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FINDING A BOUNDARY FOR AN OPEN MANIFOLD. 

By W. BROWDER,J. LEVINEand G. R,. LIVESAY." 

Given an  open manifold, when is i t  the interior of a coiilpact nianifolii 
with boundary? We consider the case of piecewise linear (combinatorial) 
or snlooth nianifolds W of dimension 2 6 and we give necessary and sufficient 
conditions on  the homology of Tt '  and homotopy a t  co (see 5 1 )  so that  Vr 
is isomorphic (i. e., combinatorially equivalent or difEeoniorphic) to the interior 
of a coiiipact manifold with I-connected boundary (Theorem 1 ) .  ,is a conse- 
quence we get an  k-cobordisn~ theoreni for certain types of open ~nanifolds 
of dinlension 2 6 (Corollary to Theorem 2 ) .  We are indebted to E.H. 
Connell for suggesting the latter theoreni and the ~ossibil i tg of deducing i t  
from the first. 

All manifolds will be piecewise linear or smooth and isomorphic will 
mc2an either combinatorially equivalent or diffeoniorphic. 

1. Statement of results. A space X is said to be 1-connected a t  oo 
if for any conipact C' C X there is a conipact D, C' C D C IT- such that  9--D 
is 1-connected. 

THEOREM1. Lef 14' be a n  open manifold of dinzensiolz 2 6. Then TT' 
is  isomorphic to the interior of a compact manifold li with 1-connected 
boundary if and only if the homology H , ( W )  is finitely gelzerated and W 
i r  1-connected a t  co. Fur ther  such n U is  unique up to isomorphism. 

Alctually the proof given here could be modified slightly so that  the 
condition of I-connected a t  co could be wealienecl to TI7 having a finite 
number of ends, each of which is 1-connected (see [a]). 

Theorem 1 can be considered as a partial gene~alization of the result of 
Siallings [91 that  contractible open manifolds of dimension 2 5 svhic.11 are 
1-connected a t  co are isomorphic to IZrl (the interior of the n-ball). 

Two connected nianifolds ,JL,, ,\I2 (not necessarily closed) arc caller1 h-
coboritant if there is a manifold XI-ith boundary T7, with 8V =XI U (-- JI,), 
and such that  each coinponent Jfcof dP is a deforniation retract of J7. 
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THEOREM L e t  M,, Jl, sa t i s f y  t h e  hypothes is  of T h e o r e m  1,  a n d  le i  2. 
V be a n  h-cobordism between t h e m  w h i c h  i s  1-connected  a t  co. If g,, 8,  
are t h e  compact  bounded m a n i f o l d s  produced b y  T h e o r e m  1, t h e n  M, a n d  W, 
are h-cobordant,  i. e., t he re  i s  a compact  m a n i f o l d  w i t h  boundary  P s u c h  
tha t  d P  =8,U U U 147,) where  0 i s  a n  h-cobordism betzueen a#, a n d  a@,, 
and such  t h a t  t h e  inc lus ions  2 6  C P are h o m o t o p y  equivalence,  i= 1,2.  

COROLLARY.L e t  ill,, &I,, V be as above,  a n d  in a d d i t i o n  alMl =a,Jt, 
=0. T h e n  21, i s  i somorph ic  w i t h  M,. 

2. Uniqueness of the boundary. 

THEOREX3. L e t  U, a n d  U, be compact  n - m a n i f o l d s  zuith 1-connected 
bozlndaries, U, embedded  in inter ior  U, a n d  t h e  inc lus ion  of U, in U, 
induces  homology  i somorph i sm .  S u p p o s e  also t h a t  V is 1-connected,  where  
T7= U,-interior U,. T h e n  V i s  a n  h-cobordism betzueen 8L7, a n d  dU,. 

P ~ o o f .  The inap ( V , 80,)  C (U?, U,) is an excision so tha t  H ,  ( V ,  6'0,) 
rH ,  (U,, U1) =0 since the inchlsion induces homology isomorphism between 
U, and U,. Since V ,  aU,, dU, are 1-connected i t  follows that  dU, and V 
are homotopy equivalent by the theorem of J. H. C. Whitehead and i t  follow!: 
that  V and dU, are homotopg equivalent similarly. using relative Poincaril 
duality. 

COROT.T.IRT. I f  W =i n t e ~ i o r11,=i n t e i i o r  11,. 811,. 8U, 1-connectetl ,  
then OU, is h-cobordant  t o  8U,. 

ilctually the corollary holds in more generality without the assumption 
of 1-connectedness. 

3. Proof of Theorem 1. 


PROPOSITIOKL e t  ITr be as irz Tileor,em 1. ronzpnct set  
4. T h e n  g i ven  GL 

C there  is a con~zected  m a n i f o l d  U w i t h  boundary  U C W ,  8U 1-corznecled, 
C C i n t e r io r  U, s u c h  t h a t  t h e  i nc lus ion  induces  a homology  isonzorphisnz. 

Before we prove this, we will indicate how Theorem 1 folloxvs from the 
proposition. 

Proof of T h e o r e m  I. Let C,  C G2 C . . C W be a sequence of compact 
CO 


sets such that  TV =U Ci, and TV -Ci is 1-connected. By Proposition 4 
n'=1 

we niay find conlpact nianifolds with boundary U, such that  U, 3 U,, U C,, 8U, 

1-connected and U, C TI7 induces homology isomorphism. Then U lT,3 U C( 
=W ,  so U U, =TV. Set T7%= Ui+,-U,. N O ~ .V , C W -C,, which is 1 -
connected, B'C', =dU,,, U 817,. n-11lt 11 are 1-connected. so that  i t  follows from 
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van Kampen's theorem that  a, (W-C<)=free product of a, (Ud -Ci), w-, (Vi) 
and xl(W- Ui+,). Since a l ( W  -C4) is trivial, i t  follows that nl(Vi) is 
t r i ~ i a l .  By Theorem 3, Vi is an h-cobordism between CUi and CUi+l, and 
since CUi is 1-connected and has dimension 2 5, i t  follows from the h-
cobordism theorem of Smale [ 7 ]  (which has been proved in  the piecewise 
linear case by Stallings) that U{+l- Ui is isomorphic to CUi X I. Hence, it 
follows that each Ui is isonlorphic to U, and W =  U Ui is isomorphic to 
interior of C,, which completes the proof of Theorem 1. 

S o w  me outline the proof of Proposition 4. 

Since H,(TI') is finitely generated we may find a compact set C' C T I '  
such that  H, (C') maps onto H, (W) .  Hence for any subset 0 such that  
C" C 0 C W7, H, ( 0 )  )naps onto H,(TY). We shall show (Lemma 6)  that  
me can find a compact manifold with boundary U C 14' such that  (1) G U G' 
C interior L7, ( 2 )  dC is 1-connected, and (3)  W-U is 1-connected. Set 
5' =closure TV -U. 

C'onsider the commutat i~e  diagram with exact rows: 

j 8 i 

+Hnll( I T T )  +Hkll (TB, U)  +Hir( U )  4Hx.(IT:) + 


g2 II' g3 8' ^g1  T.2 

+Hrl l (V)  ------+Hh+i(V, a u )  +H L ( ~ U )  +.+HI , (V)  

Sow (5'. d l T )  C (TI', C )  1s an excision so that g, is an isomorphism. Hence 
i onto llllplies i' onto since j = O  implies ~ ' = 0 .  Similarly i' mono implies 
i nlono, since C f =  0 implies 0. Since i is onto by construction, i' is onto, 
ancl it suffices to  )?lake i' nzono m order to make i an ~somorphism. 

Son, the manifold U obtained from Lemma 5 may in fact have too much 
homologj a b o ~ e  dimension 1, so that  dD- will also, and ker i' will be non-zero. 
Therefore we shall show how to enlarge U to a larger U' such that  the kernel 
from H ,  ( U ' )  to H, (TV) is smaller. One may in which to do this is to add 
handles to U along dC to klll some of the excess homology of U, i. e. find 
DlbX Dn-hC V. DX. X Dn-ICn U =Sh-IX Dn-hC CU, Sk-I X 0 representing an 
element .I.€HL-,(CG) which goes to 0 in Hh-,(V),  and take U' 
=I' U DL X D r ~h. 

Assunling H, (8C)+H, (V) is mono (hence isomorphism) for i < k -1, 
and onto for i=k-1 ,  and since dU and V are 1-connected, the relative 
Hllrewicz Theorem implies that  ak(V, OU) =Hk( V, dU) and we get a com-
niutati~-e cllagrslm 
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----+~*~(au) o - + ~ ~ ( v , a u )  ---+T~-~(V) -+ o1G z  1 Ii' 

0 -+ H I ,  ( V ,  a U )  ----+Hk-l ( a U )  H,&-1( V )-+ 0 

so that keri' is represented by spherical homology classes in the lowest dimeii- 
sion. Tf k- 1< 4( n-I ) ,  12 =dim TY, then one may deduce from a general 
position argument that an element z E ker i' C Hh-l ( d U )  is represented bv an 
einbedded Sh CU and using either general position or TT'hitney's embedding 
theorem that i t  bounds an embedded DL C V, from which we may get a 
handle. I n  case 3( n-1 )  5 k- 1 <lz -3, we may obtain tlie handle;. 

differently, using Smale's theory of handle bodies (see [?'I). At the very 
last stage, k -1 =n-3, still another technique must be used. which i q  not 
obviously the same as attaching k dimensional handles. 

SITe give the details in the next sections. 

4. Proof of Proposition 4; codimensions > 3. I11 this section, we will 
prove a weaker form of Proposition 4. 

I'ROPOSITION5. L e t  TT"1 be a n  open  m a n i f o l d  of d imefzs ion 11 > 6. 
1-co~znected  a t  m u n d  w i t h  H , ( T V )  finitely generated .  T h e n  given a conzpiict 
C C 177 a n d  k 5n-3. there  i s  (I conzpact man i fo ld  w i t h  bounda1.y U ,  11 i f h  
8U clnd TT'- U 1-connected,  C C i n t e r i o ~  of I T ,  a n d  if i :  U-+ STr i.~ t l ie 
inclu\ion,  t h e n  i, : H , ( U )  -+ H,(TT' )  i\ a n  isonaol.phicm f o ~  i < k, und o ~ z t o  
for all i. 

I'roposition 4 is the same but without restriction on k.  

LEMMA6. If TT' i s  a m u l ~ i f o l d  of dinzensiolz 2 5 zuhich i s  1-co~bnected 
at  w and  g i ven  compact  C C TY, t h e n  there  ex is ts  a compact  man i fo ld  U 
w i t h  1-connected boundary  w i t h  C C in ter ior  of U a n d  such  t h a t  TT'-U i s  
1-connected.  

( N o t e  t h a t  t h i s  s l ~ o w s  t h n t  if SY i s  1-colz~aected a t  m of tliuzelz,lon 
> 5, t h e n  a,(lT') ii finitely generated,  since b y  T'cln Iinnaperl's t h e o r e m  
TI (1T ' )  = , , ( U ) . )  

Proof o f  Le?r~rtzu 6 .  Let D be campact, C C D C TI' such that  IT'-D 
is 1-connected. TT'e may find a co~npact manifold with boundary G' n-ith 
D C interior U'. This follows in the differentiable case by clloosing a proper 
function f, with f (D)=0, f 20 and letting C' = f - l (  [0 , E ]  ) where E i- a 
regular value of f .  I n  the piecewise linear case, D lies in a finite subcoalpien 
I i  of W and we take U' to be a regular neighborhood of K in ST'. By taking 
connected sums along the boundary of the different components of U', we 
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may assume U' is connected. Then 8U' divides W into two parts, U' and 

I T r - - C', and U' is connected. Since 51: is 0-connected a t  oo i t  follows tha t  

all bu t  one of the components of W- U' are compact. Define U" to be the 
union of U' and all the compact components of TV- U'. Since W is con-

nected each such coniponent meets U', so that  U" is connected and W - U" 
i q  connected. Then the components of du" ma1 be joined by disjoint arcs 
in I T ' - U". \Ye let U"'= U" U (closed neighborhood of these arcs) and it 
f o l l o ~ v ~  are connected. that  I-"' and 8U"' 


S o w  Leinilla G f o l l o ~ \ ~ 
from: 

LEN~IIA7 .  Let 31%be a closed submanifold of WtH1,n 2 4, and suppose 
t l ~ c ~ tr,(11') =0 cind nl is finitely generated. Then we can do surgery 
O I L  _II irzside 1V to get 11' with rl($1')=0. I n  pu~ t i cu la r  we can find %disks, 

D," ,D r 2C 1%'with DL2n 111 =8%'=boundary of D,2, meeting M trans-
t v ~ s t r l l y ,~ U C J Lt l u t  ,lI U Dl U . . U DL is simply connected, so that the sur- 
gei*zcs L O T I  espoi~dz~zgto Sll,. ,SL1produce a simply connected manifold. 

For a proof see [I, Lemma 3.11. 

-1, indicated m $3,  since H,(W) is finitely generated we may find 
a compact C' C I T '  such that  H,(C') maps onto H , ( W ) ,  so that  for 
C' c 0 c Ti', H,( 0 )  maps onto H, (11'). Then applying Lemma 6. we may 
find L-, C IT' n it11 dLT, 1-connected and C U C' C interior of U1, and TV -GI 
1-connectecl. 

Lllco as ~ndicated in $ 3, we may kill the kernel of H,(8Ul) -tH,(Vl) 
n here Tr1 =closure of 17-U,, and this will kill the kernel of H,(U,) +H,(TB). 
Since d l r ,  and V1 are 1-connected the Hurewicz theorem tells us that  eyery 
elenlent a E H 2(dlT,) 1s represented by a map f : S2+8U1 and if i,.x =0 
in H2(T7,). i , :  8C,+ 'C', then f is homotopic to a constant in V,. Since 
dinlension dC, =n- 12 5 ,  i t  follows from general position that  f is homo- 
tolm to an enlheddlilg g of X2 C 8U1, and if n > 6, g extends to an  embedding 
17 :  D3C TV1, 9 1 S2=g, and 9D3 meets 8Ul transversally in g(X2).  If  n =6, 
the existence of g :  D3-+ V, with the required properties follows from 
JTliltnej ',embedding theorem [Ill or from the result of Irwin [4]. Now 
for a generator of kernel i,. take such a 3-disk D3, and define IT,'= regular 
ne~ehl~orhoodof C, U D3 in TB. This can be made smooth using a theorem 
of 1311.ch [3]. ol one can define U,' =U, U D3X Dn-3and round the corners 
111 ail al~lnopriate T F ~ T .~ihr r r  D J  X Dl1 a ~lelphhorhood of D 3  in IT1. NOT\, 
I T ' - IT,'  1.: hoi~iotopj ~ q u l ~ a l e n t  -D . and s i~ l t c  D' I-. of codimension to T', 
2 3. it follon. that  IT ' - 7-,' 1s st111 1-conncc tc  1. ,3111111a11~ Vl n L7,' 
= dl', U D 3  SO 17, n U,' is 1-connected, and since 8Ul' r V, n U,'- D3, 
lt follows that  d l i l f  is 1-connected. Since 8D3 is a generator z of kernel i,., 
i, : of', -+ P,. it follon-h that  kernel i,.' r kel nel i,*/(z), io that  continuing 
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in this way we ~vi l l  finally arrive a t  U, 3 U, such that  i2.: H2(U,) +112(IV) 
is an isomorphism, with dU, and V 2=closure SY -U, still 1-connected. 

We will need the following (cf. [6 ; Lemma 11). 

LEAIIIIA8. L e t  .Ybe a n  12-mu?zifold w i t h  boundary  dX=A1l U X, .I[,AT, 
X all 1-connected,  n 2 6 .  S z ~ p p o s ei~h(X,Al)= O  for 2 5 k s r - 1  < n-4. 
T h e n  u n y  e lement  w E H,,,(X, $1) can be represented  b y  an embedded hand le  
DT+Ix ~ n - r - 1c x, ~i zee t ingaX n o r m a l l y  in SrX Dn-'-I C JI. 

Proo f .  We give the proof in  the smooth case using the handle body 
theory of Smale and for the combinatorial situation we confine ourselves to 
remarking that  the analogous facts are true in that  case, as has been shown 
hy Stallings. 

Now a theorem of Smale [ Y ;  6.51 Pays that under our hypothebee, 
I 1  

S has a hanillc clecomposition X = U X,, n-here I,-,III X I aizd= 
?=,-I 


Since X ,  is the homotopy type of with some j-dimensional disks attached, 
i t  follows that h, : HT,(,Y,) +H h ( X )  is a n  isomosphism for k <1 and onto 
for k = j, so that h , : I l k (X,,111) 4HI,(X,  AI) is iso for k < j and onto for 
k =j .  Hence there is a zo' E HI+,(A-?+,,X )  such that ii,+,w' =w. 

Consider the exact sequence 

k* 
. . .+ H,.,, (X,, Jf) +H?.+,(Xr+,, I11) +H,.+,(2',.+1,X?.) 

Since X,. E11U U DY,H,+,(2-,, lll)=0, so H,+,(XI+,, 31) is mapped iso-
morphicall~ by k ,  onto the kernel a C H,.+,(X,,,. X,) . Let y =k,zur. 

Now H,+,(X,+,,X,) is a free abelian group with generators repre-
sented by the relative honzology classes of the "core" of each handle. i. e. 
(DrtlX 0, Sr+lX 0) c (HW1, dHr+l) . Smale [?I has shown (see also Wallace 
[ lo] )  that; if we are given any basis for II,..,(X,+,,X,) that  we may find 
a set of handles in X,,, attached to X, so that  X,,, = X I  U (these handles) 
and the cores of the new handles ~ i e l d  the given basis for H,.+,(9,+,, Xr ) .  
Hence we ma? assume that  there is a handle such that  y =m z ,  z representing 
the core of one of the handles of X,+,. But  if the core is of coclimension > 1, 
which is the case here, any multiple of its homology is represented by a handle 
also. If  the handle is Dr+' X Dn-'-I, then we may embecl in it liz disjoint 
disks of the form D, =Dr+lX t ,  C Dr+lX Dn-,-l, where t ,  are m disjoint 
points of Dn-?-I. Since the codimension is > 1, dDar+l (10 not separate 



S r  X Dlt-,-,, so tha t  we may join the rSffr=aUffw1by tubes 8'-'X I  i n  
STX Dn-r-I SO as to for111 the connected suill of the Sar,and the Da7s can be 
connected by tubes DTX I in  Dy'l X Dn-?-I to form the connected sum along 
the boundaries of the D,, with the proper orientation. The picture gives an 
indication of the process : 

-,), (xT,l,H,+,Eydesired homology class 

tube 

(Two igloos conilected by a tunnel might be an appropriate title.) 

Then this disc and its normal bundle is Dl+' X Dli-?-l and its core has the 
(see [6 ; Lemma I] ) . However, 

i t  is attached to BX, rather than 111 X 1 C 8L5',-l. so lt remains to show that  it 
can be chosen to miss the handles of X r  and thus be attached to X X 1. 

Now if the attaching sphere S1X 0 of this handle does not meet the 
transverse spheres i X Si"-'-l of the handles of index I. in BX,, then i t  may 
be moved off these handles down to 171 X 1 by an  isotopy of Y,,, so that  the 
image would be the handle we need. For D' X #"-I-' -s  X AS""-'-] may be cle- 
Pornled by an  isotopy into a neighborhood of S'-I X Sn-I-1i n  dA7,-8'-l X Dn-r. 

If the intersection number of 8 r  X 0 and s X S7*-'l is 0 then since 7. > 2 
and 7~ -r -1< n -3, i t  follows froin TVhitney's theorem [Ill that  we may 
change B1 X 0 by an  isotopj to illis s X S'l-r-l. But  ~f y E H,,,(X,+,, X,) 
is the homotopy class of the core of the handle D1+lX DikT-l,then By = a$,, 
nhere 71, 1s the homology class of the r handles which generate H r ( X r ,31) 
and sl, is the intersection number of X 0 and the transverse spheres X Sj11-]-l 
01the j-th handle of X,. Since By =0, all the intersection numbers are zero 
and there is an  isotop~- of S,,, which takes Dwl X Dn-r-l into a handle 
attached to BX,. This completes the proof of Lemma 8. 

LENMA9. Assume Proposition 6 for k (= n-3, so that given compact 
C one can find UI,C 77, UI, compact manifold with boundary, auk,and 
V ,=closure (7V- U,) 1-connected,C C interior UI ,and ik*: Hj(Uk)4 H,(W) 
i<onzo~ph i snzfor j < A*, ol l /o  for ( i l l  i. Tl re~ai f  I E ( k e l n e l  il,*)?t h e m  i~ 7'1,' 
cu r t t c~ i t~ inyCi, ilz i t s  irrtc?.ior zcit11 irll t h e  nborc  l i~ol )c i . l icc ,  s u c h  tltcrt j,:'(x) = 0 

in H A(D',,'),j': I'k C LTb'. IIetace. if  y E TIA+,( T T ' .  rib),By =a E Ili,(l 'lL), 
i hc rc  is UL' 3 Ci, (is ( ~ ~ O C C  =0 it^ Hi,+l( I T 7 ,  LTit'),wit11 lg t y  

l': (7v,U J ~ )c (7V, UI,'). 
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P ~ o o f .  Given a E (kernel ik*)l,, there is a compact set D 3 Uh: such that  

j , ~=00:j : Uli C D. By Proposition 5 ,  for k 5 qz -3 we can find Uk' with 

all the required properties and D c interior Ul;'. Then since j,z =O in 
H ,  (D) ,  j*'x =iD*j,x =0 in IT, (Uk'). 

Let X =c.losure of Uk' -LTA,.YC 5- and consider the diagram (11 =Uli, 
u.=U,!) 

a -N a 

Note that  8,d. a', 2 are mono. Ilence if ay =a E IIi,(LT) and j,'(s) =0 

it follows that  k,:'y =0 proving the lemma. 
Note that  also IZ,&,-~(X) =0 in HL(X) .  Hence we get :  

I J E A ~ A10. TVith the hypothesis of Lemma 9, for and z E $Il,+,(T7,aU) 
there is compact manifold zcitk boundary X C V ,  8 X = a U  U 4 szlc1~f k n l  

k* ( a x )  =0 in  H, (2 ) .  
Konr we prove Proposition 5 b j  induction, having proved it for 76 =3. 

Let UL be a manifold n i t h  the required properties for 1~<n-3. we would 
like to produce one with the lwoperties for 7c + 1. By Lemma 10 for 
any x E (kernel iL*) i  C ITL(Uk) we may find y E lll,(dlTi ) with 1,y = a ,  
1 : aU, C U, and a U L=UI, U X so that  h,y =0 in N,,(LT),and !j ==w, 
w E IT,+, (X, auk) .  Then by Lemma S we can find a handle Dk+l X D"-Ltl C X 
attached to 8Ul, which represents w, so that  y goes to 0 in  aUL U Dh+lX D71-"l. 
Let fl, =Ui, U Dbl X D71-k-1. Then if k : Ui,C TI', 

(kernel ilc*) = (kernel iii*) k/ ( z )  

and we continue until we have made the liernel 0. This completes the proof 
of Proposition 5 .  

5. Proof of Proposition 4; conclusion. By Proposition 3 me may 
assume that  given C lye can find a compact manifold U C TV with 8U l-con- 
nected, 8=closure (TI'- U) 1-connected. C C interior U and i, : I I , ( U )  
-+ H, (W)  an  isomorphism for i < n -3, onto for all i. From the diagram 
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~v21ei.ey : (T ' ,  dU) C (IT,U )  is an excision, we see that kernel i, =kernel j,. 
Since $1,- is 1-connected IT,,.,(aF) eH 1 ( a l i )= O ,  so that 

for h. f r~ -3 and H ,  ,( I T r ,  T i )  is free. 

\Te can find a compact set D. I; C D C 'C1' such that iD*(keri,) =0, 
iD: C -+ D is inclusion. Let C' be a compact inanifold with boundary with 
U U D c interior U', and satisf~ingall the conditions of Proposition 5 ,  as 
a b o ~ ewith U. Then I L ,  (Ber i,) =0, h : U+U' is inclusion. It follows 
from the diagram 

that I L ,  (H,.2 (W,U )) =0. Set T7'= closure (W- U ' ) ,  J l =  8U, N =8Ur, 
S=closure  ( U ' - 0 )  so that a X = M U N ;  let Zx: M + X , 2,:
 hT+X)  
r : X -+T7 he inclusions. Then, since 

g :  ( V , X ) +  ( W , U )  and q :  ( V , X ) +  ( W , U r )  

are excisions, the diagram 
N-

H,-2 ( V ,Jl)-H W 2( [Ir,17)1l* - 1h* 
--

H,-2 ( V )X )  -Hn-2( W ,0') 

sho\v, that E ,  =0. Since H,-,(V, X )  and H,- , (V,X)  are free, and 
H , (B, ,P) =I$$(V,X)=O for i # n -2, this implies that fi* =0, fi* : 
N n - ? ( V , S )+Hn-2(V,S1) .  

Consider the diagram with exact rows: 

0tHn- ' (V ,J I )  t---H11-3(31)t _ H n - 3 ( V )  t0 

:x 1 " 

6 
0tH n - ? ( V ,X )  t---I I n - 3 ( X )+Hn-3(V) t0 

i T i1
1if* / 1 , 16' 

0tHn-2(V' , h7) +---H R - ~  0.(AT)+---Hn-3( V ' )  t 
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Since E:::=0 and BIL-S(V, X) is free, we can find o! : (V, X )  +£ { 1 1 - 3 ( , Y )  

such that Zaf*0 a =0 and 6 0 a =1 on H n - 2 ( V , X ) .  Since the inclusion 
h' : ( V', X) + ( V, ;Y) is an excision, 

p =lA-:>0 a 0 )L':::-l : H71-2( V', X) +,H*' ( N )  

is defined, and 6' 0 ,f3 =1on HR-' (V',IT).F~i r the r  image P C lx* (kernel I , I : : ' ) .  

L E ~ ~ M A11. n ps send lN* (kernel HA**) n-k-I iso~norphically on lo  


(ke~ne l  ZN*)~. 


P ~ o o f .  TVe have the commutative diagram with exact rows (see [ ? I )  : 
1" 6 

+,gn-x-1 (x) ----+, H ~ - k - I  ( a x )  ---- a x )  +R R - ~ ~ ( X ,  

I n l l  a 1,1.. T n v  
+,Hk+l(X, a x )  + I17c(aX) H7<( X )  +, 

where 1: 8X C X, v E H n ( X ,d X )  is the fundamental class, 
H* ( a x )  =H *  (AT) $H, ( X ) .  p =BV =ps -pnl, 1* =ls* -lJl,, etc. 

Then (1'2Hn-k1(S)) n p = (kernel 1,) ,;. Since n p 1 H *  ( N )=n and 
n p 1 H'K(Jl)=n px, i t  follows that  (Z"HI~-"~((S) "H'%(T)is niappecl 
isomorphically by n px onto (kernel 1,) "H7:(AT) .  But since l* = I.>-* -lJf';:, 
g + g n - k - 1  (X) "Hk(A7) = ZX* (kernel IN*) n-k-l, and 

(kernel 1,) IF:(AT)= (kernel ZX*) k, 

similarly, which proves the lemma. 

It follows that  d = (image @) n p~ is a free direct summand of E l ,  (S), 
contained in  (kernel lA,) ?. NOM- i t  f o l l o ~ ~ s  from van ICampen's Theorem that  
X is 1-connected, for V =X U V', X n V' =N and V, TT', and A' are all 
1-connected. Then i t  follows from the Hureu~icz Theorem that  A consists 
of spherical cycles in  AT u ~ h i c l  are null homotopic in  S. By an argument 
already used in 8 1 me nlar find 3-handles D," X Dn-3 in .Y ~vhocc 11ou11- 
daries flt2X Dl1-?C K are such that  their homology classes a1.e a haqi, for 
I c I ( ( 3 ) .  If we exchange these handles from X to T7' ( i .  e. 
add them to V'), we xi11 obtain nen- nianifolds 8=LTI-interior of the 
handles, P =V' U (handles), fi=P n I\?. T' =.fU 7.1ow. since i.; ,a 

free dire($ sun~nianii of H2(A7), and Hh(A7) sz I Ih (V ' )  for k < 12-3, if 
n > 6, we find easily that  H , ( T )  =H , ( T )  for j f 2 or 71 -3, 1I,(F)=H,(C") 
for j f 2. and H ,  (8)=11,(AT)/A =H ,  (T') /r,:I =H, ( B ) ,  and r, : I[ ,(3) 
+Ti,( P )  i~ still an  isonio~phism for j < n -3, onto for all j. For 11 =6, 
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the argument that H,(ff)=H , ( X ) / A  is slightly more difficult, but it 
follows easily from [S; Lernnla 5.61. Now by the same arguments which 
applied to (V,aU), we have that H n - 2 ( 8 . E )  is free. I l , (V,D)  = O  for 
i# n -2, and we have the exact sequence 

By Poincari! duality Hn-3 (3)rH71-3 =~ H ~ I - ~ ( V ' ,  But(AT)/A', where W).  
11n-3(8)rHrk3(V') ( n2 6, so n-3 > 21, so that it follows that (8) 
and H n - 3 ( f )  are isonlorphic groups. Since they are finitely generated and 
HP1-?(P,Z) is free, it follows that ITn-'(8,R)=0, so that H,( V ,E )=0 
for all i. Tt follows by excision. if C= U U r.H,(TB, T: )  =0 for all i, 
i: > U > C, so that Proposition 4 is p ro~ed .  

6. The h-cobordism theorem. 

Y e  now proceed to prove Theorem 2 .  
Recall V is 1-connected at  m ,  aV =31, U 31,. XI.31, 1-connected at oo. 

JI, and M 2  are deformation retracts of V ,  and II,(-ll,) (and hence H, ( J I , )  
and H , ( V ) )  is finitely generated. 

By Theorem 1.X,and Jf, are isonlorphic to interiors of g,, 8,,compact 
nlanifolds with boundary. By taking a contraction of A?;, which embeds B, 
in =interior Mi,we may consider 8,C & C V .  Using the product 
bt13ucture in a neighborhood of 8V, we get embeddings of 2%X [0,1] c V ,  
n ith 3,X [O. 11 n aV =Z, x 0 =117,. Joining 37, X 1 to 8, X 1 by an 
arc in interior T7- U X [O? 11, and thickening the arc, we get a 

%=,.a 


conlpact lnanifold U with aV =AM, U IT7 U $7, where 8TV =an,U 8 a 2 ,  
81: n aV = U Ag2.Then using the same techniques which proved Theorem 
1. we may enlarge U to 8 C T7, with V isonlorphic to interior 8, adding 
things only along interior 16' C i3U, so that aV =8,U TV U 2,, aiir 
= a B , U  i?_ii:,, Wn8V=i3iVlU aL@,. From the diagram 

it follows that the inclusions 8 6 - 3  8 are homotopy equiralences, since the 
other nlaps are. It remains to show that w is an h-cobordism between alG?, 
and ail?,. 

Xow by the PoincarP duality theorem, with two pieces of boundary (see 
[2] ), we hare 


H *  (P, 8 6 )  Hb(P, Mi'rU W )  
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which is 0 since ifi-+V is a homotopy equivalence. Hence if 

j,i, is an isomorphism, j, is an isomorphism, so that i, is an isomorphism. 
Hence 0 = H , ( M i U  Tv, g t )  H,(W.alMi),r by excision, and since W and 
dUiare 1-connected, W is an h-cobordism. 

The corollary follows by results of Smale [ 7 ] .  
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