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ANNALS OF MATHEMATICS
Vol. 65, No. 2, March, 1957
Printed in U.S.A.

INTERSECTION THEORY OF MANIFOLDS WITH OPERATORS WITH
APPLICATIONS TO KNOT THEORY

By Ricaarp C. BLANCHFIELD}*

(Received March 29, 1956)

Introduction

Let I be an oriented combinatorial manifold with boundary, let M* be any
of its covering complexes, and let G be any free abelian group of covering trans-
formations. The homology groups of M* are R-modules, where R denotes the
integral group ring of the (multiplicative) group G. Each such homology module
H has a well-defined torsion sub-module T, and the corresponding Betti module
is B = H/T.

The automorphism y — ' of the group G extends to a unique automorphism
a — & of the ring R = R. Following Reidemeister [4] there is defined an inter-
section S which is a pairing of the homology modules of dual dimension to the
ring R, and also a linking V which is a pairing of dual torsion sub-modules to
Ro/R, where R, is the quotient field of R. Two duality theorems are proved:

(1) S is a primitive pairing to R/#™ of dual Betti modules with coefficients
modulo 7™ and #™ respectively, where 7 is zero or a prime element of R and m is
any positive integer.

(2) V is a primitive pairing of dual torsion modules to Ry/R.

These theorems are analogous to the Burger duality theorems [1]; in case R is
the ring of integers, they specialize to the Poincaré-Lefschetz duality theorems
for manifolds with boundary.

Although dual modules are not, in general, isomorphic, it is demonstrated
that if one torsion module has elementary divisors Ay C A; C - - - then its dual
has elementary divisors A € A; C --- . (The numbering differs from that of
[2] in that we begin with the first non-zero ideal.)

This result is applied to the maximal abelian covering of a link in a closed
3-manifold. It is proved that the elementary divisors A; of the 1-dimensional
torsion module are symmetric in the sense that A; = A; . For the case of a knot or
link in Euclidean 3-space, the ideal A, is generated by the Alexander polynomial,
and the symmetry of A has been proved previously by Seifert [6] for knots and
Torres [7] for links.

The “symmetry” of the Alexander polynomial was proved by Seifert and
Torres in a slightly more precise form [8, Cors. 2 and 3]. The problem of similar
extra precision in the more general case of a link in an arbitrary closed 3-manifold
remains open.

* Died July 25, 1955. The revision of his Princeton 1954 Ph.D. dissertation presented
here was made by J. W. Milnor and R. H. Fox. Aside from minor corrections the only
changes were a strengthening of Lemma 4.3 and the insertion of Lemma 4.10 and Corollary
5.6.
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1. Let I be an oriented n-dimensional manifold with boundary 8. Let G
be a multiplicative free abelian group of orientation-preserving homeomorphisms
of M onto itself such that no point of I is fixed under any element of G other
than the identity. We assume that % has been triangulated in such a way that
@ operates on IN as a complex; that is to say, the elements of G map cells onto
cells preserving the incidence relations. The canonical example of such a manifold
is a covering complex of a triangulated manifold where the covering transforma-
tions form a free abelian group.

Let % be the dual cell complex of M. Except for those cells of M which lie
entirely in the boundary B, each cell of 9% has a dual cell in . If the original
triangulation of I is sufficiently fine, the complex M will be a deformation
retract of M. We use I for the study of relative homology and M for absolute
homology.

Let R be the group ring of G with integer coefficients. Define ¥ = v~ for all
v € G. The mapping ¥y — ¥ can be extended to an automorphism of R by linearity.
Observe that for any a e R, a@ = a.

Let C; be the group of -dimensional chains of 9 modulo B, and let C,_; be
the group of (n — 7)-dimensional chains of M, 7 =0, -, n. The elements of
@ operate naturally as automorphisms on C; and C,_;, and by linearity we may
regard the elements of R as operators on C; and C,_; . Hence [3] we may regard
C; and C,_; as R-modules. Note that C; and C,_; are free modules in the sense
that each one is isomorphic with the direct sum of R with itself a finite number
of times.

For any z e C; let 9« be the relative boundary of x. Then 9 is an operator
homomorphism of C; into C;_; and we have the usual relation 9;-,9; = 0 for
i=1,---,n. Similarly we have operator homomorphisms 3;:C; — C;_; . Where
no confusion can result, we write 9; and 3, in abbreviated form as 4. In the usual
way one can define relative and absolute homology modules. As abelian groups
these homology modules are the usual homology groups. The operator structure
of the modules is inherited from the corresponding structure on the chain
modules. The homology modules are invariants of the pair (IR, G), where we con-
sider two pairs (I, @) and (M, G) equivalent if there exists a homeomorphism
o of M onto MW such that y¢ = ey forally eG.

Following Reidemeister [4] we introduce an intersection S as follows. Let &
denote the ordinary intersection of chains (disregarding operators). For z ¢ C;
and %eC,_; define

S<x) 5:) = Z‘ye@@(x, 7%)7 € R.

All but a finite number of terms on the right are zero, so the sum is finite. The
following properties of S are easily verified.

(1) St + y, %) = S, T) + S(y, ).

(2) Sz, 2 + §) = S(x, &) + S(z, §).

(3) S(ax, pZ) = aBfS(z, Z) for all @, B € R.

(4) S(z, 9%) = (—1)*S(éx, Z) where x ¢ C; and 7 € Cr_y1 . ;
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(5) There exists a pair of dual bases z;, .- - , 2, for C; and &, , - -+ , %, for Cn_s
such that S(z;, %;) = é;;fore,j =1, -+, 1.

It follows from (4) that the intersection of a cycle with a bounding cycle is
zero, and hence the intersection S gives rise to an intersection of homology classes.

We now abstract the algebraic properties of this setup which are used in the
following sections. Let R be a Noetherian ring with unit element 1. We assume
that there is given a fixed isomorphism of R onto a ring R. In the application we
will have R = R, and the relation @ = « will be valid.

DEeFINITION. An R-module M is an additive abelian group with operators R
such that:

(1) (a +p6)r = ax + Bxforalla,BeR, e M
2) 1'x = zforallx e M.

Since R is a Noetherian ring it follows that if M is finitely generated, then
every submodule of M is finitely generated.

DeriNtTION. Let M; and M; be R-modules and let M, be an E-module. Then
P is a pairing of M, and M, to M; if P assigns to every pair (z;, x2), ©1 € M, ,
Ty e My, an element P(x;, ;) e M3 such that
1) P(xi 4+ y1, x2) = P(x1, @) + P(yr, x2) for all @y, y1 e My, x2 € M,

2) P(x1, 2 + y2) = P(x1, 22) + P(x1, yo) for all z; e M1, 22, y2 € M,
(3) P(axy, Bx) = afP(x1, 1) forall o, B e R, x1 e M1, x5 e M, .

DEeriNiTION. Let P be a pairing of M, and M, to. M, . The annihilator A, of
M, is the submodule of all elements x1 € M1 for which P(z,, ;) = Ofor all z, e M, .
Similarly the annihilator A, of M, is the submodule of all elements z; ¢ M, for
which P(x,, x;) = O for all x, e M, .

DErFINITION. A pairing P of M, and M, to M; is primative if the annihilators of
M, and M, are both zero.

DErFiNiTION. Let M, be a finitely generated free R-module and let M, be a
finitely generated free B-module. Let P be a pairing of M; and M, to R. Then
bases x;, -+, x, of Myand y,, - - -, y. of M, are called dual bases when P(x;, y;) =
dfori,7=1,---,r.

Note that if there exists a pair of dual bases, then the pairing is primitive.

DEFINITION. An n-dimensional chain complex with coefficients in R is a system
of finitely generated free R-modules and operator homomorphisms

R X a® & 2cm)
such that 8,.40; = 0 for 7z = 1, --- |, n. The submodule of cycles Z.(R) is the
kernel of 8;,7 = 1, --- , n. Zy(R) = Co(R). The submodule of bounding cycles
Bi(R) is the image of d;41,7 =0, ---,n — 1. B,(R) = 0.

DeriniTION. Let {Ci(R)} and {C,_.(R)} be n-dimensional chain complexes
with coefficients in R and R respectively. Then {C.} and {C,_,;} are said to be
dual chain complexes with pairing S if: :

(1) 8 is a pairing of C; and C,_; to R, for¢ = 0, --- , n.
(2) S(z, 0%) = (—1)'S(3z, %), for all v e C; , & € Criy1 .
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(3) There exists a pair of dual bases for C; and C,_; fori = 0, --- , n.

Note that the chain modules introduced earlier form dual chain complexes
with the intersection pairing S. For another example, take C; to be chain modules
from some geometric complex and take C,_; to be the i-dimensional cochains.
Then the Kronecker product forms a suitable pairing.

2. TureorEM 2.1. Let P be a pairing of M, and My to My . Let A, be the annihilator
of My and let A, be the annthilator of M,. Then P induces a natural primaitive
pairing P, of M\/A, and My/As to M3 .

Proor. Let n::M; — M,/A;, v = 1, 2, be the natural homomorphisms. Define
P,(m(x1), ne(ze)) = P(x1, x2) € M; for all x; e My, x, € M, . This P, is well de-
fined because, for ¢ = 1, 2:

7)) = mi(y:) = i — yie Ay

= P(z1,2) — P(y1,92) = P(ar, 22) — P(a1, y2) + P(a1, 32) — P(yr, 92)
=P, 22— 4) — Pl@i—y, y2) =0

= P(x;, 1) = P(y1, 4).

Trivially P, is a pairing of M,/A; and M,/A.to M; . To show that P, is primitive:
(1) Py(m(x1), no(x2)) = 0 for all na(xz) € Mo/A,

= P(x1,x2) = 0forallz, e My = 21 € A1 = m(z1) = 0.
(2) Similarly P,(n1(z1), n2(x2)) = 0 for all ni(x1) e M1/A4,

= P(x1, ) = 0forallz; e M, = x2 € Ay = nao(x2) = 0.

We now assume that R is a unique factorization domain with B = R and
such that the identity & = « holds. Let {Ci(R)} and {C._.(R)} be dual chain
complexes with pairing S. Let = be a prime element of R. Then in a natural way
we have dual chain complexes {Ci(R/x™)} and {C._.(R/™)} with a pairing
which we also call S. It is convenient to regard 0 as a prime so that B/7™ may be
the same as R.

If we restrict S to be a pairing of the cycles Z,(R/x™) and Z,_,(R/7™), then
this pairing is in general no longer primitive. The object of the remainder of
this section is to determine the annihilating submodule of the cycles. The basic
tool for this investigation is the consideration of chains with coefficients in
local rings.

Let = be a prime element of R and let n:R — R/z™, m > 0, be the natural
homomorphism. We contend that () generates a prime ideal in R/7™. Suppose
n(a)-n(8) e n(w)(R/x™) for some «, 8 eR. Then

n(a) n(B) = n(w)-7(y) for some v e B
= aff = my + 7”6 for some v, d e R

= 7 divides « or 7 divides 8

= n(a) en(m)(R/x")  or  7(B) en(m)(R/x").
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Therefore 5(w) generates a prime ideal. Let (R/7™),x denote the local ring at
this prime ideal. The ring (RB/7™),m is the ring of quotients of elements of R/=™
where only elements not belonging to the ideal n(7)(R/7™) are allowed as de-
nominators. In particular the local ring R, is just the subring of the quotient
field of R which consists of those elements that can be written with denominators
prime to . In particular R, is the quotient field of R. We always regard R/7™
as a subring of (R/7™)yex) -

Lemma 2.2. There is a natural isomorphism between the rings (R/m™),m and
R./7"R. .

Proor. We define a mapping ¢: R, — (R/7™) . by setting o(a/B8) = n(a)/7(8),
a, B ¢ R with 3 prime to =. Note that #(a)/%(8) is admissible as an element of
(R/7™)4xy because if n(8) = n(m)n(y) for some v ¢ R, then g8 = =y + =8 for
some v, 8 € R, which contradicts the assumption that 8 is prime to =. It is easily
verified that the mapping ¢ is a homomorphism of R, onto (R/7™).x. To deter-
mine the kernel of ¢ let «/8 ¢ R, . Then

o(a/B) = n(a)/n(B) = 0

e qe) =0

S a = 7"y for somey e R

© aen Ry

< a/f e R, because § is a unit in R, .

Hence the kernel of ¢ is 7R, .

The ideals in R, have a particularly simple structure. Any element in B which
is prime to 7 is a unit in R, . Hence for o/8 € R, , a/8 belongs to a given ideal if
and only if « belongs to the ideal. Let 7'y = o where v is prime to =, r = 0.
Then « belongs to the given ideal if and only if =" belongs to the ideal. Hence
the only ideals in R, are the principal ideals generated by some power of .

We return now to our dual chain complexes {C;(R)} and {C,_,(R)} with the
pairing S. These chain complexes may be extended to a pairing (which we also

call S) of C«(R,) and C,_:(R3) to R, . The dual bases z;, - - - , x, of C;(R) and
F, -+, % of C._i(R) are also dual bases for C:(R,) and C,_;(R.) respectively.

Since R, is a principal ideal ring whose only ideals are 7R, e = 0,1,2, - -+ |
there exists a basis 41, - -+, y» of Ci(R,) such that =°'y;, ---, ="y, generate
B;(R,), the submodule of bounding cycles. Expressing the v, -+, ¥y, in terms
of the x;, - - -, z. and conversely, we have

Yi = Zvaivxv Ty = Zvﬁivyv
DB = 8 = D vt
Let §; = 2,8, . Then i, - -+, § is also a basis for C,._;(Rz) because

jfi = Zv.p&vinvz“ = Zvan'gv .
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Also P(y:, §;) = P( Zvaivxv , Z,B,,-:i,) = Zvaivﬁvj = §;; s0 that 1, - -+, ¥,
and 4, - -+, §- are dual bases.

Now considering the chain complexes with coefficientsin R./7"R. and Rz /7" Rx
respectively, or, what is the same thing, with coefficients in (R/7™),x and
(R/%™)n) , We have dual bases y1, -+, y, and g1, - - - , §, of Ci((R/7™)4(r) and
Coi((R/7#™)qs) respectively such that n(z*Dyi, ---, =n(x")y, generate
B.((R/T™)gm), 0 = e, = m — 1. (We could equally well have chosen the dual
bases so that 7(7)j1, -+, n(#")J, generate B, ;(R/Z™)y))-

LeEmMA 2.3. The annihilator of the submodule of cycles Z,_i(R/7™)qz) is the
submodule of bounding cycles Bi((R/x™) ). Dually the annihilator of Z((R/T™) yxy)
is Bu_i(R/7™)ais)-

ProoF. Let 2 = (871 + - - + n(B3,)J. be any element of C,_;((R/7™)ac5))-

Then
ZeZn ((R/F™)a)
=d =0
& S(z, 32) = 0 for all x € Cip ((R/7™)nimy)
= Sz, 2) = 0 for all z € Cia(R/T™)y(m)
< % annihilates B;((R/7™)ym)
o S(y(@™)y;,2) = 0fori=1,---,r
& S(()ys, n(BF) = n(x"B:) = 0fori =1, ,r
< 9B:) =0 (mod #" ) fors =1,---,r
& % is a linear combination of »#" “'§;, -+, n#" "§, .

Therefore Z,_i((R/7™)q)) is generated by #7" g1, -+, n&" “"§, . An element
a=ayi+ - + ayr e Co((R/7™)yr) annihilates Z,_:((R/7™) )

& S(a, n7" ;) = 0fori=1,---,r
& Slayi, 7 ) = nla® ") = 0fori = 1,---,r
Sa;=0modr)fori =1, ---,r

S ae Bi((R/"rm)n<r))-

The proot of the dual statement is similar.

LemMa 2.4. The annihilator of Z._i(R/7™) in Ci(R/x™) is Bi(R/T™)nm) N
C(R/7"™). Dually the annihilator of Z:(R/x™) is Bu_i((R/7™)n#y) 0 Cuci(R/7™).

Proor. If z € Bi((R/7™)ym) 0 C:(R/7™) then z annihilates Z,_i((R/7™).)) by
the preceding lemma, so, trivially, z annihilates Z,_;(R/7™).

Conversely suppose z € Cs(R/x™) and z annibilates Z,_:(R/#™). Let z be any
element of Z,_i((R/7™)a)). Since Cn_i((R/7™)4)) is of finite rank, there exists
an element 5(8) ¢ R/#™ such that 7(8) is not a multiple of »(#) and
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1(B)z € Zn-«(R/7").
Then
S(z, n(B)z) = n(8)S(z,2) = 0in R/x"
= S(z, 2) = 0in R/7™ because 5(8) is not a multiple of n(=).
Hence z annihilates Z,_;((R/#™),)), and by the preceding lemma
z e B{((R/7™)om)-

The proof of the dual statement is essentially the same.

DEeFINITION. A cycle 2z € Z;(R/7™) is weakly bounding modulo =™ if there exists
a chain z ¢ C;;1(R/7™) such that dxz = n(a)z where « ¢ R is prime to =. Weakly
bounding modulo zero is simply called weakly bounding.

LemMa 2.5. A cycle z € Z;(R/7™) is weakly bounding modulo =™ if and only if
zeBi((R/T")ym) n Ci(R/7™).

Proor. If 9z = n(a)z, with a € R prime to , then d(n(a)'z) = z with coeffi-
clents in (R/ﬂ'm),,(,.-) , SO that z € Bi((R/‘lrm)q(,)) n C,’(R/‘Irm).

Conversely given zeB;((R/7™)ym) n Ci(R/7™), there exists a chain
2 € Cip1((R/7™(4¢ry) such that 9z = 2. But for any z € C; 1 ((R/7™) ) there exists
an o ¢ R prime to 7 such that n(a)r e C;u(R/7™). Hence d(n(a)zx) = n(a)z is the
desired relation.

We are now in a position to state and prove the main theorem of this section.
We have assumed that R is a Noetherian unique factorization domain with an
automorphism « — & such that & = «. We have a prime element 7 in R(r = 0
is allowed) and dual chain complexes {C:(R)} and {C,_;(R)} with pairing S.

Duarrry THEOREM 2.6. The pairing S defines a primitive pairing of
ZAR/x™/WR/x™) and Z._i(R/7™)/Wna_i(R/7™) to R/x"™, where Z(R/x™) and
Z._i(R/7™) are the cycles modulo =™ and #™ respectively, and W, (R/x™) and
W._i(R/7™) are the weakly bounding cycles modulo =™ and #™ respectively.

Proor. It remains only to observe that since W.(R/x™) is the annihilator of
Z(R/7™) and W,_(R/x™) is the annihilator of Z, ;(R/7™), we may apply
Theorem 2.1.

3. {Ci(R)} and {C._i(R)} are dual chain complexes with pairing S. Unless
indicated otherwise, all coefficients are in R. Let W;_; and W._; be the modules
of weakly bounding cycles. We now introduce the notion of linking V, which is
a pairing of W,_; and W,_; to Ro/R, where R, is the quotient field of R. Let
weW;; and @ e W,_; and choose chains z and % such that dr = aw and
% = B with «, B # 0. Observe first of all that

%su,-, &) = al—ﬁS(x, 07) = (~1)' . S(or, ) = (—1)‘%S(w, 2).

This shows that (1/«)S(z, @) is independent of the choice of z and
(—1)*(1/8)S(w, %) is independent of the choice of Z. Define
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V(w; w) = &'S(x) w) = (—1) B‘ S(w, x) € RO/R.
This V is a pairing of W,_; and W,_; to Ro/R because:

V(wl + w,, 11)) = (—l)lés(wl + we, j‘)

)
- <—1>’%[s<w1, %) + SGwy, B)] = Viwr, @) + Vws, D)
o Ve E ) = LS, w4 @) = L [S@ ) + S, @)
= V(“’, 1711) + V(’W, 17’2)
® Virw,38) =~ S(r,56) = - 268(z, ®) = 19V (w, @).

We take the values of ¥V modulo R so that the bounding cycles will be an-
nihilators and hence V will be a linking of homology classes. The purpose of the
remainder of this section is to characterize the complete annihilators of W,_; and
Wi .

TueorReEM 3.1. Let D; ; be the submodule of W, 1 which s the annihilator of
Wa_i. Then w € D;_; if and only if w is weakly bounding modulo =" for allm > 0
and all primes w. Dually the annihilator D,._; of W._; consists of those cycles in
W a_: which are weakly bounding modulo #™ for all m > 0 and all primes 7.

Proo¥. Suppose w ¢ D;_; . Then there exists a @ ¢ W,._; such that V(w, ®) # 0
(mod R). Let Z be a chain such that 7 = a® with @ # 0. Then

Vi, @) = (=1)'2 8(,2) # 0 (mod F)

= S(w, ¥) # 0 (mod «)

= S(w, 5:) # 0 (mod ™) where # is some prime divisor of &, and & is divisible
by #™ but not by #™**

= w is not weakly bounding modulo =™ because % is a cycle modulo #™ with a
non-trivial intersection with w modulo 7™,
Conversely suppose w is not weakly bounding modulo =™ for some prime =

and some m > 0. Then by the duality theorem 2.6 there exists a chain § e Co_i 11
such that 7 = 0 (mod #™) and S(w, §) # 0 (mod »™). But

87 = 0 (mod #™) = 8§ = #"% for some % € Cr—; .
Hence % is a weakly bounding cycle such that
V(w, & = (=1)'(1/7™)8(w, §) # 0 (mod R).

Duavriry THEOREM 3.2. The pairing V deﬁnes a primitive pairing of W,_1/D.,
and Wo_;/Da_; to Ro/R, where D;_y and D,_; are the submodules of W._, and
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W ._: respectively consisting of all cycles which are weakly bounding modulo =™ for
allm > 0 and all primes .

Proor. Since D;_; and D,_; are the annihilators of W,_; and W,_, respectively,
we need only apply Theorem 2.1.

For the next section, we need another characterization of the annihilators
D'i—l and ﬁn—i .

THEOREM 3.3. The annihilator D,y of W._; is the submodule of all elements
w e W,y for which there exist a finite number of elements o1, -+, ar ¢ B, with
greatest common divisor 1, such that cxw, - - - , a,w are all bounding cycles.

Proor. Suppose we have a1, - - , a relatively prime, with ayw, - -+ , a,w all

bounding cycles. Then for any & ¢ W,_; :
V(iw, Z) = -+ = V(eyw, ) = 0 (mod R)
=aV(w %) = =aoV(w E) =0 (mod R)
= V(w, ) = 0 (mod R)
weD;_;.

Suppose conversely that w e D,_; . Choose a chain z such that 9z = aw with
a # 0. Let 7 be any prime divisor of . By Theorem 3.1 we know that w is
weakly bounding modulo =™ for all m > 0. Explicitly we have z, ¢C;,
Um € Ci1, am € R, such that 0z, = anw + yYm with y, = 0 (mod #™) and an
prime to = for m > 0. The chain y, has a finite number of coefficients, say
Bmi, **, Bms. Choose k such that 8y is divisible by #*™ but not by #*. For
m Z k choose v» and §,, relatively prime such that v,811 + 6,81 = 0. We know
that 7™ divides 8 , s0 7™ ** divides v» and hence 8., is prime to .

B(mel + 6mxm) = ('Ymal + 6mam)w + (‘mel + 6mym), m g k.

Since = divides v but not 8,a., we conclude that (ymc1 + 8nmam) is prime to .
Also (Ymts + 8m¥ym) = 0 (mod 7™ **"). Hence we have a new sequence of equali-
ties of the form 9z, = anw + yn with yn = 0 mod 7™ **") and oy prime to = for
m = k.

Now however the first coefficients in the chains ¥, are all zero. By repeating
this process on the new equalities for the second coefficients, and so on, we ob-
tain finally a sequence of equalities with all the coefficients of the y’s zero. The
first of these equalities is of the form dz; = ayw where a; is prime to .

Similarly for every prime divisor 7; of a, we can find an z; ¢ C; such that
dx; = ajw with «; prime to 7; . Hence we have elements «, o; e R with greatest
common divisor 1 and aw, a;w are all bounding cycles.

There is of course a dual theorem for D,_; .

4. Let M be a finitely generated R-module. Then M has a presentation with a
finite number of generators x;, - - -, z, and a finite number of defining relations
a1+ - + apx, = 0,7 =1, -- -, m. Strictly speaking M is a homomorphic
image of the free R-module generated by 1, - --, x, where the kernel of the
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homomorphism is the submodule generated by an® 4 -+ + @, 1 = 1,
---, m. We write the relations in matrix form as follows:

<C¥11 N Cl1n>
Q1 * Qmn

Let Ay(A),7 = 0,---,n — 1, be the principal ideal generated by the greatest
common divisor of the minors of 4 of order n — . We agree to adjoin rows of
zeros to A if necessary for the definition of A;(A) to make sense. For ¢ = n we
define A;(4) = R. It can be shown that if we take any other finite set of gener-
ators for M and if we let B be any matrix of defining relations for M, then
A(A) = A«(B) for all i = 0. Accordingly we define A;(M) = Ay(A) for < = 0.
The ideals A;(M) are invariants of the module M and we call A;(}M) the determi-
nant divisor of M of deficiency <.

LemMa 4.1. Let M be an R-module with generators 1, « -+ , &n . Let N be the sub-
module generated by x; , - - - , Tn . Then Ay(N) divides A;(M).
Proor: Let

an : (23T
A= .- - .
Am1  *  Omn
be a matrix of defining relations for M. Let B be any r X r submatrix of A. In
order to prove the lemma, it suffices to prove that A,_.(N) divides | B |- R. The

matrix B involves r rows of A which we call p; , - -+, p, . We may assume that
these are the first r rows of A. Let the columns in B be those corresponding to
the generators z;, , - - - , &;, . We adopt the notation
P
|B|=]: ;
Prliye-i,

the subscripts indicating which columns of the matrix

G

. . . . ! .
are to be used in forming the determinant. Write aa = déaa, ¢ =1, -+, 7,
. . ! ’
where § is the greatest common divisor of ay1, - - - , an . Then anaa — apon = 0.
Form
! !
a1 P2 — Qo1p1
B = :
! !
11 pr — Cr1P1
which is a matrix of relations involving only x»,---,z,. Let B, =

| B’ [iyeij—1ij4 1-vir - Each Bj is a minor of a relation matrix for N, so An_(V)
divides B;R.
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i, Bi— -+ 4+ (=1) ", B,
p1 P1
— |aup - anpr = a;l.PZ = (a) | B].
! : ! /'
Q1 Py — Ory P1iy.--ip QAU Prigeeeiy
Therefore A, .(N) divides (a1,)"'| B |- R.
Similarly A,_,(N) divides (o)) ' |B|R, forj = 1, .-+, r. (The same argu-
ment applies by renumbering the rows of A4.) Since a1, - - - , asy are relatively

prime, A,_,(N) divides | B |.

THEOREM 4.2. Let M be a finitely generated R-module and let N be a submodule
of M. Then A(N) divides A;(M) for all ¢ = 0.

Proor. Let z;, - - - , x, be generators of M and let y1, -+ - , y» be generators
of N. Let N; be the submodule generated by z;41, - -+, Zu, Y1, -, Ym, foOr
j=0,---,n—1.ThenN = N, C N,, C :-- C Ny = M is a chain of sub-
modules with the property that N ;. is obtained from N ; by dropping one of the
generators of N;. By the preceding lemma A (N ;1) divides A;(V;). Therefore
A(N) divides A;(M).

Let M be a finitely generated R-module. We define the dual M* of M to be the
R-module of all homomorphisms x:M — Ro/R. Addition and multiplication by
an element of R are defined as usual in M, namely (x1 + x2)(z) = xi1(x) + x2(x)
and (ax)(r) = ax(xz). We wish to study the determinant divisors of M*. However
in general M* need be finitely generated only when every element of M is of
finite order, that is, for every x ¢ M, there exists an a ¢ B, @ # 0, with ax = 0.
For example take R = integers and M = infinite cyclic group. Then M* is
isomorphic with the rationals mod 1 as an B-module.

LemmA 4.3. In order that every element of M be of finite order it is necessary and
sufficient that Ay(M) #= 0.

Proor. Suppose first that M is generated by z;, - -+, z., and that ax; = 0
with a; = 0 fori = 1, ---, n. Let A be the diagonal matrix with a; as the ™
diagonal entry. Then A is an n X 7 submatrix of some relation matrix and
[A ] #0.

Suppose conversely that A.(M) = 0. Then if M is generated by n of its elements
1, , T, there must be an n X n submatrix

of the corresponding relation matrix such that | A | ## 0. By multiplying the
+™ row by the cofactor of a;; and adding, we deduce that | 4 |-z; = 0. Hence
every element of M is of finite order.

Assume that every element of M has finite order, i.e. that A¢(M) # 0. In
order to find generators and relations for M*, we study first the case where M

has a square matrix of defining relations
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with generators «;, - -, x, . Let

All Aln
A= . . . ] A7'A = AA™' = identity matrix.
Anl * Arm

Define a homomorphism x; from the free module {z,, --- , .} to Ry by
xi(x;) = Aji, 4,7 =1,---, n. Then x; gives rise to a homomorphism x; of M
into Ry/R since

Xi(aklxl + -+ almxn) = apAyu + - + awmdai = SieR.

Let x be any element of M*. Then x is represented by a homomorphism
x’ from the free module generated by zi, - - - , x, into the module R, . Let x'(aazy
+ - Fawmx,) =B:€R,i=1,--- ,n. Contention: x = Bix1 + -+ + Buxn . For

xX'(@) = x'(Apon + -+ + Ajnan)r1) + -+ + x'(Ajaun + -+ + Ajnatan)Ta)
= Ajx'(an1 + -+ ontn) + o+ Ajx (@i + -0+ o)
=Apbi+ -+ A
= o + -+ + Baxa)(@)).

Therefore x’ = Bix1 + -+ + Buxn -
This shows that xi , - - -, x» generate M*. Certainly aix1 + *+* + anixn = 0,

t =1, ..., n, are relations among x1 , - - - , X» because
ajixi(@;) + -+ awixn(®;) = aridjy + - + anidjn = 8¢ R.
Contention: Any relation is a consequence of the relations aigxi + -+ +

anixn = 0,7 =1,---, n. Let Bixa + -+ + Buxn = 0 be any relation. Let
vi=BAa+ -+ Brdin = Brxa(zi) + -+ + Baxa(x:) e R. Then

viloaxa + -+ + auxa) + -0+ valowxs + -0+ cnxa)
= (ﬂlAll + M + ﬂnAln)(allxl + e + aann) + M
+ Brdm + -+ + Brdan)(oxs + -0+ AunXn)
= 2ot Qv + -+ + Awaun)Bix

=B + -+ Buxn
which shows that 8ix; + -+ + Bu.x» = 0 is a consequence of the relations
al,-)a-l- a,,ix,,=0,i= 1, s, n.
Summarizing. If M has generators z;, ---, x, with a square non-singular
matrix A = («;;) of defining relations, then M* has generators x1, - - - , x» With
matrix of defining relations ‘A = transpose of 4, where x;(z;) = | A | (cofactor

of aij).
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THEOREM 4.4. Let M be a finitely generated R-module in which every element
has finite order. Then A,(M) = A,(M*).

Proor. Let A be a matrix of defining relations. Let B be a square submatrix
of A of deficiency zero with | B | ¢ 0. Let M be the R-module with the matrix
B of defining relations. The module M* is naturally a submodule of M3 , for M*
consists of those elements of M3 which happen to be zero on all relations of 4.
Therefore A,(M*) divides A;(M3) = A;(Mz). However A;(M) is generated by the
greatest common divisor of the generators of A;(M5) as B ranges over the square
non-singular submatrices of A of deficiency zero. (This is so because any non-
zero j X j minor of 4 is also a minor of some non-singular matrix B.) Therefore
A;(M*) divides A;(M) for all ¢ = 0. Since Ay(M) # 0 it follows from Lemma 4.3
that every element of M* is of finite order; replacing M by M*, A;,(M**) divides
A (M*).

The elements of M may be regarded in a natural way as homomorphisms of
M* — Ry/R. Thus M is naturally a submodule of M** and A;(M) divides
A (M**). Combining these divisibility relations, we have A;(M) = A;(M*).

THEOREM 4.5. Let M, be an R-module and let M, be an R-module. Let P be a
primative pairing of My and M, to Ro/R. Then Ay(M,) = A(M,).

Proor. Let M5 be the R-module of all conjugate homomorphisms %:M; —
Ro/R. By a conjugate homomorphism is meant an additive homomorphism x
satisfying x(@x;) = ax(x:) for all @ ¢ R, 2o e M, . The elements of M; may be
regarded as belonging to M3 by identifying z; e M, with the conjugate homo-
morphism x; — P(x; , z2). This identification is one to one because P is primitive.
It is easily checked that M is identified with a submodule of A* . Hence A,(M;)
divides A;(M7).

Now if ¥ is any element of M3 , define x: M, — Ro/R by x(z2) = x(xz). Then
x is an ordinary homomorphism:

x(@r:) = x(@x;) = ax(zr:) = ax(xz).
Let 1, - -+, X» be generators of M?¥ with relation matrix A. Then x1, -+ , Xa
will be generators of M ¥ with relation matrix A. Hence A;(M3) = A;(MF) and
we have proved that A;(M¥) = A;(M,) is divisible by A;(M,).

Now define a new pairing P of M, and M; to Ro/R by P(x;, ©1) = P(x1, 22),
where we now regard M, as an R-module and M, as an R-module. Then by the
preceding argument A,(M,) divides A;(M,).

COROLLARY 4.6. Let W,_; and W,_; be the modules of weakly bounding cycles
of a pair of dual chain complexes and let D;_, and D.,._; be the submodules of cycles
which are weakly bounding modulo =" for all primes = and all m > 0. Then
Aj(Wia/Diy) = 8j(Woi/ D).

THEOREM 4.7. Let M be a finitely generated R-module. Let D be the submodule of
M consisting of all elements x ¢ M for which there exist a finite number of relatively
prime elements ay , - - , o, € R such that cxx = -+ = a,x = 0. Then A(M) =
A(M/D).

Proor. Let A be a matrix of defining relations for M. A matrix for M/D can
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be obtained by adjoining a finite number of rows p;, - -+ , p, to A. Each p; cor-
responds to an element of D. Hence for each p;, we have relatively prime ele-
ments a;, * -, a;; € R such that a;;0, = 0 are consequences of the relations
in A. We adjoin all relations a.;p; to A, obtaining a matrix B of defining relations
for M. Then

Pn
is a matrix of defining relations for M/D. However A;(B) = A;(C) because any
minor of C involving some of the rows p1, - - -, p. can be expressed as the greatest
common divisor of minors of B involving some of the rows a;jp; .

COROLLARY 4.8. Let W;_, and W._; be the modules of weakly bounding cycles of a
pair of dual chain complexes and let B;_, and B,_; be the submodules of bounding
cycles. Then Aj(Wi1/Bi1) = Aj(Wa_i/Bay).

Proor. By Theorem 3.3 the submodules D;_;/B;_; and D,_;/B,_; of W._,/Bi_
and W,._./B,_; respectively, satisfy the hypothesis of Theorem 4.7. Hence
Aj(Wi_1/Bist) = Aj(Wa—i/Dui) and Aj(Wio1/Bist) = A;(Waoi/Dai).

THEOREM 4.9. Let M be a finitely generated R-module and let N be a submodule
of M. Then A;y;(M) divides A;(N)-A;(M/N) for all 7,7 = 0.

Proovr. Let xy, + - - , 2, be generators of N and let zy, - -+ , Zu, ¥1, -+ - , Ym b€
generators of M. There exists a matrix of defining relations for M of the form

2= %)

where A is a matrix of defining relations for N, and 0 represents a zero matrix of
appropriate size. Then C is a matrix of defining relations for M /N. The product
of any ¢ X ¢ minor of 4 and any j X j minor of C may be realized as an
(¢ + 7) X (¢ + 7) minor of D. Hence A, ;(D) divides A;(A4)-A;(C).

DermiTiON. The torsion submodule of a module M is the submodule consisting
of the elements of finite order.

LeEmMmA 4.10. If r is the maximum number of linearly independent elements in a
finitely generated module M, and if T is the torsion submodule of M then

A(M) =0 for i<,
= A (T) for ©2=r.

Proor. Let F, denote a submodule of M generated by a set of r linearly inde-
pendent elements. Let ; , - - - , z, generate M /F, . There exist non-zero elements
ar, -+, a of R such that az;eFo, 7 = 1, .-, n. If M is torsion-free, the
mapping r — oy - - - a& imbeds M isomorphically in the free module Fj ;
hence M C F,, where F, is a free module of rank r. By Theorem 4.2, A.(31)
divides A.(F;) = R. Thus A.(M) = R for a torsion-free module M of rank r.
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Now let M be an arbitrary finitely generated module and F, as above. Con-
sider the submodule M’ generated by Fo and T. By direct calculation

A(M) =0 for ¢ <,
= A (T) for 7=

Since M /T is torsion-free, A,(M/T) = R. By Theorem 4.9, A;(M) divides
A (THA(M/T) = Ai_(T) if ¢ = r. But, by Theorem 4.2, A,(M’) divides
A(M), so that A;(M) = A.(T). If £ < r then A;(M) = 0 because, by Theorem
4.2, A;(M’) divides A;(M).

6. Let I be a combinatorial 3-manifold with boundary 8, where 3B is the union
of u disjoint tori By, ---, Bu. Such a manifold may arise for example from a
tame link of 4 components in a closed manifold by removing a suitably small
neighborhood of the link. Let 74 : H1(8) — H1(M) be the injection homomorphism
of the homology groups with integer coefficients. It will be convenient to think of
these groups as written multiplicatively.

THEOREM 5.1. The rank of isH1(B:) is non-zero fori = 1, -+ | pu.

Proovr. Suppose ¢ = 1 and assume the rank of #xH(B) is zero. Then ¢+ H,(B)
consists entirely of weakly bounding cycles in H;(I). Hence &(ixa, ) = 0 for
all a e H(B), x e Hy(IM, B), where & is the ordinary intersection. This inter-
section has the property (see [5]), S(ixa, ) = +&'(a, ), where &' is the inter-
section in B. Hence &'(a, dx) = 0 for all a e Hy(B), x ¢ Hy(M, B). Since &’ is
primitive, H;(B) being free abelian, we must have dx = 0. In the exact sequence

H,(M, B) -'?—> H,(DB) M H 1(M) the image of 9 is 0, so the kernel of 7% is 0.
But this is a contradiction of the assumption that ¢, H,(B) has only torsion ele-
ments.

For the case u > 1, fill in B, , - - -, B, in some way to obtain a manifold I’
with boundary B; . Then the injection homomorphisms 7y : H1(8:) — H: (') and
tx . H1(B1) — Hi (M) satisfy the relation

kernel 75 O kernel 7x .

Therefore rank 15 Hi(B:) < rank 4xHy(B,) and 0 < rank 4 H:(B1).

Similarly 0 < rank #H:.(8:) for< =1, --- , p.

Let M* be the maximal covering complex of 9t which has a free abelian group
of covering transformations. The subgroup of w1 (M) corresponding to Mt is the
subgroup generated by the elements of finite order modulo commutators. The
group G of covering transformations is isomorphic with the 1-dimensional
Betti group of M. Let R be the group ring of G with integer coefficients. The
automorphism R — R = R is defined as the unique extension of y — ¥ = vt
for all v € G. The chains of M* as R-modules and the relative chains modulo Bt
as R-modules form dual chain complexes with the intersection pairing S as de-
fined in Section 1. As usual we have an exact sequence of homology modules
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H(®; R) 2 H(O¥; R) 2% HU(¥, B R) —2 Hy(B; R).

DEFINITION. An ideal a in R is called symmetric if a = d. An element of R is
called symmetric if it generates a symmetric ideal.

LemMmA 5.2. There is an element a € R, a ¥ 0, such that o has only symmetric
prime factors and a-Hy(®B*; R) = 0 fori = 1, 0.

Proor. Each surface B, is covered by a collectlon of connected surfaces B, in
M. Each B, is either a plane or a cylinder. It is not possible for any 8%, to be
a torus since in that event 7xH1(9B,) would have to have rank zero.

H,(®B'; R) is generated by the cycles in various H (8% ; R). We are to find
an element of R which annihilates all these cycles simultaneously. One of the two
generators of H(®B,) must represent a non-torsion element o, ¢ H;(IN). The
covermg transformation v, € G corresponding to «, will slide the non-trivial cycle
on B} along the cylinder or plane and hence 1 — v, annihilates H;(%8} ; R).
Therefore the element « = [J%_, (1 — #,) annihilates H{(3' ; R). Clearly the
prime factors (1 — v,) of a are all symmetric.

DEFINITION. A torsion module is a module of weakly bounding cycles modulo
bounding cycles. The torsion submodule of a homology module is indicated by
replacing the H with a 7.

LemMA 5.3. The kernel of 3: Ty, B*; R) — To(B; R) is jx Ty(M; R).

Proor.

Hy(B; R) -2 H\(; R) -2 H,(D¥, B R) 9, Hy(®B'; R).

By exactness jxT1(9¥; R) is contained in the kernel of 9. Let x ¢ T,(I¥, B*; R)
with 2 = 0. Then there exists a y ¢ Hy(I*; R) such that jxy = z. Let 8 ¢ R such
that Bz = 0, 8 # 0. Then j«8y = 0. Hence there exists a z ¢ Hi(B*; R) such
that 7x2 = By. By the previous lemma there exists an « e R, « # 0 such that
az = 0. Therefore aBy = 0= y ¢ Ty(D¥; R) = z e jxTo(W; R).

LemMa 5.4. If B8R divides Ao(To(B'; R)), then B is symmetric.

ProoF. The element o of Lemma 5.2 annihilates To(8*; R), and every divisor
of a is symmetric. Hence, for a set of generators a;, - - , 2, of To(B*; R), we
have relations ar; = --- = ar, = 0. The determinant from these rows of a
relation matrix is a”. Therefore A((To(B*; R)) divides «"R, so any divisor of
Ao(To(B; R)) is a divisor of "R and hence symmetric.

THEOREM 5.5. The ideals A(T,(M; R)) are symmetric fori = 0,1, 2 - - -

Proor. By Lemma 5.4 all elements dividing Ao(7To(B*; R)) are symmetric. By
Lemma 5.3 T(D¥, B*; R)/jxT:(M*; R) is isomorphic with a submodule of
To(B; R). Hence all elements dividing Ao(T:(0¥, B*; R)/j+Ti(M; R)) = a
are symmetric. By Theorem 4.9, A;(Ty(¥, B*; R)) divides a- A;(j«To(D¥; R)).
By Corollary 4.8, A(T:(D¥, B*; R)) = A(T:(D¥; R)). Since j«T:(M}; R) is a
homomorphic image of T;(M*; R), A;(Gx T1(D; R))divides A;(T:(IMF; R)) which
in turn divides a-A;(jxT2(D; R)). Let 7 be a prime divisor of A(jx T (M; R)).
Then either n divides a in which case = is symmetric, or = and # must divide
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A:(GxT1(D¥; R)) to exactly the same power. Hence A;(j«T1(; R)) is symmetric.
It follows that A(T(M¥; R)) is symmetric since it differs from A;(j«T:(MF; R))
at most by symmetric prime factors.
COROLLARY 5.6. The ideals A,(H,(D¥; R)) are symmetric for i = 0, 1,2, - -+
Proor. Theorem 5.5 and Lemma 4.10.
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