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§1. INTRODUCTION
Ir M*" is a closed, oriented, smooth manifold then the index of M*", [(M) € Z, is given by
I(M) = {L(vpp), [M]> ™
where L(&) = 1 + L(&) + Ly(&) + ..., L(§) e H*(B; Q), is a characteristic class for vector
bundles, & — B. L(&) is given by the inverse of the Hirzebruch polynomial in the Pontrjagin

classes (see [3, page 86]). Thom extended this class to p./. bundles and, in fact, showed that
there is a unique characteristic class

L) =1+Ly(&)+ ..., L) e H*(B; Q)
for p.l. bundles, £ - B, which is multiplicative, i.e. L(E @ n) = L(&) - L(n), and such that (*)
holds for all p./. manifolds {9]. This extends to topological bundles and manifolds by the
triangulation theory in [4].
Thus /(M) is a function of the characteristic classes of the geometric normal bundle of
M. If we are only interested in the index modulo 2, then the situation simplifies.

I(M) = rankg,,(H*"(M; Z/2)) (mod 2)
which is obviously an invariant of the homotopy typs of M. Furthermore this rank may be

calculated in terms of characteristic classes of the homotopy type of the normal bundle of M.
An easy argument shows

I(M) = {02,°(vag), [M]> mod 2 **)
where v,,(vy) € H*"(M, Z/2) is the Wu class of the normal bundle. Formula (**) is valid for

any space satisfying Poincaré duality where the role of the normal bundle is played by the
Spivak normal fibration [11].

The above formulae may be extended to a larger class of “ manifolds ”’, Z/2" manifolds.
A Z/2" manifold is an oriented manifold, 3/, together with an orientation preserving iso-
morphism of 2" copies of a manifold M with M, ¢: I1,,8M — dM. M denotes the space
obtained by collapsing the 2" copies of M together. Unless r = 1, M is not a manifold but
does possess a fundamental class [M] € H,(M ; Z/2), an oriented normal bundle, v, and an
index, which modulo 2" is a bordism invariant [10]. A Z/2" P.D. space is (X", ¢: LI,-6X — 8.X)
where (X, 0X) is a P.D. pair and ¢ is a homotopy equivalence. Let X be the associated
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quotient space. As in the manifold case it has a fundamental class [X] e H,(X; Z/2"), an
oriented normal fibration vg, and an index which modulo 2 is a bordism invariant.

Thom’s theorem generalizes to the following. There is a unique multiplicative character-
istic class

L&) =1+L&)+...,L(&) e H*(B;Z(;)) for E—B

a topological bundle for which (*) is satisfied for closed topological manifolds and (*) is
satisfied mod 2" for closed Z/2"-manifolds (see [10]).

The above discussion about the index modulo 2 holds more generally, and we have
1(X) = (02,°(vg), [X]> mod 2

for any Z or Z/2" P.D. space. Since v* is multiplicative it follows that v,,*(¢) = L,(¢) mod 2 for
any topological bundle &.

One object of this paper is to make an analogous discussion modulo 4. That is, find a
characteristic class of spherical fibrations

E=B, I =1+1(8)+LE)+...,01(5e HY(B; Z/4),
so that
I(X) = {(vp), [X]> mod 4

for any Z or Z/2" manifold or P.D. space, r = 2, and so that /(@ n) = (&) - I(n). We first
prove (Corollary 6.3) that

I(X) = (P(0240v5)), [X]> mod 4 ***)

where 2 is the Pontrjagin square. By adding to 1 + 2(v,(&)) + P(v4(£)) + ..., a polynomial
in the Stiefel-Whitney classes, iy 6,(w,(£), ..., w4,(£)), we can produce /(&) € H**(B; Z/4)
which still gives the index mod 4 for any Z or Z/2" P.D. space (r = 2), and which is multi-
plicative. By uniqueness /(&) = L(¢) mod 4 for any topological bundle.

To construct / we use only elementary facts from the theory of quadratic functions and
cocycle arguments. By using the deeper results of [5] and [6] on Poincaré transversality we
define, in another paper, a canonical Z/8 characteristic class for spherical fiber spaces which
gives the index mod 8 of any Z or Z/2" P.D. space, r 2 3, and which agrees for topological
bundles with L mod 8. This class restricts mod 4 to /, however it cannot be chosen to be multi-
plicative.

A key step in the proof of (***) is Theorem 4.3 which is aformula forthe indexmodulo 8
of a P.D. space with boundary, (J¥, 8W). This formula is based on a *“ Gauss sum”’ formula
of Van der Blij [14], for the index modulo 8 of a symmetric matrix. Specifically, we show
that if D € H*(W, 8W; Z/2) is a lifting of the Wu class v,,(vy) € H*(W, Z/2), and Y is a
quadratic function on the torsion in H*"(6W, Z) which is “compatible ” with 9, then /(W)
modulo 8 is given by a formula involving # and the Arf invariant of . The Arf invariant of
W is the 8th root of unity Arg(} e?*#)) e §*. This Z/8 invariant was first studied in the con-
text of manifold theory by E. H. Brown {1]. More recently it was used by Milgram in [8]
and Morgan-Sullivan in [10].

§2 is devoted to developing the requisite theory of quadratic functions and quoting
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Van der Blij’s theorem. In §3 we study intersection pairings and linking pairings in P.D.
spaces. We work in cohomology and use cocycle arguments. If we were only interested in
manifolds we could work dually in homology and use embedded submanifolds. It is through
this point of view that we first were able to prove Theorem 4.3 for manifolds. It was then
necessary to translate to cohomology in order to get proofs that work for P.D. spaces as well.

In §4 we apply the results in §2 and §3 tp produce the formula for the index modulo §
of a P.D. space with boundary. We assume here the existence of compatible liftings of the
Wu class and quadratic functions. This is proved in §5. We also prove an equivariant version
of compatibility for Z/2-manifolds which is used in the applications.

The applications are given in §6. In addition to the formula for the mod 4 L-class
discussed above, we give a formula for the invariant 6(M*"~ ') of a closed, oriented, smooth
manifold, M*"~! where ¢(M*"™?) is the number modulo 2 of 2-primary summands in the
torsion subgroup of H?"(M, Z). In [7] the analogous invariant for manifolds of dimension
4n + 1 was expressed as a Z/2 cohomology characteristic number, specifically v, - Sg'v,, .
For manifolds of dimension 41 — 1 such a formula is impossible, since, for example, RP(3)
is parallelizable, but o(RP(3)) = 1. Our formula is a kind of secondary characteristic class
formula for o(M**™!). Specifically, let 24/**~* = gW*" where W*" is a smooth manifold.
Form the resulting Z/2 manifold W and let § € H*"(W, 6W, Z/2) = H* (W, W, Z/2) lift the
Wu class v,,(vg) € H*"(W, Z/2). Let 2: Z/2 — Z/4 be the inclusion. Then we prove (Corollary
6.2)

20(M** ™Yy = (W) — (P@®), [W, OW]> e Z/4

for any such choice of W and 9.

§2. QUADRATIC FUNCTIONS

Let K be a finite abelian group and let L: K x K— Q/Z be a symmetric, bilinear, non-
singular pairing. (Here, non-singular means if L(x, y) =0 for all x € K then y = 0.) Such
maps L will be called pairings. L identifies K with its dual X* = Hom(X, Q/Z). There are
obvious notions of an isomorphism between two pairings and orthogonal direct sum of two
pairings. The negative of a pairing (K, L), denoted (K, — L), is defined by

(=D)(x, )= —L(x, y) e Q/Z.
A quadratic function over L is a function : K — @Q/Z which satisfies

Y(x+y)—¥()—¥()=Lx,y), x,yeKk, and (1
Ynx) =n*y(x), neZ, xek. )

We point out that, given (1), condition (2) is equivalent to
2Y(x) = L(x, x), xek. 29

In this section we will develop some of the theory of pairings and quadratic functions
and relate them to symmetric inner products and quadratic functions on free abelian groups.
In our applications, X will generally be the torsion subgroup of H*"(M, Z), where M is a
closed, oriented (4n — 1) manifold, and L will be the classical linking pairing of torsion
cocycles.
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Here is one way that pairings arise. Let F be a free abelian group of finite rank and let
B: F x F— Z be a symmetric pairing. B is equivalent to a map B: F— F* = Hom(F, Z). We
assume that det(B) # 0. Let K denote the cokernel of B: F— F*. Then Kj is a finite abelian
group, | K| = |det(B){, and we have an exact sequence

2

0> F— s F* Ky —0.

Thus B induces an isomorphism B: F® Q> F*® Q. We define Ly: Ky x Kz — Q/Z by
Leg(x+ F,y+ F)={x, B"'(y)> € Q/Z, where x, y € F* and B~ '(y) € F® Q. One checks
easily that Lg is well-defined and that (Kj, Lp) is a non-singular, symmetric, bilinear pairing.

THEOREM 2.1. Any pairing (K, L) is isomorphic to (K, Lg) for some B: F— F*.

Proof. This is proved in Theorem 6 of [15]. (We will not make essential use of Theorem
2.1 below.)

THEOREM 2.2. Given a bilinear pairing (K, L) there exist quadratic functions over L. Such
quadratic functions correspond bijectively with elements y € K such that 2y = 0.

Proof. K =~ K oga) ® K2y, Where K44y is the subgroup of elements of odd order and
K, is the subgroup of elements of order a power of 2. Since we must have 2y(x) = L(x, x)
and A2y(x) = Y{ix) = 0if Ax = O, there is a unique choice for s : K44, = @/Z and one checks
that this ¥ is quadratic. If x, -+ - x, is a minimal set of generators for K|, choose x; € Q/Z
with 2z, = L(x;, x;) and set y(x;) = %;. Then there is a unique extension to a quadratic
function ¢: K3y — Q/Z, namely

Y mix) =Y nla;+ ) mn;Lx;, x), nmel

i<j
Ify, ¥': K— Q/Z are two quadratic functions over L then ¥ — ¢': K— Q/Z is linear
and 2( — ¢') = 0. Thus all quadratic functions i’ are obtained by choosing y € K, 2y =0
and setting ¥,(x) = ¢(x) + L(y, x) e Q/Z, x e K.
The following construction also produces quadratic functions. Let

2

0 F—o s F* » Ky —0

be as above. By a Wu class for B we mean v € F such that (Bz, v) = (Bz, z) (mod 2) for all
z € F. Given B and a Wu class v we define ¥,: Kz — Q/Z by

Yo (x + F) = +x, BTI(x)) = {x, 1)) € Q/Z, (2.3)
where x € F*. It is not hard to check that ¥, is well-defined and that , is quadratic over
(KB ’ LB)

A generalization of Theorem 2.1 is that all quadratic functions y: K~ Q/Z arise as
v, Ky — Q/Z.

THEOREM 2.4. Let B: F — F*,(Ky, L) be as above. Then the function v, is a bijective
correspondence between mod 2 reductions of Wu classes for B and quadratic functions over
(KB ’ LB)

Proof. It is clear that the function ¥, defined in (2.3) depends only on the class of ¢ in
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F®Z:72. Conversely, given a quadratic function y: Kz — Q/Z, define r,: F*—>7Z/2 as
follows:

r(x) = 3x, BTHx)) — Y(éx)edZ 7 < Q'Z. (2.5)
We have r,(x; + x,;) = t,(x,) + t,(x;) since ¥ is quadratic over Ly. Thus v,: F*—> 22 s
equivalent to an element v € F® Z/2 and ¢ is the Z/2 reduction of a Wu class since Bz, v} =
ty(Bz) = Bz, z), regarded as elements of Z/2. [t is clear that the constructions (2.3)and (2.5)
are inverses of each other, and (2.4) follows.

Let B: F— F* be as above and let ¢ € F be a Wu class for B. It is easy to see that
{Br, vy modulo 2 is independent of v. Our next result relates the index of B, the invariant
{Br, r> € Z;2 and an invariant of K.

THEOREM 2.6. index(B) — {Bv, v) = ranky,,(Kz ® Z/2) (mod 2).

Proof. There is an exact sequence

FRI2— A F*®72—2 K, ®Zj2 - 0.
Thus rank(F*) — rankg,,(image(B,)) = rankz,,(Ky ® Z/2). But rank(F*) = index(8)(mod 2).
Also, B, defines a non-singular bilinear form on (F ® Z/2)/(kernel(B,)), which is isomorphic
to image (B,), and v € F® Z/2 is a Wu class for this non-singular form. Then, by a well-
known argument, rankz,,(image(B,)) = {B,(v), v) = {Br, v) (mod 2), and (2.6) follows.

Let : K— Q/7 be a quadratic function over a pairing L. We will study the * Gaussian

sum’’ invariant
alK,§)y= 3 " eC.

xek

We first state certain elementary properties of a(X, ¢). For proofs, see [2, Theorem 4.3].

THeOREM 2.7. (i) a(K, —y) = a(K, ) where a is the conjugate of a € C.
(i) a(Ki @Ky, ¥, ®Y3)=alK, ¥,) alKy, ¥,).
(iii) |a(K, Yl = | K| In particular, a(K, ) # O.

A deeper formula is a theorem of F. van der Blij. See [14] for a proof which uses
properties of Fourier series.

THEOREM 2.8. Let B: F— F* (Ky, Lg) be as above. Let v € F be a Wu class for B and let

W, be the associated quadratic function on K. Then
IKB’ I/Zeni- index(B)/4 — eni(Bu, v>/4( Z eZniu//u(x)).
xeKp

If we let A(Kg, ¥,) = Arg(a(Kg, ¥,)) € S then (2.8) implies that A(Kj, tv,) is an element
of $Z/Z = R/Z = S". There is the obvious isomorphism -8: §Z/Z - Z/8Z and we will usually
regard A(Kjy, ¥,) as an element of Z/8Z. Thus we have

index(B) = {(Buv, vy + A(Ky, ¥,) € Z/8. (2.9)

We regard (2.9) as a modulo 8 generalization of (2.6). Note that it follows from (2.6) that
A(Kyg, ¥,) = rankg,,(Kz ® Z/2) (mod 2).

Since by (2.1) and (2.4) any quadratic function (X, ¥) is isomorphic to (K, ¥,) for some
B and some Wu class ¢, we deduce that A(K, ) = Arg(a(K, ¢)) isalways in Z/8Z ~ $Z/Z < S!

and
A(K, ) = rankz;,(K® Z/2) (mod 2). (2.10)
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If K'is a Z:2 vector space then A(K, ) € Z'8 coincides with the Arf invariant studied by
E. H. Brown, Jr. [1]. In general, then, we will refer to A(K, ) as the Arf invariant of .

In §3 and §4, we will study the torsion subgroups in the cohomology sequence
H™W,Z) - H"@0W,Z) » H* Y (W, ¢W, )

where (W, W) is an oriented 4n-manifold with boundary. The final result in this section
isolates the algebraic results we will need then.

Let yy: K— Q/Z be a quadratic function over a pairing L, and let i: G — K be a homo-
morphism. Using L, we identify K with K* = Hom(K, Q/Z). Form the dual map i*: K — G*.
Suppose that the sequence

G___"_,K__l"_. G*

satisfies i* - { = 0. Let K = kernel(i*)/image(i). Then L induces a non-singular pairing L on
K, defined by L(x + G, y + G) = L(x, y) € Q/Z for x, y € kernel(i*). L is well-defined since
L(x, i(g)) = (i*(x), g> = 0 if x € kernel(i*).

Since L vanishes on G® G, - i: G— Q/Z is linear and 2y - i = 0. Thus there is a
unique element a € G* such that 2a = 0 and Yi(g) = <a, g> forallge G.

THEOREM 2.11. (i) a = i*(b) for some be K with 2bei(G). () Y x+G)=
Y(x) — L(b, x) € Q/Z, x € kernel(i*), defines a quadratic function y,: K — Q/Z over L,
where b is as in (i). (i) A(K, ¥) = A(K, ) — y(b) e Z/Z. (Since 2b € i(G), 0 = 2/(2b)
= 8i(b) € Q/Z, hence Y(b) e $Z/Z < Q/Z and Theorem 2.11(iii) makes sense.)

Proof. In general if x € G* then x € i*(K) if {x, g> =0 for ali g € G with i(g) = 0. Since
{a, g> = -i(g), we see that a = i*(b") for some &’ € K. Since 2a = 0, 2b" € kernel(i*).

For any such choice of &', ,.: K — Q/Z, defined in (i), is well-defined and satisfies
Wy (x + y) = Yy (x) + ¥ (y) + L(x, y), forx, y € K. Let i : K - Q/Z be a quadratic function
over L. Then ,, — : K - Q/Z is linear, hence y,.(x) — ¥(x) = L(x, z) for some z € K. Let
z" e kernel(i*) represent ze K. Then 2b" — 2z’ € image(i) since for all x € kernel(i*),
L(x, 22') = 2. (x) — 2 (x) = 2y, (x) — L(x, x) = L(x, 2b’). Thus, if we replace b’ by
b=0b"— 2, then a = i*(b) and 26 € i(G). It is easy to check that 2y, (x) = L(x, x) for xe K,
hence v, is quadratic over L. This completes the proof of Theorem 2.11(i) and (ii). -

To prove (iii), choose subsets K, = K such that —b € K, and K, — i*(K) is a bijection
and K, < kernel(i*) such that K, — K is a bijection. Each element of K has a unique expres-
sion g + x; + x,, where g € i(G), x,; € K;, x, € K,

a(K, lp) — Z eZm‘w(g+x1+xz)
s X1, X2
— Z eZRi('#(y)*"#(xx)‘*'llf(xz)*L(Xz.y+«r1))

g, X1, X2

— Z e21:i|lt(.rz)( Z elni(w(x,)-f-L(x;,xl))( Z eZniL(b+x;.g)))
gei(G)

x2¢€ K xi € Ky

since Y(g) = L(b, g). Since the sum of the elements in a non-trivial subgroup of S' vanishes,
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the terms above vanish unless x, = —b. Thus
[I(K l,//) — e?.ni'#(—b)( Z elﬂi('/l(-“l)'L(b' -\'1))) . II(G)[
x1 €Ky

= e (R ) - [i(G)|

and Theorem 2.11(ii1) follows.

§3. CONSEQUENCES OF POINCARE DUALITY

In this section we collect some well-known facts implied by Poincaré duality, and prove
some technical lemmas needed in later sections. If X is a finite complex, denote by T%(X) the
torsion subgroup of H*(X, Z) and denote by F¥(X) the quotient H*(X, Z)/T*(X). Then F*(X)
is a free abelian group and there is a short exact sequence

0 - THX)— HYX,Z)— FYX)- 0.

If N is a closed, oriented Poincaré duality space of dimension m, then the cup product
pairing H{(N, Z) ® H™"¥(N, Z) - H™(N, Z) = Z induces non-singular pairings of free abelian
groups Fi(N)® F™ i(N)—Z. Also, for i >0, there are non-singular pairings T'(N) ®
T"*'"YN)— Q/Z defined as follows. If xeTN), yeT™ ' ¥N) choose cocycles
x4 €CY(N,Z)and y, e C"*'7¥(N, Z) representing x and y respectively. Since x isatorsion
element we have kx = du, for some k € Z and u, € C'"*(N, Z). Define:

L(x, y) = (1/k)up W ye, [N € Q/Z. (3.1
In particular, if m = 4n — | then L defines a symmetric, bilinear, non-singular ““linking”
pairing
L: TZn(NAn—l) ® TZn(N4n— 1) N Q/Z
Now let (W, W) be an oriented, Poincaré duality pair of dimension m. The cup product
pairings H'(W, Z) @ H™ (W, W, Z) - H™(W, 0W, Z) = Z define non-singular pairings of
free abelian groups F(W)® F™ YW, dW) - Z. Also, there are non-singular pairings
TW)® T™*'~{(W, dW) —» Q/Z defined just as in (3.1). If m = 4n, the cohomology sequence
of the pair (W, 0W) gives a diagram (which may be regarded as a short exact sequence of
chain complexes, with center row acyclic):

0 0 0 0
L L ! !
= T2(W, W)L T2(W) L T W) S T (W, oW) —
! ! o ! l
= H¥ YW, )3 H™(W, oW, 7) 5 H™(W, Z)— H™ W, 1) H*" (W, W, Z) >
! ! 1 ! ! (3.2)
- P ow) S P W, ow) L Frw) 2 Frvew) s
! ! 1 l
0 0 0 0

The pairing F2(W)® F*(W, W) —Z identifies F>(W) with F2(W, ¢W)* =
Hom(F**(W, dW), Z). Similarly, the pairing F?"~ (W) ® F*"(6W) — Z identifies F*"(0W)
with F2*~1(6W)*. The well-known formula {i*(x) v y, [0W]) = (x U §¥()), [W, eWD,
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where x € H¥(W, Z), y € H*(¢W, Z), implies that the maps d: F>" "' (CW) — F*"(W, ¢W)and
i: F*"(W) - F"(¢W) are adjoints of each other.

The map j: F*"(W, 8W) — F*(W. W)* = F>"(W)corresponds to the cup product form
F™W, 6W)® F*"(W,0W)—Z. Thus index(j) =index(W). The radical of j is the
subgroup kernel(j) = F?"(W, dW). Let F= F*"(W, ¢W)'kernel(j) = image(j). The group
kernel(i) = F?"(W)is easily identified with F* = Hom(F, Z), hence J induces

0o Fr s F* 5 K, -0

where Ky = kernel(i)/image(j). The form B induces a non-singular pairing (K, Lg) as in §2,
and index(B) = index(j) = index(W).

The pairings defined above on the torsion subgroups give identifications T2"(¢ W)=
Hom(T*"(éW), Q/Z) and T*** (W, 6W) = Hom(T*"(W), Q/Z).

LeMMA 3.3. The maps i: T>"(W) - T*"(@W)and &: T*"(0W) - T*"*Y(W, W) are adjoints
of each other, that is L(i(x), y) = {x, 8y), where x e T*"(W) and y € T*"(CW).

Proof. This is proved using the cocycle definitions of the pairing L and the maps / and 6.
Choose cocycles x, € C*(W, Z) and y, € C*™(6W, Z) representing x and y. Choose
J 4 € C*(W, Z) with i*(74) =y, and choose u,e C*"~ 1 (W, Z) with §(u,) = kx, . Then,
by definition (3.1),

L(i(x), ») = (1/K)i*(uy) Y y o, [OW])
= (1k){o(uy V Ja), (W, 0W])
= (1/k)kxy U Ju, (W, 0W)) + (1K) uy © 07 4, [W, CWT)
= (lllk)<u# o 6;’# ’ [W9 aW]) (mOd Z)
=<x,0(y)> € Q/Z.

Lemma 3.3 implies (see the discussion preceding Theorem 2.11) that the homology

group K = kernel(§)/image(i) of the sequence

TH(W) — s T2OW) s T (W, W)
inherits a non-singular pairing L: K ® K — Q/Z from the pairing L: T*"(0W) ® T*"(6W)—
Q/Z. From Diagram 3.2, regarded as a short exact sequence of chain complexes, there is a
natural homology isomorphism

Ky = kernel(1)/image(j) —— kernel(d)/image(i) = K.

The first part of the next lemma shows there is an isomorphism of linking pairings
(K,L)> (Kg, —Lyp).

LEMMA 3.4. Let y, y' € H*(W, Z) with i*(y) and i*(y") in T*"(GW).
(@) <, (%D + Li*y', i*y) =0 in QJZ. Here (j*)™'y € H* (W, ¢W, Q).

(0) If y, € C*™W, Z) is a cocycle representative for y and i*y , = 2w, € C*™cW, Z),
and if we H*(OW, Z) is the class represented by w, and z € H* (W, dW; Z]2) is the class
represented by p,(y4) € C*™(W, 0W; 1]2), then

Ky, 2 =3y, G971y + Li*y, w) in QL.
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LemMa 3.5. (@) If v, v € H*™W. Z) are torsion classes and y .. v. € C*™W, Z) are
cocycle representatives for y and V', with i*y, =2w. and i"y. = 2w,  in C?CW. Z) then
Yy vy W oW =Lnw'.w)y in QZ
where w and w’' € H*"(W, Z) are represented by the cocycles w, and w .’ respectively.

(b) If ye H*(W, Z) is a torsion class represented by a cocvele v, with iy, =
2w, € CNEW,Z) and if we H™EW,Z) is the class represented by w, and
ze H*"(W, CW, Z12) is the class represented by p,(y 4) € C*"(W. ¢W, 7 2), then

<‘?(z)v [W. 5;V]> = L(H', “.) i/l 24
where P(z) € H*"(W, 0W, Z14) is the Pontrjagin square of .

LemMa 3.6. If Wis a Z/2 P.D. space and i*(y) = (w, w,) in T*"(eW) =T"6W) @
T(6W), with w4+ w, =2w in T*GSW). and if ze H*(W,Z?2) satisfies n*(z)=
p.(¥) e H*™W, Zi2), where n: W — W is the collapsing map. then

K VD =8y, (771 +2L0w, w) = L(wy.wy) in Q. Z.

Proofs. Choose y,, v4', cocycle representatives for y and y'. Since i*y and i*y" are
torsion there are cochains 1, and u,’ in C¥*"~'(GW, Z) such that du. = ki*y, . du, =
ki*y,'. Let i, and @i,’ be extensions of these classes to C2(W. Z). Then

1 .
E(ky# — it gy e CH(W, eW; Q)
is a cocycle representative for (j*)™'y. Thus
’ . - 1 ’ o~ P
GGy WL eW =7 ra" (kyy =0y, W, OW])

l
=Va' e, WV, W] — o COlye" - i), [W, OW]) (3.7

. . .
=Yy Yas (W EW] - T Py " uy, [EW]De.
Lemma 3.4(a) follows immediately from this equation since
1
L{i*y', i*y) = Z %y, cu,, [6W]) in Q/Z

Under the hypothesis of Lemma 3.4(b) we may choose vy, such that i*y, = 2w, for
w, a cocycle in C*"(6W, Z). Clearly,

e Loy -
LG*y's w) =57 Pya’ up, WD,

p2(y4) is a relative cocycle in C*(W, éW; Z/2) since v,|éW =0 (mod 2). Thus 0:(34)
is a cocycle representative for ze H*(W,0W;Zi2) and <(y, -y, [W,eW] =
Yoz [W,éW1> (mod2). Thus dividing (3.7) by 2 we have ¢, (5 1y =
Ky -z, [W, eW1) — L(i*y’, w) in Q/Z. This proves Lemma 3.4(b).
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If y and ' are torsion then {3/, (j*)7!'y> = 0. If i*y = 2w and i*)’ = 2w/, then
, | PP .
Liw',w) = 7 %y ug, [CWD.

Thus dividing (3.7) by 4 we see
0=13{y," "ya, [W,eW]> — L(w, w).
This proves Lemma 3.5(a).

To prove Lemma 3.5(b), let W, € C**(W, Z) be a cochain extending w, € C*"(¢W, Z).
Then y, — 2w, e C*"(W, 0W, Z) is an integral cochain which represents the Z/2 class z.
By definition of the Pontrjagin square (2) is represented by the cochain (a Z/4 cocycle)

e =200 U (g = 200,) + 0(y 4 — 2,) Llj (Yo —2W,)
=y Uve =20, Ure =2y, UWws +200, |Jyse (mod4).
From the coboundary formula [12, Theorem 5.1] 1
5(‘7’# kl) y**) =—WelUye+s U Wy + 0W, kl) Y#
we deduce that
P(z) + 5(2»0# Ll) y#) =y. U yse (mod4).

But 2w, | )y, is a relative Z/4 cochain, 2W, )y, e C*"7'(W, W, Z/4), since
i 1

i*(zw# U y#) =2w, |J 2w, . Thus
1 1

(P@), (W, aWD =(ye U ye, (W, 0W]) in Z/4
and Lemma 3.5(b) follows immediately from Lemma 3.5(a).

Finally, to prove Lemma 3.6, choose cocycles (w,),, (W), and w, € C*"(5 W, 7)
representing wy, w,, and wwith 2w, = (w,)» + (W) . Weassume i*(y,) = (W)« , (W) ).
The Z/2 reduction of y, is symmetric on ¢W = 26, and hence gives rise to a cocycle
2, = po(ys) e C*"(W, Z/2) which represents a class ze H*'(W,Zj2) with n*(z) =
py(y)e H*™(W, Z/2). Choose uy, (u)z € C*" Y 0W, Z) with 8(u)s =k -w;, i=1,2,
Suy = kwy, and (1) g + (13)x = 2u, . From (3.7), with y" = y, we obtain

Ky, (07D =122 WD — 2l_k AW s 2we — (W) () s, 2ue — (W1)4), OWT])

= 12, ) — 5‘,; (v - () 2 WD)

o (@ = (), Qg = (@), B

= 3}{z%, [W]) — L(wy, w;) — L(2w, w) + L(w, wy) + L(w, w)
= 3{22, [W] — LQ2w, w) + L(w,. w,)
as desired.
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§4. A FORMULA FOR THE INDEX MODULO 8

Let (W, ¢ W) be an oriented, (4n)-dimensional Poincaré pair. In this section we prove
our main formula, Theorem 4.3, relating the index of W modulo 8 and the invariant
A(T*™EW), ), where : T*"(¢W) —Q ‘Z is a quadratic function over the linking pairing L.

Definition 4.1. A lifting € H* (W, éW, Z/2) of the Wu class v,, € H>"(W, Z'2) is said
to be compatible with  if, for all x € T?*"(6W) such that x = i*(y), where y € H*(W, Z).
we have

Y(x) =3y 8, (W, 0WD — 4Ky - ()71, W, W] e Q/Z.

Definition 4.1 is formally very similar to (2.3). In fact, our plan is to begin with a quad-
ratic function y: T*"(6W) — Q /Z and a compatible lifting of the Wuclass § € H*"(W, W, Z/2)
and reduce this to the algebraic situation of (2.3). Then we will apply Theorem 2.8 to obtain
a formula for /(W*") (mod 8).

We will assume for now the following theorem. The proof will be given in the next
section.

TueOREM 4.2. Given a quadratic function on T* (6 W) there is a compatible lifting of the
Wu class, b e HX™(W, ¢W; Z/2).

Consider the sequence
T (W) ——s T™(OW) —2s T** (W, OW).
By Lemma 3.3 this has the form

G— k" o+

studied in §2. In particular, if : T?>"(éW) —» Q/Z is quadratic over L then the composition

pi: T>"(W)— Q/Z is linear and 2y/i = 0, hence there is a unique element a e T>"* (W, 6W)

such that 2a = 0 and i(y) = {a, y) for all y e T*"(W). Moreover, by Theorem 2.11(i),

there exists b € T?"(0W) such that §(b) = a and 2b = i(¢) for some t € T*"(W). A choice of &

gives a quadratic function y,: K = kernel(8)/image(i) » Q/Z over L as in Theorem 2.11(ii).
On the other hand, K = Kj where

0— s F—2 L, F* » Ky 0
is constructed in §3 from the sequence of free groups
F = GW) s FI(W, 0W) —— F2(W)—— FGW).
We will construct an element v € H>"(W, 6W, Z) which represents a Wu class for B: F— F*,

(Recall that F = F>(W, 0W)/kernel(j).) This defines ¥,: K — Q/Z, quadratic over Ly, as

in(2.3). It will turnout(Lemma4.7) that ¥, : Kz — Q/Z may be identified with —y,: K — Q/Z.
But, by (2.9),

A(Kg, ¥,) = index(B) — {Bv, v>
= index(W) — (&2, [W, 6W]> e Z/8
and by Theorems 2.11(iii) and 2.7
AK, =) = §(b) — A(T*(OW), ) e Z/8
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where we interpret both () and the Arf invariants in Z'8Z ~ §Z/Z. We thus deduce our
main formula:

THEOREM 4.3, index(W) = ({v*, [W, WD + Yih)) — A(T*"(eW). y) e Z:8.

Here are the details.

LemMa 4.4. Let : T>(CW) — Q'Z be quadratic over L, let t € H*(W. ¢W, Zi2) be a
compatible lifting of the Wu class and let b e T*"(W) satisfy yi(y) = L(b, i(y)) for all
veT?(W). Then Bt = 0*b where : H* (W, W, 7/2) —» H*"* (W, ¢W. Z) is the integral
Bochstein and 5*: H*"(3W, Z) — H*""Y(W, 6 W, Z) is the coboundary map of the pair (W, 6W).

Proof. [t suffices to prove that ¢v. 8D = ¢v. 3*bD for all v e T"(W). It is not hard to
) uffices to prove that (y, fit) = (¥, 0*p) tor all y e T-"(W). It 15 not hard to

show from the definition of the pairing T*"(W) @ T*"* (W, éW)— Q/Z that {y, i) =
¥y-o, (W, 0W1>edZ/Z = Q/Z. On the other hand, {y, 8*b> = L(i(y), b) = ¥i(y). Since
y is a torsion element, (j*)7'(y) = 0e H*(W, W, Q), hence the condition (4.1) that ¢ is
compatible with ¢ reduces to i(}) = iy - &, [W, W1, as desired.

LEMMA 4.5. Let : T*(CW) — QJZ, be H*™(W, dW, Z,2) and b e T*"(EW) be as abore.
Then there is an integral class v" € H*"(W, Z) such that p,(t') = v, (W) e H*(W, Z/2) and
*(t'y=2be H™¢eW, 7).

Proof. Lemma 4.4 and an easy diagram chase imply that there exists ¢" € H*"(W, Z)
with p,(v') = v, (W)e H>*(W, Z/2). An elementary cochain argument, which we leave to
the reader, gives that v’ may be chosen such that i*(t") = 26 € H*"(GW, Z).

We now have i*(v') = i*(t) = 2b, where 1, te€ H*(W, Z). Choose v € H*(W, ¢W, Z)
such that j*(¢v) =" — 1.

LEMMA 4.6. The class v € H*"(W, W, Z) restricts to a Wu class in F*(W, W) for the
bilinear form j: F>"(W, 0W) — F>"W, dW)* = F¥(W).

Proof. We must show that (j*(z) - z, [W, dW] = (j*() - v, [W, eW]> (mod 2) for all
ze H™(W, 0W, Z). But {j*(2) - z, [W, dW]> = (22, [W, oW = (z - v, [W, 8W]) (mod 2).
Since re H*(W, Z) is a torsion element, (z - t", (W, WD ={z-(v' = 1), [W, W] =
{zj* (), [W. eW)) = (j*(z) - v, [W, aW]), as desired.

It is obvious that ¢ also gives a Wu class for the bilinear form B: F - F* where F =
imagz(j: F2(W, W) — F*(W)) and F* = kernel(i: F*"(W) - F*(dW)) as in §3. Thus, as
in (2.3), we obtain a quadratic function ,: kernel(i)/image(j) = Kz — Q/Z over L. We
want to compare the quadratic functions (K, ¢,) and (K, ;). Recall from Lemma 3.4(a)
that (Kg, Ly) = (K, —L).

Lemma 4.7, = — . K~ Q/Z.

Proof. Let x € kernel(8) represent X e K = kernel(§)/image(i). Choose y € H*"(W, Z)
with i*(y) =x. Then, by Definition 2.3, ¢ (X)) =4y (G 'y, (W, oW - Ky,
(W, cWw.

Define se H>(W, dW, Z/2) by py(v) =0 —s. Clearly, j*(s) = p,(t)e H*(W, Z)2)
since j*p,(r) = poj*(r) = po(t’ — 1) = 15, — p,(t), and by Definition 4.1,

Yul(X) =3y ()T (W 6D — 3 0, (WL 8W DD + s (WL OV

= —y(x) + &y -5, [W, W],
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By Lemma 3.4(b). () - 5, [W. W) = L(b, x) in Q Zsincz (j*)" (1) = O in H*"(W, ¢W; Q).
Hence

YAX) = —(x) + L(b, x) = — §(X)
as desired.
Remark 4.8. Our main formula 4.3, merits some discussion. Modulo 2, 4.3 reduces to
index(W) = (02, [W, éW]) — a(6W) mod 2.
Modulo 4, our formula also simplifies. We will prove in Theorem 6.1 that
index(W) = (P®), [W, W] — A(T*(EW), ) mod 4.

(The first equation follows from the second together with (2.10) which says A(T*"(0W), ¢) =
¢(0W) mod 2.)

§5. COMPATIBILITY

In this section we will prove Theorem 4.2 that for a P.D. pair (W™*", ¢W) there are
compatible liftings of the Wu class, d e H*"(W, 0W; Z/2), and quadratic functions i:
T?(dW)— Q/Z. We shall also prove an equivariant version of this for Z/2 P.D. spaces
which will be used in §6.

If (M*", M) is given the structure of a Z/2 manifold, then an equivariant quadratic
function : T?"(6M) — Q/Z is one with the same values on the two copies of T?"(5M). An
equivariant lifting of the Wu class is a class 9 € H?"(M, ¢M; Z/2) such that d—r,,(vg)
under the map H?*"(M, oM ; Z/2) ~ H*"(M, M ; Z[2) - H**(M, Z/2). By Theorem 2.2,
equivariant quadratic functions exist, and equivariant liftings of the Wu class exist since
0aa(var)| (85T) = 0.

TueorEM 5.1 (Compatibility).

(a) Given (M*", M), a P.D. pair, and \: T*(¢M) — Q/Z a quadratic function, then
there is a lifting of the Wu class v,,(vy) to 6 € H*"(M, M ; Zj2) satisfving

Yi*y) = 30, 3> — ¥, (71 in Q/Z *)
for all ye H* (M, Z) with i*y e T*"(6M).

(b) If (M*", 0M)is a Z/2 P.D. space and \y as in (a), is equirariant then there is an
equitariant lifting of the Wu class, b, which satisfies (*).

Proof. t € H*"(M, M ; Z/2) is completely determined by its values on H2"(M; Z/2) and
any homomorphism H2"(M; Z/2) — Z;2 is realizable as {5, ) for some 0. In both cases (a)
and (b) there are two subspaces 4, and A, of H?"(M; Z/2) on which the values of ¢ are
forced. The values are predetermined on A4, by the condition that  is a lifting of the Wu class
(or an equivariant lifting) and on A, by the condition that & is compatible with ¥. Thus there
will be a § € H3"(M, @M ; Z/2) meeting both these conditions if and only if they determine
the same values on 4, N 4, .

Proof of (a). Here A, = im(j*: H*(M, 0M; Z/2) - H*(M; Z/2)), and {3, j*(2)) =
{z, j*z) (= (2%, [M, dMY}) is the forced homomorphism ¢,: A, —» Z/2. A, = im(p,: B—
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H*™(M; Z/2)) where B< H*(M; Z) is {y|i*y € H*"(@M; Z) is torsion}. Compatibility re-
quires that

o pa (3> =Y(i*y) + 33, (797 1y). *
The right hand side of this equation is easily seen to define a homomorphism ¢,: 4, — Z;2,
We must show that ¢, [4, N 4, = ¢,]4, N A,.

A; M A, consists of p,(y) for y € B withi*y = 0 mod 2 (since i*y = 0 mod 2 if and only
if py(y) = j*z for some z in H*"(M, 0M; Z/2)). Thus i*y = 2w for some w e T*"(@M). By
Lemma 3.4(b) 4(z,j*z) = 1y, (i*)7'p) + 2L(w, w). Since (Pi*y) = p(2w) = 4(w) =
2 2(w) =2L(w, w), we see that @,(p,())) = @,{(p,(¥)). This proves ¢, = ¢, on 4, N 4,
and shows a compatible & € H>"(M, 3M ; Z/2) exists.

Proof of (b). In this case 4, = im(n*: H>"(M; Z/2) > H*(M; Z/2)) and @,: A, » Z;2 is
given by @, (n*z) = (2%, [M]), since it is shown in [10] that {v,,(vg) - z, [M]> = (23, [M]).

A, =im(p,: B— H*"(M; Z/2)) as before and ¢,: 4, — Z/2 is again defined by the
equation (*).

Ay 0 Ay ={p,(y)]i*y is torsion and p,()) = n*z}. The condition that p,(y) = n*(2)
for some z implies that i*(y) = (y,, y, + 2w’) in T*"(@M) = T*"(M) ® T*"(6M). We may
rewrite this as i*(y) = (y,, 2w — y,). Thus by Lemma 3.6,

dzoz =3y, ()7 + 2L(w, w) = Ly, y2).
W3*y) =d(y) + ¥ () =y () + 2w — ) = 20(y,) + 4(w) — L2w, y)
= L(y1, y1) +2L(w, w) — L(y,, y1) — L(y2, y1) = 2L(w, w) — L(y1, »y).
Thus we see ¢, = @, on 4, N A, in this case also. This proves Theorem 5.1.

Note. We could also prove that given a lifting (equivariant lifting) of the Wu class, then
there is a compatible quadratic (equivariant quadratic) function. However, there is not a one
to one correspondence between liftings of the Wu class and quadratic functions. There is a
natural extension of Theorem 5.1 to Z/k P.D. spaces for any k. Once again one may prove
that there are compatible equivariant Wu classes and quadratic functions. The proof, how-
ever, is much more complicated since if & # 2, M does not satisfy Poincaré duality with Z/2
coeflicients. Thus v,,(vy) is not determined by its cup product with cohomology classes as
in the proof of Theorem 5.1(b).

§6. APPLICATIONS
In this section we will give some applications of our main formula, Theorem 4.3.

THEOREM 6.1. Let (W, 6 W) be a Poincaré pair of dimension 4n and let \j: T*(0Wj — Q/Z
be a quadratic function over the linking pairing. Let b € H*"(W, W, Z/2) be a lifting of the Wu
class compatible with \y. Then

I = (P(D), [W, oW1 — AT*(@W), ) (mod 4)
where 2(8) € H*"(W, W, Z/4) is the Pontrjagin square of 9.

Before proving Theorem 6.1, we give some corollaries.
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COROLLARY 6.2. Let W*" be a Z'2 P.D. space with ¢W*" =2M*"' Let fe

H*(W, 6W, Z/2) be an equivariant lifting of the Wu class. Then

(W) = (P, [W, eW]) —20(M)e Z/4
where 6(M) € Z/2 is the number modulo 2 of 2-primary summands of T*"(M),and 2: 7.2 - 7/4
is the inclusion.

COROLLARY 6.3, Let W be a Z/4 P.D. space and let b € H>* (W, W, Z/2) be an equivariant
lifting of the Wu class. Then

I(W*) = L20), [W, oW el,.

Proof of Corollary 6.2. Let : T*"(GW) — O/Z be an equivariant quadratic function
compatible with &e H>*(W, dW, Z)2), say ¢ =y @ ¢, y: T*(M)—- Q;Z. By (2.10)
A(T* (M), ) = o(M) (mod 2) hence, by Thzorem 2.7(ii), A(T?"(8W), ¥) = 2A(T*"(M), §) =
26(M) (mod 4) and Corollary 6.2 follows immediately from Theorem 6.1.

Proof of Corollary 6.3. Since the index modulo 4 of Z/4 P.D. spaces is a bordism invari-
ant, it suffices to check Corollary 6.3 for generators of the Poincaré duality bordism group
QFP(pt, Z/4). There is an exact sequence

o QFR(pt, 2/2) = QF2(pt, Z/4) S QLR(pt, 2/2) S QF_(pt, Zj2) - -+
where, if ¥ is a Z/2 P.D. space, i[I’] = [2F] and §[V'] = [§V]. It is clear from Corollary 6.2
or Remark 4.8 that Corollary 6.3 holds for Z/4 P.D. spaces W, with [W] = i[V'], Va Z'2 P.D.
space.

Suppose 8[V] = [6V] = 0 € QFP_ (pt, Z/2). Then from the exact sequence
o QF2 (pt, 1) D Q5P (pt, Z) > Q5P (pt, Zj2) - - -

we can find a P.D. cobordism ¥’ from —4F to 2N, for some (4n — 1) Poincaré space N.
Then W =V, 2V’ (see diagram) is a Z/4 P.D. space with j[W] =[] e Q}2(pt, Z/2).

It suffices to prove Corollary 6.3 for this Z/4 P.D. space W.

First I(W) = I(V) + 2I(V"). Secondly, form the space W’ by identifying with one an-
other the two copies of ¥, and then the copies of N.

[Z
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Then W’ has a “normal bundle ”, and the Wu class of this normal bundle lifts to a
class v € H*" (W', VU N; Z'2). Define & = n*(v") e H>(W, ¢W; Z/2) where n: W — W' is
the obvious map. Then ¢ is an equivariant Wu class for W, i*(t') e H**(V, éV; Z/2) is an
equivariant Wu class for the Z,2-manifold 7, and j*(v") € H>"(V’, ¢V'; Z'2) is a lifting of the
Wu class for V7, where i: ¥ — W’ and j: ' — W' are the obvious maps. Morteover, it is not
difficult to see that

(PQ@). W, GW]) = (23, (7, V] + 2(* W), V!, V']
= I(V) + 20(8V) + 2¢j*(t)?, [V', éV']> (mod4) by Corollary 6.2
= I(V) + 20(6V) + 2(I(V") + o(@V’)) (mod 4) by Remark 4.8.
Since ¢V' = 8V + 2N, 26(¢V’) = 26(3V) (mod 4) and hence
(P@®), W, oWy = I(V) + 2I(V') = [(W) (mod 4),

which proves Corollary 6.3.

We point out that if we had proved in §5 the existence of compatible equivariant
liftings of the Wu class and equivariant quadratic functions for Z/4 P.D. spaces, Corollary
6.3 would follow trivially from Theorem 6.1. The above argument turns out to be simpler,
however.

Proof of Theorem 6.1. We need to recall some notation from §4. We have the Wu class
vy, € H*(W, ZJ2) and liftings b e H2N(W, oW, Zj2), v’ € H*"(W, Z) with j*(8) = p,(v) =
r,, € H*"(W, Zj2). We have a class b € T*"(0W) such that ri(x) = L(b,i (x)) for x e T*'(W),
and a class t e T*"(W) such that i*(t) = 2b. Moreover, i*(v') = 2b € H*(¢W, Z). Choose
cocycle representatives 6, v,', b, and t, for b, v’, b and ¢ respzctively, such that j* () =
pa(ve’yand i*(v, ) =i%(t,) =2b,. Thenv, =v, —t, € C*(W, 6W, Z) is a relative co-
cycle, which represents a class v & H*"(W, 6W, Z). Let py(v,) =04 — 54 € C(W, OW, Z)2).
Then s, represents a class s € H"(W, éW, Z/2) and j*(s) = p,(t) € H*(W, Z/2).

Formula 4.3 asserts that

LWy = <02, (W, 0W 1) + Y(b) — A(T*"(6W), ¥) e Z}8.
Since 2Y(b) = L(b, b) € 1Z;Z = Q/Z, we see that if we interpret L(b, b) € Z/4 we have

I(W3) = G2, [W, SWD) + L(b, b) — A(T* (W), ) € Z/4.
Since also

pa(t?) = P) = P(0 + 5) = P(0) + P(s) + ix(s?)
= P(D) — P(s) e H*™(W, ¢W; Z/4),

where i,: H*( , Z/2) - H*( , Z/4) is induced by the inclusion 2: Z/2 — Z/4, Theorem 6.1
follows if we prove that L(b, b) = (2P(s), [W, ¢W]> € Z/4. But this is exactly Lemma 3.5(b),
hence Theorem 6.1 is proved.

For our final application we produce a multiplicative characteristic class /(¢) for spher-
ical fiber spaces, &, so that

IOV) = U(vg), [W]> mod4
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for any Z or Z/2" P.D. space, r > 2. [t will then follow that /() = L(¢) mod 4 for any topo-
logical bundle. Here L(¢) is the characteristic class for topological bundles which is multi-
plicative, and which gives the index for Z P.D. spaces and the index mod 2* for Z/2* P.D.
spaces. It follows from results of [I0] that these two properties characterize Le
H**(Bstop; Z1))- A slight generalization of the argument there shows that any Z/2* charac-
teristic class of topological bundles which is multiplicative, gives the index mod 2* for any Z
or Zj2* P.D. space, and which agrees with the Z/2* reduction of L for vector bundles is equal
to the Z/2* reduction of L for all topological bundles. We will show [ satisfies all these
properties.

To construct /, first consider L e H**(Bso, Z)). Since p,(L,) = p(P(v,,) =
;.7 € H*(Bsy, Z/2), it follows that py(L)) = P(r,,) + iy 0,(ws ... wy,) € H*(Bso, Z/4),
where o,(w, ... wy,) € H*(Bso, Z/2) is a polynomial in the Stiefel-Whitney classes, well-
defined modulo image(Sq*). Using the formulas of [13] one can compute the o,(w, ... wy,).
For example

pa(Ly) = P(v1) + isx(wy)
pa(Ly) = P(3) + ix(wg + we wy + w,)
pa(Ls) = P(rg) + ix(wg wy® + we? + we wy® + Wy + wywyw, + wswywy + wyZw,>).

THEOREM 6.4. Let I, = P(v,,) + iy, (W5 ... wq,) € H*(Bsg, Z/4). Let I=1+1, +1,
+ ... then,

(1) (&) = L(&) mod 4 for all vector bundles;
(i) 1 is multiplicative for spherical fiber spaces, and
(iii) if Wis a Z/4 P.D. space with normal bundle vg then
IW) = {U(vg), [W]> mod 4.
As a corollary, we have
COROLLARY 6.5. p,(L,) = P(v,,) + i(0(ws, ..., Wa,)) € H*(Bsrop; Z/4).
Proof of Theorem 6.4. (i) is obvious from the definition of /.

(it) Given two oriented spherical fiber spaces &, n, we may compute

Een = ;0 (P02E@N) + ix0,EDN)

mechanically using the formulae for 2(x + y), P(x - y), t(E ® 1), and w, (¢ D n). We know
that if £ and # are vector bundles, the result of this computation is (@ n) = I(&) - I(n)
since [ = p(L)e H**(Bso, Z{4). But there are natural inclusions H*(Bso, Zj2) =
H*(Bsg, Z/2) and H*(Bgo, Z/4) « H*(Bgg, Z/4) (defined by the Stiefel-Whitneyclassesand
their Pontrjagin squares), compatible with all structure involved. Thus /(¢ @ 1) = I(&) - I(n)
for arbitrary spherical fibrations. This proves Theorem 6.4(ii).

(iii) Now let W be a Z/4 Poincaré space. It follows readily from Corollary 6.3 that
I(W) = (v*P(v,,), [W]) € Z/4. Thus Theorem 6.4(iii) is equivalent to
Vi 0wy .o Wiy, [W]) = 24v*a,(w, ... wa,), (W] =0e2(Z2) = Z/4.
This is true if W is a closed smooth manifold. Thus the element
6,3 ... we)U € H*(MSO, Z/2)
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is decomposable over the Steenrod algebra since it vanishes on n,(MSO) and there is a map
from MSO to a product of Eilenberg-MacLane spaces, which induces an isomorphism in
Z)2 cohomology [16). It follows that ,(w; ... wy,)U € H*(MSG, Z,2) is also decomposable
over the Steenrod algebra. But if }"is a Z/4 Poincaré space we can find a proper embedding
of pairs (W, §W) < (SI7*", S47#" 1) where S§**" = §7*" ! { ], ¢?7*". Such an embedding
defines a collapsing map c: Si**" - T(vg?), of degree one in the top dimension. Since all
Steenrod operations vanish in SI*", it follows that

VG, (Wy .o wan), IFD = (X (T 0, (W, ... wa)U, [SITD =0,
where T(v): T(vp?) — MSG. This proves Theorem 6.4(iii).
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