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There is an interest ing connection between the distr ibution of the branches of a real  a lgebraic  curve 
on the project ive plane, on onehand, and, on the other  hand, the topology of cer ta in  complex algebraic  s u r -  
faces.  In the present  paper  this connection is used in o rde r  to derive,  f rom simple considerat ions of four-  
dimensional topology and the ar i thmet ic  of integer-valued quadratic forms,  information as to the dis t r ibu-  
tion of ovals of the real  planes of algebraic  curves .  

§ 1 .  F o r m u l a t i o n  o f  t h e  R e s u l t  

We consider  a nonsingular real  a lgebraic  curve of degree n on the real  projective plane RP 2. Such 
a curve is a compact  smooth one-dimensional  manifold without a boundary. Its connected components a re  
diffeomorphic to c i rc les  and are  called ovals.  

A. Harnack [1] proved that the number of ovals does not exceed g + 1, where g = ( n - l )  ( n - 2 ) / 2  is 
the genus of the curve .  Curves with g -t 1 ovals do exist,  and are  called M-curves .  

The question as to how ovals can be distributed has been considered by many authors (in par t icular ,  
D. Hilbert  [2], K. Rohn [3], I. G. l~etrovsky [4], and D. A. Gudkov [5]), but has been answered only for  
curves  of degree  6 and less (see the survey in [5]). 

To formulate our  resul t  we need to use the part i t ion of ovals ,  introduced by I. G. Petrovsky,  into 
positive and negative ovals.  We assume that the degree  of the curve is even: n = 2k (we retain this nota- 
tion throughout the paper) .  Then, the ovals lie two-sidedly in RP 2, and each of them has an in ter ior  par t  
(diffeomorphic to a circle) and an ex te r io r  (diffeomorphic to a M~bius sheet). We shall call an oval pos i -  
tive (or even) if it lies within an even number  of others ,  and negative (or odd) if it lies within an odd num- 
be r  of other ovals.  For  example, the c i rc le  x 2 + y2 = 1 is an even oval. 

THEOREM 1. Let p be the number of positive, and m the number  of negative, ovals of an M-curve 
of degree 2k. Then, the following congruence holds:  

p - - m  ~ k ~ rood4. (1) 

We note that congruence (1) does not exhaust all the constraints  on the distr ibution of  the ovals. For  
example, I. G. Petrovsky [4] proved the inequality 

I2(p--m) - 1 I-~ 3k ~-- 3k .-- 1 (2) 

for any curve of degree 2k (with the necessar i ly  maximal number  of ovals), while D. A. Gudkov [5] proved, 
for M-curves  of degree 6, a congruence of the fo rm of (1) but modulo 8. For  other constraints ,  see ~9, 
paragraphs  4, 5, and 6. 
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The  p r o o f  g iven  b e l o w  of c o n g r u e n c e  (1) i s  b a s e d  on a c o n s i d e r a t i o n  of  the ac t i ons  of  invo lu t ions  of  a 
c e r t a i n  f o u r - d i m e n s i o n a l  man i fo ld  Y on i ts  t w o - d i m e n s i o n a l  h o m o l o g y .  

s 2 .  S t r u c t u r e  o f  F o u r - D i m e n s i o n a l  M a n i f o l d  Y 

Mani fo ld  Y is  a t w o - s h e e t e d  c o v e r i n g  of the c o m p l e x  p r o j e c t i v e  p l a n e ,  r a m i f y i n g  a long  the s e t  o f  
c o m p l e x  po in t s  of the c u r v e  in  q u e s t i o n .  

L e t  f ( x ,  y) = 0 be  the  aff ine equa t ion  of  the c u r v e  in q u e s t i o n ,  H e r e ,  x and  y a r e  r e a l  v a r i a b l e s  whi le  
f i s  a nonhomogeneous  p o l y n o m i a l  of d e g r e e  2k with  r e a l  c o e f f i c i e n t s .  The c o r r e s p o n d i n g  h o m o g e n e o u s  

equa t ion  h a s  the f o r m  F(x  0, x~, x 2) = 0, w h e r e  f ( x ,  y) = F(1 ,  x,  y) .  

H e r e ,  F is  a h o m o g e n e o u s  p o l y n o m i a l  of d e g r e e  2k with  r e a l  c o e f f i c i e n t s .  S ince  the  d e g r e e  of  F is  
even ,  the  s i gn  of  F i s  the s a m e  a t  a l l  po in ts  (x0, x l ,  x 2) c o r r e s p o n d i n g  to one po in t  (x0 : x l  : x2) of  the  p r o -  
j e c t i v e  p l ane  RP 2 which  does  not  l i e  on o u r  c u r v e .  We can  so  choose  F tha t ,  a t  the  po in t s  c o r r e s p o n d i n g  to 
the  n o n o r i e n t a b l e  c o m p o n e n t  of the c o m p l e m e n t  to the  c u r v e  in R P  2, the  v a l u e s  of  F w i l l  be  n e g a t i v e .  We 
f ix  such  a p o l y n o m i a l  F .  

We now c o n s i d e r  the equa t ion  

z 2 -= F (xo, xj, x~), (3) 

w h e r e  x0, x 1, and x 2 a r e  c o m p l e x  v a r i a b l e s  not a l l  s i m u l t a n e o u s l y  equa l  to z e r o ,  Th i s  e q u a t i o n  g i v e s  a c o m -  
p a c t  c o m p l e x  a l g e b r a i c  s u r f a c e  Y e m b e d d e d  in t h r e e - d i m e n s i o n a l  c o m p l e x  s p a c e  E of  the  o n e - d i m e n s i o n a l  
v e c t o r  f i b r a t i o n  o v e r  the  c o m p l e x  p r o j e c t i v e  p l a n e  

P'  : E ~ (CP ~ = {(xo : x~ : x~)}), 

whose  s e c t i o n s  a r e  h o m o g e n e o u s  func t ions  of  d e g r e e  k of  the  v a r i a b l e s  x 0, x l ,  and x 2. F r o m  the r e a l  po in t  
of  v iew,  s u r f a c e  Y i s  a f o u r - d i m e n s i o n a l  c o m p a c t  s m o o t h  o r i e n t a b l e  connec t ed  m a n i f o l d  wi thou t  b o u n d a r y .  

In the af f ine  map  on E c o r r e s p o n d i n g  to  the  af f ine  m a p  (x, y) on C P  2, s u r f a c e  Y is  g iven  by  the  e q u a -  
t ion  z 2 = f ( x ,  y) .  

The  r e s t r i c t i o n  of  P to mapp ing  P '  on man i fo ld  Y g i v e s  a t w o - s h e e t e d  r a m i f i e d  c o v e r i n g  of  the  c o m -  
p l ex  p r o j e c t i v e  p l a n e .  The  m a n i f o l d  of  the  r a m i f i c a t i o n s  is the i n t e r s e c t i o n  of  man i fo ld  Y with  the z e r o  
f i b e r  of f i b r a t i o n  P ' .  We denote  th i s  m a n i f o l d  of  r a m i f i c a t i o n  by  A~ I t  is  c l e a r  f r o m  Eq.  (3) tha t  PA is  p r e -  
c i s e l y  the  s e t  of  c o m p l e x  po in t s  of  o u r  a l g e b r a i c  c u r v e  F = 0. T h u s ,  A i s  a s m o o t h  o r i e n t a b l e  connec t ed  
c o m p a c t  s u b m a n i f o l d  wi th  b o u n d a r y  o f  the  f o u r - d i m e n s i o n a l  man i fo ld  Y. The  r e a l  d i m e n s i o n  (and c o d i m e n -  

s i on  in Y) of  m a n i f o l d  A equa l s  2. 

6 3 .  I n v o l u t i o n  r a n d  F o r m  ~ v .  

M u I t i p l i c a t i o n  o f  z by  - 1 g i v e s  a s m o o t h  involu t ion  T of  man i fo ld  Y. The s e t  of f ixed po in t s  is  a g a i n  
o u r  c o m p l e x  c u r v e  A.  

On a l l  o u r  c o m p l e x  man i fo lds  we c h o o s e  an  o r i e n t a t i o n  in the n a t u r a l  way  (by m e a n s  o f  the  f o r m  
R e z l ^  I m z l ^ . . . h  R e z s h  Imzs )  such  tha t  the  i nd i ce s  of  i n t e r s e c t i o n  o f  the  c o m p l e x  m a n i f o l d s  w i l l  b e  non -  
n e g a t i v e .  We r e m a r k  tha t  involu t ion  r r e t a i n s  the  o r i e n t a t i o n  o f  m a n i f o l d  Y. 

We denote  by  H2(Y) = H2(Y, "Z_) mod  T o r s  the g roup  of  t w o - d i m e n s i o n a l  i n t e g e r - v a l u e d  h o m o l o g i e s  of 
s p a c e  r e d u c e d  modulo  the t o r s i o n .  The  index  of  i n t e r s e c t i o n  ( , ) of  t w o - d i m e n s i o n a l  c y c l e s  g i v e s ,  on H2(Y), 
a b i l i n e a r  i n t e g e r - v a l u e d  n o n s i n g u l a r  ( P o i n c a r 5  dual i ty)  f o r m .  The  involu t ion  T: y ~ Y induces  the  i s o -  
m o r p h i s m  r , :  H2(y ) ~ H2(y ) .  On Hz(Y) we def ine  the  b i l i n e a r  f o r m  ~ r  b y  the  r e l a t i o n s h i p  

(I)~ (a, b) = ('~.a, b), a. b E t t 2 ( r ) .  (4) 

LEMMA 1. F o r m ~ v i s  s y m m e t r i c  and  n o n s i n g u l a r  ((let ~ -  = + 1). 

P roo f .  S ince  involu t ion  T r e t a i n s  o r i e n t a t i o n  on Y, I T . a ,  b) = T . ( T ~ a ,  b) = (a,  v .b )  = ( T . b ,  a ) .  The  
s e c o n d  a s s e r t i o n  fo l lows  f r o m  the P0inCar~ d u a l i t y .  

§ 4 .  A r i t h m e t i c  L e m m a  

L e t  • : Z r × Z r --* Z be  an  i n t e g e r - v a l u e d  s y m m e t r i c  n o n s i n g u l a r  (det  • = + 1) b i l i n e a r  f o r m .  The 
fo l lowing  l e m m a  is  w e l l  known ( see  [6, 7 j  8]). 
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LEMMA 2. There  exists an element w E Z r such that, for all x E Z r 

q~ (x, x) ---- (I) (w, x) rood 2. (5) 

Element w is defined univocally mod 2Z r .  The magnitude of ¢(w, w) rood 8 does not depend on the choice 
of the representat ive  w, and coincides,  modulo 8, with the signature of the form.  

In what follows we shall need only the fact that a consequence of (5) is 

(I) (w', w') ~ (I) (w, w) rood 8 for w' = W -~- 2X. ( 6 )  

P roof  of relationship (6). We have 

O(w', w') ='(1) (w, w) -~ 4(D(w, x) -+- 4(I) (x, x), 

where,  according to (5), the numbers ~(W, x) and ~(x, x) have the same pari ty .  

Element w (defined modulo 2) will be called the fundamental class  of fo rm ~.  

§5.  C o m p u t i n g  t h e  F u n d a m e n t a l  C l a s s  o f  F o r m  4, r 

Let  r : y4s ~ y4S be an or ienta t ion-re ta ining involution of the oriented compact  smooth 4s-d imen-  
sional manifold without boundary with the 2s--dimensional oriented manifold of fixed points A 2s. We define 
form 4~ r on H2s(Y 4s) by Eq. (4). 

LEMMA 3. As the fundamental class  of fo rm ~ r  one can choose the homology class  [A 2s] r ep re -  
sented by cycle A '2s. 

P roo f :  To each point of intersect ion Q, not lying on A 2s, of the cycles  z and rz  there corresponds  a 
second point TQ. At the points of intersect ion of z and A 2s one can achieve pairwise t ransversa l i ty  of A 2s, 
a,  and rz by smal l  displacements of a.  Therefore ,  the indices of intersect ion of a with r~ and with A ~s 
coincide modulo 2; 

Now, let A ~ Y be the manifold of ~3. 

LEMMA 4. The index of se l f - in tersec t ion  of cycle A in Y equals half  the square of the degree of 
a lgebraic  curve PA: 

[D~ ([A], [A]) = (A, A) = 2k 2 

Proof .  Consider  project ion PA of curve A on CP ~. Let A '  and A" be curves ,  homologous to PA, in 
CP 2 intersect ing t ransversa l ly ,  and not on PA. Then, the index of intersect ion of A'  and A" in CP 2 equals 
the square of the degree of curve PA, i.e., 4k 2. Consequently, the index of intersect ion of the cycles  P-1A' 
and P-1A. in Y equals 8k 2. But in Y we have p-1A'  ~2A ~P-1A",  so that (A, A) = 2k 2. 

~6.  R e a l  P a r t  II o f  M a n i f o l d  y 

We now investigate the set  of real  points of manifold Y, i.e., the points to which there correspond 
real  values of coordinates z and x0 : xl : x2. 

Consider,  on real  project ive plane RP 2, the set  C of points to which there correspond values of F ~ 0 .  
In RP 2 set  C is a smooth two-dimensional  submanifold whose boundaries a re  the ovals of in teres t  to us. 
In general ,  manifold C is not connected; in view of the conventions made in ~2 about the sign of F, it is 
orientable.  We note that the Euler  charac te r i s t i c  of manifold C equals the difference p - m  between the 
numbers  of positive and of negative ovals .  

LEMMA 5. Set II of real  points of manifold Y is a smooth compact  two-dimensional orientable man-  
ifold without boundary, smoothly embedded in Y. Manifold I1 is diffeomorphic to the doubled manifold with 
boundary C. 

The proof follows f rom Eq. (3) and the t r ivial i ty  of fibration P over  C; this lat ter  is guaranteed by 
the choice of the sign of F. 

LEMMA 6. The index of se l f - in tersec t ion  of the real  orientable compact  smooth analytic manifold 
M of dimensionality 2s in its complexification equals ( -1)sx,  where y is the Euler charac ter i s t ic  of man-  
ifold M. 
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P r o o f .  On M we c o n s t r u c t  the  t angen t  v e c t o r  f i e ld  wi th  s i m p l e  s i n g u l a r  po in t s ,  and  we m u l t i p l y  th is  
by  i .  The  s i g n  of  ( -1 )  s c o r r e s p o n d s  to the  d i f f e r e n c e  be tween  the two o r i e n t a t i o n s  of  c2S: we can  i n i t i a l l y  
t ake  a l l  the c o o r d i n a t e  a x e s  r e a l ,  and  then  i m a g i n a r y ,  and  we can  s e l e c t  the o r i e n t a t i o n  as  s p e c i f i e d  in .~3. 

LEMMA 7. The E u l e r  c h a r a c t e r i s t i c  of  s u r f a c e  1! is  e x p r e s s e d  in t e r m s  of  the  n u m b e r s  of  p o s i t i v e  
and nega t ive  o v a l s  b y  the  f o r m u l a  

---- 2 ( p - - m ) .  

F o r  the p r o o f  we note  tha t  p - m  is  the  E u l e r  c h a r a c t e r i s t i c  of  the  m a n i f o l d  wi th  b o u n d a r y  C,  and we 
then  u s e  L e m m a  5. 

Jo in ing  L e m m a s  6 and 7, we ob ta in  the  fo l lowing  r e s u l t .  

LEMMA 8. The  s e l f - i n t e r s e c t i o n  index  o f  s u r f a c e  II in man i fo ld  Y equa l s  (II,  tl) = 2 ( m - p ) .  

~ 7 .  H o m o l o g i e s  b e t w e e n  t h e  C y c l e s  o f  A a n d  11 

LEMMA 9. The h o m o l o g y  c l a s s e s  r e p r e s e n t e d  b y  s u r f a c e s  A and II in Y c o i n c i d e  modulo  2; m o r e  
p r e c i s e l y ,  

[A] = [HI ~ tt~(Y) ® Z,. 

P r o o  L We denote  by  =o the  " in f in i t e ly  d i s t a n t "  c o m p l e x  l ine  x 0 = 0 in C1 ~ wi th  c o o r d i n a t e s  x 0 : x i : x 2 
f r o m  Eq.  (3). We s h a l l  a s s u m e  tha t  th i s  l ine  i n t e r s e c t s  c u r v e  PA t r a n s v e r e a l l y  in  n = 2k p o i n t s .  We can  
c o n s i d e r  l ine  =o a s  a c y c l e  (with c o e f f i c i e n t s  f r o m  Z o r  f r o m  Z2). 

We deno te  b y  [co] the  h o m o l o g y  c l a s s  of  c y c l e  ~o in H2(CP2). Each  c y c l e  c of  H2(CI~) is  h o m o l o g o u s  to 
(c,  co) loci. F o r  e x a m p l e ,  PA ~ 2kiwi .  

F u r t h e r ,  we denote  b y  ~oy the c y c l e  la-loo in  Y, and b y  [~oy] i t s  h o m o l o g y  c l a s s  in  H2(Y). L e m m a  9 
fo l lows  f r o m  the two r e l a t i o n s h i p s  

[AI = k [coy] (: Ha (r),  (7) 

[H] = k [ ~ r] E H2 ( Y, Z2). (8) 

To p r o v e  r e l a t i o n s h i p  (7) we note  tha t  the i n t e g e r - v a l u e d  c y c l e  1)A - 2koo is the  b o u n d a r y  of  s o m e  i n -  
t e g e r - v a h e d  t h r e e - d i m e n s i o n a l  cha in  K 3 in C P  2. We s e t  K~ = P - l K  3. Then ,  0K~ = 2 A - 2 k = o y ,  i . e . ,  [ A ] -  
k[ooy] is  a s e c o n d - o r d e r  e l e m e n t  in H2(Y, Z) ,  which a l s o  p r o v e s  Eq.  (7) (we r e c a l l  tha t  H2(Y) i s  the  t o r s i o n -  
f a c t o r e d  h o m o l o g y  g roup) .  

F o r  the  p r o o f  of  r e l a t i o n s h i p  (8) we note  tha t  the  ova l s  d iv ide  M - c u r v e  PA into two p a r t s ,  the  c o m p l e x  
con juga te  t ak ing  one p a r t  into the  o t h e r  (this is  e s t a b l i s h e d  in the p r o o f  of  H a r n a c k ' s  T h e o r e m ) .  Le t  B be  
one o f  t h e s e  p a r t s .  B i s  a c o n n e c t e d  c o m p a c t  o r i e n t e d  t w o - d i m e n s i o n a l  m a n i f o l d  wi th  b o u n d a r y .  The 
b o u n d a r i e s  of  B a r e  j u s t  the  ova l s  of c u r v e  F = 0 on RP 2. 

C o n s i d e r  the  s u r f a c e  B ÷ C, w h e r e  C is  the  s u b m a n i f o l d  in RP  2 whose  b o u n d a r i e s  a r e  the  o v a l s  of  
c u r v e  F = 0 (mani fo ld  C was  de f ined  in 66). The nonsmoo th  s u r f a c e  B +C is  a c o m b i n a t o r y ,  g e n e r a l l y  non-  
o r i e n t a b l e ,  connec t ed  c o m p a c t  t w o - d i m e n s i o n a l  s u b m a n i f o l d  wi thout  b o u n d a r y  in C1 ~ .  T h e r e f o r e ,  s u r f a c e  
B + C d e f i n e s ,  in C P  2, c y c l e s  wi th  c o e f f i c i e n t s  in Z 2. 

We now show tha t  the  index of  i n t e r s e c t i o n  of  c y c l e s  B ÷ C and co in C P  2 ec~uals k modulo  2. 

Indeed ,  i f  the  ova l s  do not  i n t e r s e c t  the  i n f in i t e ly  d i s t a n t  l ine ,  then  e x a c t l y  ha f t  of the  2k po in t s  of  
i n t e r s e c t i o n  of  PA and co fa l l  in B (the c o m p l e x  con juga te  i n t e r c h a n g e s  the  i n t e r i o r s  of  B and  P A - B ) .  I f  
the  o v a l s  do i n t e r s e c t  the i n f in i t e ly  d i s t a n t  l ine ,  then ,  by  cont inu ing  th i s  l ine  up to B • C,  one can  a c h i e v e  
i t s  i n t e r s e c t i o n  s o l e l y  wi th in  B, t r a n s v e r s a l l y  and a t  p r e c i s e l y  k po in t s .  

F o r  the  p r o o f  we choose  the r e a l  a f f ine  c o o r d i n a t e s  (x, y) so  tha t  l ine  =o has  the  equa t ion  x = 0, and 
so  tha t  i t s  i n f in i t e ly  d i s t a n t  po in t  l i e s  ou t s i de  C.  The l ine  x = in,  w h e r e  £ > 0 is  s u f f i c i e n t l y  s m a l l ,  i s  h o m o -  
logous  to the  l ine  x = 0, does  not i n t e r s e c t  C,  and  t r a n s v e r s a l l y  i n t e r s e c t s  B in p r e c i s e l y  k p o i n t s .  Indeed ,  
we o r i e n t  the  t angen t  f i e ld  ~ of  each  ova l .  Then,  upon m o v e m e n t  in the d i r e c t i o n  o f  a long  an  ova l  in the  
(x, y) p l a n e ,  we c r o s s  the l ine x = 0 f r o m  lef t  to r i g h t  a s  m a n y  t i m e s  a s  f r o m  r i g h t  to le f t .  To i n t e r s e c -  
t ions  of one type  c o r r e s p o n d  the po in t s  of  i n t e r s e c t i o n  of  PA with l ine x = i~  ly ing  in  B and,  to the  o t h e r ,  
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on P A - B  (this follows f r o m  the fact  that  i~ i s  a n o r m a l  to an oval  in  B). The n o n r e a l  points  of i n t e r s e c -  
t ion  of PA with (x = ie)  l ie in B and P A - B  in  equa l  pa r t s  if e is su f f i c ien t ly  s m a l l  (because  th is  is  the 

case  when e= 0). 

Thus ,  o u r  e a r l i e r  a s s e r t i o n  is p r o v e n .  It  follows f r o m  it  that  [B +C] = k[~] EH 2 (CP 2, Z2). T h e r e -  
fore ,  the cyc le  B + C-k~o is homologous  to 0 as a Z 2 chain :  t he r e  ex i s t s  a t h r e e - d i m e n s i o n a l  Z 2 chain  in  

L 3 in  CP 2 for  which 

OL~ = B + C - -  k oc. 

Set t ing  L~ = P - I L  3 we find 

O L ~ = 2 ( P - ~ B ) ~ _ i i _ k c ~ y ,  i.e.. [III:kL~r.IEH.~(Y, Z2). 

L e m m a  9 is p roven .  

§ 8 .  P r o o f  o f  T h e o r e m  1 

We apply  L e m m a  2 to f o r m  ~ r  and homology  c l a s s e s  w = [A] E H2(Y), w'  = [II] E H2(Y). 

Acco rd ing  to L e m m a  1, the f o r m  is s y m m e t r i c  and n o n s i n g u l a r ;  a c c o r d i n g  to L e m m a  3, c l a s s  w is 
fundamen ta l .  By L e m m a  9, c l a s s  w'  d i f fe r s  f r o m  w on even  e l e m e n t s .  Thus ,  L e m m a  2 is app l i cab le ,  and 

we find f r o m  Eq. (6) that  

~D~ ([A], [A]) --  ~ (IHI, (II) rood 8. 

We note that  T,W = W, r , w '  = --W' (change of s ign  of z changes  the o r i e n t a t i o n  of II). Thus ,  ¢ T([A], [A]) = 
(A, A), ' b r ( [ l I ,  lI]) = - ( l - I  II). T h e r e f o r e ,  (A, A) + (fl, II) - 0 mod 8. Subs t i tu t ing  the va lues  of the s e l f -  
i n t e r s e c t i o n  ind ices  (A, A) = 2k 2 f r o m  L e m m a  4 and (II, n) = 2 ( m - p )  f r o m  L e m m a  8, we f ind 

2k 2 q- 2(m - -p )  = 0 mod 8, 

q .e .d .  

§ 9 .  R e m a r k s  

1. A s s e r t i o n  (1) (modulo 8 r a t h e r  than 4) was  f o r m u l a t e d  by D. A. Gudkov in  the f o r m  of a hypothe-  
s i s  suppor ted  by a l a rge  n u m b e r  of e x a m p l e s .  Although the p roo f  of c o n g r u e n c e  (1) does not  u se  the r e -  
su l t s  of D. A. Gudkov, the p r e s e n t  pape r  could not have b e e n  p roduced  had not  D. A. Gudkov c o m m u n i c a t e d  

h i s  hypothes i s  to the au tho r .  

2. Manifold Y was  s tud ied  by V. A. Rokhl in  in a r e c e n t  work [9] by m e a n s  of  the H i r z e b r u c h - A t i y a h -  
Z i n g e r  s i g n a t u r e  f o r m u l a s  ([10], ~ 6). By jo in ing  these  computa t ions  with ou r s  and with the L e f s c h e t z -  
D o l d - A t i y a h - B o t t  f o r m u l a s  g iven  by  H i r z e b r u c h  in  [11], we can  obta in  addi t iona l  i n f o r m a t i o n  on mani fo ld  Y 

and i ts  invo lu t ions .  

We note that  the r e a l  d i f f e r en t i ab l e  type of mani fo ld  Y and its invo lu t ion  r depends  only on the degree  
of cu rve  A, which may  not even  be r ea l .  However ,  the complex  conjugate  a :  Y ~ Y depends  on the d i s -  
t r i b u t i o n  of the r e a l  ovals  of the c u r v e .  

Invo lu t ions  a and  r c o m m u t e ,  so that  on Y the re  ac t s  the group H = Z 2 + Z 2 of the four  e l e m e n t s  1, a ,  
r,  a T .  We denote  by  ~h (where h EH) the f o r m  ffh(X, y) = ( h . x ,  y) on H2(Y). We denote  by fl '  the s u b m a n i -  
fold c o n s i s t i n g  of those  po in ts  in  Y for  which the point  x 0 : x 1 : x 2 is  r ea l  whi le  z is  pu re  i m a g i n a r y .  Then ,  
for  any r e a l  cu rve  F = 0 (not n e c e s s a r i l y  with m a x i m a l  n u m b e r  of ovals) ,  the r e l a t i onsh i p s  shown in  Table  
1 hold:  

Fixed points of involution h; y 1I A 
Fundamental class of form ~h (k + t)[~r] k [oor] k [o%] 
Trace of involution h.  2 -~ 2g ~ (p ,-- m) --2 -- 2g. 
Signature of form ~h 2 -- 2k 2 2 (m 2_. p) 2k~ 

n t 

(k ÷ i) [~y]  

2 (p-- rn) -- 2 
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Not a l l  t h e s e  r e s u l t s  w e r e  u s e d  fo r  o u r  p r o o f  of c o n g r u e n c e  (1), but  wi thout  the  c o m p u t a t i o n s  of  V. A .  
Rokhl in  th i s  p r o o f  would  h a r d l y  have  b e e n  found. T o b e  m o r e  s p e c i f i c ,  the  f o r m u l a t i o n  of  L e m m a  9 r e s u l t e d  
f r o m  a c o m p a r i s o n  of  the d a t a  of  T a b l e  1 wi th  the h y p o t h e s i s  of  D. A. Gudkov.  

3 .  The  connec t ion  we have  o b s e r v e d  b e t w e e n  the d i s t r i b u t i o n  of  ova l s  and the  invo lu t ions  o f  f o u r -  
d i m e n s i o n a l  m a n i f o l d  Y c a n  a l s o  be  u s e d  in the c o n t r a r y  d i r e c t i o n ,  ob ta in ing  i n f o r m a t i o n  on the  invo lu t ions  
of  man i fo ld  Y on the b a s i s  of  d a t a  on r e a l  c u r v e s .  F o r  e x a m p l e ,  we f ind  f r o m  r e l a t i o n s h i p s  (1) and (2) 
tha t  

2 t - T r a . ~ 2 h a m o d 8  (for M c u r v e s ) ;  [ l ÷ T r ~ . l ~ 3 ~ - - 3 k ÷ l .  

I t  a l s o  fo l lows  f r o m  Tab le  1 tha t  f o r m s  ~ a  and ~ r have  the  s a m e  p a r i t y  a s  the n u m b e r  k,  whi l e  
f o r m s  ~ l  and 'bat have  tha t  o f k  + 1. Indeed ,  fo r  even  k,  the  s i g n a t u r e  of  f o r m  ~ l ,  a n d  f o r  odd k the s i g n a -  
t u r e  of  f o r m  'I~r, i s  not  d i v i s i b l e  b y  8. Consequen t ly ,  f o r  a l l  k t h e r e  e x i s t s  a c y c l e  whose  index  of  i n t e r s e c -  
t ion  wi th  ~ y  i s  odd.  By c o m b i n i n g  th i s  i n f o r m a t i o n  wi th  the  f o r m  of  the  fundamen ta l  c l a s s e s ,  we ob t a in  
o u r  a s s e r t i o n .  

F r o m  T a b l e  1, c o n g r u e n c e  (1), and  i nequa l i t y  (2), i t  i s  c l e a r  tha t  f o r m s  ~ i  and  4~ar a r e  not  s i g n -  
de f in i t e ,  whi le  f o r m s  ~ a ,  ~ r  a r e  s i gn  de f in i t e  only  when k =1 and k = 2. T h e o r e m s  on the s t r u c t u r e  of  
q u a d r a t i c  f o r m s  ([8], C h a p t e r  5j t h e r e f o r e  p e r m i t  a c o m p l e t e  r e c o n s t r u c t i o n  of the  c a n o n i c a l  f o r m  of  f o r m s  

l,  ~ a ,  C r ,  ~ a r  fo r  a l l  k.  F o r  example~  when k = 2 ( i . e . ,  f o r  c u r v e s  o f  d e g r e e  4), the  f o r m - ~ a  = ~ r i s ,  
in  the no ta t ion  of  [8], the  f o r m  F 8 c o r r e s p o n d i n g  to L ie  a l g e b r a  Es. 

4. I t  is  of  i n t e r e s t  to note  tha t  o u r  involu t ion  a a l l ows  us  to p r o v i d e  a s i m p l e  p r o o f  of  the  i nequa l i t y  
of I .  G. P e t r o v s k  g iven  in o u r  (2). To this  end  we c o n s i d e r  the  l i n e a r  s p a c e  E = Hz(Y, R) wi th  s c a l a r  p r o -  
duct  g iven  by  the index  of i n t e r s e c t i o n .  Involu t ion  a .  a c t s  in E, r e t a i n i n g  s c a l a r  p r o d u c t s ,  so tha t  E d e -  
c o m p o s e s  into the  d i r e c t  s u m  of  two o r t hogona l  p r o p e r  s u b s p a c e s  E i and E_i ,  c o r r e s p o n d i n g  to e i g e n v a l u e s  
1 a n d -  1 of  o p e r a t o r  a . .  

We  men t ion  that  the  s c a l a r  p r o d u c t  i s  not  d e g e n e r a t e .  T h e r e f o r e ,  e a c h  of  the  s p a c e s  E 1 and E_ 1 can  
be  p r e s e n t e d  in the f o r m  o f  the d i r e c t  s u m  of  o r t hogona l  s u b s p a c e s  on which  the s c a l a r  s q u a r e  i s  p o s i t i v e  
(negat ive)  de f in i t e :  

E1 = g~ + E-~, E_I = E+-~ + E:-~. 
÷ 

We have  u s e d  h e r e  the fo l lowing  nota t ion:  d i m  E~ = ~, d i m  E~ = b,  d i m  E_ 5 = c ,  d i m  E-_ 5 = d. In th is  
no ta t ion ,  

Trg. = a ÷ b - - c - - d ,  T r l . = a + b ÷ c ÷ d ,  

Sgn Oa = a - -  b - -  c @ d, Sgn • l = a - -  b -~- c - -  d. 

We s u b s t i t u t e  into the  lef t  s i d e s  of t h e s e  equa t ions  the  va lue s  of t r a c e s  and s i g n a t u r e s  f r o m  T a b l e  1. 
Add ing  and s u b t r a c t i n g  the equa t ions  thus  ob t a ined ,  we find 

a=(k-- l ) (k--2) /2 ,  c = a ÷ 1 ,  b+d=3k '~ 3 k + l ,  b - - d = 2 ( p - - r n ) - - l .  

Since  b and  d a r e  n o n - n e g a t i v e ,  [ b - d [ - < b  ÷ d,  which  a l s o  p r o v e s  i nequa l i t y  (2). 

5.  Our  c o n s t r u c t i o n s  a l s o  l ead  to new c o n s t r a i n t s  on the d i s t r i b u t i o n  of  ova l s .  In  o r d e r  to f o r m u l a t e  
t h e s e  c o n s t r a i n t s ,  we p a r t i t i o n  a l l  ova l s  into t h r e e  c l a s s e s  a s  a funct ion  of  the  s ign  of the  E u l e r  c h a r a c t e r -  
i s t i c  of tha t  c o m p o n e n t  of  the  c o m p l e m e n t  to the c u r v e  f o r w h i c h  the ova l  i s  an  e x t e r i o r  b o u n d a r y .  We d e -  
note the  n u m b e r s  of  p o s i t i v e  ova l s  bounding d o m a i n s  wi th  p o s i t i v e ,  z e r o ,  and  n e g a t i v e  E u l e r  c h a r a c t e r i s t i c  
by  p + ,  P0, and  p_ r e s p e c t i v e l y ,  and  the n u m b e r s  of n e g a t i v e  ova l s  by  m + ,  m 0, and m_,  so  tha t  

P=p+q-Po+P-, m=ra++mo+ m-. 

F o r  e x a m p l e ,  p+ is  the n u m b e r  of p o s i t i v e  ova l s  con ta in ing  no o t h e r  o v a l s  i n s ide  t h e m s e l v e s .  

THEOREM 2. F o r  any c u r v e  of  d e g r e e  2k, 

P - ~  (h - -  i)  (k - -  2) , / n _ ~  ( k - -  i)  (k - -  2) , p + ~ b ,  m + ~ d ,  
2 2 

w h e r e  n u m b e r s  b and  d a r e  de f ined  in p a r a g r a p h  4. 

174 



Proof .  Consider connected component IIi of surface II, projected in the region of RP 2 bounded ex- 
ternal ly  by the given oval Ti. Of the p sur faces  Hi,the p_ have a negative Euler  charac te r i s t i c .  

The homology classes  represented by these p_ surfaces  (of whatever  orientation) [lIi] E H~(Y) are  
pairwise ~ l -or thogonal ,  and the quadratic form ~l on the p_ Classes [Hi] assumes  positive values.  More-  

over ,  ~ ,  [Ili] = [Hi]. 

It follows f rom this that the p_ c lasses  [Iii] a re  l inearly independent, and that on the plane L span- 
ning them, form ¢1 is positive definite, but a ,  = 1. Therefore ,  

p_ = dim L ~ dim E + = (k -- i) (k - 2) 
2 

which also proves  our f i rs t  inequality. 

The other  three inequalities are  proven analogously (in considering m.. it is n e c e s s a r y t o  take into 
account the nonorientable component of the complement).  

6. F r o m  the l inear independence of all  the II i would follow the s t ronger  inequalities 

P _ - b P o ~  (k-- t) (k -- 2) m -,'-m0~ (k -- t) (k-- 2) p+_Fpo.~b, m+[mo.~d 
2 ' - 2 ' 

and, for M-curves  of degree 2k, the following lower bound on the number of empty ovals: p+ ÷ m÷ - k 2. 

According to D. A. Gudkov, in all  the interest ing examples of M-curves ,  p+ + m+ >- k 2 + (k-1)  ( k -  2) /2, 
where,  for any odd k, there exists an M-curve  of degree 2k with p+ = k 2, P0 = m÷=¢k-1 )  ( k - 2 ) / 2 .  

7. We also note that the factor  space X = Y / r a  f rom the natural ly ar is ing commutative d iagram of 
the two-sheeted ramified coverings 

Y ~ X  

CP --*S 

is a closed connected s ingly-connected oriented four-dimensional  smooth manifold for which 

= ~ (Sgn Y -I-, Sgn q~.) = p - -  m - -  k ~ = a - -  d, SgnX 

where,  for all known M-curves ,  

a ~ d ,  c ~ b ,  a - - d  ~ 0 (roodS). 

F rom the validity of these relat ionships for  all M-curves  would follow both the validity of  the Gudkov 
hypothesis modulo 8 and the inequality 

I p - - m - - l l < k ~ - - l ,  

which is a strengthening of the Pet rovsky inequality for  M-curves .  

8. For  the f i rs t  proof of Lemma 9 the author  is indebted to A. N. Varehenko, to whom the author 
communicated this lemma in the fo rm of a hypothesis.  Although there were flaws in the proof of A. N. 
Varchenko, it convinced the author of the validity of the Lemma,  without which the present  paper  could not 
have been produced. Our proof  of Lemma 9 uses  some ideas f rom the reasoning of A. N. Varchenko. Thus, 
the proof  of congruence (1) is the resul t  of the joint efforts of the author  and A. N. Varchenko. Unfortun- 
ately, A. N. Varchenko would not agree  to consider  h imsel f  the co-author  of this paper.  

The author wishes to thank A. N. Varchenko, D. A. Gudkov, V. A. Rokhlin, and D. B. Fuks for num- 
erous discussions and much support.  
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