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Introduction

The theory of algebraic surgery on chain complexes with an abstract
Poincaré duality developed in Part I (Ranicki [22]) is applied here to the
study of geometric surgery on manifolds.

In §2 {respectively §4, §9} below we shall associate an n-dimensional
symmetric Poincaré {respectively quadratic Poincaré, hyperquadratic}
complex over Z[m(X)] o*(X) {respectively o,(f,b), 6*(»)} to an n-
dimensional geometric Poincaré complex X {an n-dimensional normal
map (f: M - X,b: vyy > vx), a stable spherical fibration p: X -~ BG
over an n-dimensional CW complex X} such that

(1 +T)oy(f,b)® o*(X) = o*(H),

Jo*(X) = 6*(vx).
The quadratic signature oy(f,b) € L,(Z[m,(X)]) will be identified in §7
with the Wall surgery obstruction. The Mishchenko symmetric signature

invariant o*(X) € L*(Z[n,(X)]) appears in the product formula for surgery
obstructions obtained in §8,

ou(fXxg: MxN > Xx7Y, bdc: vy X vy => vx Xvy)
| = 04(f,0)® 04(g, ¢) + 0*(X) ® 04(9, ¢) + 0u(f, b) ® 0*(Y)
€ Lm+'n(z['”1(X X Y)])

In §9 there is obtained a formula describing the effect on the surgery
obstruction o,(f,b) € L, (Z[m(X)]) of a change in the bundle map
b: vy > vy. It turns out that the surgery obstruction of a ([3n]—1)-
connected n-dimensional normal map (f,b) is independent of b for
n #2867, 14,15.
Part II contains the following sections:

§ 1. The chain constructions;

§ 2. Geometric Poincaré complexes;

§3. Equivariant S-duality;

§4. Normal maps;

§5. Intersections and self-intersections;

§6. Geometric Poincaré cobordism ;
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194 ANDREW RANICKI

§7. Geometric surgery;
§8. Products;
§9. Wu classes.

1. The chain constructions

We develop two chain level constructions on topological spaces, which
we shall use in §2 to obtain algebraic Poincaré complexes from geometric
Poincaré complexes. The ‘symmetric construction’ associates to the
singular chain complex C(X) of a topological space X a natural chain
‘homotopy class of chain maps

px: C(X) - Homgy,, (W, C(X)®, C(X)),
inducing abelian group morphisms in homology
ox: H,(X) > H,(Homgz (W, C(X)®,C(X))) = @*(C(X)).

In fact, px is the Alexander-Whitney diagonal approximation underlying
the construction of the Steenrod squares, which may be recovered from
px: H(X) > QYC(X)) by applying the symmetric Wu class operations
v, of §1.1. The ‘quadratic construction’ associates to a stable map of
spaces F: 22X — ZPY (p large) a natural chain homotopy class of chain
maps

pp: O(X) > W®z4,(C(Y)®20(Y)),

inducing abelian group morphisms in homology
‘/JF: Hn(X) - Hn(W®Z[ZQ](C( Y) ®Z 0( Y))) = Qn(o( Y))
The two constructions are related to each other by

f*ex—erfe = 1+ Ty H(X) > gMC(Y)),
where f: C(X) - C(Y) is any of the chain maps in the chain homotopy
class of the composite
e F (Zr)-1
C(X) —— QrC(ZPX) —> QrC(ZPY) —> C(Y).
If fisinduced by a geometric map, that is if F = Z7 F for some F: X - Y,

then .
Yp = 0: H(X) > Q,(C(Y)),

f*ox—prfa = 0: Hy(X) - @YC(Y)).
Thus the quadratic construction ¢ is a chain level desuspension obstruc-
tion, and measures the failure of f to respect the symmetric constructions
¢x,9y. The effect of applying the quadratic Wu class operations v” to
Yp: H(X) > Q,(C(Y)) can be expressed in terms of the functional
Steenrod squares.
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Actually, we shall develop the symmetric and quadratic constructions
in the context of spaces with a discrete group action and equivariant
maps, in order to deal with the action of the group of covering translations
o on the singular chain complex C(X) of a covering X of a space X.

Let R be a commutative ring with 1.
Write the singular R-module chain complex functor as

C( ; R): (topological spaces) — (R-module chain complexes);
X+~ C0(X; R),
and denote the homology and cohomology R-modules by
H.(C(X; R)) = Hy(X; R), H*C(X; R)) = H*(X; R).
As usual, for R = Z we write
C(X; Z) =C(X), H.(X;Z)=H(X), H*X;Z)=H*X).
(Thus C(X; R) = R®,C(X).)
ProrosiTiON 1.1. (i) There exists a functorial diagonal chain map
A: C( ; R) - Homy,(W,C( ; R)®gC( ; R));
that is for each topological space X there is given an R-module chain ma.p
Ax: C(X; R) - Homy, (W,C(X; R)®5C(X; R)),

such that for any map of spaces f: X — Y there is defined a commutative
diagram of R-module chain complexes

A
O(X; R) —= Homy, (W,C(X; R)®C(X; R))

/ k
Ay
C(Y; R) —— Homg,, (W,C(Y; R)®rC(Y; R))
with T € Z, acting on C(X; R)® 5 C(X; R) by
T: Cp(X; R)Y®RrCYX; R) > CX; R)®RrCy(X; R); 2@y > (— Py ®@=.

(il) Any two such functorial diagonal chain maps A,A’ are related by a
functorial chain homotopy

I''A~A": C( ; B) - Homgy (W,C( ; B)®gC( ; R)).
Any two such chain homotopies are related by a functorial homotopy.

Proof. The proof is by standard acyclic model theory.

We recall the construction from Ay of the squaring operations intro-
duced by Steenrod [26].
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The Steenrod squares of a topological space X are the Z,-module
morphisms

8¢': H'(X; Zy) > H¥(X; Z,);

(¢: CUX; Zy) > Zy) > (8gi(c) = (c®C)Ax(—)(1,—4): Cprpe X5 Zy) — Zy)
with
Z[Z,) (r>1)
0 (r <9)
the generator, and Ay any of the diagonal chain approximations given
by Proposition 1.1(i) for R = Z,.

The functional Steenrod squares of a map of spaces f: X — Y are the
Z,-module morphisms

1l eW_ = [

E 3
Sqb: ker((gqi)  HY(Y; Zy) > H(X; Zp)® H(Y; zz))
> coker((Sq¢ £*): HYX; Z,)® HrH-(Y; Zg) > HrH-(X; Zy));

(c: C(Y; Zy) > Z,) (SQ;(C)

= (9®9)(Ax(=)(1y—s1) +(1®dx)Ax(—)(1,-) +}f: Crpirs(X; Zy) > Zy)
(¢f = gdx: CAX; Zy) > Zy, g: C,_(X; Zy) > Zy,

(€®c)Ap(—)1,-) = kdy: Co (Y Zy) »> Zy, b: Cpy (Y5 Zy) > Zy).

Let = be a group, and let R[x] be the group ring with elements formal
sums 3., 7,9 (n, € R) such that only a finite number of the coefficients
7, is not 0.

Given a group morphism w: 7 — Z,={+1} define the w-twisted
involution on R[n]

~: R[n] - R[n]; X nyg—> T w(g)n,g.
gem

gen

The untwisted involution on R[r] is the w-twisted involution in the case
where w = 1 (so that § = g~ (g € =)).

We refer to §1 of Part I for our conventions and definitions regarding
modules over a ring with involution.

Given an R[n]-module M let *M denote the R[w]-module defined by the
additive group of M, with R[] acting by

R(n]xYM — Y M; ( X nyg, %) — 3 nyw(g)(9x).
gen gen

The right R[#]-module (*M)' (respectively the dual R[n]-module (¥M)*)
defined with respect to the untwisted involution on R[x] is the same as
the right R[n]-module M* (respectively the dual R[x]-module M*) defined
with respect to the w-twisted involution on R[x].
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A m-action on a topological space X is a continuous function
ax X > X; (9,%) —> gz
(with the discrete topology on =), such that
g(hx) = (gh)z,
lx=2 (xe€X,g,hemn).

The singular chain complex C(X; R) is an R[n]-module chain complex,
and there are defined homology and cohomology R[w]-modules

H,(X;R) = H,(C(X; R)), H*X;R)=H*CX;R)
using the untwisted dual R[#]-module structure on
C(X; R)* = Hom ,(C(X; R), R[n)).
For R = Z write
H(X; Z) = Hy(X), H*X;Z)= H*X).

(Warning: if = is infinite H*(X) is not the singular cohomology of X.)
Define also the homology and cohomology R-modules of a space with
m-action X taking coefficients in an R[#]-module M,

HX; M) = H (C(X; M)), Hy}X; M)=H*CX; M)),
using the R-module chain complex
CX; M) = M'®@p,C(X; R).

Given a group morphism w: 7= - Z, there are natural identifications of
R[7]-modules

YHy(X; R) = H,(*C(X; R)), “H*(X; R)=H*¥C(X; R)),
making use of the natural isomorphism of R[#]-module chain complexes
wﬂomR[ﬂj(C(X; R)’ R[ﬂ]) g HomR[ﬂ](wC(X; R)’ R[n]),

f(x— Zwlgmn,g) (flx)= Xng e R[xn], n, € R).

gemnw geEm

Given a pointed topological space X define the quotient R-module

chain complex
C(X; R) = C(X; R)/C(pt.; R).

Write the reduced homology and cohomology R-modules as
H,(X; R) = H,(C(X; R)), H*(X; R)=H*C(X; R))
For R = Z we shall write
C(X; Z) = C(X), HoX;Z)=H.(X), H%X;Z)=H"X).
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Given a functorial diagonal chain map
Ax: O(X; R) - Homg, (W,C0(X; R)®C(X; R)),
there is induced a diagonal chain map
Ayx: C(X; R)=C(X; R)/C(pt.; R)

A
LN Homgz(W,C(X; R)®rC(X; R))/Homgg,(W,C(pt.; R)

) ®rC(pt.; R))
L)) Homy,(W,C(X; R)®zC(X; R))

with pr.: C(X; R) - C(X; R) the projection. Then A x is functorial on
the category of pointed spaces and basepoint-preserving maps.
Given an (unpointed) space X define a pointed space by adjoining a
point
X, =Xu{pt}
We shall identify

0(X+§ R) = C(X; R), H*(X+§ R) = H,(X; R),
H*(X,; R) = H¥X; R), Ax, =Ax.
A 7-space is a pointed space X with a w-action
mxX > X; (9,2)+ gz,

such that g(pt.) = pt. € X (9 € 7). The induced R[w]-action on C(X; R)
preserves C(pt.; R) € C(X; R), so that there is induced an R[~]-action on
C(X; R). Also, there are defined reduced homology and cohomology
R[#]-modules

H,(X; R) = Hy(C(X; R)), H*X;R)=H*C(X; R)).
The reduced diagonal chain map
Ay: C(X; R) > Homy, (W,0(X; R)®rC(X; R))
is an R[n]-module chain map, with the diagonal =-action on
C(X; R)®rC(X; R).
A 7-map of n-spaces is a map of spaces

[ X=>7,
such that

f(pt.)=pt., flgz) =gf(x)eY (xeX,gem).
There are induced R[7]-module maps
f:CX;R) >C(Y;R), [fu:Hy(X;R)~>H,(Y;R),
f*: HX(Y; R) > H*X; R),
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and .
f*Ayx = Apf: O(X; R) » Hom,, (W,C(Y; R)®zC(Y; R)).
We have the following symmetric construction ¢ x.
ProrosiTION 1.2. Let 7 be a group, w: m — Z, a group morphism, R a

commutative ring, and give the group ring R[m] the w-twisted involution.
Regard R as an R[n]-module by

R[x]x R - R; (X n,g,7) = ( X n,)r.

gemnw gemn
Given a w-space X there are defined in a natural way R-module morphisms

¢x: Hy(X; *R) > Q™C(X; R)) (n>0)
such that
(i) for each x € H1(X; »R),

px(x)g\ — =20 —: “H"(X; R) - H,_(X; R),

(ii) for each w-map of m-spaces f: X — Y there is defined a commutative
diagram of R-modules

Hy(X; "’R)——-—>Q“(C’(X R))

Hi(¥; “B)—2% > @ue(¥; B))

(iii) for each morphism h: R — S of commutative rings there is defined a
commutative diagram of R-modules

Hy(X '"’R)———>Q"(0(X R))

hl lk
3 Px
Hy(X; »8) ——Q(C(X; 8))
in which the vertical maps are the change of rings h: R[=] — S[n].

Proof. Applying R'®p,; — to a functorial diagonal R[#]-module chain

map .
Ax: C(X; R) » Homgz(W,C(X; R)®rC(X; R)),

we obtain a functorial Z-module chain map
= Homz[z.]( W: O(Xa R)‘@R{ﬂlc(x; -R)))



200 ANDREW RANICKI
inducing the required Z-module maps in homology
¢x = (Ax)s: H(R'®pyC(X; R)) = Hy(X; “R)
- H,(Homg, (W,C(X; R} ®pnC(X; R)) = Q@YC(X; R)).
Applying the symmetric construction to the w-space X, obtained from

a space with n-action X by adjoining a base point we obtain an absolute
symmetric construction

¢x = ¢x,: Hy(X; “R) = Hy(X,; “R) > @YC(X; R)) = @(C(X,; R)).
Applying the symmetric Wu class operations v, of § I.1 to the symmetric
construction for 7 = {1}, R = Z, we obtain the Steenrod squares:

ProrosiTioN 1.3. Let X be a {1}-space. The composite Zy-module
morphism

Hy(X; Zy) 255> QMO(X ; Zy)) —2> Homg (Hv—r(X; Zy), HV2r(Zy; Zy))
Hom, (H*"(X; Z,),Z,) if n > 2r,

0 if n < 2r,
t8 given by

v (@x(@)Y) = S'(Y), x> € Z, (z € Hy(X; Zy), y € H"(X; Zy)),
with { , > the Kronecker product.
Let f,f': C — D be chain maps of 4-module chain complexes (for any

ring 4), and let g,9': f~ f': C - D be chain homotopies. A homotopy
of chain homotopies

h:gxg':f~f':C—>D
is a collection of A-module morphisms {k € Hom(C, D, ,)|r € Z}

such that
9'—g =dph—hdg: C, - D,,,.

The suspension of a n-space X is the reduced suspension =-space
2X =8'AX = (8*x X)/(8* x pt. upt. x X),

with the trivial m-action on 8. Acyclic models give functorial Z[=]-module
chain equivalences on the category of =-spaces and 7-maps,

Tx: 8C(X) - C(ZX), Zx':CEX) - 8C(X),
and functorial Z[=]-module chain homotopies,
hx: Zx(Ex1) ~ 1: O(EX) - C(=EX),
hx1: (Ex)Zx ~ 1: SC(X) » SC(X),

such that Zy,X 5! are unique up to functorial chain homotopy, and
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hx,hx~! are unique up to functorial homotopy of chain homotopies. (This
follows from the standard proof of the Eilenberg-Zilber theorem, which,
in particular, gives inverse chain equivalences C(S!) ®,0(X) 5 C(8*A X),
since SZ < §(81), 8C(X) = SZ®,C(X) = C(S') ®,C(X) are chain homo-
topy deformation retracts.) Let
Ax: C(X) > Homyy (WO(X) ®,C(X))

be a functorial diagonal Z[#]-module chain map, as before, and let

8: SHomyp (W, C(X)®,C(X)) - Homgg (W, SC(X)®,8C(X))
be the algebraic suspension chain map of §1.1. Acyclic models also give a
functorial Z[=]-module chain homotopy

Ty:ApxZy ~ Z%S8Ax: SC(X) - Homg, (W,C(EX)®, C(ZX))
in the diagram
Zx

SC(X) — C(ZX)

SA xl - = \ 1Azx

Hotg,(W, 80(X) 0, SC(X)) —X-> Homyg,(W, C(EX) @, ((EX)

(This is the chain level relation implying that the Steenrod squares
commute with suspensions in cohomology. The chain map SAy can also
be expressed as the composite

. Ag®A
SAx: SZ®,C(X) Ls®0x Homg, (W, SZ ®, SZ) ®, Homy, (W, C(X)

As ®z C(X))
—"> Homgz,(W, (SZ07C(X)) 87 (SZ:C(X))),
where Ag: SZ — Homg, (W, SZ®,8Z) is the restriction of

Agiz C(81) — Homgzy(W, C(S*) ®2 C(SY))
defined by

Ag: (82), = Z - Homy, (W, (SZ2®8Z),) = Z; 1+ 1,
and Ay : W — W ®, W is the diagonal Z[Z,]-module chain map defined by
8 8
Ap: W, =Z[Z,] > (W, W), = EOW,',(@zW;_,; I,— X101,

r=0

(s > 0),

exactly as in §1.8. More generally, for any pointed spaces X, Y there are
defined a chain equivalence C(XAY)=~ C(X)®,C(Y) and a chain
homotopy Ax,y ~ (Ax ® Ap)A%, cf. the proof of Proposition 8.1 below.)
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Applying R®,— we have the same types of chain maps and chain
homotopies for any coefficient ring R.

Thus the algebraic and geometric suspension operations correspond to
each other under the symmetric construction:

ProrosITION 1.4. For any m-space X, commutative ring R, and group
morphism w: m — Z, there is defined a commutative diagram of R-modules

Hi(X; °R) —Z - @uC(X; B) —— @rSO(X; B)

T D2}

Hy,\(EX; ©R) Prx > QI(C(EX; R))
Proof. The underlying chain maps are chain homotopic.

A w-homotopy of m-maps fo,f,: X - Y is a 7-map
H: XA Y
which restricts to f; on XA{s} (4 = 0,1), with the trivial #-action on
= [0, 1]. The functoriality of the usual proof of the homotopy invariance

of singular homology ensures that H induces an R[#]-module chain
homotopy (for any ring R)

H:f,~f;: C(X;R) - C(Y; R).

We have the following quadratic construction Jip.

PropoSITION 1.5. Let m be a group, let w: m — Z, be a group morphism,
let R be a commutative ring, and give the group ring R[m] the w-twisted
tnvolution.

Given w-spaces X,Y and a wmap F:ZPX — ZPY (p > 0) there are
defined in a natural way R-module morphisms

$p: Hi(X; “R) - QUr-1(C(Y; R)) (n>0)
such that:

(i) Y5 depends only on the m-homotopy class of F, and s p is given by

r

dopi BY(X; *R) 5> QRe-1(C(Y; B) —> QUPI(C(Y; R)),
with ZF: ZrHX — ZpH1Y the suspension of F. Passing to the
suspension limit Egn;k ZkF there are defined R-module morphisms

Yy HY(X; “R) > Lim QUr+e-1(C(Y; R)) = @,(C(Y; R)),
k

depending only on the stable m-homotopy class of F; if p = 0 then
Jp = 0 (unstably);
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@) (+TWr = prfa—frex: Hy(X; "R) > @YC(Y; R)),
with f the composite R[w]-module chain map

f: C(X; R) —z’& QrC(ZPX; R) —E—> QvO(ZrY; R)Ei C(Y; R);

(iii) of G: ZPY — ZTPZ is another m-map between p-fold suspensions of
w-spaces Y, Z, and g = (£7)GZ%: C(Y; R) > C(Z; R), then

bor = gubp+defe: H(X; “R) > QUr-1(C(Z; R));

(iv) if j: R — 8§ is a morphism of commutative rings then there is defined a
commultative diagram of R-modules

Hy(X; “R) bz, QUr(C(Y; R))

|

Hy(X; %§) —-—> Qus-(C(Y; 8)
tn which the vertical maps are the change of rings for j: R[n] - S[n].

Proof. (We consider only the case where R = Z. To obtain the general
case apply R®,— on the chain level.)

Iterating the previous constructions p times there are defined functorial
Z[w]-module chain equivalences on the category of m-spaces and =-maps

22 : 820(X) - O(ZPX), Z: C(ZrX) - S°C(X),
and a functorial Z[7]-module chain homotopy
h%: TR ~ 1: C(ZrX) - C(ZPX).

Also, applying Z‘®4,;— we see that there are defined a functorial diagonal
Z-module chain map

Ax: Z'@zyC(X) - Homyzy(W, C(X) @z, C(X))
and a functorial Z-module chain homotopy
T2 : Ag, x 28 ~ S8%8PA 4 :
Z! @, C(X) - QF Homyz (W, C(ZPX ) @4, C (27 X)),
where 87 is the p-fold algebraic suspension chain map
87 : Homyzy (W, C(X) ®z4, C(X)) - QF Homgg (W, 8PC(X ) ©,S7C(X))

and QC denotes the desuspension of a chain complex C, QC, =C,,,,
dQC' = dC'
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Given a w-map F: Z?X - ¥7Y define & Z-module chain map
br: Z®z, C(X) > QOC(SP)

to the desuspension QC(S?) of the algebraic mapping cone C(8?) of the
p-fold algebraic suspension chain map

8?: Homg (W, QPC(ZP Y ) ®4,) QPC(ZPY))
by — QF Homg (W, C(EP Y} ®4,,C(E7 Y)),
Z3*Ay EPFEE — F¥E8¢Ax
br = (F%I‘&— IgEPFEg - Ay, th,ngr)‘
Z'® 7,y O(X), - QO(8?),, = Homgy (W, QPC(ZPY ) @, QPC(EPY)),
® Q» Homg, (W, C(ZPY)® 2P )i
The composition of ¢5: Z'®,, C(X) - QC(8?) with the Z-module chain
equivalence given by Proposition 1.1.3,
QO(87) > W[0,p— 1] @329 (WO(EP Y Y ©7, C(E0 ),
and the Z-module chain equivalence induced by £37: Q?C(2rY) - C(Y),
(E3)s: W[0,p— 1]@z2,(QPC(ZPY ) ®4,QPC(ZPY))

- W[0,p = 1]®zz,4(C(Y ) @z C(Y)),
is & Z-module chain map

dp: Z@gnC(X) > W[0,p— 11@27,(C(¥ ) ®gnC(Y))
inducing the quadratic construction in homology
$rp: Hy(Z' @y, C(X)) = HY(X ; ¥Z)
— H,(W[0,p = 11®z(C(Y ¥ ®n C(Y))) = QUr-YC(Y)).
For w-maps of the type F: ZP(X,) — ZP(Y,) (for some spaces with
w-action X, Y) we have an absolute quadratic construction
‘I’F = l/’F: Hn(X’ wR) = Hn(X+; wR) -> Q;?.P-II(C(Y; -R))
= Qor NG, ; B)).
REMARK.T Asnoted in the Introduction to Part I there is an alternative

expression for the quadratic construction ¢5: H2(X ; *R) - @,(C(Y; R))
of a stable 7-map F: X*X — Z*°Y, using the adjoint 7-map

adj(F): X » Q©EoY
and the canonical group completion 7-map
(HHEZ, x5, [1 Y)/~ > QeE*Y
k21 k

t See note added in proof (p. 279).
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(where ~ is the equivalence relation given by the inclusions X, < 2,
and the base point of Y), as the composite

(&d] F )* H"

Jp: H(X; ©R) (Q=Z®Y ; wR)
= (@ H3(BZyo<c, (A T)/m; “R) @ o BL2)
BRI} Ha(BSyo<s(¥ 2,Y); “R) = QuC(Y; R).

The unstable-quadratic construction p: H?(X; ¥R) - Q»-1(C(Y ; R))
has a similar description, using the approximation theorem for QrX?rY,
and the adjoint 7-map adj(¥): X — QP3?Y of a 7-map F: XPX — ZPY.

The result of applying the quadratic Wu class operation v" of §I1.1 to
the quadratic construction 5 for = = {1}, R = Z, can be expressed in
terms of the functional Steenrod squares:

ProposiTION 1.6. Let X, Y be {1}-spaces, and let F: 22X - ZPY be a
{1}-map, inducing the chain map f: C(X; Zy) - C(Y; Z,). The composite
H,(X;Z,) Sz, Que=N(C(Y ;5 Zy))
i .
—> Homg, (H""(Y; Z,), Q9»~-1(8S"~"Z,))
Hom, (H**(Y; Z,),Z,) ifn<2r <n+p-—1,

0 otherwise,
is given by
V(pE)Y) = STER), T (0)) € Zy
where x € H,(X ; Z,), « = generator € H»"(K(Zy,n—1); Z,) = Z,,
y € H"(Y; Z,) = [Y,K(Zy,n—1)],
f*y € Av"(X; Z,) = [X, K(Zy,n—1)],
h = (ZPy)F — Z?(f*y) € [X?X, ZPK(Zg, n—71)],
satisfying the sum formula |
V(Y (@) (Y1 +Y2) =" (f p(2)) (Y1) — " ($ 2(2))(Y2)
_ Sy 0y2) = (f*y0f *ys),2d> € Zy if n = 2r,
B 0 otherwise,
(@ € Hy(X; Zy), y1,9. € H"(Y; Zy)).
2. Geometric Poincaré complexes

Given an oriented covering X of an n-dimensional geometric Poincaré
complex X with group = of covering translations we shall use the
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symmetric construction of §1 to define an n-dimensional symmetric
Poincaré complex over Z[~]

o*(X) = (C(X), p € @UC(X))).

A degree 1 map of n-dimensional geometric Poincaré complexes f: M - X
has a kernel n-dimensional symmetric Poincaré complex o*(f) such that

o¥ (M) = o*(f)® o*(X).

Given also a stable m-map F:XrX, - 32M, inducing the Umkehr
f': C(X) - C(M) we shall use the quadratic construction of §1 to define
an n-dimensional quadratic Poincaré complex over Z[n]o,(f, F) such that

(1+T)ox(f, F) = o*(f).
In § 4 we shall show how such geometric Umkehr maps F' may be obtained
for normal maps (f: M - X,b: v;; - vx), and in §§ 5 and 7 we shall relate
the resulting quadratic Poincaré complex o4(f,b) = ou(f,F) to the
surgery obstruction.

An n-dimensional geometric Poincaré complex X (as defined by Wall [29])
is a finitely dominated CW complex X together with an orientation group
morphism

w(X): m(X) > Z,
and a fundamental class
[X] e H'?(X)(X; wiX)Z),
such that the cap products
[X]n—: wOHNZ) > H, (X) (0<r<n)

are Z[m,(X)]-module isomorphisms, with X the universal cover of X and
#,(X) acting on the left of X as the group of covering translations. The
singular chain complex C(X) is an n-dimensional Z[,(X)]-module chain
complex, and the Poincaré duality isomorphisms are induced by a
Z[m,(X)]-module chain equivalence

[X]n—: DX )—* —» C(X).
(For finite X and w(X) = 1 such a geometric Poincaré complex X is a
P-space of formal dimension % in the sense of Spivak [25], since applying
Homy,(—, Z) we obtain a Z[n,(X)]-module chain equivalence
[X]n—: Hom,(C(X), Z) -> Hom,(C(X)**,Z) = CLF(X), .
inducing Poincaré duality isomorphisms
[X]1n—: H¥X) - HLF (X)

n—%

between the singular cohomology groups of X and the homology groups
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of X defined by locally finite infinite chains, with [X] e HEF(X) the
transfer of the fundamental class [X] € H,(X).)

Let X be an n-dimensional geometric Poincaré complex. If X is a (not
necessarily connected) covering of X with group of covering translations
7 and £ is the universal covering of X, the natural projection

Z[m]®zmnCE) > C(X)

is a chain equivalence of n-dimensional Z[n]-module chain complexes,
with Z[#,(X)] - Z[n] the group ring morphism defined by the character-
istic map m,(X) - #. The covering X of X is oriented with data (mw,w) if =
is equipped with a group morphism w: = - Z, such that the orientation
map w(X) factors as

w(X): my(X) —> 7> Z.

In particular, the universal cover X is oriented ‘with data (m (X)), w(X)).
If X is oriented with data (=, w) applying Z'®,,,— to the above Z[=]-
module chain equivalence we obtain a Z-module chain equivalence

Z4x ®z[m(X)]0(X ) = Z'@gin(Z[n] @‘)z[muir)]a(f ) > Z ®Z[7r]C(X )s

where #(X) {respectively ¢} refers to the w(X) {w}-twisted involution on
Z[n,(X)] {Z[r]}, so that there is a fundamental class

[X] € Hy(X; ¥Z) = H,(Z'®y4,C(X))
for X. Applying Z[]®gnxy— to the Z[m,(X)]-module chain equivalence
(X]n—: w00 Ey—+ > 0(X),
we obtain a Z[r]-module chain equivalence
[X]n—: »C(X)* - C(X).

Thus a geometric Poincaré complex satisfies Poincaré duality with
respect to any oriented cover X.

The symmetric construction of Proposition 1.2 associates a symmetric
Poincaré complex to every oriented covering of a geometric Poincaré
complex, by a chain homotopy invariant version of the procedure of
Mishchenko [18].

ProrosiTION 2.1. Given an n-dimensional geometric Poincaré complex X
and an oriented cover X with data (m, w) there is defined in a natural way an
n-dimensional symmetric Poincaré complex over Z[n] with the w-twisted
tnvolution

o*(X) = (C(X), px[X] € @1(C(X))).
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If X is the universal cover of X then

o*(X) = Z[m) @ginxno*(X)
up to homotopy equivalence.

Proof. Evaluating ¢g: H7(X; Z) - @*(C(X)) on the fundamental
class [X] € H7(X ; “Z) we see that there is obtained a Z,-hypercohomology
class pz[X] € @(C(X)) such that slant product with

22[X]y € Hy(C(RY ®7,i0(X))
defines the Poincaré duality Z[=]-module isomorphisms
e%[X1o\ - = [X]n—: »H¥X) > H,_4(X)
(cf. Proposition 1.2(i)). Also, there is defined a commutative diagram

Hnxy( ], wag) _P% | 2(010:9))

| |

PX

Hy(X; »Z) ———— Q(C(X))
in which the vertical maps are the change of rings Z[m,(X)] — Z[~].

We shall normally write o*(X) as o*(X).
A map of geometric Poincaré complexes (not necessarily of the same
dimension)
ffM->X
is a map of the underlying spaces which preserves the orientation maps,
that is such that w(M) factors as

X
w(M): my(M) —L> my(x) Y2 7,

If X is an oriented cover of X with data (7, w) then the pullback H is an
oriented cover of M with data (7, w).

Letf: M - X be a map of n-dimensional geometric Poincaré complexes,
and let. X be a (not necessarily connected) cover of X with group of
covering translations = and induced cover M of M. Define the Umkehr
Z[n)-module chain map

fl: 0X) - o)
(up to non-canonical Z[r]-module chain homotopy) by applying
Z[7] ®zmy(xy— to the composite Z[r,(X)]-module chain map

ok (Xln=)7 w0 Fyn- _f*_, w g M- {Min-, cdh



THE ALGEBRAIC THEORY OF SURGERY. II 209

with & the universal cover of X and JI the induced oriented cover of M.
If X is an oriented cover of X with data (7, w) then the Umkehr factors as

fl:0X) @_]n_—):: wQ(X )+ __f*__> wO(J )n—* [(M]o- o).

A map of n-dimensional geometric Poincaré complexes f: M - X is
of degree 1 if it preserves the fundamental classes, that is if

folM] =[X) e HY(X; vZ)

for any oriented cover X of X with data (m,w). The induced chain map
f: C(J) > C(X) defines a map of n-dimensional symmetric Poincaré
complexes over Z[n]

f: o*(M) - o¥(X),

which is a homotopy equivalence if f: M — X is a homotopy equivalence
of spaces. Conversely, if f: M — X is a degree 1 map inducing an iso-
morphism f: 7(M) - m(X) and a homotopy equivalence

fr o*(l) > oX(X),
with #, X the universal covers then f: M — X is a homotopy equivalence,
by Whitehead’s theorem.

ProrosrrioN 2.2. Let f: M - X be a degree 1 map of n-dimensional
geometric Poincaré complexes. Let X be a cover of X with group of covering
translations w and induced cover M of M. Then the Umkehr Z[n]-module
chain map

f': O(X) - C(a)
18 a chain homotopy right inverse for f: C(M) - C(X), that is
ffr~1:0X) - 0(X).
The inclusion in the algebraic mapping cone e: C(M) - C(f") is such that

(}) . o) > C(f) @ C(X)

defines a chain equivalence of n-dimensional Z[w]-module chain complexes.
If X is an oriented cover of X with data (m, w) the symmetric kernel of f,

o*(f) = (C(f"), e*(pm[M]) € @U(C()),
18 an n-dimensional symmetric Poincaré complex over Z[m) with the w-twisted
tnvolution, and there is defined a homotopy equivalence of such complexes

(}) o* (M) > o*(f)® o*(X).

Proof. To obtain ff* ~ 1 apply Z[n]®g,xy— to the Z[m(X)]-module
5388.3.40 0
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chain homotopy commutative diagram

f*

w(X)C(i)n—* —_— w(X)O(]]})n—*

[X] n-l l[M]n—

o) —1 cul

with X the universal cover of X and ﬁ the induced cover of M. To show
that

(;')%: Q (C(I)) - @Y(C(f @ C(X)) = @ (C(f") @@(C(X))

@ H,(O(f'Y ®z-C(X))

sends pi[M] to e*(pi[M])®pg[X]®0 (using the decomposition of
Proposition I.1.4(i)) consider the chain homotopy commutative diagram

* 1%

wQ(f')r—* __e_, wQ(M)n—* ——— w(Q(X)n—*

[X]n—l l[M]n—
o —L— o®)

which gives f([M]n—)e* ~ 0: »O(f')»—* - C(X), and so
(¢ ®zmf )eit[ Mo = 0 € H(C(f') ®,0(X)).
Define the homology {cohomology} kernel Z[=]-modules of a degree 1 map

of n-dimensional geometric Poincaré complexes f: M — X with respect
to a covering X of X with group of covering translations =

IK*(M) = H,(C(/")
E*(M) = H¥C(f")

using any w-twisted involution on Z[~] to define the dual Z[=]-module struc-
ture on C(f')*. Proposition 2.2 gives natural direct sum decompositions

{ Hy(M) = K\(M) o Hy(X),
wH*(M) = K¥M)®vH*X).

If X is oriented with data (7, w) the symmetric kernel o*(f) gives Poincaré
duality in the kernel modules

E*(M) = K, (M).
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A geometric Umkehr map for a degree 1 map f: M — X and a cover X
is a 7-map
F:xeX, 3o, (p>0),
inducing the Umkehr f! on chain level, that is such that there exists a
Z[n]-module chain homotopy

() F(Z%) ~ f': C(X) - C(H).

PRrOPOSITION 2.3. Given a degree 1 map of n-dimensional geometric
Poincaré complexes f: M — X and a geometric Umkehr map
F:x»X >3 M,
with respect to an oriented cover X of X with data (m,w), there is defined in a

natural way an n-dimensional quadratic Poincaré complex over Z[n] with
the w-twisted imvolution, the quadratic kernel of (f, F'),

ou(f, F) = (C(f"), exp #[X] € Qu(C(S)))
depending only on the stable m-homotopy class of F, such that

(L +T)ou(f, F) = o*(f)-

Proof. The absolute version of the quadratic construction of

Proposition 1.5
yp: Hy(X; vZ) - QLr»-1(C(I))
is such that
oifs—f*og = 1+ T)p: HY(X; vZ) - QrC(H)).
Let e: C(#) — CO(f') be the inclusion, so that
L+ T)eyhplX] = e*(1+ T)p[X]
= et L[ X]— e*f*p2(X] = e*pn[M] € QMC)).

Here, as elsewhere, we let e, z[X] stand both for an element of
QUr-1(C(f")) and for its image in Q,(C(f")).

The symmetric {quadratic} kernels o*(f) {o«(f, F)} of a degree 1 map
f: M > X {with Umkehr F: 3?X > ZrJ.} associated to the various
oriented covers of X are all induced from the kernel associated to the
universal cover X.

In §7 below we shall show how to obtain the surgery obstruction of a
normal map (f,b): M — X from the quadratic kernel o.(f, F'), using the
given normal bundle map b: v,; - vx and the equivariant S-duality of § 3
to produce a geometric Umkehr map F: £#X_ — X2, for the universal
cover X. In favourable circumstances it is possible to obtain F directly
from (f,b) without the S-duality machinery. For example, if f: M — X is
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a degree 1 map of manifolds which is covered by a map b: vy, - vx of stable
normal bundles then f can be approximated by a framed embedding
M x Dr < interior(X x DP) (p large) which lifts to an embedding of covers
I x D» = X x Dr for any cover X of X, giving F by the Pontrjagin-Thom
construction

I
F:2o®, = X xDo/X x 9ot 202 % po/X < Do— B x D?
— I x Dv/ 1T x §v-* = o1,

The case where p = 1 is of interest in codimension 2 surgery.

The mod 2 reduction of the quadratic kernel construction gives the
Z,-valued quadratic form used by Browder [3, Chapter III, §4] to
define the Arf invariant. An n-dimensional geometric Z,-Poincaré complex
is a finitely dominated CW complex X together with a mod 2 fundamental
class [X] € H,(X; Z,) defining mod 2 Poincaré duality isomorphisms

[X]0—: HYX; Z;) > H, (X Z,).

ProrosiTION 2.4. (i) Given an n-dimensional geometric Z,-Poincaré
complex X there is defined in a natural way an n-dimensional symmetric
Poincaré complex over Z,

o*(X) = (C(X; Z,), px[X] € @1(C(X; Zy))
such that the symmetric Wu classes of o*(X) are just the Wu classes of X
v,(px[X]) = v/(X) € Homg (H""(X; Z,), Zy) = H"(X; Zy),
as characterized by
8q7(y) = X)Ly, [X]) € Zy (y € H" (X Zy)).

(i) Given a degree 1 (mod 2) map f: M — X of n-dimensional geometric
Z,-Poincaré complexes and a {1}-map F:3XrX, - ZPM, inducing the
mod 2 Umkehr f': C(X; Zy,) - C(M ; Z,) there is defined in a natural way
an n-dimensional quadratic Poincaré complex over Z,,

ox(fs F) = (C(f"), ex b p[X] € @u(C(f))),
(M) = (1+T)ox(f, F) @ o*(X)

such that

up to homotopy equivalence. The quadratic Wu classes of oy (f, F),

Z, ifn<2r<n+p-1,
v = v7(egpp[X]): K"1(M; Z,) —
0 otherwise,
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can be expressed in terms of functional Steenrod squares
v(y) = (e, s(EP(), ZP[X1> € Z, (n < 20),
(y € Kn~"(M; Z,) € H™"(M; Zy) = [M,, K(Zy,n—7),

v € H"(K(Zy,n—1); Z,) = Zy),
and are such that

'v’( +y ) 'vr( ) vr(y ) _ <y1Uy2, [M]> € Zz ?:fn = 27',
Y17Y2 Y1 2 ez, i <o

Proof. Apply Propositions 1.3 and 1.6.
The kernel constructions behave as follows under composition.

ProposiTION 2.5. Let X,Y,Z be n-dimensional geometric Poincaré
complexes. The composite of degree 1 {geometric Umkehr} maps f: X - Y,
9: Y > Z {F:ZrY > ZrX  G:2rZ, —~>2PY.} is a degree 1 {geometric
Umbkehr} map gf: X -~ Z {FG: ZvZ, - =X}, with symmetric {quadratic}
kernel

o*(gf )= o*(f)® o*(g),

0*(gf: FG) = O’*(f, F)® 0*(9’ (Z”f+)FG)
up to homotopy equivalence, with X, ¥ the oriented covers of X, Y induced

from an oriented cover Z of Z.
Proof. Write the inclusions in the algebraic mapping cones as
e;: O(X) - C(f),
et C(¥) > C(g),
egr: C(2) - O((af ),

and note that (gf ) = fig': C(Z) > C(¥) - C(X). The stable composite of
the chain equivalences,

(%): o) > apro i)

(%): ot > ey ci2)
is a chain equivalence
]
ef |: C(X) - c(f) e Clgho C@),
af
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allowing us to identify

ew=(,7): o) > o100 = a0 0l
Using the direct sum decomposition of Proposition I.1.4(i) we have
enpxX] = (efpz(X], e} f*p2(X], (¢} @ ¢,/ )p£[X]o)
e @™C(f e C(g)) = QUC(f") @Q™C(g") @ Ho(C(f') ®zxC(g")
Now f*0g[X] = ¢z fs[X] = p#[Y] € QU(C(T)), and

(€)@ e, Np2[X1)o = 0 € H(C(f") ®2C(9")
since there is defined a Z[7]-module chain homotopy commutative diagram

e* f!*

wC(fryn—* -1 wC(X n—% =5 wQ( Y)n—*

px[X]o = [X]ﬂ—l J[Y]ﬂ—
f

0(X) ——— 0(¥)——— C(g"
with f'*ef ~ 0. Thus
e x[X] = efez[X]® efpp[Y] € QUC((9f))) = @HC(f) @ C(g)),
and so
o*(gf) = o*(f) @ a*(g)
(The formula o*(X) = o*(f)@® o*(Y) is the special case Z = @.)
In the quadratic case we have

ox(9f, FG) = (C((gf )); eopubralZ] € @u(C((9f))))

with Y pg = $rg' +fide: HY(Z; vZ) - Q,(C(X)) by the sum formula of
Proposition 1.5(iii). Working as above, we have

eornbrolZ] = (e rolZ), epu Foiib wol 21, (¢, @ e, (1 + T 5L Z])o)
= (et p ¥, ey futl ps +¥6)[Z], 0)
= e, p[ Y] ® eyqibisr7,)rolZ]
€ @a(C((gf))) = @.(C(f) @ C(g")

0u(0f, FG) = 04(f, F) @ 04(g, (Z°f,)FQ).

A degree 1 map of n-dimensional geometric Poincaré complexes
f: M - X is k-connected with respect to some covering X of X if K(M) = 0
for r < k. Recalling the definition of skew-suspension S in §I.1 we have:

PrOPOSITION 2.6. The symmetric {quadratic} kernel o*(f) {o«(f,F)}
of an (r—1)-connected degree 1 map of n-dimensional geometric Poincaré

so that
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complexes f: M — X {with geometric Umkehr w-map F} with respect to an
oriented covering X of X with data (w, w) is the r-fold skew-suspension of an
(n — 2r)-dimensional (— )T-symmetric {( — )"-quadratic} Poincaré complex over
Z[m) o*(f) {of, F)}, with

So™(f)= o™ Xf), o°f) = o*(f),
SO’,(f,F) = o,4(f, F), "o(f’F) = U*(f:F)’ (1+Tyr)o(f. F) = ar(f).

In § 5 below we shall identify the quadratic kernel o,(f, F) associated to
an (¢—1)-connected 2¢ {2i+ 1}-dimensional northal map (f,b): M - X
with the surgery obstruction kernel obtained in §5 {§6} of Wall [30],
using the one-to-one correspondence between 0-dimensional {1-dimensional}
(—=)* quadratic Poincaré complexes and non-singular (—)* quadratic
forms {formations} of Proposition 1.2.1 {I.2.5}.

3. Equivariant S-duality _

The S-duality between M, and the Thom space 7T'(v,) of the normal
bundle v, of an embedding M™ < §»+P (p large) of a compact manifold M
was first established by Milnor and Spanier [17]. This was then generalized
by Atiyah [2], and extended to geometric Poincaré complexes by Spivak
[25] and Wall [29]. In particular, if f: M — X is a degree 1 map of
geometric Poincaré complexes which is covered by a map of Spivak
normal fibrations b: vy, — vx then the S-dual of T'(b): T'(vy) > T(vx) is &
geometric Umkehr map F: TP X, — P M., and this was used by Browder
[3] to obtain the surgery obstruction in the simply-connected case
m(X) = {1}. We shall now develop an equivariant S-duality theory for
m-spaces with a special type of m-equivariant cell structure (‘CW-
complexes’) in order to obtain a geometric Umkehr 7m-map

F:3zvX 320, (plarge)
for any covering X of X with group of covering translations =, giving the
non-simply-connected surgery obstruction by means of the quadratic
construction 5 of §1.

Given n-spaces X,Y let [X, Y], be the pointed set of #-homotopy
classes of 7-maps f: X — Y. Regarding the loop space QX = (X, pt.)s"pt
as a w-space using the trivial #-action on S* we have that

[ZrX, Y], = [X,QrY],
is a group for p > 1, abelian for p > 2. Define the abelian group of Sw-maps
between =-spaces X, Y to be the direct limit
{X, Y}, = Lim[ZPX,ZrY],
—_

Pp
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of the suspension sequence

)y )y )y
[X, Y], — [EX,ZY], —> [22X,ZY], —> [28X,Z3Y], —> ....

For = = {1} we write [X, Y], = [X, Y],{X, Y}, = {X, Y} as usual.
The mapping cone of a m-map f: X — Y is the =-space

The cofibration sequence of 7-spaces and n-maps
f zf

X > Y > O > 2X >2Y > Ogy —> ..

induces the following 7-equivariant analogue of the Puppe exact sequence.

ProrosiTioN 3.1. For any m-map f: X - Y and w-space Z there is
defined in a natural way an exact sequence

(X,2), <1 (¥,2}, —— [C,, 2}, — [£X,2),

)Y
<—f— xY,Z2], «—....
_For any {1}-space K regard V, K as a w-space by permutation of the
summands. Note that for any =-space X,

[YK’X]” = [K’X]’ {VK’X}n = {K’X}

Define the n-space obtained from a =-space X by altaching an r-
dimensional n-cell to be the disjoint union {identification space}
X XumrxDO ifr=0,
X Uy 7 X D7, for some map f: ™1 > X ifr > 1.
The m-cell is pointed if the attaching map f: S*~1! - X (r > 1) preserves
basepoints, in which case f extends to a #-map f': V, 8™! - X such that

X’ = Cf’ = X Uf'v.Dr.

If X is a path-connected m-space then any map f: 81> X (r > 1) is
homotopic to a basepoint-preserving map f,: 8! - X extending to a
m-map fo:V,8 1> X, and X' = X u,,,mxDr is n-homotopic to the
mapping cone n-space C;. = X u,.V, D".

A CWn-complex X is a w-space which is a based CW complex obtained
from the base 0-cell by successively attaching m-cells of non-decreasing
dimension. A CWn-complex is thus an ordinary CW complex with a
cellular 7-action which preserves the base 0-cell and which acts freely by
permutation on the other cells. The suspension of a CWnr-complex X is
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a CWmr-complex XX, with one r-dimensional =-cell for each (r—1)-
dimensional 7-cell of X (r > 0).
CWr-complexes arise as follows.

Prorosrrion 3.2. If (X, ¥) is a covering of a CW pair (X, Y) with group
7 of covering translations, then X|¥ is a CW n-complex with one w-cell for
each cell of X— Y. If Y = @ interpret the quotient as X/0 = X,.

A CWn-complex is pointed if it involves only pointed =-cells. A CWan-
complex with no 0-dimensional =-cells (for example, a suspension) is
m-homotopic to a pointed C'Wr-complex.

A CWr-complex X is finite if it involves only a finite number of =-cells.
A CWn-complex X is finstely-dominated if there exist a finite CWa-
complex K and #m-maps f: X - K, g: K - X such that gf =1 € [X, X],,
and it is n-dimensional if H(X) = 0 for r > n, in which case C(X) is an
n-dimensional Z[n]-module chain complex.

We have the following analogue of the Freudenthal suspension theorem.

ProrosiTION 3.3. Let X be an n-dimensional finite pointed CW n-complex,
and let Y be a m-space of the homotopy type of a CW complex. Then the
suspension map

Z: [ZrX,ZrY], » [ZPHIX,ZPHY]
s an isomorphism for p > n+1, and
{X,Y}, = [Ent1X,ZnH1Y], .

Proof. The proof is by induction on the number of pointed =-cells in
X. The result is trivial for n = 0; assume it is true for X, and let
X'=XuV,D" for some m-map f:V,8" !> X (n>1). There is
defined a commutative diagram of abelian groups and morphisms

[ZpHX,3PY], ———> [V §*tP, ZPY] — [2PX', 2PY],

: " zl zl

[ZD+2X, Yp+1 Y]” — [V Sn+p+l 3o+l Y]" —_— [Zp-{-],Xl’ o+l Y]”

— [ZPX, ZPY], —— [V S™P L 2P Y,

zj lz

— [ZPHIX, TPH y]” — [V Sntp ¥p+l Y],,
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in which the rows are exact (Proposition 3.1). The suspension maps
involving X are isomorphisms for p > n+1 by the inductive hypothesis.
Since Y is of the homotopy type of a CW complex ZPY is (p—1)-
connected and

T: [V8nte, X2 Y ], = [Snte, TP Y] —» [Sn+p+l, T +1Y]

is an isomorphism for p > n+1 by the ordinary Freudenthal suspension
theorem. Application of the 5-lemma gives the induction step.

Given m-spaces X, Y define the {1}-space
XA Y =(XAY)/m
to be the space of orbits of the diagonal #-action
7xXAY > XAY; (g,zAy) = grAgy.
Note that for any =#-space X and {1}-space K
XA, (VK)=XAK.
A 7-spectrum Z is a sequence of m-spaces Z,(p > 0) and w-maps
& 22y, > 2y, (p 2 0). Given a n-space X define the abelian group
(X, 2), = Lim [2°X, Z,),
)

to be the direct limit of the sequence

pX ¢ pX &
[X’ZO]W - [ZX’ EZO]II - [EX’Zl]rr - [zzx’ zZl]rr > e

In particular, for ¢, = id.: 22, = Z?*Z, - Z,,, = Z**'Z, we have
{X’Z}ﬂ = {X’ZO}n'

Given a w-space X and a w-spectrum Z let X A,Z be the {1}-spectrum
defined by

(XA 2Z)y= XN, 2, VNE:Z(XA,Z,)=XN, 22, > XN Zyyy

n~p?
ProposITION 3.4. Given a {1}-space W, a m-map f: X - Y and a =-
spectrum Z there are defined exact sequences of abelian groups
{W,X 7,2}y > {W,YNZ}>{W,C;n, Z} > {W,ZX A, Z} ~ ...
{X’Z}ﬂ <~ {Y,Z}n < {CJ’Z}n <« {szZ}rr < .o

Proof. The first sequence is just the Puppe sequence associated to the
(co)fibration sequence of {1}-spectra

Al
XA,,Zf——> Y2 —> CnZ —> XA Z— ...
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The exactness of the other sequence may be established as in the case
where = = {1} (Puppe sequence again) by insisting on #-maps and =-
homotopies.

Given n-spaces X, Y and a {1}-map

a: SN > XA, Y

for some N > 0 define slant products for any =-spectrum Z,

@\ —: {X, 2}, —> (%, Z, ¥};

) 1
(f: TP X ——> Z,) —> (S¥® =5 XA ¥ IAL Z,A, Y),

o‘\ - {Y’Z}n - {SN,XA"Z};

2Px

(9: ZPY — Z,) —— (8N —— XA, ZPY —I—M—]) X A, 2Z7).

Call a: S¥N - X A, Y an Sw-duality map if these slant products are iso-
morphisms for every w-spectrum Z, in which case the suspensions

Sa: SN > (XA, Y)=ZXA,Y, Za: 8N 5 3(XA,Y)=XAZXY
are also Sm-duality maps. For 7= = {1} this is classical Spanier—Whitehead
S-duality.

Given Sn-duality maps

a: 8N > XA Y, o: SN X'A Y,

define the Sm-dual of an Sw-map fe{X,X'}, to be the Sw-map
g €{Y’, Y}, to which f is sent by the composite isomorphism

\)-1
& x), — 58,100, 3 (7,

In particular, if X = X’ the Sn-duals of 1 € {X, X}, are an inverse pair

of Sm-homotopy equivalences g € {Y, Y'},, g’ € {Y', Y'},.

ProrosrTION 3.5. Every finite CWa-complex X admits an S=-duality map
a: 8V > XA, Y
with Y a finite CWm-complex.

Proof. Suspending if necessary we may assume that X is a pointed
CWm-complex. Our construction of an Sw-dual is by induction on the
pointed 7-cells: given an Sw-duality map «: S¥ — X A, Y between finite
pointed CWnx-complexes X,Y and a w-map f:V,S8™ !> X we shall
construct an Sw-duality map o': SV - X'A_ Y’ for X' = X u,VY, D".

Let m = max(dimension(Y)+1,2r—1—N). Replacing o: S¥ > XA, Y
by Zmq: SN+m —» X A, 2™ Y we have that N—r+1 > 0 and

{V8, X}, = [VSV,Z¥-r1X],, {Y,V8N-r#}, =[Y,V8N-"1],
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(by Proposition 3.3). Define an S#-duality map
B: SN = (V871) A, (V 8V=r#) = Y SN

by sending S¥ to the summand labelled by 1 € #. Let g: Y — Y, S¥N-r#1
be a 7-map representing the S=-dual of f € {V, 87, X},, and let Y’ = C,
be the mapping cone =-space. Denote the cofibration sequences by

d
Va8r-1 !, X x— v 8,

g h k
Y — YNl — V' — 3.

The diagram of {1}-spaces and {1}-maps

1
SN s s XA Y — e XA Y

Bl lAgl ll/\g
fal eAl

(VS71) g (V S¥-r41) = X, (V S¥-741) ———> X'n, (Y S¥-4)

is homotopy commutative, with the bottom row null-homotopic. It is
thus possible to define a {1}-map j: DN+ » X', (V,S8¥-"+1) such that
the diagram

SN_(M X'/\"Y

T

DN —T > X' 1, (V8441

is actually commutative, with ¢: S¥ — DN+1 the inclusion. The induced
{1}-map of mapping cones
o: Cp =8N 5 Q= X'A, Y’

is such that both the squares in the diagram of {1}-spaces and {1}-maps
ZB

z
XAZY Pty % P N (V87 A, (V SN-r+1)

” n
eAll ch' ll/\h
1Ak

1
X'AZY «———X'a, L, (V8)A, Y
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are homotopy commutative. There is thus-defined a commutative diagram
of abelian groups and morphisms

x.2, —L— (8.8, ———— (X,
(Za)\ l(zﬁ)\ [a’\
(S84, Z 0, Yy —T> {8741, Zn, (Y SV-r41)) ——> (SV¥1, 21, ¥}
— s wg,—L— s,
lza\ l}:ﬁ\
Xg

- {SN+1:Z AgZ Y} - {SN+1aZ A (V SN—r+2)}

for any m-spectrum Z, with exact rows (Proposition 3.4). Applying the
5-lemma we have that the middle column is an isomorphism, and similarly
for the other type of slant product. Therefore o': S¥+1 > X'A, Y’ is an
Sw-duality map.

We can use Sm-duality to prove an equivariant analogue of Whitehead’s
theorem.

ProposrTION 3.6. 4 m-map of finite CWm-complexes f: X - Y induces
tsomorphisms tn homology if and only if ZPf: ZPX — ZPY is a w-homotopy
equivalence for some p > 0.

Proof. Let f: X - Y induce isomorphisms in homology. Applying the
ordinary Whitehead theorem we have that Xf: ZX — XY is a homotopy
equivalence, and hence that

1< 48%,(V 8, X} > {8%,(V 8, V)

is an isomorphism for all N,» > 0. This gives the induction step in proving

that
fi {8V, WA, X} > {SN,WhA, Y}

is an isomorphism for every finite C Wx-complex W. Given an S7-duality
map a: ¥ > WA, Y (by Proposition 3.5) we thus have isomorphisms

(7, X}, — s (59, WA, K} —L s 59, WA, 13 S5 (7,1,

The element g € {Y, X}, corresponding to 1 € {Y, Y}, is represented by a
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wm-map g: ZPY —» XPX for some p > 0 (by Proposition 3.2) which is a
w-homotopy inverse for Z7f: 27X —» 2rY,
For any =-spaces X,Y the natural projection defines a Z-module
chain map
2@z (C(X) 92 C(Y)) = C(X)Y @7, C(Y) > C(X, ¥),

where ¢ refers to the untwisted involution on Z[x). If X, Y are finitely-
dominated CWr-complexes this is a chain equivalence (consider the
reduced cellular chain complexes) and the chain level slant product

(C(X) @z C(Y)) @2 C(X)* - C(Y); (z®y)®f > Flzly
induces a slant product in homology
\ : HN(XAﬂ Y)®2Hr(X) - N—r(y)'

The Sw-duality map «: 8¥ - XA, Y constructed in Proposition 3.5 is
such that o, [SV]\ — : C(X)¥-* — ((Y)is a Z[n]-module chain equivalence,
since the =-cellular structure was constructed as the dual of that of X. We
shall show (in Proposition 3.8 below) that this property characterizes
Sm-duality maps for finite C War-complexes, generalizing the case = = {1}
of ordinary S-duality.

Define the r-dimensional Etlenberg-MacLane n-spectrum Kn(Z,r) by

Kn(Z,7), =NV K(Z,p+7), & =Vn,: ZKn(Z,r),=VZK(Z,p+r)
- Kw(Z,r)p+1 =VK(Z,p+r+1) (r=0),

with 7,: ZK(Z,p+r) > K(Z,p+r+1) the standard map. For = = {1}
this is the usual Eilenberg-MacLane spectrum K(Z,r).
ProrosrrioN 3.7. If X is a finite CWr-complex X then
H/(X)={8", XA, Kn(Z,0)}, H"(X)={X,Kn(Z,r)}, (r>0).

Proof. For any CW=-complex X we have
(8", X A, Kn(Z,0)} = (8", XA K(Z,0)} = H(X) (r >0)

by the usual identification of integral homology with K(Z, 0)-homology.
Also, there is defined a natural Z[n]-module morphism

o {X,Kn(Z,7)}, > H(X); (f: Z*X - VK(Z,p+71)) —f*(1)
with f*: Ho+(\, K(Z,p+7)) = Z[x] > Hr+r(ZPX) = H7(X). If X is

finite we have an Sz-duality o: S¥ - X A, ¥ (Proposition 3.5) and ¢ can
be identified with the Sw7-duality isomorphism

o\—: {X,Kn(Z,7)}, > (SN, Kn(Z,r) A, Y} = Hy_(Y) = H"(X).
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If X,Y are finite CWn-complexes and o: S¥ - XA, Y is a {1}-map
then the identification of Proposition 3.7 carries the chain level slant
product

S\ = : B(X) > Hy_(¥) (ou[SV] € Hy(X A, Y)),
to the geometric slant product
o\ : {X, Kn(Z,r)}, > (S, Kn(Z,7) r, ¥} = {S¥-", Kn(Z, 0) A, Y},
defined previously.

ProrosiTioN 3.8. Let X,Y be finite CWn-complexes. A {1}-map
a: 8N > XA, Y is an Sn-duality map if and only if the chain level slant
product

o [SYI\~ : C(XN-* > C(Y)
i8 a Z[n)-module chain equivalence.

Proof. If o: 8N - X A, Y is an Sm-duality map then the chain level
slant product with o,[SN]e Hy(XA,Y) induces the Sw-duality iso-
morphisms

H'(X) = {X,Kn(Z,7)}, > {SN, Kn(Z,7) A, Y}

= {SN-", Kn(Z,0)A, Y} = Hy_[(Y).

Conversely, suppose given a {1}map o«: SN > XA, Y such that
ayx[SN\ ~ : H*(X) - Hy_,(Y) is an isomorphism. Let o’: S¥ - XA, Y’
be the Sm-duality map constructed for X in Proposition 3.5 for N suffi-

ciently large, and let f € {Y’, Y}, correspond to « € {S¥, X A, Y} under the
Sm-duality isomorphism

o'\=:{Y', Y}, {SN, XA, Y}
Now f e {Y’, Y}, induces isomorphisms in homology
f=au[SVI\—: Hy(Y') = HV-*(X) > Hy(Y).
Applying Proposition 3.6 we have that fe {Y’, Y} is an Sw-homotopy

" equivalence, and hence that a: 8¥ - X A, Y is an Sw-duality map.

With a little more effort Propositions 3.5-3.8 can be made to apply
also for finitely-dominated C W=x-complexes.
Sm-duality maps arise as follows.

ProPOSITION 3.9. Let E be a compact N-dimensional submanifold
of SN with non-empty boundary 0E and let E be a covering space of E
with group of covering translations =, with OE < E covering 0E. Then the



224 ANDREW RANICKI
composite {1}-map

I ~
o: S8 2P N \SNTF = B/0E = (B)3F)m 0

18 an Sw-duality map.

diagona E n, (E/9E)

Proof. The diagonal map is obtained from
A: E/é\E” - E+AE/5E'J =(Ex E)/(E x 5E); x> (z,x)
by quotienting out the m-action. Now £, and E/@?E'; are finite CWn-
complexes by Proposition 3.2, and «: 8¥ - £, A, E/0F is an Sn-duality
map by Proposition 3.8 since
wu[SV)/ - = [E]n—: Hr(B/6E) = H'(B,6E) > Hy_/8,) = Hy_JE)

defines the Poincaré-Lefschetz duality isomorphisms of (E,oF), with
[E] € Hy(E, 0E) the fundamental class.

Given a fibration F —— E 2. Banda covering B of the base
space B with group = of covering translations define the Thom w-space to
be the mapping cone =-space of the induced #-map p.: £, - B,

Ta(p) = B, vz, E Al = BugyoExI/Ex1.

The quotient {1}-space Tn(p)/m = T(p) is the usual Thom {1}-space of p,
and if B = 7 x B is the trivial covering then

Ta(p) =V T(p).

Ifp: E - B is a cellular map of CW complexes then T#(p) is a CW=-
complex by Proposition 3.2.
Fibre homotopy equivalence classes of (k— 1)-spherical fibrations

Sk—l__)EL)X

over a CW complex X are in a natural one—one correspondence with
the homotopy classes of maps p: X — BG(k), for the appropriate
classifying space BG(k). Given such a fibration we shall say that a
covering X of X is oriented with respect to p if the group of covering
translations = is equipped with a group morphism w: = - Z, such that
the first Stiefel-Whitney class w,(p) € HY(X; Z,) = Hom(m(X), Zy,)
factors as

w
wy(p): m(X) —> 7 —> Z,
with m (X) - = the characteristic map, and the pair (m,w) is the dala
of the covering. A covering X of X can be oriented with respect to

p: X - BQ(k) if and only if the pullback 5: X — X 2, BG(k) is
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an orientable (k¥ —1)-spherical fibration, but the choice of w is not unique.
If f: M- X is a map of CW complexes then the pullback cover
IT of M is oriented with respect to the pullback fibration

ooy M3 x 2 Bam,

with the same data (=, w).

A covering X of a geometric Poincaré complex X is oriented with data
(m,w) in the sense of §2 if and only if it is oriented in the above sense
with respect to the Spivak normal fibration vy: X - BG with data
(7, w) (cf. Proposition 4.1).

Spherical fibrations are characterized by the following equivariant
generalization of the Thom isomorphism theorem.

ProposrTION 3.10. Let FF —— E L, B be a fibration of CW complexes,
with E,B finitely dominated. If F = S*—* (up to homotopy equivalence)
and B is an oriented covering of B with data (mw,w) then there exists
an element U, € H¥Tn(p); ¥Z), the Thom class of p, such that the cap
product

U, n—: C(T=(p)) - SkC(B)
18 a chain equivalence of finite-dimensional Z[m]-module chain complexes,
the Thom equivalence. Conversely, if F is simply-connected and there
exists an element U, € HY o (T'm (B)(p); ¥Z) (k > 3) for the Thom m\(B)-
space with respect to the universal cover B of B, for some group morphism
w: my(B) - Zy, such that

U, n— : “C(Tmy(B)) - S*C(B)

18 a Z[m(B)]-module chain equivalence then F is a homotopy S*-! and
w = wy(p): 7 (B) > Z, is the first Stiefel-W hitney class of p.

Proof. The proof is by the spectral sequence argument of Browder

[8, Lemma 1.4.3] applied to the pullback F — £ £, B of p to the
universal cover B of B.

We can now state the analogue of Proposition 4.4 of Spivak [25]
appropriate to geometric Poincaré complexes in the sense of Wall [29]
(cf. Browder [4]).

ProrosrTioN 3.11. Let X < S¥ be a finite subcomplex with a closed
reqular neighbourhood E, and let F be the homotopy-theoretic fibre of the
tnclusion p: 0E — E. Then X is an n-dimensional geometric Poincaré
complex if and only if F is a homotopy SN—""1 (N > n+3).

5388.3.40 P
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Proof. The inclusion X < F is a (simple) homotopy equivalence, so we
can identify »,(X)=m(E)=m, X = E, Tn(p) = E/oE with X, £ the
universal covers. Proposition 3.9 gives an Sw-duality map

a: 8N > X A, Tn(p)

such that there is defined a commutative diagram

Hr(R; vZ) @, *H"(X) 0 L H_ (X
(e [SVI\ =) ® (o4 [SM]\ —) id.

. N
HY-"(Tn(p); *Z)®@z “Hy_(Tn(p)) ——> H, (X)

for any group morphism w: = - Z,. Comparison of the definition of a
geometric Poincaré complex (as in §2) with the criterion of Proposition
3.10 gives the required correspondence.

4. Normal maps

Given a degree 1 map of n-dimensional geometric Poincaré complexes
f: M - X and a covering map of the Spivak stable normal fibrations
b: vyy > vx we shall apply the equivariant S-duality of §3 to obtain a
geometric Umkehr map F: 22X _ > 52/, and hence by the quadratic
kernel construction of §2 an n-dimensional quadratic Poincaré complex

over Z[~],
0 (f,0) = ou(f, F).
In §7 we shall identify the quadratic Poincaré cobordism class

ox(f,b) € L,(Z[m(X)])
with the Wall surgery obstruction.

An n-dimensional normal space (X,vx, px) is an n-dimensional finitely-
dominated CW complex X together with a (k—1)-spherical fibration
vx: X - BG(k) and an element py € 7, (T (vx)). (This concept is due to
Quinn [21].) Given a covering X of X with group of covering translations
= define the fundamental map of (X, vy, px) to be the composite {1}-map
ay: Sntk bx, Twx)=X/E =(X/E)/n —A> X AX/E =X A, Trlvx),
with £ the induced covering of the total space E of vx, and A the diagonal
map. If X is oriented with data (w,w) with respect to vy define the
Sfundamental class to be the twisted homology class

[X] = U, nh(px) € HY(X; vZ),
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with U, € H¥(Tn(vx); *Z) the Thom class of vx and

b:mb(Tlvg)) - Hn+k(T("X))

the Hurewicz map. The fundamental map is related to the fundamental
class by a Z[n]-module chain homotopy commutative diagram

wo®ypr — 07 o)

U, v —l lid.

C'(Tn(vx))“+"‘* m__, C‘(X)

in which the cup product with U, is a chain equivalence (a variant of the
Thom equivalence of Proposition 3.10).
A normal map of n-dimensional normal spaces

(f,0): (M, vag, pyr) > (X, vx, px)

consists of a map f: M — X of the underlying spaces together with a
stable fibre homotopy class of stable fibre maps b: vy — vx over f such
that

T®)psr = px € Tni(T(vx))
for sufficiently large k.

An equivalence of normal structures (vy,px), (v, p%x) on a space X is
a normal map of the type

(1,0): (X,vx, px) = (X, vk, pk)-

ProrositioN 4.1. An n-dimensional geometric Poincaré complex X

admits a normal structure (vx,px) with wy(vy) = w(X) and the same
fundamental class [X] € H7(X ; wZ) such that the fundamental map

ax: Svtk > X A Tr(vy)

defines an Sm-duality for every covering X of X, with = the group of covering
translations. Any two such normal structures (vx,px), (Vx, p’x) are related
by a unique equivalence (1,b): (X,vx, px) = (X,v%, p%). Conversely, if X
18 a finitely-dominated CW complex with a mormal structure (vx,px)
such that the fundamental map

ay: Stk > X A Tr(vy)

with respect to the universal cover X (m = m (X)) defines an Sw-duality map
then X is an n-dimensional geometric Poincaré complex with w(X) = w,(vx)
and the same fundamental class [X] € H»(X ; vZ).
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Proof. If X is finite there exists an embedding X < 8V for
N > 2(geometric dimension of X)+1 by general position, with closed
regular neighbourhood E say. If X is any covering of X with group of
covering translations = then Proposition 3.9 gives an S#-duality map

= ll ~~
ag: SVEXZ PR pom XA, B/38.

Let F be the homotopy-theoretic fibre of the inclusion 0 < E, so that
there is defined a fibration

F—>s 0E 2% X

with Tn(vx) = E/éE'. If X is an n-dimensional geometric Poincaré
complex then F ~ SN-7-1 by Proposition 3.11, and (vx,px) defines a
normal structure with Sw-duality. If X is not finite use the trick of Wall
[29, §3] of crossing with S! to reduce to the finite case. The uniqueness
clause is as in [29, Corollary 3.6] (see also Theorem I.4.19 of Browder [3]).
Conversely, given a normal structure with Swm-duality for the universal
cover we can obtain Poincaré duality by combining the Sw-duality
criterion of Proposition 3.8 with the Thom isomorphism of Proposition
3.10.

Thus an n-dimensional geometric Poincaré complex X carries a
canonical equivalence class of normal structures (vx, px) with Sr-duality.
We shall call this the Spivak normal class, calling any such vy a Spivak
normal fibration of X. A4 normalization of X is a choice of normal structure
(vx, px) in the Spivak normal class.

We are now in a position to apply S»-duality to obtain geometric
Umkehr maps of the type considered in § 2 for degree 1 maps of geometric
Poincaré complexes which preserve Spivak normal structures.

ProrosiTioN 4.2. Given a degree 1 normal map of normalized n-
dimensional geometric Poincaré complexes

(f,0): (M, vy, par) > (X, vx, px)
and a cover X of X with group of covering translations = there is induced a
m-map of Thom n-spaces Tmw(b): Tn(vy) - T'n(vy) such that the Sm-dual of
T (b) with respect to the fundamental Sw-duality maps

agr: SN > M A, Tr(vyy), ax: SN - X A, Trnlvy)

is an Sm-homotopy class F e {X, M.}, of geometric Umkehr maps
F:30X > oM, such that (Z°f,)F ~1: 22X > 32X, up to stable =-
homotopy.
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Proof. The Sw-duality is defined by the composite

oy \— ) ax \ —
. {TT’(VM)a T"(VX)}ﬂ '(;M\-—)> {SN: Tn(vx)Aq M+} M) {X+s ﬂ+ n

Working round the stable homotopy commutative diagram

Zpax

SN+p > ZPX A, Tr(vy)
Trpp s |
zr T(Vx)
sz(b)I 22 f, A Tn(b)
. 2T (vy) oon ZrfiAl
PM .
g /zp"‘” \7\\ 221, A, Tr(vag)
Troy G

R, Ai".rn(vx) Fal > o1, A, Tr(vx)

we have that
(EPfOF A1)(ZPay) ~ (EPax): SN+ > ZPX A Tr(vg).
Since XPay is also an Sw-duality map it follows that
(EPf)F ~ 1: Zp X, ¥ X,

for p large enough. The diagram also shows that F' induces the Umkehr
f': C(X) - C(J) on the chain level, identifying the Poincaré duality
chain equivalences with the appropriate Thom equivalences.

Define the quadratic kernel of a normal map of normalized n-
dimensional geometric Poincaré complexes

(£,0): (M, vy, ppr) > (X, vx,px)
with respect to an oriented cover X of X with data (w,w) to be the

n-dimensional quadratic Poincaré complex over Z[n] with the w-twisted
involution

ox(f,0) = ou(f, F) = (C(f'), expplX] € @u(C(/))),
using the quadratic kernel construction of Proposition 2.3 with any of
the geometric Umkehr maps F: ZpX, > ZrM, such that (Z*f,)F ~ 1
provided by Proposition 4.2. All such quadratic kernels are induced from
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that associated to the universal covering X of X with data (m(X), w(X)).
We have the sum formula:

ProrosiTION 4.3. The quadratic kernel of the composite
(f,b) (gc)
(9f,¢b): (X,vx,px) — (Y,vy,py) — (Z,v3z, pz)
of normal maps of normalized n-dimensional geometric Poincaré complexes vs

04(9f,€b) = oy (f, ) ® 04 (g,¢)
up to homotopy equivalence.

Proof. This is immediate from Proposition 2.5, since (Z7f,)F ~ 1.

The difference ' —y € ker((1+7): @,(C(f")) = @Q*(C(f"))) of the hyper-
homology classes appearing in the quadratic kernels o, (f,b) = (C(f'),¥),
ox(f,0') = (C(f"),¢') of normal maps

(£,0): (M,var, par) > (X, vz, px), (£i0'): (M, vay, par) > (X, vx, Px)
such that b’ = bc: vy, - vy for some automorphism c¢: vy — v, will be
expressed in terms of ¢ in Proposition 9.10 below.

A normal bundle map
(f,0): M > X
is a degree 1 map f: M — X from an n-dimensional smooth manifold M
to an n-dimensional geometric Poincaré complex X together with a bundle
map b: vy > vy from the normal bundle vy : M — BO(k) for some
embedding M < S*+% (k> n) to some bundle vy : X — BO(k). This is the
definition of normal map due to Browder [3] (with M compact and X
finite). The quadratic kernel of such a normal bundle map with respect to
an oriented cover X of X is the quadratic kernel

% (f,0) = 0y(f, Jb) = (C(f"), ey (¢p[X]) € @u(C()))
of the normal map of normalized n-dimensional geometric Poincaré
complexes
(f,Jb): (M, Jvp, pyr) > (X, Jvx, px),
obtained by passing to the associated spherical fibrations Jvy,: M — BG(k),
Jvx: X - BG(k), with
collapse
par: 8™ ———— T(vy), px =T(b)py: 8"** —> T(vx):
The surgery obstruction of a 2¢-dimensional normal bundle map
(f,b): M - X such that = (X) = {1} is }(signature) {the Arf invariant}
of the non-singular quadratic form over Z {Z,} defined on K%M)
{KYM; Zy)} by ox(f,D) {Zy®@ou(f,b)} if ¢=0 {g=1} (mod2) (cf.
Propositions 2.4(i), 1.7.1, and 1.7.2).
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A normal map in the sense of Wall [30]
(f,B): M - X

is a degree 1 map f: M - X from an n-dimensional smooth manifold M
to an n-dimensional geometric Poincaré complex X together with a bundle
isomorphism B: gy — 75, ® f *vy, with 7,,: M — BO(n) the tangent bundle
of M, vx: X - BO(k) some bundle over X, and ¢, =0: M - BO(n+k)
the trivial (n + k)-plane bundle (with M compact and X finite). Choosing
an embedding M < SN (N > n) with normal bundle vy;: M — BO(N —n)
we have a stable inverse vy, for 7,; and a bundle map over f
leoB
bivy @&y —> vy ® (T ®f *vx)
= (@ y)Of vy —> frex®f*vy —> exOvx
with e¢x = 0: X - BO(N). The quadratic kernel o,(f,b) of the normal
bundle map (f,b): M — X does not depend on the choice of v, : for
if vy, vy, are two such then there exists a bundle isomorphism c¢: v;, — vy,
such that b =bc: vy > vy and T(c)(py) = pu € "a(T'(vy)) (by the
uniqueness of embeddings M < S¥ for N > =), so that applying the sum
formula of Proposition 4.3 to the composite normal map
, .y (o) (f,b)
(f,0'): (M, vigs pre) — (M, vags pr) — (X,vx, px)
we have that up to homotopy equivalence

ox(f,0') = 0x(f,0) ® 04(1,¢) = ou(f,b).
Conversely, a normal bundle map (f,b): M - X determines a normal map
in the sense of Wall [30] (f,B): M — X with
leb
B: gy = 14y @ vy —> 7y D f *vx.
From now on we shall not distinguish between the two formulations of
normal bundle maps.

5. Intersections and self-intersections

We have used the quadratic construction ¢ of §1 to define in §4 the
quadratic kernel o, (f,b) = o4(f, F) of a normal bundle map (f,b): M - X,
using the equivariant S-duality of §3 to obtain the geometric Umkehr
map F: 22X, - Sp¥,. We shall now describe the self-intersections of an
immersion 87 - M" in terms of the quadratic construction i, allowing us
to identify the quadratic kernel o, (f,b) for a highly-connected f with the
geometrically defined surgery obstruction kernel of Wall [30, §§5, 6)].
(See the note added in proof (p. 279) for the generalization to arbitrary
immersions of manifolds.)
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ProrositioN 5.1. For any p,q > O there is defined in a natural way a
morphism of commutative braids of exact sequences of abelian groups

jim—>Q
Jrom

7 N\ S
7(SO(p +9)/80(q)) 7,-,(S0(q)) "m—-l(SO/)\

w7, (80(p+q) ma(SO/SOQ) m, ,(SO(p+9))
N ~N

/'
1.(80)  mn(SOISO(P+9)) 7 (SO(p+q)/SO(g))

N N LI

to
J
QU2 1(SZ) Qm+4(SZ) Qm+(SeZ)
W A NS B s \Qf 27N
Q: Qmir+etl(SpaZ) Qunio(SZ) Qm+r+a(SPHZ)

e N H~ AR T N
Qm+q+1(ng) Qm+p ﬂl(,S'zH«IZ) Q[r?:’fq_—li (S9Z)

DU AN

Proof. @ is a particular case of the braid of Proposition I.1.3.
Define as follows abelian group morphisms

J: mn(BSO(g)) = 7,,4(80(q)) > QM+(8Z) = H*"™(Zy; Z, (- )9),
J* Muia(BSO(p +9), BSO(q)) = m,,(SO(p +4)/50(g))
- QRPTNSIZ) (= Hy o(Zy; Z,(—)7) if m—g <p—1+#0).
Given an oriented ¢g-plane bundle «: S™ — BSO(q) over S™ apply Lemma 1
of Milnor [15] to identify the Thom space T'(«) with the mapping cone of

J() € "mﬂ—l('gq)
T(x) = STUyy,e™te.

Applying the symmetric construction ¢ and the symmetric Wu class v,,

Z = H,,,(T(x)) 229 gmia(O(T(a))) —™> Homy(HY(T(x)), @™ (SZ))

set
3(@) = On(@ra(1))(1) € Qm(89Z) (BYT(x)) = Z).
(By Propositions 1.2(i) (if m = ¢) and 1.3 (if m # ¢) j(«) can be expressed in
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terms of the cup product structure of H*(T(«x)) and the action of the
Steenrod algebra on H*(T'(«); Z,). In § 9 below we shall use this to identify
Jj(o) with the Hopf invariant of J(«).) Furthermore, given a null-homotopy
B: D+l > BSO(p+q) of a@®eP: 8™ > BSO(p+q) there is defined an
isomorphism fB: e?+2 > a @ &P of oriented (p +¢)-plane bundles over S™,
inducing a homotopy equivalence of Thom spaces

T(B): T(er+2) = Sptay SmiPH — T(a® eP) = ZPT ().

The composite
inclusion T(B)

I(B): TP(Sm+e) = Sm+p+a —— 5 Sp+ay §mip+e —— 5 T2 (a)
represents the generator 1 € Hmﬂ,w(ZPT(a)) = Z. Applying the quadratic
construction ¢ and the quadratic Wu class ™

Z = B (574) P8 QO (01) > Hom (Ho(T(w), Q27(S02)
set
3o B) = v™(Pr(1))(1) € QP N(SIZ).

Applying the symmetric Wu class operation v,, to the relation

Pr(1) = (ZP) U (B)ZP)*Pgmsa[S™] = (1+T)yp(1) € @uHo(C(T(x))
given by Proposition 1.5(ii) we have that

Jle) = (1+T)j(x, B) € Qm+(SZ).
The remaining morphisms j: = — @ are obtained from these by passing

to the suspension limits in both the geometry and the algebra (cf.
Proposition 1.4).

(It is possible to factorize the map of braids j: # >~ Q asj: = - Il - @,
with II defined exactly as = but using SG instead of SO. In particular,
for m = q = 2k, j factorizes as

§: map(BSO@E)) ——T sy (S2k) DR ITAIANG oy gy

and is just the function assigning the Euler number y(«) € Z to the oriented
2k-plane bundle over S%* classified by «: S%* — BSO(2k). For m < g,
J: m(80/80(q)) + Qn44(S9Z) is an isomorphism.)

Let M™ be an n-manifold, which for the sake of simplicity we take to be
compact, smooth, and closed. Let (7, w) = (=, (M), w(M)), and give the
group ring Z[n] the w-twisted involution. Let S,.(M) (r > 2) be the
Z[n]-module of regular homotopy classes of oriented immersions
g: 8" > M with a preferred lift §: 8" = #x 8" — M to the universal
cover M of M, where addition is by connected sum and = acts by
changing lifts. Given such an immersion g define a Z[7}-module chain map
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g': C(M) - C(Tn(v,)) by

((M10-) ([87)0-)

C(S’r)n—* —_ Sn—rC(Sr)
G,0-)

—== s C(Tn(v,)),

Q@
*

g': O(M) C(H -

where T'n(v;) = V,T(v,) is the Thom =-space of the normal bundle
v,: 8" —> BSO(n—r), and U, € H=r(T(v,)) is the Thom class of v,.

The symmetric self-intersection of an immersion g: 8™ — M™ is the
Z,-cohomology class

Ag) = v (el M])x) € H*=*"(Zq; Z[m\(M)],(—)"")

obtained by evaluating the composite
Hy(1t; »z) 22> @uc(ih)

'vf
—> Homyg(“H~" (M), H*=*"(Zy; Z[n], (- )"")),

with z = g*(U, ) € “H"~"(J) the Poincaré dual of §,[S7] € H,(M). For a
fixed M the class A(g) depends only on §,[S] € H,(M). In the case where
n = 2r, A(g) can be identified with the evaluation A(g,g) of the geometric
intersection pairing

A: 8,(M) x 8,(M) — Z[my(M)].

By Propositions 1.3 and 2.4(i) the mod 2 reduction of A(g) (for n > 2r)
can be expressed as

Alg) = <Sq"(x), [M]) = <v(M) vz, [M]) € Z,
(@ = g*(U,) € H*"(M; Z,)).
Given an immersion g: 8* - M® and a non-negative integer
p>2r—n+1l,

it is possible to deform the immersion g x 1: S — M"™x DP by a regular
homotopy to an embedding g': 87 < interior(M™ x D?) with normal bundle

vy =v,®eP: 8" - BSO(n—r+p).
Let E be a closed tubular neighbourhood of ¢’(S7) in M x DP, with
induced cover £ = = x E < M x D?. The =-map
G: $olL, = 11 x Do/ 11 x §v-+ % 41 po /XD B
= E/oF = Tn(v,) = Z*Tn(v,)
induces g': C(#) - C(Tn(v,)) on the chain level.
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The quadratic self-intersection of an immersion g: 87 — M is the
Z,-homology class
wg) = = v (pelMINU,) € Hyy_n(Zy; Z[my(M)], (- )")
obtained by evaluating the composite

2

Hi(IT; vZ) % @ (C(Tn(v,))) ——>Homyg,(PH""(Tn(y,)),

Hyy n(Zo; Zlx], (—)™7)).
In the case where n = 2r, u(g) will be identified with the geometric self-
intersection of g (in Proposition 5.2 below). By Proposition 1.6, the mod 2
reduction of u(g) can be expressed as
#(g) = <8t (ZP), ZP[M]) € Z,
(h = (£7U,)6 — £2(2) € [Z7M,, SK (Zy, n—7)),
¢« = generator € H*"(K(Zy,n—71); Zy) = Z,).

ProPOSITION 5.2. The symmetric and quadratic self-intersections define
functions

A: 8,(M7) > Hv=2"(Zy; Z[my(M)], (—)7); (g2 87— M) > A(g),
wi Sy M™) > Hyy_o(Zo; Zlmy(M)], (= )*); (g2 87 - M) > plg),
such that
(i) Mag) = al(g)a, plag) =ap(g)d (a € Z[m(M)], g € S(M™)),
(i) A(g) = (§(vy), 0)+ (1+T)ulg) € H"2"(Zy; Z[my(M)], (—)"")
= H""(Zy; Z, (- )"") @ H™*"(Zy; Z[my(M))/Z, (- )™T),

A(gy, ifn = 2r
(i) p(gy+9ge) — 1l(gy) — p(g2) = Nowgall o . (91,92 € S,(M™)),
0 otherwise
(iv) if the class g € S,(M™) contains an embedding then u(g) = 0, and if it
contains a framed embedding then also A(g) = 0,
(v) ¢f n=2r > 6 and u(g) = 0 then the class g € S, (M?3") contains an
embedding.

Proof. (i) By construction.
(ii) Apply the symmetric Wu class v, to the relation given by Pro-
position 1.5(i),
9% M] = ¢rauygs[M]1— (1 + TPl M] € QUC(Tn(v,))).
(iii) The quadratic self-intersection u(g,+¢g,) of the connected sum
g, +¢, of immersions g,,g,: 8" — M™ is given by

pgy+9s) = — ”r(‘/‘G[M])(U»,,‘@ U,) € Hyy_y(Zy; L=y (M)], (- )",
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with '
G =G,vG,: 2”M+ - 2Z2(Ta(vy,) v T'n(y,,)) = ZPTn(v,) v ZPTn(v,,).
There is a natural identification of Z[#]-module chain complexes

C(T(v,,)v Tn(v,,)) = C(Tn(y,)) ® C(Tn(v,,)),
and Proposition I.1.4(i) allows us to express J, as

ba,

Yo = Yo, L Hy( 5 vZ) - Qu(C(Tn(v,,)) ® C(Tn(v,,))
- (91®93)4,
= Qu(C(T7(v0,))) ® Qu(C(T7(v,,) © Hy(C(T7(v,,)¥ @ 71 C(T7(v,,)))s

with (¢} ® g5)A, the composite

A
(L ® gh)Ag: Ha(M; vZ) —— H,(C(H) ®4, C(I))

| !
BB B (O Tr(sy)) O T ()
Now apply the rth quadratic Wu class v" to the identity
Yol M] = (e[ M], Yo [M], — (g ® gh)A M]) € Qu(C(Tn(v,,) v Tm(v,,)))-
(iv) By definition ¢ is a composite
Yo: Hy(M; ©Z) > QUr—C(T'n(v,))) > @u(C(Tn(v,))),
and the middle group is 0 if » = 0.

(v) Let fi(g) € Hy(Zy; Z[m(M)], (—)7) be the geometric self-intersection
of an immersion g: 87 — M2 (r > 2), as defined by Wall in [30, Theorem

5.2]. It was proved there that
(g1 +92) — B(91) — (92) = [Mg1,92)] € Ho(Zy; Z[my(M)], (—)"),

and that, for r > 3, fi(g) is the sole obstruction to deforming g to an

embedding.

We shall prove that u(g) = fi(g) (for r > 3) by a generalization of the
trick used by Browder in the proof of Theorem IV .4.1 of [8].1 Lift fi(g) to
some element a € Z[m,(M)], and let g’: S* —> M'?r = M2 # (8" x S7) be an

immersion representing the homology class
§alST1 = (0, —a,1) € H(H') = H/(J)® Z[\(Y)]® Z[m,(M)).
The immersion g# 0: 87 — M'%" represents the homology class
(7% 0)4[87] = (4[5, 0,0) € H(H') = H,(H)® Z[m\(M)]® Z[my(H)].
Define an immersion
9" =(g%0)+g': 8" > M'r,
t See note added in proof on p. 279.
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and apply the sum formulae for x and i to obtain
w(g") = pg#0)+p(g’) = plg) —[a] = plg) —Alg) € Hy(Zy; Z[my(M)],(-)"),
fi(g") = f(g#0)+2(g') = lg) — [a] = 0 € Hy(Z,; Z[m(M)],(—)").
Thus ¢” can be deformed to an embedding, and u(g”) = 0 by (iv).
The relation of Proposition 5.2(ii) for n = 2r,
Ag) = (§(vy), 0)+ (1 + T)ulg) € HYZy; Z[my(M)], (—)")
is precisely the relation of Theorem 5.2(iii) of Wall [30], with
J(vg) = x(v;) € HXZy; Z,(-)")
the Euler number of v, € 7 (BSO(r)).

ProrosITION 5.3. Let f: M - X {(f,b): M — X} be a degree 1 {normal
bundle} map from an n-dimensional manifold M to an n-dimensional geo-
metric Poincaré complex X. Let g: 8™ — M be an tmmerston with an oriented

normal bundle v,: 8 - BSO(n—r) and a null-homotopy h: D™ - X of
fe: 87> X {and let v,: D' —> BSO be the stable trivialization of
v,: 8 > BSO(n—r) determined by b:vy — vy} The rth symmetric
{quadratic} Wu class of the symmetric {quadratic} kernel,

[ o*(f) = (C(f"), o = e*slM] € QMC(fM)),
ox(f,0) = (C(f'), ¥ = ex ¥ 5[ X] € Qu(C(f)),
{ vy(p): H*"(C(f)) = K*"(M) > H"*"(Zy; Z[my(X)], (—)*"),
v(): H 7 (C(f")) = K*"(M) > H,,_,(Zy; Z[m(X)], (—)*7),
sends the Poincaré dual x € K*7(M) of the Hurewicz image in
Hr+1(f ) = K (M)
of (h,9) € mpiy(f) = mppa(f) to
{ 2,(@) (@) = A(g) = (J(vp), 0) + (L + T)ulg) € H*2"(Zy; Z[my(X)], (—)™"),
V()(x) = (j(vas vp), 0) +ulg) € Hypn(Zo; Z[my(X)], (—)"7)-

Proof. The expression for v,(p)(x) is immediate from Proposition 5.2(i),
so only the normal bundle case need be considered. The commutative
diagram of maps of spaces

g

ST — M

| hjf

Dl — X
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is covered by a commutative diagram of bundle maps

*
gV — > vy

cl Jb
h*l/x —_— VX

with h*vy a trivial bundle and c: g*vy, > h¥*vy giving rise to
Vp ! Dr+1 i BSO.

There is induced a commutative diagram of Thom =-spaces and 7-maps
(m = m(X))

Tr(g*vy) ——> Tn(vyy)

Tw(c)‘ JTﬂ(b)

Tna(h*vg) —> Tn(vy)

whose S7-dual is a 7-homotopy commutative diagram of #-maps

e N
22T a(v,) «— o,

I(vh)]\ [F
H

Tr(V 8r) «——o 2%,

for p > 0 sufficiently large. Applying the sum formula for the quadratic
construction of Proposition 1.5(iii) we have

G (X1 + 46l M] = aplX] = d1opulX]
= Yrop(1) + 1) P X] € Qu(C(Tn(v,)))-

The disc theorem for geometric Poincaré complexes (Wall [29, Theorem
2.4]) provides a homotopy equivalence

X - Yuy,er

with ¥ a homologically (n—1)-dimensional complex and k: 8! — Y
some map. Passing to the universal covers, adjoining basepoints, and
collapsing ¥ we obtain an unstable 7-map

H:X, - (Y up (7 xem)), - V 82,

representing the Sw-dual of T'#(h*v5) - Tw(vy), so that
Yg = 0: HY(X; vZ) - Qn(C'(\"/S")) (w = w(X)).
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Applying the rth quadratic Wu class v” to the Z,-hyperhomology class

g r(X] = Yro0(1) = Yol M] € Qu(C(Tn(v,)))

we obtain the desired expression for v"(y)(x).

At this point it is instructive to compare the approaches taken by Wall
[80] and Browder [3] to the problem of performing framed surgery on an
element « € 7,.,(f) for some n-dimensional normal bundle map (f,b):
M - X. Theorem 1.1 of [30] establishes that for r <%»—2 every
o € 7,,,(f) determines a regular homotopy class of framed immersions
g: 8" —> M together with a prescribed null-homotopy A: D™+l - X of
fg: 87 > X, such that (v;,v,) = 0 € w,,(BSO, BSO(n—r)). Surgery on «
is possible if and only if this class contains an embedding, so that on the
chain level the surgery obstruction is

V() x) = p(g) € Hyy_n(Zy; Z[my(X)], (—)"").
On the other hand, Theorem IV.1.6 of [3] assumes that o € m,,(f) is
already represented by an embedding g: 87 <» M with a null-homotopy
h: D - X of fg: 8 > X, so that u(g) = 0. Surgery on « is possible if
and only if (v,y,) =0 € 7, ,(BSO,BSO(n~r)) (= =,(S0/80(n—r)) =
7o(Vim—r), k large), so that the chain level surgery obstruction is
v"(Y)(x) = (j(vp,v,), 0). In Proposition 1.4.6(i) we interpreted the e-quad-
ratic Wu class v"(g)(x) € H,,_,(Z,; 4, (—)"""e) associated to an abstract
n-dimensional ¢-quadratic Poincaré complex over 4, (C,¢ € Q,(C, ¢)), as
the obstruction to performing algebraic surgery on x € H,(C). (Algebraic
surgery will be related to geometric surgery in § 7 below.)
Given an (7 — 1)-connected 2i-dimensional {(2¢ + 1)-dimensional} normal
bundle map for ¢ > 3 {£ > 2}, (f,b): M - X, let

(K(M), A, 1)
(Hy(K;41(U, 00)); K; (U, 0U), Ky (M, 0U))

be the non-singular (—)! quadratic form {formation} over Z[,(X)] with
the w(X)-twisted involution obtained by Wall in §5 {§6} of [30] as the
surgery obstruction kernel, using geometrically defined intersection and
self-intersection forms. The odd-dimensional terminology involves the
union U of disjoint framed embeddings 8¢x D+l < M such that the
images f(S* x D) € X are contractible, and such that the corresponding
elements of K,(M) are a set of generators, with My = M\ U < M. The
quadratic kernel o,(f,b) is the ¢-fold skew-suspension of a 0-dimensional
{1-dimensional} (— )¢ quadratic Poincaré complex over Z[wm (X)],

ox(f,b) = 8oy(f,b)

8(f,b) =
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(as in Proposition 2.6), and o,(f,b) can be regarded as a non-singular
(— )¢ quadratic form {formation} by Proposition I.2.1 {I.2.5}.

ProrosrTioN 5.4. The surgery obstruction kernel of a highly-connected
n-dimensional normal bundle map (f,b): M - X agrees with the quadratic
kernel defined using a geometric Umkehr map F € {X,, 1.}, (= = m(X))

0(f,0) = o4(f,b) (n=2i0r2i+1 > b).

Proof. Consider first the case where » = 2i. Now C(f!) is given up to
chain equivalence by

C(fY: ... >0> K(M)—> 0~ ...,
and the quadratic kernel is given by

ox(f, D) = (C(f') ¢ = exh pIX] € Qoi(C(f))
= coker(1 — T(—)i: HOmZ[,,](If{(M), I(t(M)*)

-> Homz[ﬂ](Ki(M): -Kt(M)*)))’
identifying K,(M) = K¥(M) by Poincaré duality. By [30, Theorem 1.1},
every element z € K,(M)is represented by a framed immersion g: S* — M2
together with a null-homotopy k: D! —» X of fg: 8¢ -+ X, and Pro-
positions 5.2 and 5.3 allow the identification

P(@)(@) = plg) € Hy(Zg; Z[m(X)], (- ))-
Thus 0(f,b) = o;(f,b) if n = 2:.
In the case where » = 2i+1 we have that up to chain equivalence
C(fY:...> 0> K, ,(M,U) > K(U)>0—> ...,
so that o,(f,b) is a non-singular (— )* quadratic formation over Z[m(X)]
oy(f,0) = (Hi(K(U)*); K(U)*, Ky (M, U)).

Identifying K;,,(U,0U) = K¥U) = K,(U)* by Poincaré duality and the
universal coefficient theorem we can write the inclusion of the lagrangian
Kiy(M,U) > K(U)*o K,(U)

as the map
Kya(M,U) = Kyy(My, 8U) > K (0U) = Kyyy(U, 00) @ Kypo (U, 2U)*
appearing in the definition of 8(f,b). Thus 8(f,b) = a,(f,b)if n = 23+ 1.

6. Geometric Poincaré cobordism

We now relativize all of the results of §§1-4, in order to construct
algebraic Poincaré pairs from geometric Poincaré pairs. Given an (n+1)-
dimensional geometric Poincaré pair (X, 2X) we define an (n+ 1)-dimen-
sional symmetric Poincaré pair o*(X,0X) with boundary o*(0X), and
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given a degree 1 {normal} map of (n+ 1)-dimensional geometric Poincaré
pairs (f,of): (M,0M) ~ (X, 0X) {((f,2f), (b, b)): (M,0M) - (X, 0X)} we
define an (n+1)-dimensional symmetric {quadratic} Poincaré pair

o*(f,of ) {ox((f, 9 ), (b, b))} with boundary o*(9f) {o4(2f, 9b)}.
The relative symmetric construction @, defined below is a relative version
of the absolute symmetric construction ¢y of Proposition 1.2.

ProrosiTION 6.1. Let 7 be a group, and give Z[rn] the w-twisted involution
for some group morphism w: m - Z,. Given a m-map of w-spaces
i X->Y
there are defined in a natural way abelian group morphisms
#r: Hialfs ¥Z) > Quit(f: 6(X) > C(Y)) (n € Z)

such that
(i) for each z € HZ \(f; VZ),

?I(z)o\" =zn—: *H'(f) - Hn+1—r( Y),
(ii) there is defined a morphism of long exact sequences

voo —> Hz,\(Y; ¥Z) — Hi,(f; vZ) —> Hi(X; vZ)

. —— QM(C(Y)) ——— QnHi(f) —————— @~(C(X))
e, By, vz) —— Hi(f; ) —— ...
G'DYJ ?’tl
% .
— QYO(Y)) — @*(f) — ...

Proof. Choosing a functorial diagonal approximation A we have a
commutative diagram of abelian group chain complexes and chain maps

1of

Z' @z O(X) > Z'®zin C(Y)

¢X=1®AXJ l1®Ar=¢Y
%
Hom g, (W, C(X) ®z, C(X)) ——— Homgz (W, C(Y) @z, C(Y))
with corresponding chain map of algebraic mapping cones

@r: C1®f) - C(f*).
5388.3.40 Q
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The relative symmetric construction is given by the maps induced in the
homology groups

o0 Hoa(C(1®S)) = Hy y(f; YZ) > H,,,(C(f*)) = @ (f).

Given a pair of n-spaces (X, Y) we shall write the relative symmetric
construction for the inclusion 7: ¥ <+ X as
oxy = i Hi (X, Y; vZ) = Hy, (65 vZ) - @nis: C(Y) ~ C(X)).
An (n+ 1)-dimensional geometric Poincaré pair (X,0X) is a CW pair of
finitely-dominated CW complexes, such that 60X is an »-dimensional

geometric Poincaré complex, together with a group morphism w(X):
m(X) - Z, such that w(0X) factors as

X
w(0X): m(0X) —> m(X) 1,_0(_2 Z,

and with a relative homology class [X] € Hn{X)(X, X ; w(X)Z) such that
the cap products
[X]0—: wOHY(X,0X) > Hyyy (X) (0<r<n+l)
are Z[m,(X)]-module isomorphisms (Poincaré-Lefschetz du;wlity) and
2,[X] = [0X] € Hn®(3X ; wDZ),

with X the universal cover of X and 2X the induced cover of oX.
The relative symmetric construction of Proposition 6.1 gives a relative
version of the construction of ¢*(X) in Proposition 2.1.

_PROPOSITION 6.2. Given an (n+1)-dimensional geomelric Poincaré pair
(X, 0X) and an oriented cover X of X with data (m, w) and induced cover 0X
of 0X there is defined in a natural way an (n+ 1)-dimensional symmelric
Poincaré pair over Z[w] with the w-twisted involution

o*(X,0X) = (ig: C(2X) - O(R), p 5x[X] € Q*1(i5))
with boundary o*(0X) = (C(é\j'),gpa}[aX] € Q”(C(ﬁ())), where tg s the
inclusion.
Define the symmetric signature of an n-dimensional geometric Poincaré

complex X with respect to an oriented cover X of X with data (=, w) to be
the symmetric Poincaré cobordism class

o*(X) € L™(Z[n])
with o*(X) = (C(X), ¢z[X] e @¥C(X))) the n-dimensional symmetric
Poincaré complex over Z[n] with the w-twisted involution constructed in
Proposition 2.1. The symmetric signature o*(X) e L*(Z[~]) is induced

via the change of ring maps Z[7,(X)] - Z[n] from the universal symmetric
signature o*(X) € L*(Z[n,(X)]) associated to the universal cover of X.
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The symmetric signature invariant o*(X) € L*(Z[,(X)]) was introduced
by Mishchenko [18].

Given a space K and a group morphism w: m(K) > Z, let QF(K,w)
be the group of geometric Poincaré bordism classes of maps f: X - K
from n-dimensional geometric Poincaré complexes X such that the
orientation map factors as

f w
w(X): m(X) ——> m(K) —> Z,,

that is, such that the cover X of X induced from the universal cover K of
K is oriented with data (m,(K), w).

ProrosiTiON 6.3. The symmelric signature defines abelian group
morphisms
o*: QP(K,w) - L™Z[m(K))); (f: X > K) — o%(X) (n > 0).

Proof. If (g; f, f'): (Y; X,X') - K is an (n+ 1)-dimensional geometric
Poincaré bordism then the construction of Proposition 6.2 defines an
(n + 1)-dimensional symmetric Poincaré cobordism over Z[x,(K)]

o*Y; X, X')
from o*(X) to o*(X').

As a special case of the geometric Poincaré bordism invariance of the
symmetric signature we have homotopy invariance: if f: X - X’ is a
homotopy equivalence of n-dimensional geometric Poincaré complexes
then

o*(X) = o*(X’) € L™(Z[m (X))

It follows from the computation of L*(Z) (Proposition 1.7.2) that the

simply-connected symmetric signature map

Z 0
Z, ifn=| 1 (modd

o*: QP(pt) > LyZ) ={ 2 " " ) (mod )
0 3

sends an oriented 4k-dimensional {(4k+ 1)-dimensional} geometric Poin-
caré complex X (w(X) = 1) to
o*(X*) = (signature of X) = (signature of the Poincaré duality
intersection form (H*(X; R), px[X],)) € L¥*(Z) = Z,
o*(X%+1) = (deRham invariant of X) = (deRham invariant of the
Seifert linking form (H2**+{(X; Q/Z), px[X],))
= (dim, H¥*+Y(X; Z,)) € LY¥*YZ) = Z,.
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The relative quadratic construction g described below is the relative
version of the absolute quadratic construction i, of Proposition 1.5.

ProrosrTioN 6.4. Let 7 be a group, and give Z[r] the w-twisted involution

for some group morphism w:m —~ Z,. Given m-spaces X,X',Y,Y' and

mmaps f: X->Y, f': X" Y', F:2rX —»3PX' Q:ZrY - XY’ for
some p > 0 such that the diagram

Xrf
2rX —— IrY

zrf
X' —— TPy’

commutes there are defined in a natural way abelian group morphisms

r.at Hynlf; *Z) > Quua(f': C(X') > C(Y')) (neZ)
such that
(i) P*py—pphe = (1+TWp,e: Hy 1 (f; ¥Z) - @ H(f),
with hy: Hy o (f; YZ) > Hy o (f'5 YZ), B*: QrH(f) > @ri(f') the
tnduced maps,
(ii) there is defined a map of long exact sequences

. Hj \(f; YZ) ——> Hi(X; vZ)

I

o> Quu(f) — > Qu(C(X")

LI Hr(Y; wZ) —> Hr(f; vZ) —>

oo
,

—% 5 Q.0(Y") —— Qu(f) ——— -

(ii) g factorizes through QLE(f')
Yro: Hyn(fs YZ) > QRES') > Q') = Qun(f)-
If p=0then ypq=0.
Given a degree 1 map of (n+ 1)-dimensional geometric Poincaré pairs
(f,of): (M,oM) - (X, 0X)
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and a covering X of X with group of covering translations = define
Z[n]-module Umkehr chain maps

f': ¢(X) - o)
of!: C(0X) - C(9M)
by applying Z[7]®zxy— to the Z[=;(X)]-module Umkehr chain maps

( —)1 =
It C’(f) ([Xi_)_> wX)0(X, ﬁ)n-ﬂ—'

i__, “"X)C(M 6M)"+1‘ [M]n— C(Jﬁ)

af': C(aX u__)> w(X)(}(gX)n—°
?fj* e [oM]n— IS
\ — > WM ————> C(0HM)

~
with X the universal cover of X and AT , OM, 57( the induced covers of
M, oM, 0X. There is defined a chain homotopy commutative diagram

od%) —2, o®)

T

0631 —2 s oy

with 157, ¢% the inclusions, so that there is induced a Z[rn]-module chain
map in the algebraic mapping cones

i C(of') > C(f").
A geometric Umkehr map for (f, 6f ) is a m-map of pairs of =w-spaces
(F,oF): (Z#X,, 2°(0X),) - (ZeHL,, Z#(60),,)

for some p > 0, which induces the Umkehr (f!, 9f') on the chain level.

The relative symmetric {quadratic} construction of Proposition 6.1
{Proposition 6.4} can be used to obtain a relative analogue of the sym-
metric {quadratic} kernel o*(f) {ox(f, F)} of Proposition 2.2 {Proposition
2.3} as follows.

PROPOSITION 6.5. Given a degree 1 map of (n+ 1)-dimensional geometric
Poincaré pairs
(f.of): (M,oM) -~ (X, 0X)

and or oriented cover X of X with data (m, w) there is defined in a natural way
a symmetric kernel (n+ 1)-dimensional symmetric Poincaré pair over
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Z[w] with the w-twisted involution
o*(f,8f) = (i7: C@f") > C(f"), e*piz M) € Qr1(ip)
with boundary o*(of ), and such that
o*(M,0M) = o*(f,of ) ® o*(X, 0X)
up .to homotopy equivalence of pairs. Given also a geometric Umkehr map
(F,oF): (z»X,,5#0X,) - (e M, P01,

there is defined in a natural way a quadratic kernel (n+ 1)-dimensional
quadratic Poincaré pair over Z[m)

ox(f, of; F,0F) = (i7: C(ef') > C(f"), exp,or(X] € @ (37)
with boundary o, (9f, oF), and such that
(Y+T)ou(f,of; F,0F) = o*(f,of ).

Next, we outline the relative version of the equivariant S-duality
theory of § 3 required to obtain geometric Umkehr maps for normal bundle
maps of pairs. A 7-pair (X, Y) is a pair of n-spaces, ¥ < X, in which case
the suspension 2(X,Y)=(£X,XY) is also a =-pair. Given =-pairs
(X,Y), (4,B) let {X,Y; A, B}, be the abelian group of stable relative
m-homotopy classes of #-maps of =-pairs (f,g): £?(X, Y) - Z7(4, B)
(p =2 0). The n-pairs (X, Y), (X*, Y*) are relatively Swm-dual if there is
given a {1}-map of pairs

(o, B): (DN, S8N-1) > (X A, X*, YA, YH*)
such that for every n-spectrum of pairs (4, B) the slant products
\: {X,Y; 4,B), > (D¥,8%1; 4a, X% BA, T*};
((f,9): (22X, ZPY) - (4p, By))
= (((fA1)ZPa, (g A 1)ZPB):
(D42, SN+P-1) > (A, A, X*, By A, Y'¥)),
\: (X%, Y*; 4, B}, > {DY,%3; X, 4, Y n, B);
((f*.g*): (Z*X*,ZrY*) - (4p, By))
> (1A f*)ZPa, (1LAg*)ZPB):
(DN+p, §N+P-1) 5 (X A, 4, Y A, By))
are isomorphisms, and such that the {1}-map B: 8¥1 > YA, Y* is an
absolute Sw-duality map. It then follows that there are defined absolute
Sn-duality maps

o/B: 8N > (X/Y)A, X* ofB: SN > XA, (X*/T*).
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An n-dimensional geometric Poincaré pair (X,9X) can be embedded in
(Dnte, Sn+k-1) (k large) with X nSn+k-1 = 9X < Sn+k-1 such that there
exists a closed regular neighbourhood E of X in D*+* with

E' = EnSntk-1 c oF
a closed regular neighbourhood of 6X in S»*k-1, The inclusions
dE\E' <~ E, 0B <~ FE'
define (k— 1)-spherical fibrations

§k-1 — FENE —%> F = X,

Sk-1 s op 20X, B - X,

such that v,y is the restriction of vy to X

vox: 0X ©—s X —%> BG(k).
The collapsing map of {1}-pairs
(PX’ Pax)3 (Dn+k’ Sn+k—1) g (Dn+k/m, Sn+k-l/m)
= (E/OE\F', E'/oF’) = (T(vx), T (vyx))

can be used to define a relative Sa-duality map

(px> Pax)
—_—

(ax, apx): (DR, Sntk-1) (T(vx), T(vyx))

———— (R A, Trlvg), 9X, A, T(vsx))
between the r-pairs (X,, 5}_,,) and (T'n(vx), T'n(vyx)) for any covering X
of X with group of covering translations #. Given n-dimensional geo-
metric Poincaré pairs (M, dM), (X, 2X) and any coverings M, X with the
same group of covering translations = we thus have relative S=-duality
isomorphisms
{Tm(vag), T(vons); Trlvx), T(vpx)}a

— {Dn+k, Sntk=1; W A Tr(vg), é.lTLL Ay Tm(vyx)}

- {X,, 5}+; M., 5]TJ+ -
Thus given a normal bundle map of pairs

(f,of; b,ob): (M,oM) - (X, 0X)
and an oriented covering X of X with data (7, w) the Sm-dual of the
m-map of =-pairs

(T'n(b), Tn(8b)): (Tn(vay), Tlvay)) > (Tm(vx), Tm(vyx))
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is the relative S7-homotopy class of a relative geometric Umkehr map
(F,oF): (5#X,,%5X,) -~ (S# ML, S°0M,).

The construction of Proposition 6.5 now gives a quadratic kernel n-
dimensional quadratic Poincaré pair over Z[=]

U*(f,af; bsab) = at(f:af; F)aF)

with boundary o.(f,b).
Define the symmetric {quadratic} signature

o*(f) € LMZ[m(X)]) {ox(£,}) € Ln(Z[m(X)])}

of a degree 1 {normal} map f: M — X {(f,b): M - X} of n-dimensional
geometric Poincaré complexes to be the symmetric {quadratic} Poincaré
cobordism class of the symmetric {quadratic} kernel

{ o*(f) = (C(f"), e*oiilM] € @HC(f1))
o*(£,0) = (C(f"), exp [ X] € @u(C(f))
defined in Proposition 2.2 {Proposition 4.3}.
A degree 1 {normal} bordism between n-dimensional degree 1 {normal}

maps
{f:M—)X,f’:M’—»X

(fib): M > X, (f',b'): M'> X

is a degree 1 {normal} map of (n+1)-dimensional geometric Poincaré
cobordisms

@; £, f): (N; M, M) > (X xI; X x{0}, X x{1})
(I =1[0,1))
(g; £, f'), (c; 0,0"): (N; M, M') » (X xI; X x{0}, X x{1}).
ProrosrITION 6.6. (i) The symmetric {quadratic} signature
o*(f) € LMZ[my(X)]) {ox(£,b) € Ly(Z[m(X)])}

of an n-dimensional degree 1 {normal} map f: M - X {(f,b): M - X} is a
degree 1 {normal} bordism invariant such that

o*(f) = o*(M) - o*(X) € L™(Z[m (X)]),
(1+T)ox(f,b) = o*(f) € LY(Z[m (X))

(ii) The symmetric {quadratic} signature of the composite gf: M -~ Y
{(gf,cb): M — Y} of n-dimensional degree 1 {normal} maps

ffM->X,9g:X->Y {fb): M~>X,(g,c):X—>Y}
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18 the sum
o*(9f) = a*(f)+ o*(9) € L™(Z[m(Y))),
ox(gf, cb) = 04(f,b) + 04lg, ¢) € L,(Z[m(Y)]).
Proof. The symmetric {quadratic} kernel

o*(g; £, f) {oxllg; £, ") (c; b,0")}
of a degree 1 {normal} bordism (g; f, f') {((g; f, f'), (c; b,b'))} is & sym-
metric {quadratic} Poincaré cobordism between the symmetric {quadratic}
kernels o*(f), o*(f’) {o«([, ), ox(f’,’)}. Proposition 2.2 {Proposition 2.3}
gives that o*(f)® o*(X) = o*(M) {(1 +T)o.(f,b) = o*(f)}, and Proposi-
tion 2.5 {Proposition 4.3} that

a*(gf) = o*(f)@ o*(g) {ow(gf,cb) = ax(f,D)® 04(g,c)},

up to homotopy equivalence. By Proposition I.3.2 homotopy equivalent
symmetric {quadratic} Poincaré complexes are cobordant.

In Proposition 7.1 we shall identify the quadratic signature

0*(f’b) € Ln(z["l(X)])
of an n-dimensional normal bundle map (f,b): M - X with the surgery
obstruction 6(f,b) € L,(m(X), w(X)) obtained by Wall [30] using geo-
metric intersection and self-intersection forms. We have already related
the two constructions in Proposition 5.4, and the normal bordism in-
variance of the quadratic signature (Proposition 6.6(i) ) ensures that there
is defined a morphism of abelian groups

Lp(my(X), w(X)) > Enp(Z[m(X)]);  0(f,0) = ax(f, D).

In §7 below we shall identify this geometrically defined map with the
algebraically defined isomorphism of §1.5.

In view of the above, the quadratic signature sum formula of Pro-
position 6.6(ii) may be considered as a homotopy-theoretic version of the
sum formulae of Wall [30, § 17H] and Theorem 7.0 of Jones [6].

7. Geometric surgery

The original work of Milnor [16] and Wallace [31] {Kervaire and Milnor
[8]} developed oriented {framed} surgery as a method for killing the
homotopy groups of an oriented {framed} smooth manifold M. The
framed surgery technique was generalized to surgery on a normal bundle
map (f,b): M — X from a compact manifold M to a finite geometric
Poincaré complex X (previously X = S") by Browder [3], Novikov [20]
(for = (X) = {1}), and Wall [30] (for any =,(X)). The manifold M may be
taken to be smooth, PL, topological (Kirby and Siebenmann [9]) and
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even a homology manifold (Maunder [14]). There are also versions for
paracompact M and infinite X (Taylor [27], Maumary [13]). Various
authors, Levitt [11], Jones [6], Quinn [21], Lannes, Latour and Morlet
[10], went on to consider framed surgery on normal maps of geometric
Poincaré complexes. In all cases the obstruction to making a normal map
a homotopy equivalence by a sequence of framed surgeries is an element
0(f,b) of the group L,(m(X),w(X)) of Wall [30], or of one of the closely
related variants described in §1.9. We shall now identify the surgery

obstruction
H(f, b) € Ln(‘”l(x)s ZU(X))

with the quadratic signature

0« (f, ) € Ly(Z[m (X)]).

Also, we shall show that the chain level effect of an oriented {framed}
geometric surgery on a degree 1 {normal} map f: M - X {(f,b): M - X}
is an elementary symmetric {quadratic} surgery on the symmetric
{quadratic} kernel o*(f) {o4(f,b)} (as defined in §1.4). For the purpose
of exposition we shall consider only smooth surgery in geometry, and only
the projective symmetric {quadratic} L-groups L*(4) {L,(A4)} in algebra.

ProrosrTioN 7.1. The quadratic signature of an n-dimensional normal
bundle map (f,b): M — X is the Wall surgery obstruction

ox(f,b) = 0(f,b) € Ly (2[m(X)]) = Ly(my(X), w(X)) (n > 5).

Proof. Let n = 2¢ or 2¢+1, and write (f’,b'): M’ - X for the normal
bordant (¢—1)-connected n-dimensional normal bundle map obtained
from (f,b): M - X by framed surgery below the middle dimension, as in
Theorem 1.2 of Wall [30]. Propositions 4.2 and 2.6 give an (n—2t)-
dimensional (—)* quadratic Poincaré complex over Z[m,(X)], o;(f', ),
such that _

Sioy(f’,b) = ou(f',b').

It follows from the normal bordism invariance of the quadratic signature
(Proposition 6.6(i) ) that

ox(f',b') = ou(f,) € Ly(Z[m (X))
Proposition 5.4 identifies the (— )* quadratic Poincaré cobordism class
a,(f',b') € Lo Z[m(X)], (- )?)
with the framed surgery obstruction obtained by Wall in [30, §§ 5, 6],
8(f> b) = O(f', b') e Ln('”:l(X)’w(X))»
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under the identifications
Ly oi(Z[my(X)], (= )%) = Ly(my(X), w(X))

of Propositions I.5.1 and 1.5.2. The ¢-fold skew-suspension isomorphism of
Proposition 1.4.3

8i: Lo Z[my(X)), (= )8) = Lyp(Z[my(X)])
is therefore such that
Si0(f,b) = 8O(f',b') = Stoy(f',b') = ou(f',b") = ox(f,b) € L,(Z[m(X)]).

As yet, there is no geometric interpretation of the symmetric signature
o*(X) € LYZ[n,(X)]) of an n-dimensional geometric Poincaré complex X.
At any rate, the symmetric signature appears in the product formula for
surgery obstructions (Proposition 8.1(ii) below).

Given an n-dimensional normal bundle map of pairs

((f,f), (b, b)): (M,0M) - (X, 0X)

such that of: oM — 0X is a homotopy equivalence we have that the
quadratic kernel o, ((f, of), (b, 9b)) is an n-dimensional quadratic Poincaré
pair over Z[m,(X)] with contractible boundary (n— 1)-dimensional quad-
ratic Poincaré complex o,(9f,ob). The homotopy equivalence classes of
n-dimensional quadratic Poincaré pairs with contractible boundary are
in a natural one-one correspondence with the homotopy equivalence
classes of n-dimensional quadratic Poincaré complexes (by Proposition
1.3.4(i)). We thus obtain a quadratic signature

0*((f: af): (b: 3b)) € L'n(Z[T’l(X)]),

which we can identify with the obstruction obtained by Wall [30] (for
n > 5) to making (f,of): (M,oM) - (X, 9X) a homotopy equivalence by
a sequence of framed surgeries on the interior of M, keeping of: oM - 0X
fixed.

The identification of Proposition 7.1 can be interpreted as an instant
surgery obstruction, solving Problem 5 of Shaneson [24]. Given a 2i-
dimensional {(2¢+ 1)-dimensional} normal bundle map (f,b): M - X we
can write down a non-singular (—)‘-quadratic form {formation} over
Z[m,(X)] representing the surgery obstruction o.(f,b) € Ly(Z[m(X)])
{ow(f,b) € Ly ,,(Z[m(X)])}, without preliminary surgeries below the
middle dimension.

ProrosiTION 7.2. Let (f,b): M - X be an n-dimensional normal bundle
map, with quadratic kernel

ox(f,0) = (C(f"), exp 5l X]) = (C, ¢ € @u(C)).
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Then the surgery obstruction oy (f,b) € L,(Z[m(X)]) is the class of the non-
singular (— )t quadratic form { formation} over Z[m (X)),

( d* 0
(coker(( _ ) :
(=) (1+T)y d

. _ b
C1@ C,yy > Ci® om), [ O° . )
Qia'*(f, b) =

. (1 +T) d
(H(—)"'(Ci-u);oﬂplm(( i* ° O):

Ci@® Gy > C1n @ OHI))

94
€ Ln(‘lTl(X)sw(X)) ifn = [ ?:,
214 1.

Proof. This is just the explicit inverse
QF: Ly(Z[my(X)]) > Lyo0(Z[m(X)], (- )?)
to the i-fold skew-suspension isomorphism S¢ of Proposition 1.4.3. (It is

required that all the chain modules C, appearing in the above formulae be
finitely generated projective Z[m,(X)]-modules.)

We shall now show that a geometric surgery induces an elementary
algebraic surgery on the chain level (as defined in §1.4). Let us recall the
elements of geometric surgery.
~ Anelementary oriented { framed} surgery of type (r,n—r—1) (0 <7 < n—1)

on a degree 1 {normal bundle} map f: M - X {(f,b): M — X} from an
n-dimensional manifold M to an n-dimensional geometric Poincaré
complex X is determined by the following data:

(i) an embedding g: 8" <> M with an oriented normal bundle
v,: 87— BSO(n—r);

(ii) a null-homotopy v,: D™+ > BSO(n—r) of v,: 8" > BSO(n—7),
that is an embedding §: 87 x D*—" < M extending g;

(iii) a null-homotopy A: D™ -+ X of fg: 8" - X;
and in the framed case also

(iv) a relative null-homotopy (3, 7,): (D™*,87")Al - (BSO, BSO(n—r))

extending 7,, of the map of pairs

Va»vp): (D41, 87) > (BSO, BSO(n —r)),
with v,: Dr+1 - BSO the null-homotopy of the classifying map for

the stable normal bundle v,: 8* - BSO(n—r) - BSO determined
by b: vyy > vy and h: D'l —» X,
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The surgery replaces f {(f,b)} by the n-dimensional degree 1 {normal
bundle} map f': M' - X {(f',b'): M' - X} appearing in the (n+1)-
dimensional degree 1 {normal bundle} map of cobordisms

e; i) (N; M,M') > (XxI; Xx0, Xx1),
((e; £, F)s(a; 0,0)): (N; M, M') »> (X xI; Xx0,Xx1)
defined by
N = M xIusq D1 x D7, M' = M\ (ST x D*r)u D+l x Sn—r-1,
using h: D'+l —» X to extend f: M - X x 0 to a map of pairs
(e, f'): (N, M') > (X xI,Xx1),

and in the framed case using v, to extend b: vy, - vx,, to a bundle map of
pairs (a,b): (vy,var) > (Vxxr Vxxa). The surgery is said to kill

(B,9) € mpia(f)-

ProrosiTION 7.3. Let
ffM->X,f""M X {(f,b): M~>X, (f',b'): M' > X}

be n-dimensional. degree 1 {normal bundle} maps such that f' {(f',b')} is
obtained from f {(f,b)} by an elementary oriented {framed} surgery of type
(r,n—7r—1) killing (h,g) € m,.,(f). Then the symmetric {quadratic} kernel

) {ow(f',0")} is obtained from o*(f) {o4(f,b)} by an elementary
symmetric {quadratic} surgery of type (r,n—r—1) killing the image of
(h,9) € m,.1(f) under the Hurewicz map

Tpa(f) = Wr+1(f) - Hr+1(f) = K (M).

Proof. Let
e; ) N; M M)y—> (XxI; Xx0,Xx1)
(5 £,5),(a; 5,0")): (N; M, M’) > (X xI; Xx0,Xx1)
be the associated degree 1 {normal bundle} bordism, with symmetric
{quadratic} kernel (n+ 1)-dimensional symmetric {quadratic} Poincaré
pair over Z[m,(X)]
*e; £, ') = (@ ©): C(fH@C(f") > Cle)), Bp, p@ —@') € @*((2 i),
oxl(e; £, f'): (a; b,"))

= (¢ ¥'): O(fH@C(f") > C(e"), (84, Yy @ — ') € Qa8 )))-
Let k: C(e') - C(i') be the inclusion of C(e!) in the algebraic mapping
cone of i": C(f") - C(e'), which is such that C(i') = 8*~"Z[m,(X)] up to
chain equivalence. Use the chain homotopy commutative diagram of
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Z[m(X)]-module chain maps (with j: ki(1 0) ~ k(¢ ¢') any chain homotopy)

(G ¥)
OO0y —— Cf)

('1 0)1 | \9 lk
C(f") =k, C(i') = 8*Z[m (X))

to define a relative Z,-hypercohomology {Z,-hyperhomology} class
{ Bp. @) = (1 0),k; §)*(p, p @ — ') € Qm*H1(i),

(B, y) = (1 0),k; ) (8,4 @ =) € Quia(d)-
The symmetric {quadratic} kernel

{ a*(f') = (C(f"), ¢" € @C(f)),

ox(f', ") = (C(F "), 4" €€u(C(F))
is obtained from o*(f) = (C(f"), ) {ox(f,b) = (C(f"),¥)} by an elementary
symmetric {quadratic} surgery on the (n+ 1)-dimensional symmetric
{quadratic} pair

[ (: O(f") > 8*"Z[m (X)), (Bp, p) € Qmi(®),
(i: C(f") > 8"~"Z[my(X)], (50, ¥) € @nsa(9))-

We have the following partial converse to Proposition 7.3.

ProrosiTioN 7.4. Let (f,b): M — X be an n-dimensional normal bundle
map with quadratic kernel ox(f,b) = (C(f*),¢ = expp[X] € @u(C(f)). If
fiM > X is (r—1)-connected (2r <n) and n > 5 it is possible to kill
x € m, 1 (f) = K (M) by an elementary framed surgery if and only if it can
be killed by an elementary quadratic surgery on o,(f,b), that is if and only if

v'(Y)(x) = 0 € Hy,_,(Zy; Z[my(X)], (=)™ ") (= 01f 2r < n).

For the sake of completeness we shall now describe the effect on an
elementary geometric surgery of a change in the framing of the embedded
sphere. We recall that the investigation of such changes. played an impor-
tant part in the original proof that there is no surgery obstruction in the
odd-dimensional simply-connected case (Kervaire and Milnor [8, §6],
Browder [3, Chapter IV.3]).

Let f: M - X {(f,b): M — X} be a degree 1 {normal bundle} map from
an n-dimensional manifold M to an n-dimensional geometric Poincaré
complex X. Let g: 8" < M be an embedding with a null-homotopy
h: D1 —» X of fg: 8* - X on which it is possible to perform oriented
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{framed} surgery, and let
oM >X, f""M">X {(f,0):M—>X,(f"b"): U > X}

be the degree 1 {normal bundle} maps obtained from f {(f,b)} by oriented
{framed} surgery using two different extensions §,§: 8*x D*" <> M of g
{and two different relative null-homotopies (7, 7,), (7, 7,) of

(vasv,): (D741, 87) > (BSO, BSO(n—1))}.
The differences are measured by elements
o €7 (SOn—r)) {Bemn,.(S0/80(n—r))}.
The symmetric {quadratic} kernels o*(f’), o*(f") {ox(f',b"), ox(f", ")} are
obtained from the symmetric {quadratic} kernel
o*(f) = (C(f'), p = e*em[M] € @*(C(f1)
ox(f,0) = (O(f'), ¥ = exp p[X] € @u(C(f")))

by elementary symmetric {quadratic} surgeries of type (r,n—r—1) on the
(n +1)-dimensional symmetric {quadratic} pairs

(5: O(fY) > S~ Z{m(X)], (B, #) € @*1(3), _

(: O(f1) > S*Z[my(X)), (g, 9) € @)
(5: O(f") - S""Z[my(X)], (5F: ) € Quaa(8)) B

(E: O(f1) > S*7Z[my(X)], 55, $) € @niaf)

defined in the proof of Proposition 7.3, with ¢ = %: C(f') - Sn—rZ[#,(X)].
Now Proposition 1.3.1 gives exact sequences

0
Qu(8m~rZ[n]) —L> Qri3(s) —> Q(C(FY)
(" = WI(X))’

/]

Quia(8""Z[m]) ——> Qpiyls) — Qu(C(F)

so that
[. (39, 9) ~ (8¢, p) € ker(2) = im(y: @v+(S"—rZ[x]) > @*H(5)),

(89, 4) ~ (5%, ) € ker(d) = im(y: Q41 (S*"Z[n]) - Qpys(¥)).

Next, recall from Proposition 5.1 the morphism
{ j: 7 (SO(n—r)) - Qn+i(Sn—Z),
jt m041(80/80(n 1)) = @11 (S"7Z).

PROPOSITION 7.5. The algebraic effect on an elementary oriented {framed}
surgery of type (r,n—r—1) of a change of framing by « € 7 (SO(n—7))
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{B € 7,,1(80/80(n—r))} is given by

{ (52, ) — (57, ) = ¥(j(), 0) € @1(3),

, (88, 9) — (5%, %) = ¥(4(8), 0) € Quas(0),

with

{ (j(a), 0) € QU+Y(Sv—rZ) @ Hr~2r-Y(Zy; Z[n)/Z, (- )*") = Q++1(S~"Z[n]),
(4 (B)» 0) e Q”.H(S""Z) ® H2r—n+1(zz; Z[n)/Z,(—)~") = Qn+1(S”—'Z[7’])-

8. Products

We shall now apply the L-theoretic product operations of §1.8 to
obtain product formulae for the symmetric signatures of geometric
Poincaré complexes, and for the quadratic signatures (surgery obstruc-
tions) of normal maps.

ProrosrTION 8.1. (i) The symmelric signature of the cartesian product
X x Y of geometric Poincaré complexes is

o*(X x ¥) = o*(X)® o*(¥) € Lm™+(Z[m (X x Y)]),

wherem =dimX, n =dim Y.

(i) The symmetric {quadratic} signature of the carlesian product
fxg:MxN—>XxY{(fxg,bxc): MxN > X x Y} of degree 1 {normal}
maps f: M - X, g: N> Y {(f,b): M -> X, (g,¢): N > Y} of geomelric
Poincaré complexes is

a*(fxg) = o*(f)® o*(9) + o*(X) ® 0*(g)
+0*(f)® o*(Y) € L™™(Z[m (X x Y))),
ox(fxg,bx¢) = 04(f,0) ® 04(9,¢) + 0*(X) ® 04(g,¢)
+0u(f,0)® 0¥(Y) € Lypyn(Z[m(X x Y)]).
Proof. (i) Choose a functorial diagonal chain approximation A. The
standard acyclic model proof of the Eilenberg-Zilber theorem gives a

functorial chain equivalence on the category (topological spaces)x
(topological spaces)

hxy: C(XxY)—> C(X)®,0(Y)

and the acyclic model argument underlying the Cartan product formula
for the Steenrod squares gives a functorial chain homotopy

kxy: A¥Ax®Ap)hxy ~ h% yAxyy
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in the diagram

h
C(X x Y) XY > C(X)®,C(Y)

kxy Ax®A4y
A\ 4
Homg,,, (W, C(X)®, C(X))

®z Homg (W, C(Y)®, C(Y))

At

A h% v
Homgz,(W,C(X x ¥)®,C(X x ¥)) —=X> Homyy (W, (C(X)®,C(Y))
®2 (C(X)®,C(Y)))

Dxxy

withA: W - W ®, W an algebraic diagonal approximation for W = C(8%).
The product of an m-dimensional geometric Poincaré complex X and an
n-dimensional geometric Poincaré complex Y is an (m+n)-dimensional
geometric Poincaré complex X x Y, with orientation map

wXxY)=wX)xw(Y): m(XxY)=mX)xm7(Y) > Z,
and fundamental class

[XxY]=[X]®[Y]e Hm(xxr)(xx ¥, W(XXY)Z)

m+n
= HnX)\(X; w7y, Hn¥) (Y ; wZ),

where X, ¥ are the universal covers of X, Y. It now follows from the
chain homotopy invariance of the @Q-groups that there is defined a homo-
topy equivalence of (m +n)-dimensional symmetric Poincaré complexes
over Z[m (X x Y)] = Z[m(X)] @z Z[m(Y)],

hgg: o*(XxY) = (OX x P),p2,3[X x Y] € Qmn(C(X x 7))
- o*(X)® o*(Y)
= (0(X)®,C(T), px[X]® p5[ Y] € @™(O(X) ®, C(T))),
and the homotopy invariance of symmetric Poincaré cobordism gives
¥ X x Y) = o¥X)® o*(Y) € L™Z[n,(X x Y))).

(ii) Consider first the special case of the product fx1: M x N - X x N
{(fx1,bx1): MxN - X x N} of an m-dimensional degree 1 {normal}
map f: M - X {(f,b): M - X} with an n-dimensional geometric Poincaré
complex N. Given an Umkehr chain map for f: M - X

((XJn—)?

fl: C’(X) lw(X)C(X)m—*

* [M]

— > WX ) L S M C(I)

5388.3.40 R
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there is defined an Umkehr chain map forfx1: MxN > XxN

(Fx1y: O x B) 22X o %)@, 00)

-1_
'l cinye,om) M8 ot x ),

There are also defined a chain equivalence
bz C((fx 1)) > C(f'® 1) = O(f) @, C(N)

and a chain homotopy commutative diagram

O x ) —BL s o(fx 1))

~ ’
’@mvl [ .5

ol e, () 225 o) e C(

with e7, eg, the inclusions. The homotopy equivalence of (m+mn)-
dimensional symmetric Poincaré complexes over Z[m,(X x N)]

higs: o*(fx 1) = (C((fx 1)), e @iixiM x N])

> o*(f)® o*(N) = (C(f) @, C(N), eboi[ M1® o5{N])
implies that

o*(fx 1) = o*(f)® o*(I) € L™(Z[m(X x N))).

Furthermore, if F:X?X, - 32, is a geometric Umkehr map for
(f,0): M - X then

FAlL: 22X xN), =ZpX AN, > Zo(J x N), = ZoM AN,

is a geometric Umkehr map for (fx1,bx1): MxN - X x N, with
quadratic construction

Ypar: HEXN(X x 5 wXxNZ) Q. (C(H x N))
such that
kit Fop paa[X x N] = Y p[X]1@ pp[N] € Quin(C(M) ®, C(N)).

The homotopy equivalence of (m+n)-dimensional quadratic Poincaré
complexes over Z[w,(X x N)],

hi i ox(fx 1,bx 1) = (C((f % 1)), epaud par[ X x N])

o > 0u(£,5)® (M) = (C(f) © O, e r[ X1 © PRIV,
implies that

ox(f* 1,bx1) = 04(f,0)® o*(N) € Lypyn(Z[my(X x N))).
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In the general case express the product degree 1 {normal} map as the

composite

fxg: MxN—0 s xen—29 , xyy,

(fxl,bxl)XxN (I1xg,1xc) X

(fxg,bxc): MxN x Y,

and apply the sum formula of Proposition 2.5 {Proposition 4.3} to obtain
that

o*(fxg) = o*(fx 1)@ o*(1xg)
= o*(f)® o*(N) @ o*(X) ® a*(g),
ou(fXg,bxc) = 0u(fXx1,bx1)® 0y (1 xg,1x%x¢)
= 04(f,0) ® o*(N) ® o*(X) ® 04(g,¢)

up to homotopy equivalence. Now o*(N) = o*(g) + o*(Y) € LMZ[m,(Y)])
(by Proposition 2.2), so that

o*(fxg) = o*(f)® a*(g) + o*(X) ® 0*(9)
+0*(f)® o*(Y) € L™™(Z[m(X x Y)]),

ou(fxg,bxc) = 0u(f,0) ® 04(g,¢) + o*(X) ® 04(g,¢)
+0x(f,0)® 0*(Y) € Ly o (Z[my (X x T)]).

The product formula for symmetric signatures of Propositions 8.1(i) is a
generalization of the classical product formula for the signature.

The product formula for surgery obstructions (quadratic signatures) of
Proposition 8.1(ii) is a common generalization of the product formulae of
Sullivan (for m,(X) = {1}, m,(Y) = {1}, proved by Browder in [3, Chapter
II1]), Williamson [32], Shaneson [23], and Morgan [19] (all for =,(X) = {1},
f=1.M->X=M).

Prorosition 8.2. The periodicity isomorphism in the e-quadratic
L-groups 1s defined by the product with o*(CP2) € L4(Z),

82 = o*(CPY)®—: L,(4,¢e) > L,,4(4,6) (Z®,4=A4,neZ).

Proof. Removing the fundamental class [CP?%] € H,(CP2) by symmetric
surgery represent o*(CP2%) e L4Z) by the 4-dimensional symmetric
Poincaré complex over Z, (C, ¢ € @Q*4(C)), defined by

Z ifr=2

C, = =1: C? - G,
0 ifr#2 %o 2
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The algebraic 4-periodicity in the e¢-quadratic L-groups is thus
seen to correspond to the geometrically defined 4-periodicity of surgery
obstructions

L,(m) -~ L'n+4(77);

ou((f,0): M - X) > g ((fx1,bx 1): M x CP? - X x CP?)
of Wall [30, Theorem 9.9].

9. Wu classes

We shall now use the equivariant S-duality of § 3 to describe the extent
to which the n-dimensional symmetric Poincaré complex

o*(X) = (C(X), px[X] € Q™(C(X)))

of an n-dimensional geometric Poincaré complex X reflects the properties
of the Spivak stable normal fibration vyx: X -~ BG. For any stable
spherical fibration p: X - BG over any n-dimensional CW complex X
we shall construct an n»-dimensional hyperquadratic complex over
Z[m(X)]

8*(p) = (C(X)**,6, € @C(X)™)).

The hyperquadratic Wu classes ,(6,): H(X) — H"(Z,; Z[m(X)]) of
6*(p) are equivariant analogues of the Wu classes v,(p) € H"(X; Z,).
In particular, for the Spivak normal fibration vy : X - BG of a geometric
Poincaré complex X there is a natural identification

Jo*(X) = 6*(vx)

(up to homotopy equivalence), giving rise to an equivariant analogue of the
classical Wu formula

v(X) = v,(vx) € H'(X; Zy)

relating the diagonal structure of C(X; Z,) to vyx. The quadratic structure
in the kernel o,(f,b) of a normal map (f: M - X,b: vy > vx) expresses
the vanishing of the equivariant Wu classes of v;; on

Ko(M) = ker(fy: Hy(J) ~ Hy(X)).

We shall also develop equivariant analogues of the suspended Wu classes
(ov),(h) € H-}(X ; Z,) of the automorphisms 4: p —> p of a stable spherical
fibration p: X — BG (over any CW complex X). We shall use them to
describe the effect on the quadratic kernel o.(f,b) of a normal map
(f,b): M - X of a change in the bundle map b: vy, — vx.

To the symmetric and quadratic constructions of §1

ox: Hy(X) > Q*(C(X)), ¢r: H(X) > Qu(C(Y)) (Fe{X,Y))
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we now add the ‘hyperquadratic construction’
0x: H¥(X) - Q*(C(X)*).
This is defined to be the composite

. Py J
Ox: H*(X) = H,(Y) —— Q*(C(Y)) = Q*(C(X)*) — @*(C(X)*)

for any S- (or S#-)dual Y of X. For example, if vx: X - BG(k) is a
Spivak normal fibration of an n-dimensional geometric Poincaré complex
X, and X is an oriented covering of X with data (m, w), then the S7-duality
between X, and T'n(vx) obtained in Proposition 4.1 expresses the stable
symmetric construction Jpz on the fundamental class [X] € Hz(X; wZ)
in terms of the hyperquadratic construction 6,,,) on the Thom class
U, € H(Tn(vx); Z).

Given a group 7 and an Sw-duality map a: S¥ — XA, Y between
finitely-dominated CWw-complexes X, Y there is defined a chain equi-

valence of finite-dimensional R[n]-module chain complexes
Xa = ([SM\-)"1: C(Y; R) > C(X; R)N-*

for any commutative coefficient ring R, which is obtained by applying
R[7]®z,— to the Z[n]-module chain equivalence x,: C(Y) - C(X)N-*
given by Proposition 3.8. Given a group morphism w: = - Z, endow
R[~n] with the w-twisted involution, and define an E[#]-module chain map

ex’a: HomR["](O(X; .R), WR)

£ 3
— X, Hom 4 (C(Y; BN—*,%R) = R'® gy O(Y ; R)y_s

oy =1®A
= Homygy(W,C(Y; RY®pn C(Y; B)—s

%
—_ Homyy (W, (0(X; RYN-*)® g C(X; RN-%)y_,.

This induces R-module morphisms in homology
Oxq: HYX; “R) > QV-KC(X; R)N-*)

such that there is defined a commutative diagram of R-module morphisms
Hy(Y; “R)—X— QUC(Y; R))
Xa Xa

Ox

HY-~X; “R) — Q™(C(X; R)¥*)
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with @5 the symmetric construction of Proposition 1.2. Thus for the Sn-
duality map ax:S** — X A, Tn(vg) associated to a normalized n-
dimensional geometric Poincaré complex

(X,vx: X — BG(k), px € mpii(T(vx)))
and an oriented covering X with data (m,w) we have a commutative
diagram

PX

Hy(X; R) > Q(C(X; R))

Xax* X?!Gx
) 6
HYTn(vy); “R) 2245 gn(((Tn(vy); R)H*)

using the untwisted dual R[r]-module structure in C(Tn(vx); R)+e—*.
Evaluating on the fundamental class [X] e HZ(X; “R) and using the
isomorphism x% as an identification we can write

?E[X] = aTn(vx),ax(va) € Q”(C(X, R))’
with U, € H¥Tn(vx); “R) the Thom class of vy. (We are using only the
orientability of X with coefficients in R here.)
We shall now show that for a fixed finitely-dominated CWa-complex X
the composite

HY4X; “R) 21 QNHC(X; RYN-*) 2, ¢MCX; R)™)

is independent of the Sw-duality map a: 8¥ - XA, Y, with J as in
Proposition I.1.2. We have the following hyperquadratic construction.

PROPOSITION 9.1. Let = be a group, w: n# - Z, a group morphism, R a
commutative ring, and give the group ring R[] the w-twisted involution.

Given a finitely-dominated CWa-complex X there are defined in a natural
way R-module morphisms

6x: HYX; “R) > @C(X; R)™) (k> 0)
with the untwisted dual R[w]-module structure on C(X; R)~*, such that

(i) ¢f a: S¥ > X A, Y 138 an Sw-duality map there is defined a commula-
tive diagram of R-modules

00 5 QV-KC(X; RYN-*)
BYX; "’R)/ lJ

x> gwex; B
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(ii) ¢f f: X > Y is a w-map of finitely-dominated CWm-complexes then
there is defined a commutative diagram of R-modules

HY(Y; “B) —— GHO(T; By*)

f*l lf*%

HYX; “R) O, Q+C(X; R)™)

(iii) the construction is invariant under suspension, tn that there is defined
a commutative diagram of R-modules

HEA(EX; vR) —EX 5 G--3((EX; B)Y

HY(X; oR) —%— Q-HC(X; B)*)

in which the vertical maps are the suspension isomorphisms,
(iv) if h: R — 8 ts a morphism of commutative rings, there ts defined a
commutative diagram of R-modules

HYX; #R) — 2> GHC(X; By
hl lh
HY(X ; »8) O, Q*(C(X; S)y*)
in which the vertical maps are the change of rings h: R[x] — S[x].
Proof. If a: 8¥ — X A, Y is an Sm-duality map then so is

Ta: SN > XA TY,

and Proposition 1.4 gives a commutative diagram

Oz QNHOX; RV
B¥(X; “R) ls
m}

QN—k+1(0( X; R)N+1‘*)

If o/: ¥ > XA, Y’ is another Sw-duality map let F e {Y,Y'}, be the
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image of 1 € {X, X}, under the S=-duality isomorphism

x,x), O oy xy T gy

Applying the quadratic construction of Proposition 1.5 we obtain

$p: Hy_i(Y; “R) — Qu_i(C(Y'; R))
such that

F*py —pyFy = 1+ T))p: Hy_y(Y; “R) > @Q¥-C(Y'; R)).
The composite
1+7T J
Qu-1(C(Y'; R)) — @¥-KC(Y'; R)) —> QVH(C(Y'; R))
is 0 (Proposition 1.1.2), so that there is defined a commutative diagram

JOx,

BYX; “R) —> @ HC(X; R)™)
Xox Ql‘

By (Y; "’It’)’—gill:'> Q¥-XC(Y; R)) — ON-x(C(Y ; R))
1 Fl lp%

o

By, (Y'; vR) X5 qu-C(Y'; R))—L—> ON-HO(Y'; B))
Y /Xa':l Jé % A 4
BYX; “R) 2 > QHCX; B)™)
Thus

JO0x o = JO0x o0 HY(X; “R) > @=+(C(X; R)™)

is independent of the Sw-duality maps involved, and may be written as 0 .

Applying the hyperquadratic Wu class operations 6, of §I1.1 to the
hyperquadratic construction for = = {1}, R = Z,, we recover the duals of
the Steenrod squares.

ProrosITION 9.2. Let X be a finitely-dominated CW complex. The
composite ’

HYX; Z,) x, QHC(X; Zo)™) L Homg,(Hy..,(X; Zy), Z,)
8 given by
6,(0x(x))(y) = <x(8q")(2),9> € Z, (x € HYX; Zy),y € Hyy (X Zy))

with x(Sq") the image of Sq™ under the canonical anti-automorphism x of the
mod 2 Steenrod algebra, as characterized by

_ S¢® ifr=0,
X x(8¢°)S¢’ = )
i+j=r 0 'l,f r#0.
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Proof. Apply Proposition 1.3 to an S-dual ¥ of X, and use the result of
Thom [28] that Steenrod squares in Y correspond to the duals of the
Steenrod squares in X.

We shall say that a space X is n-dimensional if it is a finitely-dominated
CW complex and the universal cover X is such that H"(X) = 0 for r > n,
in which case C(X) is an n-dimensional Z[,(X)]-module chain complex.
In particular, an n-dimensional geometric Poincaré complex is an n-
dimensional space.

The hyperquadratic construction associates a hyperquadratic complex
to every oriented covering of the base space of a stable spherical fibration
over a finite-dimensional space.

PRroPOSITION 9.3. Given a stable spherical fibration p: X — BG over an
n-dimensional space X and an oriented covering X with data (w, w), and given
also a commutative ring R, there is defined in a natural way an n-dimensional
hyperquadratic complex over R[n] with the w-twisted involution, the Wu
complex of p,

6%(p) = (“C(X; BY"*,0p,»(0},) € @Q“O(X; Ry™*))
depending only on the stable fibre homotopy class of p.
The hyperquadratic Wu classes of o*(p) are the Wu classes of p, R[x]-
module morphisms
V(D) = 0,0700(0})): HA(X 5 R) > A"(Zy; R[m]) (r > 0)
such that
(i) the Oth Wu class is the augmentation map
v(p): Hy(X; B) > H%(Zy; R[n));
> ngx — X n, € R/2R = A%Z,; R) < A%Z,; R[~))

gem gem
with x € Hy(X ; R) the geometric R[n]-module generator defined by any
path-component of X,
(i) if f: M - X is a map of n-dimensional spaces with induced cover M

and pullback fibration f*p: M —f> X 2, BG then there s

defined a map of Wu complexes

[*:8%(p) - 8*(f*p)
and the Wu classes are such that there is defined a commutative diagram

H,(M; R) LH,(X;R)

s, Sl

Ar(Z,; R[~))



266 ANDREW RANICKI
(ili) of p: X — BQ is stably fibre homotopy trivial then
v(p) = 0: H(X; R) > A'(Zy; E[m)) (r > 0),
(iv) 6*(p) is induced via R[7]® pyyxy— from the Wu complex 5*(P)
associated to the universal cover & , and there is defined a commutative
diagram

H&; B -2 Brz,; Bim(X))

T

H(&; B —2 2, fvz,; Bim)

in which the vertical maps are the change of rings R[w(X)] -» R[=],
with m,(X) — = the characteristic map of the covering,

(v) if h: R > 8 is a morphism of commutative rings there is defined a
commutative diagram

r(p)

H.(X; R) ——> H"(Z,; R[n))
hJ |h
H(&; 8) —~2s gz, Sim)

in which the vertical maps are the change of rings h: R[w] — S[n].

Proof. Choose a representative (k — 1)-spherical fibration p: X — BG(k),
evaluate the hyperquadratic construction

Oraipr: HYT'n(p); “R) - Q-HC(Tn(p); R)™) = @nC(Tn(p); Ry*+*)
on the Thom class U, € H¥(T'n(p); “R), and use the Thom eqmvalence

U,n—: C(T=(p); R) - wS*C(X; R)

to obtain an element 0,.,,,(0,) € @*(*C(X ; R)n*).

To prove (iii), that v,(0) = 0 (r > 0), let Y be a.skeleton of K(=,1) of
dimension greater than r containing the image of the classifying map

f: X - K(m,1) of the covering X (assuming that X is finite, in the first
instance), and apply the naturality property (ii) to obtain a commutative

diagram
B(Z R — s p(¥. B) -

'D,,(g*O) = r(O\)\‘ /’r(o) (g =f| X > Y)

Ar(Z,; B[n))



THE ALGEBRAIC THEORY OF SURGERY. II 267

The mod2 Stiefel-Whitney classes wy(p) € H¥(X; Z;) of a spherical
fibration p: X — BG(k) are characterized by the property
U, nwy(p) = 8¢(U,) € HH(T(p); Z,)
(Thom [28]), which may be expressed in terms of the symmetric construc-
tion and the symmetric Wu classes as

Un-)1 ;
G0, b T(p); Z,) — P22 QT (p); Z)
Z, ifj<k
0 ifj>k
(cf. Proposition 1.3), with U, € H¥(T(p); Z,) the mod 2 Thom class.

The mod 2 Wu classes v, (p) € H*(X ; Z,) of a stable spherical fibration
p: X - BG@ over a finite-dimensional space X are defined by

v(p) = X x(S¢)wy(—p) € H'(X; Z;) (r > 0)

i+j=r

wy(p): Hy(X; Zy)

— > Homy (HMT(p); Zy), H*(Zy; Zy) =

with —p: X - BQG any stable inverse for p. The mod2 Wu classes are
characterized by the property

v(P)U, 02) = {x(89")(U,),2) € Zy (2 € H,i(T(p); Zy)).

PROPOSITION 9.4. The mod?2 reductions of the Wu classes of a stable
spherical fibration p: X — BG over a finite-dimensional space X wnth
respect to an oriented cover X of X with data (w,w) agree with the mod 2 Wu
classes, that is there are defined commutative diagrams

H/(X) — B, g "(Zy; Z[x])

I

H(X; Z,) ——— B'"(Z,; Z,) = Z,

wn which the vertical maps are the change of rings
Zln] > Zy; X ng—> X,

gen gemn

Proof. Applying Proposition 9.2 we can express the mod 2 Wu classes
of p in terms of the hyperquadratic construction by evaluating the
composite

9 . \
BY(T(p); Z,) =3 @-*C(T(p); Z,)) , Homg,(Hy,, (T(p); Zy), Zy)
= Hom, (H.X; Z,),Z,) = H"(X ; Z,)
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on the mod 2 Thom class U, € H¥(T(p); Z,), so that

r(p) = 'vroT(p)(Up) € H" (X: Zz)

Define the Hopf tnvariant function,
Z ifm=n+1,n=1(mod2),
H: 7, o(8™) > H"YZy; Z,(—)™) =(Z, ifm>n+1,n=1(mod2),
0 otherwise;
(f: 8m*+n > Sm)y > H(f),
by applying the symmetric construction to the mapping cone
X =8my s e’"+n+1,
with
Z- Hm+n+1(X) X, guera(0(x)
—*5 Hom,(H™(X), H™~=Zy, Z,(~ ")
1> v,,4(px(1) = H(f) (H™X) = Z).
Alternatively, apply the quadratic construction to
f: Zm(87) = Smin » Zm(80) = §m,
¥y H, = Z - Qm1(C(S%)
= Hr=Y(Zy; Z,(—)™); 1> (1) = H(f) (n>0).

Both these ways agree with the construction of the Hopf invariant due to
Steenrod [26], by Propositions 1. 2(i), 1.3 and 1.6. The morphism j
defined in § 5 is the composite

. J H
J: m,(80(m)) —> m,(8SG(m)) = 71, (S™) —> QPHHY(S™Z).
The diagram
H
"m-i—n(Sm) E—— Hm—n—l(z2; Z, ( - )m)
Zl 1S(=id.ifm>n+1)
Tman1 (™) ———> H™™Z,; Z,(—)™*)

commutes, so that it is possible to define the stable Hopf invariant
Z, ifn=1(mod2),

A: 7§ = Limm,,,,(8™) > A™Y(Z,; Z) =
E—— 0 ifn=0(mod2).
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ProrosiTioN 9.5. The Wu classes of a stable spherical fibration
p: 8™ - BG over 8™ (m > 2) are given by
ve(p): Hy(8™) = Z - A%Zy; Z) = Zy; 2+ 2% = z (mod 2),
Z, if m=0(mod?2),
0(D): Ho8™) = Z > Am(Zy; Z) = | )
0 ifm=1(mod2);

z > 22 (stable Hopf invariant of p € =, (BG) = 75 _,).

Proof. Choosing a representative (k— 1)-spherical fibration
p: 8™ - BGQ(k) (k> m)
we have that the Thom space T'(p) is the mapping cone of

pE "m(BG(k)) = "m+k—1(Sk)’ T(p) = Sk Up ek+m,
Now

V(D) = H}Edmx(sq")w;(—p) = Wp(—p) = wy(p) € H™S™; Z,) = Z,,
and w,,(p) = H(p) € Z, by construction.

The rth Wu class of an n-dimensional geometric Poincaré complex X
with respect to an oriented cover X of X with data (m,w) is the rth
symmetric Wu class of the associated n-dimensional symmetric Poincaré
complex o*(X) = (C(X), p[X]) over Z[~], the Z[x]-module morphism

v,(X) = v,(p2[X]): H(X) > H 2"(Zy; Z[x], ()" (r>0).
The mod 2 Wu classes v,(X) € H"(X ; Z,) of X are characterized by
'U,.(.X)([X] ﬂy) = <Sqr(y), [X]> € Z2 (y € H'n—r(X; Zz)’ [X] € Hn(X; Zz))

and Proposition 1.3 gives commutative diagrams relating the two types of
Wu class

(X
Hr(X) __?)_(_)> Hn-2r(Z2; Z[ﬂ.]’ ( — )n—r)
J Z, if 2r <
HX; Zp) 22 vz, 2, (— ={ S
0 if 2r > n,

in which the vertical maps are the change of rings

Z(n) »> Zy; T ng — XL,

gemnw gemn

The reduced Wu classes of X are defined by passing to the reduced (Tate)
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cohomology groups

6,%): H(8) — 2 s mnevz,; 2, (- pr) 20 gz, 2

Note that 9,(X) = v,(X) for n # 2r.

ProrosiTION 9.6. If X is an n-dimensional geometric Poincaré complex
and X is an oriented covering with data (m,w) then the Poincaré duality chain
equivalence

[X]n-:wC(X)* > C(X)

defines a homotopy equivalence of n-dimensional hyperquadratic complexes
over Z[n] with the w-twisted involution

[X]1n—: 8*vx) = (“O(Z)"*, 87400(U,) € @ C(X)"*))
- Jo*(X) = (C(X), Jp5[X] € @1(C(X))).

In particular, the reduced Wu classes of X are just the Wu classes of the
Spivak normal fibration vx: X - BG,

3.(X) = v,(vx): H(X) > A"(Zy; Z[])) (r > 0).
Proof. We have already obtained the identity

@%[X] = Orp05) 05U, € @(C(X))

(just before Proposition 9.1). Now apply the J-homomorphism of passing
to the suspension limit to remove the dependence on the choice of Sw-
duality ox.

The identities Jo*(X) = 6*(vx), 9,(X) = v,(vx) may be considered as
equivariant generalizations of the formulae of Wu [33] and Thom [28]
relating the mod 2 Wu classes of a manifold X to the mod2 Stiefel-
Whitney classes of the tangent bundle 74, since v,(X) = v,(vx) € H(X; Zj)
can be written as

v(X) = i+§= ’x(Sqi)wj(‘rx) € H'(X; Z,),

or equivalently
wy(rx) = X Sqivj(X) e H'(X; Z,).
t+j=r
If T € Z, acts on a group ring Z[r] by the w-twisted involution, for some
group morphism w: 7 — Z,, then the direct sum decomposition of
Z[Z,)-modules
Z(n]) =Z0Z[n]/Z

gives rise to a direct sum decomposition of Z,-cohomology {Z,-homology,
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Tate Z,-cohomology} groups,
H'(Zy; Z[n),¢) = H'(Zy; Z,6)® H'(Z,; Z[n]/Z,¢),
H(Z,; Z[n),¢) = H(Z,; Z,¢)® H(Z,; Z[n]/Z,¢),
Ar(Zy; Z[n),¢) = A"(2y; Z,¢)® B"(Zy; Z[n]/Z, ¢),
with ¢ = +1 € Z. We shall call elements of these groups regular if they
have a decomposition of the type (?,0). The Wu classes of an orient-

able spherical fibration p: X — BG(k) with respect to the trivial cover
X = nx X take regular values,

V(D) Ho(X) = Z[n] @7 Hy(X) - A™(Zy; Z[n)); 1@ > (0,,(p)(%), 0).

A map of geometric Poincaré complexes f: M — X such that
dim M = m < dim X = n represents the homology class z € H,(X) if X is
an oriented cover of X with data (#,w) such that the composite

my (M) —f> m,(X) — = is trivial, so that M = = x M is the trivial cover

of M and M is oriented (since w(M): (M) —f> (X)) — 7 —w—> Z,
is trivial), and if the induced Z[#]-module morphism

ft Hy(M) = Z[n] ® Hp(M) = Z[n] > Hy(X)

sends the generator to f(1® [M]) = x € H,(X) for some lift f: & - X.
The lift is non-unique, all such lifts being given by gf = fg: i - X
(g € m), so that if x € H,(X) is representable then so is gz € H,(X) (g € =).
(Note that for = = {1} we have the result of Levitt [11] that every homo-
logy class x € H,(X) is representable in this sense, for any CW complex X.)
The homology classes x € H,(X) which are represented by maps
f: 8™ - X are spherical.

ProrosiTION 9.7. The mth reduced Wu class of a geometric Poincaré
complex X with respect to an oriented cover X of X with data (m,w)

6n(X): Hp(X) > B™Zy; Z[))

takes regular values on representable homology classes. If x e H,(X) is
represented by f: M — X then

Bn(X)(2) = (om(f*vx)([M]), 0) € A™Zy; Z[x))

= A™(Z,; Z)® A™(Z,; Z[~)/Z),
and if M = S™ then

0,,(X)(x) = (stable Hopf invariant of f*vx € m,,(BG) = 75_,,0)
e A™(Z,; Z[n)).



272 ANDREW RANICKI
Proof. Combining Propositions 9.3(ii) and 9.6 we have
6 X)f1® M) = vu(vx)(f(1©[M])
= Uu(fH*vx)(1® [HM])
= 1@ v(f *vx)([M]) € A™(Z,; Z[n)).

For spherical homology classes apply Proposition 9.5 to identify the Wu
class with the stable Hopf invariant.

The result of Proposition 9.7 restricts the +symmetric forms and
formations occurring as the symmetric kernels of highly-connected
degree 1 maps of geometric Poincaré complexes to be even, except in
dimensions related to Hopf invariant 1. (See §1.2 for the definition of
‘even’.)

ProrosiTioN 9.8. Let f: M — X be an (¢ —1)-connected degree 1 map
of m-dimensional geometric Poincaré complexes (21 < n), with symmetric
kernel o*(f) = (C,p € @Q¥(C)). The reduced ith symmetric Wu class

b(p): HH(0) = Ky(M) - Bi(Zy; Z[m(X)])
is such that 3,(p) = 0 for i # 2,4,8, in which case o*(f) = Sioi(f) is the
i-fold skew-suspension of an (n—2i)-dimensional even (—)i-symmetric
Poincaré complex o*(f), and
o*(f) € im(§t+1: Ln—24(Z[my(X)], (— )"“) - LMZ[m(X)])

(killing K, (M) by symmetric surgery if 2(1+1) ); for i =2,4,8, 6,(p)
only takes regular values in Bi(Zy; Zmy(X)]).

Proof. By the Hurewicz theorem K, (M) = m,,(f), so that every
homology class z € K,(M) < H,(I) is spherical, corresponding to a relative
homotopy class

x = ((k,g): (D**,8%) > (X, M)) € myy, (f) = Ki(M).
By Proposition 9 7,
o)) = (B(g*vy), 0) € BYZy; Z[m (X))
Now apply the result of Adams [1] that the stable Hopf invariant map
A: ny(BG) = nS, > AiZ,; Z)is 0 for i +# 2,4,8.
(Note that even if 2(z+1) < n and 9,(p) = 0 it may not be possible to

kill K,(M) by geometric Poincaré surgery, that is obtain a degree 1
geometric Poincaré bordism to an ¢-connected degree 1 map f': M’ - X,

(e; ff): (N; M, M') > (X xI; Xx0,Xx1),
since this would require every element z = (h,g) € K,(M) to be such that
g%y = 0 € m,(B@) = #§_,, and we are only given that

B(g*vy) = 0 A4(Zy; Z).)
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In the case where n = 2¢ {n = 2i+1} Proposition 9.8 states that for
i # 2,4,8 the symmetric kernel ¢*(f) must correspond to a non-singular
(— )i-symmetric form {formation} which is even (under the correspondence
of Proposition 1.2.1 {I.2.3}). By contrast, the realization Theorem 5.8
{6.5} of Wall [30] shows that for » > 5 every non-singular (— )i-quadratic
form {formation} over Z[x] is the quadratic kernel o;(f,b) of an (¢ —1)-
connected n-dimensional normal map (f,b): M — X, with = =m(X)
any finitely-presented group.

For ¢ = 2,4,8 let M be the (: —1)-connected 2:¢-dimensional geometric
Poincaré complex defined by the complex projective plane CP? = §2 U, e4,
the quaternion projective plane HP? = §%u, ¢® and the Cayley projective
plane QP? = 88 u, €8 respectively, with » € my;_;(S¢) the Hopf invariant 1
elements. The symmetric kernels of the associated degree 1 maps
f: M — 8% are all given by the non-singular symmetric form over Z,

o(f) = (Z,1),
with non-trivial reduced Wu class. Further, crossing with 8' gives
(¢ —1)-connected (2¢+ 1)-dimensional degree 1 maps
fxl: Mx8 — 8% xSt

such that the symmetric kernels are all given by the non-singular sym-
metric formation over the Laurent extension Z[z,z71] (Z = z71)

o¥(fx 1) = o(f)® o*(8) = (Z[z, 2@ Z[z,271]%, ((1) i) Z[z,27"),

m(( ! ): Z[z,27Y] > Z[z,z 1)@ 22, z‘l]*))

" with non-trivial reduced Wu class. We can also construct simply-
connected odd-dimensional examples, as follows. For each of ¢+ = 2,4,8
let N be the (¢ — 1)-connected (2¢ + 1)-dimensional manifold obtained from
M x I by glueing the ends together using the conjugation map M — M,
and Kkilling =, by oriented surgery. The symmetric kernel o%(g) of the
associated (i—1)-connected degree 1 map g: N — S%+1 js given by the
non-singular symmetric formation over Z of deRham invariant 1

co-foen() (oo

with non-trivial reduced Wu class, representing the generator

oi(g) = 1 € L2+ (Z) = Z,.
5388.3.40 S
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The stable automorphisms 2: p — p over 1: X — X of a stable spherical
fibration p: X — BG over a finite-dimensional space X are classified by
homotopy classes of maps h: X - @ = Iil_I_I;m G(m), or equivalently by the
relative homotopy classes of maps A: (X x D, X x §°) - BG such that
hlgygo=pUp: X x8° > BG. Define the rth suspended mod2 Wu class
of b, (ov,)(h) € H-Y(X ; Z,), to be the image of the universal 7th mod 2 Wu
class v, € H"(BG; Z,) under the composite

®

H"(BG; Z,) ———> H"(X x DY, X x 8%; Z,)

(proj.)*-1 . T
—> H'(ZX,; Z;) — H"(X; Z,).

In terms of the mod 2 Stiefel-Whitney classes this is just
(0v,)(h) = 3 x(S¢")(Z*wy(—h)) € HY(X; Zy)

i+j=r

(w—h) € Hi(X x D', X x 8°; Z,) = Hi(ZX,; Z,)).

PRrOPOSITION 9.9. Let h: p — p be a stable automorphism over 1: X — X
of a stable spherical fibration p: X — BG over an n-dimenstonal space X.
Let X be an oriented cover of X with data (m,w), and let R be a commutative
ring. Then there is defined in a natural way an (n+ 1)-dimensional hyper-
quadratic complex over R[] with the w-tussted involution, the suspended Wu
complex of (p, k)

3*(p, k) = (“C(X; Ry**,6,,, € Q*(»C(X; R)*),
depending only on the homotopy class of h: X — G, such that
(i) of a: S*k > Y A, Tw(p) is an Swm-duality map for some finite-
dimensional CWn-complex Y, and H € {Y,Y}, is the Sw-dual of
Tn(h) € {Tn(p), Tn(p)}, then the Z[n]-module chain equivalence

j: wC(X; R+ _Upn___, C(Tw(p); Ryn+h—* _(M_z C(Y; R)

sends HO,, € @,(vC(X; Ry»*) (with H as in Proposition 1.1.2) to
du([S™*\T,) € Q,(C(Y; R)),
l/’H(a[Sn-*-k]\ Up) = j%HBp,h € Qn(d( Y; R)):
(ii) i f: M - X is @ map of n-dimensional spaces with induced cover M
there is defined a map of the suspended Wu complexes
F*: 8%(p,h) > 6%(f*p, f*h),

(ii1) 0p,gh = 0p,g+0p,h» 01),1 =0,

(iv) for R = Z,, the mod 2 reduction of the rth hyperquadratic Wu class of
0,1 15 the rth suspended mod 2 Wu class of h

G(0p,) = (ov,)(h) € Homg (H,_,(X; Z,),Z,) = HY(X; Zy).
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For X = S,
Gp42(0p,0) = (stable Hopf invariant of b € m,(Q) = nS) € HMS™; Zy) = Z,.
Proof. The relative version of the Wu complex construction of

Proposition 9.3 applied to &: (X x D!, X x 8°) — BG@ gives a relative Tate
Z,-hypercohomology class

O07,00(T,) € @2+1(3 = (inclusion)*: »C(X x D'; R)n—*
- wC(X x 8°; R)»—*).
The inclusion “C(X x 8°; R)»* — C(s) = “C(X; R)»* sends 0z, (U,)
to the required element 6, € @rr(»C(X; R)»*).

The hyperquadratic Wu classes of the suspended Wu complex
6*(p, h) = (*C(X; R)»*,0,, € Qn*1(»C(X; R)"*)) are the suspended Wu
classes of an automorphism %:p - p of p: X - BG, R[n]-module
morphisms

(ov)() = 6,(6,): H,4(X; R) > A"(Z,; R[=)) (r>1).
We have already related these classes with the suspended mod2 Wu

classes, in Proposition 9.9(iv) above. Note that the quadratic Wu classes
of HB,, € Q,.(*C(X ; R)»*) are given by

v(H6,) = H(0v,1)(b): H(X; R) > Hy,_(Zy; R[n],(—)™") (r > 0)
with H: @n+(»C(X; R)»*) - @,(*C(X; R)**) as defined in Proposition
1.1.2, and H: A™+Y(Z,; R[x]) - H,,_,(Z,; R[], (—)*"") the natural map.

ProposITION 9.10. Let (f,b): (M, vy, par) > (X, vx, px) be a normal map
of mormalized n-dimensional geometric Potncaré complexes with quadratic
kernel oy (f,b) = (C(f"), ¢ = ey p[X] € Q,.(C(f"))). Given an automorphism
c: vy —> vy of vt M — BG(k)define normal maps

(f,0): (M, vy, par) ~> (X, vy, P'X)’ (f’b”): (M, vy, Pz'n) - (X,vyx, P’X)

it = T©)pst € TnarlTss))s P = TB)plt € TranlTx),
b’=b0, b”=b:VM">Vx-
Then the quadratic kernels of (f,b"), (f,b") are given by
ox(f,0') = ox(£,0") = (C(f'),§' = ¢+ HO € @,(C(f"))
with 6 = €*6, . € Q@+ (C(f")), and the quadratic Wu classes are such that
v’(‘/")_vr('/’) = H(er+1)(c): Kr(M) - HZr—n(Zz; Z[ﬂ]: (_)n——r) (1' 2 0)'

Proof. Let (1,d): (X,vx, p%%) = (X,vx, px) be the canonical equivalence
of Spivak normal structures given by Proposition 4.1. The fundamental
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Sm-duality maps
ay = Dpy, oy = Ap'y: S > X A Tr(vy)
are such that there is defined a homotopy commutative diagram

’

o
Sn+k __X_> X+ A, T‘TT(VX)

NG s

T(Vx)

()

lq'(d) 1AT~w(d)

T(”x)

Px A
A 4 / ax \ \L
Stk — ———» X+ A Tr(vy)

Let H: 2*X_ - Z»X, be a n-map which is S=-dual to
Tn(d): Tn(vg) - Tn(vx)

with respect to oY%, so that there is defined a homotopy commutative
diagram

PRI
Sn+k+p __l) 22’X+ Ag Tﬂ‘(Vx)

Zpa,xl % 1H Al

=X A, T‘rr(vx)—l—A—M Z"X+ A Tm(vy)

Working as in the proof of Theorem 3.5 of Wall [29] we can take H to be
H:ZvX =X A8 > X _ASP; Ens > End(2)(s)

with d: X — G(p) a classifying map for d: vy - vy, and similarly for a
m-map Q: ToJf, E”JIZ'_,_, Sz-dual to T'n(c): T'w(vy) - Tr(vy,) with respect
to the fundamental S#-duality map

apr = Dppg: 8tk M. A, Trr(vyy).
By the definition of quadratic kernel we have that
ox(f,0) = (C(f'), expp[X] € Q(C(f))),
ox(f,0") = (C(f'), exp p[X] € @ (C(fN)),
with F: rX > 328 {F': 2vX_— 3281} a n-map S=-dual to
Tad): Tn(vy) > Tr(vy) {Tn(d'): Ta(vy) > Tnlvy)}
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with respect to oy, ax {oy, a’x}. Considering the homotopy commutative
diagram

D ’
Sntk+p Polx > 20X A, Trlvg)
X’""‘l‘w 52X, A, Trlvy)
Al
ZpM+ Ag T’IT(VM) I-M) sz+ Ay TW(Vx)
ZpaM GFH/\ 1.
GA ll
Gnl
Zo ML A, Tr(vyy) LA T(b)
v /1/'\ Tn(c) ”,\) v
AT=(b")
ZP M, Ay T'(vyg) > e M, A, Tr(vg)

we can identify
F'=GFH: 22X, - 3°M1,.

Applying the sum formula for the quadratic construction of Proposition
1.5(iii) we obtain

bp = bofs+dr+fign: Hy(X; vZ) - Q,(C(M)),

e p[X]— e p[X] = exfo[M] € @u(C(fY)).

Further, applying the construction of Proposition 9.9(i) to the funda-
mental Sm-duality map oy: S > M, A, T'm(vy) we can identify

Yol M] = HS,,,; € Q,(C(IT))
with 6, . € @Qri(»C(J)n—*) = @n+y(C(H)), and so
e[ X]— e p[X] = H(€*8,,..) € @ (C(f").

Applying the quadratic kernel sum formula of Proposition 4.3 to the
composition of normal maps

go that

1, ,b" A ,
(f,b'): (M, var; pr) '—(_c)> (M, v, por) _(L_)) (X,vx,px);

we have that up to homotopy equivalence
ox(f,0) = 0x(f,0") ® 0x(1,0) = 0y (f, b").

The mod 2 reduction of the quadratic Wu class identity of Proposition
9.10 in the case where n = 2r = 2 (mod 4), = = {1} is the formula for the
twisting of the Arf form due to Brown [5)].
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ProrosrTiON 9.11. (i) Let (f,b): M - X, (f,b'): M - X be normal
bundle maps with b’ = bc: vy > vy for some stable bundle automorphism
C: vy = vy Cclassified by c: M — SO. The quadratic kernels,

ox(f,0) = (C,4) = (C(f"): exp p[X] € Qo (C(f))),

ox(f,0') = (C,¥') = (C(f"), exp [ X] € @u(C(f1))),
are such that if x € K (M) = H,.,(f) is the Hurewicz image of

(h,9) € Tpa(f) = mpia(f)
with g: 8" > M an immersion and h: D™ - X a null-homotopy of
fg: 87 —> X then
V(") () — v"()(x) = (Hj(cg), 0) € @n(S™~"Z[n])
=Qu(8""2)® H,,_,(Zy; Z[7)/Z,(—-)"") (7= (X))

with Hj: 7,(80) —> grii(§n-rz) — s @ (§7-72).

(i) The surgery obstruction o, (f,b) € L,(Z[m,(X))) of an (¢ — 1)-connected
n-dimensional normal bundle map (f,b): M - X for n=2i or 2141 ¢s
tndependent of the bundle map b: vy - vy for ¢ #1,3,17.

~ Proof. (i) The universal cover X of X induces the trivial cover
8r = 7= x 8" of 8, so that applying Propositions 9.10 and 9.9(iv) we have

V(' )(x) = v (P)(2) = (Hov,4,(c)(x), 0) = (Hj(cg), 0) € @,(8""Z[n]),
since j is the composite

J table Hopf i iant
j: m.(80) . (8G) = S stable Hopf invariant (T, T)

r

by construction.

(ii) Let ,¢' € Q,(C(f')) be the Z,-hyperhomology classes appearing in
the quadratic kernels o, (f,b) = (C(f'),¥), o (f.b’) = (C(f"),¢') of (2—1)-
connected n-dimensional normal bundle maps

(fo): M > X, (fit): M—>X

for » =2¢ or 2¢+1, with b =bc: vy > vy for some automorphism

C: vy = vy classified by ¢: M — SO. By the Hurewicz theorem every

element x € K, (M) = m;,,(f) is represented by an immersion g: §* - M

together with a null-homotopy h: D! — X of fg: 8¢ - X, so that by (i)
V(') (@) — v ()(x) = (Hj(cg), 0) € @, (S"~*Z[n])).

Now
j(cg) = (stable Hopf invariant of J(cg) € my(SQ) = #§) = 0 € A+Y(Z,; Z)

for ¢ # 1,3,7 by the result of Adams [1], so that the (—)? quadratic forms
{formations} associated to o.(f,b), o.(f,b’) are isomorphic by Pro-
position I.2.1 {Proposition I.2.5}.
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For X = 8%, ¢ =1 (mod2) Proposition 9.11(ii) is the familiar result
that the Arf invariant of an (¢—1)-connected framed 2¢-manifold is
independent of the framing for ¢ % 1,3,7. Indeed, the original definition
by Kervaire in [7] of the Arf invariant of such a manifold was independent
of the choice of framing. For ¢ = 1,3,7 there exists an (¢ — 1)-connected
2¢-dimensional normal bundle map

(f,b): Stx 8t — S
involving an exotic framing b of 8¢ x §¢, with Arf invariant
ox(f,0) = 1 € Ly(Z) = Z,.
Moreover, crossing with S! gives an (¢ — 1)-connected (2¢ + 1)-dimensional
normal bundle map
(fx1,bx1): 8x 8t xSt - §% xSt
involving an exotic framing b x 1 of S%x 8% x S1, with surgery obstruction
ox(fx1,bx 1) = 1 € Ly (Z[Z]) = Z,.

Proposition 9.11(ii) has the following consequence: for n # 2,3,6,7, 14,
15 the bundle map b of an n-dimensional normal bundle map (f,b): M - X
determines the sequence of framed surgeries below the middle dimension

needed to obtain a normal bordant ([4n]— 1)-connected normal bundle
map (f’,b): M' > X, but the surgery obstruction

ox(f,0) = ox(f',0") € Ly,(Z[m(X)])
is independent of the bundle map b’. For example, let (f,b): St x St - §2
be a normal bundle map of Arf invariant 1, and let
(f',0'): M4 —> §2x St x St
be the 1l-connected 4-dimensional normal bundle map obtained from

(fx1,bx1): S1x81xStx8 - 82x81x 8 by two framed surgeries on
mo(f x 1) = Z[Z2]® Z[Z?]. The surgery obstruction

ox(fx L,bx 1) = au(f’,b') = (0,0,0,1) € L(Z[Z?]) = Z& 00 00 Z,
is independent of b’, and in fact can be expressed as the Witt class of the

non-singular even symmetric form over Z[Z?] associated to the degree 1

map
f': M4 > 82x S1x 8,

a'(f') = (0,0,0,1) € L{w»*(Z[Z?]) = L(Z[Z%)).
Added in proof. The recent paper of Koschorke and Sanderson [34] inter-

prets the approximation theorem Q®I®X = ([I;s; EZ; x5, (I1; X))/~
for a connected pointed space X (with ~ the equivalence relation given by
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2, € Z,,, and the base point) in terms of immersion theory. This interpre-
tation can be used to give a direct proof of the identification in Proposition
5.2 of the quadratic self-intersection u(f) of an immersion f: 8" - M?r
defined by the quadratic construction ¢ of §1 with the geometric self-
intersection defined in § 5 of Wall [30]. We shall give only a sketch of the
argument here, leaving the details to a later occasion.

An oriented immersion of smooth manifolds f: M™ - N» (m < n) with
normal bundle v;: M - BSO(n —m) can be approximated by an embedding
J'=fxg: M < N xR? (p large). The Pontrjagin~-Thom construction
applied to f’ by collapsing the complement of a tubular neighbourhood
of f'(M) in N x RP gives a stable map F: Z®N, - Z°T'(y,) inducing the
Umkehr chain map

¥
f!: C(N) = C(N)~—* L—> C(M)n—* = S-mC(M) = C(T(v))).

Assuming that f is in general position we have that the k-tuple point set
of f,
8i(f) = {(x, 25, ..., 21) € I’;Ile(xi) = f(x;) € N, z; # ; for i # j}/Zy,

is an (n —k(n —m))-dimensional manifold, with an immersion
fi: 8ulf) = N [z, 25, o m ) = fly) (k> 1, 8(f) =M, f, =f)
Let 2, act on the contractible space
EZ, = {(t;, 5, ..., t;) € rk[ R®| t, # ¢; for ¢ # j}

by permutation of components, as usual, and define a map
Fy: Sf) > BZy g, (I M);

[y, Zg, ..., 2] = [(9(2,), 9(®s), ..., g(x1)), (%1, Tgy -, %)) (RP < RO,k 2> 1).
The maps appearing in the approximation theorem
a: EZ; x5, ([1 X) > QZ*X (k> 1)
3

are also defined by the Pontrjagin-Thom construction: given

b =[(ts, 5, .. tg), (21, %o, ..., 24)] € EZ,, Xg, ( ];[M),

let £: 82 > V%, 82 be the map obtained by collapsing the complement of a
tubular neighbourhood of {¢,,¢,, ...,£,} = R? (¢ large), define base-point-
preserving maps

x;: 80> TaX = SIAX; s> sAx; (1 <i<k),
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and define a,(b) € Q¥Z*X = Lim,  QiX9X by
—

¢ ~
a,(b): 8¢ —> \k/Sq V'x§ TeX.

=1

Thus there is defined a commutative diagram

F,
L Suf) — % 11 ms, <o (11 M)
k=1 k=1 k
1 [ul <(I2)
k k k

dj(F
N, —al(—)> QoZ2T(v)) = (I‘:L>[1E2,c g, ( EI Tw)))/ ~

with z: M < T'(v;) the inclusion given by the zero section of v, Now
Q*E°T(vy) = (H pz1 BZg, %5, (1 T(v;)))/ ~ is the stratified Thom space of
the extended power bundles '

ex(vy): BZy %z, ( 1;[ M) - BO(k(n —m))

(k> 1,T(e(v) = EZpp< ¢, (A T(vy))) and adj(F): N, - Q°E°T(v,) is
transverse regular at the stratified zero section

]EIEZ,C Xs, ( 1;[M) = QT (v)),

with inverse image

8(f) = im([1 J: L Suf) > N) = {ye NIfy) + 0}
stratified by im(fy: S,(f) > N) ={y € N||f~y)| = k}, and

. F ex(vy)

v Sp(f) — BZy xg, ( ]}M) —> BO(k(n—m)) (k> 1).
1t follows that the map
adj(F)y: Hy(N) = H,(N,) > H,(Q°Z=T (v))
= @ H,(T(ex(v)))

k=1

= ,S?IH'l‘g—k(n—m)(Ezk xzk(l;c[ M))

sends the fundamental class [N]e H,(N) (defined using w(N)-twisted
homology) to

adj(F)[N] = IS@le[Sk(f )] e kCt)lH‘/{_k(n_m(EZk xg: (I1 M)),

where [S,(f)] € HY j(n—m(Sk(f)) is the fundamental class of S,(f) and w
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refers to w(N)w, (e,(v,))-twisted homology, with

neuls): mBB s, (T M) = By my(M) ———> 5, 08 g,

Similar considerations apply to the multiple point manifolds S, (f) of a
m-equivariant immersion f: M — N lifting f, with N a covering of N with
group of covering translations =, taking into account the diagonal #-action
on S,(f). In particular, for an immersion f: S* - N2 (» > 2) and the
universal cover N of N we have 8" = #x 8" (= = =,(N)) and a stable
m-map F:ZeN, — Z°T#(y) such that the quadratic component of

adj(F),[N] is
$(adj(F)u[N]) = F[Sy(f)/7)]
€ HP(EZ, x5, (87 %, 8) = Qu(C(8"), (=) = Hy(Zy; Z[n), (- ),
with the w(V)-twisted involution on Z[#]. The left-hand side of the equa-
tion is the quadratic self-intersection u(f) defined in §5 above, while the
right-hand side is the geometric self-intersection u(f) defined in §5 of
Wall [30].
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