
C H A R A C T E R I S T I C  C L A S S  E N T E R I N G  I N  Q U A N T I Z A T I O N  C O N D I T I O N S  

V.  I .  A r n o l ' d  

Recent ly V. P. Maslov gave a ma thema t i ca l ly  r igorous  t r e a t m e n t  of mul t id imens ional  asymptot ic  
methods of "quas ic lass ica l "  type in the large,  i.e., for  any number  of conjugate points [1, 2]. I t  turned 
out that there  appea red  in the asympto t ic  fo rmulas  ce r t a in  integers ,  re f lec t ing  homologieal  p r o p e r t i e s  of 
curves  on su r f aces  of the phase  space  and c lose ly  r e l a t ed  to the Morse  indexes of the cor responding  
var ia t iona l  p rob l ems .  In par t i cu la r ,  Maslov defined a one-d imens iona l  c lass  of in t ege r -va lued  coho- 
mologies  whose values on the bas is  cyc les  en te r  into the so -ca l l ed  "quantization conditions." 

In this note we give new fo rmulas  for  the calculat ion of this c lass  of cohomologies .  This c lass  is 
c h a r a c t e r i s t i c  in the ca tegory  of r ea l  vec to r  bundles, whose complexi f ica t ion  is t r iv ia l  and t r iv ia l ized,  
and a lso  in ce r ta in  wider  ca tegor ies .  

§ i. NOTATION 

I.i. Phase Space 

Phase space will be 2n-dimensional real arithmetic space 

R = n = { x } ,  x = q ,  p; q = q l  . . . . .  qn; P = P ,  . . . . .  Pn. 

In R m we shall  consider  the following three  s t ruc tu re s :  

1. The Eucl idean s t ruc tu re ,  given by the s c a l a r  quadrat ic  

(x, x) -" p2 + q~. 

2. The complex s t ruc tu re ,  given by the ope ra to r  

I: R ~n-~R ~n, l (p ,  q ) = ( - - q ,  p); z : = p + i q ,  C n = { z } .  

3. The s implee t i e  s t ruc tu re ,  given by the s k e w - s c a l a r  p roduc t  

ix, yl  = (Ix,  y ) = - - i v ,  xl. (1) 

The au tomorph i sm groups  of R 2n p r e s e r v i n g  these s t r u c t u r e s  a re  called the orthogonal  group O(2n), 
the complex l inear  group GL(n, C), andthe s implec t ic  group 8p(n), r espec t ive ly .  F rom (1) there  follows 

LEMMA 1.1. An au tomorph i sm p r e s e r v i n g  two of these  s t r u c t u r e s  p r e s e r v e s  the th i rd  also, so that 

0 (2n) N GL (n, C) = GL (n, C) N Sp (n) = Sp (n) (-] O (2n) = U (n). 

T h e / m t o m o r p h i s m s  p r e s e r v i n g  two (and thus all three) s t r u c t u r e s  fo rm the uni tary group U(n). The 
de te rminan t  det of a uni tary  au tomorph i sm is  a complex number  with modulus 1. Thus there  a r i s e s  a 
mapping of II(n) onto the c i r c l e  

"det l 
SU (n) --* U (n) ~ S, (2) 

which is obviously a f iber ing (the f iber  is the group SU (n) of  uni tary  au tomorph i sms  with de te rminan t  1). 

1 . 2 .  T h e  L a g r a n g i a n  G r a s s m a n i a n h ( n )  

We cons ider  an n-d imens iona l  plane R n C R m .  It is cal led Lagrangian  if the s k e w - s c a l a r  product  
of any two vec to rs  of R n equals  zero.  F o r  example,  the planes p = 0 and q = 0 a re  Lagrangian.*  

The name comes  f rom the "Lagrange  b racke t s"  in c l a s s i ca l  mechan ics .  
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A(n). 
The manifold of all (nonoriented) Lagrangian subspaces of R m is called the Lagrangian Grassmanian 

From the complex point of view Lagrangian planes can be called rea l - s imi la r ,  since there holds 

LEMMA 1.2. The unitary group U(n) acts onA(n) transi t ively with s tat ionary subgroup O(n). 

Proof.  Let  X be a Lagrangian plane. By (1) this means that the plane IX is orthogonal to X. Let 

O (n) -~ U {n) --* A (n). (3) 

1 .3  T h e  M a p p i n g  D e t 2 :  A ( n ) ~  81 

The determinant  of an orthogonal automorphism AEO (n) C U(n) equals -1 .  Therefore  the square of 
the determinant  of a unitary automorphism car ry ing  the plane p = 0 into the Lagrangian plane X depends 
only on X. In this way a mapping is constructed 

Det~: A (n) ~ S 1. 

Denote by SA(n) the set of Lagrangian planes X~A(n) with Det2X = 1. On this set  the group SU(n) 
of unitary unimodular automorphism s acts transitively, and the stat ionary subgroup of any point is i so-  
morphic to the rotation group SO (n). Therefore  SAin) = SU (n)/SO in) is a manifold. 

Thus we obtain a d iagram (obviously commutative) of six fiberings: 

s o  (n) ~ o (n) ~ s °, 

"so (n) -~ U in) ~ S 1, 

SA (n) ~ A ( n ~  e~ S 1, 

where z 2 is the mapping of the c i rc le  (z = ei~P - -  e2irP = z2). 

1 . 4 .  T h e  C o h o m o l o g y  C l a s s  a E I t l ( A ( n ) ,  Z )  

LEMMA 1.4.1. The fundamental group A(n) is f ree  cyclic,  

~ (A (n)) = Z, 

and its genera tor  goes into the genera tor  of S 1 under the mapping induced by Det z. 

The proof  is obtained from the exact  homotopy sequences of the left column and lower row of the 
diagram of section 1.3. 

COROLLARY 1.4.2. The one-dimensional  homology and cohomology groups of Ain) a re  f ree cyclic:  

n~ (A(n), Z) ~ M' (A (n), Z)---~,(A(n))--~Z. 

For  the genera tor  c~ of the cohomology group HtiA(n), Z) we take the number of rotations of Det 2, 
i.e., the cocycle whose value on a closed curve T: SI ~ A(n) is equal to the degree of the composition 

I)ei t  
S ~ -L A (n) ~ S ~ 

(Here 8 ~ is the circle  eicP, oriented on the side of increas ing ~p.) 

Example 1.4.3. Let  X be a Lagrangian plane: XEA(n). Consider the automorphisms ei~EEU (n). 
The Lagrangian planes ei~0X (0 -< ¢-< zr) form a closed curve T: S1 - -  A(n), since e iTr E = - E .  

The value of the c lass  a on the curve T equals n. 

Indeed, det(eicpE) = ein¢, therefore Det2e icX = ezlnq~Det2X. 

X'EA(n) and ~, ~' be orthogonal f rames  in A, A'. Then the automorphism o f R  m car ry ing  ~ into ~' and 
I~ into I~' is unitary. 

F rom this lemma it follows that A(n) is a manifold, A(n) = U(n)/O (n); thus there is a fibering 



1 . 5 .  L a g r a n g i a n  M a n i f o l d s  

Let  M be an n-dimensional  submanifold of the phase space R 2n. The manifold M is called Lagrangian 
if its tangent plane at each point is Lagrangian.  For  example, in the case  n = 1 every curve M on the 
phase plane R 2 is Lagrangian.  

Let M be a Lagrangian manifold. We consider  the tangential mapping 

• : M--~ A (n), 

ca r ry ing  each point x~M into the subspace Tx~A(n) paral lel  to the tangent plane to M at x. 

The cohomology class  ~6I-I t (A(n), Z) introduced above induces on M a one-dimensional  cohomology 
c lass  

a* = T* a E I4~ (M, Z). 

The value of e~* on an oriented closed curve 7: st ~ M is defined as the number of rotations of the 
square of the determinant  of the tangent plane, i .e. ,  as the degree  of the composition 

S ~ ~ M  ~ - + h ( n ) ~ S  1. 

The aim of this note is the proof of the following asser t ion .  

THEOREM 1.5. The cohomology class  a*EHI(M, Z) coincides with the "index of closed curves  on the 
Lagrangian manifold M" introduced by Maslov in [1]. 

§ 2 .  P R O O F  O F  T H E O R E M  1 .5  

The Maslov index is defined by him as the index of intersect ion of a cer ta in  two-sided (n-1)-dimen- 
sional cycle on M n - the singular cycle.  

2 . 1 .  T h e  S i n g u l a r  C y c l e  

Let M be an n-dimensional  Lagrangian manifold. Consider  the project ion f :  M --*R n of the manifold 
M onto the plane p = 0; f (p ,  cO = q .  The set  Z of points of M where the rank of the differential of f is less 
than n is called the singulari ty of the m a p p i n g f .  Regarding the singulari ty Z,Maslov formulates  the fol- 
lowing asser t ions  1-5 (proofs are  given below in § 3 and 4). 

THEOREM 2.1. By an a rb i t r a r i ly  small  unitary rotation the manifold M can be brought into "general 
position" relative to the project ion f ,  so that the following asse r t ions  a re  valid: 

ASSERTION 1. The singulari ty Z consis ts  of an open ( n - D - d i m e n s i o n a l  manifold Z l, where df has 
rank n - l ,  and the boundary (Y+-Z I) dimension s t r ic t ly  less  than n - 2 ,  so that Z determines  an ( n - l j -  
dimensional (unoriented) cycle in M. 

ASSERTION 2. This cycle is two-sided in M. 

The choice of a positive side of Z can be ca r r i ed  out in the following way. 

ASSERTION 3. In a neighborhood of the point xEZ 1 the Lagrangian manifold M is given by n equations 
of the form 

q~ = q~(P~, q~), PZ (Pk, qZ), (4) 

where k = l ,  2 . . . . .  k - l ,  k +  1 . . . . .  n f o r  some k, 1-<k -<n. 

Obviously, in a neighborhood of such a point x the s ingulari ty Z1 is given by an equation 8 qk = 0. 
aP k 

ASSERTION 4. On passing through Z t the quantity 0qk/0p k changes sign. 

It turns out that for  the positive side of Z 1 we can take the one for which a ql/a Pl > 0. 

ASSERTION 5. Such a definition of the positive side is cor rec t ,  i.e., does not depend on which of the 
coordinate sys t ems  Pk' q~(k = 1 . . . . .  n) we use. 
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2 . 2 .  T h e  M a s l o v  I n d e x ,  i n d E H l ( M ,  Z)  

Suppose there  is given on the Lagrangian  manifold M in ngeneral  
posi t ion" in the sense  of Theorem 2.1. a cu rve  T, t r a n s v e r s a l  to the 
cycle  Z, with the initial and end points of T nonsingular:  

or = x~-- x~, xxE .~, xo~ .  

Maslov ca l l s  the index ind y of the curve  Y i ts  index of i n t e r s e c -  
tion with Z, i.e.,  the number  v+ of points  of p a s s a g e  f r o m  the negat ive 
side to the pos i t ive  side minus the number  v_ of points of pa s sage  f rom 
the posi t ive  side to the negative: 

indy = % --v_. 

Example .  Le t  n = 1 and le t  M be a curve  in the pq-plane (Fig. 1). F o r  M in genera l  posit ion, 
cons i s t s  of  s e p a r a t e  points a, b, c . . . . .  The indexes of the cu rves  ~/i (D~/i " x i - x 0 )  a r e  equal to 0, 1, 0, 
1, 2. r espec t ive ly .  

THEOREM 2.2. The index of a c losed or iented curve  ~/ on the Lagrangian  manifold in genera l  pos i -  
tion M depends only on the homology c l a s s  of T and is  the value of a one-d imens iona l  c l a s s  of i n t ege r -  
valued cohomologies  of M on the cycle  T: indE H1 (M,Z). 

2 . 3 .  I n d e x  o f  C u r v e s  o n  t h e  G r a s s m a n i a n  A ( n )  

Proofs  of the fo rmula ted  t heo rems  (1.5, 2.1, 2.2) a r e  based on the following construct ion.  

In the manifold of Lagrangian p lanes  of A(n) we single out the se t s  Ak(n) of p lanes  having a k -d imen-  
sional in tersect ion with a fixed plane aEA(n) (namely, the plane q --- 0). I t  turns  out that  the c losure  A - - ~  
de t e rmines  a cycle  (nonoriented) of codimension 1 (see 3.2.2), 

In sect ion 3.5 we p rove  

THE FUNDAMENTAL LEMMA. Ai(n) is two-s idedly imbedded in A(n) , i . e . ,  t h e r e e x i s t s  a con-  
tinuous vec to r  field t r a n s v e r s a l  to Al(n) and tangent to A(n). 

Such a vector  f ield is cons t ruc ted  by means  of the orb i t s  of action of S 1 = {e i0} on A(n). In § 3 we 
p rove  

LEMMA 3.5.1. E v e r y  c i r c l e  

0~e ' e~ ,  0 ~ 0 ~ n ,  ~EA(n), 

i s  t r a n s v e r s a l  to Al(n). 

Fo r  the pos i t ive  s ide of Al(n) we choose the one toward which the veloci ty  vec to r s  of  the cu rves  (4) 
a r e  directed.  

The two-s idedness  of A~(n) al lows us to define 

Ind E H ~ (A (n), Z) 

as  the index of in te rsec t ion  of oriented closed curves  on A(n) with Al(n) (Definition 3.6.1). 

The index Ind is  connected with the Maslov index ind and the cohomology c l a s s  ¢~ of sect ion 1.4. 
Namely, i t  turns out that the choice of a pos i t ive  s ide of Al(n) by means  of the curves  (4) ag rees  with the 
definition of the pos i t ive  side of Z ~ f rom section 1.2. In § 4 we p rove  

LEMMA 4.3.1. The index Ind genera tes  the Maslov index ind under  the tangential mapping ~': 
M n ~ A(n); ind -- T* Ind, i . e . , f o r  eve ry  curve 3': $1 ~ M  we have ind y = Indry .  

P roof  of Theorem 1.5. Calculation of the index of the curves  (4) (see Example  3.6.2) gives Ind y 
= n = c ~ ( y )  (Example 1.4.3). But HI(A(n), Z ) = Z  (Corol lary  1.4.2). So, Ind = ce. By L e m m a  4.3.1 ind = 
r* Ind  and by Definition 1.5. c~*= r* a .  Thus ind = c~*, which was to be proved.  

(4) 
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3. P R O O F  OF T H E  F U N D A M E N T A L  L E M M A  

In this section we prove the two-sidedness of the singular c y c l e  At(n) and define the index IndEH 1 
(A(n), Z). 

3 . 1 .  G e n e r a t i n g  F u n c t i o n s  

Let M be a manifold in phase space which is given in a simply connected neiShborhood of the point 
q - q0, P = P0 by an equation of the form p = p(q). 

LEMMA 3.1.1. The manifold M is Lagrangian if and only if ~ e r e  is a "generating function" s(q) 
such that 

05 p = - - .  ( 5 )  
Oq 

q 

Proof:  Let s(q) = I p(c0dq. Independence of this integral of path is equivalent to the differential 
qo 

d(pdq) = d p A  dq being 0 on M. But the value of d p A  dq on the bivector ~AT? is exactly equal to the skew- 
sca la r  product  [~, 77], so that equality o f d p A  dq to zero on M is equivalent to M being Lagrangian. The 
function s(q) sat isf ies (5), proving the lemma.  

Remark  3.1.2. The function s(q) is determined up to a constant summand. In the par t icular  case  
where M is a subspace, this summand can be chosed so that s(q) is a quadratic form.  From this there  
follows 

COROLLARY 3.1.3. The set  of Lagrangian subspaces of the form p = p(q) (i.e., t ransversa l  to the 
plane q = 0) make up in the manifold A(n) an open cell A°(n), diffeomorphic to the l inear space D of all real  
symmet r i c  ma t r i ces  of o rde r  n. The diffeomorphism is given by the mapping 

(p: D--~A°(n), ¢p(S)=Ls (S6__D, Z,s~A°(n)). 

where X s denotes the plane p = Sq. 
1 

The proof  is obtained f rom (5) by setting s(q) = ~  (Sq, q). 

The space of symmet r i c  mat r ices  D is R n(n+0/2. Thus we have proved 

COROLLARY 3.1.4. The manifold A(n) has dimension 

dim A(n) == n(n 4- 1)/2. 

3 . 2 .  T h e  S i n g u l a r  C y c l e  A t ( n )  

Notation 3.2.0. Let a be the Lagrangian plane q = 0. We denote by Ak(n) the set of all Lagrangian 
planes XEA(n) whose intersect ion with the plane cr is k-dimensional  

LEMMA 3.2.1. The set  Ak(n) is an open manifold of codimension k(k + 1)/2 in the Lagrangian Grass -  
manian A(n). 

Proof.  We compare  with each plane ;~EAk(n) its intersect ion with the plane ~. There a r i ses  a map- 
ping of A-~)  on the Grassman  manifold Gn, k of all k-dimensional  subspaces of the n-dimensional space 
a .  It is easi ly verified that this mapping determines  a f ibering 

A" (n --  k) --* A k (n) --* G,.I... 

By Corol lary  3.1.4 dim A0(n-k) -- (n - k ) (n-  k + 1) Since dim Gn, k = k(n-k) ,  we find 
2 

dimA,~(n ) _~ in--k)(n--k+l) , n(n4-1) k~k 1-1) =dimA(n) k(k i-1) -~- ~ (n - k) = 
2 2 2 2 

which was to be proved. 

COROLLARY 3.2.2. Al(n) determines  an (unoriented) cycle of codimension 1 in A(n). 

Proof.  The manifold A(n) can be considered algebraic.  The closure Ai(n) = U hk(n) is an algebraic  
k>_l 



submanifo ld  of cod imens ion  l(k(k + 1)/2 - 1 fo r  k -> 1). T h e r e f o r e  Al(n) d e t e r m i n e s  a (nonoriented) chain.  
The s ingu la r i ty  of the a l g e b r a i c  mani fo ld  ~ i ~  is  the a lgebra ic  submani fo ld  A - ~  k ~  2 Ak(n) of cod imens ion  

3 in A(n), s ince  k(k + 1)/2 -> 3 fo r  k -> 2. Thus the homologica l  boundary  of  the chain  A---f(n) equals  0, which 
was  to be proved.  

3 . 3 .  C o o r d i n a t e s  o n  A ( n )  

We c o n s i d e r  a Lagrang ian  plane )~EA(n). Let  ~EAk(n), i .e. ,  le t  the i n t e r s e c t i o n  ~ f ] a  be k - d i m e n -  
s ional .  We in t roduce  coo rd ina t e s  on A(n) in a ne ighborhood of ~.  

Notat ion 3.3.0.  Let  K be a subse t  of the se t  1,2 . . . . .  n. Denote by aK the Lagrang ian  c o o r d i n a t e  
p lane  

ol<={p, q:pk=O, q~=O VkEK, VIEK}. 

LEMMA 3.3.1. The plane xEAk(n) is transversal to one of the Cn k coordinate planes aK, where K 
has  k e l emen t s .  

P roo f .  The i n t e r s ec t i on  ~ f] a - -  ~ 0 is k -d imens iona l .  Consequent ly ,  the plane ~ 0 in a is t r a n s v e r s a l  
to  one of the C k ( n - k ) - d i m e n s i o n a l  coord ina te  p lanes  r = a K f ]  ~, i .e . ,  fo r  some  K w e  have ~0 f] a K f ] a = 0 .  
We shall  show that  the p lane  a K i s  t r a n s v e r s a l  to ~: (r K N x = 0. 

By the condition, ~ 0 + v = a.  F r o m  the Lagrang ian  p r o p e r t y  of  ~ and a K it  fol lows tha t  [~, ~ 0] = 0 
(s ince X 0 C X ) and [aK, r ] = 0 (since v ~ a K)" Thus,  [Z f~ a K, Z0 + r] = 0, i .e. ,  [Z N a K, a ] = 0. But  the 
l a r g e s t  number  of pa i rwi se  skew-or thogona l  independent  v e c t o r s  in R m equals  n. T h e r e f o r e  the n - d i m e n -  
s ional  plane a i s  i t se l f  a m a x i m a l  skew-or thogona l  plane,  thus (X A aK) C ~" So, (X f~ aK) ~ (X M a ~ ai~ = 
(Z0 A r) = 0, which was  to be p roved .  

F r o m  the l e m m a  jus t  p roved  i t  follows that  e v e r y  p lane  XEA(n) is t r a n s v e r s a l  to one of  the 2 n c o -  
o rd ina te  planes  aK.  This  a l lows us to s e t  up an a t las  of  A(n) of  2 n c ha r t s .  

One of the m a p s  was  cons t ruc t ed  in sec t ion  3.1.1:  the reg ion  A0(n) is  d i f feomorphic  to the space  of 
s y m m e t r i c  m a t r i c e s  D = R n (  n+  t )/~, whe re  the d i f f eomorph i sm q: D--* X °(n) is  defined as  

~f (S) = ~,.~ = {p, q : p = Sq} V S  ~ D. 

Notat ion 3.3.2. We denote by I K the o p e r a t o r  of  mul t ip l ica t ion  by i of  the va r i ab l e s  z>t = p>t+ iqR, 
~tEK: 

IK: Ro'n--~R =n, 

and for T} =i K 

qa(q):--+P×(~), px(TI)=--q,,(~), VxEK,  

q,(q)  = qv(~), Pv(~) = pv(~), V v ~ / (  

The operatorI K is unitary, therefore i t  carr ies Lagrangian planes into Lagrangian planes. In particular, 
IKa =a K. ThusI K carr ies the set A0(n) of planes transversal to a into the set of planes IKA°(n ) trans- 
versal to a I~ Thus the formula 

~K(S)  =.~ IK~sE A(n), S e D  (6) 

gives a diffeomorphism ~Pk: D ---IKA0(n), where IKA°(n ) is the set of all Lagrangian planes transversal to 

~K" 

By Lemma 3.3.1 the 2 n regions IKA°(n) cover A(n) entirely, so that formula (6) gives an atlas of 
A(n) of 2 n charts. 

LEMMA 3.3.3. The set Ak(n) is covered by Cn k charts ~OKD(K consisting of k elements) and in the 
coordinates S = ~0Kl~ is given by k{k + 1)/2 linear equations Sgv = 0 (VgEK, VpEK). 

Proof. Let dim k f] a = k. By Lemma 3.3.1 k f] aK= 0 for some K of k elements. Therefore the 
plane IK~ = IK~ is transversal to ~ and has an equation p = Sq. The intersection (IK~)n aK =IK(k f] a) 
has dimension k. But on ~K we have ql = 0 (V/~K), Pm= 0 (VmEK). Therefore on a k-dimensional 
subspace ql = 0 (l~'K) of the plane p = 0, kof the functions p# (p = Sq, ~tE~ must vanish identically. This 
is equivalent to the equations Sgv = 0, as was to be proved. 



3 . 4 .  U n i t a r y  P a r a m a t e r i z a t i o n  

By means of the coordinates  S introduced above it is possible to express  the unitary t r ans fo rma-  
tions ca r ry ing  the "purely imaginary" plane p = 0 into the plane k S EA0(n). 

It is  obvious that we have 

LEMMA 3.4.1. Let  8, U be square n × n ma t r i ces  with complex elements .  Then 

and for  S, U, re la ted by formulas  (7), 

S is self-adjoint  if and only if U is unitary, 

S is symmet r i c  if and only if U is symmetr ic .  

Thus, formulas  (7) set  up a diffeomorphism between the space D o f  real  symmet r i c  ma t r i ces  S and 
the manifold of unitary symmet r i c  nonsingular ma t r i ces  U. (The unitary mat r ix  U is nonsingutar  if - 1  
is not a p roper  value; for  a real  symmet r i c  S we always have det(E + iS) ~ 0). 

It  is always possible to take the square root  of a nonsingular  uni tary matrix,  definingit by continuity, 
beginning f rom ¢ E  = E. 

LEMMA 3.4.2. Let ~sEA°(n) be a plane p = Sq. Then the mat r ix  

l fD-= ~ - i s  
f~-~  s-" 

gives a uni tary t ransformat ion  ca r ry ing  the plane p = 0 into the plane A S. 

Proof.  Since S is symmet r i c  and real, ~ is real,  and v~ ca r r i e s  the plane p = 0 into the same 
image as E - i S .  The lat ter  t ransformat ion c a r r i e s  the point 

(0, q ) ~ R  "-n, Le. , iq6. i R " C C  '~ 

into the point 

which was to be proved. 

COROLLARY 3.4.3. 

iq + Sq E C n, i.e., (Sq, q) E ~.s C R'", 

The mapping Det2: A(n) --*S t of section 1.3 is given by the formula 

Det ~ ~s = det E -- IS 
E+ is 

COROLLARY 3.4.4. The symmet r i c  nonsingular unitary mat r ix  U for  which ~ c a r r i e s  the plane 
p = 0 into the plane ~ is uniquely determined by this plane kEh0(n). 

In fact, by 3.4.1 U is uniquely determined by S, and by 3.4.2 S is uniquely determined by ~,. 

3 . 5  T w o - S i d e d n e s s  o f  t h e  S i n g u l a r  C y c l e  

Let k be a Lagrangian plane. Then each of the planes e i0~" is Lagrangian. 

LEMMA 3.5.1. If ~EAI(n), then the curve y: S 1 -* A(n ) , e i0~e i0k  is t ransversa l  to the cycle Al(n) 
at the point 0 = 0. 

Thus, the velocity vectors  vQ,) = ..d__d [ (ei6k) form a t ransversa l  s t ructure  to Al(n), from which 
d 0 1  0 = 0  

there follows the 

FUNDAMENTAL LEMMA. The singular cycle Al(n) is two-sidedly imbedded in h(n). 

We will c a r r y  out the proof of I_~mma 3.5.1 in three stages.  

A. F i r s t  let hfiA°(n), ~ = h S '  where SED is a real  symmet r i c  matr ix .  W e  shall compute the coor-  
dinates of the velocity vector  of the curve ei0h in this coordinate sys tem.  

LEMMA 3.5.2. For  any matr ix  S~D 

d o=o~-~e'°~s = - - (E + $2). 



P r o o f  of L e m m a  3.5.2.  A c c o r d i n g  to s e c t i o n  3.4 the  p l ane  ~ i s  in a unique c o r r e s p o n d e n c e  with  a 
n o n s i n g u l a r  u n i t a r y  s y m m e t r i c  m a t r i x  U so  tha t  

-_____v 
= Xs(u), S (U )  .--- - -  i 

JL,  + u '  

and J'U c a r r i e s  the  p l a n e  p = 0 in to  ~. 

Let  U ( e )  = e 2 i O u .  T h e  m a t r i x  U(e )  i s  u n i t a r y ,  s y m m e t r i c , a ' n d f o r  s m a l l  101 n o n s i n g u l a r ,  so  that  
= e i0  q-O'. T h e r e f o r e  ~ c a r r i e s  the p l a n e  p = 0 in to  e iek ,  so  tha t  

Xs(u(0~) = ei°~s(u), or ~p-1 et0Xsw) = S (U (0)). (8) 

The  v e c t o r  ----- d0 0 = 0 q-1 e ie~  Lies in the  t angen t  s p a c e  to the  l i n e a r  s p a c e  o f  s y m m e t r i c  m a t r i c e s  D; 
t h i s  t angen t  s p a c e  i s  n a t u r a l l y  i den t i f i ed  wi th  D i t s e l f .  With  t h i s  iden t i f i ca t ion ,  by the  f o r m u l a  of  3.4.1,  

e 0=o S (U  (0)) = e 0=o "E - e '~° u 4 u  e0 ~ t . . . .  E + S z, 
E + e ~0 U (E + U) ~ 

which  t o g e t h e r  wi th  the  f o r m u l a s  (8) p r o v e s  L e m m a  3.5.2.  

B. Now l e t  AEAt(n). By L e m m a  3.3 .3  the  po in t  ~,~At(n) be longs  to one of  the  n c h a r t s  tpKD, w h e r e  
K c o n s i s t s  of one e l e m e n t  >t, 1 -< ~ -<n. In o t h e r  w o r d s ,  in the  no ta t ion  of  3.3.2 

~. = IK ~,s,whomS E D, gs ~ A0 (n). 

I t  i s  e a s y  to c a l c u l a t e  the  v e l o c i t y  v e c t o r  of the  c u r v e  "r: S1 - -  A(n), e i0 - -  ei6A f o r  0 = 0 in the c o -  
o r d i n a t e  s y s t e m  tpK1A = S. 

LEMMA 3.5.3.  F o r  any m a t r i x  SED, A = IKA S, 

Indeed,  by Def in i t ion  3.3.2, ~PK = IK~°' and  I K c o m m u t e s  wi th  e i0 . T h e r e f o r e  

¢p-~t eiO ~. = ~ - 1 1 - ~  eiO IK ~s = ~--t eiO ~.s, 

and L e m m a  3.5.3 fo l lows  f r o m  L e m m a  3.5.9.  

C. The s i n g u l a r  c y c l e  Al(n) in the  c o o r d i n a t e s  S = ~p~:t X has  an equa t ion  S x = 0 ( L e m m a  3.3.3) .  

" d I " > 1. Thus,  The v e l o c i t y  v e c t o r  v = - ~ - .  0 = 0 cPKlel0~ by  L e m m a  3.5.3 i s  a nega t ive  de f in i t e  m a t r i x ,  - - v x x  

v and Al(n) a r e  t r a n s v e r s a l ,  wh ich  p r o v e s  L e m m a  3.5.1.  

R e m a r k  3 .5 .4 .  At  the s a m e  t i m e  we have  shown tha t  the v e c t o r  v i s  d i r e c t e d  to the  s i de  of  M(n) 
w h e r e  S ~ x  > 0. 

3 . 6 .  T h e  I n d e x  I n d  o f  C u r v e s  o n  A ( n )  

Let  3/ be an o r i e n t e d  c u r v e  in A(n), t r a n s v e r s a l  to At(n), and l e t  v(A) be  the  v e l o c i t y  f i e ld  of L e m -  
m a  3.5.1.  

DEFINITION 3.6 .1 .  By Ind 3/ we sha l l  denote  the index  of i n t e r s e c t i o n  of  the  c u r v e  T with  the c y c l e  
M(n), equipped with the f i e ld  v(X). 

In o t h e r  words ,  Ind T = v + - v  _, w h e r e  v+ i s  the n u m b e r  of po in t s  of i n t e r s e c t i o n  of T wi th  Al(n) 
in which  the v e c t o r s  ~ and v l i e  on the s a m e . s i d e  o f  M(n),  and v_ i s  the n u m b e r  of  those  onwhich  they  
l i e  on oppos i t e  s i d e s .  

The  index of the c l o s e d  c u r v e  T, l i ke  e v e r y  index  of  i n t e r s e c t i o n ,  i s  d e t e r m i n e d  by the homology  
e l a s s  of  3/ and  can  be c o n s i d e r e d  as  a o n e - d i m e n s i o n a l  c o h o m o l o g y  c l a s s  

Ind ~ H l (A (n), Z). 

E X A M P L E  3.6.2.  The index of  the  c l o s e d  c u r v e  1,: 81 - -  A(n), f o r m e d  by  ei0X, 0 -< 0 -< v, i s  n: 

Ind T = n. 



P r o o f .  We have  tha t  d im  A2(n) = d im Al(n) i s  2 ( L e m m a  3.2.1) .  T h e r e f o r e  fo r  a l m o s t  a l l  X the 
c u r v e  e i0 X does  not  i n t e r s e c t  A2(n). Such a c u r v e  i s  t r a n s v e r s a l  to Al(n) a t  e v e r y  po in t  of i n t e r s e c t i o n  
( L e m m a  3.5.1) .  In th i s  c a s e  Ind 3/ i s  s i m p l y  the n u m b e r  of t h e s e  po in t s  of i n t e r s e c t i o n ( D e f i n i t i o n 3 . 6 . 1 ) .  

Le t  XEA0(n). By L e m m a  3.4.4 we have  X = h S(U), w h e r e  U i s  a u n i t a r y  s y m m e t r i c  n o n s i n g u l a r  
m a t r i x .  We m a y  c o n s i d e r  the  p l ane  X to be s u c h  tha t  a l l  p r o p e r  v a l e s  of the  m a t r i x  U 

ial~ 
e , l ~ < k ~ < n ,  [ a k l < r ~ ,  

a r e  d i s t i nc t .  

But  

by f o r m u l a  (8) of  3.5.2,  and 

e io ~ ~ ~S(e~iOu) 

(ks(e2ieu) ~" A ° (n)) ~ (det (E -4- e 21° U) - 0) 

by  L e m m a  3.4 .2 .  In o t h e r  w o r d s ,  in  the  p o i n t s  of  i n t e r s e c t i o n  of  T wi th  At(n) 

0 - -  ~ - -  ~k ( r o o d  n ) .  
2 

T h e r e  a r e  p r e c i s e l y  n such  0 on the i n t e r v a l  0 ~ 0 ~ r .  Thus ,  Ind T = n, a s  was  to be  p r o v e d .  

§ 4 .  P R O O F S  O F  T H E  T H E O R E M S  O N  G E N E R A L  P O S I T I O N  

H e r e  we p r o v e  T h e o r e m s  2.1 and 2.2 of  § 2. 

4 . 1 .  T r a n s v e r s a l i t y  

Nota t ion  4.1.1 .  Le t  A be  a s m o o t h  man i fo ld ,  and  l e t  a E A .  By TA a we  deno te  the  t angen t  s p a c e  to 
A a t  the  p o i n t  a .  If  f :  A - ~ B  i s  a s m o o t h  mapp ing ,  then  by f . :  TA a ~ T B f  (a) we denote  the  d i f f e r e n t i a l  of  

f a t a .  

Le t  f :  A ~ B ,  h: C ---B be  two s m o o t h  m a p p i n g s .  The  m a p p i n g s  f ,  h a r e  c a l l e d  t r a n s v e r s a l  a t  the  
po in t  bEB i f  

f ,  T A ,  -4- h. TCc = TBt, 

fo r  e v e r y  p a i r  of po in t s  aEA,  c EC, fo r  which  f (a) = h(c) = b.  The  m a p p i n g s  f and h a r e  t r a n s v e r s a l  i f  they  
a r e  t r a n s v e r s a l  a t  e v e r y  po in t  b E B. 

In  the  p a r t i c u l a r  c a s e  w h e r e  f o r  h i s  an imbedd ing ,  we  m a y  s p e a k  of  the  t r a n s v e r s a l i t y  of  a m a p -  
p ing  to a s u b m a n i f o l d  o r  of the t r a n s v e r s a l i t y  of two s u b m a n i f o l d s .  

The  c o n c e p t  of t r a n s v e r s a l i t v  ex t ends  a l s o  to t h e  c a s e  w h e r e  A is  the  union of  s e v e r a l  m a n i f o l d s ,  
A = U A k [ fo r  e x a m p l e ,  A~(n) = k~ Ak(n) in § 3] - in th i s  c a s e  the  r e s t r i c t i o n  of  f to e a c h  Ak m u s t  be 
t r a n s v e r s a l  to h. 

I t  i s  e a s y  to p r o v e  (see ,  fo r  e x a m p l e ,  [31) the l e m m a  of  M. M o r s e  and A. Sa rd  

LEMMA 4.1.2.  Le t  f :  A - - B  be  a s m o o t h  m a p p i n g .  Then  the  m e a s u r e  of  the  s e t  of  po in t s  bEB not  
t r a n s v e r s a l  to f e q u a l s  0 (the po in t  b ~ B  i s  a z e r o - d i m e n s i o n a l  s u b m a n i f o i d  of  B). 

F r o m  L e m m a  4 .1 .2  t h e r e  fo l lows  (see ,  f o r  e x a m p l e ,  [41) 

LEMMA 4.1.3.  Le t  B b e  a h o m o g e n e o u s  s p a c e  on wh ich  a L ie  g roup  G a c t s  t r a n s i t i v e l y  (Y g EG, g: 
B - - B  i s  a d i f f e o m o r p h i s m ) .  Le t  C G B  be a s m o o t h  s u b m a n i f o l d  of B and l e t  f :  A - - B  be  a s m o o t h  m a p -  
ping.  Then the m e a s u r e  of the s e t  of  po in t s  gEG fo r  which  the m a p p i n g  

f~: A ~ B, f~ (a) :: gf (.) 
i s  not  t r a n s v e r s a l  to C i s  z e r o .  

F o r  c o m p l e t e n e s s  we c a r r y  out the  p r o o f  of L e m m a  4 .1 .3 .  

Re .mark  4.1.4 .  Since the  union of a coun tab le  n u m b e r  of s e t s  of m e a s u r e  z e r o  has  m e a s u r e  ze ro ,  i t  



i s  su f f i c i en t  to p r o v e  L e m m a  4.1 .3  fo r  a ne ighbo rhood  ~0 of a po in t  a 0 E A, a ne ighbo rhood  C O of a po in t  
c 0 E C and a n e i g h b o r h o o d  of the  i d e n t i t y  e in the g roup  G. 

F r o m  the t r a n s i t i v i t y  of the  a c t i o n  of  G t h e r e  fo l lows  e a s i l y  

ASSERTION 4.1.5.  T h e r e  e x i s t s  a d i f f e o m o r p h i s m  of the p r o d u c t  of  s p h e r e s  

u:D, × D,~ G, 

D i = { x 6 R V i ,  Ix l< : l} ,  v l=dirnB--dimC,  v2=dimG--v  l, 

such  tha t  u(0, 0) = e, and  the  m a p p i n g  

;3. D* X Dz X Co ~ B X D2, 

given by the formula 

~(x, !i, c)=(u(x, .y)c,  g),Vx6_D,, yf~ O=, cECo, 

i s  a d i f f e o m o r p h i s m  of  D 1 × D 2 x C O onto s o m e  n e i g h b o r h o o d  E of the  po in t  (c 0, 0) in  B × D~. 

Now de f ine  the  p r o j e c t i o n  of  E C  B × D 2 on D 1 × D 2 

O: E ~  D: ~: D~ by the formula ,b(~(x, y, c))=(x, y). 

F u r t h e r ,  def ine  the  m a p p i n g  

~: A ×/)2 -~ B× D, by the formula F(a, y) -- (# (a), y). 

We app ly  L e m m a  4 .1 .2  to  the  c o m p o s i t e  m a p p i n g  

O = @=r: A o x D ~ - , D t X D 2 .  

ASSERTION 4.1.6.  L e t  x, yED 1 x D 2 be  a p o i n t  t r a n s v e r s a l  to the  m a p p i n g  O. Then  the m a p p i n g  

~'g: & - -  B, g = (u (~, y))-~, 

is transversal to the imbedding C0C B. 

Proof of Assertion 4.1.6. Consider ~-l(x, y)(x 6D 1, yED2). Ob~_oously, ~-l(x, y) = (Cx, y,y), where 
Cx, y = - - ~ , - y ~  ~-e ~ e l  of the differential ~ ,  : T(B × D~)b,y T(D 1 × D2)x,y is exactly thetangent 
space to (Cx,y, Y): 

ker O, = T (Cx,,~, y)~.y. 

T h e r e f o r e  t h e  t r a n s v e r s a l i t y  of the  m a p p i n g  ® = 4, ° 7  to the po in t  x ,y  i m p l i e s  

~f.T (A o X D,)a.y + r (C~.w Y)r(a),~ = r (B X D~)b.y 

for all a EA 0, for which f (a) = b6Cx,y. Thus, the mapping f: A0--B is transversal to the imbedding 
Cx, yC.B. Applying the diffeomorphism g = (u(x, y))-IEG, we see that g f: A 0 -~B is transversal to gCx, y = 

C o , as required. 

Proof of [,emma 4.1.3. We apply Lemma 4.1.2 to ®. The set of points x, y6D I x D 2 not transversal 
to @ has measure zero. The corresponding set of points g = (u(x, y))-1 EG has measure zero in G. For the 

remaining g close to e the mapping/g is transversal to C o by 4.1.6. This proves Lemma 4.1.3 according 
to remark 4.1.4. 

4.2. Proof of Theorem 2.1. 

We apply Lemma 4.1.3 to the case where A is a La~qcangian manifold Mn, B is the Lagr~Lr, E[an Gras- 
smanian A(n), f is the tangential mapping r: M n- A(n), C is the submanifold Ak(n)CA(n), and G is the 
unitary group U(n). 

From Lemma 4.1.3 it follows that for almost all uEU (n) the manifold uM n is such that its tangential 

mapping r is transversal to every Ak(n) C A(n), k = 1,2 ..... Let us show that such a manifold uM n is 

in "general position" in the sense of Theorem 2.1. 

Assertion I of Theorem 2.1 follows from the implicit functions theorem and Lemmas 3.9.1 and 3.2.2. 

Assertion 2 follows from the fundamental lemma of section 3.5. Assertion 3 is deduced from Lemma3.3.1. 

Assertion 4 is obtained from Lemma 3.3.3 for k = I. Finally, Assertion 5 follows from Lemma 3.5.1 and 
remark 3.5.4. Theorem 2.1 is thus proved. 

l0 



4 . 3 .  P r o o f  o f  T h e o r e m  2 . 2  

Let M n be a Lagrangian manifold in general position, and let T: S1 ~ Mn be an oriented closed curve, 
t ransversa l  to the singular cycle E. 

LEMMA 4.3.1. Let ~-o3": S 1 --* A(n) be the tangential mapping of M n onto the curve 3". Then 

ind T = Ind"roT. 

In fact, ZI = r -1  A 1 {n) (definitions of sections 2.1 and 3.2). Further ,  the positive (in the sense 'o f  
section 2.1) side of Z t is ca r r i ed  under the mapping ~- into the positive (in the sense of Definition 3.6.1) 
side of Al(n) - t h i s  follows f rom r emark  3.5.4. Thus, each point of in tersect ion of 3] with Z t gives to ind 
the same contribution as the corresponding point of intersect ion of r o 3/ with Al(n) to Ind, which proves  
Lemma 4.3.1. 

At the same time we have proved Theorem 2.2. also, since Ind r o 3, does not change under r ep lace -  
ment  of 3' by a homologous curve 3'' [this follows from the fact  that dim A2(n) = dim At(n)-2] .  

§ 5.  A Q U A S I C L A S S I C A L  A S Y M P T O T I C  E X P R E S S I O N  

Here we give without proof the asymptotic  formulas  of Maslov, in which the index plays a role, for 
the s implest  example. 

5 . 1 .  A s y m p t o t i c  E x p r e s s i o n  a s  h ~ 0 o f  t h e  S o l u t i o n  o f  t h e  S c h r i S d i n g e r E q u a t i o n  

with the initial condition 

ih d~ = - - ~ A ~ - F  U(q)tp, ~ = ap(q, t), q~R" 
at 2 

(9) 

~b It=. = q) (q) "e'~ ~(q) wlaete(p (q), is a finite function. (10) 

To the Schr~idinger equation there cor responds  the c lass ica l  dynamical  sys tem given in the 2n-dimen- 
sional phase space R 2n by the Hamilton equations 

an OH H = t p2 + U (q). 

The solutions of the Hamilton equation define a one -pa ramete r  group of canonical* diffeomorphisms of 
the phase s p a c e - t h e  phase flow gt: R 2n -+R2n. 

To the initial condition (10) there cor responds  a function ~p(q) on a surface M n, given in the phase 
space R 2a by the equations 

The sur face  M is projected uniquely onto the q-plane. It is Lagrangian by Lemma 3.1.1. The phase 
flow gt c a r r i e s  M into another Lagrangian surface gt M = Mt.+ The sur face  M t is no longer necessar i ly  
projected uniquely onto the q-plane. There a r i ses  a mapping Q(q) = q(gt(p(q), q)) (Fig. 2). 

Let xj = (pj, qj) be points of M such that gtxj = (Pj, Q) EM t. Assume that the Jacobian DQ I ~ 0. 
Dq ]q=  qj 

(lO). 
Maslov proved the following asymptotic  formula for the solution of equation (9) with the condition 

THEOREM 5.1. As h ~ 0  

*A diffeomorphism g: R 2n ~ R  2n is called canonical, if for every  closed curve 3": S i ~ R  2n we have 

.~ pdq = ~ pdq. The differential g ,  has then at each point a s implect ic  matrix: under a canonical t r ans -  
Y gY 

formation the 2 - fo rm dp /~  dq goes into itself. Therefore  a Lagrangian manifold under a canonical dif- 
feomorphism goes into a Lagrangian.  

11 
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Fig. 2 

THEOREM 5.2. 

I iF Si(Q't)-- ~" ~i 
D Q - U .  i in 

(Q, t) = ~ ~ (qi) Dq i e + 0 (h), 

where  ~(Q,  0 is the action along the t r a j ec to ry  gOxj: 

t 
S/(Q, t) = f(qi) + I L d0, L = qO_2 --U(q); (p(0), q(0)) = g°x i, 

0 

and /~j is  the Morse  index of the t r a j ec to ry  g0xj,  i .e.,  the number  of 
points q(g0 xj), 0 < 0 < t, focal to M. 

5 . 2 .  C o n n e c t i o n  b e t w e e n  t h e  M a s l o v  a n d  M o r s e  I n d e x e s  

In Theorem 5.1 there  appeared  the Morse  index ~ .  The Morse  
index is a specia l  case  of the Maslov index; there  holds 

Consider  in the (2n + 2)-dimensional  phase space R 2n + 2 ={~ ,  ~ ,  ~ =P0, P; q'= q0, 
q; (p, q)ER TM, the (n + 1)-dimensional  manifold ~I: (p, q)EM t, q0= t ,  P0-----H(p, q). Then the manifold ~¢I 
is Lagrangian,  and the Morse  index of the t r a j ec to rygex ,  0 < 0 < t, is the Maslov index of the curve  
(O, - H ,  g ex) on the manifold ~I.  

The proof  follows easi ly  f rom the definitions of the indexes # and ind: s i n c e (  82I-I ~, ~> > 0, a 
\ 8p  2 

s imple  focal point gives a contribution of + 1 to ind. 

COROLLARY. F o r  any curve  ~/ on M 

ind gt T - -  ind T = ~ (g0 T+) _ ~t (go T-), 

where  gOT+, g 0~/_ (0 -< 0-< t) a re  t r a j ec to r i e s  with endpoints % 8~/ = ~ /+ - -y - .  

For,  the quadr i la te ra l  % gOT+, (gtT)-l, (g0T-1)-I  on ~/I is, obviously, homologous to zero; the re fo re  
i ts  Maslov index equals zero  (Theorem 2.2), which in view of Theorem 5.2 p roves  the des i red  relat ionship.  

5 . 3 .  Q u a n t i z a t i o n  C o n d i t i o n s  

In Theorem 5.1 there  appear  indexes of cu rves  which a re  not closed.  The indexes of c losed curves  
en te r  into asymptot ic  fo rmulas  for  s ta t ionary  p rob lems .  

Let M be an invar iant  Lagrangian manifold of the phase  flow gt, lying on the hypersur face  H = E 
(such invar iant  manifolds ex is t  not only for  in tegrable  sy s t ems :  see  [5]). 

Maslov proved 

THEOREM 5.3. The equation 
t 

T A ¢  = x 2 (u  (q) - -  E) ¢ 

has a s e r i e s  of p rope r  numbers  A N ~ ~ with asymptot ic  express ions  A N =/~N + O(# ~l) if for  every  
3,El.It(M, Z) 

2Vtv 
-- pdq- -  ind T (rood4), 
n (ii) 

Y 

In this case  the cha rac t e r i s t i c  functions ¢ N a re  also re la ted  to the manifold M (in a sense  defined 
p rec i s e ly  in [1] and under  assumpt ions  of the type of a s imple  spect rum).  

In the pa r t i cu la r  case  n = 1 the index of the c i r c l e  equals 2, and formula  (11) becomes  the c lass ica l  
"quantization condition" 

Vtx ~ p dq = 2~ (N + 1/2). 
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