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ON THE HOMOTOPY GROUPS OF BPL AND PL/O 1T

G. BRUMFIEL
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§1. INTRODUCTION

LET BO, BPL, and BF be the classifying spaces for stable vector bundles, PL microbundles,
and spherical fibrations, respectively. Let PL/O, F/O, and F/PL be the fibres of the natural
maps BO — BPL, BO — BF, and BPL — BF. There is a diagram, with rows and columns
fibrations:

PL/O — F/O —— F|PL

I | |

PL/O — BO — BPL

| |

BF = BF

Consider the following portions of the homotopy exact sequences of these fibrations.

n(F/PL) = nJF/PL)
] (]
(A) nk(rm —2 m(BPL) %5 m,_(PL/O)
| JpL
|

m(BO) —— m(BF) —— m_,(F/0)

In [6], the author investigated the groups and maps in diagram (A) for k = 4n. In this
paper, using similar ideas, we settle the extensions for k = 8n + 2.

Recall that there is an isomorphism 7, _(PL/O) ~ I',_,, where T;_, is the group of

differentiable structures on the & — 1 sphere [8]. The exact sequence in the right column of
(A) can be identified with the Kervaire-Milnor exact sequence [9]

Pki)rk_]_—'—*nf_lilmnf

where 7,(BF) =~ n5_,, the k — 1 stable stem, and n,(F/PL) = P, =0,Z,,0,Zfork =1,2,3,4
mod 4. Also, im ® = bP, < I',_, is the subgroup consisting of those exotic spheres which
bound n-manifolds [11].

Adams has shown that for k=8n+ 1, 8r+ 2, the homomorphism J:m(BO)
=Z, —» n(BF) = mi_, is injective [1], and Brown and Peterson have shown that for
k=8n+2,0:n(F/PLy=12Z,— n(PL/O) =T,_, is injective [5].
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In §2 we consider the homomorphism dp: n8,,, - Z, studied by Adams [1]. Let
%-:- SBm+8ntl _, §8m represent A € mh,4q, M >n. Define dp(d) =4* € Hom(KO(S®™),
KO(S®™+8n+1)y — Hom(Z, Z,) = Z, . In [1] it is shown that there exist elements p, € 73,
such that 2y, = 0 and dx(u,) # 0. Hence dy splits.

Our main result in §2 is that dg Jp, splits. That is,

THEOREM 1.1.  There exist elements i, € g, + ,(BPL) such that 2y, = 0 and dp Jpy (1) # 0.

It follows from the results of Anderson, Brown, and Peterson on spin cobordism [2]
that the image of the natural homomorphism

ﬁgn-{- 1.7 Qg Ti‘d st Qﬂii 1

is Z,, and that the invariant dy : n3,.; — Z, can be identified with this homomorphism.
Thus kernel (dg) consists of framed manifolds which bound spin manifolds. We will use

the notation b sping, , , = f(kernel(dg Jpr)) < g, 4, for the subgroup of exotic spheres which
bound spin manifolds.

Adams has also defined an invariant eg : kernel(dz) = Z, such that the composition
egd : Tgyy2(BO) = L, — kernel(dy) — Z, is the identity. In §3, we define an invariant
f: b sping, ., — Z, such that the composition f@ : ng, . ,(F/PL) = Z, — b sping, 4+, = Z, is
the identity. From this and Theorem 1.1 we conclude

THEOREM 1.2.  There is an isomorphism Ug, 4, ~ bPg,. , ® 7,4 ,/im J.

Theorem 1.2 was first proved for # = 1,2 by D. Sullivan and R. Williamson. Combining
all these results, we can write diagram (A):

Zzﬂ ZZH
0 )
(A) Z, —> mg,.,(BPL) £ | I
| [
Zz—i“"ngnﬂ —— My y/im J as
Zzﬂ' Fy ZZH

l

(B) Z,-71,"® n§n+1 —ZL,"® ngn+1fz2

i

5 s
Tant+1 — Tgns1/L2

Here Z, =im J and Z,"” = bPg,, . All maps are either inclusions into the indicated
summands or projections.

The invariant f'is defined by studying KO characteristic numbers of spin manifolds with
exotic sphere boundary. The main result in §3 is

THEOREM 1.3. Let £ € b sping, ., S I'g,+1- Then T = ON®*2 where N®"*? is a spin
manifold with all Stiefel-Whitney numbers and KO characteristic numbers zero.

f(Z) e Z, is then defined to be the Brown-Kervaire invariant of such as N®*2 [4].
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The author is grateful to Professor Kervaire for a conversation which stimulated this
work.

§2. THE SPLITTING Q0 — b sping,,, = 4,1 =5 Z, -0

The map BPL — BF is, of course, induced by a map of structure groups PL — F. Adams
defines certain elements p, € n3,.; in terms of Toda bracket constructions. To define the
necessary elements p, € 7,4 ,(BPL) = 7g,,,(PL) we need a preliminary lemma relating
Toda bracket constructions for spheres to Toda bracket constructions for F = lim Q"S™.
Let Ad : m(F) S m,,4(S™), m > k, be the adjoint isomorphism. mr e

LiMMA 2.1, Let S™+itpra 2y gmektp By gmik 2 gm he mans such that o'’ = 'y’ =0,
withm>k+p+q+1and k> p+q+ 1. Then there are maps S**271 25 S¥*7 LSS F
such that T™y =y, "B = f', Ad o = o', and aff = iy = 0. Moreover, if

oty By 7Y S Mg paqer(F)

denotes the Today bracket, then

Ad <2, B, 7Y = {Ad &, Z"B, T") = &', B, V"D S Tsicr prg+1(S”)-

Proof. This is an easy consequence of the suspension isomorphism and the geometric
definitions of Toda brackets and the adjoint isomorphism. We omit the details.

Next, let j,, = denom(B,,/8n1) where B,, is the 2nth Bernoulli number. Recall that there
is a homomorphism e, : n§,_; — Z;, which splits off the cyclic subgroup T R = 4
whenever im Jg,_y ~ Z;, [1]. It is known that even if im Jg,_; =~ Z,;,,, there is still a
splitting 75, _, ~ Z;, @ker(e) [1, p. 22]. Leta, € Z;, < 73,1 be the element of order 2
defined by such a splitting. Regard e, as a homomorphism e, : 1S _y— O/Z. Then e (a,) = 3.
Also, since 8 divides j,,, a, is divisible by 2. Thus a,n = 0 where n e n,° = Z,.

LeMMA 2.2. Let p, € {o,, 2, 1) < Tgysy(F). Then 2, = 0 and dg(p,) # 0.

Proof. This is essentially Theorem 12.13 of [1]. Since we need part of the argument
below, we indicate the proof. By [12, p. 11 Proposition 1.4] 2, = <o, 2, 2 = t+a,{2,n,2).
But <2, , 2> = n* [12, p. 31 Corollary 3.7]. Thus 2y, = «, n? = 0. Regard d as a homo-
morphism dg : 73,41 = Q/Z. Theorems 11.1 and 7.18 of [1] imply that dg{a,, 2, 1) =
+2 dp(new,) = 2(1)(3) = 1/2 € Q/Z. Thus dp(p,) # 0.

We now prove Theorem 1.1.

Proof of 1.1. By Theorem 4.6 of [6], Jp, induces an isomorphism between the 2-torsion
subgroups of 7a_;(PL) and 7y ((F) > w3, _y if k > 2. n,(PL) = Z + Z, while 775 2 Znag
but the Z, summand is injected by Jp; . Thus let o, € 7g,_;(PL) be the element defined by
Jer(e,) = &, € Tg,—1(F) and 2, = 0. Clearly a, is divisible by 2. Define p, € 7g,.,(PL) by
€ &y, 2, 1. As above, 2, = {0, 2,102 = 2,2, 1, 2% = «,n* = 0. By naturality of Toda
brackets, Jpp(ty) € <Jp(0), 2, 1) = {&,, 2, ) S Mg, +4(F). Hence dpJpr(tt,) # 0. This
completes the proof of Theorem 1.1.
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Remark 2.3. D. Sullivan has pointed out that a more conceptual proof of Theorem
1.1 can be given when im Jg,_, ~ Z,,,. Namely, choose the element o, € mg,_4(PL) above
such that J., (o) € 7, ,(F) is the element of order 2 in im Jg, _;. Then Bu, € ng,—1(PL/O) =
Tg,—, is the element of order 2 in bPyg, .

Representing homotopy elements by framed manifolds, one can see geometrically that
(Tpp(a,), 2, 0 is represented by a framing of the manifold S x M®" where M®"is an almost
parallelizable manifold with A(M®") = 1. Moreover, this framed manifold does not bound
a spin manifold [10], hence dg{Jpy (%), 2, 1) # 0.

Performing surgery on S x M®" yields an exotic sphere 80+ g Tg . which does
not bound a spin manifold. £8"** has order 2 because it belongs to the Toda bracket
By, 2,1 Mgy s (PLJO) = Tgy 4. Thus 871 splits the sequence

0 — b spingys2 — Dgus1 — Lo — 0.

Besides being geometrically motivated, this proof avoids use of the delicate results
of [1].

§3. THE INVARIANT f: b sping, ., = Z;

We will need the results of Anderson, Brown and Peterson relating spin cobordism
and KO-theory [2]. Their main theorem is that there is a map of spectra F =[] fi x TlLs
J=0i--Jok=0,j;> 1,

3.0 F:Mspin— [[ BOdn(J)y x [] BO4n(J))—2) x H K(Z,, dim z;)

n{J) even n{J) odd
which induces an isomorphism in Z,-cohomology. The notation is that of [2], which we
use throughout. In particular f; : M spin — BO represents the KO-theory class
n’ . Dyo(1) € KOM spin).
Let T € b sping,s, < gns1. Choose a smooth, spin manifold M®"*2 such that
T =oM"* 2 Let M = M2 | ); CZ.

LemMA 3.1, There is an isomorphism of microbundles over M
vy =&+ p*o

where vy is the PL normal microbundle of M, ¢ is an 8m-dimensional spin vector bundle,
0 € Mgy s o(BPL) is an 8m-bundle over S****, and p : M — S®"*2 is a map of degree one. More-
over, p(o) = —X € ng, 4 1(PL/O) = T'g,+1. Finally, o and £ are well-defined by the additional
condition eg Jp (o) = 0.

Proof. The first two statements follow easily from smoothing theory and are proved
in [6, Lemma 3.1]. The last statement holds because ¢ is well-defined modulo vector bundles
and egJ : ng,+,(BO) — Z, is non-zero.
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We will use Lemma 3.1 to define KO characteristic numbers for the almost smooth
spin manifold M. Given a bundle &, let T(¢) denote the Thom space. There is a diagram

Slem+snt2_c, T(y )L, T(E) A T(p*0) —2 T(E) A T(0)
M —2 5 M x M —1222 , N x §%*2
where vy, = S'®™*8"*2 js an embedding and c is the collapsing map, A is the diagonal, and
T(¢ x 0) = T(£) AT (o) over M x S®"*2,

T (o) is the two cell complex S ( )., €™ **"* 2. The proof of this for vector bundles
given in [1] works for PL bundles also. Since fi(¢) bounds a spin manifold, dgJp (o) = 0.
It follows that there is a map u : T'(¢) - BO{8m) such that the composition S°" & T(0) >
BO{8m) is the generator of ng, (BO{8m)). Let «’ : T(£) - BO{8m) be the canonical KO-
orientation [3].

We define the KO-numbers ' (M®"*2) to be
RI(MB"2) = FAR (R (EW - p*u) e KO~ (6m+8n+ D) ppy — 7,
Here, n’(¢) € KO(M) hence n’(&)u’ € 1?5(1" (&) and n' (&' . prue KO(T (&) AT (p*0)).
From the cofibration sequence S8 *8n*+1 12D, g8m L, 15y I, g8m+8n+2 e see that the
orientation u may be replaced by u + j*v where v € 7g,, 1 g+ ,(BO{8m}) is non-zero.
LemMA 3.2, If J # (0) then n’(M®"*2) is independent of the choice of u.

Proof. j*vhasfiltration 8m + 8n + 2 (that is, j*v is trivial on the 8m + 8n + 1-skeleton)
and ' has filtration 8m. If J# (0) then n'(¢) has filtration greater than zero, hence
A*¥(/(En' . p*j*v) = 0. The lemma follows.

We remark that z(®(M8"*2) is not well-defined. This is because

Sl6m+8n+2 bc T(é)/\ T(p*O') Idajp T(g)Assm-fanJrz
represents the bottom cell of T'(£) A S8 8% 2 hence c*A*(u’ . p*j*v) # 0.

If M is smooth then ¢ = 0 and vy, = &. It follows that the KO-numbers n/(M®"*?) for
smooth spin manifolds coincide with those defined in [2].

Also, under the connected sum operation (or, more simply, disjoint union) the collection
of almost smooth spin manifolds is a semi-group. The numbers n’ are additive. That is,

nJ'(MBn-i-Z % N8u+2) — R,J(MBn+2) + TCJ(NSM+2).

From the main theorem of [2], it follows that smooth spin cobordism classes are
detected by the KO characteristic numbers 7', J = (j, *+* ji), k¥ = 0, j; > 1, and by Stiefel-
Whitney numbers w' = w;’* - - - w,”", In dimension 8n + 2, the 7’ and w' span a vector space
over Z,.

LeMMA 3.3.  The relations which hold between the numbers n’ and w' for all 8n + 2
smooth, spin manifolds are generated by (1) the relations w' =0 if w' involves w, or w,,
(2) the Wu relations @ 'a, ®(w's*2-9) = 0 where a, € A," is an element in themod 2 Steenrod
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Algebra, w'+2-4 is g monomial of degree 8n + 2 — q > 0 in the Stiefel-Whitney classes, and
® : H*(BSpin, Z,) 5 H *(M Spin, Z,) is the Thom isomorphism, and (3) the relations n’" :—= Y,
between KO-numbers and S-W numbers, where 4n(J) — 2 = 8n + 2 and ®( Y =1« ;
€ H*""2(M Spin, Z,), where aq,y,-, € H" 2BOLANJ) — 25, Z,) is the generat‘;r. e

8Hl?’oof. .From the' homotopy equivalence 3.0 it is immediate that an element of
H>""*(M Spin, Z,) vanishes on all spin manifolds if and only if it is decomposable over the
Steenrod algebra. Also, the numbers n’, J = (j; -* ji), j; > 1, are independent. Finally, one
_see(s?,)from 3.0 that the only relations between the =’ and w' are generated by those g;ivcn
m )

fozdsl}a:\;it";’w. The relations (1), (2), (3) of Lemma 3.3 hold for almost smooth spin mani-

Proof. Sil’lce wi (M) = w,(M) = 0, the relations (1) hold. The Wu relations (2) hold
for all Poincaré duality spaces. The relations (3) follow by computing the KO-theory and
Z,-cohomology maps in the diagram

m n (Id A c Al
Silem£Buica, CUDIVES, TEE A E0) 2L MSpin(Bin)nBOEmY 221
BO{(8m + 8n + 2) A BO(8m) > BO(16m + 8n + 2).

Ff)r t?ii ;:omp-osition m: SLemt8nt2 _, BO(16m + 8n + 2) is by definition the KO-number
= (M®""%). It is non-zero if and only if the cohomology map

TL'* : Hr16m+8n+2(Bo<16jlﬂ + 8!’! i 2>) sy, H16n1+8n+2(516m+8n+2)
is non-zero. But in cohomology this clearly gives the Stiefel-Whitney number

fJ*(%nm—z)(é) =Y, (5= YJ(MSHH)
since w(vy) = w,(€) by lemma 3.1.

We can now prove Theorem 1.3.

Proof of 1.3. Let £ =0M?®"*2 as above. It follows from Lemma’s 3.3 and 3.4 and
an easy argument with vector spaces that there is a closed, smooth, spin manifold 7.8+2
with the same KO-numbers and S-W numbers as M®"' 2, Then N®"*2 = pM8n+2 g [ 8n+2
satisfies the requirements of Theorem 1.3.

Actuall-y, the number z®(¥®"*2) is not well-defined. This ambiguity in z(®(N8"*2) will
got matter in our application below since an 8z + 2 spin manifold with only 7‘® non-zero
is cobordant to a framed manifold. [2].

R.eca.ll that Brown [4] has defined an invariant y : QF?, — Z, which agrees with the
Kervaire m\iarlant [9] on QF2™s? ) is defined in terms of secondary cohomology operations
and can easily be defined on PL manifolds with w; = w, =

Given Z € b sping,y,, define f(Z) = y(N®*2) e Z, where T = ON®*2 and the KO-
numbeﬁr and S-W numbers of N**? vanish. This gives a well defined homomorphism
fibsping,., = Z,. For, first, the ambiguity in 7'(N®'*2) is not important since

framed spi v H s
an.u — Q12 > Z, is zero [5]. Secondly, if we glue two such N®"*2 together along
their common boundary X, we obtain a smooth spin boundary since all the characteristic

ON THE HOMOTOPY GROUPS OF BPL AND PL/O 1 311

numbers vanish. If £, € bPg, , is non-zero then we may choose X, = ANE*2 where N§"*?
is the 4n-connected, framed , Kervaire manifold. Since Y(NE"*2) = 1, it follows that f splits

the exact sequence
0= bPg,2 =Z, b sping, .,

Theorem 1.2 is a corollary of this and theorem 1.1.
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