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An n-dimensional manifold M determines
an n-dimensional cellular f.g. free abelian
group chain complex

C(M): Co(M) L (M) L ... L og(M)

with a Poincaré duality chain equivalence

C(M"™ ™ ~C(M) .

The homology effect of a geometric surgery
on a manifold M is given by an algebraic
surgery on the chain complex C(M).



T he algebraic surgery machine

e [ he algebraic part of the machine stud-
les chain complexes with Poincaré duality,
which are quadratic forms on chain com-
plexes. Algebraic surgery on such objects
models the surgery of manifolds and nor-
mal maps.

e [ he geometric part reduces topological surgery
problems to algebraic ones.

e For n-dimensional normal maps with n > 5
there is a one-one correspondence between
algebraic and geometric surgery below and
in the middle dimensions.



Symmetric and quadratic Poincaré duality

e General theory applies to chain complexes
C over any ring with involution A. There
are two types of Poincaré duality C"* ~ C,
corresponding to type I and type II sym-
metric forms.

e Use symmetric Poincaré duality for surgery
on manifolds. In general, cannot realize
symmetric Poincaré surgeries on manifolds.

e Use quadratic Poincaré duality for surgery
on normal maps.

e [ heorem The Wall surgery obstruction group
Ln(Z[x]) is the cobordism group of n-dimensional
quadratic Poincaré complexes over Z[x].
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Geometric surgery

The n-dimensional manifold obtained from
an n-dimensional manifold M by surgery on
St x D"t C M is

M = (M\S'x D" ) u Dt x gn—im1
Call this the effect of the surgery.

Can obtain M’ from M by surgery on

pitl  gn—i=1 — pp/

Example View S" = §(D't1 x D7) as

St = S§'x Dty DIt gnmitl
Surgery on S* x D"t C S™ gives

Di—l—l XSn—i—luDi—I-l XSn—i—l — S’L—I—l XSn—i—l .



Cobordism effect of surgery

e The trace of surgery on S x D"t c M with
effect M’ is the cobordism (W; M, M') obtained
from M x [0,1] by attaching an (¢ + 1)-handle
at S x D" ' x {1} C M x {1}

W = M x[0,1]uD'Tl x pr— .

e Theorem (Thom, Milnor) Every (n41)-dimensional
cobordism (L; M, N) is a union of the traces of
surgeries.

Proof A Morse function

f:(L;M,N)— ([0,1];{0},{1})
determines a handle decomposition of L on M
n—+1
L = Mx[0,1]u |J D" x pnti-k
k=0
with one k-handle for each critical point of in-
dex k.




Homotopy effect of surgery

The mapping cone of a map z : St — M is
the adjunction space M U, D*t1 obtained
from M by attaching an (i 4 1)-cell.

Proposition If (W; M, M') is the trace of a
surgery on S* x D"~* C M there are defined
homotopy equivalences

W ~ MUyD'tY ~ MU, D"
with z: S*= 8" x {0} C §* x D" C M.

Surgery on an n-dimensional manifold at-
taches an (i+ 1)-cell and then detaches an
(n — 1)-cell.

Example The trace (W; 8", 51 x sn—i=1)
of the surgery on S* x D"~* C S™ has

W ~ snyvgitl



Homology effect of attaching a cell

e T he algebraic mapping cone of a chain map
f:C — D is the chain complex C(f) with

d 0

e For ¢+ > 0 define the chain complex

S7 : ... 50—=7Z—0
concentrated in dimension z.

e T he homology effect of attaching an
(i+1)-cell to M at = : S* — M is to attach
an algebraic (i + 1)-cell to C(M) :
if W = M U; D't then

C(W) = C(z: S'Z — C(M))

e In particular, H;(W) = H;(M)/{x) is ob-
tained from H;(M) by killing x € H;(M).
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Homology effect of surgery

o If (W; M,M") is the trace of a surgery on
St x D"~* C M then there are defined chain
equivalences

C(W) ~C(zx: S'Z — C(M))
C(W) ~C(2: s =1z — c(m)) .

o C(M") obtained from C(M) by an algebraic
surgery which kills x € H;(M), by first at-
taching an algebraic (¢ + 1)-cell and then
detaching an algebraic (n — i)-cell.

e Need Poincaré duality to describe the re-
lationship between = ¢ H;(M) and 2’ €
Hn—i—l(M/)-



Poincaré duality

e Cap product with fundamental class [M] €
H,(M) is a chain equivalence

[M] N —: C(M)"™* — (M)

inducing the Poincaré duality isomorphisms

HY*(M) = H.(M) .

e Poincaré-Lefschetz duality for any cobor-
dism (W; M, M")

H'" 1= (W, M) = H.(W,M) .

e Can use Poincaré duality to decide which
elements in H;(M) can be represented by
St x D"t ¢ M and so killed by surgery.
Regarding duality as a quadratic form, can
only Kill isotropic elements.



Principle of Algebraic Surgery

e For any cobordism of n-dimensional mani-
folds (W; M, M") the chain homotopy type
of C(M') and its Poincaré duality can be
obtained from

— the chain homotopy type of C(M) and
its Poincaré duality

— the chain homotopy class of the chain
map j: C(M) — C(W,M")

— j[M] =0 € H,(W, M") on the chain level
using algebraic surgery on symmetric Poincaré

complexes.

e An algebraic surgery corresponds to a se-
quence of geometric surgeries.
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Symmetric Poincaré complexes

e An n-dimensional symmetric Poincaré
complex (C, ¢) is an n-dimensional f.g. free
chain complex C with morphisms

¢s : C" = Homy(Cr,Z) — n—r-4s (s > 0)
such that (up to signs)
d¢8+§b8d*+¢s—1+¢:—l =0:C" — Cn—r—l—s—l
with s >0, ¢_1 =0 and

¢g . C"F = Homy(C,Z)p—v — C

IS @ chain equivalence.

e Symmetric form on chain complex.

e Theorem (Mishchenko) An n-dimensional
manifold M determines an n-dimensional
symmetric Poincaré complex (C(M), ¢), with

$o = [M]N—:C(M)"™™ = C(M)
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Symmetric algebraic surgery

An algebraic surgery on (C,¢) has input a
chain map 5 : ¢ — D with chain homotopy

dpg : jooj T ~0: D" —= D .

The effect is the n-dimensional symmetric
Poincaré complex (C’, ¢') with

C; = Cr®Dyyg @Dt

dc 0 +£¢gj*
dev = |[£J dp g0
O O (dp)*

Generalization of the operation which re-
places a symmetric form (K, A= \*: K —
K*) for any x € K with X(z)(xz) = 0 (isotropic)
by the subquotient form

(K", N) = ({y € K|M=)(y) = 0}/(z), [\
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Algebraic and geometric surgery

e Surgery on S* x D" ' ¢ M determines al-
gebraic surgery on (C(M),¢) with input
j 1 C(M) — S"'Z a cocycle representing
the Poincaré dual j € H" (M) of z =
[S'] € H,(M), and §¢ determined by fram-
ing of S* C M.

e [ heorem The symmetric Poincaré complex
(C(M"),d") of the geometric effect M’ is
the effect of the algebraic surgery on (C(M), ¢).

e EXxercise Work out the algebraic surgery
corresponding to the geometric surgery on
St x D"t S™ with effect SitT1 x gn—i—1
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T he algebraic effect of a surgery

The Theorem is an example of the Alge-
braic Surgery Principle in action.

If (W; M, M) is the trace of surgery on S*x
D™t C M then

jiC(M) = C(W,M") ~S" 7 .

Write C(M) = C, and let x € C; be cycle
being killed, y = j € C™"* the dual cocycle.

The chain complex C(M') is chain equiva-
lent to

ddy d®0
C'iooio = Cpey —= Cpi 1 ®Z —— Cp_j_2

— o i+2@>0i+1@2@>0i—>...
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Composition of surgeries

e Suppose given a surgery on S*x D"t C M
with effect M’ and trace (W; M, M"), and
then a surgery on S* x D"k « M with ef-
fect M and trace (W'; M’, M"). Can apply
the Principle to the union cobordism

W' M,M" = (W; M,MYuW'; M', M")
to recover C(M") from C(M) and C(W", M").

o If k=1:+1 then C(W", M") is chain equiv-
alent to

A

O —-42—=42—0

concentrated in dimensions n —t,n —1t+4 1,
with X\ € Z the algebraic intersection num-
ber of the cocore {0} x S»~~1 ¢ M’ and
the core SiT1 x {0} ¢ M’ of the surgeries.
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Handle cancellation

e Surgery on
Six D"t c §'x D" tu DT gnitl = g
has trace (W;S", SitT1 x sn—i—1) 3 punc-

tured S+l x D"~% Reverse the roles of
1+ 1,n—1¢— 1. Surgery on

Si—l—l > Dn—i—l C Si—l—l > Sn—z’—l

has trace (W’; S¢T1 x §n=i=1 5n) a punc-
tured DitT2 x gn—i—1

e The union W UW' is a double punctured
Sn—l—l — S’L—I—l X Dn—i U D’L—I—Q X Sn—z'—l

e In this case A = 1, and there is an isomor-
phism

(Wuw’, s™ 8™ = S™x([0,1];{0},{1})

T he two surgeries have cancelled each other
out. Draw the picture for : =0, n=1 |
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Surgery and the orthogonal group

Can vary extension of z : S* ¢ M to S* x
D"t C M by maps w: St — O(n —1i). Cor-
responds to different §¢p’s. Given w: S* —
O(n — 1) define embedding

ew 1 St x D"l — S = 8t x DTty Ditl x gn—itl
(z,y) — (z,w(z)(y)) -

Surgery on S™ Killing ey, gives sphere bundle
S(w) of the (n—i)-plane vector bundle over
Sit+1l with clutching map w

w € mi(0O(n —1i)) = my1(BO(n —1)) ,
Sn—i—l _ S(w) N Si—l—l 7
S(w) = Dl gn—i—1 U pvtl  gn—i—1

The trace of the surgery is cl(E(w)\D" 1),
with D"t — E(w) — S*t1 the disk bundle.

Exercise Work out the algebraic effect!
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Quadratic Poincaré complexes

e An n-dimensional quadratic Poincaré
complex (C, 1) is an n-dimensional f.g. free
chain complex C with morphisms

s © C" — Cp—r—s (s >0)
such that (up to signs)

d¢8+¢8d*+¢3+1+¢:+1 =0:C" — n—r—s—1

and

Yo+ (¢o)* : C"TF = C

a chain equivalence.
e Quadratic form on chain complex.

e Can define algebraic surgery as in the sym-
metric case.
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Cobordism of quadratic Poincaré
complexes

e [ he n-dimensional quadratic Poincaré com-
plexes (C,), (C’,7’) are cobordant
if there exists an algebraic surgery on
(CaC -y with effect (C”, ") such
that H«(C") = 0. (This is equivalent to
the Poincaré-Lefschetz duality definition).

e [ heorem The Wall surgery obstruction group
Ln,(A) of a ring with involution A is iso-
morphic to the group of cobordism classes
of n-dimensional quadratic Poincaré com-
plexes over A.

o [5,(A) is the Witt group of nonsingular
(—)*-quadratic forms over A. Such forms
are precisely the 2:-dimensional quadratic
Poincaré complexes (C, ) over A with C, =
O for » # 4. Similarly for Ly;41(A) and for-
mations, with C, =0 for r #=1¢,7 4 1.
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T he algebraic surgery obstruction

e Theorem An n-dimensional normal map (f,b) :
M — X determines an n-dimensional quadratic
Poincaré complex (C, ) over Z[w1(X)] with
homology the kernel modules

Hi(C) = Kyo(M) = ker(fsx : Ho(M) — Hy(X)) .

T he surgery obstruction of (f,b) is the cobor-
dism class of (C,v)

ox(f,b) = (C,¢) € Ln(Z[r1(X)]) .
Thus (C,v) = 0 if (and for n > 5 only
if) (f,b) is normal bordant to a homotopy
equivalence.

e Half the proof is by the normal map ver-
sion of the Principle of Algebraic Surgery:
a surgery on (f,b) determines a quadratic
Poincaré surgery on the kernel complex (C, ).
The other half is by the geometric realiza-
tion for n > 5 of quadratic surgeries below
and in the middle dimension.
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