in 2.4. Associated to these actions we define
certain semi-invariants:

1
o2 = *(P% + p1p2 +P§)

9
/ 1 2 2
oy = §(p3 + p3pa + pi)
Ly = |og2 — aj]

1
Ly = ﬁ(p:s —p1)(pa — p1)(P1 + p3 + pa)

r = p; mod (3)

where Ly and r are actual invariants while Lo, L3, 309, and 30), are integers.
Then we have

THEOREM: The action is free if and only if Ly and L3 are relatively prime.
If this is the case, then the homotopy type of the quotient S'\SU(3) is
completely determined by Lo, Ly mod (Ls), r, and 30} mod (2). Moreover,
the homotopy type of SY\SU(3) together with 605 mod (L) determine the
piecewise linear homeomorphism type of the quotient up to at most two
possibilities.

REMARK: There is a single identification among these invariants explained
in the second paragraph of §7, where we point out that the critical quadratic
form invariant b € Z/Ls is only defined up to sign since the orientation of
the quotient is not a homotopy invariant. This is reflected in the fact that
the quotient for (—p1,..., —p4) is the same as the quotient for (p1,...,ps)
but L3 and r in the list above change signs.

REMARK: The “at most two possibilities” in the theorem refers to the image
of the Kervaire invariant in dimension 2 in the surgery exact sequence of
§10, which is not determined by our analysis for Ls odd or an associated
element in dimension 4 when Ly is even (see 10.1). This could affect the
piecewise linear homeomorphism classification, but it might not. This is a
question I don’t know how to handle, but I suspect that understanding this
point is a basic step in completely clarifying the surgery exact sequence.
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Special cases of this classification have been considered previously. For
example, the quotients with p3 = py = 0 are the Aloff-Wallach manifolds,
studied in [AW], [W], [KS1], [KS2], for which complete diffeomorphism
invariants have been obtained in the last two references, though there are
some points of confusion (see the discussion in [AMP]). Partial results in
the general case were first obtained by Eschenburg, [E1], [E2], though his
objectives were different. In the slightly more general case where p3 = py,
these manifolds are obtained via the usual action of U(3) on SU(3) when
SU (3) is regarded as the Stiefel manifold V4 ; of 2-frames in C3. In this case
the author, and independently but somewhat later, [K1], [K2], determined
the homotopy classification in terms of the Chern classes in H*(CP>;Z)
associated to the inclusion S < U(3). The theorem above specializes to
give these results.

The work in [KS1], [KS2] depends on the fact that the action of S?
when p3 = ps = 0 extends to a free action of the maximal torus, (S1)?, and
hence the quotient S1\SU(3) is a circle bundle over (S1)?\SU(3). In partic-
ular it is the boundary of a manifold M?® which we can understand pretty
well. Eschenburg, [E1], [E2], [E3], found a second family of S!'-actions
which come from a free (S1)2-action on SU(3) distinct from the above.
This is studied in [AMP] where, again, the fact that these S'-quotients
are boundaries of known 8-manifolds enables a complete diffeomorphism
classification, given the homotopy classification above. However, it is also
shown in [AMP] that there are no further examples of this kind. The best
that one can hope for is that the S'-action extends to an (S*)?-action with
only isolated fixed points. Indeed, an argument of Stolz, (unpublished),
shows that this can always be achieved.

Suppose now that a metric preserving action (S)? x SU(3)—SU(3)
with only isolated fixed points is given. It is defined by a sequence of 8
integers (1,72, $1, S2, t1, t2, w1, wy) and, in terms of these integers we define
two integral polynomials As2%+ Box+Co = fi(z) and Azx3+ Bzx?+Czx+
D3 = fo(x), where the coefficients are integral combinations of monomials
in the defining integers r1, ..., wy. The detailed definitions are given in 6.2,
and we prove
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THEOREM: Let R(fa2(x), fs(x)) be the resultant of the two polynomials.
Then, the number of fixed points for the action of (S')? is < 6, and we
have

R(fa(w), fa(x)) =Y ()]

where I(x;) is the isotropy group for the fixed point x;. Moreover, each
I(x;) is cyclic.

In particular, if St C (S1)? acts freely on SU(3) then the same con-
struction as before, but deleting small neighborhoods of the fixed point sin-
gularities in the mapping cone of the projection S'\SU(3)—(S1)2\SU(3)
gives an 8-manifold with boundary consisting of S'\SU(3) and a disjoint
union of linear lens spaces. Thus, a procedure exists for resolving the re-
maining questions of determining the diffeomorphism classification of these
Sl-quotients. We do not pursue this further in this note, however.

The original motivation for these results was work of C. Boyer, K.
Galicki, and B. Mann on the metric structures of some of these quotients.
They asked me for the structure of the homotopy types and wondered if
it would be possible to get further information on their diffeomorphism
and homeomorphism classification. During my attempts to answer these
questions I became convinced that these quotients provide excellent exam-
ples for exploring the classification program, and I hope the partial results
expounded here lead others to carry the program further.

In particular, hiding behind most of the results above is the cohomol-
ogy of the classifying space Bsy (s)«su (), Where SU(3)* SU(3), the central
product of two copies of SU(3) is the group of isometries of SU(3). For-
tunately, for the results above it was not necessary to write down these
cohomology groups in the ramified case of Fs-coefficients, but Eilenberg-
Moore spectral sequence techniques and the examination of the structure
of the maximal elementary subgroups (Z/3)* C SU(3) * SU(3) do make
this possible. In this case, these results arise in other contexts as well. B.
Oliver pointed out to me that SU(3) x SU(3) is a Z/3-centralizer in Ej,
for example. Moreover, further cases, e.g., SU(2"™) x SU(2"), seem to play
important roles in other areas of topology.
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¢1. Biquotients of Lie Groups

The set of left invariant metrics on a compact, connected, simple, and
simply connected Lie group G is identified with the set of metrics at the
origin via left translation. Under the adjoint action of G on the metrics
at the origin the isotropy group, K, of the metric, v, can be identified
with the subgroup of G which also leaves the metric invariant under right
translations. Thus, as is well known, the component of the identity in the
group of isometries of G with the metric {7} is

GxK = {(9,k) e Gx K| (9,k) ~ (dg,dk) for d € Z(G)N K}

the central product of G with K. In particular, for the bi-invariant metric
the component of the identity is G * G. Of course, the action is given by

{g,k}(h) = ghk™".

EXAMPLE 1.1: In the case of SU(n) we have that Z(SU(n)) = Z/n and
we consequently have the central extension

1.2 Z/n " SU(n) x SU(n) —— SU(n) % SU(n)

which defines the quotient, where the Z/n embeds diagonally into the prod-
uct.

Perhaps a better way to look at G x K is as follows. First there is
a projection py: G * K—K/(Z(G) N K) which realizes G x K as the total
space of a fibration

G—G+ K—K/(Z(G) N K)

where the (normal) subgroup G = {g,1} C G * K. But this fibration has a
lift:
LK/(Z(G)NK)—G* K

defined by I({k}) = {k,k} € G+ K and we see that G % K is the semi-direct
product
G xa (K/(Z(K) N K))

where the action « is given by the usual inclusion K/(Z(K) N K) —
Inn(G) = G/(Z(G)). The universal group of this type is clearly

G*xG =G x4 Inn(G) C G x4 Aut(G),
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the holomorph of G.
Note the following lemma pointed out at least by Eschenburg.

LEMMA 1.3: Let H C G % G be a subgroup and H C G x G the associated
central extension. Then a necessary and sufficient condition that H act
freely on G is that for no element {hy,ho} € H is hy conjugate to hy in G.

PRrROOF: If g € G is a fixed point for H then there is an element {hy, ho} €
H and g € G so that hlghgl = g or h1 = ghag™'. Conversely, if this
equation is satisfied for g, then g is a fixed point of H. |

Let H C G % G be any subgroup which acts freely on G. We are
interested in the structure of the orbit space H\G which is a closed compact
manifold when G is a compact Lie group.

DEFINITION (Eschenburg) 1.4: Let H C G % G act freely on G, then the
quotient H\G is called a biquotient.

ExAMPLE 1.5: The following example is quite important in our applica-
tions. Let U(3) be the three fold covering of U(3), which we may regard
as embedded in U(3) x S* as the set of pairs

U@3) ={(g,v) €U(3) x S* | Det(g) = v 3}.
The covering transformations are given by (g,v) — (g, fgv). Then the map

v 0 0
fi:U(3)—SU(3) x SU(3), (g,v)— gv,| 0O v 0O ,
0 0

,U—2

preserves Z/3-actions and induces an inclusion

1.6 w:U(3) — SU(3) = SU(3).

Note that if A € G * G is any element, then the orbit space of H4,
the conjugate of H by A, is diffeomorphic to H\G, so for this reason we
only need to consider conjugacy classes of such H C G * G as long as we
are only interested in the diffeomorphism, topological, or piecewise linear
classifications of biquotients. Similarly, g — ¢! takes the action of H to
the action of T'(H) where T: G * G—G % G exchanges the factors, and so
the quotients by H and T'(H) are diffeomorphic as well.
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Examples of biquotients are ordinary symmetric spaces (where H is
contained in one or the other copy of G) and many other types of manifolds,
including some exotic spheres, [GM].

In particular the Aloff-Wallach manifolds and some of their gener-
alizations extensively studied by Aloff-Wallach, Asti, Micha, and Pastor,
Kreck-Stolz, and Witten, [AW], [AMP], [KS1], [KS2], [W], are very impor-
tant examples. These are all given as biquotients of SU(3) by H = S!, and
here is the description of the set of all biquotients of SU(3) by S*.

§2. Sl-biquotients of SU(3)

We can regard SU(3) as Va1, the Stiefel manifold of 2-frames in C3,
i.e., pairs of vectors

3
zZ1 w1 Zl z;zi =1
3
2.1 22 wa |, Yojwiw; =1
zZ3 W3 > ziw; = 0.

Note that if L C U(3) x U(3) is the set of pairs of elements (A, B) so that
Det(A) = Det(B), then L is a subgroup containing the diagonal image
of the center of U(3), and the quotient of L by this diagonal image is
SU(3) * SU(3). Let (A,B) € L lie in the central product of the two
maximal tori,

/\1 0 0 3
T, = 0 X O [[YM=1n=11<i<3
0 0 X 1

Then the action of (A4, B) on Va1 is given by

A 0 0 21w 1 0 O MTiz1 MTaws
0 X O Zo Wy 0 = O = AoTiza  AaTows
0 0 Mg 23 Ws 0 0 73 A3T1z3  AzTaws

The factorization through the central product is clear. Consequently, we
can assume that A, B € SU(3), so the fact that A3 = (A1 A2)~! shows that
this action is really described by the equivalence class of the four elements
(A1, A2, 71, T2) in the quotient

Ty = (8Y)/(Z/3).
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Given four integers (p1, p2, 3, p4) satisfying the constraint
2.3 p1 = p2 = p3 = py mod (3)

we have an S'-action on Vo given by

b1 —P3 p1—Pr4
v Wi AT3 (%1 A3 w1
pP2—P3 P2—P4
2.4 A vo wo = AT3 vy AT wsy
—(p1+p2+p3) —(p1+p2+p4)
vs  ws 1 32 3 Vs A 1 32 ws
as A = 2™ runs over the points of S*.

EXAMPLE 2.5: The quotients where p3 = py = 0 are the Aloff-Wallach
manifolds, W (p1, p2) which are subject only to the constraint that p; and
po are relatively prime. These are homogeneous spaces and are the exam-
ples studied by Aloff-Wallach, Witten, and Kreck-Stolz. One of the more
important properties of these examples is that the free action of S! extends
to a free action of the entire torus, (S!)?%, and so the mapping

SN\SU(3)—(SH)A\SU(3)

realizes W (p1,p2) as the total space of an S' bundle over (S1)?\SU(3),
or, by passing to mapping cylinders, as the boundary of a D?-bundle over

(SHASU(3).

DEFINITION 2.6: Let (p1,p2,p3,p4) satisfy the constraints of 2.3 and sup-
pose that the resulting action in 2.4 is free. Then the quotient S'\SU(3)
is denoted X (py,p2, p3,pa) or simply X7 when the context is clear.

EXAMPLE 2.7: Suppose that (61, 62,03) is any triple of integers. If we set

p1 = 200 —0—03
p2 = —01 4205 — 65
p3=ps = —(01+ 02+ 063)

then (p1, p2, p3, pa) satisfies 2.3 and the resulting action on V2 ;1 = SU(3) is
given by the formula

V1 w1 )\61 U1 )\01 w1
Vo W2 (g )\92 Vo )\62 w2
V3 W3 NE U3 NE ws
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The constraint on the three integers (61,602, 63) in order for the action to
be free is simply that they be pairwise relatively prime. Indeed, given any
element (¥, W) € Va1, it must have two independent rows, though the third
might be zero. Hence, in order that we have a fixed point, we must have two
of the three terms (A%, A\%2 \%) equal to one. But this will only happen
for A # 1 if two of the 6; have a non-trivial greatest common divisor.

REMARK 2.8: In fact the examples of 2.7 all factor through the inclusion
u:U(3) — SU(3) = SU(3) of 1.5 since one sees directly from the definition
of the action on V5 ; that

for (1717172) S ‘/2’1.
If the free action of S* extends to a free action of (S*)? then
SN\ SU(3)—(SH)A\SU(3)

is an S'-fibering, hence X7 (p1,p2,ps,ps) is the boundary of the 8-dimen-
sional manifold given as the associated disk bundle D?— E—(S1)2\SU(3).
This is the case for the Aloff-Wallach spaces from 2.5 and is exploited in
[KS1], [KS2], to enable one to give a complete diffeomorphism classifi-
cation of the Aloff-Wallach spaces, though the homotopy classification is
somewhat sketchy.

Eschenburg, [E1], [E2], [E2], also discovered a second free (S1)? action
on SU(3) given by the subtorus, To C SU(3) * SU(3) defined by its action

1

v Wi AR ZW1
2.9 (z,w) | v2 we = 22w wWwsy
V3  Ws z_lw_lvg zw‘lwg

and the embedded circles in this second (S!)? all have actions of the form

Af(ljtm)vl )\l+mw1
2.10 /\—l—2m,U2 )\l’wg
/\—2l—mv3 )\mUJ3

Moreover, in [AMP], 2.3, it is shown that every 2-dimensional torus in Ty
which acts freely on SU(3) is conjugate to this one or to the one associated
with the torus T, x 1 or with the corresponding tori obtained by exchanging
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the two sides of SU(3) x SU(3). Again, using the fact that the quotient by
S1 is the boundary of the associated disk bundle over T5\SU(3), explicit
invariants are obtained which determine the diffeomorphism types of the
resulting manifolds.

§3. The fixed points of X7(py,ps,ps, ps)

We begin by introducing two assumptions on the set (py,...,ps) of 2.3
which will remain in force for the remainder of this article.

(3.1) The ged of the four integers (p1,p2,ps,pa) is either 1 or 3. This is
equivalent to the assumption that the induced map of the circle to the
torus Ty is an embedding.

(3.2) The intersection of the sets (p1,p2, —(p1 + p2)), (p3,p4, —(P3 + p4))
consists of at most one element. If this is not the case, then the
action is conjugate to conjugation by the elements of the lifted circle
ST = (AP/3 \p2/3 \=(p14p2)/3) in SU(3). In particular the entire
torus Tp C SU(3) is fixed under the action.

In fact, under assumptions (3.1) and (3.2), all the isotropy groups of
the action are finite — hence, cyclic subgroups S'.

LEMMA 3.3: Let X'(p1,p2,p3,psa) be given with (py, p2,ps,ps) satisfying
assumptions (3.1) and (3.2) above. Then the fixed point set is either empty
if the action is free or consists of a union of disjoint components where each
component is a copy of S*, a copy of SU(2)/(Z/k) where Z/k C U(2) is

1
conjugation or a copy of U(2)/S! where the action is determined by three
integers, p1 = p3 mod (3), k, with p; # ps, and is given as the action of
the cube root of

A\P1 0 A\P3 0
0 Apitki-ps) |0\ g A\2pi—pstk(pi—ps) .

PrROOF: Let (A4, B) € Ty be an element with non-trivial fixed point set.
Then A and B have the same elements. There are two cases. The first
is when the three diagonal elements of A are all distinct. In this case

J
the subgroup of elements having the form <%€ 0) and the action is by
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the centralizer of A is the torus To C SU(3), and the fixed point set of
(A, B) is the quotient S'\Ty = S!. Otherwise, A has two equal elements,
and the centralizer is U(2) embedded in SU(3) as matrices of the form

g O . G ;-
(0 Det(g)~? ) We may assume that the action on Det(g)~"' is multi

plication by A(Ps+Pa=p1=p2)/3 Tf this is identically one then p; # ps or p4
and p; = p2 mod (p; — p3) and the action is completely specified by three
integers, p1 = p3 mod (3) and k so that ps = p1 + k(p1 — p3)-

Hence, the remaining case is the situation where (p3+ps—p1 —p2) # 0.
In this case the action does change the determinant, except of course when A
satisfies A\(PsTPa—P1—P2)/3 — 1 0 the quotient is identified with the quotient
of SU(2) by the cyclic group above. ]

§4. The Borel construction associated to an action of S!

Let u: G x X—X be a continuous and proper action of a topological
group G on a space X. Then the Borel construction associated to p is the
space Fg Xg X which is the total space of a fibration

4.1 X—FEqg xg X—Bg,

where E¢ is a free contractible G-space and Bg is the classifying space of
G. If the action is free then Eg x¢ X has the homotopy type of G\X.
But, in any case, there is a projection

4.2 p:Eg xg X—G\X

which has the key property that p~'({z}) = By where I(z) C G is
the isotropy group of x € X. In particular, in the case of the isometric
Sl-actions on SU(3) we've been studying we have

LEMMA 4.3: Let S' act on SU(3) via the action associated to the 4-tuple
(p1, P2, p3, pa) satisfying assumptions (3.1) and (3.2). Then Eg: x g1 SU(3)
has the homotopy type of a CW -complex constructed as the disjoint union
of spaces of the form

Sl X Bz/k, ESI X g1 U(?)

with a finite number of cells having dimensions < 7.
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(This is clear, the inverse images of the free points are contractible, and 3.3
shows that the part associated to the fixed point sets have the structure
described.)

COROLLARY 4.4: Let X7 (p1,p2,p3,p4) be the quotient S'\SU(3) associ-
ated to the action above satisfying assumptions (3.1) and (3.2). Then the
action is free if and only if H'(Eg1 x g1 SU(3);Z) = 0 for all i > 8.

ProoOF: This condition is clearly satisfied if the action is free, since then
Eg1 x g1 SU(3) ~ X7. But conversely, suppose the action is not free. Note
that associated to an S' component of the fixed point set the inverse image
of this component is

Fgi xg1 (812 ~ K(Z/k,1) x S*

since it is the total space of a fibering (S!)2—FEg:1 xg1 (S')2—K(Z,?2),
and from the homotopy exact sequence of the fibering we see that if Z/k
is the isotropy group of x, then the exact sequence has the form

0—rs (K (Z,2)) — 11 ((S1)2)—m1 (Bt x g1 (S1)2)—0

with all other groups being identically zero. Moreover, 9 is injective with
quotient Z/k x Z. Thus, each circle leads to an inverse image with non-
trivial homology in arbitrarily high dimensions.

Similarly, it is direct to see that the same property holds for EFg1 X g1
U(2) in either the case where the action is non-trivial on the determinant
or where it is not. ]

§5. The structure of the spaces X7 (p1, pa, 3, ps)

THEOREM 5.1: Let (p1,p2, p3,p4) satisfy assumptions (3.1) and (3.2), and
write the map S*—T) associated to (p1,...,ps) as v. Define integers

1
Ly(v) = §(P§ +P421 + P3p4 —P% —Pg — p1p2),

Ls(v) = 2%(293 —p1)(pa — p1)(p1 + p3 + pa)

1
= 2*7(103104 +pt — p1(pa +p3))(p1 + p3 + pa).
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Then we have
(1) v is free on SU(3) if and only if Ly(v) and L3(v) are relatively prime.

(2) If the action is free, the cohomology of the quotient is given as follows:

Dimension 0o 1 2 3 4 5 6 7
Hi(Sl\SU(?));Z) Z 0 Z 0 Z/(Lx(v)) Z 0 Z

with H'(S1\SU(3);Z) = 0 otherwise. Here, let b be a generator for
H?(S1\SU(3);Z) and f generate H>(S*\SU(3); Z), then b* generates
H* and bU f generates H”.

(3) The element p1b € H?(CP>;F3) is a characteristic class for the ac-
tion.

REMARK: The cohomology calculation in 5.1(2) was first obtained by Es-
chenburg in [E1].

PROOF: The torus of SU(3) x SU(3) three fold covers the torus of SU(3) *
SU(3) and the map of classifying spaces is induced from the following map

(21, 22, (2122) 1) X (w1, wa, (wiws) ™) = {21, 22, w1, wa}
where the equivalence class is given by the following relation
(Zl, 29, W1, ’LUQ) ~ ()\Zl, )\22, )\wl, )\wg),

whenever \ = e2P*/3 ig a third root of 1.

We now consider the fibration
5.2 SU(3)——Eg1 xg1 SU(3)— Bgi

associated to the action. Consider the Serre spectral sequence associated
to the fibration. 5.1 will follow as a direct corollary of the following lemma.

LEMMA 5.3: In the Serre spectral sequence for 5.2, Ey = E4 = Z[b] ®
E(es,es), while dy(e3) = Lob®. Consequently, Es = Z[b]/(L2b*) @ E(es),
and dg(es) = L3b®. Moreover, E; = E,.

PRrROOF: Let SU(3)— E— By, be the fibration induced from the universal
fibration
SU(3)—E—Bsu(3)=su(3)
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by the inclusion of the maximal torus (S1)* — SU(3) * SU(3). We have
the commutative diagram of fibrations

SU@B3) — Eg xg1 SU3) — B

= E, xid By

SU@3) — Ep xp, SU(3) —  Brp,

where vS'—T) is the homomorphism associated to (p1, p2, 3, pa)-

Let us write the coordinates in Ty as (R,S,T,W) and we write the
dual elements in Hom(7}, S') as r, s, t, and w. Then the induced map

le — BT4
gives rise to the following map in cohomology:

r — p1b

o (p2 —p1)b
3

5.4 _
PN (p3 pl)b

3
(p4—p1)b

3

w =

Hence, using naturality for the Serre spectral sequence it remains to
determine d4(e3) and dg(es) in the spectral sequence for Ty.

To check the first differential consider the diagram

SU@B) — E' — Bsu@)xsue)

o]

SUB) — E — Bsu@)«su®d)

where the top fibration is induced from the lower one via the map of classi-
fying spaces induced from the three fold covering SU(3) x SU(3)—SU(3) *
SU(3). The action of the first copy of SU(3) on the fiber is just multipli-
cation on the left while the action of the second copy is inversion and then
multiplication on the right in the upper fibration.
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Looking just at the left action the space is contractible and similarly on
the right. Thus, by naturality, in the Serre spectral sequence of the upper
fibration d*(e3) = c2 — cb, the minus sign due to the inversion needed in
the multiplication on the right. Similarly d*(e5) = c3 — c}.

We now restrict to the induced fibrations over the maximal tori. In the
fibration for the torus (S1)* C SU(3) x SU(3) we have dy(e3) = oo — 0%
where o9 and o) are the second symmetric polynomials in the variables
(21,22, —(21 + 2 + 2)) and (w1, ws, —(wy + ws)) respectively. Similarly
ds(e5) = o3 — o4 and we need merely make these explicit and use naturality
to determine the differentials d4(e3) and dg(es) in the spectral sequence over
Br,.

In the map B(g1)1— Br, the induced cohomology map with coefficients
in Z(%) is an isomorphism, and has the form %r — 21, %r + s = 2o,
%r 4+t — wq, %T + w — wo, and from this it is direct that

dy(es) = —(r(t +w — s) + t* + tw + w?® — s?).

However, when we plug in to determine dg(e5) we get
L 5 2 42 2
§(T (s —t —w) +r(s®—t°— dtw —w?)) — tw(t + w)

for the element which maps to o3 — 4. This element is not in the integral
cohomology of Br,, but the terms multiplied by 1/3 are in the ideal gen-
erated by the image of d, except for the term %?mﬁw. Factoring this ideal
out we get —tw(t+w+r) which is in the integral cohomology and is hence
the image of dg(es).

It remains to prove that r is in the image from H*(Bgy (s)«su(3); F3).
To see this consider the Serre spectral sequence of the fibration

Bsu@yxsu@)—Bsu)«sus) —K(Z/3,2),

where K(Z/3,2) is the Eilenberg-Maclane space. Since the fiber is 3-
connected, the fundamental class ¢ € H?(K(Z/3,2); F3) survives to gener-
ate H2(BSU(3)*SU(3); Fs3). Now, the fibration restricted to the classifying
spaces of the Tori is not trivial so the image of the fundamental class in
H*(Br,; F3) must be non-trivial as well. ]
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§6. Isometric torus actions on SU(3)
Let :(SY)2—Ty C SU(3) x SU(3) induce an isometric action of

(Y% on SU(3). Let B(sij2 = Bg1 x Bgi = CP*> x CP> and let
b; € H?(CP>;Z), i = 1,2, denote respective generators. Write

B;Z(T) = r1b1 + robo
6.1 B;Z(S) = $1b1 + 82b2
' B;Z(t) = t1b1 + tabs
B;Z(U)) = U)lbl —|—w2b2
Next, set
Ay = 7“1(t1 +w; — 81) +t§ +tiuy —l—w% - S?
By = Tl(tg + wo — 82) + Tg(tl 4wy — 81) =+ 2(t1t2 + wiwe — 8182)
+ tl’LUz + t2w1
og C2 = maltztw — 52) + 15 + tyws + w3 — 3

Az = tywi(ty +wy +71)
Bs = tywq(te + wa + 12) + (trwe + tows ) (t1 + wy +71)
Cs = (trwa + tawr)(t2 +wa + 12) + tawa(ty +wy +71)
D3 = tawa(ta + we + r2),

and define the two polynomials Asz2 + Baz + Co = f1(2), A32® + B32? +
Cs3z+ D3 = fQ(Z)

Recall that the resultant of the two polynomials fi and fo, R(f1, f2),
[L], pp. 199-204, is the determinant

which can also be given as A3A3[](f; — g;) where fi, fo are the roots of
fi(x), g1, g2, g3 are the roots of fo(x).
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We now have

THEOREM 6.3: Assume that the action of (S')? on SU(3) induced by 1
has only isolated fixed points and that there is an S* C (S')? so that the
restricted action of St on SU(3) is free. Then we have that R(f1, f2) # 0
and

(1) The action of (S')? on SU(3) is free if and only if R(f1, fa) is &1.

(2) More generally, there are at most six fixed points for the action, each
with a finite, cyclic, isotropy group I, (1)) and we have

6
[R(f1(2), fa(2))| = [T I ()1
j=1

PRrOOF: Consider the Borel construction Egiy2 x(g1)2 SU(3) of 4.1. The
fixed point sets for the general action will occur for points (4, B) € ¥((S1)?)
where we may assume A = B, and both are diagonal. If all three entries
of (A) are equal then the action is not faithful. If two of the entries
are equal, then the fixed point set has the form (S1)2\U(2), which is not
an isolated point. Consequently, it follows that the three entries are dis-
tinct, the quotient SU(3)/(S')? is a six dimensional complex and, using
the projection in 4.2, the Borel construction has the homotopy type of a
six dimensional complex attached to a disjoint union of classifying spaces
B[(w). Thus

HZ(SU(3) Xap E(Sl)z; Z)

= ZHi(Bfm(w);Z)
[ DAZ)|1,(v)|) ifiis even and I (v) is cyclic,
10 for ¢ odd if I,(¢) is cyclic

provided that ¢ > 7.

On the other hand, we have a direct calculation of H*(E(g1)2 Xy
SU(3);Z) from the Serre spectral sequence of the fibration. We have
d*(e3) = y?f1(x/y), and modulo the ideal generated by d*(e3) we know
that d®(es) = y®f3(x/y). Thus, we have that H3(SU(3) xy E(g1y2;Z) =
H®(B(s1y2;Z)/(d*(e3),d%(e5)). This ideal in dimension eight is precisely
the lattice

L = (z%d*(e3), zyd*(e3), y*d* (e3), xd%(es), yd®(ds)).
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Moreover, H¥(SU (3) Xy E(s1y2;Z) = H®(B(g1)2; Z) /L as an easy verifica-
tion shows. But the order of this quotient is just the absolute value of the
determinant for any basis of £. Hence, this order is exactly the absolute
value of the determinant above, but this determinant is, by definition, the
resultant of f; and fs.

Now we verify that there are at most six fixed points, each with a cyclic
isotropy group. To do this we assume that the image of v is contained in
the maximal torus T}, so a typical element in the image has the form

(D()\thl,/\i27.j27)\i37j3)7D(/\i47.j47)\i57.j5, /\iaTja))

and the point is a fixed point if and only if the entries in the second matrix
are a permutation of the entries in the first matrix. Moreover if a €
S3 is the permutation matrix associated to this point, then {Det(a)a}
in (S1)2\SU(3) is the fixed point. Hence, there are at most 6 fixed points
and they form a subset of Ss.

Finally, we check that the isotropy groups are all cyclic. To do this
choose a new basis for (S1)? so that the first copy of S* gives the free
action on SU(3). Now, on this quotient, consider the action of the second
S1. Each isotropy group here is clearly a finite subgroup of S', hence cyclic,
and the result follows. ]

§7. Two homotopy invariants for the spaces X7

Consider the pairing
71 H'(X'Q/Z)® Hy(X",Z)—Q/Z, 0@ (n[XT])—(0,n[XT]).

There is a quadratic map ¢: H3(X";Q/Z) = Z/Ly—Q/Z defined by
v — (vB(v),[X7]) where B: H3(X";Q/Z)—H*(X";Z) is the universal
Bockstein. Incidentally, note that 3 is an isomorphism in this case.

As we have pointed out in 5.1, there is a canonical generator b? €
H*(X";Z), hence a unique element vy € H*(X7; Z) with B3(vg) = b?. Con-
sequently, +¢(vy) € Z/ Ly C Q/Z is a homotopy invariant of X”. (The plus
or minus indeterminacy is due to the fact that there is no canonical choice
for the generator [X7] € H7(X";Z) = Z). We will call £¢(vg) € Z/o2 the
link characteristic of X”.
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Here is a second homotopy invariant for the space X".

Given X7 there is a well defined map (up to sign) m: X7 —P> with
7*(b) = b. It’s fiber is Vao;. Moreover if g: X"—X7 is any homotopy
equivalence, then there is a homotopy commutative diagram

Thus, a homotopy invariant of X7 is the mapping cone of m, M (X7). More-
over, if we have any multiplicative cohomology theory, h*, then the action
of h*(P*) on h*(M(XT)) is also intrinsic.

More generally, if f: E—B is a fibering with fiber V5 ; we may take
the mapping cone of f as an invariant of the fibration. This mapping cone
will not generally be a homotopy invariant of E, of course. However, as
we will see the mapping cone behaves very much like the Thom complex
of a spherical fibration and has good naturality properties which allow us
to extract homotopy type information about X7.

LEMMA 7.2: Let M(f) be the mapping cone of the fibration Vo 1—E i B,
and suppose that the group of f is contained in U(3) or Ty, or that the
coefficients are A = Z(%) and the group is contained in SU(3) = SU(3).
Suppose, also that the element dy(e3) € H*(B; A) is regular. Then there
are natural classes Uy, Ug in H*(M(f);Z) and a long exact sequence

) Uv ~ 1)
g 0(B) 2 B U H O (B) @ Us— H* (M(f)) — -

where v = ¢c3(f)Uy — ca(f)Us.

PROOF: In the cases above, for U(3), Ty, or SU(3) * SU(3) with Z(3)
as coefficients, there are the three Serre spectral sequences with Fs-term
H*(Bg; H*(V,1; A)) converging to H*(E; A). In each case the spectral
sequence is totally trangressive, with (d4(es), dg(es)) forming a regular
sequence in H*(B;A). Consequently, E7 = E is concentrated on the
bottom row and is given as the quotient

H*(B; A)/(ds(e3),ds(es)).
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Consequently, in these particular examples the cohomology of M(f) can
be identified with the ideal (d4(es),ds(es)) itself.

Now, for the general case. The assumption that d4(e3) is regular im-
plies that

Es = H*(B; A)/(du(es)) @ H*(B; A)/(da(es))es

with only the differential dg(e5) remaining. Now, use naturality and the
truth of the result in the universal case of the V5 ; fibration over By, or
Bsy(3)«su(s) to obtain the classes Uy and Us. |

f
ExXAMPLE 7.3: Consider the fibration V2’1—>X7—>P°°. This satisfies the
conditions of the lemma. Hence there is an exact sequence

0——Z[brr0 —— ZB)(Us, Us)— H* (M(f); Z)—0
with h(!L‘lo) = bQ(LgbU4 - LQUG).

EXAMPLE 7.4: In low dimensions the universal fibration over Bsy (3)«su/(3)

has the property that H*(M(f);Z(3)) is torsion free and has generators

U, dimension 4,
Us dimension 6,
o9Uy4, 04U,  dimension 8.

Note also that Sq?(U,) = Us, and U} = (02 — 04)Uy.

REMARK 7.5: The situation for the universal mapping cone over
Bsu3y«su(z) with Z or F3 coefficients is quite a bit more complex due
to an interior ds-differential on Us, (d3(e5) = res). But when we take that
into account, H*(M(f);F3) in the universal case turns out to have low
dimensional generators described as follows:

U, dimension 4,
7.6 rUy dimension 6,

12Uy, (09 — 04)Us, P*(Uy) dimension 8,

where P!(Uy) is the image of the Steenrod p*"-power operation on Uj.
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§8. The determination of the homotopy type of X7

Here is our main result: the determination of the homotopy types of
the X"’s in terms of the map v: S'—T} of 5.1.

THEOREM 8.1: Let v, as in 5.1, determine X7, and La(v), Ls3(v) be the
associated integers.

(1) The link characteristic of X7 is given as Lz(v)~!/La(v).

(2) La(v) and the link characteristic of X* determine the homotopy type
of X" up to an indeterminacy of at most four. More precisely, given
a quotient X7 where Lo(v) and the link invariant are fixed, then it
belongs to one of at most four distinct homotopy types.

(3) These four types are, in turn, distinguished by the mod(2) value of
v*(ah) and the value of M (v)*((r? + s(r +s))Us — UZ +1Ug) mod (3).

REMARKS 8.2: The indeterminacy of at most 4 in 8.1(2) is due to a close
analysis of the Postnikov system for X7. It turns out that the fact that
VQJ/S1 = X7, Ly and the link invariant determine the first 2 Postnikov
invariants completely, but we can only determine part of the next invariant
from this data. Looking at the variation we will see, after 8.4, that there are
at most 4 possibilities. Then the remainder of the proof is concerned with
showing that the invariants of 8.1(3) determine the rest of this k-invariant.

For 8.1(3), it turns out that only thing which matters is whether r is 0
or non-zero mod (3). Indeed, Us € H®(M (v); F3) is only determined up to
sign and the addition of €bUy. Also, the term (r? + s(r + s))Uy — U2 + rUs
is simply P'(U,) in the mapping cone for Br,. Thus, the indeterminacy of
Us allows us to assume that P1(Uy) = rUs in H3(M (v); F3).

PRrROOF: The proof comprises three distinct steps. First we use the Post-
nikov system of X7 through dimension 7 (which completely determines the
homotopy type of X7) to prove (1) and (2). Then we study the homotopy
type of M (v) in dimension 8 to distinguish the remaining four cases.
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The Postnikov system for X*

The first eight homotopy groups of SU(3) are given by the following
table, [Mi], p. 970:

6 7 8

dim 5
Z Z/)6 0 Z/12

1
8.3 m(SU®3)) 0

2 3 4
0 Z 0
We will use this to determine the first few stages of a Postnikov resolution
for X7, Consider the commutative diagram which relates the first four
stages of the Postnikov systems for X7 and the first three stages of the

system for V5 ;.

Vo X7
hil Ky
E, E, K(Z/12,9)
Ai,/ K
8.4 F; E; K(Z/6,7)
! .
K(Z,3) B> K(Z,6)

CP> —* s K(Z,4)

The first k-invariant for Va1 is 8Sq¢*(t3) € H%(K(Z,4); Z) = Z/2. On the
other hand the space E, is determined by the invariant K4 = Lob%, and it
is direct to check that HS(Ey; Z) = Z/2®Z/ Lo, where the Z/2 is generated
by an element which restricts to 3Sq¢?(13) in H(K(Z,3);Z) = Z/2, and
the Z /Ly summand is generated by b3. Clearly, the invariant Kg is thus
the sum £Sq%(13) + L3bd.

Then a direct calculation shows that H(Fs3;Z/6) = Z/6 is generated
by Sq?(15) and P1(13), while H" (E3;Z/6) = Z/6® Z/6, the first summand
generated by the elements restricting to the fiber as described and the
second generated by the class Lzb%t3 — Lobts = b(L3tz — Lats) = bfs

Hence, cupping with b and dividing by Lo we obtain that the generator
is —L3b% L5 so the link characteristic for X7 must be —Lgl/Lg at this stage,
though there remains the analysis of the next k-invariant before we can
claim this answer for X7 itself.



The classification of Aloff-Wallach manifolds 401

We now consider the k-invariant in dimension 7. As we've seen,
H"(E3;Z/6) = (Z/6)? with generators [X]*, the reduction of the ori-
entation class (this is imprecise — we will make it precise shortly however)
and the class corresponding to P!(13) summed with the class corresponding
to Sq?(15). We know that the k-invariant must involve these two classes in
an essential way, so we may assume the k-invariant has the form (w,1,1)
where w is the coefficient on [X7]*. The question now is the determination
of w.

There is a homotopy equivalence of F3 which changes the sign of x5
but leaves t3 and b invariant. This changes the k-invariant (w,1,1) to
(—w,1,1,), and hence w may be assumed to be one of the four elements
0,1,2,3 € Z/6.

The homotopy type of the mapping cone through dimension 8

Through dimension 7 the universal mapping cone has the homotopy
type of the two cell complex S* Uy €%, and 77 of this space is Z/6 ® Z where
the Z is generated by the Hopf invariant class, h, the class of the Hopf
fibration

§3— 87— 5t

and the Z /6 is in the image of suspension from (53U, €”). Also, m7(S%) =
Z /2 with generator nS%, and m7((S* U, €®) v S%) is the direct sum of these
two groups, Z @ Z/6 ® Z/2, since the first Whitehead product between the
two pieces occurs in dimension 8. Thus, the homotopy type of the mapping
cone for the fibration over Br,, By (s) or Bg: through dimension 7 has the

form
S

(S* Uy ef) v/ s°

1
and 77 of this space is Z/6®Z @ (Z/2)° since there are no Whitehead prod-
ucts in this range. We will show that the cell dual to o4Uy attaches to 3v+h
while the cell dual to 02Uy attaches to h. Moreover, the cell dual to P*(Uy)
(with coefficients F3 attaches to 2v where v generates the Z/6. Thus, de-
pending on the form of the maps to h.(M(n);F2) and H,(M(n); F3) we
distinguish the four possible homotopy types with fixed Lo and link invari-
ant.

The F3-argument is direct. Since we may regard Uy as identified with
r(t+w—s)+t? +tw+w? —s2, Ug as tw(t+w—r), we can directly calculate
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that
PYUy) 3t +w—s) +rt®+wd — 53 + Pw + twd + 51—t

rUs + s(r + s)Uy — U + r*Uy.

The Fs-argument involves a check in the case of the mapping cone
over By sy, where U(3) embeds in SU(3) * SU(3) via the map u of 1.5.
For this example, because the action is just the usual left action by U(3)
on Vs 1, we see that the fibration V21— Fy(3) Xy (3) V2,1— By () is just the
usual fibration

8.5 Vo 1—Bya) — By

induced from the usual inclusion U(1) — U(3).

The inclusion By 2y < By(s) induced by the usual inclusion induces
a map of mapping cones, By (2)/By(1) = Bu(s)/Bu), which includes the
Thom space of the universal C2-bundle over By (2) into our mapping cone.
This gives a map

8.6 h: EQPOO—>BU(2)/BU(1)—>BU(3)/BU(1)

since X2P> is the Thom space of the C2-bundle £ + € over P> where ¢ is
the Hopf line bundle and e is the trivial bundle. The cohomology map h*
is given by h*(ciU;) = e2 @bt and h*(w) = 0 for any other monomial in
c1, co, cg cupped with Uy or Us.

LEMMA 8.7: The attaching map, T of ¥%¢% = €® in ¥?P3 = (5*U, e%) U, €®
has order 6 in 77(S* U, €%).

PROOF: The reduced complex K-group for 22P3, KV (%2P3), is a copy of
Z3 with generators s ® x, s ® 22, s @ 2° in KY(X?P>) = s ® vZ[z]. The
Adams vF-operations are defined by the rules 1*(a + b) = *(a) + *(b),
Y*(ab) = ¢*(a)y*(b), and ¥ (s) = ks where s is a generator for KV (5?%) =
Z. For KY(P?) we have ¢*(z) = kx+(§) x2+(§)x3. In particular, following
work of J.F. Adams and Grant Walker, (see the discussion on pages 143-
144 of [A]), the integral sub-lattice spanned by the eigenvectors for the ¥*
operations in K Y(¥2P3) is generated by the elements

w; = 6x — 32?2+ 223

wy = a2 — 23

’LU3:£L'3
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where ¥ (w;) = k*(w;) for each integer k > 1, and each i = 1,2, 3.

Now, let j: S3—¥2P3 be any map. We have KU (S%) = Z(s*) with
¥ (s*) = k*s*. Thus, since the ¢! are natural, we must have j*(s ® wy) =
j*(s ®@ wy) = 0 and j*(s ® wz) = As* where X is the degree of j. Solving,
we see that j*(22) = As*, so, plugging into the expression for w; we have
j*(6x) = As* as well and 6 must divide \ as asserted. |

This, in turn, completes the proof of 8.1. |

§9. The tangent bundle to S'\SU(3) where S! acts freely
and isometrically

There is some discussion of the structure of 7(H\G) in [S], at least for
the case where H is a product H; x Hy C G * G. In this case the result of
[S] is

PROPOSITION 9.1: The tangent bundle to H1\G/H> fits into the following
canonical exact sequence of vector bundles:

0—ap, (Ady,) ® ang, (Ady,)—ac(Adg)—7(H1\G/Hy)—0

where Ady is the adjoint action of K on the Lie algebra of K and

CMHl(V) =V X Hy G/H2
OéHz(W) = H1\G X Hy w
ag(U) (Hl\GXG/HQ) XgU

and in the last G acts as (I,m)g = (lg,g~'m).

Most of the S'-actions considered here are not immediately given in
the form above though they all can be thought of as double quotients when
we write X as a double quotient of

L={(A,B)ecU(3) xU(@3) | detA = detB}

as the referee kindly points out. In any case, the result below gives the
explicit information that we will need about these bundles. Also, the dis-
cussion that we now give generalizes easily to isometric circle actions on
SU(n) as well as quotients by certain larger groups.
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LEMMA 9.2: In the notation of the previous section let the free isometric
action of S' on SU(3) be defined by the 4-tuple of integers (p1, p2,p3,P4)
as in 5.1. Then we have

P3—Pq

T(S'\SU(3)) ® 3er @ g 3

§ Py *i;’2+j

1

2

23

i=1j

PROOF: Embed V5 into S ¢ C® by ()21,)22) — %(}?1,22). Then the

normal bundle to V5 in St vg11(Va1), is er @ ec. Indeed, if we define
e: SH—RxC

by

X — (Vo121 + 222 + £3T3 — —=, T1T4 + T2T5 + 23T¢)

1
V2
then V4 is the inverse image of (0,0) and the map is regular there.

Next we note that we can extend our S'-action to S'' by the rule

P1—P3 pP2—P3 P3—P4
(!El,(EQ,...,iEG)'—)()\ 3 1'17)\ 3 xg,...,)\

x(;)

and this action extends to the normal bundle, trivially on the R, but as
P3—P4

multiplication by A™3  on the C.

When we pass to quotients by the S' action note that the tangent
bundle to Vs ; is identified with 7(S'\SU(3)) @ er, and the quotient of the
tangent bundle to S'!, restricted to V2,1 becomes

7(S'\SU(3)) @ 2er @ £P2 P4,

On the other hand, since 7(S1!) @ eg = 6ec with the action given above
we obtain the expression in the lemma for 7(S1\SU(3)). |

COROLLARY 9.3: The Pontrjagin class P, for the normal bundle to
X7(p1,p2.p3,pa) is given as

2
g(pf + 3+ pip2)b? € HY(X";Z) = Z/Lo.

PRrROOF: The tangent bundle is stably the pull-back of

P1—P3 P1—P4 P2—P3 P2—P4 —(p1+p2+p3) —(P1+Pp2+Pp4) P3—P4
6 3 @5 3 @f 3 @f 3 @é‘ 3 3 3

®¢ ®—=¢
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from the canonical map m: X7 —CP>. Hence, P, for the normal bundle is
the pull back of the class

1
—(4p7 + 4p1pa + 4p3 + 23 + 2pspa + 2p7)b°.

9
On the other hand, this is to be taken in H*(X";Z) = Z/Lo, where Lo is
given in 5.1. Thus subtracting 2L (v)b? gives the class of 9.3. ]

§10. The piecewise linear classification of X7

The Pontrjagin class, Py, is a homotopy invariant in H*(X7;Z/24)
from [M], p. 249. Also, given two homotopy equivalent S'-quotients, X
and X7, the difference of their Pontrjagin classes P;(X7) — Py (X7) is well
defined and independent of the choice of homotopy equivalence since in
cohomology, in dimensions < 4, the choices differ at most in the sign of b
in dimension 2, but the map on b? will, in either case be the identity.

The core of the surgery classification of manifolds in dimensions > 5
is the surgery exact sequence, [MM], pp. 40-44, which in our context, in
view of the Browder-Novikov theorem and the fact that the dimension of
X7 is odd, takes the form

HT(X7) = [X73G/PL]3

the set of homotopy classes of maps from X7 to G/PL, where HT (X7) is
the set of homotopy triangulations of X7. Recall that H7 (X7) surjects to
the set of piecewise linear homeomorphism classes of manifolds homotopy
equivalent to X”.

LEMMA 10.1: The set [X7,G/PL] contains 2La-elements and is determined
by the difference Pi(X") — P1(X") and a mod(2) invariant in dimension
4 if Lo is even, while it contains 2Ls elements and is determined up to an
ambiguity of Z/2 in dimension 2 by this difference if Ly is odd.

PrOOF: Through dimension 7, G/PL has the homotopy type of a product
K(Z/2,6) x V where V is the two stage Postnikov system
K(Z,4)—V—K(Z/2,2)
with k-invariant 23(:2). Consequently, there is an exact sequence
(X7, K(Z/2,1)|—[X",K(Z/2,6) x K(Z,4)]
—[X",G/PL—[X",K(Z/2,2)]—0
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which becomes
0— H*(X"; Z)— (X7, G/ PL]— H?(X": Z,/2)—0
Hence, |[X7,G/PL]| = 2L,.

Now, H*(V;Z) = Z with generator v, restricting to :2 mod (2) and
restricting to the fiber as twice the generator ¢y. Thus, if the map to V
factors through the inclusion of the fiber, the pull-back of this class must
be an even multiple of b2, and conversely, it is an odd multiple if it does not
factor through the fiber. On the other hand, mod(2) the generator on the
fiber corresponds to a sort of Stiefel-Whitney class, wy, which we cannot
determine just from the Pontrjagin class. Consequently, with coefficients
in Fy, this class gives the remaining invariant. |
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Elliptic cohomology

Charles B. Thomas

Introduction

From the algebraic point of view elliptic cohomology is a quotient of
spin cobordism, and as such forms part of a chain
Qepin — 7 — EU — KSpin®™ — H",
with each link corresponding to a 1-dimensional commutative formal group
law. In the case of elliptic cohomology this was written down by Euler in

the 18th century, and the validity of the Eilenberg—Steenrod axioms follows
from properties of addition on a class of elliptic curves in characteristic p.

In 1988, G. Segal gave a talk in the Bourbaki Seminar [Se], in which
he summarised what was known at the time under the headings

(a) £0*(X) is a cohomology theory [Lwl,2],

(b) the structural genus is rigid with respect to compact, connected group
actions [Th], and

(c) the completed localised ring £0£*(BG);) is determined by ‘elliptic char-
acters’ [HKR1].

He also explained how a genus related to the universal elliptic genus
ought to be defined as the index of a Dirac operator in infinite dimensions,
and suggested how a geometric model for ££*(X) might be constructed,
using ideas from conformal field theory.

The purpose of the present survey is to bring Segal’s up to date, and
incidentally to provide a bibliography of some of the more important recent
papers. The most important advance is that an extremely elegant algebraic
theory is beginning to find geometric applications. Thus it is becoming clear
that elliptic cohomology is the correct setting for the Moonshine phenom-
ena associated with various sporadic simple groups, and that E. Witten’s
genus @y carries information about Ricci curvature of a metric in much
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the same way as the E—genus does about scalar curvature. Both these ap-
plications are, in a roundabout way, taken from theoretical physics. At
least in the opinion of the author, they illustrate a belief that interesting
geometric problems are suggested by the models which we construct to ex-
plain the behaviour of the world around us. Through sheer ignorance there
is nothing about physics in the sections that follow, although the reader
may like to look at the collection of papers [AtRS], particularly that of
David Olive with its hints about the role played by the exceptional Lie and
sporadic simple finite groups. In this direction it may be worth noting that
if there is a theory above elliptic cohomology in the chain, then it ought
to be modelled by bundles over the double loop space L?X with ‘paths’
defined by finitely cusped 3-manifolds with a prescribed geometry.

The contents are as follows: in the first three sections we cover much
the same ground as Segal. Section 4 is devoted to the definition of elliptic
objects over BG, where G is a finite group, and will appear in a greatly
expanded version in a joint paper with A. Baker. Section 5 contains various
results about the Mathieu groups — each of these is fascinating, but they
have yet to receive a satisfactory common explanation. The last section
contains introductions to the work of M. Kreck and S. Stolz [KS] showing
that elliptic cohomology can be defined over Z rather then over Z[%], and
to the still mysterious K 3-theories. Again through ignorance there is lit-
tle stable homotopy theory, although I would have liked to have included
more on the spectrum eos, currently being studied by M. Hopkins and his
collaborators.

This survey has its origins in a guide for the perplexed* prepared
jointly with A. Baker at Mount Holyoke in the summer of 1994. I wish
to thank him for his collaboration, J. Morava for several stimulating con-
versations and e-mail exchanges, and S. Cappell for his steady interest
in my work. I wish to acknowledge financial support from the European
Union’s ‘Human Capital and Mobility’ programme, and also from the ETH
in Ziirich, where the final version was written.

It was a pleasure to be asked to contribute to a collection of papers
dedicated to C.T.C. Wall. On several occasions he has asked “Elliptic
Cohomology — very interesting — but what is it?” I hope that I have gone
some way towards providing an answer.

* Moses Maimonides (born Cérdoba 1135, died Cairo 1204), doctor and
philosopher, is responsible for this turn of phrase.
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1. Elliptic Genera

Let us continue and expand the discussion of cobordism started in
[Ros]. Working away from the prime 2 we know that

= 39Spin

Ra ®Q = Q[CP?,CP4,...,CP™,.. ],

1 1
Rq :=Q%, ® Z[i] 208 . ® Z[E] , that rationally

and that the oriented cobordism class of an m-dimensional manifold (m =
Omod4) is detected by its Pontryagin numbers.

We recall that, if € is a real vector bundle over X of fibre dimension
equal to k, then the Pontryagin classes p;(£) satisfy

() € HY(X,Z) and pe(€) = 14 p1(&) + -+ - + ppey ()
2. pi(f') = f*pi(€)

3. Pe(&1 D &) = (peé1) - (pe&2) modulo 2 torsion, and

4

. pe(nr) = 1+ g2, where ng is the real bundle underlying the Hopf
bundle over complex projective space CP", and g is the Poincaré dual

1. p
- p

%

7

to the homology class represented by CP"~ 1,

Furthermore, if m = 0(mod 4), and (iy - - -4,) is a partition of 7, then
with [X] equal to the orientation class of X we can define a Pontryagin

number by i
([T ws (7))

Here, T X denotes the tangent bundle of the manifold X. Half of R. Thom’s
determination of the ring Ro ® Q consists in showing that X; and X,
represent the same class iff their Pontryagin numbers coincide. It is then
necessary to find a family of manifolds picking up all possible values in Q.
Since, as has already been discussed in [Ros], %, contains no odd torsion,
in much of what follows we will work over Z[3] rather than over Q.

Definition. Let R be an integral domain over Q. Then a genus is a ring
homomorphism
p: Ro—R

with ¢(1) = 1.

Examples are provided by the signature (or L-genus) and A-genus (for
Spin manifolds).
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One way of constructing genera is to start with an even power series
Q(z) =14 asa® +aga® +--- |
give the variable x a weight equal to 2, and form the product
Qx1)  Qzn) =1+as(ad +-- +a2)+ - .

The term K, of weight 4r is a homogeneous polynomial in the elementary
symmetric functions p; of the z7; note that for r > n we have K, =
K.(p1,---,Pn,0,...,0), i.e., that we set an appropriate number of ‘dummy’
variables equal to zero.

Definition. The genus ¢ associated with a power series ) is defined by
0Q(X) = Kn(p1(TX),...,pm(TX))[X] €R

if the dimension of X equals 4m, and ¢g(X) = 0 otherwise.

In fact every multiplicative genus arises in this way. To see this we
define the logarithm of ¢ by

g'(y) =logl,(y) = Y _ p(CP™)y™ .
n=0
An exercise in the calculus of residues then shows that, if f denotes the
formal inverse function to g, and we write Q(x) = x/f(z), then
¢(CP*") = po(CP*").

The logarithm ¢ is not only associated with a genus, but also with a unique
formal group law G given by

9(Gy1,92)) = g(y1) + 9(y2) -

Pulling all this together we have

Proposition 1.1. The multiplicative genus ¢ : Rq — R is uniquely
determined by any one of the power series Q(x), the logarithm g¢(y) or
formal group law G(y1, y2).

Examples.
Qr(z) = z/tanh(z) ,
Q1(x) = (2/2)/sinh(x/2)
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The two genera L and A are the limiting values of the so-called wuni-
versal elliptic genus ® with logarithm

o ()_/yL
Bel¥ o V1—2082 et

The limiting values, associated with hyperbolic rather than elliptic func-
tions, are obtained when ¢ and ¢ are so chosen that the quartic equation
et — 26t? + 1 = 0 has repeated roots. Thus for L we take § = ¢ = 1 and
for A\, d = —1/8, e = 0. More generally:

Theorem 1.2. The genus ¢ is elliptic if and only if @ vanishes on the total
space of all fibrations of the form CP(E), i.e., projective bundles associated
with complex vector bundles &.

For detailed proofs of this result see either [HBJ], Chapters 3-4, or the
original paper of S. Ochanine [O]. However the main ideas are the following:

1. Choose new generators H; ; for the cobordism ring over Q. These are
the so-called Milnor manifolds H; ; C CP? x CP? of double degree (1,1)
defined by the equation

zoYo + -ty =0 (k= min{s, j}) .

That these 2(i + j — 1)-dimensional manifolds do include generating sets
follows from a calculation with characteristic numbers. The new geometric
property is that H; ; fibres over CPP* with fibre CP/~!, so that with j =
even, j > 4, we obtain a manifold on which we are hoping to show that ¢
vanishes.

2. In the cobordism ring let J = ideal generated by the classes {[Hzs 2;]i >
2}, and let I be generated by CP?™~! fibrations. Then J C I by the
discussion above.

3. If o is a multiplicative genus, then ¢(J) = 0 if and only if ¢ is elliptic.
This is an exercise in elementary calculus, see [O] Proposition 3.

Note that one can use the formal group law for the elliptic genus
(Euler’s addition formula) to show that ¢(Hg;y1,25) =0 for j > 4.

If we write h;; = @(H, ;), then direct calculation shows that

S hiyivd = Gy y2)g (y1)g' () -
4,70



414 Charles B. Thomas

Since
1V P(y2) + y2/P(y1)
G(ylayQ) - 1 2 9 s
—E€-Y1Ys
where {
Py)=1-26" +ey* , ¢'(y) = 7
P(y)
we have

i, J Y1 Y2 2,2 2,4, 4
hi-yyj=( + )1+5yy teEYyy o)
i%o Y192 \/P(y1) \/P(yz) ( 1Y2 1Y2 )

Now compare coefficients on the two sides. On the right there is no mono-
mial of the form yf”lygj.

4. The ideals I and J coincide. This follows from the assertion that an
elliptic genus ¢ vanishes on CP?™~!-fibrations, and is proved by calculating
o on the total space. More precisely one looks at the characteristic numbers
of the bundle along the fibres, and exploits elementary properties of elliptic
functions.

Definition. Let FF — E — B be a fibre bundle with F' a compact, oriented
spin manifold and structural group G a compact connected Lie group. We
say that the genus @ is strongly multiplicative if p(E) = o(F)(B).

Theorem 1.2.%%) The genus ¢ is strongly multiplicative if and only if ¢
is elliptic.

That this is at least plausible follows from the fact that for a C P2~ 1-
fibration an elliptic genus is strongly multiplicative, since C P2?™~! bounds
the total space of a D3-bundle over HP™~!, and therefore o(CP?m~1) = 0.

The stronger version of Theorem 1.2 is due to C. Taubes [Tb], and
expresses the rigidity of the elliptic genus. If the manifold X admits an ac-
tion by the compact topological group G, then any genus ¢ can be thought
of as taking values in the complex character ring R(G) ® C, which in turn
is isomorphic to the algebra of complex-valued class functions on G. (In
a later section we will give an example of a family of genera, some being
elliptic, parametrised by conjugacy classes in the discrete Mathieu group
M24.)

Theorem 1.2.(47¢¢) The genus ¢ is elliptic if and only if for each smooth
pair (X, G) with X a spin manifold and G compact and connected, o (M)
is constant as a function on G.
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Proof. See [Se| Theorem 3.7 et seg. In outline one reformulates the def-
inition of ¢ in terms of K-theory, applies it to the total space of a spin
fibration and looks at the term coming from the ‘bundle along the fibre’.
Taking the augmentation gives ¢(F'), which the assumed rigidity shows to
be the whole fibre term. Conversely one reduces to the case of the circle
group S', and then shows that strong multiplicativity forces any variation
with respect to the group action to vanish.

After this brief introduction to rigidity let us return to the universal
elliptic genus ®. Assume that the discriminant A = £2(62 —¢) # 0, so that
the integral defining the logarithm is the inverse function to an odd elliptic
function s. This is characterised by the period lattice L and by the fact
that of the three points of order 2 in C/L one (w) is a zero and the others
poles. If one replaces (§,¢) by (A28, \*e) the effect is to rescale L to A™1L
and replace ®(X) by Az(dim g X)),

Let H; denote the upper half-plane, and normalise the period lattice L
as L = 2miZ + 4mitZ with w = 27iT and Im(7) > 0. Denote the subgroup
a b

of matrices A = <c d> € SLy(Z) such that ¢ = 0(mod2) by I'g(2).

Allowing 7 to vary, we say that the holomorphic function
® : H — C

is a modular form of weight 2k with respect to the subgroup I'g(2) provided
that :

(i) ®(r) = (cr + d)~2k®(Ar), and

(ii) ® has a non-negative Fourier expansion at the two “cusps” 0 and ico.

The previous paragraph implies that the genus ®(X) becomes a mod-
ular form of weight 2k with invariance subgroup I'g(2). In particular, as
7 varies, 4 and € become modular forms of weights 4 and 8 respectively,
with Fourier expansions at zero given in Proposition 2.1 below. The geo-
metric significance of I'y(2) is that its natural action on H; preserves the
half-period point w.

One further property of the universal genus, which may become clearer
in our discussion of classifying spaces, is that it can be interpreted as
the character of a virtual, projective, unitary representation of the group
Diff(S1).
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2. The Witten genus and Ricci curvature

In the previous subsection we showed that any elliptic genus is deter-
mined by a power series Q(z). In the case of the universal genus ® we
have

Proposition 2.1. If ¢'(y) = (1 — 2y? +5y4)71/2 and Q(x) = z/f(z),
where f is the inverse power series to g, then
/2 1o (1—qm)? (-"
Q(I) - 1 H|: — qnex _ qne—<T
sinh z/2 (1—qre®)(1 —qre=®)

= exp( Z ékxk),

n=1

k>0,2|k
where
~ By, n - n
Gi(r) = o Z(Z(*l) /4dk1)q
n>1 dln
Furthermore
1 n 3 n
5:—§—32(2d)q and 5:2(2 d)q.
n>1 d|n n>1 d|n
2td 2t(n/d)

Proof. (See [Za] pp. 218-219.) Consider meromorphic functions ¢ : C —
C which satisfy the conditions

Pz +2mi) = —p(x) , Y2 +4mit) = ¢(z) , P(=z) = —p(2)

) the poles of ¢ all lie inside L ,¢(x) = % +0(1)asz—0.

The lattice L is as above. Such a function is unique, since if )1 and ¥y were
two such functions, ¥ — 12 would be holomorphic and doubly periodic,
hence constant, and hence equal to zero by oddness. The proposition is
proved by showing that v exists and equals Q(x)/z and also 1/ f(x), where
Q(7) equals the given power series. As usual g = e*™7.

First check that Q(z)/z does indeed satisfy conditions (x); call this
1. Next for any v satisfying (x) ¥(x)? and ¢/(z)? are even, invariant

under L-translation, and have poles at 2 = 0 with leading terms =2 and

=% as their only singularities (mod L). Therefore 1’ must be a monic
quadratic polynomial in 9?2, i.e., ¥'2 = ¢* — 2092 + ¢ for some §,¢ € C.

It follows that ﬁ = z + --- can be written as the inverse of a function
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g(y) = y + --- given by our original elliptic integral. The series in the
second formula equals the Taylor series for log(Q(z)), as can be seen from
the first formula by taking the logarithm of both sides and substituting the
calculable expansion for log((x/2)/sinhz/2). The precise forms of § and
now follow by a suitably sophisticated comparison of coefficients.

We now consider a variant of the power series in 2.1, due to E. Witten,
and reverse the argument, obtaining a new genus ¢y,. Witten interprets
his formula, using ideas from Quantum Field Theory, as the equivariant
index (Atiyah-Bott-Singer fixed point theorem) for a Dirac operator on
the free loop space LX of a smooth manifold X. To the best of this writer’s
knowledge we are still waiting for a mathematically rigorous definition of
the operator; for a discussion of the circle of ideas involved see [Se]. We
propose to show that it has at least one potentially important application
in differential geometry, and the formula also suggests that ¢y may be the
restriction of a more general genus taking values in a ring of Siegel modular
forms defined on a subset Hy C C? rather than H; C C. We return to this
latter point in our last section.

Definition. The Witten genus ¢y is associated with the power series

o0

2

sinh x/2 1—qre®)(1 - qre™®)

n=1

= exp(z %kak>

k>0
2k
where
—-B e
Gr(t) = Qkk +> 0 d g
n=1 d|n

We only define Gy when k is non-zero and even. For k& > 4 the close
relation with Eisenstein series shows that G is modular with respect to
the whole group SLs(Z); for k = 2, G = —i +q+3¢*>+---, and the
modularity condition has a correction term

G

The factors (—1)"/¢ in the sum defining G show that these functions are
modular for all values of k (including k = 2), since one has the relation

at+b
ct+d

) = (et +d)*Ga(r) + ﬁc(cr +d) .

Ga(r) = —Ga(7) +2G,(27) .
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One way to avoid problems with the non-modularity of G5 is to evaluate

pw only on oriented spin manifolds, satisfying the additional condition that

(1/2)p1(X) = 0. This amounts to beginning the series Y. 2/k!Gyz*
k>0,2|k

above with (1/12)G4z? rather than Gox?, and geometrically is the condi-

tion for a Spin structure on the loop manifold LX. Following S. Stolz [St]

and calling such a manifold X a %—manifold we have :

Theorem 2.2. There is a topological group % and a continuous homo-
morphism
7 : Spin — Spin

such that the induced map of classifying spaces is the 7-connected covering
of BSpin, i.e. BSpin = BO(8).

Proof: See [St] Theorem 1.2. In view of the importance of Spin structures
in recent developments we will at least give the structure of the group. The
classifying space BPU(H) for projective unitary bundles fibred by an infi-
nite dimensional separable Hilbert space H is a K(Z, 3); let Q be the princi-
pal bundle over Spin corresponding to some generator of H3(Spin,Z) = 7Z,
and define % as the subgroup of Aut(Q) given by the short exact se-
quence

Gauge(Q) — % 5 Spin. .

Here, the gauge group of Q consists of those automorphisms which induce
the identity on the base.

Conjecture 2.3. If X is a 4k-dimensional % manifold, which admits a
metric of positive definite Ricci curvature, then the Witten genus o (X) =
0.

In the same paper that contains the full proof of Theorem 2.2, S.
Stolz sketches a proof of the conjecture, assuming the existence of a Dirac
operator D(LX). Heuristically one expects the scalar curvature of a ‘lifted’
metric Lg on LX to be given in terms of the Ricci curvature of the metric g
on X. If Ric(g) were positive definite, this would force scalar(Lg) > 0, and
by an analogue of the finite-dimensional argument with the Weitzenbock
formula the operator D(LM) would have to be invertible. A consequence
of this is the vanishing of the index.

Examples. (i) The total space E of a bundle with fibre the homogeneous
space G/H and structure group G (compact, semisimple), and base B
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admitting a metric of positive definite Ricci curvature, also admits such a
metric and satisfies pw (E) = 0.

(ii) By ‘plumbing’ (see [HBJ] Section 6.5) it is possible to show that ¢ :

= © Q — Q[G4, Gg] is a surjective ring homomorphism. We can then
pin

construct a 24-dimensional simply connected %—mamifold X which is
such that
A(X)=0 but ew(X)#0.

The manifold X admits a metric of positive scalar curvature, but (mod-
ulo Conjecture 2.3) no metric of positive definite Ricci curvature. Such
examples can also be constructed more directly by surgery, combined with
facts about the spectrum eoq, see [HM]. Their construction shows the con-
tinuing vitality of methods in the development of which C. T. C. Wall was
so prominent in the 1960s.

3. Elliptic Cohomology

In order to define what is meant by a complex-oriented cohomology
theory we start with a multiplicative theory h*(X), which satisfies the
Eilenberg—Steenrod axioms and is such that % € h%(point) = R. The
theory h* is defined on a category of spaces including finite C'W-complexes.
With CP> = (,,»; CP" we are interested in theories such that

h*(CP") = R[g]/(6")

where £ € h2(CP") is an element which (i) maps to —¢ under conjugation
and (ii) restricts to the canonical generator 1 € h?(CP!) under the chain
of maps
h*(CP")—— h*(CP') = h?(S?) < h%(point) = R .
res susp

The element £ is then said to define a complex orientation for h*. The
structure of h*(CP™) has numerous implications for the theory:

(i) Given a complex line bundle F over X, the classifying map fr : X —
CP> induces a characteristic class f*¢ € h?(X). More generally for any
complex vector bundle over X there are h*-valued Chern classes ¢! (i =
1,...,dim¢c F), which satisfy the axioms corresponding to those for the
Pontryagin classes in ordinary cohomology. The classes for the universal

n-plane bundle generate h*(BU (n)).
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(ii) The orientation of a complex vector bundle E determines a Thom
isomorphism

RH(X) =5 B(ET) .

(iii) Let g : CP* x CP>® — CP* be the map which classifies tensor
products of line bundles. Then p induces a map of h*-algebras

A

p' s bt (CP®) = b (CP¥) & B*(CP®) |

determined by the element pu*¢ = G"(6 ®1,1® €).

This amounts to using the first Chern class to define a commutative
1-dimensional formal group law

Gh(%y) = Zaijxiyj )
)

which is odd (—G"(z,y) = G"(—z,~y)) and graded (a;; € R72(" 1),

Proposition 1.1 together with the universality of the formal group law
in cobordism [Q] shows that (iii) is equivalent to giving a structural map

(genus)
©" : Rqg — R = h*(point) .

Examples:
(i) GH(x,y) = x + y gives real cohomology, and

(ii) GEY(z,y) = @ + y + twy gives complex K-theory with coefficients
Zt, t71].

We are interested in the converse problem of using the genus to define
the cohomology theory, i.e., defining

R (X) = (Q50(X) ®Z[1]) @R, R

In order to preserve exactness we therefore need the ring R to satisfy cer-
tain flatness conditions over Rg. These are encapsulated in the so-called
Landweber conditions [Lwl], and hold for the universal elliptic genus. For
a rigorous and elegant treatment, which works for all levels, not just two,
see [F]. However, in order to avoid a digression into general quotients of
localised cobordism theories and the formal group law of a generic elliptic
curve, we use a more topological approach below. We emphasise that our
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argument implicitly uses much of the same elliptic input — this is hidden
in Ochanine’s Theorem 1.2.

Theorem 3.1. Consider the ring R = Z[1][6, €] and the diagram of locali-
sations

There are homology theories with each of these rings as coefficients. The
corresponding cohomology theories are multiplicative and complex oriented.
In each case the formal group law is the Euler law

z\/P(y) +y\/P(z) 7

where P(y) =1 — 25y° + ey*.

Sketch proof. It is possible to use bordism with singularities to construct
a connective homology theory with coefficients equal to R. For this we
recall from the general introduction the definition of the bordism groups
Q59 (X) for the space X in terms of equivalence classes of maps f : M — X
with M an oriented manifold. This gives us a homology theory with coef-
ficients R = Z[%][m, Z8, 12, . ..], where, as in the proof of Theorem 1.2 we
can take r4 = CP?, 23 = Hj5 and the remaining generators so that the
ideal (z12, 16, ...) consists of all bordism classes killed by elliptic genera.
Dividing out by this ideal to obtain R = Rq/(x12, 16, ..) corresponds to
allowing the manifolds M with target X to have singularities of a prescribed
form. Such singularities are compatible with the Eilenberg—Steenrod ax-
ioms — see [Ba] for a careful treatment of this. In this way we obtain
the first homology theory. It is at least folklore that the obstructions to
obtaining a product are 2-primary, and hence vanish in this case. Ellip-
tic cohomology is obtained by passing to the dual cohomology theory and
inverting one of the elements A, ¢ or (§% — ). Note that this last step
introduces periodicity into the theory.

In Section 4 we will make a start in constructing a geometric model for
the theory whose existence has just been algebraically proved. Motivation
for the bundle-like objects needed is provided by a remarkable theorem of
M. Hopkins, N. Kuhn and D. Ravenel [HKR]. They start from a result
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of M. Atiyah [At], which relates the complex representation ring R(G) of
a finite group to K(BG). Note that BG can be modelled as an infinite
CW-complex with finite skeleta BG(™), and Atiyah defines K(BG) to be
<li_mK (BG(")). He then proves that the completion of the natural map

a: R(G) — K(BGQG) with respect to the I-adic topology (I = kernel of the
augmentation map) is an isomorphism. The original method of proof was to
start with G = C), a cyclic group of prime order, extend to solvable groups
and finally use a version of Brauer induction for an arbitrary group. The
first problem is therefore to describe K(S*"~1/C),), the K-theory of the
standard symmetric lens space L?"~1(p;1,...,1). Using the fact that this
fibres over CP"~! it is not hard to see that K (S*"~1/C,) 2 R(C},)/A-1(p)
with p equal to the defining representation. Passing to the limit gives the p-
adic completion of the representation ring, which for groups of prime power
order agrees topologically with the I-adic completion. Up to this point we
have used little more than the ‘flat bundle map’ « and the existence of a
complex orientation.

In order to generalise this argument to other cohomology theories with-
out having an initial representation ring, we first p-localise and then take
characters, obtaining an isomorphism

K(BG), Q) Q, = Map(G), Q) .

Zp

Here, the suffix p refers to p-adic completion, @p denotes the completion of

the algebraic closure of Q, and Gz(f), r=1,2,..., denotes conjugacy classes
of commuting r-tuples of elements of p-power order in G.

Theorem 3.2. Let S = Rle™'] = Z[§][0,e,e7*] and S be the algebraic
closure of the quotient field of the p-adic completion of S. There is an
isomorphism
EU*(BG), (X S—Map (G, 5) .
s

Sketch proof. There are two main ingredients. The first is a generali-
sation of the Artin induction theorem for representations, which, modulo
a technical argument to circumvent the presence of quotients, reduces the
problem first to abelian and then to cyclic groups. This can be thought of
as a streamlined version of Atiyah’s second and third steps. The burden
of the proof is to construct the isomorphism above for C,, = G, starting
from the description of ££6*(BC,) as S[[¢]]/[pl¢ coming from the complex



Elliptic cohomology 423

orientation. The notation [p]¢ is shorthand for F(f, F(¢...F(£9) .. .)7

where F' is the formal group law. After reduction modulo p, I}T turns out to
have height two — this is the key ingredient in the more ‘arithmetic’ proof
of Theorem 2.1 — and application of a theorem of Lubin—Tate allows us
to construct the required map into the class functions Map (Gg), S). The
summary we have given of this step also makes it clear that the ring S is
taken to come equipped with a map into the ring of integers of some finite
extension of Q.

Remark. Full details of Theorem 3.2 have yet to appear in print. Several
versions exist in preprint form. We have stated the theorem as it appears
in [Se]. Useful references are [H1], [K] and [HKR2].

With applications to the elliptic objects associated with Moonshine
phenomena in mind, we end this subsection with a brief description of
theories of level higher than 2. The main references are [Bk] and [Br]. By
way of notation let I' C T'g(2) be a congruence subgroup, and let N be the
smallest positive integer such that

' D T(N) = Ker [SLy(Z) — SLa(Z/N)] .

With ¢y = e2™/N let S(T') be the Z[(y, 1]-algebra of meromorphic, even
weight modular forms with invariance subgroup I' and Fourier coefficients
at every cusp belonging to Z[(, %] It is a deep result of P. Deligne and
M. Rapoport [DR] that

(i) S(T) is a finitely generated Z[(y, +]-algebra, and
(ii) the C-algebra of forms just described equals S(T") ®zicn,1 €
If T'; C T’y are principal congruence subgroups in I'g(2), then S(I';) is

faithfully flat both over S(I';) and S(I'9(2)). Hence up to inversion of the
discriminant A we can define higher level theories by

ELlN(X) = £ (X) Q) S(T) .
R

This intuitively simple, but in detail sophisticated, approach is due to J.
Brylinski. Starting from F. Hirzebruch’s higher level elliptic genera, see
[HBJ], Chapter 7 and A1.6, A. Baker has developed what appear to be
similar theories. The technical tool here is the structure of the ring of
level N modular forms as a Galois extension of ££([3;]*, that is we obtain
simpler proofs at the price of inverting N in the coefficients.
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What happens if we try to replace the elliptic by the Witten genus
as the structural map for a cohomology theory? Put another way : is
it possible to construct a spectrum eos which bears the same relation to
MO(8) as the elliptic spectrum does to M Spin? Although the literature
on the solution to this question is incomplete, I hope that the following
summary based on [H2] and [HM] will convey the main ideas.

The first approach is abstract; one starts from the fact that the power
series () associated to the genus g determines a stable exponential char-
acteristic class, which in turn is determined by its values on the Hopf line
bundle 7. For a genus defined on M O(8)-manifolds one is faced with the
problem that the structural group of n does not lift to O(8) and one must
work with the tensor product of three copies of (n—1). This leads Hopkins
to study what he calls ‘cubical structures’ as a tool for the construction of
maps

op: MO(8) — h .

Here the cohomology theory h is such that h*(point) is torsion free and
concentrated in even dimensions (otherwise take MU(6) as domain spec-
trum) and its formal group law is isomorphic to the formal completion of
that of an elliptic curve E over h”(point). Provisionally let us describe such
theories as being of “elliptic type”.

Subject to the further technical condition of taking limits over families
of elliptic curves which are (a) “étale” and (b) satisfy a higher associativity
condition, the maps o} above combine to give

o : MO(8) — limit spectrum eos .

The spectrum eoy is no longer of elliptic type, but is such that eo}(pt),
called the ring of topological modular forms, at least contains the natu-
ral target of the Witten genus ¢ . To explain this last claim recall the
definition of the ring of modular forms over Z

Ry = Zle,co, A/ (¢} — ¢ — 1728A)

where El maps into the usual ring of modular forms with invariance sub-
group SLs(Z) by mapping ¢4 and c¢g to multiples of the forms G4 and Gg
introduced in Section 2. The element A maps to the discriminant. More or
less by definition eoj(pt) contains the subring R consisting of those forms
known to be values of yw, in particular Z[cy, ¢g] and a((Qf))Ai where a(r)

equals the product of the highest powers of 2 and 3 dividing 7.
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The second approach is constructive: build up a spectrum X such
that R embeds in 7, (X). The clue is provided by

Proposition 3.3. There exists a space X such that for every MO(8)-
manifold M*™ there exists a manifold N having the same Witten genus as
M, and normal bundle classified by a composition

N — QX — BO@8) .

The space X is an S°-fibration over S'2 with cross-sectional obstruc-
tion having order 12 in 712(S?). The spectrum X is then the Thom
spectrum of the bundle induced by a map from QX to BO identifying
8-dimensional generators in homology.

The motivation for this construction comes from a table of pairs (X, )
for which 3.3 or an analogue holds:

X ®
(81, 5%) A
(557 Sg) (I)ell

2-local
(ng 513) ew

In order to embed R in (X) one makes detailed calculations in di-
mensions less than or equal to 24, and then uses the ring structure. (In
this context recall the use of A-periodicity plus calculations in low weight
to obtain the structure of the ring of arithmetic modular forms.)

We have already referred in Section 2 to the use of X in the construc-
tion of a 24-dimensional manifold with A =0, oy # 0.

4. Elliptic cohomology of classifying spaces of finite groups

The results in this section are suggested by Theorem 3.2 and by G.
Segal’s discussion of ‘elliptic objects’ in the last section of [Se]. Additional
motivation comes from ‘2 variable Moonshine’, which really dictates the
conditions which must be imposed on infinite dimensional bundles over
LBG. We start with a decomposition of the free loops in the classifying
space BG, with G finite.

Proposition 4.1. Let h represent a conjugacy class [h] of elements in
G. The loop space LBG is homotopy equivalent to the disjoint union
Upjce BCa(h), where C(h) denotes the centraliser of h in G.



426 Charles B. Thomas

Proof. Define a subspace in the space of all smooth paths in a universal
free contractible G space EG by

LyEG = {p:R— EG | p(t+1) = hp(t) Vt e R} ,

and write
LgEG = ] LnEG.
[h]CG

There is a left action of G on LgFEG given by (g - p)(t) = gp(t), and this
action maps L, EG to Lyy,-1 EG, so that Cg(h) maps L, EG to itself. Fur-
thermore (Exercise) each space Ly EG is contractible, and we can construct
an equivariant map from the space of paths into EG x G. In the latter
space g sends the pair (e, h) to (ge,ghg™!), and passing to quotients shows
that LBG ~ EG Xg G(conj), from which 4.1 follows.

Note that for any G-space F' the associated bundle EG xg F pulls
back to the bundle L, EG X ¢ ) F over BCg(h). All this depends on the
choice of element h representing the class [h].

Proposition 4.1 implies that we can construct bundles over L BG, which
are possibly infinite dimensional, by means of a family of graded bundles
over the components BCq(h). Up to questions of completion a finite di-
mensional bundle is flat, i.e., of the form ECg(h) X ¢ )V for some repre-
sentation space V for the centraliser. The compatibility conditions making
the bundle over LBG into an ‘elliptic object’ are expressed in terms of
characters, and take the following form, due to J. Devoto [DV2].

Let G be a group of odd order, and let T'g(2) x G act on the product
of the set G(? of commuting pairs and H; via

; e —bgay -1 OTHD
((Zd)’g> X ((91792)77) £, (g(giigz o bgz)g 17 Z:—-+d) .

The action p induces, for each k € Z, an action p of I'y(2) x G on the ring
of functions ¥ : G x H; — C. The action pj, is defined by

ab _ e —b a\ —1 aT+Db
pk((c d)’g)ﬁ((gl’QQ)’T) = (er +4d) kz?(g(gfgh 91°98)9" c7'+d> '
Definition. The group 5%52’“ is the abelian group whose elements are

the holomorphic functions ¥ : G x H; — C that satisfy the following
conditions:
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(1) pe((20)9) 9= 9((23).9) € To(2) x G

(2) for each (g1,92) € G the function 19((91,92),—) : H — C has a
power series expansion at both cusps of the form

(9,920 7) = 3 angFi,

n>K

where K € Z, ¢ = exp{2wir}, and a,, € Z[%, ﬁ,exp{ |9217;2‘ H
(3) Let Cy, (G) be the centralizer of g; in G, and let

P = exp{?m'/ \Cgl(G)|}.

If n and |Cy, (G)| are coprime, and o, is the ring automorphism of
Z[ﬁ, ] defined by o, (1)) = 9™, then

Un(am(gl,QQ)) - am(glagg) .

The group structure in ££¢7, is induced by the sum of functions. Fur-
thermore if ¥ € £00;% and ¥ € £0057F | then 09 € £005°FHH).
Hence the direct sum E40F, = EBkeZEME;% has a natural structure of
a graded ring.

For each gy the g-expansion coefficient functions a,, (g1, —) are rational
virtual characters on the centraliser Cg(g1), and hence lie in the ratio-
nalised representation ring Q ® R(C’G (gl)). Indeed there exists a non-zero
integer N such that Na,(g1,—) € R(Cq(g1)).

Theorem 4.2. If G is a finite group of odd order, then

E00(BG) @ Z[ ;] = Ell
where the right hand side is completed with respect to I = Ker (s EUE —
566*[%]) and € s the augmentation map corresponding to the inclusion of
the trivial group into G.

Proof. This is contained in [DV2] and has much in common with [HKR].
In particular, the basic step is to understand the isomorphism for the cyclic
group C,. Conjugation is trivial, and the action of I'y(2) on C’Z(,Q) has two
orbits, represented by (0,0) and (1,0). Elements in Ellg, are determined
by their values at 0 and 1 (identify C, with Z/p), and we have a decompo-
sition into the direct sum of R = £¢§ = non-equivariant coefficients and
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the ring of modular forms whose power series expansions at the cusps have

S ang? , an € Z[3, 2
n>K

the form

and whose invariance subgroup is I'1 (p) N T'y(2), with T';(p) consisting of
matrices A = (1(1)) In an earlier paper [DV1] Devoto shows that the
latter summand is isomorphic to R[z]/¥(x) for a particular polynomial ¥
generalising 1 + 2 + -+ - + P71, It turns out that R[z]/¥(z) is isomorphic
to the augmentation ideal I, and taking powers of I, as in the case of K-
theory corresponds to calculating E£07, (S%"~), the elliptic cohomology of
a lens space. Allowing n to tend to infinity proves the theorem for Cp. We
have gone into some detail of this example because of Devoto’s assumption
that G has odd order, and is hence solvable. Knowing the result for C,

and using the spectral sequence associated with the short exact sequence
1-G—-G—=C,—0
(care with filtrations!) allows us to prove 4.2 by induction.

Remark. It is plausible that Devoto’s work can be extended to level-one
elliptic cohomology (where the coefficients are SLy(Z) rather than I'g(2)
invariant).

Having proved Theorem 4.2 it is now clear how to describe elliptic
objects. These should be vector bundles £ — LX locally modelled on a
Hilbert space H over the field C. Since H is infinite dimensional we must
ensure that we have partitions of unity — in the case of LBG there will be
no problem by 4.1. We assume further that we have an associated principal
bundle @ — LX with structure group G acting on H by isometries.

Definition. An elliptic object over BG is a bundle over LBG as above
which satisfies the additional conditions

(a) On each component BCq(h) of LBG there is a bundle decomposition

A
Elscom = P Epn

where n is greater than some integer K, and each Ejy,) , is the finite dimen-
sional flat bundle associated to a finite dimensional representation space
WhEm of Cg(h).
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(b) The characters of each graded representation are equivariantly modu-
lar, that is they satisfy Devoto’s conditions (1) — (3) above.

Note that K provides a lower bound on the denominators of the ex-
ponents in the various power series expansions.

With this definition we can conclude that, at least for groups of odd
order, up to completion and inversion of order, ££¢*(BG@) is described by
bundles.

The definition above is provisional and motivated by Devoto’s defi-
nition of equivariant elliptic cohomology. There is a similar treatment in
[GKV], which extends to compact Lie groups. For some groups G there ap-
pears to be a version of 4.2 which holds without tensoring with an extension
of Z.

Together with A. Baker, the author has formulated a definition of an
elliptic object which generalises both the one given above (for BG) and the
one used by J. Brylinski in [Br] (for simply-connected manifolds). See [BT]
for details, and [FLM] for the background.

5. The mysterious role of the Mathieu group Moy,

The rings of modular forms which occur as coeflicients in elliptic co-
homology admit operations by the Hecke algebra. These operations can
be thought of as being analogous to cohomology operations, are weight
preserving, and satisfy the rules

T(m)T(n) =T(mn) if (m,n)=1,

T =T(p)T(p') — p*T(p'~"), for forms of weight Fk .

It is possible to list those pairs (k = weight, N = level) for which the
space of forms is one-dimensional, and hence generated by an eigenform
of the Hecke algebra, see [R] for the basic results needed and [Mal] for an
outline of the calculation. By more than a coincidence the pairs (k, N) are
closely associated with the ‘even’ conjugacy classes in the sporadic simple
group Moy of order 210 .33 .5.7.11-23.

Definition. The group Ma, is the automorphism group of the Steiner
system S(5,8,24) consisting of special octads from a 24 element set €.
Special means that each pentad from  is contained in a unique octad.

Note that S(5,8,24) can be thought of as a 3-step extension of
S5(2,5,21), a projective plane with automorphism group PSLs(F4). This
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construction can be used to prove the simplicity of the chain of automor-
phism groups Moy C Mag C May.

Since M4 permutes the elements of €2, it admits a permutation rep-
resentation in So4 which splits as (23) + (1), our notation being that of the
“Atlas of Finite Groups” [BRB]. If ¢ represents a conjugacy class, we write
g as a product of disjoint cycles, g = (1)71(2)72 - - - (r)Ir, j1 +2jo+- - -+71j, =
24, that is, the product contains j; cycles of length ¢ for 1 < 4 < r. The
link between Hecke eigenspaces and classes g is then provided by the rule

g(T) = (T n(27) - n(rr) = ag(n)g" .

2miT

Here, as in earlier sections, 7 € Hy, g =e and

n(r)=¢"* [[a-qm).

Note that the form corresponding to the identity equals

whose coefficients are the Ramanujan numbers.

Examples of the forms n,(7) are

conjugacy class Weight Level Fourier expansion
(1 35 15) 2 15 - - -+ +¢+
(12 11?) 2 11 q—2¢° — ¢ +2¢* + ¢° +2¢5+
(1 23) 1 23 R +q%+ ...

The weight k(g) equals (j1 + j2 + - -+ j-)/2, and the level N(g) equals the
product of the maximum and minimum values of j,. G. Mason has shown
that the forms 7y(7) combine to give the character of a graded virtual
representation
@(Q) = Z anqn .
n=1

The associated flat bundles define an element in K(BMay4) [[q]], which is
actually the restriction to the ‘fixed point component’ of a bundle over

LBMs, of the kind considered in the previous section. See [Ma2,3] for the
more general construction.
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Remark. In characteristic 2 the group Ms4 admits an 11-dimensional
representation, whose ££¢*-Chern classes generate E00*(BMas,). Note that
we can omit consideration of the 2-Sylow structure, since 3 € £££*(point).
At level one, when % belongs to the coefficients, the calculation is even
easier.

The construction outlined above can be pushed further. For each
conjugacy class g we have a formal L-series

Ly(s) =D ag(n)n™,

which, because of the Hecke invariance, has a product decomposition in-
volving terms of the form

(1 _ ag(p)p—s +pk—1—23)_1 )

Here, for the sake of simplicity we restrict to even values of k; for ‘odd’
conjugacy classes such as (1 23) it is necessary to twist p*~172% by a non-
trivial Dirichlet character. When k = 2, i.e., for the conjugacy classes
(246 12), (22 10%), (6%), (127 14), (1 35 15) and (12 11?), we obtain the
L-series of an elliptic curve defined over Q. The formal group law for each
of these curves will in turn define a genus ¢, : Q%, ® Z[3] — C. For the
curves and the corresponding values of ¢, &, see the forthcoming book [Th].

Question. Are the elliptic genera defined by conjugacy classes in Mayy of
any geometric significance?

The group Ms4 makes another surprising appearance in the structure
of elliptic objects. In the final section we will show how a one-dimensional
formal group law can be associated with a K3 surface, leading to the con-
struction of a family of higher cohomology theories.

Definition. A compact complex surface YV is called a K3 surface if Y
has a nowhere zero holomorphic 2-form w and dim H'(Y,Oy) = 0. An
automorphism of Y or an action of a group G on Y is said to be (complex)
symplectic if it fixes w.

In [MK] S. Mukai proves

Theorem 5.1. For a finite group G the following two conditions are equiv-
alent:

(a) G acts effectively and symplectically on a K3-surface Y.
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(b) There is an embedding of G in the Mathieu group Mas, such that under
the induced action on the 24 element Steiner set ), there are at least 5
orbits.

The subgroups G can be determined by a careful reading of the tables
in the “Atlas” [BRB], and each of them actually occurs as Aut,(Y) for
some surface Y. The harder part of the theorem is to show that this group
satisfies the Mathieu condition. Mukai does this by counting the number
of fixed points of a periodic symplectic automorphism h. If the period is
N, this number e(h) = 24(N [[, (1 +p~ 1))~ Note that

24
—— = |SLy(Z) : T'o(N

E(h) |: 2( ) 0( )} ’

where I'o(N) (generalising I'g(2)) consists of matrices (Zdb) with ¢ =
O(mod N). This brings us back to the determination of one-dimensional
Hecke eigenspaces above.

Here are Mukai’s examples of K3 surfaces which embed in CP? and
their automorphism groups.

Group Order K3 — surface
Lo(7) 168 XY +Y3Z+ 23X +T*=0
Moy = (2%) x As 960 Xt+ . 4T+ 12XYZT =0
(4%) x Sy 384 Xtp. o 4T =0
(Qs * Qg) % S3 192 X4+ 4T — /12(X2Y2 4+ 22T%) =0 .

As usual our notation is close to that of [BRB], Qg * Qs denotes the central
product of two copies of the quaternion group.

The first and third of these examples are probably the easiest to ex-
plain. The first goes back to F. Klein, who identified Lo(7) with the com-
plex automorphism group of the genus 3 curve defined by X3Y + Y37 +
Z3X = 0. For the third, combine permutation of the coordinates with the
automorphism

(X:Y:Z:T)— (i"X,i"Y,i°Z,iT) with i=+—1,

and note that Aut, (Y") has index 4 in this extension.

One (of many) possible future lines of research is to investigate the
connections between these automorphism groups of Mathieu type for an
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arbitrary Kummer surface in CPP? and the genera to be briefly described
in the final section.

6. Variants and Generalisations

(i) Elliptic cohomology at the prime 2

Starting from spin bordism, M. Kreck and S. Stolz [KS] have suc-
ceeded in constructing a homology theory, which when localised away from
the prime 2, gives a homology theory dual to the cohomology theory con-
structed in Section 2 with coefficients in R[e~!] = Z[1][6,e,e7!]. Their
integral definition is as follows:

Spin
£ty (X) = P 215 (X)/ ~
keZ
where the equivalence relation “~” is generated by identifying the class
(B, f] € Q5P (X)) with [E, fp] € QP (X) for every HP?-bundle p : E —
B having structural group I' = PSps.

There is a related functor efl,(X) obtained by mapping to zero all
bordism classes of the form [E, fp] where [B, f] = 0 in Q577" (X). Kreck
and Stolz show that eff,(X) becomes a homology theory when localised at
the prime 2 (though not at odd primes). The unlocalised theory fits into
an exact sequence

QS (S BL A X) — QSP(X) — et (X) = 0.

and the problem is to construct a representing spectrum for efl,(-) (after
localising at 2). The first choice is the cofibre of the map of spectra

M Spin A X8BT — M Spin,

which for technical reasons does not quite work. To circumvent this it is
necessary to split M Spin A Y8BTl as AV B and then construct a (2-local)
homotopy equivalence AV\/ ©8¢ko — M Spin, where ko is the spectrum for
connective KO-theory. The final result is a (2-local) homotopy equivalence

ett ~\/ % ko,

but with a product structure other than that coming from multiplication
in ko.

Remark. M. Hovey has shown that one obtains a cleaner version of theory
by inverting (62 — ) rather than e, see Theorem 3.1. Besides showing that
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elliptic homology is actually defined over Z, the work of Kreck and Stolz is
suggestive in another way.

Question. Do the groups

euR(x) = @O 16 (X)) ~
keZ

satisfy the axioms for a homology theory, where this time “~” is generated
by identifying the class of [B, f] with [E, fp], when p : E — B is an Q P2-
bundle with structural group F4?

Here, O denotes the Cayley numbers or Octonians, and Fj is isomor-
phic to the isometry group of QP? with its natural metric.

One aim of the final subsection is to provide evidence for the existence
of a cohomological dual to the theory proposed by the question, provided
that we localise away from the primes 2 and 3. At these two primes the
theory for HP2-bundles suggests that we must look at the cofibre of a map

MO(8) AXBF, — MO(8) ,

for which the technical problems look formidable. Note in passing that
the torsion in Q’<"8> and H*(BFy,Z) involves the primes 2 and 3 only, and
that although there is also 5-torsion in H* (Sp4(Z), Z), this disappears on
passing to an appropriate discrete subgroup.

Lack of space does not allow us to go more deeply into the stable ho-
motopy theoretic arguments in [KS]. However, as has already been pointed
out in [Ros], they provide vivid testimony to the power of a method first
applied by Wall to Tors(2%,).

(ii) K3-Cohomology

The bigraded cohomology of a K 3-surface, and in particular of a quar-
tic Kummer surface embedded in C P2 is described by the so-called Hodge
diamond

The construction of cohomological analogues of the formally completed
Picard group Pic(X), for X an algebraic variety over some field k is de-
scribed in [AM]. However for our purposes the more ‘ad hoc’ account in
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[Si] will be adequate. Associated with the field of definition we have two
one-dimensional formal groups G/ ((z1,z2) — @1 +x2) and G)), ((z1, x2) —
r1 + T — .23133‘2), the latter of which by the usual process of sheafification

defines a coefficient sheaf Ga! x = G%,Ox.

We then have the Artin-Mazur functors
H'(X,G), x) = formal Picard group and
H?*(X, G}, ) = formal Brauer group.

The latter turns out to be (pro)representable by an h%2-dimensional formal
group, provided that H!(X,Ox) = H3(X,Ox) = 0, conditions which hold
for our K3-surface. Furthermore, in a way explained to the author by J.
Morava, the associated genus satisfies the Landweber exactness proposition
— see the discussion before Theorem 3.1 — so that we obtain a family of
cohomology theories.

Example. Consider the quartic surface X4 +Y* 4+ Z4 4+ T% = 0. Then we
have a formal group law over Z with logarithm

gy = S Ut v

=0 (mhH* 4m +1

which has a reassuring appearance, particularly as no powers with exponent
4m + 2 occur in ¢'(y). See [Si], page 919.

What does this family of genera have to do with the existence of
‘higher’ elliptic theory £0¢/2(X)? We start with the Siegel space Ho consist-
ing of 2 X 2 complex symmetric matrices with positive definite imaginary
part. Topologically this is an open convex subset in C2, and analytically the
orbit space Sp4(Z)\ Hz is the moduli space for principally polarised abelian
varieties of dimension 2 over C. As in the case of the upper half-plane H;
we can define holomorphic forms, for which the modularity condition is

®(Z) :=det(CZ + D) **®(aZ),
. . . A B .
with « the 4 x 4 symplectic matrix C D with

ATD-c*B=1, , ATc=cT4 , BTD=DTB.

Since the degree equals 2 the third (boundedness) condition is actually
redundant, see [Fr] I.3.
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The varieties parametrised by the points of the moduli space are either
products of elliptic curves, or Jacobians J(C) of curves of genus 2. The
construction of the latter is beautifully described in the recently published
volume of lecture notes [CF], where it is also shown that J(C) double cov-
ers a Kummer surface K. Furthermore, since we work over an algebraically
closed field, it is in principle possible (and in [CF] explained) how to reverse
this process. Fact: a tangent plane to the surface K meets K in a curve
birationally equivalent to C'. We can now mimic the discussion at the end
of Section 1 showing the modularity of the universal elliptic genus. Start-
ing with (say) the quartic Fermat hypersurface we obtain a ring homomor-
phism from Q?S) ®Q into C, with prescribed generating manifolds mapping
to complex images which we can denote d, ¢, ... . Rescaling J(C) introduces
modularity for §,¢, ..., and varying the defining parameters inside Hy con-
verts them into modular forms, defined on at least some open subset. Thus
the combination of the Artin—-Mazur construction of the Brauer group, plus
part of the theory of genus 2 curves, appears to allow the construction of
K3-genera taking values in degree 2 modular forms. This is however very
much work in progress ... .
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