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C h a r a c f e r i s f i e  P o l y n o m i a l s  of  S p e c i a l  Mafr i ce s  

By 

J. L. BRENNE]~ 

RowrI showed [4] tha t  if the rank of  A - -  B is small enough, it is possible to exhibit  
a formula  for the characteristic polynomial  of  A B in terms of  the characteristic poly- 
nomials of  A and B. GODD~L~D [2] extended the result, with a new method  of  proof, 
to  a product  A1A2As  of three matrices;  and PA~KV.R [3] found the characteristic 
polynomial  not  only of  A B but  also of  A B - -  k(A - -  B). 

B y  the use o f  GODD~D'S arguments  we are able to  extend his results to find the 
characteristic polynomial  of  a product  of  any  number  of  matrices;  and we are able 
to give another  proof, and with it an extension, of  PARXV.~'S results. I n  section 4 we 
clarify the circumstances under  which the matrices A1, A2 . . . .  ~ l l  be "sufficiently 
equal"  to satisfy the hypotheses of  the various theorems. 

2. Theorem. Let A1, A2, A3 be n • n matrices; let their characteristic polynomials be 

det (x I --  A d = ~0i (x3) ~ x :q~ (x 3) -+- x 2 :r (x3), i : 1, 2, 3. 
Write 

H = A I + A ~ - A s ;  K - ~ A 1 A ~ A 1 A 3 + A 2 A a .  

Then the characteristic polynomial o[ A1AeA3 is given by the/ormula o] GODDARD 

det  (x I - -  A1 A ~ A3) = ~01 ~02 :r + x :on (r162 ~2z ~- ~0a ~22) ~- 

+ x or (~ol 0r + ~oa o~21) + x or (o~ol ~2.~ + 0r 0r + 
+ x2 oc~ ~ e ~  ( ~ .  - ~ (x)) 

in any one o/the/ollowing cases. 
i. (GoDDAX~D) x H  - -  K has rank 1 or O. 

ii. H ---- 0; rank K is 2. 
iii. K = 0; rank H is 2. 

This theorem can be extended so as to find the characteristic polynomial  of  a pro- 
duct  of more t h a n  3 matrices. For  example, let us write 

(1) det  ( x / - -  A d = :r 4) -f- x : t~(x  4) + xee~(x~) ~- xaea~(xa), i = 1, 2, 3, 4; 

H1 = At  + A2 + Aa + A4; 

H2 = A1A2 + A l A s  + A l A s  + A2A3 + A2A4 + AsA4;  

Ha = A I A 2 A a  + A I A 2 A a  + A1AaA4 + A 2 A s A 4 ,  

and suppose tha t  we have one of  the following addit ional hypotheses. 
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Case i. x 2 H1 - -  x H2 + Hs has rank  1 or 0. 

ii. H1 = H2 = 0; Hs  has rank  2 or 3. 

iii. H2 ---- H3 = 0; H1 has rank  2. 

Then the characterist ic polynomial  of  A 1 A 2 A 3 A 4  can be found explicitly in terms 
of  the  :r and is the  rational pa r t  of  t ha t  funct ion of  y which results when yl/4 is sub- 
s t i tu ted for x in each of  the four formulas (1), and the four formulas are multiplied. 

3. PARKER'S result  is the following. Let  A, B have characteristic polynomials given 
by  the  formulas 

det  (x I - -  A) = ~0 (x 2) - -  x:r (x~), 

det  (x I - -  B) = fie (x 2) - -  x fll (x2)- 

Le t  the  rank of  A - -  B be 1 or 0. Then the characteristic polynomial  of  A B + 
+ k (A - -  B)  is 

( - - )n  (~0fl0 - -  X~l/51 --/C~ofll 27/c~1/50), ~1 = ~l(X), etc. 

B y  using a different me thod  of  proof  (essentially a var ia t ion of  GODDARD'S), it is 
possible to extend this result, in other words to obtain fur ther  results of  the same type.  
We begin with the  ident i ty  

(x I - -  A )  (x I + B)  = x 2 I -  A B - -  x ( A  - -  B ) ,  

take determinants  of both  sides, and equate the odd and  even parts.  As GODDiRD 
points out, the  determinant  of  the  right member  is equal to  det  (x 2 1 - -  A B) - -  x ~ /15 ,  
where A ~ is the determinant  of  the matr ix  obtained by  replacing the i th  column of  
�9 - A B  by  the i th  column of A --  B. This gives = ( -  
I n  the  next  step of  the argument ,  we use the ident i ty  

(x I - -  A )  (x I 27 .B) = xe I - -  A B % Ic(A - -  B) - -  (x + It) (A - -  B ) .  

The de terminant  of  the r ight side can be wri t ten 

det  (x 2 1 - -  A B + / c  (A - -  B) ) - -  (x 27/c) ~ O~, 

where Ot is the determinant  of  the matr ix  obtained by  replacing the i th  column of  
x~ I - -  A B 27 k (A - -  B) by  the i th  column of  A - -  B. B y  an elementary theorem on 
determinants ,  this mus t  be equal to A~. The last step is to take determinants  of  bo th  
sides of  the last displayed identi ty,  save the  even powers of  x, and replace x 2 by  y;  
this gives Pil~XER's result. 

To illustrate the  fact  tha t  PARKER'S ideas can be used to extend the results of  the 
second section of  this paper still further, we take the example of  three matrices, and 
use the  notat ion o f  theorem 1. Suppose t h a t  H is 0 and K has rank 1. The result  

det  (x I - -  A1 A2 As + k K) = det  (x I - -  A1 A2 As) + ~ol ~12 ~os + cr cr ~13 + 

27 Zr :r ~o3 27 x z c01 <x22 ~23 -~- X g21 g22 ~OS 27 x o t210~02 ~23 

is obtained b y  the  use of  arga~ments similar to the above. 



300 J .L .  BRE~ER A~CH. MATH. 

4. The quest ion when  x H -  K has r ank  1 for i nde te rmina te  x is s e t t l ed  b y  
GODDA~D, a l though  the  in format ion  is no t  rea l ly  needed  for his proof.  The  fol lowing 
discussion gives fu r the r  ins ight  in to  the  s i tua t ion .  

I f  M is an  n • m m a t r i x  of  r ank  1 wi th  e lements  in the  r ing ex tens ion  2' [x] of  a n y  
field, then  two  mat r i ces  R, S in F [ x ]  can be found,  o f  d imensions  1 • n, 1 • m re- 
spect ively ,  such t h a t  the  re la t ion  M = R S *  holds.  This follows f rom a su i tab le  
app l i ca t ion  of  the  eucl idean a lgor i thm.  I n  the  case a t  hand  we have  the  re la t ion  

x H  - K = - -  R ( x t S * ( x ) .  

B u t  since eve ry  element, o f x H  - -  K has degree 1 a t  most ,  e i ther  R (x) or S ( x )  (or both)  
is cons tant .  Moreover ,  the  re la t ions  K ---- R (0 )S*(0 ) ,  H ---- R ( 0 ) S * ( 0 )  - -  R ( 1 ) S *  (1) 
obvious ly  hold.  But  i f  R (x) is cons tant ,  th is  las t  re la t ion  can be ~ ' r i t t en  

H = R(0)  [S(0) - -  S(1)]*.  

Similar ly ,  necessary  and  sufficient condi t ions  t h a t  x 2 H 1  - -  x H 2  + H s  have  r ank  1 
are  t h a t  a t  leas t  one of  the  subjo ined  sets of  re la t ions  hold for  some cons tan t  1 • n 
mat r ices  R~, S~. 

(1) 

(2) 

(3) HI = RIS*, 

H~=_RIS*, i=1,2,3. 

H~ = _~  S~', i =  1 , 2 , 3 .  

5. F ina l ly ,  we r e m a r k  t h a t  the  hypotheses  on the  r anks  are rea l ly  needed,  and  no t  
imposed  b y  the  m e t h o d  of  proof.  I n d e e d  i f  A,  B are  2 • 2 matr ices ,  and  if~0,  ml,/~0,/~1 
are  defined as in sect ion 3, the  charac ter i s t ic  po lynomia l  of  A B is a lways  given b y  the  
fo rmula  

de t  (y I - -  A B )  = o~o~o - -  y ~ l ~ l  - -  y de t  (A - -  B)  , 

the  las t  t e rm of  which cannot  be neglec ted  i f  the  r ank  of  A - -  B is as g rea t  as 2. 
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