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§1. Introduction. Thrée things might be done to help those who wish
to understand Carlsson's work -on Seqal's Burnside Ring Conjecture [81].
First, one might attempt a general exposition about Seqgal's Burnside
Ring Conjecture, both in its non-equivariant and in its equivariant
forms. Secondly, one might explain the results which Gunawardena, Miller
and myself have obtained by calculation for the case G = (ZP)n . (Thisk
is relevant because Carlsson uses these results.) Thirdly, one might
attempt a general introduction to equivariant stable homotopy.

In the lecture I gave in Aarhus, I tried to say something on all
three topics, but for lack of time I was forced'to omit an important
part of what I had prepared. 1In this published text I shall omit the -
first and second topics, and try to do better justice to the third.

In fact, when I first saw [8] - apart from rejoicing - I thought,
"Oh dear; now I shall have to work to understand the fundamentals of

this subject”. Since I more or less do understand them now (at least,
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so far as they seem to be needed for Carlsson's work) it may save other
topologists trouble if I try to pass on my understanding.

I should stress that I do not claim any originality for what follows;
everything I shall explain is or should be known to those who reckon to
know about such things. (There is a possible exception in Theorems 5.4
and 8.5, which are recent, and where my statements differ slightly from
those in my incoming mail - which I shall acknowledge in due course.)

My survey is arranged as follows. In §2 I shall review unstable
equivariant homotopy theory. In §3 I discuss the G-suspension theorem.

In 54 I discuss the G-Spanier-Whitehead category. In 85 I discuss certain
theorems for reducing problems involving a group G to problems involv-
ing a smaller group. In §6 I discuss theories graded over the represent-
ation ring RO(G). In §7 I say very little about G-spectra. 1In §8 I
discuss G-Spanier-Whitehead duality.

I shall use the words "ordinary" and "classical" to refer to the
non-equivariant case, G =1 .

I am véry grateful to many correspondents, including G. Carlsson,

T. tom Dieck, C. Kosniowski, L.G. Lewis, J.P. May, A. Ranicki and
G. Segal. I am particularly grateful to L.G. Lewis for tutorials on
G-spectra and to J.P. May for many letters.

§2. Unstable equivariant homotopy. This section must recall how the

most elementary part of unstable homotopy theory carries over to the
equivariant case.

Let G be a finite group. (Ideally it is desirable to arrange
the foundations of equivariant topology so as to cater for compact Lie
groups, but for present purposes I will not bother.) A "G-space" is

a space on which G acts; for definiteness we agree that groups norm-

ally act on the left of spaces. Let X and Y be G-spaces; then a map
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f: X ——= ¥ 1is a G-map if
f(gx) = g(fx)

for all geG, xeX .
Two G-maps are "G-homotopic" if they are homotopic through G-maps.
Alternatively, we can define G-homotopy in terms of G-maps of cylinders;-

for this purpose, if X 1is a G-space, we make G act on I x X by

/ g(t,x) = (t,gx)

for all geG, teI, xeX .

With these definitions one can carry over a good deal of ordinary
homotopy theory. Ordinary homotopy-theory often needs a base-point;
at the corresponding places in G-homotopy theory, we suppose given a
base-point fixed under G . We then define [X,Y]G in terms of G-maps
and G-homotopies which preserve the base-point.

There are a few simple cases in which problems over G can be
reduced to problems over a subgroup H of G . Naturally, we leech
onto them to use them in inductive proofs. The technical statement is
that if H 1is a subgroup of G , then the "forgetful functor" from
G—spaées to H-spaces has a left adjoint. More precisely, if i: H —= G
is the inclusion and Y is a G-space, we write i*Y for the H-space
in which H acts on the same space Y wvia i . Then we have the fol-

lowing natural (1-1) correspondence.

(2.1) H-Map (X, i*Y) <«<—> G-Map (GxHx, Y).

Here X 1is supposed to be an H-space, and GxpX is the quotient
of GxX in which (g,hx) 4is identified with (gh,x) . In (2.1) we
have no base-points; if we wish to have base-points, then the natural

(1-1) correspondence is as follows,
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(2.2) Ptd-H-map (X, i*Y) <—> Ptd—G—Map'((GLJP)AHX, Y)Y .

Here Gu?P 1is the disjoint union of G and a base-point P fixed
~under G , and AH is defined as ¥y was before. If we can take X
in the form i*Zz where 2 1is a G-space, then we have the following

natural G-homeomorphism.

(2.3) (GuP)AHi*Z <«<—> (G/HuP)AZ .
It is given by

(g,2) —> (g,92)

(9,9 t2) e (g,2).

The distinctive features of the equivariant theory begin with the
study of fixed-point sets. Let X be a G-space, and let H be a sub-

group of G ; then the fixed-point set XH is defined by

X' = {x e X | hx=x, Vh e H .

. -1
The action of g € G gives a homeomorphism from XH to XgHg ; in

particular, XH admits operations from N(H)/H , where N(H) is the
ndrmaliser of H in G . Any G-map f: X —> ¥ must carry XH into
YH and preserve the action of N(H)/H ; we usually write fH: XH — YH
for the map induced by £ on the fixed-point set. If H < K , then
XH B XK B

Many proofs in equivariant homotopy theory are done/by induction
up the fixed-point sets, beginning with the smallest, XG , and finish-
ing with the largest, Xl = X . A convenient class of G-spaces in which
to do such proofs is the class of G-CW-complexes. We will come to these
soon, but first we must mention cells and spheres.

By a "representation of G", we shall mean a finite-dimensional

real inner-product space V on which G acts (linearly, and preserv-—

ing the inner product). Such a representation V has a unit sphere
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S(V) and a unit cell E(V) defined by || v]| =1 and ||v]} <1 respect-
ively. The usual homeomorphism between E(V) x E(W) and E(VaW) 1is
equivariant and gives no more nuisance than usual. If we want to use
base-points, we normally define . Sv to be the one-point compactificat-
ion of V and put the base-point at infinity. In representation-theory

"

we often write n" to indicate the representation in which G acts

trivially on rR™ ; so the new meaning of s is SRn , that is, the old
s with G acting trivially on it.

The first theorem in ordinary homotopy theory is the theorem that
wr(sn) =0 for r <n.

Proposition 2.4. If dim VH < dim W° for all H , then

rsV, s¥i¢

=0 .

The proof will become clear as soon as I have introduced the rele-
vant ideas.

In general, suppose that in the classical case we have some invar-
iant like "dim", which assigns to each suitable space X a value dim (X)
which may be an integer or « . Then the analogue in the equiv-
ariant case is to consider "dim X" as a function which assigns to each
subgroup H < G the value dim (XH) (taking equal values on conjugate

subgroups H). So the assumption of (2.4) should be thought of as
"dim (sV) < dim (s") - 1"

(with the obvious interpretation of inequality between functions of H).
Similarly for the "Hurewicz dimension of X , Hur X" (defined to be the

greatest n such that wr(x) =0 for r <n ). For spheres we have

. W,

Hur (S° ) = dim (S

The following result generalises (2.4).
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Proposition 2.5. If dim (X)) <€ Hur (¥) - 1 for all H , then
rx,v1% = o .

Here it will be prudent to assume that X is a generalised CW-
complex of some sort.
Oon the usual definitions, G-CW-complexes are constructed just like
n-1

CW~-complexes; but instead of using cells of the form En, S one

uses G-cells of the form

(G/H) x EY, (g/H) x s*7h .

The usual reference for G-CW-complexes is the work of Matumoto [20].
The G-complexes of Bredon [3,5] served the same purpose earlier (for

G finite). There is also a thesis by Illman [16], although theses are
not usually easily available.

I thank J.P. May for pointing out two possible objectionsvto the
usual approach to G-CW-complexes. The first is that the definition of
"G-cell" is not wide enough to accommodate the "cells" introduced above.
Certainly it would seem worthwhile to make our machinery accept "G-

cells" of the form
GxyE V), Gx;8 ()

where V is a representation of H . This doesn't affect the class
of G-spaces considered, because any G-cell of the more general form
can be subdivided into G-cells of the special form.

The second objection may be seen from the following example, If
H is a subgroup of G , we would like to say that a G-CW-complex "is"
an H-CW-complex. Unfortunately, we can't display the G-cell G as a
union of H-cells H without choosing coset representatives, This nuis-
ance recurs with products; if X and Y are G-CW-complexes, then
X x Y (with the CW-topology) is likely to come as a complex over the

group G x G , and we want it as a complex over the diagonal subgroup

et e i e
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c—2scexc.

For present purposes we seem to have a workable way out (though
it only serves when G is discrete). We stipulate that the given struc-
ture of CW-complex X includes characteristic maps

n(a)

X + E — X .

o

If X comes as a G-space, we ask for a commutative diagram of the fol-

lowing form for each g € G and o .

L(a,q)

X
gile) "¢ .y
g
Xg
X .

Clearly B will be unique (so that G will implicitly act on the set

Sh(8)

of indices o ); 4£(o,g) will also be unique, and we ask that it be
linear and preserve the inner product. (The last clause is actually
redundant.) Then we can choose to organise our characteristic maps

into G-orbits
GXHE(V) —_—a X ,

but no such choice is part of the given structure. If we want to insist
on G-cells of the form G/H x " , we can impose an axiom that B = a
implies £(a,g) = 1 . If so, we get back to Bredon's G-complexes.

In order to carry over the standard arguments about CW-complexes,
one needs to be able to manipulate G-maps of G-cells. Let Y be a

G-space; from (2.1) we get the following natural (1-1) correspondence.

(2.6) G-Map ((G/H)xE",Y) «—> Map (En,YH).

If on the left we wish to prescribe the values of the G-map on

n-1

(G/H) x8 , that corresponds on the right to prescribing the values of

the map on Sn—l . So the standard arguments for CW-complexes carry
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over to G-CW-complexes, using induction over the G-cells plus ordinary As with (2.4), one should think of the assumptions as "dim W < n*
.4y, <

H
homoto theory in fixed-point subspaces Y .
Py Y P P and "dim W € n-1", where dim W and n are functions of H .

Since our object is to reduce to ordinary homoto theo we gen-
J y Y Ty, g Results of this sort go back to Bredon [5 Chap. II §5]; see also

n
11 t th uments with G-cells G/H) xE rather than
eratiy carty o ese arg (e/m Matumoto [20 §5], Illman [16 Chapter I §3] and Namboodiri [29 Corollary

'GXHE(V) , reducing to that case by subdivision if necessary.

2.2].
We will forgo a long discussion of those results on CW-complexes
which carry over with little change. (For example, the inclusion of a
G~subcomplex in a G~CW-complex has the G-homotopy-extension property.) .
P P Py Prop Y §3. The G-suspension theorem. This section must recall how the most

The first result we do need to mention is the "theorem of J.H.C. . ) . .
elementary result of suspension theory carries over to the equivariant

"Whitehead". Recall that in the ordinary case, a map f: X —> Y between e
case.

path-connected spaces is called an n-equivalence if . . . R
: When we suspend in equivariant homotopy theory, we have available

fu: T_(X) —> m_(Y) a variety of actions of G on the suspension coordinates we introduce.
r r

For an unreduced suspension, of G-spaces without base-point, it is reas-
is iso for r <n and epi for r = n . (If the spaces are not path- L . .
onable to take the join S(V)*X . For a reduced suspension, of G-spaces

v

J

}

i

connected we modify this definition in an obvious way; see [24 p4041].) ) . . .
i with base-point, it is natural to take the smash product S° A X . Here

5 s

In the eguivariant case, suppose given a function n which assigns to . )
the action of G on a smash product X A Y is defined by

each subgroup H ¢ G a value n(H) which may be an integer or =« ,

subject to the condition n(gHg_l) = n(H) . Then a G-map £: X —> Y g(x,y) = (gx,9y) .,

SRS G T

is an n-equivalence if fH: XH e YH is an ordinary n(H)-equivalence L .
and similarly for the join.

for each H . ) . . s s . -
The relationship between smash and join is much as in the classical

case. In fact, classical comparison maps, such as the ordinary guotient
Proposition 2.7. Let W be a G-CW-complex and let f: X ——» Y :

fﬁ - map
be a G-map which is an n-equivalence. Then the induced map ) ‘ﬂ

c XY —> XASTAY ,
£,.0 w,x1% — [W,Y]

are commonly natural, and therefore equivariant. They can be proved
is onto if

to be G-equivalences by (2.7), provided the following conditions are
dim W' < n(H) for all H ; satisfied.
(a) The restriction of the comparison map to a fixed-point-set

it is a (1~1) correspondence if . .
is another instance of the same comparison map, for example,

Ky s gHastay? .

(b) The comparison map is classically a weak equivalence.

dim WH < n{H) -1 for all H .

|
A
|
!
|
>
|
!
|
i
|
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{c) The G-spaces involved are G-CW-complexes.
For this section we will use SVAX . By taking the smash product

v .
with the identity map of S , we get a function
sV: x,v1% — 8Vax, sVAv3% .

We wish to show that SV is a (1-1) correspondence under suitable

conditions. We can follow the classical approach by introducing a fun-

. \Y N
ction-space. Let QV(Z) be the space of pointed maps w: 5 -——> Z ;

we make G act on this function space by
-1
(qw) (s) = glwlg "8)) .
As in the classical case, it is sufficient to study the canonical map
y — 27 (sVay)
and prove that it is an n~equivalence for some suitable n . We choose
our function n = n(H) so that it has the following properties.
(3.1) For each subgroup H c G such that VH > 0 we have
H
n(H) < 2 Hur(Yy") - 1 .
(3.2) For each pair of subgroups X ¢ H ¢ G such that VA v we
have

n(H) < Hur(YK) -1 .

Theorem 3.3. Under these conditions, the map
Y —> oV (sVay)
is an n-equivalence. It follows that the function

G
sV, x,v1® — [sVax, sVayl

L e i I L
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is onto if X is a G-CW-complex and dim (XH) < n(H) for each H ;
it is a (1-1) correspondence if X is a G-CW-complex and
dim (XH) < n(H) -1 for each H .

The second sentence follows from the first by using (2.7), as in
the ordinary case.

For G = Z, the result is due to Bredon [4]. If I may count
[4,6] as one paper, then this is the first paper in equivariant stable
homotopy theory, and I think it may deserve more credit than it has
received. To promote understanding of this subject, I recommend study
of the special case G = Z2 .

It would have been good if the G-suspension theorem could have
come next after [4,6]. The proof does contain ingredients which are
additional to those well-known in the ordinary case, including, of
course, the use of condition (3.2). The standard reference is Hauschild
[14]; see also Namboodiri [29, Theorem 2.3].

One use of the suspension theorem is to show that certain limits
are attained. For this purpose we must decide what class of represent-
ations to use when we suspend. For the moment we keep our options open;
we suppose given some class of "allowable representations" of G , so
that our class is closed under passage to sums and summands, and also
under passage from any representation to an isomorphic one. We order

the allowable representations, writing W =2 Vv if W = UBV for some

U. Let X be a finite-dimensional G-CW-complex, and Y a G-space.
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Theorem 3.4. There exists an allowable WO = WO(X) such that

for any allowable W 2 w, and any allowable V the map

sV. [s%ax, s"av1® —» rsVas%ax, sVasay1®

is a (1-1) correspondence. Indeed, the map

v W

1
S": [Xl, SWAY]G —_— [SVAX , SVAS AY]G

)
is a (1-1) correspondence for any subcomplex X of SWAX or of any

subdivision of SWAX .
The final sentence about X is intended to help with [8 p451.
The result will follow from Theorem 3.3, provided we can satisfy
the following inequalities on the dimensions.

(i) If for some H there is an allowable V with VH > 0

then

dim We + dim X0 < 2 dim WP - 2 .

It is clear that if there is any allowable V with v > o , then
by putting sufficiently many copies of it into W we can increase
dim WH till this inequality is satisfied; it then holds for all larger

W .

(ii) If for some K c H there is any allowable V with

VK > VH , then
dim WP + dim X < dim WX - 2 .

It is clear that if there is any allowable V  with VK > VH ’
then by putting sufficiently many copies of it into W we. can increase
dim WK - dim WH till this inequality is satisfied; it then holds for

all larger W .

Of course, we have to satisfy inequalities of type (i) for a finite

.number of subgroups H , and inequalities of type (ii) for a finite number

of pairs K ¢ H , but we can satisfy all these conditions if W is

L e

L
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sufficiently large. This proves Theorem 3.4.

§4. The G-analogue of the Spanier-Whitehead category. This section

must review how the original approach to stable homotopy theory carries
over to‘the equivariant case.

We wish to pass to a limit and consider stable classes of maps.
To take a "limit" of groups we must supply a system of groups and homo-
morphisms, or equivalently, a functor defined on some suitable category;

We take the objecfs

of our category C to be all "allowable" representations V of G
(see §3); we take the morphisms f: V —> W in C +to be the R-linear
G-maps which preserve inner products. (Such maps £ are necessarily
mono. )

Suppose given two G~spaces X, Y with base-points. To each object

V of C we associate the set
[SVAX, SVAY]G.

For any morphism i: V—> W in C , we first use i +to identify
W with UV , where U is the orthogonal complement of the image
i(v) under the inner product. We now associate to 1 the following

composite function.

U
S
[sVax, sVay1® — (sUrsVax, sasVavi®

[SWAX, SWAY]G

uev W

(Notice that we can identify SUASV with S and so with 8§ .)
We get a functor from C +to sets.

Next we must check that this functor is such that we can take its
limit. PFirst we need to see that if U and V are objects in C ,
then there is an object in C which receives morphisms from both.

This is immediate: it is enough to take U®V . Secondly we need to see
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that if £,g: U —?¥%>'V are two morphisms in € , then there is a further

morphism h:V —> W such that our functor assigns equal values to
hf,hg . It is easy to reduce to the case in which £ 1is an automorph-
ismof V and g = 1 . One can see by counter-examples that it is not
sufficient to take h = 1 ; that is, the composite

-1
£7IAL ) AL

sVax sVax > SVAY ——> sVAY

need not be G-homotopic to ¢ . However, we take h +to be the inject~
ion of V as the second factor in V&V . Clearly we have
hf = (18f)h . But 18f is homotopic through G-isomorphisms to f@l ,

for example by

Cost -Sint 10 Cost Sint (ost<hm).

Sint Cost o £ -Sint Cost

Tor f£f6l1 we see that (f®81)h and h induce the same function

Va V@VAY]G

(sVax, sVav1® — (sV%ax, s )

This completes the checks.
We may therefore pass to the limit, and define
(x,v1% = tim [sVax, sVav1© .
—
VeC
This definition is due to Seqal [23]. Some of my correspondents
would prefer to see the category C replaced by an equivalent small
category before the limit is taken. In the applications X is finite-
dimensional, and the limit is equivalent to taking. the common value of

v VoA Y]G

[s™ A X, S for all sufficiently large V - which is perfectly

safe, however many V there are.
To continue, composition of G-maps X —> Y —> % is compatible

with suspension, so it is clear how to define composition of stable maps
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and make the sets {X,Y}G into the hom-sets of a category.

The analogues of (2.4), (2.5) are as follows.

Proposition 4.1. If dim VH < dim WH for all H , then

{sV, s"1€ =0 .

Proposition 4.2. If dim (XH) < Hur (YH) -1 for all H ,

then {x,v}% =o0.

In fact, in each case one has to take a limit of sets which éfé<
allbtrivial, by (2.4) or (2.5) as the case may be.

The definition of {X,Y}G given above clearly follows that of
Spanier and Whitehead for the classical case. Therefore one can only
expect it to be useful when X is finite-dimensional. In this case

we expect the following result.

Proposition 4.3. If X is a finite-dimensional G-CW-complex,
W

then the limit {X,Y}G is attained by [SWAX, s¥Av1® for all suffici-
ently large W .

This follows immediately from Theorem 3.4.

For later use, we also need to assure ourselves that our category
is really "stable",by verifying that a suitable "external" suspension
is a (1-1) correspondence. For this purpose, suppose given two

G-spaces X, Y and an allowable representation U . For each object

V of C we have a function

. Susp
[SVAX, SVijG ———————Y> [SVAXASU, SVAYASU]G

carrying £ to £ A lU . This function commutes with the maps of

our direct system, and defines a function
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{x,v}C {xas?, vas¥3€
Iim [SVAX, sVay 1@ _, Lim [SVAXASU, sVayasU1€ |
— —
VeC VeC

Lemma 4.4. If X is a finite-dimensional G-CW-complex then this

function

susp

(x,v1¢ — s {(xa8Y, vas"i€

is a (1-1) correspondence.

In fact, the functions Suspv whose limit is taken are (1-1) cor-
respondences for all sufficiently large V , by Theorem 3.4.

So far we have not said that our sets {X,Y}G are groups. To
introduce addition one needs a suspension coordinate on which G acts
trivially. From now on we assume that trivial representations are
allowable; in this case the sets {X,Y}G become additive groups, and
in fact the hom-sets of a preadditive category.

In the applications it is important to have suitable finiteness

theorems.

Theorem 4.5. Suppose X 1is a finite G-CW-complex and Y is a
G-space for which each fixed-point-set YH is an (ordinary) CW-complex
with finitely many cells of each dimension. Then {X,Y}G is a finitely-
generated abelian group.

The crucial point is that this limit is attained by

W WAY]G

[s"AX, S

for some W , according to (4.3). It is fairly clear how to prove that
this group is finitely-generated, by combining the methods indicated

in §2 with standard finiteness theorems in the classical case.
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§5. Theorems on changing groups. In the unstable case, it is useful

to have results such as (2.2) which allow one to reduce suitable problems

‘involving G to problems involving a smaller group. In the stable

case, there are more such theorems which are useful; in this section we
will consider them.
First suppose given a homomorphism S:Gl —> G, .

space X , 6*X will mean the same space considered as a Gl-space,

For any G2—

with G acting via 6 . In particular, if V is a representation

1
of G2 , then 06*V 1is a representation of Gl . We assume that if V

is an "allowable" representation of G then 6*V is an "allowable"

2 r
representation of Gy - The operation 6*V commutes with suspension,

in the sense that

* .
e*(sv/\x) =se VoA 0*X .

Therefore 0* gives a functor from the G,~-Spanier-Whitehead category
to the Gl—Spanier—Whitehead cétegory. Here the objects of the "G-
Spanier-Whitehead category" are the finite G-CW-complexes; the hom-sets
are the sets {X,Y}G introduced in §4.

Until further notice, all representations are allowable.

I will state four results about 6% before pausing to discuss
them. To analyse 6% , it is reasonable to factor 6 through an epi-
moxrphism aﬁa a monomorphism, and tackle the factors separately. So
first, let i:H —» G be the inclusion of a subgroup H in the group
G ; let X run over the H~Spanier-Whitehead category and let Y run

over the G-Spanier-Whitehead category.

Theorem 5.1. There is a natural (1-1) correspondence

{x, irvi e s {(Gu P) A. X, v1€ .

H

Theorem 5.2. There is a natural (1-1) correspondence
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tiry, st e—s (v, (cuP) Ay x3€ .

Secondly, let j:6 —> G be the projection of G on a quotient
group G , and let N = Ker J . (The case most useful for the applicat-
ions is that in which N =G and G = 1 ; but there seems to be no
harm in looking for a natural level of generality.) We let X run
over finite G~CW-complexes in which th? subgroup N < G acts freely
away from the base-point; more precisely, we let X run over the full
subcategory of the G-Spanier-Whitehead category determined by theser

N-free objects. We let Y run over the G-Spanier-Whitehead category.

Theorem 5.3. There is a natural (1-1) correspondence

(x, 5*v}¢ «—s {x/N, Vi€ .

Theorem 5.4. There is a natural (1-1) correspondence

{iry, 116« {v, X/N}E .

Here X/N 4is of course the usual orbit space.

I will discuss these four results before I proceed to necessary
technical details. Theorem 5.1 is a simple analogue of (2.2), and is
widely known. Given (5.1), (5.2) says that the forgetful functoxr from
the G-stable world to the H-stable world has a right adjoint which
coincides with its'known left adjoint. I first heard this principle
from L.G. Lewis; of course his "stable worlds" were worlds of spectra,
which makes for a better theorem. In that form, the result is to
appear in [18]. That work uses the name "Wirthm&ller isomorphism",
thus giving credit to Wirthm&ller for the result from which the authors
started; it was only slightly less general than theirs, but I accept

that it is more illuminating to state the result in the form I have

guoted from Lewis.
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I turn to motivation for (5.3). In the Atiyah-~Seqal theorem [2]
one wishes to know that the ordinary K-theory of the classifying space
BG coincides with the equivariant K-theory of the corresponding total
space EG . In studying Segal's Burnside Ring Conjecture, one wishes
similarly to know that the ordinary cohomotopy of BG coincides with

the equivariant cohomotopy of EG . 1In suitable notation this reads

EGu P

{EGup, s°1%«— { , 8931

G

This is an instance of (5.3) (with N =G, G = 1) except that (5.3)
only gives the result for finite approximations to EG , BG ; the

result for EG requires the analogue of (5.3) for spectfa, unless you

pass to limits from the result for finite approximations. Such results

are probably widely known to those who have started work on Segal's
conjecture; after (5.1), I regard (5.3) as the second easiest of the
four.

Theorem 5.4 is necessary to maintain symmetry, as well as being
needed for applications later. I am grateful to L.G. Lewis and

J.P. May for letters, to which I owe the case N =G, G=1 (for

the world of spectra).

Theorems 5.3 and 5.4 are not as satisfactoiy as (5.1) and (5.2);
(5.1) and (5.2) each give an honest pair of adjoint functors, but (5.3)
and (5.4) do not.  (In (5.3) and (5.4) X is restricted to be N-free,
but j*Y cannot be N-free except in trivial cases.) One might like
to see the statements of (5.3) and (5.4) improved in some way; I am

open to suggestions.

In the rest of this section I will begin by giving some necessary

kktgchnical details to complete the statements of (5.1) - (5.4), and

continue with the proofs. The reader should consider skipping to §6.

The main technical detail concerns the sense in which (G P) Ay X

1s functorial for stable H-maps of X rather than for unstable maps,
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and similarly for X/N . The careful reader should not take this for
granted.
First suppose given a stable H-map ¢: Xl — X2 . Since repre-’

sentations of the form i*V are cofinal among representations of H ,

we may suppose given a representative H-map

i * 3k
£: slVAxl——>slVAx2.

We now define the stable G-map

1 Ay ¢: (GuP) rg ¥y — (GuP) rg %y

to be the class of the following composite.

-1
€ N
s A ((GuP) Ay X)) —> (GuB) ay (8777 A %)
1r§
v ¢ 1%y
ST A ((GUP) Ay X)) «—— (GuP) Ay (S A X,)

Here the G-homeomorphism

(G P) A (si*v X)

H

is given by
elg, (s, x)) = (gs, (g, x)) .

Of course we have to check that the result depends only on ¢ , and
that (GuP) Ay X becomes a functor as stated.
We now wish to copy this procedure for X/N ; the difficulty is

that representations of the form Jj*W are not cofinal among represent-

ations of G . We need the following crucial result.

Proposition 5.5. If X is N-free away from the base-point, then
R
g™

1%, Y}G , as defined allowing suspensions of the form only,

agrees with {X, Y}G as defined using all suspensions SV .
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Proof. Let me begin by fine-tuning some results I ekplained

earlier. In the "theorem of J.H.C. Whitehead", Proposition 2.7, we do

not really need the assumption that all the cells of WH are of

dimension < n(H)-1 ; it is sufficient if all G-cells of W of the form
(G/H) x E®™ have m < n(H)-1 . The same applies to any deduction from .
(2.7), including the G-suspension theorem, Theorem 3.3. These remarks
are due to U. Namboodiri [28,29].

Our object is now to show that the map
sV k
- & x -
(s3I W A x, 897 A v3% — 5 sV A s3I 4 x, gV A g3V 4 ¢1C

is iso for all V if the representation W of G is sufficiently

1%
large (depending on X). Here s W, X is also N-free away from the

base-point. Therefore it can have cells (G/H) x E® only if

NaH=1. 8So it will be sufficient to impose a suitable bound on the
H

. 7 %
dimension of (sJ WA X) just for those subgroups H which satisfy

N nH=1. We now wish to satisfy the following inequalities on the
dimensions.

(1) If H is a subgroup with N n H = 1 then
dim (3*W) T + dim x® < 2 daim (5*w)E - 2 .

We can satisfy this condition by putting sufficiently many copies
of the trivial representation into W .
(ii) If K c H 1is a pair of subgroups such that N n H = 1

and VK > VH for some representation V , then
aim (3*w)H + dim & < dim W% - 2 .

If VK > VH for some V then we must have X < H . If
N # H=1 then the images of XK, H in G satisfy K < H . Therefore
thexre is a representation U of G for which UK > UH (for example,

the permutation representation on the cosets of X). We can satisfy

the condition by putting sufficiently many copies of U into W .
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Of course, we have to satisfy inequalities of type (i) for a finite
number of subgroups H , and inequalities of type (ii) for a finite
number of pairs K c H , but we can satisfy all these conditions if

W is sufficiently large. This proves (5.5).

We can now return to the task of making X/N functorial for stable

G-maps of X . According to (5.5), any stable G-map ¢: X, —> X2

has a representative of the form

3% 3 *
£: SJWAxl————>53WAx2

We now define the stable G-map ¢: X,/N —> X,/N to be the class of

the following composite.

5k
SW A Xl/N «——> g7 WA X,

N

|

3%
SWAXZ/N<—PSJW/\X2
N
(Here the G-homeomorphisms of spaces are the obvious ones.) We have

to check that the result depends only on ¢ , and that X/N becomes
a functor as stated, but these points are trivial.
This completes the technical details needed to explain (5.1)-(5.4).
In what follows we will omit the symbols 1i*, j* which show
which groups are supposed to be acting on a given space; it is always
easy to work out which groups are supposed to be acting, and these sym-

bols only complicate the notation.

Proof of Theorem 5.1. The (1-1) correspondence is induced by

the same two maps that serve in the unstable category. These are the

H-map
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a
X —> (GuP) Mg X
given by o (x) = (1,x) , and the G-map

Y
(GWP) A, ¥ —> Y

H
given by Y (g,y) = gy . These maps make the following diagrams commute.
v s'a v
87 AX——>5 A ((GuP) 2y X)
o( &
(Gu P) A (SV A X)
SV§

sV a ((Gu P) Ag Y) ———————>SVAY

v

(GUP) A, (8" A Y)

H

It follows that o is natural, not only for unstable H-maps of X ,
but also fof stable H-maps of X ; similarly, y is natural, not only
for unstable G-maps of Y, but also for stable G-maps of Y . There-
fore these maps induce natural transformations in the usual way.

These two natural transformations are inverse because the composites

o Y
Y —> (GuP) Ag Y —> ¥
lAHa Y
(G P) Ay X —— (Gu P) Ay (GuP) Ay X —— (GuP) A X

are already identity maps unstably.

Proof of Theorem 5.2. I have given the proof of (5.1) in the form

above so that I can transcribe it by using arrow-reversing duality.

First we shall need a stable H-map
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o

(GuP) Ay X —> X .

This comes as an unstable map; we set

o (h, x) hx

f

f

Xo,if gﬁ{Hr

[

o (g, x)
where CXg is the base-point. We shall also need a stable G-map

.
Y — (GuP) Ay Y,

and this we now construct.

First choose an embedding G/H —— W of G/H in a repiésentét—
ion W of G . For definiteness, we may take W to be a permutation
representation, with the elements of G/H as an orthonormal base. Next
choose an open equivariant tubular neighbourhood N of G/H in W ;
for definiteness, we may take the discs of radius 1/2 around the points
of G/H . Consider the quotient map of SW = Wue in which we identify

to a point the complement of N ; we obtain a G-map

B: 8% —5s" A (gHEL D .

This map B 1is fixed once for all and does not depend on Y .
Given B , we define vy to be the following composite.

W Bal
S" AY ——>58 A (G/H P) A Y

l/\?’l
W

S" A ((GuUP) AH Y) .

Here the G-homeomorphism

n
(GuP) Az ¥ —> (G/HuP) A Y

H

is defined by
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n (g, y) = (g, gy)

as in (2.3).

The properties of the maps «o and Y are as follows.

Lemma 5.6 (1) The following diagram is commutative.

v s7a v
S A ((GuP) Ay X) ——> 5" A X

tcur) . sV A X

H

(1i) The following diagram is commutative.

V.

Sy
sS"asVay —— 55" asVa (gup) Ag ¥
1A g
Y
s A ((Gup) ay (sV A V)
(iii) The composite
Cy a
Y —> (Gu?P) A Y —>Y
is the identity as a stable H-map.
(iv) The composite
Y lAHa
(GuP) AH X —> (GuP) AH (GuP) /\H X ——> (GubPp) AH X

is the identity as a stable G-map.

In part (ii), the G-map SVY is obtained by suspending

Y
sV Ay — SWA ((Gu P) Mg Y)

according to the inclusion W —> W 6 V .

Assuming Lemma 5.6, we can complete the proof of Theorem 5.2 as
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follows. The map o is clearly natural for unstable H-maps pf X ;
using (5.6) (i), we see that o is natural for stable H-maps of X ,
just as in the proof of (5.1). Similarly, the map vy is natural for
unstable G-maps of Y ; using (5.6) (ii), and taking a little more care
that we are really following the definitions laid down in §4, we see
that <y is natural for stable G-maps of Y . Now we follow the stand-

ard routine for adjoint functors. The transformation

ty, Xt ———= (¥, (GuP) Ay x}©€
carries a stable H-map
£
Y — X
to the composite
Y lAHf
Y —> (GuP) Ay ¥ ——> (GuP) Ay X .

The transforxrmation

¥, (GuP) A, x3¢ —s (v, x}H

H

carries a stable G-map

£
Y — (GuP) AH X
to the composite
£ o
Y —> (GuP) A, X —> X .

H

These transformations are inverse by (5.6) (iii), (iv).

Proof of Lemma 5.6. It is straightforward to verify parts (i)

and (ii) from the definitions.

To prove part (iii), we introduce the map

¢: (G/H)u P —> s°
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which carries g to the basé—point if g ¢ H , to the non-base-point

if g e H. We check that the composite

v 1Az

sV —s sV A ((e¢/H)wP) —> sV

is H-homotopic to the identity, and that the diagram

[ R
((G/H)WuP) AN Y ——> Y

(G P) M Y

is strictly commutative. The result follows by combining these facts.
To prove part (iv), we first note an associative law. Suppose

H acts on the right of A A B by acting on the right of B . Then

the identity map of A A B A C passes to the guotient to give an

identification

(A AB) A_.Ce—>RAnr (B A, Q)

H H

Up to this identification, the map

sW A (G/HLP) A (GuP) Ay X

lAO
1

S" A (GuP) Mg (GuP) Ay X

iala
A Ho(

W v
S" A (G uP) AH X

which occurs in (iv) may be written as 1 A § A lX , where

S
(G/HuP) A (GuP) —> (GuP)

carries (gl, gz) to g, if g8 = g,H , to the base-point otherwise.
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It is now sufficient to check that the composite

SW A (GuP)

Al
v .
sV A (G/HyP) A (GuP)
I~B
v
s" A (GuP)

is equivariantly homotopic to the identity, where the word "equivariant"
means that we preserve both the actions of G on the left of these
spaces and the action of H on the right.

In this composite, the map B A1 may be regarded as the map of

(s%W

x G)/(» x G) which collapses to a point the complement of a tubular
neighbourhood of G/H x G . To apply 1 A § we replace the relevant
parts of this map by parts which map to the base-point; we thus obtain
the map which collapses to a point the complement of a tubular neigh-
bourhood of G , embedded via g +——> (gH, g) . Clearly this embedd-
ing is homotopic to the zero cross-section by a linear homotopy

g +—> (tgH, g) (o <t <1) . In this way we obtain a homotopy with

the required equivariance property. This completes the proof of

Lemma 5.6, and so finishes the proof of Theorem 5.2.

Proof of Theorem 5.3. In (5.3) and (5.4) we do not have an honest

adjunction, and we can only expect to-construct a natural transformat-
ion in one direction. In (5.3), the transformation is induced by an

unstable G-map, namely the guotient map
a
X — X/N .

For spaces it is trivial that the induced map
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— *
W W ¢ ¢ W W

A XN, 8" A y1® s A x, 8% A v3€

[s

is a (1-1) correépondence, because every G-map of SW A X 7into a space
W

fixed by N must factor through 8" A X/N . (Here W is of course a
representation of G .) Passing to limits, we see that
: W W g T W W
Cors . G
%ﬁts A X/N, 87 A Y] ——a%f[s A X, 8 A Y]

is a (1-1) correspondence. The left-hand side is {X/N, Y}G , and
the right-hand side is {X, Y}G by Proposition 5.5. This proves Theorem

5.3.

Proof of Theorem 5.4. We shall construct for each finite G-CW-

complex X on which N acts freely away from the base-point a stable

G-map

trx e {x/N, X}G

with suitable properties. We shall then use this map to induce a natural

transformation

The map trX is a "transfer" corresponding to the "covering"
X ——> X/N . (I write "covering” because it fails to be an honest cover-
ing at the base-point.)

To construct trx ; we first replace X by an equivalent G-CW-
complex if that is thought to ease £he next step. We choose a G-embed-
ding

(e,q)
X —— 3>V x X/N

NS
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of the quotient map gq: X —> X/N in the projection w of a trivial (eq,qy)

Xl _— > V X X

\/

vector-bundle, whose fibre V is of course a representation of G .

We also choose a G-invariant function €: X —> R which is continuous,
zero at the base-point and positive elsewhere, so that as x runs over
X the points (v, gx) € V x X/N with |lv -e(x) || = e (x) make up

a "tubular neighbourhood" N(X) of X , which is just like an ordinary

tubular neighbourhood except that its radius tends to zero as x appro- (e 2,q2)
aches the base-point. For example, one may choose
1 R
e(x) =3 Min || eox) - e || . \\\\\\N ﬁ////
neN
We now perform the usual "Pontryagin-Thom" construction, and collapse
yielding G-maps
the complement of the open tubular neighbourhood N(X) to the base-
v v

point. We obtain a G-map trl : 8 1 Xl/N —> S La X

tr, : SV A (X/N) —> 8Y A X . v v

X 2 2

trz:s AXZ/N——————>S A X

Here we get Sv A X rather than (SV x X)/(» x X) precisely because

Then we can embed both embeddings in an embedding
the radius of the tubular neighbourhood goes to zero at the base-point.

(e3 lq3)
Lemma 5.7. The class try € {x/N, X}G is independent of the \\\\\N y////

choices made in its construction, and natural for unstable G-maps of

X .

Proof. It is more or less clear that the choice of ¢ affects in which X; is the mapping-cylinder of £ and the injections
the result only'up to a G-homotopy, so it remains to discuss the depen- X, —> X3 , X, —>X; are the usual ones. For example, we can take
dence on V and on the embedding. We handle this together with the
V, =V, x V. and

3 1 2
proof that trX is natural for (unstable) G-maps.

Suppose then that we are given a G-map f£f: x1 — X2 and embed- e3(t, Xl) ((1-t) el(xl) ' te2(fx1))

dings eglxy) = (0, eylx)) .

Performing the same construction on this embedding, we get the follow-
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ing diagram. Vg »
Vv, s °f vy
S A Xl > S A X2
[ b
o~
v
s 3. X,
' v, /v
3 2
/it Ttrz $*' " tr,
V3
S A X3/N
V3 V3
S AX/MN 7 >S5 T A X,/N
3._
s “F

This proves Lemma 5.7.

We now wish to show that trx has suitable properties for suspen-
sion, and of course our discussion is modelled on (5.6) (ii). Suppose

given an embeddihg

xl._ifiiibl_? v % xl/N
9, n
Xl/N

leading to the G-map

v \%
tr; 8 A (X /N) —> S /\’Xl .
Suppose given also a representation W of G = G/N . We wish to obtain
the map tr2 for the space X, = SWzN X1

Lemma 5.8. There is a choice of tr, which makes the following

diagram G-homotopy-commutative.

sV a s¥ A X /N ——=->38" A 8" AX

As in (5.6) (ii), the G-map §"tr, is obtained by suspending

trl according to the inclusion V —> VoW .

Proof. Let us decompose SW into the hemisphere E(W)O given

by || w || £ 1 and the hemisphere E(W)_, given by || w || =2 1
Let us choose a real-valued function n(w) on SW which is continuous,

G-invariant, O at « and positive elsewhere, and 1 on E(W)o i

for example, we may take

i .
nw) = —— on E(W)_ .

Il w |l
Then we can construct an embedding

(e,,q,) ‘
X, —22 5 v x (X,/M)

X, /N

for X2 =8 A X, by taking

e, (w, x) =n(w) e, (x) .

The map trz is given by the corresponding collapsing map, and may be

described. as follows. For each point w e E(W)O we get a copy of



516

tr, : sV A (Xl/N)——'>sVAxl.

Over E(W)_  we get some map

sV A EM), A (X, /N) —>sV A EmW_ A X

but these spaces are G-contractible and so it does not matter what the

map is; our map tr, is G-homotopic to SWtrl . This proves Lemma 5.8.
Corollary 5.9. trX is natural for G-stable maps of X .
Given (5.5), this follows formally from (5.7) and (5.8). The

argument is the same as that for vy in the proof of (5.2).

We now wish to know how trx behaves when X 1is an N-free G-

sphere (G/Hy P) A s . The condition for this G-sphere to be N-free
is Nn H =1 ; that is, H maps isomorphically to a subgroup H of
G . With X = (G/HuyP) A S® we have X/N = (G/Hw?P) A s" .

We first consider the case n = O . We choose an embedding

X=G/MHuP —> V x (G/HuP)

N/

E/ELJP

from which to construct trX . Since X 1is discrete, the tubular

neighbourhood will consist of a set of discs centred at the points of

G/H .
Lemma 5.10. If oy and o, are as in the proof of (5.2) then
the diagram trX
sVA (G/HuP) —> 8" A (G/HuP)
\% v
S, Set,
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is H-homotopy commutative.

Recall that o

; 1is only an H-map and o

2 is only an H-map.

Proof. trx is given by the usual collapsing map. To apply
Svaz ; we must change our map to the base-point on all discs except
that centred on the coset H/H . The result maps Sv x gH to the

base-point unless §f§ is the coset H ; then we get a map of Sv

which is H-homotopic to the identity. After this homotopy we reach

1

Corollary 5.11. If X = (G/Hu P) A s then the diagram

tr
v =0 n X v n
S" A (G/HuP) A S ————>S" A (G/HuP) A S

is H-homotopy-commutative.

Proof. Apply the trivial suspension Sn to (5.10).

Corollary 5.12. The natural transformation

{y, X/N}a —s {v, x36

induced by try is iso when X = (G/HuP) A st .
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Proof. Consider the following diagram.

{Y, (G/HyP) A Sn}a—————ﬁ (v, (c/Eup) » s™}C

(5.2) (5.2)

H n.H
v, s« v, s™}
Here the vertical arrows come from Theorem 5.2, and the lower horizontal
isomorphism comes because H is isomorphic to H . Corollary 5.11

shows that the diagram is commutative, and the result follows.

Coroilary 5.13. The natural transformation

v, x/M°% — (v, 1€

induced by trx is iso whenever X can be built up by the successive

attachment of cones on G-spheres (G/HwP) A s® with NnH =1.

This follows from (5.12) by an obvious induction over the number
of cones, using the five lemma. k

Unfortunately, not every finite G-CW-complex can be built up by
the successive attachment of cones on G-spheres {(think of a finite
approximation to EGyP); this is one of the well-known snags of the
subject. However, a single trivial suspension Sl is sufficient to
turn any finite G-CW-complex into one which can be constructed in this

way. Thus the natural tranformation
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1

{y a s, 1y > {v A s*, x a s1}C

is iso. However, the whole result commutes with Sl , so this proves
(5-4).
§6. Groups graded over the representation ring RO(G). In this section

we will consider the question of theories graded over RO(G) .
Lately I've noticed authors writing sentences of the following

general form. "Write ©0eRO(G) - in the form «a=V-W ; then we define

v

tx, v1¢ = {8V x, 8" A 13€ .

If you catch anyone writing a sentence like that, make a note that'you
do not trust his critical faculties. The sentence in quoteé is not
sufficient. It implies that it is possible to verify that the result
obtained depends only on o and does not depend on the choice of V
and W ; but it is not possible to verify this. In fact, suppose that
o 1is the class of a representation, and that at one point the author
wishes to use a representation V , and suppose (as is likely) that

at another point he wishes to use a different but isomorphic represént—

] . ~ ]
ation V . Then he must choose an isomorphism V =V to use in

identifying 8V a X, 1 with {sV

A X, Y}G ; and he must say
which, for if he chooses a different one it will change his identificat- .
ion by an invertible element of the coefficient ring {s°, s°1€ .

If he doesn't say which, then he doesn't know what he is doing and’

nor do we.
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I will list three options suggested for overcoming this difficulty.

(i) Retreat to a notation which displays V and W explicitly.

(ii) Follow the classical precedent. A graded group such as
ﬂn(X) is not defined by allowing the use of any old vector space of
dimension n ; it is defined by using the specific space R® which
is under our control. This suggestion, then, involves an initial choice
of preferred representatives. Presumably one begins by choosing one
specific irreducible representation in each isomorphism class of irre-
ducible representations.

(iii) "It may appear that {X,Y}S is intended to be a function
which assigns to each a ¢ RO(G) a group {X,Y}S . Indeed, for purposes
of planning strategy I like to think of it that way, and I hope you will
do the same. But for purposes of rigourous proof, I suggest that

G
{x, ¥}y is a functor, which assigns a group to each object of some

godawful category, and assigns to each morphism in that category a dif-
ferent way of identifying the groups in question”.

The merit of (i) is that it is manifestly honest. The drawback
is that it does not succeed in justifying notation such as {X,Y}S ,
which might be convenient.

The drawback of (ii) is that it may involve unattractive technical-
ities. Nevertheless, this is probably the best way if anyone seriously
needs notation graded over RO(G) .

Mathematically, (iii) is indistinguishable from (i). Linguistic-

ally, notation with very strong associations, which are totally differ-

ent from its declared logical meaning, is misleading notation. I suggest

we should use misleading notation only when we wish to mislead, for
example, on April lst. Since mathematicians do not normally intend to
deceive, misleading notation is especially dangerous to authors capable

of self-deception.

Now I will turn to the published record. Bredon's work [4,6]
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involves homotopy groups which clearly need to be indexed over RO(G)
for G = 22 , and it is rigourous by option (ii) because it starts from

the two actions of 22 on the reals. Notation graded over RO(G) ,
and the difficulty above, goes back to [23 p60]. Those who read German
already possessed the means of implementing option (ii), because the
work of tom Dieck [9,10] explicitly says that you choose actual repre-
sentations, not isomorphism classes. When those who read German started
to want to use notation graded over RO(G) , they remembered this

[25 p373]; but they forgot it as soon as they could.

Next I point out that questions may arise which need checking from
the definitions. I thank J.P. May for drawing my attention to the
point which follows.

Authors who write about generalised cohomology theories commonly
assume that for each o ¢ RO(G) and each X there is given a group
ﬁ“(x) . ({(So, whatever else they are doing, they are not following option
(iii).) Such a cohomology theory should come provided with suspension

isomorphisms

v ~a+[V]

o’ B%x) — > H (sVAx)

where [V] is the class of V in RO{(G) . Clearly, oa+[VI+[W] is
logically the same element of RO(G) as a+[WI+[V] , and apart from an
axiom saying OVOW = OVQW , we need an axiom about a diagram of the

following form.

oV
ﬁa(x) ﬁu+[v?(SVAx)
W
a
GW ﬁa+[V]+EW](SWAstX)
v (TAl),
LA AT M P
B* (sVas"ax)

v ' wv

W . .
Here S A8 ——> S ASW is of course the switch map. In the ordinary
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casebthis diagram only commutes up to a sign (-1)P9 ; in the eéuivar—
iant case, it has to commute up to an invertible element of the coeff-
icient ring {SO, SO}G , and we must be told which. For example, if
V = W , then the composite OWGV is logically the same as GVGW , and
the required element is the class of T . Now 't «can be replaced by

the map
(+1) & (-1): VO V—>V O V.
Let us write €e(V) € {SO, SO}G for the element represented by
(=1): Vu (=) % Vu (=) ;

then the answer in this case must be €(V) . It can be shown by example
that this element may be different both from +1 and from -1 (take
G :Z2 and take V to be the non-trivial action on the reals).

If any author on this subject had wished to inspire confidence,

he should have faced this problem and not tried to skirt it. The answer

I would like to see is

< > < >

p
here the product runs over irreducibles p , and <p,V>, <p,W> are the
multiplicities of p in V,W respectively.

Of course, the correctness of such an answer, for some well-defined
function H® of a e RO(G) , can only be proved by checking from the
definition. However, the inéonsistency of certain other answers can be
proved without. ‘

I now invite the reader to try to audit works such as [ 1 and
[ 1, and try to determine whether their statements are checked from
definitions. In my opinion, uncritical use of  RO(G)-gradings is'likely
to lead to treatments which cannot be accepted as satisfactory.

The relevance of all this is as follows. Carlsson's preprint [8]

uses groups graded over RO(G) . It is suggested by Caruso and May that
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it might be profitable to rewrite more of Carlsson's proof‘as an éxercise
in RO(G)-graded generalised homology and cohomology. Of course, Caruso
and May provide a rigourous foundation for the small uSe of RO(G)-
grading they propose. However, we must also consider RO(G)-gradings
elsewhere in the subject.

At this point I should perhaps point out one other thing well
known to the experts, as follows. This is going to be a splendid sub-

ject, but we need to cure it of a certain tendency to minor sloppiness.

Question 6.1. Hey! Wouldn't it be better to deal with that in

private?

Answer. I did try, but things seem to have gone too far. Only
the other day one of my éraduate students brought me his work, and when
I checked the main reference, I found it was open to the objections I
have explained; and this was from a source I had not previously regarded
as suspect. (I wouldn't mind if the only results affected were either
(a) so easy that anyone can prove them correctly, or (b) so dull that
nobody would ever quote them. But as a defence of mathematical work,
"de minimis non curat lex" is less popular than it might be.)

Now, I earnestly desire that if there are going to be theorems in
this subject, then this subject should fall in with the rest of topology,
and get itself written so that innocent graduate students can tell,
without extravagantly much work, what is rigourously proved and what

is not. It was so in 1972, why not now?
Question 6.2. But surely anyone can make a mistake?

Answer. Yes, of course, anyone can make a mistake. And anyone
can put it right, by publishing some correction or addition to his
work. But you want to do it before twenty other people have followed
you into the same pitfall. After seven years, the way things move now,

your paper is up for the judgement of history.
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Question 6.3. But isn't it dangerous‘to make such sweeping gener- equivariant stable category is "Boardman's category", and is still

alizations? You will have all manner of upright citizens pressing you Boardman's category no matter whose construction one actually quotes,

to publish the statement that you intended no slur on their care, so the equivariant stable category is that of Lewis and May". One can

rigour or professional standards. have confidence that the work of these authors will be careful, accurate

and reliable, and we may hope that it will appear soon.

Answer. (a) Everyone knows I don't mean [13] or [18]. The pro-
I need to draw attention to only one snag, and to explain it I

portion of papers in this subject which are wholly satisfactory is well
must make some preliminary remarks.

above the proportion of righteous men for which the Lord would have
For G-spaces X we have fixed-point subspaces XH and we know
spared Sodom [301]. (b) I've tried lectures which don't name names and
what they do under suspension; we have

I've tried drafts which do name names, and nothing will please everyone.

H VH XH .

I have consulted older and wiser men, and I am moved to preach a AX)T = (8" ) A

sermon to this subject. So, if such of my friends as have favourite
Therefore, passage to fixed-point subspaces defines a functor, say T ,

pieces of minor sloppiness will please put them down and walk guietly
from the G-Spanier-Whitehead category of §4 to the N(H)/H-Spanier-

away from them, I will begin.
Whitehead category, where N(H) is the normaliser of H in G .

I earnestly desire that people should not copy out of previous
Any good category of G-spectra must contain the G-Spanier-

papers without pausing to think whether the passages to be copied make
Whitehead category embedded in it as a full subcategory. In particular,

sense. And when we write a sentence which implies that one checks A
the category of Lewis and May does so. Similarly, the category of

and B, then we shall take scrap paper and check A and B - from the
N(H) /H-spectra must contain the N(H)/H-Spanier-Whitehead category.

definitions. And for those of us who have the care of graduate students,
We can now consider the following conditions on a hypothetical

I recommend that we give them critical faculties first and their Ph.D.'s
functor U from G-spectra (whatever they are) to N(H)/H-spectra

afterwards. Here ends my sermon.
(whatever they are).

§7. G-spectra. In the classical case, the advantage of doing stable
(7.1). U extends the functor T defined above.

homotopy theory in a category of spectra are by now well understood.

In this section we will consider very briefly the corresponding equiv-
(7.2). U permits one to carry over to spectra the result (2.6)

ariant theory.
for spaces, say in the form of a (1-1) correspondence

G-spectra were introduced by tom Dieck in [9,101; the published

account, [12], is less explicit. However, tom Dieck introduced G-spectra {(G/HuP) A Sn’ y}G - ﬂn(U(Y))

merely in order to obtain the associated generalised cohomology theories;
(whatever L is).

he did not treat them as a category in which to do equivariant stable

homotopy theory. The snag is that these two conditions are inconsistent; you cannot

A good category of G-spectra exists [18,19]. "Just as the non- have both and so you must choose.
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Lewis and May attach great importance to (7.2). "Since'the reduct—
ion of equivariant problems to non—equivariant ones by passage to fixed-
point spaces is probably the most basic tool in equivariant homotopy
theory, it is clearly desirable" to carry over that tool from spaces to
spectra. I freely concede the great mathematical interest of the objects
U(Y) which Lewis and May construct and call fixed-point spectra. Lewis
and May argue further that, to avoid confusion, it would be highly
undesirable for anyone to try to attach the name "fixed-points" to a
functor U satisfying (7.1).

The rele&ance of this is as follows. Carlsson, in his preprint
[8] p9, says that he will work in a category of G-spectra, and specific-
ally in the category of [18]. If so, then by [8] p44 he wants a functor
U with the property (7.1) and he has little or no interest in (7.2).
Now, this seems to me a most reasonable request; I see no reason on’
earth why Carlsson should not have a functor with the property (7.1),
aﬁd in the first draft of this section I constructed him one.

The reason I have cut this section since the first draft is that
it now appears that most of Carlsson's proof can be done without G-

spectra.

§8. Equivariant S—duality. In this section we will study the equiv-

ariant analogue of ordinary Spanier—whitehead duality.

In the classical case, there are two standard approaches. 1In the
first, which was historically prior, you suppose given a finite complex
X . You choose a good embedding of X in the sphere Sn+1 , and the’

complement gives the S-dual of X , up to a shift of n dimensions.

In the second, one works not with embeddings, but with structure maps

i : - B27

X* A X —> s” . The standard referencé is to Spanier's exercises

[24 pp 462-463]. Both approaches carry over to the equivariant case.

0f course, in the first, you embed in a sphere with G-action, and in‘the
second, you map to a sphere with G-action. Both approaches have all

the good properties a reasonable man would expect.

The standard reference is to Wirthm&ller [26], who implements the
second approach. [26] was a paper worth writing properly. It is written
in RO(G)-graded notation; and at the time it was written, there was no
adequate rigourization of RO(G)~-graded notation in print so far as I
know. Wirthmaller might have written one; alternatively, he might have
used different notation. If he had done either, [26] could have been a
splendid paper. As it is, I report that it can clearly be rewritten
so as to become completely satisfactory.

For the embedding method, I thank J.P. May for recommending a
reference to Section 3 of [27].

I will begin by summarising some basic material on G-S-~duality.

Question 8.1. We need to begin with the duals of cells and spheres.

What is the G-S-dual of (G/H)wupP ?

Answer. It is (G/H)w P again. For example, you can embed
(G/H)w P in the sphere corresponding to the permutation representation

of G on the elements of G/H ; then the complement is (up to G-equiv-

alence) a wedge, indexed by G/H , of copies of the reduced permutation

representation.
If you wish to avoid the embedding method, I suggest that you rely
on (5.1) and (5.2) for the following natural (l1-1) correspondences.
G
{(c/HLP) A X, Y}
—> {x, v}

e {X, (G/Hup) A ¥I€ .
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One has to remember that this answer needs modification when G

is a compact Lie group. See [26 p 428].

Question 8.2. Should we expect G-S-duality to have good behaviour

on cofiberings?

Answer. Yes. Of course, both gquery and answer beg the question
of what we mean by "good behaviour", but we mean, "the same behaviour
as for G = 1",

With the method of embedding in spheres, it is almost clear that

the dual of a Mayer-Vietoris diagram

\ \ uy
is another Mayer-Vietoris diagram
X*
X* y Y* X* o ¥Y* .

SN

Now take Y (and therefore Y*) stably G-contractible; we see that the

dual of a cofibre diagram

£ i
A—>p X — X Ue CA =B
is another cofibre diagram
£* i*

X* U,y CB*¢—— X* ¢«—— B* .

With the Spanier approach, it's one of the lemmas which have to be
proved before the method works. See [26 p 429].

I thank J.P. May for pointing out that if you want a cofibering
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_ to include all three relevant maps, then on a suitably precise definit-

jon, the statement "the S-dual of a cofibering is a cofibering" is act-
wally false if you worry about signs - there is a sign which won't go

away. But this is just the same as in the classical case.

Question 8.3. Should we expect G-S~duality to have good behaviour
under the forgetful functor i* , under 3* and under passage to fixed-

point sets?

Answer. Yes. Suppose given a homomorphism 6: Gy —> G , and
suppose you can embed G-spaces X, X* in a G-sphere S . Then you can
apply ©* and regard them as G,-spaces 8*X , 0*X* embedded in the
Gl—sphere 6*S . Similarly, you can pass to fixed-point sets and obtain

&, x)! embedded in s¥ .

With the Spanier approach, you start from a structure map
X*¥ A X —> S8 and you can again apply 6* or pass to fixed-point sets.
see [26 p 427, p 4311.

We turn to more interesting results. First suppose that X is a
finite G-CW-complex which is free (away from the base-point) over a

normal subgroup N < G .

Theorem 8.4. Then X admits a G-S-dual DGX with the following
properties.
(i) DX is also N-free (away from the base-point).
(ii) The duality is with respect to a "dimension" which is a

representation of G/N

Proof. We first avoid the standard snag mentioned at the end of
§5 by the same device used there; by passing to X A Sl if necessary,
we can assume that X is constructed by the successive attachment of
cones on G-spheres (G/HuP) A s® with NnH=1.

We now apply (8.2). By (8.1) the dual of (G/HuP) A s® with
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“ respect to dimension n is (G/HwWP) . By (5.5), all the stable attach=

ing maps required to build up D.X can be realised by maps of spaces

G
1%
at the price of suspension sJ W .

Let X and DGX be as in (8.4), that is, N-free and G-S-dual

with respect to a dimension J*W .

Theorem 8.5. Then X/N and (DGX)/N are G/N-dual with fespect
to dimension W .

It seems that this was in doubt until recently. I owe the case
N=G, G/N=1 to letters from L.G. Lewis and J.P. May.

Proof. Let G = G/N and let Y run over the G-Spanier-Whitehead
category. Then we have the following (1-1) correspondences natural
in Y .

{Y ~ ¥/, sW}C

W
s {3*Y A X, 837 16 (5.3)

«> {j*¥, b x}® (G-S-duality)

— {Y, DGX}a (5.4)
N~

This characterises DGX as the G-S-dual of X/N with respect to dimen-

sion W . N

I next recall that A. Ranicki [21] has given an "unconventional”
treatment of G-S-duality, in which the group G need not be finite,

but the G-complexes must be G-free (away from the base-point).

Theorem 8.6. If G is finite then the Ranicki dual of a G-free

space X agrees with the conventional one.
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Proof. Let ¥ run over the G-Spanier-Whitehead category; Y need

_not be G-free. ILet X* be a Ranicki n-dual of X . In view of (5.5),

the Ranicki n-dual X* ‘is characterised by the first of the following

two (1-1) correspondences which are natural in Y .

{x*, v}¢
L, X AYG/G
<« {587, (Ranicki duality)
G

> {Sn, X A Y}G (5.4) .
But this characterises X* and X as conventional n-duals.

One of my correspondents suggests that the results presented above

make it unnecessary for me (or Carlsson) to mention Ranicki duality.

I take this point.

References.

[11 J.F. Adams, Stable homotopy and generalised homology, Chicago Univ-
ersity Press 1974. MR 53 no. 6534.

[2] M.F. Atiyah and G.B. Segal, Equivariant K-theory and completion,
Jour. of Differential Geometry 3 (1969) 1-18. MR 41 noc. 4575,

[31 G.E. Bredon, Equivariant cohomology theories, Bull. Amer. Math.

Soc. 73 (1967) 266~268. MR 34 no. 6762.

[4] G.E. Bredon, Equivariant stable stems, Bull. Amer. Math. Soc. 73
(1967) 269-273. MR 34 no. 6763.

[5] G.E. Bredon, Equivariant cohomology theories, Lecture Notes in
Mathematics no. 34, Springer 1967. MR 35 no. 4914.

[61 G.E. Bredon, Equivariant homotopy, in Proceedings of the Confer-
ence on Transformation Groups, Springer 1968, pp 281-292. MR 40
no. 3542.

[7] T. Brocker and E.C. Hook, Stable equivariant bordism, Math. Zeit.
129 (1972) 269-277. MR 47 no. 9652.

[8] G. Carlsson, Equivariant stable homotopy and Seqgal's Burnside ring
conjecture, preprint, University of California at San Diego, 1982.

[9]1 T. tom Dieck, Bordism of G-manifolds and integrality theorems,
Preprint series 1968/69 no. 20, Aarhus University 1968.



[101

[111]

[121]

[13]

f141

[15]

[161]
[171

[181]

[19]

[201]

[211]

[22]

[23]

[24]

[25]

[26]

£27]

[28]

[29]

£301

532

T. tom Dieck, Kobordismen-Theorie und Transformationgruppen,
Preprint series 1968/69 no. 30, Aarhus University 1969.

" n o
T. tom Dieck, Glattung aquivarianter Homotopiemengen, Arch. Math.
20 (1969) 288-295. MR 42 no. 2474. '

T. tom Dieck, Bordism of G-manifolds and integrality theorems,
Topology 9 (1970) 345-358; MR 42 no. 1148,

T. tom Dieck, Transformation groups and representation theory, ;
Lecture Notes in Mathematics no. 766, Springer 1979. MR 82c 57025,

H. Hauschild, Aquivariante Homotopie I, Arch. Math. 29 (1977)
158-165. MR 57 no. 7626.

H. Hauschild, Review of "Equivariant stable homotopy theory",
Mathematical Reviews 54 (1977) no. 11319 pl603.

S. Illman, Equivariant algebraic topology, Thesis, Princeton 1972.

C. Kosniowski, Equivariant cohomology and stable cohomotopy, Math.
Ann. 210 (1974) 83-104. MR 54 no. 1202,

L.G. Lewis and J.P. May, Equivariant Homotopy Theory, in preparat-
ion.

L.G. Lewis, J.P. May and J. McClure, Ordinary RO (G)-graded cohom-
ology, Bull. Amer. Math. Soc. 4 (1981) 208-212, MR 82 e 55008.

T. Matumoto, On G-CW-complexes and a theorem of J.H.C. Whitehead,
Jour. Fac. Sci. Univ. Tokyo 18 (1971) 363-374. MR 49 no. 9842.

A. Ranicki, The algebraic theory of surgery II. Applications to :
topology, Proc. London Math. Soc. 40 (1980) 193-283. MR 82 £57024b

G.B. Segal, Review of "Equivariant homotopy", Mathematical Reviews
40 (1970) no. 3542.

G.B. Segal, Equivariant stable homotopy theory, in Proceedings of
the International Congress of Mathematicians 1970, Gauthier-Villars
1971, vol. 2, 59-63. MR 54 no. 11319.

E.H. Spanier, Algebraic Topology, McGraw-Hill 1966. MR 35 no. 1007.

"
K. Wirthmuller, Equivariant homology and duality, Manuscripta
Math. 11 (1974) 373-390. MR 49 no. 8004.

K. Wirthmuller, Equivariant S-duality, Arch. Math. 26 (1975) 427~
431. MR 51 no. 11493,

A. Dold and D. Puppe, Duality, trace and transfer, in Proceedings
of the International Conference on Geometric Topology, Polish
Scientific Publishers, Warsaw 1980, pp 81-102.

U. Namboodiri, Equivariant vector fields on spheres, Thesis,!
Chicago 1982.

U. Namboodiri, Equivariant vector fields on spheres, Trans. Amer.
Math. Soc., to appear.

Genesis chapter 18 verse 32.

ON THE RATIONAL HOMOTOPY OF CIRCLE ACTIONS

C. ALLDAY AND V. PUPPE

At the conference the second-named author gave a talk
in which he advertised methods from deformation theory of
algebraic structures (associative algebras, chain complexes,
Lie algebras) to study problems in cohomology and rational
homotopy of transformation groups. In this context some
results concerning cohomology can be found in [10], [11].
They rely on Borel's approach to P.A. Smith theory based
on the localization theorem for equivariant cohomology.

Using Sullivan's theory of minimal models the first-
named author gave analogous localization results for ra-
tional homotopy of torus actions (s. [1], [2]) which can
also be interpreted in deformation theoretical terms to
give further insight into certain problems in this area
(s. [11]). In this note we pursue some guestions mentioned
in the talk at the conference by combining methods and
results from [1], [2] and [10], [11].

Let X be a simply connected, finite S'-CW complex
such that dimQ(ﬂ*(X) ® @) is finite, and let FcX be a
simply connected w-full (i.e. dimm(n*(x)®Q) = dimm(n*(F)®Q)
s. [2]) component of the fixed point set of X. For a
(simply connected) space Y let L, (Y) := Z'l(w*(Y) ®@ @) de-
note the (connected) graded Lie algebra over @ given by the
"desuspension" of the rational homotopy of ¥ where the Lie

product corresponds to Whitehead product. Then one has

(s. [51, [8]) of the graded Lie algebra g*(x)q More precise-

ly: There exists a graded Lie algebra Lf (X) (isomorphic
to Ly(X) ® @lt] as a graded @[t]-module, |[t| = -2, but with
“twisted" Lie bracket)jover the graded polynomial ring

1
1I.e. the Lie bracket of LE (X) does not coincide in gemeral

gi%h)the canonical @Jt]-bilinear extension of the Lie bracket
X
3 0

of



