
! 
i 
I 
~. 

- 1 -
I 

The alge'braic theory of surgery 

by Andrew Ranicki 

An algebraic theory of surgery on chain co~plexes with an abstract 

Poinc,,-re' duality should be a "simple and satisfactory algebraic version of the 

whole setup" to quo te §17G of C.T .C.~lall' 15 "Surgery on compact mani!olds" ([5]) t. 

which includes a first approximation to such a theory. A second and a third 

attempt are due to A.S.Hishchenko [1'],[2]. These are sufficient'to obtain the 

symmetric part of the surgery obstruction, and so determine it modulo 2-torsion. 

The theory presented here obtains the quadratic structure as well, thus giving 

all of the surgery obstruction. Our theory of surgery is homotopy invariant in 

&eoreetry and chain homotopy invariant in algebra. It applies also to codimension 

Gurgery obstructions, such as arise in knot theory. 

An n-dimensional algebraic Poincare .complex over a ring A with 

involution -:A--+Ajal--+ a is an A-module chain complex C with an n-dimensional 

Poincar~ duality 

H*(C) = nn_.(C) • 

We shall use n-dimensional algebraic Poincare complexes to define functore 

(rings with involution) ~ (abelian groups) (n E:7h) 

is the I'itt group of non-singular forms over A. 
\ 

symmetric 

quadratic 

The quadratic L-groupa Ln (A) (nE:,l'Z) will, turn out to be the surgery obstruc tion 

groups of Wall [5 ], with a 4-periodici ty 

Ln (A) : Ln+4 (A) (Z1 t:7h) • 

The higher symmetric L-groups Ln(A) (n ~o) are the "algebraic Poincare bordism" 

groups ,nn{A) of Hishchenko [2'], and are not 4-periodic in general. The lower 

sYlll.Gletric I.-groups are such that 

(n~ -3) • 

The sycunetric L-groups differ from tM quadratic L-groups in 2-torsion only, 

with Ln(JI,) '" Ln(A) (n~7h) if 2 is invertible in A. 

\ 

symmetric 
The 

quadratic 
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, {Symmetric 
(nE >Z) are to the Witt group 

,!uadratic 

! lO(,\) 

1· ""at the algebraic K-groups Kn(A) (nE >Z) are to the projective class t LO(A) 

group KO(A). In order to justify this assertion we shall exhibit 

i) a change of rings exact sequence 

} ... _Ln(A) ~Ln(B) _Ln(f)--+- Ln- 1(A) ~Ln-1{B)~ ... 

1 _Ln(A) -.!.....Ln(B)~ Ln(r) -4 L
n

_
1

(A) -.!.....Ln_1(B)~ .'.. (nE-lZ) 

ii) products 

\

®: Lm(A)®7hLn(B)_Lm+n{A€kB) 
(m,nEl'Z) 

0: Lm(A)07hLn(B)-Lm+n(A~B) 

iii) a localization exact sequence 

\ 

... -- Ln(A) _Ln (S-1 A)_ Ln(A,S) _Ln-\A)---'>' Ln- 1(S-1
A

) __ ... 

( ) 
-1 _ (nf7b; 

••• --->LnA-+L(S A)~L(A,S) __ L (A)~L IS 1A)_ 
n n n-1 n-1' ••• 

\ 

symmetric fLn(A,S) 
involving the L-groups of algebraic Poincare complexes over A 

quadratic Ln(A,S) 

which become contractible over a localization s-1A, 

1,g:(A) 
iv) simplicial spectra such that 

t:.(A) 

i
ltn~·(A» = LnCA) 

(nf. 7h) 
ltn(~(A» : Ln(A) 

Furthermore, in certain cases we shall have 

v) a Kunneth formula 

~ 
Ln(A[z,z-1J) 

( -1 
Ln A(z,z ]) 

vi) a split exact sequence 

Ln{A).,Ln- 1(A) 

L
n

CA)eL
n

_
1

(A) 

~ O----",Ln(A) -=--L
n

(A[x])eLn(A[x-1]) --+Ln(A(x,x -1] )--'J>Ln(A) -0 '_ 

, ,1 0-- Ln(A)-Ln(A[x])eLn(A[X-1])~Ln(A[X'X-1])_In(A)~ 0 (x: x 

'i) I' V· t· t A __ n 
v~ a 'layer- ~e or~s axac sequence for a cartesian square it .... !, 

\ 

••• -.,.Ln(A)---,> Ln(B)eLn(BI) -_Ln(A') --+ Ln- 1 (A) _ Ln-1(B)~Ln-1(B')_ ... 

• •• -- L (A)--+L (B)eL (BI}-->L (A')_L (A}---..L (B)eL (B')_ 
n n n n n-1 n-1 n-1 
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An "alg" braic Poincare complex" in the sense of Hishchenko [2) is a 

chain complex of f.g. projective modules over a ring >lith im-olution A 

d d d d d 
C : Cn~ Cn_1 - Cn_2~ ••• -+C1---'-"'CO 

together ,<ith a collection of A-module morphisms 

"'s : C
n- r +s --->- Cr 

"uch that 

and such that the chain map 

"'0 : C
n
-. ---+ C 

(5 ~ 0) 

is a chain equivalence, inducing abstract Poincare duality isomorphisms 

0) 

Khere Cn-. is the chain complex of dual A-modules er = C; = HomA (Cr,A) defined by i 

and T is the duality involution 

T • Hom (Cp C ) ----'" Hom (Cq C ) • ,. I----+- (-) pq .. * 
• A 'q A 'p '" T 

(c" = c ) • p p 

'l'he motivation for this definition comes from the symmetry properties of the 

chain eqUivalence 

'Po = [X] 11 - : C(X)n-*~ C(X) 

inducing the Poincvre duality isomorphisms 

«X] 

of a compact oriented n-dimensional manifold X, lrith "'1 a chain homotopy 

:lZ) 

bet~leen <PO and T<PO' 'P2 a higher chain h'Omotopy bet.,een <P1 and T'P1' and so on. 

The "algebraic Poincar~ bordism" groups Sln (A) of l'tishchenlto [2] (which we denote 

by LnCA» arc the groups of equivalence classes of such n-dimensional symmetric 

Poincare complexes over A (as \1e shall call them) under a cobordism relation 

given by abstract Poincar~-Lefschetz duality. 

f- ! 
I 
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An n-dimensional geometric Poincare complex X determines in 

way an n-dimension'll SYIllJjlC tric Poincar~ complex over :lZ( Tt1 (X)] 

O'*(X) = (C(X) ,'PX) 

,rith X the universal cover of X. The "higher signature" of llishchenko [2] is 

the symmetric Poincare cobordism class 

<r·(X) ~Ln(l'Z(Tt1(X)]) • 

This is a geometric Poincare bordism invariant which is a Tt1(X)-equivariant 

generalization of the signature. 

Given a degree 1 map of n-dimensional geometric Poincare complexes 

f : M---,»X 

there is defined a kernel n-dimensional symmetric Poincare complex over l'Z[tt1lX)] 

cr*(f) = (C(f')''''f) 

such that up to chain equivalence preserving the symmetric structure 

~*(M) = ~-(f).G*(X) , 

where C(fl) is the algebraic mapping cone of the Umkehr chain map 

fl - ~ ~ "ith M thc covering space of 11 induced by f from the universal COVer X of X, 

and '1ith "'-(I-I) defined using H herc. 

A normal map of geometric POincare complexes 

U:H--+X,b:VM-VX) 

is a degree 1 map f together with a covering map b of Spivak normal fibrations. 

The .fundamental construction of this paper refines the symmetric structure 'Pf 

of the kerncl a-(f) = (C(fl)'~f) of a normal map (f,b) to a quadratic structure 
~ 

Wb depending only on the fibre homotopy class of b (Proposition 2.9). 

t;"ons' others, we shall prove the follo>ling h10 results: 

" 

i) The surgery obstruction of a normal map (f,b) is the equivalence class 

"'.(r ,b) E Ln (:lZ(tt1(X)]) , 
of the quadratic kernel ~_(f,b) = (C(f ),Vb) in the cobordism group of such 

n-<limensional quadratic Poincare complexes over l'Z[Tt1 (X)] (Proponition 8.1). 

In Froposi tion 8.2 >le shall explicitly construe t the corresponrJing element of 

!. 
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tho sur5ery obstruction group Ln("1(X» of ~Iall (5] • This does not require 

geometric surgery belm< the middle dimension, and is thus an "instant surgery 

oostruc tionn. 

ii) The surgery obstruction of the product of normal maps 

o'.(f><g,b-c} = <1.(f,b)@<1.(g,c}+cS·(X)@<T.(g,c) + cT.(f,b)®"*(Y) EL
m

+
n

(71:[lt1 (X"Y)]) 

involving the "higher signatures" of Hishchenko [2] (Proposi tion 11.2). 

Prior to such applications it is necessary to develop a theory of abstract 

quadratic structures appropriate for the range-of b.....-"'b. 

In the first version of the present theory of quadratic structures 

an n-dimensional quadratic Poincar ..... complex over a ring "ith involution A ~Ias 

defined to be a chain complex of f.g. projective A-modules 

d dd- d d 
C : C

n
---+Cn_ 1 ---Cn_2 - ••• ~C1-CO 

together with a collection of A-module morphisms 

'" : Cn-r-s~ C 
s r 

such that 

d~ + (_)r", d* + (_)n-s-1(", + (_)s+1 T1V ) 
s s s+1 s+1 

and such that the chain map 

(1+T}"'O : Cn-·~C 

is a chain equivalence. This definition suggested itself on the pragmatic grounds 

that the cobordism groups Ln(A) of n-dirnensional quadratic POincare complexes 

over A (C,"') could be shown to be 4-periodic 

Ln (A) = Ln:4 (A) (n) 0) • 

coinciding for a group ring A = 71:[lt] with the surgery obstruction groups of 

~lall [5] 

There remained the problem of exhibiting such a quadratic structure'" on the 

chain cOr.lp1ex kernel C( f!) of a normal map (f, b) :11---)-X. Graeme Segal pointed 

out that for the chain complex C = C(X) of a topological space X such collections 

- 6 -
1j! = ~"'sls~o} (for A = 71:) are the cycles of classes in the homology groups of 

the 'quadratic construction' (S ...... X "X)/71:
2 

Hn«S"'" X xX)/71:2) = Hn (HcB71:(Z7,2](C(X)®C;(X}» 

with the generator T€71:
2 

acting by the antipodal map on S.,. and by the transposition 

T:{x,y}t--o-(y,x) on xxX, ,.here 

( "") 1-T 1+T 1-T 
~I = CS: ••• --+71:[71:2] ~71:[Z7,2] --'--I-71:[Z7,2]-71:[71:

2
] 

and C(X)®l'ZC(X) is identified with Hom71:(C(X)· ,C(X» in the natural way. This led 

to a formulation of the quadratic theory in which a quadratic structure on an 

A-module chain complex C is defined to be a class "'~Qn(C) in the l'Z2-hyperhomology 

group 

with 'XEl'Z2 acting on CcBAC by the transposition 

T : C ® C ~C <!lIC • ~ t---+ (-}pqy€x 
p A q qJ\ P , 

"hich corresponds to the duality involution T on HomA(C·,C) under the natural 

identification HomA(C·,C) = C@AC for f.g. projective C. In turn, this led to a 

reformulation of the symmetric theory in ,",hich the symmetric structures 

(Illsls} o} of Mishchenko [.2] are vievled as the cyc1ell of classes IllEQn(C) in the 

71:2 -hypercohomology group 

Qn(C) = Hn(~.C~C) = Hn(Hom71:[~](W'C~C» 

Transfer defines a map from quadratic structures to symmetric structures 

\

(1+T)'" 
«1+T)"') ~ 0 

s 0 s> 0 

s = 0 

This reduces the problem to the lifting of the 71:2 -hypercohomologyclass 

IllfE.Qn(c<rl» appearing in the symmetric kernel a'(f) = (C(fl),lll
f

) of n normal 
, 

map (r:M _X,b:"M--+ lJx ) to a 71:2 -hyperhomo1ogy cL:>.ss "'bE:t-ln(C(f-» such that 

(1+T}'I'b = <l'f~qn(C(fl» 

,,110'l1ing the. definition of a quadratic kernel 

~.(f,b) = (C(f
l

) ,'I'b) 

containing the surgery Obstruction. Ib Hadsen sugr;ested using a more refined 
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version of the construction of the Arf invariant in §4 of Ch"pter III of 

3rm·;der [2J Hhich involved the S-dual of the induced map of Thorn spaces 

l'(b) :T(.,);) ---..T( .... X), a stable map F:EPX+-EPH+ (p large) inducing the Um.1,:ehr 

f! :C(X)_ C(H) on the chain level. ~Thc adjoint F:X ---+.sr'E"/·! sends the 
+ + 

f"ndamcntal class (X] € Hn~X) to an element F(X] c: Hn (si"'E""}f+), which contains 

Q (C(H» = H «S"'x Mx H)/?b
2

) as a direct summand). This led to the observation n n 

that an abstract ?b2-hypercohomology class cp,,~n(C) lies in il!l( (hT) :Qn(C)---t-QnlC » 

if and only if 

~lhere SC is the suspension of C (SC
r 

= C
r

_
1

) and 

-_ { "'OS-1 (S",) s t 
s= 0 

(Proposition 1.2). The ?b2-hypercohomologyclass "'f"'Qn(C(f'» is of this type 

n.";" P~ 
if there exists a Tt 1 (X)-equivariant map Fn>A+~:E ~I+ (p large) inducing the 

Umkchr fl:c(ic,_ C(M) on the chain level, in which case it is possible to 
, 

obtain a specific ?b2 -hyperhomology class 1VF *' Qn(C(r» depending only on the 

stable Tt1 tX)-equivariant homotopy class F, and such that 

(1+T)~'F = 'l'f~Qn(C(f!» 
(Proposition 2.9). A normal map (f:H~X,b:vH-----""'X) gives rise to such an 

equivariant geometric Umkehr map F::EFX+_:EPM+ via an equivariant S-duality 

theory (Proposition 3.13), and 'Vb = 1VF lQn(C(f l » defines the kernel 

n-di~ensional quadratic Poincare complex over ?b(Tt
1

(X») 

rr.(f,b) = (C(fl),'V
b

) • 

For highly-connected f, with M a manifold and b a map of bundles, this agrees 

>1i th the surgery obstruction kernel obtained by Wall: [ 5] using geometric 

intersection and self-intersection forms. 

The localization exact sequence of §13 will be used to prove that 

the natural maps 

{ Ln(?b[Tt]) --4Ln(~[Tt]) 

1 ~(lZ[1t]) ~ Ln(~[1t]) 
are isomorphisms modulo 8-torsion, for any group Tt (Proposition 13.24). 
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§1. guadratic algebra 

Let A be an associative ring (with 1) and let 

: A---+A ; a~a 

be an involution on A, with 

(a+b) = a + b , ('iib) = b.a , ii = a , l' '" 1 (a,bEJ\:) • 

Given a left A-module H let r-;t be the right A-module defined 

by the additive group of M with A acting by 

J.I t x A----:----+-1I t ; (x ,a) 1-----+ ax 
Except "here a right action is specified "A-module" will refer to a left 

A-action. 

The dual of an A-module M is the A-module 

"ith A acting by 

The dual of an A-module morphism f £ HomA (n,N) is the A-module morphism 

f·:H·~l-!·;g~ (x~g(f(x») • 

If H is f.g. projective then so is I';·, and there is defined a natural 

A-module isomorphism 

M -----'> ].1.. ; x ~ (f ~ 1'Tin 

which ~/e shall use as an identification. 

The homology and cohomology A-modules of an A-module chain 

complex 

c _C ~C ~C ~ ••• ••• r+1~ ~'r r-1---' 

are defined by 

n (C) 
r 

ker(d:Cr -Cr _1 )/im(d:Cr +1 ~ Cr) 

ker(d. :cr ~cr+1)/ im(d. :cr - 1 ~ cr) (Cr = C.). 
r 

An A-module chain complex C is n-dimensional if it is chain 

equivalent to a f.g. projective A-module chain complex of the type 

d d d d d ~ C : ••• ----+ 0 ~ Cn -----> Cn_1- Cn_2 ---7 ••• ~ C1---=+ Co - 0 

(''3'P~~ 
A finite~~l chain complex C is n-dimeneional if and only if Hr(C) 
forr<O and H (C) '" 0 for r> n. 

o 

I 

i 
I 
! 
I 

I 
I 

l 
! 
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Givp.n A-module chain complexes C,D let ct~AD, HomA(C,D) be the abelian 

group chain complexes defined by 

(C~AD) = 1: Ct@AD n p+q=n p q 

HomA(C,D)n = q_~nHomA(Cp,Dq) , dHomA(C,D)(f) = dDf + (-)qfdc • 

The slant chain map 

t -_ 
': C ~D ~ HomA (C ,D); x~y ~ (f~ ftX}y) 

--is an isomorphism if C ie f.g. projective, where C is the A-module chain 

complex defined by (C-·)r = C-r , d
C
-. = dC' 

Given a central unit E EO A such that E = E-1€ A (e.g. E = .:!;1 c;: A) and an 

A-mOdule chain complex C le t the genera tor T€?l.2 ac t on C t~ C by the 

E-transposition involution 

TE : C:®ACq ~ C:~Cp ; xfJy I---'> (-)pqy~x , 

and define 'the Q-grOUDS 

t Q~i,j](C,E) '" Hn(Hom?l.[?l.2] (W[i,j] ,ct'\,C» 

(-oo'i' j~"', nCl:O) 
Q[i,j](C E) = H (W[i j]6} (Ct6<!lC» 

n ' n ' ?l.[?l.2] 'J\ 

with W[i,j] the ?l.[?l.2]-module chain complex given by 

An element 

such that 

otherwise 

f 
<P€Q~. j](c,E) 

1, is represented by a collection of chains 
'4I£Q[i,j](CE) 

n ' 

f <p = 

L'4I= 

f<p ~ (Ct@.C) lu s~ j\ 1 s A n+s j 

1'1' s ~ (ct@AC)n_sli~ s~ j S 

f dct@AC<Ps+(-)n+S-1('I'S_1+(-,)STE'I'S_1) = O,€(ct~AC)n+s_1 (i~ s~j, 'I'i_1 

l dC\~AC'" s +(_)n-s-1(", S+1+(-)e+1TE", s+1) = 0 E: (C t®AC)n_s_1 (i ~ s ~ j, '41 j+1 

The notation is heavily redundant; allowing identifications 

For i 

0) 

0) 
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A \ ::::: :::otoPl of A-l:1odule 

1 homotopy t
OmPleT-eS f:C--'>D 

chain l:1aps g:f=<f':C--..D 

omotopies h:g"g' :f«f' :C~D 

is a collection of A-module morphisms i 
\fEHomA (Cr,Dr ) I rE. ZiI] 

~gEHomA<Cr,Dr+1>lr€Z1) such that 

~h(HomA (Cr ,Dr +2 ) I ~ Z1~ 

\ 

dDf - fdC = 0 : Cr ----+ D
r

_ 1 

f' - f = dDg + gdC : Cr--Dr 

g' - g = dDh - hdc Cr --+Dr+1 

~ A chain map which admits a chain homotopy inverse is a chain equivalence. 

~Ie recall that a chain map f:C---+D of finite-dimensional chain compl1!xes ia 

a chain equivalence if and only if it induces isomorphisms f.:H.(C)~H.(D) 

in homology (or alternatively in cohomology f·:H·(D)~H·(C». 

The isomorphism type of the groups ' depends tQi\ j]{C,E) 
only on 

,,[i,j] (C £) 
"tn ' 

the chain homotopy type of C, despite the quadratic nature of the construction' 

used in their definition. 

1 
chain map f:C-D 

Proposition 1.1 i) An A-module chain homotopy g:f~f':C-D 

homotopy h:g ~g' :f~f' :C--D 

~
Chain map 

Z'.-module chain homotopy 

homotopy 

\ ~:/>~ f'% t h%:C", g,,.;:;t~f'% 

1 
fo( 
" 

&fo: f% !': f'% 

h.;~:~ '" g',.;:f%!>! f'~~ 

induces a 
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ii) If C , dO 0 lth ,1.,J 

[

1nr 0 '] (C,e:) 
1.5 u- l.menSl.ona en [0 j] 

'l.nl., (C,e:) 

= 0 r n+i>2m or n+j< 0 
if 

= 0 n-j>2m or n-i<O 

iii) For - oo~ i li j ~ k~" there is defined a long exact sequence of 

abelian groups 

n n) n () n-1 ( ) 

j
"'---)-1(j+1'k](C,e:)~Q[i'k](C'E ---+Q[i,j] C,E -Q[j+1,k] C,E ~ ... 

-->Q[i,j](C E)----+Q(i,kJ{c e:)---4q[j+1,kJ {C e:)--+~[i,j](C e:)~ 
••• n ' n 't "n ' n-1' 

&2.!!i i) Given cp€HomZil[Zil2/VI[i,j],ct~AC)n set 

;'('I')s (ft~Ar)<Ps6: (Dt®AD)n+s 

l{<p) s (ft®Ag + (-)qgt~Af' )<ps + (_)'l+1 (gt®Ag)'I's_1 

e (Dt ® D) = ~ Dt ~ D 
A n+s+1 q=-.., n-q+s+1 A q 

h%('I')s (ft®Ah+ (-)qht~f')"'s+ (_)q+1(gt®Ah + (-) h
t
®p.g')q'S_1· 

(_) (ht®h) €:(Dt I5a.D) - };Dt tla.D 
+ A 'l's-2 J\ n+s+2 - 90=00 n-9o+s+2-A q 

(i < s , j, 'l'i-1 = 0 , 'Pi-2 = 0) 

The lO>Ter casa is the same, after identifying 

S(W(i,j]®71:[71: ]<Ct®AC» = Rom71:(71: ](W[-j-1 ,-i-1) ,Ct®AC) 
2 2 

ii) By the chain homotopy invariance of i) it may be assumed that C 

is such that Cr = 0 for r< 0 or r>m. 

iii) Given intervals [i,jJ,(i',j'] such that i~i'~ j ~j' define a 

W(i,j]- W[i' ,j'] 

by the identity in the overlap dimensions [i,j]n [i',j'] 

{

contravariantlY 
there are induced abelian group morphisms 

covariantly 

l
Q~i' ,j'] (C,e:) -Q~i,jj<C,E) 
Q(i,j](C,e:)~Q[i',j'](C,e:) • 

n n 

[i',j], so that 

For -~ i ~ j ~ k~" there is defined a split short exact sequence of 

71:[ 71:
2

]-module chain complexes 

0--+"I[i,j]~\'I[j"k]~\i[j+1,kJ -~ 0 • 

t 

. ,. 

lIo" apply ZiI[Zil2 J t and consider the hocology long exact sequence. l
Hom ( - ,C ~AC) 

_QJ CC ~C) 
71:[ Zil2J [] 
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(-~he cl:r i:: honoto::,y invarie.l'!ce of the 1-groups is basic to this paper - it 

is furt::er clarified by the follo\dng discussion. Define the ~2-isovariant 

category Hith objects LZ(LZ
Z

]-clOdule cimin co,;t9lexes and r.IorphistlS f:C-D 

~2-hy)?e:-coho:;!010gy classes HIlO(LZ2 ;HOrlZZ(C,D» ~ Ho(HomLZ[LZ ](I'I,HomLZ(C,D») , 
2 

,;ith TELZ
Z 

acting on HOIilLZ(C,D) by 

'i' : Ho",LZ(C ,D)--"Ho",LZ(C ,D) ; g~TD&rC 

/,. ~2-isovariant nor:;>hism f:C --+D is thus an equivalence class of collections 

If ~Ho",'T."(C ,D ) I rfLZ,s ~ o} such that 
'\. S LLl r r+s ' 

corresponcing to a LZ-Iilodule chain map fb:C--..D together ~rith a LZ-module chain 

hO::1otoP:l" f1:fo~TDfOTC:C -D and the higher chain homotopies f 2 ,f
3

, •••• 

The diagonal LZ( LZ
2

] -module chain map 

can be used to define products 

liO(Hom~[LZ2] (1I ,Ho",LZ(C ,D»~llPn (HomLZ[LZ
2

] (H[i, j] ,C» 

------.Hn (HomLZ[LZ
2

] n'l[i,j] ,D» , 

so that a LZ
2
-isovariant morphism f:C--+D induces in a natural lIay abelian 

grou:,? ",orphisli1S 

;~ : H
n

(HomLZ[LZ
2
](ii(i,j] ,C» --+Hn (HomLZ[LZ

2
] (tl[i, j] ,D» 

An A-ll'odule cha.in map f:C --- D of A-module chain complexes induces a 

lZ[LZ
2

J-codule chain map ft®Af:C t0
A

C --+Dt@AD of ~(LZ2]-module chain complexes, 

out an ,\-module chain homotopy g: f!>!' f':C --+ D does not induce a LZ[LZZ]-module 

chain hO::1otopy ft®J,f ~ f' t@Af,:ct<2>AC -D \~)AD, onl:: oche LZ2 -isovariant chain 

honoto):! used to prove Proposition 1.1 i). Note that for any toyological 

spp,ce X tilera is a natural LZ
2
-isovariant equivalence C(X x X) ~ C(X)®LZC(X), 

as used tn the construction of the Stcellrod s'1uares in singulnr cohomology 

! 
! , 
I . 
t 

I , 
\ ' 

I 
I 

1)£>fine 

{ 

~2-h"tercohomolorY - 14 -

the ~2-h,!pcrhomolor:;V ;;roups of the Clction of Tt LZ2 

~2-h,~percoho~ol 0,7 

i:n(C,e:) = ~~O'''J(C,~) = !!n(HomLZ~:?Z'21(\1,ctfllAC» 
~n(C,E) = ~~O, .. ] (C,E) = Hn(lWLZ[LZ2](ct®AC» 

~n(C) n () ( A ~ 
< ,E 1[_00, ... ] C,S = IIn HOI!l<Z(LZ2]('i,C'@AC» 

>lith U = \";[0,00] a fr2e LZ[LZ
2
]-resolution of LZand (') = \'I[-"I7,""J a complete 

resolu tion for LZ2 (cf. Chapters XII, XVII of Cartan and Eilenbcrg [~]). 

The groups an(C,E) are of exponent 2, Fer n-dimensional C ~re have 

by Proposition 1.1. 

Proposition 1.2 There is defined in a natural ,.ay an exact sequence of 

abelian groups for any A-mOdule chain cOI!lplex C 

••• _~n+1'c,e:) -!.. ( ) _1~=-e:. ,.,n( ~) J An( ) H .' q,n C,s ~ , C,~ --->q C,s ~1n_1(C,E) ........ 

Proof: This is just a spectal case of the exact sequence of Proposition 1.1 iii), 

,·ri th q,., i = -00, j = -1 , k = "" • 
[] 

(Proposition 1.2 is related to the EHP sequence, cf. Proposition 4.1 belo",>' 

I 

e:-symmetric 

An n-di"ensional E-quadratic 

e:-h~"perquadrn tic i
(C''!') 

complex over A (C,V) is 

(C ,0) 

an n-dinenEional A-r:odule chain conplcx C to::cther Hi th an l
,p~~n(C,E) 

clement '1'. f Sn(C,c) 

~ €. ~n( C • r.) 



1 
E-h: .. pernuadratization 

The E-sy"~etrization 

E-3uadratization 
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i
E_Sy:nmetric 

of an n-dimensiona1 E~uadratic 

E-hyyerquadra tic 

cO!lplex over /, 

j 
(C,9<:.ct(C,E» 

(c,'VQn(C,E» 

(C,6<Qn(C,e» 

such that is the n- dimensional E-symmetric I ! n- l e-hyperquadra tic 

I 

(n-1)- e-qnadratic' 

c0l!1p1ex 

~ 
J(C,,!,) " (C,J'l'E an(c,e» 

(1+TEHC,'II) " (C,(1+T
e

)VE Qn(C,e:» 

R(C,a) " (C,R6€ Qn_1(C,e» 

If 1/2cA the E-sym.":1etrization map (1+T
e
):Qn(C,e)_Qn(C,e) is an isomorphism 

n t.!(1+T)", s = 0 
(the inverse being given by 1 (C,EJ-Q (C,EJ;'l'>---V = ~'V ,,2 £ 0 J) 

n s 0 - 8=1 

and Qn(C ,E) = 0, so that there is no difference and f 
£ -syrnme tric 

between 
E-hyperquadratic 

i 
E-quadratic 

complexes over A. The case 1/2 EO A has been treated in Uishche-nko [1]. 
chain 

is Poincare 

via the s1ant product 

" : Rr(C)®".,R (Ct,:,. C) ----.. H (C); 10(X®Yh--"f{XJy £S.Jn ~ n-r 

The E-symmetrization of an n-dimensional E-quadratic Poincar; complex (C,V) is 

an n-dimensional e-symmetric Poincare' complex (1+T
E

)(C ,'1') 

~ 
E-symmetric 

A ~ of n-dimensiona1 E-quadratic comp1exes 
E-hyperquadratic 

\

f : (C,tp)_(C',,~') 

f : (C,IjI)-(C','V') 

f: (c,e)---.(C',6') 

is an A-modu1e ch,,:tn =p f:C~C' such that 

over A 

I f""{'pl 

; f%(1jI) 

( r%(O) 

,0' E q"(C' ,c) 

'V'€nn(C',d 

O'€-1n (C'!,d 

- 16 -

:-~'.!:' r...-:.p is a hOtlotol1'tf eouivaler~ce if f:C---+C' is a chain e ~uivalence. 

r:C':,:,O!:op:." equivalence is an equiv~lence relation. 

(E-SymL"'e tric 
The hO::lotopy theory of n-dimensional t complexes for 

E-quadratic 

1: = 0 (resp. 1) is the isomorphism (resp. stable isomorphism)theory of • iE-s.,=etrit 

£-quadratie 

fores \resp. formations), as elaborated in Propositions 1.5-1.9below. 

For e = 1 EO A we sha11 contraet the terminology by writing 

~
Qn(C'1) " Qn(C) 

Q,n (e, 1 ) = qn(C} 

~n(C,1} qn(C) 

ano. t
1-Symmetric 

calling 1-quadratic. 

1-hyperquadratic ~
symmetriC 

conp1exea . quadratic • As indic8.ted in the 

hyper".uadratic 

In;:roduction our notion of "sYl1illetric Poince_re comp1ex" is a chain hornotopy 

i:::'lariant vcr.-don of the "algebraic Poincare complex" due to Hishchenko (2] •. 

In \:: be10"/ ue sha11 sho" 

l~18 i
an n-dimensional geometric Poincare complex X 

that aa normal map of n-dimensional geometric 

spherical fibration p:X ~BG over an 

( 

~ Foincare comp1exea (f,b):(l-I,V1_1)--(X,Vx) deteroincs in a natural ";ay 

l n-dinensional CW complex X 

an ! 
sy=e tric Poincare 

n-dimensional quadratic Poincare 

hyper1uadra tic l
IT- (x) 

comp1ex :_(f,':J) 

cr'(p) 

,over the fundanental group 

rir.;s <Z[1t1 (X)] ,·rith the orientation-tuistcd involution, sit'ch that .' .. 

~ (1+T)<T.(f ,b):<r'(X) = cr·(!.1) 

( Jcr"(X) = &'(V), if ""X:X-+BG is the Spivnk normal fibration of a geometric 
~ Poincare comp1ex X. 

The surgery obstruction of n norma1 map (f,b) may be obtained from ~.~f,b). 
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For f .r,. projective !.-n;odule chain complexes e the sl'J.nt map 

is Poincar~ if and only if the chain map 

- is a chain equivalence. 

The suspension of an A-module chain co~plex e is the A-module chain 

complex se obtained by dimension shift -1 

(SC)r = Cr _1 ' dse = dC • 

\-10 shall denote the inverse operation by lc ({.9.C)r Cr+1' dnc 
can identify 

In particular, 

n+1 ( ) 
cL. 1 - l' SC,£ Vi ~+ ,J+ .J 

n+2 ( ) 
!1(i, j] SC ,-£ 

:l[i,jJ(.3C -El 
'11+2 ' 

c 

- 18 -

The ske-,;-suspension of an n-dimensional (Poincar:) complex ~
£-Symmetric 

cOwplex over A 

E-quadratic 

is the I (-e:) -symme tric 
(n+2)-dimensional (Poincar:) 

(-e:) -quadra tic 

\ S(C,~) = (SC,S~E~n+2(SC,-E» 
1 S(C,W) = (SC,SW~~n+2(SC,-E» 

\ 

S:Qn(C,E)~ Qn+2 (se ,-E) 
with the 

S:Qn(e,E)~ Qn+2(SC,-E) 
abelian group isomorphism induced by the 

isomorphism of ~[~2J-module chain complexes 

t t 
Here Tf~2 acts by TE on C ~AC and by T_E on se ~se. An (n+2)-dimensional 

\ 

( -c:) -sylll!:ie tric 
complex over A 

t-E)-quadratic \
(D'~Qn+2{D'_E» 

. is the skew-suspension of an 
(D,W~Qn+2(D,-E» 

~ 
E-symmetric ~(V'ID,S-1(~)" QnClD ,E» 

a~ n-dimensional complex over A 1 if and only 
E-quadratic (.5tD,"S- (W)£Qn(9.D,E» 

if:tD is an n-dimensional A-module chain complex, that is if 

HO{D) = 0 , Hn +2 W) = 0 • 

lE-symmetric l{e,~) 
T~us the study of n-dimensional Poincar~ complexes such 

e-quadratic (C,W) 

ti:at H/C) = 0 , Wee) = 0 for r < i reduces to the study of (n-2i)-dimensional 

~(_)iE-Sy~etric 

ll-)iE-quadratic 
Poincare complexes 
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Given an A-module chain complex C define the suspcnsion chain map 

S : HomZl[lZ2] (~I,C t®A C) ---t HOOZl[Zl
2

] (1'1(-1,.,.] ,Ct®AC) =Cl HomZl( lZ2] (W ,se t®ASC) 

'" 1-----'0 ~(S"') s '" L "'s-l I s ~ 0 ~ ("'-1 = 0) 

S : \i®. (C~ c) -- \-1(1, .. ]~[lZ ] (C~AC) =n(~lZ[lZ ] (SCtcgASC» 
lZ( lZ2] A 2 2 

'V ~ {(sw) = \." 1 I s ~O ~ 1 s s+ 

~
'1( -1 ,1lO] ~ W(O,oo] = Vi, 

using the natural chain map so that there are 
W = W[O,oo] __ W[1,co] 

tlZ2-hyperCOhOm010gy 
induced suspension maps in 

Zl
2

-hyperhomology 

n n+1 
{S:Q (C,e:)~Q (SC,E) 

1 S : Qn(C,E)~ Qn+1(Sc,E) 

Now W[-ao, ... ] = Lim ~I[-p, ... ] so that the Tate 7};2-hypercohomology groups are the 
7 

direct limits 

an(C,E) = Lim Qn+p(SPC,E) 

~ 
of the directed systems of suspension maps 

Qn(C,E)~ Qn+1(SC,E)~ Qn+2(S2C,E) ~ ••• 

>lith J : Qn(C,E)_ an(C,E) the natural map. Thus the relation kerJ = im(1+T
E

) 

in the exact sequence of Proposition 1.2 cap. be interpreted as saying that an 

n-dimensional E-symrnetric complex (C,q>tQn(C,E» is the E-symmetrization 

(1+TE)(C,'V) of an n-dimensional E-quadratic complex \C,'VEQn(C,E» if and only 

if SP", = OE: Qn+p(Spc,E) for some p;> O. This is the IIII!chanism by which we 

shall obtain quadrstic information in the- topological context (in §2). 

7he exact sequence of Proposition 1.2.::.d ~ts a gcncr •. 11ization: 

Proposition 1.3 Given an A-module chain complex C there is defined in a 

natural >ray a chain equivalence of 7};-module chain complexes 

C(SP) ___ S(11(O,p-1]®::z[7};2] (C~C» 

for each p~O, with C(SP) the algebraic mapping cone of the p-fold suspension 

chain map 

sP HOm7};[lZ2](\1,C~AC)-SlPHOm7};(7};2J(.i,sPct0ASPC), 

and there is also defined a commutative braid of exact sequences of 7};-modules 

If C is n-dimensional then for p~n+1 

Q (SPC E) = ° Q[O,p](C E) 
n+p' n' ~(c,d 

and the braid collapses to the exact se1uence 

." 

An+1 ( ) H ( ) 1+Tc n J "n ) H ) ... ~Q C,E ---7~ C,E ~Q (C,d _Q. (C,E _ Qn_1(C,c ~ •••• 

~: Applying HomZl[lZ J ( .. ,C ~AC) to the chain equivalence of ZI[Zl
2
J-module 

2 
chain complexes 

SI-I[-p,-l] ~ C(\1[-p,""J __ W[O,~) 

arising from the split short exact seluence 

,re have a chain e1uivalence of 7L-module chain complexes 

t:(SP) C{lIom7};( Zl
2
J (W( 0,00] ,C t@AC)-----+HOr.tZl(7};21 (U[ -p po] ,C ~A C») 

~HomZl ZI ] (Svl[-p,-1],ctO\C) = S(I"/(O,p-1]%[ZI ] (Ct®AC» 
[ 2- 2 

To obtain the braid apply -~[7};2](C~AC) to the commutative diagrao of split 
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and consider the associated long exact sequences of homology groups 

( .. hieh are all special cases of those of Proposition 1.1 iii». 

[] 

Given A-module chain complexes C,C' there are defined ~ 

.§!:!!!! operations 

) " : ~~i,j](C,E)"~i\,j](C' ,E) ~Q~i,j](C"C' ,d 

le: Q~i,j](C,E)e't~i,j](C',£)_Q~i,j](CeC"E) 

The direct sum of n-dimensional (Poincare) complexes over A ~ 
E-symrnetric 

(\C ,~E~n(C ,E», 

t (C, 'I'€.'i
n 

(C,E», 

complex over A 

E-quadratic 

(C' ,'l',eQn(C' ,d) 1 E-symmetric 
is an n-dimensional (Poincare) 

(C', 'I"E;Qn (C' ,d) E-quadratic 

(c,<;»e(c' ,cp') (CeC' ,rpe'l' , €Qn(ceC' ,El) 

1 (C,'I'),,(C','I'·) (CeC' ,'I'e'l"€ Qn(C"c',El) • 

\

:7l.
2

_hyperCOhomOlOgy 

The :7l.2-hyperhomolo~J groups behave as follows under the direct sum 

Ta te :7l.
2

-hypercohomology 

operation. 

I 

I 
I 
I , 

I i 
i 

I ' 
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Proposition 1.4 i) Given A-module chain complexes CoD there are natural 

direct sum decompositions of abelian groups 

( Qn(CeD,E) ~ Qn(C,E)e1n(D,E)"Hn(C~AD) 

) Q (CeD,E) = Q (C,E)"Q (D,E)"H (C~AD) 

1 
n n n n 

Qn(CeDtE) = Qn(C,E)eQn(D,C) • 

The E-sYITmetrization (1+TE):~n(CeD,E)--+Qn(CeD,E) is an isomorphism on Hn(Ct®AD). 

ii) Given A-Llodule chain map" f,g:C-D th'fre are defined factorizations 

~ 
(f+g)% -I' - /' : Qn(C,E')~H (Ct®AC) f ~Ag • H (D\Ij'AD) ~ qn(D,d 

n t n 
t f@Ag t 

{f+g)", - f.,- &" : Q {c,d_H (C ~.C) • H (D ®AD) -----..-..,...0 (D,d 
IfJ /fJ ,0 "'n n r.. n "'n 

(f~)J, - f - i'" = 0: tin{C,E)_Qn(D,d 

with 

1X2.2!: i) Applying H
n

(Hom:7l.[:7l.
2

] {\"l[i,j] ,-» to the direct sum decomposition 

of :7l.[ :7l.
2

] -module chain complexes 

(C"D)~(C"D) ~ (C~AC)"(Dt~AD)e({ct~AD)e\D~AC» 

~Ie have a direc t sum decomposition of abelian groups 

Q~\,j] (CeD,d ~ Q~i,j] {c,£)eQ~i,j] (D,EleHn {H
om:7l.[:7l.

2
] {vl[i,j], (Ct0AD)e(Dt®AC») 

with T€.:7l.
2 

acting on (Ct~D)"(Dt®AC) by 

T~ : Ct 6bD eDt®.C _Ct~.D eDt 6bC (u~,~y)~({~)rsy~x,(_)Pqv~EU) 
~ p~ q r fi ss" r q~ p 

By direct computation 

and similarly for the other hlo cases. 

[] 



- 23 -

We can associate Wu classes to algebraic Poincare complexes by 

analogy 'Iith the \;u classes of geometric Poincare complexes. ~le shall relate 

algebraic nu classes to geometric~ rlu clasfles in §18 below. 

T E : A --- A a f------+ Ea 

i lZ2-cohomology 

and define the lZ2-homology groups 

Ta te lZ2-cohomology 

1 
~ Ar 

H (lZ2;A,El = 

f 
ker(1-TEIA-A) 

Hr(lZ2;A,El = ftr ( lZ2;A,E) 

o 

( 

coker(1-T :A-A) r = 0 
" +1 E 

Hr ( lZ2;A,E) = Iro ( lZ2;A,E) r ~ 1 

r < 0 

ker(1-(-)rTE : A --+ A)/im(1+(-)rTE : A -+-A) rE?b • 

The function 
Ar( ) ~( ) () -A><H lZ2;A,E ~H ?b

2
;A,E ; a,x t----+axa 

defines an A-module structure on Jr(?b2 ;A,E) (which is of exponent 2. and 

vanishes if 1/2 EA). The functions 

° ° ) A ~ II (lZ2;A,E) --4H (?b2 ;A.E) ; 

1.. A " HO( lZ2;A ,d --4 Ho( lZ2 iA ,E) ; 

(a.x)~ax; 

(a.xh-_ ax'ii: 

are not linear in A, and so do not define A-module structures. Uevertheless, 

~ 
HomA (M.HO(?b

2
;A.d) 

we shall write for the 
Hom

A
(M,Ho(lZ2;A,E» 

abelian group of functions 

calling such functions "A-module morphisms". vlrite 
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~hc co'lO::0101;:1 cl::.::;ses f e: HOC C) of an A-no'lule chain complex C r.."y 

-.:~ reg2.raec. es the ch<.:_~n hOI!lotoPJ' classes oi A-!:lodule chain IrlO.pS 

f : C ------+ Sm" , 

!-!:·crc Sr:J'~ is the "--wo~:lle ch&:i.n cO:Jplex c.efine·_~ by 

(sm,,) 
r 

~~e induced abelian group morphisms 

fA if r = Ii'. 
~ ° othen1ise 

~ 
cG. n () n ( ° f' • ~(i,j] C,E -q[i,j] S A,E) 

t 
<;> ~ (r 0Afh2m_n ('l'2 E CtlRlC ) m-n Ii1 A 0 

f;~: ,!~i,j] (C,El_~~i,j] (SmA,E) 1f~(rt&f)1V 2 
1\. n- m 

('if 2 ECtOllC) 
n- m mJ\. m 

depend only on fE:Ho(C), on account of the chain hOJ:!otopY' invariC1.nce of 

Proposition 1.1 i). Using the lZ(~2] -module isomorphism 

A -----+ A tCl\A ; a t---f- 1ea 

as an identificaticn ,le have t!1at these tlorphisms ta!m values in 1 R2_n-i("'2·A.(-)~i,) if 2tl- n< j li 

( ( )n-m+1 I 
Q~i,j] (SoA,E) 

Ho lZ2;A, - El if 2rl- n = j i 

l: if 2", - n = j i 

otherllise 

~
Hn_2r;J_i(Z;;2;" .• (_)m_id if n-2n(jl i 

.• 0 n-n+1 
..,(i,jJ (!:! ) _ Jl ( lZ2;A,(-) E) if n- 2m= ji i 
". s A,E -

n A 1.f n - 2m = j = ·.i 

o other>lise 

f
E-symmetric 

Define the .!:!h E-guadratic Wu class of an clement 

E-h;yperguadratic 

:or "one i,-nodule chain conplex C to be the A-nodule [loryhisn 

(f:C ~.~" " Ij EC
t 

®,C ) 21-r ~ t t;. ~:-?r' 2r-n' ~ n-2r n-r J~ n-r 

o i2r> n 
fa:=- t and th~ t the :·:t~ clas:-:es r:~ tisf:,r the addition 

2r< n o 
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~ (1+1'(_)""£)(ft®Ar:>'~OEol[O(~2;r,,(-)rg) i" '" 2r 
v_t",)(f+!') - vrt)(r) - Vr (I7)(g)" AO r :if 
" om (2(:;2 p\, (-) d " > 2r 

~(ft®fS)(hT£)'I'0€;;0(:Z2;A,(-)r£) rr" 2r 
vr('i')(f+C;) - vr('i')(f) - v r (1;I)(g) = "0' r+1 if -

OEE (lZ2;A,(-) d n<2r 

vrCO)(f+G) - vr(O)(f) - vr(e)(c) = OE:i\0(:~;2;A,(-)r€) (rE:lZ) 

',"1:0 ]-In classes are compatible "i th all the Claps appearing in the braid of 

Proponition 1.3. In particular, the vlu classes comnute \"Iith the suspension maps: 

n vr n-r( ) n-2r( (n-r ) q (C,£)---"--}) HomA(H e ,H lZ2;A, -) £) 

5 ! 15(= id. if n>2r) 

Qn+1 (sc ,d __ V=-r_~) Hom
A 

(Hn - r +1 tse) ,If-2r+1( lZ2 jA, (_)n-r+1E» 

Q
n 

(C,E) v
r 

) nomA (Hn-r(e) ,H
2r

-
n 

(lZ2 jA,(_)n-r £» 

5 1 1 5(= id. if n<2r) -

v
r 

(n-r+1() ( )n-r+1 }) Qn+1(se,d---'--~)HomA H se ,H2r_n+1(lZ2;A, - E 

and also \1ith the slceH-Guspension isomorphisms: 

n v r n-r • .n-2r n-r q (e,2)-~HomA(l! (C),tl (lZ2;A,(-) d) 

S 1 1 i<'. 

n+2 v r+ 1 n-r+ 1 ..n-2r( n-r 
Q (sc,-d >I1omA(H (se) ,11 lZ2;A,(-) El} 

The cor..lposi te 

1+T v 
Qn(C,£) £ ) qn(C,£) ~lIomA(If1-r(e),Ir"-2r(7h2;A,(_)n-r£) 

ie 0 for n I 2r. t'or n = 2r there is defined a cOJ:1lllUtative diagram 

1+T£ 2 
Q2r(C,E) ~ et r(e,£) 

v
r 1 hT( )r Ivr 0 

llomA (Hr(e), Ho( 7h
2

;A, (_)r E) - £ ~ llomA (Hr (C) ,H (liZ
2

;A ,(_)r £» 

Tilere is lllso defined a com~~t2tive dia"ram 

"n+ 1 (C, E) r+1 )]!or~A (n,,-r lC) ,iir+1U~;2;A ,E)} 

Hl r !H(=ic:l.:if2r>n) 
v n-r n-r 

1 n (C,£) --~ HomA CH (C) ,H
2r

-
n 

(Zl2;A, (-) £» 
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Given a morphinm of rings "lith 

f:A~B 

13 ) regard B as a tB,A)-bimodule by 

B"BxA __ B; (b,x,a)l----+b.7..f(a), 

so that an A-module H induces a n-module ~J.l, ~!ith ~A = B. If f is a :norphism 

of rings \-lith involution, ~;ith 

TIiil' = f (a) E B (a EA) 

then for any f.g. projective A-module II there is defined a nntural isomorphism 

of f.g. projective B-modules 

B~H·~(I~A~I)· ; 'b®gt-->- (~m\--H.fG(m).ii) • 

For any A-module chain complex e there are defined natural 7h-modulechain maps 

e --+B~e ; x~ 1®x 

C·_(B~e)· j g~(~x ~ b.fg(x» 

}

hOtlOlO:;V 
inducing the Change of rinGS rmps in 

cohomology 

) f:I1.(C)~H.(BI\.e) 

2 f:lI·(C)---+-II·{~e) • 

-1 ' 
If £~.I\ 15 a central unit such that E = £ EA and such that J= f(£)~B is 

- -1 central (necessarily such that f) = 'I E B) then therc are also induced change 

of rings ClapS 

1
" -sym;::e tric 

,.,-11'1ensional I (Poincar.n comple>: over 
~ -quadra tic 

B (~(e,'l') = (B®Ae,~,?) 
1B~(C,~) = (B®Ae,1~) 

7b" Uu classes renain invarinnt under chance of rinrs, in t',e sense that the 

i'ollo":.Tinr diar.;-rao cor.t;~:ltes 

a"cl ni::lilarly for 
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W~ now specialine to the study of algebr~ic Poincare comple~es in 

dimensions 0,1. 

\

C-Symmetric 1 (J.!,!p) 
An for~ Over A is a f.g. projective A-module M 

e:-1t1adratic (H,';I) 

C<p€-Qe:(H) = ker(1-T :HomA(H,H·) -->- Hom
A

(r1,H.» 
with an element) e: 

1'V<:'~e:(11) = cOker(1-TE:Ho;nA(M,I1*)~HomA(H,l'I-»' 
together 

where Te: is the e:-duality involution 

and 

Te: : HomA (M.H·)-llomA (H,W) ; !p~(C<p· : x~(y~ e:.",(y)(x»), 

ill' E HomA (M,I1·) 
it is non-singular if 

(1+Tc}'I' € Hom
A 

(M,lI-) 
is an isomorphism. 

A morphism (resp. isomorphism) of such forms 

\f: (11,!p}~(M','I") 
tf : (J.I,'V)~ (H' ,'11') 

is an A-module morphism (resp. isomorphism) f ~ Hom
A 

(H,W) such that 

<PEQC(H) 

'IIE.Qe:(n) 

The above definition of an c-quadratic form over an arbitrary ring 

\1ith involution A is a generalization due to Wall, ~6] of the definition due 

to Ti ts [1".] for division rings A, which itself goes back to the work of 

Klingenberg and vlitt [1.] on the invariant of Arf [1J for A = ~ • 
As explained in W~ll [6] this definition is equivalent (up to ieomorphism) 

to that given in §5 of \,lall [5]., as a triple 

(f.g. projective A-module M'AEHomA(H,H-)'rH~HO(ZZ;~;A,E)} 

such that 

';\(x}(x) = 1<x) + e:f(x)~ HO(ZZ;2;A,E) 

l(x)(y) = ?(x+Y) - )A(x) - t<y)~1l0(ZZ;2;A,E) 

r(ax) = ar(x)a e.HO(7h2 ;A,e:> b:,y,;H, a EA} , 

with the transformation (lI,'I')~(r4'~'r) given by 

~tx)(y} = v(x)(y) + e:v(y)(~)~ A 'r(x) = 'I'(x){x)E:Ho (7h
2

;A,e:> (x,YEH). 

This definition of e:-quedratic form is also equivalent to, but not quite the 

same as, the de fini tion of Ranicki [1 .1 - c f. the discussi on in §12. 

l
~-s:ymmetric 

?rouonition 1.5 The homotopy eluivalence classes of 0-dirnensional 
e:-quadratic 

(Foincar~) complexes over A are in a natural one-one correspondence with the 

t 
e:-symmetric 

isomorphism classes of (non-singular) forms over A. 
e-quadratic 

~: The ~-duality involution 

agrees with the e:-transposition involution 

T • M· t 0 W~W~ M-E: • A A 

under the slant map isomorphism 

'\. M.t<8}..W~HomA(}I,H·); f®g~(x~ (yf----->-g(y).TIi)'» -

for any f.g. projective A-module M. Thus for any 0-dimensional A-module 

chain complex C ~Ie can identify 

'" Qe:(HO(C» 

'" Qe:(HO(C» 

[

e:-sYf'..metric l(H,!p) ia fixed point 
~n form can be thus considered as 

e:-quadratic (1-1,'41) an orbit space 

~!:te e:-duality involution Te: on HomA(M,H·), corresponding to a 

class , and defines a ~ 
Zl2-cohornology l'l'€ HO(7h2 ;Ho.mA(r"I,W» = QE(!1) 

7h
2

-homolrygy '4' E.Ho(7h
2

;HomA(I1,M.» = Qe:(m 

i
C-Symnetric 

D-dimens:;'onal 
e:-quadratic 

of 

;:ote that the quadratic functions associated to the forms are just the Wu 

classes associated to the algebraic Poincar~ complexes 

( A = 
~" jA= M 

HO(C)--~O(7h2;A,e:) 

HO(C}~HO(~;A,e:) 

X~'I'(x)(x) 

x t--'> 'II(x){x) 

[] 
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lan E-symmetric form over A (H,qI) ~ metabolic 
Given define the 

a f.g. projective A-module L hYperbolic 

{

E-SYlllr.Jetric 
non-singular form over A 

E-quadratic 

\ nE(M,<p) = (WeB, (: 

( HE(L) = (Lt>L*, (: 

: )€QE(M*el1» 

:)e QE(LeL*» • 

E( E We shall .,rite H L*,O) as n (L), eo that 

HE(L) = HE(L*,O) = (1+T
E

)H
E

(L) • 

~
E-Symme tric 

Given an 
E-quadratic 

submodule L of H to be 

ker(j*qI:M ~ L*) 

ker(j*('V+E'V*) :11 _L*) 

the annihilator of a 

is a direct 

so that L<£LJ. and Y. ie a direct summand of M. A lagrangian is a sUblagrangian 

L such that LJ. = L, i.e. such that the sequence 

is exact. For example, L is a lagrangian ~
E-SYmmetric 

in fact an 
E-quadratic 

form is isomorphic to a form if and only if it admits a lagrangian: imetabolic 

hyperbolic 
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Proposition 1.6 The inclusion of a sublagrJngian L in an form 
{ 

E -symmetric 

amorphism 

(L,O)- (N,qI) 

(L,O) --'0 (11,'1') 

.,hich can be extended to an isomorphism 

HE(L* ,e)e(Ll-/L,(jI.L/<p) - (11,'1') 

HE(L)e\L.L/L,<p.L/q» - (M,q» 

E-quadratic 

If q>40im«1+T
E
):QE(11)_C{On> then j:(L,O)--+(H,<q) extends to an isomorphism 

f : HE(L)e\L.I./L,<p.L/(jI) -- (~I,(jI) • 

f
E-symmetric 

~: A morphiem of forms 
E-quadratic 

(N,JJ) ~ (n' ,vI) 

(N,\)~ (N',\,) 

non-singular extends to an isomorphism 

f<g g.L): (N,v)e(N.L,JJ.L)_(N',P') 

1 (g g.L): (11'\'''(N.L,~.L)_(If',\·) 

~
N.L = ker(g*,,':N'--- N*) 

.,ith g.LEHomA(NJ.,N') the inclusion of 
N.I. = ker(g*('\.' + E,,*):11' -N"') 

is split 

and 
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1
£ -syr..me tric 

The inclusion of a sublagrangian L in an 
£-quadratic 

extends to amorphism 

(j k) : H£(L· ,k.<pk > = (L4L" , (Oc 1) > • (11,q» 
\ k"q>k 

(j (k-E'jk"Vk» H£(L) (LeL" , (: :» --(M,V) 

with k EHom
A 

(L" ,H) any A-module morphism such that 
P"ljIk = 1 EO. HomA (L" ,Lo) 

!j"(V+£'I'O)k = 1 EBomA(L·,L") 

{ 

H£(L •. ,k'<Pk) 
1I0w is non-singular, so that g extends to an isomorphis"!. 

H£(L) 

( f = (g h) 

1 f = (g h) 

If q>fil!!({1+T£):Q£(!'I)--..Q£(H», say q> = V+£V· (VE~(M», then there is defined 

an isomorphism of metabolic forms 

which is the identity on L, so that the inclusion j:(L,O)--(n,<p) also extends 

to nn isomorph.ism 

(with g' 

f' = (g' h) : H£(L)e(L.1/L,q>1./q»~ (M,q» 

(j (k - E'jk"Vk» : u.L·~ 11). 

[] 

~ 
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An formation over A UI,q>; F ,G) is a non-singular 
£-guadratic 

~ 
£-symmetric 

form over A (~I,q» together ~rith a lagrangian F d bl £-quadra tic an a su agrangian G. 

A formation (M,q>;F,G) is non-singular if G is a lagrangian. An isomorphism of 

formations 

f : (}\,~lF,G)- (M' ,q>';F' ,G') 

is an isomorphism of forms f:(M,q»-(l'!' ,cp') such that f{F) 

A stable isomorphism of formations 

[f] : (M,cp;F,G)--.(H',cp';F',G') 

is an isomorphism of the type 

F', f(G) 

f : (l1,cp;F ,G)e(N,V1H,K)- (M' ,cp' 1F' ,G' ).,(N' ,V' ;B' ,K') 

G' • 

with (N,'I';B,K),(N',V';H',K') non-singular formations such that N=HeJC,N'=R'eK'. 

Formations first appe!!-red (as "pairs of subkernelstt ) in the work of 

l'Iall [1] on the classification of linking forms (for A = ~) - the relationship 

of formations to linking forms is discussed in §13 belmr. The odd-dimensional 

surgery obstruction of §6 of vlall [·5] was obtained as an equivalence class of 

the matrix of an automorphism of a hyperbolic :!:.quadratic form (alias "kernel") 

()( :B:!:.(L)--lI:!:.(L) with L free. The work of Novikov [2·] made apparent that only 

the structure of the non-singular :!:.quadratic formation (H:!:.(L)lL,«{L» was 

relevant. Horeover, the proper surgery obstructions (Haumary [1.], see also §12 

below) in the odd dimensions are given by equivalence classes of non-singular 

:!:.quadratic formations (M,V;F,G) with f.g. projective lagrangians F,G for which 

there may be no automorphism Ol: (11,"') --(11,'1') such that ",(F) = G. 'rhus 

formations cater for a wider range of surgery obstructions than automorphisns 

of hyperbolic forms. The algebraic properties of :!:.quadratic formations ~lere 

studied in Ranicki (1 ]. 

f 
£-symmetric 

A 1-dimensional 
£-quadra tic 

connected if 

• In particular, Poincar{ complexes are connected. 

° 
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Proposition 1.7 The homotopy equivalence classes of connected 1-dimensional 

E-symmetric complexes over A are in a natural one-one correspondence ~/ith the 

stable isomorphism classes of E-symmetric formations over A. Poincar~ complexes 

correspond to non-singular formations. 

Proof: Let C be a 1-dimensional f.g. projective A-module chain complex 

• d C ..... ~ 0 ~C1~CO--Jo'O-..-,.. •••• 

A cycle 'I'~Hom7Z[7Z2](li,RomA(c.'C»1 representing a 7Z2-hypercohomologyclass 

<P~Q1(C,E) is defined by A-module morphisms 

o 1 
C ------ C1 ,~o : C -- Co ' '1'1 <Po 

such that 

d190+<POd·= 0: CO-CO' d191 -rtO + e:190 =0: C
1
-CO ' <P1-E'I'; = 0: C

1 
-- C1 • 

( 1-. The algebraic mapping cone C 'l'O:C ~ C) can be expressed as 

(Ed IPO) = (e:'90 d) (~ 

If (C,<p) is connected ./e thus have an e:-symmetric formation 

E 1, 0 1 (0 (H (C ,<1'1' ;C1 'C ) = (C1f1C, e: 

which is non-singular if (and only if) (C,'I') is Poincare. 

Given a homotopy equivalence of f.g. projective connected 1-dimensional 

e:-symmetric complexes over A 

defined by a chain equivalence 

C 
••• -40 -f11 --'-.;I"~ 0 

~ ... 
f1 
C': ••• ---'- 0 ~C1 d' c' -----..0 --+ -0 

we have that the algebraic mapping cone 

(f) (d' -r) 
CC!) : ... __ 0 -'> C, ~qflco ----+. Co -- 0 - ••• 

is chain contractible. Choosing a contraction of C(f) 

... --" 0 ~ Co (!) .q .. C
O 

(f' g') .C
1

- O~ ••• 
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there are defined inverse A-module isomorphisms 

where e' = -f€HOmA(CO'CO)' Choosing representative cycles 

<P €.Rom7Z[?h ] (W ,HomA (C· ,C» 1 ' 
2 

19'E: Hom7Z[?h
2

](W,HomA(C'",C'»1 .,e have that 

= d\ E. Hom7Z[?h ] (W ,RomA (C'" ,C'»1 

for some 

A-module 

~C'I') - <p' 
2 

Chain\€.Hom?h[?h ](W,HomA(C·,C»2' which is represented by an 
2 1 

morphism \O€ HomA (C' ,C~) such that 

f<Por· - '1'0 = -'ud'· : c,O_q 

fcPO f " - iiio = d'\o : C,1--CO 

f f., • C,1~C' 
'1'1 - '1'1 = '0 + E ~o : 1 

The A-module isomorphism 

o fU 

o g'. e'· 

defines an isomorphism of E-symmetric forms 

E10 (10) h : H (C .C' ,'1'1.0) ---~H (C' flC ,'1';,,0 

such that 

and such that there is defined a commutative diagram 



- 35 -
of E-symmetric formations 

h : (HE(c1,"'1);C1,CO)"(HE(CO);Co'C'0) 

----~. (HE(C,1 ,<pP;e; ,C,o)e(HE(C
o

) ;CO,CO) 

and hence a stable isomorphism 

Ch] : (H
E(c1,"'1);C1 ,CO) ----(HE(C,1,"'.p;c~,C,o) 

of the E-symmetric formations associated to (C,,,,) and (C',,,,'). 

Every E-symmetric formation is isomorphic to"one of the type 

(nE{F",);F,G) ~by Prop~sition 1.6) and so determines a 1-dimensional 

E-symmetric Poincarl complexes (C.'l'EQ 1{C,E» as follO\1s. 'trite the inclusion 

of G in F.,F" as (~): G ---->F.,F*, and let 

C1 = F , Co = G" , d = r*E. HomA(F,G") , Cr = ° (r -I 0,1), 

"'0 = EIEHomA(G,F) ,~O =~"+ f).E.nomA(F*,G") ,11'1 = ;tE.HomA(F~,F) • 

Given a stable isomorphism of E-symmetric formations 

Ch] : (HEtF",~.);F,G) ---,>{nE(F'·,~');F' ,G') 

let 

h: (HE(F",}');F,G)e(HE(P)jp,P")----+ (HE(F'*,}.')jF' ,Gt}e(nE(pl);p' .p'!) 

and write the restrictions of h to the (sub)lagrangians as 

G.,p· --G'eP'" , 

denoting the inverse isomorphisms by 

(

a' -1 
ex = 

a' 2 

a') 1 : F'.,P'---F.,P 
a' 

3 

-1 
'f = (

b' 

b' 2 

Then there are defined inverse A-module isomorphisms 

sO that the chain map f:C---.C' defined by 

C': 

1'" 

... -0 --a1 -,~F~~~O----' .. ' 
••• ~O--)-F' L-4-G··~O ----?'" ••• 

- 36 -is a chain equivalence, defining a homotopy e1uivalence 

f , (C,tp)--.{C','l") 

of the connected 1-dimensional E-symmetric complexes associated to 

(HE(F",),.);F,G) and (nE(F'",).')jF' ,G'). 

[] 

Given a 1-dimensional E-quadratic complex over A (C,WEQ,(C,E» 

\-:1th C a f.g. projective A-module chain complex 

C : ••• _0 -C1~CO-o ~ ••• 

\'le have that the Zl
2

-hyperhomology class '4I(Q1 (C,E) is represented by A-module

morphisms 

such that 

d"'O + .Odo + ", -

The algebraic mapping cone 

o 
EW1 = ° : C - Co 

C«1+T
E

)W
O

:C ,-.~ C) can be expressed as 

o("E",~:f;o) 1 (Ed (.O+E"'c,» = (("EVo+ro)· d<~ :) 
O~C , C1eC > CO_O 

Thus if (C.",) is connected there is defined an E-quadratic formation 

which is non-singular if and only if (C.W) is Poincar~. The formation 

(HE(C
1

);C1 ,CO) does not involve "'1' In Proposition 1.8 beloHlle shall 

show that" homotopy equivalence classes of connected 1-dirnensional 

E-quadratic complexes correspond to the stable isomorphism classes of 

E-quadratio formations together with the extra structure afforded by '411 ' 
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Given a f. g. projective A-module 11 and a direct summand L define 

the abelian group 

\ ('V, O)EllomA (H,W) .. lIomA (L,L') I j*'I'j = 0 - e:0"1 

~ (\ - e:r ,j+~j + v+ e:P") I (' ,V) EilomA O-I,I1+).,uomA (L,L*) 1 
so that there is defined an exact sequence 

d jot 
Qe:(M,L) - Qe:(l{)~QE(L) 

with jEHomA(L,M) the inclus~on and 

a: Q£(H,L)~QE(M) ; ('V,a)._ .. 'II 

A ~ for a sublagrangian L of an e:-quadratic form (11,'I'EQE(M» 

is a choice of lift of 'I'€Qe:(M) to an element ('I',O)EQe:(M,L) such that 

()('V,O) = 'l'eQe:(H). Every sublagrangian admits hessians, since j*"j =-OeQ.£(L), 

but they are not unique. A connected 1-dimensional £-quadratic complex 

(C,'I'€Q1(C,E» (as above) determines an E-quadratic formation (1I£(C
1

);C
1

,CO) 

together ~1ith a hessian ( (: 

A split E-quadratic formation over A (F,G) = (F,«~),e)G) is an 

£-quadratic formation over A (IIE(F)jF, im«(~):G-+F.F.» (with- (~):G --':"'F.F. 

the inclusion) together with a (-E)-quadratic form O£Q_£(G) su~h that 

~',.. = 0 - EO" E. HomA (G,G·) 

~his determines a hessian ( (: 

(I-lEHomA(G,G.) is the composite 

( :) c: ) (~. p') 
5· ~ : G ~ F .. F· ,. F·.F , G· 

(;-/arning: our use of "split" accords \11th the usage of Sharpe [2 J, but not 

that of \~all [9]). 

An isomorphism of split E-quadratic formations over A 

(o.,~'II): (F,G)~ (F' ,G') 

is a triple consisting of A-module isomorphisms ttEllom
A 

(F ,F'), pE:llom
A 

(G,G') 

and a (-E)-quadratic form (F','I'EQ (F'» such that 
-E 

- :;8 -

«0 + IX('I'-E'I'*H r. = ~'I?> G -F' 

fi!""f4 = }'-' P. G - F'" 

o + ... ·"'tt= ~·O'~EQ_e:(G) • 

A stable isomorphism of split E-quadratic formations 

[ot,(I>."'J : (F ,G) -----..(F' ,GI) 

is an isomorphism of the type 

(oc',~,'I') : (F,G).(P,p·) , (F' ,G').,(P' ,P") 

for some f.g. projective A-modules P,P' with (p,p.) = (P,«(~),O)P*). 

Proposition 1.8 i) The homotopy equivalence classes of connected 1-dimensional 

~-quadratic complexes over A are in a natural one-one correspondence ~ith the 

stable isomorphism classes of split"E-quadratic formations over A. Poincare 

complexes correspond to non-singular formations. 

ii) A stable isomorphism of split E-quadratic formations 

[,,!,,~,"'J : (F,G)-----+(F',G') 

gives rise to a stable isomorphism of the underlying E-quadratic formations 

Conversely, every stable isomorphism of E-quadratic formations [fJ Can be lifted 

~non-uniquely) to a stable isomorphism of split E-quadratic formations [~,~,'VJ. 

iii) Given connected 1-dimensional E-quadratic complexes (C,'V),(C' ,'11') and a 

homotopy equivalence of the £-symmctrizations 

such that 

~('I') - 'V' 

for some afiQ2(C',E) 'lith 

~1(a) = 0 : H\C,)~~1(7Z2;A,E) ; x \----Po 6 0(X)(x) 

then there is defined a stable isomorphism bebleen the E-quadratic formations 

associated to (C,~),(C' ,~'). 
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Proof: i) + iii) Given a connected 1-dimensional E-'1uadratic complex (C,'IIE~,(C,E» 

VIi th C a f .6. projective complex of the type 

c: ••• --+O----..c1~CO---1'-O-+ ••• 

define a split E-quadratic formation 

o (E'IIo+Vo) 0 
(C"C) = (0,,(\ d. ,-('II,+dVo»O) 

If '11' '" '11 + H(0)EQ,1(C,E) for some 005Q2(C,E) then 0 is represented by A-module 

morphisms 
, 0 ~, 0 

00 : C -. C1 ' 0_1 : 0 _C, , 0_1 : C ->Co ' 6_2 : C ----+ Co 

such that 

Thus 

.... °0 + EeO = 0 , dO O - 0_1 - EO:, 

de_1 + 6_,d' + 0_2 - EO:2 = 0 • 

'lib = '110 + 0_1 

'Vi = '1', + 0_2 

o , 

If ~1(e) = 0 then 00 =?( - E'· for SOIJe ~fHomA(c1,c,), and there is defined an 

isomorphism of the E-quadratic formations associated to (C,'II),(C,'II') 

(
'0 e

1
0)__ (E"'IIo+Wo) 0 1 (IIE(C,) iC, ,im( d. :C -- C,eC » 

o 1 :C ~C,eC )} 

Conversely, Given a split E-quadratic formation (F,({~),6)G) 

define a connected 1-dimensional E-'1uadratic complex (C,'VfQ,(C,E» by 

C1 = F , Co = G· , d = r' tHomA(C1 ,co) , Cr = 0 (r f 0,') 

. 0 '" 1 0 ljio=E~~HomA(C ,C1), '110= O~lIomA(C ,CO>, "'1 = -OEHomA(c ,CO) 

for any representative eEHomA (G ,G') of Oe:; Q_E(G). 

The verification that 110r.lOtOPY equivalence classes of complexes 

correspond to st"blc isomorphism classes of formations proceeds as in the 

E-synnetric c~se (Proposition 1.7). 

! ! 
I 

i-
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ii) Given Rn isomo~phism of split E-quadratic formations oVer A 

there is defined a co~tative diagram of A-module morphisns 

~tith 

giving rise to an isomorphism of the underlying E-quadratic formations 

f : (liE (F) iF ,im«(~)=G ---->-F~F"» ~ (HE(F') iF' ,iOc(~:):G' --.F'eF"» 

Similarly for stable isomorphisms. 

Every E-quadratic formation is isomorphic to one of the type (HE(F)iF,G), 

by Proposition 1.6, and choosing a hessian (C: : ),e)E Q_E<(p:G---'OFeFO
) 

for G in HE(F) there is defined a split E-quadratic formation (F.(~'O)G). 
Suppose given a stable isomorphism of E-quadratic formations 

as defined by an isomorphism 

f : (liE (F) iF ,G)e(H
E 

(p) i P,P") ---+ (RE(F') iF' ,G,) .. (IIE(P') i P' ,p'.) 

The restrictions of f to the (sub)lagrangians are A-module isomorphisms 

a, ) : F.,P-----)-F'eP' 
a

3 

now f Can be expressed as 

f 

for some A-module rnorphism 

. 



- 41 -
~:·.1 there is defin0d a commutative tlirlgrar.1 

It follo;·,s that 

:) + (~* 

~ (:~ 
a~d in ~articular 

s3 - cs; = b1~'·r'b1 : p.~p • 

G~.cose a "essian «(: : ),e')£Q_E«(~:):G'--F'eF,*) for G' in II
C
(F'), 

a~d define 

:~e iso~o~pbis~ of split E-quadratic formations 

(F (t"1s\e)G)e(p P·)---(F' «(W') eI}G')e(P' P") , \~f' , 1'" , , 
defines a sta=le isomorphism of split E-quadratic formations 

[cc,~,'l'] : (F,G) ------+~ (F' ,G') 

cO"l~ring the stable isomorphislJ of E-quadratic forIJa~ions [f]. 

[] 

7he extr~ structure afforded an E-quadratic formation by a choice of 

~.essian is re1uired for the uniqueness of glueine; of (-E)-quadratic forns, 

as <'.ofi"ed in §5. '!'he choice of hessian does not affect the cobordism class 

(~ s:J.rcer:I obstruc tion) of the associated 1-dirnensional E-quadratic POincare 

co::!pley. defined in §5 belo", but it is needed for the relative L-theory of §10. 

~2. ~uadra tic topolop;;r - 42 -

Hri te the singular chain cornple" fune tor as 

C( ) : (~opolobieal spaeesj~(lZ-module chain complexes); X~ C(X). 

Given a co=utative ring R (',lith 1) there is also defined an R-module chain cornple 

-.Ie shall "rite the homology and cohomology R-modules as 

H.(C(X;R» ~ H.(X;R) • H·(C(X;R» = H·(XiR) 

(using the identity involution on R for the dual R-module structure). For R =lZ 

write 11. (X; lZ) = H.(X) , H·(X;71) = H*(X). Standard acyclic model theory gives: 

Proposition 2.1 i) There exists a functorial diagonal chain map 

t::J : C( iR) ~Hom71[lZ ](W,C( iR)®RC( iR» 
2 

that is for each space X there is given an R-module chain map 

tx : C(X;R) __ Hom
71

[71 ](W,C(X;R)~C(X;R» 
2 

such that for each map of spaces f:X---,Y there is defined a commutative diagram 

AX 
C(X;R)------+Hom71[71 ] (W ,C(X;R)0RC (X;R» 

flAy 2 1 ~ 
C(Y;R)-----..Hom71[lZ ] (i'l,C(Y;R)OlRC(Y; R» 

2 
with TE.712 acting on C(X;R)®RC(X;R) by 

T : CpeX;R)~Cq(X;R) __ Cq(X;R)~Cp(X;R) ; JO®y~ (-)pqy®x • 

il) Any t,,/O such functorial diagonal chain maps Ad" are related by a 

functorial chain homotopy 

hlhich is itself unique up to functorial homotopy). 

Recall that the Steenrod squares of a space X are defined hy 

~(X; 7l
2

) ----+Hr+ieX; 7l
2

) i 

(] 

eC:Cr(X;712)~lZ)~(Sqi(c) = (~c)6X( - )(1
r

_
i
): Cr+i(X;71

2
) ---} lZ2 

J71[lZ] (r~ i) 
"11th 1

r
_i E' \'/r-i = I 0,2 the generator, and f.x any of the diagonal chain 

(r (i) 

maps given by Yroposition 2.1 i) for R 712 • The fune tional Steenrod squares 
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of a map of spaces f:X~Y are defined by 

-_ cOker«Sqi f') : Hr-\X;lZ2)eIf+i-1(Y;lZ2)-w+i-1(Xi7b2» 

(c :C( Y; lZ2)r ~ Z1:2 ) 

i ~(Sqf(c) = (g®g){1x(-)(1 r - i -1)'" (1~dx)l>x(-}(1r_i)}'" hf: C(Xi lZ2 )r+i_f'· lZz) 

(cf = gdx : C(Xil'b2 )r----'> l'b2 ' g : C(Xil'b2 )r_1 ~Z1:2 ' 

(c®::)lly( - )(1 r - i ) = hdy : C(Yil'b2 )r+i---'Ol'b2 , h: C(Yi~)r+i_1 '---"l'b2 ) 

(Theorem 16.3 of Steenrod (1]),. 

Let n be a group, R a commutative ring (with 1). 

Given a group morphism w:n--'> l'b2 = f±1} define the w-t\<isted involution 

on the group ring R[n] 

: R(n]~R[n] (n E:R) 
g 

calling it unt\<isted if ., = 1 is trivial. Given an R('l]-module H let wH 

denote the H['lJ-module defined by the additive group of H with R[n] acting by 

R[n] x wM ~ ~IM ; ( E n g,x) I---->- E n W\g}(gx) • 
g~n g g€1t g 

Then (~lH)t (resp. (~IN)') >lith respect to the unhlisted involution on R[tt] 

is the sate as J.lt (resp. I,,·) ,dth respect to thc \<-t\<isted involution. 

A .. -action on a topological space X is a continuous function 

<-lith the discrete topology on n}, such that 

(ghh = g(hx) , 1x = XEX (x~X, g,h£n). 

The horr.olog"! and n-cohomology R[n]-modules of X are defined by 

H.(XiR) = H.(C(XiR» , HO(XiR) = H*(C(XiR» 
. n 

~Iith the induced H[nJ-module structure on C(XiR) and the untwisted dual -. R[TtJ-module structure on C(X;R) = HO"'R[n](C(X;R),R[nJ}. For R" l'b\<rite 

H. (X; lZ) = H. (X) , 11; (Xi lZ) = H; (X) • 

Define also the homology and n-cohomology R-modules of X with coefficients 

in an R[ltJ-~odule V. 

H~(X;N) = H.(C(XiH» , H;(X;li) = W(C(XiM» 

>11th C(X;lc) = Ht~R[nJC(X;R). In particular, for 14 = R[n] 

H:(XiR[nJ} = I!.(X;R) , H!(X;R[nJ} = H:(X;R) , 

• 44 -If .. :n---+lZ2 is a group morphism as above we have natural identifications of 

R[lt]-modules 

~'H.(XiR) = H.(wC(XiR» , wn;(XiR) = W(wC(XiR» , 

the latter using the natural R(lt]-module isomorphism 

liHO"'R[lt] (C(X) ,R(n]) ~H0"'R[n] (wC(X) ,R[nJ) i f~(xr---">gIltw(g)ngg) 

(f(x) = E n gE: R[lt] , n ~R) 
gEn g g 

Given a pointed topological space X define the quotient R-module 

chain complex 

C(XiR) = C(XiR)/C(pt.iR) 

and write the reduced homology and cohomology R-modules as 

H.(Xi R) = H.(C(X;R» ij'(XiR) = H'(C(Xi R» 

For R = lZwrite C(XilZ) = C(X), H.(XilZ) = a.(X) , H*(XilZ) = ft·(X). 

Given a functorial diagonal chain map 

there is induced a diagonal cbain map 

AX: C(XiR) = C(X;R)/C(pt.;R) 

6 
- __ X-~~HomZZ[lZ ](\"I ,C(XiR) ®Rc(XiR»/HomlZ(Z1: ] (vI ,C(ptiR)~C(pt. iRn 

% 2 . 2 

(pr.) .. HomlZ[lZ ](I'l.C(XiR)~C(XiR» 
• 2 • 

with pr.:C(XiR)~C(XiR) tbe projection. Tben ~X is functorial on tbe 

category of pointed spaces and point-preserving maps. Given an (unpointed) 

space X define a pointed space by adjoining a point 

X+ = Xv~t.l 
'( ) (R) H· (X R) H.(X,·R), i·(X+·,R} end identify C X+iR C Xi , • +; H' (XiR), ~ = ~X' 

+ 
A It-space is a pointed space X with an action of a group It 

It )(.X--X i (g,xh---~gx 

such that g(pt.) = pt. €.X (sed. The induced R[lt]-action on C(Xi R) preserves 

C{pt.iR}£C(Xi R}, so that there is defined an R[lt]-action on C(XiR}. Also, 

there are defined reduced homology and n-cohomology R(lt]-modules 

it (X;R) = H (C(X;R» • it·(X;R) = H'(C{X;R» 
• • R 

and the reduced diagonal cbain maps b.x are R[n)-module maps, .d th the 

diagonal n-action on C(XiR~C(X;R}. 
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A R-map of n-spaces is a map of spaces 

f : X---->-Y 

such that 

f{pt.) = pt. , f( gx) = gf(x) € Y 

There are induced R[lt]-module maps f:C(X;R)_C(YjR) ,f.:n. (X;R) --i. (YjR) 

f' :HoCYjR)-Ho(XjR), and ;~X "t.yf:C(X;R) -Hom~pz ](~I,C(YjR)~C(Y;R». 
2 . 

"le have the following symmetric construction "'X' 

p".o'Oos~tion 2.2 Let n be a group, w:lt~~2 a group morphism, R a commutative 

rins, and give the group ring R[lt] the w-twisted involution. Regard R as an 

R[R]-I:lodule by 

::lorphisms 

such that 

R[lt] " R _R ; ( E n g,r)~( "Eltng)r • go: g gE: 

Given a R-space X there are defined in a natural way R-module 

i) for each xenlt(X;wR) 
n 

~x(x)o\-" xn-

(n~ 0) 

: "iir(X"R) _ it (X'R) 
It ' n-r ' 

ii) for each It-map of It-spaces f:X _ Y there is defined a 

co~tative diagram of R-modules . 
iIlt(x. wR) __ 'P-=x=--~) QnCC(X;R» 

:·1' . l' <Py 
H~(y;WR) ) Qn(C(YjR» 

iii) for each I:lorphism h:R_S of commutative rings there is 

defined a comcrutative diagram of R-modules 

Hlt(X,WR) 
'PX 

• Qn(C(X;R)) 

: j . ~ 
i{(x'wS) 

'PX 
• Qn(C(X;S» 

n ' 

in >thich the vertical maps are the change of rings h:R[lt]---7S[lt]. 

- 46 -

Proor: Applying R~R[nJ - to a functorial diagonal R[n]-module chain I:lap 

6X : C(X;R)_Hom~(~2](\i,C(XjR)®i(X;R» 

there is obtained a functorial ~-module chain map . 
Dx.: t· t •• 

R i&il[lt]C(X; R)--R ~[n]Hom~[7l.2] (vi ,C(X;R~C(X;R» 

= Hom~[7l.2](W,C(X;R)~[lti(X;R» 
inducing the required Zb-module maps in homology 

'Px = (OX). : Hn(Rt®.R(lti(X;R» = iI:(X;>lR) 
• t • 

-Hn(Hom~[~2](W,C(X;R) ~(It]C(X;R») 

[J 

Applying the symmetric construction to the It-space X+ obtained from 

a space with It-action X by adjoining a base point we obtain an absolute 

symmetric construction 

'Px ""'X : H:(X;wR) 
+ 

Applying the symoetric Wu class operations vr of §1 to the symmetric 

construction for It = f1}, R = ~2we obtain the Steenrod squares: 

Proposition 2.3 Let X be a (1!-space. The composite 7l.Z-module morphism 

• cPX n' vr ·n-r n-2r 
Hn(X;~2)- Q (C(X;71.2»~Hom~2(H (Xj7l.

2
),H (71.

2
;7l.

2
» 

J H

o

Om71.2 oin
-

r 
(X; 7l.2 ) ,7l.2 ) if n ~ 2r 

l if n<2r 

is given by 

vr(.pX(x»(y) =<Sqr(y),x>~71.2 

~Jith < ,> the Kronecker product. 

The suspension of a n-space X is the reduced suspension 

EX " X" S 
1 

" X x S 1jX )( pt. v pt.}< S 1 

(] 

with the trivial It-action on S1. The relative Eilenberg-Zilber theorem gives 

a functorial ~-module chain e1uiva.lence on the category of pointed spaces X 

• • 1 1 1 
E: C(X)®:;ze(S )~cCxxs ,Xxpt.upt.xS) 

uniluely up to functorial chain homotopy. Evaluating on a fixed cycle lli C1 (S 1) 
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• 1 

cenera ting H1 (S ) " ~ and composing >li th the chain map induced by the 

collnpsinc: "'.ilp c: (XxS 
1 

,X'pt.upt.' S 
1

) ---->- (EX,pt.) there is obtained a 

functorial ~-module chain map 

uniquely up to functorial chain homotopy, inducing the suspension isomorphisms 

E : H'_1(X)~H.(I:X) 

in homology. Furthermore, if ~W:\. ~W®7f,~1 is the diagonal 7h[~2]-module 

chain map defined by 

and lIx:C(X)- Hom7h[~ ] (W,C(X)~C(X» is one of the functorial IZ-module 
2 

chain maps described above then acyclic models give a functorial 7h-moaule 

chain hOffiotopy uniquely up to functorial homotopy 

Ox : i, 1E~~"'~(¥~1) 
XxS 

: C(X)®7hC( S 
1

) ----..Hom~( ~ ] (\-/,C(X.><S 
1 ,X"pt.~pt.x S 

1 
>®7f,C(XJ<S 

1 ,X~pt.upt .XS 
1 ». 

• 1 2 % 
Evaluating on l~C1(S ) and composing ,rith the chain map c induced by the 

collapsing map c there is obtained a functorial 7h-module chain homotopy 

uniquely up to functorial homotopy 
Cl • c!. • • •• 

r X " c"h( - ®l) : l\XEX~ E'~s~ : SC(X)--+ Hom7h[7f, ] (W ,C(EX)~C(EX» 
2 

Hith S the algebraic suspension chain map of §1 

S : SHom7h[7f, ] (vi ,C (X)!2l7f,C (X» _Hom7h[7h ] (\'1,SC(XJ@7f,SC(X» 
2 2 

Thus for a 1<-space X .,e have functorial 7h(1<J-module chain maps 

EX : SC(X)----+C(EX) 

inducing isomorphisms in homology, and for each such chain map a functorial 

~[1<]-"lOdule ch"in homotopy 

• % • 
r X : AEXEx ~ E~S6x : 

The chain map is unique up to functorial chain homotopy, and the chain homotopy 

is unique up to functorial hO[!lotopy. Applying R~7f, - '-le have the same 

types of "'~p for any coefficient ring R. 

I : 
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Thus- the algebraic and geometric sUBpebsion operations correspond to each o.ther 
under the symmetric construction. 
Pro~osition 2.4 There is defined a commutative diagram of R-modules 

for any It-space X, commutative ring R, group morphism ~1:lt-7f,2' 

~: The underlying chain maps are chain homotopic. 

[] 

A It-space X is n-dimensional if C(EPX) is an (n+pJ-dimensional 

7f,[ltJ-module chain complex for each p~ 0, >lith EOX = X by convention. 

For example, if X "y for some covering Y of a finite n-dimensional 
+ 

tresp. finitely-dominated) CW complex Y with group of covering translations It 

then EqX is an tn+q)-dimensional (resp. finite-dimensional) It-space, q~O. 

If X is a Unite-dimensional It-space then C(EPx;R) = R~7f,C(EPX) = R[lt]®7h[lt]C(EPX) 

is a finite-dimensional R[lt]-module chain complex for any coefficient ring n, 

and the suspension chain maps EX:SC(X;R)~C(EX;R) are R[n]-module chain 

equivalences. 

(1 = (0,1]) 

~lith the trivial It-action on I, such that H restricts to fi on Xl\{i}+ (i = 0,1). 

The functoriality of the usual proof of the homotopy invariance of singular 

homology ensures that H induces an R[lt]-module chain homotopy 

H : f
O

e.f1 : C(X;R)- C(YjR) 

~Ic have the following quadratic construction, associating to an Sit-map 

F:E""X -l!"y and a group morphism w:lt -7f,2 abelian group morphisms 

Ult(XjW 7h) ---- Q (C(Y» 
n n 

in a natural way. ~Ie are in effect giving a direct chain level description of • 
the composite 

X 
adjoint F 
------+~ )1.""1:"'y 



- 49 -

Proposition 2.5 Let 1t be a group, w:Tt--+-2Z
2 

a group morphism, R a commutative 

ring, and give the group ring R[Tt] the w-twisted involution. 

Given finite-dimensional 1t-spaces X,Y and a 1t-map F:l;PX --EPy (p ~ 0) 

ther~ are defined in a natural way R-module morphisms 

'l'F : H1t <X' wR) ~ Q[O,p-1]{C(Y'R» 
n ' n ' 

(n~ 0) 

depending only on the Tt-homotopy class of F, such that . ~. .. . 
i) 'Pyf. - r'PX = (1+T)1vF : H~(X;wR) _Qn(C(Y;R» 

for any R[1t]-module chain map f:C(X;R)---+C{Y;R) in the chain homotopy class 

EP (EP)-1 
• X .' y • 

f : C(X;R) ---..... , st'C (l;l'x; R) -4 .n.PC(l;PY;R) ---_ .. C(Y;R) 

1 1 • 
ii) suspension of F to EF:EP+ X -EP+ Y replaces "'F by the cOdlposite 

iii) if G:EPy ---. EPZ is another 1t-map between p-fold suspensions of 

finite-dimensional Tt-spaces Y,Z snd g (E~) -1 G(l;i) : C(Y;R) -----+ C( Z;R) then 

~~'I'F + "'Gf. : H:<X;wR)------+. Q~0.p-1](C(Z;R» 

iv) if h:R~ S is a morphism of commutative rings then there is defined 

a commutative diagram of R-modul;s 

in which the vertical maps are the change of rings h:R[1t] __ S[1t]. 
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Proof: t1ake functorial choices of C>,L,l and consider the diagram 

R\~R[l~)C{~p,;, s~~[ ~,) (W 'C{'''t) t®R[1ti(X;R)} 

p p p. t p. of 
EX SI; HOffi2Z[2Z2](~l,S C(X;R) @R[1t]S C(XiR» (Ei)/O 

'''R[')"'C{,'',., (,~" i .. m.,"'){ .... C{'.,'·"~R[.)n'C{'P"R" 
F .;x. 

t/IIL p. (p) CJ. ( p. pt· _"p. P 
R ""'R[tt]9: C E Y;R F'- Hom2Z[2Z

2
] W,.!l! C(E Y;R) &R[1t]:>C-C(E YjR» 

~PY ~ 
p • pt· p 

~ .. :::::){f'C:~ Y"',"[')C:~ t,R" 

(_"p. Sl"HOffi2Z[2Z
2

](\'I,S C(Y;R) @R[1t]S C(Y;R}} 

SPby /"" S~ 
t® • Y Ay • t • 

R R[1t]C(Yi R) Hom2Z[2Z
2

] (w ,C(.Y;R) ~[1t]C(Y;R» 

which commutes except for the parts marked by the chain homotopies rX,ry ' 

Recall from Proposition 1.3 that there is a natural R-module chain equivalence 

P ""p' p t ... 1>' P - C(S : HOffi2Z[2Z
2

J (W ,lcC(l; Y;R) @R[tt]<lC-C(E YjR» 

p • pt' p 
-.51: Hom2Z(2Z

2
] (\i,C(E Y;R) @R[1t]C(E Y;R}» 

--S(W[O,p-1]®2Z[2Z
2

] mPC(EPY;R) t~(Tt]StPC(l;PY;R») 

for any Tt-space Y. Thus for a finite-dimensional 1t-space Y We can identify 

using the 

H
n

+
1

{SP) = Q~0'P-1]{~PC{EPY;R» = Q~O,p-1](C(Y;R» , 

chain equivalence Ei:C(Y;R)~jlPC(EPY;R). We shall construct 
. 
"'F using 

a chain homotopy inverse for Ei - this cannot be chosen functorially, and we shall 

need the following result to show that the choice does not matter, 
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Le= Let nc - D be a chain equivalence of finite-di&lensional A-module chain 

complexes, and let (g,h) ,(g' ,h') be pairs consisting of a chain map g:D- C 

and a chain homotopy h: fg:o!.1:D ___ D. Then there exist a chain homotopy 

j:g~g':D~C and a homotopy of chain homotopies k:h"h'+fj:fr-1:D-D. 

Proof: A chain map of finite-dimensional A-module chain complexes f:C __ D is 

a chain equivalence if and only if the algebraic mapping cone C(f) is 

contractible. A pair (g,h) defines a chain map (~):D ---'>stC(f) by 

A contraction of C(f) determines a chain homotopy between any two such chain IIIl!.pS 

[] 

Given a Tt-map F:EPX - EPy >lith Y a finite-dimensional Tt-space we have 

that ~i: C(YjR)--. 5lPC(EPYjR) is a chain equivalence of finite-dimensional 

R(Tt]-module chain complexes. Choosing s chain homotopy inverse 

p) -1 ~tl· P • ( ) lEy : u'C(t YjR) ----..C YjR and a chain homotopy , 

h: Ei(Ei)-1 Z 1 : SlPC(EPYjR) -----+ .nPC(tPYjR) define a chain map 

W
F 

: C(Xj "'R) ~JlC(SP) 

by 

is independent of the choices. 

[] 

I i 
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For K-maps of the type F:tPx ---+EPy (for some spaces with Tt-action X,Y) 
+ + 

we hav~ an absolute quadratic construction 

V
F 

= ~F : H~(X;wR) = R~(X+;wR)~Q~O'P-1](C(Y;R» = Q~O,p-1](C(Y+;R» 

The result of applying the quadratic Wu class operation yr of §1 to the 

quadratic construction for Tt = \1}, R = ~ can be expressed in terms of the 

functional Steenrod squares: 

Proposition 2.6 

for some rinite-dimensional ~!-spaces X,Y. The composite . 
Bn (X; :iZ

2
) ~Q~O'P-1](C(Y;~»~ Hom:iZ

2 
(in-rCY;~) ,Q;O,p-1] (Sn-r~» 

f
Hoom~ (in-r(Y;~)·:iZ2) if n~2r~ n+p-1 

otherwise 

is given by 

yr(yF(x»(y) = <Sq~+1(tPc..) ,tPX>E~ (n~ 2r) 

(x£HnlX; :iZ
2
), YERn-r(y; ~)= [Y ,K(:iZ

2 
,n-r}] , h,. (EPy)F - EP(f*y)E[tPX,tPK(:iZ2 ,n-r)] 

l ,. generator EHn-r(It(~,n-r);?Z2) ,. ~ ) 

with 

r • r • r • )'C) 
y (VF(x»CY1+Y2) - v CVF (x»(Y1) - v CVF(x) Y2 

= I (r*(Y1VY2) - (r·Y1 U f*Y2) ,x)€~ 

L OE?Z2 

n = 2r 

n < 2r • 

[] 

(It is sometimes useful to consider also the following generalization of the 

quadratic construction .F. Given finite-dimensional K-spaces X,Y, a group morphism 

w:Tt_lZ
Z 

and a Tt-map F:X--tPy (p~O) there are defined in e natural way 

abelian group morphisms 
• : HTt ' (X.wR) __ Q(O,p-1] (C(f» 

such that 

(1+T)"F 

F n+p' n 

• r • C;y. e% n 
HK (X;wR)_HK(y;wR)~Qn(C(Y;R»~Q (C(f» 

n+p n 
where f is the R[Tt]-module chain map (ii)-1 

f : StPC(X;R) ~Sl.PC(Y;R) ~ C(Y;R) 

and e:C{Y;R)----.C(f) is the inclusion.) 
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An n-dimensional geometric Poincar; complex X in the sense of 

;:a11 (4] is a finitely dominated connected CW complex X together with an 

o~ientation map group morphism 

w(X) : "1 (X)~ lZ2 

lt1(X)~ w(X) 
and a fundamental class [X] E Rn (X; lZ) such that the cap products 

(o~ r~ n) 

N 

define lZ[lt 1 (X)]-module Poincar" duality isomorphisms, with X the universal 

cover of X and lt 1 (X) acting on X as the group of covering translations. 

'!'r,e singular chain complex C(X') is then an n-dimensional lZ[1t1 (X)]-module 

co=?lex, and the Poincare duality is induced by a lZ[1t
1 

(X)]-module chain 

e:t'..livalence 

(?or finite X and w(X) = 1 such a geometric Poincare complex X is a P-space of 

for=l dirne:1sion n in the sense of Spivak [,1), since applying Rom
lZ

(- ,lZ) 

t~_ore is obtained a lZ[lt 1 (X)]-module chain equivalence 

[X) n- : HomlZ(C(X) ,lZ) ------l HomlZ(c<i{')n-. ,lZ) !::!cLF(X)n_. 

i~ducing Poincare duality isomorphisms 

[5C) n - : H* (X) ______ ~F (X) n-· - ...., 
'::e ~;Ieen the singular cohornology groups of X and the homology groups of X 

defined b:r locally finite infinite chains, with (X]E~(X) the transfer of 
n 

t!:~ fundamental class [X]EHn(X». 

Let ;, 'cc ,,-n n-di",cn"ional p;conctric PoiI'c':re cOL1?lex. If X is ~, 

(not necessari:ey connected) covering of X tlith group of covering translations 

" and ~ is the universal covering of X the n~tur,,-l projection 
"'" ~ 

lZ[n]®lZ[1t
1 

(X) ]C(X)~ C{X) 

is a chain equivalence of n-dimensional ZZ["]-Eodule chain complexes. "i th 

71.["1 (X)]~ lZ[lt] the group ring morphism defined by the characteristic 

map lt1{X)---+lt. The covering it' of X is oriented ,'11th data (It,''I) if It is 

equipped Hith a group morphism tt:lt_lZ
2 

such that the orientation map 

"~leX) factors ,as 

W(X) : lt1(X)~lt~lZ2 

In particular, the universal cover se is oriented ,nth data (1t1 (X),\'I(X». 

If x: is oriented \-lith data (rc,ll) applying lZt~ZZ[1t] - to the above lZ[K]-module 

chain e-:uivalence I:e obte.in e. lZ-module ch",in e'!uivalence 

Applying lZ[K]~lZ[" 1 (X)] - to 

[X] n-

the lZ["1(x}J-module chain 

: w(x)c(~)n-·----+C(~) 

tie obtain a lZ[ .. ]-nodule chain equivalence 

e1uivalence 

Thus a €cometric Poincare conplex satisfies Poincare dunlity \lith respect 

"" to any oriented cover X. 
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The c~':~1r.letric COl1struc tioD of Pro!)osition 2.2 2.ssocia tot; a 

!!:,~n::ietric Poincare co:tplex to every oriented covering of a geonetric Poi!1care 

core"le::. f,s noted in the Introduction thin constru.ction is d.ue to Mishchenko [2]. 

FroCJosit'on 2.7 Given an n-dL.cnsional geoliletric Poincare cOlilplex X and an 

oriented cover X uith data (;:,\.,) there is defined in a natural ua,. an 

n-dirleI!sional syn::etric Poincare complex OVer l'Z[lt] tlith the tl-tuisted involution 

O'cX) = (c(ib,'Pj([X]€1
n

(CCX») • 

If i is the universal cover of X then 

o • (X) = l'Z[TtJ®:tZ[lt
1 
(x)f' ci) 

up to homotopy e1uivalence. 

Proof: Evaluating <:>X:H~CX;t'l'Z)~ Q.n(C(X» on the fundamental class [X]E:H~(X;tTl'Z) 

there is obtained a l'Z2-hypercohomology class "j(OC) € qn(C(j{» such th;t 

" t -slant product ~Iith Yj{[X]O€Hn(C(X) ®:tZ[ltJC(X» defines the Poincare duality 

Z'{r.J-liIodule isomorphisms 

(cf. Proposition 2.2 i). Also, there is defined a comnutative diagram 

in \1hich the vertical ms.ps are the change of rings l'Z[lt 1 (X)] --*" l'Z[lt]. 

[J 

Ue sho.ll norr.,ally urite (f'CX') asO·(X). 

A ~ of geonetric Poincare complexes (not necessarily of 

the sane dinension) 

f:H_X 

is a map of the underlyinG spaces >lhich preserves the orientation maps, 

t!!C'.t is such that ,,(;.;) factort: as 

C ) () f C) ~ICK) 
\'1 It : lt1 H ~n1 X ~ :tZ2 • 

If X is ~ n oriented cover of Xli:. th da ta C" ,,,) then the pullbCl.ck IT is an 

o!"iented cover of i; tlith data (",,,). 

- 56 - Let f:ii----+-l .. be e ::.mp of r:(.Oi'".2:.:tric l"OlnCi'!.re CO:.1pl.exes 01 

<linen::;iona dim J: = n, diLl X = n and let X be a (not necessarily oriented) 
,... 

cover of X \lith croup of covering trans1ations Tt and induced cover H of E. 

Define the UEll:ehr Z\[lt]-module chain map 

f! : C(X)~ sn-Dc{fi) 

Cup to non-canonical :tZ[ltJ-nodule chain honotopy) b:r applying l'Z[lt]l8l'Z[lt
1

(X)J

to the composite l'Z[lt1{X)]-moduIe chain ];!BP 

\'Iith ~ the universal cover of X and lr the induced oriented cover of N. 

If X is nn oriented cover of X "ith data ("'w) then the Umkehr factors as 

A IilB.p of n-dimensional geometric Poincare conplexes f:H::---" X 

is of degree 1 if it preserves the fundamental classes, that is if 

f.[H] = [X] EH:(X;
t1

l'Z) 

for any oriented cover X of X tlith data (It,,-r). The induced chain map 

1:Ccl'i')~(X) defines a rJap of n-(limcnsional syJ!II:letric Poinc?re eonple"es 

over l'Z[ltJ 

\Ihich ic a hOr;lotopy e1uivalence if f:M ___ X is a homotopy equivalence of 

spaces. Conversely, if f:I-!~X is a def7ee 1 map inducing an isomorphiGm 

r:lt1(J-I)~ lt
1

(X) and a homotopy eqUivalence r:cr*CW- ,,·CX) "lithU,X the 

universal covers then f:N~X is a ho:notopy e1.uivalence, by l1hitehead's 

theoren. 

Pronosition 2.8 Let f:H-- X be a degree 1 map of n-dil!lensional geonetric 

Poincare comple"es. Let X be a cover of X with' group of coverinG" transl"tions 

" and induced cover fi of H. Then the Umkehr l'Z[lt]-;:todule chain reap 

fl : cCiC) _C(M) 

is a chain homotopy right inverse for r:cCii) ___ cCS{"), that is ff
l
",1:C(X)_C(X): 

'rho inclusion in the algebraic mapping cone e:CCi;)~C{fl) is such that 

(f) : CCj:;)-~CCf!).pC(J{) 
defines ~ chain erl"ivDlencc of n-dir.1Cllnional ~[j~]-!:odulc chai!1 cO::lplexes. 
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If se is «" oriented cover of X Eith data ("'~:) the ::;z=etric kernel of f 

O'"(f) (c(f'),e%('Pj:l[M)E :tn{C(f!») 

:'s an '1-diclOnsional syn."etric Poincare complez over 7.6[,,] "lith the 'l-h;isted 

involution, and there is defined a homotopy e1uiv2.1ence of such complexes 

-' Proof' To obtain HO"'1 apply 7.6[lE]®ZZ[lt
1

(X)] - to the 7.6[lt1 (X)]-module chain 

hODOtO:OY commutative diagram 
Id 

~1(X)C(~)n-* ~ ~1{X)c<fhn-* 

[X]I)- 1 1 [H]n-
~ ~ ~ 

c(x) f c(~) 
~ ~ 

',:i th X the universal cover of X and 11 the induced cover of H. To sh01<l that 

('l{ ,~n(C(m) _ q,n(~(fl )eC(X» = q,n{C(f! »,,~n(C<lC»"Hn(C(f!) t®7.6[It/(X» 

sends <:>p:[E] to e%('Pj{[I';])"'PX[X]410 (using the decomposition of Proposition 1.4 i» 

consider the chain ho:'totopz cOI,mutative diagram 

o .. :hich {jives r([J1Jn-)e"'",O,"C(f l )n-*--..C(X), and so· 

t - It,.. 
(e ®o.[n;]f)'Pf1[MJ o "'OEHn{C(f ) 4/)7.6[n:]C(X» 

[] 

{

homOlOgy 
Define the kernel 7.6["]-::todules of a 

It-cohoTJology 
degree 1 map 

of n-dL,cnsional geometric POincare cOl:!ple;-:es f:l·i~X uith respect to a 

covcrinr; X of X l1ith gr0!1P of covering translations It 

\K. (L) = H.(C{f
l » 

lK"(ii) '" R*(C(f!» 

usinrr th0 untuistcc: involution on Ziflt] to 'le fine the cluE'.l ~[Tt]-module structure 

on c(r! ) •• PropoGition 2.8 ~ivcs :'latur;11 direct SUF. (i.cconpoGitions 

" 

K"U,)~·h*(X) 

;::* (i:).,n" (X) 
" 

If X is oriented 'dth data (",,·r) the symmetric ]:ernelO'*(O gives Poincare 

duality in the kernel modules 

A geometric Unkehr nan for f is a n-rnap 

<:p~O) 

inducing the Umkehr f! on chain level, t!1at is such that there exists a 

7.6["j-nodule chain hO;;lotopy 

Pronosition 2.9 Given a degree 1 map of n-dimensional geo;;tQtric Poincare 

complexes f:li---fo X and a geometric Unkehr map F:l:P5f -l:Pf1 ~rith respect 
+ + 

to an oriented cover se of X lIith data (1[,~J) there is defined in a natural 

":0.'.1 an n-c'inensional quadratic Poincare cOBplex over 7.6[1<] >rith the ,,-tllillted 

i!lvolution, the Quadratic kernel of (f ,F) 

cr.(f,F) = , I 
(C(!") ,e%"4'F[X] £Q"ll (C(f ») 

depending only on the stable :;-homotopy class of F, such that 

(1+T)(T.(f,F) '" a·CO • 

Proof: ~hc absolute version of the quadratic construction of PropoGitio!l 2.5 

'l'F : lIT< eX; \'17.6) __ Q[o,p-1] (cCfr» 
n n 

is such th".t 

I le f ..n: ... ~. n ~ 
"'Mf. - f "''''j( '" (1+T)WF : l1n (X; '7.6) -----+Q (e(E» • 

Let e:C(M) __ C(f l ) be the inclusion, so that 

e;;(1+T)\'fF[X) 

<' I 
e'\ofif. (X] 

(0 -0-1) (I) ,iere, as eh;e\·rhere , \·:e let e%'VF[XJ stand both for an element of ':In ,- (C f ) 
, 

~.:;d for its image in Qn(C(!"». 

[) 

'" The quadratic ),ernels "ssoci"ted to the va.rious oriented covers X of X 

e.re all i:oduced vie. 7.61 "]®.,z[:c1 (X)] - frorJ the qu:::dr"tic :terncl cr.(f ,F) 

:-·::;~ocia ted to the universal cover of X. 



In \;8 belo" 'le shall ;h~2 ;0\., :;0 o'.:tain the surgery obstruc aon of 

e. ~or"'.al ;·.2.p (f,b):E----7X fron the quadratic :" .. rnel O'.(f,F), using the given 

!i.or=nl oundlc Il2.p c:vI-~-'tJ.)X and the el.uivc.ri~nt S-du;-o1ity of §3 to produce a 

ccozo:etric U::L:ehr L"'.,.P F:1:I>X+~;;lJff+ for th<:! universal cOVer X. In favourable 

cireu:;istances it is :.,ossible to obtain F directly- from (f,b) "dthout the 

3-duality E".chinery. For eX"r.l)Jl~, if f:l1-X is '" degree 1 map of manifolds 

,·;hich is covered by a map b: >'1.i-->v
X 

of stable normal bundles then f can be 

approxina ted by a framed etlbedding J.l )( DP C 1nterior(X >< DP ) >Thich lifts to an 

e"bedding of covers Tt x DPe X x DP for any cover X of X, giving F by the 

Fontrjagin-Thotl construction 

F: EPX' = X )I DP/x XSp- 1 coll.aIls't X xDPjX)(DP _ H ,.DP = M )(DPjH I<s1'""1 
+ 

The case P= 1 is of interest in codiHension 2 surGery, see §17. 

The nod 2 reduction of the quadratic kernel construction gives 

the lZ2-valued quadratic forti used in §If of Chapter III of Dro"rder [2Jto 

define the Arf invariant. \':e recall that a ~z-Poincare cOI!l:>lex is a connected 

space X together \-Tith a nod 2 fundaroenb\l class [X]E:Hn(X;lZ2) defining mod 2 

Poincare ('uali ty isotlorphisms [X] n - : U· (X; l(2) -+ H
n

_. (X; l(2). 

Fronosii:ion 2.10 i) Given an n-dimensional geometric ~2-Poincar{ complex X 

there is defined in a natural tIay an n-dimensional syl!lrJetric Poincare 

co;;)plex over lZ2 

.,.·(X) = (C(X;lZz, .... X(X] E.Qn(C(X;lZ2») 

such that the synunetric Wu classes of o-(X) are just the Wu classes of X 

as char~cterized by 

ii) Given a degree 1(mod 2) map f:H~X of n-di);1ensional f;8ometric 

lZ2 -Poincare comple}:es ani! v .. f 1!-oap F:~!'X+ - I:PH+ illduc5.nc; the mod 2 U::~{ehr 
I 

f":C<;c;lZ<:) ~C(I.;;lZ2) there is defined in a natural ,·ray an n-di1.1ension,,1 

~.ue.dra t~_c Poincare complex ovryo ~2 

, ! 
C..(f,"') = (C(r"),e%'VF [X]€1n (C(f }}) 

,.. pu ,-

:mch that 

are such that 

a.nd can be e;'pressed in tertls of functional Steenrod squares by 

vr(y) = (Sqr+1 (EP(Ll),~[X]>€lZ2 (n ~Zr) 
(EPy}F 

(y'K"-r(I";lZ2)~JI'l-r(H;lZ2)= [H+,K(lZ2.n-r» • l -I 0 EJI'l-r(K(7,1;z.n-r);lZz)=lZ,? 

~: Apply Propositions 2.3, 2.6. 
[] 

(Similarly. the generalized quadratic construction defined following 

Proposition z.6 can be used to obtain the quadratic operation ,. 

\jI ker(F*:Hq(M;lZz) = H~q(E-2q!1+;lZ2)-+H-qQS;lZ2»------ lZZ 

-2'1 
defined in §1 of Browder [1] for any !-orientation F:! -E !:!.. of a • 

2q-dimensional geometric lZ2- Po.ineare complex H. with! any \-lu(q+1)-cospectrum}. 

Th" kernel constructions behave as follO\·rs under cOLlposition. 

f
degree 1 

Prouosition 2.11 The composite of 
gCOI"etric Umkehr 

maps 

n-dir.lensional geometric Poinca.re cOl!1ple~es 

1
9f:X- Z fSymmetric 

is another such map , \1i th kernel 
FG:l;PZ-~ EPJ{ quadratic 

+ + 

\ 0'. (gr) = <T. (f)"a' (g) 

l <T*(gf,FG) ~ 11.(f,F)"rr.(g,(~Pf'+)FG) 

u? to hor.:otopy e"uiv",.lence, t<:]d.nG th" oriented covers X,Y of X, Y induced 

from "I" oriented cover ~ of Z. 



.. 
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':'=roof: -.:r:.tr! -~ .. le ir .. clusion:. in the Cl.lf;"ehr2.i.c na.p:!,)inc CO!.les as 

e
f 

e g 

C(il) --~C{f!) 

C(Y)-C{g!) 

e
gf 

: C(Z)~C«Gf)l» 

:.:!G !:.ot!1 that (g£)! = fIg! :C(Z)_C<Y'> ----'l-CO"). The stable composite 

of the ch~in equiv£.lences 

iz a chain equivalence 

?11olli::5 us to identify 

;;sinG the direct 8UI!1 deco:Gl!,osition of Proposition 1.4 i) lie have 

~ ~ % % . t 
e;f<."i[X] = (e~<."X[X],e; <pxCx],(ef~el)<;li[X]o) 

£"t(C(fI)eC(g:I» = 1n (C(f!».nQn{C{gl»eH (C(f!}t~ C(",l» 
n ?i{Tt] 0 

::0" ;\'X[X~ = 'Pyf.[X~ = 'PylY] E 1n (C(Y», and 

(ep"/)(<px{X])o = O€Hn(C(f
l )t~:iZ[Tt]C(gl» 

si!:ce ti:8rc is defined" 2Z[TtJ-module chain homotopy commutative diagr"-llI 

e· fl. 
WC(f!)I:-'~ "C<x)n-. ~ ~lC(y)n-. 

'P;Z[ZJ C = PJfl - I 1 [Y)n-

~ f e 
c(X) > c{7) IS > C(g!) 

n I I 
.~ (c( f' )ee{g » 

z = t). 

Proposition 2.5 • \'!orking as above >le have 

so that 

[] 

A degree 1 map of n-dimensional geometric Poincare complexes f:lI ~ X 

is k-connected ~lith respect to some covering X of X if Kr(j;) = 0 for r~ k. 

Recalling the definition of s]:e\:-suspension in §1 we have: 

Propo::;ition 2.12 The kernel of an {r-1 )-connected desree ~
S:Tmmetric la. ef) 

quadra tic d. (f ,F) 

oap of n-dinensional geonetric Poincare complexes f':l·! - X "lith respect to 

an oriented covering X of X with data (",~1) is the r-fold skel·,-suspension of 

Poinc"r~ conplex over :iZ[ot] I ~li th l
or(f) 

<T/f ,F) 

In §4 beloH \1e shall-identify the quadratic kernel O'i(f,F) associated 

to an (i-1)-connected {2i -,'i",ension"l norl'!e.l iliaI' (f,b):H--+X ~lith the 
121+1 

surgery o'.:>struction kernel obtnined in {: of tIall [5 J, using the one-one 

correspondence bet:.,ccn \ 0-dir,ensional (-)i'l.uadratic POincare conplexcs and 
~1-

i 
non-sinf,Ular (-) qUAdratic 

(foros 

1 forna tions t
1 • 5 

of Proposition 
1.8 
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The S-dunlity ocb"'en H+ and the Thom sF"ce TW!'i) of the norot".l 

bundle ~; of en e'.Jbcdding HnC Sn+p (p l'.ree) of a compact manifold H was first 

est"blis;,cd by l-lilnor and Spanier [1 ']. This ~ms then gener"lized b:r Ati:r"-h [1], 

".nd extended to gcor.1etric Poincare comple:r.es by Spivak L1".] and Uall (;4]. 

In particular, if f:n~ X is a degree 1 map of geo",e tric Poincare complexes 

Hhich is covered by a map of Spivak normal fibrations b:VU--+VX then the 

S-dual of T(b) :T(v!.)----+T(vX) is a geometric Umlcehr J:18.'D F:EPX ----+I:!}I 
-1 ... + +' 

and this Has used by Brm'lder [2 J to obtain the surgery obstruction in the 

simply-connected case Tt1 (X) = \ 1}. We shall nO<1 develop an e':uivariant 

S-duality theory for finite-dinensional Tt-spaces with a ,,~e1uivarian£ cell 

structure ("C\·lrr-cor.1plexes") in order to obtain a geometric Umkehr It-map 

F:EJ?X+--tEPfi+ for any covering X of X with group of covering translations Tt, 

giving the non-simply-connected surgery obstruction by means of the quadratic 

construction.VF • 

Givon Tt-spaces X,Y let [X'Y]Tt be the pointed set of Tt-homotopy 
1 

classes of Tt-oaps f:X----+Y. Regarding thc loop space stx (X,pt.){S ,pt.) as 

"- ,,-space using the trivial ,,-action on S1 l1e have that [EPX,Y] = [X,rfy] 
Tt Tt 

i::; a group for p ~ 1, abelian for P~ 2. Define the abellan group of Slt-maps 

·.,et"een 1:-spnce" I:,Y to be the "irect limit 

of the suspanGion se1ucnce 

For Tt: 

[X'Y]lt~(l":X,EYJTt~[E2X,E2Y]Tt~ p::3x,r.3Y]lt...-..,. ... 

{1) .Ie "rite [X,YJ ~1} ~ [X,Y], ~ X,Y} (1~ = ~X,y} as usu~l. 

The =pping cone of a ;;-map f:X--+Y l.G " Tt-sp<;ce 

'l'he cofibro..tion sequence of :!-sp2.ces and ;:-IllB.PS 

f l::f 
X --.Y ~ Cf --,>EX--J-EY -- CEf - ••• 

i:1Cluces the follot"!ing n:-C'luiv(l::"innt annloQlc of the Puppc cxC!ct sc~1tence. 
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Proposition 3.1 For any It-map f:X---+Y and Tt-space Z there is defined in a 

natural way an exact sequence 

[X,Z]Tt~ [Y,Z]Tt ~ (Cf,Z]lt _ [EX'Z]lt ~ [EY,Z]lt~-·" • 

[] 

For any i1 !-space K regard VK as a It-space by permutation of the 
It 

summands. Note that for any Tt-space X 

Define the It-space obtained from a It-space X by attaching an 

f 
disjoint union 

r-dimensional It-cell to be the 
identification space 

~ XUltXDO fr 0 
1 if = 

XUltJ(fltlCDr, for some map f:S
r

- ~X_ r~1 
X' 

The Tt-cell is pointed if the attaching map r:Sr-1~X (r>. 1) preserves 

base points , in which case it extends to a It-map f':VSr-1~X such that 
1t 

r 
X' = Cfl = XVfl'tD 

If X is a path-connected Tt-space then any map f:S
r

-
1

----'t X (r ~ 1) is 

r-1 
homotopic to a basepoint-preserving map fO:S ~ X extending to a It-map • 

f o:ysr-1 --tx, and X' = XVlt<rlt.Dr is Tt-homotopic to the mapping cone 

Tt-space C
f

, = Xv
f

, V Dr. 
o OTt 

A C\'llt-compley. X is a Tt-space .. hich is a based C\'I complex obtained 

from the base o-cell by successively attaching Tt-cells of non-decreasing 

dimension. The suspension of a CWlt-complex X is a milt-complex EX, with one 

r-dimensional It-cell for each {r-1)-dimensional It-cell of X (r ~o). 

L~lt-complexes arise as follows. 

Proposition 3.2 If (X,Y) is a covering of a CW pair (X,Y) with group of 

covering translations It then xli is a CI'lTt-complex ~Iith one It-cell' for each 

cell of X - Y. If Y = 11 interpret the quotient as X/P = X+' 

(] 

A Crllt-complex is ~ if it involves only pointed It-cells. 

A CHlt-complex >Iith no o-dimensional Tt-cells (e.g. a suspension) is Tt-homotopic 

to a pointed \;11Tt-complex. 
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A C\-;n-complex X is finite if it involves only a finite number of It-cells. 

A Cl"llt-cornplex X is finitely-docinated if there exists a finite c\ilt-complex K 

and It-maps f:X-K. g:K -X such that gf = 1 ~ [X,XJ • and it is n-dimensional 
• • lt 

if Hr(JI:) = 0 for r>n, in which case C{X) is an n-climensional ~[1t]-module 

chain complex. 

lie have the follo>ling analog-ue of the Freudenthal suspension theorem. 

Proposition 3.3 Let X be an n-dimensional finite pointed CWlt-complex, and let 

Y be a ,,-space of the homotopy type of a CI1 complex. Then the suspension map 

E : [EPX.EPYJ,,_ [EP+1x,EP+1 Y]1t 

is an isomorphism for p ~ n+1, and 

fX,Y! = [En+
1
X,En+1y) 

" 1t 
Proof: By induction on the number of pointed It-cells in X. Trivial for X = pt •• 

" n " n-1 Assume true for X. and let X· = XUf~ D for some It-map f:ltS -+-X (n~ 1). 

There is defined a commutative diagram of abelian groups and morphisms 

[ EP+1X EPy] -+ [VSn+p EPYJ -+- [EPx' EPy] ~ [EPX EPy) ~ r'l ISn+r1 EPYJ 

El lt It E i lt 1: i 1t E i It l~ h' 1t 

[EP+2X EP+1YJ +[YSn+ p+1 Ep+1y] ~[EP+1X' 1:p+1y] ~[Ep+1X EP+1 YJ ~[vsn+p 1:P+1YJ , n: Tt ' le ' 'It ' 1t 1t ' 1t 

in 'lhich the rO>ls are exact (Proposition 3.1). The suspension maps involving X 

are isomorphisms for p~n+1 by the inductive hypothesis. Since Y is of the 

homotopy type of a CW complex EPy is (p-1)-connected and 

1: : [Vsn+p ,EPy] = [Sn+p .EPy] ~ [Sn+p+1. EP+1 y] 
It It 

-is an isomorphism for p~n+1 by the ordinary Freudenthal suspension theorem. 

Applying the 5-lemma gives the induction step. 

Given It-spaces X.y define the \11-space 

to be the space of orbits of the diagonal It-action 

1t "X f\ Y --+ X" Y ; (g,XI\Y) r--+ gxf\gy • 

Note that for any It-space X and l1}-space K 

XA1t(~J() = XI\K • 

A It-spectrum 1! is a sequence of It-spaces Z (p ~ 0) and It-maps 
p 

;p:1:Zp ~ Zp+1 (p~ 0). Given a It-space X define the abelian group 

\x,1!ilt = Lim (1:PX Z ] 
p-> • P lt 

to be the direct limit of the sequence 

[X,ZO]lt ~ [EX,EZO]lt ~ [EX,Z1]1t ~ (1:
2

X,EZ1]lt ~ 

[] 
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LZ = ~p+1Z ---->-Z 

-p 0 p+1 
In particular. for sp id. 

~X.1!\. = h,zJ1I" 
Given a-t\"-space X and a'lt'-spectrum 1! let XA".1! be the [13-spectrum defined by 

Froposition 3.4 Given a [f}-space \'1, a'll'-map f:X---"Y and a'IT-spectrum 1! there 

are defined exact sequences of abelian groups 

{I'/ ,XI\ ... ~ 1---+ [\;. YA"i~ -l~I,CfA.r1!l----'>ivl ,liA1l'ES ~ '" 

tx.1!}-rr~ 1J,1! 1<1r~~f.1!11T~1tx,1!~~ .,. 
Proof: The first sequence is just the Puppe sequence associated to the 

(co)fibration sequence of t1]-spectra 

X"Tf1! ~ YA1r1! -----')0 Cfltv1! ~ XII".~ ~ 

The exactness of the other sequence may be established as in the case'll' ={1) 

(Puppe sequence again) by insisting on'l!-maps and1r-homotopies. 

Given'll'-spaces X.Y and a .(1)-map 

0( : SN ~ X".;i 

for some N ~O define slant products for anY'll'-spectrum 1i 

"'\:: ix.1il..,.--+tsN ,1!AlfY1; (f:EPX_Zp)t----J (SN+P~I.PX"'I'Y ~ Zp,...,,:y> 

N N+p l.P;,( 11 1" O!\-:~Y.1il".--ts ,X~'1I~1;(g:1:Py-~)~ (5 --~X~'Y~ X""Zp) 

[] 

Call",. : SN ~ XfltrY an SIr-duality map if these slant products are isomorphisms 

for every'l1'-spectrum.t\, in which case the suspensions 

2:01 :SU+1---"f(XA"tY) = ~X"1tY ,2.O(:SN+1---71{X".,.y) = XlliY 

are also S .... -duality maps. For "If = t 1} this is classical Spanier-"Ihitehead 

S-duality. 

Given S~-duality maps 

0( :SN~X"",y cX':SN~ X'A'lrY' 

define the SIr-dual of an &it-map fEtx.x·I ..... to be the Slr-map gqy' 'Y}11" to 

'lhich f is sent by the composi te isoaorphism 
:'\ I -1 

tx.X'}'I1'~ is
N 

,X'II-q-~ ~ ty· ,yllT" 
In particular. if X = X' the SIT-duals of 1 € -\X ,X}1T' are an inverse pair of 

S'lr-hocotopy e'luivalences g~ (Y. Y '1'1'<' g',;: ~1' ,y111"' 
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Proposition 3.5 Every finite C\tl,..-complex X adcrl.ts an S ... -duality map 

'" : sJ1~x~ ... y 

wi th Y a fini te Cltltl'-complex. 

Proof: Suspending if necessary it may be assumed that X is a pointed CW~-complex. 

Our construction of an S~-dual is by induction on the pointed ~-cellB: given an I 
S~-duality map or.: sN ----.,. ~y between finite pointed CWlt-complexes. X,Y and a ~-map 

N' .1. r r:VS
r

-
1
--->X we shall construct an Slt-duality map"":S --X'''ltY' for X' = XlJf~D • 

It 

Let ID = max(dimension(Y)+1,2r-1-N). Replacingd.:SN---,>X,...,y by 

r!!l.u Sll+m --> X" r"'Y we have that N-r+1 >.. 0 and 
'If 

IVsr - 1 ,X}_ = [VSN ,rN-r+1X]_ , {y, vsN- r +11 = [y,VSN- r +1J ... 
L.fr ""IY" 'If 1Y ..,. 

(by Proposition 3.3). Define an S..,.-duality map 

Cl.: SN_(VSr - 1 )" ('JsN- r +1 ) =VSN 
t-' '1r '"" "1t" ,r 

\J N-r+1 
by sending SN to the summand labelled by 1,;.".. Let g:Y -+ ~S be a 1r-map 

representing the S".-dual of ff1~sr-1;xltt' and let Y' Cg be the mapping 

cone 'It-space. Denote the cofibration sequences by 

VSr - 1 f X e X'~ VSr 
11' ----., ~ 11' 

Y --g--., VSN-r+1 ~ Y' ~il • 
't( 

The diagram of {11-spaces and i1\-maps 

is homotopy conmutstive, with the bottom row nUll-homotopic. It is thus 

N+1 (V N-r+1) di possible to define a {11-map j:D ---)X'I\tf."S such that the agram 

SN (eA1)", , X'"".y 

i1 111\g 
DN+1_~ X'I\.,,<¥SII-r+1) 

th i ·.SN __ Dl!+1 the inclusion. The induced is actuallY cornnutative, wi --

f1~-map of mapping cones 

X'A".Y' 

I i 

is such that both the squares in th~odragram off1~-spaces and f1j-~ps 

XI' .... "lY {-(----

are homotopy comrr.utative. There is thus defined a commutative diagram of 

abelian groups and morphisms 

{l!'X,~l"..~'> {.:isr,~l,.. d ... ~x',i\-...-~ h,~}.,.-Gt~sr-1,~1,. _! 

~o/)\ 1 1 t1:~)\ 10('\ r\ !~\ N-r+ 

~sN+1 ,~AwY} ~\SN+1 ,~AJ¥sN-r+1)} ~\sN+1 '~I\l{Y'1 ~lsN+1 ,~,,!y}~lsN+1 ,!".S~s ~\-

for any 1r-spec trum ~, with exact r()\olS (Proposition 3.4). Applying the 5-lemma 

we have that the middle column is an isomorphism, and similarly for the other 

'SII+1 X' Y' i S1T d lit type of slant product. Therefore cl: ~ 1\". S an - ua y map. 

[J 

1-le can use S1r-duality to prove a 11' -equivariant analogue of 

l-Thitehead's theorem. 

Proposition 3.6 A'I1'-map of finite C\-I1\'-complexes f:X--Y induces isomorphisms 

in homology if and only if r:Pf:I.Px---? tPy is a'll"-hol!1otopy equivalence for 

sO!!le p ~O. 

Proof: Let f:X--~Y induce isomorphisms in homology. Applying the ordinary 

j'lhitehead theorem we have that Lf:EX-4!:i is a homotopy eqUivalence, and 

hence that 

f : f S
N,(YSr)A.,..X)-----4\Sll,(Vsr)II'1'Y} 

1 .... .... 

is an isomorphism for nll n,r ~O. This gives the induction step in proving 

that 

f : ~SN,\~A ... X) ~ tsll,UII .... Y} 

is an isomorphism for every finite mi'l1'-complex W. Given an S ... -duality ~AP 

01 :SN --"-,-TA"Y (by Proposition 3.5) we thus have isomorphisms 

.,\ N f N :t lo<\Y' ~ 1 
h,xl.".~ls ,1-1A".X) ----"->~S ,\~~"YJ---.-,.1.Y,YS ... • 

The element g~ {Y ,XI". corresponding to 1 € {Y, Y1'ltis represented by a tr-rnap 

g:LPy ---->tPX for some p~ 0 (by Proposition 3.2) uhich is a1r-honotopy 

inverse for I:Pr:i"X-->I:py 
[} 
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:r,t~~_ ,(c(j:)0",c(Y» = c(;nt@r' lC(Y)-----..C(X" Y) 
LI.,-1(_ U~ illL.:_ Tt 

",:··.cre i: '!"'; fcrz to ..::: .... ::ntuisted i~;vf:,lutj_on ::'n JZ[itJ. If .. :,Y arc finitely-d':'Jf2.inc.ted 

Cl'ilC-COl.'O>:!.">:?C 0;,i5 :;'s a ch"in equiv:;,lence ~- consider thc reduced cellular 

chain complexes} c.nrl the chain level slc.nt ')ro~uct 

i!lduces a sl!3.nt product in ho::ology 

\ : 1\/XA"Y)®iZi{(;.:) -----? ~_r(Y) 
l'he Slt-dualit:, nap "":SII_XI\tY constructed in Proposition 2.5 is such that 

o£.[SN]\ - : C(;<)N-'-4 C(Y) is e iZ[lt]-l!lodule chain e1uivalence, since the 

cellular structure \-las constructed as the dual of that of X.·lie shall sho~1 

\i:: Proposition 3.8 oeloH) that this property characterizes Slt-due.lity maps for 

fini te C'::,,-conpley.e5 , generalizing the case It = {1) of ordinary S-duaU_ty. 

IJefine ~!:e r-dil!lensional Eilenocrr:-I·:a.cLane It-spectrum K,,(7Z,r) by 

I;"(iZ,r) = v'K(2l,p+r) ,~ = Vf\ : ~KIt(2l,r)p = ~~K(iZ,p+r) 
p 1t )p ;< IP 

--Kr;:(ZI,r)p+1 = ¥ K(ZI,p+r+1) (r~ 0) 

---(".- ) K("" r 1) the stao;dard map. For It = (1 l this is the ,·:it!1 Jp: L.h =,p+r -----4 ""p+ + \ f 

usual Eile!!berg-l1acLene spec trun K( 7Z,r). 

Proposi ti0~ 3.7 If :C is a finite C'\'ilt-cottplex X then 

(r~ 0) 

~: For any Ci"i-rr-complex X \·Ie have 

~sr ,X" .. Kn (ZI ,0)1 = ~sr ,X/lK(iZ,O)} = H/X) (r~ 0) 

0:' the usual identification of integral hotlology \;ith K(ZI,O)-homology. 

Also, t"ere is defined a natural ZI(ltJ-rnodule morphisl!1 

::>j~-cluali ty isoaorphisrn 

d.\- : \X,KdZl,r»),,- \slI,Krr(ZI,r)""Y) 
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:hcn the i~entifici!tion of ~roposition 3.7 carries tIle chain level slant product 

to ·the geOlcetric slant product 

0<\-: ~X,Klt(ZI,r)lE ----+ ~sN ,K1t(~,rMltY\ 

de fined ,-reviously. 

Proposition 3.8 Let X,Y be finite Cli,,-complexes. A (1}-nap d.:SIl~XAltY is an 

Slt-duality map if and only if the chain level slant product 

is a ZI[1t] -module chain equivalence. 

~: If <Jl:SN-----'>XI\;;Y is an S,,-duality lllap then thc chain level slan""t product 

\-lith <:( (Sll] " H_r(XI\_Y) induces the Slt-duality isomorphisms 
• 1'~ 

iI~(x) = tX,Klt(~,r»)::~ ~SH,K."t(ZI,r)A"Y\ = {SU-r,Klt(iZ,O)"nY\ = HN_/Y) 

Conversely, supl'ose criven a {1j-rnap ":SN_ Xl\ltY such that 

d..(SN]\_: H~(X)_~!_.(Y) is an isomorphism. Letol':S
lI
-4- X""Y' be the 

S:;-duality map constructed for X in Propooi tion 3.5 for n sufficiently large, 

Fnd let fEt!"· ,Y}" correspond totJI4SH ,Y"""Y) under the Slt-duality isornorphiGrn 

<l. '\- : [Y', Y} It ----7 ~Sn ,X"lt Y). 

l!ot·1 f"\Y', 11" induces isornorphisr!s in homology 

f = ol.[SI!]\_ : H.(Y') = H;;-·(X) ~H.(Y) 

r,pplying Froposition 3.6 ~Ie have that fE\'Y' ,Y}" is ".n Slt-honotopy equivalence, 

F 
nI,d hence that",:S· --------0. XI\"Y is -an Slt-duality map. 

[J 

Hith a little rlore effort Pro!,ositions 3.5 - 3.8 can be made to 

",,,:,ly &150 for finitely-doninated CI/;,-complexes. 

.I 
I 
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Sit-duality D!apS arise as follo'.-,s .. 

Proposition }.9 Let;; be a cO",P'lct connected !!-dimensiona1 subn!J.nifo1d of S1I 

"ith non-eupty boundary ~E and let E be a covering space of E uith group of 

r-- ~ 

coverinb' translatiollS 11:, \-lith 3I::CE coverinG a~. Then the com?o~ite f11-m.ap 

diagonal, E A (EtiE) 
+ Tt 

is an S~-dua1ity map. 

~: The diagonal map is obtained from 

.6: E/~E -----t E 1\ E'/aE = (E><E)/{E"aE) 
+ 

by quotientin[; out the Tt-action. Now E and B/n: are finite CiiTt-complexes b)' 
+ 

N _,.., -.J 

Proposition }.2, and ~:S ----+E+~E/aE is an STt-dua1ity map by Proposition 3.8. 

since 

«.[SlI]\- = [E]O- : ir(E/;iE') = nr{E,aB)--+lL
j 

(E) = If, (E) Tt tt ,~ + ~~ 

defines the Poincar5-Lefschetz duality isonorphisns of (E"IE), <lith 

[E] € ~,(E ,oE) the fundamental class. 

[] 

Given a fibration F~E ~ B and a covering rt of the base 

space B,1ith group of coverir!g translations 1t define the Thom Tt-space to 

be the mapping cone ,,-space of the induced Tt-map p :E ----+ B 
+ + + 

Tdp) = B u_ E 1\1 = BIJ..., J"r;i.1 • 
+ p+ .. PI< 

The quotient ~I-space Tn(p)/n = T(p) is the usual Thon {1}-space of p, 

and if B = 1t "B is the trivial covering then 

T1t(p) = V T(p) • 
Tt 

If p:E ___ B is a cellular na" of connected CW coop1!!xes then T,,(p) is a 

CI'rn-complex by Proposition }. 2. 

Fibre hOLlotopy equivalence classes of (J~-1 )-spherical fibrations 

Sk-1_E~X 

over a cOllllccted CH complex X are in a natural onc-one correspondence uith the 

homotopy classes of maps p:X----tBG(k), for the appropriate cl~ssifyinc. 

space OO(k). Given such a fibrntion \ore cha11 Gay that e. coverinr- X of X 

- 72 - ,,5 orio!1·c·od \-lith :-CSTJect to tl if the grot'Ol of covcrin<; tr"nslations 1t ;,s 

C'·~:lip:!.'ed t·,·ith a grov~"I morphis.:: \·.·:1t-t-~2 Guch thct th~ first Stiefel-tlhitncy 

c:'.ass ":1(o-)€.H
1

(X;Z:2) = HOrl("10:),l'Z2) factors as 

"1(P) : ::1(X)--+" ~::Z2 

-.'itn "1(;n--'>1t th~ characteristic map, F,nd the p"ir (",.,) is the ~ of the 

:overing. A coverir.g X of X can be oriented .. -1.th respect to p:Y. __ BG(k) if 

a!1d only if the pu11back p:X--..X ~BG(k) is an orientab1e (Je-1)-sp1'.erica1 

fibration, but the choice of ~1 is not unir"ue. If f:I-!~X is a map of connected 

(;,1 complexes then the pu1l"ack cover i1 of H is oriented ~:ith respect to the 

p:r11back fibration f·(p):H~X -L BG(k) , ~Iith the Same data (tt,'I). 

A covering X of a geometric Poincare complex X is oriented 'Iith 

da ta (;:, "I) in the sense of §2 if and only if it is orie n ted in the above sense 

,;ith respect to the Spivak normal fibration "'X:X--BG >lith data (""'1) 

(cf. Proposition 3.12 be10>1). 

Spherical fibrations are characterized by the fo110\1inG equivariant 

feneralization of the Thom iso:.:orphisrn theoretl. 

?ro'Oosition 3.10 Let F ------+E ~B be n fibration of connected C.-I conplexes, 

·,,:ith :::,3 finitely dominated. If F = S1<-1 (up to homotopy equivalence) and B 

is an orie:oted co ... ering of !:I >:ith data ~",~I) then there exists an element 

U e: llk(T;t(p) j"Il'Z) , the Thorn class of p, sllch that the cap product 
p 1t 

Up" - : .IC(Tlt{p»------+ Skc(B) 

is a ch2,in equivalence of finite-dimensional l'Z[n:]-module chain complexes, 

t!lC Tho:: e-,uiva1ence. Conversely, if F is simply-connected and there exists 

'k W an element UpE l~ (;»(T1!1ca)(P); l'Z) (k~3) for the Thorn Tt1{B)-space with 
1 

:-espect to the universal cover B of B, for some group morphism .I:Tt1 (B) ~l'Z2 

3'J.ch t:-.~t 

UpO - : ,rC(Tn
1

(!l» -->- :;~=C(B) 

0.:0 a l'Z[::1(3)J-nodule chain e,"ivalence ·thon F is a hO[lotopy S):-1 a!1d 

:': ~ ,'r
1 

(r') : "1 (B)_ l'Z2 is the first Stiefel-',:hitncy class of ". 

?roof: a .. !;he s!,nccral selue!1ce argttr.l211ts of LerL'2- I.lf.3 of Brm:dcr (2] 

~ppli~d to the p~lll";ack F -"" .:; ~n of :9 \:0 t:1C tE!.ivcrsal C0ver fi of B. 

(J 

" 

i . , 
I 
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~ic cer. :co',; Gtate th" "-naloguc vi Proposition 4. 1f of Spivak (1] 

c.,)prorrir. tc to [,eo;.;ctric Poi:Jc~,re' cOr.1plexes in the sen::;e of NaIl [4J 

(cf. Brmider [3J). 

?rotJoGition 3.11 Let xes!! be e. finite stl.bconplex ,nth a closed regular 

neighbourhood E, and let F be the honotopy-theoretic fibre of the inclusion 

p:'ClE_E. Then X is an n-diaensional Geometric Poincare complex if and 

only if F is a honotopy SlI-n-1 (11 ~n+3). 

Proof: The i:Jclusion Xc:,E is a homotopy e,:!uivalence, so ue can ideI!tify 

"1 (X) = "1 (E) = ", X = E, TnCp) = E/oE \rith X,E the universal covers. 

1'roposi tion 3.9 gives an S;:-duali ty map 

()( : Sll---,> X " Tdp) + 1~ 

such that there is defined a commutative diagran 

H~(X;\"iZj)®iZ"H:(X) 1"\ Hln-~(X) 

("'.[Sil]\_)-~("'.fsjLl\_) :Ld. 

i!~-n(Tn(p); "iZ)0
iZ 

WHN_
r 

(Tlt (p»~ Hn_/X') 

for any group DO:'phis::l ~,:" ~ iZ2 ' Comparing the definition of a geometric 

Poincare com!'lcx (as in 02) \Tith the criterion of Proposition 3.10 gives 

the re1u.ircd correspondence. 
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An n-dimensional normal snace (X,vX'PX) is an n-di~ensional 

fiaitely-dominated CI'S complex X together 'lith a (k-1 )-spherical fibration 

YX:X-BG(k) and an element PXE "n+k(T(VX»' (This concept is due to ~uinn DJ). 
. .... 
Given a covering X of X with group of oovering translations It define the 

'" \d th E the induced covering of the tot~.l sp"ce E of "'x' and !J. the diagonal map. 

If X is oriented ~rith data ("'w) ~Iith respect to Vx define the fundament"l 

class to be the twisted homology class 

[XJ = U [) h(rx)EHn(X;~1iZ) 
).IX n 

lIith U E E~(T1t(VX);\'liZ) the Thom class of Vx e.nd h:"n+k(T(VX»--Hn+k(T(Vx » 
"X .. 

the Hure·"icz oap. The fund"mcntal !!lap is related to the fundamental class by 

a iZ[ltJ-module ch<>in hOtlotopy comnutative diasram 

Wc (50n-. [X] 1"\ -

U'
x 

U ;,,,,1 ))".k-' -,[,"":1\
X 

C(X) 

lid. 
) C(x) 

ia \"Ihioh t>,e cup pr,)duct ""ith UJI is a chain equivalence (a variant of the 
X 

~~om equivalence of Proposition 3.10). 

A norrtal map of n-dimensional normal spaces 

consists of '" nap f:!i-->-X of the underlying spaces tor;ethcr "1ith a stable 

fibre hor;otopy class of stable fibre maps b:VH---'>~ over f such that 

T(b)PH = rXE "n+k(T(VX» 
for sufficiently larGe k. (This is a noroa]. =p in the sense of Quinn (3J>. 

An e~uiv".lence of nor:""l structures (vX'Px)' \Px,f:P on a space X is a 
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Proposltlon 2.12 An n-dimensional geometric Poincare complex X admits a normal 

structure lux,Px) '-lith w1( .... X) = .,(X) and the same fundamental class [X]EH:lX;"Iz>;) 

such that the fundamental map 

0( • Sn+k __ X A TIt(" } 
X • + It X 

defines an Sit-duality for every covering X of X with group of covering 

translatl0ns It. Any h10 such normal structures (IJx'fx)' ('x,fX) are related by 

a unique equivalence (1,b) : (X'''''x'PX)-----+(X,yx,ei)' Conversely, if X is a 

connected finitely-dominated CW complex with a normal structure (vxt X> such 

that the fundamental map 

t<X sn+k -- X 11 TIt(V ) 
+ It X 

with respect to the universal cover X (It = 1t1 \X}) defines an Sit-duality map 

then X is an n-dimensional geometric Poincare complex ~r.ith w(X} = w1(pi> and 

the same fundamental class [X] <:HIt(X;wz>;). 
n 

Proof: If X is finite there exists an embedding X~ SN for 

N ~ 2(geometric dimension of X) + by general position, with closed rcgular 

neighbourhood E say. If X is any covering of X with group of covering 

translations It then Proposition 3.9 gives 

N Px = collapse 
O(x : S ? EjaE 

an Sit-duality map 

Let F be the homotopy-theoretic fibre of the inclusion <lEG E, so that there 

is defined a fibration 

F 

with Tn(VX) = E/iE. If X is an n-dimenaional geometric Poincare complex then 

F ~SN-n-1 by Proposi tion .3.11 and ("x'fx) defines a normal structure w:i.~h' S1t:-:duali ty. 

If X is not finite use the trick of §3 of tlall ['.] of crossing with S 
1 

to 

reduce to the finite case. :the uniqueness clause is as in Corollary 3.6 of tlall [4] 

(see also Theorem 1.4.19 of Browder [2 ]). Conversely, given a normal 

structure with Sit-duality for the universal cover we can obtain Poincare 

duality by combining the Sit-duality criterion of Proposition 3.8 with the 

Thorn isomorphism of Proposition 3.10. 
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Thus an n-dimensional geometric Poincare complex X carries a 

canonical e~uivalence class of normal structures (YX'Px) with Sit-duality. 

\-le shall call this the Spivak normal class, calling any such .... X a Spivak 

normal fibration of X. A normalization of X is a choice of normal structure 

(vx,eX) in the Spivak normal class. 

lie are now in a position to apply our Sn-duality to obtain geometric • 

UnL~ehr maps of the type considered in §2 for degree 1 maps of geometric 

Poincare complexes which preserve Spivak normal structures. 

Pronosition 3.13 Given a degree normal map of normalized n-dimensional 

geometric Poincare complexes 

(r,b) : (M,VM'rI1}--)-(X,vX'('X) 

and a cover X of X with group of covering translations n there is induced a 

n-map of Thom It-spaces TIt(b):TIt(VI!)~TIt(vX) such that the Sit-dual of TIt(b) 

wlth respect to the fundamental Sit-duality maps 

elM : sN_ M+illtTIt{VU) ,o(x : sN ----\- X+illtTlt(llX) 

is an Slt-homotopy class F € {it ,11 ~ of geome tric Umkehr maps 
+ + 1t 

such that {EPf )F!l<1:EPj( ~ EllX' up to stable It-homotopy. 
+ + + 

~: The Sit-duality is defined by the composite 

(~\_)-1 ~\_) 
\TIt(yH).TIt{j)xHIt-~-~> ~SN,TIt(VX)l\ltM.J ~{X+,M)lt 

I-Iorking round the stable homotopy commutative 

EPt( 
X 

diagram 

EFX " Tn(uX} + It 
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«;::Pf+)F'" 1)(l::Po(X)!::'(EPo(X):SJl+p~ EPX+AltTIt(V
X

) 

Since EP",X is also an Sn-duality map it follo~ls that EP; F ~ 1 :EPX' ---->-EPj( for 
+ + + 

p large enough. 'l'he diagram also sho.ls that F induces the Umkehr f!:C{X)-4C(M) 

on the chain level, identifying the Poincare duality chain equivalences with 

the appropriate Thom equivalences. 

[] 

Define the quadratic kernel of a normal map of normalized 

n-dimensional geometric Poincare complexes 

with respect to an oriented cover X of X with data (It,w) to be the n-dimensional 

quadratic Poincar€! complex over Z':[ltJ with the t~-twisted involution 

( ( I I 
U. f,b) = ~.(f.F) = C(f ),~VF[X]'Qn{C(f ») 

using the quadratic ke·rnel construction of Prollosition 2. 9w:i:th any of the geometric 

Umkehr maps F:EPX' ----+EPM such that (EPf+)F"'-"1 provided by Proposition 3.13. 
+ + 

All such quadratic l<ernels are induced from tbat associated to tbe universal 
"-

covering X of X witb data (lt 1 (X),w(X». ~le have the sum formula: 

Proposition 3 .• 14 The quadratic kernel of tbe composite 

( f b) • (X D) (f , b) , (Y, "y' ey ) g ,c . ' .... X.IX T Y. 

of normal maps of normalized n-dimensional geometric POincare complexes is 

11. (gf ,cb) " Cf. (f, b)eU• (g,c) 

up to homotopy equivalence. 

~: Tbis is immediate from Proposition 2.11,since (r.Pf+)t ~1. 

Tbe difference ""-",eker«1+T):Q (C{f'»--+Qn(C(f'») of the 
n 

[] 

hyperbomology classes appearing in the quadratic kernels6.(f,b) = (c(r').",), 

~.(f,b') " (C(f'),,,,') of normal maps 

(f,b): (M'VwfM)---+(x,vx'fx) , (f,b'): (I1,l'!.l'fN)- (X,vX'p:P 

such that b' = bc: vH-->-VX for som" automorphism c:J1.I~.vM vIill be expressed 

in terms of c in Proposition 18.10 below. 
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A normal bundle map 

is a degree 1 map f:M----X from an n-dimensional smooth manifold M to an 

n-dimensional geometric Poincare complex X together "ith a bundle map b:V1'i-+J}X 

from the norl!lal bundle V
M 

: M-----'>BO(k) for some embedding MCSn+k (k»n) 

to some bundle "'X: X--BO(k). This is the definition of normal map due to 

Bro~lder [2] (with M compact and X finite). The quadratic kernel of such a 

normal bundle map with respect to an oriented cover X of X is the quadratic 

kernel 

of the normal map of normalized n-dimensional geometric Poincare complexes 

(f ,b) : (H'VM'~}I) ~ (X.",x.£x) 

obtained by passing to the associated spherical fibrations V
M 

: }I_BG(k), 

~X: X~BG(k) with 01: sn+k collapse> T(Jl
I1

) , fx = T{b)rM: sn+k_ TW
X

)' 

The surgery obstruction of a 2q-dimensional normal bundle map (f,b):M---+X 

t i (signa ture ) ~ ZiI 
sucb tbat 1t1 (X) = t 11 is of tbe quadratic form over 

tbe Arf invariant Zil2 

iKq(N) {er. (f.b) 10 
defined on by if q? (mod 2) (cf. Proposition 2.10ii». 

K
q

(H;Z':2) Z':2®7P'.(f,b) 1 

T'Ie relationship of 'framings of manifolds to quadratic fores ~ras first J:oted by 

A normal map in the sense of ~lall [5] Eilnor [2]· • 

(f ,B) : H ----' X 

is a degree 1 map f:H----4X fror.1 an n-dimensional smooth manifold H to an 

n-dimensional geometric Poincarc complex X together ,lith a bundle isor.1orphism 

B: EI1~1:J.lef*VX ,lith't"l1:H-BO(n) tbe tClDgent bundle of H, J}X:X~BO(k) 

some bundle over X, and E],I" 0:1 .. ---"BO(n+k) the trivial (n+k)-plane bundle, 

('.Iith J: compact and X finite). Choosing an embedding HCSN (Jh>n) with normal 

cundle .vH:H-~BO(H-n) ,le bave a stable inverse .vu for L'n and a bundle map 

b : vJ.\eEH ~ vne('CI1"f*Vx)" (J}I.i"Zj)ef·.vX~ f·EXef·vX~EX").JX 

-.. ;i th E = 0: X __ BO(N). The quadratic kernel (f.(f,b) of the normal bundle 
X 
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§4. Intersections and self-intersections 

nk'tp (f I b) :H---X does not depend on the choice of V
l
_
i 

: for if VH,Jli, are t'-IO \;'e have used the qua~_ratio oonstruction 1;1 of ;2 to define the 1ua:l.ratic 

such then there exist" a bundle isomorphism c :", .. --+,u. such tl t' , "h Ii la b = bc :Vr.\-"""X 

and T(c)(~i) = rNt ItN(T(VI1» (b:; the uniquenes .. of enbedcl_iags HCSN for U»n) , 

so that applying the sum formula of Proposition 3.14 to the composite normal 

map 

vIe have that up to homotopy equivalence 

c(.(f,b') = ~.(f,b)e~.(1,c) = if.(f,b) • 

Conversely, a normal bundle map (f,b):M----+X determines a normal map in the 

sense of \lall [5] (f,B):}i--+X with 

B : ~_I = LH.,L-'M ~ lHef·VX 

From nOl-' on \-le shall not distinguish be tHeen the tHO formulations of normal 

bundle maps. 

kernel tr.(f,b) "'7.(f,F) of" normal bundle rna.p (f,b):lt~X, usinE: the 

e1uivariant S-duality of §3 to obtain a geometric Umkehr me_]? F:l:Pi: -l:FM' • 
+ + 

\-ie shall now describe the self-intersections of an immersion g:Sr ~l;n in 

terms of the quadratic construction, allo~ring th"l identification of :r.(f,b) 

for highly-connected f 1rrith the geometrically defined surgery obstruction 

kernels of §§5,6 of Wall [~).·(Our methods apply to any ~ersion of manifolds; 

as discussed in §18). 

Define as follows abelien group morphisms 

{ j : Itm(BSO(q» = lt
m

_1 (SO(q))_Q.m+q (sq7Z) = IfI.-m(~;7Z.(_)q) 

t j : ltm+1 (BSO( :o+q) ,BSO(q» = ltm(SO(p+q )/SO(q» 

~Q.~~~P-1] (sq7Z)'=H
m

_
q 

(7Z
2

; 7Z.(-)q) if m-q<p-1 f 0). 

Given a q-plane bundle"':S ~BSO(q) over Sm aI-ply Lenma 1 of Hilnor [3) 

to identify the Thorn space T(OI) with the =pping cone of J(ot)E: It 1(sq) 
nJHl.-

() q m+q 
T.,. = S VJ(Q[) e • 

Applying the s:1nm;etric construction ar:d the symmetric l'lu class . 
7Z = f: (T(a» _<P...:T:..;(,-"'..:.)~> .:{,+q(C(T(OI» ~HO\!l",(Hq(T(O(» ,Q.Ill+q (sq:;z» 

m+q UJ 

set 

turthermore, given a. trivialization l:Dm+~!lSO(p+q} ofC>( eE:P:S"'~3S0(p+'l) 

there is defined a (p+q)-plane bundle isomorphism ~:E:p+q~O<"E:P over 1:Sm_Sm 

inducing a homeomorphism of Tho\!l spaces 

The composite 

1(1') , l:P(SIll+q) = Sm+p+q inclusion, Sp+qVSm+p+q ~ L;l'T"-) 

:cepr"lsents the generator 1 '" Hra+p+q (L;PT(-:t» = 7Z. Applying the quadratic 

construction and the quadratic i-Iu class 

set 
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J\ppl~;"i:~;- the symmetric Un clnss ol)zrDtion to the re12tion 

~'i'(pc){1) - ({EP)-1I(~h:P)%~sm+q[Sm+q] '" (1+'l')VIq,,)(1)E-~mtq(C(T("'») 

r,iven o,r Proposition 2.5 i) >Te have that 

, "() £ m+q(sq.,.,) j(oc) '" (1+T)J ~.OI ~Q U> • 

Hote that in the case m '" q '" 2k 

is just the Euler 
invariant> 7h). 

Pronosition 4.1 There is defined in a natural >ray a morphisCl of commutative 

braids of exact sequences of abelian groups 

j : 1t--Q. 

from 

1t : 

to 

Q: 

/ / 
(] 

(Q is a particular ce.se of the br<lid of Proposition 1.3. It is possible to 

factorir;"! j as j:" ~n ~Q. tlith "defined exactl~ as 1t but using SG 

) 1 J" '~m(SOVSO(q» -+ "m+q(SC!lZ) is an isomorphism instead of SO • For exam]) e. . .. ,< 

for m~ q. 

I 

I 
I 
I 

I I I 

! I 
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Let l{" be an n-manifold, which we shall take to be compact, smooth and 

closed, for simplicity. As usual, give the group ring lZ["1(HJ] the >rem-twisted 

involution. Let Sr(i-!") (r~ 2) be the 7h(1t
1 

(M)]-module of regular homotopy classes 

o:f oriented immersions g:Sr~"!,, with a preferred lift g:Sr '" 1t
1

(H)>< Sr~M 

to the universal cover M of MD, where addition is by connected sum. Given such an 

immersion g define a lZ[1t
1 

(M)]-module chain map 

gl : cdi)~[UJ,,_)-1 " c(i:bn-.j~ C(Sr)n-.---=.:([=-s_r:::.:]o.:.._~)~ 
(U 0-) 

___ v:::.g_~) C(T1t(V» 
g 

where T1t(v ) = V T(v) 
g 1t g 

is the Thom space of the normal bundle )J :Sr _._)- BSO(n-r), 
g 

U E.irn-r(T(v» is the 
Vg . g 

Thom class of JJg , and.1t = 1t1(M). 

The symmetric self-intersection of an immersion g:Sr~Mn 

is the lZ;fcohomology class 

n-2r n-r 
}.(g) = vr(CPM[M)(x)E:H (t{;2;7h[1t1(H)J,(-) ) 

obtained by evaluating the composite.-

where x = gl·(U ) E wHn-r(M) is the 
Vg 

Poincare dual of g,,[Sr] E H (M), and w '" w(M). 
r 

(Thus :for a fixed Mn the class ~(g) depends only on g" [Sr] EH (M». In the 
r 

n = 2r ~(g) can be identified with the evaluation ~(g,g) of the geometric 

intersection pairing 

By Proposition 2.3, the mod 2 reduction of >- {g} can be expressed as 

case 
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Given an immersion g:Sr ~~ and a non-negative integer p> 2r - n + 1 

it is possible to deform the immersion g" 1 :S!'",· ' __ 'Mn 
J< n P by a regular homotopy 

to an embedding g' :Sr "'--0;, interior(~)( nP) with normal bundle 

:-J, = vee:P : Sr ----+ BSO(n-r+p) • 
g g 

Let E be a closed tubular neighbourhood of g'(Sr) in ~I( DP, with induced cover 

E = n" E CM )( DP • The It-map 

G : E!}i = MXDP/M><Sp-1 cOllapse,.MxnP/MXDP _i = B/oE = Tn:(v. ,) = EI'Tn(v) 
+ ~ g 
1 '" • 

induces g :cOi)·~ C(Tn:(vg» on the chain level. 

The quadratic self-intersection of an immersion g:Sr __ >Mn 

is the lZ2-flomology class 

r" • ( n-r r-(g) = -v ('I'G[H)(Uy )E H2r_n ( lZ2; lZ[n1 (M)], -) ) 
g 

obtained by evaluating the composite 

,.., VG· r" w.n-r ( n-r 
n~(M; w lZ) --'> Qn (C(Tn(vg») -v-~HomlZ[n]LH (Tn:(Y

g
» ,H2r_n{lZ2; lZ[n] , -) ». 

In the case n = 2r ~(g) will be identified with the geometric self-intersection 
, 1 

of g (in Proposition 4.2 below). By Proposition 2.6" the mod 2 reduction of P.{g} 
I 

can be expressed as 
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Proposition 4.2 The symmetric and quadratic self-intersections define functions 

.n n-2r n-r 
).: Sr(h )~~H (lZ2;LZ[n1(H}],(-) ) 

p.: Sr (U
ll

) -~ H2r-
n 

(lZ2; LZ[n
1 

(11)] • (_ )n-r) 

(g:Sr~Hn) I_~,.)...(g) 

(g:Sr~_+Hn) ~_> P.(g) 

such that 

U) >- (g) 
..n-2r n-r 

(j())g)'O) + (1+T)P.(g)€J:l (lZ2;lZ[n1(M)],(-) ) 

= nn-2r(lZ2; LZ,(_)n-r)e~-2r(lZ2; LZ[n
1 

(M)]/lZ,(_)n-r) 

1
[h(g"g2)] if n = 2r 

iii) IA(g1 + g2) -fA(g1) -/A{g2) = (g1,g2€SrOf» 
o otherwise 

iv) if the class gE:Sr{~) contains an embedding then /A(g) 0, and if 

it contains a framed embedding then also ~(g) = 0 

v) if n = 2r~6 and p-Cg) = 0 thell the class gESr(~r) contains an 

embedding. 

Proof: i) By construction. 

) 

class vr to the relation given by Proposition ·2.5 .i~ 
I • n • = ~Tn:( )g.[l-l) - (1+T)"G[H)€Q (C(Tn(V») 

ii) Apply the symmetric Wu 

1% 
g CPj1l:H) ug g 

ill) The quadratic self-intersection t"'(g1 + g2) of the connected sum g1 + g2 Oh 

immersions g1,g2:Sr~~ is given by 

y( g1+ g2) = -v
r {1rG[H])(Uv euy )EH2r_n(lZ2;lZ[lt1{M)],(-)n-r) 

g1 g2 
with 

G = G
1

VG
2 

: EFt-I ~EP{Tn(v )VTn(V » 
+ g1 g2 

There is a natural identification of lZ[n]-module~hain complexes 

C(Tn(v )V Tn(v » = C(Tn(V ».c(Tn{JJ » 
&1 g2 g1 g2 . 

and Proposition 1.4 it_allOWS us to express 'VG as 
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, I 
with (g10g2)~0 the composite 

!:l0 'I . 1t N W ~ t.o. '" (g1®g2)~0 • Hn(M; ZI) ~ Hn(C(M) \OI~[1t]C(M» 
I , 

g1®g2 • t • 
____ ~~ H (C(T1t(~ » @~[ ]C(T1t(.I> ») • 

n g1 1t g2 

Now apply the rth quadratic Wu class vr to the identity 

• • • I I • 
'+'G[M] = ('+'G [M],'+'G [M],-(g1@g2)o.O)€Qn(C(TrcCV )~Trc(V ») 

1 2 g1 g2 

iv) By definition ~G is a composite 

~G : H1t(M; w~)------) Q[O,p-1] (C(TIt(V »)~ Q (C(TIt(})) 
n n g n g 

and the middle group is 0 if P = O. 

v) Let ~(g)E. HO(~2;~[1t1(H)],(-)r) be the geometric self-intersection of an 

immersion g:Sr,\---> M2r (r~ 2), as defined in Theorem 5.2 of Wall [5]. !It was 

proved there that 

-" .," \ r 
t"'-(g1+ g2) - fl-(g1) - P·(g2} = [1\(g1·g2)]EHO(~2!ZI[1t1(M)],(-) ) 

and that for r~ 3 r(g) is the sole obstruction to deforming g to an embedding. 

We shall prove that ~\(g) "r(g) (for r~3) by a generalization of the 

I " trick used in the proof of Theorem Iv.4.1 of Browder (2).: Lift p.(g) to some 

element a E.ZI[1t
1

(M)], and let g' Isr~ M. 2r = ~r 4f (SrX Sr) be an immersion 

representing the homology class 

Define an immersion 

/1!' (g-jtO) + g' 

:- 86-· 

., 
and apply the sum formulae for f and f to obtain 

~'(gll) = P (g1 0) + /,l(g') = jJ(g) - [a] = f,(g) - p.(g) <. Ho (Zl2 ; ZI[1t1 (11)] ,(_)r) 

P.(gll) =1l(g1F O) + p.(g.) = peg) [a] = 0E::Ho(Zl2 ;ZI[1t1{M)],(-)r) 

Thus g" can be deformed to an embedding, andf(gn) = ° by iv). 

The relation of Proposition 4.2 ii) for n = 2r 

).,(g) = (j())),O) + (1+T)~g) EoHo(Zl
2

;ZI[lt
1

(H}],(_)r) 
g 

is precisely the relation of Theorem 5.2 iii} of Wall [5], 'with 

j(V ) = ') (v H. HO( Zl2!~' (_}r) the Euler number of /.J E. It (BSO(r)). g .\ g g r 

Proposition 4.} Let be a 
. [' fIM-+X idegree 1 

map from an n-dimensiona: 
(f , b) l H---.,. X normal bundle 

manifold M to an n-d:i.mensional geometric Poincare complex X. Let glSr~M be 

an :immersion with an oriented normal bundle j} lSr-->-BSO(n-r) and a null-homotopy 
g 

hlDr+1~X of fglS
r

_ X {and let }"hlDr+1 ~-~BSO be 
( ~ ~ the stable trivialization 

;) :Sr--..BSO(n-r) determined 
g 

( symmetric \<1.(f) = 
of the \ kernel 

lquadratic (1J'.(r,b) 

t 
symmetric 

• The rth Wu 
by bltJM-->,V

X 
quadratic 

class 

(C(f'),,,, = e%"'i:ptJ EQn(C(f
l ») , ( , = (C(r ) ,,+, = e%WF[X]c Qn C(f ») 



-

se!:ds the 

\ "rC,;) : En-rCCCr'» = ~-rU;) -+Hn-2r{lZ2;lZ["1(X}],(_>n-r) 

(yr(o/) : !!n-r(c(r 1» = J~-r(~:)--+Il2r_n(7l2;7h["1(X}],(-)n-r) 
, n-r -

Poincare dual xEK OI) of the Hure,/icz image in Il 1 (f) = K (1:) of 
r+ r 

~: The expression for vr(tp)(x) is immediate from Proposition 4.2 i),so only the 

normal bundle CaSe need be considered. The comoutative diagra~ of maps of spaces 

is covered by a co~~tative diagram of bundle maps 

h*V ---41/ X X 

':?::ere is induced a co~c.utative eia.gran of Thora It-spaces and It-maps (It 

T,,(g*'-)1) -- T7t(VlI) 

T,,(c} 1 ! TIt(b) 

T,,{h*)lX) .----T"{V
X

) 

';"ose Sn-dual is a It-homotop:; comrrutative diagrem of ,,-maps 

E!'T" (V h-~- EP\.! 

I()lh) r g iF+ 
L!'(VSn)~ EnX 

T': + 

:~or p ~ 0 sufficientl:: lar!<;e. A:?211:ring the sum. forlimla for the quadratic 

co!:struction of Proposition ;>.5 iii) '·;e have 

I 
G',,, [X] + 

.0 F 
y [I·n =.v [X] 
!;" GF 

·l(vh)i
X

] 
Wl(v )(1) + I(v

1 
)*';'H(X]t Q (C{T1tCv ») 

h I n g 
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"'he disc theorem for gcorr!etric Poincare' cOl;:r,ley.es (Theorem ;>.4 of \1all [4 J) 

yrovides a ho~otopy e,uivalence 

X-Yvk"n 

I':ith Y a homologic ally (n-1)-dimensional cooplex "-nd k:Sn- 1_y some map. 

Passing to the universal covers, adjoinin~ base points and collapsing Y there 

is obtained a "-CIO'.p 

..., ." n " n Il : X+ - (y \)1;:(lt" e »+ ~ ltS 

representing the Srt-dual of Tlt(h·V
X

)--->T1t(v
X
), so that 

'l'H = 0 : Hlt(X'~'7l) _Q (er/sD » 
n ' "n 1t 

Applying the rth quadratic ~iu class vr to 

(~, = .,(X». 

~~'l'F[X] = ';'1("h)(1) - WG[H]€~n(C(T"(Vg») 
l'Ie obtain tile desired expression for vr('V)(:::). 

At this point it is instructive to compare the approaches taken by 

[] 

;':all [; 5] and Browder [2] to the problem of performing franed surgery on an 

eleD'.ent~€.1tr+1(f) for some n-dimensional norma1 bundle MaP (f,b):H-X. 

Theorem 1.1 of 11all [5J establishes that for r~n-2 everYOltlt
r

+1 (f) determines 

n regu1ar homotopy class of framed iCllllersions g:Sr~lI together ~rith a 

prescribed null-homotopy h:Dr+1_X of fg:Sr __ X, such that 

(zJh,JJ) = OE.lt 1(&<;O,BSO(n-r». Surgery on ~ is possible if and only if this 
g r+ 

class contains an embedding, so that on the cha:l.n 1evel the surgery obstruction 

is irr('V)(x) = ~(g) E.H2r_n(lZ2;lZ[lt1(X}] ,(_)n-r). On the other hand, Theorea 1V.1.6. 

of Brmrder [2J assumes that 0I£1t
r

+1 (r) is already represented by an embedding 

g:Sr<>---O-N .Tith a null-homotop:! h:Dr+1_X of fg:Sr __ X, so that r(g) = 0; 

Surgery on ()( is possible if and only if (Vh'''g) = 0E.ltr~1(BSO,BSO(n-r» 
(= It (SO/SO(n-r» = n (V

k
,' ), k large), so that the chain level surgery 

r r n-r 

obstruction is yr(If)(x) = (j("h''''g)'O). In Proposition 7.9 i) below we eha11 

shall interpret the £:-,!undratic \-Iu class vr('l')(x) EH
2r

_
n

(7l
2

;A,(-)n-re:) 

associated to an abstract n-dir.tensional £-c;uadratic P05.nc;or.r coaplex over It. 

(C,'Ve~n(C'£}) as the obstruction to performing nlgeiJr,dc surger:, on XEllr(C). 
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Given an (i-1)-connected \ 2i- dimensional normal bundle map 
12i+1-

for Ii?3 

L?2 

~
(Ki on ,:\,p.J 

e(f,b) = 
(H( _) i( Ki+1': U ~ U» j Ki+1 (U ,(.IU) ,Ki+1 (Ho,a U» 

be the non-singular (-)iquadrC!tic r form over ~[1t1(X)J with the w(X)-twisted 
tformation 

involution obtained in (§5 of Hall [5] as the surgery obstruction kernel, 1 §6 

using geometrically defined intersection and self-intersection forms. 

7he odd-dimensional terminology involves the union U of disjoint framed 

eobeddings Si)( Di +\:; N such that the images f(Si~Di+1)CX are contras.tible, 

and such that the corresponding elements of Ki(H) are a set of generators, 

'lith HO = H'UCH. The quadratic kernel :r.(f,b) is the i-fold sk,n.,-suspel'lsion 

of a to-dimensional (-)iquadratic Poincar~ complex over ~[tt1(X)] 
1-

~.(f,b) = SiYi(f,b) 

(as in Proposition 2.12), and Ui\f,b) can be regarded as a non-singular 

• (-)iquadratic \form by Proposition \'1.
5 • 

lformation 11.8 

}ronosition 4.4 The surgery obstruction kernel of a highly-connected 

n-dimensional normal bundle !!'.sp (f,b):M----'>X agrees with the quadratic kernel 

defined using a geometric Umkehr map FE:\X+,'MJ1t (tt = 1t1 (X» 

(n = 2i or 2i+1 ~ 5). 

Proof: Consider first the case n = 2i. NO\~ C(f') is given up to chain e".uivalence 

and the quadratic kernel is given by 

rr.(f,b) = (C(f'),IjI= e.t1l'F[X]E.12 .tC(f!» 
,u 1 

coker(1-T( _ )i:HOmw,[tt](Ki (H) ,Ki (H).) 

identif;ring Ki (H) 

->-Hom~[ tt)( Ki (:.I) ,Ki (I:).» , 

let (l,;) by Poinc~r~ duality. By Theorem 1.1 of Hall [ 5] 
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every elct:Jent x € Ki (E) is represented b~' a framed i!lllIiersion g:Si~H2i together 

\dth a null-homotopy h:Di+1--.X of fg:Si ~X, and Propositions 4.2,4.3 

~,llow the identification 

'I'(x)(x) = r(g) €HO(~2;:;Z[lt1(X)] ,(_)i) 

Thus e(f,b) = (fi(f,b) if n = 2i. 

In the cv.se n = 2i+1 we have that up to chain equivalence 

C(f') : ••• ---O-Ki+1(H,U)--->"Ki(U)~O--;' ••• , 

so that ui(f,b) is a non-singular (-)iquadratic for~tion over ~[tt1(X)] 

(fi<f,b) '" (R(_)i(Ki (U)·);Ki (U)·,Ki +1 (II,u)} • 

Identifying K
i

+1(U,dU) = ~(U) = Ki(U)· by Poincar{ duality and the un1versal 

coefficient theorem we can ~rrite the inclusion of the lagrangian 

as the t:JSp 

Ki+1 (I-I,U) = Ki+1 (r!O'~U) ---> Ki (.1U) = Ki+1 (U ,dU)"Ki +1 (U ,dU)

appearing in the definition of e(f,b). Thus e(f,b) = ifi(f,b) if n = 2i+1. 

[] 

i i 
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§5. Algebraic cobordism 

Ue define an equivalence relation on algebraic Poincare complexes 

nodellcd. on the cobordism of manifolds, and also called cobordism. In §6 we show 

t!Jat a bordism of maps of geometric Poincart complexes 
}

degree 1 {degree 1 

norr.1al normal 

determines an algebraic cobordism of the kernel Poincare complexes. lsymmetric 

quadratic 

The cobordism classes of n-dimensional Poincar~ complexes over A ~ 
~ -symme tric 

~-quadratic 

iLn(A,E) 
group (n ~ 0) under the direct sum e. In 

Ln(A,E) 
define an abelian §7we shall 

analyze algebraic cobordism using an algebraic surgery technique modelled on 

the surgery of manifolds. 'rhe quadratic L-groups will be identified with the 

surgery obstruction groups of Wall [5J 

L
n

<:Z[lt],1) = Ln{n:) • 

In §8 the cobordism class of the quadratic kernel of a normal bundle map 

(f, b):M ~ X will be identified with the surgery obstruction of \;all [5] 

cr.(f,b) = OU,b)€: L
n

{7h[n:1 (X)J,1) = Ln{1t1 (X» , 

and it will be shown that the chain level effect of a geometric surgery is 

an algebraic surgery. 
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Let A,E be as in 51. Given an A~module chain map 

f:C_D 

define the relative Q-groups 

~ 
Q[~~j] (f ,E) Hn+1 (Hom7h[7h J (U[i ,j] ,Cl f t~ r») 

[. jJ 2 t (-OO~ H j P'" n~ 0) 
Qn~'; (f,E) Hn+1{W[i,j~[7h2JC(f ~f») 

_rith C(ft6'if) the algebraic mapping cone of the 7h[lZ2]-module chain map 

f~Af:C~AC ~D~AD, taking TElZ2 to act by the to-transposition T£:. 

l< S'l' ,'I') E Q[~1 j] (f ,E) 
An element r (. ' 'J is represented by a collection of chains 

(O'!',"')f.Qn~.;J (f,E) 

~
\ {J"IP,IP} = (.rIP ,IP )E (Dt&D) 1e(c~AC) IH s~jl 1 s s s ""A n+s+ n+s 

f(!''!',''') (S", ,'I')~ (D
t
61lD) 1e(c~Ac) li~s·Ul 1. s s s '1l n-s+ n-s .J 

such that 

ti~ s' j, 1IPi_1 = 0, 'l'i-1 = 0) 

+ (_>s+1T£:""'S+1> + (-}n(f~Af)("'s)' 

For E 1 EO A we 

Proposition 5.1 For any A-module chain map r:C-D there is defined a long 

exact sequence of Q-groups 

i 
... ----..Q[~~j](f,E)---->Q[i,jJ(C,E) L Q[i,jJ(D,E)_Q[i,j](f,E)- ••• 

~ Q[i,jJ{f E)---">Q[i,j]{C E) ~Q[i,j](D d ____ Q[i,j](f E)~ ••• , 
••• n+1' n ' n ' n ' 

[] 



I 
E-syJllllfetric -93-

An tn+1)-dicensional pair over A 
E-quadra tic 

is a chain map f:C --'> D from an n-dimensional A-module chain complex C to an 

(n+1)-dimensional A-module chain complex D, together )Iith a relative 

) 

2Z2-hypercohomology {(~<p,<p)E Q.n+1 tr ,E:) ~ Q[~1 ](f ,E) 
class o,et> , and 

2Z
2

-hyperhomology (S'I' , ljf) € Q 1 (f ,E:) ~ Q ( l' "'] er ,E:) 
n+ n+ 

~
(O'l'O'<Po)E Hn+1(f~Af) 

if the relative homology class 
{( 1+TE )S'I' o,(1+TE)ljf 0) E Hn+ 1( f~A f) 

• isocorphisms 

Hr(D,C) = Hr(r)~H 1 (D) 
n+ -r 

(Poincare-Lefschetz duality) via the slant-product 

(O~r~ n+1) 

it is POincare 

induces A-module I 

, : Hr (r)®'77H 1 (f\8l. r)~H 1 (D); (g,h)@{u®v,~h---+ grtiTv + iilxYf{y) = n+ ft n+ -r 

« 
r r-1 t) t-

g, h)ED .. C u@V E (D ®AD n+1' x0y € tC Q9A C)n) • 

'l'he boundary of an (n+1)-dimensional Poincart pair over A 
{

E-Symmetric 

E-quadratic 

{(nc --+D,(8'",,<p) EQn+\f,E» 

L (r:C~D,{S""",)€ Qn+1(f,E» lE-symmetric 
is the n-dimensional Poincar~ complex 

E-quadratic 

lE-symmetric 
of n-dimensional Poincarl complexes 

E-quadratic 

is an (n+1)-dimensional POincare pair )Iith boundary i (C,<p) ,CC' ,<p') ~E-Symmetric 

(C ,1;1), (C' ,'1") E-quadratic 

f
-(C,<p)41(C' ,-<p') f(U f'):CGlC'---'tD,(S'<p,<p4l-<p')€ Qn+1({f fl) ,E») 

, say 
(C,"')41(C' ,-1f

'
) «f f'):C4IC'~D,(S'l'I1f4l-'VI)E-Q.n+1«f f') ,E») 

In Proposition 5.2 below we shall prove that cobordism is an equivalence 

relation on algebraic Poincar~ complexes, such that the cobordism classes define 

abelian groups under the direct sum 41. The verification of the transitivity of 

cobordism requires the following algebraic glueing operation. A geometric cobordism 

gives rise to an algebraic cobordism, and the glueing of geometric cobordisms 

gives rise to the glueing of algebraic cobordisms. 

Our notion of cobordism of symmetric POincare cobordism is a chain 

r.omotopy inv"riant version of the "algebraic Poinc'lre bordis!C,II of Ilishchenko (2J. 

re = 
le = 

to be 

given 

Define the ~ of adjoining l:~:::~:~::: cobordisms 

«fC f c ,):C<;C'-D,(.f",,<;>41-<r,) EQn+1«f
c 

fC,),E» 

« fC f c ,) :CeC-'-D.(.r"" ",.,-1f')" Q
n

+ 1 {( fc f c ,) ,E» 

f c I = «fC ' fC,,):C,.,CII ---+D' ,(.r<p' ,<p'<;-<p")E Qn+\(fc , 

1 c' = «fCI fc,,):C'''C'' --D' , (.)'It! ,1;1, .. -",11) (0 Qn+1{(fC ' 

f C") ,E» 

fe") ,E» 

~
E-Symmetric 

the cobordism 
E-quadratic 

ruc' «fC fC") :CeC" ---+ D", (S <p" ,<pe-<p") E Qn+1 ({fC 

evc' «fe f" ) :CeC" --t D" (S "," 'lIe-1jI") 1:: Q « fIt 
CIf " n+1 C 

by 

dD" (: 
(_)r-1 f 0 

) C' 

dC' 0 

(_)r-1
fc

, 
dD' 

: D" ~ D eC' eD' -----> n" r .r r-1 r r-1 

o 

( _)n-r+s+1 T ' 
E<Ps-1 

(_)sf' .n' 
C''''s 

o 

{_)n-r-sT 1f' 
E s+1 

(_)sf' '1" 
C' s 

D eC' 41D' r-1 r-2 r-1 

fC") ,E» 

fC,,),E» 

D eC' eD' r r-1 r 

: D"n-r-s+1 ~ Dn-r-s+1ec,n-r-seD,n-r-s+1 --0" D ee' eD' 
r r r-1 r 

11e shall normally Hrite 

(s~ 0) 

(s ... 0). 



(Several remarks about the union operation arc in order: 

i) Given A-module chain maps (rc fc,):C .. C'--D, (fc' fCIt):C'eC"~D' 

let f
Qn

+

1 

be the relativ~ groups appearing in the long exact sequence 
(Qn+1 

\ ••• _Qn+1(C',E:)--->Qn+1-->Qn+1{(f
c 

f
c

,),E)"'tn+1«fC' fC,,),E)_Qn(C',E)----4 ••• 

t ... ---. Qn+1'C' ,E)---7 Qn+1~ Qn+1 C( fC fc ,), E) eQn+1 {(fc, fc") ,E)-+ Qn (C' ,d- ..• 

The definition of the union (as above) depends on a choice of lift of 

fC,),E)eQn+1«fC' 
fC') ,E)eQn+1( (fc' 

fe") ,E)~Qn(C' ,E» 

the abelian group morphism 

induced by a ~2-isovariant chain,map • There is thus an indeterminacy in the 

union operation, since adjoining Poincare lE-symmetric 
cobordisms determine 

~-quadratic 

f
COker(Qn+1 lC' ,E) '_Qn+1) 

only an element of 
cokerlQn+1 (C' ,E)--Qn+1) 

ii) There is a neater expression for the union in the special case when all 

the chain maps involved are direct inclusions. 

f
E-symmetric 

An 
E-quadratic 

is~ 

if each f ~ Hom
A 

(Cr ,Dr) (r E~) is a split monomorphism, that is the inclusion 

f
E-symmetric 

of a direct summand. The direct union of adjoining direct cobordisms 
E-quadratic 

f C') :CeC' ~D,(dljl'4'e-4'')EQn+1 «fc f C') ,E» 

f c ,) :C .. C' -'> D,(b'l' ,"e-IIf' )EQn+1l (fc f c ,) ,E» 

\ c' ~ 

let = 

r n+1 «fC' fell) :C' .. C" ___ D' ,("",' ,,,,'e-IjI":\::Q «fc, f CII ) ,E» 

«fC' fC") :C'eC" --..D' ,(~"" ,'''e-Wu)fQ n+1«fC' f CIt ) ,e» 
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is the direct cobordism 

- - -- n+1 -f(;II) :CeC" _____ D" ,0;"," ,<pe-",")f'~ « re 
f(;,,) :c .. C" ---l' D", (S'I'", 'l'e-'V")"Qn+ 1 «re 

defined by 

fell) ,E» 

{C,,),E» 

coker( :C' ---+ D eD') (
fC') 
f' r r r an" 
C' 

, \ ~" = [Eljlercp'] 

L &'1''' :: [r'l'e~'V'] 
The direct union for symmetric cobordisms is due to 11i"hchenko [ a], where 

only the direct symmetric cobordisms were considered. A restriction to direct 

complexes and direct complexes does not involve a loss of generality~ since 

i E-symme tric ~ c ~ « f 
every cobordism 

E-quadratic c ~ «f 

f') :C.,C' - D, (81j1,,,,e_cp')<;Qn+1« f f'>.,E» 

f') :C.,C' -D,U'V ,We-'I'')E.Qn+1« f f') ,E» 

is homotopy equivalent (in a sense to be made precise) to a direct cobordism 

tc ~ «1' r'):CeC' ~ D,(r""ljIe-",,)EQn+1«r f') ,d) 
with D ~ lof(f f') the 

C = «1' f'):C"C'-:"i5,(n,We-'I")EQn+1«1' f'),E) 

algebraic mapping cylinder of (f f'}:CeC'----D. Furthermore, if e,e' are 

~ 
E -symme trie 

adjoining cobordisms then 
E-quadratic 

up to homotopy equivalence, so that the direct union corresponds to the 

indirect union. 

tE-Symmetric 
iii) For n ~ 0,1 the union of cobordisms can be interpreted as 

f.:-quadratic 

f
E-symmetric 

a glueing operation on forms and formations,ef. the discussion 
E-quadratic 

follo\dng Proposition 5.7 below). 
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Proposition 5.2 Cobordism is an equivalence relation on n-dimensional 

~ 
c-symoetric 

Poincare complexes over A, such that homoto~J equivalent complexes 
c-quadratic 

are cobordant. The cobordism classes define an abelian group, the 

~
c-S;ymmetric 

n-dimensional 
e-quadratic 

inverses by 

f 'o .• l + (C' ,cp') 

(C,'!') + (C' ,IjI') 

L-group of A (n~O) with addition lLn(A,c) 

Ln(A,e) 

(Cel:' ,'1'''4'') -(C,IP) (C,-.p) t: Ln(A,c) 

(CeC' ,ljIeW') -(C,V) (C,-IjI)€Ln(A,c) 

and 

Proof: Given a ho~otopy equivalence of n-dimensional Poincare le-symmetric 

e-quadratic 

complexes over A 

[

'P'Qn(c ,c) 
, so that 

VEQn(C,c) 

l"(cp)€ Hom~pZ2](W,c,t®AC')n 

f')6(W)E (W~[lZ2](C'~AC'»n 

is a cycle representing .There is then defined a cobordism ~
IP'EO Qn(C' ,c) 

""E,Qn(C' ,c) 

i({f 1}:CeC'---+c',(O,cpe-,p')"Qn+\(f 1),e» ItC,IP) 
from to 

«f 1}:C"C'--4C',(O,W.-'!'t)(,Qn+1({f 1),e» (C,'!') 

(C' ,cp') 

t(C' ,1jI'} 

This verifies that homotopy equivalent algebraic Poincar{ complexes are 

cobordant, and in particular that cobordism is reflexive. 

{

«f f') :C .. C' ---+ D, Ucp,'l'e-'l")E Qn+1( (f f') ,e}) 
If is a cobordism, 

«f f'):C .. C'-D,(SIjl,'!',,-IjIt)~Qn+1C(f f'),e» 

, lccf' f):C'.C--->-D,C-Scp,Cp'''-'l')c: Qn+1 C(f' f) ,d) 
then so 15 thus verifying the 

«f' f):C' .. C ---+D,(-.\1V,W'''-W)~Qn+1«f' f) ,c»' 

symmetry of cobordism. 

The union operation ensures that cobordism is transitive. 
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I 
(n ~ Ol.1 

lZ[lt] will be identified :t..n §8 with the ! 

t
Ln{A,1) = LnlA) 

by • t sym;ne tric 
~le Shall denote the L-groups 

quadratic L
n

(A,1} = Ln(A) 

In fr7 below >re shall establish that Ln(A,c) Ln +2(A,-c) = Ln +4(A,c) 

The quadratic L-groups of a group ring A 

surgery obstruction groups of ~lall [5'], Ln (~[1t]) = Ln( It). The cobordism class of 

the quadratic kernel of a normal bundle map (f,b):M_X will be identified >lith 

the surgery obstruction, o' .. (f,b) = eH,b) ~Ln(~[1t1(X)]} = L
n
(tt

1
(X». 

The symmetric L-groups Ln(A} coincide with the "algebraic Poincare bordism" 

groups fin (A) of Mishchenko r 2] , -except that Rn (A) is defined using only 

f.g. free (rather than f.g. prOjective) A-module chain complexes - the difference 

this makes will be considered in §12 belm-I. 

The correspondences between Im-I-dimensional (n = 0,1) algebraic Poincare 

and forms and formations of §1 will be pursued further in §7 below, and 

tLO(A,C) iL1(A,C> 
-. (resp. . ) will be identified >lith a Witt group of stable 
,;Lo(A,e} L1 t.A,c} 

isomorphism classes of non-singular forms (resp. formations) over A. 
{ 

c-symmetric 

E-quadratic 

The c-symmetrization of an {n+1)-dimensional c-quadratic (Poincari) pair 

over A (f:C--)oD,Oi'1f'''')~Qn+\f.C» is the i.n+1)-diI!lensional E-symmetric 

(Poincare) pair 

~Ihere 

s= 0 

s~1 

Thus the c-symmetrization of a null-cobordant e-quadratic Poincare complex 

is a null-cobordant c-symmetric Poincare complex, and there is defined 

an (-symmetrization map in the L-groups 

(1+Te) : Ln(A,e) ->- Ln(A,c) ; (C,'VEQn(c,e» -(C,(1+TE:)Wc!Qn{c,d~ 

In §11 we shall prove that the e-symmetrization maps (1+Te}:Ln(A,e}~Ln(A,c) 

are isomorphisms modulo 8-torsion. 
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ProDosition 5'2 If A is such that there exists a central element aeA .dth 

a+a=1E;A 

then the E-symmetrization maps 

(n~O) 

a!"'e isomorphisms. In particular, this is the case if 1/2E'A. 

Proof: For such A already the Q-group E-symmetrization maps 

(1+T ): Q (C,E)---"Qn(C,E) 
E n 

are isomorphisms for any A-module chain complex e, with inverse 

s= 0 

Thus there is no difference between E-quadratic and E-syuw.etric complexes over A. 

Similarly, the E-symmetrization maps 

(1+T ) : Q tr,E) ---->- Qnu,E) 
E n 

are isomorphisms for any chain map f:C--+D of A-module chain complexes, and _ 

there i3 no difference between E-quadratic and E-symmetric pairs over A. 

[J 
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f
E-symmetric 

The ske>l-suspension of an tn+1)-dimensional tPoincar~) 
E-quadratic 

L
( f:C---r D,(~ cp,cp)fQn+\ f ,e:» f( -E)-symmetrid 

over A is the tn+3)-dimensional J 
(f:C---'D'(~'V''V)'Qn+1(f,e:» (-E)-'lusdrat;.i, 

pair 

(Poincar~) pair over A 

1 s( r:C--l-D, (Scp ,'11» 

S(f:C-D,(d'V,'I'» 

1
s:Qn+1 (r ,E)----+ Qn+3(Sf ,-E) 

>lith _. the relative version of the isomorphism 
S:Qn+1(f,E)---+Qn+3(Sf,-E) 

defined in the absolute case in §1. Thus the skew-suspension of a nul~-cobordant 

) 

E-symmetric 
n-dimensional Poincare complex is a null-cobordant (n+2)-dimensional 

E-quadratic 

\ l-e:)-symmetric 

l (-E)-quadratic 

, 
Poincare complex, and there are defined ske>l-suspension maps 

in the L-groups 

I S 

l S 

Ln(A,E) __ Ln+2(A,_E) 

Ln(A,E)- Ln+2 (A,-E) 

(C,cp)"--+(SC,Scp) 

(c ,'V)I----'>(sc ,S'I') 

In §7 below we shall prove that S:Ln(A,E)~ Ln+2(A.-E) is an 

isomorphism for all A,E,n~ 0 (Proposition 7.3). It >1111 also be proved that 

S:Ln(A,E)----+Ln+2{A.-E) is an isomorphism if A is noetherian of finite global 

dimension m and n~2m lProposition 7.4). In §14 we shall construct examples 

such that S:LnlA,C) ----+Ln+2lA._E) is not an isomorphism (Propositions 14.3. 
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\"le shall nON define the notion of homotop:r c1uiva1cncc 

appro?rinte to algebraic Poincare pairs. It turns out that the homotop, e1uivalence 

classes of Poincar; pairs are in a natural one-one correspondence lE-symmetric 

E-quadratic 

[

E-symmetric 
,·d th the homotopy equivalence classes of certain complexes 

C-quadra tic 

t Proposition 5.4). This allo>ls for considerable conceptual simplification, giving 

ic-symmetriC ~£-s:rmrnetric 
the L-groups ~n expression entirely in terms of 

£-quadratic E-quadratic 

complexes, In §7 below we shall use this expression to identify the 10>l-dimensional 

L-groups 'li th stable isomorphism groups of forms and formations, and to establish 

the 4-periodicity of the quadratic L-groups, Ln = Ln+4' 

i £-s,mmetric 
Define a homotopy e~uivalence of n-dimensional pairs over A 

£-quadratic 

S (g,hi k ) : (f:C~D,(r"',,')Eetn(f,C»~ (f' :C' --D' ,«(<p' ,'l''lH!n(f' ,d) 

L (g,hjk) : (f:C --D,(Gv ,'V)"qn(f ,E» ~ (f' :C'-D' ,(~ljf' ,'V')~Qn( f' ,E» 

to be a triple (g,hik) consisting of chain e,!uiva1ences 

g: C~C' h:D-D' 

top;ether >lith a chain homotopy 

such that 

C -------+ D' 

(S<p' ,'l',)EOQn(f' ,d 

(8':" ,'l")t etn(f' ,d 

1 
(",hjk)%(~'l""') = «hoSAh){S'<p ) + (_)n-1(hf~!t){1P ) + (-)P(Mf'g)(" ) 

s 5 S 5 

+ (_)n+p-1(k®k){" 1) .(g0gH" » E (D,tS. Dt) e(c,tQl:)AC ') 1 _ s ~ ~s ~_ 

n-1 p 
(g,hjk),,('ci~','l') «"<&h)(.jV) .. (-) (hf®k){'l') + (-) (kM'G)(Y ) 

I.:J S -A 5 S 5 

+ (-)n+p(1c~k)('l' 1) • (g®g)(V »E (D,t,.~AD') .. tC'\;;;;lAC ') 1 

ts ~ 0, 

s+ 5 n-s :1-5-

D' t® D' 
p A 1 

. . ~E-s:'mmctric -102- }lG,y(OQn(C'E» 
An n-rl.J.laens1.on:"\l cOr.l"'.Jlcx is 

E-quadratic . (C,'VE1
n

(C,E») 
connec ted if 

r "O("'O:Cn-*-C) = 0 

L EO«1+Tc )VO:Cn-* ----",C) = 0 

In p;:rticul<1.r, Poincare" com91~xes are concccted. For n o connected = Poineare. 

~ 
£-symm"tric 

Define the boundary of a connected n-dioensional complex 

complex over A 

given by 

d~C 

£-quadratic 

(n~1) to be the (n-1)-dimenrd.onal Poincare f
c-Symmetric 

~ a(C ,'P) 

I (l(c ,v) 

(aC,~~EQn-1«)C,E» 

(lIc, ,WEQn_1(,)C .E» 

acn - r - 1 

C
n

- r flC 1 -->- <lc 
r+ r 

£-quadratic 

:) : ~n-r+s-1 Cn- r +s flC ---+ ac 
r-s+1 r 

(~Iotivation: let 11 be an n-dimensional manifold with boundary .)11, and let 

..... '" n( 0"01.()I1) = (r:C(1)M)--------.C(J.l) .'PM ;»'[~I]E. Q f» be the associated n-dimensional , 
symmetric Poincare pair over ZI["1 (M)] defined in §6 belo>!, with boundary 

IV n-1 ,.,.", 
(1'" (am = (c(aH) .1P,rrPH\](;Q (C(<> N»), Then the n-dimensiona1 symmetric complex 

(C,IP) = (c<iV9M)'~iVa1.lM]€Qn(~(lV.JM») obtained fromOo(H,i}N) by collapsing<:rO(c}r.!) 

has boundary ~(C ,"') homotop] equivalent to 0-*(;)1.1». 
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lE-sYT;Jr.letric {(c,<'?e).n(c,e:» 
fI.n n-di!:1c!1sional coraplex 

E-quadratic (C,'ff'1n(C,e:» 
is contractible 

if it is homotopy equivalent to 0, th~t is if H.(C) ~ o. 

Proposition 5.4 i) There is a natural one-one correspondence bet-Ieen the 

{ 

E-syt!llDetric 
)',omotopy equivalence classes of n-dimensional 'Poineara pai.rs 

E-quadratie 
over A 

. ~E-6ymmetrie 
and the hoootopy equivalence classes of connected n-di.mensional 

. E-quadratic 

complexes which preserves boundaries. POineare pai.rs with contractible 

boundaries correspond to Poincare complexes. 

lE-symmetric 
ii) A connected n-di~ensional complex is Poincar: if and only if 

E-quadratic 

{ 

E -s:rrnme tric 
its boundary is a contractible In-1)-dil'lcnsional complex. 

e:-'luadratic 

{

E-symr.tetric , 
iii) An n-dirnensional Poincare complex is null-cocordant if and 

e:-quadratic 

onl;, if it is homotopy equivalent to the boundary of a connected 

1
e:-symmetric 

(n+1)-dirncnsion2.l complex. 
E-quadratic 

(0 1): <lC =C 1 .. cn-r~(Cn-o) 
r r+ r 

'-1o!.- 1 e:-symmetric 
Given a homotop:r equivalence of connected n-dimensional 

E-quadratic 

" 

" 

Let f':C'-C be a chain homotopy inverse for f:C--+C', and let g:f'f-"1:C-+C, 

be a Chain homotopy, with 

f'f -

Then the A-module morphisms 

-f(1+T
E

)'V
O
g· + (-)r(1+TE)J(of' O

) 

f'· 

are such that 

C -----. C 
r r 

~C 
r 

C' .,C,n-r 
r+1 

f (af, 1; 0) 

t (af, 1; 0) 

(iC:()C-----+ Cn-. ,(o,'aq») __ (i
c

, :aC'~ C' n-o ,(0,1)<p')) 

(ic:aC~Cn-o ,(O,~'V» ~ (i
C

' :aC' __ C,n-* ,(O,a'!"» 

{ "'-sYml'letric 
is a homotopy equivalence of n-dimensional ~ Poincare pai.rs over A. 

l.e:-quadra tic 

(The definition of the boundary depends on a choice of cycle ~
J(C .'1') 

(}(C,V) 

representative for • ln particular, we have just shown that a 
{

<pE Q.n(C ,e:) 

'V ~Q.n(C,E) 

different choice of represent~tive defines a homotopy e1uivalent complex). 



Conversely. given an n-dimensional Poincar: pair over A 
,-1 05-. ~ E-sy=etric 

E-quadratic 

~ (f:aC ~C,(<p,i)'l')el.n(f ,E» 

l( f:aC ~C, ('i' ,()IjI)fQn(f ,E» iE-Syru;tetric 
define a connected n-dir.tcnsional 

O:-'l.uadratic 

l(C' ,cp'EQn(C' ,E» 
cor.tplex 

(C' ,'I"EQn(G' ,E» 
b:F C' C( f) and 

(s~ 0) 

(s ~O) • 

(This is an algebraic analogue of the Thorn complex construction in topology, 

being just the collapsing of the boundary ). There is defined a 1('()C ,'acp) 

(Bc ,3'1') 

hOLlOtOpy equivalence of n-dimensional Poincar6 pairs lE-symmetric 

E-quadratic 

(i
C

' :Ilc' __ C,n-. ,(0,'0'1"» -'> (f~aC ~ C ,(cp,~cp» 

(iC' :~C'~C,n-. ,(O,aW'» - (naC - C,('I',ilW» 

f\1+T E)OIjl0) 

()'l'0) 

(1+TE)()"OJ 

0) : ~ C' = 
r 

C,n-r 

cC' = C 1eac eCn-reClCn-r-1---4dC 
r r+ r r 

C 1eac eCn-reaCn-r-1 ~ C 1 
r+ r r+ 

ii) Given a connected n-dimensional complex 
{ 

E-symmetric llC,<:>tQnlC'E» 

£-quudratic (C,'I'€Qn(C,E» 

n-" 

~
• Si!lC 

VIe can identify 
C(<:>O:C ----t>C) 

n-" 
C«1+T E )1!'O:C -C) 

, so that ac is chain contractible 
SClC 

{

lC,T) 
if and only if 

(C,'V) 
is Poinc~re. 

iii) is ir.tmediate from i). 
[] 
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if 11 ::):-;;~::i:~:I~:-1uad:::i!C complex (C''V~Qr::c~S» is highl:r:::n:c:t~e:i 
r . . 2~+1-... -. 

J.,1+1 Hi _1«1+TE)"0:C ----..C) '" 0 21+1 

Highly-connected complexes are connected and have highly-connected boundaries. 

The quadratic kernel a.(f,b) of a highly-connected n-dimensional normal map 

(r,b):H--+X (Kr(H) = 0 for 2r< n) is a highly-connected n-dimensional 

quadratic Poincare complex over ~[tt1(X)]. 

\

an E-quadratic form (M,W) 
Define the boundary of (I) 

a split E-quadratic formation (F'(~ ,e~G) 

l split (-E)-quadratic formation 
to be the non-singular 

E-quadratic form 

("'+E'I'·) ~ 
~(H,>;I) '" (H,( ( 1 ) ,'I')H) 

1(F ,G) = (G.I./G,lV.I./lV) '" (ker(EIl· r) :F .. F.--,>G.)/im(~):G ~ FeF·) , [: :) • 

Proposition 5.:2 The homotop:! equivalence classes of highly-connected 

\ 

2i-
dimensional 

(2i+1 )-
E-quadratic complexes over A are in a natural 

lisomorPhism 
one-one correspondence with the 

stable isomorphism 
classes of 

l(->iE-quadratic forms 
over A. The correspondence preserves t~e 

split (_)iE-quadratic formations 

boundary operations, and sends Poincare complexes to non-singular (forms • 
t!0rmations 

Proof: Immediate from PropOSition 1.5,1.8 i). 

[] 
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In Raniclo. [1 J there ~lere defined groups un(JI.) for n(mod 4), as the 

sets of e'!uivalence classes of non-singular (-)iquadratic f forms Over A 
formations 

if n - \ 2i under the equivalence relation 
- l2i+1 

[ 

(H,'I') '"V (H' ,'V') f (_)i 
if there exist i 1-quadratic 

(ll,'ViF ,G) '" (H' ,'V' iF' ,G') (-) + fforma tions 

forms 

~ (N ,\i H,K), (N' ,~' i H' ,K') 1 an isomorphism 
and 

(N,\) ,(N' '\ t) a stable isomorphism 

\ f : (H,'V)e)(N,{iH.K)---+ (M','V,) .. :l(N' ,{';R' ,Kt) 

1 [f]: (14."'iF ,G) .. 'a(H '\)----+ (11' ,,,,, iF' .G' ) .. a(U' '\'> 

The boundary of is the non-singular (-)iquadratic l(N,\i H • K) 

(H,,) 

fform 

{formation 

) ~(lI,~;H.K) = (IC.L/K,\.L/i\) 

o(lr,\} = (H(_)i(N);N,r(H."\» , rO'l.\) ;. \ (x.('\.+(_)i+1~.)(x»~N.u~IX<;Nl. 
fidiition and inv~rses are given by 

(li,'I'jF,G) + (1-l'.""jF'.G') = (rJeH"'V"""jF .. F'.G .. G·) 

f 
(1-,,'1') + (I,' ."") = (H .. M' ,,,, .. "") 

-(l:.'I'jF.G) = (r1.-"'iF.G) E. U2 i+1(A) 

fTOposit;on 5.6 There is defined an abelian group morphism 

~ U2i (A) --+ Lo(A,(_)i} i (l-i."')t----+ (C''''£Qo(C,(_)i» 

l U2i+1 (A) -.....,. L1 (A,(_)i) j CH."'iF.Gh--.... (c."'e~1(c.(_)i» 

. t forn 
sending a non-singular (-)lquadratic to the cobordism 

formCltion 
class of 

io-
~ssocinted dimensional 

1-
(-)iqnadratic Poincar; co";!ple". 

~: It is imrnedi"l:e from Proposition 5.5 that U2i(A)~I'0(A,(_}i) is 

:-I~ ll-de fined. 

J
the 

any 
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t. non-singular (-)i'lUadratic forMation over A (H,'I'iF,G) is such 

th"t (M,'i'iF,G) = De: U2i+1
(A) if and onl:; if there exists a stable iso",orphism 

[f] : (J1,'I'iF,G) .. a(N,,\)-21(Il',,') 

for some (_)i+1quadratic forms (n .. ~), (N' ."t). (In Proposition 7.8 we shall 

prove that we can take (N,,) = 0 in the above). Every formation is isomorphic 

to one of the type (H(_)i(F)iF,G) by Proposition 1.6, and every stable isomorphism' 

[f] : (H(_)i(F)iF.G) .. ~N,,) ------7a(N' ,~I) 

-lifts to a stable isomorphism of split (-)iquadratic formations 

(-)i+\uadratic form (N' .,' EQ(_)i+1(NI» such that 

~' + (_)i+1\ .. = ~' + (_)i+1 ~ t. N' ~Jl'. , 

by the proof of Proposition 1.8 ii). ~Te thus have a stable isomorphism of 

non-singular split (_)i+1~quadratic formations 

[01,','1'] : (F,G)"~(N,\,_ '(,\(N' '~') , 

so that (F.G) = 0 E:L
1

(A,(_)i) by Proposition 5.5. It follows that 

i U
2i

+
1

(A) -L1 (A,(-) ) ; (H(_)i(F);F.G)~ (F,G) 

is well-defined, using any choice of hessian «~ ~),O) to lift a non-singular 

(-)iquadratic formation (H(_)i(F)jF,G) to a split formation (F·«t)·O)G), thus 

obtaining a 1-dim~nsional (-)i1uadratic Poincart complex. 

[] 

defines a worphisD 

(n~ 0) 

>1hich >Te shall prove to be an isomorphism in 57 belm-I. 



The correspondence of Proposition 5.4 i) sho>ls that up to homotopy 

e1aivalence the cobordisms of n-dimensional Poincar; complexes over A le:-symmetric 

e:-quadratic 

ca] be considered as quadruples 

{ 

e:-symmetric 
(connected (n+1)-dimensional complex over A , 

[

(D,V) 

e:-quadratic (D,{) 

f
e:-symmetric" f(c''I') ,CC' ,'1") 

n-dimensional Poincare complexes over A , 
e:-quadratic (C ,111), (C' ,vI) 

. tU f'): (C''I')e(C''-'I'I)~'()(D,V) 
tomotopy equivalence ) , 

(f f') : (C ,'I')e(C '. ,-'1") ~ 0 (D,~) 

which we shall also call cobordisms. The union operation considered above 

associates a ne,l cobordisn. to adjoining .cobordisms of this type 

"" t(D,V) ;(C,<p) ,(C' ,<p') ,(f f'»U «D' ,V');(C' ,cp'),(C",cp") ,(f' fit)} 

..,'" = «DVc,D',Ji"'cp,V')i(C,'I'),(clt,'I'"),(f f"» • 

,In particular, given connected (n+1)-dimensional e:-symmetric complexes (D,V), 

tD' ,v') and a homotopy equivalence g:Cl(D,V)~ ~(D' ,v') we can glue together 

so as to obtain the (n+1)-dimensional e:-symmetric POincarecomplex (D,u)v (Df,-v') 
g 

ap?earing in the cobordism 

«D,,,) ;O,~()(D, ... ) ,(0 1» U«D',-vl);-a(D,v),O,(g 0» = «D,lJ)ug(D' ,-)1');0,0,(00)) •. 

Si~ilarly for the e:-quadratic case. (There is then a sum formula 

{ 

«D,)})", (D' ,-v'»e(D',J?t)U ,(D'.',-»"» = «D,!1h.: , (D",-II"»~ Ln(A,E:) 
g g' g g 

«D,,)Vg(D' ,-,,»et(D' ,\t)Ug,(D"'-r» = «D,\)ug'g(D"'-f'»E. Ln(A,e:) 
(n,3 0) 

>:,,-ich includes as special cases a sum formula for formations (cf. Proposition 7.7) 

{ tH,'l';F,G)o{l-I,<p;G,H) 

1 (M,'I';F,Q)e(M,W;G,H) 

1 
(M,<p;F,H) ~~ (A,e:) 

(H,'I';F ,H) E. L1 (A,e:) ). 

'l'r.e formulation of the union operation entirely in terms i' e:-symmetric 
of complexes 

e:-quadratic 

(i.e. not involving pairs) has the advantage that in the IOW-dimensional cases 

n = 0,1 it ~ranslates directly into the language of forms and formations, using 

t~~ correspondences of PropOSitions 1.5,1.7,1.8. 

-110- Vie shall nOH give an explicit description of the union operation for 

e:-quadratic forms and formations, which was obtained in Rar.icri [5J.prior to 

the chain cOr:lplex theory. \'Ie sr.all need this union operation in §10 belo>l 

in order to describe the relative ~-quadratic L-groups Ln(f,e:) of a morphism of 

rings >lith involution f:A_B in terms of e:-quadratie forms and formations. 

Given e:-quadratic for=tions over A (I1,W;F,G),tM','I'I;F',G') and an 

isomorphism of the boundary e:-quadratic forms 

define the union non-singular e:-quadratic formation 

(M,'I';F ,G)Uf(M' ,"" iF' ,G') = (MeW ,'VeW' ;F4IF' ,Geim«(j; f }G.&/G -NeH'}eG') 

'lith j~HomA(G.L/G,~!}, j'EHomA(G''&/G',M'} the direct inclusions appearing in any 

of the isomorphisms of e:-quadratic forms given by Proposition 1.6 

(i j): He:(G)e(G.L/G,'V'&/W)-..(M,'I') , (i' j'): He:(G')e(Gt.&/G','I"J./'I")-+(M',W') • 

Given e:-quadratic forms over A (t1,W) ,(H' ,'1") and .. stable isomorphism 

of the boundary split (-e:)-quadratic formations over A 

define the ~ non-singular e:-quadratie form 

lM W)V (H' '1") = (11" '1''') 
, [OI,~,CJ']' , 

as follows. We have an isomorphism of split (-e:}-quadratic formations 

(0/,~,6) = C a 1) (b b1 ) (s S1} 
( a

2 
a

3 
' b

2 b3 ' s2 8 3 

(C 0)) ,(: ° ))Hep.) (HeP,( c:,,· ~) 0 

( t: :))r :) )l1'ePU) 1 (}It .,P' ( 
, \('I',:e:w,.) ~) 0 

for some f.g. projective A-modules P,P' • Let 
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(

S' 

cJ.cr",,·= 
S' 

2 

s'; ) 
s' 

3 
and sct 

This is the glueing of forms appearing in Theorem 6.4 of Wall ( 9], see also 

Wall [11J, [131. 
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§6. Geometric cobordism 

We shall nOl-' develop the relative versions of the constructions in 

§§ 2,3,4 of algebraic Poincari complexes from geometric Poincare complexes. 

Given an (n+1)-dimensional geometric Poincar: pair (X,aX) we define an 

(n+1)-dimensional symmetric Poincare pair over lZ(lt
1

(X)Ja·(x,<lX) .dth boundary 

a ldegree 
o*(3X), and given map of (n+1)-dimensional geometric Poincare pairs 

normal 

l(f ,of) :(M,311) ~(x,ax) 
we 

«f ,~f), (b,Clb»:(M,a~!)_ (X,i)X) f
Symmetric 

define an (n+1 )-dimensional 
quadratic 

Poincare pair with boundary • 
, \a*(f ,af) f(J'*(Of) 

11.«f,Clf),(b,ob» <T.(af,ob) 

The relative symmetric construction ~f:X~Y defined below is a relative 

version of the absolute symmetric construction ~X of Proposition 2.2. 

Proposition 6.1 Let Tt be a group, and give lZ(ltJ the w-twisted involution for some 

group morphism WIlt --t lZ2. 

Given a It-map of It-spaces 

f I X--+Y 

there are defined in a natural >lay abelian group morphisms 

(n" lZ) 

such that 

ii) there is defined a map of long exact sequences 

. f..,., W 
••• __ Hlt 1(f;>llZ)~ Hlt(X;"lZ) __ Hlt(y; lZ) ~ nlt(f; lZ) ~ ••• 

n+ n n n 

~f ! Wx 1 1 ~y 1 ~f 
••• --?- qn+1(f) -----'J Qn(C(X» LQn(c(y» __ Qn(!) ___ ••• 

Proof: Choosing a functorial diagonal approximation Dwe have a commutative 

diagram of abelian group chain complexes and chain maps 
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with a corresponding chain map of algebraic mapping cones 

'Pf : C(1® f) --+C(~} • 

The relative symmetric construction is given by the induced maps in the 

homology groups 

[] 

Given a pair of n-spaces (X,Y) we shall write the relative symmetric 

construction for the inclusion i:Y~X as 

'PX,Y = 'Pi : n:+1 (X,Y;"'ZI} .. H:+1(i;wZl)~Qn+1(i:C(Y)-----t-C(X}) • 

·,-114-' 

An (n+1)-dilOensional geometric Poincare pair (X,<>X) is a crr pair of 

connected fi!litely-doninated <:\'1 complexes such that ~X is an n-dimensional 

geometric Poincare co:nplex I together with a group morphism ~I~)O :lt
1

lX) ---.. Z\2 

such that w(aX) factors as 

and ",ith a relative homology 

lt1 «)X)- lt1(X)~ Zl2 

lt1 (X) '" ~ (X) 
class [X]EHn+ 1 (X ,ax; w ZI) such that the cap products 

w(X) r ~ '" ...., 
[X] n - : H (X)(X,ax) - H 1 (X) n1 n+ -r (O';;r<:; n+1) 

are ZI[lt1 (X)] -module isomorphisms (Poincare-Lefschetz duality) and 

It (X),..... () 
[JX] E Hn 1 (dX; ~I X ZI) 

~ ~ 

.rith X the universal cover of X and ()X the induced cover of dX. 

The relative symmetric construction of Proposition 6.1 gives a relative 

version of the construction of v-(X) in Proposition 2.7. 

Proposition 6.2 Given an (n+1)-dimensional geometric Poincere pair (X,~X) and an 

oriented cover X of X .ri th data (It ,w) and induced cover ax of (Ix there is defined 

in a natural .laY an (n+1)-dimensional symmetric Poincare pair over ZI[lt] >lith the 

>I-twisted involution 

O-(X,<lX) = (1j:C(~X)- c(ib ''Px,ax[X]EQn+1(iiC» 

with 
~ n ....... 

boundary rr·(c:>X) = (C(dX) ,'Pax[dX]EQ (C{oX»}, "here 1j is the inclusion. 

[] 

Define the symmetric signature of an n-dimensional geometric Poincare 

complex X ~Ii th respect to an oriented cover X of X with data (n ,~,) to be the 

sy~,etric Poincare cobordism class 

0'. (X) € L n( ZI[lt]) 

with ~·(X) = (C(X)''P2[X] EQn(C(X») the n-dimensional symmetric Poincar: complex 

over ZI[lt) "ith the w-t>1isted involution constructed in Proposition 2.7. The symmetri 

signature cr·(X)ELn(ZI[lt]) is induced via the change of rings maps ZI(lt1 (X)]---) ZI(lt] 

from the universal sYl:ll'letric signature cr·(X)EL
n

(ZI[lt1 (X)]) associated to the 

universal cover of X. 
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The construction of Proposition 6.2 and the symmetric signature 

invariant ".. (X)€Ln( 27.[lt1 (X)]) are due to Hishchenko [2]. 

Given a connected space K and a group morphis!!! w:lt1 (K)--->-1'Z2 let 

v'lP(K,~l) be the group of geometric Poincare bordism classes of maps f:X-K 
n 

from n-dimensional geometric Poincar€ complexes X such that the orientation map 

factors as 

~ ~ 

i.e. such that the cover X of X induced from the universal cover K of K is 

oriented with data (lt1(K),w). 

Proposition 6.3 The symmetric signature defines abelian group morphisms 

o· :S1.~(K'W)~Ln(2Z[lt1(K)]); (r:X-K)I-----.o·(X) (n~O). 

Proof: If (g;f,f'):(Y;X,X')-----+ K is an (n+1)-dimensional geometric Poincar{ 

bordism then the construction of Proposition 6.2 defines an (n+1)-dimensional 

[J 

As a special case of the geometric PoincarJ bordism invariance of the symmetric 

signature "'e have homotopy invRriance: if f:X __ X' is a homotopy equivalence 

of n-dimensional geometric Poincar~ complexes then 

o*(X) = a·(XI) E Ln(2Z[lt1(X}]} • 

In §13 \-/e shall show that the simply-connected symmetric signature map 

t =02 f~: Cf· :.stP (pt.) ----->- Ln( 2Z) = if n ;; 
n 

o 

(mod 4) 

sends an oriented \ 4k- dimensional geometric Poincare complex X (w(X) = 1) to l (4k+1)-

( q*(X4k)=(signature of X):;(signature of the POincare duality intersection 

) form (H
2k(X;ffi) ,'PX[X] 0» E L4k( 2Z) = 2Z 

( 

O*(X'+k+1) = (deRham invariant of X);; (deRham invarinnt of the Seifert linking 

( 2k+ 1 /) » (. 2k+ 1 form H (X;~ 2Z ,'Px[X]O = d1ml'Z H (X;Z62» 
2 4k+1 
€ L l27.) = 2Zz 

·-116- -

Nuch >lork has been done on the evaluation of the symmetric signature 

on smooth bard ism 

in terms of characteristic numbers, for which we refer to 11ishchenko [3]. 

The relative quadratic construction VF,G defined below is the relative . 
version of the absolute quadratic construction VF of Proposition 2.5. 

Proposition 6.4 Let It be a group, and give 2Z[n] the ~l-twisted involution for 

some group morphism w:lt-1'Z2' 

Given It-maps of finite-dimensional It-spaces f:X---+Y,f':X'~Y', 

F:EPX_EPX', G:EPy----1' EPy' for some p~O such that the diagram 

comnutes there are defined in a natural way abelian group morphisms 

(nEI'Z) 

such that 

) % (). It ( ~1 ) n+1 ( ') i h 'P f - 'Pf,h. = 1+T VF,G • Hn+1 f; 2Z --Q f , 

~1ith hA :Hn 1 (f; wZ6) ----... Hlt 1 (f'; ~1Z6), J':Qn+\f) ~ Qn+1 (f') the induced maps • 
n+ n+ 

ii) there is defined a map of long exact sequences 

iii) ~F,G factorizes through Q~~1P-1](f) 

Up o then VF,G = O. 

[] 



Given a degree 1 map of (n+1)-dimensional geometric Poincare pairs 

(f ,af) : (H, :~lJ-l) -------+ (X ,ax) 

and a covering X of X with group of covering translations n define ~[n)-rnodule 

Umkehr chain maps 

em~e(ih 

: c(aJe) - e(a/-I) 

by applying ~[n]® Z';[n
1 

(X)] - to the ~[n1 (X»)-rnodule Urnkehr chain maps 

wi th X the universal cover of X and ~,~,~X the induced covers of I1,Cl!-I,dX. 

There is defined a chain hornotopy commutative diagram 

.l1th iM',ii the inclusions, so that there is induced a Z';[nJ-module chain map 

in the algebraic mp-pping cones 

if: e(df!)~ C(f!) 

~ geometric Umkehr map for 

(F ,(JF) : 

(f,of) is a n-map of pairs of n-spaces 

(EVX ,EP(~) ) ~(EPM ,EPd»1) ) 
+ + + + 

for some p ~ 0, \-thich induces the Umkehr (f! ,af!) on the chain level. 

\ 

symme tric f6. 1 
The relative construction of Propo~ition can 

quadratic 6." be used 

to obtain a relative analogue of the kernel 

1 
symmetric !O'.(f) 

of Proposition , t2 •a 
qua.dratic d. (f ,F) 2.9 

as follO>ls. 

-118- Prouo"itio!! 6.5. Gi\'~" " deGree 1 ::lap of .(n+1}-diDensional geometric POinc8re pairs 

[,~!ld an oriented cover X of X "dt!: datn (n,:J) there is r.r:fined in :J. naturDl 't:;aj a 

s;r:·!C.:etric kernel (n+1)-dimensional symmetric Foincare J>"ir over ~[n) \'Iith the 

Vl- t'.":istea involution 

~Iith boundary If" (;)f) , and such that 

up to homotopy equivalence of pairs. Given also a geometric Umkehr map 

there is defined in a natural ,ray a quadratic kernel -(n+1)-dimen~ional. quadratic 

Poincar" pair over ~[1i:] 

<r. (f ,'Of IF ,'?F) = (ir:e( G>r!)- C(f') ,e%'lI
F 

,aF[X]tQn +1 (if» 
with boundary a.(~f,bF), and such that 

(1+T)<r.(f ,<If;F ,aF) = <1·(f pf) • 

[) 

Next, He outline the relative version of the e'luivariant S-dual.ity 

theory of §3 required to obtain geometric Un!<ehr maps for normal. bundle 

r.:aps of pairs. A ~ (X,Y) is a pair of n-spaces, YCX, in "'hich case the 

suspension ~(X,Y) = ([A,EY) is also a n-pair. Given ~-pairs (X,Y),(A,B) let 

fX,Y;A,B}~ be the abelian group of stable relative n-homotopy classes of n-aaps 

of ,,-pairs (f,g):EP(X,Y)-EP(A,B) (p~O). The ~-pairs (X,Y),(X·,Y·) are 

relatiVely Sn-due.l if there is given a (11-n:ap of pairs 

to<,~) : (DJ1,SI·I-1)~O::""X·,y""y·) 

such that for every ,,-spectrum of pairs l~'2) the s18nt products 

r I I N 11-1 X. B y.} 
\ : 1;{'Y;~'~ n-1D ,S ;~'\t '-'\r 

« f ,S): (E!'X, EPy)~ (Ap,Bp» 

~-_. « (fA1 )~PQ' ,lg,,1 )~PIH 

\ : fX',Y'lA,E\ -+ {nll
,s"-1;x" A,Y" El; 

- - Tt . it- n-

«f' ,G"): (EPX· ,EPy,) -- (Ap,llp» 

1-----..., «(1I1fO)EP", ,(11\g')EP/,»:(Oil+ p ,sll+p-1)---) (X" A ,y" B » 
"P Tt P 



119- - arc iso!.10rphioms and such that the t 1 }-map t> :s"-' - Y'''nY* is an absolute 

S,,-duality =p. It then follo,Ts that there are defined absolute S,,-duality maps 

"'Ifl : sN -----'> X/I A X' .,,/,,"lI y X'/y' ";'; , f'. 0 ---+ "'\c . 
t." n-dinenGion"l bco,"ctric I'oi!!c?,r'; pair (X,dZ) Can b" embedded in (D n+k ,Sn+k-1) 

(~c larEe) ,dth xns
n

+k
-

1 
= ax c s n+k-1, such that there exists a closed regul.ar 

neighbourhood E of X in Dn+k l-Tith E' = E flSn+k-1c~ a closed regular neighbourhood 

of oX·in sn+k-1. The inclusions ~E\E'''--4E, ~E'<--+E' define (k-1)-spherical 

:;k-1 ---'" O1D'£' ~ E = X fibrations 

such tha. t Vi)X is the restric tion of Px to " X 
.v 

"';Ix : dX <=-----. X ~BG(k) 

~'he collapsing map of {1}-pairs 

'fx'fox): (Dn+k,Sn+k-1)~(Dn+k/Dn+k_E,Sn+k-11 Sn+k-1_ E ,) 

= (E!c9E\E',E'/aE') = (T(>1c),T(PJx» 

can be used to define a relative Sn-duali ty =p 

n+k n+k-1 (fx,f(}x) , A""" ~ 
l()lX ,<>'.?X) : (D ,S) ~ (T(VX) ' r(vdX » -(X+"nTn(J.'X) ,~X+/lnTn(VaX» 

,,~b-Ieen the It-pairs (X,~ ) ano. lTlt(Vx),T:;;(Vl,» for any covering X of X \-lith 
+ + DJ\. 

/ 
~roup of coverinf translations "" Given n-dic.ensional. geometric Poincare pairs I 
(J;,~;:), ,7.,3x) an'; tiny coveri:1gs ·ii,X' '·Tith the sa!!!e group or covering translations "I 
>l" ~::;V:::::~;:::r~~::::~:::;~;:) ;:=~~::: ,Sn+k-1 ;H~"T~(VX) ,al\""Tn(VJX ) ~ I1 

---'~X ,5"x ;'M ,aI'! \ 
+ + + + ~ ~ 

T'hus given a norr.ml bundle map of pairs 

(r,~f;b,db) : (I:,(lll)--------...(X,ax) I 
and ".n oriented covering X of X \·rith data (n,.,) the Sr;;-dual of the n-map of Tt-pairs! 

is the relative S;r-hol1'otop;r c12.6s of a relative Geometric UIcl:clir IOap 

The construction oi Proposition fj.5 nON fives a qundratic kernel n-dinensional 

1tw.dr;Jtic POinct:!re pair over if{ltJ 

·.:i th bo-.;nd::l.r:,· () .. (f, h). 

I 
I 
I 
I 
I 
I 
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t 
sYll'metric \0. (r) c L n( ;Z[n1 (X)]) 

Define the sign".ture 
auadratic 1:1.( f ,b) tSLn( ;Z[~1(X)]) 

of a \dCgrCC 

[normal 

if : U -... X 
~p of n-dirnensianal. geometric Poincar: complexes to be the 

(f,b):I1~X 

t sylllr.Je tric, ~ symme tric 
Poincare cobordism class of the 

quadratic quadratic 

iO-·(r) = (C(fI),e%q>MCM]~Qn(C(fl») ~§2 
, defined in • 

O·(f,b) = (C(f"),e%"'F[X]EQn(C(fl») §3 

kernel. 

A ~ between idegree 1 
n-dimensional maps 

[

degree 1 

~ normal 

{f:H-- X, f':H' - X 

l. (f,b):M --- X, (f' ,b'):H' -- X 
is a map of (n+1)-dimensional. fdCgree 1 

normal 

geometric POincare cobordisms 

{

(g; f ,f') : (Hjl"l-i') ---+ (X le IjX 4o),X,,{1l) 
(I = [0,1]) 

«g;f,f'),(cib,b'» : (I1;H,H')~ (X x Ijx.\01,x.f11) 

Proposition 6.6 i) fSymmetric fer. ( nE: Ln( ;Z["1 (X) J) 
The signature of an 

quadratic cr .. (f,b)E.L
n

(;Z[Tt1 (X)]) 

l'degree 
n-dimensional 

normal 

1 

~
f:N~X 

mat> 
• (f,b):I1_ X 

a J
degree 1 

is bordism invariant 
normal 

such that 

\C3.(f) = O"(M) -<1*(X)ELn C;Z[Tt
1

(X)]) 

1 (1+T)<r.(f,b) = O'*(r) (oLn (;Z["1(X)]) 

i
sy",,,..etric 

ii) The signature of the 
quadratic {

gf:M_Y 
comuosite 

• (gf,cb):l·l---t-Y 
of n-dimensional 

~ o",;roo 1 

l normal }

f:H--+X,g:X --+ Y 
maps . 

(f,b):I·I- X,(g,c):X·- Y 
is the sum 

\ U'.(gf) = (1*(0 + (j.(g)~ Ln (;Z[Tt1(Y)J) 

lo-.(gf,cb) " cr.(r,b) + <1".(g,c) ELn (a,(n 1(Y))) 
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~: The kernel of a bordis~ 
[

symrIctric 10'O(gif,fl) idegree 1 

quadratic d. « gi f, f') ,(Ci b, b l » nOTr.la1 

t(gif ,f') !syrunetric {Symmetric 
is a Poincar~ cobordism behleen the 

«gif,f'),(cib,b ' » quadratic quadratic 

1
<1'(r),(fO(f l ) {208 to"(fh"'(X) =O'(M) 

kernels • Proposition gives that , 
O'.(f,b), c:! .(fl ,bl) 2.9 (1+T)a.(f,b) =d"{f) 

and Proposition that , up to homotopy ~
2'11 10"{gr) = O"(f)e{f'(g) 

3.14 (J.(gf,cb) = O'.(f,b)e<1.(g,c) 

{

symmetric 
equivalence. By Proposition 5.2 homotopy equivalent Poincar: complexes 

quadratic 

are cobordnnt. 

[] 

In Proposition 8.1 ~'e shall identify the quadra tic signature 

C-.(f,b)E.Ln (ZZ[Jt1 (X)]) of an n-dimensional normal bundle map (f,b):M_X 

- Hith the surgery obstruction e{r, b) € Ln (lt1 (X» obtained by ~lall [5'] using 

geom~tric intersection and self-inters"ction form~. ~le have alread:,! related 

the t~10 constructions in Proposition 4.4, and the normal bordism invariance 

of the quadratic signature (Proposition 6.6 i» ensures that there is defined 

a morphism of abelian groups 

In §7 belo>1 we shall give an algebraic definition of this map, and prove that 

it is an isomorphism. 

In vie" of the above, the quadratic signature sum formula of 

Proposition 6.6 i1) ma" be considered as a homotopy-theoretic version of 

the sum formulae of §17H of lIall (5'] and Theorem 7.0 of Jones(1J, as 

reformulated in the correction to Janes [1] (,.hich made precise the notion of a 

normal map of geometric Poincare complexes by including the choice of spherical 

g"nerator for the top homology classes in the Thom complexes of Spivalc normal 

fibrations, just as we h ... ve done in §3 ""ove). 
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operation of §5 on the chain level. 

l 
(gi f ,f'): (Ni H,W)--.. (X. [0,1] i X"0 ,X.1) 

Proposition 6.7 Let 
« gi f, f I), (ci b, b'»: (N;H,H')- (X.[O, 1] iX><O,Xx1) 

and 

\

(g'if"fn):(N'iH"NII
)_ (X,,[1.2];X><1,X.2) ~degree 1 

be adjoining 
«g' i f I ,f"), (c· i b' ,bll»: (11';H' ,H")---4-{X-[1 ,2] iX.1 ,X -2) normal 

bordisms of n-dimensional geometric Poincare complexes, .dth kernels 
[

symmetric 

a~ • Then tlT'(gif'f') ~Q.(g'if' ,fn) 

<1.({gif,f') ,(cib,b'» O'.«g·;f' ,f") ,(C'ib' ,bll » 

quadratic 

~
Symmetric 

the 
quadratic 

kernel of the geometric union is given up to homotopy equivalence by the 

{

symmetric 
algebraic union of the kernels 

. quadratic 

~ O"(gvf,g';f,fn ) = c:j'*(gif,f'hJ<T*(f.{"·{glif' ,f"l 

l ff.({guf,g·;f,fn),(c"b,c';b,bn » 

0". ({gi f, f'), (c; b, b') hJa.{f' ,b' )<T. ({g'; fl ,fn) ,(c'; b' ,bll» 
[] 

Given 
{

degree 1 
adjoining bordisms of n-dimensional 

normal 
geometric Poincare 

complexes (as above) we have a map of exact sequences 

\ 

symmetric 
no indeterminacy in the union of Poincarc cobordisms ".rising out of 

quadratic 

!,:eometry. 



§7. Algebraic surgery 

The original \10rk of Hilnor [4!J, Wallace L 1.] and Kervaire-Hilnor [1]' 

developed surgery as a i
oriented 

method for killing the homotopy groups of an 
. framed 

i
oriented 

manifold 11. The 
framed 

framed surgery technique was generalized to surgery to 

homotopy equivalence on a normal bundle map (f,b):M---X from a compact manifold 

11 to a finite geometric Poincar~ complex X (previously X = Sn) by Browder [2] 

and Novikov [1) (for lt1 (X) = (1J) and Wan [3J,[·5] (any lt1(X». The manifold 

may be taken to be smooth, PL, topological, or according to l1aunder [11 even a 

ho:nology manifold. There are also versions for paracompact 11 and infinite X, 

due to Taylor (1'] and Naumary [1·'J. Various authors - Levitt [1.], Jones ( 1 J, 
Lannes-Latour-l1orlet [11, quinn [3] - ~Ient on to consider framed surgery on 

normal maps of geometric Poincare complexes. In all Cases the surgery 

obstructions lie in the groups L
n
(lt1 (X),w(X» of ~lal1 [.5J, or one of the 

closely related variants described in §12.. \1e shall now develop a theor:r 

lE-symmetric 
of surgery on 

£-quadratic 
Poincare complexes, as a method for killing homology. 

In §8 We aha1l show that the chain level effect of surgery in geo~~try l
oriented 

framed 

} 

symmetric 
is surgery in 

quadratic f 
£-symmetric 

the algebra. The Poincare cobordism class 
I:-quadratic 

is the obstruction t£-Symmetric 
to killing an POincare" complex by surgery. 

£-quadratic 

In i~rticular, the surgery obstruction e(f,b)EL
n
(lt1 (X» of an n-dimensional 

normal bundle map (f,b):J.l--+X coincides "ith the quadratic signature 

er.( f, b) ~ Ln (;Z[lt
1 
(X»), which is the obstruction to quadratic surgery on the 

quadratic kernel ~.(f,b). 

i 
I 

I 

I 
[-
\ 

I 
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An n-dimcnSiona1i 

is connected if 

E-symme tric 

I:-'luadratic 

. ~ (f:C_D,(b;P,9)EOQn(f,e:» 
l'aJ.r 

(r:C~D ,(Slf ,1lI)EQn(f ,E» 

o 

lE-symmetric 
Define as follows the connected n-dimensional 

£-quadratic 
complex 

a connected tl:-Symmetric 
n-dimensional _ complex 

E-quadratic 

by surgery on a connected (n+1)-dimensiona1 t
(C''l'~~n(c,£» 1 £-symmetric 

(C,WEQn(C,£» I:-~uadratic 

\ 

E-symmetric f (f: C----D, O;4"4')~Qn+1 t f ,1:» 
pair • 

E-'luadratic (f:C~D ,(SW ,W)tQn+1 (f.£» 

In the £-symmetric case let 

( ~ 0 (-'''\0'' ) 
dC' (_:rf ~ (_>rl)<I'O 

0 (->rdii 

C' = C eD eVn- r + 1 
r r+1 

) C' r-1 

'P' o 

'il' 
5 

r 

( 

<1'0 
n-r 

(-) fT" I: 1 

o 
C,n-r 

c,n-r+s 

C eD eDn- r +2 
r-1 r 

I 
• I 



dC' 

'I" s 

.t.:l 

"( 
L~! !: L-,"!uadratlC case le t 

dC 
(_)rr 

0 

C' 
r 

0 

dD 

0 

(_)n+1(h'l' )'1' f' \ -E 0 

(-)r(1+'l'E)~'¥O . 

(_)rdO J 
D 
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C eD eDn- r +2 
r-1 r 

(s?1) • 

(He are using matrix notation as if C,D "ere f.g. projective chain complexes). 

cycle 

lE-Symmetric 
It may be verified that performing 

E-quadratic 

1 
(b<p,Ij»£ Qn+1 U ,E) 

representative of leads to an 
(S'I', 'If) € Cl. n+ 1 (f ,E) 

surgery using a different J 

f
E-symmetric 

isomorphic 
E-quadratic 

conplex • Note that the E-symmetrization of the E-quadratic surgery on l(C' ,<pt) 

(C' ,'I'') 

U:C----<'D,(b'l','I')f,Q,n+1(f,E» is the E-symmetric surgery on 

(f:C---+D, (hTE)(S'If .'I')EQll+1(f ,E». 

I
(C'Ij)~Qn(C'E» 

Let be a connected 
(C,'I'tQn(C,E» f

E-symmetric 
n-dirnensional complex. 

E-quadratie 
( 

The (n-1)-dimensional complex obtained from l
E-symmetric 

(0,0) by surgery on 
E-quadratic 

1 
E-sym:netric 

the connected n-di~ensional 
E-quadratic f

\O:O ---'P C,(O,Ij»EQn(O,E» 
pair is 

(O:O~ C,(O,'I')€Qn(C,e:» 

just the boundary , as defined ~
(C ,<p) 

in §5 above. We can thus interpret 
(C,'I') 

r
e:-synnctric 

Proposition 5.4 iii) as stating that an n-dilncnsional Poincar: 

E-qu::J1ratic 

eCO·:'Jlex l.,::; nu.lJ.-COiJOrr:.t;lnr. 11 anti onl.y ..1.1 J.~ C;;lll Ot~· U'.)l-;~..i.:WU ,1. .... \.1 •• : U u] '::'UJ b':l.J 
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,,::cl homotopy equivalence. This is a speci"l c"se of th" follo"in,s result, that 

co·~ordi5n is the equivalence relation on ulgcbraic POincur; compl~zes generated 

--:;"J surgery and homotop:r equivalence. There is an obvious nn31og.Y here vlith 

:::~,eorem 1 of Vilnor [·4], ~lhich .shm'le1 that compact oriented manifolds are 

cooordant if and only if one can be obtained from th~ other by a sequence of 

;e ometric surgeries. In §8 belo" .le shall make this analog"J nore precise. 

?roposi tion 7.1 i) Algebraic surgery pre serve s the homotopy type of the boundary, 

sending algebraic Poincar~ complexes to algebraic Poincar{ complexes. 

£i) The n-dimensional Poincar~ complexes are cobordant ~E-Symmetric ~(C'tp) ,CC' ,<p') 

e:-quadratic (C,~),(C',VI) 

~ (CI,<P') 1 (C,<p) 
if and only if can be obtained from by surgery and homotopj 

(C' ,'1") (C,V) 

e~·,Ji valenc~. 

as in the 

f
E-symmetric 

definition of surgery. 
E-quadratic 

Then the A-module morphisms 

o 
0 0 

0 0 
h 0 1 

0 0 

(_)r(n-r) f 0 

(lC
r 

C eCn- r 
r+1 

de :£ne a ho:notopy equiva.lence of 
[

E -symme tric 
the boundary (n-1)-dimensional 

E-quadratic 

Foincar~ conplexes 

~ h : ,(HC,'l') ~ (XC' ,<pI) 

1 h : d(C ,0/)-->- o(c' ,'7') 

~ro~osition 5.4 ii) states t(C,!,'» 
that ~

il(C ,tp) 
is Poincar; if a'1d only if is 

(C,'¥) ;Xc ,'1') 



cOlltractible. l
(C )-127-,'l' , 

It follo"Is that h; Poincar" 
Cc ."') [

Cc ',<jJ') 
Oond only if 

(C' ,l{I') 
if is 

Poincarl. 

ii) Conti'lUing "i th the above' !lotation assume also that 

1
(C'9) 

is .poinc:}re', 

"!ld define an 

by 

(C,'lI) 

(n+1)-dimensional Poincar~ pair iE-SYJlLCletric 

o 

o 

E-quadratic 

1 
«g g'):C4>C' _D',(O,'l'e-<pt)Ectn+\(g 

« g g') :c .. c' --+D' ,(O,'lIe-l{I' )E~n+' «g 

~) 

g'),E» 

g') ,E» 

ife thus have a cobordism from 
{

CC ,~") 

~
(C' ,<p') 

to • so that Gurgery preserves 
(C,'lI) (C' ,l{I') 

cobordi5~: classes. 

L
E-Symnetric 

Conversely, suppose given a cobordism of n-dimensional 
E-quadratic 

i«f f') :CeC' ~D'(\;<I""'''_<I'')''Qn+1«f 
Poincar~ - cor.rplcxes 

«f f') :C"C'-->D,(&'lI,"4>-:'i")E.Qn+1«f 

f'),E)} 

f') ,E)} ~
(ell ,<I'") 

Let 
(C" Il{I") 

l
E-symmetric f(C ,,,,) 

bo the n-dimen~ional POincare complex obtained from by 
E-quadratic (e,.) 

\

E-Sy[\,,;e tric ~E-Sym;r.etric 
surgery on the connected (n+1)-dimensional 

E-1uadra tic E-quadra tic 
pair 

~ (g:.c-n,',(l;'),,','<;,',k1
n
+\e;,E» ? defined by 

tC' C -----.- D ,(bl; ,~')((In+1\g.<l) 

The A-module morphisms 

o u 

D' 
r 
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DreG;_1----+~ 0;_1 (D' 

= D "C' r r-1 

nn-r+s+1 eC' n-r+s ~ U' 
r 

(s~ O""'~1 = 0) 

D' n-r-s+ 1 = Dn - r - s + 1 .. c , n-r-s -----+ D' 
r 

(s? 0) 

0) : CIf = C .. D eC, .. Dn-r+'.,C,n-r ~ C' 
r r r+' r r 

C(f'» 

D eC' 
r r-1 

D eC' 
r r-1 

(0 

(0 o 1 o -Tr"'o') : C" - C eD oC'eDn-r+' .. ,..,n-r---+ e , 
~T r - r r+1 r v r 

f
E-Synm<>tric 

define a hOwotopy equivalence of n-dimensional Poincar~ complexes 
E-quadratic 

\ h : (C" ,<p") ---+- (C' .<p') 

t h : (C",l{III)_(C','V1) 

~~us may be 1 
(e' ,1;') 1 (c .'p) {E-Symmotric 

obtained from by an surfery folloHed by 
(e' ,,,,') (C,'!') E-quadratic 

a i ('I~oto!-,~" equivalence. 

[J 

';le shall prove that certain slce~l-suspension maps in the L-groups are 

i20,"orphisCls using the follm'Iing criterion. 

tS:LnCA,£) --+ Ln+2(A ,-E) 

Prouosition 7.2 The SkC,,-suspensj,on map is onto (resp. 
S:Ln<-~ ,d--- Ln+2 (II.,-f:) 

f C -E) -symmetric 
o~e-one) if for every connected (n+2)-(resp. (n+3)-)dirnensional 

(-E) -1uadra tic 

l
(e,~) ~(e,'P) 

co":,,,lc7. o","r " Vlith a bound"ry tlhich is contr"c lible (res!'. a 
. (C,.) (e,~) 

l (-d -sYr.'J1etric {(C ,,,,) 
s':c';I-sus"e~sion) it is possibl" to do surgery on to obtain 

. (-f:)-quadratic (C,V) 
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Proof: It is irlmediate frot! Proposition 7.1 ii) th,,-t the claimed condition for 

i
s:Ln(A,E) ~Ln+2(A,_E) 
~. to be onto is both necessary and sufficient. 
S.L

n 
(A ,E) ----4 L

n
+2 (A ,-E) 

t 
S:Ln(A,E)_Ln+2(A.-d 

Assume the clai~ed condition for to be one-one, 
S: Ln(A. ,C) --+Ln+2(A .-E) 

and let be an l(C,ql) 
n-dimensional Poincar~ l

E-Symmetric 
complex over A such that 

(C,'I') E-quadratic 

~ s(c ,ql) = 0 E L
n+

2 (A,_E) 

t S(c,'I') = 0 ELn+2(A.-E) • 

is( C ,ql) 
By Proposition 5.4 iii) we have that _ is homotopy equivalent to the 

S(C.'I') 

f
(-d-Sy=etric j(D,") • 

(n+3)-dimensional complex., 
(-E)-quadratic (D'l) to(D''') 

boundary of a connected 
()(D.\) 

By hypothesis, it is leD,,,) 
possible to do surr.ery on to obtain the 

(D,,,\? 

is(D' .11') ~E-Symmetric 
ske~l-suspension _ of a connected (n+1)-dimensional complex 

SeD' ,,') E-quadratic 

• It now follo~ls from Proposition 7.1 i) that is homotopy t (D' .... ') ~(C ,ql) 

(D"7\) (C,'V) 

equivalent to the lO(D' ,V') 
boundary • and so 

()(D'.~I) 

~ (C.ql) O£Ln(A,E) 

l(C,'I') OcLn(A.,E). 

Therefore the stated condition is sufficient to ensure that the sket,,-suspension 

map is one-one. 

(] 

-130-

As a first application of our algebraic surgery we shall estab1ish the 

4-periodicity in the E-quadratic L-groups, Ln(A,E) = Ln+4(A,E), by analo&y with 

the familiar result that is is always possible to perform framed surgery below 

the middle dimension and the familiar 4-periodicity Ln(~) = Ln+4(~) of Wall [5~, 

Proposition 7.3 The i-fold skew-suspension map 

g1 : Ln_2i(A,(_)iE)~Ln(A.E) (n~2i) 

is an isomorphism for all A,E. The inverse isomorphism 

51:i (-:d. -1 i = S) I Ln(A,E) ~ Ln_2i(A,(-) E) (n = 2i or 2i+1) 

sends the cobordism class of an n-dimensional E-quadratic Poincar6 complex 

st(C .'1') 

~: Given a connected n-dimensional E-quadratic compl~x over A (C,'I'CQn(C,E» 

let (C',V'(Qn(C'.E» be the connected n-dimensional E-quadratic complex obtained 

from (C,'I') by surgery on the connected (n+1)-dimensional E-quadratic pair 

(flC -D,(O,'I')~Qn+1(f ,c» defined by 

now 

and also 

\1 = \ Cor 
f = 10 I Cr ~Dr <. 

r> n-i 

r~n-i 

Hr+1({1+TCh·o:cn-·~C) (r~n-i) 

o (r> i) • 

Hi_1«1+TE)'Vb:c.n-. ~ C') = 0 • 

Thus if the boundary ~(C.V) is contractible (resp. an i-fold skew-suspension) 
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then (C',W') is the i-fold skew-suspension Si(CII,'I'II) of an (n-2i)-dimensional 

(-)iE-quadratic complex (C",'V") which is Poincare (resp. connected). Applying 

~ -i i Proposition ,.2 we have that S : Ln- 2i (A,(-) E) ~ Ln(A,E) is onto (resp. 

-i i ' 
S :Ln_2i_1 (A,(-) d --'--7-Ln_1(A,E} is one-one). If n = 2i or 2i+1 and (C,W) 

is Poincare define as follo>TS an (n-2i)-dimensional (_)iE-quadratic 

Poincare complex (B,O L Q 2' (B,(-)\:» and a homotopy equivalence n- 1 

g : (B,O)_(C",'I'") • 

In the case n = 2i let 

In the case n = 2i+1 let 

° B ~BO 

non-singular (-)iE-quadratic \ form JLi(C,W). 

(formation 

[] 

, i i 
The isomorDhism.n.1 :L (A,E)-L 2,(A,(-) E) inverse to S is such that 

- n n- l. 

there is defined a coomutative diagram 

1+TE 
L (A f;) - ______ ~~LnlA,E) 

st n i' 1+T(_>i
E 

r Si 
i n 2i i L

n
_
2i

(A,(-) E) ) L - (A,(-) E) 

The composite t1+T( )i )si-:L tA,E)---,..Ln- 2i{A,{_)iE) sends an n-dimensional 
- E n 

E-quadratic Poincare complex (C,.) to (the cobordism class of) the 

(n-2i)-dimensional (-)iE-Symmetric complex (C' ,'I') such that s'-(C',.,') is the 

n-dimensional E-symmetric complex ohtained from (C,(1+TE)ljI~Qn(C,E» by E-symmetric 

surgery on the connected (n+1)-dimensional E-symmetric pair 

(f:C-..D,(O,(1+T )'I')"Qn+1(f,E», with f:C __ D as in the proof of Proposition 7.3., 
E 

n+1( ) ( Despite ~ppearances the class (O,{1+TE)'V)~Q f,E depends on V~Qn C,£), and not 

just on (1+T )'VEQn(C,E). If V'eQ (C,E) is such that 
E n 

(1+T
E

)V = (1+T
E

)W. EQD(C,E) 

then by Proposition 1.2 there exists o~~n+1{C,E) such that 

V' - V = HO 6Qn(C,E} 

and 

(O,(1+T
E

)'V') - {O,{1+T
E

)W} = (fOf.,O) ~Qn+\f,E) • 

It \"-11 follen.) ;from Proposition 9.1 iii} that 

Si-1(1+T(_)i
E
)st«c,w')e(c,-v» = OELn-

2
(A;-d 

In Proposition 14.9 i) ~.e shall construct an example such that 

(1+T(_)i
E

) St«C ,'V' )e(C ,-V» I ° €ker(Si-1 :I!'-2i(A,(_) iE) --+ LD- 2 (A ,-E» 
4 

(\d th n = 4, i = 2, A = n( n J. E = -1). 

The isomorphism silt: L
4k

(f/.) ~ LO(~) leads to the semi-local 

combinatorial formula for the signature of a 4k-manifold obtained in 

Ranicki and Suliivan (1]. 
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tIe shall say that a ring A is m-dimensional if every f.g. A-module M 

has a f.g. projective A-module resolution of length m 

O--)p ...-P 1 ~ ••• ------+P1 --tPO-M -
O • !' m m- _ 

_ noetherian ring of global dimension m. A ring is U-dimensiona~ 
Equivalently, A 1S a -1 

; 

the skew-suspension map\ 
if and only if it is semi-simp~e. 
Proposition 7.4 For an m-dimensional ring with involution A 

S : Ln{A,E) --+LJl+2{A,_E) (n'>,O) 

is an isomorphism for n+2) 2m, and one-one if n+3'= 2m. If A is o-dimensional I 

then 

L2k+1(A,E) = 0 (k~ 0) • 

Proof: Let P = 2 if n+2 ~ 2m (reap. p = 3 if n+3 ~ 2m). Given a connected 

(n+p)-dimensional (-E)-symmetric complex over A (C,~Qn+p(C,-E» with a boundary 

a(C,~) which is contractible (resp. a skew-suspension) we have that 

) is a f.g. A-mod~le, with a f.g. projective A-module 
HO(C) = coker(d:C1- CO 

resolution of length m 

O---+D ~D 1~ ••• ~D,~Do-Ho{C)---->-O • 
m m-

Let f:C ~D be a chain map inducing 

f. = 1 : Ho(c)_Ho(D) = HO{C) , 

n+p( ) 
and let EHom (W Hom (C· C» be a cycle representing <pE Q C ,-E , 

~ 2/:[ ?l;2] , A ' n+p 

so that 

~
f~i:l. : Dm __ Dm 

f1a(~) = r 
o : D --Dn+p- r +s otherwise 

o if n+p = 2m, s 

In the case n+p = 2m it follows from the commutative diagram 

that 

i 

since dEHomA(Dm,D
m

_1) is one-one. Thus if n+p.,2m 

'" f"'(~) = OEHom?h[?l; ](W,HomA(D*,D» , 
2 n+p 

and there is defined a connected (n~p+')-dimensional (-E)-symmetric pair 

(f:C~D,{O,~)EQn+p+'{f,-E». Let, (C',~'EQn+p(C',-E» be the (li+p)-dimensional 

(-E)-symmetric complex obtained from (C,~) by surgery on this pair. Now 

HO(C') = H,(f) = 0 

Hn+P(C') = H,(f<PO:Cn+P-·---+D) = H1(~0:cn+p-·---+C) = 0 , 

so that (ct,~') is the skew-suspension of an (n+p-2)-dimensional E-symmetric 

complex. Applying the criterion of Proposition 4.2 we have that 

S:Ln(A,E)~Ln+p{A,-E) is onto (resp. that S:Ln(A,E)_Ln+p-1{A,E) :is one-one) 

In particular, if A is a 1-dimensional ring with :involution we have 

that the skew-suspensions 

S : Ln(A,E) __ Ln+2(A,_E) (n~ 0) 

are isomorphisms. If A is o-dimensional and (C,~) is a '-dimensional: 

E-symmetric POincare complex over A, then the above procedure defines a 

2-dimensional E-symmetric Poincare pair over A (r:C--+D,(8<p,~)\O.Q2(f,E» 

o (r f 0) and so 

L'(A,E) = 0 • 

(] 

It has already been proved in Ranicki (6] that for' a o-dimensional 
I 

L
2k

+1 (A,E) = 0 (k?;O) • 

It is also the case that for o-dimensional A 

L<vo'> '(A,E) = 0 

In Proposition '4.4 we shall give an example to illustrate the 

sharpness of the stable range determined above, namely an m-dimensional ring 

with involution A such that srL2m-4(A,E)~L2m-2{A,-E) is not an isomorphism 

(A = ?h[?l;], m .. 2, E = -1). 

. 



It is claimed in §4 of Hishchenko [2] that the double skew-suspension 

~4P in the symmetric L-groups 

'52 : Ln CA)_Ln+4(A) 

is an isomorphism for every ring with involution A. It is indeed the case that '52 
I 

is an isomorphism if 1/2EA ("hen L (A) = Ln(A» or if A is 1-d.l.m<2ASlcm:l; by 
n . 

Propositions 7.3,7.4. However, the algebraic surgery technique used to 

establish such a 4-periodicity for general A is bogus: the neW algebraic Poincare 

pair (C,OC,d,nk) may not satisfy property a') of §3 (of" ltishchenko (2), 

(~n-2i-1 n-2i-1p) 
Dnn-2i-1 _ D • OCn-i-1 = Cn-i-1"Ao __ C . = C eA 

- . n-1 n-i o 0 _ 

-n-i-1 o".c = 0c c -c ~f Dn - 2i- 1t/ .1 0 : A' ~ C need not map C into n-i n-i- n-i. ~ r r n-i' 

For a specific example let us consider the 7-dimensional algebraic Poincare pair 

over lZ (C,OC,d,Dk) defined by 

C = (lZ 
r ) 0 

o 

for r = 4,5 

otherwise 
o d 1 

\

1 : C 
4 
--'" C

5 , D3 = 2 : C5 ~ C
5 -1: C5-C4 

\'Ii th r = 1 : A ° = lZ - C5 • Here n = 6, 1 = 1. We shall exhi bi t various failures 

of 4-periodicity in the symmetric L-groups in §14 below. 

-136- /In n-dimcnsional complcx is .mll-connected if l
~~-Syrr,r:l(! \;rJ.c l' \G t",E:·(·~G ,E.)) 

E-quadra tic CC, \€'1n (C ,e:» 
HO(C) 0, 

in 'Ihich C·3se it is connected. 

{ 

E-sYlllffietric 
Proposition 7'2 The n-dimensional 

E-quadratic {

(C'''') ,(c' ,<p') 
Poincare complexes 

(C,V) ,(C' ,'i") 

are cobordant if and only if there exists a homotopy equivalence 

{

f : 

f : 

(C,,,,),,3(D,»)--+(C' ,,,,,>,,CJtD' ,»') 

(C ,'i')e3{D,\, _ (C' ,'V' )""tD' ,-\') 

for some '"lell-connected (n+1 )-dimensional lE-symmetric 
complexes • ~

(D.") ,(D' ,"') 

E-quadratic (D,\) ,(D·.-\ t) 

Proof: In view of Proposition 5.4 iil) it is sufficient to prove that for every 

connected 
{ 

E-symmetric 
(n+1)-dimensional I(D,1') 

complex there exists a hOl!1otopy 

equivalence 

E-quadratic (D,{) 

~ f : 3(D,V)e1l(D' ,v')----+C}CD",.o>I) 

Lf: a(D,?\,>,,9(D"'I.')---...a(DI,\") 

~ 
E-symmetric 

for some >Iell-connec ted (n+ 1 )-dimension"l 
"-quadratic 

Define a chain map g:D-D' by 

cooplexes 

D ... --,>D d D d D ~D --> 

gi 1r+2~(+1-r r-1 
••• 

D': ••• _D 2~D 1--'>0 ---0 ~ ••• 
n+ n+ 

and let IV' = 
\' = 

-?'(ll)£. Qn+1(D' ,El {tD" ,v") 
Let be thc connected (n+1)-dimensional 

() ('\ (D') (D",X") -~ , E ""n+1 .E l 

lIe-symmetric 
complex obtained from 

E-quadratic 1
(D,Y)"CD' ,v') 

. by surgery on the connected 
(D,\)O(D',\') 

lE-symmetric l{(g 1) :DeD'--->O' ,to,)O ..... ·)E~n+2({g 1) ,E» 
(n+2)-dimensional pair , 

E-quadratic «g 1):0.,D'-..D',(0,,<>\ )E:1n+2 «g 1),£» 

1(D' ».) l·(D"V") 
Ho\< ' and ' are Hell-connected, and ;'ropoGition 7.1 i} shoHs that 

(D' ,\') (0" .,,") 

) ()(D,).l).;o\D' ,V') d(D",))') up to homato!,y Cluivalence. 

1 a(D,\).,()(D'.,') aeD",r) (] 



lLUlA'E) lLIlA,E} 
identity the L-groups (resp_ ) . 

LO(A,E) L1(A,E) 
We shall nO\f 

with the \'Iitt groups of non-singular t E-symmetric 
forms (resp~ formations) over A. 

. E-quadra tic 

\"Titt groups of quadratic forl!!S were first studied by \>litt [1]. 

J 
E-symmetric ~ LE(A) 

of forms over A is the 
E-quadratic LE(A) 

The "Iitt group abelian group 

iE-Symmetric 
of equivalence classes of non-singular forms over A subject to 

E-quadratic 

the relation 

~ 
(J-I,cpt({O·I»'" (H' ,,,,'e;{(H'» 

if there exists an isomorphism 
ni, 'VE'.QE (1,1» ~ (H' ,'V '€ Q£ (H'» 

\ (}I,'!') .. I{(N ,v) --+ (H' ,,,,' ) .. HE(N' ,"") 

) (H,'V) .. HE(N) , (H' ,'V·) .. HE(N·) 

and inverses are by 

Proof: In view of Propositions 1.5, 7.5 it is sufficient to observe that if 

~
£-Symmetric 

is a well-connected 1-dimensional complex then 
E-quadratic 

\ Pt: ~ 1(D,£) = QE(H1(D» 

1 1, c;.::t1(D,d = 0 

and the boundary corresponds to the t HD ,11) i metabolic 

a(D,,) hyperbolic 

The even-dimensional U-grotlps of Ranicld. [1'] are just the .1itt groups 

of ±quadratic forms 

nnd Proposition 7.6 ShOH'S that the morphism defined in Proposition 5.6 

U2i(A)~ LO(A,(_)i) = L(_)i(A) 
is in fact an isoHiorphisn. 
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f
E-SymmetriC 11fcA) 

The Witt group of formations over A is 
E-gtladratic ME(A) 

the abclian 

group of equivalence classes of non-singular formations over A ~ 
E-symmetric 

£-quadratic 

subject to the relation 

(M,CPiF,G}"'5W ,cp' iF' ,G') if there exists a stable isomorphism of the type 

[f] : Ot,cp;F,G)e(n,viH,K)e(n,ViK,L) .. (N' ,v' iH' ,L') 

~ (11' ,,,,'iF' ,Gf} .. (N', v' ;H' ,K') .. (N· .... iK' ,L,).,(N,viH,L) 

~zith addition and inverses by 

(H,cpjF ,G) + (M' ,cp' jF' ,Gt) = (M .. W ,,,,.,,,; jF .. F' ,G .. G') , -(r~,,,,;F ,G) = (U,,,,;G,F)E W(A), 

and similarly for ME(A). 

(L 1 
(A ,d 

Proposition 7.7, l 
t L1 (A,£) 

Proof: Let (C,,,,),(C',,,,'),(CII,,,,") be the 1-dimensional E-symmetric Poincare 

complexes associated by Proposition 1.7 to non-singular E-symmetric formations 

Ul,II;F,G),lN.VjG,H),(N,vjF,H).We have to prove that 

(C,,,,),,(C','I") = (C".",") ~L1(A,E) 

corresponding to the generic sum formula in the Witt group 

(N,""jF.G) .. (N .... jG,H) = (N .... jF.H)E:ME(A) , 

in order to verify that the abelian group morphism 

1--is well-defined. Choosing a chain homotopy inverse for ~o:C ---+C let 

~ = (",~1)%(",)€ Q 1(C 1-. ,E) 

so that there is defined a homotopy equivalence of 1-dimensional E-symmetric 

Poincar~ complexes over A 

"'0 : (C
1

- •• <9>--+ (C.CP) • 

(In fact (C1-*,~) corresponds to the formation (N.-V;G,F), Hhich is thus stably 

isomorphic to (N .... jF.G). and there is defined an isomorphism of non-singular 

(-symmetric formc,tions 

) . 



••• --70 --+ GaG ~ F-eH·--+ O~ ••• 

(1 1)1 1 
: ••• --...-,.O~G ~O--l-O~ ••• 

How lC" ,,,,") is homotopy equivalent to the 1-dimensional E-symmetric Poincar; 

complex obtained from (C
1
-·,<p)e(c',,,,') by surgery on the connected 2-dimensional 

E-symmetric pair «f f'):C 1-. eC' _D, (0,,,,.,,, ,)eQ2«f f') ,E», and SO 

(C,,,,)e(C' ,,,,') '" (C
1
-. ,,,,)8(C' ,,,,') = (C",er") €L1(A,E) 

by Proposition 7.1 ii). 

The correspondence of Proposition 1.7 can also be used to define-a morphism 

L
1

(A,E) -4 ~f(A) i (C,<p)~(N'''iF,G) 
inverse to r-{(A)-+L\A,E). This is well-defined provided we can sho" that 

for any well-connected 2-dimensional E-symmetric complex (D,PEQ2(D,E» the 

non-singular E-symmetric formation (M,'I'iF,G) associated to the boundary ~(D,V) 

is such that 

applying Proposition 7.5. It may be assumed that D is a f.g. projective A-module 

chain complex of the type 

d 
D : •• ~-0~D2~D1 ~o - ••• , 

so that a cycle Vf Hom2O( 20
2

] (W ,HomA (D· ,D» 2 is represented by A-module morphisll!S 

VO: D1~D1 ,11 : D1~D2 ,~: D2_D1 ~: D2 __ D2 

such that 

VO+EVO+d)J1-~d."'0: D1~D1 
~ 1 

lJ1 + EV1- V2d· '" 0: D -----'>D2 
~ 2 
V1 + Evt- d~ = 0 : D -- D1 

V2-EV2 = 0 : D2~D2 

The boundary 1-dimensional E-symmetric Poincare complex O(D,v) corresponds to 

the non-singular E-symmetric formation 
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The A-module automorphism 

o o 

.1 o 
M 

-d 

o o 

defines an isomorphism of non-singular E-symmetric formations over A 

f : (M,'I'iH,F) --+ (M,<PiH,G) , 

1 2 
~lhere H '" D2.D1 SM = D .D28D1.D • It follows that 

(M,'I';F,G) '" (M,'I'iF,ll)e(M,'I'iH,G) '" (M,'I'iF,H).(H,'I'lH,F) 

The correspondence of Proposition 1.8 can be similarly used to define 

inverse isomorphisms of the E-quadratic ~Iitt groups 

L1(A,E)-ME(A) ME(A)~L1(A,E) , 

provided it can be shown that the cobordism class of the 1-dimensional E-quadratic l 

Poincare complex associated to a non-singular split E-quadratic formation 

IF,((}),9)G) depends only on the underlying E-quadratic formation 

(HE(F);F,im(~}.G--4F.F.» and not on the choice of hessian 9~Q_E(G). This has 

already been carried out in the proof of Proposition 5.6 •.. 

[] 

The odd-dimensional U-groups of Ranicld. [ 1) are just the Witt groups 

of ±quadratic formations 

U2i+1(A) = M(_)i(A) 

and Proposition 7.7 sho'is that the morphism defined in Proposition 5.6 

is in fact an isomorphism. 

! 

i 
I 
i 
I 
~ 

I 
1 
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Propo::;itions 5.6.7.3.7.6.7.7 together aIlOI-l us to identify 

unCAl = L 2o(A.(_)i) = L (A) n- ). n (n = 2i or 2i+1) 

It ,/as shmrn in Ranicld [,1.] that the U-groups of a group ring A = Zl:[n:] are the 

L-groups JJn(n:) of ~lall [5 J (modulo the K-theoretic hypotheses, cf.§12). so that 

Un(<Z[n:] ) = Ln(<Z[Tt]) = Li:t(Tt) 

In §8 "e shall combine this with the result of Proposition 4.4. to identify the 

quadratic signature 0".(f,b)EL
n

(<Z[Tt1 (X)J) of an n-dimensional normal bundle map 

(f,b):H- X "Hh the surgery obstruction B(f,b) €'Ln(1t1(X}). 

The follo.ling result has strong implications for the elementar:r unitary 

groups of A (cf. Proposition12.2), generalizing the "normal form" of Sharpe [1]. 

Pronosition 7.8 A non-singular E-quadratic for~ation Over A (M,V;F,G) is such.that! 

(H,'I'jF,G) = ° EL1 (A,E) 

if and only if there exists a stable isomorphism 

[f] : (M,\jf;F,G)~ 3 (tl,l() 

'for some (-E)-quadratic form (N''l.tq_E(H)). 

Proof: A 1-dimensional E-quadratic POincare complex over A (c,'I'EQ1(c,E» is 

"null-cobordant if and only if it is homotopy equivalent to the boundary a(D.~} 

of a connected 2-dimensional E-quadratic complex (D,\tq2(D,€)}, by Proposition 

1 
I 
I 

5.4 iii). Let (D"~') be the connected 2-dimensional €-quadratic complex obtained, 

from (D,,,-) by E-quadratic surgery on (g:D~E,(O,\)Eq3(g,E», ,11th g:D~E the 

chain map defined by 

d d d 
_D2~D1-DO-'" 

d 11 1 J 
••• _D3~D2-0_0~ ••• 

Then (D' '1\') is the skeH-suspension of a D-dimensional (-E)-quadratic complex, 

and~(DI,\,) is homotopy equivalent to (C,W) by Proposition 7.1 i). The 

non-sin~l"r E-quadratic formation (H,WjF,G) associated to (C,"') is thus 

stably isomorphic to the boundary O(N.!\'} of the (-E)-quadratic form 

(n,\" = (H
1
(D'),r E.Q_E(n

1
(DI»). 

[] 

f
E-symmetric 

Intuitively, 
E-quadratic kills 

im( f· :H·(D)·~ H"(C», "hereas a geometric surgery only kills individual 

\co)homology classes. In §8 We shall prove that the chain level effect of a 

geometric surgery on an r-dimensional spherical homology class in an n-dimensional 

manifold is an algebraic surgery on a connected algebraic pair such that 

s = n-r 

s I n-r 

\'le shall now break down a general algebraic surgery into a sequence of such 

elementary surgeries (subject to a necessary K-theoretic restriction). 

[

E-symmetric 
An algebraic surgery on a connected (n+1)-dimensional 

E-quadratic 
pair 

over 1
(f:C~'(b~'~)EQn+1(f'E» 

A is elementary of type (r,n-r-1) if D 
(f:C-D,(E'I','I')€Q 1(f.€» 

= lAo that is D 
s 

S : n-r 

si n-r 

n+ 

Such a surgery »ill be said to ~ the (co)homology 

! E-symmetric 
be a connected n-dimensional 

E-quadratic 

complex over A. Tben 

i) A cohomology class x ~ H -r(C) can be killed by an elementary n {€-Symmetric 

€-quadratic 

surgery of type (r,n-r-1) if and only if its \-Tu class vanishes, ~
-Symmetric 

that is 

and in the case r 

E-quadratic 

f vr(q>)(x) = OEHn- 2r(Zl:2;A,(_)n-r€) 

L v r
('I')(x) = OE H2 ~<Z2;A.(-)n-r€) 

r-n 

n x I!O HO(C) generates a direct surnmand of HO(C}. 



l(C' ,<p') f<c ,'!') lE-symmetric 
ii) If is obtained from by an elementary surgery 

(C' ,'!") (C,'p) E-quadratic 

of type (r,n-r-1) then is homotopy equivalent 

\

(C'<P) 

(C,"') 
to an complex ~

E-Symmetric 

E-quadratic 

obtained from by an elementary surgerJ of type (n-r-1,r). i{C' ,<p') fE-Symmetric 

(C','!") E-quadratic 

iii) If is obtained from by surgery on ~ (C',<p') ~(C ,<p) lE-symmetric 

(C','!") (C,'!') E-quadratic 

~ 
(f:C--+D,(S<p,<p)~Qn+1(f,E» 

such that D has projective class 
(f:C--+ D,(O'!' ,'!')EQn+1(f ,E» 

[D];; 't (_)r[D] = ° e Ko(A) =-00 r 

~
(C'<P) 

may be obtained from by a finite sequence of elementary 
(C,'!') ~

(C' ,<p') 
then 

(C' ,'1") 

i E-symme tric 
surgeries. 

E-quadratic 

~l i) The vanishing of the Wu class is just the condition required to 

f
E-symmetric 

represent x ERn-r(C) by an (n+1)-dimensional pair 
E-quadratic 

{ 

(f:C ~ Sn-rA,(b<p,<p)EQn+\f ,E» 
such that f·(1} xC=Rn-r(C). This pair is 

(f:C _Sn-rA,(r'l' ,'!')~Qn+1U ,E» 

automatically connected if r( n, but for r 

x E RO(C) generates a direc t summand. 

n it is connected if and only if 

ii) + iii) follow from the result below on the composition of algebraic surgeries: 

~ Let be the connected n-dimensional complex over A 1
l C' ,<p I) ~ E-symme tric 

(C' ,'1'1) E-quadratic 

\

lC ,<p) tE-Symmetric ~ (r:C- D ,(f<p ,<p)EQn+1( f ,d) 
obtained from by surgery on • 

(C ,'V) E-quadratic (flC ~ D ,([V ,'I'}EQn+1t f ,E» 

If D = C(g) is the algebraic mapping cone of a chain map g:S\D'---D", for some 

[

(ct ,tp') 
(n+1)-dimensional A-module chain complexes D' ,D", then may be 

(C' ,'1") 
obtained 
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lE-Symmetric ~lf":C" ~ D" ,(S<p" ,<p,,)EQn+1 (f" ,E» 
by surgery on some from some 

E-quadratic (f" :C" - D" ,(.s'!''' ,'!''')E Qn+1 (fll ,E» 

obtained by surgery on some frot! t(C" ,<p"} 1 E-synunetri.c f(f' :C~D' ,(.r<p' ,<p» ~(C'<P) 

(C",'!''') E-quadratic (f':C_D',(S'!",V» (C,V~ 

f
E -symme tric 

Conversely, gi.ven connected n-dimensional complexes 
E-quadratic 

I(C,<p),{C"<P')'(C",<pll) ilC"'<P"} ~(C',<p') 
such that (resp. ) is Clbtained from 

(C,1V),(C','I"),(C",V") (C",1V") (C','I") 

(resp. ) by surgery on t(C'<P) I(CII,<pll) fE-symmetric fCf':C-D',(O<P"<P» 

(C,'I') (C",'I''') E-quadrati.c (f':C----+D',(S1V',1V» 

(resp. ) it is possible to obtai.n from ~ (f":C"->-D" ,(d<p" ,<pIt»~ f(C' ,<p') - I (C,<p) 

If'' :C" ~ D", (0'1''', V"}) (C' ,V') (C ,V) 

by surgery f 
E-symmetri.c 

"i.th D' C(g) the algebraic 
"-quadratic 

mapping cone of a chain map g:N>' --'> D". 

~: J..et 

and define 

} 

fIt = 

fIt = 

{f" 

C ---+D D'eD" 
r r r r 

(_}n-r+1 g 

(_}n-r+1 g 

D,n-r+s+1 eD"n-r+s+1--.D 
r 

The converse is proved by reversing the argument. 

D'eD" 
r r 

D'eD" 
r r 

(s ~ 0) 

[] 

[] 

i 



§S. Geometric surgery 

He now relate framed surgery in topology to quadratic surgery in 

algebra. 

'l'he groups UnCAl of Ranicki [,1 J were defined as stable isomorphism 

i ~forms 
groups of non-singular (-) quadratic over A if 

formations 

\2i 

n= (2i+1 
(mod 4), 

[

7.6 
following the work of Novikov [2]. Proposition -. identifies 

7.7 -

iLo(A,(_)i) ~2i 
U (A) = . if n = 

n L
1

(A,(_)1) 2i+1 , 

so that the i-fold ske~/-suspension isomorphism of Proposition 7.3 can be 

11ritten as 

-i i 
S : UnCAl = L

n
_2i(A,(-) )------+-Ln(A) • 

It ~las shown in §3 of: Ran.icld [1] that the U-groups of a group ring 11i[n] with the 

>I-t>listed involution are the surgery obstruc tion groups of tlall [5] 

for any group morphism w:"---+~2' modulo the K-theoretic conditions discussed 

in §12 below. 

Let (f,b):M--X be an n-dimensional normal bundle map, with quadratic 

kernel the n-dimensional quadratic Poihcare complex Over ~["1 (X» with the 

w(X)-twisted involution 

o'.(f,b) 

constructed in §3. Let n =-2i or 2i+1, and write (f',bt):H' __ X for the normal 

bordant ti-1)-connected n-dimensional normal bundle map obtained from If,b):M---+X 

by framed surgery below the middle dimension, as in Theorem 1.2 of ~lall[5]. 

Proposition 2.12 gives an (n-2ij-dimensional (-)iquadratic Poincare complex 

di(f',b') such that 

Sidi (f' ,b') = cr.(f' ,b') • 

It follmls from the normal bordism inv"riance of quadratic signatures of 

Proposition 6.6 i) that 
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Proposition 4.4 identifies the quadratic Poincara' cobordism class 

l1i (f' , b') <:: Ln- 2i (~["1 (X)] , (- )i) >lith thc surgery obstruction 

e(f,b) = O(f',bt)ELn(",(X),w(X» obtained in §§5,6 of \1all [5]. 

The i-fold ekew-suspension isomorphism 

? : Ln{",(X) ,~/(X» = Ln_2i{~["1(X}] ,(_)i)--+Ln{?l["1(X)]) 

is therefore such that 

:siO{f,b) = :siO<r',b') = :S~i(fl,b') =6.{f',b') =<1".<r,b)EL
n
(?l["1{X)]), 

~Ie have proved: 

Proposition 8.1 The quadratic signature <1".(f,b)E L
n

(?l["1(X)]) is the obstruction, 

e(f,b)€Ln(",(X).w(X» to making an n-dimensional normal bundle map (f,b):H~X -

a bomotopy equivalence by framed surgeries (n~ 5). 

Given an n-dimensional normal bundle map of pairs 

such that df:;)l'!-+d''{ is a homotopy equivalence we have that the quadratic 

kernel d.«f.~f),(b,ab» ie an n-dimensional quadratic Poincare pair over 

?l["1(X)] v:ith contractible boundary cr.{;)f,;}b). Such objects are the Sarne 

[) 

up to homotopy equivalence of quadratic Poincar~ pairs as quadratic Poincart 

complexes (Proposition 5.4). The quadratic Poincar~ cobordism class 

<T.«f;~f),(b,Clb»E.Ln(~[",(x}J) is the obstruction to making «f,;)f),(b,~b» 

a homotoP:l equivalence of geometric Poincar'; pairs by fralOed surgeries keeping 

(Clr :h) fixed (n ~ 5). 

The explicit inverseSti = :s-i: L (1l) __ L 2.(A,(_)i) (n=2i or 21+1) 
n n- ]. 

constructed in Proposition '1.3 has an application. Giv'Jn Rn n-dimensional 

normal bundle map (f,b):M-X We can ~/rite do,/n a non-singular (_)iquadratic 

form 01' formation over ?l("1(X» representing the surgery obstruction 

<r.(f,b) e Ln (-Zl["1(X)]) , without preliminary geometric surgeries below.:.the middle 

dimension, that is an instant surgery obstruction. This solves Problem 5 of 

Shaneson [3]. 
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Propositio:1 8.2 Let (f,b):~I----t-X be an n-dimensional normal bundle map, 

>lith quadratic kernel 
, . 

<r.(f,b) = (C(r"),e%WF[X]) = (C,VEQn(C» 

Then the surgery obstruction <r.(f,b)EL
n

(?L[1t
1
(X») is the class of the 

:J. I 

(] 

I 
I 
I 
I 

i 
! 
I 
I 

(It is required that all the chain modules C
r 

appearing in the above be f.g. I 
projective ?L[1t1 (X)]-reodules). 

I 
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Let us recall the elements of geometric surgery. 

An ioriented 
elenentary surgery of tyue (r,n-r-1) (O!,r~n-1) on a 
~ 

\ 

degree 1 

normal bundle ~
f:H __ X 

map froo an n-dioensional lIW.nifold H to an 
(f,b):H- X 

n-dimensional geometric Poincare complex X is determined by the follm<ing data: 

i) an embedding g:Sr~~1 >lith an oriented normal bundle V:Sr_BSO(n_r) 
g 

i1) a null-homotopy Vg :Dr +
1
_BSO(n_r) of ~:Sr-->BSO(n_r), that is an 

enbedding g:Sr)(Dn-r~M extending g 

ii1) a null-homotopy h:Dr+1~X of fg:Sr ___ X 

and in the framed ease also 

iv) a relative null-homotopy (~,Vg) : (Dr +1 ,Sr)I\ I ~ (BSO,BSO(~-r» 
extending Vg of the map of pairs (l\,V

g
) : (Dr +1 ,Sr) _ (BSO,BSO(n-r)), ~rith 

r+1 
Vh:D ---+BSO the null-homotopy of the classifying map for the stable noreal 

bundle Vg:sr --+BSO(n-r) _BSO determined by b:.1J
l1

--..Vx and h:Dr+1--+x. 

The surgery replaces. by the n-dinensional map ~ 
f \degree 1 

tf,b) normal bundle 

(f':H'~X 

\(f',b'):W -----T X 

of cobordisms 

{

degree 1 
appearing in the (n+1)-dimensional 

nor"",,,l bundle 

\ (e;f,f') : (u;t!,N')----+(Xx I;X>< O,X" 1) 

{«e;f,f'),(a;b,b'» : (N;n,HI}~(X"I;X"O,Xx1) 
defined b:r 

using h:nr+1-----..X to extend f:l·! ->- X" 0 to a nap of pairs 

(e,f'):(N,H')---->-(X. I,X. 1), and in the framed case usins V
h 

to extend 

b:Vl!-----+VXJ<O to a bundle "P.!, of pairs (a,bt):(VH'vM')------'>(JJXJ(I'~"1). 

7he surgery is sRin to !d.ll (h,f,)~1tr+1(f). 

An elementary "eometric surger:r induces an elementary <,.lgebraic surgery 

on the chain level, as defined in §7. 
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Proposition 8.3 ~
f:H -X, f' :g' ---.,. X 

Let be n-dime~sional 
(f,b):N-----oX, (f',b')::·l'-..X 

f degree 1 

1 normal bundle 
maps such that If' }f 

is obtained from b~ an elementary 
(f' ,b') (f,b) 

\

Oriented ~Symzetric 
sureery of type (r,n-r-1) ldllinf" (h,g)€ lt

r
+1 (f). Then the 

framed a.uadratic 

~
O. (f') lrf'( f) Isyrru;;etric 

kernel is obtained from by an elementary surgery 
Cf.(f', b') O.(f, b) quadratic . 

of type (r,n-r-1) killing the image of (h,g)€tt
r
+1 (f) under the Rurewicz map 

ttr+1(f) = tt r +1 (f)---.".Rr +1<f) " Kr(N). 

Proof: Let 
\ (e;f,f'):(N;I';,li') _(X xliX .. O,X ,,1) 

l«elf,f'),(alb,b'»:(N1H,N') -(X><.llX ><O,X "1) 
be the associated 

bordisn, ~Iith l{crnel {n+1)-dimcnsional 

\ 

degree 1 

normal bundle J 
sYI1ll:1ctric i symmetric 

1uadr~tic quadratic 

Poincar'; pair over ;Z(lt1 (X)] 

\

(J.(e1f'f') " «i i'):C(fl) .. C(f,I)~C(el),6<p,<p"':'!j)')EQn+1({i 1'») 

~.«elf,f'),{a;b,b'» 

" «i i'):C(fl)"C(f'!)~c(el),(Sv,'VCI-'I")~Qn+1{(i i')}) • 

Let k:C(e!) ---.,.C(i') be the inclusion of C(e l ) in the algebraic mapping cone 

of i':C(f'!)~C(el), which is such that C(i') = sn-r~tt1{X)] up to chain 

e,uivalence. Use the chain homotopy commutative diagram of ;Z[1t1 (X)]-mOdule 

chain maps (with j: ki(1 0) ~k(i i') aDJ chain homotopy) 

(ii').C(e') 

to define a 

C(fl)"C(f,l) 

lk (10) 1 _~ 
C(fl) __ i_=_ki_·_ ..... C(i') 

j;z2-hyperCOhOmOIOgy 
relative class 

;Z2-hyperhomology 

«10),k;j)%(S",,<;>e-'P')E;. Qn+1{i) 

« 1 0) ,kl j)%(SW ,'10-'1" h~ Qn+ 1 (i) 

is obt,..ined fron 

~
<r'(f) = (CUI),,,,) 

, by an 
6.(r,b) = (C(f'),'I') 

elementary surgery on the (n+1J-dinensional I SjliiI!e tric 

\ syr.une tric 

1 quadratic 

. \(1:C(f
l
) 

pa:t.r 
(1:C(f') 

qUi'l.dratic 

\'/e have the following partial converse to Proposition 8.3. 

[] 

Proposition B.1t Let (f,b):n __ X be an n-dimensional normal bundle map with 

quadratic kernel er. (f ,b) = (C( f I) ,'I' = e%'I'F[X] E Q
n 

(C( f!»). If f:l{ ----'>'X is 

(r-1)-connected (2r~n) and n) 5 it is possible to kill Xtlt
r

+1 (f) = KrO·n by 

an elementary framed surgery if and only if it can be killed by an el~mentary 

quadratic surgery on er. (r ,b), that is if and only if 

vr ('I')(x) " 0 E.R
2r

_
n

(;Z2 1 ;Z[lt
1

(X)] ,(_)n-r) (= 0 if 2r<. n). 

[] 

The effect on an elementary geometric surgery of a change of framing 

of the embedded sphere may be measured as follows. 

t
f : 11 ------+ X 

Let be 
(f,b):l·j---->X 

a \ degree 1 

l norllll\l bundle 
map from an n-dimensional 

manifold J.I to an n-dimensional geometric Poincare complex X. Let g:Sr,,--> H 

be an embedding with a null-homotopy h:Dr+1~x of fg:Sr----+X on which it is 

{

oriented f f' :11' ---'" X, f":H" --'> X 
possible to perform surgery, and let 

framed (f' ,b' ):N'--X,(f",b"):N"~X 

(degree 
be the ~ 

lnormal bundle ~ 
f ~oriented 

maps obtained fronl by surgery using hlo 
(f,b) framed 

different extensions g, g:SrK Dn- r 
"----+ M of g\ 

and two different relative 

t.nun-homotoPies <Vh ;V
g

} , (;-;h '~g) of (Vh , Vg): (D
r

+
1 

,Sr) ---->(BSO, BSO(n-r» 

1
0.': It (SO( n-r» 

The differences are nensured by elelJents r . 

~~ltr+1(sO/SO(n-r» 



lGYlIlLle tric \0"' (f' ) ,cr' (f") lsymrnetric 
The kernels are obtained fron the 

qu?dratic er.(f' ,bl} ,<l.(r" ,bIt) qnadratic 

la> (f) " (c( r 1) ,'F e%<pjf.[!'!] € Qn(C( f 1») ~. symr.tetric . 
kernel . " by elementary surgeries 

<5.( r, bl " (c{r') ,'V" e%'I'F[X] € Q
n 
(CU!») quadratic 

{

symmetric 
or type (r,n-r-1) on the (n+1)-dimensional pairs 

. quadratic 

\

<i:C(f l ) _Sn-r~[lt1{X)] ,{W,<p)E.Qn+1(I» ,(i:C(fl)-,>sn-r~[lt1(X)] ,~,<p~n+1(f» 

(i:C{f1 )_Sn-r~[lt1 (X)] ,(SV,'V)t: Qn+1 <i» ,(I:C(f I) -+Sn-r~[lt1 (X)] ,ffl.1V)Qn+1li» 

defined in the proof or Proposition 8.3 , with I = i c(r l )----.. Sn-r~[1t1(X}] • 

Now Proposition 5.1 gives exaet sequences 

~ Qn+1(Sn-r~[ltJ) ~ Ql1+1{I} ~ Qn{C(f l » 
l Qn+1(Sn-r~lt])~ Qn+1(I} ~ Qn(C(r

l » 
so that 

( (~,<p) - (~<p,<p)€ ker(d) 

1 (£v.V) - (.f'V,wlt ker(d) im('(:Q 1(Sn-r~[lt] )-Q 1(1:'» 
n+ n+ 

~ 
j:1t (SO(n-r»~ Qn+1(Sn-rlZ) 

next, recall from Proposition 4.1 the morphism r n-r • 
j:1tr+1(So/SO(n-r»~Qn+1{S ~} 

Proposition 8.5 The algebraic effect on an elementary surgery of t
Oriented 

fraoed 

type (r,n-r-1) of a change of framing by r is given by ~
':H:lt (SO(n-r» 

~~ltr+1(So/sO(n-r» 

tlith 

- (<5<P,<p) = ~(j{o() ,0) EQn+\I) 

(-SW,'I') = '((j~) ,oh Qn+1(I) 

{ 

(j (ot ) ,0) E Qn+1 (sn-r 7h).,Hn- 2r- 1 (7h
2

; ~[lt]/7h, (_ )n-r) 

n-r ( n-r 
(j(~) ,0) ~ Qn+1(S ~)f>H2r_n+1{7h2; 7h[ltJ/7h, -) ) 

" qn+1{Sn-r7h[lt]) 

= Qn+1(Sn-r7h[lt]) 

[] 
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§9. Lm<er L-theory 

lie shall notl construct lower L-groups for iC- SY!l1li1etric fLn(A'c) 

c-quadratic LnlA,c) 

n" -1,-2, ••• extending the sequenee of highe~ L-groups defined for n~O in §5. 

above. ~le shall. do this entirely in an ad hoc manner, to be justified by the 

extension to the lower L-groups of various results for the higher L-groups. 

In §10 below we shall assoeiate to a morphism of rings with invol.ution f:A~B 

lower L-groups relating the L-theories obtained by restrieting the projeetive 

class and. the Uhitehead torsion. In §13 .'e shall describe the relative L-group:, 

iLn(A ~S-1A,C) 
(n~ 7h) of a l.oeal.ization map A ~ s-1A in terms of 

L (A---+S-1A,C) 
n 

I c-sycunetric 
structures on S-torsion A-modules. In §14 we shall show that 

C-quadratic 

for n~ 1, .,ith ? 

In §15 we shal.l. ~
.t"(~_,£) 

construct simplieial ~-spectra - . 
~.(A,e;) 

~ ltn <f.·(A,c» " 

L 1tn{~·(A,c»" 
Ln{A,c) 

such that 

. , 
I 
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An \ n- dimensional e:-symm<?tric i cO~Plex Over A 
1 (n+1)- Lp·ur 

1 
(C''4'~Qn(c ,e:» 

1 is eVen if 
(f:C _D,(b'4','!')EQn+ (f ,E» --

t
~o('!') ~ 0: Hn(C)_Ho(?l2;A,e:); x>--'4'n(1')(1') 

"0;) n+1 ( ) Aa n Vo ,!",!, ~ ° : H f -H (?l2;A,e:) ; (y,xh--..U'4'n+'(y)(y) + (-) cpn(x)(x» 

(1'ECn , YEDn+1 , n .. 0) 

Call n-dimensional even e:-symmetric Poincar~ complexes (C,cp),(C'.cp') cobordant 

if there exists an even (n+1)-dimensional E-symmetric POincare pair 

Hf f'):CeC'--+D,(Scp,cpe-.p')EQn+1«f f'),E» with boundary (C,cp)e(C',-cp'). 

Proposition 9.1 i) Cobordism is an equivalence relation on n-dimensi~nal even 

E-symmetric Poincare complexes over A, such that homotopy equivalent complexes 

are cobordant. The cobordism classes define the n-dimensional even E-slmmetric 

L-groun of A L(vO>n(A,e:) (n~ 0), with addition and inverses by 

(C,'l') + (C' ,'l") = (CeC' ,<:''''l'') 

ii) The e:-symmetrization and skew-suspension maps factorize through the 

even e:-symmetric L-groups 
1+TE forget 

1+TE : L (A,e:)~ L<v~')n(A,E) ~Ln(A,E) n _ (Y 

S : Ln(A,E) ~ L(v
O

'> n+2(A ,_£) forge~ Ln+2(A,_E) 
(n ~ 0) 

iii) The skew-suspension map 

S:Ln(A,e:) __ L(V~n+2(A,_E) ; (C''l'EQn(C,E»~ (SC,S'l'EQn+2(SC,-E» 

is an isomorphism for all A ,E ,n ~ O. 

~: i) Work exactly as in Proposition 5.2. 

{

E-Symmetrization 
ii) The of 

skevr-suspension t 
E -quadra tie 

an n-dimensional 
-E-symmetric 

Poincar~ complex 

(resp. pair) is an {n- dimensional 1 \n+2)-
even \E- symmetric Poincare complex 1 (-£)-

(resp. pair). 

iii) Define as folloVls a map 

52 : L(vo>n+2(A,-E) --.. Ln(A,e:) 

inverse to S:Ln(A,E) ~ L(v
o
)n+2\A,-E). 

~2 ~ Poincar,;' 
Let p = 3' Given an (n+p)-dimensional even (-E)-symmetric 

connected 

complex over A (C,cp~Qn+p(C,E» replace C (if necessary) by a chain equivalent 

f.g. projective A-module chain complex of the type 

C : ••• _ ° ........ C -.!... C 1 ~ C--+- ••• n+p n+p- n+p-2 
d 

~ C1 -4 Co---> 0 ........ 

and define a chain map f:C _'D by 

As (C,,!,) is even 

\ C
on

+p r = n+p 

~ r F n+p 

vo('!') = 0: Hn+P(C) ~ coker(d.:Cn+p- 1___. Cn+p) -iiO(?l2;A,-E) 

so that'!' Eim«1+T ):Q (cn+p)--4Q-E(Cn+p» and n+p -E-E 

x ....... cp (x)(x) n+p , 

~('!') = CPn+p = OEQn+p(D,-E) = c Oker«1+T_E):Q_E(Cn+p)_Q-E(Cn+p» 

It is thus possible to lift CPEQn+p(C,-E) to an element (e,'l')EQn+p+1(f,-t). 

The result of E-symmetric surgery on (f:C----'>D,(e,<:')~Qn+p+1(f,-E» is the 

t
Poincar~ 

skew-suspension S(C',cp') of an (n+p-2)-dimensional E-symmetric 
connected 

complex over A (C' ,cp'). 

Use the case p = 2 to define 

E;l : L(vo>n+2(A,-£) -----+ Ln(A,E) 

so that 

?he proof of Proposition 7.1 ii) gives an even cobordism from (C,<:,) to S(C','!") 

c = «g g'):CIlSC' ---->D·,(S'!',cpe-s'!'·) EQD+3«g g'),-E) 

\-lith g 
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If ('e,~lE:Qn+3(f,_E) is a different lift of IP~Qn+2(C,_E), with corresponding 

n-dimensional E-symmetric Poincare complex (e' ,;;'!Q.n(C' ,E», let 

e = «"6 g') :CeSC' ~ D' ,(alP'lPe-S~')EQn+3«('g g') ,-E)} 

be the corresponding cobordism from (C,~) to S(C',;;'). The union 

cue = «h h'):SC'eSe' --)oD",(SIP",S'I"e-S'I")E:Qn+3«h h'),-E» 

is a cobordism from S(C' ,'1") to s(c· ,;P') , with D" = C(e:.) :C-D'.D') such that 

HO(D") = Hn+
3

(D") = b • 

It follo>1S that cuc is the s!cew-sUl'lpension of a cobordism from (C','I") to (C'.;')' 

and so 

(C' ,IP'> = (C' ,;P') ~ Ln(A,E) • 

Thus Q(C,IP)ELn(A,E) is independent of the choice of 1ift (a,'I')EQn+p(f,_E) •. 

The correspondence of Proposition 5.4 i) restricts to a one-one 

correspondence between the homotopy equivalence classes of 

(n+3)-dimensional even (-E)-symmetric Poincar~ pairs over A and the homotopy 

equivalence classes of connected even (n+3)-dimensiona1 (-E)-symmetric 

complexes over A. As in Proposition 5.4 iii) we thus have that an 

{n+2)-dimensional even (-E)-symmetric Poincar6 complex over A represents 0 in 

L(Vo)n+2 lA ,-E) if and only if it is homotopy equivalent to the boundary ~\C'IP) 

of a connected (n+3)-dimensional even (-E)-symmetric complex over A 

lC,IP€Qn+3(c,-E». Let (C',<p') be the connected (n+1)-dimensional E-symmetric 

complex over A obtained from (C,IP), as in the case p = 3 above. Now a(C,IP) is 

homotopy equivalent to Sa(C',IP') by Proposition 7.1 ii), and so 

..P- 'Hc ,IP) = nS(l(c' ,'1'1) = (7 (C' ,'1") = 0 E rf1(A ,E) • 

[] 
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An E-symmetric ~ form over A r (H,'I') < is ~ if (l1,<?) = (1+T~)(M,,,,) 
lforrIation 1 (H,'I'iF,G) L 

for some E-quadratic form (N,'!'), that is if 'l'Eim«1+T
E

) :Q.E(f.!)- QE CI1)} or 

equivalent1y lP(x)(x)~im«1+TE):A_Aia.--..a+Ea) (xEI4). In particul.ar, the 

every even E-symmetric formation is isomorphic to one of the type (HE{F)iF,G) 

by Proposition 1.6. 

f
forms fL<vifE(A) The Witt group of even E-symmetric --- ~ < 

formations J.1(v >E(A) o _ 
is the 

abelian group VIi th respect to tl:e direct suo e of equivalence classes of , 

1 
eon-singular 

even E-symmetric forms over A, subject to the equivalence relation 
formations 

1 (}I,'I') ",(M' ,IP'> ian isomorphism 
if there exists of the type 

(J4,lPi F ,G)-(M',<?'i F ',G') a stable isomorphism 

i
f: (M,IP)eHE(N) ~ (N' ,IP')eHEOP) 

[f] : (M,lPiF,G)elN,lJiH,K)e\N,V;K,L)e(N' ,V'iH' ,L') 

-- (H' ,lP' iF' ,G' )e(N' ,v' iH' ,Kt ).CN' ,v' i K' ,L')e(N,uiK,L) 

l E-sYlDl!letric form [(M,'I') 
The boundary of an • over A is the 

even E-symmetric formation (Mt~;F,G) 

lC-E)-symmetric formation 
non-singular even over A 

E-symmetric form 

IO(M,IP) = (H-E(J.t);H,r(H,'P» 

1 aCI1,'I'lF ,G) = {GJ./G,'I'J.fIP} 
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Proposition 9.2 i) The homotopy equivalence classes of ra-dimenSional even 

b-
, 

E-symmetric complexes over A which are { - (Poincare) are in a natural 
connected 

1 
isomorphism 

one-one correspondence >lith the classes of (non-singular) 
stable isomorphism 

~
forms 

even E-sjmmetric over A. 
formations 

i'O- tr.{Vo,>O(A'€) 
ii) The dimensional even E-symmetric L-group 1 

1- L<v~ (A,E) 
is naturally 

isomorphic to the Witt group of even tforms 
E-symmetric over 

formations 

iii) A non-singular even E-symmetric (form 
lformation 

over A 
{ 

(r-1,<9) 
represents 0 

(M,<9;F ,G) 

1
L<VO,>0(A,€) iisomorPhic 

in 1 if and only if it is 
L(vO'> (A,E) stably isomorphic 

to the boundary 

~
(N,lJjH'K) fan even E-symmetric formation ~(N'V;H'K) 

of over A • 
(H,V) a (-E)-symmetric form (N,lJ) 

Proof: By analogy with Propositions 1.5,1.7,7.6,7.7,7.8• 

The result of Proposition 9.2 iii) for L<v~1(A,E) will be interpreted 

in §12 as a reduction identity for the elementary subgroup of the stable 

unitary group Lim Aut HE{Am) (Proposition 12.2). 
--> m 

(] 

Define the Im<er E-'luadratic L-p;rouns of A 

L (A,E) = L 2.(A,{_)iE) (n~-1, n+2i~O) , n n+ ]. , 

extending the periodicity Ln(A,El = L
n

+2\A,-E) (n ~O) of !'roposition 7.3. 

1Jefine the 10~ler E-symmetric L-groups of A 

n f:r<v o)n+2(A'-E) n=-1,-2 
L (A,El = 

Ln(A,E) n~-3 

extending the identification Ln(A ,El = L(v o>n+2(A ,-E) (n ~ 0) of Proposition 

9.1 iii). 

Define the skew-suspension maps 

Ln(A,E) _Ln+2(A,_E) 

Ln(A,E) ~ Ln+2(A,-E) 
(n~-1) 

, in~-5 
to be the ±C-quadratic skew-suspension isomorphism if , and the forgetful 

, n~-1 

\

-4 ~ n~-1 
'" " map if • .,. 

Proposition 9.3 The skew-suspension map 

- -4 -2 < 0 S : L (A,E) = LO(A,E) --- L (A,-E) = L vc) (A,E) 

is onto, with kernel generated by the non-singular E-quadratic forms over A 

of the type 

Proof: The map is onto because every even E-symmetric form is the 

E-symmetrization of an E-quadratic form. An element (H,'V)(;kerOn is 

represented by a non-singular E-quadratic form (J.!,'V'QE(H» such that 

'HEW· = ( : : ): M = LeL· ---.. II· = L· eL 

for a f. g. free A-ltodule L, and (N,"') can be expressed as a direct Bum of 

terms like (AeA·, (: 



then thc slccl1-suspension maps 

S : Ln(A,_e:)_Ln+2 (A,e:) 

are isomorphisms. 

~: The case n ~ -5 has already been considered in Proposition 7.3. 

For -4 ~ n ~ -1 note that thc category of even E-symmetric (resp. even 

(-E)-symmetric) 
{

forms 
is equivalent to that of E-symmetric (resp. 

formations 

f 
forms AO 

(-E)-quadratic) if H (:;Z2;A ,e:) = O. For n:>,.O we can apply the 
formations 

criterion of Proposition 7.2, as follows. Given a connected (n+2)-dimensional 

E-symmetric complex OVer A (C,~E~n+2(C,E» define a chain map f:C---+D by 

f = f1
0 : C --4 D = f Cn+2 r n+2 assuming C to be such that C

r 
= 0 for 

r r 10 r f n+2' 

c~ n+2 
r> n+2 >rUh C

n
+

2 
f.g. projective. How r-(q»E Q (D,e:) = ker(1-TE}/im(1+TE) = 0, 

with TE the E-duality involution on 

define a connected E-symmetric pair 

( n+2 
1I0mA C ,Cn +2 '. It is thus 

(f:C ---->- D. (S~,q>}EQn+ 3(f ,E}) 

possible to 

wi th which to 

do surgery on (C,q» to obtain the ske~l-suspension s(e' ,tp'} of an n-dimensional 

(-E)-symmetric complex over A (e',~'~Qn(e',_E}). This proves that 

S:LU(A,-E)--4 Lu+2{A,E) (resp. S:Ln- 1{A,_E}---+ Ln+1 (A,E» is onto (resp. 

onc-one) for n:t 0 (resp. n ~ 1). 

[] 

(Note that if ii·(:;Z2;A,E) = 0 Proposition 9'.4' gives that Ln(A,;te:) = Ln+2(A,~E} 
for nE.:;Z. This is the case if there exists a central element a E: A such that 

a+a = 1 EA, e.g. a = 1/2£A, as in Proposition 5.3}. 
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Proposition 9.5 Let It be a group, and give the group ring :;Z[lt] the unbIisted 

involution g = g-1 (g~lt). Then the skew-suspension maps 

are isomorphisms, and the skew-symmetrization map 

(1+T_
1

) : LO(:;Z[tt] ,-1}~LO{:;Z[lt] ,-1) = L-2 (:;Z[tt]} 

is onto. If 1t has no 2-torsion there is defined a split short exact sequence 

1+T_1 0 
o ~LO(:;Z.-1} _ Lo(:;Z[tt] ,-1) ~ L (:;Z(tt] ,-1) ~O • 

• "'0 Proof: Immediate from Propositions 9.3,9.~ since H (Zb2lZb[tt] ,-1) = 0 for any 

A1 ~1 
group It, and H (:;Z2;Zb[tt],-1) H l:;Z2;Zb,-1} if tt has no 2-torsion. 

[] 
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§10. Relative L-theory 

Given a morphism of rings with involution f:A--+B and a central 

unit c ~ A such that £" " c -1 € A and f(C) to B is central we shall now construct 

~ 
£-symmetric 

relative 
£-quadratic 

sequence 

(D~~) to fit into a long exact 

~ 
••• _Ln+1(f,E)---+ Ln(A,E)~Ln(B,£)_Ln(f ,£)~ ••• 

f (nf:l!Z) 
••• -Ln+1(f,E)~ Ln(A,E)~Ln(B,e;),-Ln~f.C)- ••• 

(denoting f(£)€B by c). The- surgery obstruction of an (n+1)~d:imen8iona1 

normal map of pairs (f,af;b,tlb) : (M,al-!) __ (X,i:lX) is an element 

<T. (f ,H; b,ab)e Ln+1 (7Z[1t1 (oX)] ---'" 7Z[1t1 (X)]) 

l'ie shall also construct 'hyperquadratic' L-groups tn(A,C) (nE7Z), to fit into 

a long exact sequence 

An+1 R 1+TE n J An 
... --+L (A,E) --0 Ln(A,e;) ~ L lA,E) ----'---+L (A,E)--+ ... 

An n-dimensional normal space (X,vX:X~BGCk)'fXE1tn+k(T(VX») has a 

'hyperquadratic signature' invariant q.·CX)E t n l7Z[1t
1
(X»), such that 

RI1*(X)cL
n

_1C7Z[1t
1

(X)]) is the obstruction to making X normal borde_nt to an 

n-dimensional geometric Poincare complex with fundamental group 1t
1
(X). 

We shall also construct 'mod rn' L-groups m (n{~,m~1) f
E-symmetric ~Ln(A'£;7Z ) 

E-quadratic Ln CA ,E; 7Z
m

> 

to fit into a long exact sequence 

t 
... _Ln+1lA,E;7Z > ~Ln(A,E)~Ln(A,e;) _Ln CA,E;7Z )-

m m 

••• ~L 1(A,£;7Z >~L (A,E)~L (A,E)---+L (A,E;7Z)---. 
n+ m n n n m 

An n-dimensional geometric 7Zm-Poincare complex (x;ax= 'i~X) has a 'mod m 

symmetric signature' invariant <re (X) EO Ln( 7Z[1t
1

(X)] ;7Zm); and the surgery 

obstruction of an n-dimensional normal bundle map Cf,b):M---+X from a 

7Z
m

-manifoldl1 to a 7Z
m

-Poincare complex X is an element o-.(f,b)C:Ln(7Z[1t1 (X)];7Zm). 
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Given a cor:unutative square of A-module chain complexes 

define an A-module chain complex C(r) by 

( 
dC' (_)r-1 g (_)rg , 

o ) 0 dD 0 (_)r f 

dc(r) 
0 0 ~, (_)rf , 

0 0 0 d
c 

: C(n
r 

= C'eD r_1 eV;_1 eC r_2 l c(r) r-1 C· aD .. D' .. c r r-1 r-2 r-2 r-3-

The homology groups of r are defined by 

Hn(r) = Hn(C«(,» (nE 7Z) , 

and are such that there is defined a conunutative diagram with exact rO>ls and 

columns 



Given a commutative square r of A-module chain complexes (as above) 

let rt®l' be the commutative square of ZO[ Zi';2]-module chain complexes 

ft~ f 
C t0Ac :A , Dt®AD 

flt®Afl i ~®{ 19t~g 
g' ~ gl 

D,t~DI A 'Clt®AC' 

f
Zi';2-hypercohOm010gy 

with T€Zi';2 acting by the E-transposition TE, and define the 
Zi';2-hyperhomology 

groups 

such that 
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lE-symmetric 
An (n+2)-dimensional 

E-guadratic 
triad over A _ (n~ 0) is a 1 

(r ,!E) 

(r,~) 

C-.!.....D 
commutative square f'l r I Lg of A-module chain complexes such that C is 

D'~C' 

n-dimensional, D and D' are (n+1)-dimensional, and C' is {n+2)-dimensional 

i<Ii= ('I",V,»','I')EQn+2(r,E) 
together with an element • Such a triad is Poincare 

'i' = ('V'" ,r ,V) E: Qn+2(f',E) 

lE-symmetric ~(r:c _D'(~I'I')qn+\f ,E» 
if the (n+1)-dimensional pairs } 

E-quadratic (r:C---+ D ,C\ ,V)fQn+1(f ,E» 

~
{fl:C ---D' ,(yl ''I')~Qn+1(fl ,E» , }(C''I'EQn(C'E» 

are Poincare (in which case -
(fl :C-D', (,,', V)€Qn+1 (f' ,E» (C ,V€Qn (C ,E» 

is an n-dimensional Poincare complex) { 

E-symmetric 
and such that the chain map 

defined by 

E-quadratic 

{~o : cltt+2-. __ C(r) 

1(1+T
E
)'fo : C,n+2-. ~C(f') 

c,n+2-r ---+C(P) 
r 

is a chain equivalence. 

.. 
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Proposition 10.1 Given a lOorphism of rings with involution r:A ------+ B and a 

central unit £ E A. such that E = £-1 (; A. and E = fee) ~ B is a central unit 

! 
e-symmetric 

there are defined relative 
e-quadra tic 

into a morphism of exact sequences 

involving the change of rings map 

L-grou"ps (n£:ZZ) which fit 

r f : L
n
(A,e)--4L

n
CB,E) i 

( f : Ln(A,e)_Ln(B,d i 

(e ,cp(;Qn(e ,E» \----l' (B@Ae ,1<9qt"Qn{ B®Ae ,E)} 

(e,Wt~n(e,E»~(B®Ae,1®WCQn{~e,e» • 

The relative L-groups are such that 

Proof: For to be the abelian group of equivalence 

classes of pairs 

le-symmetric 
(n-dimensional Poincar; complex over 

e-quadratic 

~
E-Symmetric 

(n+1)-dimensional 
- E-quadratic 

Poincare pair over B 

f (g: B~e _D,{S'I', 1~}EQn+1(g, E) 

1 (g: B®Ae ----'I" D,{S'I', 1@'I')O:Qn+1{g'El» 

under the equivalence relation relative cobordism 

\ ({e ,'I') ,( g:B®Ae -4'D, (b", ,1®-.,» - «e' ,'1"), (g' :l3Il\e' ---+-D', (atp' ,1®-<t>')} 

1 «e,'I') , (g: B®Ae~D, (&w, 1e'V» - ({e' ,'1") ,(g' : B®Ae , ____ D' ,(b'V' ,1®'I"}) 

if there exists a pair 

le-symmetric 
«n+1)-dimensional Poincare pair over A 

E-quadratic 

n+1 

f
«h h'):C .. el~E,(v''I'e-'I'')tQ (Ch h')I~» , 

«h h') :cee , __ E,(\,'Ve-'I")eQn+1 (Ch h') ,d) 

'--
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(n+2)-dimensional Poincar~ triad over B le-symmetric 

E -quadratic 

( (r, ('ill) litpe-6" I ,1@J) ,1®~tpe-tp I» E QD+2({' ,E» 

1 (r,~l( ,li'I'e-~'II' ,1®{ ,14i1~'I'g_'I'I»E-Qn+2{i' ,E» 

>lith f a commutative square of B-module chain complexes 

:r" geg' 
• DeD' 

1@(h r 1 
B~E ~ F 

) . 

~~e verification that relative cobordism is an equivalence relation 

proceeds as in the absolute case (Proposition 5.2), transitivity requiring 

iLn+1 (f ,e:) 
in is by the 

Ln+1{f ,e) 
a relative version of the union operation. Addition 

direct sum ", and inverses are obtained by changing the sign of the 

lZZ2-hyperCOhOmOl05J 
classes. 

ZZ2-hyperhomology 

Define abelian group morphisms 

Ln+1 (B,E) --+Ln+1 (f ,d; (D,Etp)~(O,(O:O --'rD ,tF<I> ,0») 

L ~B E)----.L 1(f,e)i(D,G'I')t----4(0,(0:0-D,{G'I',O») 
n+1' n+ 

) 

Ln+1 (f ,d --..Ln(A ,E); «e ,<I» ,(g: B®Ae -D,(&<I>, 1~}» t------->- (e ,<I» 

L (r,e) -----.L (A,E);«e,'I'),(g:B®Ae-D,~'I',10'11»)~ (e,'1') 
n+1 n 

We have to verify the exactness of the sequence 

~ 
••• -+Ln+1 (B,E) ~ Ln+1(f ,E) --,>LntA,e) ~ Ln(B,e:) -- ... - LO(H,e;) 

--'> L (B E) --,>L (f ,e) ---tL (A ,d ~ L (B,E) ->- ... ~ Lo(B ,e) ••• n+1' 0+1 n n 

\ 

LnCA,e) ,LnCB,E) 1 L
n

+
1

(f,e:) 
3xectness is obvious at • As for , consider 

Ln(A,e),Ln(B,E) Ln+1(f,e) 

n+1 n 
\ lCe'<I»,(g:B@.Ae~D,a'l'''l&'I'»)<:ker{L U,e:)~L (A,e» 
) so that there 
t (C e, 'V) • (g: 3@AC -----.. D, ($'1', 1@'I') »£ ker( Ln+1 (f ,e:) ~ Ln (A ,d) , 
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A i(h:C---->-E.(V,IjI» 
exists a null-cobordism over 

(h:C~E,(J\.'IV» 
of • Replacing D by ~

(C'i?) 

(C,IV) 
the 

algebraic Lapping cylinder of g:B~C --D, it may be assumed that g :is the 

inclusion of a direct sumnand in each dimension. Sim:ilarly, we can take h:C -+ E 

to be a direct inclusion, and the direct union (as def:ined in §5) is an 

(n+1)-dimensional Poincare complex over B 

\ 

e-sY!llIlletric , 

E-quadratic 

~ (F ,bV) = (g: BilAC--->-D, ($IjI,l@'I'»U(BElC,1@<p)1e{h:C--E'<-"',-IjI)) 

l (F ,bJ() = (g: B@AC---..D ,(blV,181V) )u{ ~C ,1@'V)1@(h:C -E ,(-~ ,-'V» 

such that there is defined a commutative pushout diagram of B-module chain 

complexes 

,.r~~rk 
B®AE ~ F 

Define also a commutative diagram of B-module chain complexes 

so that there is defined an (n+2)-dimensional . Poincar6 triad over B ~
-Symmetric 

-quadratic 

) 
(r, (o,'ii,p'l!-~V ,1@~IjI)e"Qn+2\r ,E» 

and so 
(I' ,(O,~lVe-tl J0fv)tQn+2(r, E» 

) «C ,1jI), (g: B~AC-D, (~~ ,10",») = (0, (0: O-..F, (Sv ,0») CO imtL
n

+
1 

(B,E)-+L
n

+
1 
(f ,d) " 

l «C,1V),(g:!l®AC-+ D.(S'V,10 1V») = (O,(O:O-'>F'~>i ,0»)", im(Ln+1(B,E)-Ln+1U,e:» 

{ 

Ln+1(f ,El 
whence exactness at • 

Ln+1(f,d 

The periodicity in the absolute ~E-quadratic L-groups Ln(A,E)=Ln+2(A,-E) 

(n~ lZ) 

can no" be used to define 

L
n

+
2i

(f,(_)iE) (n~ O,n+2i~ 1) 

Ln(f ,E) (n~ -3) • 

Similarly, relative cobordism classes of pairs 

tn-d:imensional even E-symmetric Poincar; complex over A (C,IjI), 

(n+1)-dimensional even E-sYllll!letric Poincare pair over B (g:~C---J-D,(g'l',I<2lqI») 

define relative even E-symmetric L-groups L(vc?n+1{f,E) (n~O) Which together 

~Ii th the absolute even E-symmetric L-groups of §9 fit into a long exact se'luence· 

••• - L(v 0)n+1 (B, E)-+L(Vo>n+1 (f ,E)--'o-L(vo>n(A ,£)L..L(v ifn(B,E)- ••• ->L<v if (B,d. 

The isomorphism of Proposition 9.1 iii) extends to the relative case 

n+1 ) < )n+3 L U,E = L v o U,-E) (n~O). 

Define 

Ln+1 ef ,d = L(Vet n+3(f ,-E) (n 

Define L-
2
(f,E) to be the abelian group 

-1,-2) , 

Then the exact sequence above terminating at LO(B,E) can be extended to the 

right by an exact sequence 

O( ) f O() O() -1 f -1 -1 L A,E ~L B,E _L f,E _L (A,d~L (B,E)~ L (f,E)~ ••• 

[) 

Ad hoc definitions of the relative quadratic L-groups Ln(r) = LnCf ,1), 

have been given by ~Iall [5] (n odd, and Sharpe [2'] (n even). In Proposition 

10,2 below we shall express these groups in terms of .tquadratic forms and 

forcations. 

In §13 below tie shall express the relative L-groups of a localization 

map A ------+ S-1A as the cobordism groups of algebraic Poincare complexes over A 

"hich become contract:ible over S-1A , identifying the IOW-dimensional cases 

with \-litt groups of linking forms and formations. 
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The full force of the equivalence relation of Proposition 5.4 i) 

(bet>leen the homotop:! equivalence classes of Poincare pairs and f
E-symmetric 

• E-quadratic 

the homotopy equivalence classes of connected complexes over A) 
}

E-Symmetric 

allmls 

\ 

E-symmetric 
us to express the relative 

E-quadratic 

E-quadratic 

[

Ln+1 (f:A-B,El 
L-groups (n1 0) 

Ln+1(f:A-B,El 

as the group of equivalence classes of triples 

en-dimensional Poincare complex over A , lE-symmetric, l(C'~) 

E-quadratic (C,V) 

connected (n+1)-dinlensional complex ~ 
E -symme tric 

over B , -~
(D').l) 

E -quadra tic (D,{) 

The equivalence relation is defined by 

\ ~ (C,~), (D,~) ,g: B®A (C,qI)--..()(D,»» ~ «C' ,~I) ,(D' ,vI) ,g' :B~ (C' ,~')~ o(D' ,"'» 
~ «C,W, ,(D,,) ,g:B®A(C,V)-o(D,,» ~«C',~') ,(D' ,\t),g':Bd!lA(C' ,"')~ a(D' 'i\'» 

if there exists a quadruple 

\

£-Symmetric 
(a connected (n+1)-dimensional 

E-quadratic I(E,sCP) 
complex over A (' 

(E,o'll) 

\ h:()(E,~~) ~ (C,...,)e(C' ,~') 
a homotopy equivalence l h:O(E,b'l')~ (C,-V)e(C' ,'1"> 

\

e-Symmetric }(F,OIJ) 
a connected {n+2)-dimensional complex over B ( r)' 

e-quadratic F,D~ 

a homotopy equivalence A geg ). ill®. (E,Scp}U( ')(1~h)«D,v)e(D' ,-J,l'»- a(F,~V) 
B®A (E ,SV}V(geg')( 1®h) {(D ,\)e(D' ,-r» ~ ()(F ,b~) 

In the low-dimensional cases this formulation translates dire~t1y into the 

language of forms and formations, and as snch applies to the E-quadratic 

L-groups L (f El (nf..ZI) and also Ln+\f,£) (n~O). 
n+1 ' 
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{

L2 .U,EJ 
of amorphism f:A_B 

L2i+1 (f ,£) 

is the aoelian group of equivalence classes of triples 

I split (_}i-1E-quadratic formation f(F"G) 
\ non-singular over A , 

(-)iE-quadratic form (H,V) 

. 1 form f (N,~) [a stable isomorphism 
(-):LE-quadratic over B, of 

formation (N,\iH,K) an isomorphism 

non-singular . over B t
SP1it (_)i-1E-quadratic formations 

(-):LE-quadratic forms 

{ 

[01, ~ ,<1] : B®A (F ,G) --. a(N ,7Q 

g : B®A(J1,W)~ a(N,,\iH,K) 

under the equivalence relation 

J «F ,G) ,(N '\) ,[cl .\,>,<1]) ~ «F' ,G') ,(N' ,\') ,[0<' ,t>' ,(1']) 

le (~i,w) ,(N ,1\.iH,K) ,g)~ «M' ,vI), (N', \' ;H' ,K') ,g') 

if there exists a quadruple 

\

(_>iE-qUadratic form ~(H''I'> 
(i over A , 

split C-) E-quadratic formation (F,G) 

\ stable isomorphism [A,r .... ] :~(M,V> - (F ,G)e-(F' ,G') , 

lisomorPhism h: Cl(F ,G) ~ (H,"').,(W,-V') 

tSPlit (_)iE-~uadratic formation f(H,K) 
i 1 over B , 

(-) + E-quadratic form (p,O) 

\

iSOmOrPhism h : a (H,K)-.. (~A O~,V»u(['" ",.,.]e[.,t',~',':1~)(1®[" ,r,lJ]) (CN ,'().,(N"~\'»: 
stable isomorphism ). 

[,. ,r ,v] : a (p.e) --->- (B~ (F ,G»U(geg')(10h) «N'l;H,K)e(N' ,-\' ;H' ,K'» 

[] 

C,le are here using the union operation for forms and formations defined at the 

end of §5). 

As in '!J7 of vla11 [5 J there is in fact a ;yet simpler expression for 

L2i+1 (f,E), as the group of e~niva1ence classes of pairs 

~r.on-singu1ar (_)iE-quadratic form over A (H,.), 1agrangian H of B~(M,'V» , 

tha t is ,.,., can take K = 0 in the corresponding part of Proposi tion 10.2. 
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IdC .<1') ,(g:B~C~l),(S<l" 10:p}»E Ln+\f:A-+B.E) 
(More generally. every element (n~O) 

«C, lV), (g: B0
A 

C --4D. (.I"" 1®Y) »€L
n

+1 (r:A-B,E) 

has a representative such that 

Hn+1 tD) = 0 

"hich can also be regarded as a triple 

{n-dimensional Poincar~ complex over A , 

\

E-Symmetric \(C,'I') 

E-quadratic (C .V) 

lE-symmetric 
well-connected (n+1)-dimensional f

<D'V) 
complex over B • 

e -quadra tic (D.{) 

1 
g:B@A (c.'I') ~ a(D.L» 

homotopy equivalence ) 
g:B®A(C,v)---+ a(D,{) 

Similarly for n ~ -1). 

The relative E-symmetric L-groups Ln(f ,e) (n ~ 1) can be expressed in 

terms of forms and formations, as in the ~-quadratic case (Proposition 19.2). 

In particular, L-2(f,E) is the abelian group of equivalence classes of triples 

(non-singular E-quadratic formation over A (H,V;F,G), 

even (-E)-symmetric form over B (N,~J, 

stable isomorphism of non-singular e-quadratic formations over B 

[h] : BI2i(M,'I';F,G)-O(N,;t> ) • 

In terms of algebraic Poincare complexes L-2(f,e) is the cobordism group of pairs 

(1-dimensional e:-quadratic Poincar{ complex over A (C,'I'eQ1(c,e}), 

2-dimensional e:-symmetric Poincare pair over B (g:B®AC--+D.(l~'<I')EQ2(g,e:») 

with 

(J'I','I') = (1+Te:)(8'1",V') ~Q2(g,E) 

for some (lV','I")EQ2(g.E) such that 

y' - 1®A'f = H(O} E Q1 (B,\C ,E} 

for some 0 ~ Q2(B'lC ,E} with . 

" 1 "1 v 1 (O) = 0 H (B®AC) ->H (l'Z2;B,E) 

(cf. Proposition 1.8 iii}). 
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De fine as follo~rs the n-dimensional E-hyperquadra tic L-group of A 

Ln(A,E) (nEZI). For n ~O let 1n+1 (A,E) be the group of relative cobordisJ:1 

classes of pairs 

(n-dimensional E-quadratic Poincar~ complex over A (C.'I') , 

(n+1)-dimensional E-symmetric Poincar: pair over A (jj:C-D.( ...... (1+TE)~») • 

For n = -1,-2 let t n+1 (A,E) be the group of relative cobordism classes of pairs • 

{(n+2}-dimensional (-E)-quadratic Poinca~ complex over A (C,,,,)~ 
':X~n 

(n+3}-dimensiona4ft-E)-symmetric 

For n.!, -3 let tn+1(A.£) = O. 

Poincar~ pair over A (g:C-+D,~.(1+T~)"'}» 

Proposition 10.3 i) The e:-hyperquadratic L-groups of A fit into a long exact 

sequence 

••• -4Ln+\A,E)~ i.n+1(A.e:)~Ln(A.E) _1_+_T;E~. LnCA,E) ~ ••• 

with 

J 

H 

ii) If there exists at-A such that a+a = 1 .. A Ce.g. a = 1/2) then t·(A.E) O. 

iil) Given a morphism of rings ~lith involution f:A ----+B there are defined 

relative E-hyperquadratic L-groups tnCf,E) Cn~ZI} which fit into a comnutative 

diagram >lith exact rO~IS and columns 

. 
••• ---O-LJA'E)~Ln(t~)-4" LnJ.E)---)oLn_1t,E)--+ 

1 1+T 1 1+T') 1 1+Tr L 1+T 
n E f n n ~ n-1 E 

••• -L (A,E) ___ L (B.'l)_L (f.e:)~L (A.E) ~ 

~J iJ IJ !J 
A.n f An ""n ""n-1 ... ~L (A.E)~L (B.')--L (f.E) __ L (A.e:)~ 

tH !H In In 
••• ~L 1(A.E)~L 1(B.o)--'1L 1~f.E)--4L 2(A , E) ~ 

n-

1 
n- L I n- t n- ! 

[] 

For E 
"n 

1 f A "eshall write L (A.1) 
"n L (A) (nE:ZI). 
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Given a connected space X and a group ",orphism ,.':Tt1(X)~lZ2 let 

. I f:(L,lI) ·~X i (n+1)-dir.'.cnsional 

be the bordism group of n",-ps ) f:N~X from n-dimensional 

l f:U ----'PX n-dimension",l t 
~u,p(X) 
, n+1 

StP(X) 
n 

SlN(X) 
n 

1 
normal pairs (L,H) \·1ith geometric 

geometric Poinc".re complexes H 

norL1al spaces 11 

Poincare boundary H 

such that the orientation 

f ) II 

! 
.,(L):Tt1(L)-.......,Tt1(X - lZ2 

f ) t, maps factor as wOi) :lt1 (H)_Tt1 (X ---+ lZ2. 

f ) w w(H):lt 1(N)- lt 1 (X ----+lZ2 

The "ark of Levitt [2] 

Jones [.1 ] and Q.uinn [3] (- see also §17C of \'1all ( 5]) identifies -

nll,p(x) = L
n

(lZ[lt
1

(X)]) nN(x) " R (X;HSG) (= Lim Tt +k(X+"lISG(k») 
'"n+1 n n -- k' n 

for n ~ 5, "1 = 1. Follo>ling a suggestion of Frank Q.uinn tIe shall nO>l define 

the notions of higher signature appropriate to normal spaces and normal pairs 

\-lith Poincare boundary. The latter is particularly relevant.to surgery 

obstruction theory because the mapping cylinder of a normal map of 

n-dimensional geometric Poincare complexes (f, b):J.!--.. X defines a bordism 

class «M(f) " H\'r,.oX"I,MUX)-X)c,.n~;;(x) (cf .•. Qu:i.Jin [3]). We shall find 

this point of view use:t'ul ,in §15 •. 

Proposi tion 1 0 Jt. Given a connected space X and a grOll!, morphism W:lt1(X)--:-+lZ2 

there is defined in a natural ~,ay a morphism of long exact sequences 

such that <r.:~;;(X)~Ln(lZ[lt1(X}» is an isomorphism for n;l5. If X is a 

!',eo"'etric PoincC'.re complex and (f, b) :H~X is a noro"l I!IRp then 

o-.«H(f),N .... Z)-->X) = CT.(r,b)~Ln(lZ(lt1(X)]). 

-174- Proof: \·:e shall use algebraic surgery to define the 3.uadratic sig-nature of an 

(n+1)-dir.:"nsional r;orn"l pair 

(f:l·ic- L, (VL'V1.,): (L,H) --...!lG(k) , (~L'?J): (D
n

+k +
1 

,Sn+k) -+(T(V
L

) ,T(-i») 

~lith an n-dimensional geometric Poinc<'-re bound<'-r:r (H,v
l
.
1

,PH) to be the cobordisn 

class in Ln(lZ(Tt]) (It = lt 1 (L» of an n-dimensional ~uadratic Poincere coruplex 

r1.(L,H) over lZ(Tt] llhich comes equi.pped l!ith a canonical cobordism from 

(1+T)CJ.(L,M) to O·(H). The h:r"erquadratic signature a"(L)~tn+\?1;(lt1(L)]) of 

an (n+1)-dimensional normal space 

n+k+1 (» (L,J>L:L-BG(:k),(lL: S ~T v
L 

is the cobordism class in £n+\ lZ[n) of the pair ~·(L) defined by CT.{L,,£l) to'gether 

"ith the canonical null-cobordism of (1+T)c1.(L,pJ), so that Ha·(L) = <f.(L,Il). 

Let then (L,J.i) be an (n+1)-dirnensional normal pair ,.zith J.l Poincare. 

",he relative synunetric construction applied to the fundamental class 

[L] - h(O 0 }nU € HTt (L,n;tl lZ) (~I=ll(L) =w
1
(v

L
» gives an (n+l)-dimensional 

- \ L'\ 11 ilL - n+1 n+1.. ' 
sYL1L1etric pair over :Z[Tt] (f:C---o-D,(e,<p)fQ (f» ,nth POl.ncare boundar:r 

(C,<p) = (C<lh,<;>~p'!J) = O'·(ll) , "here f:C = C(U)---+D = C(i:) is the inclusio!l. 

Let (C' ,<p') be the n-dimensional symmetric Poincore conplex obt"ined from 

(C,<p) b:r symnetric surgery on (f:C--+D,(e,<:)}. Proposition 7.1 provides a' 

canonical cobordisrn betlleen (C,'{l) and (C' ,<p'). ~Te Shall nO\-1 s:,ecify a 

lZ2",hyperhomologyclass W'E'tn(C') such that (1+T)'l" = cp,EQn(C')'- thus 

"efining CT.(L,M) = (C' ,'Vt) E Ln(lZ[n]) such that (1+T)o-.{L,H) = cr.{H) E Ln(Z';[lt])·. 

L<'lt (D' "e,EQ n+1(D'» be the (n+1)-dimensionnl syr,lhlctric cooplex defined by 

\·rhich is the corl"lex obtained by applying the absolute symmetric construction 

to the image of [L] under H;'+1d:,M;":z)-+i!~+1(i/M;\~Z;), ,dth D' = C(f) = C(L;~;). 

'l'he chain lJL.~p g:DD+1-·---+ D, defined by 



Applying the quadratic construction to the hor.tolog'J 

d 1 t t 
-k , .. 

ua. 0 he Tho" class UVLIi: H~(T1t(VL); '71:).re 

('V = 'VG~(~L) (Qn+/ D'> SU~h that 

if 'Z, ,0{0~ a' - l(~Tt(lIL)-(U:'L» (1+T)'V<=Qn+1(D'). 

and 'so~ 

~lith e:D' _C(g) the inclusion. Identifying 

C' =n.C(S) • S'9' = e%(6~)EQn(SC') 

consider the exact sequence of q-groups 

(or rather the underlying exact sequence of chain coople:::es) provided by 

the co~",utative exact braid of Proposition 1.3 for p = 1 to obtain a 

71:2 -hyperhoI1010gy clnss 'V' E. 't
n 

(C') such that 

(1+T)'V' : ",' EQn(CI) , S'l" 

Finally. set 

Proposition '\0.5 The cokernel of the hyperquadratic signature 

0.- : ~~k+3(K(71:2-?Z.1» _£4k+3 {71:[?Z2_71:]) 

is infinitely generated. for each k ~-1. 

[] 

map 

~: Cappell [2] has shown that P/PnQ is infinitely generated. where 

P = ker«1+T):L4k+2(71:[Tt])--+L4k+2(71:[Tt]»: im(H:i.4k+3~71:[TtJ> ... L4k+2(71:[1t]» 

Q = im(L4k+2(71:(7l:2])eL4k+2~7l:(7l:]) ---r L4k+2 (71:[Tt]» (Tt: 71:
2

-?Z) • 

It follo>ls that 
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{

E-s:rmmetric 
Our algebraic methods serve also to define the L-groups 

C-quadratic 

G lLn(A,EiG) 
of A ~lith coefficients in a f.g. abellan group (n~7l:), which 

Ln(A,£;G) 

are characterized by a long exact sequence 

1 
... ----.. Ln (A.Ei G)-4 Ln{A.CiH) --l' Ln{A,C;K)_ Ln-\A .C;G)--.. ••• 

(nE 7l:) 
• •• --4 Ln(A,£;G) - Ln{A,C;H) ---+ Ln(A,C;K) --,>Ln _ 1 (A,C;G)---.. ••• 

associated to any short exact sequence of f.g. abelian groups 

o~ G~H--K-O , 

and also 

fLn(A,C;lZ): 

1 Ln(A.q71:) = 

~he quadratic L-groups are 4-periodic 

and 

Ln(A.E;G) = LnlA.EiG) (n~-3). 

(nE 7l:) 

3J the structure theorem for f.g. abelian groups it is sufficient to 

I 
I 

i ' 

. 
consider the Case of finite cyclic groups G. 

• I 

Define J 
E-symmetric 

the n-dimensional 
e-quadratic 

mod 

the grOtlP of relative cobordism 

classes of pairs 

i e-symmetric 
(n-dimensional 

e:-quadratic 
Poincar~ complex over A 

}

(C''P) 

(C,W) 

(n+1)-dimensional Poincar';- pair over A ) ~ 
c-symmetric I(f:me ....... D.(.v,m;p» 

c-quadratic (f:mC-D,(lI..m'll» 

l
(~G,~~) = (C.~)e(C.~)e ••• e(C,~) 

.,;ith (m terms). The Im-,er mod m L-groups 
(cC,m>;!) = (C.1V) .. (C.'I'} ....... (C.W) 

are dcfir.ed similarly. >lorking as in Proposition 10.1. 



hoposi tion 10.6 The mod m L-groups m (n E ZI) fit 1
E-sym""etric -177- lLnlA,E;Z\ J 

into 
. c-quadratic L (A ,e; ZI ) 

n rn 

a long exact sequence 

For c'" 1(1\ we shall write m m. ILn (A,1;ZI ) = Ln(l\iZl) 

Ln(A,1iZlm ) = Ln(AiZlm) 

An n-dimensional geometric Zlm -Poincare" complex (X ,()X = 'mI ~ X) has a 

symmetric mod m Signature invariant 

(J ·(X) E Ln( ZI[1t,(X)]; 2Zm) 

constructed by analogy with the absolute case m" 0 (Proposition 2.7). 

[] 

It will folIo" from the compu ta tion of L* (ZI) in §13 that the simply-connected 

mod m signature map 

1 ~. { 
0 

(1'. : ~<:Pt.;ZI )------->Ln(ZI;ZI) 
Zl

2
®

Zl
Zl

m 
, 

m m n= (mod 4) 
Zl2® ZlZl

m 
2 

0 3 

sends an oriented (4k+1)-dimensional i
(llk)-

geometric l'};m -Poincare complex X to the 

(4k+2)-

1 
(signature of X) 

(deRham invariant of X) (m" O( mod 2» • 

(deRham invariant of !IX) (m:o O(mod 2) 

Given a normal map (f,b):H--t'X of n-dimensional geometric l'};m-Poincare 

complexes there is defined a quadratic mod m signature 

(f' .(f,b)E Ln{ZI[1t1(X)]i2Zm) 

by analogy ~,ith the absolute case m = 0 (Proposition 2.9). For a normal bundle 

map from a Zlm-manifold}\ ~,e, can identify the quadratic mod m 'signature ~,ith the 

obstruction to Zlm-surgery, >lorking as in §8. Surgery on Zlm -manifolds is an 

important ingredient of the work of Sullivan [1 ], 110rgan and Sullivan [1] 

and l'lall [14] on c\,aracteristic classes for surgery obstructions. 

f
I 
I 
I 
i 
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§11. Products 

The tensor product of rings with involution A,B is a ring "ith 

involution A®nB, ~Ihere 

(aEA, bE-B) • 

(For group rings A = ZI(..-] , B = ZI(f] we have A ®2ZB = ZI[-n-o ~ ]). The tensor 

product of an A-module chain complex C and a B-module chain complex D 

is an A@
2Z

B-module chain complex C y, ~li th A®l'};B ac ting by 

A®2ZB "C®-oP ~ C®l'};l) i (a®b,x®y) I----<'- aXSby • 

- -1 - -1 
If E E A "lE' B are central units such that c "c E. A, y) "yt £. B then 

-- -1 
E®,£A®2ZB is a central unit such that (COPl) = (cOt'}' EO. A®2ZB, and there 

is a natural identification of l'};[2Z
2

]-module chain complexes 

( t) t t C &AC ®n(D ®BD) = (C®ZlD) ®A® B(C®ZlD) 
l'}; 

wi th TE- 2Z2 acting by TE®T1 on the left hand side and by TE®'l on the right. 

As in §It of Chapter XII of Cartan and Eilenberg [1 '] it is poslJible to 

construct a diagonal chain map 

" ,,1\ 
/),: W~~I®'ll,"1 

A ~ h 
for any complete resolution "1 for Zl2 (allo~ling infinite cha:i.ns in W~\'1), 

and use the restrictions 

to define chain maps 

W ---4 I~ 0 ZI'r1 

11-
o
----.W ®Zlvr• 

"'. (t) t w. HomZl[Zl
2

] 'I,C ®AC ®:l/,HomZl[2Z
2

] (vl,D ~D) 

~HomZl[ZI ] (w ,(C®-oP) t®A® B(C ®ZlD» !p®v J-----) (<p®l»l!'o. 
2 'll, 

®. Hor.1Z1[ZI J (1'1 ,C t®AC)Q\>ZI(\oI®ZI[ ZI ] (D t&BD» 
2 2 

t 
-+~l®ZI[ZI ] «C®'ll,D) ®A@ B(C®2LP» i 'l'®1If ~ (;:>®>:t)6. 

2- ZI 

(identifying Hom'll,[lZ ](\"1-· ,-) = (W® -» Bnd so obtain products 
2 ~,[~] 

® : Qm(C,d®z;Qn(D,.» -} Qm+nlC®:?zp,c®~) 

~: Q"'(C,d®,,/l (D,O)--- Q (C<IIl __ D,ClO)n) 
Ln~n I m+n ~ I 
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"-
For the standard complete resolution H of Zl.2 

t-lC can take 

£;. : W --l W®,"W) f; w ® 1" • 1 <--+ r. 1 €oT
r 

s '" s r = - .. r 7l. s-r' s r = -00 r s-r 
(sE.7l.) , 

giving explicit formula for the products (subject to sign conventions) 

s r t 
(~)I) = 1:0 <p Ql)T J> E. «CdlI_D) ®A"" B{C®-D»m+n+s 

s r= r 'I s-r ~ ""7l. ~ 

= 'f (C t®AC) ®",(Dt®_D) (s)'O,<pEQm(C ,E) , __ Qn(D,t'I» 
r=-~ m+r '"" 1> n+s-r 'I 

00 r t 
r~O <pr®T,,'Vs+rE «C®.z;p) ®A®7l.B(C~»m+n-s 

r]:"" (C t®A C)m+r@7l.(D
t
@!f)n_s_r (s)O,<pEQ.m(C ,E) .!"'~Qn(D ,1))· 

Proposition11.1 There are defined natural pairings in the symmetric and quadratic 

L-groups 

® Lm(A,E)®7l.Ln( B,,\) --4 Lm+n(A®7l.B,E®1) 

QI) L
m

(A,E)®7l.Ln(B'1)---+ Lm+n (A®7l.B,E®'l) 

® Lm(A,E)®7l.Ln{B'1)- Lm+n{A@7l.B,E®'l) 

® Lm(A,E)®7l.Ln(B,'l) ~ Lm+n(A@7l.B,E®1 ) 

such that there is a co~~tative diagram 

'l'here are defined compatible pairings in the lower L-p;roups 

nnd also in the hyperqusdratic L-groups 
,. "n ,.m+n 

®: Lm(A,E:)®7l.L (B,~)->-L (A®7l.H,~®IV (m,n67l.) • 
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Proof: The product of an m-dimensional E-syronetrie Poincare complex over A 

(C '<P'<-Q
m

( C ,E» and an n-dimensional 1-SYlilllletric Poincnr{ complex OVer B 

(D,.)toQn(D'1) is an (m+n)-dimensional (qillj>-symmetric POincar" complex 

over A@7l.B 

(C,<p)®7l.{D,V) = (C®.z;p,<p\lll»£Qm+n(C~,E®I]» • 

If (g:D-'>E,($v,)))EQn+1(g,E)) is a null-cobordism of' (D,v) then the product 

(C ,<p)0(g:D~E,(&v ..... » = {1®g:C®.z;p-c~~, (<p@w,q@v)EQm+n+1(1€lg'E®f]» 

is a null-cobordism of' (C,<p~(D,V). Similarly f'or null-cobordisms of' (C,<p), 

and also for products of other types of algebraic POincare complexes. Thus the 

~-group products pass to the L-groups in the' non-negative dimensions. The above 

diagram actually commutes on the Q-group level. 

If' (q.",) is an even m-dimensional E-symmetric Poincar{ complex over A 

and (D,~) is any n-dimensional ?-symmetric Poincar~ complex over B tben 

lC,<p)0(D,V) is en even (m+n)-dimensional (E@1-symmetric Poincare' complex 

over A®7l.B. This defines products 

®.: L<.vt{A'E)®7l.Ln(B'1)~L(v<1m+n(I\®7l.B,E®?) 

In particular, there are products 

® 

® 

L -1 (A ,E)®7l.Ln( B, I) ------+ Ln-
1 

(A®ziIB,E®'l) 

L-
2

{A ,e:)®7l.Ln( B'1) -- Ln-2(A®7l.B'E®I~ 

There are also defined products 

(m,n~ 0) • 

(n~O) 

~ ~ ~ . 
L (A,e:)®zzL (B'1) __ L (A®7l.B,E@I) LO(A®~,E®~) 

CH,'V-E'VOE.Q-E(N) )@(N" -7"\~ Q-?OO) 

1-----4 (M®df ,'V@lJ\-'1,·) = ('V-E'V·)®l\EQE(i)~(M®7l.N» ('I'(,Q-E(l·:),\~Q-lt» , 

L-1(A,E)®7l.L-2(B'1) _L-3 (A®7l.B,E@<P = L1(A07l.B,E~~) ; 

(M,'I'-E'V·;F ,G)®(N,\-~r).- (M~N,'I'®(\-?'l) ;F®7l.N,G®7l.N) 

It now only remains to def'ine the product 

and the products in the hyperquadratic L-groups. 

I r-

I 
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the inclusion of the lagrangian G as a mor~hism f 
. 0 even E-symmetric forns 

There is defined an 1 
even -dimensional ~-symmetric Poincare complex over A 

(C,~~Q1(C,E» with 

d = k O : C1 F C r- = -.. 0= 

Cr = 0 (r I- 0,1) 
!p = s 

Similarly, given a non-singular ? even -symmetric 

write the inclusion of the lagrangian K as 

(:) : (K,O) ___ H'1(H) , 

formation over B (Hr,(H);H,K) 

and let (D,V~Q1(D,?» be the i 
correspond ng even 1-dimensional ,-symmetric 

Poincarl complex over B. The product (C,!p)~(D,V) is an even 2-dimensional 

(E®I]>-symmetric POincare complex over A~B which is cobordant to the 

skew-suspension of a G-di ( 
n even mensional - E0~)-symrnetric POincare complex 

over A~B (obtained by working exactly as in the proof 
of Proposition 9.1 iii», 

corresponding to the non-singular e (E~) ven - ~r-symmetric form over A~~B 
(HE(F);F,GX8(H~(H);H,K) 

(
pe 1 ) 

= (ooker( ;:~ : 

This defines a product 

.0. -1 -1 2 
'01 : L (A,-E)<i%;L (B'-~ __ L- (A®~B,E®I'P 

as required. 

analogue of the Hopf construction in topology). 

[] 

Prouosition11.2 i) The sYI!ll;letric signature of tpc cartesi::m product X ~ 1 of 

geometric Poincare complexes is 

where m = dim X, n 

.,..(X "y) = o'(X)®Q'(Y)E Lm+n( ~(lt1 (X "Y}]) , 

dim Y. 

ii) The sig~ature of the kernel of the cartesian product 
\

Symmetric 

quadratic 

\ f ><g:H)< N --.,. X" y r degree 

1 (fXg,b><c):11><N----..X .. Y of in or mal 

of geometric Poincare complexes is 

1 tf:l-I-->-x,g,U--y 
maps 

(f,b):M~ X,(g,c):N-->Y 

f O'*(fxg) = Iro(f)~"*(g) + ,y'(X)®"'(g) + ",'(O@<1°(Y) E Lm+n(~(lt1(X"y}]) 

1 Cl o( f.g, bxc) = 0,( f, b)@(f.(g,c) + <r°(X)®O. (g,c) + °0 (f, b)®O'(Y) E Lm+n( ~[lt1 (x· Y)]) 

Proof: i) Choose a functorial diagonal chain approximation~. The standard 

acyclic model proof of the Eilenberg-Zilber theorem gives a functoria1 

chain equivalence on the category (topological spaces) X (topological spaces) 

hx y : C(X ><y) ~C(X)®~C(Y) , 
and the acyclic model argument underlying the.Cartan product formula for the 

Steenrod squares gives a functoria~ chain homotopy kx,y:O*(~y)hX,~~,y6X~Y 
in the diagram 

C(Xxy) hx,y ~ C(X)~~C(y) 

1 
16xtU::.y 

AA"Y Hom~[~ ] (w ,C(X)®~C(X) )®:;zHom?Z(~ ] (H ,C(Y)®~C(Y» 

% 2 1 d 2 

Hom~(~ ](W ,C(X"Y)®~C(Xl<Y» h){'Y'Hom~[~] (~1, (C(X)®~C(Y»®~(C(X)~C(Y») 
2 2 

wi th .b:~1 _ \·I®7.Z,\·/ an algebraic diagonal approximation for W = C(S"'). 

The product of an m-dimensional geometric Poincarc complex X and an 

n-dimensional geometric Poincare complex Y is an (m+n)-dimensional geometric 

Poincar~ complpx X "Y, >lith orientation character 

and fundamental class 
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"'-.;);ere :;C,Y are thc universal covers of X,Y. It now follows from the chain 

homo top:! invariance of the Q-groups that there is defined a homotop]' equivalence 

of (m+n) -dimensional symmetric Poincare complexes over :>Z["1 (Xl<Y)] 

hi,i' : O->(XlI.Y) = (c(X"Y)'<PXl(y[X"Y]E:Qm+n(C<lCl<Y») 

~ cr-*(X)@r(Y) = (C(X)®:>zCcY') ''!'j([X]<i!<Py[Y]£Q.m+nCc<'X)®:?l;CcY''») 

and the homotopy invariance of symmetric Poincare cobordism gives 

c1'(X "-Y) = (T*CX~I'J*{Y)E r!"+nC2Z["1(Xl<.Y)J) • 

it ,,1:MllN_X"N 
ii) Consider first the special case of the product 

(f,,1 ,b><1) :W<N -.,.X"N 

\

degree 1 [f:l1--'>X 
of an m-dimensional map with an n~dimensional geometric 

normal (f, b):M ___ X 

Poincare complex N. Given an Umkehr chain map tor t:M--+X 

there is defined an Umkehr chain map for f >11 :M~N --- XAN 

er ,,1 )! : c(x.ii) hi,N ~ C(X}@:?l;c(li} ~C(M)@:?l;C(N) 
There are also defined a chain equivalence 

and a chain homotopy commutative diagram 

C(/:IKN) ei,,1 ) C« f~1) I) 

hM,N 1 1 ~,il 
e-01 

CCM)®:>zc(ih ~C(fl)®:>zC(N} 

\lith eft ell<1 the inclusions. The homotopy equivalence of (m+n)-dimensional 

symme tric Poincare complexes Over :tiI[", (X" 11)] 

hk N 1 <r*(f,,1) = (C«f"1) I) ,e},,1'PHKN[lr wNJ} , 
-- <r'Cf)®a'ClI) = CCCfl)®:?l;di/) ,e~M{)'I]@'I'iI(lI]} 

implies that 

-184- .i-'urthermore. if f:E--j:+~I>h+ i:; a geometric ULlkenr l!l:::tp 10r \l,Oj;l;---J'A r.ut::u 

y,,1 : EP(XKU}+ = EPX ,,] ~ EP(U<i'f) = EPM' ,'lI 
+ + + + ... 

is a geol!lctric Uml<ehr oap for Cf-1,b.1):I·:.!i-Z-n, with quadratic construction 
. "1 lXxll) __ wCX-N) _ J 

'VYI\1:Hm+n CX-Ni • :1l)-Qm+n(C(l-'.ll» such that 

hH,W~'VYI\1(xwN] = 'Vy[XJ<g-'PN[N]E Qm+ncc(i;)@:?l;C(N» • 

The homotop:! equivalence of (o+n)-dimcnsional quadratic POincare complexes 

h!_ 
N,l! 

implies that 

.,. .Cf.1 ,bo(1) = IT. er ,b)®o*(N}e Lm+nC:1l["1CX>tN)]} • 

~
degree 1 

In the general case express the product map as the co~posite 
normal 

t.1 ,X,.,}! ~X"Y 

H)<N (fx1,b x 1).XxN (1l<g,1'c), X"y 

\

2.11 
and apply the sum formula of Proposition to obtain that 

3. 14 

f (J·(rxg) = o-'(r"1),,I1'C1><g) = o*(f)eO-(N)"O"(X)lljlJ*(g) 

lcr_cfKs,boc) = cr.(f.1,b.1)t><r.(1'g,1'c) = IT.(f,b)(ijO·ClI}t><1-(X}@of.Cg,C} 

I 
I 
!~ 

up to hor.\o~opy equivalence. How (f'(N) = IT*Cg) +cr·(Y}EL
n

(:>Z["1(Y)]}' so that 

\<r'Cf'<g} = cr*(f)®<r*(g) + cr-(X);)o-'Cg) + IT*Cf)~(J·(Y) EL
m

+
n

(:1l["1(X><Y}]) 

(cr*(f,g,b-C)" ~(f,b)/1O(1.Cg,c) +<r·(X)@<T*Cg,c)+<1.Cf,b)®a"·CY)ELm+n (:>Z["1(X'Y}J} 

[] 

The product formula for symmetric signatures of Proposition 11.2 i) is 

a generalization of the classicul product formula for the signature. 

The procuct formula for surgery obstructions \" quadratic signatures) 

of Proposition 11.2 ii) is a coru1lon generalization of the product formulae of 

Su11iv"n (ror "1(X) = \ 11. "1(Y) = ~1}, proved in Chapter III of Browder (21), 

Ili11iamson [1], Shar>eson [2:] and ~:org"n [1] (all for 1t1 (X)=\11,f=1:M-X=H). 

The product formulae for the obstructions to surgery on :>Zm-manifolds of 

l\organ and Sullivan [1J fit into the scheme of Proposition 11.2 ii) 
(cf. Proposition 10.6). 



The algebraic suspension map defined in §1 for any ch~in complex C 

S : '1n(C)~Qn+1(SC) 

is the evaluation of the product 

on the generator 1 t Q 
1 

(SZI) = ZI. Thus for the chain complex C " C(X) of a 

topological space X the algebraic suspension is the evaluation of the product 

1( (1 0) n 1 1 ®: Q CD,S) ®'lZQ (C(X»---'>-Qn+ (c(n ,SO)®'lZC(X» 

on the fundamental Zl
2

-hypercohomology class of (n 
1

,5°), cf. Proposition 2.4. 

Proposition 11.3 The periodicity isomorphism 

by taking products ~lith u*(ct; p2)EL4 (ZI) 

in the E-quadratic L-groups is given 

'52 = (P(ct;~)®- : Ln(A,e:) ----+L
n

+4 (A,E) (ZI@~=A) • 

Proof: Removing the fundamental class of ct; p2 by symmetric surgery represent 

2 4 4 
<J.(ct;p )EL (ZI) by (C,\I'l:Q (C», >Iith C

r i 'lZ if r" 2 

"'0 " 1 ° ifrl2 
[] 

The algebrcdc 4-periodicity in the e:-quadratic L-groups is thus seen 

to correspond to the geometric 4-periodicity 

Ln(lt) --> L
n

+
4

(lt) ; 0".« f ,b) :M-X) ........ a.{(f>C1 ,b"'1):N"(Cp2~X,,a::~) , 
of Theorem 9.9 of \'1a11 (5]. 

~Prouosition11.4 Product with the generator E8,,<r*(Qa~SB)~La(ZI}" LO(ZI) 

defines amorphism 

Ea0- : Ln(A,E) _Ln(A,e:) 

such that both the composites with the e:-symmetrization map 

1+Te: : Ln(A,E) __ Ln(A,e:) 

are mUltiplication by a. Thus the E-symmetric L-groups Ln(A,E) differ from the 

c-quadratic L-groups Ln(A,C) only in the a-torsion, and the e:-hyperquadratic 

L-groups tn(A,e:) are of exponent 8. 

Froof: (1+T)ES has signature SE LO(ZI) " ZI. 

[] 

In §17H of \-Iall [5] it is proved geometrically that for any n-dimensional 

normal bundle map (f,b):H-X 
8<T.(f,b) ",,-.(H.~8->-~I>'Sa) - <1.(X<Q8--4x><sB) E Ln(ZI(lt1(X)]} 

~modulo the difficulties with composition of normal bundlemaps,cf.Proposi.t:ion 6,.6) , 
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A ring with involution A is an R-module for some i r ng with involution R 

if there is given a morphism of rings with involution 

Rf')~ --..A ; re<> a 1----> ra 

Proposition 11.5 i) If A is an R-module the symmetric L-theory of R L·(R) acts 

{

e:-Symmetric ~ L.(A,e:) 
L-theory of A by na tural pairings 

E-quadratic L.(A,E) 
on the 

tLm(R)®:d'n(A,e:} _---)- Lm+n(A,e:) 
m (m,nE.'lZ) 

L (R)®."L (A,e:)--~ L (A e:) 
"' n m+n ' 

such that the element (R,1IR-R·lrl-7'(s~sr»E LO(R) acts by the identity. 

ii) If fIA~B is a m hi f i orp sm 0 r ngs with involution which is also amorphism 

of R-modules for 'some ring with involution R then L·(R) acts on the exact sequence 

i' .. ~ Ln(A,e:) -L.-Ln(B,e:) ~ Ln(f ,E) ~ Ln- 1(A,e:) ~ ••• 

••• ~ Ln(A,e:) ~L (B,e:) --tL (f,e:)~L (A e:)----) n n n-1 f ••• 

(nt'lZ) 

~I i) These are just the pairings of Proposition 11,1, composed with the 

maps induced by Re~ _ A. For example, 

Lm(R)@~n(A ,e:) ----+ Lm+n(R®l'lf ,E) --t- Lm+n(A ,c) 

On the 

(m,nE'lZ) • 

chain level the pairing is given by (C,<p)(?jD,"')I-'-')(cy,~), with 

the tensor product C~RD defined as follows. Each r1 E A (r£R) is central in A ___ A 

(since (r1
A)a " (r1 A)(il) .. a(r1A) EA (aa». Given an R-module M and an A-module 

N define an A-module 

with A acting by 

A)( M~N --4 M@RN; (a,J!®y)!---'t x@a.y 

If M and N are f.g. projective then so'is M®RR. 
ii) Immediate from i) and Proposition 10.1. 

[] 

In particular, a commutative ring with involution R is an R-module anr 

the symmetric L-theory L*(R) is a graded ring with 1 (such that xy c (_)Iyllx yx), 

such that the quadratic L-theory L*(R) is a graded L*(R)-algebra. The symmetric 

Witt ring LO(R) has the usual tensor produclon the quadratic v/itt group Lo(R). 

~V\ 
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In our appliea tions of Proposition 11. 5 ~le shall need to know the 

sy=etric Hitt groups LO('E ) of the finite cyclic rings 'E '= 'E/m'E. m m 

Let m '= p~1p~ ••• p:r be the factorization of m into prime powers, so that 

Lemma 5 of \'Tall [8J and Theorem 3.3 of Bak [1] on reduction modulo a 

complete ideal (alias Hensel's lemma) apply to show that the projections 

( 'EZk~'E8 

L 'E k ------+ 'Ep 
P 

Noreover, 

, k~3 

, P odd , k~1 

·induce isomorphisms 

'E
8

",'Ez 

{ 

'EZe'EZ if 

'E4 if 

p=1(mod 4) 

p= 3(mod 4) 

For each integer m~ Z define the number 

l: 
if m '= d or 2d 

'V(m) exponent of LO(7h )'= if m'= 4d,e,2e or m 

otherwise 

~lith 

d a product of odd primes p;: 1(mod 4) 

4e 

e a product of odd primes, including at least one p =- 3(mod 4). 

A ring \dth involution A is of characteristic m if m is CllI\ 

integer ~ Z such that m1 '= ° EA, in which case ma. '" ° for all a E A and 

A is a 'E -module. 
m 

Proposition 11.6 The L-groups (n€lZ) of a ring with involution A of iLn{A'E) 

Ln(A,E) 

characteristic m are LO(lZ )- modules, and hence.of exponent W(m). m . ... . . 

~: A ring A of characteristic m is a 'Em -module. 

[J 
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The s;ymm.etric l'litt groups LO(lZ ) of the rings of m-adic integers 
m 

Lim 'E/mkm (m~Z) are oomputed as follows. Again, express m as 
T 

m= 
~ ~ kr 

P1 Pz ••• Pr so that 

" '0. m 

and 

For each integer m~Z define the ·number 

fH'~. 
produot of odd primes p = 1(mod 4) 

V(m) ° ... ,. if m is a produot of odd primes at least one 
exponent of L (?hm) = 

of which is p= 3(mod 4) 

8 if m is even 

A ring with involution A is of characteristic moo if it can be expressed 

as an inverse limit 

A= ~~ 

of an inverse system of rings with involution t Ak I k~ 1 1- such that eaoh Ak is 

of charaoteristio mk. For example, a ring of characteristic mk (for some k~1) 

is also of characteristic m"" • 

1 Ln(A,E) 
Pro'Oosition 11.7 The L-groups (nE.m) of a ring with involution of 

Ln(A,E) 

° " ,. characteristic m"" are L (?hm)-modules, and hence of exponent V(m). 

~: A ring A of characteristic mO) is a ~m-module. 

[] 
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Let R be a commutative ring, and let x be a finite group. Given an 

R[n]-module M let HR be the R-module defined by the additive group of M with 

the restriction of the R[x]-action to RCR[1t]. The dual. R-module ~ = Bo~(HR,R} 
is to be regarded as an R[x]-module by 

R[lC) x l'~ ---"d'~ i ( :E r g,fh .. -_ (x~ :E r fCg -1 x» (r ER,xEM) • 
~ ~ gEx g gE.lC g g 

.An R[lC]-module morphism cp:H~MR is the same aa an R-module morphism 

cp : HR --~ ; x t-------'> (y t------.- ",(x)( y}) 

such that 

cp(gx)(gy) = cp(x)(y}€R (x,y €oM! g Ex) • 

Let LO(lC,R) be the Witt group of pairs (M,cp) such that l~ is a f.g. R-projective 

R[lC]-module together with an element··cp£Q+(HR) whic~ defines an R[lC)-:module 

isomorphism cpIM __ l':Q' The natural pairing 

(f.g. R-projective R[1t)-modules) X (f.g. projective R[lC)-modules) 

---} (f.g. projective R[1t]-modules) ; (H,N) ~"R®t? 

extends to L-theory pairings 

f L:(lC ,R)®oy}on{R[1t] ,e:) ) Ln(R[lC) ,e:) 

1 L (lC,R)~~n(R[1t],e:)------~~ Ln(R[lC) ,e:) 

-The equivariant Witt group LO(lC,R) was used by Dress [1] to obtain induction 

theorems for the quadratic L-groups L.(R[1t]) of finite groups 1t with R a 

Dedekind ring - in principle, these methods also apply to the symmetric 

L-groups L·(R[w). 
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§12. Change of K-theory 

1prOjective class 
Let X be a subgroup of the 

Ilhitehead torsion 

which is setwise invariant under the duality involution 

~. : 

L- : 
KO(A} --- KO(A) 

~(A) -- K1 (A} 

[P] 1-----'> [P") 

denoting by £ a f.g. free A-module P together with a choice of base. 

In dealing with based A-modules it is convenient to assume that A is such 

that f.g. free A-modules have a well-defined rank, as is the case with group 

rings A = ?Z[lt). Also, we shall assume that -.::(e::A_A)E X£K.,(A). 

t e:-symmetric \~(A,e:)-
The intermediate L-groupa of A X (nE!IZ) are 

E-quadratic Ln(A,E) 

~ 
E-s:f1i1llletric 

defined for n ~ 0 to be the cobordism groups of n-dimensional 
E-quadratic 

Poincare complexes C is a finite chain complex 

of f.g. projective A-modules >lith projective class 

[Cl = I! (_)r[C ']E X 
r=-eo r 

if X£;KO(A), and of based f.g. free A-modules with Whitehead torsion 

if X ~ 1[1 (11.), >lith corresponding K-theoretic restrictions on the cobordisms. 

\
r;:1cA,e:) . . 

Furthermore. 2 is the Ihtt group of non-singular even (-E)-symmetric 
r;: (A,E) 

i formations tH.<pi F ,G) 
such 

forms U1,'p) 

such that 

forms extending the inclusions F.....,..n. G--M given by Proposition 1.6. 

1 
F,G 

H 
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The lower intermediate L-groups are defined by 

LX (A,(_)nE ) (n~-3) 
-n 

L~n(A,(-)nE) (n~ -1) 

All the results in §§1-11 above have obvious intermediate L-group 

analogues, as do those of §§13 -18 below. 1n particular, the E-quadratic 

L-groups are 4-periodic 

X( X X Ln A,E) ~ Ln+z(A,-E) Ln+4 (A,E) 

i~(A,E) f r£(A ,E) 
and 1 (resp. X ) is the vlitt group of 

LX(A,E) L1 (A,E) 
non-singular E-symmetric 

(resp. E-quadratic) {forms over A, with K-theory in X. 
formations 

The L-groups considered so far are the case X KO(A) 

l Ln(A,E) ~o(A)(A'E) 
- (nl:l'Z) 

Ln(A,E) L~o(A)(A'E) 

f 
symmetric {~(A' 1) f;n(A) 

The intermediate L-groups X will be written X • 
quadratic L

n
(A,1) n(A) 

The groups UnCAl ,Vn(A) ,\"In(A) of Ranicki [1 J Can be identified with the 

appropriate intermediate quadratic L-groups 

KO(A) 
Ln (A) ~ Ln(A} 

v (A) 
n 

iol~Ko(A) K1 (A) 
Ln (A) Ln (A) 

lO\~K (A) 
\1 (A) ~ L 1 (A) 

n n 

(For UnCAl this has already been done in Propositions 7.3,7.6,7.7). l10re 

generally, the internediate quadratic L-groups LX(A) can be identified with 
n 

the corresponding groups u!(A) (for XSKO(A», ~(A) (for X£K1 (A» of 

Ranicki [3·1, .. hich .rare defined using ;!:.quadratic forms and formations with 

K-theory in X. For a group ring A ~ l'Z[Tt] Hith the w-t.listed involution 

for some group morphism w:Tt--+l'Z2 "e thus have all the various geometric 

. lKo(l'Z[TtJ) 
Burgery obstructl.on groups. If X~ ~ is a .-iuvariant subgroup 

K1 (l'Z[TtJ) 

-192- then L~(l'Z[TtJ) is the obstruction group for surgery on norMal bundle maps of 

t - fpro_per 
geometric Poincare cOl!lplexes "ith fundamental group tt up to 

finite 

f
finitencss obstructions 

homotopy equivalence, Hith all the 
\>Ihi te head torsion 

lying in 

t
X~KO(l'Z[TtJ) 

• \\'Ie recall that the finiteness 
X/Tt <;; \-Ih(tt) ~ K1 (l'Z[Tt] )/{Tt\ 

obstruction of a 

geometric Poincare complex H is the projective class [C(M)]EKO(ZI;[lt1 (M}J) 

(vla1l (2 ]), and that the ~lhitehead torsion of a finite geometric POincare 

complex 11 is ~([l-l]n-:C(M)n-. -C(i:i»E \·lh(tt
1
(M»). In particular, .,e have the 

surgery obstruction groups 

considered by 

\ 

vlall [.5] 

Shaneson [1: ] 

11aumary [1'] 

~ Tt}f"ic1 {ZI;[tt]} 
Ln (ZI;[lt]) 

K1 (l'Z[ttJ) 
Ln (l'Z[ttJ) 

Ln(l'Z[lt]) 

(see also the discussion in §17D of vial.]. [5]). 

X~K1 (l'Z[tt]) 
Intermediate surgery obstruction groups Ln (l'Z[tt]) were first 

considered by Cappell (1]. 

~
V~(A'E) 

and as __ x for 
V-';(A,E) 

I-/e shall "rite 

extending the notation of Ranicld.·t1] ,[}]. For E = 1 the notation is 

contracted in the usual fashion, e.g. ~(A.1) = ~(A). 

\ 
i 
( 

The change of rings exact sequence of Proposition 1u.1 has an intermediate-

, 
'. 
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~~shchenko [2] only considers tinite geometric POincare comple~es in 

geometry and f.g.-free A-module chain complexes in algebra, so that-the 

symmetric Poincare cobordism groups Sl (A) defined there are Vn(A) rather than 
n 

UnCAl = Ln(A). The difference is at most 2-torsion: 

1 E-sYI'l!lletric 
Fr9position12.1 The intermediate L-groups of A associated to 

E-quadratic 

*-invariant subgroups X~Y~K (A) (m= 0 or 1) are related by a long exact 
, ID 

sequence of abelian groups 

{ 

••• --+ ~(A,E)~~(A,E) ~Hn(Zi\2;Y/X)--,>~-1(A,E) ---+~-1(A,E) __ 

(nHZ;) 
••• --+ L~(A,E) --L!(A,d ~ fin ( Z>2;Y/X) -->L~_1 (A,E) ----'" L!_1(A,E).~ 

in%lving the reduced Tate Z>2-cohomology groups 

lin (Z>2;Y/X) = ~g ~ y/xlg* = (-)ng]/fh+ (_)nh*lh EY/xl , 

which are of exponent 2. 

Proof: The first such exact sequence ~Ias obtained by Shaneson [1.] 

s h "n s ( h () ••• -Ln(Tt) - Ln(Tt) __ H (Z>2;i'lh(Tt» --+L
n

_1 Tt) _L
n

_1 Tt -->-

(the Rothenberg sequence) involving a geometric proof of exactness at 

"2' 
·H ~(Z>2;Wh(Tt». The exactness of the corresponding sequence 

••• --+ Lh(lt) ----'> LP( Tt)~ Hn( Z>2; KO( Zi\[lt]» ----.,. Lh 1 (It) _LP 1( It) - ••• n n __ 

• >Jas conjectured in §17D of Wall (5']. Theorems 2.3,3.3 of Ranicki [3.] gave a 

unified algebraic proof of both these sequences, which applies also to the more 

"2i 
general E-quadratic sequence above. (The algebraic proof of exactness at H 

>Jas an early instance of the ~lueing of E-quadratic forms, cf. the proofs of 

Proposition 5.2 and of t~e E-sy~etric case below). 

The E-syrr.reetric case >lith m = 0 proceeds as follows. 

Given a f.g. projective A-module P define an (n+1)-dimensional E-symmetric 

Poincare pair oVer A 

(t(P,n) :C(P,n)~ ~C(P,n) ,(Stp(P,n) ,tp(p,n»toQn+1(t(p,n) ,E» (n~ 0) 

with projective classes 

.. r 
[C(P,n)] = rJ'--",(-) [c(p,n)rJ (_)n-i([p]+(_)n[pO]) EO KO(A) 

(n= 2i or 2i+1) 

by: 

if n = 2i 

f(P,2i) = (1 

tp(P,2i)0 = (~ 
C(P,2i)r bC(P,2i) 

if n = 2i+1 

C(P,2i+1)r = E 
r 
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o (r I i) , ~tp(P,2i) o , 

r i 

=~ : 

r = 1+1 
r i+1 bC(P,2i+1) 

r 
rl i+1 

r I i,i+1 

d = 0 : C(P,2i+1)i+1 = P -- C(P,2i+1)i = p. , ":.p(P,2i+1) 

tp(P,2i+1)0 = f 
1 C(P,2i+1)i = P~ C(P,21+1)i+1 = P 

E C(P,21+1)i+1 = p·---'>C(P,2i+1)i = p. 

f(P,21+1) = 1 : C(P,2i+1)i+1 = P ---~. C(P,2i+1)i+1 = P • 

Define abelian group morphisms 

~(A,E)~iin(Z>2;Y/X) ; (C,,,,)I---+[C] 

o , 

r;(A,E)--->L~(A,E) ; (C,tp)~(C,,,,) (n",O) • 

"n+1 (Z>2;Y/X) -r;(A,E) ; (P] I---+(C(P,n) ,tp( P,n» 

The c omposi te 

iin
+

1
(Z>2;Y/X) ~ ~(A,E)~~(A,E) (I) 

is 0, since If(P,n):e(p,n)~&C(p,n),(S,,,(p,n),,,,(p,n))) is a null-cobordism 

<' n-i '" of '6~(P] = (C(P,n),q>(P,n» with [~C(P,n)] = (-) (P]E YSKO(A). Given 

(e ,tp) Eo leer 1S' there exists a null-cobordism (f:C --- ~C ,(S", ,tp» with [SCJE-Y<;KO(A), 

n-i ,.. n+1 n 
and (C,,,) = (-) ~[~C]E im(J:H (Z>2;Y/X}~LxlA,E}) so that (I) is exact. 

The coeposite 

~(A'E)~L~(A,E) ~ iIn
(Z>2;Y/X) (Il) 

is O. Given (e,'r) E. kerf/ there exists a f.g. projective A-module P such that 

and 

(e,,,) = (C, ,h;)[P] EOim('r:L~(A,E)_L~(A,E» , 

so that (11) in exact. 
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(nI) 

) n+1 ( is 0, for if tC,,>, E. Ly A,E) and P is a f.g. projective A-module such that 

[p] = (_)n-i+\C] E KO(A) then 

is a null-cobordism of a~(C,cp) = a[P] = (C(P,n) ,,,,(P,n» such that 

r - M1 I [.C(P,n)eC]€ XC;;; KO(A). Given [P] E kera let (g:c(p,n)~D,(e,ql(~,n»EQ (g,e:» I 
be a null-cobordism of alP] = (C(P,n),'l'(P,n» such that [D] E:X~KO(A). The unioni 

(f(p,n):C(p,n)~~C(p,n),(S'l'{P,n),,,,(p,n»)v(g:C(p,n)---+D,(e,ql(P,n») I 

I 
is an (n+1)-dimensional E-symrretric Poincare complex over A such that I 

r An+1 
[D'] = [D] - [C(P,n)] + ["C(P,n)] = [p] EH (7h

2
;Y/X). ! 

The caSes m = 1 , n~ -1 may be treated Similarly. 

[] 

(It folloHs fro!!! Proposition 12.1 that the intermediate e:-hyperquadratic 

An 
L-groups LX(A,E) appearing in the long exact sequence 

(nE Zb) 

are independent of the group X, with 

(niZl, XC;;;K (A), Y£:K (A), m,p e{O,1}) ). 
m p 

t E-symmetric 
Uefine the unitar:l gouJ2 of A to be 

E-quadra tic 

~ U·"." . ~ Aut I{(AI:l) 
m 

U.(A,e:) = Lim Aut H!:(A
m

) -m 

lmetabolic even e:-symmetric 
that is the stable group of automorphisms of the 

hyperbolic !:-quadratic 

:)E:Qe:(Ame(A
m).» . 

{

even e:-symmetric 
family of objects in the category of non-singular forms over A). 

E-quadratic 

f 
E-symmetric lru·(A,e:) 

Define the elementary unitary grouJ2 to be the subgroup of 
E-quadratic CU.(A,E) 

tu ·(A e:) 
, generated by the elements of type 

U.(A,e:) 

i) c: :.-1)' for any automorphismD! :Am_Am 

U)1~ 

Given a .-invariant subgroup X £K1 (A) define 

lUx(A,E) = ker('t:U.(A,e:)--+~1tA)/X) 
UX(A,E) = ker(,2":U.(A,e:)--+]( (A)/x) 

• 1 

form 

~
Hx(A'E) ~(U.(A,e:) 

and let X be the subgroup of obtained by restricting the 
EU,;( A, E) CU. (A ,d 

generators of type i) to be such that t<ot)EO X£~(A)' 



17- l"roposition 12.2 Let XS K, lA) be a .-invari-'tnt subgroup. Then 

i) the elementary subgroup X contains the comoutator ~
£'u.x (A ,c:) 

nl.(A,E) 
subgroup 

ii) up to natural isomorphism of abelian groups 

{ V~1(A'-E) = Ui(A,E)/fI{i(A,E) 

X X X 
V
1 

(A,E) = U.(A,E)/Ell.(A,E) 

: LU~£IlX(A,E) 
iii) every element X can be represented by a matrix such that 

v,{U.(A ,d 

for some 

\ (-E)-symmetric 

~ even (-E)-symmetric 

tE:lI.X(A'E) 
.Proof: The elementary unitary group X lies 
-- CU.(A,E) 

in the kernel of the group 

morphism 

~ tlX(A,E)_V~1(A,-E) 

t tt;(A,d ---4- 0,(A,E) 

(u!HE(Am) _ HE(Am) h __ ~(HE(Am);! m ,u(A-m» 

(v:HE(Am)-+HE(Am)h-~ (HE(Am);!m,v(!m» , 

which is well-defined by I 7.7 
Proposition ,and 

7.6 
onto by Proposition 1.6. 

Every element in the kernel is represented by a matrix {: with an expression 

1
u...,. ....... '.I" 

for some stabilization 
V$(f-l& ••• et1' 

as in iii), by t-9.2 iii) 
Proposition , , so tl\at 

7.8 

[] 
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The original definition of the odd-dimensional surgery obstruction 

groups of \'la11 (51 was given by 

s ) /(lTtJ )i 'CJ, fTt]( ( )i) L2i+ ,l Tt ,"I = • ( Z\( 1t] ,( - ) k £\ • Z\( Tt], - (i(mod 2)) • 

The inclusion ~las obtained by 
{ 

(U· ,IL'] f'EU' ~ 11assers tein [1J 

[U. ,1(.] ~El.I. \1a11 [5] 
using el':plici t 

~
Ut.X(A'E)/[U i(A,E). U X(A,E» 

matri>: identities. (The quotient X X X 
U. (A ,E)/[l{ • (A ,~) , U" (A, E)] 

is generated 

by (1", so has order at most 2, at least for A = Z\(Tt] , E = !,1, X =fTt}!;;~(7L(Tt]»: 

The "Bruhat type" decomposition of elements in EU. given by Proposition12.2 iii) 

is the improvement due to tlall [121 on the "normal form" of Sharpe [1] • 

'" '" Sharpe [1 J dealt ~lith the "split" unitary groups U,(A,E) /U,(A,E) covering 

t~(A,E)~U.(A,E), whose definitions we can reformulate as follows. _ 
,." 

A split E-guadratic form over' A (H,'II) is a f.g. projective A-module M 

together 'lith an A-module morphism lV€HomA(H,M*). A mornhism (resp. isomorphism) 

of split E-quadratic forms 

(f,,) : (H,W)_(H',W') 

is an A-module morph ism (resp. isomorphism) f E Rom
A 

(H,W) toge ther ~rith a 

l-E) -quadratic form lM,\€ Q-e: (H» such that 

f'W' f - 'I' = " - Er E lJomA (!.I ,H·) 

(For E = !" ~ A this is the category of !,forms defined in Ranicki [11, except 

that there morphisms involved also a lifting of (H,i\.eQ_e:(M» to a split 

\-e:)-quadratic form (1.1,\ EHomA (H,H"»). A split E-quadratic form (M,V~HomA (I1,M'» 

determines an E-quadratic form in the sense of ~1 (J.I,'I'EQE(H), with VI---+'II 

the natural projection, and this defines a one-one correspondence between the 

isomorphism classes of split E-quadratic forms over A and the isomorphism 

classes of ~-quadratic forms over A. Given a f.g. projective A-module L 

define the hvperbolic split E-quadratic form over A 
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Define thc split E-1uadratic unitary group of A 

U.(A,E) = ~ Aut He(A
m

) , 
m 

and let ELr.(A,E) be the subgroup generated by the elements of type 

i) o ) ,0), for any automorphism 01 :Am __ Am 
-1 

0(' 

~).(: 
!-), (: -:) 

A split unitary automorphism 

«(~ ~)(~ ~», ~(A'i~n;(A') 
determines a non-singular split e-quadratic formation lAm.«(~),a)Am). " 

Conversely, given a non-singular split e-quadratic formation over A (F,«(;,),a)G) 

the inclusion of the lagrangian defines a morphism of split e-quadratic forms 

(lp,a) : (G,O) -- He(F) 

.thich can be extended to an isomorphism 

working exactly as in Proposition 1.6. 
'" ,..., 

Pro'Position 12.3 The natural projections If.(A,e)--.u,,(A,E), r,,(A,e) __ fll.(A,d 

induce an isomorphism of abelian quotient groups 
rv rv 
U.(A,e)/(U.(A,E) --t U.(A,E)/£U.(A,E) 

Proof: Immediate from Proposition 5.6. 

[] 

(There is also an intermediate version, 

"'x.....,x X X 'U. (A,E)/{U. (A ,E) = U .(A ,E)"f'U .(A ,E) 

for any .-invariant subgroup X f~ (A». 
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Returning to the projective L-groupa we have: 

Pro'POsition 12.4 The L-groups of a semi-simple ring with involution ~
E-Symmetric 

A are such that 

e-quadratic 

= U2k+2 (A,_E) 

= U2k+2 (A,-E) 

and there are defined exact sequences 

o 

o 

o_ff2k+1 (1/;21Ka(A)}- v2k (A,E) --+ u2k(A,E)---+ii2k(1/;21KO(A) )~k-1(A,E)~ 0 

~k+1 _ "2k ... ( (klO1/;) 
04-11"" (1/;2; Ko(A) ) --t V2k(A,E) ~ U2k(A,E)~H (~lKa(A) )~V2k_1 (A,E)~ ° 
~: A ring A is semi-simple precisely when it is D-dimensional in the sense of 

§7 (i.e. noetherian of global dimension 0) so that Un(A,E) = Un +2 (A,_E) (n ?O) , 

U
2k+1

(A,E) = ° (k~'O)' by Proposition 7.4. The proof of. the latter also applies 

to show that U-1 (A,E) = O. The result U
2k

+1 (A,E) = 0 (kE1/;) ~'as obtained in 

Ranick:!. [6]. The above exact sequences are now immediate from those of 

Proposition 12.1. 

The expression V2k+1 (A) 

by Pardon [2]. 

[] 



-201-

§13. Localization 

Let S be a multiplicative subset of central non-zero divisors in a 

ring A, 50 that the localized ring S-1 A obtained by inverting S is defined. 

The localization exact sequence of algebraic K-theory identifies the relative 

groups K (A-+S-1A) appearing in the exact sequence 
n 

-1 -1 
••• -----Kn(A)--->-Kn(S A)---+Kn(A-+S A)~Kn_1(A)~ ••• (nE m) 

(where Kn(A) = Kn(exact category of f.g. projective A-modules» with the K-groups 

Kn(A,S):Kn_1 (exact category of S-torsion A-modules of homolOgical dimension 1) , 

nanely 

K (A---"'S-1 A) = K (A,S) (n€m) 
n n 

(Bass [1] for n~1, tiuillen [1) for n~2}., 

Given a ring with involution A and a multiplicative subset S of central 

non-zero divisors stable under the involution we shall nO>l define L-groups 

iLn(A,S,e:) 
(nEm) 

Ln(A,S,e:) 

contractible over 

~ 
e:-symmetric 

of Poincare complexes over A which 
e:-quadratic 

S-1 A• vIe shall exhibit natural. identifications 

Ln(A,S,e:) 

Ln(A,S,e:) 

become 

tE-SYlllll!etric 
the groups on the left hand side being the relative intermediate 

E-quadratic 

- () - -1 ) L-groups associated (as in §12) to S = im(KO A ~Ku(S A) • We thus obtain 

a localization exact sequence in algebraic L-theory 

n n -1 n n-1 

i 
... _L (A,e:) - LS(S A,e:) __ L (A,S,e:) -----+L (A,E)~ 

S -1 ( 
••• ---+ Ln(A,e:) --'> Ln(S A,e:) -Ln A,S,E)-,>Ln_1(A,E)-

(In §17 we shall construct a generalization of this exact sequence, relating 

the L-groups of a ring A to the r -groups of complexes ~Ihich are defined over A 

and become Poincare over another ring B, such as arise in codimension 2 

~ 
Ln(A ,S ,e:) 

surgery obstruction theory). The relative L-groups 
Ln(A,S,E) 

f'or n~1 will 
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be interpreted as \"litt groups of' s-1A/A-valued linking forms and forl!lations 

involving S-torsion A-modules of homological dimension 1. It ~Iill thus be 

possible to express the top se1uence as a localization exact sequence of 

\'litt groups 

••• -- L
2

(A,S,e:) ~ }fcA)_I~(S-1A) -->-IHvif E(A,S) ----'>-LE(A) ------4~(S-1A) 
j. E() -e: -E -1 -E --'>L'vO'> A,S --'> H{vo> (A)------.. M(vo>s (S A) -----... H_E(A,S)-L(v

O
) (A) 

J. -e:( -1 II -1 ~ 
-L,vo>S S A}---+L_E(A,S)-Me(A)-l-IE(S A)----ME(A,S}-~(A) 

S( -1 ) - .S -1 _ 
~LES A -LE(A,S}~M_E(A}-I-I.:.E(S A)-M_E(A,S)- ••• 

Which extends to the left as the localization exact sequence in the higher 

E-symmetric L-groups. (non-periodic in general), and to the right as the 

12-periodic localization exact sequence in the E-quadratic L-groups. 

Here, (resp. i
HE(A) = L1 (A,E) 

M<vO)E(A) = L-1(A,-e:» 

nE (A) = L1 (A ,e) 

is the Witt 

i 
e-symmetric 

group of non-singular even e-symmetric forms (resp. f'ormations) over A, and 

e-quadratic 

E -1 o( -1 1 .£ -1 1-1 

I 

LS(S A) = Ls S A,E) ~s(S A) = Ls(S A,E) 

L<vO)~(S-1A} = L;2(s-1A,_e) (resp. 14<vo'>~(S-1A) L;1(s-1A,_e» is the 

L:(S-1A) = L~(S-1A,e:} ~(S-1A) L~(S-1A,E) 

l
E-symmetric 

\litt group of' non-singular even e-symmetric f'orms (resp. formations) over s-1A 

e:-quadratic 

involving only the f.g. projective S-1A-modules which ere induced f'rom 

~ 
L(vQ>E(A,S) = LO(A,S,E) 

f.g. projective A-modules. The relative term ~E(A,S} = L-2(A,S,-e:) 

LE(A,S) = Lo(A,S,E) 



-203-

i 
H{VQ>E(A,S) = L1 (A,S,E) 

(resp. ~E(A,S) = L-
1

(A,S,-E) ) is the \'iitt group of non-singular 

I!E(A,S) L1 (A,S,E) 

\

even E-symmetric 

E-quadratic 

split e:-quadratic 

defined belOl<. 

linking forms {resp. formations} over (A,S), to be 

A localization sequence for vlitt groups of the type 

••• -.-~I,f(A) --+ 1{(S-1A) __ I1E(A,S) ~LE(A} __ LE(S-1A) --+ Le:(A,S)~M-E(A)-)- ••• 

\ras first obtained by Karoubi [2] ,[3] - unfortunately Theorem 1.2 of Karoubi [2] 

only holds if 1/2~ A (othertlise the condition q I L = 0 is insufficient to 

e!1sure that Q:F--'> S-1A;xt--1' :2 (OOj(x) ,j{x» actually defines an E-quadratic 

function Q:F ---" A/~a-e:alaEA })- so that the results of Karoubi [2] ,[3] only hold if , 
1/2E.A, in which case the various categories of linking forms over (A,SLall 

coincide. A localization exact sequence for surgery obstruction groups 

••• --+ L (~[,,]) -4 L (~[1t]) __ L (~[1t] ,::Z-{O}} _L 1(~[1t]}~ ••• n n n _ 

\'as first obtained by Pardon [2 ], follo,.ing on from the earlier work of 

\-lall [1), [3], Passman -and Fabie [1J and Connolly [1]. Tbe methods of Pardon [2] 

-1 1 apply to more general localizations A--t-S A, as long as 1/2 ~ S,.. A (e.g. if 2ES). 

The localization exact sequence of Witt groups in the case 1/2 € s-1A 

LE(A) _L~(S-1A) _L(vo>E(A,S) --+l{{Yif -E(A) --+ll<V
O
};E(S-1A) 

has a1.so been ohtained by Carlsson and ltilgram [1 ]. Localization techniques 

play an important role in the computations of the quadratic L-groups Ln(~[1t) 

of finite groups 1< due to Wall [10) and Bak [1 ). I-lore recently, Carlsson 

-1 
and Uilgram (2 ) used localization to compute H<vO) (~[1t) for certain finite It. 
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Let S be a subset of a ring >lith involution 11. such that 

i) stE Sc:::A (s,tE S) 

ii) seS<;A (sE-S) 

11i) if sa = 0 EA (a EA,s <- S) then a 

iv) as = saEA (aEA,sES) 

v) 1 E S 

The localization S-1A is thc ring of equivalence classes of pairs (a,s)E A x 5 

under the relation 

(a,s) ~ (b,t) if at = bs EA • 
a -1 

As usual, the equivalence class of (a,s) is denoted by s ES A. Addition and 

multiplication in S-1A are given by 

!! + .!!. _ ~ES-1A (!oH.!!) - !..!! ES-1A , 
s t - st ' s t - st 

and there is defined an involution 

- : S-1A ~ S-1 A 

The localization oap 

.!'--i' .! 
s s 

-1 a 
A~S Ai al--1 

is a morphism of rings with involution. If E EA is a central unit such that 

'£ e: -1 -1 
central unit such that (1) = (1) E. S A. 1 e:-1 '£ = E - E A then (1) E S A is a 

Given an A-module H there is induced an S-1A-1110dule 

S-111 = S-1AI!> H 
A 

whose elements Zi. = 10x (x('H,s('S) can be regarded as the equivalence classes 
s s 

of pairs (x ,s) ~ 1:)( S under the relation 

(x,s) '""(y,t) if tx = syEH • 

A-modules ~l. Given (left) A-modules l{,N regard Hom:n.(M,N) as Sirrilarly for right c 

a right A-module by 
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The natural right S-1A-module morphism 

S-1 HOJ!lA (H,N) ---;. Homs-1A (S-1 U ,S-1N) ; * ~ (~ 1-__ f~~» 

is an isomorphism if H is a f.g. projective A-module. Regarding the dual 

H* = HOlLA(r-;,A) as a left A-module by 

A x }I* ----'> M* ; (a, f) ~ (XI~ f(x)i) 

(as before) define a natural left A-module morphism 

1 -1 -1 (-1 -1) S- (!,*) = S Rom
A 

n1,A) __ (S M)· = Hom
S

-1
A 

S H,S A 

! 1----+ (~t----+- f( x) } 
s t tii 

If J.\ is a f.g. projective A-module this is an isomorphism, allowing ~s to 

identify 

S-1(W) = (S-\O. 

sO the t the notation S-111• is unambiguous. 

Given an A-module chain complex C there is induced an S-1A-module 

chain complex 

_ Localization is exact, so that ~Ie can identify 

H.(S-1C) = S-1 H.(C) , n·(s-1c) 

An A-module chain complex C is S-acyclic if 

S-1 n .(C) = 0 , S-1H·(C) = 0 • 

A finite-dinensional A-module chain complex C is S-acyclic if and only if 8-1C 

is a contractible S-1A-module chain complex. 

\ 

E-s'fmmetric 
An" complex over A 

E-quadratic 

pair over 
\ (f:C~ D,{~ 'P,'I')E qn+1(f ,E» 

A L(f:C-----+D,(h,'V)€Qn+1(f,E» 

( (C ,!pfQn(C ,E» 

l(C,'i'~Qn(C,E» f 
E-s:ynu::e tric 

(resp. an 
E-quadratic 

or a surgery on such a pair) is 

S-acyclic if the A-~odule chain complexes C (resp. C,D) are 8-acyclic. 
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lE-symmetric ILn(A,s'E) 
Define the n-dinensional L-rroup of CA ,S) (n~ 0) 

E-quadratic Ln(A,S,E) 

[

even (-E)-symmetric 
to be the cobordisc group of S-acyclic (n+1)-diflensional 

(-E)-quadratic 

POincare complexes over A. Here, a cobordism is an S-acyclic (n+2)-dimensional 

\

even (-E)-symmetric 
PoincarJ pair over A. The verification that the direct sum 

(-E)-quadratic 

e defines an abelian group law on the set of S-acyclic cobordism classes 

\ 

Ln(A,S,E) 
proceeds exactl:r as for 

Ln(A,S,E) 

(Proposition 5.2). Every algebraic property of the L-groups has lL .(A,E) 

L.(A,E) 

1 
L· CA,S ,E) 

an S-acyclic counterpart in the .L-groups " 
L. (A ,S ,e:> 

In particular, by 

insisting that all the A-moiule chain complexes concerned be S-ac:rclic ~'e 

obtain from \;7 en algebraiC S-acyclic mtrgery theory >lith which to anal:'ze 

S-acyclic cobordism. 

Proposition 1;.1 i) There are defined natura1 isooo~phisos of abelian groups 

1 Ln(A.S,E)_L~(A_S-1A,E) L (A,S,E) _LS(A~S-1A,E) 
n n 

(n'::!: 0) 

"" 'V_1 
,·l1th S = im(KO(A)-- Ko(S A»" The L-groups of (A,S) fit :into an exact se,:\uence 

l 
n n-1 L (A ,S ,E) ----+ L (A ,E) 

Ln(A,S",,-) ~ Ln_1 (A,E) 

L{vif n+1 (A,-E) ; (C,,!,) __ (C,~.) 

L
n
+1 (A,-E) ; (C,") t------J(C,V) • 

(n">-.O) 
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ii) The skew-suspension maps in the E-quadratic L-groups of (A,S) 

S : Ln(A,S,E)~Ln+2(A,S,-E) ; (C .. ",).---+ (SC,S'V) (n~O) 

are isomorphisms for all A,S,E. 

!!£2!1 i) There are defined forgetful maps from the L-groups of (A,S) to 

the relative intermediate L-groups of the localization map A---+ S-1A 

iLn(A'S'E) ___ " L(vr/ ~+2(A ~s-1A,_E); (C''P)~«C ,'P) ,(0IS-1C --+O,(O,S-\») 

( S -1 1 1 (n ~O) 
Ln A,S,E)--->-Ln+2 (A--+ S A,-E) ; (C,V)~«C,'V),(OIS- C-+O,(O,S- 'V») • 

~ 
9.1 

The relative versions of the skew-suspension isomorphisms of Proposition 
7.3 

iU) 

define skel·r-Guspension isomorphisms 

{ 

- nC -1 n+2-1 S I LS A--)- S A,E) -----+ L(VO/S (A-S A,-E) 

S I LSCA---+ S-1 A,E)--+LS 2(A----+S-1A,-E) 
n n+ 

(n>,O) 

\'le shall prove that the composites 

l
Ln(A'S'E)~ L(vO,>~+2(A-----40S-1A,-E) s-1} L~(A_ S-1 A,e:) 

--1 
( ) S ( -1 S S -1 

Ln A,S,E ~ Ln+2 A--}S A,-E) ") Ln(A~ S A,E) 
(n;. 0) 

ere isomorphisms by constructing inverses. 
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obtained as follo\'1s. Take C to be a f.g. projective A-module chain complex 

C I "'---"'0~Cn~Cn_1--+ ",-C1~CO-O--'>' •••• 

and let flC ~D be the A-nodule chain map defined by 

f = \ 1 I C __ --'>, D = r C n+ 1 

10 r r 10 
r n+1 

r f. n+1 

t
even (-E)-symcetric 

The In+1)-dioensional Poincare conplex over A obtained 
(-El -quadra tic 

from bc' surcery on t;,e connected (n+2)-dit:tensional i(C''P) leven (-E)-sym.c:etric 

(C.W) (-E)-quadratic 

~
(fIC _____ D'(O,")E;'l.n+2(f'-s» ~S(CI .'iI') 

pair Over A is the skeu-suspension _ 
(f:C ~ D, (0, \;I )f:)n+2( f ',-E» s(c I .\;It) 

i E-syr:metric ~ (C' .'I' ,EQn-1(C' :E» 
of an (n-1)-dit:tensional Poincare complex over A 

E-1uadratic (C I .\;II£1
n

_
1

(CI.E» 

Define B.n A-rlOdule chain conplex D' and an A-nodule chain tlUP f':C' --D' by 

f' = (0 1) : Co = C19Cn+1------'tDo = C
n

+
1 

, D; = 0 (r f. 0) ). 

. -
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1 
E-syJ:lll1etric 

it is ,rov.-:-i,;)le to fir:!d !!!n eler:cnt sE S p.nd an n-dimensional 
E-1uadratic 

pair ov~r A such that t
UI:C ---+D' ,(t,I "o)('1n

(f' ,d) 

U' :C--+D' ,(~"., ,';-)t:Qn(f' ,E» 

\ (sf: S-1C -----+ D, ( (SGls)E.", s-1.,,» = S-1 (f' : C -----"D I ,(S~' ,<p» 

l (sf: S-1C -----.. D, « s,gs)S'V ,S-1 W» = S-1 (fl:C -D' ,(SW' ,W» 

lE-sYJ:UTIetric 
t h ~ 'l f l1-d<~,ens<onal Tla<rs over S-1A• u!l 0 OGO""OP? elU~vc. ence 0 .&om.... _ ..L 

E-1uadratic 

l(C" ,""('1n+1 (C" ,-E» 1 even (-E) -symmetric 
Let ~e the S-acyclic (n+1)-dimensional 

(C",>;II'<;:tn+1,C",-E» . (-e:)-qul!',dratic 

I 
S(C,tp) 

Poincare cOI'l1Jlex over A o')tained fro", the ske'l-suspension by surgery on 
. S(C,.) 

1 
even (-E)-symmetric 

the co~nected (n+2}-dinensional pair over A 
(-E)-'luRdratic 

t
' S(f':C ---D' ,ch' ,tpl». 

;'Je can nO"l c.efine the inverse iso:-Jorphiso 
sU' :C----.D' ,(t >;11 ,V')) 

~ 
LSnUc -" S-1 A,d '_~Ln(1I. ,S, 0:); «C "I') ,( f:S-1C _D, ([tp,S-1",» t----+ (C" ,,;,") 

(n ~ 1) 
LS (I, ----> S-1 le ,E) _____ L (A ,S, s) ; ( (C, 'V) ,U: S-'C -D, (w'W,S-1.» t----'t (C" ,>;In) 

n n 

f
E-symmetric 

The co:'structiol'! also ,.!or:cs for n = 0, ta!d.ng (-1)-di:.,ensional 
E-'1uadratic 

{

'even l-E)-symrnetric 
cO:lplc:-,:c;; to Dec.~ 1-"':.i::m:lsio!1el 

(-E)-1uadratic 
cODplexes, end 

O-di::U?J:siol1n 1 
(£-s-.',,;::etric leven (-E)-syr.cetric 
} pr,irs to r.'can 2-diGcnsion.?1 l ~--,UE ora ttc (-E) -que.dratic 

{ (f:C·-~ D,(~,,,,» sue): that HO(D) 
pairs , 

l (f: C ----> D, (S \-, >;1» 

ii) It is immediate from i) and Proposition 7.3 tha't S:Ln(A,S,E)~Ln+2(A,S,-E) 

is an isomorphism for all A,S,E,n O. 

[] 
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\1e shall say that the pair (A,S) is m-dimensional if every f.g. S-torsion 

A-module M has a f.g. projective A-module resolution of length m+1 

0~PIIl+1- Pm~'" ---+ P1 ---->-PO ---+M --) 0 • 

For example, if A is (1II+1)-dimensional (in the sense of §7) then (A,S) is 

m-dimensional. If tt is a finite group and p is a prime such that p1rlttl 

then (~[11:], tpkl k ~ 0 J) is 0-dimensional. 

Proposition 13.2 If (A,S) is m-dimensional the ske~l-suspension maps 

S : Ln CA,S,E)----)Ln+2 (A,S,_E) (n~ 2m+1) 

are isomorphisms, and there are natural identifications 

t
L2i

(A'S,E) ~(2m+1)-
2i-1 = (S-acyclic cobordism group of S-acyclic dimensional 

L (A,S,E) 2m-

C-)i-m-\-symmetric Poincare complexes over A) (i~m+1) 

under which Ln(A,S,E)~ Ln
-

1 (A,E) (n) 2m+1) becomes the forgetful map 

\ L2i(A,S,E)~L2i-1CA,E) ; (C,tp)~ gi':'III-\C,tp) 

( L2i-1(A,S,E)~ L2i- 2(A,S,E) ; (C,tph---> gi-m.1(C,tp) 

In particular, for m = 0 

L2k+1(A,S,E) = 0 (k ~O) • 

~: In order to lL2iCA,S,e:> 
identify 2i-1 

L (A,S,E) 
(i~ m+1) ~Iith the S-acyclic cobordism 

t 
(2m+1)-

group of S-acyclic dimensionel 
2m-

(_)i-m-1E_symmetric POincare complexes 

over A it suffices (by the S-acyclic counterpart of Proposition 7.2) to show 

that it is possible to perform S-acyclic surgery on a connected S-acyclic 

(n+1)-dimensional even (-E)-symmetric complex over A (C, tpcQn+1(C,_E» (n~ 2m+1) 

so aa to obtain a skew-auspenaion, killing Hn+1 (C). "Iorking exactly as in the 

proof of Proposition 7.4 use a f.g. projective A-module resolution of the 

f.g. S-torsion A-module RoCC) 

0---+ Dm+1--t Dm~ ... --) D1-DO """"'" Ho(C)----+ 0 
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to define a connected S-acyclic (n+2}-dimensional (-E}-Symmetric pair over A 

(f:C~D,(O'4')E Qn+2(f,_E» with which to perform just such a surgery. 

In particular, if (A,S) is D-dimensional we have that L2k+1(A,S,E) (k ~ 0) 

is the S-acyclic cObordism group of S-acyclic D-dimensional (_)kE-Symmetric 

Poincare complexes over A (C,<j>£QO(C,(_)kE». Now HO(C) is an S-torsion 

f.g. projective A-module, and S consists of non-zero divisors, so that 

HO(C) = ° and L2k+1(A,S,E) = 0. 

[] 
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In §1 We identified the hOlcotopy equivalence cla:;ses of n-dimensionaI 

t-E-synmetric 
Poincare complexes over A for n 

E-'1uadratic 
° (resp. 1) with the (stable) 

isomorphism classes of non-singular forms (resp. formations) over A, t 
E -symme tric 

E-quadratic 

lLO(A,E) {L
1

(A'E) 
group (resp. ) with 

Lo(A,E) ~(A,E) 
going on in §7 to identify the cobordism 

the Witt group of such objects. We shall now proceed to identify the homotopy 

f
( -E) -symmetric 

S-acyclic (n+1)-dimensional 
(-E)-quadratic 

equivalence classes of Poincare 

complexes OVer A for n = 0 (resp. 1) with the (stable) isomorphism classes of 

non-singular S- A/A-valued linking lE-symmetric 1 
forms (resp. formations) on 

E-quadratic 

S-torsion A-modules of homological di~ension 1, going on to identify the 

S-acyclic cobordism lLO(A,S,E) ~L1(A'S'E) 
group (resp. ) with the ~Titt group 

Lo(A,S,g) L1 (A,S,E) 

of such objects. As a necessary preliminary we shall develop an algebraic 

{ 

E-symmetric 
theory of linking \'Tu classes of S-acyclic 

£-quadratic 

counterpart to the algebraic \-/u classes of §1. 

An A-module J-I. is S-torsion if 

S-1M '" 0 

complexes, an S-acyclic 

Given an A-module I1 let TS'-[ be the maximal S-torsion submodule of l-f 

1 -1 x) 
TSH", {xHllsx '" ° for some s'S) '" ker(l1--+S .Ijx.-.."j • 

An A-module M is S-torsion if and only if 

TSH '" l-I 

A f. g. A-module l-l is S-torsion if and only if there eJ..-:Lsts sE S such that 

sH '" 0 



over A 
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Define the linking pairing of an n-di~ensional E-syometric complex 

(c ,:p£Qn(C ,E» 

'I'~ : TSHr(C)x Ts Hn- r +1 (C) __ S-1A/ A ; (x,y)l-~ ~'I'o(x)(z) 

(xECr, yECn- r +1 , ztoCn- r , s~S, d.z = syE Cn- r +1) 

,·dth the properties 

'I'~(x,y+y') = 'I'~(x,y) + 'I'~(x,y,) 
5 5 

'l'O(x,ay) = a'l'o(x,y) 

S( ) ()r(n-r+1) -5-----
'1'0 x,y '" - E'l'o(y,x) 

( r( ) , n-r+1( x~TSH C , y,y ETSH C), a~A) 

In particular, the linking pairing of the n-dimensional ~ymmetric 

Poincare complex over Zl. ((-0,:) '" (CW) ,'I' = "'1'I[H],~n(C(m» of an oriented 

n-dirlensional manifold 11 

'P~ : TSHr(H»( Tsnn-r+1(H)_ Il/Zl. 

agrees (via Poincare duality) with the pairing 

(5 Zl.-{o\) 

TSHn_/l{} x TSHr _1(I1)---VZl. 

defined by the geometric linking numbers of torsion homology classes, as 

originally studied by Brom;er, deRham [1 ] and Seifert [1 ]. 

~~1-\un I ~ -'lie 
In "'\( we ShO~1 that the cobordism class 

of an n-dimensional E-symmetric Poincare complex over a Dedekind ring A is 

de terr.rl.ned for n '" \ 2i by the 
L2i-1 

• {form over A 
(-)l.E-syometric 

linking pairing 

Hi(C)/TSHi(C) x Hi(C)/Ts~(C)--A 

TsHi(C)>< TsRi(C)- S-1 A/ A 
(5 A - fo}) 

is an 
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An A-~odule morphism f Eo Hom
A 

(p ,!~) is an S-isomorphiso if 

S-1f : s-1p ~S-1Q ; 3 1-1 __ --'>~ f(x) 
s s 

S-1A-module isomorphism. If P,Q are f.g. projective A-modules then 

f E- HomA (p,Q) :is an S-isomorphism if and only if f·€ RomA (q- ,P-) is an S-isomorphism. 

An h.d. S-torsion A-module 11 is an S-torsion A-module of homological 

dimension 1, that is an A-module which admits a f.g. projective A-module resolution 

d 
O---P1 ----+PO-ll-O 

such that d € RomA (P1 ,PO) is an S-isomorphism. 

The ~ of an A-module 11 is the A-module 

~ -1 
I1 '" HomA (H,S A/A) 

uith A acting by 

A><11"-M" ; (a,f) I--'> (x.---.f(x);;) • 

The S-dual of an h.d.1 S-torsion A-module l-l is an h.d.1 S-torsion A-module 11", 

since the dual of a f. g. projec tive resolution of 11 

d 
o ---- P 1 ~ Po ------ 11 ----+ 0 

is a f.g. projective resolution of H" 
d· 

0_ Po ~ Pt --- 11" -----T 0 

with 

P1-----4 H" ; f .---([x] _ ~f(Y» 

The natural A-nodule morphiso 

11 ---.. 11"" ; x 0------. (f 1------+ R'iY) 

is an isolUorphism if 14 is an h.d.1 S-torsion A-module, and if N is another 

h.d.1 S-torsion A-Eodule the abelian group morphism 

HomA (n,m ---+ Hom
A 

(N",M"-) ; f ___ (f": g t->- (x 0----->- gf(x») 

is an isomorphism. In particular, the E-transposition map 

TE : HomA (1·1,1-1") ----> HOClA (J",H~) ; '1"---'>- (TE'I' = E'I''':X ~ (y~ E",(y)(;:») 

is an involution, T~ = 1. 



An E-svmmetric linking form over (A,S) (H,:).) is an h.d.1 S-torsion 

A-module 11 together >Iith an A-module morphism ""HomA(~i,l{") such that 

T
E

>' = XEO 1I0m
A 

(H,W') • 

Equivalently, it is possible to regard }'Ellom
A 
(lI,~IA) aa a pairing 

)... : 11" M _s-1A/ A ; (x,y) t---+-~(x,y) ;;; >'(x)(y) 

such that 

).. (x,y+y') = ).(x,y) + )..(x,y') 

).(x,ay) = a).(x,y) 

).(x,y) = E).(y,X) 

E( -1 
~lrite Q S A/A) for the l'Z2-cohomology group 

QE(S-1 A/ A) = HO(l'Z2;S-1A/ A,E) = lb(S-1Alb - EbE AJ/A 

and let QE(A,S) be tbe subgroup ot QE(S-1A/ A) defined by 

QE(A,S) = ~b(S-1Alb-Eii = a-Ea, a~A~/A • 

An E-symmetric linking form over (A,S) (H,).) is ~ it for each xEll 

).. (x) (x) (QE(A,S)<;; '{(S-1A/A) • 

-1 
l-Irite QE (S A/A) for the l'Z2-homology group 

( -1 (-1 -1 r -I -1 1-QE SA/A) = HO l'Z2;S A/A,E) = S A!ta+b-Eb aE;A,MS A.), 

and define also the abelian group 

Eii}/l a + e:iil aEA~ • 

The E-syumetrization map 

1 + TE : QE(S-1A/A)~QE(S-1A/A) x >-----+ x + Ex 

factors as 

with 

p QE(S-1 A/ A) -------+ QE(A,S) x >----+ x + Ex 

q Q
E 

(A,S) ) QE(A,S) x..---. x 

r : QE(A,S) ~QE(S-1A/A) X>---4 x 
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An E-guadratic linking form over (A,S) UI,>.,\,) is an E-sYClI!letric 

linking form Over (A,S) (H,>-) together ti:i.th a function 

such that 

i) I'-(ax) = ar-(x)a E QE(A,S) 

1.i) p-(X+y) - r-(x) - fey) = ).(xHy) + .E>:rxJG} (;QE(A,S) 

iU) qr-(x) = ).(x)(x) E({(A,S) (x,yHl, a£A) • 

Then (H,).) is an even E-symmetric linking form over (A,S). 

A split E-guadratic linking form over (A,S) (M,).,v) is an E-symmetric 

linking form over (A,S) 01,).) together with a function 

-1 v : M -----i" QE(S A/A) 

such that 

iii) qpJJ(x) =). (x)(x) ('{(A,S) (x ,yU:, aEA) • 

Then UI,}.,,..= pv: l·!--~E(A,S» is an e:-quadratic linking form over (A,S). 

In Proposition 13.5 below we shall show that every e:-quadratic lia~ing 

form (M,).,~) can be refined (non-uniquely) to a split E-quadratic linking 

form (H,X ,v) such that t' = p" , and that if 1/2 E S-1A (~.g. if 2 ES) there 

is no difference bet>leen E-'luadratic and split E-'1uadrati.c linking forms 

over (A,S). 

\ E-symmetri.c 

A moruhism of 1 E-1uadratic 

split E-quadratic 

linking forms over (A,S) 

1 
f : (H,~)_ (~:, ,X') 

r : O';,X,r-) ---->- (H' ,).' ,,,,') 

f (J.;,\.v)~(H',).',v') 

is an A-r.lodule morphism r EHOl!lA(t-I,H') such that 
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>.'(r(x),f(y» =>-(X,y)E.S-1A/A 

and also 

[ 

E-sytlBetric 

The E-quadratic 

split E-quadratic 

r(x) f.- ~E (A,S) 

-1 
,.,{x)"; QE(S A/A) 

(xHO 

i 
(11,).) 

linking form over (A,S) (n, ).,\,,) is 

(M,'>-,lJ) 

non-singular if "" HomA (M,H") is an isol:1orphism. 

1 

L: (A, S ,-E) (..(1\, S ) 0 -dA.Me;~~o>~,j. ") 

L (A,S,e:) 
In Proposition 13. 10belo," ~le shall identify -2 

L (A,S,-E) 

Lo(A,S,E) 

l
E-symmetric 

even e:-symmetric 
\1ith the Uitt group of non-singular 

E-quadratic 

split E-quadratic 

linking forms over (A,S). 

In the first instance, ~le shall identify the isomorphism classes of linking 

forms over (A,S) with appropriate equivalence classes of S-acyclic 1-dimensional 

complexes over A (Proposition 13.4) • 

Kervaire and llilnor [1 ] used geometric linldng numbers .to prove that 

odd-dimensional surgery obstructions vanish in the simply-connected case. 

\lall (3] used geometric linking and self-linking numbers to express the 

odd-dimensional surgery obstructions for a finite fundamental group n in terms of 

non-singular ;tquadratic linking forms over {~(n] ,Z~ .. {O». Linking forms ~lere used by 

Passman and Petrie (1) and Connolly (1] in certain computations of the odd 

L-groups L
2k

+1 (lt) of finite groups It. Hore recently, Pardon [2],[4] has 

developed a surgery obstruction theory lalong the lines of rIall (5) for 

normal bundle maps "hich are rationa.l homoto!,y equivalences. On the algebraic side, 

there "as obtained in Pardon r2] a localization exact seluence for the surgery 
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obstruction groups of a finite group n 

••• - L (Zl(lt])--+ L {f!(ltJ} ---+L (Zl(lt),2Z-i oh --..-.-..,. L 1{Zl(lt]) -+ ••• n n n n-

lL
2

. (2Z[lt] ,2Z-! 0) . 
with J.. the \1itt group of non-singular (-)J..quadratic linldng 

L2i+1 (l,Z[lt] ,2Z-\O}) 

{

forms 
over (Zl(lt],2Z-iol). On the geometric side, fardon [4] used certain 

formations 

combinations of elementary framed surgeries preserving rational homotopy type 

>(IIlocal surgery on conglomerate Noore spacesll ) to identi.fy the obstruction to 

making an (n-1)-dirnensional normal bundle {f,b):l-!----,>-X such that 1t.(f~ = 0 

a hornotopy equivalence {f',b'):H'_X by a normal bordisrn 

{(g;f,f'),(c;b,b'» : (ll;n,I4')~(:X:"'I;X "O,X )(1) -

such that It.(g)® «I. = 0 with an element U:{f, b)EL
n 

(2Z[lt1 (X)] ,2Z-[OJ) obtained by 

local surgery below the middle dimension. The S-acyclic quadratic Poincare 

cobordism theory developed here provides a unified approach to both the 

algebra and the geometry. In particular, the local surgery obstruction can 

be expressed BS the S-acyclic cobordisrn class 

C1~(f,b) = S<T.(f,b)€- Ln{2Z[n1{X)J, S) (S = :rh-{O) 

of the skew-suspension of the 'luadratic'kernel If .. (f,b) = (C{f
l
) ,'I"b"(}n_1(C{f l »), 

an S-acyclic counterpart to Proposition 8.1. rIe shall not spell out the 

connection bet~leen our algebra and the geometry of Pardon [4] except to mention " 

that the chain level effect of a local surgery is that of an S-acyclic 

surgery on an S-acyclic quadratic pair over Zl[1t1.(X}] (h:C-D,(!:'I','lI~Qn(h» 

\<3.th D an S-acyclic f.g. free Zl(lt1(X)]-module chain complex 

D 
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in each case. As i 
Z';2-cohomology 

in §1 de fine the Z';2 -homology 

Tate Z';2-cohomology 

r -1 
H (Z';2;S A/A ,E) 

-1 
,H

r
(Z';2;S A/A ,E) (r~Z';). The short exact 

"'r( -1 ) H Z';2;S A/A,E 

sequence of Z';[Z';
2
J -modules 

o ~ A ------"S-1A _s-1A/A_0 

{

Z';2 -cohomology 

induces a long exact sequence of Z';2-homology 

Tate Z';2-cohomology 

groups 

r r -1 . r -1) t r+1 ( ) 

i 
... ---..B ( lZ2 iA ,E)--+H ( lZ2 iS A,E)_H ( lZ2;S A,E --'"H lZ2;A,E --- ••• 

-1 (-1) () ( ) ••• ---+Br(lZ2iA,E)-> Hr(lZ2iS A,E)--+Hr lZ2;S A,E .~Hr_1 7l2 ;A,E--

A r nr -1 Ar -1) b nr+1 ( ) 
••• ----> H (lZ2iA,E)--->H (lZ2iS A,E)--H (lZ2iS A,E --H 7l2iA,E -

i 
E-sYInI!1e tric 

Define the rth E-3uadratic 

E-hyperquadratic 

linking rlu class of an S-acyclic 

! 
E-syr:unetric ~ (C,IPEQn+1(C,E» 

(n+1)-dimensional E-quadratic complex over A (C,V~Qn+1(C,E» to be 

E-hyperquadratic (C,o~n+1(C,E» 

the function 

(rEZl 

t 

. I 

i 
v;(<p) : Hn- r +

1 
(C)--,>Hn-?r( lZ2; s-1 A/A, (_)n-r+1~) ;x..- s~ (IP

n
_2r_1+(-)n-r"'n_2rd*) (y) (y) 

v~(V) :Hn~r+1 (C)-+ H
2r

_
n

(?l2;S-1 A/A ,( _)n-r+1E) ; x ...... s; ('I'2r_n+1+(-)n-rV2r_nd*) (y) (j) 

;S{O) : Hn-r+1 (C)-.. Hn- 2r (lZ .S-1 A/ A (_)n-r+1 E) • x ...... _1_(0 +(_)n-ro d-){y) (;) 
r 2'" ss n-2r-1 n-2r 
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Hotivation: The cohomology classes x£If'(C) of an S-acyclic A-module chain 

complex C are in a natural one-one correspondence ~dth the chain homotopy 

classes of A-module chain naps x:C--+Cm(A,S), ~lhere Cm{A,S) is the S-acyclic 

A-module chain complex defined by 

i = m 

i = m-1 

i F m,m-1 

is the S-acyclic A-module chain complex defined by 

} 

A i = m,m-1 
Cm(A'::;)i = 0 

i F m,m-1 

The A-module chain maps Cm(A,s)-Cm(A,st) (s,t(S) given by 

Cm(A,s\ = A -----+ Cm{A,st)i = A ; ar-----+ \ a i m 1 at i = m-1 

such that 

define a directed system of S-acyclic A-module chain complexes ~Cm{A,s)ls~s\ 

(e~ s I if there exists tES such that s' = et (S) ~Iith diract limit 

~ Cm(A,s) = Cm(A,S) • 
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The linking Wu classes are related to each other by 

The linking riu classes are related to the algebraic Wu classes of §1 by 

S 

v/<:» : a n- r +1 (C) v/'I'\ an-2r(2Z2IS-1A/A,(_>n-r+1E) ~Rn-2r+1 (?li
2

IA,( _>n-r+1e ) 

vr ('I') 
vr ('I') : Hn- r +1 (C) ~H2 (?li

2
,S-1A/ A,(_)n-r+1e:) ~H2 1(?li

2
;A,(-)n-r+1e) 

r-n r-n-
~( A 

~ r (C) : Hn-r+\C) ~ iIn- 2r (?li
2 

;s-1 A/A, (-) n-r+1e:) ~ iin- 2r+1 (?li
2

;A. (-) n-r+1e:) 

The linking .Iu classes satisfy the sum formulae I 
I 

(n = 2rl 

(n = 2r).Furthermore. 
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,. "0 -1 "1 Proposition 13.~ i) If ker(S:H (?li2 ;S A/A,E)_H (?li2 ;A,e:» = 0 there is a 

natural identification 

Ln(A,S,e:) = (S-acyclic cobordism group of S-acyclic (n-1)-dimensional 

e:-symmetric Poincar6 complexes over A) (n ~ 2) , 

under which Ln(A,S.E)~Ln-1(A,E) becomes the forgetful map. In particular, 

"0 -1 1 this is the case if H (?li2;S A,E)= O,e.g. if 1/2eS- A. 

'i) If HhO( A) "O( -1 ) ~ ?li2 ; ,E -----+H ?li2 'S A,e: is an isomorphism then the skew-suspension map 

S : Ln(A,S,-E)---------4 Ln+2 (A,S,E) (n ~ 0) 

is an isomorphism. In particular, this is the case if 1/2 EA. 

iii) If n$ (?li
2

; S-1A/ A,E) = 0 then the E-symmetrization map 

1+TE I Ln(A,S,E)~Ln(A,S,E) (n~O) 

is an isomorphism. In particular, this is the case if 1/2 EA. 

Proof: i) By the S-acyclic counterpart of Proposition 7.2 it suffices to show 

that it is possible to perform S-acyclic surgery on a connected S-acyclic 

(n+1)-dimensional even (-E)-symmetric complex over A (C,q>EQn+1(C,_E» (n?-2) 

so as to obtain a skew-suspension, killing Rn+1(C). As (C,q» is even we have 

that for any element xEHn+\C) 

" S E;v O(q>)(x) 

and so 
S ~ fto -1 "1 

vO(q>)(x)E:.ker(S:H (?li2 ;S A/A,e:)~H (lZ2;A,E» = 0 • 

Thus xERn+1 (C) may be represented by an A-module chain map x:C --1"Cn+1(A,s) 

for some sS such that there is defined a connected S-aoyclic (n+2)-dimensional 

even (-E)-symmetrio pair over A (x:C~Cn+1(A,S),(bq>,q»~Qn+2(x,-E». 

S-~cyclic surgery on such a pair reaults in a oonnected S-acyclic 

(n+1)-dimensional even (-E)-symmetric complex over A (C' ,q>'£Qn+1(C' ,-E» with 

Rn+1(C') = Hn+1(C)/(x) • 

Now Hn+1 (C) is a f.g. S-torsion A-module, so that it is possible to kill ~+1(C) 

by successively killing off a finite set of generators. 
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ii) Consider the exact sequence of abelian grouns ~ 

-1 ( -1 ~ "0 '0 -1 - nO -1 b "1 
H ZZ2;S A/A,E:)-+H (ZZ2;A,E:)-... H (ZZ2;S A,E) ........... H (ZZ2;S A/A,E}-4H (ZZ2;A,E:) 

• O( "0 -1 f ... 0 -1 "1 
If H ZZ2;A,E:)~H (ZZ2lS A,E) is onto then ker(~:H (ZZ2;S A/A,E)- H (ZZ2;A,E» = 0 

and by i) \;e can identify 

Ln+2 (A,S,E:) = (S-acyclic cobordism group of S-acyclic (n+1)-dioensiona1 

E-symrnetric Poincare complexes over A) (n ~O) 

"'0 "0-1 
If H (ZZ2;A,E)~H (ZZ2lS A,E) is one-one then ,_ 

I' "1 1 io(~:H (Z;2;S- A/A,E)~HO(ZZ2;A,E» = 0 and every S-acyclic (n+1)-dil!lensiona1 

t . ....0·0 -1 e:-syrnme rl.C complex or pair over A is even. Thus if H (ZZZ;A,e:)-R (ZZ2;S A,e:) 

is an isomorphism we can identify 

L
n

+2(A,S,e:) = (S-acyc1ic cobordism group of S-acyclic (n+1)-dimensiona1 

'" 1 even e:-symmetric Poincar' complexes over A) = Ln(A,S,_e:) (n~ 0). 

iU) If H·(ZZ2;S- A/A,E) = 0 then ~·(C,E) = 0 and 1+T IQ (C,E)_Qn(C E) is an 
- - e: n ' 

isomorphism for every finite-dimensional S-acyc1ic A-module chain complex C. 

[] 

! 
E-svmmetric 

An E-auadratic ~ (resp. homoto~ equivalence) of S-acyc1ic 

sulit E-guadratic 

1 
E-synmetric 

1-dirnensional E-1uadratic 

E-quadratic 

complexes over A 

\ 

f : (C,<9) -Cc' ,Il") 
f : (c,>:r)------+(C','I") 

f : (c,'I')~(C','V') 

is an A-module chain map (resp. chain equivalence) 

f : C ------->- C' 

such that 

OE.Q 1(C' ,E) 

H(a)~Q1(c' ,E) 

H(e)E Q1(CI ,e:) 

for some Ta te ZZ2 -h.'lpercohomology class a E. (12(c 1 ,E) such that 

i E-quadra tic 
An 

split E-quadratic 

since 
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o 1 "'1 R (C')- H (ZZ2;A,E) 

o 1 "'0-1 
H (C')~H (ZZ2;S A/A ,E) 

iE-8Ymrnetric 
map f:(C,'V)--. (C' ,'V') determines an 

E-quadratic 

(C,(1+T
E
)'I')-----.. (C' ,(1+T

E
)'I'I) 

(C,1;I) ~ (C','I") 

map 

Proposition 13.4 The category 
even E-symmetric 

of 

i 
E -symme tric 

linking forms over (A,S) 
E-quadratic 

split E-quadratic 

is naturally equivalent to the opposite of the category of S-acyclic 

\ (-E)-syr.~etric 

) even (-E)-symmetric 
1-dinensional 1 

(-E)-quadratic 

(-E)-quadratic 

complexes over A and hom~topy classes of 

.t (-E)-symmetric 

( -E) -symme tric 
maps. Isomorphisms of 1inldng forms are equivalent 

(-E)-quadratic 

split (-E)-~uadratic 

to homotopy equivalences of complexes. Non-singular linking forms are 

equivalent to Poincart complexes. 
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~: The linking pairing of an S-acyclic 1-dimensional (-E)-symmetric 

complex over A (C'~EQ1(C,-E» 

<?~ : H\C)x H\C) ----4 S-1A/ A ; (x.y).---+ ~o(x)(z) 

(x,y,C 1 .ztCO .sES ,d.z = syEC 1) 

defines an E-symmetric li~~ng form over (A.S) 

1 S 
(H,).) = (H (C) .'l'0) • 

The Oth (-E)-sYmffietric Wu class of (C.'l') factors as 
S 

v ('l') 1 S 1 
o • HO(~2;S- A/A,E) _H (~2;A,E) -

rEO -1 E{ -1 I ) ( ) and kerb = Q (A,S)e;; H (~2;S A/A,E) = Q S A A , so thnt the complex C,'l' 

is even (vo('l') = 0) if and only if the linking form (M,~) is even 

(~(x,x) = v~('l')(X)E QE(A,S) for all x~ 11 = H1 (C». 

The Oth (-E)-quadratic linldng Wu class of an S-acyclic 1-dimensional 

(-E)-quadratic complex over A (C,VfQ1(C,-E» 

v~('I') : H1(C) ______ HO(~2;S-1A/A,E) = QE(S-1A/ Al ; y~ B~(V1+"Od.)(Z)(Z) 
1 0 1 (yfC ,ZEC ,sES,d·z= 8Y'-C ) 

defines a split E-quadratic linking form over (A,S) 

1 S 0 
(M,~,v) = (H (C),(1+T_E)VO'vS('I'» 

"ith associated E-'1uadratic linldng form over (A,S) 

(H, ~ ,r) = (H 
1 

(C) ,( 1+T_E)'I'~,pv~('V):H 1(C) - QE(A,S» • 

A (-E)-symmetric map of S-acyclic 1-dimensional (-E)-symmetric complexes 

over A 

induces contravariantly a morphism of the associated E-symmetric linldng 

forms over (A,S) 
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Conversely, every morphism of the associated E-3y~~etric linldng forms is 

induced by a (-E)-syn~etric map of complexes. 

Let (C,V€Q1(C,-E»,(C',V'eQ1(C',-E» be S-acyclic 1-dinensional 

(-E)-quadratic complexes over A. A (-E)-symmetric map of the (-E)-symmetrizations 

f : (C,(1+T_E)V) - (C' ,(1+T_E}V') 

lE-quadratic 
induces contravariantly a morphism of the associated 

split E-quadratic 

linking forms over (A,S) 

{ f· : (H1(C,),(1+T_E)VOS'PV~(V')}---+(H1(C),(1+T_E)V~,PV~(V» 

t f· : (H1(C,),(1+T_E}VOS,v~(V'»----'(H1(C},(1+T_E)V~,v~(V)} 

if and only if f:(C,'I')--(C',V'} is a map, since t (-El -quadra tic 

split (-E}-quadratic 

t;&(V) - .' = H(e) € Q1 (C' ,-E) 

for some ee &2(C',_E) (by the exact sequence of Proposition 1.2) and there 

is defined a comsutative diagram 

involving the exact sequences 

o -----)oH\~2;S-1A/A,E) ~QE(S-1A/A)~QE(A,S) 

o -.., HO(~2;A ,E) ~ QE (A,S) ~QE(A,S) 

with 

H 
A1 -1 -1 
H (~2;S A/A,E) --->- QE(S A/A) ; x ~ x 

j 
~O a 
H (~2;A,E) --QE(A,S) ; n- '1 
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Conversely, given an t
E-Symmetric 

E-quadratic 

split E-quadratic 

linking form over (A,S) 

\

(11,)') 

(n,>' '1-') ~le shall construct an S-acyclic 

(H,>.,>') { 

(-E) -syrrunetric 

1-dimensional (-E)-quadratic 

( -E) -quadra tic 

complex over A 

\ 

(C ,<9€Q 
1 

(C ,-E» 

(C,WeQ1(C,-E» such that 

(C, 'V~Q1 (C ,-E» 

) 

(H1(C)'<9~) = (lI,}.) 

(H 
1 

(C) ,( 1+T_E )'V~,pv~(1If» '" (H, ?.,...) 

(H
1

(C) ,(1+T_El'V~,v~(V» '" (H,l,») 

as follm'ls, 

Given an E-symmetric linking form OVer (A,S) (I1t~> let 

d 
0--~C1~ cO--->-n"~o 

be a f.g. projective A-module resolution of 'the S-dual M"', The A-module morphism 

). "- HomA (l1,H") can be resolved by a chain map 

1-. 
<90: C --~ C 

such that there is defined a commutative diagram 

° d· 1 °-:01 -;01 ~l~ ~o 
° ~ C1 __ d_"? Co ---~ 1-1" --0 

l'Ie thus have A-rJodule morphisrns 

such that 

and 

o 
<90 C --. C1 ' ~O 

H = cOker(d-:C°-->C1 ) __ ll" ; x~ (Y~~o(x)(z» 

(x,yfC1 ,zecO,s{S,d-z= sytC 1) 
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The relation TE). = Xc:: Hom
A 

(H,W') is resolved by a chain homotopy 

1-. 
<91 : T_E,Po"':PO : C ---. C 

as defined by an A-module morphism 

1 
<91: C --+C1 

such that 

<9 + E;;;· - -,. d· • CO-C ° yo -"'1' 1 

llow 

d(<91 + E<9P = (~O + E<90) - E(<90 + Ei9Ql· '" 0 

and d ~ Hom
A 

(C
1 

,CO) is a monomorphism, so that 

1 
<91 + E<I'1 = 0 : 0 ----+C1 

01 __ 0 
o 

We have obtained an S-acyclic 1-dimensional (-E)-symmetric complex over A 

1-. 
The chain map <90:C ---+ C is a chain equivalence if and only if it induces 

an A-module isomorphism 

1 
(<90). '" ).:: H (C) '" H - Ho(C) '" M" • 

130 that the complex (C ,,~) is POincare ~f and onl.y if the lin..1d.ng form (M,).) 

is non-singular. 

Given an E-quadratic l.inking form over (A,S) (11,).,~) l.et 

O d" ~C1-CO------- 11 ---->-0 

be a f.g. projective A-module resolution of the S-dual. U" ~Iith C1 a f.g, free 

A-nodule. Write the dual. resolution for the doubl.e S-dual. (W')" = 11 as 

0~CO~C1.......!.-11_0 

Choose a base lXil1~ i~ n} for c1 

such that 

- -1 
i) Yij '" EYjiES A (1~i,j~n) 

) ( ( 
-1 

11 ). exi ) ex j > = YijE.S A/A (1~i<j~n) 

iii) r(ex
i

) = YiiEQE(A,S) (1~ i~ n) 
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Give 
, -1 

HomA(C ,8 A) an A-module structure by 

, -1 1 -1) 
A x HomA(C ,8 A)-HomA(C ,S A 

The A-module morphism 
n n 
1:: a i x:i I----+- ( 1: 

:i=1 j=' 

(ai ,b{A) 

is such that 

Now 

i) o«::)(y) = E~(Y)(X) €8-'A/A 

ii) >. (ex)(ey) = ()(x)(y) € S-'A/A 

iii) r-(ex) = oc(x)(x)€ QE(A,8) 

0( (d·z)(y) € A<;;; S-'A (Y"C 1 ,zfCO) 

o<.(d·z)(d·z) IS im(1+T :A ----'> A;a 1--+ a+Ea') <;;; 8-'A (Z(CO) 
E 

so that there is a llell-defined A-module 1lI0rph:ism 

'VO : C°----,> (C')· = c, ; z I----o-(y ~t(d·(z)(y» 

such that 

° d",O + "'1 + E'i'1 = ° : C ---~) Co 

for some "'1(HomA(CO,cO)' \1e have obtained an S-acyclic 1-dimensional 

(-E)-quadratic complex over A (C,'V~Q1(C,-E» such that 

(H1(C),(1+T_E)~'pv~('V» = (M,~'r) • 

Given a split E-quadratic linking form over (A,S) (M,~,p) let 

(C''''~~1(C,-E» be the S-acyclic 1-dimensional 

constructed as above, but lrith li'1{.Hom
A

(CO,cO) 

as fol1o;.;s. Let ~zlS-1AI1~ i~ n} be such that 

-1 
V(ex

i
) = Zi€QE(S A/A) 

and define an A-module morphism 

(-E}-quadratic complex over A 

-1 
determined by P:M-QE(S A/A) 

(1 ~ i (:, n) , 

1 1 -1 n n n _ 
D.: C ~ HomA(C ,S A); 1:: aixi >--,> ( 1:: b j x j >-----7 .1:: bjyija:\. + 1:: biziBi ) 
r i=1 j=1 1 ~ l.<j~ n i=1 

(a i ,b{A) 

-230- , 

Now 

i@Ti) -1 
O(x)(y) = P(x)(y) + E~ y X <08 A (x,yEC 1) 

,,(ex) =~(x)(x)(~E(S-1A/A) 
o and there exists an A-module morphism "'1 ROI!1

A
(C ,CO) such that 

-1 (0 "'1(z)(z) = -~(d·z)(d"z)E Q.E(S A) ZEC ) 

. 0 
dIi'0+1i'1+EV1=0: C ----o-CO 

The S-acycl:ic 1-d:imens:ional (-E)-quadrat:ic complex over A (C,VEQ1(C,-E» :is 

suoh that 

(M,>',"') • 

(] 

Proposition 13.5 i) Every E-quadratic l:i.nking form over (A,S) (ll,>',r> adn-.:i.ts 

a split E-quadratic refinement (H,). ,v) suoh that 

tl : M ~ QE(S-1A/ A) ~ QE(A,8) 

ii) If A,S,E are such that 

~ 
~O -1 ~ "1( ) im(H (lZ2;S A/A,E)-" H lZ2;A,E > = 0 

"0 "0 -1 . 
R (lZ2.;A .. E)_H (lZ2;S A,E) is an isomorph:i.s,: 

-1 -1 ft1 -1 ) 
im(R (lZ2;S A,E)---.H (lZ2;3 A/A,E) = ° 

then the forgetful fnnctor 

1 
even E-symmetric 

( E-qnadratic 

split E-quadratio 

linking forms over (A,S)) 

f
E-symmetric 

----~) ( even E-s;ymmetric 

E-quadratic 

linking forms over (A,S)) 

is an isomorph:i.sm of categories. In pa:-ticular, this is the case if 1/2 c: A. 

If 1/2 €; S-'A (e.g. if 2 E. S) then the forgetful fnnctor 

(split E-quadratic linking forms over (A,S)) 

-----+. (E-quadratic linldng forms over (A,S» 

is an isomorphism of categories. 
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Proof: i) Immediate from Proposition 13.4. 

ii) LetQE(A,S) be the subgroup of QE(A,S) defined by 

QE(A,S) = tb+Eblb€S-1A}/fa+Eala(;A , 

and define abelian group morphisms 

p = pi 

q = ql 

b 0----+ b + Eb 

By i) we have that for every E-quadratic link:i.ng forI!! Over (A,S) (l1,}..,t') 

Il (x)£ QE(A,S)<;;~E(A,S) (x~M). 

The isomorphisms of categories of linking forms may now be deduced 

from the correspondences of Proposition 13.4 and the exact sequences 

, ErE -1 "0 -1 S "1 -
\ O---->~ (A,S) --1'Q (S A/A)--'? im(H (lZ2;S A/A,E)- H (lZ2;A,E»- 0 

\ "0 ~o -1 "" q E I O~l:er(H ( lZ2;A,E)_H ( lZ2;S A,E» __ QE{A,S) --=---? Q (A,S) 

t AO aO ~ 
) ---7'coker(H {lZ2;A,E)_H (lZ2iS A,E»~ 0 

\. 0 --->; im(li1(lZ2iS-1A,E) ~ H1 ( lZ2;s-1A/ A ,E» ~QE(S-1A/A) LQE (A,S) -~ 0 

("hich are valid for any A,S,E). 

[] 

\'[e have related linleing forms over (A,S) to S-acyclic 1-dimensiona1 

co~p1ey.es over A (Proposition 13.4~. In §1 we related 1-~imensiona1 complexes 

over A to formations over A. It is therefore possible to relate linking forms , 

to forroations - this 'ms first observed by vla11 [1] (in the case A = lZ, S = lZ-loh i 

~
E-symmetric {(K~EQE(K» 

An S-lagran[ian of an forI!! over A is a 
E-quadratic (K,f~QE(K» 

f.g. "rojective A-submodule L of K such that S-1 L is a 1agrangian of the 

t E-symme tric 
induced 

E-quadra tic 

1 t' 5-
1 

(K,"') 
form over S- A -1 

S (K,P) 

~ j*od = OE({(L) 

U*fj = 0", ~E(L) 

\lith j Eo HomA (L,!:) the inclusion. 

and is also such that 
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i(even) E-symmetric 
An 1(Q. ,<pi F ,G) 

S-formation over A is a 
E-quadratic (Q,'V;F,G) 

t 
(even) E-symmetric 1(~"~) 

non-singu1ar form over A together with a 1agrangian F 
E-quadratic (Q,~) 

and an S-lagrangian G, such that S-1F and S-1G are comp1ementary lagrangians 

t 
S-1 (Q,cp) 

in 
S-1(Q,'f) 

S-1Q = s-1FeS-1G • 

Then FI) G = (0 \, and Q/F+G = coker(G~ Q/F) is an h.d.1 S-torsion A-module 

i(even) (-E)-symmetric 
supporting an linking form over (A,S) (as made precise 

(-E)-quadratic 

in Proposition 13.6' be10u). The S-foroation is non-singular if i(Q'<P;F,G) 

(Q,'V;F,G) 

1 
(Q,'I') 

G is a 1agrangian of • 
(Q,'f) 

1 
(even) E-syrur.etric 

An isomoruhism of 
E-quadratic 

(Q,<p;F,G) ---~(Q' ,,,,';F' ,G') 

(Q,'I';F,G) (Q' ,'f';F' ,G') 

is an isomorphism of forms over A l(even) E-symruetric 

such that 

E-quadratic 

f(F) 

(Q,,,,) -~(Q',<p') 

(Q,~) __ (Q',1;I') 

F' , f(G) G' • 

S-formations over A 
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t

· (even) E-SYlmetric 
A stable isomorphism of 

E-quadratic 
S-formations over A 

\ [f] : (Q,<p;F,G}'---+('l',<P'IF',G') 

t[f] : (Q,V;F,G}----..(':!',V'IF',G') 

is an isomorphism of the type 

(1 ,.,;F ,G}.,(HE(P); p,p.} ----l> (Q' ,<p' ;F' ,G')e(HE(P') ;P' ,p'.) 

(~,'VIF ,G).,(He(P); P,P-) ----+ (Q' ,'V' ;F' ,G')e(He{P') lP' ,p'.) 

for some f.g. projective A-modules P,P'. 

A split E-quadratic S-formation over A (F,G) = (F,( ~),e)G) is an 

E-quadratic S-forrnation over A (He(F};F,G), with <;): G~F"F· the inclusion, 

together with a (-E)-quadratic form over A (G,e~Q_e(G» such that 

l-I" = e - eo- 4S RomA (G,G-) • 

Then fEHoQA(G,F-) is an S-isomorphism, and FeF·/F+G = coker(r:G---+F·) is an 

h.d.1 S-torsion A-module supporting n split (-E)-quadratic linking form 

over (A,S) (as rlade precise in Proposition 13.6 below). Call (F,G) non-singular 

if (He(F) ;F,G) is non-singular, that is if the sequence 

is exact. 

(~) (Ef'" ]So) 
o _ G -- F .. F- ? G· -----+ 0 

An isomoruhism of split e-quadratic S-forrillltions over A 

(oI.,(J,'V) : (F,({~ ),e}G) __ (F,,«~:),e')G') 

is a triple 

(ot.E RomA (F,F'), pE HomA (G,G') ,'VE: Q_e(F-» 

such that 0'- and f' are isomorphisms, satisfying 

i} f'(3 = QI--f C=HomA(G,F'·) 

11) (S'p = o<lS +o«'V-e'V·)·,..E.HomA(G,F') 

11i) p'·o'~ - 0 - ,..-'V/"'€ker(S-1:1_
e
{G)-----..Q_e(S-1G» . 

A stable isomorphism of split e-quadratic S-forrnations over A 

[o(,~,'V] : (F,G) ---+ (F',G') 

is an isomorphism of the type 

(",,~,'V) : (F,G)e(P,P")~(F' ,G').(p' ,p'-) 

for some f.g. projective A-modules P,P'."ith (p,p.) = (P,«~) ,O)p.). 

Proposition 13 •• ~ The isomorphism classes of i 
(even) e-symmetric 

e-quadratic linking 

split e-quadratic 

forms over (A,S) are in a natural one-one correspondence uith the stable 

isomorphism classes of l
(even) (-e)-symmetric 

(-e)-quadratic 

split (-E}-quadratic 

S-formations over A. 

Non-singular linking forms correspond to non-singular S-formations. 

i 
(even) e-syl:lllletric 

~: The isomorphism classes of (non-singular) e-quadratic 

split e-quadratic 

linking forms over (A,S) are in a natural one-one correspondence with the 

\ 

(-e}-symmetric 

(-e)-quadratic 

split (-e)-quadratic 

i
(even) (-e)-symmetric 

(-e)-quadratic 

(-e)-quadratic 

homotopy equivalence classes of S-acyclic 1-dimensional 

(Poincar~) complexes over A (by Proposition 13.5), 

which in turn are in a natural one-one correspondence with the stable 

i 
(even) (-e)-symmetric 

isomorphism classes of (non-singular) (-e)-quadratic S-formations 

split (-e)-quadratic 

over A (by a straightfon<ard modification of the proofs of Propositions 1.7,1.8): 
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Explicitly, a (non-sinr,ular) 

J 

(even) (-I':}-s:ymmetric 

(-e)-quadratic S-formation over A 

spl:l.t (-e)-quadratic 

t 
'(Q,'P;F,G) 

(Q,VjF,G) 

(F,«~ ),B)G) 

determines a (non-singular) f 
(even) E-symmetric 

E-quadratic l:I.nking form 

r- 1 (M,) 

over (A,S) (11,).,1'-) by 

(n,). ,V) 

split E-quadratic 

\ ). : H = Q./F+G ----... n" ; x>----'> (y , __ ~(x)( g» 
L (X,yIOQ, g~G, e€S, sy- g~ F) 

! 
).. l-I = Q./F+G~ M" ; x,~ (y>--+ l('I(I-E'V*)(x)(g}) 

t' : M = Q./F+G -"'~E (A ,S) ; Y t------4 ~(:-E'V.}{y)(g) - 'I(I(y){y} 

(x,y~Q, g~G, s~S, sy- gE F) 

!}.: H = cOker(r:G -F·}--~ J.!" ; xt-----+(y.~~lI.(x}(g» 

v: H = coker(r :G----> F·) ---> Q (S-1A/ A) ; y ~ :. B(g) (g) 
E ss 

(x,y€F·, g~G, e~S, ey =-rs f: F·) • 

~ 
E-symmetric 

lion-singular form over s-1A, that is if 
E-'1uadra tic 

[] 

t
even E-symmctric 

\"ie shall no" describe the non-singular linking 
split E-quadratic 

forms over (A,S) representing 0 in {under the correspondence of iLO(A,S,E} 

LO(A,S,E} 

PropOSition 13.4) in terms of non-degenerate forms over A. 

\ 

E-symmetric 

E-quadratic 

! 
E-symrnetric 

The boundary of a non-degenerate even E-symmetric 

E-quadra tic 

form over A 

\ 

(K,ol"QE(K» 

(K,oI£im(1+TE:QE(K)~ Qe(K})} 

(K,~~Qe(K)} ! 
even e-symmetric 

is the non-singular e-quadratic 

linking form over ~A,S} 

defined by 
i

0(K'O<) 

a(K,OC) 

'0 (K,~) 

«)K,>-) 

(9K,).,r) 

(OK,>., ... ) 

split E-quadratic 

~K = coker(o<:K ____ K·} --,>C)K" ; [x] _____ (Lyh--...... ~(z)} 

3K = coker(o<:K---.+ K·)~Q (A,S) ; [y]t---O'~(z) 
E s 

,.,: dK = cOker("':K~K·)......--+QE(S-1A/A) ; [y]~ :'~(Z)(Z} 
ss 

(x,yEK·, zEK, eES,o!(z) = syEK·,o< = f-'+Ef>· in the E-que.dratic case}. 

The boundary linking form corresponds to the boundary (-E)-quadratic 1 
even (-E)-symmetric 

S-formation over A 

1
8(K'O() = (H-e(K); K, rh,,,,-}} 

Gl(K,u<} = (H_E(K};K,r(K,~)} 

~(K,~) (IC'«((41Ep.) ,PK) 

split (-E)-quadratic 

f{K,a) 

(under the correspondence of Proposition 13 •. 6). The boundary operation on 



-237-

non-degenerate forms over A is thus seen to be a special case of the boundary 

operation;;': (forms) ~ (formations) of §5. (The boundary operation 

0: (non-degenerate forms) ~ (linking forms) can also be expressed in terms 

of the "dual lattice" construction familiar in the classical theory of quadratic 

forms, particularly the case A = ::>Z. S = ::>Z - ~o 1, S-1A = n 

A lattice of a non-singular even E-symmetric form over S-1A (Q.",) is a 

E-quadratic (Q.V) 

non-de genera te 

i 
E-symmetric 1 (Q,,,,) 

l 
E-symmetric ~ (K.",) 

even E-symmetric form over A (K.",) defined on a f.g. prOjective 

E-quadratic (K.~) 

A-submodule K of Q, such that the inclusion K--'>Q extends to an isomorphism 

of non-singular forms over S-1 A 

t 
S-1(K, ... ) ---------(Q.",) 

S-1(K, .. ) __ (Q,;p) 

S-1(K,I') _ (Q,V) 

A non-singular form over S-1 A (Q.",) admits a lattice if and only if Q is 

isomorphic to S-1 K for some f.g. projective A-module K. The dual lattice of 

a lattice (K,,,) in a non-singular form over S-1A (Q,,,,) is the A-submodule 

K~ = ~x€.QI,p(x)(K)<;:A<;;S-1A3';'Q 
(with ~ = V+EV·.~= ~+Ef· in the E-quadratic case). Define a non-singular 

t 
even E-sym'iletric 

E-quac1ratic 

split E-quadratic 

fA 

V 

}
(K*/K'~) 

linking form over (A.S) (J{*/K,>-, tt) by 

(K If/K.) • V) 

(x]~«(y]l- ;p(x)(y» 

J!/K ----4 QE(A.S) [x]~ cp(x)(x) 

¥!/K -----4 QE(S-1A/ A} ; [x] ~ V(x){x) 

The A-module isomorphism 

Kit _Ko; x ,_ (y~ ,p(x)(y» 

sends KS ~ to o(K)~ K·, so there is induced an A-module isomorphiso 
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KIt/K ------.. bK '" coker("':K~ K·) • 

The A-module isomorphism 0/K --+ 'dK defines an isomorphism of non-singular 

t
even E-symmetric 

E-quadratic 

split E-quadratic 

linking forms over (A.S) 

t
(~/K'),) ~ Cl(K,"') 

(KIf/K,). ,t') _____ 8(K.o() 

(K./K.). .... ) • a(K.~) 

lE-Symmetric 
A non-degenerate form over A is ~

(KF) is-metabOliC 

E-quadratic (K.~) S-hYperbolic 

it admits an S-lagrangian, {

S-1(K.,.) lmetab~lic 
or equivalently if -1 is a 

S lK.r) hyperbolic 

). 

form over S .11. with a lagrangian isomorphic to S .L for some l E-sy=etric -1 '-1 

E-quadratic 

(C,'l'fQ (C,-E» 
f.g. projective A-modlle L. 1 

Proposition 13.7 Let be an S-acyclic 1-dimensiona1 
(C.VEQ1(C.-E» 

\

even (-E)-symmetric 
Poincare complex over A, with associated non-Singular 

(-E)-quadratic 

i even E-synmetric 

lsp1it E-quadratic 
linking form over (A,S) 

~(M,~) = (H1(C).~~) 
l (M.".») = (n1

(c) .(1+T_E)V~,v~(V» • 

i) The S-acyclic cObordiem ~
(c.;p) € LO(A.S.E) 

class 
(C.It')€ LO(A.S.E) 

depends only on the 

~
(M.)'} 

isomorphism class of • 

~ 
(C .'1') 

11) 
(C, 'V) 

) 

Cl (K,o<) 
boundary 

C (K.~) 

~ (K,oI) • 

l (K,~) 

(11,). ,v) 

° c<.LO(A.S.E) 

0(; Lo(A.S,E) I (11.).) 
if and only if' is isomorphic to the 

(M.".") 

t
S-metabolic 

of an 
S-hyperbolic ~ 

E-sy=etric 
non-degenerate form over A 

E-quadratic 
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leven (-E)-symmetric 
Proof: An S-acyclic 1-dimensional Poincare complex over A 

(-E)-quadratic 

\

(c,."..Q.1(C._E) iLO(A,S,E) 
represents ° in if and only if it is homotoFJ 

(C,W<Q1(C,-E» Lo(A,S,E) 

i(}(D'1 ) 
equivalent to the boundary of a connected S-acyclic 2-dimensional 

O(D,~) 

ieven (-E)-symoetric 
complex 

(-E)-quadratic t 
(D,~£Q2(Dt-E» 

over A trith D a f.g. projective 
(D,~EQ2(D,-E» 

A-oodule chain complex of the type 

D: ••• -0-D2~D1~Do- 0--. 

by the S-acyclic counterpart of Proposition 5.4 iii). 

••• t 

l(C,'4') = d(D,~) 
Let be an S-acyclic boundary, as above. The associated 

(C,W) = ,HD,S) 

I eVen E-symmetric 

LSPlit E-quadratic 
linking form is the boundary 

of the non-degenerate form over A 1 
E-syiwetric 

E-quadratic 

(coker{ ( d· ) : DO ------)- D 1.D ), [10 + d71 
~O 2 Ed. t 'K,"' 

L (K,t> = 

tE-s:rnLetric 
of forns Over A 

E-quadratic 
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\ (~1 : (D2 ,O)_(K,<x) 

l [~) (D2 ,0) --> (K,~) 

t(K,O<) 
is the inclusion of an S-lagrangian in • 

(K,P) 

tK,oI) IS-Betabolic 
Conversely, let be an non-degenerate 

(K,~) S-hyperbolic 

1 
E-symmetric 

form over A, and let 
E-quadratic 

I j : (L,O) ______ (K,ot) 

l j : (L,O)~ (K,~) 
be the inclusion of an S-lagrangian. Define a connected S-acyclic 

2-dimensional complex l even (-E)-symmetric 

(-E) -quadra tic 

representing ~(QE(K), and any {CROmA (L,L·) such that 

j.~j = ,,- ErE H~mA(L,L.) • 

i'd(K,o() 
The boundary is the non-singular linking form j 

even E-symmetric 

o(K'f) split E-quadratic 

jeven (-E)-symmetric 
associated to the boundary S-acyclic 1-dimensional 

(-E)-quadratic 
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are S-acyclic 1-dimensional 

1 even (-e) -symmetric 
Poincare complexes over A such that there exists an 

(-e)-quadratic 

isomorphism of the associated 
{

even E-symmetric 
non-singular linldng forms 

over (A,S) 

then 

split E-quadratic 

! (H1(C) ''P~) --- (H1
(c,) ''PaS) 

(H1(C),(1+T_E)'V~,v~(V»~(H1(C,),(1+T_E}VOS ,v~(V'}) 

Give.n such an isomorphism >1e have (by Proposition 13.3) 
fe-el-symmetric 

a2sPlit (-E)-quadratic 

homotopy equivalence 

with 

\ f : 

1 f : 

(C,'l') - (C' .'1") 

(C,IJI) --~ (C' ,v') 

<I 

{ f"(,,) = <;>' E ~ 1(C'._E) 

L f~;<';t) = V' + n(a)EQ1(C',-£) 

for sOr.Je 6€Q2(C',_E) such that 

~~(e) ° 
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There is defined an S-acyclic 2-dimensional Poincare ~
even (-e)-sYDmetric 

pair over A 

so that 

(-e)-quadratic 

f «f 1) : C~C'-C"(~'P,'P"-ql')E Q2«f 1) ,-e» 
l«f 1): c .. C'-C',(5'1',Ve-(1V'+H(a»€Q2«f 1),-e» 

~ (C,'p) 

L (C,1V) 

(C' ''P')e LO(A,S,£) 

(C' ,V' + H(e» E. LO(A,S,E) 

vie shall prove that (C',1V'+H(a» (C' ,V t) E:. LO (A ,S ,£) using the language of 

S-forrnations (Proposition 13.6), as follows. 

Given non-singular split (-E)-quadratic S-formations over A 

(F,(f ~) ,e)G),(F,«( ~).e')G) such that 
\~ -1 ( -1 

a' - a € ker(S :QE(G)~QE S G» 

we have to shol~ that the non-singular split (-E)-quadratic formation over A 

(F,«(~),e)G)"(F,«(t),-e')G) is stably isomorphic to the boundary , 
'd(K,p) . (K,« ()+Er*) ,~)K) of an S-hyperbolic non-degenerate E-quadratic form 

over A (K,~fQE(K». Extend the inclusion of the lagrangian 

(~) : (G,O)---H_E(F) 

to an isomorphism of hyperbolic (-e)~quadratic forms over A 

(using Proposition 1.5). Define a non-degenerate E-quadratic form over A 

(
-a 

(K,~) = (GaF, p ° ) /1~1 -~'?\(O 
o \p t') ° 

For sooe s~S there is defined a morphism of E-quadratic forms over A 

(~) : (F,O)---+(K,P) = (G .. F,F) 

which is the inclusion of an S-lagrangian so that (K,~) is S-hyperbolic. 



The isomorphism of non-singular 

-1 ° 
° ° 

° 
° ° 

° ° t ~- 0 

° ° 

formations over A 

1 

1 

° 

: "0 (Go&F ,~) .. (G·eF. ,GeF) _(F,( t"¥}-O)G)e(F ,«( ~ }e ')G)e(F·.F_· ,FeF) 

defines a stable isomorphism ~ 
[a,b,c) : 'O<K'P)---?'(F,(t}J.-O)G)"(F,«( ~').O')G) • 

It follo>ls that the S-acyclic 1-dimensional (-e)-quadratic POincare' complexes 

over A (C,'I'),(C,'I") associated to (F'«(J)'O)G),(F'«(i),e')G) are S-acyclic 

cobordant 

(C, w) 

(] 
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l
e-Symmetric 

A sublagrangian of a non-singular E-quadratic 

split E-quadratic 

linking 

i 
(M,) 

form over (A,S) (M,}.,p.) is a submodule L of 11 such that 

(M,). ,v) 

i) Land M/L are h.d. 1 S-torsion A-modules 

l
e-symmetric 

11) the inclusion. j CO RomA (L,M) defines a morphism of e-quadrat1c 

split e-quadrati 

linking forms over (A,S) 

ia onto. 

(L,O) --~. (M.)..) 

(L,O,O)---+ (}!,>' ,r-) 
(L,O,O)._ (H,).,V) 

1i1.) the A-module morphism 

[).) : J.l/L -- L" 

The annihilator of a sublagrangian L is the submodule 

of M, such that L~LL and LL,LL/L are h.d.1 S-torsion A-modules with 

LL/L = kerC[~] : J.l/L--7 If) • 

A lagrangian is a sUblagrangian L such that 0.) If: Rom A (J.VL,L") is 

an isomorphism, that is 

LL = L 

{

<even) E-symrnetric 
A non-singular 

(split) e-quadratic 

if it ad~ts a lagrangian. 

f 
(even) metabolic 

linldng form is 
(snlit) hvperbol~c 
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Pronosition 13.& i) Given a sUblagrangian L of a non-singular 

t 
(even) E-symmetric 

E-quadratic 

split E-quadratic 

linldng form over f 
(fr.,) 

(A,S) (H,:\ '1") there is 

(r-I, ~ ,v) 

defined a 

non-singular I 
(even) E-symmetric 

E-quadratic 

split E-quadratic 
{ 

(Ll/L, \..I.~) 

linldng form over (A,S) (Ll/L,~.I./~'rl) 

(Ll/L, >-.1./1. ,vI) 

such that 

\ 

H!,).) .. (L.L/L,-)..I.h) 

(M,~,~) .. (Ll/L,-~.L/~,-rl) 

(11,~ ,v) .. (L.L/L,-)..L/" ,-vI) i 
(even) metabolic 

is hyperbolic , mth lagrangian 

1
<even) E-symmetric 

ii) A non-singular 
(split) E-quadratic 

t(even) metabolic 
if and only if the 

(split) hyperbolic 

split hyperbolic 

linking form over (A,S) is 

{ 

(-E)-syzmetric 
associated 

(split) (-E)-quadratic 

{

(even) (-E)-symmetric 
homotopy equivalence class of S-acyclic 1-dimensional 

(-E)-quadratic 

Poincare complexes over A contains the boundary of an i(c,q>£Q 1(C,_E» 

(C ,lI"Q.1 (C ,-E» 

l(even) (-E)-symmetric 
S-acyclic 2-dimensional Poincare pair over A 

(-E)-quadratic 

t
-(f:C ---D,(~:p,'l')" Q2(f,_E» 

with H2(D) 
(f:C - D,(h ,V) (. Q2(f ,-E» 

o • 
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. 2 

Proof: ii) Let be an S-acyclic 2-dimensional 1 (f:C --.. D,(ltp,'l'h Q (f ,-E» 

-- (r:C---. D,(S",V)1o Q2(f,-E» 

l(even) (-E)-symmetric , 
Poincare pair over A such that H2(D) 

(-E)-quadratic 

ileVen) E-symmetric 
The non-singular linldng form over (A,S) 

split E-quadratic 

o. 

t(H 1(C) ,<p~) t(C'tp€Q 1(C,_E)} 
1 S 0 associated to the boundary is 

(H (C),(1+T_E)"0'vS(V» (c,"CQ1(C,-E» 

}

(even) metabOliC, 
with lagrangian 

split hyperbolic 

The correspondence of Proposition 13 •. 4 associates to a metabolic 

(even) £-synunetric linking form over (A,S) (11,)..) with lagrangian L a 

map of S-acyclic 1-dimensional (even) (-E)-sy~etric complexes over A 

f : (C,,,,) ---+(D,O) , 

tlith f:C _D a chain map of f.g. projective A-module chain complexes 

D 

"'~O~'I' )-o~ ... 
••• ---t- 0 ---+ D 1 ~ D 0 -to 0 ----'" ••• 

resolving 

From the exact sequence of :Proposition 5.1 ~le have 

'PE ker(;':Q1(C,-E) -->pQ1(D,_e:» = im(a:Q2(f,-E) ~Q1(C,_E» , 

so that there exists an S-acyclic 2-dinlensional (even) (-E)-symmetric 

Poincare pair over A (f:C ----..D,(~'l'",)EQ2(f,-E» such that H2(D) = 0, 

with boundary (C,,!,). Thus a non-singular (even) E-symmetric linking form 

over (A,S) (11,).) is metabolic if and only if any associated S-acyclic 

1-dimensional (-E)-symmetric Poincare complex over A (e,,!,) is such B 

boundary. 
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1 
hyperbolic 

The correspondence of Proposition 1}.~ associates to a 
split hyperbolic 

t(H,",!,,) 
linking form over (A,S) with lagrangian L a 

i E-quadratic 

L split E-quadratic 

~ (-E)-quadratic 

LSPlit (-E)-quadratic 

over A 

0-1,>' ,v) 

map of S-acyclic 1-dicensional (-E)-quadratic complexes 

f : (C,'V)~ (D,O) 

with f:C-D exactly as in the E-sym:netric case above. It is possible to 

choose resolutions such that f E Hom
A 

(CO,DO) is an isomorphism. (Explicitly, 

given a f.g. projective A-module resolution for HO. 

0---4C1-L Co --'rMft--+O 

wri te the dual resolution of (H~)" '" 11 as 

0-------+ CO ~ C 
1 ~1I ~ 0 

Define a f.&. projective A-module 

P '" e -1 (L) ~ C 1 , 

~rrite 

of d* 

g€HOm
A

(p,c1 ) for the inclusion, and let h~HomA(CO,p) be the restriction 

o 1 
'" "h E Hom

A 
(C ,C ). The S-acyclic 1-diLIensional f.g. projective A-module 

ch"in c01!lplex 

D d 
••• ~O ~D1~DO_0.--+ 

defined by 

is a resolution of LA 
d ,. 

0------+D1~DO-L --0 

The A-module chain map f:e -- D defined by 

e ... ~: :-:.1' -:--r: 0 ~ 
••• --.. 0 -D1 -Do ------. 0_ D 

is a resolution of 
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[

(-E) -quadra tic 
with rE HomA(Co,Do) an isomorphism). By the definition of 

split (-E)-quadratic 

map we have that 

f%('V) '" H(6)E Q1(D,-E) 

"2 
for some Tate Z'.2 -hypercohooology class 6 (!; Q (D ,-E) such that 

\ 

A 1 hO( 
v,(6) '" 0 : H (D)-H Z'.2;A,E) 

~(a) '" 0 : H'(D) - ~1(Z'.2;S-'A/A,E) 

The classes 'fE: Q1(e,-E), 6€Q2(D,-E) are represented on the chain level by 

A-module morphisms 

~o: c1 _co ,"'1 : CO~CO 

• 0 "" 1 0 
6_1 • D --+ D1 ' 6_1 : D -DO ' 6_2 : D -- DO 

such that 

d"'O + VOd* + "', + E"'1 '" 0 , d6_1 + 6_1d* + 6_2 + Ea:2 '" 0 , 

60 - E60 = 0 , d6 0 - 6_1 + Ea!1 '" 0 , 60d* + it, - E6!1 '" 0 

fVof- '" a_1 ' {Vof* '" 9_1 ,fV1r. 6_2 , 

The Vanishing of the (-e:)-h:;-perquadratic \ - Wu class 
tlinking 

o H1 (D) ~Ho(Z'.2;A,E) ; x....--. 60 (X)(X) 

o H1(D)_U1 (Z'.2;S-1A/ A,E); X 1---4- "-(6_
2 

+ 6_111*)(y)(y) 
ss 

(Xf.D1 , y"DO, sES, 

1 
implies that there exists \" HomA (D ,D,) such that 

a O '" ~+ ErEiI;t(1+TE:~E(D ) -Q D) 

sx '" 'd*yl<D
1

) 

1 
1 E( 1 ) 

_ - .... -..... -1 0 E -1 0 
f('V

1
+ 'VOd*)f· - d\d*€.ker(S :~(D )----+Q (S D» 

Define a' E:~2(e,-e:) by 

6~2 '" r-1d\d*;·-1 - (V1 +VOd*) 

e' '" ° e2
- r +

s 
----+C (s"?; -1) a r 

o e -----4 Co 



and let 

'1" 

Then 

and 

i ( -e:) -quadra tic 
We thus have a 

split (-e:)-quadratic 
homotopy equivalence of S-acyclic 

1-dimensional (-e:)-quadratic Poincare complexes over A 

1 : (C,V) _____ (C,V') 

with (C,V') the boundary of an S-acyclic 2-dimensional (-e:)-quadratic Poincar: 

pair over A (f:C--+D,(S'I" ,V') €. Q2(f,-e:». 

Next, lIe relate the (sub)lagrang!ans of the boundary of a 

non-degenerate form over A to morphisms of non-degenerate forms over A 

~rhich become isomorphisms over S-1A• 

le:-Symmetric 
.An S-isonor~hism of non-degenerate forms over A 

e:-quadratic 

(K,o/)~(K',o('> 

(K,r) ----- (K' ,~') 

is an A-module S-isomorphism f EO HomA (K,K') such that 

\f-""f -cl. ~ker(s-1:Qe:(K)-->"Qe:(S-1K» = 0 

[J 

}f-~'f -1\ E ker(S-\Qe:(K)---. QE(S-1 K» (I 0, in general) • 

t
S-1 f : S-1 (K,<J() ~ S-1 (K' ,0<.') 

Then is an isomorphism of non-singular 
S-1 f : S-1(Kf') ~ S-\K' ,~') 

1 
e:-synunetric -1 -1 . 

forms over S A. lTote that if 1/2 {S A the S-isomorphism 
£-quadratic 

classes of non-derenerate e:-quadratic forms over A coincide ~nth the 

-250-

S-isomorphism classes of non-degenerate even €-synunetric forms over A. 

(An S-isomorphism. of the €-symmetrizations 

defines an S-isomorphism of non-de,enerate e:-quadratic forms over A 

f : (K,~) ---_+. (K' ,~') 

since 

An S-e3uivalence of S-isomorphisms of non-degenerate 

forms over A 

) (g,g') 

1 (g,g') 

'" -- - ..,-(f:(K,<><)- (K' ,""» -->- (f:(K,"') ~ (K' ,""» 
(f:(K,e)~ (K"Il'»~ (r:(K,f>-(K',j')) 

is defined by S-isomorphisms 

! g : (Kpe) ----->- (K,~) 

1 g : (K,~) ----.. (K,P) 
g' 

g' 

(K',"") ~ (K"~') 

(K' t~') ----+(K' '~') 
such that g ~ HomA (K,K), g' E HOIllA (K' ,K') are isomorphisms and such that the 

diagram 
K __ f __ ~ K' 

gi ig' 
K __ f_-... K' 

commutes. 

~
(even> e:-symmetric 

A non-singular 
(split) e:-quadratic 

linking form over (A,S) 

for some 

\ (even) cletabolic 

{ : 
~ (even) metabolic 

l(SPlit) hyperbolic 

if there exists an isomorphism 

(H,).)e(N,<j»~ (N' ,cp') 

(14').'I''''(N,cp,V) - (N' ,cp' ,'V') 

t
eN,,?) ,(H' ,'P') 

linking forms • 
(n,,~,v) ,(N',cp' ,V') 

[

en,).) 

(11,>',1-') 



Propos~t~on 13,9 ~) The sUblagrangians L of the boundary 

\ even E-eymrnetric 

7 E-quadratic 

( split E-quadratic 

linking form over (A.S) 1
3 (K'O() 

(} (K.",) 

() (K,~) 

(r.i,). ,f) of a non-degenerate 

(M,>. .)}) t
E-Symmetric 

even E-symrnetric 

E-quadratic 

form over A ! 
(K.o(EQE(K» 

<K,o(~ im(1+TE :QE (K)--. QE(IC») 

(K, ~f-QE (It» 

are in a natural one-one 

correspondence with the S-equ~valence classes of S-isomorphisme of _ 

{ 

e:-symmetric 

non-degenerate even E-symmetric 

e:-quadratic 

forms over A 

with 

(IC,ol) ~ (K' ..... ) 

(K.«) - (K' ,ot') 

(K.r-) ----. (K' ,~') 

i (L.I./L.".I./).} = a(K' ,Ot'} 

L coker(f:K ~K'), (L.I./L,)..I.j,. ,,,,I) ~(K' ,0<') 

(L.I./L,),..I./A .... 1> cHK' ,~') • 

I 
(K' ,0(') 

Lagrang~ans L correspond to S-isomorphisms with (K' .~') non-singular. 

(K' ,P') 

ill A non-s~ngular E-''luadratic linking form over (A.S) ~ 
even e:-symmetric 

split E-quadratic 

is stably hyperbolic if and only if it is isomorphic to the 

t 
even metabolic 

spl~t hyperbolic 

boundary '" (K,oI) of an S-metabolic ~ 
'() (K,o<) is-metabOliC 

non-degenerate 

1 

E-symmatric 

even E-symmetric 

E-quadrati.c d(K,~) . S-hyperbolic 

\ 

(K.",) 

form over A (K,~). 

(K.~) 

~: i) Given an S-isomorphism of l<even) e:-symrnetric 
non-degenerate 

E-quadratic 

forms over A 

\ f: (K,"') --~> (K' .0(') 

1 f : (K.~) --~) (K' .~') 

~ 
even E-sYlDliletric 

define a eublagrangian L for the boundary 
split e:-quadratic 

linking form over by the resolution 

(e:-quadra tic) 

with DIe (3+ "P·EHomA(K.K·). ",' = f + e:(l>'·€.HomA(K',K'·) 1n the e:-quadratic 

case. An S-equivalence of S-isomorphisns of non-degenerate 

{

(even) e:-symmetric 
forms over A 

E-quadrat~c 

-' 
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\ (g,g') : (f:(K,"')--+ (K' ,""'»- (~:(~) -(~' ':'» 
1 (g ,g') : (r: (K,f» --'1- (K' ,t"» --->-(r: (K,P) ->- (K' ,f-'» 

(E-'luadratic) 
induces an leven E-syronetric 

isonorphism of linJ--,ing forms 

over (A,S) 

such that 

split E-quadratic 

: o(K,c<) ~acK,~) 

: o (K,\'I) --4 0 (K,P) 

the isomorphism ~lith resolution 

O~K~K. __ II:~O 

gl ? __ . 19·-1 Ih 
0--+ K h j{* ----->- it ---+0 • 

Conversely, suppose given a non-degenerate even E-symmetric form ~ 
E-symmetric 

E-quadratic 

over A (K,"') and a sUblagrangian L of the boundary O(K,OI). Define an 

1 
(K,oI.) iO(K'<-() 

(!{,~) O(K,f> 

S-acyclic 1-diI:!ensional 1 
even t -E) -sy=etric 

(-E)-quadratic 

\-E)-quadratic 

Poincar~ complex over A 

. 1 
\ (C ,'l'E~ (C ,-E» 

J (C, 'i'C.Q1 (C ,-E» 

l (C,'VQ1(C,-E» 
} 

even E-symmetric 

~li th associated non-singular E-quadratic 

split E-quadratic 

linking 

o (r f. 0,1) 

Let e eHomA(K-,1-!) be the natural projection 

e : K* ~11 = coker(ot:K __ K·) I 
coker(c(:K --+K·) 

COker(~+E~.:K -K-) 

define a f.g. projective A-module 

K' = e-1 (L)SK-

and define also A-module morphisms 

f = \:: • K -7 K' 

~ ~ +E~·I 
g = inclusion: K' --4 K- • 

The A-module chain map h:C~D defined by 

D 

(with,,/. =f' +Er* <: RomA (K,K·) in the E-quadratic case) is a resolution of 

h. = (inclusion)" : HO(C) = 11" ---4 HO(D) = L" 

K 
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t 
even E-symmetric 

The morphism of E-quadratic linking forms over (A,S) defined by the 

inclusion 

split E-quadratic 

! 
(L,O) ----.~X, ... ) 
(L,O,O) ---+.3{x,,,,) 

(L,O,O) ---'CXK,P) 

is associated (by Proposition 13.4) to an E-quadratic l
E-symmetric 

map 

sp1it E-quadratic 

(C ,'9) --+ (D,O) 

(C,"') ----+ (D,O) 

(C,"') -----+ (D,O) 

h..,("') ,. 
for some OE Q2(D,_E) such that 

1 ~O 
H (D) -- H (7hzIA,E) 

R
1 (D)----4> ii1{7h

2
IS-1A/A,E) 

\vorking exactly as in the proof of Proposition 13.8 it is possible to 

replace "' EQ1(C,-E) by "'+H(O')Eo Q1(C,-E) for some O'€ i 2 (c,-d such that 

o 
, to ensure that 

o 

~~("') = OE: Q1{D,-E) • 

I
h%('9) = OEQ1(D,-E) 

It follo>ls from ~("') = 0 E Q1 (D,-E) that there exists a connected S-acyclic 

2-dinensional 

~('V) 0 (Q1(D,-E) 

) 

even (-E)-symmetric 

(-e:) -quadra tic 

(-E)-quadratic 

pair over A 

~ (h:C_D,(li"''9)~'l{h,-E» 
~ (h:C--+D,(~'V,'V)tQ2{h,-E». 

[ (h:C--H,(S>;l,'I')t1
2
(h,-E» 
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Define a non-degenerate 

t 
E-sYL1Il:etric 

even E-symmetric 

E-luadratic )

(K' ,~') 

form over A (K',~') by 

(K' ,~') 

K'o_D
1 K'· . 

The S-isomorphism of non-degenerate forms 

l
f I (Kpt) -(X' ,0(1) 

° f I (K,"") l (K' ,<I') 

f (K,~) '(K',P') 

} 

'C)(x,oi) 

°determines the sUblagrangian L of 9(K,o<.). 

e(K,~) 

ii) We need a preliminary result. 

~ Given an S-isomorphism of non-degenerate 

\

- E-symmetric 

even E-symmetric forms over A 

£-quadratic 

(K,d) ----+ (K' ,(l(') 

(K,ot) --- (K' ,1)(') 

(K,~) -- (K'.f) 

there is defined a lagrangian L for the boundary 

1
/ d(K,O().<>{X' ,_01') 

linking form over (A,S) o (K,,,,).a(K' ,-0('). 

d (K,~)..a(K' '-f'> 

! 
even £-symmetric 

E-quadratic 

split £-quadratic 

• 
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Proof: The S-isomorphism of non-degenerate 
( (even) ~-symr.tetric 

1 E-quadra tic 
forms over A 

(
<X'.f. 

f· 

has non-singular range, so that has a lagrangian by i). id(K,o<)eOCK' ,-0(') 

3(K,~)ec(K' ,-~') 

l (K,.,() 
Let be 

(K,/,» 1 
S-metabolic 

an 
S-hyperbolic 1 

(even) E-symme-tric 
non-degenerate 

E-quadra tic 

form over A, and let j<:HomA(L,K) be the inclusion of an S-lagrangian L. 

(] 

As becomes onto over S- A there exist kE BomA (L- ,K) ,Sf: S ~
j."«SHOmA (K,L·) . 1 

j·(f+~f·) E. RomA (K,L*) 

such that ( ) l j-o<lt = SE RomA L- ,L* 

7. j·(~+~~·)lt = B ~HomA(L-,L*) • 

Applying the Lemma to the S-isomorphism of non-degenerate forms 

) (j k) : (K' ,<>l') 

1 (j It) : (K',f) 

(LeL·, ( ~ \ES 8 ) ~(K,<>l.) 
It*o(k 

(LclL., (0 S) ----+ (K,~) 
o k·~k 

)

(hyperbOliC) even metabolic 
lin!dng 

a split hyperbolic 

form over (A,S). Furthermore, there is defined an S-isomorphism of 

non-degenerate forms 

with non-singular range, so that ~ i
o 

(K' ,ol') 's \(hyperbOliC) even metabolic 

t (K,"') 
vie have shO>1D that is 

(K,~) 

(K"r') split hyperbolic 

1 
(hyperbolic) even metaboJ.ic 

stably 
split hyperbolic 

l 
even metabolic 

It remains to prove the converse, that; a stably hyperbolic 

split hyperbolic 

by i}. 

linking form over (A,S) is isomorphic to the boundary of an even S-metabolic ~
s-metabolic 

non-degenerate form over A. 

) 

(M,>.) 
Let be a 

(H,).,v) {

even E-symmetric 
non-singular 

split ~-quadratic 

S-hyp=rbolic 

linking form over (A,S), 

By Proposition 13.4 there exists an S-acyclic j even (-E}-symmetric 
1-dimensional 

(-E) -q uadra t:l.c 

Foincare complex 

1 
(C,IP) f. LO(A,S,E) 

The S-acyclic cobordism class depends only on the isomorphism 
(C,'II) EoLO(A,S,~) 

class of (Proposition 13.07 i», vanishing if is 
\

OO!,},) i(H,),) 
(H,>',"'" (H,). ,).» 

\ 

even metabolic t(C,"') = 0 £LO(A,S,~) 
(Proposition 13.8 U». It follo,.,s that 

split hyperbolic (C,'II) = ° E-LO(A,S,E} 

tOt,)..) 
that is isomorphic 

(H,).,V) iw').) 
if is 

CH,). ,v) leven metabolic 
stably , 

split hyperbolic 
and hence 
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to the ts-metab01.iC le-symmetriC 
an non-degenerate 

S-hyperbo1.ic e-quadratic 
form 

\

0(K,ol) 
boundary of 

'}(r.:,r) 

\

(K,"') 
( Proposition (K,p' 

over A 13.7 ii». It may be simi1.arly verified that if 

(J!,~) is the E-symmetrization of a stab1.y hyperbolic E-quadratic linking form 

over (A,S) (M,~,r) then it is possible to find an S-metabolic non-degenerate 

E-symmetric form over (K,~) which is even and such that (M,~,r) is isomorphic 

to the boundary 8(K,~). 

[] 

e-symmetric 

Define the Witt group of 
even e-Byn~etric 

linking forms over (A,S) 
E-guadratic 

split e-quadratic 

LE(A,S) 

L\v 0'> E(A ,S) 

LE(A,S) 

Le(A,S) 

to be the abelian group of stable isomorphism classes of 

E-sytlmetric 

even e-symmetric 
non-singular 1.inking forms over (A,S), the stability being 

e-quadratic 

split e-quadratic 

! 
metabolic 

even metabolic 
,Ii th respect to the 

hyperbolic 

sp1.i t h:'perbolic 

sum e, and inverses are given by 

linking forms. Addition is by the direct 
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- (H,>.) (l-l,-).) ~ LE(A,S) 

- (N,).) (M,->.) € L<vo~e{A,S) 

- (H,).,r-) (I1,-).,-p) CS Le(A,S) 

- nl,).,v) (H,-).,-v) t Le{A,S) , 

since the diagonal IJ = l (x,x)E.J'!.I'llx~H) is a lagrangisn of 

(~l,).).(M,-l.) 

(n,>').(M,->.) 

(H, l.,p)e<r·I.-).,-r-) 

(1:,'). '''')e(t·l,-).,-~) 

(Proposition 13.8 i». There are defined forcetful maps 

L<vo'>e(A,S)__>_LE(A,s) ; (H,).) 1------+ (n,>.) 

LE(A,S)----+ L~vJe(A,S) ; (H,>.,!,-) ----'" (M,).) 

LE{A,S) ---+ LE{A,S) ; (11,'-,") t-----'>- (l.!,).,)-,-= p)l) • 

A non-singular form over S A 
\

(even) e-symmetric -1 ~(Q'~) 
E-quadratic (Q,V) 

such that 

~
S-1(K"'" -'" ~ -1 ,...... 

(Q] € S = im(KO{A) -4 KO(S A» is isomorphic to -1 for some 
S (K,~) 

I 

i (even) e-symmetric {(K~) 
non-degenerate form over A • It follows from 

E-quadratic (K,.~) 

Proposition 13.9 ii) that the boundary operation 

-C : (non-degenerate forms over A) ---+ (linldng forms over (A,S» 

can be used to define abelian group morphisms 

L~(S-1A)--' L<,vO~E(A,S) ; S-1(K,o<) ~ d(K,"') 

T./V :>E(S-1 A)--+ L (A,S) ; S-1(K,oe..) --..d{K,"'-) 
"0 S e 
L~(S-1A) --LE (A,S) ; S-1(K.{\)~ O(K,~) • 

There is also defined amorphism 

d : L~(S-1A)_Le{A.S) 

namely the composite 

.. 

.. 
! 
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The correspondence of Proposition 13.6 associates to a non-singular 

\ (even) E-symmetric 
) linking form over ! (H,},) 

(A,S) a stable isomorphism 
LE-quadratic (n.>..},,) 

\

(even) (-E)-symmetric 
class of non-singular formations 

(-E)-quadratic !(Q''P;F.G) 
over A , 

(Q,V;F,G) 

and it fo11o"s from Proposition 13.9 ii) that there are defined abelian group 

morphisms 

LE(A,S) ~ H-E(A) ; (r.!,>-) r-- (Q,<;>;F ,G) 

:r...;vO)E(A~S) ~ M(vQ> -E{A) ; (I-I,~h-_(Q,<;>;F,G) 

LE(A,S)----t M_E(A) ; (H.)..t~t----'r (Q,V;F.G) • 

There is also defined an abelian group morpbism 

~(A,S),~H_E(A) ; (!',)..")~(~,";F.G) , 

namely the composite 

LE{A,S) ---+LE(A,S) -- 11_E(A) 

\

L2k{A,S,E) 
Define abelian groups (k~ -1) by 

L
2k

{A,S,E) 

i 
~k(A,S,E) = L2k+2i(A,S,(-) E) 

(extending the periodicity of Proposition 13.1 11» 

L-
2

{A,S,E) L_E(A,S) 
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Pronosition13. 10i) The localization exact sequence of algebraic Poincare 

cobordism groups 

L2k(A,(_)kE)_ L~k(S-1A,(_)kE)-----'- L2k(A,S,(_)kE) 

--+L2k-1(A,{_)!'e:)~ L~k-1(S-1A,(_)kE) 

is naturally 

\iitt groups 

(k = 0 
isomorphic for Jk = -1 

(k ~ -2 
to a localization exact sequence of 

) 

LE(A) _ L~(S-1A)~ L(vO,>E(A,S)___+J.l(vc1-E (A) -----.. M(vif;E(S-1A) 

L<.vJ E(A)_ u..vO) ~(S-1A)~LE(A,S)----->-n-E(A)- 1'~E(S-1A) 

L~(A)~ LS (S-1A)--+L(A,S) -+J.! ~(A) ~1-r>~(S-1A). -
~ E E -~ -~ 

ii) There are defined natural abelian group morphisms 

LE(A,S) ~ L2k(A,S,(_)kE) (k~ 1) 

for all A,S,E. l (A'~) is O-dimensional lk;:'1 
If " "1 -1 AO then for 

ker(b:H {2Z
2

;S A/A,E)_H (2Z
2

;A,E» = 0 k= 1 

these are isomorphisms. and (·)2k is naturally isomorphic to a localization 

ex;ct sequence of ~l1tt groups 

\~E(A)~ L~(S-1A) ~LE(A,S) _____ M-E(A) ~M;E(S-1A)~Cl 
1 L2 (A,-E) ---f'L~(S-1A,-E) ----+ LE(A.S) --+ ll-E(A) ----7 I,t;E(S-1A) 

iii) For all A,S,E the forgetful map of Witt groups 

is onto, and there are natural identifications 

I'A S _1.-v /'l E -1 () 
coker\,,:LE(S A)~LE(A,S» = cOkenc-:L<.vO'S(S A)~LE A,S) 

= ker(!.i (A)_Ir>~(S-1A» • 
-E -~ 

If (A,S) is ~dimensional 

ker(LE(A,S) _lrE{A» = Iter(L'v
O
)E{A.S)--+ H(vO,,-E(A» 

E( E-1 = coker(L A)----4-LS(S A» • 



the forgetfu1 map identifies 

and if 1/2 E: A then 
~" E 
LE(A,S) ~ LE(A,S) ~ L<vo> (A,S) ~ LE(A.S) 

Proof: i) An S-aeyclic 1-dimensiolla1 Poincare complex t 
even (-E)-s1r~etrie 

(-E)-quadratie 

\ 

LO(A,S.E) 
represents ° in if and only if the associated 

{

even E-sYlT.netric 
non-singular 

split c-quadratic 

Lo(A,S,E) 

linldng foro over 

~
L<'VO) E(A,S) 

represents ° in (by Propositions 13.7 
LE(A,S) 

ii), 13.9 ii». It follows 

t~at the correspondence of Proposition 13.4 defines abelian group isomorphisns 

\ LO(A,S,E)~ L<'vO)E(A,S) ; (C,<p)~ (R1(C).'P~) 

~ Lo(A,S,C) -- LE(A,S) ; (C,'V)~ (H1 (C) ,(1+T ) 'VS ,vo('V» 
-c ° S 

7he exactness of the \"/itt group sequences 

) 

LC(A)-+L~(S-1A) ~L<'VO)C(A,S) -----'>M(vo)-C(JlJ __ M<V
O
,;E(S-111.} 

L ( ) S( -1 ) Cl ~ ( .s 1 E P. ~ LE S 11. -}- Lc II.,S) ~ }I_E(A} --'> I'CE(S- A) 

r:.ay no" be deduced froJ:! the exaetness of (·)0 and (*}-4 (Proposition 13.1 i», 

or else may be established directly usin~ Proposition 13.9 ii). The direct 

method applies also to the exactness of (*) ~ 
-" 

L<vO) 10(11.) --) L<vo~sC(S-1A) ~ L (A,S) - ... dl (A) __ If" (S-1A) 
C -10 -10 
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ii) Define abelian group morphisms 

LE(A,S)_ L2k(A,S, (_)kc ) ; H!,).)~ gk(C,.p) 

by sending a non-singular E-sYlilfdetrie linking form over (A,S) (H,).} to 

the k-fold ske>l-suspension of an S-acyclic 1-dimensiona1 (-c)-symmetric 

Poineare eomplex over A (C,~E:Q1(C,-E» such that 

1 S 
(H (C) .<pO) = (H,)V , 

as given by Proposition 13.4. The S-acyelic eobordism class 

Sk(C,'P)E.L2k(II..S,(_)kc ) depends only on the isomorphism class of (n,).) 

(which may be proved exacUy as in Proposition 1:;.7 i», and vanishes if 

(H,}.) is stably metabolie (Proposition 13.8 ii». so that the morl'hisms 

are well-defined. i"(A.S) is o-dimensional 
If ~ "1 1 

ker(!;:R (7h2 ;S- A/A,E)---"'" iiO(7h2lA,C» = ° then by 

there are natura1 identifications 

(S-acyclic eobordism group of S-acyclic 1-dimensional 

(-c}-symmetrie Poincare complexes over A) (t~: ) 
so that the morphisms sre onto. lIoreover, if (H,)')~ker(LE(A,S)--YL2(A,S.-E» 

then (C.~) is homotopy equivalent to the boundarya(D,~} of a eonneeted 

S-acyc1ie 2-dimensiona1 (-c)-symmetrie eomplex over A (D.~~Q2(D,-C}). and 

the proof of Proposition 13.9 ii) generalizes to sho~1 that 0-1,),.) is 

stably metabolie, so that the morphisms are also one-one, and henee isomorphisru 

ii1) Immediate from i), ii) and Proposition 13.5 ii). 

[] 
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i (even) E-symmetric {O.i,). iF ,G) 
An linking formation over (A,S) 

E-quadratic nl.>',!"iF ,G) 

{

(even) E-symmetric [(n,) 
is a non-singular linldng form over (A,S) together 

E-quadratic (M,~,~) 

with e lagrangian F and a sublagrangian G. The linking formation is non-singular 

if G is a lagrangian. 

~ 
(even) E-symmetric 

An isomorphism of linking formations over (A,S) 
E-quadratic 

\ f : (!4,';'iF,G)~ (14' ,"';F' ,G') 

\f: (11,\,riF,G)-(M',>",f'-';F',G') 

is an isomorphism of linking forms over (A,S) 1 
(even) E-symmetric 

E-'luadratic 

(M,).) -----+ (11' ,).') 

such that 

f(F) "F' , f(G) " G' • 

A sublagrangian of l
(even) E-symmetric 

an 
E-quadratic 

linking formation over (A,S) 

\

(J.!').iF,G) 
is a sUblagrangian H 

(H,>.,piF ,G) 1 
(M,)..) 

of such that 
(1I, '>-, r-) 

i) H<; G, \<ith G/H an h.d.1 S-torsion A-module 

ii) F n H " i o}, M " F + H.L 

An elementary equivalence 

over (A,S) is the transformation 

l(even) E-symmetric 
of 

E-quadratic 

J (H,).iF,G)I~ (M',>"iF',G') 

1 (H""I';F,G)'~ (l1',>",I"iF ',G') 

linldng formations 
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1
(H,). iF ,G) 

deterained by a sublagrangian H of , with 
(l-I,}.,!,iF,G) 

\" (H',>";F',G') " (HJ./H,)..l/J.;FOH.L,G/H) 

1 (l-!' ,).' 't" iF' ,G') (HJ./H,)..lh, '1-'1 iF n H.L ,G/H) 

(tlhere F" H.L stands for the image of the injec tion F n H.L - HJ./H i x , _____ [x]) • 

Note that there are natural identifications of S-torsion A-modules 

F'I\ G' " FoG M'/F'+G' " IVF+G 

- in general, only G.I./G is h.d.1. Elementary e'luivalences and isomorphisms 

\

ceven} E-sycmetric 
of 

E-quadratic 
generate an equivalence relation on the set linldng 

formations over (A,S), which we shell call stable equivalence. 

In Proposition 13.12 below tIe shall identify the stable equivalence classes 

of (non-singular, resp. even) £-symmetric linking formations over (A,S) 

with the homotopy equivalence classes of connected S-acyclic 2-dimensional 

(Poincare, resp. even) (-E}-symmetric complexes over A. 

Given an h.d.1 S-torsion A-module L define the 

f

metabolic E-symmetric 

hyperbolic E-quadratic 

hyperbolic sulit E-guadratic 

linking form over (A,S) on L to be the 

{

even E-symmetric 

non-singular E-quadratic 

split E-quadratic 

with 

linking form over (A,S) 

(L9L A,>.) 

()ALA ,>-,r) 

(L~L", ).,v) 
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>. : L<>L" x lA>L" ~ S-1A/ A j «x,f) ,(x' ,f'» 1----+ f(xt) + e:'fiTij 

~: !.eL" ~ Qe:(A,S) j (x,f) f----? f(x) + e:ftXJ 

'" ( -1 "': L<>:L -----.. Qe: SA/A) j (x,f) ~~ f(x) 

for ~Ihich both Land r!' are lagrangians. 

A split e:-quadratic linking formation over (A,S) (F,G) = (F,«(!),9)G) 

is an e:-quadratic linking formation over (A,S) (He:(F)jF,G), where 0):G~F"F" 
I 

is the inclusion, together with a function a:G---+Q_e:(A,S} such that 

(G,~~r€nomA(G,G"),a) is a (-e:)-quadratic linking form over (A,S). 

(It can be shown that every e:-quadratic linking formation over (A,S) is stably 

equivalent to one of the type (He:(F)jF,G), and that (He:(F);F,G) supports a 

split e:-quadratic linking formation over (A,S) (F,G) if and only if G is a 

sUblagrangian of the hyperbolic split e:-quadratic lin!dng form Re:(F).) 

In Proposition 13.12 \'Ie shall identify the homotopy equivalence classes of 

S-acyclic 2-dimensional (-e:)-quadratic complexes over A with appropriate 

e1uival~nce classes of split e:-quadratic linking formations over (A,S). 

A split e:-quedratic linking formation over (A,S) (F,G) is 

non-singular if G is a lagrangian of He: (F), that is if the sequence of 

h.d.1 S-torsion A-modules 

is exact. 

An isomorphism of split e:-quadratic linldng formations over (A,S) 

is a quadruple 

(ot EO llomA (F ,F'), p'" HomA (G,G') ,<pE HomA (F .... ,F) ,'I':F" -- Q_e(A ,S» 

such that~ and f are isomorphisms, (F",cp,W) is a (-e)-quadratic linking 

form over (A,S), and 
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-1 ( i) t)(" fA = 1" ~f HomA G,F' 

ii) ,,(~ + '''''''''f'= IS 'r E. nomA (G,F') 

iU) a + Wr= a'~ : G-----4- Q-e:(A,S} 

(The A-module isomorphism 

( 

/l( ot<p ) 
f = 0 ~,,-1 

defines an isomorphism of the underlying e:-quadratic linldng formations over (A,S) 

f : (He(F);F,G) _ (He(F');F' ,G') , 

as well as an isomorphism of hyperbolic split e-quadratic linking forms over (A,S) 

f : Re(F) --I'He(F') • 

Conversely, given split e-quadratic linking formations over (A,S) (F,G),(F',G') 

and an isomorphism of hyperbolic split e-quadratic linking forms over (A,S) 

f:He(F)~~(F') such that f(F) = F', f(G) = G' it is possible to define an 

isomorphism (0<, p,cp,W): (F ,G) _____ (F' ,G') such that f _. : F .. F" -+F' .. F''') (
ot o<<P ) 

o 0< .... 1 • 

(There is an evident analogy between the theory of forms and formations 

over A (as developed in §1) and the theory of linking forma and linldng formatio~s 

over (A,S), except for the following minor discrepancy. Given a sUblagrangian L 

in a split e-quadratic linking form, over (A,S) (n,A,l') define a hessian to be 

a (-e)-quadratic linking form over (A,S) (L,<p,e) together ~rith an A-module 

morphism W "'HoIilA (H,N") such th,:t 

'I'(u)(v) 'I'(u)(v) ES-~A/A (u,vEL) 

1 ( -1 x(x)(y) W(x)(y) + eV{y)(x).GS- A/A ,. p(x) = V(x)(x)€:Qe: SA/A) (x,y€J.I) 

In particular, a split e:-quadratic linldng formation over (A,S) (F,G) is an 

e:-quadratic 1inking formation over (A,S) (He:(F);F,G) together \lith a choice 

of hessian (G.~·I' ,a) for G in Re: (F) , ~lhere 

V = (: :): FeF" - (Ft>F")"= F ..... F 
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The non-singular split quadratic linking form over (l'h, zz-j O!> (M,).,.,) 

defined by 

1 l'h2eZZ2 )< l'h2eZZ2 ---'> ~/l'h i «a,b) ,(a' ,b'»'-------" '2(ab' + ba' + bb') 

( 12 l'h2eZZ2 ~ Q+1 (1l/l'h) =pVl'h i a,b)r---.. ~(2ab+ b ) 

(a,a', b, b' € l'h2 ;; 7l/2l'h) 

has a lagrangian L = l'h2eO which does not admit a hessian, since}. 'I 'V + 'V. 

for any 'VG Homl'h(H,M"}. Thus hessians need not exist, unlike the situation 

obtaining in §1. HO>Tever, a sUblagrangian G in a hyperbolic e:-quadratic 

linking form over (A,S) HE(F} is a sublagrangian in the hyperboliq split 

E-quadratic linY~ng form over (A,S) RE(F} if and only if it admits a hessian. 

It is conceivable that there exists a different notion of hessian for 

sublagrangians in arbitrary split E-quadratic linking forms, which agrees 

~Iith the one above for hyperbolic split e:-'l.uadratic linking forms. 

The extra structure carried by a split e:-quadratic linking formation (F,G) 

corresponding to the choice of hessian for G in Re:(F} (i.e. the (-e:)-quadratic 

linking form (G, if',O}) >Tas first obtained by Pardon [2]). 

A sublagrangian H of a split E-quadratic linking formation 

over (A,S) (F,G) is a sUblagrangian H of the underlying e:-quadratic linking 

formation (HE(F)iF,G) such that 

al H = 0 : H ----+ Q_e:(A,S) • 

An elementary equivalence of split E-quadratic linking formations 

over (A,S) is the transformation 

(F,G)~(F',G') 

deterndned by a sublagrangian H of (F,G), with 

F' Fn HL = ker(j"I"':F ---4 nil) 

G' G/H = col~er(j : H--- G) 

(j = inclusion: H--G) 

a' 
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G' --'7 F' i (x] ~ 1I'(x) 

G' -+ F' .... ; (x] f--->- (y 1---+ f(x)(y)} 

G'--;. Q_E(A,S} i [x)~ O(x) 

(Then (HE(F'};F"im(l~:):G'---+ F'eF'''}) is isomorphic to the E-quadratic 

linking formation Obtained from (RE(F)iF,im(~):G~ FeF A» by the elementary 

equivalence determined by H). Elementary e'l.uivalences and isomorphisms 

generate an equivalence relation on the set of split E-quadratic linking 

formations over (A,S), which we shall call stable equivalence. 

Prior to the identification of equivalence classes of linking 

formations over (A,S) "ith equivalence classes of S-acyclic 2-dimensional 

complexes over A we need some preliminary results on the homotopy 

classification of 2-dib~nsional complexes. 

A 2-dimensional A-module chcin complex C is in normal form if it 

is a f.g. projective A-module chain complex with C
r 

= 0 (r 'I O,1,2) 

d d 
CI ••• ~ 0 - C2 - C1 -- Co _ 0 _ ••• 

lE-symmetric f(C,~) 
A connected 2-dimensional complex over A 

E-quadratic (C,~) 

{

'!'€Q2(C,E) 
is in normal form if the chain complex C is in normal form and 

IV EQz'C ,e:) 

is Poincare if and only if 
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[ 

e:-sYllU:1etric 
A stable isomornhism of connected 2-di~ensional 

e:-quadratic 

complexes over A in noroal form 

\ [f] : (C,<p) ~ (C' ,<p') 

1 (f] : (c,v) --...,. (c' ,v') 

is an isomorphism of cOIJplexes 1 
e:-symme tric 

e:-quadratic 

fff:. (C,<jI).Ce:(P)_ (C',<p').Ce:(pt) 

1 (C,'V)eCe:(P)- (C' ,'V')eCe:(p') 

~
Ce:(P) (D,qtoQ2(D,e:n 

for sOIJe f.g. projective A-~odules P,P',with I the 
Ce:(P) (D')"Q2(D,e:» 

contractible 

defined by 

D 

1 
e:-symmetric 

2-dimensional 
e:-quadratic 

complex over A in normal form 

_(,-1 __ 0.:..)~~ p. ~ 0 -+ ••• 

o 
1: D = P -D2 P 

, 'le o 

2 E : D = p •. ----+ DO = p. 

l 

1 

1~: 0 

Su 

0 
: D = P _D2 = P 

0) 1 o : D = P-ep· ---+ D1 = 

2 
: D = P·--DO = p. 

o D2- r - s ----+D (s)O 
r 
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ProEosition 13.11 The homotopy equiva·lence classes of connected 2-dinensional 

l
e:-sYmmetric 

complexes Over A are in a natural one-One correspondence with 
e:-quadratic 

[ 

.. e:-synunetric 
the stable isomorphism classes of connected 2-dimensional 

E-quadratic 

complexes over A in normal form. 

~: A stable isomorphism is a homotopy equivalence. Therefore it is 

~
E-Symmetric 

sufficient to prove that every connected 2-dimensional 
e:-quadratic 

complex 

is homotopy equivalent to one in normal form, and that homotopy equ1valent 

complexes deteroine stably isomorphic complexes in normal form. 

ie:-Symmetric 
Every 2-dimensional 

e:-quadratic 

homotopy equivalent to one in which the chain complex C is in normal form, 

i
· <peQ2(c,e;) 

and for such C the class is represented by A-module morphisms 
'If E. Q2(C ,E) 

CO d·. C 1 d· ~ c2 

1 <P1~oL~-'l1;:::: <jIo 0 /d<91 <Po 
C2 . ~ C1 ' Co 

CO d·. C 1 d·, C2 

'If°l~+~l~o 
d d 

C2 • C1 ) Co 

such that 
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d",O - IPOd* = 0 : 0 
C ~C1 , dlPO + ~Od. = 0 : 1 

C ~CO 

4'1 d * + 4'0 - E~O = 0 : 0 
C -C2 , d'P1 - <P1 d*' + ;:PO + E<90 = 0 : 1 

C ---+C1 

d~1 + fiO - E4'O = 0 C2 -----+C 
0 "'2

d
• - "'1 ... EC9; = o : C1 __ C 

2 
, 

d<P2 - <P1 - Etp; 0 2 
E"'2 = 0 C2_C C -C1 , '1'2 - : 

2 

1" -.. d' 
- "'1 + EVi 0 

0 
o 0 C -C1 
~ '" 1 

d"'O + :Od* - "'1 + E'Vi 0 C _CO 

dljl1 + "'1 d * + '1'2 + E'I'2 0 CO_C 
0 

f
<C,tp) 

Such a co~plex is connected if and only if the A-module morphism 
(C.'V) 

\ (d. 

L(d 
<fci) : C1ec

2
----}Co 

:0+ E1{/O) : c1ec2~ Co 
is onto, in ~rhich case tIe shall construct a homoto 

\ 

(C I ,<p'Erl(c I ,E» 
equivalent complex in normal form, 

(Cl ,'V'1:Q2(C' ,E» 
as follotls. 

Define a connected 2-dimensional E-symmetric complex over A 

(C',tp'(l(C',E» in normal form by 

~, [ep -;Pd* 
d ] 1 (d.) 0 1 'PO 

o . 1 
o : C' = colcer( (PO : C ----.+C eC2 ) ~ C~ 

-Ed* 

-, 
"'0 

E C,O = C2-~C2 C
2 "'1 [tpZd· 0] : c,1------. C2 

~, 

0 C,2 = c
2
-q <P' C,2 = C2

------C2 C2 • 
"'1 2 'P2 

The chain equivalence f:C' ->-C g:i.ven by 

C 

d' 
••• '--. 0 --'> C2 ---+ C1 

1 i (1 0) 1 
d 

••• ----? 0 --- C 2 ------..- C 1 

d' 
---+ Co ~ 0 -4 ••• 

~1 
d 

--_CO--.O-

C
2 

defines a hornotopy equivalence of 2-dimensional E-symmetric complexes 

f : (C' ,<p') __ (C,,,,) • 
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Given (c,'I'fQz<c,e:» as above \·re shall define first an auxiliary 

2-dimensional e:-quadratic cOl!!plex over A (CII,'I"·<.Q2(CII,E» by 

d" =(:): C2 = C2 ---- C~ C1.C
2 

(

d -('I' +E~.).) 
d" = 0 0 •• C1" __ C

1
.C2 ___ .... , C" - C .c2 

0- 0 
. 0 1 

vg = (0 1) : c"O = CO.C2~C2 = C2 

'I'" 1 

c
1

eC2 - C~ = c oec
2 

:): CII
O = c O

ec2 ~ Co = Co .. c
2 

The chain equivalence fll:C -. C" given by 

C" : 

••• ~0-C2~C1 ~ co----'>-O--

11 j(~):! (~) 
O C" d" C" d" C" 0 ••• ---+ ----l" 2 ~ 1 ~ 0 --;. --+- ••• 

defines a homotopy equivalence of 2-dimensional E-quadratic complexes over A 

fIt : (C,V)~(C"t'l"') • 

Define a 2-dimensional A-module chain complex C' in normal form 

C': _ 0 C' d' Cl d' C' __ 0--+ • •• ----""2--+1~O 

by 

d' (0 1) 
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Choose a splitting map (~): Co~ C1 .,C
2 

for (d ~O+EIjIO) : C1 .,C2_cO' 

such that 

dj + (~O+E'I'O)k = 1 : Co---'" Co ' 

and define a chain equivalence f':C"---.. C' 

C" " d" If d ll 
.. "'--70~C2 --+C1 --+Co -* 0-4- ••• 

f21 f~l fol 

C' O C' d' C' d' C' ° ••• -iO- ~ 2 ----4- 1 --+ 0 ~ -+ ••• 

by 

f2 = 1 : C2 = C2 --+ c2 = C2 

The connected 2-dimensional E-quadratic complex over A (C','V'EQ2(C',E» 

defined by 

is in normal form, and there is defined a homotopy equivalence 

f = f'f" : (C,'I') ~ (C' ,'V') • 

The above procedure associates to an isomorphism class of connected 

\

E-symmetric 
2-dinensional complexes 

E-quadratic ~
(C''l') 

over A ,.,i th C in 
(C,'I') 

normal form 

an isomorphism class of connected 2-dirnensional complexes OVer A 
} 

£-symme trio 

i(C""'> 
in normal form, 

(C' ,'1") 

E-quadratic 

preserving the homotopy type and also the direct sum ". 

In particular, if C is a chain contractible 2-diDensional A-module chain complex 

in noroml form then it is isomorphic to 
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for some f.g. projective A-modules P,Q and is isomorphic 
)

(C' ",,') 

(C' ,1jI') 

and hence stably isomorphic to O. It will folIo,., from the LeIl1u"18 belml that 

~
(C,<p) ,(C,:n '"' 

homotopy equivalent complexes with C and C in normal form 
(C,'I') ,(C,V) 

{

(C. ,,,,') ,(Cl ,;P') 
deternine stably isomorphic complexes in normal form '" 'V • 

(C' ,'1") ,(C' ,'11') 

{(C,<p),(C,~ tE-Symmetric 
Lemma Let ~~ be 2-dimensional complexes over A with 

(C,'I'),(C,'I') E-quadratic 

'" C and C in normal form. There exists a homotopy equivalence 

(C ,'1') -------+ (C ,-;p') 

(C,'I')--". (C,V) 

if and only if there exists an isomorphism 

(C,<p).,(D,O) -- (C,;p).(n,o) 

(C ,'V).,(D,O) ---l-(C,V').{D,O) 

for some contractible 2-dimensional A-module chain complexes D,D in normal for~. 

~: Given such an isomorphism i define a homotopy equivalence f by the 

composition 

Conversely, let f be a homotopy equivalence of the type stated. 

The algebraic mapping cone C(f), as defined by 

(_)r-1 f ) ~ 
: C(f) = C.,C 1 -- C(f) 1 d r rr- r-

;.. C eO 
- r-1 r-2 

is chain contractible. Choose a chain contraction 
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C(f) 
r 

so that 

dC(fr +rdC(f) = 1 : C(r)r-C(f)r 

and define chain contractible 2-dimensional A-module chain complexes D,D in 

normal form by 

o (r -10,1,2) 

The isomorphism of A-module chain complexes 

i I COlD_COIn 

given by 

( f [1 -~f -fg 1 ) 
0 -df 1 - dg 

C) - - ~ C2eD2 = C2",coker( d, :C2-C2eC1)-C2eD2 

i = 

( 
f ,+ (-)'-'" '-"-''") 
1 (_)r-1i (_)r-1 g 

0 o 1 

defines an isomorphism l
E-symmetric 

of 2-dimensional complexes 
E-quadratic 

"'", '"'-
(C ,'p) .,(D,O) --+ (C ,,,,)e(D ,0) 

(C,'l') .. (D,O)--4- (C,V)"(D,O) 

= C2eC1 

[J 

(] 
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An S-form over A is a non-degenerate 
{

(even) E-sYr!lnetric '{ (K.,,,;L) 

E-~uadratic (K,F ; L) 

\

' (even) E-sj'mmetric l (K,oI{.r.{(K» 
form over A together with an S-lagrangian L. 

E-quadratic (K,~{QE(K» 

The S-form is non-singular if the form is non-singular. l
(K'~;L) \(K,«) 

(K.~;L) (K,fl) 

~ 
(even) E-symmetric 

An isomorphism of S-forms over A 
e:-quadratic 

~ f : (K,a<;L) -- (K' ,,,U;L') 

1 f : (K,r;L)---->- (K' ,f;L') 

~
(even) e:-symmetric 

is an isomorphism of forms over A 
E-quadratic 

such that 

feLl '" L' 

l (even) E-symmetric 
A,stable isomorphism of S-forms over A 

E-quadratic 

J (f] : (K""';L)~ (K' ,~';L') 

1 (f] : (K,~;L)------+ (K',r;L') 

is an isomorphism of S-forms 

\ 

f : (K,,,t;L) .. (H,~;ll) ---4 (K' ,«;L')e(H' ,,,,';N') 

f : (K,r;L)e(H,'l';N) --+ (K' ,~';L')e(M"'V' ;N') 

t(even) e:-sy~etric 
for some non-singular S-forms 

E-quadratic ! (N,~;rr) ,(M' ,q>'; N') 
over A 

(M,'V;N),(M',.';R') 

f
(W''I''> 

laErangian of • 
(11','1") {

Ot'''') 
such that N is a larrangian of and N' is a 

(lI, 'V) 
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1 
even e:-s:ymmetric 

Proposition 13.12 i) The stable e1uivalence classes of e:-quadratic 

split e:-quadratic 

linking fornntions over (A,S) are in a natural one-one correspondence with 

the stable isomorphism classes of 
{ 

e:-symmetric 

even e:-symmetric 

e:-quadratic 

S-forms over A. 

Hon-singular linking forma tions correspond to non-singular S-forms. 

ii) The stable equivalence classes of (even) e:-symmetric linldng formations 

over (A,S) (n,}.;F,G) are in a natural one-one correspondence with the homotopy 

equivalence classes of connected S-acyclic 2-dimensional (even) (-e:)-symmetric 

cooplexes over A (C,~~Q2(C,_e:». Under this correspondence the exact sequence 

0----+H1(C).~ H1(C) _H1 (<po) --+ H2(C) ~ HO(C) ---'l' 0 

can be identified >lith 

and 

v~(<p) : H2 (C) = WF+G --- ilO(lZ2;s-1A/A,e:) ; x t----t- ).(x)(x) • 

!lon-singula.r tinldng formations correspond to POincare complexes. 

iLi) The homotopy equivalence classes of connected S-acyclic 2-dimensional 

(-e:)-quadratic complexes over A (c,V~Q2(c,-e:» naturally project onto the 

stable equivalence classes of split e:-quadratic linldng formations over (A,S) 

(F,(~),e)G). If the complexes (C,V),(C',V') project to the same stable 

equivalence class then (C',V') is homotopy equivalent to a complex obtained 

from (C,W) by an S-C1cyclic (-e:)-quadr9.tic surgery preserving the (-e:)-symmetric 

homotopy type, and 

pv~('¥) = pv~('¥') : 111(C) = ker(r:G---+F")----+Q._e:(A,S) ; x 1-+ e(x) • 

Poincare cor.tplexes project to non-singular linldng forrJations. 

(] 
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(Before eobarldng on the proof of Proposition 13.12 we remark on the sicllarity 

betw!'en these· correspondences and those of 

(linldng forms over (A,S» 

~ (S-acyclic 1-dioensional cooplexes over A) (Proposition 13.4) , 

(linldng forms over (A,S»~(S-formations over A) (Proposition 13.6) , 

(formations over A)~(1-dimensional complexes over A) 

(Propositions 1.7, 1.8) • 

In particular, given a connected 1-dimensional complex over A le:-symmetric 

~lith 

e:-quadratic 

lE-syrunetric 
and an associated 

split e:-quadratic 
formation over A 

o~ F I'\G - FO G.I. - G.I./G ~}VF+G _ .1/F+G.1 -+ ° 
{take '" 

{ 

e:-symmetric 
the \'Iu classes 

E-quadratic 
(1+TE)~ in the e:-quadratic case), and 

are given by 
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~: i) Given 
,even £-symrnetric ~(H,.\;F'G) 

an 1 lin:dng formation over (A,S) 
l £-quadratic (H,). ,p-;F ,G) 

\'Ie have from I even E-symmetric 
Proposi tion 13.9 that the linking 1 E-quadratic 

form over (A,S) 

isomorphic to the boundary d(K,«) of an S-metabolic non-degenerate 

j E-symmetric 

leven £-symmetric 
form over A 1 

(K,o<.J{(K» 
• and 

(K,04: im(1+Te::Qe:(!::)- QE(K» 

F coker(f:K~~)C;; M = coker(",,:K-K"') 

G coker(g:K ---+~)<; ~r = coker(O<:K __ K"') 

that 

! E-s:ymmetric 
for son~ isomorphism of non-degenerate forms over A 

t even E-symmetric 

f : (K,o<)_ (~'O<F) , g : (K,oo.) ~(~'!>.G) 

\ E-symme tric 
~ith (Ky'~F) non-singular. The) S-form over A associated to 

I even E-s:ymmetric 

(Y'y$KG{:F _:JC::QE(Ky~ICG) ;im{ (:): K ~~$~» • 

\'/e defer to ii) the proof that the stable isomorphism class of this S-form is 

is independent of the choice of non-degenerate form (K,~) such 

[

even E-sy~etric 
Given an 

E-quadratic 

and a sublagrangian H write the linking formation obtained b:y elementar:y 

e,uivalence as 

~ (H',~';F',G') " (HJ./H,lIJ./)..;FnH.L,G/H) 

1 (N'. lI', 1"" ;F' ,G') = (HJ./H,).J.h ,t·' ; Ff\HJ.,G/H) 
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Continuing the previous terminology, let 

f
E-symmetric 

be the S-isomorphism of non-degenerate 
even E-symmetric 

associated to H b:y Proposition 13.9 i), with 

forms over A 

.l (l!'.~n = a(K',"") 
H = coker(h:K_K')~ ~1 = coker(",:K-->-K-) 

(H' ,)., .1-") = o(K' ,Ol') 

As H~G there is also defined an S-isomorphism of non-degenerate forms over A 

such that 

g g'h 

The composite 

F [inclusion]. ~HJ. [X] ) H" 

is onto, with resolution 

Thus F' ker(F ----+ H~) has resolution 

0 __ K _-"e_.,.) J _ F' --'>- 0 

with 

e)f):K_J= 
\<;('h 

~
. E-symmetric 

Define a non-singular 
even E-symmetric 

form over A 

o 

o 
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and let L be the sUblagrangian of (R,e) given by 

so that 

(LL/L,~J.f\') = (~, ,()IF') 

is also a non-singular lE-symmetric 
form over A. The S-isomorphism of 

even E-sy~etric 

f.~. projective A-modules 

.. , (--~.} . ~ """"") 
lE-SYlJIi!etric 

deiines an S-isomorphism of non-def,enerate 
even E-syrunetric 

forms over A 

f' (K' ,01.')--+ (~,,~,) 

{

(H' ,>") 
such that the sssociated lagrangian of ~(K',~') = is precisely 

(M' ,~' ,1") 

coker(f':K'-------t~,) = coker(e:K ~J) = F' 

Thus 

lE-symmetric 
is the 

even E-symmetric 
S-form over A 

Define 
J E-symmetric 

an) 
[even E-symmetric 
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S-forCl over A 

By Proposition 1.6 the inclusion of the sublagrangisn 

( __ :h} 
\ 0 ' 

}

E-Symmetric 
extends to an isomorphism of forms over A 

(
f'\ 

sending Keim( 1 
,g' : 

_even E-symuetric 

'0 
(K .. r,:·, ( 

\ E 
\ 

K' ~ ~,eKG) to P, for some 
\ eE:QE(K*) 

" (eE im(1+TE:Qe:(K*)---->-Qe:(K*» • 

\

r E-symmetric 
Thus there is defined an isomorphism of , forms over A 

',even e:-symme tric 

There is also defined an isomorphism of \E-symntetric 

(even e:-symnetric 
forms over A 



~
e:-symme tric 

Thus the 
even e:-symmetric 

( eveu e:-symmetric 
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S-forms over A associated to stably equivalent 

~ linking formations 
:. e:-quadratic 

are related by a stable isomorphism 

Given a split e:-quadratic linking formation over (A,S) (F,«(;),B}G) 

\,e shall obtain an e:-quadratic S-form over A (K,~;L), as follows. Let uEHomA(L',L.) 

be an S-isomorphism of f.g. projective A-modules such that there is defined a 

resolution for F 

O~L~L'·_F __ O. 

Let e Eo HomA (L·eL'· ,FeF") be the projection appearing in the corresponding 

resolution for FeFh 

and define a f.g. projective A-module 

K = e-1(G)<;L*eL'* • 
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The inclusion (j k) : LeL'---.,.K defines a resolution for G 

~Iith \:,): G --+F .. F" resolved by 
I 

0--...,. LeL' ____ ~(j~k~) ____ ~> K ____ __ 

1 (~:) 
O_LeL' 

coker(j k), 

'>"G ----pO 

for some non-degenerate even e:-symmetric form over A (K,~~Qe:(K}). As 

im( ~):G--"" FeF") is a sublagrangian of the hyperbolic split e-quadratic 

linking form over (A,S) 

we have that 

Cl" 4+ e:~*EHomA(K,K*) 
for some non-degenerate e:-quadratic form over A (K,t€Qe(K}) - as in 

Proposition 13.9 i) this is only determined up to S-isomorphisn, i.e only 

(fJ EQe(K}/ker(s-1IQe:(K}--..QE(S-1K» is determined. Proposition 13.6 

associates to the (-E}-quadratic linking form. over (A,S) 

an e-quadratic S-formation over A 

(K*eK, (: 

n G = coker« j k) : LeL' ---+ K} ----+ Q-e: (A ,S) ; 

x~ e:u*(!)(;y') - ~(x)(x) 
ss 

(x~K, sbB, y~L, y'~L', ex = jy + ky'f K) 

for a unique e:-quadratic form over A (K,~tQE(K» in the prescribed S-isomorphisn 



- 287 -

class. The E-quadratic S-form over A associated to (F:(~),e)G) is defined to be 

(K,~~QE<K);im(j:L---p"K» • 

l<even) E-symmetric 
Conversely, given an S-form 1 

(K,"';L) 
over A 

E-'1uadratic (K~;L) 

\ 

even E-sYIlIl,etric (E-quadratic) 
define an 

split E-quadratic 
linking formation over (A,S) , 

r (H,~;F ,G) «H'>"I'-;F ,G» 
~ as follo~IS. 
'J (F,(~),O)G) , 

Let j (; Hom
A 

(L,K). The inclusion of the lagrangian 

f j : 

l j : 

-1 -1( (S L,O) ~ S K,«) 

-1 -1 
(S L,O)--..". S (X,P 

can be extended (by Proposition 1.6) to an isomorphism of non-singular 

'

(even) E-symnetric 
forms over S-1A 

E-quadratic 

( 

(S-1 Les-1 L*,( 0 \ (j j') 
\ E 

"\ 10 
l (j j') (S-1 LeS -1 LO , \.0 

j':o(j' ) 

1 \. 
o I , 

for some j '(: Hom (S-1 L* S-1 X) 
S-1A ' 

such that 

'" S-1(K,o() 

> S-1(K,~) 

~
' j*oCj' = 1 EO Romg-1

A
(S-1 LO ,S-1 L·} 

-1 -1 j.(f'+E( .• ) j' = 1 ~ Ro,%-1A (S L* ,S L*) • 

we shall 

Given a f.g. projective A-module L' such that the induced S-1A-module S-1 L, is 

isomorphic to S-1 L* there exists k {: llamA (L' ,K) such that u = j.,~ k f: Rom
A 

(L' ,L*) is 

an S-isomorphism, ~lith 

(For example, take L' = L* so for some BECS, 

kEHomA(L*,K), and u = j"",!< = s~HomA(L*,L*) is indeed an S-isonorphism). 

In the E-quadratic case we have 
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for some tES,\EBomA(L'.L'*). Replacing k by kte:HomA(L',K) ~le can ensure that 

k·~k = O€QE(L') • 

l(even) E-symmetric 
The S-isomorphism of non-degenerate forms over A 

(LeL' , ( 0 
Eu· 

: (LeL', C 

E-quadratic 

U ) (0 k.1k) k* k ) ---(L'"eL', E 

:} ~(L·*eL'. (: :) 

has non-singular range, corresponding by Proposition 13.9 i) to a lagrangian 

F = coker(u":L-+L·.)<; M 

{

even E-symmetric (e-quadrstic) 
of the boundary linking form over (A,S) 

split E-quadratic 

The inclusion of the lagrangian F~M has resolution 

o~ LeL' 

e· 0) 
o 1 -->;>L'.eL' -----+ F ~ 0 

, 1 C. .. :J I (: ,.:.) 1 
0 __ LeL' -----~) L"eL'· -7.1 -----'> 0 
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1 
(even) e-s: .... runetric 

The S-j'3~orphism of non-degenerate forms over A 
e-quadratic 

(LeL' , ( 0 
eu· 

) (j k) 

I. (j k) : ( LeL', (: 

corresponds by Proposition 13.9 i) to a sublagrangian 

G = coker«j k):LeL'--->-K)~M 

\ even e-symmetric (e-quadratic) ~- (M,» «U,). .ti» 
of the, linking form '1 ..., 

~ split e-quadratic l (n,>' ,v) = Re(F) 
such that 

the inclusion G --+ M has resolution 

) 
o --~ LeL' 

(j k) 
~ K > G ---+0 

1 1 f 0 

k.~J 1 e::) 1 \eu. o ----->- LeL' ->- L'"eL'· --t- I-I _ 0 

(j kL--------)- K - )G-O '\ o ------>- LeL' 
\ 

11 
u \ lc·(t+E~.») l~) 

I c:. k'(~+e~') 
0 __ LeL' 0,' ') L •• L'. --+FeF" ---to 0 

In the (even) e-synmetric case \'Ie thus have an even e-symmetric (e-quadratic) 

linking formation over (A,S) (M,>';F,G) «I-I,).,1";F,G». In the e-quadratic case 

\'Ie have a split e-quadratic linking formation over 'lA,S) (F ,(C!),e)G), \~ith 
(G'{rfHomA(G,G~) ,e:G---tQ_e(A,S» the (-e)-quadratic linl'.ing form over (A,S) 

associated by Proposition 13.6 to the e-quadratic S-formation over A 

C
-E'fj 

(H (K'"); K" ,im( 
e j 
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(In the even e-symmetric case Proposition 13.7 actually gives an 

-1 -1 
extension of jE HO~S-1A(S L,S K) to an isomorphism of non-singular 

even e-symcetric forms over s-1A 

leading to an S-isomorphism of non-degenerate even e-symmetric forms over A 

(jlc): (LeL.,(O U)} __ ~)(K'OC). 
eu· 0 

In this way it can be proved that every e-quadratic linking formation over (A,S) 

(U,~,t;F,G) is stably eqUivalent to one of the type (Re(F};F,G}). 

,even e-symmetric-Ce-quadratic) 
It remains to investigate the effect on the ~ 

{split e-quadratic 

linking formation over ~ 
(M,l'lF,G) «M,>',(4;F,G)} 

(A,S) 
(F,(~),e)G) 

of the choice of extension 

(j k). Given two such extensions 

(r 1,2) 

~Irite r r r r r r r r r for the corresponding 

\ 

(H ,). ;F ,G ) «N ,). ,/-': ;F ,G » 

(Fr,«(~:),er)Gr) 
linking formations. 

There exist a f.g. projective A-module L;, S-isomorphisms vr~ HO~A(L;,L~} (r = 1,: 

and an A-module morphism h EnomA (L;,L) such that 

u1v 1 = u2v2 C::HomA(L;,L·) k2v2 - k1v1 = jhERomA(L;,K) 

\ v1u;hf. Q-e(L;) = ker(1-T_e : HomA (L}.L}') ~ HomA (L} ,Lr» 

1 v1u1hE im(1+T_e :':l_e(L;) ~ Q-e(L}» 
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vIe shall consider separately the effect on linldng formations of the 

transformations 

(L'; ,u1 ,k1)~ (L3,u1v1,k1v1) ~ (L
3

,u,v, ,~v1+jh) 

~ (L~,u2'~) 

If the choices (Li,u"k1),(L~,U2t~) are related by an 

S-isonorphism v" HomA (L~ ,LP such that 

u 1 '" u 2v E:.HomA(L';,L·) , ~ = ~v<O-HomA(L~,K) 

inl1 ' "'1;F 1 ,G1) «(It.,,~, r1 iF1 ,G1 )} 
then the sublagrangian R of p ) 

(F1 '(\r~ ,a1)G1) 

defined by the 

resolution 

o~:r.; 

O~LeL'; 

i.s such that 

(: 0) 
~ ___ v_--4-~ LeL2 ~ H 

(j ~) I (j~) 1 
-----+K ---)- G

1 

---,>0 

---.--.+ 0 
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Thus the linking formations associated to the choices (L1.u1,~),(L~,u2'~) 

are stably equivalent. 

Ir the choices (L';'U1,k1),(L~'U2'~) are related by 

L'; = L~ • u 1 = u 2 ' ~ = k1 + jh 

ror some hEHomA(L';,L) such that 

~ u1h (Q-E(LP 

t u1h f im(1+T_E :Q_E(LP _Q-E(LP> 

~
ven E-symmetric (E-quadratic) 

then there is defined an isomorphism of 
plit E-quadratic 

linking formations over (A,S) 

~ f: (n1'~1;F1,G1)--t(M2').2iF2,G2) (r: (H1t~1,r-1;F1,G1)--;'(J{2'}.2,f2iF2,.G2): 

1 (1,g,(ll,'I') : (F,,(~~),a1)G,)---. (F2t(~~),a2)G2) 
with 

\ 
) 
~ 

I 
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and (F~ '" cOker(u1:L~~L·),'?~IIomA(F~,F1),'I':F;--""'Q_e:(A,S» the 

(-E)-'1Uadratic linking form over (A,S) associated by Proposition 13.7 to 

the e:-quadratic S-formation over A 

(-Eh) 
(He:(L);L,im( u

1 

:L~~LeL'» 

This completes the verification that the stable equivalence class 

t 
(H,>';F ,G) 

of the linking formation 
(F,G) 

of extension (j k). 

«M,>.,r;F,G» 
is independent of the choice 

ii) A connected S-acyclic 2-dimensional (even) (-E)-symmetric complex over A 

(C,~{Q2(C,_E» is homotopy equivalent to one in normal form (Proposition 13.11). 

Given such a complex in normal form we shall construct an (even) e:-symmetric 

linking formation over (A,S) (M,~;F,G), as follows. Choose a cycle 

representative ~E RomZl(:i:Z ] (W ,RomA (C' ,C»2 with 'POE: Ro'\, (CO ,C
2

) an isomorphism 
2 2 0 

and '1'1 '" OeHomA(C ,C1 ), Using '?OE.HomA(C ,C
2

) as an identification express 

the diagram 

as 

\·lith j ~HomA (L,K) ,~E: HomA (K,KO), ~ E Hom
A 

(L' ,L) satisfying 

j''''j = OEITomA(L,L') 

~ - Ea' + Cf.j 1j 0 0\"'" 0 <-Hom
A 

(K,K") 

~ + e:r = 0 (HomA (L" ,L) • 
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The sequence of f. g. projective A-modules and A-aodule morphiSl's 

O ___ L~K j'(j( >L'->-O 

becomes exact over s-1A, so that there exist a f.g. projective A-module L' and 

an A-module morphism kEHocA(L',K) such that u,. j",,(k€Ho~(L',L') is an 

S-isomorphism. Let (M,~) be the non-singular (even) e:-symmetric linking form 

over (A,S) associated by Proposition 13.6 to the non-Singular (even) (-E)-symmetri. 

S-formation over A 

(LeL' eL·.L'·, ( : 

-: 
o 

o 

o 

-E 

1 

o 

o 

Define a lagrang:!.an F and a sublagrang:!.an G of (lI,}.) by the resolutions 

----~F-O 

()--+LeL' _0 

,I 
(j k) 

0-.. LeL' -------40>' K -----~) G ~ 0 

Then (J.I,).;F,G) is the (even) e:-symmetric linking formation over (A,S) 

associated to the complex (C,~). 

Replacing ~ €_HomZl[ ZI ] (vl,HomA (C' ,C» 2 by a different cycle 
2 2 

representative <p'E Hom
Zl

[l'l2
1 

(ll,HomA(C' ,C»2 of 'P(;:Q-(C,-e:) replaces 0<. ,v) by 

<I! ,\' such that 

0/.' -,,( = '>I.j '- j't'(' E:IIomA(K,K") 

r'j - "I' '" ~ - Er E:.RomA (L" ,L) 

for some ~l Hom
A 

(L" ,L). The A-module isomorphism fE RomA (H,W) given by the 
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resolution 

O~LeL' 

defines an isomorphism of the associated (even) E-symnetric linking formations 

over (A,S) 

f : (M,f:F,G)-------')o(11',).';F',G') • 

The verification that the stable equivalence class of (Ml):F,G) 

is independent of the choice of (L',ufHomA(L',L·),k(HomA(L',rJ) proceeds 

exactly as in the proof of i) - indeed, if (C ,"') is even then <:lE- Q2(C ,-E) has 

a cycle representative with r"J= o €RoI'IA(L·,L), in which case (K,O(:im(j:L_K» 

is an E-syrruaetric S-form over A and (l1,":F,G) is the associated even E-symmetric 

linking formation ovar (A,S). Horeover, if (C,"') = c-E(P) for sone f.g. projective 

A-module P lIe can take 

(L' ,u,k) 

so that (H,~;F,G) = 0 up to stable e'luivalence. 

Thus the stable equivalence class of (H,). ;F,G) depends only on the 

stable isomorphism class of the complex (C,"') in normal form, ~Ihich by 

Proposition 13.11 is the same as the homotopy equivalence class of (C,,,,). 

Conversely, given an (even) E-symmetric linking formation over (A,S) 

(H,,,:F ,G) lIe shall construct a connected S-acyclic 2-dimensional (-E)-s;rnmetric 

conplex over A (C,,,,el2 (C,-E» in normal form, such that (H,):F,G) is in the 

stable eluivalence class deternined by (C"p), as follo\,/s. 
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Let (D'1~Q1(D'-E» be an S-acyclic 1-dimensional (even) 

(-E)-symmetric POincare complex over A associated to the non-singular (even) 

E-symmetric l.inking form over (A,S) (M,~) by Proposition 13.4, ~Iith D an 

S-acyclic 1-dimensional f.g. projective A-module chain complex 

D : ••• ~O~D1~Do--}-O -7 ••• , 

such that 

1 
Let e I': HOIllA (D ,m be the projection appearing in the resolution 

O~Do~D1 ~M---'>O, 

and define f.g. projective A-modules 

D~ = (e-
1(F»· , D~ = (e-

1{G»· • 

Let f'~HomA (D1ID~), f''(,HomA (D1 ,D!;> be the duals of the inclusions 

fU : D,1 = e-1 (F) __ D1 f". : D,,1 e-1 (G) __ ~D1 

and let d'~HomA(D~,DO}' d"eIomA(D~,Do) be the duals of the restrictions 

d'. = d·1 : DO~D,1 dOt. '" d.1 : D°-->-D,,1 

(which are well-defined since im(d":DO~D1) = e-1 (O)<;e-1 (F)Oe-1(G». 

The A-module chain naps f':D~D', f":D --')oD" defined by 

,.1 ",~o-:oI'~F_o-", 
D':- ••• --+O_D~ ~Do~O ~ ••• 

d ... ~ 0 --;',\1 ~JD~~ 0 ~ ... 
~ dn ' 

D": ••• ~ 0 --> D~ ~ DO ------+ 0 ---')-

are resolutions of the inclusions 

fU n1(D') F ---+. n1 (D) 

G __ ~'R1(D} 

M 
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The inclusions define morphisms of (even) E-symmetric linking forms ov~r (A,S) 

corresponding by Proposition 13.4 to maps of S-acyclic 1-dimensional (even) 

(-E)-symmetric complexes over A 

f' : (D,~)------+(D' ,0) , f" : (D,?)~ (D",O) • 

Thus there are defined an S-acycllc 2-dimensional (even) (-E)-symmetric 

Poincar~ pair over A (f':D __ D' '(~1' '7)t:q2(f t ,-E» and a connected S-acyclic 

(even) (-E)-syr.unetric pair over A (f":D----+DII,(S'l"t~).:Q2(f",-E». The union 

(C,cp) = (D'VDD""-~1'\J,f1fE:Q2{DtuDD"'-E» 
(as defined in §5) is a connected S-acyclic 2-dimensional (even) (-El-symmetric 

complex over A. Next, we show ho., to recover the stable equivalence class of 

(M,~;F.G) from (C,cp). 

2 The relative ~2 -hypercohomology classes (S1' '1)~ Q (f' ,-El , 

(l;q",~)fc ,l(f",-E) are represented by A-module morp1rl.sms 

~O: Do.----'IoD1 '10: D1~DO' ~1: D1----+D1 ,610 D,1_Dl 

o~o : D,,1~D1 
such that 

N DO~'D ". 1 d~O + ?Od* 0: ~ 0 ' d?1 - 70 - E10 = 0 : D ~D1 
1 ~. 0 

'1 + E'J1 = 0 D ~ D1 ' ~1d. + ~O + e:7o = 0 : D ~D1 
~ 0 ,"', ,~ 1 

f'1o = -O'1Od '*: D ~D1 ,fJOf • = d vllo : D' --DO 

f'~1f" = b'1o - e:S~o* : D,1--..D.; f"?O = -S,3d". I DO---D1 

'7of "· = d"b?o D,,1 __ DO ' f"l)1f"* = 570 - E(73· : D,,1_- D1 
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Define a connected S-acyclic 2-dimensional (even) (-E) -syr.!Ll~tric complex 

over A (C' ,cp'E:Q2(C' ,-E)} by 

o (r I O,1,2) 

((Jo = 

{ 
<'}1 f " 0) : C ,1 D'\,D,,1---+ C' = D1 2 

((J~ 
( f,,:J 

C,2 = D1--+C'; = D~ .. D1 

((J2 = '}1 : C,2 = D1 ) C2 = D1 

The A-module chain equivalence h:C ~ C' given by 

C' 1 :,,) 1 C) -:" C : ••• --4J. 0 ---D1 ,. D.; .. D
O 
.. D1 ?' DO .. DO-O- •• 

b 1 -,1 1 c 0 

~) 1. (1 -1' c:,) 0 

(d' -d") c': ••• -"'> 0 _ D1 } D.; .. D1 ~ DO ~O 

defines a homotopy eluivalence of connected S-acyclic 2-dimensional (even) 

(-E)-symmetric complexes over A 

h : (C,cp) --+ (C' ,cp') 

nou apply the method of the proof of Proposition 13. 11 to obtain a complex 

(cn,cp"l:Q2(C",-e:)} in norl!!al form which is homotopy equivalent to (C',((J'), 

\·rith 

-.. 
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i 
( :.:) Cz 

~ \ 0 

(0 0 1) : 

D1 C" 2 = D1 . 

0 ') Et1O· :" : C,,1 

Ef"-

1 1 
~ D .. --t Co ~ D 

( (q1f'* ~1f". 0): c,,1 ___ ~~ CM = D1 

") 0 2 
L 0: C" -c~ 

11 : C,,2 ~ D1----+ Cz D1 

As before, write 

de" ~ j ; c"O ~ L -->- C,,1 ~ K 

'1'0 ~ 1)(.; C" 
1 ~ K ~ C~ = K

~.nd let i E.llomA (D~ ,D1 ) ,s~S be such that 

f,-1 =! S-1D, -------'1" S-1D s 1 1 

so that the A-module morphisnl 

( 

i-\ 

k ~ 0): L* 

\ 0 
( 

dU) 
o 1 1 

coker{ ~d". :D·~ D' eD" eD1 ) 

10,. 
is such that 

j*",k = ·Ea : L*--7 L* • 

The (even) e:-symoetric linking formation over (A,S) (H' t).' jF' ,G'} associated 

to the complex (Ct~lq2(C,-E)} is described by the resolutions 
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\~ ~) 
o ----'? LeL* '7' LeL* ) F' ____ O 

,1 c ES ) 

1 c Es ) 
k*~k 

k*",k ",' 

O~LeL* ) L*eL ~ II' 
____ 0 

, 1 
(j k) 

r (::) I 
0----+ LeL* ~ K ~G'~ 0 

Let H' be the sublagrangian of (W,).';F',G') with resolution 

:.) 

o -----'>- LeL* 

There is defined an isomorphism of (even) E-symmetric lirucing formations 

over (A,S) 

(H,).;F,G) ~(ll''''/H' ,),''''/).';F'nH'''',n'/G'> t 

sO that (M',).';F',G') is ste.bly equivalent to (~I,)';F,G). 

Next, ,·,e consider the effect on the complex (C,cp) 

of the elementary equivalence 

for some sUblagrangian H of (l-!,~;F ,G). Let the inclusion H--..., G have 

resolution 

. i 
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0-----,. DO d"'· D",1 __ ~ H ~O )-

11 
d"· 

1 g. 1 
0 ) DO :> D,,1~ G ~O 

'-li th g·t Hom
A 

(D",1 , D" 1) the inclusion of D" 1 = e -1 (H) in D,,1 e -1 lG)<;: D 1 

- and e E:HOrlA(D1 
,11) is the projection (aa above). The A-module chain map 

f": D" D" defined by 

D 

f'''l 
D'II: 

d 
••• _O-D1-DO~0~ 

gf"l d'" 11 
••• ---1- 0.--,. D11 --+ Do -+ 0 ----+ 

is such that there exists a connected S-acyclic 2-dimensional (even) (-~)-symmetric 

pair over A (f'" : D_ D'" '~'r"'1) E: 'l(f" ,-~». The S-acyclic 1-di~ensional 
(even) (-~)-symmetric POincare complex over A (D,~£Q1(D,-e» obtained from (D,~ 

by (-E)-symmetric surgery on (f'" :D-~D'" ,(li1 ""1» has associated non-singular 

(even) e-sy~etric linking form over (A,S) 

(H1(D)'1~) = (M,~) 
Define A-module chain complexes 

D' = C(f'/ of'" *:D'" 1-*--+D') 

and A-module cha_in maps 

, D" = flee g:D" ~ D'" ) 

f' : D ---)~D' • f" D ----'1") D" 

>lith 

=~:' 
0 

~): D eD'" .,D'" 2-r ----+ D' D'.,D'" 2-r f' D 
0 r r r+1 r r 

=(:" 0 

:): D .. D'" .. D'" 2-r f" D )0 D" DflE-DIt. 
r r r+1 r r r+1 

so that 

f'· inclusion H1(jj') F ~ H1(D) =M 

f"· inclusion H 1 (jjll) G H1(D) =M 

There exist connected S-acyclic 2-dimensional (even) (-~)-symmetric pairs over A 

and the union 

is a connected 
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(f':D~D' ,(t~' ,~)e ~l(f' ,-e» 

(fll:D ---, D" '(&1" ,~)E. Q2(f" ,-~» 

associated to (H,I;F,O). It may be verified that (C,;) is homotopy equivalent 

to (C,~), the complex assooiated to (M,~;F,G). 

This oompletes the proof of ii).-It remains to oomplete the proof of i). 

let ieven e-symmetric 
Given an 

e-quadratic tCl1,). ; F ,G) 
linking formation over (A,S) 

(H,~ ,r;F ,G) 

(K,()I.) , (K' ,c(') be 

so that 

~
e-Bymmetrio 

non-degenerate 
even e-symmetric 

(H,)..) = O(K,.,.) = d<K' ,0:') 

forms over A such that 

F = coker(f:K_ EF) 
G = coker(g:K ----'to Ra) 

coker(f' :11:' ~ Kf) 
coker(g':K' ~~) 

for Bome ~
e-Symmetric 

S-isomorphisms of non-degenerate forms over A 

f 

g 

(K,.,..) ---.,. (EF''>ly) 

(Kt)l.)~ (Ra,"'"G) 
f' 

gt 

even e-syrnmetrio 

(K' ,oIn -- (Kf,"'P 
(K' ,ot!)·~ (~,o(V 

\-le have to sho" that the associated S-forms 
\ 

e-aymmetric 
over A 

even e-symmetric 

° ') jim( (f) : K ~EF"Ra» 
o(G g 

0) ;im( (f,): K'-KFe~» 
d.G g' 

are stably isomorphic. The S-acyclic connected 2-dimensional (-e) -syr.tr.1e tric 
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conplexes over A in nor~l form obtained from the S-forms (as in i» are 

hocotopy equivalent, since they correspond to the same linldng formation, 

a~d are therefore stablY isomorphic (by Proposition 13. 11). It follows that 

the S-forms are stably isomorphic. 

iii) A connected S-acyclic 2-dimensional (-E)-quadratic complex over A 

(C,WE~2(C,-£» is homotopy equivalent to one in normal form (by Proposition 13.10). 

Given such a complex in normal form we shall construct a split E-quadratic 

linking formation over (A,S) (F,G) = (F,(~~)6)G), as follows. Choose a cycle 

representative 'l'E: (\i®7h(2Z ] HomA (C· ,C»2 with VI OE llomA (CO ,C2) an isollorphism, 
221 

'l'O = OE-HooA(C ,CO), '1', = OEHomA(C ,CO). Using '1'0 as an identification "rite 

th~ diagram 

as 

,11th j£HomA(L,K) ,r':-HomA(K,K*) ,'" HomA(L,L*) such that 

j.pj = i\ - Er~HomA{L,L*J 

~t (F,G) be the split E-quadratic linldng formation over (A,S) associated by i) 

to the E-,!uadratic S-form over A (K,p(-QE(K);im(j:L--K» •• 

Rephcing 1jI E (\1®7h[2Z ]lIorn7h[2Z ] {C· ,C)}2 by a different cycle 
2 2 

re;=:"9sentative in norll'.al form VI',f (1'1@7h[2Z
2

]l!OUlA{c.,C»2 replaces f,{ by f,' 'f 
suct that 

f' -f= (,..1- E';;*e 1I0mA(!(,K*) ,,,,' -.\ = j°tJj +<)+ E,,·E:HomA(L,L*) 

for sone (.:;e-lIomA(K,K*),,~HomA(L,L*). Neither the E-quadratic S-form (K,piL) 

nor the split E-quadratic linY~ng forrmtion (F,G) are affected by such a change. 
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In particular, for the contractible S-acyclic 2-dirnonsional (-E)-quadratic 

complex over A (C,VI) = C_E(P) (p = a f.g. projective A-module) we have the 

E-quadratic S-form over A 

') iP) 
0, 

corresponding by i) to the stable equivalence class of the ° split E-quadratic 

linking formation OVer (A,S) (take k = (~): L = P ---4-K = PeP*) 

Thus the stable equivalence class of the linldng formation (F,G) 

associated to (C,'I') depends only on the stable isomorphism class of (C,V), 

~lhich by Proposition 13.11 is the same as the homotopy equivalence clas:!! of (C,"). 

Conversely, given a split E-quadratic linking formation over (A,S) (F,G) 

,-re shall construct a connected S-acyclic 2-dimensional (-E)-quadratic complex 

over A (C,VI) in normal form, such that (F,G) is in the stable equivalence 

class determined by (C,VI). 

Let (K,~;L) be an £-quadratic S-form over A associated by i) to (F,G). 

Let j€HOmA(L,K) be the inClusion. For any lift~~HomA(IC,K") of f>EQE(K) there 

exist \ElIo.mA (L,L-) such that 

j"Pj = " - E\* (0 HomA (L,L") • 

Given such a choice <f'.,)<:HomA(K,K*).HomA{L,L-) define (c,V{Q2(C,-E)) by 

d _ \ (f+E~*)j : Cz = L ----7 C1 = K· 

Z j" : C, = K" -----;. Co = L* 

CO = L ------.. C
2 L 

'" -TO - K--"",C
1 

L·~CO = L* 

"2 = ~ : CO = 

CO = L -----+C
1 

= KO 

C
1 = K~CO = L* 

The method of proof of i) shows that the homotopy equivalence class of (C,V) 

depends only on the stable equivalence class of (F,G) together ~Iith a choice 

of hessian (f '\) (. QE(K,L), "here 

~E(K,L) = 1 er ,~)E:llom A(K,K*)eIlom A{ L,L*) I j.¥j =\ -Er J I! (uI-EI>·, j*Llj +l}+ E~-I 
It,)''l)E HomA (K, K·) eHom. (L, L*)J • 
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(Define a split e-quadratic S-form over A (K,~;L,~) to be a non-degenerate 

E-quadratic form Over A (K,r~Qe (K» together ~,ith an S-lagrangj.an L and a 

choice of hessian (f.,) ~ QE(IC,L). The honotopy equivalence classes of connected 

S-acyclic 2-dimensional (-E)-quadratic complexes are in a natural one-one 

correspondence \11th the stable isomorphism classes of split E-quadratic 

S-forms over A). 

It remains to show that if (C,V),(C,.) are the complexes associated to 
"-

different choices X, ~ f RomA (L,L*) such that 

j*fj =~- ey = ~ -·E\.CBomA(L,L$) 

then (C,~) is homotopy equivalent to a complex obtained from (C.V) by an 

S-acyclic (-e}-quadratic surgery. As before, let L' be a f.g. projective 

A-module and let k~ Rom A (L' ,L*) be such that u = j·<f+E}·)kEHomA (L' .L·) is 

an S-isomorphism and k*fk '" OE·1.E(L'). Also. let J\'€ROIlJl(L',LU) be such that 

k*,k = ~' - EJ\'.cHomA(L',L'·) • 

Let (C',V'€Q2(C',-E» be the connected S-acyclic 2-dimensional (-E)-quadratic 

complex over A associated to the E-quadratic S-form over A 

(K.~;im(k:L'~ K) 

Idth choice of hessian (r,~')eQE(K,L'), corresponding by i) to the split 

E-quadratic linldng formation over (A,S) (F"'«(_~)'6)G). Let (C",V"€Q2(C".-E» 

be the connected S-acyclic 2-dimensional (-e)-quadratic complex over A 

obtained from (C,V) by surgery on the connected S-acyclic 3-dimensional 

(-E)-quadratic pair over A (f:C---t-D,(['I',V)"'Q3(f,-E» defined by 

~ = EU· : D2 = L --+ D1 L'· Dr = 0 (r F 1,2) 

f = 1:.:: :: L~D2 L 
~V1 D1 

'" -r : L' --+D1 L'· 
K*--..,. D1 L'· 

Sv 0 o : r 
D --+D3- r (r 1,2) . 
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The A-nodule chain equivalence 

h C"--7C ' 

given by 

c·:'·" -~T) ( j. 0 :) -k* Eu· o EU 
cn ... --+ 0 ---} LeL' .. K*eLeL· 1 L· .. L'*-.-..O 

h1 ,,1 0) 1 1)1 
~ ... 

(0 (-1 (f+E~.)j (O 

C': ••• ~ 0 ----r L' 
~+E(3·)k )K* k· 

)- L'·~O-+ ••• 

defines a homotopy equivalence 

h : (C" ,VII) ~ (C' .t'). 

Thus (C,V) is homotopy equivalent to a complex obtained from (C',V') by 

S-acyclic (-E)-quadratic surgery. Now (C',V') is independent of the choices 
I'-

of ~ ,~~ HomA(L,L*). It now folIous from Proposition 7.9 (or rather the 

Lemma used in the proof, concerning the composition of algebraic surgeries) 

that (C,~) is homotoP7 equivalent to a complex obtained from (C,V) by 

S-acyclic (-E)-quadratic surgery. 

[] 



- 3W -

1 
(even) E-symmetric 

A non-deF.enerate 
E-Quadratic j(KI" ;I,J) 

formation over A 
(K'rII,J) 

l" (K""'~QE(K» 
is a non-singular for~ ~

. (even) E-symmetric 
over A together with a 

E-quadratic (K'~(;~E (K» 

lagrangian I and an S-lagrangian J. The ~
(even)'E-sYmmetriC -1 

formation over S A 
E-quadratic 

. -1 
~ S (K,<>;I,J) 

I S-1 (K,~; I ,J) 
is non-singular, and it is stably isomorphic to 0 precisely when 

\ (K,oi;I,J) 

L(K,~;I,J) 
is an S-formation. A non-degenerate formation is l(K,O(; I ,J) 

(K,p.;I,J) 

{ 

(K,.,t) 
non-singular if J is a lagrangian of • 

(K,~) 

)

. d(K,oI.;I,J) t(even) E-symmetric 
The boundary of a non-degenerate 

d(K,~;I,J) E-quadratic 

I (K,"';I,J) 
fornation OVer A is the stable equivalence class of the non-singular 

(K,f;I,J) 

t
' even E-sY!l1J:letric (E-quadratic) 

linking formations over (A,S) 
split E-quadratic 

~ 
(I-:,).;F ,G). ({H,~ ,r;F ,G» 

associated by Proposition 13.11 i) to the non-singular 
(F,G) 

\ 
(even) E-syr=etric j(K'''';J) 

S-form over A • 1 E-quadratic (K,f;J) 

~ 
(K,oq I,J) 

only if is non-singular. 
(K,(3;I,J) 

(The boundnry operation 

~.,;)(K,o<;I'J) = 0 
As usual, 

'd(K,r;I,J) = 0 
if and 

o : (non-degenervte forrnations)---------7 (linking forr.lations) 

can also be expressed in terms of the "dual lattice" construction, as follows. 

\ (K,''') 
11. lattice 1 of a 

(q') 
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non-singular \(even) E-symmetric form over S-1A 
lE-quadratic 

(even) E-syrnmetric 
is non-singular if it is a non-singular J form over A, or 

LE-QUa:lratic 

equivalently if it is self-dual 

r K* =- tx(;QI'I'(X)(K)S A ~ S-1A~ = K 

tKl!' =- tx~QI{1jI+EV·)(X)(K)<;: A <;S-1A1 = K • 

i(even) E-symmetric ~(K.~;I'J) 
Given a non-degenerate formation over A there 

E-quadratic (K,pII,J) 

• . i"(Kr,Q(.I),(KJ,oiJ ) jS_1(K,o<) -1 
exist non-singular lattices of -1 such that Kr f\ S I 

(is: ,h) ,(KJ'¥J) S (K,P> 

l (Kr'()(I) -1 ~(KJ'~J) 
is a lagrangian of and K

J 
f\ S J = J is a lagrangian of • 

(Kr'~I) (KJ'~J) 

1 
(K' ,0(') ~s-1(K'''') 

Also, there exists a non-degenerate lattice of -1 such that 
(K' ,~') S (K,P 

K'~Kr"KJ~S-1K • 

and such that the inclusions K' --7'~, K: --+ KJ define morphisms of 

\ (even) E-symmetric 
non-degenerate J forms Over A 

with 

lE-quadratic 

~ (K""")~(~'O\I) 

1 (K' .~') ---- (Kr.h) 

, (K' ,cl.') --> (KJ'O\J) 

(K' .t-') ---.. (KJ.fJ> 

j "(K,O<; I ,J) 

1 o{K,~;I,J) 
(Kilf/K, .0\'*'/1)(' ;~/K' ,K/K'> 
(KI/K' ,K/Kt) , (K'¥=;l{' .p't7t'>') = "HE(Kr/K') • 

I 



The boundar-r of an 

is the non-singular 
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l
E-Symmetric 

even E-s~nmetric 

E-quadratic 

linking form over (A,S) 

linking formation 
} 

(H,),) 

(H,).) 

(11,~ ,~) )

even (-E)-symmetric 

(-E)-quadratic 

split (-E)-quadratic 

over (A,S) 

i'O(H'}'> ~ 
'0 (11, A) ~ 

"Hu,). ,V) 

~ (K,«jI,J) 

-E 
(H (H) ;H,f'(H,}.» 

(H_E (~!) iJ.!, r (H,).» 

= (H,( G) ,yHI) 

If ((K,~jI,J) is the ~ 
(-E)-symmetric 

even (-E)-symmetric 

(-E)-quadratic 

S-formation over A associated to 

O:,~ j I ,J) 

l 

(H,~) 

(H,}) b~ Proposition 13.6 

(11,>. '1-') 
)

'3(1,1, ).) 

then -aW,}.) 

8(11,}.,1') 

agrees with the boundary 

~
(K,.qI'J) ~(K'oIiI'J) 

~(K,,, jI,J) obtained by regardin'g (K,,,;I,J) as a non-degenerate for!llation 

. (K,f;I,J) (K,~jI,J) 

over A. (There is an evident analogy behreen the boundary operation 

'(): (linJd.ng forms) ----7 (linking formations) 

and the boundary operation 

£): (forms) ---------->- (formations) 

of §5. To complete the analogy we can also define a boundary operation 

';\: (lin!dng formations) ~ (linJd.ng forms) 

corresponding to 

~ : (formations) ~ (forli1S) 

The boundary of an 
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i 
(even) E-syometric 

E-quadratic 

split E-quadratic 

linldng formation over (A,S) 

1 
(even) E-symmetric 

is the non-singular E-quadratic linking form over (A,S) 

split E-quadratic 

1 
'O(l4,}.; F ,0) = (O"'/O,)."'/}.) 

<}(M,,, ,~;F ,0) = (0 ... /0,). ... 1>-, r~) 
d(F,O) = (O.L/O,),"'/>, ,1-'\) (HE(F) (FeF",}.,V)) 

j 
(I",,;F,O) 

(H,'-,ujF,G) 

(F,G) 

even E-symmetric 
An 

\ 

E-sY!!11Jetric 

linking form over (A,S) is non-singular ( resp. represents 
E-quadratic 

split E-quadratic 

L(vaE(A,S) 
o in the \'/itt group ) if and only if it has 0 boundary (resp. is 

) 

LE(A ,S) 

LE(A,S) 

LE(A,S) 

. \ o(J4,~; F ,0) 

&(H,~ iF ,G) 
isomorphic to the boundary ( 

c(!1,>-,!,-iF ,G) 

o(F,O) 1 

E-symmetric 

even E-symmetric 
of an 

E-quadratic 

split E-quadratic 

~
. (1-1,). i F ,0) 

(H,}.;F ,0) 
lin7~ng formation over (A,S) » 

(l-I,>,,~jF,O) 

( (F ,0) 
'-
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S-acyclic 2-dimensional 

(even (-E)-syrunetric 
1 Poincare complex Over A, and 
L (-E)-quadratic t 

(H,>-iF ,G) 
let 

(F,G) 
be an 

associated non-sin~llar linking formation over (A,S). l
even c-symmetric 

stable 

split E-quadratic 

(C,<p)E:L (A,S,C) 

t
" 1 

i) The S-acyclic cobordism class depends only on the 
(C,-f)€. L1(A,S,c) 

1 
(N,il.iF ,G) 

equivalence class of • 
(F,G) 

\ (C,<p) = OE. L1(A,S,C) 
ii)~ if and only if 

l (C,"') = OlOL,(A,S,c) I
~M'~;F,G) -

is stably equivalent 
(F,G) 

\otK,'lqI,J) lE-Symmetric 
to the boundaryl1 of a non-degenerate formation over A 

~(K,eiI,J) E-quadratic 

~
(K";;\;I,J) lS-1(K'''QI,J) = OO~(S-1A) = ~(S-'A,E) 

such that _, "1;.1 S -1 • 
. (K'f;I,J) ls (K,~;I,J) = Ot-:H~(S A) '" L1 (S A,E) 

AO -1 t "1 
\ If ker(H (lZ2iS A/A ,E) ---.. H (lZ2;A,E» = 0 
1 it is possible to choose 
I For all A,S,E 

~ 
(K,.q1,J) 

" to be 
.(K,P;I,J) i 

E-symmetric 
an S-formation over A (i.e. such that 

E-quadratic 

S- K = S- 1$S- J), so that if and only if 
1 1 1 }(C'CP) = 0 EL'(A,S,E) l(M')';F,G) 

(C,"') = 0 (L1 (A,S,E) (F,G) 

I ()(N,e) I (-e)-symmetric 
is stably elttivalent to the boundary of a linking 

,J(N ,8 ,r> " (-c)-quadrntic 

1 
(n,e) 

form over (A,S) • 
(H,e,t') 
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Proof: iH ) 
i) 1nmediate froOl Proposition 13.12 • 

iii) 

ii) By the S-acyclic counterpart of Proposition 5.4 iii) an S-acyclic 

2-dimensional Poincar~ complex over ieven (-E)-symmetric 

(-E)-quadratic 

lL1(A,S,E) 
represents 0 in if and only if it is homotopy equivalent to the 

[L1 (A,S ,E) 

boundary of a connected S-acyclic 3-dimensional i()(D,,) [even (-c)-symnetric 

o(D,S) (-E)-quadratic 

!
(D'1~Q3(D'-C) ) 

complex over A >lith D a f.g. projective A-module chain complex 
(D,~~Q3(D,-E» 

d d d 
D : ••• -0--"'D3~D2~D1~DO-0--'> •••• 

Let be the boundary of such a complex I as above. l(C ,cp) = 'd(D ,~) {(D ,n) 

(C,"') = 'O(D,» (D~) 

Let 1-(D',r( Q3(D',-E» {even (-E)-symmetric 
be the connected 3-dimensional 

(D' 'S't Q3(D' ,-E» (-c)-'luadratic 

complex over A obtained from \ (D'1) by surgery on the connected 4-dimensional 1 (D,s> 
\ even (-c)-symmetric 

t (-E) -quadratic 
pair over A defined by I (f:D~E,(O'1) EO Q\f ,-E» 

(f:D~E,(O,S) E Q4(f ,-E» 

t(D"TI') 
Then I 

(D' 'S" 

f = 1 : D3~E3 = D3 Er 0 (r .; 3) • 

is the skew-su~pension of a 1-dimensional 
= S(D"",,) !E-Symnetric 

= S(D" '~") E-quadratic 

~
(D"''''~Q1(DII,E) is-1(D'',r) I 

conplex over A such that is Poincare and 
(D",~"e~1(D".E» S-1(DII • .5") 

null-cobordant over S-1A• The homotopy equivalence classes of 1-dimensional 

( c-symmetric 
~ complexes over A which become Poincare and null-cobordant over S-1A l e:-quadra tic • , 
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are in a natural one-one correspondence >lith the sb,.ble isomorphism classes 

of non-degenerate i £-symme tric 
formations over A. In particular. the 

split £-quadratic 

~ 
£-symmetric 

non-degenerate 
E-quadratic 

formation over A associated 

up to stable isomorphism by 

) (K.(>'.;I.J) 

, 
L (IC~;I.J) 

and is such that 

~) ;D2 ·im( (: 

:}D2'im«(: 

\ 

-1( E -1 S K,O\;I,J) = Ot;MS(S A) 

_ S-1(K,e;I,J) = 0~~~(S-1A) 

\ (D" .r) 
to 1 is 

(D"~") 
given 

The non-singular ~ 
even E-sYlllr.:letric 

lin~~ng formation over (A.S) associated 
split E-quadratic 

1 
(c ,,~) 

to is the boundary 
'" (C,'I') 

\ (H,}.;F,G) = a(K .... ;I,J) 

1 (F.G) = a(K,~;I,J) 

Since D is S-acyclic there exist sES, gfHomA(D2 .D
3

) such that 

gd = s € HomA (D3 
.D

3
) • 

Let r:D----+E be the A-module chain map defined by 

~l ... ~O-:I'--:-T,-~l'~I"~'O~ ... 
E: ..• ---).0~D3~D3 ----t'O ~O---,;-O----+ ••• 

is such that 
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( (}I,A;F.G) = d(N.a) 

1. (F,G) ,,'()(N.a.p> 

ft ~o -1 A1 
If ker(S:H (~2;S A/A.E)---,.H (~2;A,E» = 0 then for any S-acyclic 

3-dimensional even (-E)-symmetric complex over A (D.~~Q3(D.-E)) we have 

and 50 

S A 

v O(')} 

S 

3 v 0('1}) "0 -1 S "1 
= 0 : H (D) H (~2;S A/A,E)-----i' n (~2;A,E) 

v01) = O. 

\

E-symmetric 
Conversely, given a non-degenerate formation over A 

E-quadratic 

i(K,";I,J) \S-1(1C,->/II,J) = OC 1~(S-1A) 
such that -1 .s -1 tIe have to shm-I that 

(lC,r; I,J) S (IC,1l II,J) = 0 (-I'IE(S A) 
the 

S-acyclic 2-dimcnsional Poincare complex over A leven (-E)-symmetric , 

(-E)-quadratic 
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! (C ,,~'l(c ,-E» 
associated to the 

(C ,'I"1
2

(C ,-e» i-even E-symmetric 
boundary 

split E-quadratic 
linking 

formation is an S-acyclic boundary. As I is a 
{ 

U(K,o(jI,J) = (H,)qF,G) 

O(K'f-;I,J) = (F,G) 

} 

(K,,,,) 
lagran&ian of we can identify 

(K,P) 

(IeI*,(: 

= (IeI*, (: 

for some E-symmetric form (I*,e) (by Proposition 1.5). Write the inclusion 

~f J in K = I~I* as 

(!): J-+ leI* 

so that in the E-quadratic case 

\

E-Symmetric 
for so~c (-E)-quadratic form (J,X). Define a 1-dimensional 

, E-quadratic 

complex ~ver A which becomes Poincare over S-1A 

_ ~ Ej : DO = J --->- D1 = I 
~O - } j*+k* a : D 1 = 1* --7 Do 

DO = J--+D1 = I 

J* 

, ~1 

o (L~(s-1A'E) 

OcL~(S-1A,E) 

~
(D 'I~Q 1 

(D ,e» 
by 

(D ,~£Q1 (D ,e» 

~1 I 
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so that there exists a 2-dimensional pair over A 1 
E -syOllle tric 

E-quadratic 

l-(f:D-->~D,(5,,~)q2(f,E» -1 
~'hich becon~s Poincare over S A. 

(f:D -----"" SD,(i)~,~)tQ.2(f ,E» 

\

- (D' '1'tQ.3(D' ,-E» 
Let be the connected S-acyclic 3-dimensional 

(D' '5'fQ.3(D' ,-E» 

{

even (-E)-symnetric 
complex over A obtained from the skeH-suspension 

(-E)-quadratic 

J S(D, 1) by surgery on the skew-suspension (S( f:D ---4 fD, (Sll ''I» . 1 S(D,~) h(f:D---dD,(f;~.S» 

teven E-symmetric ~ ~(Kf<; I ,J) 
The boundary linking formation over (A,S) 

split E-quadratic d(K,~;I,J) 

is the linking formation associated to the S-acyclic boundary 

~ (C, fjleQ2(C,-E» 

I (C,'I't';l2(C,-E» 
up to homotopy e1uivalence). 

[] 
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e:-synmetric 

even e:-symmetric 
Define the Hitt group of linking formations 

e:-quadratic 

split e:-quadratic 

,-hA,S) 

over (A,S) 
I1(V

O
..,e:(A,S) 

to be the abelian group with one generator for 

l\(A,S) 

e:-symmetric 

even e:-symmetric 
each isomorphism class of non-singular linking 

(11,~ jF ,G) 

(H,~jF,G) 

e:-quadratic 

split e:-quadratic 

formations over (A,S) subject to the relations: 
(H,>-,rjF,G) 

(F,G) 

in the (even) e:-syrunetric case 

(N,).jF,G) + (H',).'jF',G') = (Hel1',~e).·;FeF',aeG') 
(H,~jF,G) + (M,).jG,H) = (H,~jF,H) 
(H,).jF,G) 

(J1,).jF,a) 

(LJ./L,}.J./~jFnV-,G/L) if L is a sublagrangian of (t-I,).;F,G) 

(LJ./L, }.J.,I)..;F/L,G/L) if L is a sUblagrangian of (11,\.) 

such that L~FnG , 

sinilarly in the e:-quadratic case, 

in the split c-quadratic case 

(F,G) + (F' ,G') = (FeF' ,GeG') 

(F,G) (FuLl.,G/L) if L is a sublagraneian of (F,G) 

c(n,>.,!,,) = 0 if (11,",1-') is a (-c)-quadratic linking form over (A,S). 
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In particular, stably equivalent linking formations reyresent the same 

eleLlent in the i'litt group. There are defined forgetful maps 

I1(V
O
)C(A,S) -----T~f(A,S) 

}le: (A ,S) ----'" '-I(v if e:(A ,S) 

(!1,>-jF ,G).--~ (lI,).;F ,a) 

nI,). ,!'ljF ,G) I---->- (H,).;F ,G) 

(F ,G) ....----.. (He: (F);F ,G) 

In order to verify that Me:(A,S)~Me:(A,S) is well-defined we have to show 

that '(}(l-I,A) = OE.~Ie:(A,S) for any (-e:)-'luadratic linking form over (A,S) (M,~,r). 

For any non-singular e:-quadratic linking formation over (A,S) of the type 

(He:(F)jF,G) we have 

(He:(F);F,G) = (He:(F);F,F"')e(He:(F);F",G) = (Hc(F);F",G)Eo-l-Ie:(A,S) 

so that for any even (-e:)-symmetric linking form over (A,S) (M,~) 

1 
even e:-symmetric 

Proposition 13.14 A non-singular e:-quadratic 

split e:-'luadratic 

linking formation 

1 
(H,}.jF,G) \ l1<Vo'>C(A,S) 

OVer (A,S) (H,).,p-jF,G) represents 0 in the \,litt group i :c(A,S) 

(F,G) ( l-Ie:(A,S) 

1 
'd(K,«;I,J) 

if and only if it is stably equivalent to the boundary e(K,~;I,J) of a 

o(K,~;I,J) 

non-desenerate ~ 
e:-symmetric 

even c-symnetric 

E-quadratic 

Oc: H~(S-1A) 

- C(-1 OeH(vOIS SA). 

OOf>(S-1 A) 
c 

\

(K'O(lI'J) 

formation over A (K,,,,;I,J) such that 

(K,~jI,J) 

"0 -1 ~ M 

i 
If ker(H (?Z2;S A/A,£}~H (?Z2 jA ,£)) = 0 

For all A,S,c 

For all A,S,c 
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it is possible to choose (K,"'l I ,J) to be an S-forr:'lation l
' (K,<i.lI,J) 

(i.e. such th'lt 

(K,~lI,J) 

(H,}.lF,G) = O~M<vif£(A,S) 

(J1,).,~F,G) '" OEcM£(A,S) 

(F,G) '" OEM£(A,S) 

if' and only if 

1 
(N,'>-lF,G) 

(H,}.,PlF,G) is 

(F,G) 

stably equivalent to the l 
d(N,e) 

boundary' ~(N,e) 

a(N,e ,'11) 

)"/ ~:::-;:~:::::etric 
(-E)-quadratic I

(N,e) 

linking fortl over (A,S) (ll,e) 

(N,e,") 

of an 

(lie thus have an S-acyclic analogue of the "Bruhat-Tfts decomposition" of the 

unitary groups, cf. Proposition 12.2). 

Proof: It is convenient to introduce the follo~Jing terminology, associating 

to non-singular E-symmetric forms over A (~,cp) ,{~' ,.,,1} and an isomorphisn of 

the induced non-singular E-syr~etric forms over S-1A 

-1 -1 
f I S (Q,IP)~S (~',<9') 

an element [(Q,IP) ,f,(Q' ,IP'>JE: l-I(vO'{(A,S) in the \"l:I.tt group of even E-symmetric 

linld.ng forEations over (A,S). 

let u<o HOl!lA(P.1) be an S-isonorl'hisn of f.g. projective A-modules 

( -1 -1"" such thl".t fu ~.Homs-1A S P,S :tJ is induced from an A-module)-isomorphism 

fu t Hom
A 
(p,~, and define an A-module morphism 

The S-isomorphisms of non-degenerate E-symmetric forms over A 

u : (Pte) -----+ (Q,<p) , fu I (pte) ~ (1' ,'l") 

correspond by Proposition 13.8 i) to lagrangians 

F = coker(uIP- Q) , G = colcer(fu:P - Q') 
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of the boundary even E-symmetric linldng forn over (A,S) 

(H,).) =o(p,e) • 

Set 

[(Q'IP),f'(~"IP')J = (M').lF,G)fH<vo~£(A,S) • 

~ The Uitt class [(Q,IP) ,f,(~' ,IP')J(: l1<'vif£(A,S) is independent of the 

choice of S-isomorphism u(: Hom
A 

(p,Q). 

If U EHomA (p,~) is another choice of S-isomorphism there exist a 
~ . 

A-module P and S-isomorphisms VEHomA{;,p), ;rEHomA{~P) f.g. projective 

such that 

UV '" ';ivE HomA ('ii',Q) • 

Therefore it is sufficient to consider the effect of l' ( rep ac~ng u EHom
A 

P,Q) 

by~ '" uv{;'HomA(p,n) for some S i h' H ("') .. - somorp.~sm v€ omA P,P • The non-singular 

even £-symmetric linking formation over (A,S) 

(M,}..lF,G) '" (~(P,e};colter(uIP-Q},coker(fu:p ~Q'» 

is replaced by 

(i.i,).lF,G) (Hp,e)lcoker{~:P --+~) ,coker{fu:P _Q'}) , 

lrith 

'" - ...., -'"" e '" u·cpu v·evE Hom
A 

(p,p.) 

Let H = colcer( vIP _ p) be the sublagramtian of (-I.I,~) "'-( ..... P::-,. ~ A = 0 ,eJ associated by 

Proposition 13.8 i) to the S-isomorphism of non-de~enerate E-sYmRetric forms 

over A 

v : (p,e)----. (P,B) • 

Then HC_" F(\G and there is def<ned an isomor:nh<sm f • 1 ~ ~ ~ 0 non-s~ngu ar even E-symnetric 

linking formation over (A,S) 

(M,)qF ,G) --,----,.. (HJ./R3J./~;F/H,G/H) , 

so that 

(H,).lF,G) 

[J 
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~ Given non-singular E-syrwetric forms over A (1,<p) ,('1.' ,<1") ,('1" ,:pIt) and 

iso~orphisms of the induced E-symmetric forms over S-1 A 

f : S-1(q,,,)--+s-1(1',<p') , f' : S-1(1"<;>')~S-1('1",cpll) 

t;'ere is a "l1hitehead lemma" identity 

[("1. ,cp) ,f ,(Q' ,<p' )]e[ (Q' ,<p') ,f' ,(qll ,<p")] = [(Q ,<p) ,f' f ,(q" ,'9")] 

€ 1HvifE(A,S) • 

~: There exists an S-isomorphism of non-degenerate E-symmetric forms over A 

u : (p,e)~(Q,<p) 

( -1 -1 -1 -1 
s'~ch that both fuE flomg-1A S P,S Q') and f'fu~Homs-1A(S P,S Q") are 

ind.uced from A-nodule S-isomorphisms fu to BomA (p,Q'), f' fu E Hom
A 

(P IQ"]. 

Let F,G,H be the lagrangians of ~(P,6) = (H,).) associated by Proposition 13.9 :I.) 

to t:'e S-isomorphisms of non-degenerate E-symmetric forms over A 

u : (p,e)~(1,<p) , fu : (p,a)- ('1',,,,') , f'fu : (p,a)----7(Q",cp") 

[(1,,,,) ,f ,("1.' ,lP' )]e[ (1' ,,,I) ,f' ,(1" ,,,,"}) 

(H,~;F,G)e(M,);G,H) = (M,~;F,n) 

[("I.,,,,) ,f' f, Cl" ,,,,")] ~ N<VO)E (A,S) 

[] 

~es=a 3 Given metabolic E-symmetric forms over A (Q,,,,),(Q',<p') with lagrangians 

z."L' let 

f : s-1tQ,,,,) ----7S-1 (Q' ,,,,t) 

:e an isomorphism of the induced metabolic forms over S-1A• If 

f(s-1 L) .. s-1L'~s-1q' 

then 

(Q,:p) ,f ,(Q' ,<p')] 
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~: Choose a direct complement to L in '1, so that 

for some E-symmetric form over A (L·,~tQE(L·». Similarly, choosing a direct 

complement to L' in Q' we have 

E -1 -1 
for some (L'·,oo-'EQ (L'·». The isomorphism fEHomg-1A(S Q,S Q') can be 

expressed as 

f = (! :.) 
B 

of non-degenerate E-symmetric forms over A 

U =(5 0): (p,a) = (LeL., (~ 
~o 5 \;ss 

can be used to define a non-singular E-symmetric linldng formation over (A,S) 

(1.;,>. iF ,G) = (d (P,a);coker(u:P~1) ,cokcr(fu:P._ Q'» 
such that 

The S-isomorphis~s of non-degenerate e-symmetric forms over A 

=(8: :): (LeL·, ( ~ ss~ C 
8:S) ) h (p,e) = _ )~(LeL·, 

Ess MS E 

= l: :) (LeL*, ( ~ ss ) ( 0 ~s) i (p,e) _ )_ (LeL*, _ 
ESS &,S £5 

j =(: 
0) : (p,a) = (LeL*, ~~ ss) c:· _hj) _ ) ---'> (L' eL*, 
1 ESB SC(S sots 

correspond by rroposition 13.9 i) to a lagrangian 
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H 

and sub13grangi3ns 

I 

J 

of the non-singular eVen E-symmetric linking form over (A,S) (M,~) = a(p,a). 

NO\. l~FnH, J<;;GnH and the even E-symrnetric linking formations over (A,S) 

(l~/l'A~/~;F/l,H/l),(J~/J,~~/~;H/J,G/J) are stably equivalent to 0, so that 

[(~,'9),f,(~I,'9I)] = (M,}.jF,G) = (H,).;F,H)e(H,).jH,G) 

E o Hl<.v O~ CA ,S) • 

[] 

The boundary d(K,~;l,J) of a non-degenerate E-symmetric formation 

over A (K,~;l,J) nay be described as follo\-Is. Choose a direct complement to 

the lagrangian I in (K,~), 50 that 

for some E-symmetric form over A (1*,8(; ,{(l*». The inclusion of the 

S-lagr3ngian 

extends to an S-isomorphism of non-degenerate E-symmetric forms over A 

for some IlE;S, <:>E.QE(J*) (by Proposition 1.5, applied to the indtlced forms 

over S-1A). Define an isomorphism of metabolic E-sYllU1letric forms over S-1A 
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Then 

(To verify that this is the linldng formation associated to the non-singular 

E-synnetric S-form over A (K,~;J) used to define ~(K,~·,l,J) use the S • -J.somorphisl!l 

u = (: :): P = JeJ*---7JeJ* 

in the construction of [(Q,'9>,f,(Q','9'»))' 

~ Let (K,~;l,J), (KI,~';I',J') be non-degenerate E-sy~~etric formations 

over A such that there exists an isomorphism of the induced non-Iliniular 

E-symmetric foroations over S-1A 

-1( -1 
g : S K,,,,;l,J)------+S (K',<x'jl',J') • 

Then 

O(K,O(j l,J) 

~: As -above, let 

f : S-1(J9J*, (: :) --H-1(ld*, C 
f' : S-1(J'flJ'.,(: .:.) )---+S-1(1'4>I'*'(: 

be isocorphisms of metabolic E-sY~E.etric forms over S-1 A extending the 

of the lagrangians S-1(J,0)-,..S-1(K,o<) S-1(,) -1 , J ,0 - S (KI,ot'). 

7he isomorphisms of metabolic E-symmetric forms 

-1 ( 1 g S K,,,,) ---~ S- (K' ,0<') 

h -1 -1 (0 f' gf: S (JoJ·, E 

are such that 

( -1 -1 1 1 g S I) = S 1''; S- K' • h(S- J) 

A p?lying Le mr.Ja 3, \-le have 

-1 over S A 

inclusions 
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(K,()() ,g,(K' ,,,,-')] 

Applying Lemma 3, lore have 

~(K-·,I J) -_ (J-J.,(Oe: " ,~, w 

1) )J 
«;)' 

e(J'eJ'*, G :,) ) ,f' ,(I'er", G 
(J'eJ'·, (: :,) ),f' ,(1'411'·, G 
'd(K' ,01' iI' ,J') ~ 1-I{vO,,>e:(A,S) • 

1\ }] 
0') 

1) )] 
tp' 

Lemma 5 If (K,~iI,J) is a non-degenerate e:-sy~etric formation over A such 

that S-1(K, ... ;I,J) = OE:J.~(S-1A) then 

e: 
(}(K,'" i I ,J) = 0 Eo H.(v 0> (A ,S) • 

~: Let (D,'~Q1(D,e:» be a 1-dimensional E-aymmetric complex over A 

associated to (K,"'iI,J), llith 

d = k* : D1 = I ---'l> DO = J* 

o 
_ {e: j : D = J--D1 = I 

/0 -1 j* + k*O : D1 = 1*----'" DO 

Dr =0(rlo,1) 

for some e:-symmetric form over A (1·,0) such that the inclusion of the 

S-lagrangian (J,O)~(K,~) extends to an S-isomorphism of non-degenerate 
, 

e:-symnetric forms over A 

[] 

I 

(sES) 

- 326 -

-1 
Then S (D, rj) is POincare, and 

-1 -1 1 -1 £.-1 
S (D,,) = S (K,oqI,J) = OE. r.g(s A,e:) = I1S(S A) 

so that there exists a 2-dimensional e:-symnetric pair over A 

'2 1 
(f:D-----bD,(b1'1}E,~ (f,e:» which becomes Poincare over S- A, with 'bD a 

f.g. projective A-module chain complex 

~D : ••• ~0--7bD2~bD1~SDO--O-----t

Define an A-module chain map g:£D ---oSD' by 

1 
and let (D',,'~Q (D',e:» be the 1-dimensional e:-sy~etric complex over A 

obtained from (D,~) by surgery on the 2-dimensional E-symmetric 

.~ b 2 
pair over A (gf:D_ED',(g,1)'( ~'I)E:~ (gf,e:}). (Strictly speaking, the 

algebraic surgery of §? ~ras only defined for connected cOMplexes and connected 

pairs and neither (D,~) nor (gf:D--~D',(g,1)%O-1'~» need be connected. 

Ho~rever, the formulae of algebraic surgery are still applicable, s-:1(D'1) is 

Poincare and S-1(gf:D---+SD' ,(g,1)%('i1'1» is connected, so that (D' '1') 
becomes Poincare over S-1 A}. The non-degenerate e:-symmetric formation over A 

associated to (D"~') 

(K' ",., iI' ,J') = (D
1
'eD. 1 , (e:o 1 ) iD' 'iiE~O):D.O~D'''D'1» 11 1 \d'. 1 

has boundary even E-symmetric linY~ng formation over (A,S) o(K',~';I' ,J') 

stably equivalent to o(KP.iI,J) (by Propositions 7.1 i), 13.12 i1), since 

;)(K,'JI;I,J) agrees lrith the S-acyclic 2-dimensional even (-E)-symmetric 

Poincare complex over A OS(D,~». Define a 2-dimensional e:-symcetric pair 

over A (g':D'~SD,,(O'1')~12(g.,e:» using the A-module chain map 

g':D'_liD' given by 
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d'= (-: : ~q 
1 0 0 -d· I 

••• -----.. 0 ---..D1 $SD2 "SD -------_~ DO .. SD1"~D2 --0--+ 

1 g' = (f d -~'}o)1 
: ... -----+0 ,>0 ~SDO )0--+ ... 

There exist i~HomA(D~,SDO), s'E. S such that 

i~bg'. = s' : ~D°-----""" mO. 

and such that the A-module chain map h:D'------D" given by 

D" 

becomes a homotopy equivalence of 1-d:imens:ional E-synmetric Poincare complexes 

over S-1A 

h : S-1(D"1')--S-1(D"'~") 
cl 1 

,;here ~ 11 = h'O
( 1') (: ~ (D" ,E). The 1-dimensional E-sYlllJ;1etric complex over A 

(D" '1 "t Q. 
1 

(D" ,E» has associa.ted non-degenerate E-syrJllletric formation over A 

(K","''';I'',J") = (8DO$SDo'(O 1 \ ;SDO'im/ES'):6DO~SDOeSbo» 
E i'l1i.J \0 

such that 

It follolls from Proposition 1.7 that there is defined an isomorphism of 

non-singular E-syometric formations over S-1 A 

S-1 (K' ,0<' ; I' ,J' ) $S-1 (H€( J".) ; .1". ,JII) 

B-1 (K" ,0("; I" ,JII) .. S-1 (I{ (J'.); JI. ,J') 

Applying Lemma 4, "Ie have 

a(K,,,,,;I,J) = 'd(K' ,0<' ;1' ,J') = ()(K" ,CI.";I",J") 

= 'dCI<." ,,,,11 ;I",ItI) 

(] 
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It follo<1s from Proposition 13. 1 3 :ii) and Lellll"...a 5 that the 

correspondence of Propos:ition 13.12 :i:i) 

(S-acyclic 2-d:inens:ional even (-E)-syometr:ic Poincare complexes over A (e,~» 

~ (non-singular even E-syrnmetric linking format:ions over (A ,S) (H, >-; F ,G» 

can be used to define an abel:ian group morphism 

L 1(A,S,E)~ H<.vQ> E(A,S) ; (e,,,,) ~ (ll,).;F ,G) • 

\'le shall prove that this is in fact an isomorphism, so that applying 

Proposition 13.13 ii) again it will folloH that a non-singular E-symmetric 

linldng formation over (A,S) (H,).;F ,G) representing 0 in H<v O,>E(A,S) is 

stably equivalent to the boundary ~(K,~;I,J) of a non-degenerate E-symmetric 

formation over A (K","qI,J) such that S-1(K,DqI,J) OEf.~(S-1A). In order to 

verify that the correspondence of Proposition 13.11 also def:ines an abel:ian 

group morphism 

M<vdE(A,S)~L1(A,S,E) ; (H,).;F,Gh---~(C,cp) 

we have to shaH that the S-acyclic 2-dimensional even (-c)-symmetric Po:incare 

complex over A associated to the non-singular even E-sYflmetric linking 

format:ion over ~A,S) 

{ 

(M,~;F,G)e(",';G,H) 

(l1,').;F,G) is S-acyclic cobordant to the 

complex associated to 

(l.I,').;F ,G) 

{

(U'\;F'H) 

(~/L,\£/A;Fn~,G/L), 

(~/L,}£/').;F/L,G/L) 

for any non-s:ingular even 

E-synmetric linldng form over (A,S) (H,)..) and lagrancians F ,G together "Iith a 

{

lagrangian H of (H,~) 

sublagrangian L of (ll,).;F,G) 

sublagrangian L of (M,).) such that L<;; F nG. 

cases seperately. 

Ue shall consider the three 
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Recall from the proof of Proposition 13.12 ii) that the S-acyclic 

complex (C,1') associated to the linking formation (H,l;F,G) is the union 

(C,.,,) .= (t,DvDbD' ,-S~"1~" E. Q2(\nUDSD' ,-g) 
2 

of the S-acyclic null-cobordisms (f:D----.. bD, (~YJ'1)(~ (f ,-E» , 

(f':D----o-'bD',(!)I',Y)E.Q2(f',-E» associated.to the .. lagrang:i..ans F and G by 

1 
Proposition 13.8 ii), ~d.th (D'7fQ (D,-E» the S-acyclic complex associated 

to the link:i.ng form (11,).) by Proposition 13.3. Let (fll:n-bDII,(l)1",?)EQ2(fll,-E» 

be the S-acyclic null-cobordism of (D,,) associated to the lagrangian R of (1.1,').), 

so that the S-acyclic complexes associated to the linking formations (11,);G,H) 

and (M,~;F,H) are the unions 

(C I ,<p') = (5D'UD~D" '-~1' tJ1~" E.Q2(8D''1l~DII ,-E» 

(C" ,<:I") = (SD uDSD" ,- 01 '-'1 Er elCSD UD~D" ,-E» • 

110\1 (Cif ,."If) is homotopy equivalent to the S-acyclic complex obtained from 

(C,~)e(C',.,,') by surgery on the connected S-acyclic 3-dimensional (-e:)-symmetric 

pair over A «g g'):C"C'~SD',(O,."e-"")EQ3«g g'),-E», ~Ihere 

g = (0 0 1) 

g' = (1 0 0) 

Cr €DreDr_1eEn~ ~ ~D; 

C' SD'eD eSD" ~ ~D' r r r-1 r r 

It folloHs from the S-acyclic counterpart of Proposition 7.1 that 

(C,<jI).(C',<p') = (CtI,<jItI) EL1(A,S,E) • 

The non-singular E-syr.unetric linldng formations (H,).; F ,G) and 

(~/L,~L/~;Fn~,G/L) are stably equivalent, so that the associated S-acyclic 

cooplexes are homotopy equivalent (by Proposition 13.12 ii»and hence 

represent the sa~e element of L
1

(A,S,e:). 

Given a non-singular even e:-synmetric linldng formation over (A,S) 

(M,);F,G) let (K,~;L) be a non-singular e:-syr.unetric S-form over A associated 

to (1l,);F,G) by Proposition 13.11 i). Let jE.HomA(L,K) be the inclusion, and 

let kEHomA(L",K),sE.S be such that 

j"o<k = sE HornA (L" ,LO) 
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Giv~n a sublagr"ngian H of (H,>J such that R~F nG there exist a t.F,. projective 

A-module L' and A-module morphisms ueRomA (L,L'), VE HomA (L' ,L), j' (. HomA(L' ,K) 

such that the inclusions H ~ F, H ~ G have resolutions 

c ~) 
O·~LeL· .. L'.Lo :> H _0 

1 1 (: ~) 1 c J 1 
0----+ :r...L" i LeL· ..".F ----+0 

c ~) 
O~LeL· ) L'.LO ) H ---~ 0 

1 j t ( j' k) 1 (j 1d 
O~:r...L" ) IC -+ G --- .. ~ 0 

Let (C,.".Q2(C,-E» be the S-acyclic 2-diaensional even {-e:)-symmetric Poincar~ 

complex ovar A in normal forn associated to the S-form (K,<r;L) (as in the 

proof of Proposition 13.12 ii», and define an A-module chain map f:e ~D by 

~o~ ••• 

D: ••• ~O _.~ 0 ---Jo ••• 

Let (C' ,'9'E: q2(C' ,-E» be the S-acyclic 2-dimensional even (-e:)-symnetric 

Poincare complex over A obtained from (C ,.,,) by surger~' on the connected 

S-acyclic 3-dimcnsional even (-e:)-syr.unetric pair over A (f:C ----+D,(0,<?)~Q3(f ,-E» 

Let (C",'I'''t:Q.2(CII,-e:» be the S-acyclic 2-dimensional even (-e:)-symmetric 

Poincsrc complex over A in normal form associated by Proposition 13. 12 ii) 

to the non-singular e:-symrnetric S-form over A (K,~lim(j':L'~ K», which 

corresponds by Proposi tioD 13.12 i) to the non-singular even e:-aymmetric 

linldng for=tion over (A,S) (IIL/H, ~L/) ;F/H,G/n). The A-module chain 
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equivalence h:C'-----",C" given by 

C' 

COl 

defines a homotopy equivalence of S-acyclic 2-dimensional even (-E)-symmetric 

Poincare complexes over A 

It follows that 

1 
(C,tp) = (C' ,'1") = (C",'I'")E L (A,S,!':) , 

verifying that the S-acyclic complexes associated to the linking for~tions 

(H,),;F,G) and (Hl./H,).l./).;F/H,G/H) are S-acyclic cobordant. 

This completes the identification 

L1(A,S,d = M<vifE{A,S) • 

~ 
E-quadratic 

The verification that a non-singular 
. split E-quadratic 

formation Over represents 0 in the 

linking 

if and onl? if it is stably t(K,(Ij;I'J) 
e1uivalent to the boundary . of a 

(J(K,r;I,J) 

\ 

even E-sy=etric 
non-degenerate ~

(K'Oli I ,J) 
formation over A such that 

E-quadratic .(K,(HI,J) 

-1 < ) E( -1 ) 

) 

S ( K t'x ; I ,J) = 0 E. H v 0 S S A 
1 proceeds 

. S-1(y.,~;I,J) = 0(; I.~(S- A) 
by analogy ~Iith the case of 

even E-syrJ1letric linking formations. 
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" "0 -1 ~ "1 if ker(H (:>ZZ;S A/A,'O)--+H (<ZZ;A,'O» = 0 

It remains to prove 

even E-sy=etric 

E-quadratic 

split E-quadratic 

for all A,S,E 

for all A,S,E 

linking formation over (A,S) 

1 
(H,);F,G) 

(}!,X,f!;F ,G) 

(F,G) 

i 
M(vdE(A,S) 

represents 0 in the Uitt group }lE(A,S) 

. Me(A,S) 

if and only if it is stably 

equivalent to the boundary a(N,a) of an even (-E)-symmetric ! 
C\(N,e) 1 (-E)-sy=etric 

:linking 

form over (A,S) I 
(N,a) 

(N,O) 

(N,e ,W) 

;) (11 ,a ,'If) (-E)-quadratic 

l 
even E-symmetric 

For 
split E-quadratic 

linking formations this 

folIous from Proposition 13.13 ii). (The projection of Proposition 13.12 iii) 

(S-acyclic 2-dincnsional (-E)-quadratic Poincare complexes over A (C,W» 

~(non-singular split E-quadratic linking fornations over (A,S) (F,G» 

can thus be used to define an isomorphism of abelian groups 

L1(A,S,d--->-ME(A,S) ; (C,V)~(F,G». 

The o9thod of proof of Proposition 13.12 ii) is readily modified to prove 

the corresponding result for E-luadratic linking formations. 

[] 
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i<even) E-symmetric 
A non-singular forffi<~tion over 

E-1uadratic 

-1 ~(Q .'l';F .G) 
S A 

(~.V;F.G) 

such that [G] - [F·] (:; s 
~ ~ 1 

im(KO(A)~ KO(S- A» is stably isomorphic to 

S (K,"';I.J) 

\

' -1 

-1 for some non-degenerate formation over A i<even) E-sYl!lllletric 

5 (K,~;I,J) E-quadratic 

~
(K,o.;I'J) . 

( 
• It follows from Proposition 13.13 that the boundary ODe ration 

K.P1I,J) -

d: (non-degenerate foroations over A)---+(linking formations over (A.S» 

can be used to define abelian group morphisms 

.,. .E( -1 e -1 
u hS S A)_H<'v~ (A,S) I S (K,"'II.J)I--'>- -;'(K, II.J) 

(} J.l{vci~(S-1A)----7I'lE(A,S) I S-1(K."'II.J)~ C(K,oqI,J) 

f( -1 '" 1 Cl: I'E S A) ~ ME(A,S) ; S- (K,P,;I.Jh---~a(K,~;I.J) 

There is also defined amorphism 

d: 1~(S-1A) ~].f<A.S) I s-1(K,cqI,J)I~(K,", ;I.J) 

namely the composite 

e: -1 C E .e: 
IlS(S A)~lI<vO) (A,S)-----I,I(A.S) 

The correspondence of Proposition 13.11 i) associates to a non-singular 

\ even E-symmetric 

) E-quadratic 

L split E-quadratic 

linking formation over (A.S) ~
(M,;lIF'G) 

(U.)..I"IF,G) a stable 

(F,G) 

isomorphism class of non-singular i 
e:-symmetric 

even e-syM0etric 

e:-quadratic 1 
(K.oqL) 

S-forms over A (K.,-,q L) • 

(K,~IL) 

It f0110"s from Proposition 13.13 that there are defined abe1ian group moryhisms 

l1(v 0) E<A ,S) __ LE(A) ; (H,,x;F .G)l---1-- (K.o<) 

He: (A,S) ----+ L(v 0)10(1\) ; (H, lI.\,;F ,G) t------ (K.Oo) 

HE(A.S)~ Le:(A,S) ; (F.G)\----->- (K,~) 
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Define a.belian groups (k, -1) by 

\

L2k+\A.S.E) 

L2k+1 (A,S ,E) 

L2k+1(A,5,E) L2l<+2i+1(A,S.(_)iE) (k+i~ 0) 

(extending the periodicity of Proposition 13.1 ii» 

L-1(A.S,E) = I-I_
E

(A,5) 

L2k+1(A.S,E) = L2k+1 (A.S.e) (k~ -2) • 

Proposition 13.15 i) The localization exact sequence of algebraic Poincare 

cobordism groups 

L2k+1 (A,(_)ke ) ~ L~k+1(S-1A.(_)ke) __ L2k+1 (A.S.( _)kE) 

_ L2k(A.(_)~) _ L~k(S-1A,(_)~) (.)2k+1 

is naturally isomorphic for llltt : :1 to 1 li t· t a oca za 10n exac sequence of 

k'- -2 

"Ht groups 

{ 

].f<A)--+}~(S-1A) __ 1-I<vO)E(A,S) __ Le(A) _L~(S-1A) 

H(v() e(A) 71 M(va ~(S~1A) ~ HE(A,S) ___ L<vc?E(A) ~ L<vO>~(S-1A) 
U

E
(A)--11 (S A) ---7 J.! (A.S) , L (A) ~LS(S-1A) E E e: e: • 

The long exact sequence of L-groups 

n() n( -1 n n 1 ... ~L A,E --LS S A.e:)~L (A.S.e:) --7'L - (A.e)- ••• 

is naturally isomorphic in the range n ~ 2 to the l.ong exact sequence of 

vlitt groups 

••• _ L2(A ,S.e) ~Jf(A)_ ],~(S-1A) ~ H(v O>e:(A.S) -+ Le(A) --+L~(S-1A) 

_L(vo>e:(A,S) --+H(v
O
) -E(A) _ H<v

O
) ;E(S-1A) --'> H_E (A.S) ..--,.L(VO).-E(A) 

--+L(vd ;e(S-1A) --+L_E(A,S) --'> 1\:(11.) --l-J.f(S-1A)--,>M (A.S) ---L (A) 
.. e: e: e: 

S( -1 - _.8 1 ~ 
-+L

E 
S A) _LE(A,S) -11_e:(A) - K':'e:(S- It) ~H_E(A,S)--+ ••• 
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ii) There are define1 natural ab~lian group ~orphisms 

J.{(A,S)_L2k+1 (A,S,(_)k£) (k~1) 

{

(A,S) is 1-dirnensiona1 lk~1 
for all A,S,E. If A .1 -1 "'0 then for 

ker($:H (ZZ2;S A/A,E)---H (ZZ2;A,£» '" 0 k= 1 

these are iso~orphisms. 

iii) If (A,S) is ~dimensiona1 

Il(A,S) '" lI\vo'>E(A,S) '" HE(A,S) '" 0 • 

and there are defined localization exact sequences of Witt groups 

0-+ L£(A) ~L~(S-1A) ~ LE(A,S)---,," H-E(A) _M;E(S-1A)--+ 0 

o--? LE(A) --+ L~(S-1A) ~ L(VO)E(A,S)-+I-!<'VO,>-E(A)-+M(~o}~E(S-1A) ~ 0 

0-.. L(v)E(A)--+ L.(V
O
:>SE(S-1 A) ~ L (A,S) ....... M (A) -+ r-f' (S-1A) - M (A s) 

(J _ E -E -E -E' 

---,. L_E(A)~ L~E(S-1A) -L_E(A,S) - HE(A) _l-~(S-1A)_ M£(A,S}--+ ••• 

Aa -1 A1 

\ 

im(H (ZZ2;S A/A,£)--..H (Zl
2

;A,E) = 0 

) • O( AO-1 
iv If H Zl2 ;A,£)-H (Zl2 ;S A,E) is an isomorphism then the forgetful map 

~1 A 1 -1-
H (Zl2;A,£)~11 (ZZ2;S A,E) is an isonorphism 

identifies the Witt groups 

l 
H(vo)£(A,S) '" H:(A,S) 

HE(A,S) '" M(vO'> (A,S) 

ME(A,S) '" 11£(A,S) • 

In particular, if 1/2 ~ A then 

Froof: i) ,-/e have already verified lin the courSe of the proof of Proposition 

13.14) that there are natural identification::; 

L\A,S,£) = I1(V
O
}£(A,S) 

L1 (A,S,E) '" M£(A,S) • 

The sequence of \iitt groups 

{ 

.E ( ) £ ( -1 ) () £ £ £ 1 11 A --+- J·;S S A --4H<vo'> (A,S)--+ L (A) ---"" Ls(S- A) 

1i -1 ~ - S HE(A) ---4 IrE(S A) ~ J.l (A,S) --". L (A) ____ L (S-1A) 
£ £ E 
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l(·) 
can thus be identified with the exact se'luence of L-groups 1 • The exactness 

(·)-3 

of this sequence of \-/itt groups can also be established directly, using 

Proposition 13.14: The direct method applies also to the verification of the 

exactness of (·)-1 

M<'VO)E(A) _11{vO)~(S-1A}~I\(A,S)~ L(VO)E(A) ~L(vJ'~(S-1A) 

ii) Define abe1ian group morphisms 

rf(A,S)~L2k+1(A,S,(_)~) 

by sending a non-singular E-symmetric 1inldng fornation over (A,S) (l-!,7-;F,G) 

to the k-fo1d ske,-,-suspension gk(C ,rq) of an S-acyclic 2-dimensiona1 

(-E)-symmetric Poincare complex over A (C ,'I'EQ.2(C ,-E)) associated to (n,)'lF ,G) 

by Proposition 13.12 ii). The S-acyc1ic cobordism class gk(C,'I')fL2k+
1

(A,S,(_)k£) 

depends only on the stable equivalence class of (M,~;F,G) (proved exactly as in 

Proposition 13.13 i», vanishing if (M,}.;F,G) OE If(A,S) (proved as in 

Proposition 13.14), so that the morphisn~ are well-defined. 

l (A,S) is 1-dimenaiona1 1 k~ 1 
If "1 1 0 then for 

kerlf:n (Zl
2

;S- A/A,E)_H (Zl2 ;A,£» = 0 k= 1 

is the S-acyc1ic cobordisD group of S-acyc1ic 2-dirnensiona1 (-£)-symmetric 

1
13• 2 . 

Poincare complexes over A (by Proposition ), so that the ~orphisms 
13.3 i) 

are onto. If (11,}.;F,G)(: ker(l.f(.\,S)_L2k+1(A,S,(-)~» then (C,~) is 

hOPlotopy equivalent to the boundarydlD,'1) of a connected S-acyc1ic 

3-dimensiona1 (-£)-symmetric complex over A (D",\o'13 (D,-e:», and the proof of 

Proposition 13.14genera1izes to sh"" that U!,>';F,G) = OE1-f(A,S), so that 

the morphisDs are also one-one. 

... 
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111) If (A,S) 18 o-dimensional 

L3(A,S,-d 

by Proposition 13.2, so tha1t 

r.f(A,S) = H(vo.,E(A,S} = 0 

o 

The proof of Proposition 13.2 generalizes immediately to show that 

L-1(A,S,_E) = HE(A,S) = 0 • 

'~im(HO(7Z2;s-1A/A'E)~)H1(7Z2;A'E» = 0 
iv) If we have an 

RO(~;A,E)~ilO(7Z2;S-1A,E) is an isomorphism 

identification of categories 

\

" (even E-symmetric linldng forms over (A,S)) 

= (E-symmetr1c linking forms over (A,S» 

(E-quadratio linldng forms over (A,S» 

= (even E-symmetrio linking forms over (A,S» 

by Proposition 13.5 i1). ~Te can thus identify the categories 

( (even E-symuetr1c linking forrJations over (A,S» 

) = (E-symmetric linking formations over (A,S» 

).(E-quadratiC linking formations over (A,S» 

\ = (even E-sy~~etric lirudng formations over (A,S», 

and also the Uitt groups 

\ IIZvO)E(A,S) = I'f(A,S) 

1 HE(A,S) = H(voiE(A,S) 

If n1(7Z2;A,E)._H1(7Z2;S-1A,E) is an isomorphiso Proposition 13.5 ii) Gives 

identifications of catef,Or1Cs 

(split E-'l.uadratic linking fortls over (A,S» 

(e:-qtladrntic linking forms ovcr (A,S» 

«-E)-quadratic linldng forrJs over (A,S» 

= (even (-E)-synnetric linldng forrJs over (A,S» , 

so that it is possible to identify the stable equivalence classes 

(split E-quadratic linking formations over (A,S» 

(E-quadratic linking formations over (A,S» 

and also the Witt groups 

[] 
~o "0-1 In Proposition 13.3 ti) we showed that if R (7Z2;A,E)---+R (7Z

2
;S _ A,E) 

is an isomorphism then 

We shall now extend this to all n€7Z, obtaining an S-acyclic analogue of 

Proposition 9.4 (if nO(7Z2;A,E) = ° then Ln(A,_E) = Ln+2 (A,E) (nE:1Z». 

"0 -0 -1) Proposition 13.16 If R (7Z2;A,E)~R (7Z2IS A,E is an isomorphism then the 

skew-suspension maps 

are isomorphisms. 

~I Immediate from Propositions 13.3 ti), 13.15 iv). 

[] 

The localization exact sequence is natural, in the following sense: 

Proposition 13.17 Given a morphism of rings with involution f:A ---+ B such that 

r(s)C T for some multiplicative subsets SeA, TC.B there is defined amorphism 

S1milarly for L •• 

~: If C is an S-acyclic n-dimensional A-module chain complex then B~C 

is aT-acyclic n-dimensional B-module chain complex, since 
1 -1, -1 

T- (B®AC) = T B® -1 S C 
S A 

[] 
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Given a central indeter~~nate x over a ring A there is defined a 

multiplicative subset S = ! xklkf' OJ of the pol:rnoldal extension A[x] , such that 

S-1A(x) = A[x,x-1) • 

The "fundamental theorem of algebraic K-theory", the split exact sequence 

O--'1'Kn(A)~lC (A[x]hlC (A[x-1])_ K (A(x X-1]I~K 'A"}------+O n n n' n-1' 

may be obtained from the localization exact sequence (n":iZ) 

••• --->K
n

(A[x) __ K
n

(A[x,x-1]) ---+K (A(x] ,S) ~ K (A[x)-:> n n-1 ••• t 

using the equivalence of exact categories 

th.d.1 S-torsion A(x]-modules ~I) 

= (f.g. projective A-modules with a nilpotent endomorppism x:M--I-1) 

(Bass [1) for n~1, Quillen (1] for n~2). S:lm:llarly, we could use-the 

L-theoretic localization exact sequence of Proposition 13.1 

••• _Ln(A(x) ,E) ~ L~(A[X,x-1] ,E) ~ Ln(.A.[x] ,S,E) _Ln- 1 (A[x) ,E) ....-,. •• 

to obtain analOGOUS re suI ts for the L-theory (in the range n ~ 1) of the 

pOlynomial extensions A[x],A(x,x-
1

] of a ring \11th involution A, where the 

involution is extended by 

vIe have already studied the quadratic L-theory of such pOlynomial extensions 

in Ranicld [4 ], so that in fact we can reverse the process and deduce 

information about the localization exact sequence 

••• ~ Ln(A[x] ,E) - LS(A[x,x -1] ,E) ~ L (A[x] ,S,E) ~ L (A(x] E) ~ n n n-1' ••• 

It follows from Ranicki (4] that this breaks up into split exact sequences 

o ~ Ln(A[X] ,d _ L!(ArX,x-1] ,e) ~ Ln(A[x] ,S,E) ----'>- 0 

and that there are defined natural isomorphisms 
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He thus have a cOJlu:mtative diagram of Witt groups 

~ 1A

) , L'Of") 
Le(A(x],S,e)~Le(A[x],S,e) 

in which Le(A) = Lo(A,e)----+Le(A[x),S,E) = Lo(A[x],S,e) 

(L(v 0) E(A) = L-2 tA ,-e) --+ Le(A[x) ,s ,E) = L-2 (A[X] ,S ,-e) 

is a split injection. 

is also a split 

injection). In \-lords, the extra structure afforded an e-quadratic linking 

form over (A[x] ,S) (li,~ ,~) by a choice of split e-quadratic linking form 

over (A(x],S) (H,:\,v) such that 

y : It ~ QE(A(x,x -1]/A(x]) ~ QE(A[x] ,S)

corresponds to the structure of an e-quadratic refinement of an even E-symmetric 

form over A. In particular, the extra structure detects the Arf invariant: 

Proposition 13.18 Let c = (f-I,).,V) be the non-singular split skew-quadratic 

linking form over(~(x],S) (S =ixklk~OJ) defined by 

M = Z'.<>:iZ, xH = 0 ,>.: M x 1-1 ---')0 ~[x,x -1]/l'Z(x] ; «m,n) ,(m' ,n '»t~ x-1 (mn' - m'n) 

V : 1-1------7 Q_1(~(X'X-1]/l'Z[X]) = l'Z(x,x-']/:iZ(x] + 2l'Z[x,x-1] ; 

(m,n) 1--...... x-1 (m2 + n 2 + mn) 

Then c -I Ofker(L
E

(l'Z(x),S)---.-L
e

(l'Z(x],S»,o:iZ
2 

(E';' -1). 

~: The element c~LE(l'Z[x] ,S) = L2~l'Z(x] ,S) is the image of the generator 

c~L2(lZ)= l'Z2under the natural injection L (~)=l'Z _L(~[] S) 2 2 EX,. 

[] 

The main result of Rnnicki [4] is l'. split exact sequence 

O~ Vn(A,E)~Vn(A(x],E)9Vn(A[X-1],E)~V (A[x,X-1]'~)-+U(A E)--+O 
n n ' 

The same arguments apply to also give: 

Pro1)osition 1~.:t9 There is a natural split exact se,!uence for n~1 

0--,> Vn(A ,E) _vn(A[x] ,E) .. vn(A[x-1] ,E) __ ,>Vn (A[x,x-1] ,E) -+Un(A,E) --+ 0 

[J 

It nay be conjectured that the result of Proposition 13.19 holds for all nEl'Z. , 
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There are also intermediate versions of the localization exact sequence, 

for the intermediate L-groups of §12. 

Given a .-invariant subgroup X£K~(A) let ~(A,S,E) (n€2Z) be the L-groups 

defined exactly as Ln(A,S,E) but using only S-acyclic algebraic Poincare oomplexes 

over A (C,.,,) such thst [C]E.X<;Ko(A). In particular, 

r.i (A)(A,S,E) = Ln(A,S,E) • 
o ~ ~ -1 1 

Given .-invariant subgroups XC;; K1(A) , Y~K1(S A) such that S- X£Y let 

~ y(A,S,E) (n~2Z) be the L-groups defined exactly as Ln(A,S,E) but using only , 
S-acyclic algebraic Poinc~re complexes over A (c,.,,) such that C is based, 

( n-. - -1 --1 'rCVOsC --+C)EX<;K1(A),'r(S C)E:Y<;K1(S A). In particular, 

r.R
1

(A),K
1

(S-1A)(A,S,E) = L~O)t;Ko(A)(A,S,E) • 

Proposition 13.20 i) Given a .-invariant subgroup X~KO(A) there is defined 

an exact sequence of abelian groups 

n() n (-1) n n-1 ••• ---'> Lj( A,E -+L -1 S A,E --)oLj(A,S,E) --+Lj( (A,E)-----'t ... 
S X 

(nE2Z). -

11) Given .-invariant subgroups X~K1 (A), Y';: ~ (S-1A) such that S-1 X<;' Y there 

is defined an exact sequence of abelian groups 

(nE2Z) 

[] 

As a particular case of Proposition 11.5 ii) we have: 

Proposition 13.21 Let A,R be rings with involution such that A is an R-module, 

and let SeA be a multiplicative subset. The symmetric L-groups L·(R) act on 

the localization exact sequence 

1 
n n -1 n n-1 ••• ~L (A,E) -LS(S A,E) --~L (A,S,E)~L (A,E) -- ... 

•.. -+ L (A,E)---)LS(S-1A,E) -->L (A,S,E) ----;.L 1(A,E) ~ ••• n n n n-

The element (R,1) E L OCR) acts by the identity. 

[] 
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In our applications of the localization exact sequence we shall 

make much use of the following criterion for a morphism of rings with 

involution and multiplicative subsets 

f s (A,S)-(B,T) 

to induce isomorphisms of L-groups 

\

f : Ln(A,S,E)-----+Ln(B,T,E) 
(n~2Z) 

f : Ln(A,S,E)~Ln(B,T,E) 

Define a partial ordering on S by 

s~s' if there exists tES such that s' = stES. 

Define also a direct system of abelian groups iA/sAls~sl with structure maps 

A/sA-----'t A/stA ; x~tx • 

The abelian group morphisms 

allow the identification 

The involution 

is identified with the involution 

a 
a 1----+ -s 

A morphism of rings with involution and mUltiplicative subsets 

f : (A,S) --+(B,T) 

is cartesian if f(S) = T and if for every sE: S the map 

(t = r(s)£ T) 

is an isomorphism of abelian groups, in whioh case there is induced an 

isomorphism of abelian groups with involution 

-1 -1 
f : ~ A/sA = S AlA --Hi!l1 B/tB = T BIB; 

SES £ET 
x \----__ f(x) • 
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Cartesian morphisms were introduced by Karoubi [2] (Appendix 1) who proved 

that such a morphism induces an isomorphism of exact categories 

f : (h.d. 1 S-torsion A-modules)~(h.d. 1 T-torsion B-modules) 

M' ) B~M (= M as an A-module) , 

and hence induce a isomorphisms in hermitian K-theory. (The nomenclature 

reflects the cartesian property of the commutative square 

that the sequence 

-1 -1 
0------> A _8 AeB _T B-----40 

is exact. We shall discuss the L-theory of cartesian squares in §16 below). 

Proposition 13.22 A cartesian morphism of rings with involution and multiplicative 

subsets 

f : (A,S) __ (B,T) 

induces isomorphisms of L-groups 

~
f" Ln(A,S,E)----i'Ln(B,T,E) 

(nElZ) 
f I Ln(A,S,E)----4Ln(B,T,E) 

~I Define an n-dimensional (A.S)-module chain complex to be a chain complex 

d d Cl ••• ---+0 ~Cn--'-'>Cn_1 -~ ••• ----)C1 -->CO ---';>0 ~ ••• 

of h.d. 1 S-torsion A-modules. 

~ There is a natural identification of chain homotopy classes 

(S-acyclic (n+1)-dimensional A-module chain complexes) 

= (n-dimensional (A,S)-module chain complexes) (n~ 0) • 

~: Given an n-dimensional (A,S)-module chain complex C write a f.g. projective 

A-module resolution of Cr (O~ r~ n) as 

O_P ~Q ---~C --)0, 
r r r 

and resolve dE.HOmA(Cr ,C
r

_1) (1~r~n) by 
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o there exist chain homotopies k EHomA(Qr'Pr _2 ) (2~r~n) such that 

2 2 g = kfE.HOmA(Pr ,Pr _2 ) h fkEHomA(Qr,Qr_2) 

Call a collection such as (P,Q,f,g,h,k) a resolution of C. A resolution of C 

determines an S-acyclic (n+1)-dimensional A-module chain complex D, with 

(1'~ r~ n+2) 

such that H.(D) = H.(C). A chain equivalence of (A,S)-module chain complexes 

C _C' determines a chain equivalence of a-acyclic A-module ohain complexes 

D-->D'. 

Conversely, given an S-aoyolic (n+1)-dimensional A-module chain 

complex D it is possible to define an n-dimensional (A,S)-module chain 

complex C with a resolution which determines D (up to chain equivalence), 

as follows. As S-1D is a ohain contractible S-1A-module chain complex there 

exist sES, e€.HomA(Dr ,Dr +1) (O~r~n) such that 

de + ed = s I Dr-Dr (O~r~ n+1). 

Define a resolution (P,Q,f,g,h,k) by 

f 
\(~ 

0 0 

)-d 0 
Po = D1eD

3
eD5e··--->-Qo = DOeD2eD4e •• 

e d 

tu 
• I 

0 0 

")-s 0 
2 P Dr+1eDr+3eDr+5e. ·~Qr D r+1eDr+3eDr+5e •• (r~ 1) 

e s r 

I d 0 0 .\. l e d 0 
P Dr+1eDr+3eDr+5e •• ~Pr-1 D eD r+2eDr+4e .. (r~ 0) 

0 e d ! . r r . / 
g 
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W 
0 0 

) 0 0 , 0 I !t, D2eD48D6e •• ~!tO " DOeD2eD4e •• 

h 
0 0 ( (: ) d 0 I !tr D r+1eDr+3eDr+5···~!tr_' D eD r+2eDr+48 •• (r>- 1) r 

e d 

, . • I 

(~ 
0 0 

. ) 0 0 
k" 1 0 I !tr Dr+18Dr+3eDr+5e •• --+Pr_2 " Dr_1eDr+1·Dr+3e •• 

This is a resolution of an n-dimensional (A,S)-module chain complex C such 

that H.(C) = H.(D). 

Applying the Lemma twioe we obtain the following identifiostions of 

chain homotopy olasses: 

(S-acyclic (n+1)-dimensional A-module chain complexes) 

(n-dimensional (A,S)-module chain co~plexes) 

(n-dimensional (B,T)-module chain oomplexes) 

(T-acyclic (n+1)-dimensional B-modulechain complexes) 

Moreover, if D is an S-acyolic (n+1)-dim~nsional A-module chain complex 

[] 

then B~D is aT-acyclic (n+1)-dimensional B-module chain complex such that 

(!tn+1 (D,E) = !tn+1(B~D,E) 

lQn+1(D,E) = Qn+1(BGiD,E) 

It is now immediate that we can identify 

(nE 2Z) 

[] 

(r~ 2) 
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Given a ring with involution A and a multiplicative subset seA 

define the S-adic completion of A to be the inverse limit 

A " l4:!!! A/sA 
s"S 

of the inverse system of rings tA/sAls€S} with structure maps the prOjections 

A/stA ') A/sA (s, t ES) • 
A 

The ·completion A is a ring with involution 

I A--~A I fa EA/sAls£sh--~';:EA/aAlsf.s!. s s 

The inclusion 

" is a morphism of rings with involution, such that S f(S)C A is a 

multiplioative subset. 

Proposition 13.23 The inclusion f:(A,S)~(A,§) is a cartesian morphism 

of rings with involution, and so induces isomorphisms 

Ln(A,S ,E) --+Ln cA. ,8 ,E) 

L (A,S,E)---.L (A,§,E) 
n n 

~: Immediate from Proposition 13.22. 

(n€2Z) 

[] 

The profinite completion ~ = ~ 2Z/m2Z of lZis the infinite product 
m 

~" Q &p 
over all the primes p of the p-adic completions ~ = Lim lZ/pk2Z, with 

P "It" 
symmetric Witt group 

where 

A ring with involution A is torsion-free if the additive group of A 

is torsion-free, in which case S = lZ-~O}CA is a multiplicative subset, 

such that S-1 A = ~0w!, A = W.®lZA. 



A ring with involution A is p""-torsion-free if p1 ~ A is a non-zero-di visor, 

in which case S = fpklk~ O!CA is a multiplicative subset such that 

Proposition 13.24 i) If A is a torsion-free ring with involution then the 

natural mapa 

j 
Ln(A ,€:) ~ L~(S-1A ,€:) 

(nE 2Z, S 
L (A,€:) -~ LS(S-1 A,€:) 

n n 

are isomorphisms modulo 8-torsion. 

ii) If A is a p'-torsion-free ring with involution then the natural maps 

L A,e> ·---'>"LS SA,€:) 

) 

n( n( -1 

(nE2Z, S ,. ~pklk~OJCA) 
. Ln(A,E) ----.)-L:(S-1A,€:) 

are isomorphisms modulo 8- (resp. 2-, 4-) torsion, according as p = 2 

(resp. = 1(mod 4), = 3(mod 4». 

Proof: i) By Proposition 13.23 Ln(A,S,E) Ln(A,S,E), and by Proposition 13.21 

Ln(A,S,E) is an LO(i)-module, since A is a 7l-module. 

ii) As for i), but using the :Z -module structure of A. 
p 

[] 

In particular, the result of Proposition 13.24 i) applies to the integral 

group ring A = ZI(It] of any group It, with S-1 A = ~[It] the rational group ring. 

Results similar to those of Proposition 13.24 were first obtained 

by Karoubi (2]. 

- 348 -

We shall now investigate the general properties of the L-groups 

i
'Ln(A,S,e) 

(n ~ ZI) in the case 
Ln(A,S,€:) 

when the ring with involution A is an algebra 

over a Dedekind ring Rand S = R-£O}. An S-torsion A-module has a canonical 

decomposition as a direct sum of1'-primary S-torsion A-modules, with~ 

ranging over all the non-zero prime ideals of R, and there is a corresponding 

direct sum decomposition for the L-groups. 

Given a multiplicative subset seA in a ring with involution A we shall 

say that the pair (A,S) is a Dedekind algebra if R = Sulo3 is a Dedekind ring 

with respect to the ring operations inherited from A. The localization 

S-1A = F~ is the induced algebra over the quotient field F = S-1 R• 

For example, a torsion-free ring with involution A is the Same as a Dedekind 

algebra (A,ZI-tO). A Dedekind ring with involution R is the same as a 

Dedekind algebra (R,R-tO}). In dealing with Dedekind algebras (A,S) and the 

prime ideals 'J' of R we shall always exclude the case 1> = o. 

Let (A,S) be a Dedekind algebra. 

The annihilator. of an S-torsion A-module M is the ideal of R defined by 

ann (M) = {sERlsM = OJ<lR 

Like all ideals of R this has a unique expression as a product of powers of 

distinct prime ideals '91 ,'5'2'" • ,'Pr 

k1<-.~ kr 
ann(M) =}l1 Y2 "'?r (ki )1). 

If M is such that the natural map M~M~~ is an isomorphism (e.g. if M is h.d.1) 

then 

ann(M") = ann{M) <l R • 

An S-torsion A-module M is))-primary for some prime ideal 'y of R if 

ann(M) =-pk 

for some k ~ 1. An S-acyclic A-module chain complex (; (resp. an S-acyclic algebraic 

Poincare complex over A (C,~» isCY-primary if each of the homology S-torsion 

A-modules H/C)' is Jl-primary. 



Define the localization of A at~ for some prime idealJ) of R to be 

the ring obtained by inverting R-J> 

A = (R- J> ) -1 A 
J> 

If P = p there is defined an involution 

A A '~I-I---~~ 11>- p' r (aEA, r-= R-?) • 

An h.d. 1 S-torsion A-module M induces an h.d.1~-primary S-torsion A-module 

It., ~ kr 
If ann(M) =P1 92 "':Pr it is possible to identify 

M = Jl 

so that 

1 
f) k1 pk2 .,.,ki _1 ki+ 1 kr p 
y 1 2 "'Yi-1 9i +1 "'Pr M if =JPi for some i, 

.0 if 1'q:lP1 J' 2"" 'Yr~ 

We thus have a canonical identification of exact categories 

(h.d. 1 S-torsion A-modules) = E9(h.d. 1 Y-primary S-torsion A-modules) , 
Y 

with P ranging over the (non-zero) prime ideals of R. The S-duality functor 

H'~M" sends the ·,P-primary component to the Y-primary component. Applying 

the Lemma appearing in the proof of Proposition 13.22 we have also the following 

identifications of chain homotopy classes 

(S-acyclic (n+1)-dimensional A-module chain complexes) 

(n-dimensional (A,S)-module chain complexes) 

,en-dimensional »-primary (A,S)-module ohain oomplexes) 

(:1)CP-primary S-acyclic (n+1) -dimensional A-module chain complexes). 
3' 
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For each prime ideal? of R such that:? =Y define the L-groups 

\

n "" L (A,}' ,E) 
(nE2Z) in the same way 

Ln(A,Y",E) 

S-acyclic A-module chain complexes. Define a multiplicative subset 

Sp = HE-A I sc,-S}CA,J> • 

There is a natural identification 

(h.d. 1 j?-primary S-torsion A-modules) 

c (h.d. 1 ~-torsion A
9

-modules) , 

Ln(Ap,SJ> ,E) 

Ln (Ay,Sy,E) 
(n E2Z) 

If Y = "R is a principal prime ideal of R, with generator ,,~:P, then 

'it = "uEJ>for some unit uER such that uu = 1E-R and there is defined a 

multiplicative subset 

SIt = t"juklj ~0,k~2Z1CA 

such that there are identifications 

(h.d. 13>-primary s-torsion A-modules) 

= (h.d. 1 sIt-torsion A-modules) 

iLn(A,P"",E) = Ln(A,S",E) 
(n8Z) 

L (A,~E) = L (A,S ,E) 
n n" 

Proposition 13.25 The L-groups of a Dedekind algebra (A,S) have a canonical 

direct sum decomposition 

with Y ranging over all the prime ideals of R such that l' =-P. 

The localization exact sequence of (A,S) can thus be expressed as 

\ 

... _.~Ln(A,E:) ~L:(S-1A,E:) --tf;Ln(A,?"E) _. )Ln-\A,E:)· 

. )L (A,E:) __ ~LS(S-1A,E) --"'Ef>Ln(A,.P"';e:) - )0 Ln_1(A,E)· 
n n :p 

'> ... 

~ .... 
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~: An S-acyc1ic finite-dimensional A-module chain complex C is chain 

equivalent to a direct sum ~C9 ofj)-primary S-acyc1ic finite-dimensional 

A-module chain complexes CJ>' Expressing the spectrum of prime ideals of R 

as a disjoint union 

spec(R) 

we have 

Qn(C ,E) = f Qn(C:p'E).~n(CQ.CQ.'E) Qn(CG.,E) = 0 • 

Thus an S-acyc1ic E-symmetric Poincar~ complex over A (C,~) is homotopy 

equivalent to the direct sum ~(CJ>'~p).!(CQ..cq'~Q.~ with each (C:p'~S> a 

~-primary ~-acyc1ic E-symmetric Poincare complex over A and each (C .C;;,~ -) 
Q ""'- Q..~ 

a nu11-cobordant complex (- with a canonical nu11-cobordism, as defined by 

«1 O):CQ..CQ~~,(O''PqeQ»)' It is immediate that 

Ln(A,S,E) = EDLn(A,Jf",E) • 
l' 

Similarly for the E-quadratic case. 

[] 

We now specialize to the case of a Dedekind algebra (A,S) suoh that 

A = R = SuO is a Dedekind ring, with S-1A = S-1 R = F the quotient field. 

The symmetric Witt groups of Dedekind rings R have been studied by Mi1nor 

and Husemo11er [1], Durfee [1] and Barge,Lannes, Latour and Voge1 [1]. 

(There is an extensive literature in the case when R is the ring of integers 

in an algebraic number field F, e.g. Landherr [1],Froh1ich [1], Wall [7], 

Lannes [1]). In particular, there is the original exact sequence of Mi1nor 

0----+ LO(R)~LO(F) ---+ WL O(R/J» 

with the identity involution on R,j? running over all the maximal ideals of R. 

This can be deduced from Proposition 13.25 by means of an L-theoret:tc 

analogue of the devissage argument of algebraic K-theory (Bass [1] for n = 1, 

Quillen [1] for n ~2) used to prove 
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Kn(h.d.1 S-torsion R-modu1es) = tKn (h.d.1 1'-primary S-torsion R-modu1es) 

and hence to establish the localization exact seluence 

••• ~K (R)~K (F)---?>®K 1(1)/..,)-~K 1(R)~ n n 'P n- .... J- n-

Given a finite-dimensional R-modu1e chain complex C write 

\

T (C) 

Fr(C) = H (C)/T (C) 
r r r 

l-s-to_ rsion- submodule 
of Hr (C) (resp. Hr (C» (r~?L;), ~lhich is 

S-torsion-free quotient 

\

an h.d.1 S-torsion 
R-module. The universal coefficient theorem gives 

a f.g. projective 

natural R-module isomorphisms 

Tr(C)----+Tr+\C)1\ = HO~(Tr+1(C),F/R) ; x I-->- (fl--->-if(y» 

(xtoCr,Y" Cr +1 ,S(S ,sX = dy,f(Cr
+

1
) 

x I~ If ~ fl:r.» (X(C ,flCr ) • 
r 

Proposition 13.26 The L-groups of a Dedekind ring R and the quotient field 

F = S-1 R (S = R-10J) are such that 

i) The skew-S1lspension maps 

are isomorphisms. 

o • 

iii) There are defined exact sequences 

0-- -7 LE(R) ----+LE(F) ~LE(R,S) --+ M-E(R) ~ 0 

0---,.- LE(R) _---7-LE~F)-1-~ L{vU)E(R,S) ~ lI<vJ -E{R) ~ 0 

0---7L\vo)~(R) ---7L(vO' E(F) .2..+ LE(R,S) -~H_E{R) ----->- 0 - ~ ~ o ~ UE(R,S)---) LE(R) ---->LE(F) --" LE(R,S) ----4- M_e:(R) ~ 0 
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In particular, there are nature,l identificetions 

HE(H) ~ (non-singular (-E)-symmetric linking forms Over (R,S» 

(boundaries of non-degenerate l-E)-s~~etric forms over R)+(metabolics) 

H(v ri E(R) = (non-singular even (-E)-s;vmmetric linking forms over (R,S» 
{boundaries of non-degenerate (-E)-symmetric forms over R) 

(non-singular (-E}-quadratic linking forms over (R,S)) 

(boundaries of non-degenerate even (-e)-symmetric forms over R) 

(non-singular split (-e)-quadratic linking rorms over (R,S)) 

(boundaries of non-degenerate (-E)-quadratic :forms over R) 

iv) For n ~ 2i (resp. n = 2i+1) the isomorphism 

~ 8'-i: L!1(R,e) --'Jo Ln- 2i(R,(_)iE) 

L 8'-i: Ln{H,e)~Ln_2i(R,(_}ie) 
(i~O) 

{

e-SYlllDletric 
sends the cobordism class of an n-dimensional Poincar~ complex over R 

e-quadra tic 
i 

i
' (C,<pE:tn{C,E» ~LO(H,{-)ie} = L{-) e(R) 

to the class in i (resp. 
(C,'l'd~n(C,E». ,Lo{R,{-) E) = L<_}ie(R} 

iL1(R,(_)iE) ~ H{-fl.e(R) i<_}iE-symmetriC 
i ) of the non-singular i form over R 

L1(R,(-) E) c M i (H) (-) e-quadratic 
(-) e 

} 

(Fi(C) "~O':HO~(Fi(C) ,~(C)·» 
i i i (resp. of the non-singular 

(F (C),(1+Te )Vo 'v ('V):F (C)-~(_}ie(R)} 

l(_)i+1E-Symmetric 
i+1 linking form over (H,S) 

(-) e-quadratic 

\ (Ti +
1 

(C) ,<PO t HomJTi +
1 

(C) ,Ti +
1 
(C)"» 

t· (Ti +1{C) ,(1+TE)'I'O'PV~('I') :Ti+\C)~ Q(_)i+1~{H,S» ). 

v) There are natural direct sum decompositions 

with J> running over all the non-zero prime ideals of H such that.:p =1>. 
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Proor: i) - iv) Immediete from Propositions 7. 1., 12.4, 13.10, 13.15 since a 

Dedekind ring H is 1-dimensional (~ noetherian of global dimension 1) and the 

quotient field F is O-dimensional (~ semi-simple). 

v) The direct sum decompositions of the type LE(R,S) ~ ~ LE(H,i') are immediate 
3' 

E.,..,"" E from Proposition 13.25. It remains to identify L (H, ... ) ~ L (H/]». 

Let LE(H,yk) (k ~ 1) be the Witt group of non-singular E-symmetric linking 

forms over (H,S) (H,~) such that M isY-primary with annihilator 

ann(M) = p1 (H k). 

The natural maps 

LE (H;5'k) -----')-LE(H~k+1) 

are isomorphisms, with inverses 

LE(H,~+1 )~LE(H,pk) I (M;~) t-~(J..l/L,}..L/,\) (L = .J>~ C 11) • 

We can tbus identify 

LE(R/J» :; LE(R,J» 

[] 

E E "" (The argument used to identify L (H/y) = L (H,~) breaks down in the E-quadratic 

csse. Given a non-singular E-quadratic linking form over (H,S) (M,A,~) such 

the t ann(M) = :pk+1 (k ~ 1) it need not be the case that L ~ J>~ C M is a 

sublagrangian. For example, consider the non-singular quadratic linking form 

over (?Z,:.z..\oj) defined by 

H ~ l'lI4!'Z >- I M)< H --') ~/?Z ; (m,nh--~imn 

( 1 2 r I H~~+1 ?Z,:.z..tO}) = 9V2?Z j m~4'" 

Then L = 2l'l14!'Z is a sublagrangian of the l!Iymmetrization (M,}.) but not of 

(M,A,!,-), since \",(2) = 1 # ° E 9V2?Z. In fact, (H,).,!,) is a generator of 

ker( (hT) :LO( ?Z,:.z..l01) ~LO( ?Z,:.z.. IO}» = l'lI8!'Z). 
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In particular, we have that ?l; is a Dedekind ring, with quotient field ~. 

Prol1osition 1;2. 22 The symmetric and quadratic L-groups of ?l; are given by 

Ln(?l;) = E' Ln(?l;) = 

'l'he invariants are given by 

L4k(?l;) __ > ZZ ; 

J; HHf 
0 

(mod 4) 
2 

3 

(C,<pEQ4k(C» 1-1 ---~) (signature of (F2k(C) ,'90» 

L4k+1(?l;)-tZZ 
2 

4k+1( (C,<pI'Q C»~ (deRham invariant 

L
4k

(?l;)--> ZZ ; 

(C,'IIEQ4k(C», 

L4k+2(?l;)~ZZ2 ; 

1 2k 
~ E(signature of (F (C),(1+T)V

O
» 

(c,VEQ4k+1(C»1-----4- (Arf invariant of (F
2k

+\C) ,'410 » 

The hyperquadratic L-groups of ?l; are given by 

(n~ 0) 

(n 70) 
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Proof: Proposition 13.26 reduces the computation in the (even dimensional case 
LOdd 

i l'Z- If. g. 'free 
to the stable classification of non-singular valued forms on 

~ZZ- finite 

{

-Ittlnor and Husemoller [1 ],' Arf [1 ] 
abelian groups, for which We refer to 

deRham [1 ], Wall [1 ] 

\

LO{?l;) isymmetriC 
The generator of is the non-singular form over ?l; 

LO{ l'Z) - quadratic 

\

- (?l;,1E.Q+1(?l;» [-Hl'Z r L\l'Z) ~ L
2

(l'Z,zz-10]> 
8 of signature • The generator of 

(?l; ,E8(,Q+1(l'Z» 8fZZ L2 (?l;) ~ ~(?l;,l'Z-\.on 

iSymmetric formation 
is the non-singular over ?l; 

skew-quadratic form 

1\~Q+1(?l;el'Z); (1 )?l;, ( 1 )l'Z) _ 
1 J - 0 \ -2 I deRham 

of 1 invariant 
Arf 

iSkeW-Symmetric linking form Over (?l;,zz-r01) 
corresponding to the non-singular 

split skew-quadratic linking formation 

[J 

• i 
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'§1lj.. Laurent extensions 

Given a se1uonce of algebraic K-functors 

Fn : (rings)---+(abelian groups) (nE Z';) 

.it is traditional to aim at splitting theorems of the type 

F (A[Z,z-']) = F (A)eF ,(A)e? 
n n n-

.Tith A[z,z-'] the Laurent extension of A, by anal.ogy w.ith '. 

I1(A[z,Z-1]) = K1(A)eK
O

(A)eNil+(A)eNil_(A) • 

\'/e shall no>' investigate such splitting theorems for the algebraic L-functors 

L
n 

,Ln: (rings with involution)_(abelian groups) (nEZ';). 

The Laurent extension A[z,z-'] of a ring with invol.ution A is the 

ring of finite polynomials ~jzj (aj~A,j~Z';) in a central invertible 

indeterminate z, with involution by 

- : A[z,z-1] _____ A(z,z-'] 

In particular, for a group ring ZI[It] >lith the w-tw.isted involution (for some 

group morpitism ":It ___ Zl
2

) ther!" is a natural identification 

ZI[It][z,z-1] = Z';[It"7Z] , 

tiving ZI[It"ZI] the (W'1)-t>listed involution, W.1:ltKZ'; --"" Z';2;(g,zjh--~ .1(g). 

Proposition 14.,' There is a natural direct sum decomposition of the E-quadratic 

L-groups of the ~urent extension A(z,z-1] of a ring with involution A 

V
n

(A[z,z-1] ,E) = V
n

(A,E)f>U
n

_
1

(A,E) (n~ZI). 

Proof: The splitting theorem for surgery obstruction groupS 

LS(1t ><.Z';) = LS(It)eLh 1(1t) n n n-
was first obtained geometricall.y by Shaneson [1 1] (and implicitly by Wall £5'])' 

by expressiag the surgery obstruction 0". (f, b) E 1.:( 1t1 (XxS 
1» of an n-dimensional 

normal bundle map of the type (f, b):1-I ~ X)( S 1 as the direct sum of t>lO terms 

(J. (f ,b) = ZI[1t1 (X)] ® Z';[1t, (X-S 1)]<i. (f ,b) elf _(g,c) E L:( 1t1 (X»eL:_1 ('lt1 (X» 

with <f.(g,c) the surgery obstruction of the (n-1)-dimensional nor£lal bundle !!!ap 

(g,d : N = f-'(Xxregular pt.) -~X constructed by transversality. 

l 
I 
I 
I 
I 

The splitting theorem I'/aS then obtained algebraically by liovikov (2] 

(modulo 2-torsion, with 1/2 ~ A) and Ranicki [2J (for any A), >lith isomorphisms 

(e i3) : V (A)eU 1\A)-V (A[z,z-1]) (n(mod 4» • 
n n- n 

Here e is the mep induced by the split injection of rings with invol.ution 

The 

e : A ---->A(z,z-1] ; a~a 

corresponding isomorphisms for the intermediate 

(e i3) : ~(A)eUY(A)~Ven(x)ei3(Y)(A(Z'Z-1]) 
n n 

quadratic L-groups 

(Xs.:~(A), Y£:Ko(A» 

were defined in Ranicki [3]. The methods of Ranicki [2],[3] generalize 

immediately from E " 1 € A to any central unit E € A such that Ee: = 1 E: A. 

[] 

(There is a generalization of the decomposition of Proposition 14.1 to t>1isted 

!.aurent ey.tensions Ao{[z, z-1] (az = zoo.(a) for some automorphismo< :A~A; at-4O( (a), 

~ " z -'), involving an exact sequence - cf. Cappell [1] and Ranicki-{3J>.· , 

• 1) 1 -1 ) . 1 81 .s The symmetric s:tgnature cr-(S € L U'Z[z,z ] of the c:trc e ~ 

represented by the 1-dimensional 
1 

symmetric complex (C,~Q (C» over 

1 -1 
ZI(lt

1 
(S )]" ZI[z,z ] defined by 

iZl[Z,Z-1] r 0,1 \1:C
1
_CO 1 

C = , d" 1-z: C,----- Co ,q>0= -1 0 • q>1 = 1: C -.C1 ' 
r 0 r f. 0,1 z :C -t C1 

corresponding to 
-1 

the non-singular symmetric formation over ZI( z. z ] 

1 -1 -1 (O 
CI·(S ) = (ZI[z,z ]eZl[z,z ], \ 1 1 ) (1) 1 (1) -1 1 ; 0 ZI[ z ,z- ], z _ 1 ZI[ z, Z ] ) 

(Horeover, a-(s 1 ) is isomorphic to the sycunetric formation 

(ZI(z,z-1]eZl(z,z-1],1e-1;6,(zlifl)C» associated to the automorphism 

z:(ZI[z,z-1] ,1)'------- (ZI[z,z-1] ,1) , with 6= 1 (x,x)lxEZI[Z,z-']} • It is thus 

-1 -1'~· -1 ) 
seen to correspond to the generator 't(z:ZI[z,z ) --+Z';(z,z )h;.K1(ZI[Z,z ] =Z';. 

The connection of the symmetric L-groups with the orthogonal groups of 

automorphisms of symmetric forms >1ill be discussed further in §15 belo\·,). 

The split injections of Proposition 14.1 are precisely the products 

1 ' -1) ( 2Z) B = O·(S )0- : Un(A,E:) -- Vn+1 lA[z,z ] ,E nE,. 

Define similarly products in the E-symnetric L-groups 

, n( n+1( -1,) B = noeS )@- : U A,E) ~V A[z,z., ,E (n~ Z';) 



Conjecture 14.2 The m,,!, 

( - -) Vn( ) n-1 () n -1 e B: A,E flU A,E ~V (A[z,z ] ,E) 

is an. isomorphism for all A,E ,nl:ZZ. 

[] 

Proposition 14.1 verifies the conjecture in the E-quadratic range n~ -3. 

In Proposition 14.6 below we shall establish the conjecture in the even 

E-symmetric range -2 ~ n ~ -1, and sho>! that (e Ii) is at least a split injection 

"0 
for 0~n~1. If H (ZZ2;A,E) = ° Proposition 9.~ gives the corresponding results 

for n~3. 

For any ring ,d th involution A let us ~lri te 

As usual, questions of periodicity are closely related to Laurent 

extensions •. Combined with the computation of L·(71:) (Proposition ·13.27) 

Conjecture 14.2 would give 

L2{ ZZ(ZZ2]) = L2( 71:)flL 1 (71:)eL 1 (ZZ).,LO( m) '" = OflZZ2.,71:2 .,ZZ 

On the other hand, Propositions 9.7 • 14 •. 1 give that 

-O( 2 -0 .-r. ZZ[ZZ]) = L (ZZ).,L
1

(ZZ)flL
1

(71:)eL
O

(ZZ) = oeOe0e871: 

This suggests that the skew-suspension map S:LO( ZZ[71:2]) -l- L2( 71:[71:2 J) is not 

onto, and hence that the symmetric L-groups are not 4-periodic in general, 

n.1 n+4 L r L • \'/e can prove that much, even without the conjecture: 

Proposition14 .• 3 The (k+1i-fold skew-suspension map 

Sk+1 : LO~ZZ(:.z2]) _L2k+2 (71:[71:2],(_)k) 

~: Consider first the case k = 0. The products of Proposition 11.1 fit 

into a commutative diagram 
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Lo{ ZZ[ ZZ2]t)@zzIo (ZZ) 

(1+T)~ 

'" > LO' ~[z<'l~.,,,,LO(') 

~~·[,ffT·"'Lo(.) > Lo'r" 
L2~ 71:[ZZ2] )®ZZL

O
( 71:) ---®-"---~) L

2
{ 71:[ZZ2]) 

The skew-symmetrization map ('+T): L (71:[ 71:2]) ----t- LO( 71:['0.2]). t ° 1S on 0, by 

Proposition 9.3 • Thus if 0'·(S1)(S1 ) € im(S:-t>( 71:[~]}-l- L2( 71:[ZZ2J» there 

exists an element X~LO(71:['O.2]) such that 

(ioO{S 'xS 1) = S(1+T){x) €L2 (ZZ[ZZ2]) 

The Arf invariant element c GL
O

(71:) = 71:2 is such that 

<r·(S \S 1)0c = ]2,:c) # OEL
2

(ZZ['O.2]) 

by Proposition 14.1. The above diagram gives 

(f*(S\S1)®c = S(xo;;(1+T)c) = 0~LZ<71:['O.2]) , 

since OELO(71:) =0. It follows from this contradiction that there is 

- 2 1 1 
no such xELO(ZZ[ZZ ]), and hence that'J"*(SxS )iim(s). For general k~O observe 

- 2 __ 2 -4 2 
that S:L (71:[?h])--+-L (71:[ZZ ]) is an isomorphis!1l by Proposition 9.5 , and that .. 

sj:~(ZZ('O.2])--+L4+2j{ZZ[71:2],(_)j+1) (j~1) is an iso!1lorphism by 

Proposition 7.4, since 71:[ZZ2] is 3-A':.IY\(!.'1SiC'I~. 

1 
Let dEL (71:) = ZZ2 be the generator (= the deRham element). 

Proposi tion 14.4 The (k+1) -fold ske~,-suspension map 

Sk+1 : L O(71:(ZZ]) = O_L2k+2 (71:[ZZ] ,(_)k) <k~ 0) 

is not onto, uith sl"B{d) jl im(Sk+1) = 0. 

Proof: Let 71:(ZZ-] be the group ring 71:(ZZ] ~lith involution z ,; _z-1 It is 

proved in Lorgan [1'] that the product 

d®-: L3~ZZ[71:-]) = ZZ2 -- I'4(71:[ZZ-]) = 71:2 

is an isomorphism. It follo.,s that the product 

[] 

-k-( ® ( - - k I S Bd) - :L3 71:[ZZ])=ZZ2~L2k+5t71:['O. "ZZ],(-) )=ZZ2 t 

is also an isomorphism, and hence that sk"a(d) # OE L"k+2(ZZ['O.1.(_)k). -I' 
(Conjecture 14.2 "ould give that SI~(d)E'L2k+2(71:[nJ ,<_)k) =ZZ2 is the g(!norator.) 

[] I 
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The symmetrization functor embeds the category of 1uadratic forms 

over a r,roup ring :zen] "ith the unhli",t"d involution (= category of even 

symmetric for:ns over :Z[n]) in the categor:r of symmetric forms over :Z(n]. 

Nevertheless, it need not be the case that the symm!>trization map in the 

llitt groups (1+T):L
o
(:z[n])---+Lo(:Z(n]) is one-one, as SIlOl"n by the follo~ring 

e:tample. (In Proposition 14.8 b"low it \<ill be proved that LO(:Z[ltJ) is 

isomorphic to a direc t sUl!lllland of L O(:Z[ It. :z4]» • 

Proposition 14.5 The symmetrization map 

1+T : Lo(:Z[7Lh)-------4LO(:z[:z2]) 

is not one-one, \.i th 'B2t c) I 0 € kert 1+T) • 

Proof: There is defined a comr..utative diagram 

5 

5 

L2( :z(:;z2]}@:;zL
O

(:Z) ~ L
2

(:Z( :;z2]) ~( _-=-_ 

1®( 1+T) 1 1+T 1 
L2( :z(Z'h )~:;zLO(:z) ~ L2( :z(:;z2]) ~( ---==--_ 

LO( :z(:;z2]) 

! 1+T 

L O{:Z( :;z2] ) 

"Sllch that the ske.'-suspensions S are isomorphisms (by Propositions 

-0 -( Hith L (ZI) = 0. The generator c €L
O 

:Z) =:;Z2 is such that 

7.3,9.5 ), 

(1+T)S1'B2(c) = S\1+T')'B2(c) = g1'B2 {1+T){C) = 0 E:LO{:;zp'Z2]) 

[] 

Proposition 14.1 gives 

and Conjecture 14.2 ~lOuld give 

LO(:z[:;z2]) = LO(:Z)"L-1 (:;Z)"L-1 (:Z).,L-2 (:;z) = :Z"O",O.,O • 

Pronosition 14.6 'l'here are defined natural direct sum d">co!'.!positions of 

E.-synt!C tric L-groups 

Vn(A[ z, z -1] ,E) Vn(A,E).Un- 1(A,E) (n~-1) 

VO(A(z,z-1 J ,E) VO(A,E).,U-1 (A,E)eTO(A,E) 

V1(A[Z,z-1],E) V1(A,E)~UO(A,E)~T1(A,E) 

with'1'°,T1 
such that 

TO(A[z,z-1],E) TO(A ,E) 

T
1

(A(z,Z -1 j ,E) T 1 (A ,El ,,-rOtA ,E) 

Proof: For n~-3 these are the decompositions of the E-quadratic L-groups 

of Proposition 14.1 • Ite shall now define maps 

B: Vn (A(z,z-1],e:)--+Un-\A,E) (-2~n~1) 

such that BB = 1 , &; = 0, treating seperately the cases n odd and n even. 

-1 • -1 
Given an e:-sy=etric form Over A[z,z ] 0,,").) ~lJ..th L = A(z,z ]@ALO 

for some f.g. projective A-module L
O 

there is defined an isomorphism of 

e:-symmetric metabolic forms over A(Z,z-1 J 

to j 
(~ = jf .. \z ,\E HomA(LO,LO), ~j =';\_j) • 

-1 
Given a non-singular e:-symnetric form over A(Z,Z ] (q,9) and a lagrangian 

of the type F = A[z,Z-1J@AFO it is thus possible to choose a direct complement 

F' = A[z,z-1J~\Fb to" in Q such that ",I: F' ~F* = nom
A[Z,Z-1](F,A(Z,Z-1]) 

-1 
is "n isomorphism sending Fb to FO = lIomA(FO,f,) and ",(FO)(Fb)SJl.t;;JI.[z,z ]. 

Define 

large 

direct complements F',G* to F,G in Q chosen 
-1 

= j~",,,.iHS:fl(z.,,-1]0AIl for an;! JI.-r.-odule J.i 
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and [,o]O(x)(y) ~auE.A if ~(x)(y) = .E a.z j EA[z,Z-1] CaJ.E. A, x,yE.Q). , J=-o, J 

If (Q,~;F,G) is an even (-E)-symmetric formation over A[Z,z-1] then B(Q"l'iF,G) 

is an even (-E)-symr,etric form Over A, and Ire have also a map 

B : V-\A[z,z-1],E)---4U-2 (A,E) 

such that BB = 1, ri; = O. 

Given a non-singular E-symmetric form over A[z,z-1] (~,~) with 

-1 
~ = A[z,z ]@AQO for some f.g. projective A-module QO define a non-singular 

even (-E)-symmetric formation 'over A 

-E N-1 j N-1 j l~ -N N-1 j N-1 j • 
B(Q,~) = (H (j~OZ Qo); j~OZ Qo'~(z (1-»)z X''''l'(x»€j~OZ QO+j~OZ QO 

-1 N - + t 
X E: cp (z QO ) n QO oF l1i(QO'cp)) 

N _1 N j 
for 11 f ° so large that 'l'(QO)~j=I:_rfl.o ,'l' (QO) <;;; j,f_Nz QO' with 

+ - + 
P= (1 0) : Q = QO"~O --+ QO' Define 

B : VO(A[z,z-1] ,E) -- U-lcA,E) ; (Q,'l')~ B(Q,~) 

and ve=ify that BB = 1, Be = ° exactly as in the ±quadratic case (§3 of 

-1 
Ranicki (2]). lf (Q.,~) is an even (-E)-symmetric form over A[z,z ] then 

N-:1 j .1l-1 j 
B('t,~) = (HE( j~OZ \tu)' j~OZ QO' l1i(Qo'<p)) is an E-quadratic formation over A, 

and "e a,lso have a map 

B : V-2 (A[z,z-1] ,E) -->-U-3 (A,d = U
1

(A,E) 

such that BB = 1, Be = 0. 

The exactness of the sequences 

-1 ; -1 -1) B -2( ) 0-. V (A ,E) ---'" V (A[z,z ] ,E ---7' U - A,E ~ ° 
-2 ; -2 -1 B -3( ) o-v (A,E) --4 V (A(z,z ],E) -------+U A,E--'>-O 

may be verified precisely as in §§2,3 of Ranicki [2]. 

[] 

Conjecture 14.2 ~rould imply that the groups TO,T
1 

vanish, that is 

TO(A,E) = ° , T
1

(A,E) = ° 

for any A,E. At any rate we have: 

"0 Proposition 14.7 If A,E arc such that H (LZ2 ;A,d = ° then 

'rO(A,E) = 0 , T
1
(A,d = ° . 

: 
I ' 

i 

! 
i I 
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"v -I .... \.1 

Proof: H (;Z,,;A[z,z ) ,E) = Il (;Z2;A,E) = ° , so that by Propo::;itions 9.4, 1l~.6 

v \11.[ z, z -1] ,E) 

VO(A(z,z-1 J ,E) 

-1 -1' 
V (A[z,z ],-E) 

V-2 (A[z,Z-1) ,-E) 

V-1 (JI.,-E)eU-2 CA,_E) 

V-2(A,_E)~U-3(A,_E) 

V 
1 

(A ,E kUOCA ,E) 

VO(A,E)+U-1 (A,E) 

(] 

The decomposition of Proposition 14.6 shows that ker(S:LO(JI.,E)--+L2 (A,-E» 

~a:r be quite large in general (albeit 8-torsion, by Proposition 11.4) , since there 

>rith both the maps B split injections. Thus ker(S:VO(A[z,Z-1] ,E)~v2(A[z,Z-1],-E» 

is at least as large as ker«1+T ):U-
1
(A,E)--+U\A,-E», "hich may even be 

-E 

infinitely generated (cf. Proposition 14.9 ii». 
Proposition 14.8 For the group ring LZ[lt] of a group It with the unt>/isted 

involution there are natural identifications 

r;1(LZ(lt~LZJ} = r;1(LZ[lt]) .. r;0(?l[Tt]) r;o(LZ[lt~7Z]) 

L O(LZ[lt]}er;1( ?l[lt] ) .. 7 

-0 
L (LZ[lt] )eL

1 
(?l[lt]) 

L-\LZ[lt]) = r;\LZ[lt]) L-2 (LZ[lt]) = r;o(LZ[lt]) 

Proof: Immediate from Propositions 9.5, 14.7, nef';lecting the difference bet-reen 

U and V. 

Proposition 14.9 i) The (k+1)-fold skew-suspension map 

Sk+1 : r;o( LZ[ l'lh) _ L21<+2( LZ[LZ4 ] ,( _)k) (k? 0) 

is not om-one, "rith B4(c) ;l ° Eker(sk+1). 

ii) The sl<ew-suspension map 

S : r:o(LZ[(liI2*lZ)xLZ4]) -L2(LZ[l.7Z2.mXLZIIJ) 

is not one-one, and kcr(S) is infinitel:1 generated. 

[] 

~: i) i:; immediat"! fron Propositions 7.4,14.8 ""nd (1+T)(c) = ° E.i:°(LZ) = 0. 

- - -0 
il) Cappcll [2 J has shoVTn that kcr«1+T):L

O
{;Z[liI

2
*?Z])-L (LZ[liI

2
*7.l,]» is 

infinit!)ly ;;cneratcd. Ho ... , apply Proposition 14.8 ""ain. 
[) 

i 
I 
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\ 11e can apply the decoDlposition., of Proposi tion 14.8 to express the surger:r 

obstruction of an oriented normal bundle mnp in terms of th~ sy~~etric signature 

of an associated highly-connected degree 1 nap, subsuming the quadratic I 
information in a geometric const.ruction. Let then (f,b):H~X be an n-qimenSiona~ 

t2i 
normal bundle map >lith X oriented (w(X) = 1) and n = • Let 

2i+1 

(f',b'):ll,n+k-+ XXTk be the highly-connected (n+l<)-dimensional normal bundle 

map obtained from (flC1,bx1):N><Tk --+XMTk (Tk = S\S1" ••• I<S1, k times) by framed 

surgery be 10'" the m:l.ddle dimension, ,-,ith k = '2 if i=0(mod2) , k= ~" if i;; 1(mod 2) 
L1 [3 .; 

Set j = lt
1

(X). The split injection W<:Ln(lZ[lt])--+Lo(lZ[ltx2ZlJ) 

sends the surgery obstruction ~.(f,b)~ Ln\2Z[lt]) to the symmetric signature 

"Bklr.(f,b) = ~j(f')«LO(2Z[ltX~) , 

~Ii th skew-suspension 

and j-fold ske~,-suspension 

(All this holds for unoriented normal bundle maps also, provided that we set 

k = t: if i = O(mod 2». In particular, consider the 2-dimensional normal 

bundle map (f,b):T2----+s2 defined by the exotic framing b On T2, with 

Arf invariant a'o(f,b) = 1EL
2

(lZ) = lZ2. Let (f',bt):zf __ S
2

,.T" be the r 
2 4 2 4' 

2-connected 6-dimensional normal bundle map obtained from If,,1 ,b ... 1):T "T ~S)eT I 

by fra!lled surgery belo,", the middle dimension. '.rhen the Arf invariant is detected 

3 -4 - -0 4 2( 4) by <T (f') = B (c) -I ° Eker(S:L (lZ[2Z ]}----+L lZ[2Z]) , the element constructed 

in Proposition 14.9 i). Let (f.bo):·l--7s
2 

be the normal map defined by the 

standard fr'lming b
O 

on T2, with <To(f.bO) ~ OEL2 (lZ). \-le can also '-'rite the 

element as \j 3( f' )oo( 1+T) sr(<r. (r,,1 • bx 1) 4>-If. (fx1 • b
O

,(1»e ker(S3: LO( lZ[ lZ"])...L 6( lZ[ lZ 4] ») i 
f 

so tha t this failure of periodic:i ty in L· is one of the type discussed follo>;ing 

Proposition 7.3). 

366 - rne rea.l.l.Zatl0n theorems oi ~;:-:.? ,b ot \·~all L.7 J show that for a 

fin:itely presented Group It ever:r element x Eo Ln (7i[lt]) is the quadratic sign"-tur~ 

x = U.(f,b) of an (i-1)-connected norm3-l map (f,b)HI-X of n-dimensional 

geometric POincare complexes >:ith lt 1 lX) = It, if n = 2i or 2i+1, for n~5. 

It is not kno.'n which elements x fLn(lZ[It) can be realized as the symmetric 

signature x = <1°(X) of an n-dimensional geometric Poincare complex X ~,ith 

lt1 (X)oolt, or as the symmetric signature x =o--(f) of a degree 1 map f:I1-X 

of n-dimensional geometric Poincare complexes with It,(X) = It. In Proposition 10.5 1 

we gave an example to show that not every element x ~ 1.n( lZ[It]) can be realized 

as the hyperquadratic signature x =aO(X) of an n-dimensional normal space X 

with lt 1 lX) = It • In Proposition 18.8 we shall shO\~ that for i;l 2,4,8 the 

symmetric signature aO(f) of an (i-1)-connected n-dimensional degree 1 map 

fl}!- X (n = 2i or 21+1) is such that o--(f)€ im«1+T):L
n
(lZ[lt]}_l.n(lZ[lt]». 

It = 1t1 lX). All this suggests that not every element of 

coker«1+T) :Ln(lZ[lt])~Ln(lZ[lt]}) is geometrically realizable. An unlikely 

source of such non-realizable elements are the failures of Conjecture 14.2: 

Propos:ition 14..10The geometric Poincare bord:ism groups are such that 

..Q~(x.s1) oo.\l~(X)"n!:_1(X) (n~5) 

for any space X. Geor.!etrically realizable elenents of Ln(lZ(It)(:'Z]) lie in 

im(C; E):Ln(lZ[Tt])4>Ln-1(2Z[Tt])---'>Ln(lZ[Tt"~]». for any group Tt. 

Proof: (Here, we are neglecting the difference between U and V. and behteen 

finite and infinite geometric Poincare complexes). Applying the 5-lemma to 

the morphism of exact sequences 

••• -L (lZ[Tt])4>L 1(~[It])""SlP(x) .. Sl.P 1(X)_RN(X) .. \\N 1(X)-L 1(lZ[It])4>L 2(2Z[lt) 
n n- n n- n""""l1- n- n-

(Tt = Tt1 Co) 1 c; "B) 1 l (e B) 1 -+ ••• 

••• -LnllZ[Tt~lZ]) __ 5l.~(XXS1) .....---..,.n~(x"s1)- Ln_1(lZ(Tt"'~]) ..... 

P P Ill' 1. .... i '-;e have that St
n

(X)eSl.
n

_
1

(X)- n(X'S ) ~s an isomorphism for n9 5. w th 

Sl~(X) = Hn(X;~ISG) the norlIlDl space bordism groups (as in Proposition 10.4). 

Thus no element of coker«e E): L nC lZ[lt] )eLn-
1 

(lZ[Tt]) ~ Ln( lZ(lt}(lZ]» :is 

geome tricCllly renlizable as the syrrJ:1e tric Signature cr' (H) of an n-dimensional 

Eeometric Po:incnre complex I-i >lith respect to a covering t-:--..K(Ttlf2Z.1). 

[J 



§15. Classif;y;ing spaces 

Let X be an n-dinellsional geometric Poincare COl"plex \1ith a topological 

Ilornal bundle str"cture (VX!X --+ BTOP(k), fxtltll+k(T(VX)~ e.g. a topological 

Il-manifold. Given a to"ological normal bundle map 

(f,b) : (N,JJW PI1) ~(X,1JX'PX) 

there is defined an equivalence of Spivak normal structures c: (VX 'fx) --"'(Vi ,Pi), I 
Giving a fibre homotopy trivialization of Px -vi: X ---BrOP. Conversely, given I 
a fibre homotopy trivialized topological bundle §:X - ETOP =ke the hOJ;lotopy 

equivalence h:E(~)~X>(m"" transverse regular at the zero section XxOc Xxnf" (n~5): 

to obtain a topological normal bundle nap 

(f, b) : (H,Vl1' fh) --+ (X, "X -~ ,rx> 
~lith I·; = h -1 (X >( o)e E(~) • It ~las first observed by Nilnor [3] (for X = sn, 

lIith normal vector bundle maps) and then by Su1livan [ 1] (for any X, with PL 

normal bundle maps) that the nornEl bundle bordisr.! classes OVer a fixed range X 

are in a natur"l one-one correspondence >lith fibre homotopy trivialized bundles 

over Y.. The extension to the topOlogical category \'las carried out by Kirby and 

3ieoenmann [1.] (cf. §17B of Wall [5]). Our aim here is to give a purely 

algebraic description of the surgery obstruction map 

o : [X + ,G/TOP) ---. Ln (7l.["1 (X)]) • 

In p<>rticular, ":e shall construct algebraj.c<,.lly an 2-spectruITI of simjlicial sets 

.!1:0 ( lZ) such that the Oth term JL
O

( lZ) is canonically ho,"otopy equivalent to 

LO(~),(G/TOP. For an:, connected spa,ce X there is defined a natural r..ap 

l:h:!_ch is an isor.lorphis1l1 for X !::: pt •• An !"!-dir.1ensional r;eo::letric Poincare cOCl.!Jlex 

X "ith a to"olo[;'ic;:!l normal bundle structure satisfies Poincare duality ,·,ith 

.!!!o(lZ)-coefiicients, Hr(X;:!!!O(~» = IIn_r (X;l!!o(lZ», snch th~t the sur~er:, 

obctruction map is the composite 

I 
I 
I 
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An (n+1)-ad of chain complexes r= ~c,fl is a directed system 

of chain complexes 

(including 0{ 

C = {C(")I"~ In \ 1,2, .. ,nj} 

~) and chain maps 

such that 

f(or,,,,) = , f(cl,{3)r(P, r) = f("', 1) 

The homology groups of a chain complex (n+1)-ad r are the homology groups 

of the chain complex C(r) defined by 

dC{r) : C(P)r = kin C(c()r_n+l.d---+ C{r)r_1 

~ x(O()....-~fI (dC(e<)x(et) + ~ (_)r+ If jEot I j" i11 f'" ""-li! )x(,( -1i3» 
r{£In ~ n 

In particular, a 1-ad r is just a chain complex C(~), with c(r) = C{~), 
and a 2-ad r is a chain map f f({1L~) : C(~) ----'> C([1l), with C(I') 

the algebraic mapping cone of f. 

C(r) 

Proposi tion 1ti .• 1 The chain complexes of a CW (n+ 1 )-ad K (in the sense of §O 

of \'la11 [,5]) define a chain complex (n+1)-ad C(K) such that the 

homology groups of C(K) are just those of K. 

[] 

Given a chain complex (n+1)-ad r=~C,f~ define for each 

iE-In chain complex n-ads Ci[, b[ and for each iE In+1 an (n+2)-ad tY[ by 

~Ihere 

I -I n-1 n 

cr.C(oI) = C(<7".oI) 
l. l. 

'3'. f(oc ,I') 
l. 

I 
!. 

.. 



The abelian group morphisms 

e(S r) ~e(r) . z: xUi.~)~ L (_)lhE~lpi!lx(J~) 
i r r • ~~ln_1 1 fI£; 1

n
_ 1 i 

~. : e(r) --+se(Cl.r> = e(Cl.r) 1; ~~l x(O()I---~I-1 x(..,.~) 
1 r 1 r 1 r- ~- n .. _ n-1 1 

define a split short exact sequence of chain complexes and chain maps 

inducing a long exact sequence in the homology groups 

d i ' 
••• -Hr(a[)~ Hr(S[)~ Hr(r) --'Hr_1(al)~Hr_1(a[) ----? •• 

Define a chain map O"i : C(I"') ~ .QC«Tl) by 

(Ti : C(r)r~ne(O"[)r = C«T[)r+1 ; kI x(OI)~QC~ x(lYi(l)· 
- n 1'''' n+1 

The abelian group morphisms 

satisfy the usual simplicial relations for face and degeneracy maps. 

For any chain complex (n+1)-ad r = le,f} we shall denote 

e(l ) by e(lrl), writing H.(e(lrl» as H.(lrl). 
n 

Given an (n+1)-ad of A-module chain complexes r", le,f \ 

define an (n+1)-ad of ?Z[?Z2]-module chain complexes 

t (' t t I r ~ f' = 1 C ~A e ,f ®A f J 

by 

<lith T~?Z2 acting by the £-transposition 

We thus have abclian group chain complex 

and groups f
:;Z2-hYPCrCOhOm010gy 

:;Z2-hypcrhomology 

to be d(>noted 

\ ~m(r ,~) 

lctm(r,€) 

1 EA. There are defined natural maps 

(1+T ) - 370 -
Qm(r,E) £ • Q.m(r,E) -~ Hc(c<!rl )t®AC(r)) 

(generalizing the cases n 0,1 considered in §1 above) .. and there are 

natural identifications 

giving exact sequences 

m m) m(r) Cli m-1( r 

~ 
••• ~Q (C[,E)_Q (&ir ,£ ~Q ,£ -----=--o,Q ~i ,£)~ ••• 

°i ••• ---'>Qm(O{ ,d --- Qm«(;ir ,£)- Qm(r ,E)~ Qm_1(Oif ,E) --- ••• 

and also morphisms 

An m-dimensional (n+1)-ad over A is an (n+1)-ad C 
{ 

E-symmetric ~ (C,er) 

E-auadratic (C,W) 

of finite-dimensional A-module chain complexes such that 

dim C(CX) = m - n + lexl (otS In' mE:;Z, C("') o if dim C("') < 0) 

together with a class. Such an 1
:;Z2-hypercohomology ~CP Co Qm(e ,£) 

(n+1)-ad 
:;Z2-hyperhomology WE Qm(C ,e:) 

n is Poincare if for each of the 2 subsets oI~In the element of 

Hm_lotl (C( a ... c I) "c(o ... e» determined by 0( induces I t \ooC ertQI!1-l
oc

l(a CtE) 

a .. 'H Qm_I..cI(0.cC,E) 

A-module isomorphisms 

via the slant product 

, : Ir<la()lcl )®:;zHm-loI.l (C( 1~t4 cl) t®AC<C\, .. C» -- Hm_IOII_r(d", C) 

~lhcre 

{
O.~. • •• d. 

1 1 1 11 
Dol = p p-

identity 

if 0( =~i1,i2, •• ,ip)~1n' 1!-i1~i2~··<:ip~n 

if 0/=11. 

t 
£-symme tric 

In particular, an POincare 1-ad (resp. 2-ad, 3-ad) is the same as 
E-quadratic 

i
E-Symmetric 

an Poincare complex (resp. pair, triad). 
£-qundra tic 



371 - All the results on g~ol!1etric spaces of §§1 - 11 h"ve ~n+1)-ad versions, 

some of '"hich '·Ie shall now state. 

A CV/ (n+1)-ad X = }X(<>() l<>le;; In\ is m-dimensional (m~2Z,n~O) if each 

X(~) (~SIn) is a finitely-dominated CW complex of dimension 

dimX(or.) = m - n + loel , 

with X(",) = fJ if 1!1 - n + 101.1 <.0. (Warning: our convention concerning the 

dimension of CW (n+1)-ads, dim X = dim lxi, differs from that of §O of Wall [5], 

dim X = dim Ixl - n). If IX! is a covering of Ixl = XCI ) ~,ith group of covering 
n 

~ r-..... 
translations It then C(X) = \G(X(O(» Io(~ In\ is an m-dimensional l'l[lt]-module 

chain complex (n+1)-ad. 

An m-dioensional geometric Poincar~ (n+1)-ad X (m{,2Z,n ~ U) is an 

m-dimensional Cvl (n+1)-ad \X(oI) \ol~In1 together with an orientation map 

W: It = lt 1 (lxl)--tl'l2 and a fundamental class [X]f:-H;(X;wl'l) inducing Poincar& 

duality l'l[lt)-module isomorphisms 

[X],,- : wHr<lxl) ---+ H tX), 
It m-r 

and such that each diX (1' i~n) is an (m-1)-dimensional geometric Poincare n-ad 

with compatible orientation map and fundamental class. Then each Cvl pair 

(X(oc.) ,()X(Ol) = Ij X(lI.» (o£~I ) is a (m - n + lexl )-dimensional geometric Poincare' 

"~'" t' n 
pair. so that X is a. (m+n)-dimensional geometric Poincare (n+1}-ad in the 

sense of §O of \-Iall [5]. 

Proposition 15.2 An m-dimensional geometric Poincare' (n+1 )-ad X (m ~2Z,n~ 0) 

determines in a natural ~,ay an m-dimensional symmetric Poincare (n+1)-ad over lZ[lt] 

A degree 1 map of m-dimensional geometric Poincare (n+1)-ads f:M~X has a 

kernel m-dimensional symmetric l'oincare (n+1)-ad over l'l[lt] , the symmetric kernel 

~·(f), such that up to homotopy equivalence of (n+1)-ads 

[) 

Given a spherical fibration p:IXI ----+OO(k) over the total space of a 

Cvl (n+1)-ad X write the· restrictions of p to X«()() (Ol!:;I
n

) as 

p(.,.) : X(o<)--IXI ~OO(k) , 

so that the 'l'hom spaces define a Cvl (n+1)-ad T(<<) = tr(p\.d..»lot~In ~. 
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ilegard the standard n-sioplex {:;,n as an (11+2)-ad '·'ith 6 n (",) the face 

of un spanned by the vertices <;(<£I
n

+
1

• For ;I? 0 let on ><DJI be the (n+2)-ad 

ciefined by 

(b
n "DH Ho<) = r:,n(CJ,) )< n N u eP "sN-1 (0< SI

n
+

1
) 

;;rite b-
1

xnH for the 1-ad (= space) defined by (o-1><nll )(fJ) = sll-1. 

A geOlJetric Poincare (n+1)-ad X can be embedded as an (n+1J-ad ill 

6
n

-
1

" nk+m+1 for sufficiently large k ~ 0, at least for finite X, ~,ith a closed 

regular neighbourhood E such that each E(-x) = E 1\ (bn- 1 )( nk+n+1 )("') is a regular 

neighbourhood of X(ol) in (6n- 1 )( vk+o+1 )(01). The inclusions ;)E(ot)e E(o<) define 

\k-1)-spherical fibrations 

x( .. ) , 

and the collapsing oap of (n+1)-ads 

P
x 

: Cln-\Dk+m+1 -->-6n-\nk+E1+1/6n-\nk+c1+1 -E E/i>E T(~X) 

is of degree 1. The composite 

0Iv : l\.n-1>1nkH
l+

1 ~T(VX) ~ X 1\ Tlt(""x) 
~ + It 

is the prototype of an Slt-duality =p be hieen (n+1 )-ads of It-spaces. 

{,n m-dimensional normal (n+1 )-ad (X,"'x,fx) is an m-dimensional 

C;1 (n+1J-2d X = lX(o)Id.t;; In' t05ether ~rith a tk-1)-spherical fibration 

I I 
n-1 k+m+1 () '-';{: X ~BG(k) and a map of (n+1)-ads PX:O)CD -T J.JX • Call 

[X) = h(l'x)nU
vx 

€ H;+n(X;'·'l'l) (~'=~'1(j.JX):n:" lt1 ( Ixl )----..2Z2 ) the fundaoental class, 

n-1 k+i:t+1 Px A.. () 
"'X:c..n -- T(VX) -- X+I\n:Tlt '-'X the fundauental map. and 

Proposition 15.3 i) An m-dimension",.l geometric Poincare (n+1 )-ad X carries a 

canonical e'1uivalence class of normal structures (vX'/'X) Idth a fundao(!ntal 

Slt-duality nap "X' 

ii) A noroal map (f,b):J-r~X of m-dL·"ensional geOMetric Poincare (n+1)-ads 

deterr.tines in a natura.l way an o-di",ensional ".uadra tic Poincare (n+1 )-ad over 

lZ[n:
1
<lXl». the quadratic kernel 6.(f,b), such that 

(hT)7.(f ,b) = <f·(f) 

'" 

. . 
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iii) An m-dimensional normal (n+1)-ad X determines in a natural way a pair 

~-(X) = «m-1)-dimcnsional '1uadratic Poinc'lre' n-ad over 7Z["1<1xln x, 

m-dimensional symmetric Poincare (n+1)-ad y over 7Z[Tt1<1xl>J y) 
,. 

such that ~n+2Y = (1+T)x, (In+1<1n ••• 31 y = o. If X is Poincare then .,-(X) = (o,er-(x)! 

(] 

vIe now define our classifying spaces, as simplicial sets of algebraic 

{

lLm(A ,E:) 
Poincare (n+1)-ads. Let (mf-Z>;) be the simplicial monoid with n-simplexes 

lLm(A,E) 

lE-symmetric 
the (m+n)-dimensional Poincare 

E-quadratic 

such that C(p) = 0, with the direct sum e as monoid operation. and 0 as the base 

simplex in each dimension~ The face operations are given by 

\ '0 i (C ,q>~Qmtn(C ,E» 

l t) i (C ,1fIi:Qm+n(C ,E» 

~nd the degeneracies by 

{ qi(C ,q>fQm+n(C ,E» 

1 IT i (C ,1;!{Qmtn(C ,E» 

(~iC'~i~tQm+n-1(~iC,E» 

(3 i C , ~i 'VtQm+n_ 1 (~i C ,E» 

«fiC ,c:Ti,,~m+n+1(CT iC ,E» 

(c:TiC'~i'VfQm+n+1t!TiC,E» 

(In Proposition 15.5 belml .re shall identify lLO(z>;,1) = 7Z x G/TOP). 

The mapping fibre of the E-symmetrization map 

1+TE lLm(A,E)_lLm(A,E:); '(C,'V)~ (C,(1+T
E

)'fI) 

will be d~noted by ffim+1 (A,E:) (m~~). An n-simplex of iLm+1 (A,E) is thus a pair 

(an n-simplex (C,lVtQm+n(C,E:» of rr.m(A,E:) , 

t 
rr!"<A, 1) 

"rite lLm(A,1} = 

"m lL (A,1) = 

an (n+1)-~implex (D,~tQm+n+1(D,E» of rr.m(A,E» 

rr.m(A) 

ll. (A) • 
m 

1l,m(A) 
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~
. Ti'"(~ ) .!.J...., •• ,F: 

lLm(A,EJ 

TI, meA ,El 

(nE lZ) satisfy the l:an 

ey.tensior. conditio~, anQ are such that 

~ 
lLn+1 (A,e;) '" stnP'(A,E) 

lLn+i (A,e;) =Sln'!!I(A,d 

IT,::I+ 1 (A, E) = stUP(A, d 

up to canonical isomorphism of H-spaces. There is defined a long fibration 

se'luence 

a;J.d the hOJ:1otopy groups are given by 

Tt (rr.m(A,E) = , " (rr. (A,d) = m+n if 
nOn m 0 m+n~-1 1 

Lrl+n(A,E) ~L (A,d tl!l+n~o 

t
Lm+n(A'E) Im+n~1 

"m 0 
"n(lL (A,E» '" coker«1+TE):Lo(A,d-L (A,E)} if m+n= 0 

1 m( 0 1 m+n ~ -1 rr. A ,E) E-syll1t:letric 
Proof: P. O-sicpl"" of is an r~-dirnensional POir.cc>rc co,.lpl"" 

lL (A ,U E-'JUadratic 
m - ~np(A,d 

o'o'er A, and a 1-sicplex is a cooorc1isn of its iac"s. Thnr; for 0< 0 is 
n'n(A,d 

connected, uhile for 0 ~ 0 the set of pat;,-components is the cobordisn group 

L!l(JI.,d 

LL1(A,e:l • 

The verification of the !Can e:::~ension co~r:ition requires a r:enera1izp.tion to 

alge:)raic Poincare n-ads of the union construction for cobordisms (= 3-ads) 

used in tt.e proof of Proposition 5.2. An n-simplex of SLILm(A,E) (= rrzpping fibre 

of 0:0 ---\-lLm(A,e:» is an (n+1}-simplex x of 1L0(A,E) such that a 2X= 0, 
n+ 

0n+13n ••• ~1x = 0, which is th" same as an n-simplex of lLm+
1

(A,E} up to labelling. 

7his identiiies Slrr.l!l(A ,d = rr.!:l+1 (A ,d as simplicial sets. The H-space structure 

on S1.lL
M

(A,d nr,rees ,;ith the wonoid o:neration ., in ll.m+1 t Jl.,E), for if x,x' are 



~ . x" 
1. 
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i 1 

i 2 

i 3 

i~4 

The higher hOIJotopy groups of IL meA ,d are thus given by 

f
Lm+n(A,d 

m( » (nn m( » ~ (ILm+n(A,r» ~ ltn(IL A,I: = ltO "L IL A,I: = "0 ~ ° 
Similarly for IL (A,d, li,m(A,d. 

m 

r
l!l+n~ 0 

if • 
m+n<O 

[J 

Product "ith the generator S 1 CSL2 (tZ,-1) ~ tZ defines a s!cew-suspension 

~a, in the ~E-qnadratic L-spaces 

S : IL
m
(A,d-----.JLm+2(A,-d 

indul:'inG the skew-suspension isor.:orphislJs in the homoto')y sroups 

S : It (IL (A,d) = L (A,d --+- lt n (ILm+2 (A,-d) = Lr.t+n+2{A,-d (m+n';!:0) 
n m m+n 

(cL PrOI'o"ition 7.3). Thus S:ILm(A,d~lJ'm+2(A,-d is a homotoO',r equivalence 

for rn~ 0, b:r the si!:'plicial \-:hitehead the ore",. The double sl~ew-suspension map 

IL (A,d--+JL 4tA,d m IJ+ 

j_s a ho:rroto"y e -[uivalence for r.t~ 0 (a fortiori), allO\·:ing the identifications 

\
m~o, 4j~m 

if 
m~ 0, 4j~-m 

\-1ith lL(4j ,4j •. 1, ••• ,oil) the universal (4j-1)-co~nected space over lL. Similarly I 

m m 1-d.<.~sIO'\llA 
for the I:-syrrunetric and I:-hyperquadratic IL-spaces JL (A ,I: >,a (A ,E:) of a o..h •• ediioMY 

ring A (cf. Proposition 7.4). The deformation retract o~ lLm(A) (m ~o) consisting 

of the highly-connected quadratic Poincar" (n+1 )-ads ~IaS obtained in Ranicld [5 ] 

by a direct construction involving ~quadratic forms and for~~tions. The space 

JLO(A) has also been constructed by Hishchenko and Solov'ev [1 ] .(cf. §10 of 

I·lis hc he nko [3 ]). 
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the'l by 1,uinn [1 ] in general (cf. Rour]:e [1], §171'. of :.'a11 [ 5]). Given a 

s?ace K and a group c,or,hisr1 ~':lt1(n-----Z:;2 r:efine~-sets (= sir.;,lici"l "ets 

l!ithout degeneracies) JLm(K) (m~Z:;) t:ith n-si.'Jplexes the (m+n)-dimensional 

topological normal bundle naps of (,,+4)-ads (f,b):I.l-X l:ith a reference IUa.? 

Ixl~K, such that dn+3f, Cln+2f, ,)n+1i)n ... i:>1f are homotol'Y equivalences and 

l;(~) = X(~) ~ ~ - He have m"dified the definition of the s:?,,-ces JLrn(K) appearing • 

in 1uinn L 1.] to ensure the characteristic propert:'.es J1rr,c(K) = lL
n

+
1

(K) , 

ltn(lLm(K» ~ Lm+n (tZ[lt1 0:)]>' In particular, lLo(pt.) ~ Lo(tZh<G/TOP. 

Pro'Oosition 15·.5 The quadratic kernel construction defines ho;:.otop:r e1uivalences 

of Kan Cl-sets 

In particular, there is defined a hOl:10tol':' e1uivelence 

[] 

Quinn [1,J also defines ~.n "asser.tbly" nap 

for an,' trianp;ul".ted topolOGical n-mmifold X, llhich sends a sin:plicial nap 

r:X ~JLm(:c) to the quadratic 'cernel induced by a reference =p Y~KxX 

from the topolosical normal bundle r..ap of 1-ads (f, b):H ---> Y obtained be: 

flueing tor;ether the norr.!al =:?s classified by f!f\ltcX. In particular, the 

surGery obstruction r.~p is the co~posite 

I:hich >le "ish to describe elgebraically. In the first instance '-le define maps 

,,·:J.ISPL(le>----,. JL-k(tZ) inducin~ the synu,etric signatures on PL cobordism 

'Y*:<:fL= ~ It (l-ISPL(k»--Ln(tZ), end ,-;hich behave I-Iell l-1ith respect to 
"'n K n+}r 

the multiplicative structure in the Thom sj1ectrun l-lSPL - the multiplicative 

Gtructurcs in the algcoro.ic L-s:";,nces are d.efined DS fo110HG. 



The SWIsh product of based simplicial sets X, Y is the based simplicial 

set X" Y defined by 

(Xl\y)(n) = X(n)x y(n)/X(n)x O,-,o ... y(n) 

;\(x,y) = (,\x,.\y) , <fi(x,y) = (O'iX,(TiY) (XEX(n), ",,-y(n» 

and there is defined a natural pairing in the homotopy groups 

Proposition 1.2!§ The L-group products of §11 are induced by simplicial maps 

~ ILl!1(A,E:)1\1l.n(B'1) _ILm+n(A®7hB,E~) 

<l!) ILm(A,E:)I\IL (B,n)----+IL (A&L.B,~n) 
nt m+n -a; '. 

®: ILm(A,dl\ILn(B,lj) -- ILm+n(A~B,E®}) 
(m,nE:7h) 

@ : am(A ,d" an( B,~) ------.. ft.m+n(A~7hB,E®1) 

Proof: Unfortunately, this requires bisimplicial sets. 

Define a chain cOJ:1plex (m+1,n+1)-ad r={c,r} to be a directed system 

of chain complexes 

Hnd chain maps 

The homology groups of r are defined to be 

~lith C(11
) the chain complex given by 

dC(p) : C(I")r = o(~Im~~~In C«)/I~)r_m_n+!",!+!pl --~) C(r)r_1 j 

1: x("",(1) ~E (dCI ll)x(I).,p + i~",±,f("';>I-{i};P,Phc("'-f:iJ t~) do,r-. c{'r. \<--<,1'" ~ 

+ jh;!:r(o(,oI;p,~- Jjl)x(ot,,- fj'J}) • 

In particular, the tensor pro<luct of a chain complex (m+1}-ad r = tC,f\ and 

a chain complex (n+1)-ad f:, = ~D,g} is a chain complex (m+1,n+1)-ad 

(' ®ll = \ CQID , fi&g ~ 

~lith 

(ceD)(<< ,!}) 
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l
' E-s:"nmetric ~ (c '?) 

A ~{-dil"ensional Poinca,re (m+1,n+1)-ad over A ' is en 
E-quadratic (C,~) 

(::+1 ,n+1 )-ad ic ,f \ of finite-dimensional A-module chain cor:plexes such tj,at 

dim C(OI,f) = k-m- n+ Id! + IPI 

~
lZ2 -hypercohotlology 

together .:ith a class 
lZ2-hyperhomology 

i'l'EQk(C,E) = Hk (Hom7h[lZ ](W,C~C}) 
2 l; 

"~Qk(C,E) = ~(W~[lZ ](C ®AC» 
2 

giving rise to a total of 2m+n Poincare dunlity isomorphisms of the type 

set 

r;'aps 

in each 1egree, so that is hOr.lotopy e'!uiv;tlent to 

• 
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7he tensor product of a (j+m)-dimensional E-symmetric Poincar€ 

(n+2)-ad (C,~) over A and a (k+n)-dimensional 1-symmetric Poincare (u+2)-ad (D,vl 

over B is a (j+k+m+n)-dimensional E~-symmetric Poincar~ (m+2,n+2)-ad over A~~B 

(C,,,)®~(D,,,) = (C®21P,<pG;llJ) , 

thus defin;.ng a bisiaplicial map 

OS!: lLj(A,F.}'" ILk(B,tf/lLj(A,E)" QuQ XlLk(B,'l] ----,.n..j+ktM51~B,E®1).· 

Restriction to the diagonal defines a simplicial map 

inducing the tensor product in the symmetric L-groups. Similarly for the other 

products. 

[) 

Define an oriented (G(k) ,PL(k) )-bundle Over a CVl pair (X,T) to be 

an oriented G(Jd-bundle (= (k-1 ]-spherical fibration) et:X -BSG(k} over X 

together Hith an oriented FL(k)-bundle ~:Y---+BSPL(ld over Y such that the 

restriction of 0( to Y is OIly:Y ~BSPL(k)~BSG(k). Such objects ~rere 

first systematically considered in the context of surgery by Sullivan ( 1 ], 

although the case ~A, y) = (DN ,Stl-1) goes oack to l-alnor [3]. Oriented 

(G(Jd ,FL(k) )-bundles over (X,Y) are classified by the relative homotopy classes 

of naps of p"irs (",,~):(X,Y)-(BSG(lc),13SPL(k». The Thorn space of (oc.,~) is 

T(:>t ,~) = T( .. )/T(~) 

sO thatcl\ere is a cofibration sequenoe ,T( I!»~T(Q()--+T(O<,~) ~l:T(Ji)-l:T{"'-)~ •• 

~
'r): (X, :[)--P (i3SG(k), BSPL(k» \ ~~;~L(X,y;O\,tl) 

Given ~:Y _ DSFL(ld let ~;L(y ,f) be the bordislIl groups 

«:X --+ BSG(k) Sl~(X,o() 

1 
(f ,g):(:r,Il)--.(y.,y) 

of maps g: N ~ Y from i 
finite (n+1)-dimensional normal pairs (H,Ir) >rith 

cOr.Jpact n-dimensional PL-:rranii'olds 11 

f:II-+X 

ooundar:, H 

such 

finite n-dimensional norr.1al spaces H 

! 
(lIM,lIN) = (f· ... g.~):(J;,n)----+<BSG,BSPL) 

t"at ~,= Et ~ : N --+13SPr,. 

"H = f*" H ----+ ESG 

i I 

are isonor~hisrns. There is defined a lonff exact se~uence 

----'> 

The oordis~ groups considered at the end of~10 are given by 

~1.n;1 X = ~ Un!1 X"BSG(k ,xxBSPL(k ;o<,fl = ~ TC n+k+1 (X+"HSG(k)/llSPIJ(k)} 

\

ilPL() • HPL( ) » 

StnPL(x) = ~s\"nPL(X'BSPL(k),~) = LiJ!l TC 1 (X "llSPL(!,) 
k k n+t + 

.'\'IN(x) = ~ C;ll(x>CBSG(k} ,cd = Lim 1t k(X 1\1!SG(Id) 
~'h knit n+ + 

with (""~) = projection: X • (:aSG(Jd ,BSPL(ld) ----- (IlSGOd, BSPL(k)) • 

Fro"Oosi tion 1 5.7 Let 

~ 
(G(k). PL(',»-

PL(k)- bundle 

GOd-

i 
(e<.f):(X,Y) _(BSG(!d,BSPL(k» 

F:Y - BSPL(k) 

d.:X __ BSG(k) 

1 
pair (X,Y) 

over a connected Cv/ com:plex Y 

complex X 

\ 

nur,dratic 

be a grou:;> r:or"Ohism. The syr,;,,;etric signatures 

hYl'e r'!uadra tic 

be an oriented 

~
TC1(X)_TC 

and let "1 (y)-+ TC 

"1 (X)---.. TC 

~ 
'1". : Sl~;;L(X.Y;?l,~) = 1t~+k+1(T(O<,e.» -----+ Ln(~["J) 
0'. : SlPL(y,~) = "S IJT(~» --. !,n(~[,,]) 

!1 n+ .. 
,.. TI() S (' .) I'n ' 
0* :Sl~ X."" "'-"n+k T,"') -----.. L (~~,,]) 

are inc1:!ced by natural sir1?licial naps 

~
O. : ,-:(",:.~) ~IL_~c_1(~r"1) 

o· : 'i'C(l) ~ IL-k(~[,,]) 

8· l("') -----+ il.-k(LZi."l) 

-.·:h:"ch fit i!:to a co::-:.:".:utC!. tive dia,rran 



-. The ~:d.C1.:?licial 
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-----+) '1'("') 

a-l 
'~( fo) 

G' ! 
TI~-'« ;Z[lt]) 

J A_,_ 
-----+ lL -'( ;Zelt]) 

l
'lt.ac.ratic ~ 

symmetric ~=p on the 

h:T!1er1Uadra tic 

'?hom s!,<'ce of the cartesian ;>roduct 

• ~«)()<,;." ~"~'): (X><y' ,YKY')_ (BSG(Jc+k') ,BSPL(k+k'» ~ $' :7' ___ SSPL(k') 

f,llt.':y><y' ~ :3SPL(Ic+k') "ith ~':Y'_BSPL{k'} 

"'~d.':X"X' ~ BSG(!<+k') ~':X'---"'.BSG{k'), 

is such that there are defined co~utative diagrams 

T(o( ,j!»"T(~') 
<r."O* 

lL_
k

_
1 

(l'Z[lt] l.A. lL-k ' (l'Z[n: t] ) ) 

@1 
IT. 

l~ 
T(cI.·P' ,p.~,) , lL_!,_k' -1 (?Z[n: lIn:']) 

'r(~)I\T(~ , ) 
0*,,0>101 ~ lL-k (2t';[n:])l\lL-

kt 
(2t';[n:']) 

@! 1® 
T(,_\\' ) 

o· lL-k- k ' (l'Z[ ltX n: '] ) > 

T({j.)I\T(~ \) 
0*,,0. IT, -k( l'Z[n:] )"fi, -le' (l'Z[lt']) 

®! ,. !0 
T(",xol' ) cr· • ft.-k-k ' (:Z[lt>Clt']) 

t"e tJa;>s beb:een the Tho:n sp"ces being the natural homeomorphisms. 

t nornel 
~: Use trnnsversnlity in the cntegory to consider the Thorn. space 

PL 

i,.."(,;.) i <lL:X -... 3SG(Jd 
of as the simulici~l set of 

T(~) ~:Y _ 3S"L(;:) • 

transverse reGUlar ll.t -~l"'!.c zero section 
~XCT('" ) 

{I CT(t1) , 

sinGUlar sitlplexes 

in tIle sense that 

(f:Qn-TCod 

If:D.n-T(~) 

~ 
no:-=l syace 

OriC!1ted -(~~+1 J-(lir.len6ion~1 
?L [lClnifold 

\

V.-
the t'ullback ~' 

11 

,,1011::: the 
N- 3Sn,(J~) 

1
" =:"\ : H---+X. 

rcstr~.ct~on 

- 31:12 - (1 5 • 3 ii:;.) 
'rhe c011:;tru.ctioll of rro!'ositionL

15
•
2 

can 
f,= fl : Il~" 

:-:m: oe UGC-cl to Qc:i!i~ a sir.!plicir'.l :::~_p 

"" "_1,.. 
\ 0·: ",(<>l)~lL'-(;Z[lt]); (f:L:.n-~T(cd)I---~ 

1 'j * : 'l'(ty ---t lL-':(~~"J); (f:/',n ----,. Tq» ~ 
'~he Tho::: sT'Clce :?rOQucts c_~ree ~·;ith the L-spr;ce lJroducts because the ncttur;).l 

~ 
0:T(ot)~T(ol') --T(ot/ltll') 

hC::1eo!!1or:?his:l can be e):!lressed in teri.'3.s 
0:T(~)II.T(W) -T(~"I'>') 

of our 

sin;>licial nodel using the bisi!Jplicial nethods of Pro""osition 1.5.6. 

[J 

(Given an oriented G(k)-bundle ~:x~3SG(Jd let \i(€) be the simplicial set 

of singular simple:<es f:t.n _T(~) "Poincare transverse" to X C.T(~), i.e. such 
l"-~) -

that "n-k = f-1 (X)C tP is an4~-dimensional geo,",etric Poillc~re (n+2)-ad >lith 

S?ivRk nor:::?l fibration V
I
.
I 

: I! --.!L X ~ BSG(!d. exactly as in 

Levitt-;';organ [1·]. The rr.ethod. of Proyosition15.7also gives sinplicial r-aps 

7. ,~. to fit into a CO;7lIlutativc diarrrc.f,'l 

Id th F(,) the ho:;]oto!,y-theoretic fibre of the forgetful ITEI' l·;(!) -T({). 

~;e can :'.nter"ret Remark 4.6 of'Levitt [2] as stating that the map 

". :F('i)--+ IL_
k

( ~["1 (X)]) induces isonorphisll!s 0-. :n:n+k(F(f» - J~n( ?h["1 (X)]) 

for 

The 

n~t.,k)3 - at least for lt
1

(X) = ~1\ but in principle for nlllt1 (XL 

map ... :rl(t)~lL-k{?h[n:1(X)J) induces the oymmetric signatures 

in the geometric Poincar~ cobordism groups 

~. : StP(X,~) = Lio It • k{i'J(~"Ej» --"'Ln(~[n:~(X)') 
n T n+J+ -

;.rl'ie Le\f'itt-Jones-l,uinn exact se~uence R!rlearins in l'roposition 10.4 

is the staclc ho::~otor·: exact se"'!uence a~s'.'ciatcd to the fibration 

?(O....-....·.;(~)--"T(~) in the s!,ccial case'f= pro.iection: X-3sc(!d-->-:'.5G(1:). 

Given ?n or; enteC: ;c~'(l:j-0uI!dlc t:J: ~ '}s':'orC:) let .llTOP(x,f) OC the to'Oolof,ic!'.l 
n -



st~.-Jle l1or:"~.l 'l'O!'-bunc11e V
B

:= f· f : li ---+ J~TOP. The :'olttrja.:;in-Thon nep 

~OPC<,~-)~it~+::('L'(~) ; (f:lin----'tXh~(Sn+k~T(~-i)~ T(f» 

i~ not in rrenerPll an isomorphisn, m· .. inc to the absence of TOP transversality in 

0.i:Je:1sic~ Ii-. For the sa.me recson, it is not possible to une the nethod of 

Froposltion 15.7to define directl,r a simplicial map O":T(~)~JL-k(~[lt1(X)]) 

such that ti~e syr.llnetric signature TJap factorizes es 

". : n;:oP(X,~) - Tt:+k(T(~» ~ Ln(~[lt1(X)]) 

Em-fever, t;,e trick of raising dir.:ensions by crossinf, ,·ri th a:rf! can be used to 

construct a section T(~)-----'lI(n of ;1(i)--.T(~) as in Theorem A of 

Levitt-i;or:;e_n [1 ] and Theorem If.5 of 13rumfiel-lIorgan [1], at least for lt1 {X) =\1\ 

hut in principle for all lt 1 {XL lIndeed, liftine;s ~:X-- 3STOP(k) of ~:X-+BSG(l;:) 

are sho:-:n there to correspond to such sections T{f)-~-j(~». The composite 

iG then u silC,plicial s:m::etric sir,nature nap. Given an oriented 

(G('d,'fOF(l,)-bundle (o<.t):(X,Y)--+-(BSG(Jd,l3STOP(k» there is liketdse defined 

e. simplicinl rJay 

fT .. : T('" ,p> -- JL_1:_1 (~[lt1 (X)]) 

such that the que_dratic signature on the O!,TOP)-bordism groups is given by the 

cOI:!posite 

• "ll,TOP( 11.) Pontrjar;in-Thon."S ,_ 1(T("',\~)) ~ L (~[lt1(X)]». 
cr •. Jl n+1 X,Y;"',,, n+.c+ n 
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Yor ot.<Z let 

1
.!!!Ll(A'E:) 

~::l(A,E:) be t::" sic"lici~l.lt-s;)cctru", "7hose rth ter::: is 

~m(A,d 

ma.ps 

canonical isomorphisns of Proposition15.4 .The products of Proposition 15.6define 

p,,_irings of s;Jectra in the sense of G.H.':hitehead (1] 

@ JJt(A,d l\~n(B,'l) --+ ~m+n(A0;ZB,E:0'l) 

® ILm(A,d "JL (B,lIj ~ JL (A&L-B,E:®'l) 
- -n I -n+n ~ 

®: ~(A,d"~n(B,IV - ~+n(A®;ZB,E:0'1) 

®: ~m(A,d ,,~n(B,~) ----+ ~m+n(A~B,E:0'l) • 

In particular, for a co=utative ring A ~re have con:1ective commutative ring 

spectra ]};o(A) =~o(A,1) and ~O(A) =.ft:°(A,1), and also a connective .!!:o(A)-alge<:ra 

spectrum ~o(A) =~o(A,1J, usj.ng A~zf-A;a®b~ ab to convert the external 

products iuto internal products. 

For H = G,PL let Ir.sH oc the Tho,,; spectrun t-;hose l,th term is the ThoI:! 

space ESH(Jd of the universal oriented HOd-bundle over BSH(k). The products 

induced by the llhitne:r sum of bundles 

e: BSH( j) ~ BSHOd ---+ oSH( j+k) 

can be expressed in terms of the simplici?_l Eodel of Proposition 15.7{involving 

singular simplexes transverse regular at the Zero section) using oisioplicial 

sets as in Pro:oosition 15.6.7hese proc1ucts r..ake !:!e1! into a. ring spectrum. 

Let ~n:;PL be the cofibre of HSPL--..!.§, that is the spectrum "hose ltth tern 

is the cofiore HSG(lc)/I-iSPL(!d of the ne. ~ural map l-;SPL(k) --+ HSG(J;J. The induced 

products 

:"",et! ~/;-!.3PL into an I:SPL-::lodule spectrun. 

l 



( 'll\"(~r" tic 

J S;:P:-::C tric 

l hyper,uadrntic 

na:rs 

"." : :'SPL(l-) ~ JI,-]c(:;z) define <'- natural tre,'1"forc.ation of 

1

0'+ : I ;;G(~:)/i:SPLC:d~IL_k_1(Z\) 

O· I.SG(lc) ) il.-k (Z3) 

cofibrations of s?ectra 

HSPL )~ ~I-!SPL 

o· 1 ~. i ,0'·1 
~O('l/,) J • ~O('l/,) H 

~ -1( zj) • 
ii) For a'ly connected spe.ce X and any ring ,dth involution A there is defined 

a natural transfornation of long exact sequences of abelian &r0uI's 

-,;nicll is the identit:! for ;{ pt .. 

iii) 'j'::e s;Vu:netric signature Map on PL- b,ordisn is the cooposite 

\

QUa(1ratic } tu ,PL)-

hype::-~uadr .. tic H-

\

0'*:Sln,P
1

L(X) = H 1(X;I:SG/l';SPL)~H (X;=olL (lZ»)~""L (lZllt 1 (Xl]) 
n+ n+ =-- n n - , 

o':;1PL(X) = R (X;l'lSPL)~ H (X;JJ,o('l/,»~Ln('l/,[lt1(X)J) 
-n n --,., n - A. 

i' ) " • " O( ') 11'* ~( , ) ~. :~(;:) = IlnC:;l:SG~ Hn(X;~ 'l/,) ---->-L Zli:lt1(XJ] 

:Oroor: i) A:o!'l:-- the construction of PropoGition 1'5.7 to the un),versal T1':oo 

G~~o.ces. 

ii) Let O<:X+=T(O)-U,O(Z\[1t
1

(X)J) be tI:e s)_:'I))lici"l s~·liIr.tetric sic;n"ture ;1a" 

rr;socicted to U:X~ ;-;':;PJ~(O), Which is the composite 

) d' ° X+ • K(lt1 (X ,1)+---1' lL (:;Z[lt1 (X)]) 

HHh ;C-I:(lt
1

(X),1J the m"p !oilling ltr(X) (r~2) and C)":r~(1t,1)+--'>'lLO(Z3,1tJ) 

definec, as follo::s (re = 1t1 (:~». 
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The cl?ssif~'i!1:; s~.ce K(';t,1) of a (t1iGcrcte) r70Ul' i! has a stc.r!de..rd 

sin1'licial moc.el, \-lith n-s':eleton l;(r.,1)(n) = """" ••• X::; (n ti",esL Let Z he 

the il'lfinite c:.:rclic sroup \·:ritten TJulti.yl:icativQl~.p '.r:ith GcnerB.tor zE-Z, so that 

._(., ') S1 • ""r.,., -1_ - -1 

.l\. LJ, I = ana.l.LJL. UJ := 7h( z, Z J (z := z ). The si.:l!:?licial cyr:112etric sirnature 

=1' 0'$:JC(Z,1)+_lLO('l/,[Z]) is defined on the 1-s1:eleton b:r 

(f* • ;;:(Z,1)(1) = Z ~lLO('l/,[Z])(1) 

zn "-<1. (zn) = ('l/,[Z] e'l/,[Z] ,19-1; t<x,x) IXE:'l/,[ zJl, t(",znx ) IxE. 'l/,[Z]}) 

regarding non-singular symnetric fornations over :;Z[Z] as the 1-siIDplexes of 

lLO( 'l/,[Z]) ,dth ° faces. In particular, 0 * (z) = (f *(S 
1

) € L 1(Z3[ZJ). For gE It 

define a group norI'hism 

n n z ~g 

and consider the co~~utative diacram 

to obtain that 

sends gE It to the non-singular syr.u:\etric forn"tion ove::- :;Z[lt] 

0* (g) = (:;Z[lt] elZ[lt] ,1(1-1 ; ~(::,x) I x~ 'l/,[lt]} , {(~<, vd I x ElZ[ltJl ). 

The extension of c:r.:K(It,1)(1) _lLO(lZ[lt])(~) to· the 2-skeletons is 

related to the sum formula 

(H,9;F,Gh(!.!,'?IG,n) = (i-I,'I'IF,II)€ L\A) 

of Proposition 7.7, \lhich has a canonical proof on the re-'resentative level 

(cf. the identity of Lemma 3.3 of Ranicki [3]). Given g,hE.lt there is defined an 

isomorphism of non-singular symmetric formations over 'l/,[It] 

so that "':!?plyin" the sun formula 

1l'(gJ,,-;r*(h) = ""*(Sh) IC LlcZ3[Tt]) • 

There is a canonical choice of 2-siupl"J: (J"(r:,h)~ lLO(lZ[reJ)(2) such th~.t 
;)",<r>(g,h) = a*(h) 

.J 



X+l\lL_k (A,d 

x "IL -!tu, ,d 
+ 

cr· ,,1 ° ) @ 
--'---'---+ IL (~r:;:, t;(J]) f\IL_J«A,E .~ U,_k(A[lt1 (X)] ,EJ 

--"'(1_·-'-"----'-1_ lL o( Z6[lt
1 
tX)])" rr,-k(A,e:J ~ IL-\A[lt1 (X)] ,d 

:c "iL-k(A ,d fT." 1 ° »" _1_ ) ® "-k )-) -"'~--4-)O lL (Z6[lt 1 (X J "IL "(A,E ~IL (A[lt
1

(X J ,E 
+ 

de:i:1e & natural transformation of coribr~tion sequences of s~ectra 

i~1ucing natur~l maps in the homotopy groups 

\ 

cr. : Iln(X;~g(A,d) = If! lt n+Jc{X+I\IL_k(A,d) ~ Ln (A[lt1 (X>] ,d 

(f"': Hn{X;~ (A,El) = ~ It Jc(X "IL-\A,d) , L
n

{A[lt1 (x)],d 
k n+ + 

cr-- : H (X;u,°(A,d) = Lim It k(X "iL-k(A,E)) • tn{A[lt1(X)] ,El 
n - k n+ + 

iii) Proposition 15.8 gives that the si~nature maps on the bordism groups 

~ 
cr. : ,stl'l,P

1
L(x) = II 1(X;I';SG/I;SPL) ~L OZ[lt

1
(X)]) 

n+ n+ =-- n 

<T' : ~L(X) = Hn(X;NSPL) ---+ Ln {Zl.[lt
1
{X)]) 

G· : ,rrl'{X) = H (X;trsGJ .I.n{Zl.(lt1(X)]) 
n n-

a~e induced by the simplicia1 maps 

i
'T· : 

'J 0" (f. 0 . ® 
x+"j;SG(Jc)j};SPLOC> -... IL (Zl.[lt 1{X)]) fI.lL_

k
_1 {Zl.) ~ IL_k_1(Z6[lt1(X)]) 

* . 'Y • 

~. : 

X+"I.;SPL(i<) r::r.,,:' ) U,°{Zl.[lt
1

(X>])" IL-k(Zl.) ~IL-k(Zl.(lt1(X)]) 

X+"I!SG(kJ 'T*,,:J. l ILo(Zl.["1(X)])f\ll,-k(Zl.J ~n.-k(Zl.[lt1(X)]) 

Identifying lL
O

( Zl.) = L
O

( Zl.h<G/TOP es in Pro,?osition 15.5 >le have the 

:iore square of Sulliv<'.n [1] 

"" 
lLO(Z6) ~ i~O K(Zl.[1/odd] ,4i»)( K(Zl.2,4:i.+2) 

AIm! 
(Zl.-BO)®zr.[1!2] Ph,:i.r:!o K(n,4:i.) 

\<ith ph. the Pontrjagin character and 
.., 

ph.l'1: lLo(zr.) = LO(Zl.) "G/TOP forget, Zl.1<l3TOP 1/L-genus >{:O K(<1t,4i) 

[} 

It ~Tould be ·interesting to see this directly in terms of lL
O

{ Z',), At any rate \·Ie 

can identify 
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l:he!"c bo is the con.lectivc real j{-theor~; Sl-s:gectru~ l-,i th kth term 

8j-k " . 
.Q. (Zl.)(BO)(8J,8J+1, ••• , ... ) (8J~k~O). The invariant 'I'(W') defined for 

n-dimens:i.onal manifolds M :in §17H of vla11 [5 .. ] is just 

'I'(gn) = O'·Oi)®ES ELn (Zl.["1(H)]) (Ea= 1<:Lo(Zl.)=Z',) 

(by the surger:' :,roduct formula of Proposi tion11.2 applied to ll" Q8 _ 1.,)( S8), 

sO that the related maps defined there 

l~ KOn (K(lt,1»@Z',[1/2] ---~. Ln (lZ[lt])®Z',[1/2] = Ln (Zl.[lt])0Z',[1/2] 

llt i~O Hn_4i(K(lt,1);~) , Ln{Zl.[lt]~ = Ln(Z',[lt]l®/t 

may be obtained from 

cr· : R (K(lt,1);lLO(Z',»--- Ln(lZ[lt]) 
n -

by applying -®<Z[1/2] and -®~ respectively. Furthermore, the !'lap 

1(,,) : KO
n

(K(lt,1J)®Z6[1/2] ~ L
n

(Zl.[lt)@;Z[1/2] 

defined i:1 §3.3.1 of Lodny [,1;] is liketlise the =p obtained from 

Cl. : H (K(lt ,1>"; lLO(Z',» -L:1{Zl.[lt]) 
n -

by applying -@Z',(1/2], since its construction uses the map . 

1(,,) :K(lt, 1) ---'lo-ILO( Zl.[1/2] [It]) sending g€" to the non-singubr sYf'.oetric 
+ 

formation over lZ[1/2] [It] 

:) ; Zl.(1/2] [It], 

(
1.(1+&») 

im( 2 : Z',[1/2] [It] --+ Z',[1/2] [It] elZ~1/2J [It]·)) 
1-g 

isomor!,hic to 

(Zl.[lt]elZ[lt], (: _~) ;ir.t( C) : Z',(lt] --- Z',[lt]eZl.(lt]), 

if!l( (:): Z',[lt] ~Z',[lt) .. ;Z[1tJ)MZ',[1/2J 

(

1/2 
(b~' 

1 

Conjecture 3.3.5 of Loday (1] that l' = l(lt). The anp 
It 

0'. : lIn(X;~(Z',[,,]J) ---0. L
n

(Zl.[lt><lt
1

(X}]) 

"frees v;:l.th the seo,.'etric"ll:' defined "asnenbly l'1"y" A" of :uinn [1] ,[2]. 
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Let B = tRj.l:H ........ R. 1,®:R.I\R,.-Il. 'o,1:Sk-+iZ,ol.i,k~ O~ be a cOi:\."Jutative 

• J J+ J ~ J+~ .. 

ring s!,ectruI:!. fen B.-orients.tion for a s,,::erical fibration .1):7.- 3G(1:) is a 

Thorn clFss U ~ilk(T(V) ;R) = Lir.J [EjT(v) ,11. 1] uhich r"stricts to a 
-..,... J+o~ 

J ,]0 _ 1r 
;;'(pt;!!)-"oilule f,encrator i"U tH ·(T(i.·"J;B) for e".ch noint i:lpt~->oX (T(l·u) = S·). 

In particular, £k:x~BG(!d (le ~ 0) has the canonical !!-oricntation 

1 € i!"<l:'<;: ; n) represented by the cor,,),osite 
+ -

There e::ists a classifying space BEG for !!-oriented spheric"l fibrations over 

CI'I cOffi:?lexes X, \-lith [X+,BBG] the set of B.-orientation preserving staole fibre 

hOI.l0tOpy classes of pairs 

(spherical fibration v:X_BG(Jd,!!-orientation U EHk (T(.I.1);E» 

';:he \"/hitne~, sum e defines an abelian group structure on [X+,BEG], giving ORG 

an lI-s1Oace structure. Given (V,U)Eo(X+,BEG] for a finitely-dot"i.nated CI-: complex 

X and an ~-nodule spectrum §. l-'e have that the Atiyah-Hirzebruch spectral 

sequence converges 

;.;2 = I! (X;!! (ut.;S» ~ H.(X;S) 
p,'l. p Cl 0 - -

g:ivinr. rie-c to the usual Thon isonor:~hisr.s in §.-ho~ology 

end simlarly for §.-cohol'OoloFY. A!1 B.-orientation for an n-dinensional geor.letric 

Poinc2.re conple:>': X is an B-orienta tion for the Spivak norroRl fibration ...,x 

o:'pearin~ in a riven normal structure (VX:X-l3G(k),pX~trn+k(T(.uX»)' in tlhich 

case the :::unclnnental S-dunli t~T isonorI'hisr.'l 

"'-X\- : !lk('f(V.,J;n) ---.. H (XiR) 
" - n-

sends ti:c 'l'''.01.1 class UlJ to a f'mdm;;ental g-honolof,Y class [X] =Oi.:t.. U .... Ec Hn():iB) 
X X 

and ther" are cle fined §.-( co )honology Poincare duali t:r iso!:lorpl!isMS 

R-oricnt"tions to B'-or~.entntio:ls. 
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~
G(J:)- to(:X-'~lSG(::) 

An oriented bundle . has a canonical 
PL(k)- r:Y ~ BSPL(Jd 

IT(''') -ESG(k) 
-:!et "0 

~ T(P)-J;SFL(k) 

(cf. Theorem 7.4 of G.\'1.\·lhitehead [lJ). The Thon iso,"or"hisn 

. 'N • » N) 
... -"11+ n+ -, - '"ll tu n- : !:to k(T<oI» = H k(T(CX ;I-iSG ----.,.""1 (X = 

.1)T • 
U ,,- : ~oy~ (T(j\» = H k(T(Il);j;SPL)~ .slPL(X) 
~ n+k n+o -- n 

~ 
normal pair 

sends the singular 
PL manifold 

f: (Ln+k , ilL) __ (T(O{),~) 

g:(Hn+k,;)M)--.. (T(~),.) 

Hn(X;i;SG) 

= Hn(X;~ISPL) 

transverse regular in 

the r i<- sellse at the zero section (X ~ T(a<) to the fN- bordism class 
lPL- h <--> T( p (PL-

i
-fl : Un = f-1 (X) ---+ X 

1 • (The model for 
gl :Vn = g- (Y)--..1 

this is the reformulation of the smooth 

i 
transversality results of Thorn (2 ] in terms of ~1S0-orientations due to A tiyah[2] ).: 

I 
\ 

G(k)- l"':x -- SSG(k) 
Proposition!2!2 i) An oriented bundle h"s a canonical 

PL(k)- f:Y ~ BSPL(k) 

r
UoIoOiik(T("') i~O(Zl» 

class such that 
U~(. Hl<:(T(~) ;.!!!O( Zl» 

\ 

aO(Zl)-
-0 orientation, ~Iith a Thorn 
.!!! (Zl)-

JU~ = UJ~~Hk(T(P;~O(Zl» 
ii) An oriented n-dir.Jensional geometric Poincare complex X has a canonical 

g?(Zl)-orientation, \Iith 
,.. "'0 

a fundamental class [X] ~ Hn(Xi.!!! (Zl» such that 

o*([X]) = JO"(X) £Ln (Zl(lt1(X)]) 

iii) A PL normal structure on an oriented n-dimensional Geometric Poincare 

complex X 

determines ;)y PL transvers"lity a PL nort".al bundle map 

(f=~xl ,b): I·f = ~~1(X) ~ X 

and places an _lLO(Zl)-orientation on X, '-lith a fundamental clnss [X]GH (X;lI,o(:ll;» 
n -

such that 

o'«(X]) =o-'(Il) ELI'(:Z[tr
1

(X)]) J(X] = r~]EHn(X;~O(Zl» 
(1+T}tr.(f,o) =<Y'([X]) -O·(X)EL

n
(:Z[lt

1
(X)J) 

I 
i 
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Let (V;(:X-;:;SPL(kl),~x(ltn+kl(T(l.J;{>)) be nnother PL nor=l structure on X, 

c1asso_fied 'lith respect to (-'"'X'Px) by c:X-G/PL. The Foinc,'_re du;,lity 

(X] n- : HO(Xjl!:!O(2Z» ~ (x+,n,O(2Z)] ~ Hn (Xjl!:!o(2Z» 

sends X+~ (O><G/PL) + -ILO(2Z) = LO(2Z).G/TOP to an e1e:rrent [c] E.Hn (Xjl!:!O(2Z» 

such that 

<T.«(c])~(1 .. (f',bl)-(T .. (f,b)E.J, (7Z[lt
1
(X)]), (1+T)(c] = [X'] - (X)E:H (XjILO(2Z)). 

n n -

fG(k)- ~OI:X_BSG(k) 
?roof: It is sufficient to observe that an oriented bundle 

PL(k)- ~:Y __ BSPL(k) 
"'-0 ., 1\0 

[

l!:! (7Z)- f Uol ~H-'«T{"d jl!:! (2Z» 

leas a canonical ° orientation l .]_ 0' ~lhich is represented by 
.!!! (2Z)- tt ( H '(T(~) j.!!! (2Z» 

,.. 
T(tI() ·~HSG{k) __ a,--"_--+.lL-k(~) 

T(~) -----4 l~PL(k) ____ d_·_~) n.-lt( /Z) 

[] 

Let X be an oriented n-dir.tensional PL ,"",;ifold, so that the PL normal 

bundle nB.ps (f,b):H_X are classif;_ec'_ o:r r..aps c:X-G/PL (= (G,pLJ-bundles 

oyer ( .. ,X». The Ltap)1ing cylinder of a PL norr.a1 bundle nap is an (N,PL)-oordisn 

e1o:~ent (cf. Proposition 10 •. 4). thus defining a function 

" : [X G/PL]_nN,PL(x) j «f,b):H~XJ~«X,nu-x)---x) 
Y +' n+1 

such that the sur:-ery obstruction is the Co"'posite 

e : [X ,G/PL] ~d!'1PL(;{J~ L (7b[lt1 {XJ J) • 
+ n+ n 

(:leca11 frocl p. ~10 of Hall (5] the 1:er!1inr, that e is nor a 1!10rphisr:t of nbelian 

:u:,;; (Ql-k'~'/: ( .. ,G(:~j /PL()c)) -(BSG(l,) ,D::;PL(!) b" th" univer"n1 oriented 

\ G{Je) , FL( 1) J - ;'"nd1e, \ii th Thon sp~.ces 

a:-:d a ;,:r\~ of cofibrBtions 
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T:,c a').iobts G(:d/PL(l;)-t- Stk+\;{SG(ki/!:;:;pIo(),) ():~ 0) Et to--;ether, and define 

a nap 

)' : G/PL = Litl GCJ/PL(k)-4 Lim Sl.!:+1 (l;SG(k)/ESPI,(d) 
1< T 

such that ~ (as defined above) is the conposite 

i , 1 
'I' : [X ,G/PL] ~ [X ,Lim 9-;{+ (lffiG(k)/liSPL(k»] = H-1(Xj!:W!~PL) 

+ + It' 

'"1ith [X] 

[X)o - ) H (X"MSG/I-ISPL) =UlT,PL(X) 
n+1 ,=,-- n+1 

(1:X -X)" uPLCd ~ H (Xjl-ISPL). The compoGite 
n n--

G/PL ~ Lim ;-t<+\I-ISG(k)/I;SPL(J;:) ~ILo(~) 
It 

is almost a honotopy e1uiva1ence into the zero conponent of JL
O

(2Z) , inducing 

," I 

the surgery rap in the honoto!,:, grou!'s ltn(G/PL) -->-Ln (7b) t-rhich is an j.sor.:orphisn 

for n ~ 4 and maps onto the su~sroup of index 2 if n = 4. ~he surGery obstruction, 

Dap can thus also be factored as 

G'.l 0 C"] 1 
e : [X+,G/PL] ~ [X+,ILO(2Z)] H (Xjl!:!O( 2Z» ~Hn(Xjl!:!0(2Z»~Ln(~[lt1(X)])1 

uith [X]~Hn(Xjl!:!°(2Z)~ the canonical L-thcoretic orientation of ;:. 

t
l)'~eckl IL -k( 2Z) j 2Z) \ 2Z-

Let .k 'I._,{ _ be the . v"lued coch<_in assigninG to each 
rs"EC (~ - (2Z)j~8) 2Ze-

. i 
I 

1JL- k (2Z) , 
le-sinplex of ... _1- (i.e. a non-sinr::ulr.r symmetric form over 2Z) its signature-. I 

JL -'( z;) , 
! 

'i'he additivity of the signature (first observed b:' Ei1nor [2.], and then i 
generalized by Uov:L1<:ov)ensures that the cochains are cocyc1es, defining cohomo10!n~ 

iO '(. iIk(IL-k(2Z)j7b) = [IL-k (2Z) ,Y.(7Z,J,:>] I 
clnsses '\ ~ k and hence a ma:, of ring spectra 

e~<= iIk (IL-k (2Z)j2Z
S

) ~ [IL- (2Z) ,K(7bS,kl] 

° . \ ° t.,..:JL (2Z)-- K(7Z,O) !!! (z;)-
" -0 - - • It fo110us that every "0 oriented spheric"l 
;':~ (2Z)----t~(Z;8'0) .!!: (7b)-

fibration is oric!lted in the usual sense. 'fhe homotoY':'!-tb.corctic f:i.bre of the 

i BILO(Z-;)G ___ J3SG \JJ'O(Z;)_ 
forgetful [",i"'.p -: 0 classifies the -=:-0 orientations of 

Bl!! (7,;)G ~ 3SG l!:! (~)-

t:iC t!'iv~_pl oriented n:ph~ricel fibrationn, \-rh:.ch for O:X --+ nSG( 0) are the 



- 393 -[X ,lLO(~).~ 
. + 

(x+,n..oC~)J 
"hich send X to the component of 

";Jrf1..id of fiiJrrd::ions 

II'OClZ~Bl!!°C?z'JG~ BSG 

1+T~ / ~ /' 
lLOC lZ~ Bg?(Z-;)G 

J~ /' 

n,oC?z')Gl> 

, \ lLOClZt, , [n,O(lZ)' f1EltOCILO(lZ» 
Hlth "0 the path-cOl11:9onent In "0 of AO and ILO(lZ) the 

lL C lZ)® lL (lZ) 1E-lt
O

( IL (z-;» G!I 

ho:notop:'-'cheoretic fibre of J: lL O( lZ)® --+ fi O( lZ~. i'O\~ IL
O

( l'Zk, can be -identified 

\':ith the zero path-cor.lponent of lLo(lZ), \;ith the ::hitney sum H-space structure 

inherited from B~O(lZ)G given by 

lLOClZ)/\ JLoC",)---+lLo(lZ) ; al\b~aebe(aQ'lb) • 

';'!le L-theoretic orientations of Pro:::,osition15.9iJ define forGetful =.:9S 

(BSPL ----'>-~ B~O(l'Z)G 

lBSG ------~. B~O('ZZ)G 

and hence a r.12.p of the fibres 

G/FL ---+. lLoC lZ)0 

Hhich can be identified \';ith the almost homotoI'"J eqUivalence obtained above. 

In princi:.'le, it is also possible to ~ QC l'Z)-orient STOP-bundles and ir.1prove 

thiG to a honoto~J:t e~uivnle!1ce 

3.110\ling us to claim', 

~_o:,JOsition 15 .10 There is a natural equivalence of co.tegories 

(oriented s',heric:;l fibr".tions "ith all ~OCZJ-orientntion lifting the 

c""onicnl ~O(w.)-oricntation)<-+(oriented 'fOP \Jtl!ldles) • 
(] 

CAu,, __ ] fror.' " this is the result of Sullivan [2.] that TOP bundles are tl'.e s"r.", 

C.G EO®2r[1/2]-or:Lcnted spheric<~l fiorntions). 

- 394 - ~J:,.(A ,E) 
define simplicial spp.ctra - such 

-!.(A,E) 
that 'le shall now 

\ 11 Ctt'(A,E:» 

l1l:C~.(A'E» (nOZ) 

involving the lower L-groups of §9. 

1 I:-symmetric } (r ,~) 
A weay~y m-dimensional POincare {n+1)-ad over A 

I:-quadratic (r ,Il) 
(m"l'Z,n~ 0) is an A-module chain complex r = f C(o() 1 ... £ 1nl together "ith a class 

such that 

1 
(r,iI€Qm«(',E» 

i) if m) 0 
(r ,IfEQmCr ,1:» ~

~ -symme tric 
is an m-dimensional Poincar~ 

I:-quadratic 

(n+1)-ad over A (as previously defined) 

ii) (E-symmetric case) if m~ -1 ~= (~')i!") with 9!1f(~-m(S-mr,d such 

that (S-mr,¥') is a (-m)-dimensional even I:-symmetric Poincar; (n+1)-ad over A, 

with 

vo(a.,(§l') ~ ° : Hm-fn-IO\I(~n ---,>i{O(:'h
2

;A,E) 

and i"~Q_m(S-mr' ,I:) such that 

(1+T
E
)!" = ~C4iI)EQ-m(S-mr"E) , 

where r I {c'~)lo(('lnl is the A-module chain complex (n+1)-ad defined by 

c' (01.) 
(0 ' 
1 C(Ol) 

and f:r-r' is the natural projection 

(m-n+ lOll = -1,-2) 

(m -' n+ 10(1 ~ -3~ 

ii) (E-quadratic case) if m~ -1 'fE.Q_m(S-mr,d with (S-tnr $.) a 

(-m)-dimensional E-quadratic Poincare (n+1)-ad over A. 

Define (mE: l'Z) to be the simplicial monoid IJ.mlA'I:) 

!..m(A,d 
Hith n-simplexes 

the >leakly (m+n)-dimensional Poincar~ (n+2)-ads over ! 
I:-symmetric A f(r,'I.) 

t (r ,'f) E-quadratic 

that C(~) = 0, with the direct sum e as monoid operation and 0 as th~ bRse 

simp10x in each dimension. 

such 
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l£"(A,E) 
Pronosition 15.11 The simplicial monoids 

;!.m(A ,E) 

extension condition, and are such that 

~: By analogy "ith Proposition 15.4. 

~
£.(A'd 

Thus the simplicial Sl-spec trum -
~.(A,E) 

is such that 

'~he ske"J-suspension maps 

nm+nlt-m(A,E» 

nm+nc.e_m(A,E» 

(mf-Z':) satisfy the Kan 

S : '£m(A,E)----+£m+2(A,-E) (mElZ) 

are homotopy equivalences, so that £.(A,E) is a periodicll-spectrum. 

[] 

l 

- 396 - The clo.ssifying spaces of the d:L6cr~te orthof0l12.1 croups rlap into 

our albcbrnic L-apaces as follo",S. 

iorn 
{(l-i,,!,) . ,. ~",:(;;,'?)-UI,,!,) 

OVer A 1(1.1,V) to be the "roup of "u·oo,.,or')n:!'81:tsl~:(i[,V)-->-(I{,>:T)' 

;:orkin:;: as in the :oraof of Pro!,osition 15.8 it is !,ossicle to construct a 

sim::-licial map 

BO*(H,<;» _ K(O·(M,'!'), 1) ----->- !L°CI\"E;) 

BO.W,'I') - K(0.(H,'lI),1) ----. !LO(ft.,E) 

siven on the 1-skeleto!ls by 

1
a.:!lO.(i',:l)(1) = 0·01,<;» -.... JI,0(A,E) (1) ; ",-~(H"I.:,<:>g-,!,;O,("'e1)O) 

• .' (1) (1) 
tl •. BO.(J·l,V) = 0.(1-1,'1')- !Lo(A,E) ; (!>, ) (J-!gl'I"lO-v;A,(~9-r)b) 

~ 
UI,<;» ~ ".etabolic 

f(:"x)EH~Hlx"H}. (If is ,·rith h;:ran[ian 
(H,'I') h~':oer;}o!ic 

(H,'I';L,"'(L» E:L\A,E) 
). In !JC'.rticular, the na:) a:?Je;'trinG in 

(H,>:T;L,P(L»€ L
1

(A,E) 

"ith (ZU[lt] ,1) the ,.,,,n-aincular symc;etric forn over :zen] den.ned by 

<lnd l the t\ap of classifyins spaces induced by tit" rrol'.l? morphis!ll 

::ote ali.o ·:;ha.t G·:BO"(~,1) ----+lLc(~) incluccs an iso::iOrphisrl 

0* : 1t 1 (30*(ZI,1J) = 0·(;£,1) = Zl2 - L
1

(ZI) = 7.2 

L then 

sendin[ the c'cncrctar -1:(W.,1)-->- (;2.,1) to the (ie:?>",'" elenent d£L1(%). 

Karoubi (1 -] defines various L-spaces by applying the +construction 

of ~uillen to the ch.saifyin!,,; apace BE0(f,) of the staol" E-'ltndratic orthoJ;onal 

~'Tou,-, of n d.n::; '1ith involution le EOU) = ~ O.(!1E(An ) (a:1<1 related s,'"ces), 
n 

"nc t),esc L-spaces tea,' be :la,,"ed to ours hy the ;:>;>1> rr :B O(A)+ -lL (A E) 
~ "... EO' 

o0t::,inec. fron the oaps o~:BO .. (H (Af·'»--..IL (A £) (~"1) Similarly there is • £: 0'"' ~. ,. , 

defined "- map "":B
E

O(A)+-+J,-2(A,-d '1ith EO(A) = LiI:1 O·(HE(A
nt
). 

m 
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§16. EaJer-Vietoris sequences 

vie shall no'" seek algebraic I.-theoretic analogues of the Nayer-Vietoris 

exact sequence in the algebraic K-groups of a cartesian square of rings 

A--B 
I ! with B----A' onto (Hi1nor [5]) 
13'---+A' 

as ~Iell as of the Mayer-Vietoris exact sequence 

,. -1 A_1", 
••• -7' Kn(A)~Kn(A)"Kn(S A)---'I"Kn(S A)---f> K

n
_1(A)-+ ••• (n~l'Z) 

A_S-1A 
of a cartesian localization-completion square I ! (A" ~ A/sA). 

t_s-1A s~S 

We shall construct the L-groups of commutative diagrams of rings with 

~
E-Symmetric 

involution, such as the L-groups 
E-quadra tic 

(nE l'Z) of a comnrutative 

6'"!uare 

B'_A' 

'·lhose vanishing is lL.(I!,E) " 0 
the necessary and sufficient condition for there 

L.(~,E) " 0 

to be excision isomorphisms 

\
Ln(A~ B,E) _Ln (B'-------4 A',d 

Ln(A~ B,E)---IoLn(B' ~ A' ,E) 

and Hayer-Vietoris exact sequences 

\ 

••• _Ln(A,E) __ Ln(B,E) .. Ln(B',E) ___ Ln(A' ,E)~Ln-\A,e:)_ ••• 

••• ~ Ln(A,E) --4 Ln(B,E)eL
n 

(B' ,E) _ I'n(A' ,d ----l> I'n_1(A ,E) -4 ••• 

vie Shall prove that L.(i ,E) " 0 (using the appropriate intermediate E-quadratic 

L-groups) if ~ is a cnrtesian square >lith B-"A' onto, and also if ~ is a 

cartesi.ryn localiza tion-cornple tion square. 

1 
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A morphism of rings ~lith involution 

f:A __ B 

is a function such that 

f(a+b) " f(a} + f(b) , f(ab) " f(a)f(b) , f(1) = 1 , f(a) = ft8TEO B (a,bEA) 

An (n+1}-ad of rings with involution A (n~ O) is a directed system 

of rings with involution 

and morphisms 

such that 

In particular, a o-ad is just a ring with involution A(~), a 1-ad is amorphism 

of rings with involution f(1,~}:A(~>--+A(1), and a 2-ad is a commutative 

square of rings with involutions 

n-ads 

with 

A(m 

f(2,~) 1 
A(2) 

f(1,~) ) A(1) 

. 1 f(12,1) 

f(12.2) ) A(12) 

Given an (n+1)-ad of rings ~Iith involution A define for each i~ In 

aiA, SiA and for each iE In+1 an (n+2)-ad ~iA by 

~iA(oI) "A(aiO() , CiA(ot) "A<SiOt) ,(TiA{-,,) " A(<TiOC) 

C>if(oC,P) " f«):r" '()i~) , 0if(Ol,J!» = f(diIX,·\P> , (jif{ot.,P) 

if j < i 

if j~ i 

0' i (cl) ,,~~1 (0<) ~ I
n

_1 

(exactly as in §15 above, and §O of \'Iall (5]) •. 
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Our methods serve to "ive a completely algebraic account of the 

5eometrically defined surgery obstruction groups of (n+1)-ads of Theorem 3.1 

of I'lall (5]. 

Frouosition 16.1 Let A be an (n+1)-ad of rings with involution, and let 

E=dl!)EA(1!> be a central unit such that E = E-1 €A(I!), and such that each 

de.) = f(oc,I!)(E) E A(ol) (",C; In) is a central unit. Then there are defined in 

a natural way the (n+1)-ad L-sroups of A (mE2Z) which ! E-symmetric ~Lm(A'E) 

E-quadratic Lm(A,E) 

are invariant under the permutation of factors in A, a~d come equipped with 

natural equiva1ences 

induce an exact sequence 

m j m k"-i m di m-1 
••• --+ L ("iA,E)-----=-- L (SiA,E) ----->' L (A,E)~L (diA,E) -- ... 

. k~i ~i 
... ~Lm(~iA,E}-L. Lm(SiA,E) -----"Lm(A,E)---4 Lm_1 (;\A ,E) -

Froof: ~ 
I.'(I',E) 

Let - be the (n+1)-ad 
~.(A,E) 

of simplicial st.-spectra defined by 

r f,'(A,E)("') = £'(A(o() ,E(or» 

I ft.(A,E)(oI) = -t,.(A(OI) ,dDl )} 

using the construction of §15 for {<t.* in the 1-ad case, and set 
l~, 

(mE 2Z) 

1 
Lm(A ,E) 

Thus (m{ 2Z) is lOhe cobordism group 
Lm(A ,E) 

~ 
E-symmetric 

\
,.,eaklY (m+n- 1",,1) -dimensional 

E-qusdratic 

of collections 

Poincare (n-I~I+1)-ad over A(~) 

- 400 - Let ii! be a commutative square (= 3-ad) of rings ;Jith involution 

A~B 

Ot'l ~, lr-
B'L.... A• 

o 
The L-groups lE-symmetric 

(ne2Z), if and only if 
. E-quadratic 

there are excision isomorphisms 

~ (eL',~) : Ln(OC,E) --Ln(f3' ,E) 

1 (",', f.) : Ln(OI,E) -Ln(J3' ,E) 

o 

(ot,~) : Ln(.,.',E) _ Ln( ~ ,El 

(at,P'): Ln(~',E}---+Ln(l?;,E} 
(nE:: 2Z) 

As usual, such excision isomorphisms imply a Mayer-Vietoris exact sequence 

1 
n+1 a n <:C.) n n llHn n ... _L (A' ,E)-L (A,E)~L (B,EleL (B' ,E)-+L (A' ,E)~ ... 

Cl ~.) (f.-n 
••• - Ln+1lA' ,E)-Ln(A,E)~Ln(D,E) .. Ln(B' ,El-Ln(A' ,E)- ... 

(n ~ 2Z) 

There is an appealing pseudo-geometric interpretation of this condition in terms 

of the union operation for algebraic Poincare cobordisms of §5, as follows. 

{

E-Symmetric 1(C,q» 
Given a >leakly (n-1)-dimensional Poincare complex OVer A 

E-quadratic (C,W) 

1 
(f:B®AC--D,(bq>,1<8q») 

and null-cobordisms , 
(r: B0

A 
C-D, (h, 108'1'» 

over 
(f' :B'®AC~D' ,(0'1" ,1~'I'» 

B,B' respectively it is possible to glue f
A '®B(f:B~C-D,(l<9, 1®q») 

together 

~
A '~,(f' :B~C~D' ,(['I" ,1<\/Iq») 

and 
A'® (f"B8 C--'>D' (.Iv' 10'1'» B' • A" 

Poincare complex over A' 

\
L.l~'E) 

Then 
L,@,E) 

o 
if and 

o 

A''l\(f:B~C--+ D,{o'V,1®W» 

lE-symmetric 
to define a weakly n-dimensional 

E-quadratic 

~
E-SYmme tric 

is represented by a ~leakly n-dimensional Poincare complex over A' 
E-quadratic 

l(C' ,'1") 
\Olith such a liayer-Vietoris decomposition. and the decomposition is 

(C' ,'11') 
uni1ue up to cobordism. J\ctually, ~:" shall find the follm-ling criterion for 

excision more useful. 
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Proposition 16.2 Let ~ be a commutative square of rings .l1th involution 

... 
A-R 

~l.~!: 
- and let E E A be a central unit such that ~ E-

1
" A and such that the images of 

E in A',B,B' (also to be denoted by E) are central as well. 

The natural map of E-symmetric L-groups 

(Ol' ,~) : Ln(<x,E) __ Ln<f~' ,E) 

is an isomorplrl.sm (for some n€ZZ) if and only if there exist abelian group 

!l1orphis!!ls 

to fit into a commutative diagram 

involving the exact se1uences 

n 1\", n ()" n-1 '" n-1 L (B,E)-----+L ("',E) -'---'"L (A,E) __ L (B,E) 

~ n lC~ n 0': n-1 Ln(B',E}~L (A',E)~L (~',E)---"L (B',E). 

Similarly for the natural map of E-quadratic L-groups 

("",~) : Ln(o<,E)---+Ln(f>',E) • 

Proof: If (11/.' ,~) : Ln(o<,E)_Lnq., ,E) is an isomorphism define 

S = (o<,,~)-1lS,.,: Ln(A"E~_Ln(cX'E)' g= (}",(ot,,~)-1: Ln(r.',E)~Ln-1(A,E) 

Conversely, given 8,6 we shall verify that «)(',~) is an isomorphism 

by diagram chasing as follows. 

Let x Eker«ol' ,P):Ln «)(,E)-----?Ln(II' ,E», Ba that 

" n-1 
d",X = b(a<' ,p..)x O€ r. (A,E) 

and xE ker(ct :L
n
(o<,E)_Ln-

1
(A,E» im(rol:Ln(B,E)-----)-Ln(O(,f:». Let yE Ln(B,E) 

be such that 

- 402 -

'401 (y) 

so that 

l~,,\!>(Y) = (0(' ,~)15«(y) = «)(' ,~)(x} = 0 €Ln(f>' ,E) 

and ~(y)E ker(lSp, :Ln(A' ,E)---+Ln(~, ,E» = im(fo' :Ln(B' ,E)_Ln(A' ,E». 

Let z € L n( B' ,E) be such that 

so that 

x = "lI'",(y) = &P(y) = ~f!>'(z) 
and (~, ,~) : Ln(oc ,E) ~Ln(~, ,E) is one-one. 

Let u ELn(P' ,E), so that 

olS(u) = 0 H n- 1 (B,E) 

:;;, n-1 n-1() (" n n-1 and O\.u)Eker(OC:L (A,E)-L B,E) = imoOf:L \CX,E)-L (A,E». 

Let vELn(OI,E) be such that 

~ ... n-1( o(u) =~(v)(:L A,E) , 

so that 

(u - (0<' ,~)(v»€ ker(~:Ln(I3' ,E}-+Ln-\A,E» <;ker(Of3,:Ln(f!' ,E) _____ Ln- 1 (B' ,E» 

im(fp' :Ln(A' ,E) _Ln(~, ,E». 

Let wE:Ln(A',E) be such that 

u - «)(' ,(J)(v) = YP,(w) E: Ln(~, ,E) , 

so that 

u = (cA.' ,~)(V+dl"»€ im«o<' ,~) :Ln("',E)----+Ln<l~, ,E}) 

and (ot' ,(,>}:Ln( ... ,E)-+Ln(P' ,E) is onto. 

(] 
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l-'rollosition 16.3 Let ~ be a cartesian s'1u"re of rings Hith involution 

such that the sequence (~) 
\0\' (~ -~') 

O~A-B .. B'~A'- 0 

is exact, and let XCK (A),YCK (B),Y'£K (B'),X'SK(A') (m=0,1) be .-invariant -m -m m m 

subgroups such that' 

ker«:,):Km(A)--Km(B)eKmlB'»<;;X , ~X~Y , B'~X'~Y' , 

A'®gY~X' , A'~,y'<;;X' 

and such that the sequence 

l:·) lP -f.') 
O~X/kert(~):K tA)~K (B)eR: (B'» _bY' ___ X, -+ 0 

01. m m m 

is exact. Then if 

either i) P:B ---'>- A' (or ":B' --tA') is onto 

or ii)o(':A~B' = S-1A and f1:B-----> A' = T-1 B are localization maps 

such thatot. :(A,S) _(B,T) is a cartesian morphism (in the 

sense of §13) 

there are defined excision isomorphisms 

(0(.' It): LY,X(oC,E)--+LX',Y'(R',E) 
,t" n n r 

and a Eayer-Vietoris exact sequence 

, Cl X t::> Y y' (~ -13') X' 
... ____ LX 1(A',E)-L (A,E)_L (B,E).L (B',E)~Ln (A',E)- ••• (n£Z>:). 

M n n n 

Proof: It is sufficient to consider only the case 

X = K
1

lA) , Y = K
1

(B) , Y' = K1(BI) , X, = im(q~ \3,):K1 (B).K.,(B')-K.,\A')}. 

The other cases may be deduced from this by repeated application of the exact 

sequences of Proposition 12.1, Horking as in §5 of Ranic~~ [3]. 
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Given a f.g. projective B-module M, a f.g. projective B'-module M', 

and an isomorphism of the induced f.g. projective A'-modules 

f : A'ii!lJ!l-A'~,M' 

there is defined a f.g. projective A-module 

(!-I,i,W) = \<x,x'}E. M.u'li(1~x} 

with A acting by 

A)( (J-l,f,M')_ (l1,i,W) (a,(x,x'}h-----.... (o«a)x,D('(a}x') 

lIe shall use the natural. B-modul.e- isomorphism .. 

B~(!-I,f,M') __ J4 ; 1Q?)(X,X'}I~X 

to identify B®A(l1,f,M') .. M, and s:lmilarly for the natura1. B'-modul.e 

isomorphism 

B'.l9A(I4,f,l1')~W ; 1®lx,x')~x' • 

There is also defined a natura1. A-module isomorphism 

01· ,f·-1 ,M'·) ---..,. (l4,f ,M'). ; 

I-Iorphisms a1.so pu1.I' back. Given f.g. projective B-modules J1,lf, 

f.g.'.projective B'-modu1.es M' ,N' and A'-modu1.e isomorphisms 

fE. HomA,(A'C8)l1,A'~,M'}, gE HOMA, (A'®SN,A'<8t,lt') there is defined an exact 

sequence of abelien groups 

0--.- HOM
A 

«11,f ,H') ,(N,g,n'» ----+ Ro~(l-I,W }eHo~, (N ,N') 

~ ROMA, (A '®J!l,A '~,N') ~ 0 

In particular, for lt = M-, g = r·-1 , It' .. M'· there is an exact sequence 

0-----'1' Rom
A 

«H, f ,M'), (l4,f ,M')·) --'> Ho~(I'I,M·).Ho~, (M' ,1-1'.) 

----4 HomA ' (A 'OB}! ,A '6i!J!l.) -------7' 0 

so that it is possible to pull back split E-quadratic forms, as detailed 

below. lThe theory of split e-quadratic forms was deve1.oped in §12. 

It is also possibl.e to pull back e-quadratic forms, but the sequence 
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may fail to be exact at QE«M,f,M'», sO that the pullback E-quadratic 

form is not uniquely determined. In the follOlil.ng example \due to Pardon) 

e 

~t~4r, 
7Z ,7Z'2 

p :: projection) 

it is the case that 

Q_1(!iZ[l'Z2]) " !iZ[l'Z2]/2lZ[l'Z2]-Q_1(!iZ)~_1(7Z) = 7Z2.~ ; 

[a+bT]~([a+b] ,[a-b» 

is not one-one). 

Given a split E-quadratic form over B (M,.(Ho~(M,MO», 

a split E-quadratic form over B' {r1' ,'I"EHo~, (H' ,M'·», and an isomorphism 

of the induced split E-quadratic forms over A' 

(f,\, : A'6lJJ(lI,'I')--A'@B'(W,,,') 

define a pullback split E-quadratic form over A 

«M,'V) ,(r '?i.) ,(H' ,'1"» 

= «I1,f ,W) ,('I'+lB-E\B,'I"+~B,-E'B'): (M,f ,}iI) ~(M· ,ro -
1 

,11'.) = (M,! ,M').), 

• using any of the E-quadratic forms (M'\IfQE(M» ,<U'. ~,EQE(M'» such that 

1\ ,. 1<311B - !.(1®h,)f~QE(A'0JO • 

The isomorphism class of the pullback does not depend on the choices o! 1 B'lB'. 

. \ 

i 
i 
I--
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i) Let f!:B-A' be onto. 

Every elecent of ~2:(A"E) is represented by a non-~ingular 
.1 

(_)iE-quadratic form over A' (t"P,'II'fCl. i (A'p» (for some I' ~O) such that 
(-) £ 

't"(IjI,+(_)iE'II'+:A,1'-(A,p).)EX,,=,K
1
(A'). and such that there exists 

'l'EHomg(gP,(BP).) with 

'V' ,,10"'EQ i (A'p) 
(-) E 

There also exists \~HomB«BP)·,BP) such that 

('V,+(_)iE'I',·)-1""('II,+(_)iE'II,·)-1 = 11l?1YEQ i «A'P).) 
l (-) E 

The split (_)i-1E-quadratic formation over A 

) (
1- (~+(_)iq.)('II+(_)i£", .. ) ,0») 

(F,«(! ,El)G) : (A P : (B1' ,1,B'1'),( . , 
\ ('V+(_)1£'V*, 1) 

(1,1,7\) 

'II-C",+(_)iE",.)*\('V+(_)iE"'·»(B1','I',+(_)iE"".,(B'1').» 

",-('V+(_)iE'V.).~('V+(_)iE'I'.»Bp) 

___ ~) O(BP,"') ,,(Bp,l 1. ).'V)BP) 
\'II+(_)1E'V* 

This defines an abelian group morphism 

!;: V~~(A,,£)~V2i(""£) ; (A'P,'I")l----'>' «F,G),(BP ,'I'),(1,1,,(» • 

Every element of V;~+1(A' ,E) is represented by an automorphism of split 

i .'" P '" P 
hyperbolic (-) £-quadratic forms OVer A' (f.\):H(_)iE(A' )-H(_)iE(A' ) (for 

some p"O) such that 't'(f:A'P .. (A'P)'--A'P .. (A'P).)EX'~K;(A')' The non-singular 

split·C-)iE-quadratic form over A 

..... '"'" p ,.." JI 
(l1,V) " (H(_)iE(B ) ,(f,t> ,H(_)iE(B' » 

becomes null-cobordant over B, ",ith an isomorphism of C-)iE-quadratic forms over A 

1 : B~(!-l,'V) = H(_>\:(BP) __ O(BP,U) '" H(_)i£(BP ) • 

This defines an abelian group morphism 
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Every element of ~~(~"e) is represented by a non-singular sp1it 

(_)i-1e-quadratic formation over B' (B'P,«(~).6}B'P) together with a 

(_)ie-quadratic form over A' (A.P.\·~Q(_)ie{A'P)) and an isomorphism of 

split (_)ie-quadratic formations over A' 

(n.b,c) : A'®B,(B'P,{ (~),6)B.P)~~{A'P,\,) '" (A'P « 1 \ .i\')A'p) , 
, \.+(-)ie1\.'.} 

such thst 'l'~a:A'P~ A'P). -r(b:A'P- A'P) EO X'S; K,~A'). 

There existS\6Q(_Jie(BP) such that 

Define a non-singular 

Define lagrangians F,G 

(H,V~Q(_)i-1e(M)} by 

'\' '" 16l1X.EQ(_>ie(A'
P

) • 

sp1it (-}i-1e-quadratic form over A 

a a(c+{-)iec.}_) (0 0) .... 
(H<_}ie(BP),( ( -1 ' ),R(_)ie(B'P» .' 

o a· 0 C i 
for the associated (-}i-1e-quadratic form over A I 

F", 1m(l\:). (~): AP ", (BP,1,B,P)--,..M) 

G '" im«l~). ( \ \J: (BP,b,B,P)----tM) 
I"- ~+l-) E"4\-j 

This defines a morphism of abelian groups 

" _-X' &: Y-Zi(p',e) ~V2i_1(A,e) 

({B'P.( (~),6)B'P) ,lA' P ,r) ,(a,b,c»~(M.V;F ,G) • 

Every element of V;~+1(~"e} is represented by a non-singular 

sp1it (_}ie-quadratic form over B' (B,2p ,V') together with an isomorphism 

of split {-lie-quadratic forms over A' 

(f 'X) • H i (A'P) ------)oA'S (B,2p vI) 
"t • (-) e B" 

such that 'tlf:A,P.lA'P). ~ A ,2p}E X''; ~ (A '). This defines an abelian 

group morphism 

&: ~~+1(f,e}-+v2i(A,e); 
l (B' 2p ,'I' ') ,H,~} I-----'Jo (H(_}iellf), (f,:v, (B,2p .'1"» 
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The abelian group morphisIDS 

r __ Xl ,... _-X' 
b: y-- lA',e)~v (o<.e) , &: y-- (p,',e}-... V 1(A,e) n n n r n- (nOZ) 

satisfy the hypotheses of Proposition 16.2, so that we have excision 

i.somorphisms 

lot'.\!>} : Vn(O('E)~v!'(F>"e) , ",,~'): Vn(O("e)~v!'(f?,e) (nE:;Z) 

and a I~yer-Vietoris exact sequence 

••• _V (A,E) --l>V (B,e).,V {BI,e}_VA'(A·,e)~V 1(A.e:)-,. ••• 
n n n n n-

ii) Let a:(A.S)-----+(B,T) be a cartesian morphism of rings with 

involution and multiplicative subsets, and let JEbe the cartesian square 

-1 -1 -1 
Neither B~T' B nOr S A----+T B is onto (in g~neral),.but for every 

(n E7h). 

element x Eo T-
1

B there exists t EO T such that tx (. im(.B --+ T-1B). Thus every 

~ 1 e-quadratic form over T n (U,VEQe(U» with U a f.g. free T- B-module is 

isomorphic to the form induced over T-1B from an e-quadratic form over B 

(M,V€~e(fi}), via an isomorphism of the type 

t-
1 

: (M,V)-----+{M,t'l't) '" T-1~{M.V) (t.T). 

We can thus work as in i), and define abelian group IDorphiSIDs 

b: V;' (S-1A,E)~V (A---tB,E) , f: VA' (S-1A~T-1B,e) __ V (A E) 
n n n-1 ' 

(nE:;z, X' '" im(K1{S-1A).iS(B)-K
1

(T-1B») 

to satisfy the conditions of Proposition 16.2, obtaining excision isomorphisms 

and a !-layer-Vietoris sequence. Alternatively, we can use the localization 

exact sequence of Proposition 13.15 and the natural equivalence of categories 

(h.d.1 S-torsion A-modules) (h.d.1 T-torsion B-modules) 

(cf. Proposition 13.23). 
[J 

l-laycr-Vietoris exact sequences such as those of Proposition 16.3 have also 

been obtained by ~laU [ 9 ]. Karoubi [2]. Bnk [1]. 

-
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Let I be n ring '-lith involution, possibly without 1 El. Define the 

a quadratic L-groun~ of I 

(nOZ) 

IelZ is a ring ,·,i th involu tion and 1 = (0,1) E: 1+, and 

1+ -4 iZ ; (i,z) ~ z • 

If there exists 1c.I this agrees >lith the previous definition of Ln(I). 

Let I be a 2-sided ideal of a.ring with involution A (such that 1 ~A) 

"hich is invariant under the involution, I" I £ A (i E: I), so that the quotient A/I; 

is also a ring with involution. Define the quadratic L-groups of (A,I) 

Ln(A,I) = L!+1(A~A/I) (nE:iZ) 

",ith A_ 1./1 the natural projection and X = im(Ko(A)-Ko(A/I»C:;; KO(A/I). 

There is thus an exact sequence of quadratic L-groups 

X 
••• ---""7 Ln(A ,I) -- Ln(A) --Jo-Ln(A/I)-Ln_1(A,I)- (n~ iZ) • 

By analogy ,11th the excision isomorphisms in algebraic K-th~ory 
\BaSIl [1]) 

K (I) = JC 1 (I+-..lZ) - K (A,l) = K 1(A-A/I) n _ n_ (n!; 0) 

we have the following excision isomorphisms in algebraic L~theor1: 

• Fronosition 16.4 If I is a 2-sided ideal of a ring >lith involution A ~lhich is 

invariant under the involution the natural maps 

are excision isomorphisms. 

Proof: Apply Proposition 16.3 ii) to the cartesian square of rings >lith 

involution 

1+ --+ lZ 

1 1 
A • A/I , 

in ,·;hich A __ A/I is onto. 

[J 
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The E-sYII'J,,,tric L-groups do not appear to l1'lve as good excision and 

r·hyer-Vic toris properties for cartesian squares as the E-quadratic L-groups. 

Here are some partial results. 

As before, let ¥. be a cartesian square of rings with involution 

A~B 

d'l ~, l~ 
B'~A' 

and let X~K (A) X'CK (At) Y~K (B) Y'£;:K(B') (m = 0,1) be *Minvariant 
m t - m ' m' m 

subgroups such that there is defined an exact sequence 

Proposition 16.5 i) Iq~:B_A' is 

(O', ,~) : x.;,X(OI,E)--+~' ,y.(~t ,E} 

onto there are defined excision isomorphisms 

and 

, (ot,~') 

a Mayer-Vietoris exact sequence 

-1 l~,) -1 -1 (~-~') -1 d -2 ~,) -2 -2 Lx (A,E)_ Ly (B,E)eLy.(B· ,E) -Ix. (A' ,E)-Ix (A,E)~Ly (B,E)"Lv.(B· ,E) 
I~ -/l;~ 

A--B 

ii) If <i! is the cartesian square 1 1 associated to a cartesian 
S-1A--r-1 B 

morphism 0( : (A,S) --(B,T) there are defined excision isomorphisms 
n n -1 -1 Lf X(I.--t-B,E) ----4 LX' yt{S A___..T B,E) 

n' ( . -1 n ' -1 (nEiZ) 
Ly. ,X A-S A,E)-LJ(. ,y(B.--.,T B,E) 

and a r·iayer-Vietoris exact sequence 

.~: i) By analogy with the proof of Proposition 16.3. 

ii) Immediate from Propositions 13.23, 12.1. 

[J 
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§17 Codimension 2 surgery 

Algebraic Poincare complexes can also be used to construct the homology 

surgery obstruction groups arising in cOdimension 2 surgery, such as the knot 

cobordism groups C
n 

of Kervaire [1] and the non-siMply-connected generalizations 

of Cappell and Shaneson [1], Matsumoto [1] and Smith [2]. Given morphisms of 

rings with involution A _B, B ~ B' we shall define cobordism groups 

Ln (A; B, B' ,E) (n ~ 0) of n-dimensional E-quadratic complexes over A which become 

Poincare over B and contractible over B'. For a group ring A = lZ[Tt] the quadratic 

L-groups Ln(AIB,B') are the obstruction groups to performing surgery to 

B-homology equivalence on the interior of an n-dimensional normal map of pairs 

<r,b):(M,'()M)---.(X,oX) (Tt = 1t1(X» such that fl:tIM_oX is aB-homology 

equivslence and f:M---X is a B'-homology equivalence, in such a way that 

the trace of the surgeries is also a B'-homology equivalence. We shall only 

deal with the E-quadratic L-groups of this type, leaving the E-symmetric theory 

for a later occasion. 

Let fIA~B be a morphism of rings with involution, and let 

EAE.A, EBE.B be central units such that 

- -1 - -1 EA = EA E. A , lOB = lOB E. B , f(EA) 

We shall denote both EA and lOB by 10, as before. 

An A-module chain complex C is B-acyclic if there exists a collection 

of A-module morphisms ~h EHomA (C r 'C r +1) I rE 2Z \ such that the B-module morphisms 

10l>A (dh + hd) : B~Cr~B,\Cr (rE.2Z) 

are isomorphisms, in whiCh case the collection of B-module morphisms 

\< 1cll>A (dh+hd) )-1(1®Ah) E HomB(B<1\Cr,B®ACr+1) I rEO 2Z! 

is a chain contraction of ~AC:' 

If fIA----+B is locally epic in the sense of Cappell and Shaneson [1] 

(that is, for any finite collection jbi €. B11' i~ m) there exists a unit 

uEB such that ubiE im(f:A~B) (1~ i~ m» a finite-dimensional A-module 
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chain complex C is B-acyclic if and only if ~C is a contractible B-module 

chain complex, or equivalently if H.(B0
A

C) = O. In particular, if f:A----+B is 

onto or if it is a localization map f:A----+B = S-1A (as in §13) then it is 

locally epic. 

An n-dimensional E-quadratic complex over A (C,V(Qn(C,E» is B-acyclic 

(resp. B-Poincar~) if the A-module chain complex C (resp. C«1+TE)Vo ICn-o---+C» 

is B-acyclic, in which case ~(C,~) is an n-dimensional E-quadratic contractible 

(resp. Poincar~) complex Over B. Similarly for pairs. 

Given morphisms of rings with involution 

A_B B~B' 

define the n-dimensional E-quadratic L-group of (A; B,B') Ln(A; B,B' ,F.) (n ~ 0) 

to be the cobordism group of n-dimensional E-quadratic B-Poincl).re B' -acyclic 

complexes over A. For example, 

Ln(A;A,O,E) = Ln(A,E) (n~O). 

Proposition 17.1 i) The skew-suspension maps 

S I Ln(A;B,B' ,E)----nn+2(AIB,B' ,-E) (n~ 1) 

are isomorphisms. Given morphisms of rings with involution 

A~B, B~B' ,B'~B" 

there is defined an exact sequence 

. .• --+ Ln+1(A;B' ,B" ,E) _Ln(A;B,B' ,E)-Ln(AIB,B" ,E) ->- Ln(A;B' ,B",E)~ ••• 

... ----+L1(A;B' ,B",E) • 

ii) The skew-suspension map 

S : Lo(A;B,O,E)~L2(AIB,O,-E) 
is an isomorphism, and there is defined an exact sequence 
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Proof: i) In the first instance, we show that every element of Ln(A;B,B' ,E) (n .. 1) 

. is represented by a connected complex (C,V). Given a representative complex 

(c,V€Qn(C,E» we may take C to be a f.g. projective chain complex of the type 

C : ••• ---+O----+cn~cn_1------+ ••• ~C1~CO---+O---+ •••• 

The boundary of the skew-suspension as(c,v) is aB-acyclic (n+1)-dimensional 

(-E)-quadratic Poincare complex over A, which we shall denote by (D'1eQn+1(D,-E». 

Let {hE;: HomA(Dr,Dr+1)lo~r~ n~ be a collection of A-module morphisms such that 

the B-module morphisms £1 '""A (dh+hd) E. HomB(B~Dr,B®ADr) 1o", r '" n+1} are isomorphisms. 

Define an A-module chain map gID-+E by 

d d 
'''~0~In+1~I:~Dn-1~ 

hd 
••• -----+0 --+Dn+1-=..=....-:;t Dn+1---1'O -4 ... E 

and let (D',,' EQn+1(D',-E» be the well-connected B-acyclic (n+1)-dimensional 

(-E)-quadratic Poincar'! complex over A obtained from (D,~) by B-acyclic surgery 

on the connected B-acyclic (n+2)-dimensional (-E)-quadratic pair 

(g:D~E,(O"l)EQn+2(g,-E». By Proposition 7.2 there is aB-acyclic cobordism 

q,etween (D,?\,> and (D',7\.')' and there is also a B'-acyclic null-cobordism of (D,.~). 

'rhe union of these cobordisms is a B'-acyclic null-cobordism of (D' ':t') , 

corresponding by Proposition 5.4 ii) to the skew-suspension of a connected 

n-dimensional E-quadratic B-Poincare B'-acyclic complex over A (C'tV'~Qn(C',E» 

such that 

(C,V) = (C' ,V') E.Ln(AIB,B' ,E) • 

Next, we define an isomorphism inverse to the skew-suspension map 

Given a connected (n+2)-dimensional (-E)-quadratic B-Poincare B'-acyclic complex 

- over A (C,VEQn+2(C,-E» let ~ hE.HOmA(Cr ,Cr +1) lo~ r~ n+1~ induce isomorphisms 

~ElA(dh+hd)E.HomB,(B'®ACr,B'®ACr)10{r~n+2~, and define an A-module chain map 

• g:C~D by 
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d d 

"'-0~1Cln+2-=4i:+1~r---4 ... 

hd ••• ~O -Cn+2~Cn+2 ~O __ ••• 

The complex obtained from (C,V) by surgery on the pair (g:C~D,(O,V» is 

the skew-suspension S(C',.') of an n-dimensional E-quadratic B-Poincare 

B'-acyclic complex over A (C',.\;:Qn(C',e:». Define 

-1 S : Ln+2(A;B,B' ,-E) __ Ln(A;B,B' ,E) ; (C,.) 1-1 --~.(C' ,V') (n~ 1). 

The relative L-groups Ln (n ~1) appearing in the exact sequence 

... o........-.+Ln(A;B,B ',e:) ---'t- Ln(AIB,B" ,E)~Ln ~Ln_1(A;B,B" ,E) --~ ... 

are the cobordism groups of n-dimensional E-quadratic B-Poincare pairs over A 

(g:C __ D,('iiv,V)eQ (g,E» such that C is B'-acyclic and D is B"-acyclic. 
n 

The algebraic Thom complex const~ction used in the proof of Proposition 5.4 i) 

gives an n-dimensional E-quadratic B'-Poincare Bn-acyclic complex over A 

(C(g),bV/V£Qn(C(g),E», thus defining an isomorphism 

Ln~Ln(A;B' ,Bn,e:;); (gIC_-",D,(S'V,V»~(C(g),SV/V) (n ;,1). 

ii) Work as in i), replacing gID~E in the first paragraph by 

.1 · ... ~O~I"·,-4r'T'~>·" 
El ••• ~ ° --Dn+1 ---+ ° ----40 ~ ••• , 

and similarly for glC ~D in the second paragraph. 

In the case B - A , B' ° the exact sequence of 

Proposition 17.1 

[] 

... ~L 1(A;S-1A,O,E)_L (A;A,S-1 A,E) ---'""L (AIA,O,E)~L (A;S-1A,O,e:) 
n+ n n n (n>. 1) 

~ ... :;.-' 

is just the localization exact sequence of Proposition 13.1 

S 1 -1 
••• ~L 1(S- A,E)~L 1(A,S,e:)~T. (A,E)_Ln(S A,e:)--+ ... , n+ n+ -n 

as there are natural identifications 
-1 0 S -1 -1 

In(A;A,O,e:) = Ln(A,E) ,Ln(A;S ~E) = Ln(S A,E) ,Ln(A;A,S A,E) = Ln+1(A,S,E) 

(n~ 1) 
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Given a group It and a morphism w:lt~<Z2 let the group ring <Z[ltJ 

have the w-twisted involution. Assume given morphisms ·of rings with involution 

Let Cf, b): (H,aB) --HX,()x) be an n-dimensiona1 normal bundle map of pairs 

such that (lt 1 (X),w(X» = (It,w) , K,,(MjB") = ° , K,,('i:)HjB') = ° (i.e. f:M-+X is 

a Bn-homology equivalence and <If:llM--46X is a B'-homo1ogy equivalence). 

The quadratic kernel ~.(f,b) is an n-dimensional quadratic Poincare pair over ~[ltJ 

which is Bn-acyclic, with a boundary <T.(af,3b) which is B'-acyc1ic. Applying the 

algebraic Thom complex construction (exactly as in the proof of Proposition 17.1 i), 

with B = A = <Z[lt] , E = 1) there is obtained an n-dimensiona1 quadratic 

B'-Poincare Bn-acyclic complex over <Z[lt], whose cobordism class is an element 

1T.(f,b) € Ln(<Z[lt];B' ,Bn) • 

Proposition 17.2 The cobordism class cr.{f,b)€Ln(~[lt]IB',Bn) (n~6) is the 

obstruction to making (f,b):(M,~M)----+(X,oX) a B'-homo1ogy equivalence of pairs 

(f',b'):(M',aM)------+(X'ax) by a sequence of surgeries on the interior of M 

such that the trace (i";M,M')----+(X. I;X le O,X" 1) is a B"-homology equivalence. 

[J 

The following special cases of Proposition 17.2 are of particular interest: 

i) B' = ~lt] , Bn = O. This is the classical surgery obstruction theory of 

vlall [5] (since ~[lt]- homology equivalence of spacee with fundamental group 1t 

= homotopy equivalence, by vlhi tehead' s theorem), and 

Ln(~[1t];~[lt],O) = Ln<~1t]) (n~O) • 

ii) Bn = 0. This is the homology surgery obstruction theory of Cappe11 and 

Shaneson [1], whose r-groups here appear as 

Ln< ~[1t] I B' ,0) = r n( ~[lt] ---rB') (n) 0). 

Indeed, the groups Ln(~[lt];B',Bn) (for arbitrary Bn) are the relative r-groups 

appearing in the exact sequence 

••• ---+ rn+1 (~[1tJ --)B' )--+r
n

+1( <Z[lt] ____ Bn) ~Ln (~[lt]; B' ,Bn) 

-rn(~[ltJ--)B') - ... 
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We shall discuss the r-groups further below. 

lii) B' = ~[lt] , Bn = ~[lt]. This is the local surgery Obstruction theory 

studied by Pardon [4]. The groups Ln(~[lt]I<Z[lt],IQ[lt]) = LJl+~~[1tJ, S) (S = :z-\o) 

fit into the localization exact sequence 

S 
... --+Ln(~["])~Ln(I7i["])~ Ln(~["] ,S) ~Ln_1(~("])-'" • 

iv) B' ~(lt]. This is the dual surgery obstruction theory studied by ~mith [2]. 

The groups Ln(~[lt]I~[1t],Bn) fit into the exact sequence relating L- andr-groups 

... ~Ln+1(~[It])--+ r n+1(~[It] ~Bn) ~Ln(~[It]; ~[lt] ,Bn) 

We shall now relate the r-groups defined by 

rn(fIA--+B,E) = Ln(A;B,O,E) 

------+ Ln{~[1t]) ~ 

(n~ 0) 

with the r-groups as defined by Cappe1l and Shaneson (1]. 

An E-quadratic form over A (M,V~QE(M» is B-non-singular if the A-module 

chain complex 

is B-acyc1ic. Then ~(H,V) is a non-singular E-quadratic form over B. 

A B-1agrangian of a B-non-singular E-quadratic form over A (M,V) is a 

f.g. projective A-module L which is a submodule of M such that 

i) j+Vj = OEQE(L), with jE:HomA(L,M) the inclusion 

ii) the A-module chain complex 

... ---} 0 ~ L ~H r{V+EV·)..,. L· ~ 0 ----~ ... 

is B-acyc1ic. 

Then B®AL is a 1agrangian of B~(M.V). 

A B-non-singu1ar E-quadratic formation over A (M,V;F,G) is a non-singular 

E-quadratic form over A (M,V) together with a lagrangian F and a B-1agrangian G. 

Then ~(M,.;F,G) isanon-singular E-quadratic formation over B. 
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Proposition 17.3 i) The even-dimensional r-group r
2i

{f,d ;: L
2i

(A;B,O,E) (i;. O) 

is naturally isomorphic to the tlitt group of B-non-singular (_)iE-quadratic 

forms Over A. 

ii) The odd-dimensional r-group r 2i+1(f,E} = L2i+1(A;B,O,E) (i~ 0) is naturally 

isomorphic to the subgroup of L~(B,E) (X = im(KO(A}~io(B})} consisting of 

elements of type B~(M,W;F,G), with (M,W;F,G) a B-non-singular (_}iE-quadratic 

formation over A. 

~: Use the periodicity Ln(AIB,O,E) 

Proposition 17.1 to reduce to the case i 

Ln+2(A;B,O,-E) (n~ 0) given by 

0, and then proceed as in 

Propositions 7.6,7.7 (which ia the special case A = B). 

[] 

Thus the r-groups rn(f) ~ r n(f,1) defined above agree with the r-groups 

defined in Cappell and Shaneson (1]. 

Define the 6-groups 

An(f:A-B,E) = Ln+1(A;A,B,-d (n~1) 

As mentioned above, these fit into an exact sequence 

.... ~ Ln(A,E)--------}rn(f ,E) ~ 6 n(f ,d --+L n_1 (A,E) ~ .... 

A non-singular E-quadratic B-form over A (M,W;L) is a non-singular 

E-quadratic form over A (M,W) together with a B-lagrangian L. 

A non-singular split E-guadratic formation over A (F,G) is a non-singular 

split E-quadratic formation over A such that the A-module chain complex 

O~G~F·~O 

is B-acyclic. 

1
~2i (f ,E) 

Proposition 17.4 The b-group (f E) (i )1) is naturally isomorphic to 
b Zi- 1 ' / 

\ split 
the Witt group of non-singular 1 _ (-) + E-quadratic over A. 

i 1 ~B-formations 

B-forms 

The identification of Proposition 17.4 in the special case B 

already been carried out in §13,~-;Ch 

{:) (\ lr;: A--=tSIA£J -,;. L,JA, S, E) • 

(] 
-1 

S A has 
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l-latsumoto (1 ] has defined obstruction groups Pn(t) for the 

problem of finding locally flat spines of codimension 2, which may be 

expressed as r-groups (cf. Matsumoto (2] ,[3]). Given a group It and a central 

element gEIt let C be the cyclic normal subgroup of It generated by g, and let 

be the associated short exact sequence of groups. The. obstruction groups are 

so that 

the Witt group of ~[It/C]-non-singular (_)ig-quadratic 

forms over ~It] 

X i = the subgroup of L1{~[1t/C],(-) ) consisting of the non-singular 

(-)i_quadratic formstions over ~[It/C] of the type' 

~(It/e]@2Z[It](M,V;F,G) with (M,V;F,G) a ~1t/C]-non-singular 

I 
! 

( ) i "V ~ 
- g-quadratic formation over ~It]and X = im{Ko(~(It])--Ka(~(It/C]» .. 

Kervaire [1] introduced the cobordism groups C .' of knots Sne sn+2, 
n 

and sho'led that C2k = 0 (k1 0). Levine (1] gave an algebraic characterization 

of C
2k

+
1 

(k ~2) as a Witt group of Seifert matrices over ~. The Wit~ group of 

Seifert matrices over ~ was computed by Levine [2], and the isomorph of C2k+1 

in this group has been described by Stoltzfus (1] using a localization 

exact sequence. tIe shall now give an algebraiC characterization of the groups 

C
n 

as the algebraic cobordism groups of (n+1}-dimensional symmetric Poincnr~ 

complexes over ~ .with the extra structure afforded the Poincar'; duality of 

the chain complex of a Seifert surface !f1+1c Sn+2 of a knot Sn = <!Il-tCS
n

+
2

• 

In particular, we shall obtain an algebraic interpretation (Proposition 17~6) 

of the identification 

Cn '" rn+
3

('I?} (n;;;.4) 

derived geometrically by Cappell and Shaneson [1], where ~ is the square 

?he 2Z] ~~( 2Z] 

1 1 ~ le 
?h[2Z] ~2Z 

nnrl e:~fzn ~rz.z-~l~2Z; z!---->-1 is the cugmentation reap. 
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The geometric methods of Matsumoto [1 ] identified 

and the algebraic methods of I-Iatsumoto [:;] interpreted this in terms of 

Seifert matrices - we shall give an interpretation in terms of algebraic 

Poincar6 complexes (Propositions 17.13,17.14). 

A locally flat n-knot SnC:Sn+2 admits a Seifert surface, that is a 

locally flat (n+1)-dimensional dimensional submanifold ~+1<:Sn+2 such that 

cll-! = sne Sn+2. Inclusion defines a degree 1 map of (n+1)-d1mensional geometric 

Poincare pairs Which is the identity on the boundaries 

f : (M,ClM)-+{Dn+3 ,Sn) • 

The transversality used to construct the Seifert surface equips 11 with a 

normal vector field in Sn+2, so that f is a normal bundle map. The corresponding 

embedding Mxm 1 <:Sn+2 gives a geometric Umkehr map 

F I (gon+3 ,ESn)----+(EM ,t~M ) 
+ + + + 

inVOlving just a single suspension E, so that the associated ~2-hypercohomology 

n+1 ( ( I class ~f~Q C) (C = C f » is such that 

~rE ker(s:Qn+1~C) __ Qn+2(SC»£ ker(JIQn+1(C)_Qn+1(C» • 

This suggests developing an abstract theory of chain complexes (over any ring 

with involution A)'with Poincar'; duality stemming from elements of the relative 

groups Qn+2(S) appearing in the long exact sequence 

The relevant part of' the exact braid of Proposition 1.3 gives identifications 

Qn+2(S') ., Q[~~O](c,e) ., Hn+1(Ct@AC) • 

Hore precioely: 
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Proposition 17.5 For any A-module chain complex C there is defined a long 

exact sequence of abelian groups 

where 

1+Te Hn(ct®AC)~ Qn(C,e) .~(1+Te:)V ,.l{1+Te)'I') s ., i:1
+
Te

)V 

g: Qn+1{SC e)~H (Cte C) .,) :0 s = 0 
, n-1 A v~aV , (av)s 

s ~ 1 

An n-dimensional e-symrnetric Seifert complex over A (C,V) 

s ., 

s~ 

[] 

is an n-dimensional A-module chain complex C together with a homology class 

V€Hn(Ct@AC) such that slant product with (1+Te)'VEHn(C~AC) induces 

A-module isomorphisms 

(1+T~)'l' : Hr(C)-+H (C) (O~r~n). 
~ n-r 

For f.g. projective chain complexes C the identification ct~Ac = HomA(C-,C) 

t makes apparent that V~Hn(C @AC) is just a chain homotopy class of chain maps 

'f : On-*--+ C 

such that 

is n chain equivalence. 

A homotopy equivalence of n-dimensional e-symmetric Seifert 

complexes over A 

f (C,.) ~ (C' ,'f') 

is a chain equivalence 

f I C---..C' 

such that 

0 

1 



- 421 -." 

Horking as in §1 ue can identify such structures for n 0,1 ~Iith 

3eifcrt forus and formations, as follows. 

A Seifert E-form over A (H,'V) is a f .g. projective A-module 1·; together 

\iith an A-module morphism 'V I.; HO!l1
A

(H,H·) such that (1+T
E

l'vEHom
A

(J.:,I:·) is an 

-isomorphism. The Seifert E-forms appearing in the isotoP7 classification of 

odd-dimensional simple knots of Levine [ 3] are the case E = ;!:.1 EO A = ZI. 

An isomornhism of Seifert E-forms over A 

f : (f.!,'V) -- (H' ,'V') 

is an A-module isomorphism f t HomA HI ,11' ) such that 

f·'V' f = 'V IS Hom
A 

(n,n-) • 

Proposit:'.on 17.6 The homotopy equivalence classes of G-dimensional £-s7mmetric 

Seifert cor.tplexes over A are in a natural one-one correspondence \Iith the 

isomorphism classes of Seifert £-forms OVer A. 

[] 

A lagrangian of a Seifert e:-form (H,'V) is a direct sUJ1lr.land L of H such 

that the inclusion j E Hom
A 

(L,H) fits 

O--+L ~H 

and also 

into a short exact sequence 

j*(1+T }'+' 
___ ---=e:'--_ ..... L. ----->- 0 

j.'Vj = OEllomf,(L,L·) • 

A Seifcrt £-for=tion over A (H,'V;F,G) is a Seifert £-form (M,"4') together 

"i th an ordered pair of lagrangians F ,G. Such objects appear in the isotopy 

classification of even-dimensional simple knots of Kearton [2] for e: =;!:.1 EA 

(The actual classification involves also an abelian group n fitting into an 

n _h __ ". FilG ----4 0 , 

together Id th a biline~r pairinr; 

such that 

",(ia,b) 'V(a,hb) , 'p(b,ia) 

l'Z. 

An isomorllhism of Seifert e:-forr.;ations 

f : W,'V;F,G) -----+~ (H' ,W' ;F' ,G') 

is an isomorphis~ of Seifert £-forms 

such that f(F) F', feG) = G'. A stable isomornhism of Seifert e:-fornations 

(f] : (M,'V;F ,G) ----))0 (M' ,'V' iF' ,G') 

is an isomorphism 

f : O1,'ViF,G)e(N,e;H,K) ---+) (HI ,'V' ;F' ,G'} .. (H' ,e'ill' ,K') 

~Iith (N,O;H,K),(N',e';H',KI) such that N = H .. K, ut = H'eK'. 

Proposition 17.7 The homotop:!, equivalence classes of 1-dimensional e:-symmetric 

Seifert complexes over A are in a natural one-one correspondence l<ith the stable 

isomorphism classes of Seifert e:-formations over A. 

~: Let (C,'V£H1(ct~C» be a 1-dimensional e:-s;ymmetric Seifert complex, \1ith 

C a f.g. projective A-module chain complex 

C : ••• ~ U ----7 C1~CO~0-~'" , 

so that V is represented by A-,~odule morphisrls 

such that 

d'V + 'Vd· 

and such that the chain map 

o 

c1 _c o 

is a chain equivalence. The algebraic mapping cone C«1+Te:)~) defines a split 

short exact sequence of f.g. projective A-modules 

Choosing a splitting map for (~+£'V. d) 
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such that 

(W+e:'V* 

we have a Seifert e:-formation over A 

1 ( 0 (H,'V;F,G) = (C
1
eC, _ 

1-V'j' 

Conversely, every Seifert E-for~tion is i50~orphic to one of thin type. 

[] 

An (n+1)-dimensional E-symmeuic Seifert pair over A (nc ~D,(tp,V» 

is a chain map flC -->D from an n-dimensional A-module chain complex C to an 

(n+1)-dimensional A-module chain complex D together >1ith a relative homology 

class (<p,'V) E Hn+1 (ft@A f:C t0Ac ---->-Dt~D) such that slant product "ith 

«1+T )" (1+T )'V) E. H 1(ft ® r) defines A-module isomorlJhisms e: yt e: n+ 'A 

«1+Te:)<p,(1+T
E

)'V) I Hr(f) -------..H
n

+1_
r

(D) (O~ r~ n+1) • 

The n-dimensional E-symmetric Seifert complex (C,'V~Hn(ct~AC» is the boundary 

of the pair (r:C-.D,(<p,V». 

The n-dimensional £-symmetric Seifert complexes (C,V),(C' ,V') are 

cobordant if (C,'V)e(C',-'V') is the boundary of an (n+1)-dimensional E-symmetric 

Seifert pair «f f')ICeC' ~D,('I"V"-'V'». 

Proposition 17.~ Cobordism is an equivalence relation on n-dimensional E-symmetric 

Seifert complexes over At such that homotopy equivalent Seifert complexes are 

cobordant. The cobordism classes define the n-dimensional I;:-s;ymmetric Seifert 

~ "n(A,e:), lIith 

(C,V) + (C','V') (CeC',Ve'V') , -(C,V) 

Given an n-dimensional e:-symmetric Seifert complex (C,1jI~Hn(ct@AC» there 

is defined an n-dimensional E-quadratic Poineare complex (C,~Qn(C,E» with 

B= 0 

s ~1 

This defines a forgetful nap in the cobordism groups 

" "n(A,C) --) Ln(A,e:) ; (C,V) ,-------'> (C,'V) 

"hich is a monomorphisn for n odd (cf. Proposition 17.12 belm,). 

CorrespondinG to Propositions 7.6,7.7 and 17.6,17.7 we have 

I'ropositioti 17.:,2. The O-dimensi.onal E-sy=etric Seifert group AoCA,e:> is the 

c;roup of stable isol~orphis;:). clanses of Seifert E-forms over A modulo those 

admitting lagrangians. 

[) 

Proposition 17.10 The 1-dimensional £-sycunetric Seifert group 1\1 (A,e:) is the 

abelien group with one generator for each isomorphism class of Seifert 

E-formations over A (lI,V;F,G) subject to the relations 

(H,'V;F ,G) + (H' ,V';F ,G') = (J1eH' ,'Ve'll' ;FeF' ,GeGt) 

(M,V;F,G) + (H,'V;G,H) = (M,V;F,H) 

(H,'lf;F,G) o if 11 = FeG • 

[] 

The skew-suspension of sn n-dimensional E-symmetric Seifert complex (C,W) 

is the (n+2)-dimensional (-E)-symmetric Seifert complex (SC,SV) defined by 

S'I' = W EHn+2(Sct®ASC) = Hn(ct~AC) 
1Jy analogy ~ri th Proposition 7. 3 ~Ie have 

Propositio!l17. 11 The skeu-suspension map in the Seifert groups 

S : 1\(A,e:) ----+l\n+2(A,-e:) ; (C,W) J-----+ (SC,S'II) 

is an isomorphism for all A,E,n ~O. 

~: lie shall perform algebraic surgery on an (n+2)-dimensional (-e:)-sYEllletric 

Seifert complex (C,'V€Hn+2(Ct®AC» to obtain a cobordant skew-suapension of an 

n-;dimensional e-symmetric Seifert complex (1 (C ,'1'), thus defining an isomorphism 

Q. I f\ 2(A,-e:)~" (A,e> ; (C,W) ~Q(C,V) 
n+ n 

inverse to Sll\n(A,e:)-->-!\n+2(A,-e:>. It may be assumecl that C is a f.g. projective 

A-module chain complex of the type 

C 

50 that 'If can be expressed as a chnin map 

W I Cn+2-. ~ C 

such that 

(1+T_e:)'If : Cn+2-'~ C 

is a chain equivalence. In particular 

---'>' ••• t 
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H «1+T E)V:C,,+2-. --..C) ~ coker«(1+T )'1' d):cn+2ec
1 
~CO) 

o - ~ 
0, 

so that there exists an A-nodule morphisrn 

( j) n+2 
k : Co-C eC 1 

such that 

(1+T )'I'j +dk 
-E 

1 

Let (C' 'I"EH (C,t(§ C'» be the (n+2)-dimensional (-E)-s~etric Seifert complex , n+2 A ~---

defined by 

Then (C',IV') is cobordant to (C,'I'), and it is also the ske~!-suspension 

(C' ,V') ~ SDCC,'I') 

of an n-dimensional E-symmetric Seifert complex n(C,V) 

Proposition 17.11 gives a 4-periodicity 

via the double skc"/-suspension map. 

[] 

Algebraic surgery can also be used to identify the E-sYJalIletric 1\ -groups 

of A .l1th the Ez-quadratic r-groups of the augmentation 

Proposition17.12 'fhe natural Map 

I\n(A,e:) ~ rn(A(Z'Z-1]~J\,cz) 

is an isomorphism of abelian rroups. 

(z 

(] 
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Given an (n-1)-!Qlot k:Sn-1CSn+1 and a choice of Seifert surface l;nCSn+1 

~ ( n-1) n+1 
such that <ill ~ k S Cs define an n-dil'1ensional aYlllllletric Seifert conplex 

over 7l 

<1'.(k,m ~ (C,'I'€Hn(Ct®7lC» 

by considering <as above) the kernel C ~ C(f!) of the n-dimensional normal 

bundle map 

given by inclusion. (A direct construction for O.(k,li) :is g:l.ven as follows. 

Use the map H __ Sn+1 - M defined by the normal f:ield and Alexander duality 

to define a chain map 

'I' : Cn-. = C(H) __ C(Sn+1_ H) C). 

An (n-1)-knot k:Sn- 1C sn+1 is ~ if 

in which case there exists an (i-1)-connected Seifert surface MnCSn+1 • The 

assoc:'-ated Seifert complex er. (k,li) :is then the i-fold s!ce\1-suspension 

-i . 
CT.(k,l-i) = S tri(k,ll) 

of a \ 0-ditlensional (-)isymmetric Seifert complex over 7l (1 i (k,N). corresponding 
(1-

. l<-)i-forc . {(Hi OO''I'E: Ho:n7l(l-I,f.:·» 
to a Se:i.fert i 0' i (k,h) =. I 

(-) -format:ion (I<,'I';F,G) with C(E): .. -O-G-r!/F-O~ •• 

{

17.6' 
by Proposition , exsctly as in the classification of simple (n-1)-knots 

17.7, 

[

LeV:ine [3J 
clue to 

Kearton [2] 

lintlng 

• (In the case n 2i+1 one has also to consider tbe honotopy 

'l' : "i+1(H)" "i+1(J.l) _7lZ 

defined as foIIO\·/s. Use the given fram:i.nr: of the norll'AI bundle of the ecbcdding 

(J;,~H)C (D2i+3, s2i+Z) to define an S-duality Ma!, 

~ : S<:i+3 = n 2:i+3/s
2i+2 coEapse,1:2 C1:jo]':) ~'>l:2(!Vdl")i'h , 

+ 

'Siving an :;-dusl:ity isonorphist:! 



[Si+1 --f"'I-} i() 
,I'IQ"1 ~1tS I!+ 

and let .", be the COIJPosite 

~, : "i+1 (il) x "i+1 (N) proj.x proj., lt~+1 01+) x "~+1 O-V;:l!-I) ~lt~+1 (1-1+ )""~(H+) 

evaluation S Z': 
------l~ 11:1 = 2' 

In fact, "i+1(1) fits into an exact sequence 

o ~ Ri (I!)® Z':~2 - 11:i+ 1 (H) ~ Hi+ 1 (H) ------,,0 

and", agrees \lith thc Seifert (_)i-form 'VERom~(n,H·». 

Kervaire [1-] hns defined the cobordism of n-knots, with cobordism 

;;roups C
n

' The normal bundle maps (f, b): (11,.lH) ~ (D n+2 ,;:(Sn-1» associated 

to the various of choices of Seifert surface for an (n-1)-knot k:Sn-1C:Sn+1 

are norgaJ_ cobordant, by a relative version of the Seifert surface construction, 

so that tr.e corresponding Seifert complexes :T".(k,Ii) are also cobordant. 

Prol)osi tion 17. 1:7 .The natural. map 

<1. : C
n

_
1 
~"n(~); (k:Sn- 1c Sn+1) .......... <r.(k,m 

is an isonorphism of abelian gl:'0ups for n~ 5, where I\n(Z':) = ''n(~,1). 

Froof: In the Case n = 2i ):e have that 

"2i (~) = "o(ZU,(_)i) 

by Proposition 17.11, and by Proposition 17.9 that I\o(~'( _)i) is precisely the 

cobordism group of Seifert (-)iforms over Z': used to characterize C in 
2i-1 

Levine [1 ) for i ~ 3. 

In thc cace n = 2i+1 lie have that C2i = 0 by r.:ervaire [1 J and that 

J\ () f' ( -1 2i+1 ~ = 2i+1 ~[z,z ) --->-LZ,z)<;L2i+1 (n) = o by Proposition 17.12. 

[] 
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Al~ebraic Seifert co"pl~xcs serve to clarify the algebraic 

relationship behleen the Poincare duality of a Seifert surface for a knot 

and the Blanchfield duality of the infinite cyclic cover of the l~ot 

complement. Again, >le start by developing the abstract theory, OVer any 

ring Hith involution A. 

Define the Blanchfield complex associated to an n-dimensional 

E-symmetric Seifert complex over A (C,~) to be the (n+1)-dimensional 

E-symmetric Seifert complex over A[z,z-1] (Z = z-1) 

(!>(C,'V} = (D,,,,) 

defined by 

vIe are assuming that C is f.g. projective in order to use the matrix notation. 

rlote that D becomes contractible over A under the augmentation 
~ _. 

A[z,z )--4A; Z I------P 1, since AlDA[Z,z-1)D = C«1+Te:hl:C --C) is 

the algebraic mapping cone of a chain equivalence. 

Proposition 17.14An(A,e:) is isomorphic to the cobordism group of 

(n+1)-dimensional E-symmetric Seifert complexes over A[z,z-1] >lhich 

become contractible over A. 

Proof: By the Blanchfield com~lex construction end algebraic surgery. 

[J 

Call n-dimensional e:-symmetrie Seifert complexes over A (C,'V),(C',~') 

S-equivalent if the associAted Blanchfield cODplcxes ~tC,o/), f(C' ,V') are 

homotopy equivalcnt (n+1)-dimensional e:-symmetric Seifert conplexes over 

A[z,z-1]. S-cquivalcnce is an equivalence relation, such that S-equivalent 

Scifert complexes are cobordant (by Froposition17. 14 ). 



Given an (n-1)-knot k:Sn- 1C 5n +1 let N 

regular neighbourhood of Sn-1 in sn+1, and let X 

Sn-1~ D2C sn+1 ce a closed 

Sn+1'n. tie shall construct 

as follo·.Is a normal map of (n+ 1 )-dimensional geometric Poincare pairs 

f : (X;~X) --+ (Dn +2 " S 1 ,sn-1 )< S 1 ) 

such that 

i) fl~x = identity : ~X ---+ Sn-1. S1 

n+2" 1 ii) f is an integral homology equivalence, >lith f:1I1 (X)-"1f1 (D S)= 1Z: 

tee Hure\licz Eap, 

iii) there is given a 7Z-equivariant geometric Umkehr tlBP 

F : 1(Dn+2 .m;Sn-1"m) ~ f(X;:lX) 

involving just a single suspension r, with X the infinite cyclic cover of X 

ootained from the universal Cover D
n

+
2

" m of Dn +2 " S 
1 

by pullback along f. 

Choose a Seifert surface line sn+1 for k. Assume that 11 intersects 

,,11 = aX = Sn-1l( S1 transversally, and also that MI'N is a collar of dB = Sn-1 

in lI. 'l'hen P" = H n X is isomorphic to H, and there is defined a normal oap 

of n-dil::ensional geometric Poincare pairs 

e : 

exactly as in the definition of O'.(l~,J.I) above. Let Y be the space obtained 

from X by cutting along P, so that oY contains t\fO copies of P, P
1 

and P
2 

say, identified alonG the comr,on boundary. There is an essentially unique 

>:ay of extending the corresponding two copies of e to a normal map of 

(n+1)-dimensional geometric Poincar~ triads 

n+2 n+2 n+2 n-1) h : (Y;P
1 

,P
2

,;)P) ~(D x I;D )( O,D "1 ,S 

involving just a single suspension in the Urnkehr. Define a 1Z:-equivariant 

Jeap 1 : X -- Dn+2 " IR by glueinp; together a countable nUl"-ber of copies of h 

end to end. This gives the desired f. a different choice of Seifert surface H 

,,;iving a homotopic f. The kernel of such a normal nap 

f : (x,aX) ____ (Dn+2
X S1 ,sn-1~ S1) is an (n+1)-diNcnsional sy=.etric Seifert 

-1 
complex over 7Z[z,z ] I'.(k) = (D,W) lihich becomes contractible over :?b, whose 

hornotopy type depends only on the isotopy class of Lhe knot k. The kernel 

- 430 _1 7L'.[z,z-1)-codules are the usual 1Z:(z,z )-torsion knot modules 

K.(X) = H.(D) = a.(X) 
t 

The duality isomorphisms given by (1+T)W~Hn+1(D ~[z,z-1]D) 

Jlr(D) ------ H 1 (D) (O~r~ n+1) 
n+ -r 

are just those established by Blanchfield [1 J using linY~ng numbers. This 

duality has been stUdied more recently by Levine [4.1. The construction of the 

Blanchfield complex Po'. (k,H) is a precise algebraic analogue of the 

construction of e.(k), replacing the geometric glueing by its algebraic 

analogue, the union operation of §5. 

Proposition17.15 Up to homotopy equivalence of (n+1)-dimensional Seifert 

-1 
complexes over 1Z:[z,z ] 

e. (k) ., ~tf. (k,H) 

for any knot k: Sn-1
C. Sn+1 and Seifert surface fPe: Sn+1. The S-equivalence 

class of O'.(k,H) is an isotopy invariant of k. 

Proposition17.15 generalizes the relationship between a 

Seifert (-)i form o.(k,M) = (Hi(!1),cpEHom~(Hi(H),Hi(N)·» of a simple 

(2i-1}-knot k:S2i-1CS2i+1 and the (_)i+1symmetric Blanchfield duality 

- i -- N -1 ) pairing (1+T)W:Ri+1(X)-4H (X) ., Hom1Z:[z,z-1] (Hi +1 (X) ,F/l'l.[z,z ] 

[] 

. ~ ]~ ~ studied by Trotter (1] and Kearton [i], ~lhere F = (1Z:[z,z ]-lO) 1Z:[z,z ] 

is the quotient field. It is shO~1n there that Seifert e-forms (over 1Z:) are 

S-equivalent in the sense of Trotter [1] if and only if they induce illomorplti.c 

(-e)-symmetric Blanchfield duality pairings (e = ±1). Proposition 12.} of 

Levine (4] implies that there are natural identifications of categories 

( 1 i . 1 ~-sv-~etric Se4 rert complexes over 1Z:[z,i-1]) lZ-acyclic -d menS:Lona ~ J _ ~ 

(1Z:-acyclic 1-dimensional e-quadratic Poincar~ comple?:es over ~[z,z-1]) 

(1Z:-acyclic 1-dimensional e-eymmetric Poincare complexes over ~[z,z-1]) 

Thus our notion of S-equivalence of o-dimensional e-symmetric Seifert complexes 

en,er :?b is just S-equivaler.ce in the sense of Trotter [1]. S-e,,!uivalence of 

1-dimensional €-symrJetric Seifert complexes over :?bis just the T-equivalence 

of Seifert e-formations defined by Kearton [2] (provided the homotopy linking 

is neglected). 



Proposition 17,16 Let~ be the commutative s'luare of rings .,ith involution 

?l:[?l:] ~?l:[?l:] 

11 ~ le 
ZZ[?l:]~ZZ 

with e: ZZ[?l:] = l'Z[z, z -1] ~ ZZ ; z ~ 1 the augmentation map. 

The Blanchfield complex construction defines natural isomorphisms of 

algebraic cobordism groups 

f3 : "'n(?l:) = (n-di.mensional symmetric Seifert complexes over ?l:) 

----t- r (i2) =!l (e) = (lZ-acyclic (n+1 )-dimensional quadratic 
n+2 n+2 

Poincare complexes over lZ[?l:]) ; (C ,'f)......--.. peC ,.) (n ~O) • 

tIe thus have an algebraic interpretation of the identification 

Cn rn+3(~) (="'n+,(?l:» (n~4) 

of Cappell and Shaneson [1 ], 

Proposition '7.17 Let se ?l:[?l:] be the multiplicative subset 

S = ~pElZ[?l:] Ip(1) =- 1E: ZZ 1 . 
The forgetful maps define isomorphisms of algebraic cobordism groups 

LS(S-1?l:[?l:]) = r (?l:[?l:]---. S-1l'Z[?l:]) 
n n 

[) 

= (n-dimensional quadratic S-1?l:[?l:]-Poincare complexes over ?l:[ZZ]) 

__ rn(e:l'Z[?l:]---+ZZ) = (n-dimensiona1 quadratic ?l:-Poincare 

conp1exes over ?l:[ ZZ]) , 

L (?l:(ZZ] ,S) = ~ (?l:[ZZ] __ S-1?l:[ZZ]) 
n n 

= (S-1 lZ[ZZ]-acyclic (n-1)-dimensiona1 quadratic Poincare complexes 

over ZZ[?l:]) 

--+11 (e:?l:[?l:]· __ ZZ) = (lZ-acyc1ic (n-1)-dimensiona1 quadratic 

n Poincare complexes over ?l:(?l:]) (n? 0). 

~: There is a natural identification of categories 

(h,d,1 S-torsion ?l:[?l:]-modu1es) 

(S-1 lZ[?l:]-acyc1ic 1-dimensional ?l:[ZZ]-module chain complexes) 

(lZ-acyclic 1-dimensiona1 l'Z(?l:]-module chain complexes) 

[] 
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We thus have an algebraic interpretation of the identification 

C L 3(lZ[?l:] ,S) (=6. 3(e» (n~ 4) 
n n+ n+ 

of Smith (1] and Pardon [1]. 

It follows from Propositions 17.16,17,'17 that the B1anchfie1d 

complex constructi.on defines an isomorphism 

A: C =A 1(?l:)~L 3(?l:[?l:],S) I n n+ n+ 

which fits into a commutative square A;r ----~, LT~~) 
Ln+

3
(lZ[?l:] ,S) ~ Ln +2 (lZ[?l:]) 

involving the forgetful maps 

"n+1(lZ) ----+Ln +1 (?l:) 

and the splitting map 

B = cr·(S1)8i- : L
n

+1 (lZ}-->-Ln+
2

(?l:[ZZ]} 

(n~O) 

of Ranicki [2] (cf. Proposition 14.1), The commutativity of such a square 

ne n+2 d S if t f has a geometric interpretation. Given a knot k:S S an a e er sur ace -

yn+1c. Sn+2 let x = (Sn+2 -Vx I;YX O,V"- 1,ClV>< I) be the relative cobordism 

used above in the construction of an (n+2)-dimensional normal map 

(f,b) : (X,~X)_(S1><.Dn+3,S1"Sn) (X = knot complement) 

wi th ?l:-acyclic symmetric Seifert kernel 

cr.(f,b) = p.(k) = ~"'.(k,V) 
Applying the same infinite cyclic glueing construction to the relntive cobordism 

x' = (VxI;Y"O,V><1,IlV x I) results in an (n+2}-dimensional normal map 

(f',b'): (S1" V,S1x oV)--+(S1 x Dn+3 ,S' x Sn) 

with symnetric Seifert kernel 

<r.(f',b') =cr·(s1)®a.(k,V) , 

Now xU-x' = Sn+2 = ClDn+3 , so that there exists an (n+3)-dilI!ensional normal 

bordism between (f,b) and (f',b') 

« ') ( b b
'
» (vln+3,·xn+2,s1"y"+1}---o-s1)( Dn+3)( <I,.o,1) g;f ,f , c; , • 

implying that 

A'1".(k.V) = 1T.(f.b} = er .(f' ,b') 
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As a particular case of the knot module realizability theorem of Levine [4] 

. He have that for any non-singular (_)i+1_symmetric linldng form over (llZ[:1Z] ,S) 

(U,).:M ~ M" = HO~[:1Z](l-I,S-1:1Z[:1Z]/lZ[:1Z]» 
_ there exists a simple knot k:s2i- 1C S2i+1 (i ~2) such that 

, 

p. (k) = (M,) • 

Let v2i
c.S

2i
+

1 
be a Seifert surface for k, and let N = Hi(V)/io;,:sion 

so that v.Oo:,V) = (N,6ERom
lZ
(n,N·» is a Seifert (_)i-form over lZsuch that 

(M,).) = ~(N,6) 
(by Proposition 17.15\. Explicitly, (l-I,~) is given in terms of (N,e) by 

-i 
11 = coker(6+(-) Z6·:N

z 
___ N:) 

'A H"H~S-1lZ[:1Z]/lZ[:1Z]; ([It],[y]h_-+(1;Z)x(w) 

(X,YEN~I wENz ' p~S, py = (e+(-)i~6·)(W)E:N~) • 

Trotter [2] has used localization to give a direct algebraic proof that for 

each Blanchfield linking form 0-1,>..) there exists a Seifert form (N,e), 

in effect describing the isomorphism 

A-
1 

: L (lZ[:1Z] ,S)--4 "21(lZ); (M,>.)~ (N,e) t- 2i+2 

'inverse to~, which fits into a commutative square 

L2i+2 ( lZ[lZ] ,S)-... L2i+1 (lZ[:1Z]) 

tl 1 B 

"2i (lZ) , LZi(lZ) 

involving the splitting map 

B : Lzi+1 (lZ[:1Z]) ---+ LZi (lZ) 

of Raniclei. [2] (cf. Proposition 14.1). 

(BB = 1) 
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§18. rlu clas6es 

The equivariant S-duality of §3 uas developed for the :<mrpos!! of 

converting a 5ap of Spivak normal fibrations b:VM~vX over a degree 1 map 

fn; ~X of geometric Poincare complexes into !l quadratic POincare cOl'lpl!!x 

a.(f,b) such that (1+T)(1.(f,b)9~*(X) = o·(H). In this appendix to §3 tIe describe 

~ n ~ 
the extent to ~Ihich the syl!llDetric Poincare complex d *(X) = (C(X) ''I'j([X]E.Q. (C(X») 

associated to an n-dimensional geometric Poincare complex X reflects properties 

of the Spivak stable normal fibration ~X:X_BG. For any stable spherical 

fibration p:X __ BG over any n-dimensional CW complex X ~Ie shall define _ 

an n-dimensional hyperquadratic complex over lZ[1t1 (X)] a*(p}=(c(x)n-·,eiin(cdbn-.».j 

The hyperquadratic \'Su classes of O·(p) are equivariant ana10gues of the vlu classes I 

V.(P)~H·CX;lZZ}. For the Spivak stable normal fibration-J}x:X~BG of an 

n-dimensional geometric Poincare complex X it is possible to identify 

J,,·(X) =e·c ..... 
X

) 

(up to hOClOtOpy e'!uivalence), giving rise to an equivariant analogue of the ~Iu 

The 1uadratic structure in ~.(f,b) expresses the vanishins of the equivariant 

;iu classes on the kernel of a noreal map (f, b):1-I __ X. vIe shall also develop 

e".uivariant analogues of the sus:;>ended ,Iu classes (crv).(h)c<n.-1(X;lZ2) of 

autoLlorphisl'1s h:p --+p of stable spherical fibrations p:X -BG (over any 

eo~plex X), as required for describing the effect on the quadratic kernel a.(f,b} 

of a normal cap (f,b):H-4X of a change in the map b:l1t---"VX• 

To the syrnnetric and quadratic constructions of §2 

~X: H.(X)_~·(C(X)} , "F: H.(X} --+Q.CC(Y» (F~~X,y~) 

We no'.-/ add c. 'hyper1uadratic construction' 

6
X 

: H*(X) .--..,.1·(C(X)·) 

~'his is defined to be the cOr.lposite 
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fibration for an n-dimensional geotletric Poincar: complez Je, and X is an oriented 

covering of X .:ith d"ta ("""r), then the S",-dvality bet"reen X+ and Tlt(Vx) given by 

Proposition 3.12 expresses the symmetric construction on the fundamental class 

[X] E H~(Xj "lZ) in terl'lS of the hyperquadratic construction on the Thorn class 

'k w 
UvXf. lilt (TTt(VX); lZ). 

Given a group Tt and an STt-duality map<>l:sN---..X" Y bet"een Tt 

finitely-dominated C\'ITt-complexes X, Y there is defined a cha.in equivalence of 

finite-dimensional R[Tt]-module chain complexes 

fdr any comnutative coefficient ring R, "hich is obtained by applying R[lt]~[Tt] -

to the lZ[lt]-module 
• • l'T-. 

chain equivalence '~:C(Y)---?C(X) given by Proposition 3.8. 

Given a group mbrphism w:Tt-lZ
2 

endow R[Tt] with the It-twisted involution, and 

define an R[lt]-module chain map 

• H ~cI. * ( • (. )11-* w ) 
6X,0I IIO~[Tt](C(XjR), R) , 1I0~[lt] C YjR ,R 

This induces R-module norphisms in homolo~J 

6 Hk(Xo.wR) _____ nN-k{C(XiR)N-*) 
X,ol: Tt <t 

such that there is defined commutative di"gram of R-module morphisms 

H1t (Y;"R) ~ Qn(C(Y;R» 

~l . l~ 
illl-n(Xjl:R) 8X,<J! ,Qn(C(XjR)JI-*) 

Tt 

\-:ith <pY the syl1bl1etric construction of Proposition 2.2. Thus for the Slt-du"lity 

n+k '" () 0 map Q(X:S -"X+"TtTTt Vx assoc:wted to a norm,'Iliz,ed n-dioensional geO:!letric 

Poincare cooplex (x,vX:X----+BG(k),pxtTtn+k(T(JlX») anc an orieuted covering X 
\<ith data (""H) we h"ve a CO!l1,,:utative diaf,rao 

o • ( n+k-. using the t:ntt-/istcd dual R[7C]-oodule structure J.n C T;,(VX)jR) • EvaluC!tinG 

on the fundamental class [X]f. n: (Xj llR) and using the isomorphism t'1 as an 

identification we can write 

<px[X] = Bm.. (0' ) (Up) €qn(C(XjR» , 
... " Vx ,o<X X 

Hith U
Yx

€ H;(Tlt(VX)j"'R) the Thom class of VX' (\'1e are only using the oricntahility 

of X lrith coefficients in R here). 

i'le shall nOH shoH that for a fixed fj_nitcly do:rl.nE'.ted CU;o:-co!1plex X 

the composite 

is independen t of the S::-duali ty map do: SN ---+ "£." Y, Hi th J ~_s in Proposition 1.2. 
Tt 

We have the follo>ring h.,per~uadratic construction. 

Prollosition18.1 Let" be a group. >/:Tt-Z;2 Et grou~ morrhis:" Ra co=ut?tive 

ril:r" an" G:o-ve the p-o"p rinG R[]!] the ,!-t,olisted j.nvolutiol'l0 

Given a finitely-dominated mO/lt-cor.::,lex X there are defined in a 

natural >Tay R-module morphisms 

if< ,./ "-k • -*) 
OX: 1t (Xj R) ----'>- Q (C(XjR) 

":ith the untNifited clv.<,l R[lt}-r:ocule structure on C(;{jF.)-* , such that 

I-' i) if 01::; 0--4 XA}' is an ::;,,-duality nlap there is defined a commutative 

~.i(![;;ram of R-modules 
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ii) if f:X~Y i" a r.-map of finitely-dominated (;".jl(-cornple::::es then 

there is define'd a cOlll1!1uta tive diagram of R-I:Iodules 

iii) the construction is invariant under suspension, in that there 

is defined a commutative dia~am of R-modules 

in "hich the vertical maps are the suspensio;' isomorphisms, 

-k-1 w 
iv) if h:R-S is a morphism of co,;rr;utative rings, with Rn (X; S) 

there is defined a commutative diagram of R-modules 

in "hich the vertical maps 

l! 
Proof: If o(':S --+ X",y is 

are the cha,nge of rings h:R[Tt]----O-S[Tt]. 

l!+1 
an STt-duality mflp then so is r:O(:S - XJ\1t~Y' 

and Proposition 2.4 Gives a co~tativc di~gran 

N 
If o(':S ---+X""Y' is another r;r.-duality map let Fe~Y,y,!r. be the i=ge of 

1~~X,X!Tt under the Sr.-duality isoDorphisrn 

Applying the quadratic construction of Proposition 2.5 we obtain 

0, 

such th~t 

~!!e composite 

is 0 (Pro~osition 1.2), so that there is defined a co~~rutative diagram 

Thus 

J6X ~ = J6X ' : ~(XjWR) ) a-k(G(XjR)-·) 
, ,0< 

is indeO'endent of the S,,-duality maps involved, and nay be uritten as 6
X

' 

[) 

Applying the hyper'luadratic \;u class operations ~ of §1 to the 
r 

hyperquadra tic construc tion for " = ~ 1J, R = Z;2 we recover the duals of the 

3teenrod squares. 

Pronosition 18..2 Let X be a finitely-dor;inated ,=onnected CVI complex. 

The composite 

is given by 

\:ith \(r;,{) the imugc of Sqr under the c"nonical anti-autoLlorr>hisl3 \ of the 

i . is'1
0 
if r = 0 ,-od? r;tee"rod alr,chra, as ch",r;o,cterized by . 4_ ,)(S'1 )SqJ= 

1.+ J-r-\ 0 if r 1- 0 

Proof: 1,,,,,1y I'roC'o,sition ? 3 to an S-dual Y of X, and use the result of Thoi" [1] 

that Stecl1rod s1uares in Y correspond to the du:-~lfi of the :~tccr.rod s~urre5 ~n .A. 

[J 
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~"1c shall sa~l ti1~ t a npace X if.: n-dimen~io;.al if ~. t is of the hor.wtopJ 

... 
type of a connc>ctea finitely dominated C'd corlplex a"cl the univcrs'11 COVer X is 

s~c;, th,,,t iir(X) = 0 for r> n, in which case cOt) is an n-dimensional l'Z[lt)-module 
It 

chain complex (It = lt
1
(X». In particular, an n-dimensional geometric Poincar; 

complex is an n-dimensional space. 

The hyper~uadratic construction associates a hyperquadratic complex 

to every oriented covering of the base space of a stable spherical fibration 

over a finite-dinensional space. 

ProDosition18.3Given a stable spherical fibration p:X_BG over an n-dirnensional 

sp"ce X and an oriented covering 'X >lith data (It,~I), and given also a commutative 

ring R, there is defined in a natural >,ay an n-dimensional h,yperquadratic 

complex 'Wer R[1t] with the ll-tuisted involution, the Wu complex of p, 

&.(p) = C'C(X;R)n-. ,BTlt(p)(U
p

} E QnC1C(X;R)n-*» 

depending only on the stable fibre homotoPJ class of p. 

'l'he hyperquadratic ~!u classes of ~.(p) are the "Iu classes of !" 

R[1t]-modulc morphisms 

v (p) = v (eT ( )(U »: HrcX;R}-----J-B
r

(l'Z2;R[lt) (r~O) 
r r It p P 

5uch that 

i) the Oth "Iu class is the augmentation map 

~ AO ~O AO 
v d(p) : HO(X; R)~ H (l'Z2 ;R[lt); gtltnggx +--+ Jltng € R/2R = H (l'Z2IR)<;;H (l'Z2IR[n]) 

\dth xE.lIo(XjR) the g:,ometric R[nJ-module generator defined by any path-component 

of X, 
ii) if f:H_ X is a map of n-dimensional sl'eces ,.ith induced cover !{ 

and pullback fibra tion f·p: li -L.. X ~BG then there is defined a map 

of ,1'Iu complexes 

and the \':u cl~sse5 are such thnt there is defined a cOEl.r.lUtative diagrmn 

-,1t40 -, 

iii) if ~:A--+0G is stably fibre homotopy trivial then 

( ) (~ Ar 
vr p =0: IIr XjR)_H (lZ2iR[lt]) (r>O) t 

:Cv) ;r.(p) is induced via R[lt]®n[lt
1
(X)] - fror,! the Wu comple", ~.(~ associatEd 

~ 

:0 the univcrs?1 COver X, and there is defined a cOrll!mtative diagra~ 

:'r. ,;hich the vertical maps are the change of rings R[lt
1 

(X)] --4 R[n]. >:ith 

"'1 (X) __ It the characteristic Iliap of the covering, 

v) if h:R __ S is a morphism of commutative rings there is defined a cotL."iUtative 

:'n \/hich the vertical maps are the change of rings h:R[ltJ-- SEn]. 

Proof: Choose a representative 0,-1 )-sy!1eric."1 fibration p:X ___ BG(k) , 

ev~_lua te 

·1" \0' 0:: the Tton class Up~I1;lT"(y)j R), and use the Thon e,uivC'.lence 

Upn - : ~(T:t(p) iR) ----+ \"SkC<XIR) 

"n \"1 - n-· 
:;0 o:,tain an element eT;t(p) (Up) E '1 (C(:;C;R) ). 

';'0 prove iii), that Vr(O)=O (r>O), let Y be a skeletnn of K{n,1) of 

c.i::lension >r conteining the image of the classifying map f:X-+K(lt,1) of the 

co-;er:'r.g X (assuLung that J: is ,finite, in the first instance), end apply the 

(g= fl : X-Y) 

[} 
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U 1)",(1') = Sq.i(U )e.irj+k('i'{p)'Z; J !' J . P . , 2 

".::!ich L1[.',y b~ exyressec1 in tertls of the syt:l.i::etric con::truction and the syOLletric 

The mod 2 \'Iu classes v.(p) EIl*{X;;Z2) of a stable spherical fibration 

p:):~BG over a finite-dimenGional space ;C are defined by 

v (p) = "I: 'X (Sqihlj<_p)€ W(X;;Z2) (r ~O) 
r l.+J=r '\ 

Id th -p:X --'> BG any ste.ble inverse for p. The nod 2 '/u cl"sses are characterized 

t:r the propert:r 

(z€:H I (T(P)i lZ
2 »· 

r+< 

Pr01)otd tion 18.4 The nod 2 reduc tions of the Uu classes of a stable spherical 

£iiJration p:X~EG Over a finite-dirnension?l space X Hith respect to an 

..... 
orien te" COver X of X :;i th data (r:, 1I) agree lIi th the Dod 2 lIu classes, that 

is there are defined com:i1ute.tive diagrams 

v (p) " 
. Hr(X) r ) Hr(;Z2;2Z[Tt]) 

1 vr(p) "1' 1 
Hr (Z; lZ2) --- H ( lZ2; lZ2) = 2Z2 

in \;hich the vertic"l ou>ps are the chance of rinGs lZ[n] ~ lZ2; G~;tngg t-->' C~'lng' 

~: Applying Proposition 18.2 \·Ie e",n express the Dod 2 \iu classes of p 

i!l ter::-,s of thE' hyper,!u"drp.tic construction by evaluating the composite 

'l·".k{'l"(~)", "'2) a T(!') " "_1. • vr • .' '" - ~ ·'(C('.r( p); 2Z2 » ~ lIom;Z/llk+r \T(p); 2Z2 ), ;ZZ) 

• Iior.l lZ dlr ()::; Zil2 )':£2) = IIr (X i ;'Z2) 

on the cod c 'IhoD cIa:;:; UllEHk('l'(P)i2Z), ?'o th"t 

vr'(p) ~ VrGT(p)(U p ) E H
r

(X;2Z) 

C] 

i I 
I 
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Define the 1I0nf invaria.nt function 

t
;z if 1'1 = n+1 

m m-n-1 1'1 
ltm+n(S ) -Il (2Z2 ;lZ,,{-J) = lZ2 if m> n+1 

° otherwise 

n;;a1(r.!od 2) 

H n ;:.1 (!I:od 2) 

(f:Srn+n 
---'0> Sm) I--"H( f) 

cy applying the.symmetric construction to the mapping cone X = smufern+n+1, with 

• "'X l' v l' 1 
;Z=HII1+n+1(X) ~qm+n+ (C(X» ~HomlZ(Hm(X),Hm-n- (Zil

2
,lZ,(-)m» i 

1 ~vn+1(~X(1» H(f) (irm(X) = lZ) • 

Alternatively, apply the quadratic construction to f:I:m(Sn) = Sm+n -+I:m(SO) '" Sm, 

'V
f

: it (Sn)=lZ ----+Q.[O,rn-1J(C(SO» = Hm- n- 1 (lZ -lZ (_)rn) • 1'~~ (1) () 
n n ,I 2'" ~ f = H f • 

lit "'0) 
~oth these ways agree with the construction of the Hopf invariant due to 

Steenrod [1 J, by ¥ropositions 2.2 i), 2.3, 2.6. The morphism defined in §4 is the 

composite 

commutes, so that it is possible to define the stable Hopf invariant 

if n ,;.1 (mod 2) 

if n ;; O(rnod 2) • 

Proposition 18.5 The \'Iu classes of an orientable stable spherical fibration 

p:Srn~BG over Sm (m~1J are given by 

vo{p) Ho(Sm) "0 2;;, z(mod 2) lZ -H (lZ2; lZ) = lZ2 i z~z 

vm(p) H (Srn) = "rn = t;Z2 if moo O(rnod 2) 
lZ ~H (lZ2;7h) ; 

III ° if m =1(mod 2) 

z 0--.... z2(stable Hopf invariant of classifying map pETt
m

( 00) = 
S lt
m

_
1

) • 

~: Choosing a representative (k-1)-spherical fibration p:srn_OO(ld (k»l!l) 

~Ie have that the T.hom space T(p) is the rnnpping cone of PtTtmtBG(k» = ltm+k- 1 (51::) 

T(p) = Sku ek +m 
p 

by Lemma 1 of ~lilnor [3] (Bee also Proposition 3.7 of Uall [ 41). £:C)t>T 

vm(p) = i+f=m \(Sqi)wj<_p) wm(-p) = wn(p)c Hm{SI!l; lZ2) = lZ2 ' 

and "o(p) = II(p)E <Z2 b:r construction. 
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r';"he rth \'lu class of an n-r:;incn5ion?1 ~eonetric Poincare comp1e~ X 

'::ith rospect to ~n oriented cover X of ~: 'It-!ith data (;;:,"'1) is th~ rth \'iu cl:'JGS of 

:,-;2 aU;')chtec1 n-<'inensionr..l sYll'"""tric P~inc"-re COD?lex er -(X) = (C(X) ,:""j('ZJ) 

v· (X) = v (q>,,(X]) : 11 (X)~ jf-2r(71:
2

;LZ[1t],(_)n-r) (r>O). 
r r.r~ r 

The ,:,od 2 "Iu classes vr(X)E Hr (Xj71:2 ) of X are ch~.racterized by 

v/X)«(X]ny) = (Sqr(y),[X]>€LZ2 (y €.Un-r(X; 71:2 ) , (X] E:Rn{X;:&2»' 

and Proposition 2.3 gives comr.;utative diasrams relating the tt'IO types of "Iu class 

v (X) 

if 2r~ n 

if 2r> n 

in >:hich the vertic2l maps are th~ chanGe of rings Zi[1t]~ 71:2 ; #Ttngg ~ g~Ttng. 

The reduced Wu classes of X are defined t'r passing to the reduced (Tate) 

~ (X) : 
r 

H (X) 
r 

~r(;:) 

Proposition 1S.6If 1. is an n-dimensicnal F,conctric Poincare complex and X is 

".n ori~,..ted covering >lith data (Tt,tl) then the Poinc"re' o.u2.lit:r chain e,!uivalence 

w IV n-. -
[X]fI -: C(X) ~C{X) 

defines a horlotop:v equivalence of n-diwcnsional hyper1uadratic comple"es over 

~[,,] "ith the u-t\dsted involution 

[X] 1\_ : ~ • ("'o{) = ("'C(X)n-* ,e (U)e: QnC"Ca)n-*») 
. Tr.(vX) "'X 

---4) J(f*(X) =' (C(1),J'9x[X] E1n (C<X'»)) 

In particular, the reduced \{u classes of X are just the ¥IU classes of the 

S!,ival: norT.1al fibration VX:X---4BG 

(r~O). 

Pro.£i: l"le r.a,oe already ohtained thG identity 

'l'~[;;l ~ 0,£ ( .... ) or. (UJ} )€..,~(c(::» 
A n x'x X 

(jt.ct t~e fore rropoci tion 18.1). i:O\"J ?ppl~: the J-~o: 'c:Jor~hi{:n of p~5s:tnG to 

t.he Gus:8r.sion l,i.;:.:Lt to rC:.10VC the CcrC'r.~cl1ce on t"·r choice or 3~-duClli'~:Y oc i~. 

[] 
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'-'he identities J<7*(;;)=B·(vx ), ~r(X) = vr("x) may be considered as e'luivariant 

generalizations of the formulae of \'Iu. [ 1 ] and Thom [1] rehrting the nod 2 Uu 

classes of a manifold X to the mod 2 Stiefel-tlhitney c1asses of the tangent 

bundle 7:X' since v/X) = vr(VX)€'~(X;?li2) can be l .. ri.tten as 

vr(X) = i+l=r,\(sqi)wlt"x)EW{X;LZ2 ) 1 

or equiva1ent1y 

If T£.?li
2 

acts on a group ring ?li[n] by the w-tw:i.sted invo1ution, 

for some group morphism w:n~?li2' then the direct sum decomposition of 

LZ[ ?li
2

] -modules 

gives rise to a direct sum decomposition of 

f
?li

2
-cOhOmology 

LZ
2

-hom01ogy 

which we shall write as 

Tate ?li2-cohomology 

Hr( 71:
2

; LZ,E)eIf"(?li
2

; LZ[Tt]/?li,E) 

H
r

<?li
2

; LZ, E)eH
r

{7Z2 ; LZ[Tt]/?li,d 

~<?li2; m,E )e~(71:2; LZ(1t]/71:,E) 

groups 

with E = ±1 £71:. vIe sha1l ca11 elements of these groups regu1ar if they have 

a decomposition of the type (1,0). The Wu c1asses of an orientab1e spherical 

fibration p:X---4 BG(k) with respect to the trivial cover X = n'X take regular 

values, vm(p) :~<X) = lZ[1t]~Bm(X) ~Hm(7Z2;?li[1t]} ; 1@x...--- (vm(p)(x) ,0). 

A map of geometric Poincare complexes f:M~X such that 

dim H = m ~ dim X = n represents the homology c1ass x E:Hm(X) if X is an 

oriented cover of X with data (n,w) such that the composite 1t1(1'I)~n1(X)-n 

is trivia1, so that H = 1t" M is the trivial cover of I~ and l-t is oriented 

(since W(I1):Tt1(~!)~Tt1(X)"""" n ~LZ2 is trivial), and if the induced 

:2[1t]-module morphism I:Rm(i-i) = LZ[n]071:II,;,(M) = ?li[1t]~ Rm(jf) sends the 

genera tor to f< 1@[H]) = X€; H (X) for some lift f:M ~ x. The 1ift is non-unique, 
m 

all such lifts being given by gf = fg : li~x (gEn), so that if XER.,<50 

, 
'" 
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is representable t!:en so io g-.<EJlm(X'> (g(lt). (Hote that for It = ,\1} ~re have the 

result of Levitt (1:J that every homology clDss X€Hm(X) is representable in 

this sense, for any Cd cowple>: X). The hOr.lOlogy class x<oH (X) >:hich are 
m 

re9resented by naps f:Sm~X are s~herical. 

Proposition 18.7 The nth reduced l'lu clnss of a geometric POincare complex X 

,dth respect to an oriented cover X of X with data (Tt,") 

,... ,...J Am 
vm(X) : H",(X) ~H (;2;2;;2;(TtJ) 

takes regular values on representable homology classes. If xeRm(X} is 

represented by fll-l---X then 

~m(X)(:d = (vm(f·Vx)«(H]),O)~ fjm(;Z2;;2;(Tt]) 

and if 1\ :0 Srn then 

" 8 "m vm(X)(x) = (stable Hopf invariant of f·V
X

€ Ttm(BG) = ltm_1 ,O) I::R (;Z2;;2;(Tt]). 

Proof: Combining Fropositions 18.3 ii), 18.6 we have 

v m(Vx) (f( 1@(11]» 

v
m

(f·V
X

)('l<9(H]) = 1<&){m(f·Px)([H])E nm
(;2;2; ;2;(TtJ} • 

For spherical ho::olo&"J classes ap]>ly Froposition 18.5 to identify the Wu class 

"i th the stable IIopf invariant. 

[] 

The result of Pro?osition 18.7 restricts the_~symnetric forms and 

formations occurring as the symruetric kernels of highly-connected degree 

naps of geometric Poincare complexes to be the ~synr~trizations of ~quadratic 

forms and forlIl<'.tions, except in dimensions related to the Ropf invariant 1 

dimensions. 

Proposition 18.8 The sy~etric kernel of ~ '(i-1}-connected degree 1 map 

~
2i-

f:l-!--+X of dimensional 
2i+1-

geometric· Poincare complexes is a non-singular 

i t forn . 
(-) -symoetric 

forMation 

- 446 - "hich has a vanishing reduced vlu class fpr i I 2,4,8 

~ = K.(H) = "'i 1(r) -__ Hi(;Z~;;2;(ltJ); x~<?(7.)(x) 
~ + L 

o 

1/F+G:o K.Or> = It. 1(f) -lii(;Z2;;2;[ltl) ; X~'i'(X)(X) 
2 1+ -

o 

so that <? = V+.(-)i,I'· € ker(1-T(_)i:Rom~llt](Q,1·) -Ron;2;e",r'Q,q$» for 

sone "'~ cOker(1-T(_):i.:Hom;2;eTtJ(Q,Q .. )----H0J:1;2;(lt](Q'Q .. ». For i = 2,4,8 the 

Ai ~i I 
reauced ','Iu class only takes regular values in It (;2;2; :iZ(Tt]) :0 ;2;2"H (:iZ

2
; ;Zelt]/;2;). ; 

Proof: This follo,·/s from Pro]>osition 18.7 on appl:ring the result of Adans [1] 

,., 8 Ai 
that the stable Ho]>f invariant map H:lt

i
_1 -H (;2;2;;2;) is 0 for i 12,4,8. 

(] 

ror i = 2,4,8 let H be the (i-1)-connected 2i-dimensional geometric Poincar~ 

complex defined by the 

projective plane HlP2 

complex projective plane CCP2 = 8 2" e 4 , 

4 8 1 
S v

1
e and the Cayley projective plane 

the quaternion 

IDp2 = S8\) e 16 
. 'I 

respectively, ~lith ~E lt2i_1 (Si) the Hopf invariant 1 elements. The symmetric 

E..ernels of the assoc:i.ated degree 1 maps f:H ~ 82i are all given by the 

sYlIlDetric form over :;z 

(J i(f) = (;Z,1) 

~rith non-trivial reduced ~lu class. Further, crossing "lith S 
1 

gives 

(i-1 )-connected (2i+1 )-dimensional degree 1 !'lapS f x 1:N )< 81
----,>- 82i" S 

1 

s'.Ich t;.at the sy=etric kernels are all given by the symmetric formation 

over ;Z[ z, z -1] ('Z = z -1 ) 

i( . i() (1) ( -1 -1 (0 
(J f.1J =rJ' f ®O''' 8 = ;2;[z,z ]e;2;(z,z ]·"1 1) -1 1 ;;Z(z,z ], 

( 1) -1 -1-1 im( :;2;(z,z] _;2;(z,z ]e;2;(z,z ].» 
z-1 

"lith non-trivial rec.uced ~iu class. (Another example is furnished by SU(3)/SO(3), 

,·:i.ich is a 1-connected 5-manifold ~rith non-trivial \Iu class :0 dcRham invl'.riant). 

3] contra.st ~:ith Proposition 18.8 the realization Theorems 5.8,6.5 of \lall [5] 

shm; th'3.t every (-)iquadratic \ form over the group ring ;Z(lt] of a finitely 1 formation 

prese:ltea group It is the quadratic kernel 0' (f,b) of an (i-1)-connected normal 

i 

:c.ap (f,'o):I·:~X i 
2' i 

of 0. -dinensional F,eometric I'oincare coml'lexes, ~rith Tt=lt 1 (X). 
21+1 
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::':"!"ation p:}:-30 over a firit.e-dimension;o.l s!'rt.cc X arc clf!ssificd bj homotopy 

clC'!..~ses of r:~:ps 

cl:-.3scs ef :::-.a!'s 

n:X-l' G " Lir.t G(m), or eluiv;,lently heT the relative hO::lotopy 
ID 

h: (X" D 
1 

,X)( sO)~ BG such that hl __ sO = pup: Xx SO _00 • 
... " 

Define ohe rth sus-:lended r.tod 2 -.:u cl~_ss of h, (Uvr)(h) E" Hr-1(Xj~2)' to be the 

icca.C"e of t!o", aniversal rth mod 2 liu class v E: nr
(BGj:!£;2) under th" conllosite r -

5r(3Gi~2)~ ~(XXD1,X XSOi~2) (proj.).-1, iir(~X+i~2) ~ ~-1(X;~2). 
In terms of the mod 2 Stiefel-l,hitney classes this is just 

(<TV )(h) . 1; 1(Sqi)(~.Vlj(-h» ~Hr-\X;~2) 
r 1+J=r\ 

("'j(-h)E:Hj(X"D1,X.SO;~)" iij(EX+;~2)) 

Pronosition 18.9 Let h:p_p be a stable autol11orphism over 1:X ~ X of a 

stable spherical fibration p:X~BG over an n-dimensional space X. Let X be 

an oriented cover of X l"Iith data Cn,u), and let R be a cor.mutative ring. 

·l-he!! there is defined in a natural >lay an (n+1 )-dimensional h:rperquadratic 

er::"lc" over R[n] l"Iith the w-t>,isted involution, the susnended Wu complex of (p,h) 

8*Cp,h) = (V'CcX;R)n-. ,fl" hE an+1(wC{XiR)n-*» -, 
ie~'endin[ only on the hOtlotop:.' class of h:X-G, such that 

i) if O(:sn+k"--"Y"ltT;:(p) is ~.n Slt-duality l:lap for some finite-dimensional 

CUn-complex Y, and HdY,I!lt is the Sn-dual of TJt(h)e(TJt{p),Tlt(pH
lt 

then the 

~(7:]-no1ule chain e~uivD.lence 

\., _ n-' U n - • n+k-. {1lC[Sn+k}\. -) • 
j: 'C(XiR) p I C(Trr(p);R) ) C(YjR) 

Ha hEd (~'c(i{jR)n-.) to ';'H«(J([Sn+~\.u )€Q (C(YjR», h,ith B as in 
p, "n p n 

• Proposition 1.2) 
~H(Cl{[Sn+J<] '.. U ) = j",H6 h € g (C(YiR» 

p 7> P. ·'n 

j.i) if f:lTl~X is a nap of n-dimennional spaces uith induced cover M 
'.:r.'3r0 is defined a na~1 of the suspended Uu corerlexes 

1· : a·(p,h)~ a·(f·p,f·h) 

ii1) e = e + 0p,h ' 0p,1 " ° p.gh p,g. 

iv) for R " ~2 ' the mod 2 reduction of the rt.l hyperquadratic \-Iu class 

of 6 p ,h is the rth sus!JE'nded mod 2 Uu class of h 

~/611 h) " «(TV )(h) "'-Horn:!£; (H (Xj Z'. ) LZ ) = H
r

-
1 

(Xj Wo ) 
- , r 2 r-1 2' 2 2 

For 1. Sn ~ 1(6 hl=(stable Hopf in;"ariant of hfn:n(G)=ltS)EHn(SniLZ2)=~2. n+ p, . n 
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::roof: The relative version of the" 1 t t· f P . t '1 .'u co",!, ex cons rue 10n 0 ropOS1 ion 18.3 

,,-nolied to h:(x:><n1,x)(sO) ------->00 gives a relative Tate ~2-hypercoho",olog:rclass 
( ) "n+1 - (. " ~ 1 n-. - W '" ° n- - -I 6Tn (h) Uh EQ. \i= 1nelusion)·: c(x><n ;R) ----+ C(X><.S iR) *). The 

. 1 i w {~ ° )n-. . ( l-I - n-. I 
1ne us on C X ><S jR _C i) C(XiR) sends ElTlt(h)(U

h
) to the re1uired 

element 6 hE Qn+\'·'C<XiR)n-.). ~I 
p, 

[] 

The hyperquadratic \·/u classes of the suspended ~Iu complex 

(w (- )n-. "n+1.'.... n-. 
C X;R ,6 h€Q. (C(XjR) » are the suspended ~lu classes of p, 

an automorphism h:p--+p of p:X -EG, R[lt}-module morphisms 

(avr)(h) " ~r(6p,h): Hr_1<X;R)--+Rr{~2;R[ltJ} (r~ll. 

l-1e have already related these classes with the suspended mod 2 \1u classes, 

in Proposition 18.9 iv) above. llote that the qua.dratic \-Iu cl,,-sses of 

ilep,hE'tn("C(XiR)n-.) are given by 

v
r

(ll6 h)" H(m 1)(h): H aiR) ~H2 (~2jR[ltJ ,(_)n-r) (r ~o) 
P, r+ r r-n 

\:Uh H:Qn+1(wC(~;R)n-.) _Q C"C(st'jR)n-.) as defined in Proposition 1.2, and 
n 

., "r+1 ) ( { )n-r-n:i! (~2jR[lt] --.H2r- n ~2jR[ltJ, - ) the n .. tural map. 

Proposition 18.10Let (f,b):(H,lJ
M

,V
I1

) --.... (X,IJ
X

'Px) be a normal map of 

normalized n-dimensional geometric Poincare complexes with quadratic kernel 

iT.(f,b) = (C(f'),,,, = e%"'F[X}E1
n
(C(f'»). Given an automorphism c:JlH--V

H 

of "11:'·1 ~BG(k) define normal maps 

(f,bl):(I1,VW PH) -(X,tJx,Pi) , (f,bn):(M,VWPM) ~(X,pX,rx> 

by PI~ " T(c)PI1~ ltn+klT(VJ.I»' t X " T(b)f;! e ltn+k(T(VX»' b' " bc, bl! "b: Vn-JJx' 

Then the quadratic kernels of (f,b').(f,b") are given by 

1T.(f:b') "CJ".Cf,bll
) = (C(f'),.' = V + H6 E Q (c(r'») 

n 

with El quadratic 11u cl"sses are such that 

(r ~ 0). 



~: Let (1,d):(X'~x'Px)~(X,px,rx) be the c~nonical e1uivalence of Spivak 

normal structures given by Proposition 3.12. The fund~mental Sn-duality ma?s 

OI X "l>~X ,oIX ""N : Sn+k~ X+",?n(Vx ) 

are such that there is defined a homotopy commutative diagram 

ex' 
Sn+k X) X " Tn(V } 

f!' + n X 

~T{VX)Y 
1 1 T{d) 1I\Tn(d} 

p T("'X} 

n+k~o(X ~ 
S > X+/lnTn( ..... X} 

Let ii::EPx+-->:EPi+ be a n-map which is Sn_dual to Tn(d} :T1t(I.J
X
}_T,,{vX) with 

respect tocxx' so that there is defined a homotopy commutative diagram 

t P
<>(' 

Sn+k+p X ) :EPi' " Tn( ..... X) 

t P()(, 1 ~pO(x + 11tH /\,1 

~ 1"~ N 

tPX+il.nTn(vX) .tPX-/,,,TIt(llX) 

Work:i.nr. as in the proof of Theorem 3.5 of \'Iall [4] we can take H to be 

H : :EPi "x ASP~ X "SP ; X'I\sI--+Xl\d(x)(s} + + + 

tlith d:X __ G(p) a classifying map for d:VX_Ll
X

' and similarly for a n-lilB.p 

G::EPH+ _ :EPM+ Sn-dual to Tn(c) :TIt(vr.;) '~Tn(VM} >lith respect to the fundamental 

Sn-duality rap 

n+k "' 
0(11 "uPH : S -J.i+"nT,,;{ilH). 

By the definition of quadratic kernel t<c have that 

~
cr.{f,b) = (c(rI),e""'F[X]E '1 (C{f l ») 

,0 n 

<T.(f,bl) = (c(r!),ec'WF'[X] €Q (C{f l ») , 
n n 

ITn(b) :T"(~-I) ---- Tn("'>X) 
Sn-dual to 

TIt(b') :Tn{v'H) ~Tlt(.vX) 

I '. Considering the homoto?y CO~"utntive diagram ~ 
0( F' o(x 

0/..11' cl X 

trith respect to 

I I 

',"ie can identify 

F' = GFH : :EPiC -..:E11'1 • 
+ + 

~??lying the sum forcula for the quadratic construction of Proposition 2.5 iii) 

we obtain 

so that 

e%"'F'[X] - e%1VF[X] " e%'VG[I{]E Qn(C(f'» 

='.lrther, applying the construction of Proposi tion 18.9 i) to the fundamental 

n+k -B.-ciuality nap '''r.!:S ~l1+"'ltTlt(VM) lIe cn.n identify 

VG[H] = l!6v ~ ~ (C(U» 
H'c n 

with 6 EQn+\wc(lh n-.} = Qn+1(C(M», ann so 
I'h'c 

e",VF,[X] - e",'I'F[X] = l!(~%6 )<0'1 (c(r!» • 
'" '" VH,c n 

,~!,?lying thc quadratic kernel sum formula of Proposition 3.1'f to the composition 

of !lornal naps 

tf, b') 

'.;e r,?ve that up to homotopy equivalence 

[] 

The tlod 2 reduction of the quadratic v/u clnss identity of Pro:!,osition 18.10 

l::: the case n = 2r is the formula for the tNi"tinp; of the Arf form due to nro~tn [1]. 



.Prooosition 18.11 i) Let (r, b):H -.X, {f, bl}:1-I -X be normal bundle maps '-lith 

b ' = bc : lJH--->-V
X 

for sone automorphisI:! c:vll--+v!.: classified by c:1I-SO. ',rhe 

~uadratic kernels , . 
07.(f,b} " (C,'V) = (C(f ),e%'I'F[X]EQn(C{f'}» 

<1.(f,bl} = (C,Wt) = (c(r'),e%'VF,[X]EQn{C{f'})} 

are such that if xfK (H) = H 1(r} is the IIure,'1icz itlllge of (h,g)tlt 1(f) = It 1{f) I 
r r+ r+ r+ 

with g:Sr~H an immersion and h:Dr+1_X a null-ho",otopy of fg:Sr ---+ X then : 

vr('VI}(x} - vr(>;I)(x) = {Hj{cg),O} EQ (Sn-r;:Z[lt]) = Q (Sn-rl>\)eH
2 

(2Z217Z[lt]/!b,e.f-r)! 
n n r-n I 

I 
(It = 1(1 eX» I 

I H) The surgery obstruction 0'.Cf,b)€Ln (;:Z[lt1{X)]) of an (i-1)-connected 

n-dimensional normal bundle map (f,b):14--X for n = 2i or 2i+1 is independent 

of the bundle map b:lJH~VX for if 1,3.7. 

Proof: i) The universal cover X of X induces the trivial cover Sr 

50 that applying Propositions 18.10,18.9 iv) \le have 

since j is the corlposite j:lt (SO)~lt (SG)=ltS stable Hopf invariant Hr +1 { 7Z
2

12Z) 
r r r 

by construction. 

ii) Let 'V ,'V' (.Qn(C(f'» be the ;:Z2-hyperhomologyclasses appearing in the 

quadratic kernels o-.{f,b) = (C(f!),W) ,!1'.{f,b') = (C(f l ),.') of (i.;t)-~onnected 

n-dimensional normal bundle maps (f,b):H---4X, (f,b'):U __ X for n = 2i or 2i+1, 

,-:ith b' = bc : "'14-----t'VX for some automorphism c:t:f.I-Vn classified by cHI--SO. 

By the JIure\'ricz theorem every element x t Ki eH) = It:l.+1 (f) is represe,nted by an 

imnersion g:si<>'--+H together '-lith a null-honotopy h:ni+1--.. X of fg:si_ X, 

so that by i) 

vi (", )(x) - vi('V)(x) = (Hj(cg) ,0)<: Cl (sn-i7Z[lt]) • 
n 

( ) S ~i+1 
Now j(cg) (stable Hopf invariant of J(cg)E':lt

i 
SO = lt

i
) = O~H (;:Z217Z) for 

if 1,3,7 by the result of Adnms [1], so that the {-)iquadratic fforns 1 formations 

associated to O".(f,b), ~.(f,b') are isomorphic by Frorosition 
{

'1. 5 

1.8 Hi) 

[] 

- 452 -

For X = s2i, i=1(mod 2) Proposition 18.11 ii) is the familiar result that the 

Arf invariant of an (i-1)-connected framed 2i-manifold is independent of the 

franing for if 1,3,7. For i = 1,3,7 there exist ti-1)-connected 2:1.-dimensional 

normal bundle maps 

U ,b) : Si>< Si --+ S2i 

with exotic framings b of si" si of Arf invariant 0". (f ,b) = 1 E L2i (;:Z) = ;:Z2 ' and 

crossing with S 
1 

gives {i-1)-conn~cted (2i+1)-dimensional normal bundle maps 

(fM1,b><1) : Si,. Si 0( S 1 _ S2:1." S 1 

I. 
I 

-if 
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The chain homotopy theoretic treatment of the self-intersections 

of an immersed sphere in §4 ,-:ill nm1 be generalized to any immersed mani:old. 

Given a !:lap of geocetric Poinc"re complexes f:I-m _Xn with a Spivak normal 

fibration Vf:M ~i3SG(n-m) (e.f,. an ilm~ersion of t:Ianifolds) we shall use 

e1uivariant S-duality to ootain an Sn-map F~lX+,Tn(vf)}n (n ~ n 1(X» such that 

the lZ2-hyperhomology class 'V(r) = WF[X] E.(!n(Sn-fi\:(H» is an obstruction to 

making (f,V
f

) a Poincare embedding by a regular homotopy (= homotopy preserving 

the normal fibrations). In order to do this we shall need the following 

e1uivariant generalization of the S-duality of Theorem 3.3 of Atiyah [1]. 

Prol)osition 18.1·2 Let p:X-BG(j), q:X ~ilG(k) be spherical fibrations over 

an n-dimensional geometric Poincare complex X such that the Whitney sum peq is 

a Spivak normal fibration for X 

peq ~ Vx : X ~BG(j+k) , 

IT1th a spherical generator eX!: "n+j+k(T(vx». If f is a covering of X with 

group of covering translations Tt then the composite 

f is an Sn-duality map between the Thom n-spaces TnCp),Tn(q). 

Proof: Let E be the total space of p:X----.BG(j), and let roE proj· .. X~BG(k). 

Then (X,E) is an (n+j)-dil'lensional geometric Poincare pair,. a "Poincare 

thickening of X", with a Spivak normal fibration 

V(X,E) ~ (q,r) : (X,E) -----t-BG(k) 

and a fundament"l Sn-duality oap 

n+j+k r X [),. --
Q1. X : S _ T(peq) = T(q)/T(r) -(X/E)"nTn(q) 

[] 

In particular, for p = 0: X __ BG(O) = tpt.\(E = ;,), q=.vx:X->-BG(k) 

8 n+k -Proposition 1 .12 is dealing ,:ith the Sn-duality map O<X:S -X+"nT,,("'X) 

of Proposition 3.12. 

Let p:X-BSG(k) be an oriented Ck-1 )-spherical fibrdion over an 

n-dimensional geometric Poincare complex X, and let X be an oriented covering 

of X with data (n,w). Define the algebraic Thorn comnlex of p to be the 

(n+k)-dimensional symmetric complex over lZ[n] Hith the w-blisted :involution 

o-o(X,p) = (S~(X) ,'I' [X] EQn+k(S~(X») 
p 

:Tt..,J loP 
~lith 'l'p[X] the image of the fundamental class [X] E:Hn(X; lZ) und~r the composite 

(U 0_);1 • 
H~CX;wlZ) p , H~+k(Tn(p)lWlZ) 'l'Tn(p) I Qn+k(C(Tn(p») 

.f 
(U n-)P ~ 

p • Qn+k(S~(X» 

uhere Up (l-: C(TnCp» --+s~dc> is the Thorn equivalence. Note that <r*CX,p) 

is obtained by collapsing the boundary q·(E) in the (n+k)-dimensional symmetric 

Poincare pair O'*CX,E) = (p:c('E)---.C(x) ''Pi E[X,E] €Q,n+kcp» of the associated , 
(n+k)-dimensional geometric Poincare pair ·(X,E) llith E the total space of p, 

corresponding to the definition of the Thom n-space Tn(p) = X;E. 
Pro"Oosition 18.13 The algebraic Thorn complex construction enjoys the follm,ing 

properties: 

i) O·(X,O) = qo(X) (lc:·O, E = fJ) , 

11) (jo(X,p"E) = S""·(X,p) (E = 0 : X ----> BSG(1» 

iii) 'Pp[X] 0 is the composite lZ[n] -module morphism 

'" [X]O : Hr(S~(X» = wHr-kd). e(p)u- , wHr(X) [X]n- H (X) 
"p n n' n-r 

with e(p)E:Hk(X) = nk(XllZ) the Euler class of P, 
n 

iv) the Poincare duality chain e~uivalence 

[X] fI- : Wc (X)n-o ------ C(X) 

defines a homotop:! equivalence of n-dimensional hy-per1uadrntlc complexes 

" w - n-* () An(w (~)n-*» [X] () - : (t o(v
X 

- p) = (C(X) ,9Tn (v _ p) UII _ P c. Q c X 
X X 

--JiTo(X,p) = (C(X),J<p [X]E.qn(ceX») 
p 

,;!th VX:X --BG the stable ilpivak nor!!'."l fioration of :;, 

v) the mod 2 reductions of the 1·lu classes vr('~p[X])=vr(J.lx-p)EHr(X;712) 

are the charL'.cteristic classes for the 7l2-module rnorphlsm 



~: i) is trivial. 

ii) follm;s from ~'n( p<lE) 
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bTn(p) and Proposition 2.4. 

iii) ?~e ~uler c13ss is by definition 

i:1+ ~ Tn:(p) the cnnonic"l n:-map and 

and there is defined a cOllln;utntive diagral!! of lZ[n:)-module morphisJl15 

iv) Choose a representative q:X ~BG(j) for LX - p:X -----tOO, so that 

Proposition 18.12 1>ives an Sn:-duality napO<x:sn+j+k_Tn:(p)/I"Tn:(q) such that 

n+k k_·.,J 
cp [X) = eT ( ) cl. (U )€Q (S--C(X», 

p " q 'X q 

exactly as in the proof of Proposition 18.6 which is the special case p= O,q = VX• 

v) By Prop"sition 2.3 we have that the mod 2 reduction vr«~p[X])E nr(X;lZz) is 

such as to llIake commutative the followin~ diagram: 

Applying the Cartan formula >le have 

vr(~p[X])(Y) = s,{(Up\JY) = i+3=r s<l(up ) \JSqj(y) t ll. (p)\JSq j(y)E: lZZ 
i+J=r ~ 

(y€Hn-r(X; lZ2» • 

[] 

(Furthermore, given p:Xn_BSG(k) as above and a fibre homotopy trivialization 

F:1J"Ej"=,Ej+k:X~BSG(j+k) there is defined a n:-homotopy equivalence 

F:EjTn:(p) = Tn:(n(;E j ) • E j (E1<x ) = Tn:(E j +k ) inducing the Thorn equivalence 
- + 

F = U n -: C(Tn(1)})_S~<X) on the chain level. The quadratic 

~ivesPa lZ -hyper~OmolOgy class. [X]EQ[Ok,j-1](s",<:(X» (and hence 
c 2 F n+ 
s)lch that 

SkcpxEX) - 'l'p[X] = (1+T)"'F[XJE Qn+k(S~(X»). 

construction 
k ,.. 

in Qn+k(S 'C(X») 

1'11is generalizes to an arbitrary geometric Poincare co:nplex X the construction 

of j in Proposition 4.1, \·lhere ;: = Sn). 

, , 
! 

l.s "n unstable co~':;:>lement to Proposition 18.5 He huve: 

Pro1)osition 18.14 The symmetric \"lu clas",es of the algebrnic Tho!'! co"'-plex 

0" • (st" 1) = (S"'<:(Sm) ,'r [Sill) E Qm+k(Sl:C(Sm») 
- p "\ 

of an· oriented (1,-1 )-spherical fibration p:S!n -+ BSG (le) over Sin are &iven by 

( ill,) ( m) __ k+m ( )m+k) 2_ vo ~p[S J : 110 S = lZ -Jr- t zz,2; ZI, - = zz,Z; z ~z = z(nod 2) 
I ... 

1:' 
if le= m, I:! == O(rnod 2) 

v (.;> [s"':1) Hm(Sm) lZ--tRk-m( lZ2; lZ,(_)k) if k>m, m "'-O(mod 2) ; if m p 

othenlise 

2 ,. 
Zt--+Z (Hopf invariant of P€ltm(BSG(k» = n:k+1:!_1(S~» • 

Proof: This follo>1s from Propositions 18.5, 18.13 identifying T(p) 

as before. (Note that for k= m = 2r 

v (cp [S~) = (Hopf invariant of pE1t4 1 (S2r») = (Euler nUMber e(p)€H2r(S2r»G lZ). m p r- -

[] 

A normal fibration (Vf,b) of fibre dimension k for a map of geo~etric 

Poincara' complexes f:N~X is an oriented (k-1)-spherical fibration OVer II 

V f : M -- BSG(lc) 

together Id th a sta::'le fibre honotopy e"uivalence over 1:H ----;0 1I 

b : 1)1----+ 'tftf·~ 

for some given normaliza.tions (t'f-I'ffl)' (Vx,fx). Every I!Iap of g"ometric Poincare 

cO:!lI'lexes admits normal fibrations for l~ sufficiently large, and l'f is unique 

u~ to stable fibre honotopy equivalence, by Proposition 3.12. In particular, 

a norm"'.l map of norma.lized .n-dimensional geometric Poincnre co;:tplexes 

(f,b):(!':'''M'Vl.;)~(X,vx'fx) is the S"r.!e as a degree 1 ",ap f:H~X 

together "ith a normal f:i.bration ("f,b) of fibre diT.lension 0 such that 

T(b)(flI) = fx enn+k(T(Vx»· 
A PoincaT" embedding is a nap of geometric Poinc~re complexes 

f:H ~X such that", = dim E ~ n = dim X, together ,11th a norm"l fibration 

(V
f

, b) of fibre dir.,ension "-1'1 ".nd "litlt a honotoP:l "1uivalence 

;~ -XOU 1": J< I\J _l! 
g. vf,a 

uith jj the total space of 'vf:11 -----+i3SG(n-r.l) ",ne E:E ~XO so::!e mal). 



1+57 - =~rol1osition 18.1.'} Let f:1! --+X be a mFt~" of gQomctric l~oinc;::'re cottplexes with 

I 
I , 

" nor=l fi0r;:,tion (vf ' b) of fibre dimension k-? n-m, r.t = dim H, 11 = dim X. 

Given '''' oriented cover X of X >Tith date tlt,~I) and :!.nduced cover ii of N there 

1.- ~ 

is defined a self-intersection chss 'V(r)E Qn+k(S -c(n» such that 

i) :Pj) [H] - S'!.:+m-nf!%~"x[x] = (1+T)'V(f)EQI!1+!«S~(M» , 
f 

Oifk n-m and (Vf,b) is the nor~~l fibr~tion of a Poincare 

cnbec1ding. 

Proof: Propositions 3.12, 18.12 give Slt-duality maps 

N eX b. ~ 
S __ T(U

X
) ~ X+A

lt
Tlt(1.1

X
) 

N PH T(b) A 
S ~T(J.1H) ~ T(Vfef·VX' --4Tlt(Vf)"ltT1t(f·.vX) 

by the fibre map f~VX--'> Vx over f:~! -- X. Evaluate the quadratic construct:ion 

i I 
i 

i 
on the (k+m-n)-fold suspension of the fundamental class [X] €H1t(X;W~), and define 

n 

'V(r) = ,rF[X] E.Q ,(s~6l) 
m+~t 

iio\"1 i) follotlS from the relation 

• F ;~. 
tp'rlt( v.) • - tp k+m-n 

f I: X+ 

(1+T)>V
F 

• Hlt (I:k+m-nx .w~) ---? Q.m+k(C(T1t(V») 
. m+k +' f 

q Given by Proposition 2.5 i), since F induces the Umkehr fl:C()6----o.sn-~(;.{) on 

chain level. If f is a Poincare embedding it is possible to represent F by 

the It-~P collapsing the complement Xo 

so that 'V
F 

o by construction, and ~(f) = O. 

An oriented immersion of manifolds f:H'\ .. __ Xn (smooth and closed, for 

[) 

simplicity) hets a norllk.,l bundle vf:l!~l3S0(n-m) such thatTN"~=f"r-X:N-BO(n). 

He thus have a normal fibration (vf,b) of fibre dif.lensioll (n-m), taking for 

(J..'H'P,:)' (vx ,ex) the c"nonical normaliza tions associated to embeddings of H 

end X in high-dimension"l sphere". so that the given framings of Lj'i~I' rxe-Lf 

define a stable bundle isomorphism b:L-J.:-1(>f""'X' If f is an er:bedding of 

.!'.a::ifolds then it is Cl r:'oincar~ cElbedding as above. 

_ 458 - -,~os:i.t:i.on 18.16 The s"lf-interscction cbss VU)£,'2n (S" . GO·i)) of an il71"rsion 

of r..ar.ifolds f:Hf.I~Xn is such th"t 

i) ,,~(;.r] - f !;b'l'iIX] = (1+T)'V( r) E Qn(Sn-mC(M» 
f 

ii) If f X1:Hm"'r-->Xn ><DP can be deforf.led b:' a regular ho:ootopy to a:l 

e::'oec.cling ft :Jf1"--->-interior(Xn "DP ) then S!''I'(f) = 0 C.Q (sn-tt+pc(i.'i» and 
n+p 

r ~ ( ( )n-r) v ('VCr» = 0 : H/H) ~H2r-n ~2; ~[7t], - for r ~n+p. 

In particular, if f is already an embedding then 'II(f) = O<oQn(sn-"\:(fi» (p= 0). 

iii) If g:Xn~ yP is another immersion of manifolds then P gf = Vfef"V g and 

'V(gr) = sp-llw(f) + f~'II(g) € Qp(SP-"\:(M» (m ~n ~p). 

Proof: i) is immediate from Proposition 18.15 i). 

. ii) Let E be a closed tubular neighbourhood of f' (1) in X)( DP , so that the 

Pontrjagin-Thol!l cOOlstruction gives a It-map 

F : I:PiC = XXDP/X)<Sp-1 col1apse~XXDP/ii.xDP_E = E;3E 
+ 

representing FEtX+ ,Tlt(Vf ) l lt , so that 

V(r) = l- (X]E im(Q(O,p-1](Sn-~(M»---+Q (Sn-~(M») 
F n n 

= ker(SP: Q (Sn-~(M»~ Q (Sn-m+PC(}l>)) 
on n+p 

"sing part of the comnutative exact bra.id of Proposition 1.3· 

Clote that Q (Sn-m+PC{M» = 0 for dimensional reasons if n+p~ 2m+1, 
n+p 

corresponding to the general position argument that f >< 1 :U
m ~ Xn x D

P 
can 

ce approxi= ted by an embedding in this range). 

iii) is an immediate consequence of the sum formula of Proposition 2.5 iii). 

[] 

The self-intersection of an imnersed sphere !!:Sr~Hn defined in §4 

-vr (1jIlg»(1)E H (~ ;~[lt1(H)J,(-)n-r). The relation 
2r-n 2 

),(g,g) = (j(v ),0) + (1+T)P.(g) E Hn-2r(~2;n[lt1(N)J ,(_)n-r) 
g 

of Proposition 4.2 i) can also be obtained by applying the rth sYlllr.letric l'lu 

cl"ss t' to the relation ..... ver. by Proposition 18.16 i) ~ opera l.on vr o· 

1'" n( n-r (~r» 
g "''I'M[II] ~'jJ [Sr] - (1+T)XI(t;)Eq S CS, 

g 

",'.d. u:3ir.g Froposition 18.14 to j,dentify 
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