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Introduction

An algebraic theory of surgery on chain complexes with an abstract
Poincaré duality should be a ‘simple and satisfactory algebraic version
of the whole setup’ to quote § 17G of the book of Wall [25] on the surgery
of compact manifolds. The theory of Mishchenko [10] describes the
symmetric part of the surgery obstruction, and so determines it modulo
8-torsion. The theory presented here obtains the quadratic structure as
well, capturing all of the surgery obstruction. Our theory of surgery is
homotopy invariant in geometry and chain homotopy invariant in
algebra.

An n-dimensional algebraic Poincaré complex over a ring 4 with an
involution =: 4 - 4; a +> a is an A-module chain complex C with an
n-dimensional Poincaré duality H*(C) = H,_,(C).

We shall use n-dimensional algebraic Poincaré complexes to define
two sequences of covariant functors

L» {L,}: (rings with involution) - (abelian groups) (n € Z)
. such that L°(A) {respectively L,(A4)} is the Witt group of non-singular
symmetric {quadratic} forms over A. The quadratic L-groups L,(4) will
turn out to be the surgery obstruction groups of Wall [25], with a
4-periodicity

L,(4) = Ln+4(A) (n € Z).
The higher symmetric L-groups L*(4) (n > 0) were introduced by
Mishchenko [10], and are not 4-periodic in general (contrary to the claim
made there). The lower symmetric L-groups are defined to be such that

Ln(4) = L,(4) (n<-3).
There are defined symmetrization maps

1+7: L, (4) > LM4) (neZ),

which are isomorphisms modulo 8-torsion for general 4, and actually
isomorphisms if 2 is invertible in 4.
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The symmetric {quadratic} L-groups L™4) {L,(4)} (n € Z), are to
the symmetric {quadratic} Witt group L°(A4) {L,(A4)} what the algebraic
K-groups K, (A) (n € Z) are to the projective class group Ky(4).

Part I of the paper covers only those algebraic aspects of the theory
which are needed for the applications to topology considered in Part II
(Ranicki [17]), namely the construction of the L-groups by means of an
algebraic Poincaré cobordism relation, algebraic surgery, the identification
of the quadratic L-groups L, (Z[=]) with the surgery obstruction groups
L, (w), and the products

®: L™ A)®, LMB) - L™t"(4A ®, B)

(m,n € Z).
®: Lm(A)®Z Ln(B) -> Lm+n(A ®Z B)

Part II uses algebraic Poincaré complexes to give a chain homotopy
invariant account of geometric surgery theory, including formulae for the
surgery obstructions of products and composites of normal maps of
geometric Poincaré complexes. Later parts will be devoted to the following
topics:

a change of rings exact sequence for a morphism f: 4 — B of rings

with involution

(. — () — Ina) —L 1By — D) — I a)
! ; —_ ...,

e T Ln+1(f) — L,(4) —> Ln(B) - Ln(f) —_— Ln—-l(A)
\ . ...,

involving relative L-groups L*(f) {L.(f)};

a localization exact sequence, identifying the relative L-groups of a
localization map 4 - S-14 inverting a multiplicative subset S of 4
with the L-groups of algebraic Poincaré complexes over A which
become contractible over S—14;

Mayer—Vietoris exact sequences for cartesian and localization-comple-
tion squares of rings with involution

A— B

|

C——> D
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of the type

{ oo > L*Y(D) » L™MA) - LMB)® L*C) -~ LMD) - L*»Y4) - ...,
w.~>L, (D)~ L,(A)- L,(By® L,(C) - L,(D) > L,_,(4) - ...;
splitting theorems for the L-groups L*(D) {L,(D)} of a free product

with amalgamation D = B*_C, of the type

4— B

L, l l = Cappell’s Unil,, L,(D) = L,(4 -~ B®C)® Unil,,

C——> D

and similarly for generalized Laurent extensions;
simplicial spectra L*(4) {L,(4)} such that
{ ma(L*(4)) = L™(4)

7a(Lu(4)) = L,(4)

the application of algebraic L-theory to the classification of topological
bundle structures on spherical fibrations, and of topological manifold
structures on geometric Poincaré complexes;

codimension-2 surgery (for example, knot theory) and the Cappell-

Shaneson I'-groups, involving the algebraic cobordism groups of
quadratic complexes over A which become Poincaré complexes over
B, for some morphism of rings with involution 4 - B.

The reader is referred to Ranicki [18, 19] for a preliminary account of
some of these topics, and to Ranicki [20] for an application of the theory
to the surgery obstruction of a disjoint union.

A ‘surgery’ on an n-dimensional manifold M is the process of obtaining
a new manifold M’, by first cutting out from M an embedded S*x D"-r
(0 < 7 < n), and then glueing in Dr+lx §n-r-1

M’ = M\ 8™ x D" " Ugygn-r1 D+l x Sn=r-1,
If M is compact, oriented, smooth and closed then so is M’, and the
(n+ 1)-dimensional manifold
N = M x [0, 1]Ugrypr-ryy DT+ x D=7
is an oriented cobordism from M to M’, that is
ON =Mu-M'.
The surgery technique was initiated by Milnor [9] (where the idea of

surgery is credited to Thom); it was proved there that every oriented
cobordism is obtained by stringing together such elementary cobordisms.

(ne€Z);
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Surgery has turned out to be instrumental in the classification of compact
manifolds, particularly in dimensions greater than 4, starting with the
classification of homotopy spheres due to Kervaire and Milnor. In
the applications it is necessary to keep track of the behaviour of the stable
normal bundle vy, of M under the surgeries, in order to produce further
embeddings 8 < M with trivial normal bundle (that is, with an exten-
sion 87x D*r & M) on which to perform surgery. The situation was
formalized by Browder [2], who introduced the concept of a ‘normal

map’. This is a degree 1 map from a manifold M to a geometric Poincaré
complex X

fiM->X
together with a covering map of stable bundles
b: Vg —> Vx-

Surgery obstruction theory has to determine whether a normal map
(f,b): M - X extends to a normal bordism

(g; f,F) (€;0,0)): (N; M, M') > (X x[0,1]; X x0,X x1)
such that f': M’ - X is a homotopy equivalence. For example, a geo-
metric Poincaré complex X is homotopy equivalent to a smooth manifold
if and only if there exists a stable vector bundle vy in the Spivak normal
class for which the resulting normal map (f,b): (M, v;,) - (X,vx) obtained
by the Browder-Novikov transversality construction is normal bordant
to a homotopy equivalence. The surgery obstruction theory of Wall [25]

associates to an n-dimensional normal map (f,b): M - X (n > 5) an
element of an abelian group

8(£,0) € Ly (m(X))
such that 6(f,b) = 0 if and only if (f,b) is normal bordant to a homotopy
equivalence. The surgery obstructions take their values in the algebraic
L-groups L,(w) defined for n (mod 4) by

L, (n) = the Witt group of non-singular (— )’quadratic forms over Z[=],
Ly ,,(m) = the commutator quotient of a stable (— )*unitary group over
Z[~).
The construction of 6(f,b) makes use of the geometric intersection
properties of the kernel Z[n,(X)]-modules
Ky (M) = ker(fy: Hy(H) - H, (X))

remaining after surgery below the middle dimension. The present paper
views the L-groups L,(w) as being defined for # > 0 by the cobordism
groups of n-dimensional Z[=]-module chain complexes C with a quadratic
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Poincaré duality ¢: H»*(C) ~ H,(C), and makes use of homotopy
theory to express the surgery obstruction (without preliminary surgeries) as
0(f,0) = (C,¢) € Ly(m(X))
for some Z[m,(X)]-module chain complex C such that
H,(C) = K.(M).

An ‘algebraic Poincaré complex’ in the sense of Mishchenko [10] is a
chain complex of finitely generated projective A-modules

d d d d
c:C,—> C,, > .. > O, > G,

together with a collection of 4-module morphisms

. Cv ™80, (s=0)

such that
Byt (= )Pd* + (= )Py +(— ) T Pey) = 0: O > G,

(¢—1 = 0),
and such that the chain map

@o: O * > C
is a chain equivalence, inducing abstract Poincaré duality isomorphisms
@0t H*7(C) > H/(C).
Here, C»* is the chain complex of dual 4-modules

Cr = C¥ = Hom 4(C,, 4)
with
(Cn—*)r = Cn—r, dC"“ = (_ )rd*: C”“f - Cn—r+1’
and 7T is the duality involution
T: Hom 4(C?,C,) -~ Hom 4(C9,C,); o > (—)P%* (C3* = G,).

The definition was inspired by the symmetry properties of the chain
equivalence
po = [M]n —: C(U)* > C(M) ([M]=1¢e H,(M)=1Z)
inducing the Poincaré duality isomorphisms
@o = [M]n—: H*"(M) - H.(M)

of a compact oriented z-dimensional manifold M, with ¢, a chain homotopy
between ¢, and T'p,, @, a higher chain homotopy between ¢, and Tp,, and
so on. The ‘algebraic Poincaré bordism’ groups €2,(4) of Mishchenko [10]
(which we denote by L*(4)) are the abelian groups of equivalence classes
of such n-dimensional symmetric Poincaré complexes over A (C,¢) (as
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we shall call them) under a cobordism relation given by abstract Poincaré-
Lefschetz duality, with addition by

@)+ (C,¢') = (Cal', p@¢’) € L™(4).

An n-dimensional geometric Poincaré complex X determines in a
natural way an n-dimensional symmetric Poincaré complex over Z[n,(X)],

o*(X) = (C(X), p3),

with X the universal covering space of X. The ‘higher signature’ of
Mishchenko [10] is the symmetric Poincaré cobordism class

o*(X) € IMZ[m(X)]).

The symmetric signature (as we shall call it) is a geometric Poincaré
bordism invariant which is a m(X)-equivariant generalization of the
signature.

Given a degree 1 map of n-dimensional geometric Poincaré complexes

i M->X

there is defined a kernel n-dimensional symmetric Poincaré complex over

Z[my (X)),
o*(f) = (C(f'). ),
such that up to a chain equivalence preserving the symmetric structure
o*(M) = o*(f) @ o*(X),
where C(f') is the algebraic mapping cone of the Umkehr chain map

([X)n-)7 f* , ([M])n-)

f': c(X) o(Xyn* ———— C(M)*- C(M).

Here, M is the covering space of M induced by f from the universal cover
X of X, and o*(M) is constructed using M rather than the universal cover

of M. The Z[n,(X)]-module chain complex C(f') has homology modules
H*(O(fl)) = K (M) = ker(f*: H*(M) - H*(X))
A normal map of geometric Poincaré complexes
(f: M - X, b: VM e d Vx)

is a degree 1 map f together with a covering map b of Spivak normal
fibrations. The ‘quadratic construction’ of §1 of Part II of this paper
refines the symmetric structure @, in the kernel o*(f) = (C(f'),p,) of a
normal map (f,b) to a quadratic structure i, depending only on the fibre
homotopy class of b. The surgery obstruction of (f,b) is the equivalence

class
ox(f,b) € L,(Z[m,(X)])
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of the quadratic kernel
ox(f,0) = (C(f"), )
in the abstract cobordism group of such n-dimensional quadratic Poincaré
complexes over Z[7,(X)].
In the first version of the present theory of quadratic structures an
n-dimensional quadratic Poincaré complex was defined to be a chain
complex of finitely generated projective 4-modules,

d d d d
C: C, C, . . —> O, — G,

together with a collection of A-module morphisms,
‘;‘s: gn=r=s » Cr (s = 0),

such that
d‘/’s + ( - )r‘/’s d*+ ( - )n—s—1(¢8+1 + ( - )8+1T‘l’a+1) = 0: On-r=o-1 > Cr
and such that the chain map
(L+T)p: C* > C

is a chain equivalence, inducing abstract Poincaré duality isomorphisms

(1 +TYy: H*(C) - I, (C).
The cobordism groups L,(4) of n-dimensional quadratic Poincaré
complexes over 4 (C,) turned out to be 4-periodic,

Ln(A) = Ln+4(A) (n > 0),
agreeing with the surgery obstruction groups of Wall [25] for a group ring
A = Z[n], .

Ln(z[‘”]) = Ln(‘”) (n(mOd 4))°

There remained the problem of exhibiting such a quadratic structure ¢ on
the chain complex kernel C(f') of a normal map (f,b): M - X, without
the use of preliminary surgeries below the middle dimension. Graeme
Segal pointed out that for the chain complex C = C(X) of a topological
space X and 4 = Z such collections ¢ = {i,| s > 0} are cycles of homology
classes in the ‘quadratic construction’

Y€ Hy((8°x X x X)/Zy) = Hy(W ®z42,(C(X)®,C(X))
with the generator 7' € Z, acting by the antipodal map on S* and by the
transposition 7': (x,,%,) - (z5,%;) on X x X, and

1-T 1+T 1-T
W =C(8®): ... —> Z[Zy] —> Z[Z,] —> Z[Z,] —> Z[Z,).

This led to the present formulation of the quadratic theory, in which a

quadratic structure on an A-module chain complex C is defined to be a
class ¢ € @,(C) in the Z,-hyperhomology group

@n(C) = Hy(Zy,C® 4 C) = Hy(W ®z2,(C®,40))
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with T' € Z, acting on C®,C by
T:C,04C,~> C04C; 20y — (- )"Y®«,

which corresponds to the duality involution 7' on Hom ,(C*, C) under the
natural identification C®,C = Hom,(C* C) for finitely generated
projective C. In turn, this led to the present formulation of the
symmetric theory, in which the symmetric structure {p,|s > 0} of
Mishchenko [10] is considered as a cycle of a class ¢ € @*(C) in the Z,-
hypercohomology group

QYC) = H™(Zy,C®4C) = H,(Homg(W,C®40)).
Transfer defines a map from quadratic structures to symmetric structures
(1+7): @u.(C) > @XC); Y = (1+T),

(1+T), ifs=0,
1+ T)), =
(L+T))s 0 o> 1.

The problem was reduced to finding a natural lifting of the Z,-hyper-
cohomology class @, € @Q*(C(f')) appearing in the symmetric kernel
a*(f) = (C(f"), ;) of a normal map (f: M - X, b: vy > vx) to a Z,-
hyperhomology class ¢, € @,(C(f")) such that
(1+T)y = ¢; € @C(F))-

Ib Madsen suggested using a more refined version of the construction of
the Arf invariant used by Browder in [2, § II1.4] which involved the S-dual
of the induced map of Thom spaces 7'(b): T'(vy) - T(vx), & stable map
F: 22X, - Z°M inducing the Umkehr f': C(X) - C(M) on the chain
level. (Specifically, note that there is a natural map

’EOEZk xzy( T M) > QeSeM, (M, = Mu{pt.)

which is a group completion in homology, with the symmetric group X,
on k letters acting by permutation on the k-fold cartesian product T, M,
and EX, a contractible space with a free Z,-action. The image of the
fundamental class [X] € H,(X) under the composite

g: Hy(X) = Hn(X-i—) M Hn(QooEooM+)
- ( éH"(EZ" 0! M))) ®znZIZ]

projection H, (B, x5 (M x M) = Q,(C(M))

— Q.
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.(where e = inclusion: C(M) - C(f"), N ={1,2,3,...}) is a Zy-hyper-
homology class ¢, = $[X] € @,(C(f*)) such that (1+ 1), = ¢, € Q~C(f")),
and which agrees with the class i, constructed in § 4 of Part II by a direct
chain level operation.) This led to the observation that an abstract
Z,-hypercohomology class ¢ € @*(C) lies in im((1+7T'): @,(C) - @~(C)) if
and only if .

Srp = 0 € Q+?(SPC) (p large),
where SC is the suspension of the chain complex C (SC, = C,_;) and

S: QnC) - @Qn+Y(8C); ¢ > S,

Py ifs 21,

(Sp), =
?)s lo  ifs=0

(Proposition 1.3). If there exists a m,(X)-equivariant map
F:20X > 3ZeM, (p>0)

inducing the Umkehr f!: C(X) - C(M) on the chain level then the Z,-
hypercohomology class ¢; € @Q®(C(f")) is of this type, and the stable
m,(X)-equivariant homotopy class of F' determines a Z,-hyperhomology
class Y € @,(C(f") such that

(1 +TWr = ¢; € QUC(S)
(Proposition I1.2.3). A normal map of n-dimensional geometric Poincaré
complexes (f: M - X,b: v;; > vx) gives rise to a =,(X)-equivariant
geometric Umkehr map F: Z°X, - I=M, via an equivariant S-duality
theory (Proposition II.4.2), and ¢, = ¥z € @,(C(f*")) defines the kernel
n-dimensional quadratic Poincaré complex over Z[m,(X)],

ox(f,0) = (C(f'), ).

The quadratic Poincaré cobordism class

ox(f,b) € Ly, (Z[m(X)])
is the surgery obstruction of Wall [25] (Proposition I11.7.1).

The theory presented here was developed over a period of some five
years, and I should like to express my gratitude to the following
institutions for their support in the years indicated:

Trinity College, Cambridge (1972-1973, 1974-1977);

Institut des Hautes Etudes Scientifiques, Bures-sur-Yvette (1973-1974);

Princeton University (1977-1978).

I should also like to thank W. Browder, I. Madsen, J. Morgan, W. Richter,
G. Segal, L. Taylor, C. T. C. Wall, and B. Williams.
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The sections of Part I are as follows:
§1. Algebraic Poincaré complexes;
§2. Forms and formations;

§3. Algebraic Poincaré cobordism ;
§4. Algebraic surgery;

§5. Witt groups;

§6. Lower L-theory;

§ 7. Dedekind rings;

§ 8. Products;

§9. Change of K-theory;

§10. Laurent extensions.

1. Algebraic Poincaré complexes

Given a ring with involution 4, an element ¢ € 4 such that ¢ = ¢l € 4,
and an 4-module chain complex C, we define the Z,-hypercohomology
{respectively Z,-hyperhomology, Tate Z,-hypercohomology} group @*(C, ¢)
{respectively @,(C, ¢), @*(C, &)} of n-dimensional e-symmetric {respectively
e-quadratic, e-hyperquadratic} structures on U, depending only on the
chain homotopy type of C. The @-groups are related to each other by an
exact sequence

H 1+T J
. —— GO, &) ——> Q,(C,8) ——* Qn(C,6) ——> Q(C,e)

—> Q,(C,e) — ...,

and there is defined a forgetful map
QYC,e) > H,(C®4C); ¢ = o

An n-dimensional e-symmetric {¢-quadratic} Poincaré complex over 4 is
an n-dimensional finitely generated projective A-module chain complex C
together with a class ¢ € @Q(C,¢) {¢ € @,(C,¢)} such that slant product
with p,® H,(C®_,C) {(1+ T, € H,(C®,4C)} defines Poincaré duality
isomorphisms

@o: HY*(C) = Hy(C) {(1+ T )po: H**(C) - Hy(C)}.

In §2 below we shall express the theory of n-dimensional e-symmetric
{e-quadratic} complexes over A (C,p € Q*(C,¢)) {(C,¢ € @,(C,¢))} forn =0
(respectively 1) in terms of e-symmetric {e-quadratic} forms (respectively
formations) over A. In §2 {§4, §9} of Part II we shall show that an
n-dimensional geometric Poincaré complex X {a normal map of geometric
Poincaré complexes (f: M — X,b: vy, - vy), a stable spherical fibration
p: X > BG over an n-dimensional CW complex X} determines in a
natural way an n-dimensional 1-symmetric Poincaré {1-quadratic Poincaré,
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1-hyperquadratic} complex over Z[m (X)] o*(X) {o4(f,b), *(p)} such that
(1+T)ou(f,b) @ o*(X) = o*(M),

Jo*(X) = 6*(vy).

A ring with involution A is an associative ring with 1, together with a

function
—tA—>A;a—>a
such that
(a+ +b,

a

ab) = (b)ia),
a
1

~—

(

oo B~
Il

(a,b e A4).

Given a left A-module M let M* denote the right 4-module defined by
the additive group of M, with 4 acting by

Mix 4 - M (x,a) — ax.
We shall be mainly concerned with left A-modules, so that ‘an A-module’
is to be taken to mean ‘a left 4-module’ unless a right A-action is
specified.
The dual of an A-module M is the 4-module

M* = Hom ,(M, 4),
with 4 acting by

A x M* > M*; (a,f) = (x > f(x).q).
The dual of an A-module morphism f e Hom (M, N) is the A-module
morphism
f*: N* > M*; g — (& > g(f ().
The dual of a finitely generated (f.g.) projective A-module M is a f.g.
projective A-module M*, and there is defined a natural A-module
isomorphism
M - M**; x> (f — f(x))
which we shall use as an identification.

The homology {cohomology} A-modnles H,(C) {H*(C)} of an A-module
chain complex C,

d d

C:.. Criy > C, > C,_,——> ... (reZ,d?®=0),

are defined by
H,(C) = ker(d: C, - C,_;)/im(d: Crta > C)

H*(C) = ker(d*: O — COr+)/im(d*: O™ - C)
5388.3.40 G

(re Z, Cr = Cf).
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A chain map {homotopy} of A-module chain complexes {maps}
f:C—>D |
{ g:f~f':C->D

is a collection of A-module morphisms {fe Hom,(C,, D,)|r e Z}
{{g € Hom 4(C,, D, ;)| r € Z}} such that

[ dpf=fdo: C, > D,
f'_f= dDg,+gd0: Or g Dr
A chain equivalence is a chain map which admits a chain homotopy
inverse.

An A-module chain complex C is n-dimensional if it is chain equivalent
to a f.g. projective A-module chain complex of the type

d d
C: .. > 0 > C, > Chy > ... —> () > O >0

-_> ..

(reZ).

for some integer n > 0. We recall that a chain map f: C — D of finite-
dimensional 4-module chain complexes is a chain equivalence if and only
if it induces 4-module isomorphisms f,: H,(C) - H,(D) in homology (or,
equivalently, if it induces 4-module isomorphisms f*: H*(D) -~ H*(C) in
cohomology). A finite f.g. projective 4-module chain complex C is n-
dimensional if and only if H,(C)= 0 for r < 0 and H*(C) = 0 for r > =u.
We shall be mainly concerned with finite-dimensional chain complexes.

Given A-module chain complexes C, D, let C*® 4D, Hom (C, D) be the
abelian group chain complexes defined by

(C®.D)h= S C40.Dy doesE®Y) = 2O ds(y)+(~Vdolz)OY,

HOIIIA(O, 'D)n = Z HomA(Cpqu)’ dHomA(C,D)(f) = de+ ( - )qde.

q—-p=n
The slant chain map
\: C'® 4D - Hom 4(C—*,D); z®y — (f ~ f(z).y)

is a chain equivalence (respectively isomorphism) if C is finite-dimensional
(respectively f.g. projective), where C—* is the A-module chain complex

defined by _
(C*), =077, dg-o = (do)*

Let ¢ € A be a central unit such that
E=¢1le A,

for example, ¢ = + 1. Given an 4A-module chain complex C let the generator
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T € Z, act on C'®@ 4 C by the e-transposition involution

T,: 00,40 —> 0@ 4G5 2@y > (— Py ez,
and define the @Q-groups
Qi n(C,e) = H,(Homg, (W[t,j],C'® 4 0))
eNC,e) = Ho(W[i,]] ®z2,(C'® 4 C))
with W[¢,j] the Z[Z,]-module chain complex given by

o Z(Z,) if:<r<y,
Wi, jl, = [0

—0<t<j<oo,neZ)

otherwise,
dwig = 1+ (=)T: W[i,j], > Wi, j5l,., (G <r<y).

An element ¢ € @ 1(C,¢) {{ € @i7(C,¢)} is represented by a collection

of chains
{ = {903 S (0‘®Ao)n+sl v 8 S]}

p={; € (C'®4C)psl @ < 8 <}
such that

Goig,cl@e) + (= )" Hpsor + (= ) Tps—1) = 0 € (('® 4 O)pis
(¢ <8<], pia=0),
dogclhs) + (=) orr + (= )P Tghss) = 0 € (('® 4 O)nsa
(¢ <8<, Pyuy =0).
The notation is somewhat redundant, allowing identifications
Q[’%,j](O € Q[z—k i-1(C, (= Je) = Q[k_j k=0, (- )e+le) (k€ Z).
For i = j we have
Qra(C,e) = H, (C'®,4C), Qw(C,¢e)=H, (C'®,0).

The isomorphism type of the @Q-groups @& ;(C,¢) {@%)(C,¢)} depends
only on the chain homotopy type of C, despite the quadratic nature of
the construction.

ProposITION 1.1. (i) An A-module chain map f: C — D {homotopy
g:f~f": C - D} induces a Z-module chain map {homotopy}

1* y y
{ %, f% f'%: Homgz,(W[i,j], C'® 4 C) > Homgp (W[i,j1, D'® 4 D),
g O: o :

fa .. ..
[ L W[, )] ®z2,(C'® 4 C) = Wi, j1®zz,(D'® 4 D).
g fo = fu
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(ii) If C is an m-dimensional A-module chain complex then
QnCie)=0 n+t>2mor n+j < 0,
{Q[,f"'](C,s)=O : n—j>2morn—i<0.
(iii) For —o0 <% <J <k < oo there is defined a long exact sequence of
Q-groups
{ oo => Q1(Cr€) > Qi p(Cle) > QF1(Ce) > Qi u(Cre) — ...
oo = QUAYC, ) - QUH(C, ) — QUALKY(C, ¢) — Q1) (C,e) — ...

n—1

(n € Z).

Proof. (i) Given ¢ € Homy, (W[i,j], C‘® 4 C), set

f%(qp)s = (f‘ ®4f)ps € (Dl®A D)n+s’
9%(@)s = (f'®@49+ (=) ® 4 f NP+ (=) Ug' ® 4 9) T,p5

€ (D‘®AD)n+s+l = qz_wpiz—-q+s+1®ADq (’b <S8 Sj’ Pi1 = O)-

The other case is similar.

(ii) By the chain homotopy invariance (verified in (i)) it may be assumed
that C, = 0 for r < 0 or r > m.

(iii) Given intervals [4,5],[¢',5'] such that ¢ <¢
Z[Z,)-module chain map W[i,j] > W[i',5'] by

L Wi, jl, = 2(2,] > W[, 5], = 2(2,] (' <7 <))
There are induced contravariantly {covariantly} abelian group morphisms
Qi i1(Cre) —> Q[’E,j]((?: €)
Q0 &) > QY0 )

For —o0 <4 < j < k < oo there is defined a split short exact sequence of
Z[Z,]-module chain complexes
0> W[i,j] > W[i, k] > W[j+1,k] - 0.

Apply Homg, (—,C'®4C) {—®z2,(C*'®4C)} to this sequence, and
consider the associated long exact sequence in homology.

’

<j <j' define a

€ Z).

(The chain homotopy invariance of the @-groups is fundamental to the
methods of this paper—it is further clarified by the following discussion.
Define the Z,-isovariant category, with objects Z[Z,]-module chain com-
plexes and morphisms f: C - D Z,-hypercohomology classes,

f e HYZ,; Hom,(C, D)) = Hy(Homy,,(W,Hom,(C, D)))
(W = W[O’ w])s
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with T € Z, acting on Hom,(C, D) by
T: Hom,(C, D) - Hom,(C, D); g — TpgTe.

A Z,-isovariant morphism f: C - D is thus an equivalence class of
collections {f, € Homy(C,, D, /)| r € Z, s > 0} such that

des"' ( - )s-lfsdc + ( - )s—l(fs—l + ( - )STDfs—lTC’) = 0: Or g Dr+s—1
(f—l = 0)’
corresponding to a Z-module chain map f,: C - D together with a Z-

module chain homotopy fi:fo~ TpfeTe: C - D and higher chain
homotopies fy, fs, ... . The diagonal Z[Z,]-module chain map

8—i
A: Ws,j) > W, Wli,jl; L, X2 1L,o(T,-,) (<s<))
re=0

can be used to define products
HO(Zy; Hom,(C, D)) ®2 Q1% 11(C, &) > @ (D, €); fO@ > (fO@)A,
gso that a Z,isovariant morphism f: C — D induces abelian group
morphisms
F*: Qs(C,e) > Qft (D, e)
in a natural way. An A-module chain map f: C - D of A-module chain
complexes induces a Z[Z,]-module chain map f'®,f: C'®,C - D'®4D
of Z[Z,]-module chain complexes, but an 4-module chain homotopy
g:f~f':C—>D does not in general induce a Z[Z,]-module chain
homotopy f!'® f~f"®.f': C®,C > D'®,D. However, f!®,f and
f"*®4f' represent the same Z,-isovariant morphism C'® ,C - D'® 4D,
so that
f*=f": Q4 uC,e) > Qf (D, )
(as was explicitly verified in the proof of Proposition 1.1(i)). Note that

for the singular chain complex C(X) of a topological space X the Eilenberg—
Zilber theorem gives a natural Z,-isovariant equivalence

O(X x X) - O(X) ®; O(X),

as used in the construction of the Steenrod squares in singular
cohomology (cf. §1 of Part II).) :

Given an A-module chain complex C define the Z,-hypercohomology
{Zy-hyperhomology, Tate Zy-hypercohomology} groups of the Z,-action on
C'® 4C by the ¢-transposition involution 7

Q"(C, 8) = Q[’&w](a, 8) = H”(Homzlza]( W, C‘ ®A. C))
@n(C, ) = QL2NC, ) = Hy(W ®42,(C'®40)) (n € Z),
@™(C, &) = @ (C, &) = H,(Homg, (W, 0'®,0))
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with W = W[0,00] a free Z[Z,]-resolution of Z and W = W[—c0,0] a
complete resolution for Z, (cf. Cartan and Eilenberg [4, Chapters XII and
XVII)). If C is n-dimensional

Qn(O, 8) = Qﬁbj,n-{-l](oy 8)
Qn(C, &) = Q010 ¢)

Qn(os 8) = Q("__,n_]m_{_u(o, 5)
by Proposition 1.1.

ProposITION 1.2. Given an A-module chain complex C there is defined a
long exact sequence of abelian groups

H 14T J H
oo —> R0, 8) ——> Q,(C, &) —* Qn(C, £) ——> G"(C,¢) —>
Q,_,(C.e) —> ... (neZ)
wilh
H: Qn+1(0’ €) > Qn(oi e); 0> {(Ho)s = o—s—ll 8§ > 0}’

1+T f 8 =0
1+ 7T:Q,(C,e) - @¥C,¢); Y — {((1 + 1)), = [( HNe z.fs ]s
0 ifs>1

ps 820 l

.on | _{
J:QnC,¢) > @n(C,¢); o > | (Jp), = 0 ifs<—1 .

\

Proof. This is just the special case of the exact sequence of Proposition
1.1(iii) for @, with ¢ = —00,j = -1, k = o0.

(The exact sequence of Proposition 1.2 is related to the EHP sequence
in homotopy theory, cf. Proposition 5.1 of Part II.)

An n-dimensional e-symmetric {e-quadratic, e-hyperquadratic} complex
over A (C,9) {(C,¥), (C,0)} is an n-dimensional 4-module chain complex
C together with an element ¢ € @7(C,¢) {{ € @,(C,¢), 6 € @*(C,¢)}. The
e-hyperquadratization {e-symmetrization, e-quadratization} of an n-dimen-
sional e-symmetric {e-quadratic, e-hyperquadratic; complex over A
(C,o) {(C,¢¥), (C,0) such that H"(C)= 0} is the n- {n-, (n—1)-}
dimensional e-hyperquadratic {e-symmetric, e-quadratic} complex over 4

J(C, ?) = (C’ J¢ € Q"(Cs 8)):
(I1+T)(C.¢) = (C, 1+ T}y e Q(C, ),
H(C,8) = (C, HO € Q,_,(C, ¢)).

If there exists a central element a€ A such that a+a=1 (for
example, a = ) the e-symmetrization map (1+7)): @,.(C,&) - @™(C,¢)
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is an isomorphism (the inverse being given by Q™C,¢) - Q,(C,¢);
Q> = {‘ps = (1®a)1+T)1®a)p, if s=0, ;=0 if s> 1}) and
Q(C,e) =0 so that there is no difference between n-dimensional
e-symmetric {e-hyperquadratic} complexes over 4 and n-dimensional
e-quadratic {chain} complexes over A. The groups Q™(C,e) are of
exponent 2 (for any 4).

An n-dimensional e-symmetric {e-quadratic} complex over A
(C,0 € QUC,¢) {(C,4 € Q,(C,¢))} is a Poincaré complex if the evaluation
of the slant products

\: H(0)®z H,(C'®40) ~ H,_(0); f® (x®y) > flx)y

on g€ H,(C®,C) {1+T),€ H,(C'®,C)} defines A-module iso-
morphisms

@o: H'(C) - H,_,(C)

0<7r<na).
(1+ T o H"(C) > H,_,(C)

The e-symmetrization of an n-dimensional e-quadratic Poincaré complex
(C,¢) is evidently an n-dimensional e-symmetric Poincaré complex
(1+ T)(C, §)-

A map (respectively homotopy equivalence) of n-dimensional e-symmetric
{e-quadratic, e-hyperquadratic} complexes over A

[ (C,p) > (C",9)
[ (C) > (C,¢)
f:(C,0) > (C,0)
is an 4A-module chain map (respectively chain equivalence)
f:C—>C

f (@) = ¢' €Qn(C,¢),
Ful) = ¢ € Qu(C", ¢),
F0) =0 e @nC,e).

such that

Homotopy equivalence is an equivalence relation.

In §2 below we shall identify the homotopy equivalence classes of
n-dimensional e-symmetric {e-quadratic} complexes over A for n =0
(respectively 1) with the (stable) isomorphism classes of e-symmetric
{e-quadratic} forms (respectively formations) over 4.
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For ¢ = 1 € A we shall contract the terminology by writing

Q*(C,1) = Q(C),
@a(C, 1) = @,(0),
Q(C,1) = @~0),

calling 1-symmetric {}-quadratic, 1-hyperquadratic} complexes symmetric
{quadratic, hyperquadratic}.

Our notion of a symmetric Poincaré complex is a chain homotopy
invariant version of an ‘algebraic Poincaré complex’ due to Mishchenko
[10].

For f.g. projective 4-module chain complexes C the slant map iso-
morphism C'® ,C — Hom ,(C*,C) allows us to represent elements
@ eQMC,e) {$€Q,(C,e), 0e@QnC,e)} by collections of A-module
morphisms

{p; € Hom (C*+s5,C,)| r € Z, s > 0}

{¢, € Hom 4(Cn5,C,)|re€ Z, s > 0}
{6, € Hom (C*++,C,)| r € Z, s € Z)

such that
[ Aopst+ (=) @G+ (=) @y + (= ) Tpsy) = 0: Cn4e71 >
(20, p_,=0),
Ao+ (=)l + (= )" g yy + (= ) 4y) = 0: Cror=571 > )
(s = 0),
dobs+ (=) 0,d+ (=) Y0,y + (= )*T,0,,) = 0: Cn="+s71 - C,
(s € Z),

where T, is the e-duality involution
T,: Hom 4(C?, C,) > Hom 4(C9, C,); 0 — (—)P%.0*.

An n-dimensional e-symmetric {e-quadratic} complex (C,¢ € @Q*(C,¢))
{(C,y € Q,(C,¢))} with C f.g. projective is a Poincaré complex if and only

if the chain map
@o: Cv* > C

(1+T)y: Cr* > C
is a chain equivalence, with

(Cn*), = C™, dgn-o = (= )7dE: C*7 > O,
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The suspension of an 4-module chain complex C is the A-module chain
complex SC obtained by dimension shift —1

(SO),. = Cr—l’ dSC' = dC-

We shall denote the inverse operation by QC ((QC), = C,,,, dac = d¢),
and can identify

H/(SC) = H,_,(C), H,QC)= H,,(C),
{ (8C) 1(0) (QC) +1(0) SQC — QS0 = C,

H7(SC) = H™Y(C), H"(QC)= Hr((C),

{ Ql’%.ﬂ(o’s) = Qﬁﬂ,jﬂ](SC’, €)= [':"}]2 (SC, —&),
QEC, 6) = QUzII~(SC, &) = QEL(SC, —e).

In particular,
QMO e) = Qn(SC, o).

The skew-suspension of an n-dimensional e-symmetric {e-quadratic}
(Poincaré) complex over 4 (C,p e @™C,¢) {(C,¥ € @,(C,¢€))} is the
(n+ 2)-dimensional (— ¢)-symmetric {(— ¢)-quadratic} (Poincaré) complex
over 4 _ _

8(C, ) = (SC,Sp € @+*(SC, —é)),
S(C, ) = (8C, 8¢ € @,.,5(8C, —¢)),

with S: @Q*(C, &) - @+2(SC, —¢) {S8: Q,(C, &) = Q,.,2(SC, —¢)} the abelian
group isomorphism induced by the isomorphism of Z[Z,]-module chain
complexes

8:C'®,C - Q¥SC'®,80); 2@y — (— P2y (@eC,,yeC,).

Here T € Z, acts by T, on C'® ,C and by T_, on SC'® ,8C. An (n+2)-
dimensional (—eé)-symmetric {(—e¢)-quadratic; complex over A
(D,p € @Q*t*(D, —¢)) {(D,y € Q,,o(D, —¢))} is the skew-suspension of an
n-dimensional e-symmetric {e-quadratic} complex over 4

(QD,8(p) € @QMQD,¢)) {(QD,87(Y) € Q,(QD, ¢))}
if and only if QD is an n-dimensional A-module chain complex, that is if
H(D)=0, H"?¥D)=0.

Thus the study of n-dimensional e-symmetric {e-quadratic} Poincaré
complexes (C, ¢) {(C, )} such that H,(C) = 0, H"(C) = 0 for r < ¢ reduces
to the study of (n— 2¢)-dimensional (- )%-symmetric {(— )%-quadratic}
Poincaré complexes (QC, 8-i(p)) {(QC, S~())} for n > 2i.
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Given an 4-module chain complex C define the suspension chain map

S: Homgz (W,C'® 4 C) - Homyp, (W[—-1,0],C'® ,C)

= QHomz[z,]( W,8C'® 48C); ¢ > {(8p)s = @s—1] 8 > 0} (p_, =0)
8: W@zz,(C'®4C) - W[1,00]@zz,(C'®4C)

= Q(W ®z2,((SC'® 4 80)); ¢ = {(8)g = 4118 > 0}

using the natural chain map
W[-1,00] - W[0,00] = W {W = W[0,0] = W[1, 0]},

so that there are induced suspension maps in Z,-hypercohomology
{Z,-hyperhomology},
8: Q(C,¢) - @ Y(SC,¢),
S:@Q,(C,¢) > @, 11(SC, ¢).
Now W[—00,0] = Lim, W[ —p, 00] so that the Tate Z,-hypercohomology
——
groups are the direct limits

Qn(a, 8) = EEQ”W(SpC’ 8)

p

of the directed systems of suspension maps

S 8 8
Q™(C, ) —> @m(SC,e) — Qmt3(82C, &) — ...

with J:Q"(C, &) > Q(C,¢) the natural map. Thus the relation
kerJ =im(1+T,) in the exact sequence of Proposition 1.2 can be
interpreted as saying that an n-dimensional e-symmetric complex
(C,p € QUC,¢)) is the e-symmetrization (1 + T.)(C, ¢) of an n-dimensional
e-quadratic complex (C,y € @,(C, ¢)) if and only if SPp = 0 € @*+P(SPC, ¢)
for some p > 0. This is the mechanism by which we shall obtain quadratic
structures in the topological context, in the ‘quadratic construction’ of
§1 of Part II.
The exact sequence of Proposition 1.2 admits a generalization:

PrOPOSITION 1.3. Given an A-module chain complex C there is defined in
a natural way a chain equivalence of Z-module chain complexes

C(87) > S(W[0,p - 1]®z4z,(C'®4C))

for each p > 0, with C(SP) the algebraic mapping cone of the p-fold suspension
chain map

Sp . Homz[z"( W, C‘ ®A C) -> QP Homz[z’]( W, S"C‘ ®A SPC),
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and there is also defined a commutative braid of exact sequences of Z-modules

J

Qlo p—u(c €) Qn(o €) Qn(C, €) 4
Qne+1(89C, &) Q,.(C e) Qr+2(S?C, ¢) Q,.(C,¢)
@v1(Ce) Qn+p(87C, e) & QP2 1(C, )

N

If C is n-dimensional then for p > n+1
Qnsp(S87C,6) = 0, QUP(C,e) = Q,(C,e), Q™+P(SPC,¢) = Q(C,e),

and the braid collapses to the exact sequence
H 1+7, J
e T Qn+1(0’ g) —> Qn(C,¢) — Q@"C,e) —> Qn(o’ €)

— @,1(C,e) —> ...
Proof. Applying Homy, (—,C0'®,C) to the chain equivalence of
Z[Z,)-module chain complexes
SW[-p, —1] > C(W[~-p, 0] - W[0,00])
arising from the split short exact sequence
0> W[-p,—-1]> W[-p,0] > W[0,00] - O
we have a chain equivalence of Z-module chain complexes
C(8P) = C(Homy, (W[0,00], C'® 4 C) - Homy, (W[ —p,0],C'® 4 0))
- Homy (SW[—p, —1],0'® 4C) = S(W[0,p — 1]1®z4z,(C'®,C)).

To obtain the braid apply —®z4,(C'®4C) to the commutative diagram
of split short exact sequences of Z[Z,)-module chain complexes

/_\/_\

W[0,p -
/ ~N \ /' \
W[—-o0,p—1] W[0, 0]
A \ A U N /' \
W[—c0, ~1] W[ 0,00 W(p,oo]

\_/\_/’\//’\_/
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and consider the associated long exact sequences of homology groups
(which are all special cases of those of Proposition 1.1(iii)).
Given A-module chain complexes C,C’ there are defined direct sum
operations
®: Qri(C,e)oQR,(C,e) > QR (CoC6); (p,0') = 9@ ¢,
®: QENC, ) @QE(C, e) > QEC D C',e); () = Y@ Y.
The direct sum of n-dimensional e-symmetric {e-quadratic} (Poincaré)
complexes over A (C,p € Q™(C,¢)), (C',¢' € @NC',¢)) {(C,¢¥ € @,.(C,¢)),
(C', ¢y’ € Q.(C', £))}is an n-dimensional e-symmetric {e-quadratic} (Poincaré)
complex over 4
[ C,p)0(C,¢') = (Cal',pa9 €@MCBC¢)),
C.he(C,¢)=(Caol yo c@,Cal¢).
The Z,-hypercohomology {Z,-hyperhomology, Tate Z,-hypercohomology}
groups behave as follows under the direct sum operation.
ProrosiTioN 1.4. (i) Given A-module chain complexes C,D there are
natural direct sum decompositions of abelian groups
Qn(C ® D: 3) = Qn(C’ 8) ® Qn(D’ 8) ® Hn(c" ®4 D)’
@n(C @D, ) = Q,(C,e) ©Qu(D, 6)® H,(C'® 4 D),
QC® D, ¢) = Qn(C,e)® QD ¢).
The e-symmetrization (1+T,): @,(C®D,e) >~ Q@(C®D,¢) is an isomor-
phism on H,(C'® 4 D).
(i) Given A-modulechain mapsf,g: C — D there are defined factorizations

) I8¢ g D, D)

EE— Qn(D, 6)

[ (fg)—f*—g*: QuC, ) —> H,(C'®,C

‘®
(f+9)%—fu—9%: @u(C,e) —> H,(C'®,0) L'—A>9 W(D'® 4 D)

—> Qu(D;¢)

\ (f+9)*—f*—§* = 0: @n(C,e) — @™(D, )
with
QYC,e) > H,(C'®4C); ¢ > @
1+7T,)0 ifs=0
H,(D'® , D) - Q™D,¢); 6 — [gps = { . },
0 ifs=1
Qn(C, &) > H,(C'® 4C); ¢ > (1 + T )by,
0 ifs= O]

Hn(D‘®AD) éQn(D’G); 0+ {‘/’8 = [0 ifs >1
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Proof. (i) Applying H,(Homgy,\(W[i,j], —)) to the direct sum de-
composition of Z[Z,]-module chain complexes

(CeD)e, (Ce®D)=(C'e,C)®(DoD)o(C'® D)o (D'®,4C))
we have a direct sum decomposition of abelian groups
Q7(C® D, &) = Qp (C, ) ©QR (D, )
® H,(Homgz,(W[s,5], (C'eo D)o (Do, 0)))
with 7T € Z, acting on (C'® ,D)® (D'®,C) by
T:Ce4D,0D,®,C;~ Ci®,4D,®D{®,C,;

@w®v,z@y) = ((—)"y @&, (- )P &u).
By direct computation

H,(Homg,, (W[0,0)}, (C'® D)@ (D'®4C))) = H,(C'® 4 D),
H,(Homgz(W[—c0, —1],(C'® D)@ (D'® 4 0))) = H,(C'®4D),
H,(Homgg, (W[ —00,00],(C'® 4 D)® (D'® 4 C))) = 0.
(ii) Substitute the decomposition
QMC@C,¢) =Q™C,e)oQ™C,e)@ H,(C'® 4,O)

o)
1 %
(497 @(C, &) ~Ls grea0,e) LI5 gu, e

and similarly for @, Qr.

in

An A-module chain complex C is strictly n-dimensional if each C, is a
f.g. projective A-module, and C, = 0 for r < 0 and r > =,

d d d d
C: coe > 0 C’n Cn—l—_—> On_z > e > 01

d
> Go > 0 > veee
The chain equivalence classes of n-dimensional A-module chain
complexes are in a natural one—one correspondence with the stable
isomorphism classes of strictly n-dimensional A-module chain complexes,
the stability being with respect to the chain contractible complexes. We
shall now obtain an analogous result for algebraic Poincaré complexes.
An n-dimensional e-symmetric {e-quadratic, e-hyperquadratic} complex
over A (C,¢) {(C,¥), (C,0)} is strictly n-dimensional (respectively
contmctzble) if the underlying 4-module chain complex C is strictly
n-dimensional (respectively chain contractible). Note that the Q-groups
of a chain contractible complex C are 0, by Proposition 1.1 (i).
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A stable isomorphism of strictly n-dimensional e-symmetric {¢-quadratic,
e-hyperquadratic} complexes over 4

[f1: (C,9) > (C', )
[F1: (C.4) > (C", ")
[F1: (C,8) - (C",8")
is an isomorphism
f(C,p)@(D,0) > (C', ¢')® (D', 0)
[ (C.)e(D,0) ~> (O, §) o (D', 0)
f:(C,0)@(D,0)~ (C',8)® (D', 0)
for some chain contractible strictly n-dimensional A-module chain
complexes D, D’.

ProrosiTiON 1.5. The homotopy equivalence classes of m-dimensional
e-symmetric {e-quadratic, e-hyperquadratic} complexes over A are in a natural
one—one correspondence with the stable isomorphism classes of strictly
n-dimensional e-symmetric {e-quadratic, e-hyperquadratic} complexes over A.

Proof. We need only consider the ¢-symmetric case, the e-quadratic
and e-hyperquadratic cases being entirely similar.
Given a stable isomorphism of strictly n-dimensional e-symmetric

complexes :
(f1: (C.@) > (C",9")
there is defined a homotopy equivalence, namely the composite
1

0 f ao . ,
g: (C’¢)__> (0,¢)@(D,0)——> (0’9?’)®(D”0)___> (0:9’)

Given an n-dimensional 4-module chain complex C there exist a strictly
n-dimensional A-module chain complex C’ and a chain equivalence
g:C->C
(by definition). It follows that for any =-dimensional e-symmetric

complex over 4 (C,p € Q®(C,¢)) there exist a strictly n-dimensional
e-symmetric complex over 4 (C’,¢’) and a homotopy equivalence

9: (C,p) > (C",9"),

@' =g*(p) € @™(C', ).
Given a homotopy equivalence of strictly n-dimensional e-symmetric
complexes

defining

9: (C,@) > (C',9")
there is defined a stable isomorphism

[f1: (C.) > (C', 9),
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as follows. The algebraic mapping cone C(g), as defined by

! ( — )r-—lg
dC’(ﬂ) = (0 d ): 0(9)1' = C;('B Or—l -> O(g)r—l = 0;'—16') Or—z’

is chain contractible. Choose a chain contraction

Kk
P = ( h) : C(g)r = Cil’® C’r-—l g C(g)r+1 = Crl'+1® Cr!

’

g
such that
Aol +T'dgy) = 1: Clg), - C(9),

and define chain contractible strictly »-dimensional A4-module chain
complexes D, D’ by

( Td’ (_ n—1 —\n,
[ ) g] : D, = coker((( ) g) :C, > (@ Gn—l)
0 d d

dp = ¢ > D, ;=0 ,®Cp

C(=)Ty , ,
0 d :Dr=0r@Gr—l_>Dr—1=Cr—1®0—2

k 0<gr<n-1),

([ ((=)"
( d ):D';b= n—1—>D;t—1=C"“1®Cn_2’

th=<

d (=)
L(O d'):D;=O'@C'—1"D;-l=0—1@0_2 (0<r<n—1).

The isomorphism of 4-module chain complexes

f:CeD->CwoD,
given by

f (9 [1 +(=)"ggt (- )”'lgh])_
0 —dg’ 1—dh |/
(—)"g
C,® D, = C,® coker p 10, > Cro0,,

- C’;I,®D;L = C;‘@ Cn—l!

(g
1l

g 1+(=)99" (-)gh

1L (=) (=)

0 0 1

C,@D, =C,0CoC,,~CoD,=CeoCeoC,.,

\ (0gr<n-1),
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defines a stable isomorphism of strictly »-dimensional e-symmetric

complexes over 4
[f1: (C,p) > (C",¢").

The sequence of homology 4-modules H,(C) is the fundamental chain
homotopy invariant of an A-module chain complex C. We shall now
associate to an algebraic Poincaré complex over 4 (C,¢) a sequence of
functions

v(p): H*(C) - (subquotient group of 4),

which is a fundamental chain homotopy invariant of (C, ). The functions
will be called “‘Wu classes’, because they are closely related to the Wu
classes of algebraic topology—the connection between the geometry and
the algebra will be made precise in §9 of Part II. The Wu class v(p)(z)
is the obstruction to performing an algebraic surgery on (C,¢) to kill a
cohomology class z € H*(C), in the terminology to be developed in §4
below.

Let T € Z, act on A by

T:4 > A4;a— ca,

and define the Z,-cohomology {Z,-homology, Tate Z,-cohomology} groups

( ker(1-7,: 4 > 4) ifr=0,
H'(Zz;A,s)=fH'(Z2;A,s) ifr>1,
L0 ' ifr <0,
{ (coker(1-T,: A - 4) ifr =0,
H(Z,; A &) = { AT(Z,; A, ¢) ifr>1,
\0 ifr <0,
| A7(Zy; A,¢) = ker(l— (= )'T.: A > A)fim(1+ (=)' T.: A > A) (r e Z).

The function
AxAr(Z,; A,¢) - A7(Zy; A,¢); (a,%) — axd

defines an A4-module structure on H7(Z,; 4,¢) (which is of exponent 2,
and vanishes if 4 € 4). The functions

A x HYZ,; A,e) > HYZ,; A,¢); (a,z) — axa
Ax H(Z,; A, &) > Hy(Z,; A,¢); (a,z) — axa

are not linear in 4, and so do not define 4-module structures. Neverthe-
less, we shall write Hom (M, HYZ,; A,¢)) {Hom (M, Hy(Z,; A,¢))} for
the abelian group of functions f: M — HYZ,; A,¢) {f: M — Hy(Z,; A, ¢)}
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defined on an A-module M such that

flax) = af (x)d € B 4,¢) (ee 4, xze M),
H\(Z,; A,¢)
calling such functions ‘4-module morphisms’. For ¢ =1 € 4 we write
H*(Zy; 4,1) = H'(Zy; A),
H(Z,; A,1) = H/(Z,; A),
Ar(Z,; A,1) = A7(Z,; A).

The cohomology classes f e H™(C) of an A-module chain complex C
may be regarded as the chain homotopy classes of 4-module chain maps

f:C— 8SmA,
where 8™A4 is the A-module chain complex defined by
A ifr=m,
(Sm4), =
0 otherwise.

The induced abelian group morphisms
f%: sz,j](c: 8) - Q{;,j](SmAr 8); 4 = (f‘ ®A.f )¢2m—n (¢2m—n € O:n ®A Om)
f%: Q!rf'ﬁ(0> €) > Q%J](SMA, €); ‘/’ g (f‘ ®Af)‘/’n—2m ('/’n-—Zm € Cin ®4 Cm)

depend only on f € H™(C), on account of the chain homotopy invariance
of Proposition 1.1 (i). Using the Z[Z,]-module isomorphism

A->A'®4;a—1Qa

as an identification we have that these morphisms take values in

f (Homn—i(Zy; A,(—m=ie) if 2m—n < j # 5,

Q. (SmA, &) = ! Hy(Zy; A, (—)"—mte) if 2m—n =3 #14,

(1,4 ) A if 2m—m =4 =3,
\0 otherwise,

(H, _om_i(Zy; A,(— )™ %) ifn—2m <j+#31,
HYZy; A, (—)rte) if n—2m =j # ¢,

(2,5] SmA,‘.E —
t(5nd o) \ 4 ifn—2m=j=1i,

\0 otherwise.

Define the 7th e-symmetric {e-quadratic, e-hyperquadratic} Wu class of an
element ¢ € Q*(C, &) {Y € Q,(C,¢), 0 € @*(C, )} for some A-module chain
5388.3.40 H
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complex C to be the 4-module morphism
(0, =v,(p): H"(C) > QUS™"A4,¢) = H 2 (Zy; A, (—)"");
f> (F'®4f)Pn-ar
v =v"(): H*7(C) > Qu(8"7A4, ) = Hy,_n(Zy; 4,(—)"");
f> (F'®.4 1 Warn:
8, = 6,(6): H""(C) > QU8 4, ¢) = A(Zy; A,¢); f > (' ® 4 0n-ay
\ (f: Coeyr > 4, Pagrs Yor—ns Onor € 4,04 Cpy).

Note that v, = 0 for 2r > n {v* = 0 for 2r < n}, and that the Wu classes
satisfy the addition formulae (cf. Proposition 1.4(ii))

( 2@)(f+9)—v@)(f) - 2.(0)9)
L+ Ty (' ®49)po € HYZy; A,(—)%e) ifn=2r,
0e A%Z,; 4,(-)%) if n > 2r,
v @)(f+9) — oW v )(g)
(F'@49)(1+ Ty € HyZy; A,(—)%) if n=2r,
- {o € A%Z,; A, (- ) ) if n < 2r,

{

 6,(0)(f+9)—8,0)(f)—8,(6)(g) = 0 € A%Zy; A,(—)e) (r € Z).

The Wu classes are compatible with all the maps appearing in the braid of
Proposition 1.3. In particular, the Wu classes commute with the suspen-
sion maps:

Q(C,e) —=— Hom ,(H"(C), H**"(Zy; A, (~ "))

SJ lS(:id.ifn>2r)
Qn+1(SC’ 8) .L) HomA(Hn—f+l(SC), Hn—2r+1(Z2; A’ ( — )n—r+15))

Qu(C, &) —— Hom 4(H"(C), Hyy_n(Zy; 4, (- y""e))

SI lS(:id.ifn<2r)

Qn12(SC, &) ———> Hom (HA"44SC,) Hyypa(Za; 4, (= )*-"e)
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and also with the skew-suspension isomorphisms:

Q"(C, &) ——> Hom (H""(C), H"(Zy; A, (- )"~"e))

5 Ja

QM(8C, — &) —ts Hom ,(Hm1(SC), H*—2"(Zy; A, (~ )»))

Qu(C &) ——> Hom ((H"*(C), Hyy_n(Zy; A, (—)*"e))

§j lid.
Pyl

Qnsa(SC, — &) ———> Hom (H"="+4SC), Hyy_n(Zo; 4, (=)""e))

The composite

1+ 7T, v,
Qn(o, e) —_— Qn(O’, s) —_— HOmA(H""(O), H"‘2'(Z2; A, (_ )”"'8))

is 0 for n # 2r. For n = 2r there is defined a commutative diagram

er(0> 8) —i Qz'(oa 8)

1+ T(—)'e
Hom ,(H"(C), Hy(Z,; 4, (—)"¢)) ——— Hom (H"(C), H%Z,; 4,(—)'¢))

There is also defined a commutative diagram
Qn+(C, €) _&_"_'_1_, Hom ,(H""(C), Hr+1(zz; 4,¢))

H

lH(= id. if 2r > n)

r

@n(C, &) —> Hom (H""(0), Hy,_n(Zy; 4,(—)"¢))

In §2 below, and elsewhere, we shall need the following notions.
The reduced Oth Wu class of an n-dimensional e-symmetric complex
over A (C,p € Q*(C,¢)) is the composite

bo(p): H™(C) 2ule) H™Zy; A,(—)")

LR A™Z,; A, (—)re) = A%YZy; A, ¢).
(For = > 0, 6,(p) = vy(p).)
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An n-dimensional e-symmetric complex over 4 (C,p € Q*(C, ¢)) is even if
Bolp) = 0: H(C) - A%Z,; 4, e¢).
For example, skew-suspensions of &-symmetric complexes and &-sym-
metrizations of e-quadratic complexes are even.
Finally, we investigate the behaviour of our constructions under a

change of rings.
Given a morphism of rings with 1

fiA->B
(such that f(1,) = 15) regard B as a (B, 4)-bimodule by
BxBxA — B; (b,z,a) — b.x.f(a),

so that an A-module M induces a B-module B® , M, with B® 4 A = B.
If f is a morphism of rings with involution, with
f@)=f@)eB (aeA),
then for any f.g. projective A-module M there is defined a natural iso-
morphism of f.g. projective B-modules
B M* > (B®, M)*; b®g > (c®m — c.fg(m).b).
For any A-module chain complex C there are defined natural Z-module

chain maps
C—-B®,C;z—1®z,

C* > (Be40)*; g~ (b®z > b.fg(x)),
inducing the change of rings maps in homology {cohomology}
{ f: Hy(C) > Hy(B®40),
f: H*(C) » H*(B®_,C).

If ¢ € A is a central unit such that £ = ¢! € 4 and such that » = f(¢) € B
is central (necessarily such that 7 = n~! € B) then there are also induced
change of rings maps

{ J: Qi n(C,e) > QR n(B®4C,m),
f: QENC,e) > Q¥ (B, C,q).
An n-dimensional e-symmetric {e-quadratic} (Poincaré) complex over 4
(C,p) {(C,¢y)} induces an n-dimensional z-symmetric {»n-quadratic}
(Poincaré) complex over B,

B®4(C,9) = (B®4C,10¢9) {B®,4(C,§)=(Be,C,104)}

The Wu classes remain invariant under change of rings, in the sense that
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the following diagram commutes

Hn-r(o) _L_> Hfl-r(B ®A. 0)

vr(?)j lvr(l ® qp) (90 € Q"(O’ 8))
f

Hr=2(Z,y; 4, (= )*~"e) ——> H"¥(Zy; B,(=)""n)
and similarly for Q,,, Q.

2. Forms and formations

We shall now identify the homotopy theory of n-dimensional e-
symmetric {e-quadratic} complexes over A for n = 0 (respectively n = 1)
with the isomorphism (respectively stable isomorphism) theory of
e-symmetric {e-quadratic} forms (respectively formations) over 4.

Given a f.g. projective 4-module M define the e-duality involution

T : Hom (M, M*) - Hom (M, M*); p > (ep*: > (y — e.p(y)(@))),
and define the abelian groups
QM) = ker(1—T.: Hom (M, M*) - Hom (M, M*)),
Q<op)*(M) = im(1 + T,: Hom 4(M, M*) - Hom ,(M, M*)) < Q(M),
Q.(M) = coker(l —T.: Hom (M, M*) - Hom (M, M*)).

An e-symmetric {e-quadratic} form over A (M,p) {(M, )} is a f.g. pro-
jective A-module M together with an element ¢ € Q*(M) {{ € @,(M)}, and
it is non-singular if ¢ € Hom (M, M*) {(1+ T,) € Hom (M, M*)} is an
isomorphism. A morphism (respectively isomorphism) of e-symmetric
{e-quadratic} forms over 4

{f: (M,p) > (M', ")
[ (M) > (M, 4)
is an A-module morphism (respectively isomorphism) f e Hom (M, M")
such that
[ Fo¢'f=p e Q)

fHf =4 € Q).

The Wu class of an e-symmetric {e-quadratic} form over 4 (M, ) {(M, ¢)}
is the quadratic function

{ vO(?): M — HO(Z2§ Ase); T ?(x)(x),
W) M - Hy(Zy; A,e); x> P(x)(x).
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An e-symmetric form (M, p) is even if
@ € ker(d,: Q(M) - Hom (M, A%Z,; A,¢)))
= Qvpy*(M)
=im((1+17,): Q(M) — @*(M)) = Q«(M),

that is if it is the e-symmetrization (M, (1+ 7.)4) of an e-quadratic form
(M, ).
An ¢-symmetric form over 4 (M, ¢ € Q*(M)) is the same as a sesquilinear

e-symmetric pairing on a f.g. projective A-module M

AL MxM > A5 (x,y) — Az, y) = p()(y)
such that

)‘(x’ () +y’) = A(x’ Y+ ’\(x, y’)»
Az, ay) = aA(z,y),

ANz, y) = eA(y, x) (x,ye M, ac A).
The above definition of an e-quadratic form (M,¢ € @,(M)) over an
arbitrary ring with involution 4 is a generalization due to Wall [26] of the
definition due to Tits [23] for division rings A, which itself goes back to
the work of Klingenberg and Witt [6] on the invariant of Arf[1]for 4 = Z,.
(In fact, the Arf invariant had been previously obtained by Dickson in
[5, §199]—I am indebted to William Pardon for this reference.) As shown
by Wall in [26] this definition is equivalent to that given by Wall in
[25, §5], as a triple
(M, A: MxM— A,p: M - HyZ,; A,¢))
such that (M, ]) is an e-symmetric pairing and p satisfies
A&, ) = p(@) + (@) € HO(Zy; 4, ¢),
A(x) ?/) = F'(x"—y)_""(x)_""(y) € HO(Zz; A98)»
plaz) = ap(x)a € Hy(Z,; A,e) (z,y € M, a € 4).
The transformation (M,y) > (M, A, ) is given by
Az,y) = $(2)(y) + ef(y)(z) € 4,
p(x) = V() () = Y(x)(x) € Hy(Z,; 4,¢).
This definition of e-quadratic form is also equivalent to that of Ranicki [13].

ProposITION 2.1. The homotopy equivalence classes of 0-dimensional
(even) e-symmetric {e-quadratic} complexes over A are in a natural one—one
correspondence with the isomorphism classes of (even) e-symmetric {e-
quadratic} forms over A. Poincaré complexes correspond to non-singular
Jorms.
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Proof. For any f.g. projective 4-module M we can identify the ¢-duality

involution
T,: Hom (M, M*) > Hom (M, M*); ¢ > ep*

with the e-transposition involution
T‘: M*‘@AM* —> M*‘@AM;f®g = g®8f’
using the slant map isomorphism
\: M@, M* - Hom (M, M*); f@ g+ (& > (y > g(y).f))).
Thus for any 0-dimensional 4-module chain complex C we can identify
Q%C, ¢) = Q(HYC)),
Qo(C, ) = @,(H*C)).
Given a O-dimensional e-symmetric {e-quadratic} complex over A4
(C,p € QC,¢e)) {(C,¢¥ € Qy(C,¢))} there is defined an e-symmetric {e-
quadratic} form over 4 (HY(C),p € Q4(HYC))) {(HYC),¢ € @,(H*(C)))},
such that the Oth e-symmetric {e-quadratic} Wu class
vo(p): HYC) > H%Z,; A,¢) {o°()): HY(C) > Hy(Z,; 4,¢)}

of the complex (C,¢) {(C, )} is just the Wu class of the form (H%C), )
{(H°(C),¢)}. In particular, we have that (C,¢) is an even e-symmetric
complex if and only if (H%(C), ¢) is an even ¢-symmetric form.

Conversely, an e-symmetric {e-quadratic} form over 4 (M,¢) {(M, )}
can be considered as a fixed point {an orbit space} of the e-duality involu-
tion 7, on Hom ,(M, M*), corresponding to a Z,-cohomology {Z,-homo-
logy} class ¢ € HYZ,; Hom (M, M*)) {§ € H|(Z,; Hom (M, M*))}, and
there is defined a strictly 0-dimensional e-symmetric {¢-quadratic} complex
over A (C,p €Q%C,¢)) {C,y€QyC,e)} with C,=M*. Now apply
Proposition 1.5.

Given an e-symmetric {e-quadratic} form over 4 (M,p € @Q*(M))
{(M,4 € Q,(M))} and a submodule L of M define the annihilator of L to be

the submodule
L* = ker(j*p: M - L*)

Lt = ker(j*( +ef*): M — L*)

of M, with j € Hom (L, M) the inclusion. A sublagrangian of (M,p)
{(M,$)} is a direct summand L of M such that j*@j = 0 e QM)
{j*$j = 0 € Q,(3)} and j*p & Hom (M, L*) {j*(f+e*) € Hom ,(M, L*)}
is onto, so that the annihilator L* is a direct summand of M containing L,

Lc L~
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A lagrangian is a sublagrangian L such that

L =14
that is, such that there is defined an exact sequence
. "
0 > L J > M 1® > L* > 0,
y y 3k *
0 > L J > M J (¢+e¢ﬁ2 L* > 0.

An ¢-symmetric {e-quadratic} form is hyperbolic if it admits a lagrangian,
in which case it is non-singular. (Hyperbolic symmetric forms were
termed ‘metabolic’ by Knebusch [7], but a uniform terminology for the
e-symmetric and e-quadratic cases seems preferable here.)

Given an e-symmetric form over 4 (M, € Q¢(M)) {a f.g. projective
A-module L} define the standard hyperbolic ¢-symmetric {even ¢-sym-
metric, e-quadratic} form over 4

0 1
( Ho, ) (M*@M,( ) e Q'(M*®M)),
e @

01
{ H(@L)= (L€-> L*, ( 0) € @<v)(L® L*)),
&

01
H(L) = (L@L*, (O 0) € Q,(L@L*)).

The various standard hyperbolic forms are related to each other by
(1+ T)H,L) = H(L) = H{(L*,0).

Every hyperbolic form is isomorphic to a standard hyperbolic form, by
the following generalization of a theorem of Witt [29].

ProrosITION 2.2. The inclusion of a sublagrangian L in an e-symmetric
{even e-symmetric, e-quadratic} form over A is a morphism of forms

Ji (L 0) > (M, )
J: (£ 0) > (M, ¢+ &f*)
J: (L, 0) > (M, )
which extends to an isomorphism
f: H(L*,0)@ (L'/L, " /p) > (M, 9),
[ H(L)® (LY/ L, gt/ + e(ft/)*) = (M, + &),
[ B(L)® (L*/L, /) ~ (U, ).
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Proof. A morphism of e-symmetric {e-quadratic} forms
g: (N,v) > (N',v)
{ g: (N,x) > (N',x')
with (N,v) {(NV, x)} non-singular extends to an isomorphism
(9 g4): (N,v)@ (N4 vt) > (N',V)
{ (@ g%): (N,x)® (N4, xt) > (N',v)
with g+ € Hom 4(N*, N’) the inclusion of
Nt =ker(g*': N' - N*)
[ N+ = ker(g*(x' +¢ex'*): N' > N*)

and vt = (gH)*'gt € Q¥(N') {x* = (g4)*x'g* € @,(N')}, since the exact
sequence

L *,,7

0 - Ni g > N’ gy > N* > 0
L *’+ %

0 s Nr— O ) o . 0

is split by gv~! € Hom (N*,N’) {g(x + ex*)~! € Hom (N*, N')}.

The inclusion of a sublagrangian L in an e-symmetric {even e-symmetric,
e-quadratic} form over A, (M,p e Q«(M)) {(M,y+ep* € Qv (M)),
(M, € Q,(M))} extends to a morphism of forms

( 0 1
g = (J k): H(L* k*pk) = (LeaL*,( )) - (M, 9)
e k*pk

01
1 g = (j (k—gk*yk)): H*(L) = (L®L*, (8 0)) > (M, i+ )

01
\ g = (j (k—&k*yk)): H(L) = (L@L*, (0 0)) - (M, )

with k € Hom ,(L*, M) any A-module morphism such that
J*ok = 1 € Hom ,(L*, L*)
§*(b+ep*)k = 1 € Hom ((L*, L¥),
\ j*(Y+ep*)k = 1 € Hom ,(L*, L*).
Now H*(L*, k*ek) {H*(L), H/(L)} is non-singular, so that g extends to an
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isomarphism of forms
f= (g k): H(L* k*pk)® (L*/L,p*/p) > (M, ),
f= (g h): H(L)® (L*/L, -/ + e/ )*) > (M, + &*),
f=1(gh): B(L)® (L*/L,{*/§) > (M, ).

An (even) e-symmetric {e-quadratic} formation over 4 (M,p; F,®)
{(M,y; F,Q)} is a non-singular (even) e-symmetric {e-quadratic} form
over A (M, ) {(M, )} together with a lagrangian F and a sublagrangian G.
The formation is non-singular if G is a lagrangian. An isomorphism of
(even) e-symmetric {e-quadratic} formations

{ [ (M, p; F,G) > (M',¢"; F', &)
fi (M, ¢; F,G) > (M',J'; F',G")
18 an isomorphism of forms
{ [ (M,9) > (M',9")
[ (M) > (M,
f(F)=F', f@)=¢"
A stable isomorphism of (even) e-symmetric {¢-quadratic} formations
[ [f]: M, p; F,G) > (', ¢"; F', &)
[f): (M, 4; F,G) > (M, §"; F', @)
is an isomorphism of the type
{ [ (M,p; F,G)® (HP); P,P*) > (M',¢'; F',G')® (H(P'); P', P'*)
f: (M, §; F,G)® (H(P); P,P*) > (M',§'; F',G')® (H(P'); P’, P'¥)
for some f.g. projective 4-modules P, P’.
Formations first appeared (as ‘pairs of subkernels’) in the work of Wall
[24] on the classification of quadratic forms on finite abelian groups (with
A = Z). The obstruction to surgery on odd-dimensional compact mani-

folds was obtained by Wall in [25, §6] as an equivalence class of the
matrix of an automorphism of a hyperbolic + quadratic form

a: H+ (L) - H+ (L) with L a based f.g. free A-module. The work of
Novikov [12] made apparent that only the structure of the non-singular
+ quadratic formation (H 4+ (L); L,x(L)) was relevant. Moreover, the
obstruction to proper surgery on odd-dimensional paracompact manifolds
(Maumary [8]) is an equivalence class of non-singular + quadratic

formations (H + (F); F, @) with f.g. projective lagrangians F, G for which
there may be no automorphism «: H + (F) - H + (F) such that o(F) = G.

such that
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(See also Pedersen and Ranicki [30].) Thus formations cater for a wider
range of surgery obstructions than automorphisms of hyperbolic forms.
The algebraic properties of + quadratic formations were studied by
Ranicki in [13)].

We shall now relate formations to 1-dimensional algebraic Poincaré
complexes. It is convenient to treat the e-symmetric and e-quadratic
cases separately.

The Wu class of an e-symmetric formation over 4 (M,p; F,G) is the
quadratic function

vw(M,0; F,Q) = [v5(@)]: M/(F+G) > HZ,; 4,¢);
[x] = o(z)(x) (x € M).
Note that (M,¢; F,G) is even if and only if vy(M,¢; F,G) = 0.
A 1-dimensional e-symmetric {¢-quadratic} complex over 4
(C,p € QUC,e)) {(C.¢¥ €@y(C,¢))}
is connected if Hy(p,: C*—* - C)=0 {H((1+ T )py: C*-* > C)=0}. In

particular, Poincaré complexes are connected.

ProposiTiON 2.3. The homotopy equivalence classes of connected 1-
dimenstonal (even) e-symmetric complexes over A are in a natural one—one
correspondence with the stable isomorphism classes. of (even) e-symmetric

formations over A. Poincaré complexes correspond to non-singular forma-
tions.

Proof. By Proposition 1.5 it suffices to show that the stable isomorphism
classes of connected strictly 1-dimensional (even) e-symmetric complexes
over A are in a natural one-one correspondence with the stable iso-
morphism classes of (even) e-symmetric formations over A.

Let (C,p € QY(C,¢)) be a strictly 1-dimensional e-symmetric complex
over A. The Z,-hypercohomology class ¢ € @Q1(C,¢) is represented by a
cycle ¢ € Homg, (W, Hom ,(C*, C)),, as defined by 4A-module morphisms

®: C° > 0, @o: C' > C), ¢: C* > C,
such that
dpo+@gud* = 0: C° - C,,
dey—Po+epy = 0: C1 > G,
pr—epf = 0: C* > (..
The algebraic mapping cone C(p,: C*~* —» C) is given by
&py
d*

; 0 1
(ed @) = (ep d)( )
C(?o): 0 > CO > 0]_@01 - X

&
7L 0, —> o.
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If (C, ¢) is connected then (epf d): C'@ C, - C, is onto, and the dual

&
(¢°):00—>01@01
d*

is a split monomorphism, so that there is defined an ¢-symmetric forma-
tion over 4

(M)B: F, G) = (H‘(Cl’ ?1)’ CI!CO)

0 1 ) ép,
=|C, e (", ; Cp,im " 100> Cie 0.
¢ ¢

The exact sequence of 4-modules

0 — HO(C) —22> H,(C) —> Hi(p,) —> HYC) —>> Hy(C) —> 0

can be identified with the exact sequence
0>FnG@—>FnG@*+—>G/G > M/(F+G)—> M/(F+G*) -0,
and the Oth e-symmetric Wu class of (C, ) is the Wu class of (M, 0; F, ),
vo(@) = vo(M,0; F,@): HY(C) = M/(F+G) ~ A%Z,; A,¢).

It follows that the complex (C, @) is a Poincaré (respectively even) complex
if and only if the formation (M,0; F,G) is non-singular (respectively
even). Moreover (C,¢) is contractible if and only if (M,8; F,G) is iso-
morphic to (H¢(F'); F, F'*).

Let (C,p), (C',¢') be isomorphic connected strictly 1-dimensionsl
e-symmetric complexes over A. Given an isomorphism of e-symmetric
complexes

f:(C,o) > (C',9")
we have an isomorphism of chain complexes

d
C:.. > 0 > O, > C, > 0 >
f I

dl
c' ... > 0 > Oy > Cp > 0

Choosing representative cycles
@ € Homgp,, (W, Hom 4(C*,0));, ¢’ € Homy, (W, Hom 4(C'*,C')),
we have that |
f*@)—¢' = dx € Homg,(W, Hom 4(C"*, C")),
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for some chain y € Homg, (W, Hom 4(C'*, C")),, which is represented by
an A-module morphism x, € Hom ,(C'1, C7) such that

foof ¥ =@y = = xod™*: 0" > Cy,

Joof *— @5 = d'xe: O > Gy,

forf*—1=2x0+exs: OV = Cy.
The A-module isomorphism

=y ( f%)-1
h:(f EXO(f ) ):01®01_>01@011
0 (fH?

defines an isomorphism of the associated e-symmetric formations

h: (HB(Ol: 901); Cl,im((i;o): C° —» 01@ Cl))

8- ’
- (Hs(C'l,soi); Ci,im((dg:): C"° 01@0’1)).

Every e¢-symmetric formation is isomorphic to one of the type
(He(F'*,A); F,G) (by Proposition 2.2) and so determines a connected
strictly 1-dimensional e-symmetric complex (C,¢ € @QY(C,¢)), as follows.
Write the inclusion of G in F @ F* as

(Y): G - Fo@F*,
M

and let
d=p*:C,=F - C,=G*%

o = ey Hom (G, F),

Po = v*+*A € Hom ,(F*,G¥),

¢, = A € Hom ,(F*, F).
Given an isomorphism of e-symmetric formations

h: (H(F*,A); F,G) - (Hs(F'*,X'); F',G")
write the restrictions of & to the (sub)lagrangians as
a=h|:F>F, B=0h|:G— @G,

and define an isomorphism of the associated 4-module chain complexes

f:C->C
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by
C:.. > 0 > w* > Q¥ > 0 -
C': ... > 0 > —> @'* > 0 >
Then

[:(C,p) > (C,9)

is an isomorphism of the associated strictly 1-dimensional e-symmetric
complexes.

Given a 1-dimensional e-quadratic complex over 4 (C, ¢ € @,(C, ¢)) with
C a f.g. projective 4-module chain complex
d
C: .. > 0 > Gy > Cp—> 00— ...

we have that the Z,-hyperhomology class ¢ € @,(C, ¢) is represented by
A-module morphisms

lpo: C - 01, 'ﬁo: 01 - 00, lﬁl: 00 -> 00

d¢0+’750d*+¢‘1—8¢1 e O: 00 -> 00‘
The algebraic mapping cone C((1+ T,),: C*—* — C) can be expressed as

(5‘/’0 + )
d*
0 . (0 . C,0C

such that

0 1
(ed  (fo+ed)) = ((Epo+¥3)* d)(e 0)
> C, > 0.

Thus if (C, ) is connected there is defined an e-quadratic formation

0 1 &y + Pk
(H(C)); C,,C% = (C@C (0 0);Cl,im(( i+ ):CO—->C'1®C")),

which is non-singular if and only if (C,y) is a Poincaré complex. The
formation (H/(C,); C,,C°) does not involve ;. In Proposition 2.4 below
we shall show that homotopy equivalence classes of connected 1-dimen-
sional e-quadratic complexes correspond to the stable isomorphism
classes of e-quadratic formations together with the extra structure
afforded by i,, the ‘split e-quadratic formations’.
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Given a f.g. projective A-module M and a direct summand L define the
abelian group
Q.M. L)

__ {4),6) e Hom (M, M*)® Hom 4(L, L*)| j*}j = 8 —£6*}
~ {(x—ex*, j*xj+v+e*)| (x,v) € Hom (M, M*)® Hom ,(L, L*)}’

so that there is defined an exact sequence

0 J%
Q.(M, L) — QM) — Q,(L)
with j € Hom 4(L, M) the inclusion and
0: Q(M, L) > Q,(M); (4, 6) = b, Jo: Q(M) > Q(L); ¢ > j*y.

A hessian for a sublagrangian L of an e-quadratic form (M, € @, (M))
is a choice of lift of ¢ € Q,(M) to an element (y,0) € @,(M, L) such that
0y, 0) = Y € @, (M). Every sublagrangian admits hessians, since

J* = 0 €@, (L),

but they are not unique. A connected 1-dimensional ¢-quadratic complex
(C,y € Q,(C,¢)) (as above) determines an e-quadratic formation

(H(C); Gy, C°)

together with a hessian

0 1
((O O)’ - (5(’1 + dlﬁo)) € Q8(01 @ 01, C’O) for C? in H‘(Ol).

A split e-quadratic formation over 4 (F,Q) = (F, ((:),O)G) is an
e-quadratic formation over A (I:Q(F); F,im((::): G—>F @F*)) (With

(Z) G > F@F* the inclusion) together with a (—¢)-quadratic form
6 € Q_,(Q) such that

y*u = 0—e0* € Hom 4(G, G*).

This determines a hessian ((g (1)),0) e Q(F®F* Q) for G in H(F),

since y*u € Hom 4(@G, G*) is the composite

L,

% %k
Y*F: G_’L.> F@F*.—) F*@FS.Z_L)) G*_
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An isomorphism of split e-quadratic formations over A
o (@8,9): (F,G) > (F', &)
is a triple

(isomorphism « € Hom 4(F, F’), isomorphism 8 € Hom ,(&, ¢*),

(—é¢)-quadratic form over 4 (F*,§ € Q_,(F*)))
such that

(i) oy +a(—ef*)*u = y'B € Hom 4(@, F),
(ii) o*p = u'B € Hom (G, F'*),
(iii) 6+p*pp = B*0°B € Q_,(G).
A stable isomorphism of split e-quadratic formations over 4
[, B8,4]: (F,G) > (F',G')
is an isomorphism of the type

(e, B, 9): (F,G)® (P, P*) »> (F',(')® (P!, P'*),

for some f.g. projective A-modules P, P’ with (P, P*) = (P, (((1)), O)P*).

The choice of hessian ((g (1)), 0) € Q. (Fo@ F* @) is the only difference

between a split e-quadratic formation (¥, G) and an arbitrary e-quadratic
formation (M,y; F,G) up to isomorphism, since every e-quadratic
formation (M,y:; F,G) is isomorphic to one of the type (H,(F); F, &) (by
Proposition 2.2) and the following result holds:

PrOPOSITION 2.4. A (stable) isomorphism of split e-quadratic formations '

[, B,4]: (F,G) > (F', &)
determines a (stable) isomorphism of the underlying e-quadratic formations
[f1: (H(F); F,G) > (H(F'); F',&).

Conversely, every (stable) isomorphism of e-quadratic formations [f] can be
lifted to a (stable) isomorphism of split e-quadratic formations [w, B, ).

Proof. Given an isomorphism of split e-quadratic formations over 4
(o, B 9): (F,G) > (F', &)
define an A-module isomorphism
(a ol — egp*)*

0 a*—l

):F@F* - F'@F'*,



THE ALGEBRAIC THEORY OF SURGERY. I 129
This fits into a commutative diagram

B

G —— @

O
0 f Iy
FoF*——— F'@F'*
so that there is defined an isomorphism of e-quadratic formations over 4
f: (H(F); F,GQ)—» (H(F'); F',G").
Stable isomorphisms can be dealt with similarly.

Conversely, suppose given a stable isomorphism of ¢-quadratic forma-

tions over A
[f]: (H(F); F,Q) - (H(F'); F', @),

as defined by an isomorphism
f: (B(F); F,G)e (H(P); P,P*) > (H(F'); F',&")® (H,(P'); P', P"¥)

for some f.g. projective A-modules P,P’. The restrictions of f are A-
module isomorphisms

a a, b b,

a=( :FeP > FoP, ﬁ=( ):G@P*»G’@P’*.
a, a b, b

The isomorphism f can be expressed as

(a o — e*)*

0 a*-1

f= ): (FeoP)o (F*@P*) > (F'oP)o (F'*oP'*)

for some A-module morphism

8§ &
¢=< ):F*@P*+F@P,
S, 8

and there is defined a commutative diagram

Geo P* B > '@ P'*
y 0 y 0
(o 0) (0 0)
(o ) (v
0 1 0 1
' f v

(FeP)o (F*oP*) — (FFoP)o (F'*oP™)
5388.3.40 I
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It follows that

('y*p. 0) (,;* O)(s—es* 81—88’2")(p, 0)
+
0 0 0 1/\sy—es¥ s3—esf/\0 1
b* bR\ fy*u’ O\ (b b
=( "’)( # )( ). goP* > g*a P,
o u¥/\ o o/\b, b

sg—es¥ = by *u'b,: P* - P.

and in particular

01
Choose a hessian (( ), 0') €Q,(F'@F'* G') for G'in H,(F'), and define
0 0

0 = b*0'b— p*sp € Q_,(G).

The isomorphism of split e-quadratic formations

J a a)\ (b b\ [s & '
F¥) = ((a2 a)’(b2 b)’(32 bfo'bl))'
(=(()g)e)orra= (=:((1) #)e) 0w
7 ((7).0)e)o@.pr > (F((7).0)¢") 0 @, P
I

defines a stable isomorphism of split e-quadratic formations
[, 8,4]: (F, &) > (F', &)
covering the stable isomorphism of e-quadratic formations [f].

An e-quadratic {split e-quadratic} homotopy equivalence of 1-dimensional
e-quadratic complexes over A

[ (Cofh) > (C', )
f: >0

{f%(‘/’ ~y' = H(0) € @4(C", )
fo@)—¢' = 0€@y(C,¢)
for some Tate Z,-hypercohomology class 6 € 2(C’, ) such that

,(0) = 0: HY(C") - AY(Z,; A, ).
(A split e-quadratic homotopy equivalence is the same as a homotopy
equivalence.)

is a chain equivalence

such that

PROPOSITION 2.5. The (split) e-quadratic homotopy equivalence classes of
connected 1-dimensional e-quadratic complexes over A are in a natvral one—
one correspondence with the stable isomorphism classes of (split) e-quadratic
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formations over A. Poincaré complexes correspond to non-singular forma-
tions.

Proof. Given a connected 1-dimensional e-quadratic complex
(C,¢ € @u(C,¢))
with C a f.g. projective complex of the type

d
C: .. > 0 G Co > 0 > ...

choose a cycle representative ¢ € (W ®z,, Hom 4(C*, C)), for € @,(C,¢),
and define a split e-quadratic formation

e o[ -l ()

(The e-quadratic Wu class v* of (C, ) is then given by
vi(y): HOC) = FnG =ker(u: G - F*) > AYZ,; A,¢); = — 0(z)(x).)

If ' = Y+ H(B) € Q,(C, ¢) for some 6 € Q*(C, &) choose a cycle representa-
tive § € Homg, (W, Hom 4(C*, C)),, as given by A-module morphisms

0,:Ct > Cp, 0_,:C°->0C,, 6,:C'—>C, 6_,:C"—C,
such that
By+e0k =0, dfy—0_,—eB*, =0, B,d%+0_,+ef*, =0,

d0_y +6_,d* +6_,—eb*, = 0.
Thus
Yo =Yo+0_1: C° > (,

$o = ho+0_,: C* > C,,
1=y +0_5: C* > C,

If 6,(6) = 0 then (CY, 6, € Q—*(C")) is an even (— ¢)-symmetric form over 4,
and there is defined an isomorphism of the e-quadratic formations
associated to the e-quadratic homotopy equivalent complexes (C, ¢), (C, §')

1 63 [ (Ebo+ 8
(0 . 10): (HB(OE); C'1,lm(( od* 0): C° - 0’1@01))

. = 1! 1%
> (H,(G'l); c,, im((£¢°+ ° ); 0o > 01@01)).

a*
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Conversely, given a spl%t ¢-quadratic formation (F, ((:), O)G) define a
connected 1-dimensional e-quadratic complex (C, ¢ € @,(C, ¢)) by
Ci=F, C=G* d=p*eHom,C(,C), C,=0 (r#0,1),
;//o = gy € Hom 4(C", C}),
Yo = 0 € Hom 4(C*, C,),
Yy = —6 € Hom 4(C°, C,),

for any representative § € Hom ,(G, G*) of § € Q_,(G). Every e-quadratic
formation is isomorphic to one of the type (H,(F); F,G) (by Proposition

2.2), and choosing a hessian ((0 (1)), 9) € Q,(Fo F*, @) for G in H(F) we

0
obtain a split e-quadratic formation (F,@) such that the e-quadratic
homotopy equivalence class of the associated complex (C, ) depends only
on the stable isomorphism class of (H,(F); F,G).

The detailed verification that the (split) e-quadratic homotopy equi-
valence classes of connected 1-dimensional e-quadratic complexes corre-
spond to the stable isomorphism classes of (split) e-quadratic formations
is omitted, as it is so similar to the e-symmetric case (Proposition 2.3).

The hessian § € Q_,(G) in a non-singular split e-quadratic formation

(F, ((:), O)G) does not affect the cobordism class (surgery obstruction)

of the associated 1-dimensional ¢-quadratic Poincaré complex defined
in §3 below.

3. Algebraic Poincaré cobordism

We define now an equivalence relation on algebraic Poincaré complexes
which is analogous to the cobordism of manifolds, and which we shall
also call cobordism. In §4 we shall analyse algebraic cobordism by a
method analogous to surgery on manifolds, and which we shall also call
surgery. The cobordism classes of #-dimensional e-symmetric {e-quadratic}
Poincaré complexes over A define an abelian group L™(4, ¢) {L, (4, &)}, for
n > 0, with respect to the direct sum @. The symmetric L-groups
L™M4) = L*(A4,1) are the ‘algebraic Poincaré bordism’ groups of Mish-
chenko [10]. In §§4 and 5 we shall show that the e-quadratic L-groups
are 4-periodic, L,(4,¢) = L, 4(4,¢), and that the quadratic L-groups
L,(A) = L,(4,1) are the surgery obstruction groups of Wall [25]. In §10
we shall construct an example to show that the e-symmetric L-groups are
not 4-periodic in general, L*(4, ¢) # L**4(4,¢). In Part II we shall relate



THE ALGEBRAIC THEORY OF SURGERY. I 133

geometric cobordism and surgery to their algebraic analogues—in par-
ticular, the surgery obstruction of an n-dimensional normal map
(f: M > X, b: vy > vy) will be identified with the quadratic Poincaré
cobordism class o,(f,b) € L,(Z[m,(X)]) of an n-dimensional quadratic
Poincaré complex over Z[m,(X)] naturally associated to (f,b). We shall
also define the cobordism groups of n-dimensional even e-symmetric
Poincaré complexes over A L{v,>™(4,¢) (» > 0), which we shall use in §6
to define lower e-symmetric L-groups L™(4,¢) (n < —1).
Given an A-module chain map

f:C—->D
define the relative Q-groups
Q[’%f}]l(f» e)= H,,,(Homgg (Wi, j1,C(f'®4 f)))
(—0<21<j< oo, neZ)
QEH ([ e) = Hy (W5, j1®z,C(f'®4 £))

with C(f'®, f) the algebraic mapping cone of the Z[Z,]-module chain
map f'®,f: C®,C > D'®,D, taking T € Z, to act by the e-trans-
position T,. An element (8¢, ) € QrHl(f, €) {(84,4) € Q) (f, ¢)} is repre-
sented by a collection of chains '

{(8¢’ ?)s = (8¢s: ¢s) S (DI®A D)n-i—e;-{—lc'B (Cl®A 0)n+s| 2’ S S S .7}

{(8'!" ‘/’)s = (8‘)1'8’ l)t's) € (D‘ ®AD)n—s+1® (0‘ ®A O)n—sl ? £8< .7}

such that

( d(3p, @),
= (dple,n(8ps) + (= )"0y + (= )*T80s 1) + (= )"(f' ® .4 f)(@e),
dote,olps) + (= )" M@y + (= )*T,ps-1))
J =06 (D@4 D)1 s@(C'® C)nysr (ES5<], 80, =0,0,,=0),
d(3ih, ),
= (Aol p8) + (= " (Bgyr+ (=) TG 0) + (— (' 4 )
detg c(s) + (= )" Mg + (= )1 T b))
kA =06 (D'®4D)s®@(C'®4C)pg1 (1 <8<, 8y =0, ;= 0).

For ¢ = 1 € A we shall write
QL) = QESHS),
QS 1) = QB (S).
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ProrositioN 3.1. For any A-module chain map f: C > D there is
defined a long exact sequence of Q-groups

[ Q) — Q(Co)

f%

— QD &) —> @ y(f,e) —> ..
—> QW(f,e) — Q0 ¢)

\ f% Q["](D g) —> Q[u] f g) —> ..

bt ]

with
?{S}(f £) > Q[z j](C €); (Sgp, ®) = @,
Q51D €) > Qfk ([, €); 8 > (39, 0),
QS &) > QENC, e); (84, 9) = ¥,
QD &) — QU f, £); 8 > (8ih, 0).
An (n 4+ 1)-dimensional e-symmetric {e-quadratic} pair over A

(f: C = D,(8p,9)) {(f: C— D,(34,4))}

for » > 0, is a chain map f: C - D from an n-dimensional A-module
chain complex C to an (n+1)-dimensional A-module chain complex D,
together with a relative Z,-hypercohomology {Z,-hyperhomology} class

(Bp, @) € @™1(f,€) = Qista(S. €),
(85[5 ‘/’) € Qn+1(.f’ 8) = Qg?ﬁ](fs 8):
and it is a Poincaré pair if the relative homology class

(300 Po) € Hya(f'®uf) {1+ T80, (1 + T o) € Hy iy (F'® 4 f)}
induces A-module isomorphisms

H(D,C) = H'(f) > Hypy D) (0< 7 <n+l)
(Poincaré-Lefschetz duality) via the slant product
\: H'(f)®z Hy 1y ([* @4 f) > Hyyy-+(D);
(9, 7)® (u®v, 2®Yy) > g(u)o +h(x) f(y)
(9.R) e D@ C™, u@v € (D'® D)y, 2@Y € (C'®4O)n)-

The boundary of an (n+1)-dimensional e-symmetric {e-quadratic}
Poincaré pair over 4

(f: C > D,(3p,9) € Q"*)(f,¢)) {(f: C — D, (84,4) € @nia(f€))}
is the n-dimensional e-symmetric {e-quadratic} Poincaré complex over 4
(C,p € Q™C,¢)) {(C,¢y € Q,(C,¢)}. A cobordism of n-dimensional &-sym-
metric {e-quadratic} Poincaré complexes (C, o), (C',¢") {(C,¢), (C',¢)} is
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an (n+1)-dimensional e-symmetric {e-quadratic} Poincaré pair with
boundary (C,9)® (C', —¢') {(C,¢) @ (C", —¢")}, say

(f f):CoC > D,(0p,p0—-¢') € @™ ((f f')e)
(f f):CeC" > D,(8y0—y¢) €@uullf [')e).

In Proposition 3.2 below we shall prove that cobordism is an equi-
valence relation on algebraic Poincaré complexes, such that the cobordism
classes define abelian groups under the direct sum ®. The verification of
the transitivity of cobordism requires the following algebraic glueing
operation.

In §6 of Part IT we shall show that geometric cobordisms give rise to
algebraic Poincaré cobordisms.

Define the union of adjoining e-symmetric {e-quadratic} cobordisms
¢c=((fe fo):CoC — D,(p,p0—¢) €@ ((fec fe)e))
{ c=(fo fe):CoC" »> D, yp®—9') € Quu(lfc fo) e,
¢ =((for fer):C'@C" > D', (3¢", 9’ @—¢") €@ (for foe)se))s
{ ¢’ =((fer fer):C'@C" > D", (8, ' ©—¢") €Quu((fer fer)re))s
to be the e-symmetric {e-quadratic} cobordism
cuc'=((fo fer): COC" > D", (3", p@—9") € Q™ (fo fcr)e)
{ cue' =((fo for): C@C" > D", (3", y@—¢") € Quullfe for)€))
given by |
dp (=) e O
dp-=1| 0 do 0
0 (=)'e dp
D] =D,eC, ®D,>D; =D, ,&C,_,eD,,,

. Or._> D: = D,@ C:._I@D:"

: 0;.' -> .D: = Df@ 0;_1®-D:-)
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( 3o, 0 0
o = | (=) "ouf& (=)ol 0
0 (=) foe; LA

D'n—r+s+l — Dn—r+s+1® 0’n-r+s@D’n—r+a+1
- D; =D,0C,,0D, (s>0),

S, 0 0
O = | (=)"ef& (=T, O
0 (=Yfods 8
D'n—r—s+l — Dn—r—s-l-l ® C’n—r—S@ D'n—r—8+1
\ - Dy =D,®C, 0D, (s>0).

We shall normally write
dp" = 8pu,, 8¢’

Sy = 8puy 8.

ProrosrrioN 3.2. Cobordism is an equivalence relation on n-dimensional
e-symmetric {e-quadratic} Poincaré complexes over A, such that homotopy
equivalent complexes are cobordant. The cobordism classes define an abelian
group, the n-dimensional e-symmetric {e-quadratic} L-group of A L™(4,¢)
{L.(A,¢€)}, for n > 0, with addition and inverses by

(C,p)+(C,¢") = (CoC,p0¢"), —(C,p)=(C,—p)e L™4,¢),
(03 ‘/’) + (G" ‘/’,) = (O@ C,s ‘/‘@ ‘ﬁl)’ - (0’ ‘/J) = (0’ - 5[’) € Ln(Aa 3)'

D" = Duy D',

Proof. Given a homotopy equivalence of n-dimensional e-symmetric
{e-quadratic} Poincaré complexes over A

{ f:(C,p) = (C',¢'),
[ (C¢) > (C,¢),

let ¢ € Homy(W,0'®40),, { € (W @2z, (C'®4C)),} be a cycle repre-
senting ¢ € Q*(C, ¢) {y € Q,(C, ¢)}, so that

{ ?I =f%(¢) € HoleZ,]( W: Cll@A Cﬂ)n
Y = fo(P) € (W®zz,)(C*"®4C))n

is a cycle representing ¢’ € @Q*(C’,¢) {y’ € @,(C’, €)}. There is then defined
a cobordism

[ (f 1D):CaC —>C,(0,p0-¢) e@Q"(f 1)¢))
((f ]): C®Cl > C’: (0, |/’@"‘/’,) € QnH((f 1)’8))
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from (C,p) to (C',¢') {(C,¢¥) to (C’',4')}. This verifies that homotopy
equivalent algebraic Poincaré complexes are cobordant, and in particular
that cobordism is reflexive.
If
{ (f f):CeC" > D,(p,p0—9¢") €@ (f [').¢))

((f f):CeC' > D, y@--¢') €Quri((f ['),¢))

is a cobordism, then so is
{ (f" f):C'®@C~> D,(-0p,¢'®@—9) €@ (f" [)e))
(f" [):CeC—>D(=84'@—y) €Quui((f' [)e))

thus verifying the symmetry of cobordism.
The union operation ensures that cobordism is transitive.

The correspondence between low dimensional (n = 0,1) algebraic
Poincaré complexes and forms and formations of §2 will be extended to

the L-groups in §5 below, and L%A,¢) (respectively Ll(4,e)) {Ly(4,¢)

(respectively L,(4,¢))} will be identified with the Witt group of non-

singular e-symmetric {e-quadratic} forms (respectively formations) over 4.
We shall denote the symmetric {quadratic} L-groups by

L™4,1) = L~M4) {L,(A4,1)=L,(A)}.
The symmetric L-groups L™(A) are the ‘algebraic Poincaré bordism’
groups Q,(4) of Mishchenko [10], except that Q,(A4) was defined using
only f.g. free (rather than f.g. projective) 4-module chain complexes—

the difference this makes will be studied in §9 below.
In §4 we shall establish that

Ln(A’e) = Ln+2(A: —€) = Ln+4(As e) (n20)

The quadratic L-groups L,(A4) are thus the analogues of the surgery
obstruction groups of Wall [25], defined using f.g. projective (rather than
based f.g. free) 4-modules—the difference this makes will also be studied
in §9 below.

The e-symmetrization of an (n+ 1)-dimensional e-quadratic (Poincaré)
pair over A4 (f: C — D,(8¢,¢) € Q.1(f,€)) is the (n+1)-dimensional
e-symmetric (Poincaré) pair

(A+T)f: C = D, (&, ) = (f: C > D, (1+T) (8¢, 4) € @**(f, €)),

where
(1 +TZ,)8¢0, (1 + T )pp) € (D'® 4 D)1 @ (C'®40)

(L+T,)(8¢, ), = if s =0,
(0,0) € (D'® D)y 641 (C'D 41 O)ss ifs> 1.
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The e-symmetrization of a null-cobordant ¢-quadratic Poincaré complex is

thus a null-cobordant ¢-symmetric Poincaré complex, and there are
defined e-symmetrization maps in the L-groups

(1+T): L,(A,e) > L™A,¢); (C, ) = (C, (1 + T)).
We shall prove that these are isomorphisms modulo 8-torsion in § 8 below.

The skew-suspension of an (n + 1)-dimensional e-symmetric {e-quadratic}
(Poincaré) pair over 4

(f: C— D, (p,0) € @"*'(f,€)) {(f: C > D,(3,¢) € Qpn1a(f,))}
is the (n+ 3)-dimensional (—e¢)-symmetric {(—¢)-quadratic} (Poincaré)
pair over 4

8(f: C - D, (5p,9)) = (8: SC > SD,8(8p, ) € Q**3(8f, —¢)),

8(f: C ~ D, (8, §) = (8f: 8C —~ 8D, 8(84,y) € Qnys(Sf, —¢)),
with S: @*H(f, &) = Q*3(Sf, —¢) {S8: Qnia(fr &) > Qnis(Sf, —e)} the rela-
tive version of the isomorphism defined in the absolute case in §1. Thus
the skew-suspension of a null-cobordant n-dimensional e-symmetric
{e-quadratic} Poincaré complex is a null-cobordant (z+ 2)-dimensional
(—e¢)-symmetric {(—e¢)-quadratic} Poincaré complex, and there are
defined skew-suspension maps in the L-groups

S: Ln(A4,¢) > Lr*¥(4, —¢); (C, 9) — (8C,Sp)
SZ Ln(A, 8) d Ln+2(A, _8); (0’ ‘I‘) = (SO’L?SIJ)

In §4 below we shall prove that S: L,(4,¢) > L, (4, —¢) is an
isomorphism for all 4,¢,n > 0 (Proposition 4.3). It will also be proved
that S: L™(4, ) — Ln+%(4, —¢) is an isomorphism if 4 is noetherian of
finite global dimension m and n+2 > 2m (Proposition 4.5).

Define the 0th Wu class of an (n + 1)-dimensional e-symmetric pair over

A (f: C - D, (8¢, p) € @Q**1(f, €)) to be the function
vo(3p, @): H™(f) > AYZy; 4,¢);

(y: x) = (8901;-}-1(?/ ® y) + ( - )n¢n(x® x))
(x € O™, y € D*1, n > 0).

n = 0).

It is possible to define higher Wu classes for e-symmetric pairs, as well as
Wu classes for e-quadratic pairs, generalizing the absolute Wu classes
of §1. However, we shall only need the relative v,.

An (n+ 1)-dimensional ¢-symmetric pair over 4

(f: C > D, (3¢, ) € @Q**'(f,¢))
vo(dp, @) = 0: H*(f) —» H“(Zz; 4,¢).

is even if
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Then (C,p € Q™(C,¢)) is an n-dimensional even e-symmetric complex
over A, since

o(p): HY(O) ————> Hoi(f) 222 =0 poz . 4 4.

The n-dimensional even e-symmetric L-group of A L{vy)™(4,¢) (n > 0) is
the abelian group with respect to the direct sum @ of the cobordism
classes of n-dimensional even e-symmetric Poincaré complexes over 4

(0, € QopY™(C, 8) = ker(dy: Q(C, 6) > Hom 4(H™(C), A%Z,; 4,¢))),

where the cobordisms are required to be (n+1)-dimensional even e-
symmetric Poincaré pairs.

The e-symmetrization of an e-quadratic complex (respectively pair) is an
even e-symmetric complex (respectively pair), so that the e-symmetriza-
tion map factors through the even e-symmetric L-groups

147,
14+7,: L,(A,e) ——> L{vgy™(A,e) — Ln(4,¢) (n = 0).

The skew-suspension of an n-dimensional e-symmetric complex (res-
pectively pair) is an (n+2)-dimensional even (—é)-symmetric complex
(respectively pair), so that the skew-suspension map in the e-symmetric
L-groups factors through the even e-symmetric L-groups

S: L™(4,¢) —S—> L{vgynt3(4, —e) —> L34, —¢) (n > 0).

In Proposition 4.4 below it will be shown that the skew-suspension maps
S: LA, ¢e) > L{wy)"**(4, —¢) (n > 0) are isomorphisms. Thus we shall
be mainly concerned with L{wy)y"(4,¢) for n = 0, 1.

If 2 is invertible in A the various types of L-groups coincide

L,(4,¢e) = L{vyy™(4,¢e) = L*(4,e) (n > 0).

More generally:

ProposSITION 3.3. If A is such that A*(Z,; A, ) = 0 then the natural maps

1+7T,: L,(A4,&) > L{vyy™4,¢e), L{vyy™4,¢e) > LM A,e) (n > 0)

are isomorphisms. In particular, this is the case if there exists a central
element a € A such that a+ad = 1 € A (for example, a = 3 € A).

Proof. If A*(Zy; A,¢) = 0 then @*(C, ¢) = 0 for any finite-dimensional
A-module chain complex C (by Proposition 1.4(i)), so that the e-sym-
metrization map in the @-groups (1+7.): Q,(C,¢) - @*(C,¢) is an iso-
morphism (Proposition 1.2), and there are natural identifications

(e-quadratic complexes over A) = (even e-symmetric complexes over 4)
= (e-symmetric complexes over A4).
Similarly for the relative Q-groups, and hence for the L-groups.
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We shall now define the notion of homotopy equivalence appropriate
to algebraic Poincaré pairs. It turns out that the homotopy equivalence
classes of e-symmetric {e-quadratic} Poincaré pairs are in a natural one—one
correspondence with the homotopy equivalence classes of certain
e-symmetric {e-quadratic} complexes (Proposition 3.4). This allows for
considerable conceptual simplification, giving the e-symmetric {¢-quad-
ratic} L-groups an expression entirely in terms of e-symmetric {¢-quadratic}
complexes. In §4 we shall use this expression to establish the 4-periodicity
in the e-quadratic L-groups, L, (4,¢) = L, ,,(4,¢), and in §5 we shall use
it to identify the low dimensional L-groups with Witt groups of forms and
formations.

Define a homotopy equivalence of n-dimensional e-symmetric {e-quadratic}
pairs over 4 :

(9,%; k): (f: C > D, (3p,9) € @(f, 2))
- (f': €' > D', (3¢",¢") € @™(f', ¢))
(9, h; k): (f: C = D, (84, 4) € Qu(f, )
= (f': C' > D', (8',§') € @u(f',€))
to be a triple (g, %; k) consisting of chain equivalences
g:C->C', h:D->D
together with a chain homotopy
k:f'g=hf:C > D'

(9, h; k)*(3p, @) = (39", @) € @*(f', &),
(9,75 K)o (3, ) = (&', ¢') € @u(f', &),

such that

where

[ (9,7 £)*(Op, @),
= ((k®4h)(0pe) + (— )" (hf ® k)(ps) + (—)P(k® ['g)(@s)
+(= )"k k) (Pe-1): (9©9)(ps))
€ (D"® 4D )p1s®(C"®4C")n 461
1 (9, k) (S, ),
= ((h®4B)(Bthe) + (= )" (Af ® k) () +(—)P(k® ['9)(fs)
+ (= )Pk @ k) (s41), (9©9)(5))
€ (D"®4D")-s®(C"®4C" )1
(820, (D*"®4D"),= 3 Dj}®,Dp).
Dig=r
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An n-dimensional e-symmetric {¢-quadratic} complex (C,¢p € Q*(C,¢))
{(C,¢ € Q,(C,¢))} is connected if

Hy(py: Cr* > C) =
Hy((1+ T )y: C* > C) = 0.

In particular, Poincaré complexes are connected. For n = 0 ‘connected’
is the same as ‘Poincaré’.

Define the boundary of a connected n-dimensional (even) e-symmetric
{e-quadratic} complex over 4 (C,p € @QXC, ¢)) {(C, ¢ € @,(C,¢))}, forn > 1,
to be the (n—1)-dimensional (even) e-symmetric {e-quadratic} Poincaré
complex over 4

{ 9(C, ) = (9C, 0p € @*(2C, ¢))
9(C,¢) = (90, % € @,1(3C, ¢))

( (=)o )

rd*
( f(1+T)¢
)

( n—r—lT ( — )r(n—r—l) 8)

given by

dac = 3 100, = Copy ®C™" > 0C,_, = C,@ O,

0
o011 = O @ Cpyy > 0C, = G, @O,

1

( n—r+s-1T ¢8+1 0
)
0m=r+6-1 = Crr4e O,_, ., — 9C, = C,,, ®C™" (s > 1),
n—r—«T,/,s,_1 0
)
90n—r-5-1 = Cn-1=8 C, .1 - 8C, = C, ,, ® Cr—.

0
( ) oCn—r-1 = On—r 0r+1 - 30 0'+1® Cn-r

(Motlvatlon: let M be an nﬂ{mensmnal manifold with boundary oM,
and let o*(M,0M) = (f: C(0M) - C(I),(p,dp) € @*(f)) be the n-
dimensional symmetric Poincaré pair over Z[m,(M)] associated to the
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universal cover J in § 6 of Part II. The n-dimensional symmetric complex
(C.6) = (CUL, 010), (¢, 3p) € Q (I, 6H)))
obtained from the pair o*(M,dM) by collapsing
o*(0M) = (C(6M), 0p € Q-YC(3H)))
has boundary 9(C,8) homotopy equivalent to o*(0M). In §5 we shall
show that the boundary operations on ¢-quadratic forms and formations

defined in §3 of Ranicki [13] are special cases of the boundary operation
on g-quadratic complexes.)

ProrosITION 3.4. (i) There is a natural one—one correspondence between
the homotopy equivalence classes of n-dimensional (even) e-symmetric
{e-quadratic} Poincaré pairs over A and the homotopy equivalence classes of
connected n-dimensional (even) e-symmetric {e-quadratic} complexes which
preserves boundaries. Poincaré pairs with contractible boundaries correspond
to Poincaré complexes.

(i) A4 connected n-dimensional (even) e-symmetric {e-quadratic} complex is
a Poincaré complex if and only if its boundary is a contractible (n—1)-
dimensional (even) e-symmetric {e-quadratic} Poincaré complezx.

(iii) An n-dimensional (even) e-symmetric {e-quadratic} Poincaré complex
1s null-cobordant if and only if it is homotopy equivalent to the boundary of a
connected (n+ 1)-dimensional (even) e-symmetric {e-quadratic} complex.

Proof. (i) Given a connected n-dimensional e-symmetric {e-quadratic}
complex (C, ¢ € QMC,¢)) {(C, ¢ € Q,(C, ¢))} with boundary
oC, ) = (8C,0p) {9(C,¥) = (9C, o)}
there is defined an n-dimensional e-symmetric {¢-quadratic} Poincaré pair
[ (ig: 0C — C™*,(0, 0p) € Q™(2¢, €)),

(ig: 9C — C™=*,(0,0)) € Q,(2¢,8)),
with
ic=(01):3C, = C,,,®C" " » (C*¥*), = Cn",

Given a homotopy equivalence of connected n-dimensional e-symmetric
{e-quadratic} complexes f: (C,@) = (C',¢") {f: (C,¢¥) > (C', ')} choose
cycle representatives

{ @ € Homgz, (W, Hom 4(C*,C)),, ¢' € Homyy (W, Hom 4(C'*,C")),,
‘/’ € (W®Z[22]H0mA(C*’ C))m ‘ﬁ’ € (W®Z[Za] HomA(C'*: 0’))7»’ °

so that
{ f*(@)—¢' = d(v) € Homgy (W, Hom ,(C"*, (")),

o) =o' = d(x) € (W ®zz, Hom 4(C'*,C")),
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for some chain

v € Homgzy (W, Hom 4(C"*%, 0Nz {x € (W @gz Hom ((C"*, C' ).,
with

o0 =5 = Aoyt (=Ygl (=P + (= Ty Crts > G,

f‘/’s.f* - ‘/’; = dC"Xs + ( - )rXs ("':" + ( - )n_s(Xs-i-l + ( - )s+1TaXe+1) :
C'n-r-s - C,

(s = O, V.1 = 0)
(taking C and C’ to be f.g. projective, as we may do without loss of

generality). Let f': C’ - C be a chain homotopy inverse for f: C - (',
and let g: f'f~ 1: C — C be a chain homotopy, with

f’f— 1= dcg+gdgi Or -> Cr (9 € HOIX]A(O,., Cr+1))'

The A-module morphisms

— * —\ry, f'*
( 3f — (ﬁ f?()g ;'(* ) Of ) . 30,. - O,+1<'B Cn—r — 30"_ — C,"+1® Oln—r
] [ =fA+T)deg* + (=) (A + T)xof*
of = :
0 fr*

oC, =C,,,C"—» dC, =C, 00"
are such that

{ (of,1; 0): (3g: OC — Cn=* (0, 0p)) - (2t C' — C'7—*,(0, 99"))
(0f,1; 0): (ig: 8C — C™=*,(0,84)) - (ig: 0C" — O'm=*,(0,34"))

is a homotopy equivalence of n-dimensional e-symmetric {¢-quadratic}
Poincaré pairs over A. (The definition of the boundary 9(C, ) {9(C, )}
depends on a choice of cycle representative for ¢ € @*(C, ¢) {¢ € Q,.(C, €)}.
In particular, we have just shown that a different choice of representative
defines an isomorphic complex.)

Conversely, given an n-dimensional e-symmetric {¢-quadratic} Poincaré

pair over 4 (f: 8C - C,(p, 2p) € Q(f,¢)) {(f: 8C - C, (b, o) € @ ([, €))}
define a connected n-dimensional e-symmetric {¢-quadratic} complex
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(C',¢" € @™C",2)) {(C",§' € Qu(C",€))} by C" = C(f) and

( ( Ps 0 )
Ps = :
(=)rr=topef* (=)"r+T, 0p,_,
C'n-r+s = On—r+s@ aCn-r+5-1 > 0. = C, ® 9C,_, (s = 0),

. ( &, 0 )
PoN(=)reg ()T oy,
\ C'n=r-8 = Cn—r-8@ §Cn—r—s-1 » (! = C.®8C,_, (s > 0).

(This is an algebraic analogue of the Thom complex construction in
topology, being just the collapsing of the boundary (2C, dp) {(oC, &p)}.)
There is defined a homotopy equivalence of n-dimensional e-symmetric
{e-quadratic} Poincaré pairs

[ (99,9; h): (i¢: 0C" — C'7*,(0,09")) - (f: 9C - C, (p, 9p)),
(99,9; b): (o: 0C" — C'n=*,(0,94")) - (f: 0C - C, (i, o)),

with
(% fop,)
cOQ'n—-r = 0n—r® oCn—r-1 _y Crr
((1+T)¢o F(L+T,) o)
(0 1 0 o0p,)
: 9C, = C,,,®2C, @ Crr@aCr 1 > 9C,,
o1 0 1+ T ) Oo)

=((-) 0 0 0):90,=C,,,00C,0C"®dC" "1~ C,,,.

(11) leen a connected n-dimensional e-symmetric {¢-quadratic} complex
(C,p € @C,¢)) {(C,¢ € Q,(C, ¢))} we can identify SC = C(p,: C»* — C)
{SaC = C((1 + T.),: C*—* — C)}, so that oC is chain contractible if and
only if (C,¢) {(C,¢)} is a Poincaré complex.

(iii) is immediate from (i).

4. Algebraic surgery

We shall now develop an algebraic surgery technique on algebraic
Poincaré complexes, which is analogous to the familiar geometric tech-
nique of surgery on manifolds. Given an n-dimensional e-symmetric
{e-quadratic} Poincaré complex over 4 (C,¢) {(C,¢)} and an (n+1)-
dimensional e-symmetric {¢-quadratic} pair

(f: €~ D,6p.g) {(f: C > D,%.9))}

we shall construct a cobordant n-dimensional e-symmetric {e-quadratic}
Poincaré complex (C',¢') {(C',y')} ‘by an algebraic surgery killing
im(f*: H*(D) -~ H*(C))’. In §7 of Part IT we shall show that the chain
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level effect of a geometric oriented {framed} surgery is an algebraic
symmetric {quadratic} surgery killing the 4-module generated by a single
cohomology class x € H*(C). Here, we shall apply algebraic surgery to
obtain the 4-periodicity in the e-quadratic L-groups

L,(4,¢) = Ln+2(A’ —&) = Ln+4(A’£) (n 2 0).

An n-dimensional e-symmetric {¢-quadratic} pair

{ (f: C > D, (8¢,¢) € @™(f,¢))
(f: C— D, (34,) € Qn(f, ¢))

is connected if

8?0
H0(< ): Dn—% C’(f)) =0,
Pof*

Ho(( (1+T3)8¢,
(L+ T )of*

In particular, Poincaré pairs are connected.

Define as follows the connected n-dimensional e-symmetric {¢-quadratic}
complex (C’, ¢’ € @QMC’,¢)) {(C',¢' € @,(C’,¢))} obtained from a connected
n-dimensional e-symmetric {e-quadratic} complex (C,¢ € @*(C,¢))
{(C,¢ € Q,(C,¢))} by e-symmetric {e-quadratic} surgery on a connected (n + 1)-
dimensional ¢-symmetric {¢-quadratic} pair

(f: C > D, (3p,9) € @**(f,¢)) {(f: C > D, (8, %) € Qnia(fy &))}-
In the e-symmetric case let
' do 0 (—=)"Hp,f*
do=| (=rf dp  (-)se,
0 0 (-yd
C,=CeaoD, @D 5 C,_,=C,;®D,®Dr 7+

):D"‘*»C(f)) = 0.

%o 0 0
o=\ (=)""fLey (=)"T3p, (=) "e
0 1 0
C'n-r = Cr-r@ D19 D, ., - C. = C,®D,,,® D"+,
Ps 0 0
o=\ (=" fLpern (=) "+Tp,,, O
0 0 0
0’n—r+s — On—r+s@ Dn—r+8+1@Dr_s+1 - C," —_ 0,-@ Dr+1@Dn—r+1

(s=1).
5388.3.40 K



146 ANDREW RANICKI
In the e-quadratic case let
de 0 (=) 1+ T )of*
de=| (=)f dp  (=)(1+T)8¢,
0 0 (=)dp
C,=CeD,,0D" > C,_, =C,_,©D,@ D42,

do 0 O
o= 0 0 0
0 10
¢'n-r=Cre D@D, - C, = C,eD,,,® Dr-r,
s (=)L f* 0
o= 0 (=)""NT3,, 0
0 0 0
Q'n-r-s = On-r-s@ Dn--s11@ D . .. - Ci = C,®D,,, ® Dv—r+1

(=1).

(We are using matrix notation as if C,D were f.g. projective chain
complexes.)

It may be verified that performing e-symmetric {¢-quadratic} surgery
using a different cycle representative of

(8?’» 99) € Q"+1(f’ 8) {(&l" ‘/’) € Qn-{»l(f’ 8)}

leads to an isomorphic e-symmetric {¢-quadratic} complex (C’, ¢') {(C’, ¢')}.
Note that the e-symmetrization of the e-quadratic surgery on

(f: C = D, (84, ¢) € Quia(f,€))
is the e-symmetric surgery on (f: C — D, (1+ T.)(8¢, ) € Q*+1(f, €)).

Let (C,p € Q*(C,¢)) {(C,¢y € @,(C,¢))} be a connected n-dimensional
e-symmetric {¢-quadratic} complex. The (n—1)-dimensional e-symmetric
{e-quadratic} Poincaré complex obtained from (0,0) by surgery on the
connected n-dimensional e-symmetric {¢-quadratic} pair

(0: 0 > C,(0,) €@(0,8) {(0: 0 > C, (0,4) € @, (0, e))}
is just the boundary 9(C, p) {9(C, )}, as defined in §3 above. We can thus
interpret Proposition 3.4(iii) as stating that an n-dimensional ¢-symmetric
{e-quadratic} Poincaré complex is null-cobordant if and only if it can be
obtained from (0, 0) by surgery and homotopy equivalence. This is a special
case of the following result: cobordism is the equivalence relation on
algebraic Poincaré complexes generated by surgery and homotopy
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equivalence. There is an obvious analogy here with Theorem 1 of Milnor
[9], which showed that compact oriented manifolds are cobordant if and
only if one can be obtained from the other by a finite sequence of geometric
surgeries.

PrOPOSITION 4.1. (i) Algebraic surgery preserves the homotopy type of the
boundary, sending algebraic Poincaré complexes to algebraic Poincaré
complexes.

(i) The n-dimensional e-symmetric {e-quadratic} Poincaré complexes

(C, ), (C',¢") {(C, ), (C',4')} are cobordant if and only if (C',¢’) {(C',¢¥')}
can be obtained from (C, @) {(C, )} by surgery and homotopy equivalence.

Proof. (i) Let
(f: C > D, (3p,9) € @"*(f,¢)), (C", ¢’ € @™(C", ¢))
(f: C = D, (84, ¢) € Quir([€)), (C', ¥ € @4(C",¢))

be as in the definition of e-symmetric {e-quadratic} surgery. Then the
A-module morphisms

( 1 0)

0 0

- 0 0
0 1

0 0
(-)t=nf o)

o0, =C,,0C" > C,=C, oD, ,0DroCrre D@D,
define a homotopy equivalence of the boundary (n—1)-dimensional
e-symmetric {e-quadratic} Poincaré complexes

h: 8(C, ) - 0(C',¢"),
h: o(C, ) - o(C', ).

Proposition 3.4(ii) states that (C,¢) {(C,4)} is a Poincaré complex if and
only if 9(C, ) {9(C,4)} is contractible. It follows that (C,¢) {(C,4)} is a
Poincaré complex if and only if (C’, ¢’) {(C’, ')} is a Poincaré complex.

(ii) Continuing with the above notation assume also that (C, @) {(C, ¢)}
is a Poincaré complex, and define an (n+ 1)-dimensional e-symmetric
{e-quadratic} Poincaré pair

(g 9):CC - D' (0,p0—¢')€@(g g'),¢))
(9 97:CalC" - D' (0,y@—Y') €Qpria(lg 9'),¢)
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( (do (- )”"lsaof*)
0 (=)d}
dp = : D, = C,@ D1

(o A 2 Bam Gaebrn
\

0 (=)dp

1
9= (0): C,~ D, = C,@ D"+,

1 00
g = ( 0 1): 0y = C,© D,y ® D" > I = C,0 Dr=r#,
0

We thus have a cobordism from (C, @) {(C,4)} to (C’,¢’) {(C’,¢")}, so that
surgery preserves cobordism classes.

Conversely, suppose given a cobordism of n-dimensional e-symmetric
{e-quadratic} Poincaré complexes

{ (f f):CeC - D,0p,p0—¢) €@ (f [f)e)

(f f):CoC » D, yo—y)€Quallf [f)e)
Let (C",¢") {(C",4y")} be the n-dimensional e-symmetric {e-quadratic}
Poincaré complex obtained from (C,p) {(C,4)} by e-symmetric {e-
quadratic} surgery on the connected (n+ 1)-dimensional e-symmetric {e-
quadratic} pair

(9: C—> D', (3¢",9) €Q™+(g,¢)) {(g: C — D', (80", ¢) € Qr1a(9, €))}
defined by

—\r=-1¢£7
dD' —_ (dD ( ) f)
0 dor
D,=D,eC,_;~D,_,=D,,0C,_, (D'=C(f")),

g= (f) C,~>D;= Dréo;—1s
0

/ 5ot (Sgos (=)f'p; )
N0 (m)reTgl )
D'n—r+stl = Pr-r+stlg Q'n—r+s 5> D = D, @ C,_,

(s> 0,9, =0),

= 8, (=) )
N0 (mpresnmy )

\ D'n-r=s1 = Dn-r-st1g C'n~r-s > D! = D@ C._, (s > 0).
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The A-module morphisms
h=0 0 1 0 0):C;,=C,eD,,0C,0D+r1g('"" > C,

h=(0 0 1 0 —T4p):C. = C,0D,,0C,0 D160 >,
define a homotopy equivalence of n-dimensional s-symmetric {¢-quadratic}
Poincaré complexes
h: (C",9") > (C', @),
h: (C",4") > (C",4).
Thus (C',¢") {(C',¢')} may be obtained from (C,¢) {(C, )} by an e-sym-
metric {e-quadratic} surgery followed by a homotopy equivalence.

We shall prove that certain skew-suspension maps in the L-groups are
isomorphisms using the following criterion.

PrOPOSITION 4.2. The skew-suspension map
S: L A,¢) - Ln+2(A4, —¢) {S: L,(4,¢) > L, 5(4, —¢)}
ts onto (respectively ome-to-one) if for every commected strictly (n+2)-
(respectively (n+ 3))-dimensional (— &)-symmetric {(— ¢)-quadratic} complex
over A (C, ) {(C,¢)} with a boundary o(C, p) {0(C, )} which is contractible
(respectively a skew-suspension) it 1is possible to do (- e€)-symmetric
{(— ¢)-quadratic} surgery on (C, @) {(C, )} to obtain a skew-suspension.

Proof. It is immediate from Propositions 1.5 and 4.1(ii) that the
claimed condition for

S: L*(A,e) > Ln+2(A, —e) {S: L,(A4,¢) > L, 4(4, —¢)}

to be onto is both necessary and sufficient.
Assume the claimed condition for

S: LMA,¢) > Ln+2(A4, —e) {S: L,(4,¢) > L, o(4, —¢)}

to be one-to-one, and let (C,p) {(C,¢)} be a strictly n-dimensional
e-symmetric {e-quadratic} Poincaré complex over 4 such that

S(C,p) = 0 € Ln+2(4, —¢),

S(O» ¢) =0e€ Ln+2(As —é&).
By Proposition 3.4(iii) we have that S(C, ) {S(C,)} is homotopy equi-
valent to the boundary 8(D,v) {9(D, x)} of a connected strictly (n + 3)-
dimensional (—¢)-symmetric {(—e¢)-quadratic} complex (D,v) {(D,x)}
By hypothesis, it is possible to do surgery on (D,v) {(D, x)} to obtain the
skew-suspension S(D',v') {S(D’,x')} of a connected (n+ 1)-dimensional
e-symmetric {e-quadratic} complex (D’,v') {(D’,x")}. It now follows from
Proposition 4.1(i) that (C,¢) {(C,y)} is homotopy equivalent to the
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boundary &(D’,v') {9(D';x")}, and so
{ (C,p) = 0 € L*A4,¢),

(C,) = 0€ L,(4,¢).
Therefore the stated condition is sufficient to ensure that the skew-
suspension map is one-to-one.

As a first application of our algebraic surgery we shall establish the
4-periodicity in the e-quadratic L-groups, L,(A4,¢) = L, ,(4,¢), by
analogy with the familiar result that it is always possible to perform
framed surgery below the middle dimension and the consequent 4¢-
periodicity L,(w) = L, 4(m) of Wall [25].

ProrosrTION 4.3. The i-fold skew-suspension map

Si: Ln—zi(A: ( - )ie) - Ln(A98) (n > 27:)
18 an isomorphism for all A,e. The inverse isomorphism
Qi = (8i)-1: L (4,¢) > L, o(4,(—)e) (n=2io0r2i+1)
sends the cobordism class of a strictly n-dimensional e-quadratic Poincaré
complex (C,y € Q,(C,¢)) to the cobordism class of the (n— 2i)-dimensional
(- )ie-quadratic Poincaré complex corresponding to the non-singular (— )ie-
quadratic form { formation}

( a* 0
(coker(( ) :
(=) 1A+T), d

Ci1@ G,y > Ci® om),[‘po“ Z]) if n = 2,

A+ TN
(ly(—)ic(oi-}-l); 0(+11 lm(( 8d* ° z) .

QC,¢) =

CaCiy—> Ciy® C’"“)) ifn=20+1.
\

Proof. Given a connected strictly n-dimensional e-quadratic complex
(C, ¥ €Q,(C,e) let (C',¢' €Q,(C',¢e)) be the connected n-dimensional
e-quadratic complex obtained from (C,y) by surgery on the connected
(n + 1)-dimensional e-quadratic pair (f: C - D, (0,¢) € @,,.(f, €)) defined
by

P 1 C D [C’, ifr>n—1¢ (dp = do)
= M '—-)~ r = = .
[0 0 ifr<n—i ° °
Now

H/C') = H(1+T)y: C* > C) (r <),

Hr(C')=0 (r>n-—z1),



THE ALGEBRAIC THEORY OF SURGERY. I 151

and for n = 2;+1 also
Hy(1+ T)gy: C'n~* > C") = .
Thus if the boundary d(C, ¢) is contractible (respectively an i-fold skew-
suspension) then (C’,y’) is the ¢-fold skew-suspension SiC”,4") of an
(n — 2¢)-dimensional (— )%s-quadratic complex (C”,4") which is a Poincaré
(respectively connected) complex. Applying Proposition 4.2 we have that
Si: L, _,(4,(—)e) - L,(4,¢) is onto (respectively
i Ln—2i—1(A, ( - )ie) - Ln-l(A’ 8)
is one—one). If n = 2¢ or 2+ 1 and (C, ¢) is a Poincaré complex define as
follows a strictly (n— 2i)-dimensional (— )’e-quadratic Poincaré complex
(B,0 € Q,_s4(B, (—)%)) and a homotopy equivalence
9: (B,0) > (C",¢").

In the case where n = 2i let

a* 0 *
B, = coker : : 0190, > Cia C ,
’ ((<-)i+1<1+11)¢o d) o ‘”)

1 0
0 0
B, M (Ci@ Cyiy)* = Ci@ O —_9—1_—> Co
= C;® C;,,® 1,

with 6, € Hom 4(B°, B,) any representative of the (— )*s-quadratic form

(Bo,[% d]EQ<_)i,(B°))-
0 0 :

In the case where n = 20+ 1 let

(1+1T) . \*
= im(( ¢o (;) . C"@ C‘i+2 - O‘i+1®0’&+1) s

ed*
[l 0]: B~ B,, +d 0
0= { ! 6, =[¢1 o : B® > B,,
0: B! - B,, 0 0

1
(0): B, > 01 = C;19Cyy,

g =
Q+T )y d]* :
ed* 0
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If n = 2¢ {n = 2¢+ 1} the correspondence of Proposition 2.1 {Proposition
2.5} sends (B,0) to the non-singular (- )‘e-quadratic form {formation}
QUC, ).

It is claimed by Mishchenko in [10] that the double skew-suspension
maps in the symmetric L-groups

82: Lr(A4) - L*+4(4) (n > 0)

are isomorphisms for every ring with involution 4. Such is indeed the
case if € A when L,(4) = L*(4), by Propositions 3.3 and 4.3. However,
the algebraic surgery technique of § 4 of Mishchenko [10] used to establish
this 4-periodicity breaks down if 4 ¢ 4: the new algebraic Poincaré pair
(C,°C,d, D) may not satisfy property (a’) of §3, since the A-module
morphism

0pn—2i-1 Dn-2i-18
0 Dn—2i-1 — ( ):

0 0
Cn-i-1 — On~—i-1p 4* —» an—i = On—i®A

need not map 4* < Cr—i-1 = Cr—i-1@ 4* into °C,_; =°C,_, < °C,_; if
Dr-%-18 £ 0. In Proposition 4.4 below we shall prove that the skew-
suspension maps
S: LMA,¢) - L{vgy™*2(4, —¢) (n > 0)
are isomorphisms. This implies that if AY(Z,; 4,¢) = 0 then the skew-
suspension maps
S: LrA4,e) - L34, —¢) (n > 0)

are isomorphisms (Proposition 6.1). In Proposition 4.5 below we shall
prove that if 4 is noetherian of finite global dimension m then the skew-

suspension maps
S: Ln(4,¢) > L*¥A, —¢) (n+2 > 2m)

are isomorphisms. In particular, for a noetherian ring 4 of global dimen-
sion at most 1 (such as a Dedekind ring) we have that the double skew-
suspension maps

S2: Ln(A4,¢) - L*+4(4,¢) (n > 0)

are isomorphisms. The L-theory of Dedekind rings will be studied further
in §7. In §10 we shall give examples of noetherian rings 4 of global
dimension at least 2 for which the skew-suspension maps

S: Ln(4,¢) - L34, —¢) (n > 0)
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are not all isomorphisms, and such that e-symmetric L-groups are not
4-periodic.

ProrosriTION 4.4. The skew-suspension maps
S: LA, ) - L{vgd"t2(4, —¢) (n > 0)
are 1somorphisms for all A, e.

Proof. We shall define an inverse isomorphism
Q: L{vy™** A4, —¢) > L™(4,¢)
by working exactly as in the proof of Proposition 4.3. Given a strictly
(n+2)-dimensional even (—¢)-symmetric Poincaré complex over A4

(C,p € QLo y™*?%C, —¢)) define a connected (n+3)-dimensional even
(— ¢)-symmetric pair (f: C - D, (0, p) € Q{v)"*3(f, —¢)) by

f—[l-C—>D _{O’n+2 ifr=n+2,
o r 0 ifr#n+2.

The (n + 2)-dimensional even (— ¢)-symmetric Poincaré complex obtained
from (C,p) by surgery on (f: C - D,(0,¢)) is the skew-suspension
SQ(C’, ¢’') of an n-dimensional e-symmetric Poincaré complex Q(C’, ¢’).

ProPOSITION 4.5. Let A be a ring with involution which is noetherian of
Jinite global dimension m. The skew-suspension map
S: LMA,e) > L*+2(A4, —¢) (n > 0)
s an isomorphism if n+2 > 2m, and @ monomorphism if n+3 = 2m. If
m = 0 (that is, if A i3 semi-simple) then
L¥+1( A4, e) =0 (k> 0).
Proof. In the first instance, note that the hypothesis on 4 is equivalent

to the property that every f.g. A-module M has a f.g. projective A-
module resolution of length not greater than m

0->PF,>PF, >..>B—>F—>M->0.

Let p =2 if n+2 > 2m (respectively p = 3 if n+3 > 2m). Given a
connected strictly (»+ p)-dimensional (- ¢)-symmetric complex over A4
(C,p e @*?(C, —¢)) with a boundary 9(C,p) which is contractible
(respectively a skew-suspension) we have that Hy(C) = coker(d: C, - C,)
is a f.g. A-module, with a f.g. projective 4-module resolution of length m

d d
0 > D, > D,y > ... > D, > D, > Hy(C) — 0.

Let f: C - D be an A-module chain map inducing
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and let ¢ e Homg, (W,Hom ,(C* (C)),,, be a cycle representing
@ € QP(C, —¢), so that

foof*: D> D, ifn+p=2m,r=m,s=0,
f %(?’)s = .
0:D"> D, .., Otherwise.
In the case where n+p = 2m consider the commutative diagram
%
prdt om0 Lo T g

|

0 ———— (Om#l

.
_(_:‘_)_'_"fg Cm—l '——iﬁ Dm—-l

Now d € Hom ,(D,,,D,,_,) is one—one, and
* d
foof > D,

> D,,_,,

d(fpof*) = 0: D™
foof*=0:D™ > D,.

go that

Thus, if n4+p > 2m,
f¥p)=0¢€ Homzm)( W,Hom 4(D*, -D))nﬂn

and there is defined a connected (n4 p+ 1)-dimensional (~ ¢)-symmetric
pair (f: C - D, (0,¢) € QP+ f, —¢)). Let (C', ' € Q*+?(C', —¢)) be the
(n+p)-dimensional (—¢)-symmetric complex obtained from (C,p) by
surgery on this pair. Now

H(C") = HB(f) =9,
H™2(C') = Hy(fpy: C™?~* - D) = Hy(p,: C*#~* - () = 0,
so that (C’,¢’') is the skew-suspension of an (n-+p—2)-dimensiona
¢-symmetric complex. Applying the criterion of Proposition 4.2 we have
that 8: L*(4,¢) - Ln+2(A, —¢) is onto if n+ 2 > 2m (respectively one—one
ifn+3 > 2m).

In particular, if 4 is a noetherian ring of global dimension 1 we have that
all the skew-suspensions

8: L(4,¢) > L***4, ~¢) (n > 0)

are isomorphisms. If 4 is semi-simple (m = 0) then the above procedure
associates to a strictly 1-dimensional ¢-symmetric Poincaré complex over
A (C,p e QVC,¢)) a 2-dimensional s-symmetric Poincaré pair over 4
(f: C - D,(0,p) € Q%(f,¢)), and so

L4, ¢) = .
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(Moreover, if (C, ¢) is even then so is (f: C - D, (0,¢)), and we also have
Lvg)'(4,€) = 0.

It has already been proved in [16] that for a semi-simple ring with
involution 4
Lya(d,6)=0 (k> 0).)
We shall find the following application of algebraic surgery of use in § 5
below.
An n-dimensional ¢-symmetric {e-quadratic} complex (C,p € Q™(C,¢))
{(C,y € Q,(C,¢))} is well-connected if Hy(C)= 0, in which case it is con-

nected, that is
{ Hyp,: C** > C) =0,

Hy(1+ T.)y: Cv=* - O) = 0.

PrOPOSITION 4.6. The n-dimensional e-symmetric {e-quadratic} Poincaré
complexes (C, ), (C',9") {(C,¢),(C',¢§')} are cobordant if and only if there
exists a homotopy equivalence

[ [ (C,p)@D,v) > (C',9")®(D',v")
f(C, )@ oD, x) - (C', )Y@ o(D’, xX')
for some well-connected (n+ 1)-dimensional e-symmetric {e-quadratic}

complexes (D,v), (D',v") {(D, x), (D', x")}.

Proof. In view of Proposition 3.4(iii) it is sufficient to prove that for
every connected (n+ 1)-dimensional e-symmetric {e-quadratic} complex
(D,v) {(D, x)} there exists a homotopy equivalence

{ f: oD, v)®a(D’,v') - (D", v")
f: oD, x)®8(D’, x') - D", x")

for some well-connected (n+ 1)-dimensional e-symmetric {e-quadratic}
complexes (D', v'), (D",v") {(D',x'), (D", x")}. Define a chain mapg: D - D’
by

d d d
D:...—— D,,, > D, 4y — D, >D,_,—— ..
f d
D:....——D,, > D, 1 > 0 — 0 > ...

and let v = —g*(v) € @D, ¢) {X' = —gy(x) € Quia(D',)}. Lot (D",")
{(D",x")} be the connected (n+ 1)-dimensional e-symmetric {e-quadratic}
complex obtained from (D,v)® (D',v') {(D,x)® (D', x’)} by surgery on the
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connected (n + 2)-dimensional ¢-symmetric {e-quadratic} pair
(9 1): DeD' - D', (0,v@v)e@((g 1)),
{ (9 1):D®D" - D', (0,x®x') € Qnsallg 1),¢)).
Now (D',v) {(D',x")} and (D",v") {(D",x")} are well-connected, and
Proposition 4.1(i) shows that
oD,vy@o(D',v') = o(D",v")
[ D, x)®8(D",x") = &(D", x")

up to homotopy equivalence.

Intuitively, e-symmetric {e-quadratic} surgery on
{ (f: C > D, (%99,9) € @**'(f,¢))

(f: 0 - D: (851" ')l') € Q’n+1(f: 8))

kills im(f*: H¥(D) - H*(C)), whereas a geometric surgery only Kkills
individual (co)homology classes. In §7 of Part II we shall show that the
chain level effect of geometric surgery on an r-dimensional spherical
homology class in an n-dimensional manifold is an algebraic surgery on a
connected (» + 1)-dimensional algebraic pair such that

A ifs=n-r,

H¥(D) = [

0 ifs#n-—r.
We shall now break down a general algebraic surgery into a sequence of
such elementary surgeries (subject to a necessary K-theoretic restriction).

An algebraic surgery on a connected (n+ 1)-dimensional e-symmetric

{e-quadratic} pair over A

(f: C— D,(3p,9) € @"*(f,)) {(f: C > D, (%, ¢) € Quir(f,8))}
is elementary of type (r,n—r—1)if D'= §*74, that is, ‘

A ifs=n-r,
D. =

8

0 ifs#mn-—r.

Such a surgery will be said to kill the (co)homology class f*(1) € H*-"(C)
(= H,(C)if (C, ) {(C, )} is a Poincaré complex).

ProrosiTION 4.7. Let (C,p € @Q¥(C,¢)) {(C,¢ € Q,(C,¢))} be a connected
n-dimensional e-symmetric {e-quadratic} complex over A. Then

(i) A cohomology class x € H*7(C) can be killed by an elementary
e-symmelric {e-quadratic} surgery of type (r,n—r—1) if and only if ils
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g-symmetric {e-quadratic} Wu class vanishes, that is,
v(p)x) = 0 € H*2(Zy; 4,(—)""e),
V() (x) = 0 € Hy,_p(Zy; 4,(—)""e),

and, in the case where r = n, x € HY(C) generates a direct summand of H%(C).

(i) If (C',¢") {(C",y')} is obtained from (C,¢) {(C,¥)} by an elementary
e-symmetric {e-quadratic} surgery of type (r,n—r—1) then (C, ) {(C, )} is
homotopy equivalent to an e-symmetric {e-quadratic} complex obtained from
(C",¢") {(C",¥')} by an elementary e-symmetric {e-quadratic} surgery of type
(n—r—1,r).

(i) If (C',¢") {(C',¢")} is obtained from (C,p) {(C,y)} by e-symmetric
{e-quadratic} surgery on

(f: C~ D,(3p,9) € @"*'(f,8)) {(f: C > D, (8, ¢) € Qusa(f, )}
such that D has projective class '

[D}= 3 (-)ID,1=0e Ry4)

then (C', ") {(C’, §')} may be obtained from (C,¢) {(C,¥)} by a finite sequence
of elementary e-symmetric {e-quadratic} surgeries.

Proof. (i) The vanishing of the Wu class is just the condition required to
represent x € H»~7(C) by an (n + 1)-dimensional e-symmetric {e-quadratic}

pair
{ (f: C - 874, (8¢, p) € @"+(f,¢))
(f: C— 874, (8¢, ) € @nia(f,8))

such that f*(1) = x € H*"(C). This pair is automatically connected if
r < n, but for r = » it is connected if and only if 2 € H%(C) generates a
direct summand.

(ii) and (iii) follow from the result below on the composition of algebraic
surgeries:

Lemma. Let (C,e),(C',9"),(C",¢") be connected n-dimensional e-sym-
metric complexes over A such that (C',¢") (respectively (C”",¢")) is obtained
from (C, @) (respectively (C', ¢')) by surgery on a connected (n + 1)-dimensional
e-symmetric pair (f: C - D, (5p,p)) (respectively (f': C' = D', (8¢, ¢'))).
Then (C",¢") is obtained from (C,p) by surgery on a connected (n+1)-
dimensional e-symmetric pair (f": C — D", (8¢",9)) with D" = C(g) the
algebraic mapping cone of a chain map g: QD — D'.
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Conversely, let (C”, ¢") be the connected n-dimensional e-symmetric complex
over A obtained from a complex (C, ¢) by surgery on a pair
(f": C—> D', (39", @)

such that D" = C(g) s the algebraic mapping cone of a chain map g: QD - D',
for some (n+ 1)-dimensional A-module chain complexes D,D’. Then (C”, ")
is isomorphic to the complex (C",§") obtained from (C',¢') by surgery on a
pair (f': C' > D', (8¢’, ")), with (C',¢’) the complex obtained from (C,¢p)
by surgery on a pair (f: C - D, (8¢, ¢)).

The e-quadratic case is similar, with ’s in place of ¢’s.

Proof (e-symmetric case only). Given

(f: C - D, (p,9)), (f':C" - D',(8¢",9'))
f'=(" g vw):C.=Ce®D,,0Dr D,

write
and define (f": C - D’, (8¢", p) € @"11(f”,¢)) by
" f 4 '
f=,): 6.~ D =D,0D,
f
d 0
d”: )ZD: =.D’.®.D:.'->.D:_1= r.l@-D;-_p
(=)g d.
8¢lr _ (8¢s (_ )sf( Ta¢s+l)f'* - (Tas?a+1)g*) .
¢ 0 S, .
D'n-r+s+l — Dn—ri+s+l g Din—r+s+l 5 D: = D'@ D:_ (3 > 0).

Conversely, given (f": C — D", (8¢",9)),g9: QD - D' write
n f ’
f"= f’ : Cr_>D: =C(g)r=Dr®Dﬂ

” Sspa Vs " 1 ' 841 n ’
¢, = . Drrrioti = Drorissi Din-riott DY = D,@ D,

Vg S‘P’
(s =0),

and define (f': €' - D, (8¢',¢') € @(f',¢)) by
f'=(f" g w):0.=C,eD,, 0D > D,

35, = 8¢+ (= )rnreeggy: Dv-reetd > DY (s> 0)
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The A-module isomorphisms

(1 0 0 0 0 \

0 1 0 0 (—)rin—rig*
h=]0o 0 0 1 0

0O 01 O 0

L0 0 0 0 1 J

Ci: = C,@ Dr+1@ Drn—r+lg D;H@ D'n—r+1
- C! = C,@D,,,®D,,,®Dr-rlg D'n-r1
define an isomorphism of é-symmetric complexes over 4,
h: (C",3") - (C", 9").

5. Witt groups

We shall now identify the e-symmetric {even eé-symmetric, e-quadratic}

L-group

L%(4,e) {L<ve)(4, ), Ly(4, &)}

(respectively L*(4, ) {L{vyy*(4,¢), L,(4, €)}) with the Witt group of non-
singular e-symmetric {even e-symmetric, e-quadratic} forms (respectively
formations) over 4. It will then follow from the 4-periodicity
L,(A,e) = L, ,(A,¢) that the quadratic L-groups L,(4) agree with the
surgery obstruction groups of Wall [25]. We shall use this characterization
of L{wy)}(4,¢) {L,(4,¢)} to prove that a non-singular even e-symmetric
{e-quadratic} formation represents 0 in the Witt group if and only if it is
stably isomorphic to the graph formation of a singular (— ¢)-symmetric
{even (—e¢)-symmetric} form. This generalizes the ‘normal form’ for the
split unitary group of Sharpe [22] (cf. Proposition 9.2 below).

The Witt group of e-symmetric {even e-symmetric, e-quadratic} forms over 4
L#(A4) {L{vy)*(4),L,(A)} is the abelian group of equivalence classes of
non-singular e-symmetric {even ¢-symmetric, e-quadratic} forms over 4
(M, @) subject to the relation

(M,p) ~ (M',¢") if there exists an isomorphism
[ (M, 0)0 (N,0) > (M', 0"y & (N', 0')
for some hyperbolic forms (N, ), (N’, §').

Addition is by
(M,0)+(M',¢") = (MOM', p®¢’).

Inverses are given by
—(M,9) = (M, —9),
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since the diagonal A ={(z,x)e M®M|xe M} is a lagrangian of
(M®M, 9®—¢). There are defined forgetful maps

L(A4) > L{vp)*(4); (M, € QM) > (M, +&p* € QCvppt(M)),
Lwg)*(A) —» L*(A); (M, p € QCvp)*(M)) — (M, € Q*(M))
(such that L (A4) - L{v,)*(4) is onto).

ProPOSITION 5.1. There are natural identifications of abelian groups
Lo%4,¢) = L¥A),
Lwg)'(4, &) = L{wpy*(4),
Ly(4,e) = L(A4).

Proof. In view of Propositions 2.1, 2.2, and 4.6 it is sufficient to observe

that if (D,v € QY(D, ¢)) {(D, x € @,(D, ¢))} is a well-connected 1-dimensional
e-symmetric {e-quadratic} complex then

{ v € QYD, ) = Q(HYD)),
X € @,(D,¢) = 0,

and the boundary O0-dimensional e-symmetric {e-quadratic} Poincaré
complex 9(D,v) {9(D,x)} corresponds to the standard hyperbolic &-sym-
metric {e-quadratic} form Hs(HY(D),v) {H,(H,(D))}. Moreover, if (D,v) is
an even g-symmetric complex then (H(D),v) is an even e-symmetric form
and He(HY(D),v) is isomorphic to the standard hyperbolic even e-
symmetric form He¢(H,(D)), with @{v,>)!(D, ¢) = Q*(H(D)).

The Witt group of e-symmetric {even e-symmetric, e-quadratic} formations
over A Me(A) {M{vyys(A), M (A)} is the abelian group of equivalence
classes of non-singular e-symmetric {even e-symmetric, e-quadratic}
formations over 4 (M, ¢; F,G) subject to the relation

(M, p; F,G) ~ (M',¢"; F',&')
if there exists a stable isomorphism of the type
[f]: M,p; F,G)®(N,0; H K)®(N,0; K,L)y® (N',8'; H',L’)
- (M, F',dYo(N',0; H,KY®(N',0'; K',L')® (N,0; H,L),
with addition and inverses by
(M,p; F,.G)+(M',¢"; F',G") = (M M, p0¢'; FOF', GO G),
-(M,p; F,G)= (M,p; G, F).



THE ALGEBRAIC THEORY OF SURGERY. I 161
There are defined forgetful maps
M(A) ~ Mvp)*(4);
(M, € Q(M); F,G) — (M, +e* € Q<vo)*(M); F,G),
Mve)*(4) > Me(4);
(M, € Qupy*(M); F,Q) > (M,p € Q«(Y); F,G).
PrOPOSITION 5.2. There are natural identifications of abelian groups
LY(4,¢) = Me(4),
Lvg)H(4, €) = M{ve)*(4),
L,(4,¢) = M(A).
Proof. Let (C,¢), (C',¢'), (C",¢") be the 1-dimensional e-symmetric
Poincaré complexes associated by Proposition 2.3 to non-singular e-
symmetric formations (N,0; H,K), (N,0; K,L), (N,0; H,L). We have to

prove that
(C,p)@(C',¢") = (C",¢") € LY (4, ),

corresponding to the generic sum formula in the Witt group
(N,0; H K)y®(N,0; K,L)=(N,0; H,L) € M+(4),
in order to verify that there is a well-defined morphism of abelian groups
Me(A) - LY(A,¢); (N,0; H,K) — (C,p).
Choosing a chain homotopy inverse ¢,1: C - C=* for ¢,: C** - C
define a Z,-hypercohomology class

@ = (po™")*(p) € @1(C**,0),
so that there is defined a homotopy equivalence of 1-dimensional -
symmetric Poincaré complexes over 4

Po: (Cl-*’ 95) > (09 ?)'
(In fact (C—*,5) corresponds to the formation (N, —§; K, H), which is
thus stably isomorphic to (N,6; H, K) with an isomorphism

(N,0; H K)® (H¥(K); K,K*) > (N, -0; K,H)® (H*H); H, H*).
Thus inverses in the Witt group are also given by
—(N,8; H K)=(N,—-0; H K) e Ms(4).)
Define a chain map (f f'): C**®C’ - D by

N-*p 0 ... > 0 > KoK ——> H*@ L* - 0 >
f f) (1 1)1 l
D: ... > 0 > K > 0 >0 >

5388.3.40 L
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Now (C”,¢") is homotopy equivalent to the 1-dimensional eé-symmetric
Poincaré complex obtained from (C*-*,¢)® (C’,¢") by surgery on the
connected 2-dimensional e-symmetric pair

((f f):C*eC" - D,(0,60¢) e @(f f) )

(C.p)0(C,¢) = (C"*)a(C',¢') = (C",9") € LY(4,¢)
by Proposition 4.1(i).
The correspondence of Proposition 2.3 can also be used to define a
morphism

and so

LY(A,e) - Me(A); (C,p) — (N,0; H,K)
inverse to M¢(A) - L'(4,¢). This is well defined provided we can show
that the non-singular e-symmetric formation (N,8; H, K) associated to
the boundary o(D,v) of a well-connected 2-dimensional e-symmetric
complex (D,v € Q% D, ¢)) represents 0 in the Witt group
(N,0; H K)=0€e M*A)

(applying Proposition 4.6). Without loss of generality, it may be assumed
that D is a f.g. projective A-module chain complex of the type

d
D: LR > O - Dz DI - 0 7 eesy

so that a cycle v € Homyy, (W,Hom 4(D*, D)), is represented by A-
module morphisms

vo: D > Dy, v;: D' D,, v:D?*—> D,, vy: D*—> D,
such that

vot+evg +dvy—vd¥ =0: D' - D,,
v+ eif —vyd* = 0: D! - D,,
v +evf —dvy, = 0: D2 - D,
vo—ev¥ =0: D? > D,.
The boundary 1l-dimensional e-symmetric Poincaré complex o(D,v)
corresponds to the non-singular e-symmetric formation

0 o
(N,0; H,K) = H“(D1®D2,(O ));D1®D2,
—vy

im . p :D'e@ D, > D'® D, D, ® D?
—v -

d* 0
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The 4-module automorphism

§ 0 0 0
1 0 0
Y B! N =D'@D,0D,®D* > D'e D, D,® D?
2 1 2 1
—y* —d & ¥
0 1

a* 0 0 1
defines an isomorphism of non-singular e-symmetric formations over 4
f:(N,0; L,H) - (N,0; L,K),
where L = D,®@ D, € N = D'® D,@ D, ® D?. It follows that
(N,0; H K) = (N,0; H L)® (N,0; L,K)
= (N,0; H LY®(N,0; L,H) = 0 € M(A).

Restricting attention to even e-symmetric complexes and formations we
obtain in the same way inverse isomorphisms

M) (4) > LY (4, ), Loy (4, €) > M{vp)*(4).

Similarly, the correspondence of Proposition 2.5 can be used to define an
abelian group morphism

L(4,¢e) > M(A); (C,¢y) — (N,0; H,K),

with (N, 0; H, K) the non-singular ¢-quadratic formation associated to a
1-dimensional e-quadratic Poincaré complex (C, ). In order to prove that
this is an isomorphism we need the e-quadratic case of the following result.
(The even e-symmetric case is required later on.)

LemMa. A 1-dimensional even e-symmetric {e-quadratic} Poincaré
complex over A (C,p € @<vey*(C,¢€)) {(C,¢ € Q,(C,¢))} represents 0 in
L{vgyX (A, &) {L,(4, €)} if and only if it is homotopy equivalent to the boundary
o(D,v) {o(D, x)} of @ connected 2-dimensional even e-symmetric {e-quadratic}
complex over A (D,v € Q{v)¥(D, €)) {(D, x € @5(D, €))} such that

HyD) =0, HD)= 0.

Proof. In view of Propositions 3.4(iii) and 4.1(i) it is sufficient to observe
that for any connected 2-dimensional even e-symmetric {e-quadratic}
complex over A (D,v) {(D,x)} there is defined a connected 3-dimensional
even e-symmetric {e-quadratic} pair over 4

(f: D — E,(0,v) € Q{vp)3(f, €))
(f: D~ E,(0,x) € Qs(f,¢))
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with
D: .. > D, 4 > D, d D, a > D, >
R R
E: .. > Dy 4 > D, > 0 —> > ..

such that surgery on (f: D - E,(0,v)) {(f: D — E,(0,x))} results in a
connected 2-dimensional even e-symmetric {e-quadratic} complex over 4
(D', v") {(D’", x)} such that

Hy(D') =0, HXD')=0.

Every non-singular e-quadratic formation over A is isomorphic to one
of the type (H,(F); F,G), and choosing a hessian for G we obtain a non-
singular split e-quadratic formation over 4 (F,(G), and hence (by Pro-
position 2.5) a 1-dimensional e-quadratic Poincaré complex over 4 (C, ¢).
It follows that L,(4,¢) > M(A) is onto. In order to show that this
morphism is also one—one recall from Ranicki [13] the characterization of
M (A) as the abelian group with respect to the direct sum ® of equivalence
classes of non-singular e-quadratic formations over 4 (M, y; F, @) subject
to the relation

(M,4; F,G) ~ (M',§'; F',G")
if there exists a stable isomorphism
(f]: (M,¢; F,G)®o(N,0) > (M',y'; F',G')®IN',8)
for some even (—¢)-symmetric forms over A (N, 0),(N’,8') with §(N, 6)
defined by
d(N,8) = (H(N); N,{(x,0(x)) e N@ N*| x € N}).

(Only the case where ¢ = + 1 € A was considered there, but the methods
apply for all ¢ € A.) Translating the result of the lemma into the language
of forms and formations (using Propositions 2.1 and 2.5) we have that a
1-dimensional ¢-quadratic Poincaré complex over 4 (C, ) represents 0 in
L,(A4,¢) if and only if the associated non-singular split e-quadratic forma-
tion over 4 (F, @) is stably isomorphic to (N, x) for some ( — ¢)-quadratic
form over 4 (N,y € @_,(N)), where

(o o}

By Proposition 2.4 this occurs precisely when the underlying non-
singular e-quadratic formation (H(F); F,@) is isomorphic to 9(N,8) for
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some even (—e¢)-symmetric form (N,8 € Q<{v,)~*(N)). It follows that
L,(A,¢e) > M(A) is one-to-one as well as onto, and hence an isomorphism.

The boundary of an (even) e-symmetric {e-quadratic, split e-quadratic}
formation over A (M,p; F,G) {(M,¢; F,Q),(F,R)} is the non-singular
(even) e-symmetric {e-quadratic, e-quadratic} form over 4

oM,p; F,G) = (G/G,9"/9),
oM, ¢; F,G) = (G/G, /),
oF,@) = (G+/G, /) (= 8(H(F); F,G)).

The boundary of an e-symmetric {even e-symmetric, e-quadratic} form
over A (M,p € QM) {(M,+el* € Qo (M), (M, € Q M)} is the
non-singular even (—¢)-symmetric {( — ¢)-quadratic, split (— ¢)-quadratic}
formation over 4

UM, @) = (H-(M); M,{(z,p(x)) € M® M*| x € M}),
M, +ef*) = (H_(M); M,{(z,(p+e)*)(x)) € M@ M*| x € M}),

- (M’ ((¢ +le¢*) ’¢)M)'

An n-dimensional e-symmetric {e-quadratic} complex (C, € @*(C,¢))
{(C,¢ € Q,(C,¢))} is highly-connected if:

H(C)=0forr <3, H?(C)=0forr>n-—i,
with # = 2¢ or 2¢+ 1, and for n» = 2.+ 1 also
Hy(py: C¥+1-* > C) = 0,
[ H(1+ Ty: C¥41% > C) = 0.

Then (C,¢) {(C,4)} is connected, and the boundary &(C,¢) {2(C, )} is &
highly-connected (n— 1)-dimensional e-symmetric {e-quadratic} Poincaré
complex.

ProrosITION 5.3. The homotopy equivalence classes of highly-connected
n-dimensional e-symmetric {e-quadratic} complexes over A are in a natural
one-to-one correspondence for n = 2t (respectively n = 21+ 1) with the iso-
morphism classes of (—)ie-symmetric {(— )le-quadratic} forms over A
(respectively the stable isomorphism classes of (—)ie-symmetric {split
(— )ie-quadratic} formations over A). Highly-connected Poincaré complexes
correspond to mon-singular forms (respectively formations). The boundary
operation on highly-connected complexes corresponds to the boundary
operation on forms (respectively formations).

Proof. The proof is immediate from Propositions 2.1, 2.3, and 2.5.
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PROPOSITION 5.4. (i) A mon-singular e-symmetric {even e-symmelric,
e-quadratic} form over A represents 0 in the Witt group L*(A) = L%(A4,¢)
{L<vey*(4) = L<wy)°(4, ¢), L(A) = L(4,¢)} if and only if it is isomorphic
to the boundary o(M,p; F,Q) {o(M,y+ep*; F,Q),0(M,$; F,G)} of an
e-symmetric {even e-symmetric, e-quadratic} formation over A

(M,p € Q(M); F,G),
('M) ¢+£'/’* € Q<?}0>8(M); F) G))
(M, eQ,(M); F,QG).

(i) A non-singular even ec-symmetric {e-quadratic} formation over A
represents 0 in the Witt group M vy)*(A) = L{vgy (4, €) {M,(4) = L,(4,¢)}
if and only if it is stably isomorphic to the boundary o(M, @) {o(M,y— ef*)}
of an (— &)-symmelric {even (— ¢)-symmetric} form over A

(M,p €Q(M)) {(M,4—ep* € Quoy~(M))}.

Proof. (i) This is immediate from Proposition 2.2.
(ii) This is immediate from Proposition 5.3 and the lemma used in the

proof of Proposition 5.2.

6. Lower L-theory

There is algebraic evidence to suggest that the e-symmetric L-groups
L*(A4,¢) (n = 0) and the e-quadratic L-groups L,(4,¢) (» > 0) should be
regarded as belonging to a single sequence of algebraic L-groups
{L™(4,¢)| n € Z} (to be defined below), with many of the formal properties
of the sequence of algebraic K-groups {K,(4)| n € Z}. For example, given
a morphism of rings with involution f: 4 — B there are defined relative
L-groups L*(f,¢) (n € Z) to fit into a change of rings exact sequence

f

... —> L™(4,e) —— L™B,s) —> L™(f,e) —> L*14,e) —> ...
(n € Z);

we shall deal with relative L-theory in a later part of the paper. At any
rate, we shall find the lower L-groups useful in the remainder of this part.
In §8 below, we shall define products

®: L™(4,e)®,LYB,n) > L™A®;B, ¢®7n) (m,n € Z).
Define the lower e-quadratic L-groups of A L,(4,¢) (n < —1) by
L, (A4,¢) = L, oi(4,(=)€) (n+2i>0),

extending the periodicity L, (4,¢) = L, ,4(4, —¢) (n > 0) of Proposition
4.3.
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Define the lower e-symmetric L-groups of A L™(A4,¢) (n < —1) by

Ll{vpy™*t¥(4, —¢) (n=-1,-2),
LA, e)={ °
L,(4,¢) (n < -3).
Define the skew-suspension maps
S: L(4,¢) > L"2(4, —¢) (n < —1)
to be the + e-quadratic skew-suspension isomorphisms for n < —5, and
the forgetful mapsif —4¢ <n < —1.
ProPOSITION 6.1. If A, ¢ are such that
A%Z,; A,e)={ac A| ed = a}/{b+eb| be A} =0
then the skew-suspension maps
S: LMA, —¢) > L"**(A,e) (n e Z)
are tsomorphisms.

Proof. The case where n» < —5 has already been considered in Pro-
position 4.3, For —4 < n < —1 note that since H%(Z,; 4,¢) = 0 the
category of even e-symmetric (respectively even (—e)-symmetric) forms
{formations} over A is equivalent to the category of e-symmetric (res-
pectively (—¢)-quadratic) forms {formations} over 4. For n > 0 note that

every (n+ 2)-dimensional e-symmetric complex over 4 (C,p € Q**%(C,¢))
is even, since

bo(p) = 0: H™3(C) > An%(Zy; A, (—)*+%) = BYZy; 4,¢) = 0,
and similarly for pairs. Therefore we can identify
Logy™t3(A, e) = L™¥(4,¢) (n > 0),
and the skew-suspension maps
S: LA, —¢) > L+2(A4,¢) (n = 0)
are isomorphisms by Proposition 4.4.
We shall need the following result in the computations of §10.
ProrosiTION 6.2. (i) The even e-symmetrization map of Witt groups
1+ T : Ly(A, &) > L{vy)%(4, €)

18 onto, with kernel generated by the non-singular e-quadratic forms over A
of the type

A@ A* @1 A@ A*
( ® ,(0 b)EQ“( ® ))

with a,b € AYZ,; A,¢) = {x € A| x+¢% = 0} /{y—¢j| y € A}.
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(ii) Let A = Z[n] be the group ring of a group =, with involution by
g =g (9 € m). The skew-suspension maps
S: LYZ[xn]) - L*+¥(Z[n], —1) (n e Z)
are 1somorphisms, and the skew-symmetrization map
1+ T, Ly(Z[n], - 1) > L(Z[7), —1) = L~*Z[7))
ts onto. If m has no 2-torsion there is defined a split short exact sequence
0 — Ly(Z, —1) —> Ly(Z[r], - 1)

1+T,
— =% IYZ[n], —1) —> 0.

Proof. (i) The map Ly(4,¢e) - L{v,)%4, ¢) is onto because every even
e-symmetric form is the e-symmetrization of an e-quadratic form. An
element of the kernel is represented by a non-singular ¢-quadratic form
over A (M, € Q,(M)) such that

01

Y+ et = ( 0): M=LoL*>M*=IL*oL

for a f.g. free A-module L, and (M, ) can be expressed as a direct sum of
a 1

forms like (A @ A*, ( ))
0 b

(ii) This is immediate from Proposition 6.1 and (i), since
BYZ,; Z[x), -1) = 0
for any group =, and AY(Z,; Z[r], —1) = AYZ,; Z, — 1) (= Z,) if » has no

[

2-torsion. (LO(Z, —1) = Z,, generated by the Arf form
1 1
(Z@ Z,( ) eQ_(Z®Z)).)
01
7. Dedekind rings

In a later part of this paper we shall describe the L-theory exact
sequence of a localization map of rings with involution 4 — §-14 invert-
ing a multiplicative subset S of 4,

eo > LA, e) > LY(S14,¢) - L™A,8,e) > L* Y A,e) > ... (neZ),
in which the relative terms L*(4, S, ¢) are cobordism groups of algebraic
Poincaré complexes over A which become contractible over S-14. In

particular, such a localization sequence can be used to study the L-groups
of a Dedekind ring 4. Here, we shall only develop the L-theory of
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Dedekind rings sufficiently far to compute L*(Z) and L,(Z), by reducing
the computation to the well-known stable classification of symmetric and
quadratic forms on finitely generated abelian groups. It should be noted
that a Dedekind ring 4 is noetherian of global dimension 1, so that the
skew-suspension maps

S: In(A,e) > L*2%(4, —¢) (n > 0)

are isomorphisms (Proposition 4.5) and the e-symmetric L-groups are
4-periodic
LMA, &) = LnH4(A,e) (n > 0).
Let A be a Dedekind ring, with quotient field A = (4 —{0})~*4. Let M
be a f.g. torsion 4-module, that is a f.g. A-module such that
sM =0

for some s € A—{0}. Define the Pontrjagin dual of M to be the f.g.
torsion A-module

‘ M” = Hom (M,A/A)
with 4 acting by

AxM* > M~ (a,f) = (x — f(x)a),
80 that
SM” = 0.

The natural A-module isomorphism
M > M™; 2 (f > f(x))

will be used as an identification. Given another f.g. torsion 4-module N
define Pontrjagin duality for 4-module morphisms

Hom (M, N) > Hom (N*, M™); f = (f*: g > (z > g(f(2))))-
Define the e-transposttion involution

T,: Hom 4(M, M") - Hom ((M, M"); ¢ > (ep™: & > (y = e.p(y)(2)))-

An g-symmetric linking form over A (M, ]) is a f.g. torsion 4-module M
together with an element A € ker(1 — 7.: Hom 4(M, M") - Hom (M, M")),
corresponding to an e-symmetric pairing

A MxM-—>A/A; (x,y) = Az)(y).
The Wu class of (M, ]) is the quadratic function
vo(M,A): M - HYZ,; A,¢e); x+> u—eit
(w € A, Az)(z) = [u] € A/A).
An e-symmetric linking form (3, 1) is even if vy(M,A) = 0, that is if each

A(x)(x) € A/A (x € M) has a representative u € A such that e = u. An
e-quadratic linking form over A (M,),p) is an even e-symmetric linking
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form (M, A) together with a function

p:M—>Af{a+ed|ac A}
such that

p@+y) —p@) - ply) = Az)(y) +eA@)(y) € A/fa+ed| a € 4},
[n(2)] = M=z)(z) € A/4,
p(bz) = bu(z)b € A/{fa+ed|a € A} (z,ye M,be A).
An e-symmetric {e-quadratic} linking form over 4 (M,A) {(M,A,p)} is
non-singular if A € Hom ,(M,M") is an isomorphism. A non-singular

e-symmetric {e-quadratic} linking form over 4 (M,}) {(M, A, n)} is hyper-
bolic if there exists a submodule L of M such that

ML)YL) =0 {NL)L) =0, u(L) = 0},
and also
L =ker(M - L™; x +— (y — A()(¥)))-

An isomorphism of e-symmetric {¢-quadratic} linking forms over 4
[ (M,2) > (M, X))
fo (MM p) > (M, X, )
is an A-module isomorphism f € Hom ,(M, M’) such that
N(f@)f@) = A)y) e A/A  (z,y € M)
and in the e-quadratic case also
W (f@) = pla) € Alfa+eilac 4} (we M).

An g-symmetric form over A (M,p € Q*(M)) is nmon-degenerate if
@ € Hom ,(M, M*) is one-to-one.

The boundary of a non-degenerate e-symmetric {even e-symmetric} form
over A (M,p e Q(M)) {(M,p € @{vy)*(M))} is the non-singular even
e-symmetric {e- quadratw} linking form over 4

{ o(M,p) = (0M,A)

oM, P) = (3M, A P")
defined by

OM = coker(p: M — M*),

A: OM - IM™; [x] —~ ( [y] ””‘z))

p: M > Af{a+ei| a € A}; [y] — y‘z)

(x,ye M*,ze M,se A—{0}, p(z) = sy € M*).
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It can be shown that there are natural one-to-one correspondences of
equivalence classes

((even) e-symmetric {e-quadratic} linking forms over 4)

<> (connected 1-dimensional (even) (— ¢)-symmetric

{(—¢)-quadratic} complexes over A which become
contractible over A)

<> ((even) (— ¢&)-symmetric {( — £)-quadratic} formations over 4
(M,o; F,G) {(M,; F,Q)} such that Fn @ = {0} and
M/(F+@) is a torsion A-module)

with non-singular linking forms corresponding to Poincaré complexes
and non-singular formations. The connection between linking forms and
formations over a Dedekind ring A was first established (in the case
where A = Z) by Wall [24]. The boundary operations

0: (non-degenerate forms) - (non-singular linking forms)
agree with the boundary operations of §5
9: (forms) — (non-singular formations).

Given a finite-dimensional 4-module chain complex C write T,(C)
(respectively 7'7(C))
{F.(C) = H,(C)/T,(C) (respectively F*(C) = H'(C)/T*(C))}
for the torsion submodule {torsion-free quotient module} of H,(C)

(respectively H7(C)). The universal coefficient theorem gives natural
A-module isomorphisms

T,(C) - T*(C)* = Hom (T"(C), A/A4); z i~ ( Frs @)

F,(C) > Fr(C)* = Hom 4(F"(0), 4);  + (g > (=)
(xeC,yel,,seA-{0}, sx =dy, fe Cr+, g e Cr).
ProrositioN 7.1. (i) The even-dimensional e-symmetric {even &-sym-

metric, e-quadraticy L-groups of a Dedekind ring A L%*(A,¢) (k > 0)

{L{vo)*(4,¢) (k = 0), Ly, (A4, ¢) (k > 0)} are isomorphic to the Witt groups
L'(4)  {L<vgy""(A), Li-,(4))

of mon-singular (— )ke-symmetric {even (— )ke-symmetric, (— )*e-quadratic}

forms over A. The cobordism class of a 2k-dimensional e-symmetric {even

e-symmetric, e-quadratic} Poincaré complex over A

(C,p € @*(C,¢)) {(C,p € @vp)*(C,¢)), (C, ¢ € Quu(C, ¢))}
corresponds to the Witt class of the non-singular (— )ke-symmetric {even
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(— Yee-symmetric, (— Yee-quadratic} form over A
(F*(C), @y: F*¥(C) - F,(C) = F¥(C)*),
(F k(C)’ ?0)’
(F¥O), (1+ T ), v*(h): FH(C) > Hy(Zy; A, (—)¥e)).

(ii) The odd-dimensional e-symmetric {even e-symmelric, e-quadratic}
L-groups of a Dedekind ring A L¥+1(A4,¢) (k > 0) {L{v)¥*+Y(4,¢) (k = 0),
Ly, (4, ) (k > 0)} are isomorphic to the abelian groups with respect to the
direct sum @ of the equivalence classes of mon-singular (— )e+le-symmetric
{even (—)ktle-symmelric, (— )¥+tle-quadratic} linking forms over A (M,])
{(M,]), (M, )} subject to the equivalence relation (M,A)~ (M',)')
{(M,A) ~ (M X), (M2, p) ~ (M, X, 1)} if there exists an isomorphism

M Ne M, -XN)®(N,v) > o(P,0)@® (N',v)
fr (M, (M, -X)—> o(P,0)
f: (M)A:F')@ (M" _A” —IL') > a(P,o)
for some non-degenerate (— Ye+le-symmetric {(— )*e+le-symmetric, even
(= Yetle-symmetric} form over 4 (P,0), with (N,v), (N',»')
hyperbolic (— Yetle-symmetric linking forms over A.
The cobordism class of a (2k+ 1)-dimensional e-symmetric {even &-sym-
metric, e-quadratic} Poincaré complex over A
(C,p € @¥H(C,e)) {(C,p € Qvp)*+!(C,¢)), (C, ¥ € Qor11(C )}

corresponds to the equivalence class of the non-singular (— Yk+le-symmetric
{even (— )etle-symmetric, (— )x+le-quadratic} linking form over A

:
(7340 0: 7243(0) > T40) = TEOY ] > (10 > B ED)),
(T+1(C), go),

| (744300, 1+ T the): THC) > A/fa+ (= F1es] a € A);

[y] — (1+ JLLSLO(y)(Z))
\ (x,y € C*11, 2z € Ok, s € A —{0}, d*z = sy € C*H),

It can be shown that a hyperbolic even e-symmetric {s-quadratic}
linking form over A is isomorphic to the boundary (P,6) {o(P,8)} of a
non-degenerate e-symmetric {even e-symmetric} form over 4 (P, 8 € Q*(P))
{(P, 0 € Q{vp)*(P))}, so that hyperbolic linking forms represent 0 ih the
Witt-type groups defined in Proposition 7.1(ii).
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In particular, we have that the ring of integers Z is a Dedekind ring,
with the rationals Q as quotient field.

ProrosiTION 7.2. The symmetric and quadratic L-groups of Z are given by

( Z (0
L™Z) = |{ gz 7'an< ; (n = 0),
\ 0 \ 3
( Z (0
L,,(Z)={ OZ ifns‘ ; (n € Z),
2
\ 0 \ 3
L"(Z)=[O ifn=-1,-2
L(Z) ifn<—3.

The invariants are given by
L(Z) > Z; (C, ¢ € Q*(C)) > signature (F2¥(C), p,),
L%+YZ) > Z,; (C,p € Q¥*+1((C)) > de Rham invariant (T'%+1(C), @),
Ly(Z) - Z; (C, ¢ € Qu(C)) > §(signature (F2*(C), (1+ T'))),
Ly +o(Z) — Zy;
(C, ¥ € Qui42(C)) > Arf invariant (F2+1(C), (1 +T')o, v**+1()).

8. Products
We shall define now products in the L-groups
L™A,e)®z L™B,n) > L™ A®, B, ¢®n)

(m,n € Z).
Lm(A’ 8) ®Z Ln(B’ 7)) - Lm+n(A ®Z B’ e® 77)

For m = n = 0 these are the usual products in the Witt groups of forms,
induced by the tensor products of forms. In §8 of Part IT we shall use the
products to obtain a formula for the surgery obstruction of a cartesian
product of normal maps.

The tensor product of rings with involution 4, B is a ring with involution
A ®, B, where

(e®b)=a®be A®,B (ac Ad,beB).
The tensor product of an 4-module chain complex C and a B-module chain

complex D is an A ®zB-module chain complex C®,D, with A®,B
acting by

A®;BxC®zD > C®,D; (a®b, 2Qy) > ax®by.
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If ¢ € A, n € B are central units such that £ =¢1 € 4, 7 =y~ € B then
e®n € A®,B is a central unit such that

(e®n) = (e®7)™ € A®; B,
and there is a natural identification of Z[Z,]-module chain complexes
(C'®40)®z (D'®p D) = (C®zD)® 4.8 (C®2 D)

with T € Z, acting by 7,8 T, on (C'®,C)®,(D'®p D) and by T, on
(C®2 D) ® 49,5 (C®z D). Let W be a complete resolution for Z, obtained
from a f.g. free Z[Z,]-module resolution of Z

d d e
W:.. > W, > W, > W, > Z > 0,

d d * d* d*
W:.. > W, > W >H{,ee%W° > W1 > W2 > .

(We=W¥ = Homzlz,](st Z[Z,))).

As in §4 of Chapter XII of Cartan and Eilenberg [4] it is possible to
construct a diagonal chain map

A:W—>Weo,W
(allowing infinite chains in W ®, W), and so use the restriction
AW ->We, W
A:W—*> We, W+

to define a chain map
®: Homgp (W, C'® 4 C)®z Homyy (W, D'®p D)
— Homgz (W, (C®z DY ® 4.5 (C®2 D)); p@0 = (p@0)A
®: Homyp (W, C'® 4 C) @z (W ®z4z, (D@5 D))
> W ®72,((C ®2 D) ® 4.8 (C®2 D)); 9 ®Y - (p @ Y)A,
identifying Homyp, ;(W—*, —) = (W ®z,,—). The induced product in the
@Q-groups
®: @™(C,&)®zQ™(D,n) > @™™(C®, D, e®1)
®: Q™(C,6)®2@n(D, &) > @pnyn(C®z D, £®7)
is just the cup {cap} product
U: (Z,-hypercohomology) ® (Z,-hypercohomology)
— (Z,-hypercohomology),
0: (Zy-hypercohomology) ® (Z,-hyperhomology)
—> (Zy-hyperhomology).
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In particular, for the standard Z[Z,]-resolution W of Z

Wo=2[Zy), d:W;>Woy; 1, 13+ (=)Teq (32 0)

we can take

A:.Ws_>(W®ZW)s= % W-@ZIK—r; ls}_> § lr®T;—r (SEZ),

y=—00

giving explicit formulae

(¢ ® 0)8 = r§0( - )(m+r) a?r ® T;Gs—r € ((0 ®Z D)‘ ®A®zB(C ®Z D))m+n+a

= hz—m(C‘ ®4 )ity @z (D'®p D)y sy
(820, p e @m(C,¢), 6 € Qn(D, 7)),
(?® '/’)s = go( - )(m+r) P, ® T;*/’sﬂ- € ((C ®z D)' ®A®zB(0 ®ZD))m+n—3

= Z (0‘ ®A 0)m+r ®z (D ®B D)n-s—r

r=—00

(=0, peQmC,e¢), ¢ €Q,(D,n)).

PRrOPOSITION 8.1. There are defined natural products in the symmetric and
quadratic L-groups

®: L™(A,e)®z LB, 1) > L™ A ®; B, ¢e®7),
®: L™(4,&)®z Ln(B,7) > Lyyn(4 @2 B, e®n),
®: L, (4,e)®@z LMB,n) > Ly, (A®; B, e®7),
®: Lin(A4,6)®z Ly(B, ) = Ly n(A ®2 B, e®1),
for m,n € Z, which are related to each other by a commutative diagram

1®(1+7T,)
Lm(A’ 8) ®Z Ln(B’ 77) Lm(Aa 8) ®Z Ln(B, 77)

1+7T)®1 K ®
Y A 4

L™(A4,6)®; Ly(B,n)—2—>L . (A®,B,c®7)

1@ (1+7T)) 14+ Tg,
Y v

Lm™(A,6)®, L*(B,n) —2—> Lmn(4A®,B,e®7)
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Proof. Consider first the case where m,n > 0.

The product of an m-dimensional e-symmetric Poincaré complex over 4
(C,p € @™(C,¢)) and an n-dimensional n-symmetric Poincaré complex
over B (D,0e@™D,n)) is an (m+n)-dimensional (¢® %)-symmetric
Poincaré complex over A ®, B

(C’ ¢)® (Ds 0) = (C®ZD’ ¢®9 € Qm+n(0®zD, 8®T))).
If (f: D> E,(80,0) e @**1(f,7)) is an (n+ 1)-dimensional »-symmetric
Poincaré pair over B then the product
(C,p)®(f: D~ E,(30,0))

=(10f: C®z,D > C®,E, (p@30, p®0) e ™" (10, e®7))
is an (m +n + 1)-dimensional (¢® n)-symmetric Poincaré pair over 4 ®, B.
Similarly for null-cobordisms of (C, ¢), and also for products of other types
of algebraic Poincaré complexes. Thus the @-group products pass to the
L-groups. The above diagram actually commutes on the Q-group level.

The product of an m-dimensional even ¢-symmetric Poincaré complex
over A (C,p € Q(v,)™(C, ¢)) and an n-dimensional n-symmetric Poincaré
complex over B (D, 8 € @*(D,n)) is an (m+n)-dimensional even (¢®7)-
symmetric Poincaré complex over A ®,B (C,9)® (D, 8). We thus obtain
products

®: L(voy™ A, &) @7 L"(B, ) > L{vpy™™(A®; B, ®n) (m,n > 0).
Now Proposition 4.4 gives skew-suspension isomorphisms
S: Lm=2(4, —¢) - L{v)™4, ¢),

S: Imn-%(4®, B, —¢®n) > L{ry™* A ®, B, ¢®7),
so that we can express these products as
®: Lm—2(A, - 8) ®Z Ln(B’ 7)) -> Lm+n—2(‘4 ®Z Bs —E® 7’) (m9 n 2 0)

(agreeing with the products defined previously for m —2 > 0).
We shall define the remaining products using the identifications of §5
of low-dimensional L-groups with Witt groups of forms and formations.
Define the products

®: L%4,e)@z L~4B,n) > LA ®2 B, ¢®1) = Ly(A ®; B, £®7);
(M, —e* € @QCup)~*(M)) @z (N, x —nx* € @{vo)~"(N))
= (M@zN, y® (x—nx*) = f—ef*)®x € Q,0,( 1 ®z N))
(Y € Q_,(M), x € Q_,(N)),
®: L7Y(A4,e)®z L~%B,n) > L3(A®; B, e®7) = L,(A®; B, e®1);
(M, y—e*; F,G)® (N, x—nx*)
> (M®zN,y®(x—1x*); FOz N, GozN).
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It now only remains to define the product

®: LY4,¢)®, L~ (B,7) > L¥(A®, B, ¢®1).

Given a non-singular even ¢-symmetric formation over 4 (H¢(F); F,G)

write the inclusion of the lagrangian as a morphism of even ¢-symmetric
forms

01
(y)i (@,0) > H(F) = (F@F*,( )EQ@o)’(F@F*)),
7 e 0

and let (C,p € Q(v)'(C,¢)) be the associated 1-dimensional even e-sym-
metric Poincaré complex over 4 (obtained as in Proposition 2.3). Given

also a non-singular even n-symmetric formation over B (H(I); I,J) write
the inclusion of the lagrangian as

0 1
(ﬁ) : (J,0) > H1(I) = (I oI, ( ) eQvpr(lel *)),
A 7 O

and let (D,0 € @<vy)}(D,n)) be the associated 1-dimensional even 7%-
symmetric Poincaré complex over B. The product

(C.p)®(D,0) = (C®zD, @8 € Qvp)*(C®z D, £®1))

is a 2-dimensional even (¢® 7)-symmetric Poincaré complex over 4 ®, B
on which it is possible to do surgery to kill H*(C ®, D), obtaining the skew-
suspension S(E,v) of a 0-dimensional even — (¢®7)-symmetric Poincaré
complex over A@,;B (E,v e @Q{v)*(¥, —(¢®7))). The complex (E,v)
corresponds to the non-singular even — (¢®7)-symmetric form over
A®zB,

(H(F); F,q)e (H(I); 1,J)

re1

= [ coker| | 101 |: G@,J > (F*®,J)@ (@oI% 0 (FeLI) ],
Y®B |

0 ey®@p*  e®@nA*
—y*®@m8 0 —eg*®n
-1®A u®l 0
This defines a product
®: Lvgp!(4, &) 7 L<v) (B, 1) > L{v)*(A ®z B, — (¢® 7)),

as required.
5388.3.40 M
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ProrosITION 8.2. The e-symmetrization map
1+7,: L, (A,e) > LMA,e) (neZ)

18 an tsomorphism modulo 8-torsion.

Proof. Product with the generator Eg = 1 € Ly(Z) = Z (Proposition 7.2)
defines morphisms

Es@—:L™A,e) > L,(A4,e) (neZ)

such that both the composﬂ;es with (1+ 7,) are multiplication by 8, since
(1+T)E, =8 e LZ) =

For a commutative ring 4 (with any involution) we can compose the
products of Proposition 8.1 with the morphisms of L-groups induced by
the morphism of rings with involution

A®,A > A;a®b > ab
to define internal products in the symmetric and quadratic L-groups
Lm(4)®, LMA4) - Lmtn(4),
L™(A)®z Ly(A) > Ly n(4),
Lo(4)®; Ly(4) > Lpyo(d)  (mym € Z).
These make L*(4) into a graded ring with unit
1=(4,4 - A*; a+> (b ba)) € L(A),
and Ly (A4) into a graded L*(4)-algebra. (The productsin L*(4) and Ly(4)
are such that zy = (- )*Wlyx, where | | denotes the grading.)

The suspension and skew-suspension operations §,S defined on the
@-groups in §1 above can be expressed as products with universal classes
defined over Z. Specifically, define Z,-hypercohomology classes ¢ € Q(SZ),
¢ € Q%SZ, 1) by

=1:8'=2Z > S8SZ,=12,
Bo=1:821=2Z > 8Z, =Z.
The suspension of an 4-module chain complex C can be expressed as
SC =8Z®,C,
8 = (8Z,p)®~: @Q*(C, &) > @+(8C,¢),
{ § = (SZ,0)® = : Qa(C,6) > uialSCs ),
= (SZ,5)®~ : @*(C, &) > @***(SC, —¢),
{ 8 = (SZ,5)®~ : Qul(C,¢) > @uuslSC, ).

and

]
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9. Change of K-theory

We shall now consider the L-groups L¥%(4,¢) {L¥(4,¢)} of cobordism
classes of e-symmetric {¢-quadratic} Poincaré complexes over 4 (C,¢)
{(C, )} with algebraic K-theory (such as the projective class [C] € Ky(4)
or the torsion 7(p,: C"~* — O) € K,(4)) restricted to lie in a prescribed
subgroup X of K,,(4) (m = 0,1).

Let X be a subgroup of the reduced projective class {torsion} group
R (A) = coker(K,(Z) - K,(A)) {&,(4) = coker(K,(Z) - K,(A))} which is
setwise invariant under the duality involution

*: Ko(4) > Ko(4); [P]— [P*],
*: Ky(A) > Ky(4); 7(f: P> Q) > 7(f*: Q% > P¥),

denoting by [P] {r(f: P - @)} the projective class {torsion} of a f.g.
projective 4-module P {an isomorphism f € Hom ,(P,Q) of based f.g. free
A-modules P,@}. In dealing with based A-modules it is convenient (but
not necessary, cf. Ranicki [15]) to assume that 4 is such that f.g. free
A-modules have a well-defined rank. Also, we shall assume that
7(e: A - A) e X c K (A).

The intermediate ¢-symmetric {e-quadratic} L-groups of A L%(A,¢)
{LX(A,¢)}, for n € Z, are defined as follows. For = > 0, let L%(4,¢)
{LX(A,e)} be the cobordism group of =-dimensional e-symmetric
{e-quadratic} Poincaré complexes over 4 (C,p € Q™(C,¢)) {(C,¢ € @,(C,¢))}
with K-theory in X, meaning:

in the case where X c K(4), C is a finite chain complex of f.g. pro-

jective A-modules such that

[C1= X (-)ICle X < Ky(4);
in the case where X < K,(4), C is a finite chain complex of based f.g.
free A-modules such that
7(py: Ov* - C) € X c K,(4),
(14 T)y: C** > C) € X < By(4).

Working exactly as in Proposition 4.3 we can show that the skew-
suspension maps in the intermediate e-quadratic L-groups

S: LX(4,¢) > LE,(4, —¢) (n>0)
are isomorphisms, allowing the definition
LX(4,6) = LE (4, (= )e) (n<—1,n+2 > 0).
Furthermore, define L{v,)%(4,¢) (n = 0,1) to be the cobordism group of
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n-dimensional even e-symmetric Poincaré complexes over A4 with K-theory
in X. Define L%(4,¢) (n < —1) by

Livg)%*(4, —¢) (n=-1,-2),

L¥(A,¢) (n < -3)

All the results of §§1-8 above have obvious intermediate L-group
analogues. In particular, L%(4,¢) {L{vy)%(4,¢), L§(4,¢)} is the Witt
group of non-singular é-symmetric {even e-symmetric, e-quadratic} forms
over A (M,p € Q«M)) {(M, p € @{v)*(M)), (M, € Q,(M))} with K-theory
in X (meaning [M] € X if X < K (4), and M based, (p: M - M*)e X if
X c K,(4) with ¢ =y+ef* in the e-quadratic case), and L% (4,e)
{L{ve)%(4,¢), LF¥(4,¢)} is the Witt group of non-singular e-symmetric
{even e-symmetric, e-quadratic} formations over 4

(M,p e Q(M); F,G)
(M, € Qve)*(M); F,G)
(M, € Q(M); F,G)
with K-theory in X (meaning [¢]—[F*] € X if X < K (4), and F, @ based,
19 f: FOF* - Ga6*) e X if X cK,(4)

with f: FO@ F* > M, g: G®G* - M any of the A-module isomorphisms
extending the inclusions F -~ M, G - M given by Proposition 2.2).
The L-groups considered so far have been the case where X = K (4),

L4, 4
(4,e) = Ly (0 n e Z).

L,(4,¢8) = LK 4(4, )
The intermediate symmetric {quadratic} L-groups L%(4,1) {LX(4,1)}
will be denoted by L% (4) {LX(4)}, for n € Z.
The groups U,(4), V,(4), W, (4) (r(mod4)) of Ranicki [13] can be
identified with the appropriate intermediate quadratic L-groups
Up(A) = LE(A) = Ly(4),
V.(4) = Lig)sz"z’.,(A)(A) = LK) 4),
Wo(d) = Lp=&ia4).
More generally, the intermediate quadratic L-groups LX(4) can be
identified with the groups UX(4) (X < K,(4)) and VX(4) (X < K,(4))
defined for » (mod4) by Ranicki in [15] using + quadratic forms and
formations over A with K-theory in X. For a group ring A = Z[=] with

the w-twisted involution § = w(g)g~ (g € m) for some group morphism
w: m - Z, there are thus obtained all the various geometric surgery

L&(A»e) =
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obstruction groups. If X cKy(Z[~]) {X < K,(Z[»])} is a *-invariant
subgroup then LX(Z[~]) is the obstruction group for framed surgery on
normal maps from compact manifolds to finitely-dominated {finite}
geometric Poincaré complexes with fundamental group =, with all the Wall
finiteness obstructions {Whitehead torsions} restricted to lie in
X < Ry(2Z[n)) {X/m < Wh(n) = R (Z[=))/{x}}.
(We recall that the finiteness obstruction of a finitely-dominated geometric
Poincaré complex X is the projective class [C(X)] € Ky(Z[=,(X)]) of the chain
complex C(X) of the universal cover X, and that the torsion of a finite geo-
metric Poincaré complex X is 7([X]n—: C(X)»* - O(X)) € Wh(m,(X)).)
In particular, we have the surgery obstruction groups
L‘;(‘n', w) = L%"}EE‘(ZI”])(Z[‘IT])
L} (m, w) = V,(Z[n])
LY (7, w) = Up(Z[n))
considered by Wall {25] {Shaneson [21], Maumary [8], Pedersen and Ranicki
[80]} (see also the discussion in [25, § 17D]). Intermediate surgery obstruc-
tion groups LX(Z[r]) (X < K,(Z[n])) were first considered by Cappell [3].
We shall write L% (4, &) {LX(4, )} as U%(4, ¢) {UZ(4, ¢)} for X = K(4),
and as V%(4,¢) {VX(4,¢)} for X = K,(4), with
UMA,e) = Uk, ,)(4,¢), V™(d,e) = Vi 4 (4,¢)
Un(d,e) = URi(4,¢), | V,(4,e) = VEA(4,¢)
extending the notation of Ranicki [13, 15]. For ¢ = 1 € 4 the notation is
contracted in the usual fashion, for example, U™(4,1) = UM 4). Similarly
for the intermediate even e-symmetric L-groups L{vy>%(4,¢) (n = 0,1).
. Mishchenko [10] considered only symmetric Poincaré complexes over A
(C,9) in which C is a finite f.g. free A-module chain complex, so that the
groups ,(4) defined there are precisely V*(4)(n > 0). The groups
Q,(4) = V»(4) differ from L*(A) = UMA4) in at most 2-torsion—this is
clear from the following exact sequence, since the reduced Tate Z,-
cohomology groups A™(Z,; @) are of exponent 2.

(neZ),

PropPOSITION 9.1. The intermediate e-symmetric {e-quadratic} L-groups
of A associated to *-invariant subgroups X < Y < K, (A) (m = 0 or 1) are
related by a long exact sequence of abelian groups

o > L2(4,6) > LB (4,¢) > A™Z,; Y/X)
- L% YA,¢e) > Ly(4,e) > ...

(n € Z)
.. > LX(4,6) > LY (4,¢) > A™(Z,; Y/X)

— LX (A,e) > LY ;(4,¢) > ..

n—-1
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tnvolving the reduced Tate Z,-cohomology groups of the tnvolution on Y /X
A™Zy; Y/X)={ge Y/X|g* = (- )g}/{h+(-)"h*| b e Y/X}.

Proof. The exact sequences in the e-quadratic case have already been
obtained, in Theorems 2.3 and 3.3 of Ranicki [13]—only ¢ = +1 € 4 was
considered there, but the methods apply for all ¢ € 4. The first such
sequence was the Rothenberg exact sequence obtained by Shaneson [21]

> L& (m) > Lh(m) > AN(Zy; Whim) > L8 _y(m) > LA _y(m) > ...

The e-symmetric case for m = 0, n > 0 proceeds as follows.

Given a f.g. projective 4-module P define an (n+ 1)-dimensional
e-symmetric Poincaré pair over 4,

(f(P,n): C(P,n) > 3C(P,n), 8p(P,n), p(P,n)) € @**(f(P,n),¢)),
with projective classes

[CP,)] = 5 (-)[C(P,n),] = (=)~([P]+(~)"[P¥]) € Ky(4),

re=—0

[BC(P,u)] = % (= )[5C(P,n),] = (-)*[P) € Ry(d) (n=2ior 2i+1)

Pr==—00
as follows:
ifn=2
f(P,25)=(1 0): C(P,2t); = PeP*—>3C(P,2i); =P,
0 (—)k
¢(P’2i)0=( Y ):C(P,f)_,i)i=P*(—BP—>0(P,21:)‘=P®P*,
1 0
C(P,2i), = 8C(P,2t), = 0 (r #1), 8p(P,2t)=0;
ifn=2+1

P*ifr =3, .
Pifr=1+1,
C(P,2t+1),={ P ifr=1+1, 3C(P,2:+1), =
0ifr#di+1,
0 ifr#94,0+1,

d=0:C(P,2i+1);,, =P - C(P,2i+1); = P*, 8p(P,2t+1)=0,
1: C(P,2i+1) =P - C(P, 2t +1);,, = P,
¢(P,2i+1)o={ . R .
e: O(P,2t+ 1)+ = P* » C(P, 21+ 1); = P¥*,
f(P,2t+1)=1: C(P,2i+1);,, = P> 8C(P,20+1);,, = P.

Define abelian group morphisms

B: Ly (4,¢) > ANZy; Y/X); (C,9) = (O]

y: L%(4,8) > Ly (4,¢); (C,0) = (0, 9) (n > 0).

0: Av(Z,; Y/X) > Ly(4,¢); [P]+> (C(P,n), ¢(P,n))
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The composite

A(Z,; ¥/X) — In(d,e) — > Ln(d,e) (I)

is 0, since (f(P,n): C(P,n) ~ 8C(P,n), (8p(P,n),p(P,n))) is a null-
cobordism of yd[P] = (C(P,n), p(P,n)) with

[BC(P,n)] = (= )*~[Pl e ¥ < K\(4).

Given (C, ) € kery there exists a null-cobordism (f: C - 8C, (8p, @)) with
[6C]1 e Y = K(A4), and

(C,p) = (=)"~0[8C] € im(2: A" (Zy; Y/X) - L%(4,¢))

so that (I) is exact.
The composite

L3(4,6) L Ly(d,e) —2 Anz,; v/3) (m

is 0. Given (C,¢) € ker B there exists a f.g. projective 4-module P such
that

[C1+ (= )"([P]+ (- )"[P*]) = 0 e K((4), [P]e X c K (4),

and
(C,p) = (Cyp)@0[P] € im(y: L%(4,¢) - Ly (4,¢)),

so that (II) is exact.
The composite

L4, ¢) —B> Ar\(Z,; Y/X) —L L% (A,¢) (III)

is 0, for if (C, @) € L%*(A, ) and P is a f.g. projective A-module such that
[P]= (—)**[C] € Ki(A) then

(f(P,n)®0: C(P,n) > 8C(P,n) @ C, (3p(P, n) ® ¢, p(P, n)))

is a null-cobordism of 8B(C,¢) = o[P] = (C(P,n), p(P,n)) such that
[8C(P,n)®C) € X < K (4). Given [P] € kerd let

(9: C(P,n) > D, (6, p(P,n)) € Q*(g,¢))

be a null-cobordism of 3[P] = (C(P, n), (P,n)) such that [D] € X < Ky(4).
The union

(f(P,n): C(P,n) > 8C(P,n), (3p(P, n), p(P,n)))
u(g: C(P,n) > D, (8, (P,n))) = (D', 6" € @**1(D',¢))
is an (n+ 1)-dimensional e-symmetric Poincaré complex over A such that

[D] = [D]1-[C(P,n)]+[8C(P,n)] = [P] € A*+\(Zy; Y/X).
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Thus [P]=B(D',8) € im(8: Lu+(4, &) > A™Y(Z,; Y/X)), and (III) is
exact.

The cases where m = 1, n < —1 may be treated similarly.

Define the stable e-symmelric {e-quadratic} unitary group of A to be the
direct limit
U*(A,¢e) = Lim Aut H5(A™)
m
Uw(A,¢€) = Lim Aut H,(4A™)
o
of the automorphism groups of the standard hyperbolic even e-symmetric
{e-quadratic} forms over 4,

&

01
H(Am) = (Am@ (Am)*,( 0) € Qi (Am® (Am)*))

(m > 1),
01
H(A™) = (4™ @ (4™)*, o o€ Q (4™ ® (A™)*)
the limit being taken with respect to the inclusions
Aut H¢(A™) > Aut H{(A™); u > ud 1
(m = 1).
( Aut H(A™) - Aut H(A™H); u > u@1

(The hyperbolic forms {H¥(A™)| m > 1} {{H,(A™)| m > 1}} are a cofinal
family of objects in the category of non-singular even e-symmetric
{e-quadratic} forms over 4.)

Define the elementary e-symmetric {e-quadratic} unitary group of A
EU*(A,¢e) {EUL(A, ¢)} to be the subgroup of #*(A,¢) {#.,(4, ¢)} generated
by the elements of type

o 0
(1) ( . 1), for any automorphism « € Aut (4™, A™),
0 o¥

1 0
(i1) ( ), for any (— &)-symmetric {even (— ¢)-symmetric} form over
1

‘4
A (4™, p € @~5(4A™)) {(4A™, @ € Qve(4™))},
0 -1
(i) oy, = ( %2 ), where (4™, y,, € @+(4™)) is the non-singular
&/m

symmetric form given by

Yt AT > (A™)*; (a1, 0y, ..., @) > ((bl,bz,...,bm) > gb,di).

Tl
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Given a *-invariant subgroup X < K,(4) define a subgroup of
U*(A, &) {Ux(4, )}
U*% (A, &) = ker(r: U*(A,¢) - K,(4)/X),

NX(A,e) = ker(r: U, (4,¢) - K, (4)/X),
and let EU*% (A, ¢) {EUX(A,¢)} be the subgroup of EU*(A, ) {%.(4,¢)}
obtained by restricting the generators of type (i) to be such that
7(a) € X < K,(A).
ProposITION 9.2. Let X < K (A) be a *-invariant subgroup.
(i) The elementary subgroup EU%(A,e) {EUE(A,¢€)} contains the com-
mulator subgroup of the stable unitary group
[%%(A4,¢), U%(A4,€)] {[%F(A,¢), %% (4,¢)]}-
(ii) There are natural identifications of abelian groups
Vvok(4, ) = U%(A,e)/6U%(4, ¢),
{ VE(A,e) = UE(A,e)/EUE(A,¢).
(iii) Bvery element of EU%(A,e) {EUX(A,¢)} is represented by an auto-

morphism u: Ho(A™) - H(A™) {u: H(A™) - H,(A™)} for some m > 0 such
that, for some n > 0,

( o )(1 )(?1 )(1 , )
ud o,
0 o*1\0 1 1/\0 1

for some automorphism « € Hom 4(A?, A?) with 7(c) € X < K,(4), and some
(—&)-symmetric {even (—c)-symmetric} forms over A ((47)*,0), (47,¢),
((4P)*,8) (p = m+n).
Proof. A unitary automorphism
u: HY(A™) > H{(A™) {u: H(4™) - H(A™)}
such that 7(u) € X determines a non-singular even c-symmetric {e-
quadratic} formation over 4 (He(A™); A™ u(4A™)) {(H,(A™); A™ u(4A™))}
with K-theory in X. The based analogue of Proposition 5.2 identifies
Vivpk(4,e) {V{(4,e)} with the Witt group of non-singular even
e-symmetric {e-quadratic} formations over A with K-theory in X. Given
‘unitary automorphisms u,v: H¥A™) — H*(A™) there is defined an iso-
morphism of formations
w: (H(A™); A™, v(4A™)) > (H*(A™); u(4A™), uv(4™)).
Thus
(He(A™); A™, uv(A™)) = (He(A™); A™, u(A™)) @ (H(A™); u(A™), uv(A™))
= (He(A™); A™, u(4A™)) @ (H(A™); A™, v(A™))

€ V<’UO>IX(A, 8)»
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and we have a well-defined group morphism

f*: U%(4,¢) > Vivgk(4,e);
(w: HY(A™) - Ho(A™)) > (He(A™); A™ u(A™)).
Similarly, there is a well-defined group morphism
Fa: UE(4,6) > VE(4,¢);
(u: H(A™) > H(A™) — (H,(A™); A", u(4A™)).

By Proposition 2.2 every non-singular even e-symmetric {e-quadratic}
formation over 4 with K-theory in X is isomorphic to (H¢(4™); A™, u(A™))
{(H(A™); A™, u(A™))}, for some unitary automorphism u, so that f* {fy}
is onto. The given generators of §%%(A,¢) {E%E(A,¢)} are sent to 0 by
[* {fi}, so that EU%(A,¢) < ker(f*) {U£(4,¢) < ker(fy)}. The based
analogue of Proposition 5.4(ii) characterizes the unitary automorphisms

u: Ho(A™) > H(A™) {u: H,(A™) > H(A™)}

such that u € ker(f*) {w € ker(f)} as precisely those for which the forma-
tion (He(A™); A™, w(4™)) {(H,(A™); A™,u(A™))} is stably isomorphic to the
boundary 9(4™,p) of a (—e)-symmetric {even (—e¢)-symmetric} form
over A4 (A™,¢p), or equivalently those for which «® o, for some = > 0
admits a product decomposition as in (iii). Such unitary automorphisms
belong to 8%%(4,¢) {E%¥(4A,¢)}, and so

[%3:((‘4!8)»%§(A’5)] < ker(f*) = é’%%(A’g),
[%;Y(A: £)s %g(A» £)] € ker(f,) = EUE(4,¢).

The original definition of the odd-dimensional surgery obstruction
groups of Wall [25] was given by

Ly o (m,w) = P (Z[n], (= )9)/EUT (L[], (= )) (6 (mod 2)),

using the w-twisted involution on the group ring Z[r]. The inclusion
[U*, U*) = EU* {[Us, %) S EUy} Was first obtained by Wasserstein [28]
{Wall [25] } using explicit matrix identities. (The quotient Z*/[6U*,EU*]
{Uy)[EUy, 6%} is generated by o, so has order at most 2.) The ‘Bruhat
decomposition’ of &%, given by Proposition 9.2(iii) is the improvement
due to Wall [27] on the ‘normal form’ of Sharpe [22]). The extra structure
carried by a ‘split unitary automorphism’ w: H(F') — H(F') in the sense
of Sharpe [22] corresponds in our terminology to a choice of hessian
0 € Q_,(G) for the lagrangian G = %(F') in the non-singular e-quadratic
formation (H,(F); F,G), and so determines a split e-quadratic formation
7, Q).
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10. Laurent extensions

The Laurent extension A[z,z~'] of a ring with involution A4 is the ring
of finite polynomials 32 _, @27 (a; € 4) in a central invertible indeter-
minate z over 4 with involution by Z = 271, that is

—: Afz,27Y] > Alz,271]; Ta@ = Yap.
] j

ProrostTiON 10.1. The free e-quadratic L-groups Vi(A[z,271],¢) of the
Laurent extension A[z,271] of a ring with involution A are such that

Vi(dlz,27),e) = Vo(4,e)@ U, 1(4,¢) (neZ),
with U, (A, €) the projective e-quadratic L-groups.

Proof. A splitting theorem of this type was first obtained for the surgery

obstruction groups
Li(m x Z) = Lg(m) @ L, ()

by Shaneson [21], using geometric methods. A splitting theorem for the
quadratic L-groups of arbitrary rings A was then obtained by Novikov
[12] (modulo 2-primary torsion, with 1 € 4) and Ranicki [14], using
purely algebraic methods. In particular, in [14] there were defined natural
isomorphisms

(€ B):V,(4,e)@U,_,(4,¢) >V (A[z,271],e) (neZ)

with é the split injection induced functorially by the split injection of
rings with involution
€: A~ Alz,z7']; a > a.

Only the case where ¢ = + 1 € A was considered there, but the methods
apply for all ¢ € A.

In Part II we shall associate an n-dimensional geometric Poincaré
complex over Z[m(X)], o*(X) = (C(X),p € @(C(X))), to the universal
cover X of an n-dimensional geometric Poincaré complex X. In particular,
for the circle X = 8* we have the 1-dimensional symmetric Poincaré
complex over Z[Z] = Z[z,271]

o*(8!) = (C,p € @QY(0))
Z[Z] ifr=0,1,
Cr={ [Z] ifr
0 ifr#0,1,
1:01—>C°,
¢o=[

z71: C° - C,,

defined by
d=1-z:C - C,,

¢ =1:Ct> (,
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corresponding to the non-singular symmetric formation over Z[Z],
o*(8Y) = (H*(Z[Z]*,1); Z[Z),{(z, (2— V)x) € Z[Z])® Z[Z]*| = € Z[Z]}).

The split injections appearing in Proposition 10.1 are precisely the
products

B=c*8Y)®—-:U,_,(4,¢) > V,(Ad[z,z'),e) (n € Z),
identifying
Z[Z)®, A = A[z,z71].
For any ring with involution 4 let us write T = T'_, and
e
L,(4) = L,(4, —1) (= L, ,(4))
ProposiTION 10.2. The (k+ 1)-fold skew-suspension maps
Skt LYZ[2%) > LA+(2[22), (- )F) (k> 0)
are not isomorphisms, with S¥(o*(St) ® o*(S1)) ¢ im(S¥+1).

Proof. Consider first the case where k = 0. (Here, we can interpret the
result as stating that it is not possible to make the symmetric Poincaré
complex of the torus o*(S!x 81) = ¢*(S!)® o*(8*) highly-connected by
algebraic surgery.) The products of Proposition 8.1 fit into & commutative
diagram

10 (1+7)
—

Ly2[2%)) @, Ly(2) Ly(2([22) @, L(2)
1+T)®1 ®
D222 @, L) —— > L2
S®1 S
LA2(Z) @, Lyt) —— S Lyz(22)

The skew-symmetrization map (1+7): L,(Z[Z?]) - L%Z[Z?)) is onto, by
Proposition 6.2. Thus if o*(S! x S1) € im(S: LYZ[Z?]) - L*Z[Z?])) there
exists an element 2 € Ly(Z[22]) such that

o*(81x 81) = 8(1+4 T')(x) € L¥(Z[Z?)).
The Arf invariant 1 element ¢ € Ly(Z) = Z, is such that
o*(S1x SY)@c = B2c) = (0,0,0,1) # 0 € LyZ[Z%]) = Z0 0000 Z,
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by Proposition 10.1. On the other hand, it follows from the above diagram
that

* (S x 8Y)@c = 8(x® (1+T)(c)) = 0 € L(Z[Z?)),

since _ :
(1+T)(c)=0€e LYZ) = 0.
This is a contradiction, so there is no such x € Ly(Z[Z2]) and
o*(S1 x 1) ¢ im(S).
For general k > 0 observe that S: L%(Z[Z2]) -~ L%(Z[Z2]) is an isomor-
phism by Proposition 6.2, and that
8i: LNZ[Z%)) — L*+(Z[Z%), (- ¥+) (j= 1)

is an isomorphism by Proposition 4.5, since Z[Z?] is noetherian of global
dimension 3.

The method of Proposition 10.2 can be used to obtain another failure of
4-periodicity in the symmetric L-groups, involving the deRham invariant
d € L\(Z) = Z, instead of the Arf invariant ¢ € Ly(Z) = Z,, as follows.

PropPOSITION 10.3. The (k+ 1)-fold skew-suspension map

Sk+1: LYZ[Z]) = 0 - L*+Z[Z),(-)*) (k> 0)
is mot onto, with SkB(d) ¢ im(S*+1)) = 0.

Proof. Let Z[Z~] denote the ring Z[z,21] with involution
Z=-z71
By Theorem V.1 of Morgan [11] we have that the product
d®—: Ly(Z[Z7)) = Z, > L(Z[Z7)) = Z,
is an isomorphism. It follows that the product by
SkB(d) € L¥*+(Z[Z], (- )),
SkB(d)® — : Ly(Z[Z~)) = Zy - Lyyoys(Z[Z X Z7], (= )*) = Zy
is an isomorphism for each k > 0, and hence that S¥B(d) # 0.

The symmetrization functor 1+ 7 embeds the category of quadratic
forms over a group ring Z[=] with the untwisted involution (which is the
same as the category of even symmetric forms over Z[r]) in the category
of symmetric forms over Z[n]. Nevertheless, it need not be the case that
the symmetrization map of Witt groups (1+7'): Ly(Z[=]) - L°Z[x]) is
one-to-one, as shown by the following example.

ProrosiTION 10.4. The symmetrization map

1+7: L(Z[Z2]) - LYZ[Z?))
is mot one-one, with B?(c) € ker(1 +T).
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Proof. Consider the commutative diagram

- - 8
L¥(Z[Z%)) ®, Ly(Z) 2, Ly(Z[Z%)) «—— L,(2[Z%))

1®(1+T)l 1+Tl ll+T
8

LY(2[2%) @, E0(Z) ——> LHZ[2*]) «——— LNZ[Z%))

in which the skew-suspensions S are isomorphisms (by Propositions 4.3
and 6.2(ii) ), and L%(Z) = 0. The Arf invariant element ¢ € L(Z) = Z, is
such that
(1+T)8-1B%(c) = 8-Y(1+T)B?(c) = 8-1B*(1+T)(c) = 0 € LY(Z[Z2)).
Write the product by o*(S!) € LY(Z[Z]) on the e-symmetric L-groups as
B = o*(81)@—: U(4,¢) > Vr+Y(A[z,271],¢) (n € Z).

ConJECTURE. The natural maps
(€ B): V™(4,e)@ U4, ¢) > V(42,27 ¢)

are isomorphisms for all 4,¢,2 € Z.

Proposition 10.1 verifies the conjecture in the e-quadratic range n < —3.
The methods of Ranicki [14] can be extended to prove the conjecture in
the range —2 < n < 1 when the L-groups can be expressed in terms of
forms and formations. In particular, combined with the computation of
L*(Z) (Proposition 7.2) the conjecture would give

LZ[Z?) = IXNZ)o INZ) @ LMZ)© LNZ) = 00 Z,0 Z,® Z

with o*(S*x 8') = (0,0, 0, 1) € L*Z[Z?]). Propositions 6.2 and 10.1 give
that
LoZ[Z%) = L9(2)® Ly(2) ® Ly(2) ®© Ly(Z) = 06 00 0@ 8Z,

where 8Z denotes the subgroup Ly(Z) = 8Z < L%Z) = Z. The conjecture
relates the failure of periodicity L°(Z[Z?]) # L*(Z[Z?]) described by
Proposition 10.2 to the familiar inequality Ly(Z) # L%Z). For the
situation described by Proposition 10.3 the conjecture would give that
SkB(d) € L*+2(Z[Z], (— )¥) = Z, (k > 0) is the generator. For the situa-
tion of Proposition 10.4 we have

Ly(Z[{Z?)) = Ly(Z)® L,(Z)® L,(Z)® Ly(Z) = 8Z® 00 00 Z,,
LYZ[Z?)) = LNZ)o LNZ)o LY Z)® LZ) = Zo 00 00 0,
with B2(c) = (0,0,0,1) € L,(Z[Z2)).
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