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NORMAL MAPS, COVERING SPACES, AND
QUADRATIC FUNCTIONS

G. W. BRUMFIEL AND R.J. MILGRAM

1. Introduction

1.1. Survey of results

In this paper we investigate the relations between normal maps, covering
spaces, and quadratic functions.

If # : M' — M is an m-fold covering and M’, M are closed manifolds, then 7
can be interpreted as a normal map of degree m. Motivated by the theory of
degree 1 normal maps, we are led to study relations between quadratic func-
tions defined on an appropriate cohomology group of M and quadratic func-
tions defined on the corresponding groups for M’. The theory we develop holds
in the generality of coverings 7 : X’ — X of Poincaré duality spaces, and using
the transfer v : H*(X', ZZ/2) — H*(X, ZZ/2) we obtain formulas relating these
associated quadratic functions.

The theory is applied to two types of problems. First we consider coverings
of odd degree. Here 7 is surjective and K = kernel (), which is analogous to a
surgery kernel, inherits a canonical quadratic function g: K — 7ZZ/2. If
X' — X is a principal G-bundle, |G| odd, we prove that the Arf invariant of
(K, g) is x(X) if |G| =3, 5(8) and 0 otherwise, where x(X) is the (mod 2) Euler
characteristic of X.

Second, if X’ — X is a double cover, we construct canonical quadratic func-
tions g : H*(X') — Q/ZZ. If X is 2n dimensional, H*(X') means H(X', 7ZZ/2),
while if X is 4n — 1 dimensional H*(X') is the torsion subgroup,
T*X') C H™(X', ZZ). In the 2n-dimensional case A[H*(X', 7ZZ/2), G] is an ob-
struction to a certain transversality problem for P.D. spaces. In the 4n — 1
dimensional case our results extend the surgery product formulas of [16], [17]
to P.D. spaces.

Since the first version of the present paper appeared, there have been addi-
tional applications.

First [. Hambleton and Milgram [22] have constructed free involutions s on
spaces homotopy equivalent to $* x 2, §2 X §3 with

A[H(S" x §*, 7212, 4] # 0,

and on taking products with CP?" further examples in all even dimen-
sions. In these examples the orbit spaces X = X’/s are thus Poincaré
duality spaces such that the map f: X — RPV: classifying the covering
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7 : X' = X cannot be made transversal to RPY ~ !, In particular X is not the
homotopy type of any manifold. Also [22] shows how, in case the map f can be
made transversal, the Browder-Livesay invariant [23] comes from our quadratic
form.

Secondly, the formulas have applications to the problem of the existence of
framed manifolds of Arf invariant one in dimensions 2! — 2. J. Jones, at Ox-
ford, has claimed that the dihedral group of order 8, D,, acts freely on
N3 = M2 x §7 X §7 X §7 X §7, where M? is the oriented surface of genus 5,
so that N3°/D, is a -manifold. Moreover, with respect to the composition se-
ries D, D K = C, X Cy, D C, D {1} at least one of the manifolds

N*/D,,  N*/K,  N*/C,

admits a framing with Arf invariant 1. Jones’ method is to apply our formula
4.2.1 along with other results, to the sequence of double covers

N3 — N3°/C, - N*/K — N3*'/D,.

Also, Brumfiel has shown that if the Kervaire manifold K* ~ 2 is smooth, then
it admits a fixed point free involution s so that the orbit manifold K/s is also a 7
manifold which admits framings both of Arf invariant 1 and 0.

1.2. Constructing quadratic functions

In 1.4 we summarize the algebraic results on quadratic functions that we
need in the paper. In §2, we recall E. H. Brown’s method [2] of obtaining quad-
ratic functions on H*(X?", 7Z/2) from the suspension

s [X, K(ZZ/2, n)] = {X, K(ZZ/2, n)} = lim [32%X, 2°K(ZZ/2, n)].

Also, we recall from [4] an analogous study of the suspension
s [Y9 K(Q/E’ 2n — 1)] g {Y’ K(Q/E’ 2n — 1)}9

which leads to a construction of quadratic functions on 7?*(Y), Y an oriented
4n — 1 dimensional P.D. space.

In §3 we study normal maps between P.D. spaces. From the definition it is
easy to show how a quadratic function g defined on H*(X, 7ZZ/2) [resp. T?(X)]
induces a quadratic function q' on HYX', ZZ /2) [resp. T?**(X')] for any normal
map 7 : X' — X, of any degree.

The quantity which we emphasize is the function § = gr — q' defined on
HMX', 7ZZ/2) [resp. T*X')], where 7 : H*(X') - H*(X) is the cohomology
map induced by D7 : 39X, — 39X. The function g has the following proper-
ties:

(1) g is independent of g.

@) If # : X'—X is a normal map of odd degree, so that H*(X', 7ZZ/2) =
m*H"(X, 7ZZ/2) & K", where K" = kernel (7) C H"(X',ZZ/2), then G|x» = q'|xn
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is computable as a functional square and 4 is an analogue of the usual quadratic
function defined on a surgery kernel.

(3) If7 : X’ — X has odd degree, then g, ;.. 2 =4~ q'm* : H(X, 7Z/2)
— 7Z/2. Thus formulas for g include the Brown twisting formula [3].

@) If # : X’ — X is a normal map of degree 2, then g : HNX', ZZ/2) — 7Z/2
is actually a quadratic function refining the non-singular pairing

¢(a, b) = (a- Sb,[X']) € ZZ12,

where S = w*r — Id : HY(X', ZZ/2) > H"X', ZZ/2), [resp. G : T*(X') — Q/ZL
is a quadratic refinement of ¢(a, b) = linking (a, Sb) € Q/7ZZ, S = =*r — Id].

In §4, we show how coverings 7 : X’ — X of degree m can be interpreted as
normal maps of degree m in our sense. Then, in some special cases, we give
explicit formulae for the function ¢: H"X',ZZ/2)—> 7ZZ/2 [resp.
G : P(X') = Q/ZZ] discussed above.

Consider a double cover 7 : X' — X of 2n-dimensional P.D. spaces, and let
S : X' — X' be the involution over X. Then §* = w*r — Id : HW(X', 7Z/2)
— H™X', 7Z/2). The pairing ¢(a, b) = (a - 8*b, [X']) € ZL/2 is even, that
is, (a-S8*a,[X'])=0 (mod 2). Specifically, S*a =n*ra —a and
(a - m*ra, [X']) = (ra - 7a, [X]) = (Sq"(ra), [X]) = (7(Sq™(a)), [X]) = (Sq"(a),
[X']) = (a - a, [X"]). (We have used certain properties of the transfer  which
will be discussed in greater detail later.)

Construct a classifying diagram for the double cover .

b R
7| l
X L. RP()

There is then a diagram
XI __Fl_) Soo X X/ X X/
l l
XE, §*x X' X X'

zzrR

where F' = f" X Id X §. If a, is a cocycle on X', then 1 ® a, ® a, is a ZZ/2
equivariant cocycle on S§® X X’ X X', hence represents a class a €
H"‘(S""E>/<2 X' X X', ZZ/2). One of our main formulas (4.2.1) is

4a) = (F¥(a), [X]) € ZZ/2

where a € HY(X', 7ZZ2/2), g = qr — q' as above. On the cochain level we can
write

g(a) = —;— (ay - S*a,, [X']) € Z2)2,
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where a, € C(X', ZZ) is a cochain representative for a € H (X', ZZ/2). (X’
need not be orientable. In this chain formula, an integral chain [X'] is obtained
by first lifting the ZZ/2 fundamental class of X to an integral chain, then using
the double cover 7 : X’ — X to obtain two cells of X’ for each cell of X.)

A second, but more complicated, formula is also obtained for
q: T*X') - Q/ZZ, where X' — X is a double cover of oriented 4n — 1 di-
mensional P.D. spaces. Let u, € C**~ (X', Q) be a rational cochain with
du, =0 (mod ZZ). Then du,, represents a class a € T?"(X') and (4.2.2) implies

qla) = _;T (uy - Séu,, [X']) € Q/7Z.

There is also a cohomological version obtained from a suitable equivariant
class.

Finally, we describe a third example of a formula for g = gr — q'. Let
7 : X' — X be a principal G-bundle, |G| = 2k + 1. As a covering, 7 is a normal
map, and HY (X', ZZ/2) = w*H"(X, 7ZZ/2) © K", since the degree is odd. Now
K" C HYX', ZZ/2) is a module over the quotient ring A = 7ZZ/2(G) / ( z g),

g9€EG

where 7ZZ/2(G) is the group ring. This is because K" = Kernel (1) = Kernel
(m*7) C HYX', 7ZZ/2), and m*r(a) = > g*a where g : X' = X' are the cov-

9EG

ering transformations, g € G. Write G = {1, g; * * - gx, 271" * * * g%'}. Consider

Ma-

ga) = (a - 1 g*a, [X']) € ZZ)2.
i
Then g: K™ — 7ZZ/2 is quadratic over the cup product pairing in K*, and is
independent of how one represents G = {1, g, - - - gx. g7* * * - gkx'}. Notice
that

<a : i g a, [X’]> = < él (gr')*a - a, [X’]>-

i=1
Thus if a € K",

a:

k
2 efat > (git)*a,

1 i=1

Ma

and hence
k
@) = (a3 era. X))
is a “‘coherent”” way of dividing (a - a, [X']) by 2. We prove that this formula

coincides with the § = g7 — q’ of the general theory in this case also.

1.3. Some applications
From the point of view of surgery theory, the important invariant of a qua-
dratic function q: K — Q/7Z is its Arf invariant, A(K, q) € ZZ/8. (See 1.4 for
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definition and properties. If K is a ZZ/2 vector space with an even form, then
A(K, q) € 47Z/8 = ZZ/2 is the classical Arf invariant.) The main applications
of this paper essentially are computations of the Arf invariants of the quadratic
functions ¢ = g7 — q' described above.

For example, consider the case of a principle G-bundle #: X' — X,
G={l,g, " g gi' g}, K*C HYX', ZZ/2) the kernel of the transfer,

k
and §: K" — 72/2 defined by §(a) = <a .S gta, [X’]> € 72/2. Then
i=1

x(X) if |G|=3 or 5 (mod 8)
0 if |Gl=1 or 7 (mod8)

where x(X) is the (mod 2) Euler characteristic of X.

This result is expected for manifolds =: M’ — M. First it is true for the trivial
cover m: M X G — M. Secondly, A(K", q) is a bordism invariant of covers
m: M’ — M. Thirdly, if |G| is odd, then H,(BG, 7Z/2) = 0, hence %, (BG) = 0.
However, our computation of A(K", ¢) for P.D. spaces involved quite a lot of
algebra, including the solvability of groups of odd order and the structure of the
group rings 7ZZ/2(ZZ/P), p an odd prime. Because of their length, these alge-
braic arguments are not included in the paper.

In general, for covers of odd order, 7: X' — X, the Arf invariant A(K", §)
seems quite difficult to compute. In the manifold case there are theoretically
computable cohomology formulae

1.3.2 AK", g) = (VX(M) - f4(K), [M]) € ZZ/2

where M is a manifold and f: M - B &,, classifies the m-fold cover
7. M' - M, m odd. Here, K € H*(B %,,, ZZ/2) is a certain universal charac-
teristic class. In particular, K, = 1 € HB %, ZZ/2) if m =3 or 5 (mod 8),
K,=0if m=1or7(mod8), and K; = O unless j = 2{ — 2, i = 1. Thus 1.3.1
can be interpreted as a special case of 1.3.2 for P.D. spaces X - BG — B %,
|G| = m, G C &y, by a regular representation.

Formula 1.3.2 does not hold for all m-fold covers 7: X’ — X, X a P.D. space,
m odd. We conjecture that the difference of the two sides of 1.3.2 is a certain
Poincaré transversality obstruction. We will discuss this further below.

Next consider a double cover 7r: X' — X of 2n dimensional P.D. spaces. We
have the quadratic function ¢ : H*(X', ZZ/2) - 7Z/2, g(a) = (1/2) (a, - S*a,,
[X']) € ZZ/2, refining the pairing €(a, b) = (a- S*b, [X']) € ZZ/2. If
7: M' — M is a double cover of manifolds, then A(HM', ZZ/2), §) = 0 (see
5.2 for details). Roughly, this is so because if a, and Sa, have disjoint support,
clearly g(a) = 0. Butiff : M — RP(N) classifies the double coverm: M’ — M,
then making f transversal to RP(N — 1) C RP(N) splits M’ into two manifolds
with a common boundary, interchanged by the involution S: M' — M' and
each carrying half the homology of M'. Thus g vanishes on half of a symplectic
basis for the form ¢ and hence A(H*(M', 7ZZ/2), ) = 0.

This result, A(HYM', 7ZZ/2), q) = 0 for double covers of manifolds
m: M' — M, can be interpreted positively in at least two ways. First, if M’ and

1.3.1 A(K™, §) = {
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M are manifolds but 7: M’ — M is only assumed to be a normal map of degree
2, then the quadratic function g = gr — q': HYM', 7ZZ/2) — 7Z/2 is still de-
fined and its Arf invariant A(H*(M', ZZ/2), q) € ZZ/2 can be interpreted as an
obstruction to cobording 7: M’ — M, through normal maps of degree 2, to a
double cover. Secondly, if 7: X’ — X is a double cover, but X’ and X are as-
sumed only to be P.D. spaces, then A(H¥X', ZZ/2), §) € ZZ/2 is an obstruc-
tion (non-trivial by [22]) to making the classifying map f: X — RP(N) of the
double cover transversal to RP(N — 1) C RP(N).

We conjecture that double covers and odd covers are related as follows. An
m-fold cover f: X— B ¥, determines a double cover pfi: X — B %,
— B(%p/Am) = RP(), where ,, C %, is the alternating group. We con-
jecture that if m is odd, then the difference of the two sides of 1.3.2 is exactly
the Arf invariant A(H*(X', ZZ/2), q) € ZZ/2 of the double cover 7: X' — X,
classified by pf. We prove this, in fact, for some (but not all) non-principle triple
covers; note also that 1.3.1 is consistent with this conjecture, since if |G| = m is
odd, G C %,,, then G C «,,, so that associated double cover of a principal G-
bundle is trivial.

Next, consider the case 7: X' — X, a double cover of oriented 4n — 1 di-
mensional P.D. spaces, and §: T*X') — Q/ZZ, the resulting quadratic func-
tion refining the pairing #(a, b) = linking (a, S*b) € Q/ZZ. We use our cochain
formula, g(a) = ¥2 (u,Séu,, [X']) € Q/ZZ, u, € C* ' (X', Q), [du,] = a
€ T?"(X'), to prove a certain delicate product formula for surgery obstruc-
tions, which we now outline in some detail.

Consider 7: X' — X a degree one normal map of ZZ/2 P.D. spaces. A ““ZZ/2
P.D. space’’ is constructed as follows (and should not be confused with ‘‘Poin-
caré duality with ZZ/2 coefficients’’). Let X, be an oriented P.D. space with
boundary, together with an orientation preserving homotopy equivalence from
34X, to two copies of an oriented P.D. space 8X. Gluing the two components of
90X, to 0(6X x I) gives an (unoriented) P.D. space X such that
wi(X) € H\(X, ZZ/2) is the reduction of a class z,(X) € H'(X, ZZ). Namely, the
Poincaré embedding 86X X I C X defines a map z,: (X, 8X) — (S, pt). 8X is
called the Bockstein of X. We assume all normal maps 7: X' — X between
7Z/2 P.D. spaces are maps of pairs 7: (X', 8X') — (X, 8X).

Given such a degree one normal map m: (X', 8X’) = (X, 8X) of 4n-dimen-
sional ZZ/2 P.D. spaces, we define an obstruction s,(7) € ZZ/2 to cobording 7
to a homotopy equivalence of pairs, via a ZZ/2 P.D. cobordism. Specifically,

so(m) = (1/8)(index (Xp) — index (X,) + 20(8X' = 8X)) € ZZ/2

where 6(6X' —=.8X) € ZZ/8 is a difference of Arf invariants. To be more pre-
cise, m: 86X’ — 86X is a degree one normal map of closed, oriented, 4n — 1 di-
mensional P.D. spaces. Any quadratic function g: T?(6X) — Q/ZZ refining the
linking pairing induces a quadratic function q': T?*"(6X') — Q/ZZ. The transfer
7. H(8X', ZZ) — H*(6X, ZZ) induces an orthogonal direct sum splitting
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T(8X') = K>" @ 7*T*(6X)
where K** = kernel (Tlrzn(sxr)) C T*6X'). Then

06X’ =, 8X) = A(K*, q') € 7Z/8.
Since g'7*: T*8X) — Q/ZZ is also a quadratic function on 7?*(8X), we have
003X =~ 8X) = A(T*(8X"), q') — A(T*(8X), q'7¥).

The obstruction s,(w) for normal maps of manifolds =: M' — M plays a key
role in the study of the spaces G/TOP and BTOP, localized at the prime 2, [4],
[16], [17]. In particular, s, satisfies a certain product formula, which enables
one to define canonical 7Z, characteristic classes k,, € H*(G/TOP, 7ZZ,),
which are used to split the ZZ,-localization of G/TOP into a product of Eilen-
berg-MacLane spaces. The most difficult case of this product formula is the
following. Let w: N*~! — M* ~! be a degree one normal map of ZZ/2 P.D.
spaces of dimension 4a — 1 and let L* ** be a ZZ/2 P.D. space of dimension
4b + 1. Consider the product

aXIdi: NXL—->MXL.

Then 7sy : 8N — 8M is a normal map of oriented P.D. spaces of dimension
4a — 2, hence has a Kervaire obstruction A(SN — 8M) € ZZ/2. We claim

133 so(m X Id) = A(BN — 8M) (v,(L)Sq'vn(L), [L]) € ZZ12.

Formula 1.3.3 was proved geometrically for (PL) manifolds in [17] and for
differentiable manifolds in [16]. Most of the machinery necessary for a homo-
topy theoretic proof of 1.3.3 was developed in [16]. We indicate here how the
techniques of this paper can be used to complete a homotopy theoretic proof of
1.3.3, which, in particular, extends the surgery results of [16], [17] to P.D.
spaces.

It is only necessary to establish 1.3.3 in the following special case. Let K*¢ ~ 2
be the Kervaire manifold, obtained by plumbing together two tangent disc bun-
dles of S%¢-! K%-% has an orientation reversing involution
t: K*~2 - K% -2 interchanging the two disc bundles. One can easily find an
orientation reversing involution ¢: §%¢ ~ 2 — §4¢~ 2 and a degree one normal map,
m: K%~ 2% — §% -2 which commutes with ¢.

We thus obtain a normal map of ZZ/2 manifolds of dimension 4a — 1, by
mapping the ‘‘Kervaire Klein bottle’’ K to the ordinary Klein bottle S. That is,
we construct

K=K""2x1/y, 0~ (ty, 1)
S=8"2 I/(x,0) ~ (t&x, 1)
and
=mXx1Id/~: K— 8.
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By the construction ASKZ> 85) = A(K*~2 2> §%-2) =1 € 7ZZ/2.
Let L**+ 1 be any ZZ/2 P.D. space of dimension 4b + 1. Consider = X Id:
Kta-2 x [#+1_5 §1a-1x [#+1 133 reduces to

sy (7 X Id) = (vy 8q* vy, (L), [L]) € ZZ/2.
Moreover, in the formula for s,(7 X Id), the index terms vanish, that is,
0=index (K*~ ' X I X L+ ! = index (S**~2 X I X L& *1).

Thus 1.3.3 reduces to

O(8(K x L) =X §(S x L)) = 4 (vypSqion(L), [L]) € ZZ/8.

Now, the Bocksteins 8(K x L) and 8(S x L) are double covered by K x L
and § X L, respectively, ‘where L is the orientation double cover of L. Specifi-
cally, the involution ¢t X t on K X L, where L = L/t, gives

8K X L)=KXL/txt,
and similarly 8(§ X L) = § X L/t X t. We thus get a diagram

KxXxIL —» SxIL
\ )
SKxL) — &8 x0L)

where the vertical maps are double covers.

Let a € T*(K x L) be in the middle dimensional kernel of T*(K x L)
— T*(S x L). Then r(a) € T*(8(K x L)) is in the middle dimensional kernel of
T*((K X L)) » T*(8(S x L)). A quadratic function g¢q: T*(K x L))
— Q/7Z induces q': T*(K x L) — Q/ZZ. But now our chain formula 4.2.2
enables us to compute G(a) = gr(a) — q’'(a) and the more standard product for-
mulas of [16] compute g'(a) since T*(K X L) is easy to describe. Combining
these results gives a computation of gr(a). This provides precisely enough alge-
braic information to evaluate the difference of Arf invariants ©(8(K X L)
— §(§ x L)) and prove 1.3.3. However, because of the length of the argument,
we restrict our discussion in this paper to this outline.

1.4. Definitions and basic properties of quadratic functions

In this section we collect the algebraic results we need later in the paper. For
the most part we do not give proofs, but refer to the papers [4], [5], [16].

Let K be a finite abelian group, and let ¢: K X K — Q/ZZbe a non-singular,
symmetric, bilinear pairing. Non-singular means that the associated map
K — K* = Hom (K, Q/7Z) is an isomorphism; equivalently, if ¢(x, y) = 0 for
all y, then x = 0.

Definition 1.4.1. A quadratic function refining ¢ is a function q: K — Q/7Z
with the properties:

@ g(x +y) = qx) + q() + €(x,),x,y EK

) q(nx) = n’q(x), n € ZZ, x € K.
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It follows from (a) that g(0) = 0. Also, given (a), condition (b) is equivalent to
either of the conditions

(b") 2q(x) = €(x, x), x € K or

(") q(=x) = q(x), x € K.

Suppose g and g’ are two quadratic functions refining €. Then (a) implies
q' — q: K — Q/ZZis linear, and (b') implies 2(q' — g) = 0. It can be shown
that any non-singular, symmetric pairing, €, on K can indeed be refined to a
quadratic function, q. Any other such quadratic function, ¢’, thus has the form

q'(x) = gq(x) + €(x, y)

for some y € K with2y = 0. We denote by g, this perturbation of ¢ by y € K.
Let g: K — Q/7ZZ and q': K' = Q/ZZ be two quadratic functions, refining
pairings ¢ and ¢’ respectively. Define q® q' : KD K' — Q/7ZZ by
qDq'(x, x') = qlx) + q'(x’) and define —q: K - Q/ZZ by (—q)(x) = —q(x),
for x € K, x’ € K'. Then g @ ¢’ refines the direct sum pairing € @ ¢’ on
K @ K' and —gq refines the pairing —¢ on K.
Given a quadratic function q: K — Q/7Z, consider the complex number

alK, q) = Z e?mia@ e C,

r €K

The following is elementary. [4].

ProposiTiON 1.4.2. (a) a(K, —¢q) = a(K, q), (" denotes the complex con-
jugate.)
®) a(KDK',qDPq)=alkK,q) -alkK,q')
() a(K, q) = a(K, q,) * ™1 (y € K and 2y = 0).

It is, in fact, a theorem that arg(a(K, g)) is always an eighth root of unity,
[16], and (see 1.4.6 below) that |la(K, q|| = [K|1/2, where K| is the order of the
finite abelian group K. We thus define A(K, q) € ZZ/8 by the equation

1.4.3 a(K, q) = K| AK.Omile
We call A(K, q) € ZZ/8 the Arf invariant of q.

Let g : K — Q/7ZZbe a quadratic function refining ¢ : K X K — Q/7ZZ and
leti : L — K be a homomorphism of finite abelian groups. Then i has an adjoint

i*: K— L* = Hom(L, Q/7Z), defined by (i*(y), x) = €(y, i(x)) for x € L,
y € K. Suppose that in the sequence

1.4.4. L KB L*

we have i* o | = 0; equivalently, €(i(x), i(x")) = 0 for all x, x’ € L. Then ¢ in-
duces a non-singular, symmetric, bilinear pairing ¢ : K X K — Q/ZZ, where
K = Kernel(i*)/Image(i) is the homology group of the sequence 1.4.4. Namely,
if z, z/ € Kernel(i*), set

¢z + i(L), z' + i(L)) = €(z,z') € Q/ZZ.
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Moreover, g i: L — Q/ZZis linear and 2q i = 0. Thus there is a unique
element y* € L* of order 2 defined by (y*, x) = gi(x), x € L. If x € Kernel(i)
then (y*, x) = 0. It follows by considering the dual sequences 0 — Ker-
nel() > L -» K and K = K* —» L* - (Kernel(i))* — 0 that y* = i*(y) for
some y € K. The following is proved in [5].

PrROPOSITION 1.4.5. (a) y € K may be chosen such that 2y € Image(L)
() G, : K — Q/ZZ defined by G,z) = q(z) — €(z, y) € Q/ZZ. z € Ker-
nel(i*), is a quadratic function refining € : K X K — Q/7Z.

| K| vz )
© alK, @ = (ITI) a(K, 4,) e € C.

Remark_1.4.6. IfL CK, |L| = |K|”2 and qL =0 then in the situation above
we have K = 0, y = 0, and 1.4.5(c) states a(K, q) = |K|1’2. For example, if
q : K — Q/7ZZis any quadratic function, form ¢ ® —q: K ® K — Q/7ZZ. Let
L= AK ={x, x)}x €K} CK® K.Byl4.2and 1.4.5,|a(K, q)|* = a(K ® K,
q® —q) = |K D K|'"” = |K|.

There are various simplifications of the theory above if the group K is a
vector space over ZZ/2, that is, if 2x = 0, all x € K. In fact, in the context of
the Arf invariant, this was the case first investigated, particularly by E. H.
Brown, Jr., [2], [3].

First, 2¢(x, y) = 0 all x, y € K and, secondly, 4¢(x) = 0, all x € K. Here ¢
: K X K — Q/7ZZis a bilinear pairing and g : K — Q/7ZZis a quadratic refine-
ment. In fact, condition 1.4.1(a), g(x + y) = q(x) + q(y) + €(x, y) implies
0 = gq(2x) = 2q(x) + ¢(x, x). Hence condition 1.4.1(b) is redundant if 2K = 0.

Brown’s notation is somewhat different from ours. He writes g : K — 7ZZ/4
instead of q : K — Q/7ZZ. (That is, he multiplies by 4). If ¢ : K X K — 7ZZ/2 is
the bilinear pairing, the quadratic condition 1.4.1(a) is written
qlx +y) = qlx) + q) + 2¢(x, y) € ZL/A.

Let v € K be the Wu class of the pairing ¢; that is €(v, x) = €(x, x) for all
x € K. Then 2qg = 0 if and only if v = 0.

If v=0, we will write £: K X K— 7Z/2, q: K— 7ZZ/2, rather than
q : K — Q/7Z. (That is, we multiply by 2.) Our notation then agrees with the
classical notation. In this case (K,¢) has a symplectic basis
{1+« xp, y1 v+ * yu}. That is, €(x;, xj) =0, ¢(vi, y;) = 0, €(x;, y]) = §;;. Thus
(K, ¢) splits as an orthogonal direct sum,

K = é {xis it

i=1

Ifg : K — 7ZZ/2is a quadratic refinement of ¢, we have from 1.4.2 and 1.4.3,
n
1.4.7. AKK, q) =4 > qx)q(y) € ZZ/8.
i=1

2. Quadratic functions on the cohomology of P.D. spaces
2.1. 7ZZ/2 coefficients
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The idea of using results from stable homotopy theory to define quadratic
functions on the cohomology of P.D. spaces is due to E. H. Brown, Jr. [2]. We
first outline his approach to studying quadratic functions H*(X*", ZZ/2) — 7Z/4
refining the cup product pairing, where X** is a 2n dimensional space satisfying
Poincaré duality with ZZ/2 coefficients.

Let K(ZZ/2,n) be the Eilenberg-MacLane space. Then H"(X, 7ZZ/2)
= [X, K(ZZ/2, n)]. We consider the suspension map

s:[X, K(ZZ/2, n)] = {X, K(ZZ/2, n)} = lim [3eX?*, 39K(ZZ/2, n)].

The following is proved in [2].

ProposiTION 2.1.1. (a) {S*, K(ZZ/2, n)} =7Z[2. A map f: S?*2" —
29K(ZZ12, n) is essential if and only if the functional operation Sq®** *(3%,) is
non-zero in the group

72)2 = Ho+om+ 1(2“K(E/2, n) U esto+ 1 SaK(ZZ)2, ), 22/2)
r

C Heten+ 1(2:1[((2/2, n) U eatmt 1 Z/Z).
f

(b) If X*" is a connected 2n dimensional P.D. space, there is an exact se-
quence

0— 7Z/2 ={X*, K(ZZ/2, n)} &% HY(X?*", 7ZZ/2) — 0,
where
i* {8, K(ZZ/2, n)} = ZZ/2 — {X*", K(ZZ/2, n)}
is induced by a degree one map X*" — § and ev(Ci,)() = f*E%,) €
HervZaxen 77/2) = HYX*, 72/2), f : 3X** — 39K(ZZ/2, n).

(c) The suspension s = HYX*", ZZ12)— {X*", K(ZZ12, n)} satisfies
ev(Ze,) (s) = x and s(x+y) = skx) + s@) +i*x-y, [X*]) € {X*,
K(ZZ12, n)}, x,y € HYX, 7Z/2).

It follows easily from 2.1.1 that quadratic functions g : H*(X**, 7ZZ/2)
— 7Z/4 refining the cup product pairing correspond bijectively with linear

functions ¢ : {X?*, K(ZZ/2, n)} — ZZ/4 which satisfy - i* = 2 : ZZ/2 — 7Z/4.
The correspondence is defined by g = o s.

2.2. Q/7ZZ coefficients

We next consider oriented P.D. spaces of dimension 4n — 1, X*"~ 1, Let
T?(X) denote the torsion subgroup of H?**(X, ZZ). The coefficient sequence
0—> 7L - Q— Q/7ZZ — 0 yields a natural isomorphism

B : H**~ (X, Q/7Z)/Image(H*" ~ Y(X, Q)) = T*X) C H*(X, 7Z).



674 G. W. BRUMFIEL AND R. J. MILGRAM

Moreover, the linking pairing is identified with the pairing

€(x,y) = (x - By, [X])€ Q/ZL.

Here, x, y € H>»~ (X, Q/7Z) and the product x - By corresponds to the pair-
ing /72 ® 7Z — Q/7Z of coefficient groups.
We seek quadratic functions T?*(X) — Q/ZZ refining ¢. Let

s H™~\(X, Q/77) = [X, K(Q/ZZ, 2n — 1)] = {X, K(Q/ZZ, 2n — 1)}
denote suspension. The following analogue of 2.1.1 is proved in [4].

PROPOSITION 2.2.1. (a) {§*~ 1, K(Q/ZZ, 2n — 1)} = Q/ZZ. This identifi-
cation can be chosen such that if f: 8774~ 1 — 39K(Q/7ZZ, 2n — 1) repre-
sents o € Q/7Z, then 2o = (f*E% - Bv), (ST~ 1]) € Q/ZL. Here
€ i~ Y(K(Q/ZZ,2n — 1), Q/7Z) is the fundamental class and
L+ B € H™ - (K(Q/ZZ, 2n — 1), Q/7Z).

(b) If X*"~1is an oriented, connected, P.D. space of dimension 4n — 1then
there is an exact sequence

0— Q/7Z . {Xx*~1, K(Q/ZZ, 2n — 1)} &2, {?n~ \(X, Q/7Z) — 0.
Here i* is induced by a degree one map X**~!' — S§**~ ! and
ev(Z)(f) = f*Ew) € HY 13X L, Q/72) = H~ N X" 1, Q/7Z)

where f: 39X*"~ 1 — 3K(Q/7ZZ, 2n — 1).
(c) The suspension s :H*™~ X, Q/7Z) — {X, K(Q/ZZ, 2n — 1)} satisfies
ev(2)(s(y) =y € H**~ "X, Q/ZZ) and

s(x +y) = s(x) + s@) + i*x - By, [X** 1))
€ {X, K(Q/ZZ,2n — 1)}, x,y € H*~ X, Q/7Z).

It follows from 2.2.1 that quadratic functions g : T>(X) — Q/ZZrefining the
linking pairing ¢, correspond to linear functions ¢ = {X, K(Q/ZZ, 2n — 1)}
— Q/7ZZ which satisfy the three conditions o i* =1Id: Q/7ZZ — Q/7Z,
2¢ = ev(Z(t - Bv), and Y(Image({X, K(Q, 2n — 1)} = {X, K(Q/ZZ, 2n — 1)}))
= 0. The correspondence is defined by g = ¢ © s, together with the identifica-
tion of T2*(X) with H?" -~ Y(X, Q/7Z)/Image(H*" ~ (X, Q)). (It is also proved in
[4] that such linear ¢ exist.)

3. Normal maps
3.1 Definitions
Let 0S° = lim Q%59 and let © € S? be the basepoint. If X is a space, a

qQ— ©
map ¢: X — Q957 has an adjoint X X (§9, ®) = X X (§%, »); equivalently, we
regard the adjoint of ¢ as a map Ad(p): 32X, — 29X, where X, is the union of
X with a disjoint point. In particular, 7(QS°) = ZZ, and, if X is connected, a
map ¢: X = QS° has a degree, which can be computed as the degree of
Ad(¢)|se: §7— 89, where §C 34X, is the natural inclusion.
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Remark 3.1.1. For later use we point out that there is an obvious suspen-
sion isomorphism, (with any coefficients) 3% HYX) = H**{(3X,),i = 0,
which is essentially cup product with the generator of H4(S¢, 7ZZ). It follows that
the map (Ad(¢))* : H*(3X,) — H*(29X,) is multiplication by degree (p) € ZZ.

Let X' and X be n-dimensional P.D. spaces. The usual definition of a normal
map from X’ to X is a diagram

vy 3 vy

N 2

X 3 X
where v$ and v§ are the Spivak normal spherical fibrations of X’ and X, and
#: v§ — v is a bundle map covering 7r: X' — X. §-duality Theory yields maps
39X, — 29X/, dual to the map of Thom spaces Tm: Tv$ — Tvg. However,
duality depends on choices of degree one maps $?+"* — Trg and $S?* " - Tv$;
there is no canonical way to obtain 39X, — 39X/ from #: v$ — v§.

In the covering space situations studied in this paper, we arrive very natural-
ly at triples of maps 7: X' » X, Dm: 39X, — 29X/, ¢: X — QS°, related in
various ways. It thus seems more natural just to define normal maps in terms of
this data, and to suppress v$§ — v§ altogether.

We thus make the following definition. X’ and X are P.D. spaces of dimen-
sion n, both oriented or both unoriented. We have fundamental classes
[X'] € H,(X"), [X] € H,(X), with ZZor ZZ/2 coefficients, depending on orient-
ability. We assume X is connected, but not necessarily X'.

Definition 3.1.2. A normal map from X' to X consists of a triple of maps
m X' = X, Dm: 39X, — 39X/, ¢: X = QS° such that

(@) (Dm), 2X] = 2X'] € H, 4 o(29XY),

(b) The composition Z%r o D7: 32X, — 32X/ — 39X, is homotopic to
Ad(p): 39X, — 39X,,

(c) Let 7= S Y(Dm)*3 : H¥*(X') » H'+ *(QX/)) - HI* *(3X,) —>
H*(X). Then for all a € H¥X'), b € H¥*(X), we require (a - 7*b)
= ra -+ b € H*(X), whenever the coefficients are such that these products are
defined.

We refer to the map 7: H*(X') —» H*(X) of (c) as the transfer map of the
normal map (w, D, ¢).

Remark 3.1.3. It follows from 3.1.1 and 3.1.2(a), (b) that on the bottom
cell, the degree of Dmr: 39X, — 39X/ is equal to degree (¢), and that on the top
cell m: X' — X has degree equal to degree (¢), that is, 7, [X'] = degree (¢)[X].
(This last statement is interpreted modulo 2 if X’ and X are unoriented.)

3.2 Quadratic functions and normal maps

We begin this subsection with a reminder that in §2 we outlined a homotopy
theoretic construction of quadratic functions H™(X?*", 7Z/2) — 7Z/4 or
T*"(X*" ~ 1) - Q/ZZ for connected P.D. spaces X. The connectedness assump-

tion is no real restriction. f X = U X;, then each X; is a P.D. space. A

components
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function q: HY(X*", 7ZZ/2) — 7Z/4 is quadratic over the cup product pairing if
the restrictions to the components g;: HY(X?*, ZZ/2) — 7Z/4 are quadratic. A
similar statement holds in the 4n — 1 dimensional, oriented case.

Suppose X’ and X are (unoriented) P.D. spaces of dimension 2n. Let
m X' = X, Dm: 39X, — 39X/, ¢: X - QS° be a normal map. Suppose given
a linear homomorphism ¢ {X*", K(ZZ/2, n)} - ZZ/4 such that
Pi*(1) = 2 € ZZ/4, where i*: 7ZZ/2 = {§?", K(ZZ/2, n)} — {X?*, K(ZZ/2, n)} is
as in 2.1.1(b). Then for each component X; of X', the composition
¢ = Yo (Dm)* : {X;, K(ZZ/2, n)} = {X, K(ZZ/2, n)} — ZZ/4 is also linear and
satisfies ¢'i*(1) = 2, since, by 3.1.2(a), (D7), 29(X] = U 291X;].

components

We thus see that a choice of a quadratic function q: H*X, ZZ/2) — 7Z/4 de-
termines a quadratic function gq': HYX', ZZ/2) — ZZ/4. Namely, if
q=yos:[X,K(ZZ/2, n)] > {X, K(ZZ/2, n)} —> ZZ/4, then g’ =1 os:
[X:, K(ZZ/2, n)] = {X;, K(ZZ/2, n)} = ZZ/4 on each component X; of X'.

If X and X are oriented P.D. spaces of dimension 4n — 1 and
¥ {X, K(Q/ZZ, 2n — 1)} - Q/ZZis a linear function which satisfies the three
conditions stated at the end of 2.2, then an argument just like that above gives
that for each component X; of X', ' = ¢o (Dm)* : {X;, K(Q/ZZ, 2n — 1)}
— {X, K(Q/ZZ, 2n — 1)} > Q/7ZZ, also satisfies these three conditions.
Thus, a choice of a quadratic function q: T*X) — Q/ZZ refining the
linking pairing induces a quadratic function q': T*(X') — Q/ZZ.

In the following two subsections we will study these induced quadratic func-
tions, first, for normal maps X’ — X of odd degree with X’ and X 2n dimen-
sional, unoriented P.D. spaces, and secondly, for normal maps of degree two,
in both the unoriented case and the 4n — 1 dimensional, oriented case.

3.3 Normal maps of odd degree

Let7: X' = X, Dm: 39X, — 39X/, ¢: X — QS° be a normal map of odd de-
gree, where X’ and X are 2n-dimensional P.D. spaces with ZZ/2 coefficients.
Since 2% o D ~ Ad(p), we see from 3.1.1 that the composition

HO* (30X, Z2/2) S, o+ (S9K{, Z2/2) 0 ot (39X, ZZ/2)

is the identity. Thus H*(X', ZZ/2) = K* © n*H*(X, ZZ/2), where K* =
Kernel (7) C H¥*(X', 7ZZ/2), 7 : H*(X', 7ZZ/2) — H*(X, ZZ/2), the transfer.
Moreover, if a € K!, b € H*~ X, 7ZZ/2), then by 3.1.2(a), (c),

(a : W*(b)’ [X,]> = <’T((l - w*(b), [X]>
— (ra - b, [X]) = 0.

Thus the direct sum splitting H*(X', 7ZZ/2) = K* @ w*H*(X, ZZ/2) is an ortho-
gonal splitting for the cup pairing on H*(X’, 7ZZ/2).

We have seen in 3.2 that a quadratic function q: H*(X, ZZ/2) — 7ZZ/4 induces
a quadratic function q': HYX', 7ZZ/2) — ZZ/4. q' will be described if we can
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describe the restrictions of ¢’ to K® C HYX', 7ZZ/2) and to w*H™X, 7ZZ/2)
C HYX', 7Z/2).
Note that if a € K, then in the composition
39X, 2r,39X ] S@, SIK(72/2, n)

we have (Dm)*s(a)*(%%,) = 0. Thus the functional operation Sq7} !, (3%,) is
defined and has its value in the subgroup

7Z/2= Hi* "+ (39K(7ZZ/2, n) U Cone(ZX,), 3K(ZZ/2, n); 7ZZ/2)

S(a) o D

C Het ™+ Y39K(ZZ/2,n) U  Cone(2X,), 7Z/2),
S(a) o D7
with zero indeterminancy, (since Sqg"*'=0: H"~'(X,ZZ/2) - H>*
X, 72/2)).

ProposiTioN 3.3.1. If a € K" C HYX', ZZ/2), then q'(a) =Sq’} ! ), (3%y)
€ 7)2.

Proof. This is immediate from the definition of ¢’ in 3.2 together with Prop.
2.1.1.

Next, observe that the degree one component of QS is the space SG. There
is the natural map 3SG — BSG, hence there are ‘‘suspended Wu classes’’
o(v;) € H - Y(SG, 7ZZ/2). We will extend these characteristic classes to arbi-
trary maps of odd degree, ¢: X — QS°.

Begin with Ad(p): X X (89, ©) - X X (89 »). Form the mapping torous
M, =X X §* X I/(x,y, 0) =(Ad(¢)(x, ¥), 1), which is the analogue of a Hu-
rewicz S%fibration with a section, X X o X S§! over X x S'. Finally collapse
XX STX0UX XX S'C Mp to a point, obtaining a space Teo. If de-
gree(p) = 1, Ty is the Thom space of a spherical fibration over 3'X,. Since
degree (¢) is odd, HYTe, 7ZZ/2) = 7Z/2, with a generator U, and for i = 1,
there are isomorphisms

Hi~ (X, ZZ/2)> H'(S'X,, 72/2) 5> H* Ty, 7212)

where ® is cup product with U. Define ¢*o(v;) € H' ~ (X, ZZ/2) by the for-
mula ¢*a(v;) = 27O 1S¢H(U).

Remark 3.3.2. If degree (¢) = n, n odd, it is easy to see that there is a map
S? U e?*!— Ty inducing isomorphisms in ZZ/2 cohomology in dimensions

n-—1

q and g + 1. It follows that

1 € HYX, 7Z2/2) = 7ZZ/2 if degree (¢) = 3(mod 4)

<p*0'(vl) = [ .
0 € H'X, ZZ/2) = 7ZZ/2 if degree (p) = 1(mod 4).
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We now return to the computation of the quadratic function ¢’ restricted to
m*HYX, 7ZZ/2) C HYX', ZZ/2).

ProrosiTioN 3.3.3. If b € HYX, 7ZZ/2), then
q'm((b) = q(b) + 2(b -V(X)e*(aV), [X]) € ZZ/4,

where ¢*(aV) = > ¢*o(v) € H¥X, ZZ/2), and V(X) = > vy(X) is the Wu
i=1 i=0
class of the P.D. space X.

This result is proved in [4] for maps ¢ : X — QS° of degree one and is due to
E. H. Brown, Jr. The general odd degree case is proved by an identical argu-
ment, if one makes use of the space Ty and the definition of ¢*o(v;) given
above.

Remark 3.3.4. Note that if a € K", q'(a) € ZZ/2. An explicit formula is
given in 3.3.1. Thus the quadratic function g’ : K®* — ZZ/2 has an Arf invariant
A(K", q') € 472/8 C 7Z/8. A(K", q') is called the Kervaire obstruction of the
normal map 7 : X' — X of odd degree; we occasionally denote it by
AX' =, X) € 7Z)2.

Suppose now that 7, : X' = X, Dmy: 29X, — 39X/, ¢, : X — 0S° and
m X" = X', Dy 39X{ = 29X/, ¢, : X' — QS° are normal maps of odd de-
gree n, and n, respectively. We consider the compositions 7 = @gmr, : X" > X
and Dm = D7, Dm, : 29X, — 29X/. One presumes that the maps =, D are
part of the structure of a normal map from X" to X, of degree n = n, * n,. In any
case, properties 3.1.2(a) and (c) are easily verified, and this is all one needs to
establish an orthogonal decomposition with respect to cup product,

H*X", 7Z/2) = K% ® m{H*(X', ZL/2)
= K7 ® #i{(K% @ mtH*(X, Z2/2))
= K* ® m*H*(X, ZZ/2),

where K C H*(X", ZZ12), KfC H*(X', ZZ2), and K* = K{® 7K} C
H* (X", ZZ/2) are the kernels of the transfer maps 7,, 7, and 7 associated to
(my, Dmry), (7o, Dmy) and (&, D), respectively.

Moreover, a quadratic function q: H*(X, ZZ/2) — 7ZZ/4 induces a quadratic
function ¢': HYX', 7ZZ/2) — ZZ/4 which, in turn, induces ¢': H*X", 7Z/2)
— 7Z/4. By an elementary naturality property of functional squares and
3.3.1, we have if a € K* C K* C HYX", ZZ/2), then

3.3.5. q"(a) = Sqiadin, E%) = Sq5dDmpm, B%) € ZZ2/2.
By 3.3.3, if b € K3 C H(X', ZZ/2), then
3.3.6. q'@th) = q'(b) + (b - VX )i(aV), [X']) € ZZ/2.

(Note ¢q'(b) € 7ZZ/2 C 7ZZ/4, so we forget the factor 2 on the second term in
3.3.3)
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Now, the element y = (V(X') - ¢%(cV)), € HYX', ZZ/2) has components in
K% and wgH™(X, ZZ/2). Specifically, y = yx, + yx € K} + wH"(X, ZZ/2)
= HYX', ZZI2), where yx, = (%7, — Id)y and yx = w¥r,y. Since b € K}, we
have (by, [X']) = (b - (w7, — Id)y, [X']). Also since V(X') = m}V(X), 3.1.2(c)
implies yx, = (n§ 7 — Id) (V(X') - & (0V)y = (VX') + (7§ 70 — 1d)%; oV))y
Finally, since K* = K? ® #%K% C HYX", ZZ/2), we have from 3.3.5, 3.3.6,
and 1.4.2(c) a formula for the Arf invariant A(K", ¢q").

337 AX"IZ0T X) = AX" LX) + AX' IS X) + 4¢'(yx) € ZZ/8

where yz, = (V(X') - (w§ 7o — Id) ¢} (0V)), €Kt C HYX', ZZ/2) and
q'Ok) = Sq5ay) - omy E\n) € ZZ/2.

Remark 3.3.8. We have assumed ¢, : X’ — QS° has a degree, n,. This
means each component of X’ maps to Q, S° by ¢;, which guarantees that
(%70 — Id)p*%(cV,) = 0 € K C HYX', ZZ/2), even if X’ is not connected. As
a consequence,

(m§Te — 1d) ¢f(aV) = (w§7, — 1d) ( Z <p1(0'V,)) € H*X', ZZ/2).

In particular, if ¢, : X' — QS° factors through a space with vanishing
reduced ZZ/2 cohomology (for example, ¢, : X' — B(ZZ/p) — QS°, where
B(ZZ/p) is the classifying space of ZZ/p, p an odd prime), then the error term in
3.3.7 drops out. That is, for such a ¢,, AX" % X) = A(X" "% X') +
AX 2 X).

Remark 3.3.9. To make 7 : X" = X, Dw : 3%, — 39X/ into a normal
map, where w = wym; and Dw = DwDm,, we need an appropriate map
¢ : X — QS° constructed from ¢, : X — 0S° and ¢, : X' — 0S°. The map
Dmy : 29X, — 39X has an adjoint Ad(Dm) : X —» QX C 0X,. SinceQ is
a functor and since there is a natural map « : QQ0S8° — QS°, we can consider

X Ad(Dm ) QX4£ Qv QQSO‘LQSO

(a: QOS° — 05°is Q93907345 = Q(Z1N0)32 (S9)] — Q[3(S%].) We assert
(w, D, ¢) is a normal map in the sense of 3.1.2 where ¢ = a ° Qp, ° Ad(Dm,).
This is just a diagram chase with X and () functors and adjoint maps. We never
really need this fact, so we don’t prove it.

3.4 Normal maps of degree two
Let 7 : X' > X, Dr : 29X, - 39X/, ¢ : X —> QS°, be a normal map of de-
gree two. We define S : H*(X') - H*(X') (for any coefficients) by

Sa = w*ra — a, a € H¥X'),
where 7 : H*(X') - H*(X) is the transfer.

LeMMA 3.4.1. (a) S%a = a, a € H¥(X'), hence S is an involution.
(b) S7*b = w*b, b € H*(X).
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Proof. (a) S?%a = w*ro*ra — w¥*ra — w¥*ra + a
= 7*Q2ra) — w¥*(ra) — w¥(ra) + a
= a,
since rr* : H*(X) - H*(X) is multiplication by 2, by 3.1.1.

(b) S7*b = w¥*ra*b — w*b = w*(2b) — w*(b) = w*(b).

Remark 3.4.2. As will be apparent in §4, what we have in mind here are
double covers, m : X' - X. If § : X’ — X' is the involution with X = X'/S,
then it will turn out that the map S defined above is simply
S* : H*(X') -» H*(X'). This is the <case because our transfer
7 : H*(X') —» H*(X) will agree with the classical transfer for covering spaces,
which satisfies w*ra = a + S*a, a € H¥*(X'), if X’ > X = X'/S, is a double
cover.

LEMMA 3.4.2. (a) Let X', X be 2n—dimen_sional P.D. spaces with 7Z/2-
coefficients. Then the bilinear pairing ¢ : HY X', 7Z/2) ® H*X', 7Z/2)
— 77/2

l(ay, ay) = (a, + Sas, [X']) € ZZ/2

is non-singular, symmetric, and even (¢(a, a) = 0).

(b) Ler X', X be 4n — 1dimensional, oriented P.D. spaces. Then the bilinear
pairing € : T™(X')  T™X') - Q/7ZZ

4(ay, ay) = ¢'(ay, Sa,) € Q/7Z

is non-singular and symmetric, where €' is the standard linking pairing on
T*™(X').

Proof. (a) ¢ is non-singular since $ is an isomorphism. € is symmetric be-
cause

¢(ay, az) = (a; * Say, [X'])

= (a, (m*1a, — ay), [X']>

= <’T(al - Trra,), [ﬂ> - <ala2’ [X’]>

= (ra, - 1@y, [X]) — (a, * a5, [X']).
¢ is even because a2 = a - v,(X') = a 7 v,(X) = 1(a + TV, (X)) = 7a - V,(X)
= (ra)?. The proof of (b) is almost the same.

We now consider quadratic functions. We have two cases, X', X unoriented,

2n-dimensional and X', X oriented, 4n — 1 dimensional. In either case g will

denote a quadratic function on an appropriate cohomology group of X, and g’
will be the induced quadratic function on the cohomology of X’.

ProrosiTION 3.4.3. (a) If X' and X are 2n-dimensional P.D. spaces with
7L/2 coefficients, then the function q: HWX',ZZ/2) — ZL/4 defined by
gla) = q(ra) — q'(a), a € HNX', ZZ/2) is quadratic over the pairing €.
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(b) If X' and X are 4n — 1dimensional, oriented P.D. spaces, then the func-
tion q : T*"(X') — Q/ZLdefined by 4(a) = q(ra) — q'(a), a € T*"(X") is quad-
ratic over the pairing €.

Proof. (b) gla, + a,)

q(ra, + 7a,) — q'(a; + a,)

q(ray) + g(ra,) + €(ra, * Tay)
= q'(a)) = q'(az) — €'(ay, ap)
= g(a,) + g(ay) + ¢'(ay, Say)
= g(ay) + q(as) + Z(ala as).
q(n(ra)) = q'(na)

Also, g(na)
= n’q(ra) — n’q'(a)
= n2q(a).

(The proof of (a) is included in this argument.)

Remark 3.4.4. In case (a), since ¢ : H'(X', 7ZZ/2) ® H"(X', 7ZZ/2) — 722
is an even pairing, we have 2g =0.

3.5. The function g associated to a quadratic function

We continue with our study of a normal map 7 : X’ — X of P.D. spaces.
Thus a quadratic function ¢ : H*(X) - Q/ZZ will induce a quadratic function
q' : HY(X') > Q/ZZ, using the results above. (Cohomology will be either
H“(X, 7ZZ/2) or T*X), depending on whether X is 2n dimensional, unoriented,
or 4n — 1 dimensional, oriented.) There is also the function
q: H¥*(X') » Q/ZZ defined by G = g7 — q', 7 : H*(X') - H*(X) the transfer.

Recall that q: H¥(X) - Q/7ZZ and q' : H*(X') —» Q/7ZZ are defined by
qg=1yosand g = o (Dm*es, where § : {X, K} > Q/ZZis a suitable linear
map and s is suspension (K is an Eilenberg-MacLane space K(ZZ/2, n) or
K(Q/7Z, 2n — 1).) If a € H*X') then g(a) = qr(a) — q'(a) is computed in
terms of a non-commutative diagram

Jix, D, Jax!
3.5.1. stra) | «s(a)
39K

Namely, g(a) = g7(a) — q'(a) = U(s(ra) — s(a)Dm) € Q/ZL.
Now, the rectangle in the diagram below does commute
3, 27, 3ex/
3.5.2. stta) | s@ | 2%)
P
3K 2, K(g)

where QK (q) = K, that is, K(q) = K(ZZ/2, q + n) or K(Q/ZZ, q + 2n — 1).
Applying the functor Q2 to 3.5.2 gives
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Ad(Dm) !
X+ _— QX+

/| e/]

K- ok . g

where the rectangle and left-hand triangle commute, but not the center triangle.
(f Y is a space, QY means lim Q939Y.)

qQ—> ®©

The space QK is homotopy equivalent to J X K, by the mapj X i:J X K
— QJ, where (J, j) is the fibre of )3 : QK — K. Now J is highly connected.
Specifically, if K = K(ZZ/2, n), J = J(ZZ/2, n) is 2n — 1 connected and
o)) = Z2/2. f K = K(Q/ZZ,2n — 1), J = J(Q/ZZ, 2n — 1) is 4n — 2 con-
nected and 4, _ (J) = Q/ZZ. (See Propositions 2.1.1 and 2.2.1).

If a € H*(X'"), then s(ra) — s(a) e D7 € {X, K} corresponds under Ad to
iecTa — Qa° Ad(Dm) € [X, QK]. Under the homotopy equivalencej X i : J X
K — QK, the elements i ° Ta and Qa ° Ad(Dw) € [X, QK] have the same K-
component; namely ra € H*(X). To compute g(a) = ¥(i e rTa — Qa o Ad(Dw)),
we need to compute the J-component of i c 7a — Qa ° Ad(D).

Let us choose appropriate ‘‘fundamental classes’’ k € H**(J(ZZ/2, n), 7ZZ/2)
and k € H*"~\(J(Q/ZZ, 2n — 1), Q/ZZ). In the Q/ZZ case, k depends on a
choice of isomorphism w4, _ (J(Q/ZZ, 2n — 1)) = Q/ZZ. Since j X i:J X
K— QK is a homotopy equivalence, there are unique classes
x € H*™(QK(ZZ/2, n), 7ZZ/2) and k € H*"~ (QK(Q/ZZ, 2n — 1), Q/7ZZ) with
J*¥(k) = k and i*(x) = 0. The J-component of any map f : X — QK is then given
by ev(k)(f) = (f*(x), [X]) € ZZ/2 or Q/7L.

To obtain more precise formulas, we quote some results from [15], where a
specific model of QK is studied. There is the Dyer-Lashof map

P:8° X KX K— QK
/2

which is trivial on P = §° X (* X *).
Z2

ProrosiTiON 3.5.3. [15] @ :8° X K X K/P*— QK is a homotopy

z2
equivalence through (almost) three times the connectivity of QK.

The significance of 3.5.3 for our purposes is that we can compute a cochain
representative for P*(x) € H*(S* X K x K), where k € H*(QK) is the fun-

Z2
damental class above which detects the first unstable homotopy group, that is,
either 7,,(QK(ZZ/2, n)) = ZZ/2 or 74, - (QK(Q/ZZ, 2n — 1)) = Q/7ZZ. Name-

ly, consider the double cover 7 : §° X K X K — §° x K X K. Then also in
z/2

[15], the homology classes of
S — QK(7ZZ/2, n) or S*~1'— QK(Q/ZZ,2n — 1)
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are characterized in terms of the homology map @,m, : H,(S* X K X K)
— H,(QK). The result is the following.

PrROPOSITION 3.5.4. Consider 9w :8° X K X K— QK, k&€ H*QK).
Then if K = K(ZZ/2, n), k € H*(QK, 7ZZ/2) is the unique class with

T*P*(k) = 1 Q ¢, ® 1, € HS* X K X K, 7ZZ/2).
If K = K(Q/ZZ, 2n — 1) then k € H*" ~Y(QK,Q/7Z) is the unique class with
T*D () = 1 @ 13— 1 @ Btgn -1 € H"~Y(§* X K X K, Q/77)

Remark 3.5.5 (a). The composition @7 : S X K X K— QK is up to
homotopy. The multiplication of two copies of i(K) in the H-space QK. That is,
D = p(i Xi): Kx K— QK X QK — QK.

(b) It follows that the class k € H*(QK) satisfies the following ‘‘diagonal
formula” for u : QK X QK — QK:

) =k®1+1Qk+1,Q, if K=K(ZZL/2,n)
M*(K)=K®1+1®K+L2n—1®ﬁbzn—1 if K=K(Q/ZZ,2n - 1).

(In the Q/ZZ case, one actually has equality ty, - 1 ® Bigy -1 = Blon— 1 ® tgn - 1,
explaining the seemingly non-symmetric formula.)

(c) These quadratic properties of x € H*(QK) enable us to compute
Gla) = Y(ieta — Qa o Ad(Dm)) = ev(k)(i°ta — Qa °> Ad(Dm)) € ZL/2 or
Q/7Z, where a € H*(X'). Precisely, if 7 : X' - X, D7 : 39X, —> 39X} is a
normal map, g is a quadratic function on H*(X), q' is the induced quadratic
function on H*(X"), g = qr — q', and a € H*(X'), we have g(a) = <Ad(Bm)*
(Qa)* (k),[X]> € ZZ/2 or Q/7ZZ where Ad(Dw) : X — QX' and Qa: QX' — QK.

We now use Prop. 3.5.3 and 3.5.4 to produce explicit cochain representatives
for D*(k) € H*(S* >< K x K). The cohomology of S§* x K X K can be

computed as the cohornology of the complex of 7ZZ/2 equlvarlant cochains on
§*x KX K. As a model for C,($*x K X K), we take C.(5)
® C.(K) ® C,(K), where Ci(S*) has two generators, ¢; and Te;, with
de; = Te; _, + (—1)le;_,, where T € 7ZZ/2 is the generator. In cohomology,
Ci(8>, ZZ) has two dual generators, e and Te!, with §et = Te! t1 — (—1)ie! + 1,

Example 3.5.6. Let K = K(ZZ/2, n) and consider & : §* X (K(ZZ/2, n) X
zj2

K(ZZ/2, n)) > QK(ZZ/2, n). Then 1 @ 1, ® , € C*(§*) ® C*K(ZZ/2, n))
& C*(K(ZZ/2, n)) is an equivariant ZZ/2 cocycle. It follows immediately from
3.5.3 and 3.5.4 that

D*(k) = [1® 1, ® 1,] € H*(S*™ X (K(ZZ/2, n) X K(ZZ/2, n)), ZL/2).
z/2
Example 3.5.7. Let K = K(Q/ZL,2n — 1) and consider % :85* X

z/2

K(Q/ZZ, 2n — 1) X K(Q/ZZ, 2n — 1) —> QK(Q/7ZZ, 2n — 1). Let ., €
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Cc*~YK(Q/ZZ, 2n — 1), Q) be a rational cochain which represents the funda-
mental class « € H*~Y(K(Q/ZZ, 2n — 1), Q/ZZ). Thus &, is a ZZ-cocycle
which represents 8. € H*™(K(Q/ZZ, 2n — 1), ZZ). Consider the rational co-
chain
Pley) =" Q1, Qb + Te" @, ® L#:“ 0" ® 1, ® ¢,

€ C*(8", ZZ) ® CX(K(Q/ZZ, 2n — 1), Q) ® CXK(Q/ZZ, 2n — 1)Q).

It is easy to check that P(v,) is a Q/ZZ cocycle and is ZZ/2 equivariant. More-
over, " ® 1, @8, + Te"* 8, D1, +8e° V1, B, =(e"+ Te") @ 1, 8, +
(T’ @1, ®1,) =101, B8, +8(Te*® 1, ®¢,). Thus 7*(Pr,) = 1Q QB €
H*(S* x K(Q/ZZ,2n — 1) X K(Q/ZZ, 2n — 1)). It follows from 3.5.3 and 3.5.4
that

D*(k) = [P(,)] € H*"~ (8 X K(Q/ZZ,2n — 1) X K(Q/ZZ, 2n — 1), Q/7Z).
z/2

4. Covering spaces

4.1. Coverings as normal maps

Let 7 : X' — X be an m-fold cover, classified by a map f : X — B¥,,, where
Fm is the symmetric group. If p : E,, — BY,, is the universal m-fold cover of
BY,, there is a diagram

X fLE,
T | I p
X-£. B%,

Let ES,, — B%,, be the principal ¥,, bundle over B¥,,. Then E¥,, may be iden-
tified with the set of bijections from {1,2, - - - , m} to a fibre of p : E,, — B%,,.
We define a map

F:X—Ef X (X"

by F(x) = (e, x;,- -, x;) where {x{ -+ - x}} = 77%(x) C X' and e : {1,2,
-, m} = p~'f(x) is a bijection with f'(x}) = e(i). Note that if e is replaced by
eo, o € Sy, then (eo, Yoy * ° ° yo'(m)) = (e, Yoo ym) € ESp X (X")™, hence
F is well-defined. In
Let i : X! — QX! be the adjoint of the identity 32X} — 32X’. Consider
the composition

1 xm

X Lo ESy X (X)" 22 ESy X (QX'L )" Zox:),

where & is the Dyer-Lashof operation [9], [13], [14]. Set
D7 = Ad(9(1 3>§ i™F) : 39X, — 39X/
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and set
(2 =9f; X = By —> QnS°.
Then we have

PrOPOSITION 4.1.1. The triple =:X — X, Dm:3%X,—> 232X/, ¢:
X — Q,8° is a normal map of degree m, if X and X' are P.D. spaces.

Proof. We refer to the definition of normal maps, 3.1.2. 3.1.2(b) follows
from the commutative diagram

X —F . EFX X)"_2_, OX/
2

fx1 | rxan VO
BSy x X X8, EF, x (X™) 2, QOX,.
&

m

Also, one knows, ([9]), that the homology map (D), : H,(3X;) = H,(2X/)
is the map associated to the chain map which assigns to each simplex A of X the
m
sum 2 A; of the m simplexes A; of X’ over A. Thus (D), is the classical
i=1

homology transfer of a cover. Properties 3.1.2(a), (c) follow.

4.2 Quadratic functions and covering spaces
We apply the results of 3.5 to covering spaces 7 : X' — X. In this case,
Ad(D7) : X — QX/ is given by the composition X — E%,, 5>/§ X"Hm — 0X/.

We will derive chain formula for ¢ = g — q¢' : H¥*(X') — i/Z or Q/7Z in
three cases.

Case 1. X, X’,2n-dimensional, unoriented and 7 : X’ — X a double cover.
Then there is a diagram

XILIX1XS % % X' x X' Axaxa, §° x K(ZZ/2, n) X K(ZZ/2, n)
) ) )
X . Sex X xx 227" s§°x K(ZZ/2, n) x K(ZZ/2, n),

72 /2

where f' : X' — S$*is ZZ/2 equivariantand S : X’ — X' is the involution on X,
and a € H*X', 7ZZ/2). From 3.5.3 and 3.5.5 we deduce

4.2.1. g(a) = gq(ra) — q'(a)
= (F*(a), [X])
= (1/2)(a, - Sa,, [X'])
where a, € C(X', ZZ) represents a and a € H*(S Ex/2 X' X X',7Z)2) is

represented by the cochain 1®a,® a, EC*S*) ® C*X', ZZ) ®
C¥*X', 7Z).
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Case 2. X, X',4n — 1 dimensional, oriented and 7 : X’ — X a double cov-
er. Again, consider
X LIX1XS, g0 x X' x X' Axaxa, §=x K(Q/ZZ,2n — 1) X K(Q/ZZ, 2n — 1)
) ) N
X £ soxx xx 287° selx K(Q/ZZ, 2n — 1) X K(Q/ZZ, 2n — 1)
2 2
for any a € H*~ (X', Q/77).
From 3.5.3 and 3.5.6, 3.5.7, we deduce
4.2.2. G(a) = g(ra) — q'(a)
= (F¥(o), [X])
= (1/2)(a, - Sda,, [X'])
where a, € C**~ (X', Q) represents a and a« € H*"~1(§* X X' X X', Q/Z)
772

is represented by the cochain P(a,) =¢* ® a, ® da, + Te* ® da, @ a,
+8"®a,®a, € C*S") ® C*X',Q) @ C*(X',Q).

Case 3. X, X' 2n-dimensional, unoriented, 7 : X’ - X a principal G-
bundle, |G| = m, m odd. Let ¢ : G — &, be the representation of G given by
left multiplication by elements of G. As an m-fold cover, there is a diagram

X L EG E E,
I ! I
X L BG 2 BY,

Now,themap F : X —» E%,, >< (X")m factors through E&,, >< (X')™; that is, we

identify EG and E¥,,, use BG = ES/G, By = EL ) Fom> and construct a dia-
gram

X fe, Ep, x (X)" = E¥, X (X)™
) | = )
X 26, ES, Xe XY — E%,, X (X')™

m

by writing out G = {g,, - * * ,gm}, Which explicitly identifies G = €(G) C %,,.
In fact, if x’ €X' is a point, Fi(x') = (f'(x'), x'g, " * * X'gm) € EG X
X' = ESm X (X').

If a € HY(X', ZZ/2), we get a diagram
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’
X Ls, ES, x (X)m

T 7
XLl ESy x (X)) 24 ES, X (X)M
G &

m

1 X a™ 1 XGam 1 X a™ 4.2.3.
EY, %X K(ZZ/2, n)" I
| 7

ES, X K(ZZ)2, y"L.E¥, X K(ZZ/2, ny» 2.QK(ZZ/2, n)
G &

m

From 3.5.3, and the fact that |G| = m is odd, we deduce
4.2.4. ala) = (Fip*(1 % a")*@*(x), [X])
b4

= ((Fe)*(1 x a™)*m*p*D(x), [X']).
Now,

H*(ES, x K(ZZ/2, ", ZZ2/2) = & H*(K(ZZ/2, n), 7ZL/2),
m-times
with fundamental classes ¢;, * * + ,i,,. For each pair 1 =i <j = m, we get a
diagram

E7Z/2 x K(ZZ/2, n); X K(ZZ/2, n); > E¥,, X K(ZZ/2, n)™
xL T2 l
E7Z/2 % K(ZZ]2, n); X K(ZZ/2, n);°>E%,, X K(ZZ/2, n)™
&

/2

m

since we identify ZZ/2 with the subgroup {Id, (i)} C %, and identify EZZ/2
with E%,. From 3.5.5, #%c*P*k) =1Q ; ®; € H*E(ZL/2) X
K(7Z/2, n); X K(ZZ/2, n);, ZZ/2). Finally combining this with diagram 4.2.3
and equation 4.2.4, we have proved

42.5. ga= Y  (giagHa, [X)

1si<j=m

where g; : X' — X’ is the covering transformation associated to g; € G.

We conclude this chapter with a discussion of the derivation of formula 1.3.1
from 4.2.5. Recall that if 7: X" — X is a principal G-bundle, |G| odd, and if
K" Cc HY(X') is the kernel of the transfer 7: H*(X') - H"*(X), then
Gg=gqr — q': K*— 7Z/2. Formula 1.3.1 states that
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x(X) if |G|=3,5 (mod 8)

AX' = X) = AK" g = "7 |G| =1, 7 (mod 8)

First, write G = {1, hy -« + hy, ii* - - - hz' }. We need to reconcile the
seemingly different formulas for ¢ given in 1.3.1 and 4.2.5. Let m = 2k + 1,
G={gi},1515m

k

LEMMA 4.2.6. > (g - gf@, X)) = X (a-hf (a), [X])

i=1

1=si<j<m
€ 7ZL/2 for all a € HYX', 7ZL/2).

We leave this computation as an exercise.

Secondly, using solvability of groups of odd order, [7], a principal G-bundle
X' — X can be factored X' =X, > X,_,— -+ — X, = X, where each
X; — X, _ . is a principal ZZ/p; bundle, p; prime. The Arf 1nvar1ants add in this

very special situation by 3.3.8, that is, AX' = X) = 2 AX' = X;_ ).

Simple 7Z/8 arithmetic then shows that if 1.3.1 is true for pr1n01pal 7Z/p bun-
dles, p prime, then 1.3.1 is true for any group G of odd order.
Finally, the proof is completed by a routine but fairly lengthy investigation of

the structure of K* C H*(X', ZZ/2) as ZZ/2(ZL/p) / ( Z T‘) module, where
ZL/2(ZL/p) is the group ring and T € ZZ/p is a generator.

5. Double covers
5.1. The quadratic function G induced by a double cover
Let : X' — X be a double cover, with classifying diagram

X' 2. 5"
m )
X £, RP()

In §4, we defined a commutative diagram

X/ 1 xX1xX8 Soo xXI X X;
5.1.1 7 !

X £, S x X xX

7z/2
where § = X' — X' is the involution over X. We then considered the composi-
tion
XE 8§ x X' xX'4 8 x (0X) X 0X})-Z QoX.,
/2 7Z/2

where 9 is the Dyer-Lashof map [13], [14], and i is induced by the natural
inclusion X’ C Q932X".
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Moreover, if X’ and X are PD spaces and D7 = Ad(D ¢ i o F): 39X, — 39X},
then we verified that (7, D, ¢) is a normal map from X’ to X, where ¢: X —
QS° is the composition

XL .RP(») = BZL/2 -2, Q,S5°,

9 the Dyer-Lashof map, [9].

Assume that X’ and X are 2n-dimensional PD spaces with ZZ/2 coefficients, X
connected. A quadratic function q: HYX, ZZ/2) — 7ZZ/4 induces a quadratic
function q¢': HWX', ZZ/2) — ZL/4 as in §2. In 3.4.3(a), we proved that the func-
tion G: HYX', ZZ/2) — ZZ/4, defined by, g(a) = g(ra) — q’'(a), is quadratic
over the pairing ¢:H'X', ZZ2) ® H“X', ®[R)— ZZ]2, where
f(ay, ap) = (ay + $*asy, [X']). In 4.2.1, we established a chain formula for g(a).
Namely, ifa, € C*(X, ZZ/2)is a cochainrepresentative fora € H" (X', ZZ/2) then

5.1.2. qa) = (F*(1® a, ® a,), [X])

= (7 Jaw U st Xy € 222

where F: X — §° X X' X X' is as in diagram 5.1.1. (By 3.4.4, 2g(a) = 0, so

7Z/2
we take the values é)f g in ZZ/2, rather than 7ZZ/4.)

It is fairly easy to prove directly that 5.1.2 defines a quadratic function g
refining €. The results of this section use nothing more than this, so this section
is essentially independent of the rest of the paper. It is interesting, nonetheless,
that the g defined by 5.1.2 is a special case of the general theory developed in
§§2,3,4.

We first compute §o w*: HYX, ZZ/2) —> 7ZZ/2. Since 7m*(b) = 2b =0,
b€ HYX,7Z/2), we have gn*(b) = q'n*(b). Also, since (w*b, - w*b,,
[X']) = (m*(b;by), [X']) = 0, we have that gn*: H*(X, ZL/2) — ZL/2 is linear.

ProposITION 5.1.3. If b € HYX, ZZ/2) then
ar®) = (b 3 vuar i) ) € 2272
iso
where w, = f*(e) € H\(X, 7ZZ/2), f: X > RRP(»), e € H'(IRP(x), ZZ/2) the
generator.

Proof. This turns out to be a consequence of the definition of the Steenrod
squares. From 5.1.1 we construct a diagram

X £ S x X xX
7Z/2
fx1] ljxXaxm
RP(x) x X A, S§°X XxX

72/2
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From 5.1.2, we obtain (b, is a cocycle representative for b)

gm*(b) = ((f X )*A*(1 ® b, ® b,), [X])

<(f>< 1)*( s ei®Sq""‘(b)), [X]>.

i=0

[ 3, wi®se=ion. x).

The second equality is an application of the definition of Steenrod squares [20].
Sinceif Sg =1+ Sq' + S¢* + - - -,

2l —1

SQ(W12I— )= Z lej itk
k=0
we compute

< i wi' ® Sq"~(b), [X]> = < 20 Sqw? =1+ b), [X]>

i=0

[ 3, vaows=-b.1x]),

i=o
which proves 5.1.3.

Remark 5.1.4. Prop. 5.1.3 gives a formula for ¢'#*(b), b € H X, 7ZZ/2),
since g'w* = gm*. This formula is very similar to the formula of Prop. 3.3.3, for
q'7*(b), b € H(X, ZL/2), when 7: X' — X is a map of odd degree. In fact, if
£ — IRP(») is the canonical line bundle, then the Wu class

V() = jz e? ~ 1 € H*(IRP(x), 7ZZ/2).

=0

Thus the term

2 VaweaXw® = (VX - fVE),
iz
in 5.1.3 is provocatively similar to the term V(X)p*(cV) in 3.3.3. One even
expects ¢*(a'V) to vanish, except in dimensions 2/ — 1. (This is true for degree
one maps ¢: X - 0S°.)

Our proofs of 3.3.3 and 5.1.3 are quite different; one wonders if the similarity
can be explained by a uniform proof.

5.2. A sufficient condition that A(H\X', ZZ/2), q) = 0
Consider again the diagram

X't S2n

| | 7
X £, IRP(2n)
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Let 22"~ ! = f1(IRP(2n — 1)) C X?". Transversality implies that Z2"~! has a
regular neighborhood in X homeomorphic to the total space of a line bundle
E— 7~ 1 LetV = X — E(¢), where E(¢) is the open unit interval bundle of ¢.
Then 7~(V) C X' is the disjoint union of two copies of V, say V, and V,. More-
over, 3V = 0E(¢) admits an involution, s, since it double covers Z. X’ is con-
structed from the two copies of V by identifying p € 8V, with s(p) € 3V,

X' =V, UV/(p,0) = (s(p), 1) if p€EaV,

The involution §: X' — X' over X is defined by S(p, i) = (p, 1 — i),allp € V,,
i=0,1. I p €V, S, 0) = (p, 1) =(s(p), 0) = S(s(p), 1), so S is well-de-
fined.)

Definition 5.2.1. @: X' — X is Poincaré splittable if after a homotopy of
f: X = IRP(2n), the pair (V, V) is a 2n-dimensional P.D. space with boundary,
and Z = 9V/s is a (2n — 1) dimensional PD space, P.D. embedded in X.

Of course, if 7: X’ — X is a double cover of manifolds, it is splittable by
manifold transversality. There are obstructions to Poincaré splittability, in gen-
eral. For example, our next result shows that the Arf invariant
AHMX', 7ZZ/2), q) € 7ZZ/2 is such an obstruction. All we require for this argu-
ment is the simple chain formula 5.1.2 for g.

ProPOSITION 5.2.2. If w: X' — X is a Poincaré splittable double cover of
2n dimensional PD spaces, then

AHYX',7L/2), g) = 0.
Proof. We consider the cohomology exact sequence of the pair (X', V,),
with ZZ/2 coefficients.
©r= HY UV = HYX', Vo) 2+ HY(X') 2 H'(Vy) > H'VHX, Vo) > - - -
By excision j*: H*(X', V,) = H*(V,, aV,), where j: V,, 0V, — X', V, is the in-
clusion. Thus there is a natural dual pairing
HYX', Vo) @ HY(V,y) > ZL/2

by identifying H*(X’, V,) with H¥(V,, 3V,) using j*, and identifying H"(V,) with
H™(V,) using S. Moreover, if a € HYX'), b € HYX', V,),

(*b - Si*a, [Vy, 8V,]) = (S*p*b - a, [X'])
= ¢(p*b, a).

We are thus in the algebraic situation considered in 1.4.4 and 1.4.5, with the
simplification that the sequence

HY(X', V,) 20 HY(X') £ H"(V,)

is exact. Moreover, if b € H*X', V,) then gp*(b) = 0. Simply choose a co-
cycle representative b, for b with support in the interior of V,. Then b, and
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S$*b, have disjoint support and hence
gp*(b) = (1/2) (b, U Sb,, [X']) = 0.
The proposition now follows, as in Remark 1.4.6.

Conjecture 5.2.3. In general, we conjecture that the Arf invariant
AHMX', 7ZZ/2, q) € ZL/2 is the only obstruction to the Poincaré splittability of
m X' = X.

5.3. The Kervaire obstruction of certain non-principal triple covers

In this section we give an application of Prop. 5.2.2.

We have maps of groups Z/2 - ¥, < 7Z/2 with ji = Id, namely i is de-
fined by any two cycle, say (12), in ¥, and j is projection on %,/ = ZZ/2.
Thus there are maps of classifying spaces

RP(®) 2, BS; B, IRP(x),

and Bi*, Bj* are isomorphisms on ZZ/2 cohomology (Bi* is injective since
i(ZZ/2) C ¥;is a Sylow 2-subgroup and Bi* is surjective since Bi* o Bj* = Id.)

Consider a map f: X — IRP(«), classifying a double cover 7: X' - X, X a
2n-dimensional PD space, and consider the triple cover classified by
Bio f: X - IRP(») - B¥;. This is, of course, simply w + Id: X' + X = X,
where + indicates disjoint union.

Let g: HW(X, 7ZZ/2) — 7Z/4 be a quadratic function, q’: HYX', ZZ/2) — ZL/4
the induced quadratic function, and let qg=4q — g,
7 HYX', ZZ/2) - H(X, 7ZZ/2) the transfer for the double cover 7: X' — X.
The triple cover 7 + Id: X' + X — X has a Kervaire obstruction in ZZ/2, de-
fined in 3.3.4. Our result is

PROPOSITION 5.3.1. A(X' + X z+1d X) = AH"X', ZL)2), q) + <V2(X)
(.Z wlw-z), [X_]> where w, = f*(¢e) € H\(X, Z/2), f: X - RP(x).

j=1

Proof. The transfer 7, associated to the triple cover X’ + X — X is given
by

Tola D b) = 1(a) + b € HY(X, 7ZL/2)
ifa € HY(X', ZZ/2), b € HYX, 7ZL/2). We define an isomorphism
HYX', ZZ/2) > K7 = Kernel (7,)

by assigning a + ra to a € HYX', ZZ/2). Let g, : K3 — ZZ/2 be the quadratic
function whose Arf invariant is A(X’ + X — X). Then '

qo(a + ma) = q'(a) + q(ra)
= g(a) + 2q(ra)
d(a) + 2(ra - v,(X), [X])
q(a) + 2a - m*v(X), [X']) € ZL/4
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By 1.4.2(c) and 5.1.3, we compute in ZZ/8

AKG , ) = AGPX, 2/, ) = 24w Va(X)
= AP, Z/D, 9 = 4V00- (VO 3 wr), )

— AHNX', Z2/2), §) - 4<V2<X)( 3w ). [X]>.

This proves 5.3.1.

Remark 53.2. For any odd m, consider the Dyer-Lashof map
D: B, — 0,5° There are surgery obstruction classes k,; € H*((Q,8°, ZZ/2)
which measure the Kervaire obstruction of degree m normal maps associated
to manifolds €¢: M — Q,,S,. Specifically, if s, is the Kervaire obstruction

si(M, £) = <V2(m@*(j:20 kzj), [M]> € zZ).

It is not too hard to relate these classes rather closely to the (more familiar)
special case of the degree m = 1 component of QS°. In particular, k,; = 0 un-
less 2j = 2t — 2, i = 1. Also (related to the results of §5), in degree 0,

k= 1 if m=3 or 5 (mod8).
0 0 if m=1 or 7 (mod8).

If m = 3, one can compute @*(k,;) pretty easily since Bi: IRP(©) — B%; is a
ZZ/2 cohomology isomorphism. The result is

D*(kgi— 9) = wy¥ 72 € H* ~2(BYy),
where
wy, = (Bj)*e, Bj: B¥3 — IRP(x) = B(%3/4s).
If we combine 5.2.2 and 5.3.1, we have thus proved the following

PrOPOSITION 5.3.3. Let f: X—> RP(®), ¢ = DeBiof: X— Q38° Xa
2n-dimensional PD space. Let 7: X' — X be the double cover classified by f,
and assume it to be Poincaré splittable (see .2.1). Let w + Id: X' + X — X be
the triple cover Bi o f: X — IRP(®) — BY;. Then

AX' + X 24, X) = <V2(X> o 2 k) [X]>
=1
In general, for a PD space f: X** — BY,,, m odd, one expect the difference

AR 2. X) - <V2(X)f*@*( jgl e - 2), [X]> €z

to measure some kind of Poincaré transversality obstruction for the m-fold
cover 7: X — X classified by f. A plausible conjecture is that this difference is
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the Poincaré splittability obstruction of the double cover 7: X' — X classified
by X —» B%, = B(¥n/s3) = RP(»), which, in turn, by Conjecture 5.2.3,
should be the Arf invariant A(H®X', 7ZZ/2), §).
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