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Abstract

We discuss an universal bordism invariant obtained from the Atiyah-Patodi-
Singer n-invariant from the analytic and homotopy theoretic point of view. Classical
invariants like the Adams e-invariant, p-invariants and String-bordism invariants
are derived as special cases. The main results are a secondary index theorem about
the coincidence of the analytic and topological constructions and intrinsic expres-
sions for the bordism invariants.
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1 Introduction

This work is a mixture of a research article and a survey. Its purpose is to understand
which topological information is encoded in the n-invariant, a spectral-geometric invariant
introduced by Atiyah-Patodi-Singer [f] in the context of index theory for boundary value
problems for Dirac-operators. By now there are many examples in the literature where the
n-invariant has been used to define bordism invariants ([8],[[2], [, 1], 9], 2], [B7],
..[). In the present paper we consider the universal structure behind these examples.
We define a bordism invariant which we call the universal n-invariant. We use Section
fl in order to review some of the known n-invariant based bordism invariants. We put
the emphasis on the demonstration how they can be interpreted as special cases of our
universal construction. Though we have not checked it in detail our construction may
also subsume (by constructions similar to the one in Subsection p.5) other invariants of
Kreck-Stolz type or Eeells-Kuiper type, 3], [B0], or the generalized Rochin invariants of
By
The universal n-invariant comes in two incarnations. The analytic version n* (Def. B.H)
is the bordism invariant which is easily derived from the appearance of the reduced 7-
invariant in the local index theorem for the Atiyah-Patodi-Singer boundary value problem
by canceling out the dependence on geometric data. The ideas for this construction are
more or less standard and have been used previously in many special situations.
The topological counterpart n'? (Def. P-2) is constructed by a simple homotopy-theoretic
consideration using the interplay of Q/Z-bordism and K-theory. By their universal char-
acter the precise definitions of " and 1! are somewhat technical and will therefore not
be reproduced in this introduction.
While it is not so complicated to see that n®" is a bordism invariant, to understand its
homotopy-theoretic meaning is slightly deeper. The bridge between analysis and topology

LA complete list would be too long to be given here!



is provided by our first main Theorem B.§ stating that

an top

no=n

Its proof uses standard methods in index theory like the analytic picture of K-homology
M4, [EJ, the Atiyah-Patodi-Singer index theorem [f], and some ideas from Z/IZ-index
theory [BJ].

Bordism classes can be represented geometrically by manifolds with additional structures,
called cycles (see Subsection B.2 for details). It is then an interesting question how one
can calculate the universal n-invariant or its specializations in terms of the cycle. The
definition of both, the topological or the analytical version of the universal n-invariant
involves the choice of a zero bordism of some multiple of the cycle. In applications it is
often complicated to find such a zero bordism. It is a striking advantage of the analytic
picture that it can be reorganized to an expression which only involves structures on the
cycle itself. In special cases this has been previously exploited in [p4], B9] (the case of the
Adams e-invariant, see Subsection p.1]), and [R1] (to calculate String-bordism invariants,
see Subsection f.4). We consider the intrinsic formula for n** given in Theorem [[.19 as
one of the main original contributions of the present paper. This formula is based on
a new object which we call a geometrization. We will sketch the main idea here and
refer to Definition [L.9 for a precise description. We consider a map from a manifold to
a space f: M — B and let I : KO%(M) — K°(M,) denote the map which associates to
a differential K-theory class (see Subsection [L.9 for a review) the underlying topological
K-theory class. A geometrization of (M, f) is a lift G

K°(M)

G -7

K°(By) = K°(M.)

satisfying some additional properties explained in detail in Definition .2 If I is a compact
Lie group, then a map f : M — BI classifies a ['-principal bundle on the manifold M.
A connection on this principal bundle allows to define for every representation p of I’
a vector bundle V, = (V,,h"%, V") on M with hermitean metric and connection by
the associated bundle construction. Using the completion theorem [[] this construction
extends to a geometrization

G: K°(BLy) = K°(M) ,  [p] = [V,] -

The notion of a geometrization thus partially generalizes the notion of a connection on the
in general non-existent principal bundle classified by the map f : M — B. The details
are slightly more complicated since we will take structures on the normal bundle into
account.

In this paper we generally decided to work with complex K-theory. We think that there is
a real version of the whole theory which can be obtained by replacing complex K-theory by



real KO-theory, BSpin® by BSpin, and taking the real structures on the spinor bundles
into account properly on the analytic side. The real version of the universal n-invariant
would be slightly stronger than its complex counterpart which loses some two-torsion
classes. In order to recover the Adams e-invariant or the string bordism invariant [RT]
completely as special cases of the universal n-invariant we would need the real version.
Let us now describe the contents of the paper. In Section [ we introduce the topological
version 7'°? of the universal n-invariant and study its properties. Most interesting is prob-
ably the relation with the Adams spectral sequence Proposition .9 and its consequence
Corollary which asserts (under the simplifying Assumption P.6) that the universal
n-invariant exactly detects the first non-trivial subquotient of the bordism theory with
respect to the K-theory based Adams filtration.

In Section f we introduce the analytic version n®* of the universal n-invariant and prove the
secondary index Theorem B.§ stating that n°" = n'°?. Before we can define n°" we have to
recall in Subsections B.3 and some preliminary technical details concerning the relation
of structures on the stable normal bundle as they come out of the Pontrjagin-Thom
construction, and structures on the tangent bundle which will be used to do geometry
and analysis.

Section [ is devoted to geometrizations (Def. [.2) and the intrinsic formula for " (Thm.
T17).

In the last Section [ we discuss in detail various specializations of the universal n-invariant.
It contains mainly a review of known constructions and results with slight improvements
or generalizations at some points (e.g. Corollary p.I1]). In the Propositions and
we show how the usual geometric structures of Spin- and String-geometry (see [pY] for
the latter) give rise to geometrizations which lead to the known intrinsic formulas for
the corresponding bordism invariants. It has been the initial motiviation for this work
to understand the general principles behind the String-bordism invariants introduced in
[BI]. The arguments used here for the String = MO(8)-bordism case should easily be
adaptable to bordism theories M O(n) associated to higher connected covers BO(n) of
BO.

This paper is written for a reader with basic background in homotopy theory without being
an expert. We will assume some knowledge on spectra and how they represent homology
and cohomology theories. We decided, however, to explain some of the homotopy theoretic
constructions and their translation to the geometric picture with more details as one would
usually do in a paper written for topologists.

On the analytic side, in particular in the proof of Theorem B.§, we assume a sound
familiarity with K-theoretic arguments in index theory.

The theory of geometrizations and some of the examples in Section [ require a certain
experience with differential cohomology theories and elements of Chern-Weyl theory like
transgressions etc.

Acknowledgement: I thank Bernd, Ammann, Sebastian Goette, Diarmuid Crowley, and
Niko Naumann for stimulating discussions. The pictures have been typeset using the
frobeniusgraphcalc.sty-package written by Clara Loh.



2 The topological construction

2.1 A rough description of 7'

In this section we introduce the homotopy theoretic version of the universal n-invariant
of torsion classes in bordism theory. Before we come to technical details we will give a
rough description of the idea. Any torsion class in the respective bordism group vanishes
after rationalization. Therefore we can choose a preimage under the Bockstein operator

assoziated to the sequence
0-Z2Z—-Q—-Q/Z—0.

This preimage is thus a Q/Z-bordism class of one degree higher. To this bordism class
we apply the unit of complex K-theory in order to obtain a Q/Z-K-homology class of the
corresponding bordism theory. It can be paired with K-cohomology classes in order to
obtain values in Q/Z. In this way our original bordism class gives rise to a Q/Z-valued
homomorphism from the K-cohomology of the considered bordism theory. The preimage
of an element under the Bockstein operator is not uniquely determined, in general. In
order to obtain a well-defined bordism invariant we therefore take the equivalence class
of our homomorphism in a quotient of the group of Q/Z-valued homomorphisms from
K-theory which is defined exactly such the ambiguity of the choice of that preimage does
not matter any more.

Let us now describe the contents of the subsequent Subsections. In Subsection P.J we
collect some basic facts from the homotopy theory of Thom spaces. An experienced reader
may skip this section and immediately proceed to the construction of 1'? in Subsection
R.3. In Subsection P.4 we analyse the target group of the universal n-invariant in greater
detail. Subsection R.5 is devoted to the relation between the universal n-invariant and the
Adams spectral sequence. Finally, in Subsection P.§ we study the functorial properties of
the universal n-invariant with respect to transformations of the data.

2.2 Thom spaces and the Thom isomorphism

On the homotopy theoretic side bordism theories are represented by Thom spectra. In
the following we briefly review the basic construction of Thom spectra. More details can
be found e.g. in [p3, Ch.IV].

If V — Y is a k-dimensional real vector bundle over a CW-complex Y we define its Thom
space Th(V') as the homotopy quotient

Th(V) :=V/,(V\Y),

where we identify Y with the zero section of V. The associated Thom spectrum is then
defined by
YV = 3u*"*Frn(V)

where ¥*° is the suspension spectrum functor, the left-adjoint of the adjoint pair

¥ : Top, & Sp : Q% (1)
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of functors between pointed topological spaces and spectra, and ¥*°* stands for the
composition of X with the k-fold down shift.

The following functoriality will be important. If Y’ C Y is an inclusion of a subcomplex
carrying a vector bundle V' — Y’ of dimension £’ < k, and we have fixed an identification

Vv =V @ (Y x RMY)

then we get an induced map (Y’)"" — YV of Thom spectra. This allows us to define the
Thom spectra associated to the sequences of classical groups (G(n)),>1, where G belongs
to the list

{U, SU, 0, SO, Spin, Spin®, Sp} .

These groups come with families of stabilization maps
Gn) = Gn+1), n>1.
We consider the homotopy colimit of the corresponding sequence of classifying spaces
BG :=hocolim, BG(n) .

For any map B — BO from a CW-complex B we define a Thom spectrum M B as follows.
The restriction of the map to a finite subcomplex A has a factorization A — BO(n).
It classifies an R™-bundle V; — A which gives rise to the Thom spectrum A"4. The
functoriality of the construction explained above provides natural maps (A’)Va — A4
for inclusions A” C A C B of finite subcomplexes. The Thom spectrum associated to the
map B — BO is then defined as

MB :=hocolimy A4 |

where A runs over the finite subcomplexes of B.
For a map of CW-complexes over BO with a given homotopy making the diagram

B B (2)

NS

BO

we get a homotopy class of maps of Thom spectra M B" — M B. In this way the Thom
spectrum construction provides a functor from the homotopy category of CW/, BO of CW-
complexes over BO to the homotopy catgeory of spectra, where the subscript h indicates
that a morphism in this over-category is a triangle (B) filled by a specified homotopy.
For our theory it will be important that the bordism theory is K-oriented. The natural
K-oriented bordism theory is Spin®-bordism [f], 53, Ch. VI].

We take the flexibility of considering bordism theories which are K-oriented through a
map to Spin®-bordism.

We now come back to the description of our set-up. The compatible family of maps

Spin(n) — O(n), n>0
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induces a map

BSpin® — BO (3)

and therefore a Thom spectrum M BSpin®. In order to keep a compatible notation in
our paper we use this symbol for the Thom spectrum which would usually denoted with
M Spin¢. We fix a map of spaces

o:B — BSpin© . (4)

It gives rise to a triangle

B BSpin©
BO
filled by the constant homotopy. It therefore induces a map of Thom spectra
Mo : MB — MBSpin® . (5)

The homology theory represented by the spectrum M B will be called B-bordism theory.
If Y is a pointed space or a spectrum, then the B-bordism groups of Y are defined as
Tn(MBAY).

Let us note the following important special case where B = x is the one-point space. In
this case the Thom spectrum S := M B is the sphere spectrum.

We let K denote the complex K-theory spectrum. It is a commutative ring spectrum
with unit and multiplication

ek :S—>K, mult: KANK— K . (6)
By [H] the Spin“bordism theory is K-oriented. This orientation is given by a Thom class
a: MBSpin® — K . (7)

Its composition with ([) induces the K-orientation
f:=Mocoa: MB— K (8)

of B-bordism theory. It leads to Thom isomorphisms in homology and cohomology. We
need some details of the construction of the Thom isomorphisms later in the proof of
Theorem B.G.

We start with the cohomological version. Let Y be a pointed space or spectrum. If F
is another spectrum, then we let E*(Y) denote the E-cohomology of Y. Note that we
use this notation for the reduced cohomology. If Y is a space, then the unreduced E-
cohomology of Y will be given by E*(Y,), where Y, is the disjoint union of ¥ with an
additional base point.

The Thom spectrum M B is K-oriented by (). We therefore have for any spectrum or
pointed space Y a Thom isomorphism

Thom®™ : K*(B, AY) = K*(MBAY) . (9)
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Let us describe this map in detail. We consider the product B A B, as a space over BO
via the projection onto the first factor. The diagonal B — B A B, then becomes a map
over BO and thus induces a map of Thom spectra

A:MB - M(BABy)~ MBA B, (10)
which is usually called the Thom diagonal. Let ¢ € K*(B; AY') be represented by
6B, AY = YK

Then the image of ¢ under the Thom isomorphism is represented by the composition

mult

MBAY B3 MBAB, AY Y KAYK ™' s~ K . (11)

In the present paper we denote the E-homology of a pointed space or spectrum Y by
m.(ENY) (we do not use the notation F,.(Y') since the swaps like EQ/Z.(Y) = E.(YQ/Z)
some times become notationally confusing). We must understand the Thom isomorphism

Thomy : m (K AMBAY) = m (K AB, AY)
in K-homology in a similarly explicit way. It is induced by the composition
KAMBAY 3 KAMBAB,AY 5 KAKAB,AY ™ ' KAB,AY .  (12)
Its precomposition with the unit MBAY & K A MB AY coincides with

MBAY 3 MBAB. AY 5 KAB,AY . (13)
This gives the relation
Thomp (€x(2)) = B(A(z)) € m(K ANBL AY) (14)

for z e m,(MBAY).
More generally, we have Thom isomorphisms for cohomology theories which are K-module
theories. These isomorphisms will be denoted by the same symbols Thom® and Thomg-.
They are defined by natural modifications of ([J) and ([I]). We will apply this e.g. in the
case of KQ/Z or K|[q]] which will be introduced later.
We now describe the pairing between homology and cohomology and derive some formulas
clarifying its compatibility with the Thom isomorphisms. For spectra or pointed spaces
Y, Z we have a pairing between the K-theory K*(Y') and the K-homology m.(K ANY A Z)
with values in m,(K A Z). If the homology and cohomology classes are represented by
maps

p:Y YK, y:YS S KAYANZ,

then the pairing is given by the composition
(3,y)  SHS LA KAYANZSKAKANZ™ KAZ . (15)
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It turns out to be useful to consider the cohomology groups of a space or spectrum as
topological groups. The topology on a cohomology group is determined by the system
of neighbourhoods of the identity given by the system of kernels of restrictions to finite
complexes or spectra. This is the profinitef] topology defined in [[§, Def. 4.9]. By Hom®"
we mean continuous homomorphisms into the target which in this paper is always a
discrete group. We will interpret the evaluation pairing described above as a map

(K AY ANZ) = Hom“™(K*(Y), meyj(K N Z)) . (16)

For later use let us consider the situation where y € 7,(K AMBAY A Z) and ¢ €
K'(B; AY). Then we have the relation

(Thom™ (¢),y) = (¢, Thomk (y)) € mji(K A Z) . (17)

Let us further assume that y = ex(z) for z € m;(MB AY A Z). Then we can apply the
orientation §: MB — K to A(z) € mj(MB A By ANY A Z). Combining ([4) and ([[7) we
get the following equality

(Thom™ (), ex(2)) = (¢, B(A(2))) € mjs( K A Z) . (18)

2.3 The definition of n'”

On the level of spectra we define rationalizations and Q/Z-versions of a homology theory
using Moore spectra. For an abelian group A we let MAf] denote the Moore spectrum of
A. Tt is characterized by the property that

A n=0

wn(HZ/\MA)%{ 0 n0

More generally, for a spectrum Y we have exact sequences
0—-mY)®A— (Y AMA) = Tor(m,—1(Y),A) = 0 (19)

(M9, (2.1)]) for all n € Z. For cyclic groups A a construction of MA is indicated in
Subsection B.J. Note that MZ and MQ are equivalent to the sphere spectrum S and
the Eilenberg-MacLane spectrum HQ, respectively. For any spectrum E we abbreviate
EA := EANMA. For example, we have an equivalence EZ = FE. We let MZ — MQ be
the map of Moore spectra induced by the inclusion Z — Q. It extends to a fibre sequence

MZ — MQ — MQ/Z — YXMZ (20)

of Moore spectra.
Our invariant will be defined on the torsion elements of the B-bordism theory of a space
X (or a spectrum X" as explained later in Subsection P.4).

2Note that this topology is in general not the profinite topology in the sense of group theory!
3Please do not confuse the letter M used for Moore spectra and M used to denote Thom spectra.



Smashing the fibre sequence of Moore spectra (P() with MB A X, and K A MB A X
gives the vertical sequences in the following diagram:

SIMBQA X,

SIKAMBQAX, . (21)

@ NMBQ/Z A Xy —% SVK A MBQ/Z A X4

* MBA X,

KANMBAX.

O MBQA X,

K ANMBQAX,

The horizontal arrows are all induced by the unit (d) of K-theory.

The little letters in diagram (PI) denote elements which will be chased through this dia-
gram. We consider a torsion class x € m,(MBA X, )iors- It has a lift & € 7,1 (M BQ/Z A
X ) which is well-defined up to classes in the image of 7, (M BQ A X ). This lift &
maps to a class T € w1 (K AN MBQ/Z A X ). This element is well-defined up to the
image of 1,11 (MBQ A X, ). We thus have defined a homomorphism = — &

7Tn+1(K A MB@/Z A X-i-)
image(m,11(MBQA X))

Tn(MB A X4 )iors — (22)

We now specialize the evaluation pairing ([[G) to our situation. We consider the case
where Z = MQ/Z and Y = MB A X,. We furthermore precompose with the Thom
isomorphism (f]) in K-theory and get a homomorphism

Tni1 (K AMBQ/Z A X)) — Hom®™ (K°(By A X 1), i1 (KQ/7Z)) . (23)

We let
U C Hom™"(K°(By A X4), 711 (KQ/Z)) (24)
denote the subgroup given by the pairings with the elements in image(m,.1 (M BQAX,)).

The following group plays a central role in the present paper as the target of our universal
n-invariant.

Definition 2.1 We define

Hom*™ (K°(By A X4), T (KQ/Z))
U

Note that @, (B, X) also depends on the choice of the map o in ([f), but this dependence
will be suppressed from the notation. Note that @, (B, X) is a torsion group. Indeed,
by continuity every element of Hom®“™(K°(By A X, ), m,11(KQ/Z)) factors over a finitely
generated quotient of K°(B, A X,). Since it has values in a torsion group it is of finite
order.

Qn(B, X) == : (25)
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Composing (P3) with (B3) and with the projection to the quotient by U we obtain a
homomorphism

N 1 (MB A X tors — Qu(B, X)) . (26)

Let us collect the essentials of this construction in the following definition.

Definition 2.2 The homotopy theoretic version of the universal n-invariant is the homo-
morphism
NP T (MB A X )ors — Qu(B, X)

defined by the following prescription: If x € m,(MB N Xy )ors, then we choose a lift
% € T (MBQ/Z A X)) whose pairing with K°(By A X ) represents the class n'P(x) €
Qn(B, X).

2.4 Simplification of Q,(B, X)

The target of our universal n-invariant is the group @, (B, X) defined in (7). The univer-
sal n-invariant is designed to detect torsion elements in the bordism group m,(MBA X ).
For an effective use of the universal n-invariant we have to know the group Q,(B, X). To
this end first of all we must know the K-theory K°(B, A X,). In many examples this
K-theory is a lot easier than the bordism theory. So take for example B = *x and X = x.
Then 7,(MBAX,) = w2 are the stable homotopy groups of the sphere, a central and very
complicated object of stable homotopy theory which has not been calculated completely
so far. On the other hand K°(By A X,) = Z is known. Another interesting example is
the case where B = BG for G € {U, SU, Spin, Spin} and X = BT for another compact
Lie group I'. In this case we can calculate K°(B, A X, ) using the completion theorem
[A] in terms of the representation rings

K°(By A X4) & 1lim, R(G(n) xT), | (27)

where [, C R(G(n) x I') is the augmentation ideal.

In addition to the K-theory group K°(B, A X, ) the other ingredient of the construction
of Qn(B, X) is the subgroup U given in (P4)). Its calculation requires the knowledge of the
rationalization of m,,1(M B A X, ) which is easy in some cases, but may be complicated
in others.

One goal of the present section is to give a simplified picture of the group @, (X, B). This
picture turns out to be quite useful when we try to construct maps out of this group to
simpler targets. We make a simplifying assumption.

Assumption 2.3 We assume that By A X is rationally of finite type, i.e. dim H (B A
X4;Q) is finite for all € N.

This assumption is satisfied for eample, if B and X are of finite type. This means that
they are homotopy equivalent to C'W-complexes whose skeleta are are build with finitely
many cells.

11



Let
HPQ:=\/S*HQ (28)
i€z
be the spectrum which represents 2-periodic rational homology. For each i € Z we have
a projection py; : HPQ — Y% HQ to the corresponding component. We set p, := 0 for
odd n. Tt is useful to write HPQ = HQIb, b~'], where deg(b) = 2.
The Chern character is an equivalence

ch: KQ 5 HPQ.

We furthermore need the Todd class Td € HPQ"(BSpin%) which we describe in the
following passage. The splitting principle gives a way to define multiplicative characteristic
classes for real vector bundle from even formal power series (see [ for a detailed account).
For a complex line bundle L — X we let ¢;(L) € H?(X;Z) denote its first Chern class.
We consider a formal power series

K(z) =1+’ + 2'as + - - € Qb,b7'][[2”]]

of total degree zero where deg(r) = 2 and a; € Q[b, b~!] has degree —2i. Then there exists
a unique multiplicative characteristic class which associates to the real vector bundle
V — X the class K(V) € HPQ'(X,) such that K(Lg) = K(ic;(L)), where Ly is L
considered as a real bundle. Multiplicativity here refers to the property that

KVaeV)=K(\V)UK({').

The characteristic class associated to the formal power series

26 —11[7,.2
s € Qb))
is usually denoted by A (V). By the multiplicativity of A the family of classes (A(&,) €
HPQ"(BO(n)4))n>1 of the universal bundles &, — BO(n) is compatible with restriction
along the maps BO(n) — BO(n+1) and therefore gives rise to a class A € HPQ°(BO,.)
which restricts to the classes A(&,) for all n. In order to simplify the notation we use the
same symbol A in order to denote the pull-back of this class along a map e : B — BO,
i.e. we will write A € HPQ"(B,) for instead of e*A. In particular we have a class

A € HPQ(BSpin) .

The group Spin®(n) has a natural character x,, : Spin(n) — U(1) whose restriction to
the center U(1) = Z(Spin®(n)) is the two-fold covering. This character determines a line
bundle L, — BSpin®(n) and therefore a class ¢;(L,) € H?(BSpin‘(n); Z). The collection
of classes (¢1(Ly))n>1 is compatible with respect to the restrictions along the family of
maps BSpin®(n) — BSpin®(n + 1) and therefore determines a class

c1 € H*(BSpin®; Z)

12



which restricts to the classes ¢;(L,,) for all n > 1. The Todd class is defined as the class

&1

Td:= AU exp(%

) € HPQ"(BSpin’,) .

The Todd class is a unit in the cohomology ring so that Td™* € HPQ’(BSpin®) is defined
as well.

The importance of the Todd class comes from its role in the compatibility of the Thom
isomorphism for Spin‘-vector bundles and the Chern character. Let Thom®denote the
Thom isomorphism ([). There is an ordinary orientation

MB — MBSpin®— MBSO — HPQ
of B bordism theory which induces a Thom isomorphism
Thom”? : HPQ*(B, A X,) 5 HPQ*(MB A X)
in periodic rational cohomology. Then we have the relation in HPQ*(MB A X )
ch o Thom® (¢) = Thom”"?(ch(¢) U Td ™) (29)

for all p € K*(By A X).
The composition of the Chern character with multiplication by the inverse of the universal
Todd class and the projection p,,1 gives a map

pos1(Td ' Uch(...)): K°(By A Xy ) — HQ"™ (B A X)) .

We consider the kernel

pn+1(Td~1Uch(...
n

V = ker (KO(B+ AXL) D HQ™Y(B A X+)) . (30)

We now formulate the desired simplification of the description of the group @, (B, X).
Lemma 2.4 The restriction to V C K°(B, A X,) induces a well-defined map

Qn(B, X) = Bom™"(V, w11 (KQ/Z)) (31)
which is an isomorphism if we assume [2.3.

Proof. First we show that the restriction is well-defined. We must show that if p € V,
then the pairing of ¢ with an element of m, 1 (K AN MBQ/Z N X,) coming from y €
Tn41(MBQ A X ) vanishes. This pairing can be calculated as the image in 7,4, (KQ/Z)
of the evaluation pairing ([J) (with Y = MB A X and Z = MQ)

(Thom" (¢), €x(y)) € T2 (KQ) = Q,
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I

where € is the map induced by the unit of K-theory. The identification of 7,1 (KQ) = Q
can be viewed as given by the application of p,.1 och : 7,11 (KQ) — m(HQ) =2 Q. We
therefore can write

(Thom" (¢), €x(y)) = Pus1((ch o Thom" (¢), ch(ex (1)))) -

Note that L
pe(ch(ex(y))) = prlerre(y)) = { GHS(?J) k ig ;

where e pg and epq is induced by the unit of periodic and non-periodic rational homology.
Therefore by equation (B9) and the fact that p,,; o Thom””® = Thom®@ 0 p,,,, we obtain

(Thon™ (¢), ex(y)) = (Thom™®(p,41(Td™" Uch(¢))), ema(y)) - (32)

If € V, then the right-hand side of this equality vanishes. This shows that the restriction
map (B]]) is well-defined.

We now show that it is an isomorphism under Assumption P.3. We use the general fact
that if f : A — V is a homomorphism of an abelian group into a QQ-vector space such
that its image is finitely generated as an abelian group, then there exists a splitting
A =ker(f)® A’. Indeed, in this case the image is free and hence projective.

Note that there exists an integer N (only depending on n) such that the image of
Pr1(Td™ U ch(...)) is contained in ZH""(By A X4;Z) € H"™(By A X4;Q) and
is therefore finitely generated as an abelian group since we assume that B, A X is ratio-
nally of finite type. We conclude that

KB AX,)2VaVe,

where V¢ 2 image(p,,1(Td 'Uch(...)) is a free abelian group. This immediately implies
that (BI]) is surjective.

Any homomorphism ¢ € Hom®™"(K°(B,AX,), 7,4 1(KQ/Z)) can uniquely be decomposed
as a sum of its restrictions to V and V. We claim that U = Hom(V¢, 7,11 (KQ/Z)), where
U is as in (4). The claim implies that (BI]) is injective.

A homomorphism f : V¢ — m,41(KQ/Z) can be lifted to a homomorphism f : V¢ —
Tn41(KQ) since V¢ is free. This lift further extends uniquely to an homomorphism of
Q-vector spaces fg @ V¢ ® Q — m,11(KQ). Via the Chern character we can view
V¢ ® Q as a subspace of HQ""'(B. A X, ). Hence there exists a homomorphism f
HQ"™ (B, A X;) — Q which restricts to fQ. We interpret f as a homology class
f € M (HQ A By A X.). We now use the identification MQ = HQ and the Thom
isomorphism for rational homology in order to get an isomorphism 7, ;(MBQ A X ) =
Tnr1(HQ A By A X4). It follows that any homomorphism V¢ — 7,1 (KQ/Z) can be
obtained as evaluation against a class in 7,11 (MBQ A X ). O

The definition of n*” is based on first lifting the torsion element in the bordism group to
an Q/Z-bordism element which is then paired with elements of K-theory. The pairing
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with torsion K-theory elements can be expressed in a dual way as a pairing of the original
bordism class with Q/Z-lifts of the K-theory elements. We now explain the details.
Assume that ¢ € K°(B, A X ) satisfies ch(¢) = 0. Then ¢ € V and we get an evaluation

evy : Qun(B,X) = 11 (KQ/Z) .
In view of the exact sequence
KQ/Z ' (By A X.) 3 KBy AXL) B HPQ(BL A X,)

we can choose ¢ € KQ/Z (B, A X,) such that 06 = ¢. If we want to calculate
evy(n'P(z)), then instead of lifting the class z to a Q/Z class we can instead evaluate

the class ex(z) € m,(K AN MB A X, ) against the lift ¢. Indeed, using that KQ/Z is a
K-module spectrum we get a Thom isomorphism

Thom™ : KQ/Z*(By A Xy) = KQ/Z*(MB A Xy) .

The following assertion follows easily from the definition of n*? and commutativity of the
diagram

By A X, AMQ/ZE | Q7.
| |
B AX, ¢ KQ/Z

Lemma 2.5 Forx € m1,(MB A X )rs we have

evy (1] (2)) = (Thom™ (¢), exc()) -

This Lemma will play a role when we compare the universal n-invariant of the present
paper with other classical secondary invariants, e.g. in Subsection p.9.

2.5 Relation with the Adams spectral sequence

A classical approach to a calculation of the homotopy groups m,(MB A X ) uses the
Adams spectral sequence. We refer to [P] and [E2] for a detailed description of this method.
For our purpose the Adams spectral sequence (F,,d,) based on complex K-theory is of
particular importance. It does not really calculate the B-bordism groups m,(MB A X )
of X, but rather the homotopy groups m.((MB A X)) of the Bousfield localization of
MB A X, with respect to K-theory [I9].

In order to understand the strength of the universal n-invariant it is interesting to under-
stand its relation with the K-theory based Adams spectral sequence. In this subsection
we will show that the universal n-invariant factorizes over the first line of this spectral
sequence and exactly detects the first subquotient of m,(M B A X ) with respect to the
associated Adams filtration. The main result of the present Subsection will be formulated
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as Proposition P-9 and Corollary P10 It is relevant if one wants to calculate n'?(x) for
an element = € m,(MB A X{)iors about which one knows the element in [z] € Ezl’"H
which detects = (also called the symbol of x). This approach has been used to calculate
invariants of String-bordism classes in [RI], see Subsection [.4.

This relation between 7P and the K-theory based Adams spectral sequence is particularly
clean under some simplifying assumtions which we will adopt here.

Assumption 2.6 1. We assume that m.(K N MB A X)) is torsion free.
2. We further assume that the groups E5'(MBAX,) are finite for allt € Z and s > 1.

These assumptions hold true e.g. if B € {x, BU, BSU, BSpin, BSpin‘} and X = BT
for some compact Lie group. In order to see 1. in this case note that by the Thom
isomorphism

T(KAMBAX) =m(KANBLANXy) .

The right-hand side vanishes in odd degree and is given by (P7) for even degree.
Let us now describe the Adams filtration. Let Y be a spectrum or pointed space. The
unit ex of K-theory extends to a fibre sequence

SRS SN K S K

of spectra which in particular determines the spectrum K and the map §. The latter
induces the maps in the following sequence

SHEENAY 50 FORNTIAY 5 ST IRAY Y

which is called the Adams tower. The Adams filtration measures how far elements in
the homotopy group of Y can be lifted in the Adams tower. More precisely, an element
z € m,(Y) belongs to the step F¥m,(Y) if it can be lifted to an element in (K" AY)
in the Adams tower. In this way we obtain the decreasing Adams filtration

Frr (V) C F*ln,(Y)C - C Flr,(Y) C (V)
on m,(Y).
We want to apply the geometric boundary theorem [63, Thm. 2.3.4] and the discussion

of [B1], Sec. 5.3]. The Assumption P.f implies the assumption for the geometric boundary
theorem, namely that

Tart (K ANMBQ/ZNX,) = m(KANMBAX,) (33)
vanishes. Note that Assumption P.6,1. implies that
Tn(MB A X tors € F'm,(MB A X)) . (34)

Lemma 2.7 If we assume .4, then the restriction of n'P to F?m,(MBAX )tors s trivial.
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Proof. Assume that x € F?m,(MB A X, )rs. If we can show that we can choose
€ Flm,  (MBQ/Z A X,), then = 0 and therefore 7' (z) = 0.
Let [2] € Ey"T (MGBQ/Z A X.) be the symbol of &. The geometric boundary theorem

gives a map
by : Ey" TN MBQ/Z A Xy) — Ey" T (MB A X)) (35)

so that d»[2] = [z] is the symbol of z. By our assumtion on z we have d,[2] = 0. By [1],
Sec. 5.3] we have a long exact sequence

0— ES""NMBAX,)®Q/Z % ES" ™M MBQ/Z A X,) 3 EF Y MBA X, )iors — 0 |

(36)
Therefore [i] = j(a) for some class a € ES" ™ (MB A X,) ® Q/Z. We further have
surjections

Ey*(MBQAX,) 2 Ey*(MBAX)©@Q 5 Ey*(MGAX)®Q/Z —0.  (37)

Our assumption B-§.2 implies that E5°(MBQA X ;) =0 for s > 1. Therefore the Adams
spectral sequence for M BQ A X, degenerates at the Fs-term.

We can write o = ¢(f) for some 8 € Ey""'(MBQ A X.) which is necessarily a per-
manent cycle. We choose b € m,11(MBQ A X ) with symbol [b] = 5. The image y €
Tnr1 (M BQ/ZA X ) of the element b has the property that #—g € F'm,,(MBQ/ZNX.).
We can replace our choice of & by this difference. O

We define a map
k:Ey" T (MBAX,) = Qu(B, X) (38)

as follows. By Assumption .G, 2. and (Bf) the map 4, in (BH) is surjective. For v €
EY" ™ (MB A X)) we thus can choose 8 € ES™™ (MBQ/Z A X.) such that 6,(3) = .
The element (3 is well-defined up to the image of j. We have a natural inclusion map

a: Ey" ™ (MBQ/Z A X,) — T (K AMBQ/ZAX,) .

We define k() € Q,(B, X) as the element represented by the homomorphism K°(B, A
X)) = T (KQ/Z) given by the pairing with a(8). In the proof of Lemma R.7 we see
that pairings with elements in the image of j give the zero element in @),,(B, X). Therefore
k() is well-defined independ of the choice of 3.

Lemma 2.8 If we assume 2.4 and that n is odd, then the homomorphism
k: By (MBAX,) = Qu(B, X)
1S 1njective.
Proof. Let v € Ey™ ™ (MBAX,). Assume that x(v) = 0. We write v = d,(3) for some § €
Ey" ™ (MBQ/Z A X,). We have s(v) = 0 if an only if there exists y € m,11(MBQA X )
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which induces the same pairing with K°(By A X)) as a(8) € m,01 (K A MBQ/Z N X,).
By Pontrjagin duality and the Thom isomorphism we have

Tt (K AMBQ/ZAX ) = Hom™™ (K (MBA X, ),Q/Z) = Hom“™ (K (B, A X4),Q/7Z) .
We conclude that a(8) = a(j(q([y]))), where [y] € ES"™ (MBQA X,) and ¢ and j are as
in (B7) and B0)). Since a is injective this implies v = d2(j(¢([y]))) = 0. O

By (B4) we have a natural map
§: Tpst(MB A X ors — By (MB A X))
mapping z to its symbol s(x) = [z].
Proposition 2.9 If we assume [2.4, then there is a factorization
NP =kos:T(MBAX)ors = Ey" T (MBAX,) = Qu(B, X) .

Proof. Let x € mp(MB A X )tors and Z € m,11(MBQ/Z A X)) be its lift. Then 7' (z) is
represented by the homomorphism given by the pairing with ex (%) € m,. 1 (KAMBAX).
On the other hand if, in the construction of x, we set v := s(x), then we can take  such
that a(f8) = [ex(z)]. It follows that x(s(z)) is also represented by the homomorphism
given by the pairing with e€x(2) € m,11 (K AMB A X3). O

If we combine Lemma P.§ with Proposition P.9 and use the inclusion
F'7,(MB A X ) ors) F2mn(MB A X4 )iors € Ey™ ™ (MB A Xy)

we get the following corollary.

Corollary 2.10 If we assume and that n is odd, then we have an injection
0P 2 Py (MB A X )tors/ F*1(MB A X4 )iors — Qu(B, X) .

2.6 Functorial properties and a stable version

We let CW/, BSpin© be the categeory of CTW-complexes over BSpin® (see the text after
(P) where the meaning of the subscript h is explained). Furthermore, we let Top denote
the category of spaces. The association (B, X) — @, (B, X) becomes a functor from the
product

CW/,BSpin® x Top — Ab

as follows.
Let us consider a pair of morphisms

B B, v: XX (39)



in CW/;, BSpin® and Top. Pull-back along (¢,v)* : K°(B, A X",) = K°(By A X} ) induces
a map

Homcont(KO(B+ A X+)7 7Tn+1(KQ/Z)) — HOmCOTLt(KO(BQ_ A X-/l-)’ 7Tn+1(KQ/Z))

whose restriction to the subgroup U has values in the corresponding subgroup U’. Hence
we get a functorial map

(d, 1) : Qu(B, X) = Q. (B, X') .
We also have an induced map of spectra

Mo A : MBAX, — MB AX, .

Lemma 2.11 The following diagram commutes:

Wn(MB A X+>torsntop—> Qn(Bv X)
lew l(mﬁ)*
Wn(MB/ N X—/I—)torsntop—> Qn(Blv X/)

Proof. This is an easy consequence of the definitions. O

Observe that the group @, (B, X) depends on X only via the space X, obtained by
attaching a disjoint base point. There is an immediate extension of the definitions to
arbitrary pointed spaces Z in place of X . By a slight abuse of notation we write Q,,(B, Z)
for the resulting groups. Our motivation for using spaces of the form X, is that the
geometric picture of the bordism group m,(M B A X ) is simpler than in the general case
T.(MB A Z). Note that the homotopy theoretic construction of n*? immediately extends
to general pointed spaces so that we get by adapting Definition a transformation

n'or Tn(MB N Z)ors — Qn(B, Z) .

More generally, let X be a spectrum and Q2°*°X be the associated infinite loop space. We
can redo the construction of n*? in B with the spectrum X in place of X,. Then in the
definition of Q,(B,X) we have to intepret K°(B, A X) as spectrum cohomology. The
counit of the adjunction (X%°,0Q%) (see ([])) is a natural map

w0 = X (40)

which induces a map
Qn(B,X°0°X) = Qu(B,X)

such that the following diagram commutes.
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Lemma 2.12
Tn(MB A Q®X) 10rs = Qu(B, QA% X) .

\L idAu l (id,u)
t

7Tn(]\JB/\‘)C‘)tors L Qn(B7X>

Proof. This is again an easy consequence of the definitions. O

These generalizations will play a role in the application to algebraic K-theory developed

in Subsection .3.

3 The spectral geometric construction

3.1 Motivation

In this section we define an analytic invariant of torsion elements in the B-bordism theory
of a space X. The analytic invariant will be derived from geometric and spectral geometric
quantities associated to geometric cycles for bordism classes. The relation between the ge-
ometric and homotopy theoretic picture of the bordism group is given by Thom-Pontrjagin
construction, see [53, Ch IV.7]. In Subsection B.q we give the details of the geometric
picture of the B-bordism theory. Subsection is devoted to some technical details on
the transfer of Spin®-structures from the normal bundle to the tangent bundle. A reader
with some experience with the Thom-Pontrjagin construction and Spin‘-structures may
immediately proceed to the construction of n** in Subsection B.4. The final Subsection
B-3 of this part contains the proof the main theorem about the equality of the analytic
and topological universal n-invariant.

3.2 Geometric cycles for B-bordism theory

Cycles for elements of the B-bordism group 7,(M BA X, ) of X are triples (M, f, g) which
we now describe in detail. The first entry is a closed n-dimensional manifold M. The
remaining two entries are maps f : M — B and g : M — X, where the map f classifies
a B-structure on the stable normal bundle of M. To say that f classifies a B-structure
on the stable normal bundle of M involves an additional structure which we drop in
the notation for simplicity. This structure fixes the relation between the map f and the
tangent bundle of M. Since M is compact, for suitable £ > 1 there exists a factorization

BO(k)
)

up to homotopy. Let & — BO(k) denote the k-dimensional universal real euclidean
vector bundle. To say that f represents a B-structure on the stable normal bundle of f
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means that we are given a trivialization of the sum

TM & f*&, = M x R"F | (41)

Definition 3.1 We call the choice off together with such an isomorphism a representa-
tive of the normal B-structure on M.

The normal B-structure itself is given by the equivalence class of the representative under
the equivalence relation generated by stabilization (which allows to change k) and joint
homotopy of f together with isomorphism (ED).

The bordism group 7,(MB A X ) is the set of equivalence classes of cycles, where the
equivalence relation is given by bordism, and the group structure is induced by the disjoint
sum. A zero bordism of (M, f, g) is given by a triple (W, F', G) of similar data, where W is
a compact n + 1-dimensional with boundary OW = M, and F: W — Band G: W — X
are maps which extend f and g. We require that the B-structure on the stable normal
bundle of W represented by F' restricts to the B-structure on the stable normal bundle of
M represented by f. In detail this means the following. The representative of the normal
B-structure on W by F' involves an isomorphism

TW @ F*& = W x RvHiHe (42)
An outgoing normal field of T'Wsy provides a decomposition
TWiy=2TM @ (M xR) .

Let f5: M — BO(k + 1) be the composition of f with the map BO(k) — BO(k + 1) so
that

F b 2 (M xR) & f*& .

The restriction of the isomorphism () induces an isomorphism

£ s Fx * (E) +14+k
TM @ € 2 TM & (M X R) @ 6, X TWiy @ fie = M x R™1FE

The requirement about the restriction of the B-structure from W to M thus is that
isomorphism represents the given B-structure on M.

3.3 Normal and tangential Spin“-structures

Because of the factorization B — BSpin® — BO a normal B-structure induces a normal
Spinc-structure. As we will do geometry on the tangent bundle we must transfer normal
Spin-structures to tangential Spin‘-structures. The homotopy theoretic picture of this
transition is explained in [PT], Sec. 8] in the example of String-structures. In the following
we describe its geometric counterpart.
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Let V. — M be an m-dimensional real vector bundle. Then a geometric Spin-structure
on V is pair (P, k), where P — M is a Spin®(m)-principal bundle and & is an isomorphism
of real vector bundles

k:P XSpinC(n) R™ >V .

With this definition a Spin‘-structure induces a euclidean metric and an orientation on
V so that the oriented orthonormal frame bundle is SO(V) := P Xgpine(m) SO(m).

The collection of all Spin®-structures on the vector bundle V' naturally forms a groupoid.
For glueing and certain functorial constructions we have to be very careful with identifi-
cations. In these cases it is not sufficient to work with the set of isomorphism classes of
Spin‘-structures.

For an oriented euclidean vector bundle V' we let Spin®(V') denote the groupoid of Spin®-
structures which induce the given metric and orientation. The objects of the groupoid
Spin®(V') are the Spin®-structures (P, ), and the morphisms (P, k) — (P’, ") are iso-
morphisms of Spin®(m)-principal bundles P — P’ which are compatible with the isomor-
phisms x and £’. This in particular implies that automorphisms of (P, k) are given by the
central action of C*°(M,U(1)) on P.

If we associate to any open subset A C M the groupoid Spin®(V|4) of Spin‘-structures
on the restriction of V' to A, then we obtain a sheaf of groupoids Spin(V') which actually
is an U(1)-banded gerbe. We refer to [R0],[9], or [BF for an introduction to gerbes.
Isomorphism classes of U(1)-banded gerbes G are classified by their Dixmier-Douady
classes DD(G) € H3(M;Z). In particular, the Dixmier-Douday class of the Spin‘-gerbe
Spin(V') is the class

DD(Spin‘(V)) = W3(V) = Bun(V) € H*(M;Z) ,

where wy (V') € H*(M;Z/27) is the second Stiefel-Whitney class and 8 : H*(M;Z/27) —
H3(M;Z) is the Bockstein operator [[f6, Thm. D2]. The groupoid Spin°(V') is non-empty
exactly if W5(V') = 0, i.e. the class W5(V') is the obstruction against the existence of a
Spint-structure on V. In the following we will simplify the notation and write P for the
Spin‘-structure (P, k).

Let BU(1)(M) denote the Picard groupoid (see [BY]) of U(1)-principal bundles on M.
Given an U(1)-principal bundle E € BU(1)(M) and a Spin®-structure P € Spin®(V'), we
can define a new Spin®structure £ ® P € Spin®(V). This is most easily described in
terms of cocycles. If (¢,p) is the cocycle for E and (A,5) is the cocycle for P with respect
to some open covering of M, then (¢osAap) is the cocycle for £ ® P, where the action
uses the central embedding U(1) C Spin®(m). The structure map kggp is induced by kp
in the canonical manner. Alternatively, a global formula is given by (f3) specialized to
the case n = 0, see below. This construction defines bifunctor

BU(1)(M) x Spin°(V) — Spin°(V) . (43)

If Spin¢(V') is not empty, then the set of isomorphism classes of Spin®-structures on V' is a
torsor over the group of isomorphism classes in BU(1)(M). Since the latter is canonically
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isomorphic to H?(M;7Z) we get a simply transitive action of H?(M;Z) on Spin¢(V)/iso.
Furthermore, the tensor product with the respective identities induces isomorphisms

COO(M, U(l)) = AUtBU(l)(M)(E) = Autspmc(v)(E X P) = Autgpmc(v)(P) .

The sum of two vector bundles with Spinc-structures has a naturally induced Spinc-
structure. This is formalized with the natural bifunctor

Spin (V') x Spin®(U) — Spin“(V & U) . (44)
On the level of objects this bifunctor is given by
(P,Q)— PoQ,
where the Spin®(n + m)-principal bundle
P®Q = (P %y Q) X(spinc(n)xSpinc(m)) Spin(n +m) (45)

is obtained from the Spin®(n) x Spin®(m)-principal bundle P X 5, @ by extension of struc-
ture groups along the natural map

Spin(n) x Spin®(m) — Spin‘(n +m) .

| l

SO(n) x SO(m) SO(n+m)

Here n = dim(V') and m = dim(U), and the compatibility with the lower part of this
diagram is used to define the structure map kpgg from kp and rkg. The bifunctor comes
equipped with natural associativity constraints. We omit the details of the latter two
aspects.
We set Spin©(0) := U(1) and let 05, denote the zero dimensional vector bundle on M.
Then we get an identification of Spin©(0y,) = BU(1)(M), and for n = 0 the bifunctor
(E4) specializes to (). As a consequence of associativity the bifunctor (f4) is compatible
with the action (fFJ) of BU(1)(M) in the sense that for £ € BU(1)(M) have natural
isomorphisms

(F@P)RQ=E®(PRQ)=ZPR(E2Q). (46)

A trivialized vector bundle M x R™ has a preferred trivial Spin®-structure Q(n) := M X
Spin®(n). We can use this to produce a canonical equivalence of groupoids

Spin®(V) = Spin“(Va (M xR"), P—P®Q(n).

On the level of Spin‘-structures we speak of stabilizations.
Let us now consider a pair (M, f) of a compact oriented n-dimensional Riemannian man-
ifold and a map f : M — B which represents a normal B-structure. Then we can assume

23



that f has a factorization over BSpin®(k) as in the diagram

Spin® SO
k k gk

| I

BSpint(k) — BSO(k) —= BO(k)

M=l p—~ BSpin° BSO BO

The map f classifies a Spin®(k)-principal bundle f*Q, — M, where Q, — BSpm (k)
denotes the universal Spin®(k)-bundle. Note that we have f* Qk € Spinc(f*e7™).
Welet f : M — BO(k) be induced by f so that f*&, = f* SS” " With these identifications
the trivialization ([I]]) induces a bifunctor (f4)

Spin(TM) x Spin®(f*€57™) = Spin®(M x R"*F) .

Since BU(1)(M) acts simply transitively on isomorphisms classes we conclude using ()
that there is a unique isomorphism class of geometric Spin-structures P € Spin(T' M)
such that

P®fQr=Qn+k). (47)

One can further check that this isomorphism class does only depend on the normal B-
structure represented by f and not on its representative. This is the tangential Spin®-
structure determined by the normal Spin‘-atructure.

For constructions which involve glueing or in the notion of a Spin®-map we need a rigidified
notion of a tangential Spin‘-structure.

Definition 3.2 Assume that we have fized a representative of a normal B-structure in
terms of the factorization f and the isomorphism ([1). Then we define a tangential rep-
resentative of the normal Spin®-structure as a pair of a Spin®-structure P € Spin®(T M)
together with a choice of an isomorphism in (7).

There are many tangential representatives of the normal Spin®-structure, but the main
point is that two of them are isomorphic by a unique isomorphism.

Let h: M — W be a smooth map and assume that we are given oriented euclidean vector
bundles Vy; — M and Vi — W together with an isomorphism

Vir @ (M x R¥) 2 b*Viy @ (M x RY) . (48)
Assume further that we are given Spin‘-structures Py; € Spin®(Vy,) and Py € Spin®(Viy).
Definition 3.3 A representative of a refinement of h to a Spin®-map is a choice of an

1somorphism

WPy @ Q(l) = Py ® Q(k) (49)
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in Spin®(Var & (M x R¥)) (this uses ([§)). These representative are subject to the equiv-
alence relation generated by stabilization und homotopy of both isomorphisms ({§) and
#3). A Spin-map is a map h together with an equivalence class of representatives of a
refinement of h to a Spin°-map.

Being a Spin®-map is an additional datum, not just a property of the map. Observe that
we can compose Spin‘-maps in a natural way.

We now assume that (W, F') is a zero bordism of (M, f). Recall that this involves an iden-
tification of the restriction of the B-structure on the stable normal bundle of W classified
by F to M with the normal B-structure on the stable normal bundle of M represented
by f. This has be explained in detail in Subsection B.2. We choose a representative of
the normal B-structure on W involving the factorization F : W — BSpin(k). On M we
take the induced factorization f := F| M-

We choose a Riemannian metric on M and extend it to a Riemannian metric on W with
a product structure close to the boundary. Then we have a natural decomposition of
oriented euclidean vector bundles

TWiy = TM & (M x R) (50)

where we trivialize the normal bundle by the outgoing unit normal vector field. Assume
now that we have chosen tangential representatives P(T'M) and P(T'W') of the normal
Spin-structures on M and W. Note that this involves the choices of isomorphisms of
the type (f7) which we dropped from the notation. We claim that in this situation we
get a natural refinement of the inclusion M — W to a Spin®-map. This refinement is
distinguished by the condition that the following diagram in Spin¢(M x R*F1+F)

P(TM)® Q(1) @ f*Qp —= P(TW )y © f*Qs

| ;

Qn+1+k)————=0Qn+1+k)

1%

commutes up to homotopy. Here the upper corners are interpreted in Spin¢(M x R"+1+F)
using the representative of the normal B-structure on M or W, respectively. The vertical
morphisms are given by the tangential representative of the normal Spinc-structures. Fi-
nally, the upper horizontal isomorphism uses (b(]) and fixes the refinement of the inclusion
M — W to a Spin‘-map.

3.4 The definition of n*"

We now assume that the class @ = [M, f, g] € m,(M B A X, ) is torsion. Then there exists
a suitable integer | € N such that [z = 0. We can thus find a zero bordism (W, F, G) of
the disjoint union I(M, f,g) of [ copies of (M, f, g).
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A picture of M and the zero bordism W of 4M

We will define n*"(z) € Q,(B, X) in terms of a collection of indices of associated Z/IZ-
index problems [B3]. In order to formulate these index problems and to express the
indices in terms of geometric and spectral invariants we must choose appropriate geometric
structures.

We choose a Riemannian metric on M and observe that T'M is oriented. We can now
choose a tangential representative (P,x) € Spin®(T'M) of the normal Spin®-structure
determined by f. A connection V™™ on P induces via k a connection on TM. We
say that VM is a Spin‘-extension of the Levi-Civita connection on M if it induces the
Levi-Civita connection VIMLC on TM.

The group Spin®(n) has a distinguished unitary representation called the spinor represen-
tation A”. For even n its dimension is 2"/2, and it has a decomposition A" 22 A™+ @A™~
It is related with the odd-dimensional case by Aré;nc(n_l) >~ APL

The bundle S(T'M) := P Xgpine(ny A" — M 1is called the Spinor bundle of M. If we
have chosen a Spin‘-extension V™ of the Levi-Civita connection on M, then the spinor
bundle carries the structure of a Dirac bundle. We thus obtain the Spin®-Dirac operator
D, which acts on sections of S(T'M). Standard references for these constructions are [[[3,
Ch. 3], [(4, App. D].

We have a map (f,g) : M — B, A X,. If we are given a class ¢ € K°(B;, A X,),
then we can choose a Z/2Z-graded vector bundle V' — M whose K-theory class satisfies
V] = (f,9)*¢ € K°(M,). We choose a hermitean metric h" and a metric connection V"
which preserve the grading. The triple V := (V,h", V") will then be called a geometric
vector bundle. We let ),, ® V be the Dirac operator twisted by V. It acts on sections of
S(TM)® V.

We now assume that n = dim(M) is odd. The n-invariant [fj] of the twisted Dirac operator

U(lDM ®V)eR
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is defined as the value at s = 0 of the meromorphic continuation of the n-function function
NPy @ V)(8) :=Trs [Dy @ V[ sign(Dy @ V),

where Tr is the super trace with respect to the grading of V. Note that the trace exists
if ®(s) > n, and that the meromorphic continuation of the n-function is regular at s = 0
by the results of [f]. The n-invariant depends on the geometry of M and V in a possibly
discontinuous way with jumps when eigenvalues of ), ® V cross zero. In order to get a
quantity which depends continuously on the geometry one usually considers the reduced
n-invariant for which we will use the symbol £ in the present paper:

(D, ® V) + dimker(p,, ® V))

Py V) = :

] € R/Z. (51)

We now take into account that we have a zero-bordism (W, F, G) of [ copies of (M, f, g). In
an appropriate model of m,(MBQ/Z A X, ) the object (W, F, G) geometrically represents
the lift of x to a class

T = [VV’FaH] € 7Tn+1(MB@/ZAX+) )

using the notation of the diagram (RI]). We refer to Lemma B.q for more details.

We choose a Riemannian metric on W which extends the Riemannian metric on 0W
induced by the previously chosen metric on M with a product structure. Furthermore, we
extend the associated Levi-Civita connection to a Spin-connection VW which extends
the connection on W induced by VIM. The class (F,G)*¢ € K°(W, ) extends the class
(F, G)low¢ € K°(@W,) which restricts to (f,g)*¢ € K°(M,) on the copies of M in the
boundary of W. Hence we can assume, after adding some trivial bundles to the even
and odd parts of V, that the bundle on 0W induced by V has an extension U to W.
We choose a hermitean metric hY and a metric connection VY on U which extend the
corresponding already given data on the boundary. In this way we get a geometric bundle
U := (U, hY,VY).

We can now form the Atiyah-Patodi-Singer boundary value problem for ), ® U. The
analytic details of that boundary value problem are not important for our present purpose
so that we refer to [f] for a precise description. We only have to know that it produces a
Fredholm operator (1), ® U) apg which has a well-defined index

index((Dy, ® U)aps) € Z

and that the following index formula proved in [§] holds true:

_ZU(ZDM ® V) + dimker(D,, ® V))
5 :

index((Py;,®U) aps) :/anH(Td(@TW)/\ch(VU))

i (52)
In this formula the closed form Td(V™") € Q°(W)[b,b™'] is the Chern-Weyl represen-
tative determined the universal class Td € HPQ"(BSpin%) and the connection V7.
Similarly, the form ch(VY) € Q°(W)[b,b!] is the Chern-Weyl representative determined
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by the class ch € HPQP(BU,) and the connection VY. Note that we use powers of b to
shift the higher form-degree components to total degree zero.
We consider the element

index (D, ® U)aps
l

Equivalently, by the index theorem (F2) and (BI]) we can write

e Q/Z . (53)

e:=|

e~ | poaTT™) A ech(T9))] - Dy @ V) (54)

if we interpret this equality in R/Z. The quantity e can be interpreted as a Z/lZ-index
in the sense of [BJ. In the following proposition we formulate how the number e depends
on the data.

Proposition 3.4 1. The value of e does not depend on the choices of geometric struc-
tures on M and W

2. The value of e only depends on the K-theory class ¢. This dependence is additive
and determines an element é € Hom™™(K°(B, A X,),Q/Z).

3. The class [é] € Qn(B, X) of this homomorphism does not depend on | or the choice
of the zero bordism of (W, F,G).

4. The element [é] € Q,(B,X) described in 3. only depends on the bordism class x.
This dependence is additive so that we obtain a well-defined homomorphism

nan : 7Tn<MB A X—l—)tors — Qn(BvX) .

Proof.  On the one hand, we have e € 1Z/Z C R/Z. On the other hand, we know
that the right-hand side of (54) depends continuously on the geometric data. This shows
that e does not depend on the geometric structures at all since two choices of geometric
structures can be connected by a family. This proves 1.

The element e is additive in the bundle U. It therefore descends uniquely to a homomor-
phism é € Hom(K°(B, A X,),Q/Z). Since it factors over the restriction along the map
(f,9) : M — By AN X, and M is compact this homomorphism is continuous. This shows
2.

Assume that we have a second zero bordism (W', F' G'") of I'(M, f,g) yielding & €
Hom“™(K°(By A X,),Q/Z). Then by glueing along boundary components we can form
the closed n + 1-dimensional B-manifold W := I'W Uy [W' which comes with maps
F:W—BandG: W — X,
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Pictures of W, W’ and %W with l =4 and I' = 2

Note that the tangential representative of the normal Spin®-structures (P, ) and (P’, x’)
come with isomorphisms of the type (7). Compatibility with these fixes the morphism
which we have to use order to glue P with P’. In this way we get a tangential representative
of the normal Spin‘-structure on W. The triple (W, F,G) is thus cycle for a class

Then for ¢ € K°(B, A X,) we get from the right-hand side of (54) that,
1 -~ -
#(0) — #/(6) = [ (TA(TW) U (F, G)’ch(6), ()]

Since (F,G)*Td™" = Td(TW) this is exactly the formula (BJ) for the evaluation of
ex(77Y) € T (K AMBQA X)) against Thom” (¢) € K°(MB A X,). Therefore the class
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[€] € @Q.(X,B) is independent of the choice of [ and the zero bordism (W, F,G). This
finishes the verification of 3.

We observe that the map which associates to (M, f, g) the class [é] € Q,(B, X) is additive
under disjoint unions. Moreover, if (M, f,g) itself is zero bordant, i.e. we can find
(W, F,G) as above with [ = 1, then [¢] = 0. It follows that the construction above
uniquely descends to a homomorphism

N (MG A XL )ors = Qn(B, X) . (55)

O

Let us collect the essentials of this construction in the following definition.

Definition 3.5 We define n®" := 0 for even n. For odd n we define the homomorphism
N (MB A X )ors = Qn(B, X)

by the following prescription: If v € m,(MB A Xy) is represented by (M, f,g), then we
choose a zero bordism (W, F,G) of I(M, f,g) for a suitable | € N. Let ¢ € K°(B, A
X) then we choose a bundle U — W which represents (F,G)*¢ in K-theory and whose
restrictions to the | copies of M in the boundary are pairwise isomorphic.

We choose a Spin©-geometry for W and a geometric refinement U for U whose restrictions
to the I copies of M in the boundary of W are again pairwise isomorphic. Then n*(z) €
Qn(B, X) is represented by the homomorphism

KBy AX,) 5 6 [%index((lDW @ U)aps)] € Q/Z = 101 (KQJZ) . (56)

3.5 The secondary index theorem

In the Definitions P.9 and B.J we have described homomorphisms
NP mf(MBA X )iors — Qu(B, X)), 7™ 1y(MB A Xy )iors — Qn(B, X) .

Both constructions follow a common idea. Given a torsion element x € 7,(MB A X )ops
in a first step a lift & € m,(MBQ/Z N X ), respectively a geometric representative of
such a lift, is chosen. The homotopy theoretic invariant n*°?(z) is the represented by
the homomorphism K°(B; A X,) — Q/Z induced by the lift in a homotopy theoretic
way. The analytic variant 7" (x) is represented by a homomorphisms, which this time
is obtained by constructing a suitable family of Atiyah-Patodi-Singer index problems on
the geometric representative of the lift #. Because of these coincidences it is very natural
to expect that the following theorem holds true.

Theorem 3.6

an top

n=n
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Proof. The main task in the proof is to find a bridge where one can translate the analytic
constructions going into the definition of 7" to homotopy theory. What remains then is
the identification of the resulting homotopy theoretic picture with n'?. An obvious option
is to apply the Z/IZ-index theorem [BJ] directly to " in order to express it in homotopy
theoretic terms.

In this paper we decided to go a different path. It is interesting since it explains in greater
detail in which sense the homotopy theoretic construction of n*? and the geometric or
analytic constructions involved in 7" correspond to each other. Our bride between anal-
ysis and topology will be the identification of homotopy theoretic K-homology with the
analytic picture [I4] and the ordinary Atiyah-Singer index theorem for elliptic operators
[0, respectively its local form described in [[F, Ch. TV].

Some ideas of our proof of Theorem B.G, in particular about the usage of Moore spaces,
are taken from [BJ and the proof of the R/Z-index theorem [§, Thm 5.3].

We start with a description of Moore spaces for cyclic groups. Moore spaces are related
with Moore spectra as discussed in via the suspension spectrum construction. Let
St — S be the I-fold covering of the pointed circle. Its mapping cylinder Z; and mapping
cone () fit into the cofibre sequence of spaces

S' 2,50 Anst L (57)

Note that the shifted suspension spectrum ¥°~!C} is then a model for the Moore spectrum
MZ/IZ. Further note that the inclusion of the cylinder basis S* — Z; is a homotopy
equivalence. Hence we have equivalences ¥*°~1S! = § =~ MZ. Applying the functor 3°°~1
to the sequence (b7) and using these identifications we get the fibre sequence

MZ 5 MZ — MZ/1Z S sMZ (58)

of Moore spectra. We use the Moore spectra MMZ/IZ and the sequence (B§) as approxi-
mations for MQ/Z and (B0) in the sense that

MQ/Z = hocolim MZ/IZ .
The connecting maps are fixed by their compatibility with the inclusions

Z)Z — QJZ, [n]— [%] . (59)

Smashing the sequence (p§) with M B A X, and taking homotopy groups we get a long
exact sequence of abelian groups

oo o Mt (MBZIZAXY) S ma(MBAX,) S mo(MBAXL) — ... . (60)

Let x = [M, f,g] € m,(MBAX,) be an [-torsion element. In the following we construct a
geometric representative (W, F, G) of a lift & € m,41(MBZ/IZ A X,.), where F : W — B
represents a B-structure and G = (G~’1, C~¥2) W — C; N X,. Here we implicitly use the
identification of spectra

SMBZJIZAX. = MBA(CAX,) . (61)
We will obtain (W, F,G) by closing up the boundary of the triple (W, F, @) found in B4.
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A picture of ST x W

The details follow. We consider a two-sphere S7 with [ holes.

A picture of S? x M

More precisely we let S? C S? be the closed submanifold with boundary 952 = | |\_, S*
obtained by deleting the interiors of [ disjoint discs from S2?. The identification of the
boundary with the [ copies of S! is fixed such that it preserves the natural orientations.
We now have an identification

A(S* x W) = 1(S* x M) =2 9(SE x M) .

We let )
W .= (Sl X W) Ul(SlxM) (Sl2 X M) (62)

be the manifold obtained by glueing along the boundary.
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A picture of W

We define I : W — B such that it restricts to
S'xWwhp  SxMTYMLB.

Since S? and S! have stable normal framings the composition w5 B @ BSpin® repre-
sents a stable normal Spin‘-structure of W.
In a similar manner we define G5 : W — X such that it restricts to

SIxWEY WS X S MY ML X
We now consider the map '
Stxw s St o (63)

where i : S' — () is the identification of S! with the basis of the mapping cone. Note
that the map

!
Uyiost =] |S' =G
j=1
can be extended to a map
g1 : Slz — (. (64)

We can and will restrict the choice g; such that it is smooth on the preimage of a neigh-
bourhood 9C; C U C () of the cone basis 0C;, and regular values of g; in the interior
U \ 0C; have exactly one preimage. We advise the reader to make his own picture of
this situation. The restriction of the map (B3) to 9(S* x W) = [(S* x M) thus has an
extension across the other part S? x M of W given by

2 Prsz o g
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Alltogether we obtain the first component Gi: W = C) of the map G = (G~’1, C~¥2) W —
Cy A X .. The cycle (W, F,G) represents a class in

o ()
i :=[W,F,G] € Tpias(MBACIAX,) = mut(MBZJIZ A X .

First of all we have an unreduced class [W,f?, G] € Tppa(MBA(CiAX ), ). But it belongs
to the reduced bordism group since [W, F] is zero-bordant. To see this fill S* x W by
D? x W and S? x M by D? x M compatibly with the glueing (f2).

Let 0 : w1 (MBZJIZ N X,) — m,(MB A X, ) be the boundary as in (p().
Lemma 3.7 We have 0% = x

Proof. The boundary operator 0 in the Lemma is induced by the map denoted by the
same symbol in (57)

9:0, 5 xst~ 5%,

where p is the projection which contracts the cone basis to a point. Therefore 0 €
Tnao(MB A S* A X) is represented by (W, F, (po G1,G3)). We must show that it corre-
sponds to x under the suspension isomorphism

To this end we invert the suspension isomorphism in the geometric picture. This inverse
is of course given by taking the inverse image of a regular point in S? of the corresponding
component poG; of the structure map. If we take the inverse image of a point in the neigh-
bourhood U \ 0C; mentioned above we exactly recover the representative (M, f, g) of x. O

The construction of 7'? involves the K-homology of a based space Y defined homotopy
theoretically as m, (K AY'). It is equivalent to the analytic picture introduced in [[[4]. The
analytic K-homology is subsumed in the more general bivariant K K-theory (see [E3] and
the text book [[q]) which allows to treat K-homology and cohomology on equal footing.
Of particular importance for our purpose is that the product in K K-theory provides a
description of the N-product between K-homology and K-theory which easily compares
with the operation of twisting Dirac operators.

The unit of K-theory induces the map

€K . 7Tn+2(MB VAN C[ N X+) — 7Tn+2(K ANMB A Cl VAN X+) . (65)
We use the Thom isomorphism for M B in K-homology in order to identify
Thomy : Myo(K AMBACAX,) S w0 KABLANCIAXY) . (66)

Finally we use K K-theory in order represent this K-homology of a pointed space analyt-
ically. For the moment we assume that X and B are compact. This is no real restriction
since we are calculating with a finite number of cycles at a time and their structure maps
can only hit compact parts of the spaces B and X. For a compact based space Y we
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let C(Y) denote the C*-algebra of functions which vanish on the base point. Then by
the equivalence between homotopy theoretic and analytic K-homology [[4] we have an
isomorphism

Tot2(KA By ANCA Xy ) = KK 0(C(By ANO A XL ), C) (67)

Recall that in Subsection B.4 we have already chosen a Riemannian metric and a Spin®-
extension of the Levi-Civita connection W. We choose a Riemanian metric and a Spin®-
extension of the Levi-Civita connection on S'. Then we get a corresponding geometric
product structure on S* x W. The choice of the geometry on S! also induces a geometric
structure on the boundary 957 = [S' which we extend to S?, again with a product
structure. We get a corresponding product metric and Spin®-extension of the Levi-Civita
connection on S? x M. These geometric structures glue nicely and give a Riemannian
metric and a Spin®-extension of the Levi-Civita connection on W. We let D denote the
corresponding Dirac operator. It acts on the complex spinor bundle S (TW) The Hilbert
space L2(W, S(W)) of square integrable sections of this bundle carries an action p of the

C*-algebra C (W) of continuous functions on W by multiplication. The triple

(D) = (LW, S(W), Dy, p)

is an unbounded Kasparov module for the pair of C*-algebras (C(W..), C) and represents
a class ~
(D] € KKpio(C(W4),C) .

The map (F , G~Y) induces a homomorphism of C*-algebras
(F, é)* . C(B+ A\ C[ A\ X+) — C(W+)

which in turn induces the push-forward in analytic K-homology in the statement of the
following Lemma.

Lemma 3.8 The image of the class & € mpo(MB A Cy A X)) under the composition of
the unit ([63), Thom isomorphism, ([0G) and the identification (B77) is given by

(F,G)u[Dy] € KKy 2(C(By ACyx X4),C) .
Proof. The image of Z under the unit and Thom isomorphism is given by ([[4) as
Thomg (ex (Z) = B(A(Z)) € o K ABL ANCLAXY) .

The triple (W, F,G) of a B-manifold with a map G : W — C; A X, represents the class
& € Tpio(MBAC,AX,). Then A(2) = [W, F, (F,G)]. Formally we can view this as the
push-forward of the B-bordism fundamental class of W along the map (F , G~’) Its image
under the K-orientation 8 : M B — K of B-bordism theory is then the push-forward of

the K -theory fundamental class of TV associated to the Spin‘-structure along this map. In
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the analytic picture of K-homology the K-theory fundamental class of W is represented
by the Spin®-Dirac operator. Hence it is equal to [I);,]. We thus get

BIW,F,(F,G)] = (F,G).[Dy] .
]

We let ¢ € K°(B, A X,). The pairing on the right-hand side in the following calculation
in 7,2 (K ANC)) = Z/IZ is reminiscent to the evaluation occuring in the definition of n'?:

(Thon (8), exc(®)) 2L (6, Thomp (ex ()
el o (7,6).0py )
= Gr[Dw] N (F,G2)"9) .

We choose a geometric bundle V whose underlying K- theory class is equal to (F Gg) 0.
The restriction of the maps F and G to the part S* x W C W factor over the projection
to W and (F,G) : W — By A X,. Hence we can assume that the restriction of V to
SU'x W W is isomorphic to the pull-back of the bundle U on W, if we allow some
stablization of V and U.

In the K K-picture the N-product

(D] N (F,Go)*¢ € KK, »(C(W,),C)

is realized by the unbounded Kasparov module (L2(W,S(W)@V), D; @V, p) associated
to the twisted Dirac operator J;, ® V, where p again denotes the action of C'(W,) on
L*(W,S(W) ® V) by multiplication. Hence we have

[Py @ V] = [Py N (F,G2)"6 .
We conclude that n'?(z) € Q,(X, B) is represented by the map

KBy AXy) 3 ¢ Gy @ V] € KK, 15(C(C)),C) 2 1,41 (KZ/IZ) C 70,41(KQ/Z) |
(68)

where the last inclusion is induced by (B9).

Next we want to calculate the element in Z/IZ given by Gu.([B; ® V]). Since the

usual index theorem [[[(] calculates integral indizes we have to construct and calculate

an integral representative of this Z/lZ-valued index. The inclusion of the cone base

i: St — O induces a surjective map

72 Tpia(KASY) = Tpao(KAC) 2 71T .

We try to construct a lift of Gp.([Dy ® V]) to muia(K A SY) by providing a factorization
v as in the diagram

S .

—C;
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For our given representative such a factorization does not exist in general. The idea is
to modify the representative without changing its Z/IZ-valued index such that this lift
exists for the modified cycle.

Note that M is a closed odd-dimensional manifold. The Dirac operator I),, ® V is
selfadjoint. We can find a selfadjoint smoothing operator Q on L*(M,S(M) ® V) such
that D,, ® V + @ is invertible. In [BJ] such a perturbation was called a taming. As
described in this reference such a taming can be lifted to the product S? x M and also
to collar neighbourhood 1(S* x (—=1,0] x M) =2 Z C S*' x W of 9(S* x W). This lift
is a selfadjoint operator @ on L? (Z Uigstxan SE x M, S(W) ® V) which is an integral
operator along M and local in the remaining directions. Let y : W — [0, 1] be a cut-off
function which is supported on Z Ujg1.an) S? x M, is equal to one in a neighbourhood
of the subset S? x M, and only depends on the normal variable near 9(S Lx W). We
define the extension Q = XQX of Q to all of W. Note that Q commutes with the image
of G5(C(C))). Adding Q to D, ® V gives a relatively compact perturbation. Therefore

GralDy @ V] =Gy @V + Q] .

On the part S? x M C W the perturbed operator Dy ® V + Q is invertible along the
fibres of the projection to S?. We define the manifold

W= S x W Uyggisan 1(S* x [0,00) x M) .
Its geometry is the cylindrical extension of the geometry of the piece S L'x W. In a similar
manner we define the geometric bundle V on W by a cylindrical extension of \~/'| S1xIV -
We define an operator ) similarly to Q by lifting ® to the cylinder S 1'% [0,00) x M and

cutting off in the interior of S x W. Finally we let G1: W = C) be given by G on S x W
and the radially constant extension to of (G1)|a(s1xw) to the cylinder ([0, 00) x S* x M).

The operator lDﬁ/ ® \:7 + @ is invertible along the fibre M of the projection from the
cylindrical end of W to S* x [0, 00). Therefore (L*(W, S(TW)® V), Pz, @ V +Q, p) is a
Kasparov module over the C*-algebra C'(W) of bounded continuous functions.

The operators [, @V +Q and Ds ®\:/ + C:2 coincide on S' x W and are invertible along

the fibres M outside of this submanifold of W and W. In this situation we can apply a
relative index theorem (the version [R7]) in order to get

Cr Dy @ V] = GuDs ©V + Q] .
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A picture of the relative index theorem. The operator is invertible on the parts which are
not blue. The index of the operator associated to the upper picture is the index of its left
part W. The index is preserved under cut-and paste as indicated. The index of the

operator associated to the lower picture is again the index of the left part W.

Note the factorization Gy : W LGN (), where the last map is the embedding of the
cone basis. Therefore

Pron[Ds ® V4 52] € Mpa(KANSYH 2 Z

represents the desired integral lift.

Note that W = S' x W, where W = W Uy ([0, 00) X M). We equip W with the
cylindrical extension of the geometry of W. Similarly we let U be the geometric bundle
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on W obtained by the cylindrical extension of U. The taming @ has a unique lift QtoW
such that its lift to the product W = S x W coincides with Q. Then the whole ooperator
Dz ® V 4 Q is the lift of I3, ® U + Q to this product. Therefore Pron [P @ V+Qle
Tnsa(EK A S') represents the suspension of [By;, ® U+ Q] € m, 11 (K) = Z.

We now calculate this index. The index theory for these kinds of perturbations of Dirac
operators has been developed in [23]. In the language of this reference the operator @
defines taming (M ® V), of the geometric manifold M ® V and a boundary taming
(W ® U)y, of the geometric manifold W ® U. The integer [[; ® U + Q] is the index
of the boundary tamed geometric manifold index((W ® U)y). The index theorem [23,
Thm. 4.18] gives

index((W @ U)y) = /anﬂ(Td(@TW) Ach(VY)) —in(M @ V),) .

In R/Z we have [n((M @ U);)] = £(Dy ® V). Hence by comparison with () we get the
equality in Q/Z

L index((W ® U)y)] = [>index((B, ® U)aps)] .

l l
In view of the construction of n*, in particular of (b@), we see that the map (Bg) also
represents 1 (x). This finishes the proof of Theorem [B.G. O

4 An intrinsic formula

4.1 Motivation

In a typical situation for the theory of the present paper one is given a geometric repre-
sentative (M, f, g) for a torsion class z = [M, f, g] € m,(MBA X, ) and wants to calculate
the universal n-invariants n'?(z) = n°*(x) € Q,(B, X ). The expressions for the universal
n-invariant that we have at our disposal at the moment share the disadvantage that one
has to find a lift & € 7,1 (MBQ/Z N X;) or a geometric zero bordism (W, F,G) of [
copies of (M, f, g) explicitly. It is at this point where differential and spectral geometry
helps. Often the cycle (M, f, g) already comes with geometric structures, e.g. connections
on appropriate bundles. In the present section we develop a generalization of Chern-Weil
theory and Cheeger-Simons [Pg|characteristic classes which is designed to finally obtain
formulas for the universal n-invariant which are intrinsic in the cycle (M, f, g).

The main new object is the notion of a geometrization of (M, f, g, @) which is defined
in Definition [.3. The notion of a geometrization involves differential K-theory which is
reviewed in Subsection [£.9. In the Subsection [i.] further we show existence of geometriza-
tions and study their functorial properties. In Subsection .4 we introduce a special class
of geometrizations which we called good. In contrast to general geometrizations they have
the property that they extend over zero bordisms. The main result is the intrinsic formula
for the universal n-invariant formulated in Theorem [.12].
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4.2 Review of Differential K-theory

The main technical tool in the definition of a geometrization is the notion of a differential
extension of K-theory, or shorter, differential K-theory. Recall that Chern classes of
complex vector bundles take values in integral cohomology. Complex vector bundles with
hermitean connections have refined Chern classes in differential integral cohomology. This
theory has been introduced in [2G] where differential integral cohomology classes are called
differential characters. The relation of differential K-theory to topological K-theory is
very similar to the relation of differential integral cohomology with integral cohomology.
In particular, a complex vector bundle represents a K-theory class, and the datum of a
hermitean connection refines this class to an element differential K-theory.

Differential K-theory by now also has some history [BZ], [BY], [4]. Nevertheless we think
that it is less standard so that we will recall the relevant structures in the following. A
complete model has been constructed in [4], and by P3| we know that the properties
listed below uniquely characterize differential K-theory so that one can take and use these
properties as axioms.

Differential K-theory is a five-tuple

<K,I,R,a,/>

of the following objects. The first entry is a contravariant functor
K : smooth manifolds —» Z7./27 — graded commutative rings .

The remaining entries are natural transformations between functors. The domains and
ranges of the first three are given by

I:K—>K, R:K—QP,.

a:QP/im(d)[1] - K

Here QP(M) := Q(M)[b,b'] is denotes the space of two-periodic smooth differential
forms on M. By QP,(M) C QP(M) we denote its subspace of closed forms. The
transformations R and [ preserve the ring structures while a is just additive. These
transformations are compatible in the sense that for every manifold M the following
diagram commutes

QP (M) /im(d) QP5(M)

/ \ / W;
HPR*(M,) K(M) HPR*(M,)
/

T N 2T

KR/Z* 1 M+) Bockstein K* M+)
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Here we define H PR similarly as HPQ in (P§). The flat part of differential K-theory is
defined as the kernel of the curvature transformation R. It is canonically isomorphic to
R/Z-K-theory (with a shift), i.e. we have

K}y (M) :=ker(R : K*(M) — QPj(M)) = KR/Z*(M,) . (69)
Furthermore, we have the equalities
a(z)Uy =a(z AR(y)), foral zeQP*YM)/in(d), ye K*(M),

and the sequence

K (M) B P~ (M)/in(d) % K*(M) 5 K*(M,) = 0 (70)

is exact. The integration is a natural transformation
/  K*(S' x M) — K*Y(M)

whose existence and compatibility with the other structures fixes the odd part of the
differential extension uniquely up to unique isomorphism as discussed in [BF]. Since we do
not need the integration in the present paper we will not write out the long list of these
compatibilities explicitly.

Let V = (V,hY, V") be a geometric bundle on the manifold M, where h" is a hermitean
metric which is preserved by the connection VY. Then we have a natural class

[V] € K°(M) . (71)
This class is in fact tautological in the model [P4] in view of [P4], 2.1.4]. It satisfies

I([V]) = [V] € K*(M,) . R([V]) =ch(V") € QPy(M) .

4.3 Geometrizations

Let M be a compact manifold equipped with maps f: M — B and g : M — X. At the
moment we do not require any connection of f with the tangent bundle. Nevertheless
we must imitate this situation. We can assume that f has a factorization over f : M —
BSpin©(k) which classifies a Spin®(k)-bundle f*Q) € Spin°(f*€."™) on M. The role of
the tangent bundle is taken by the choice of a complementary Spin®-bundle. In detail, we
choose an [-dimensional oriented euclidean vector bundle n — M for some [ > 0 together
with an orientation preserving isomorphism of euclidean vector bundles.

n@ frernt o M ox RAP (72)
Then we choose a Spin-structure P € Spin®(n) together with an isomorphism
P® fiQe = QU+k),
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where we use the isomorphism ([[J) in order view the left- and right-hand sides in the
same groupoid Spin¢(M x RI*F) (see Subsection B.J for details).
We choose a connection V on P and get an induced Todd form Td(V) € QPY(M) which

represents the class f*Td ™' € HPQ"(M,).
We now consider a continuous homomorpism

G: KB, AX,) = K°(M) ,

where the domain has the profinite topology (see Subsection P.2) and the target is discrete.
Since QPY(M) is a rational vector space and

Td 'Uch(...)®Q: KB, AX,)®Q — HPQ"(B, A X)
is an isomorphism onto a dense subspace, there exists a unique continuous factorization
cg in the following diagram
K°(By A Xy) ~2—> KO(M)
leluch(...) le( YAR(...)
HPQ'(B, A X+) —— QPY(M)

Definition 4.1 The map cg is called the cohomological character of G.
We say that the cohomological character cg preserves degree if it preserves the decompo-
sitions
HPQ (B, AX,) = [0 FH™(By A X1;Q), QPY(M) = []o*a (M
keZ keZ
Definition 4.2 A geometrization of (M, f, g, V) is a continuous map
G: KBy AX,) = K°(M)
such that the following diagram
K°(M)
g T
KB A X+S D, KO(M)
commutes and the associated cohomological character cg preserves degree.

As already indicated in the Introduction [[] the notion of a geometrization generalizes the
notion of a connection. This is demonstrated in Lemma for the case B = BSpin and
X = *. At this place we will discuss another example where we put B in the background
and consider connections on a bundle classfied by the auxiliary map g : M — X. Let us
assume that we already have a geometrization G° of (M, f, @) Its existence is garanteed
by Proposition fl.4. We now consider a compact Lie group I and set X = BI'. The map
g : M — BT classifies a I-principal bundle R — M. We let V¥ be a connection on R.
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Lemma 4.3 There ezists a natural geometrization G of (M, f,g,@) associated to this
data.

Proof. The completion theorem [J] gives an isomorphism K°(BT';) = R(T'),. of topologi-
cal groups, where It C R(I") is the dimension-ideal of the integral representation ring. We
consider a representation o : I' — U(m,,) which represents an element [¢] € K°(BI'). The
associated complex vector bundle V, := R xp, C™ on M then represents the element
[V,] = f*lo] € K°(M, ). This bundle comes with a hermitean metric h'= and a metric con-
nection V'~ induced by V. We therefore get a geometric bundle V, := (V,, VY7, V"),
It represents the class [V,] € K°(M) refining [V,] € K°(M.,), i.e we have I([V,]) = [V,],
see ([]). Let ¢ € K°(By). Then we get the element ¢ x [0] € K°(By A BT',). We define

G(¢ x [0]) = G () U[V,] -

This construction defines G by linear extension on a dense subgroup of K°(B, A BT',).
We now show that the map G extends by continuity to all of K°(B, A BT'}) and defines
a geometrization of (M, f, g, V). Indeed, the map R(I") — KO(M) induced by o — [V,]
is multiplicative and annihilates I2"™. Since G° is continuous, this implies that G is
continuous. We let ¢ : HPQ(BT,) — QPY(M) be the unique continuous map such
that ch(V'") = cr(ch([o])). Note that cr preserves degree. Since the cohomological
character cgo preserves degree, the cohomological character cg = cgo X cr of G preserves
degree, too. O
The geometrization G allows to recover the Chern character form of V= by

ch(V") = Td(V) ' AR(G(1 ® [0])) .

It also allows to partially recover transgressions. If V' is a second connection on R and
G’ is the associated geometrization, then

G'(1®[0]) = Gy (1® [o]) = a(Td(V) A ch(V", V")) .
Here ch(V""', V') € QP~'(M) denotes the transgression form which satisfies
dech(VY', V') = ch(V""") — ch(V"") .

The following Proposition .4 asserts that geometrizations exist. Its proof uses the func-
toriality of geometrizations in the pair (B, X). Consider a pair of maps ¢ and ¢ as in
(BY). Given a geometrization G of (M, ¢ o f 1pog, V) we get a geometrization

of (M, f,q,V).
Note that our standing assumption is that M is compact.

Proposition 4.4 Given (M, f,g,V) there exists a geometrization.
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Proof. Since M is compact the maps f and g factor over compact subspaces of B or X
respectively. In view of the functoriality of the geometrization ([[J) we can assume that B
and X are compact. Then K°(By A X,) is a finitely generated abelian group. We choose
a (non-canonical) decomposition

KO(B—i- A X-‘,—) = Ators s> Afree

into a torsion and a free part. We write

Ators = @ yZ/Ord(y)Z

yel

for some set of generators I C Aty For all y € I, using the exactess at the right end of
([70), we choose g € K°(M) such that (o) = (f, g)*y. Then ord(y)go = a(w,) for some
wy, € QP7Y(M)/im(d), again by ([0). We define

! wy) -

yt:yo—a(m ]

Then ord(y)y = 0 and we can define G4,,,, : Asors — K°(M) such that G(y) = § for all
y € I. Since Td ™! A ch vanishes on A,,,; and G| A, maps to flat classes it is clear that
the cohomological character of this part of G preserves degree.

We now come to the free part. We choose a basis J C Ay, and classes Z, € K O(M) such
that 1(Z) = (f,g)"z for all z € J. We further choose a basis J' C Age. ® Q such that
{Td " Ach(z')}.cr is a homogeneous basis with respect to the decomposition

HPQ"(By AX,) = b "H™(BL A X4;Q) .

MEZL

We define the even integers n. := deg(Td ™" A ch(2)) for all 2/ € J’. Then there exists
an invertible rational (.J, J')-indexed matrix A such that z =%, , A...2' for all z € J.
We now can choose a collection of forms ., € QP~1(M)/im(d) for 2’ € J' such that

S AL TA(V) A R() — das € b7 5 QU (M) € QPY(M)

zeJ

for all 2/ € J'. We define A
g‘AfTee : Afree — KO(M)

by linear extension such that

G(2) = % —a(Td(V) ' A Y Aswa) .

zlelJ!

By construction its cohomological character preserves degree.
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Geometrizations can be pulled back along Spin®-maps over X. Let (M’,f',¢') be a
manifold with maps f' : M — B and ¢ : M’ — X. We consider a smooth map
h : M'" — M that f o h is homotopic to f’. This implies that we can choose a stable
isomorphism of complementary bundles

e M xR)=npe (M xR,

This is exactly the situation where we can talk about a refinement of A to a Spin®-map
by choosing an isomorphism

P'eQs) =P Q). (74)

The refinement of h to a Spin®map is given by the joint homotopy class of this pair
isomorphisms. In order to define a pull-back of geometrizations we need of course also a
compatibility of the maps to X, i.e. we require that ¢’ and g o h are homotopic. In this
case we speak of a Spin®-map over X.

Assume now that we have connections V on P and V' on P’. They induce connections
on the stabilizations P ® Q(t) and P’ ® Q(s). We thus can define the transgression

Td(h*V, V') € QP71 (M) /in(d)

where we use the isomorphism () in order to compare the stabilization of h*V with that
of V' on the same bundle. For this transgression to be well-defined it is important that
the isomorphism ([r4) is fixed up to homotopy by the structure of a Spin“-map on h. The
transgression satisfies

dTd(h*V, V') = B*'Td(V) — Td(V') .
Let G be a geometrization of (M, f, g, V).

Lemma 4.5 If h : M' — M is a Spin°-map over X, then there exists a functorial
construction of a pulled-back geometrization G' :== h*G of (M', f',¢',V’).

Proof. By our assumptions the equivalence class
B :=Td(h*V,V)Td(V) ! € QP~Y (M) /in(d) (75)
of forms is defined. It satisfies
df = h*Td(V)Td(V)™' —1.
We define the pull-back G’ := h*G by
G'(y) :==h"Gy) +a(BANR(G(Y))), yeK(BLAXy), (76)

where a and R belong to the structure maps of differential K-theory. We have by con-
struction

Td(V') A R(G'(y) = h*(Td(V) A R(G(y)))
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and hence the equality cg: = h*cg of cohomological characters. Since the cohomological
character c¢g preserves degree, so does the cohomological character of G'.

We show that the pull-back is functorial. We consider a second tuple (M”, ", ¢" v )
with a Spin®-map h' : M" — M’ over X and the associated transgression form (’. Then
we have for the iterated pull-back

G"(y) = h"(h"(G(y))) + h"(a(B AR R(G()))) + a(8" AR R(G (y)))
= (hoh")"(G(y))
+a(h"B AR (hT(R(G(y) + B AR (R"R(G(y))) + 8" A W dB A B (B (R(G(y)))))

Let 3 be the transgression form for the composition h o h' of Spin®-maps over X. Then
we must show that

B—hB+pB + KB AdB € in(d)

This follows from
AW B+ B + W3 NdB) = K*R*Td(V) ' Td(V") — 1 = df
and the fact that all these forms are defined by transgressions. O

The identity of M refines to a Spin®-map over X in a natural way by choosing the identity
in ([4). The pull-back of geometrizations for the identity of M can be used to transfer a
geometrization defined for one choice of the connection V to a second choice. This allows
to define a notion of geometrization which is independent of the choice of the connection.
This could play a role of one wants to classify geometrizations. We will not pursue that
goal in the present paper.

4.4 Good geometrizations

Assume that (W, F, G) is a zero-bordism of the n-dimensional cycle (M, f, g). We choose
a Riemannian metric on M and extend it to W with product sructures. We fix tangential
representatives P(TW) € Spin®(TW) and P(TM) € Spin°(T'M) of the normal Spin®-
structures on W and M, see Definition B.. As explained in Subsection there is a
natural homotopy class of isomorphisms of Spin®-structures

P(TM) ® Q(1) = P(TW )y (1)
which turns the inclusion
I W - M—-W

into a Spin“map. We fix a choice of such an isomorphism in this class.

We choose a Spin-extension of the Levi-Civita connection VW on W with product
structure and a Spin‘-extension of the Levi-Civita connection V7™ on M such that the
isomorphism ([[7) preserves the connections. This implies that the forms ([[3) are trivial
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in this situation. Assume now that we have a geometrization of (W, F, G, V"W). Then
we can define the restriction Gow := (Gw)jow as in Lemma [L.5. It is given by

Gow (@) = Gw (d)jow. ¢ € K'(By NXy) . (78)

This restriction can be compared with a given geometrization Gy, of (M, f, g, VM ). In
general we do not expect that a given Gy, extends to a geometrization Gy of (W, F, G, @TW).
In this respect geometrizations seem to be more rigid than connections.
Here is a very simple example of a geometrization which does not extend. We consider
the case B = X = % and M = S3 with its standard metric. We choose a normal
framing of S® which extends over D* so that framed bordism class [S?] is trivial. We
let Gy be the good geometrization of (53,§Ts3) defined in Subsection f.1. We have
KB, AN X,) = K%x,) = Z so that a geometrization is fixed by the image of 1 in
K°(S%). Let w € 93(S%) be some form. Then we can define a new geometrization G, of
(53, VT5*) by

Go(1) :=Go(1) + a(w) .

It is easy to check, using the fact that Gy does extend by Lemma [I.9, that G, extends to
D% if and only if fs3 w € Z.

In order to deal with the problem of non-extendability of geometrizations appropriately
we introduce the notion of a good geometrization. If G, is good, then it will extend
to zero bordisms. We define the notion of good geometrizations constructively. The
rough idea is as follows. We choose a sufficiently high connected approximation (fy, g.) :
M, — By AN Xy of By A X4 by a smooth manifold M, and a geometrization G,. The
map (f,g) : M — By A X, then has a unique factorization up to homotopy through
h: M — M,. The main observation is that there exists a natural refinement of i to a
Spin®-map. We declare a geometrization Gy; obtained as G, := h*G, as good. For a zero
bordism (W, F,G) of (M, f,g) we can extend the factorization h to H : W — M, which
again naturally refines to a Spin®-map. The crucial point then is that

Hoiyw=h. (79)

holds true as an equality of Spin®-maps. Then Gy := H*G, is the desired extension of
Gur over W.

In order to be able to approximate By A X, by compact manifolds we now make the
following assumption.

Assumption 4.6 The spaces X and B have the homotopy type of C'W -complexes with
finite skeleta.

By the assumption we can find a compact manifold M, with a pair of maps f, : M — B
and g, : M, — X such that f, x g, : M, — B x X is an n + l-equivalence. We
choose a complement n, — M, of the bundle f;gk — M, and a complementary Spin°-
structure P, € Spin‘(n,) in the sense explained in Subsection .. We further choose a
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connection ?“ on P,. By Proposition [I.4 there exists a geometrization G, of the triple
(My, fu, gu, V). Given (M, f,g) with dim(M) = n there exists a unique factorization

7

M, (80)

l(fuu‘]u)
M—Yx x B
of the map (f, g) over the (n + 1)-equivalence (fy, g,) up to homotopy.
Note that f, has no relation with the tangent bundle of M,, but the choice of the isomor-

phisms R
um > f:gk = Mu X Rm+k

and .
P, ® f;Qr = Q(m + k) (81)

models the relation between normal and tangential structures. First of all we can choose
a stable isomorphism
TM @ (M x R®) = h*n, & (M x R") (82)

such that the induced trivialization (using f*&, = h*f*&, )
TM & (M x R®) & f*& = M x R+

is stably homotopic to the trivialization given by the representative of the normal B-
structure on M. Then we choose the isomorphism

P(TM)® Q(s) = h*P, ® Q(t) . (83)

such that (BT) induces the homotopy class of the isomorphism given by the tangential
representative of the normal Spin®-structure on M. This turns A into a Spin‘-map so
that the pull-back h*G, is defined.

Definition 4.7 A geometrization Gy of (M, f, g, V™) obtained in this way is called
good.

Note that in this definition we do not fix the choices of M,, f., gu, G, or the Spin®-
refinement of the map h. By varying these choices we define the subset of good among
all geometrizations of (M, f, g, vIM ). At the moment we do not have a nice intrinsic
characterization of this subset. But by Lemma [[.J non-extendability to zero bordisms
produces obstructions against goodness.

As a consequence of the above discussion we get the following Lemma.

Lemma 4.8 If we assume [[.8, then for every tuple (M, f, g, @TM) there exists a good
geometrization.

Lemma 4.9 Let Gy be a good geometrization of (M, £,9, V™M) If (W, F,G) is a zero
bordism of (M, f,g) with connection VTV then there exists a geometrization Gy of
(W, F,G,NVTW) which restricts to Gy;.
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Proof. Since (fy, gu) : M, = B x X is an n + l-equivalence and dim(W) = n + 1 we can
extend the factorization (B() to a factorization

7

M, (84)
W—XxB

up to homotopy such that H coincides with h on the boundary of W. The stable iso-
morphism (BF) is chosen such that it extends to a stable isomorphism between TW and
H*n, satisfying a similar condition as (8). Similarly, if we define the stable isomorphism
between P(TW') and H*P, by similar conditions as for (BJ), then we obtain a refinement
of H to a Spin® map which has the crucial property that the composition of the inclusion
tv—w - M — W with H coincides with h as Spin°-maps.

Then we can define the pull-back Gy := H*G,. We get by (79) and the functoriality of
the pull-back shown in Lemma [[.5 that the restriction of Gy to M is Gy,. O

4.5 An intrinsic formula for n*"

The main goal of the present Subsection is to give an intrinsic formula for n*(z) which
only involves structures on the cycle (M, f,g) for x € m,(MB A X )iors-

The geometric and analytic terms in the formula (B4)) for n°"(z) separately have values
in R/Z; only their sum belongs to Q/Z. In order to deal with these terms separately it is
useful to use a real version Q¥(B, X) of the group Q,(B, X). We start with introducing
this group. We further show that there is no loss information when going over the this
real version. We let (compare with P4)

U® C Hom“™ (K (B4 A Xy), Tni1 (KR/Z)) (85)
be the subgroup given by evaluations against elements in m,1(MBR A X, ) and define

Hon*™ (K°(B4 A X4), Tn41 (KR/Z))
R

The inclusion 7,11(KQ/Z) — 7,11 (KR/Z) induces a map

QH(B, X) = . (6)

in : Qn(B, X) = Q¥(B,X) .

Lemma 4.10 The map ig : Q,(B, X) — Q%(B, X) is injective.

Proof. Let k € Qn(B,X) be represented by # € Hom“™(K(By A Xy), m1(KQ/Z)).
Since k is continuous it factors over a finitely generated quotient of K°(B, A X, ). Hence
there exists NV € N such that N& vanishes. Assume now that ig(x) = 0. Then there exists
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w € 1 (MBR A X4 ) such that &(¢) = [(w, ¢)] € T (KR/Z). Since m,1(MBR A
X)) ®mu1(MBAX,) @R (see ([J)) there exists a finite subset I C w11 (MB A X)
and a map A : I — R such that w = Y _, A(v)v. We have &(¢) = Y, ., [A(v){¢,v)],
where here (¢, v) € m,41(K). For v € I we define © € Hom*™(K°(B, A Xy), m,11(K)) by
0(¢) := (¢,v). The set {0|v € I} generates a free abelian subgroup A C Hom®™(K°(B, A
X4), Tne1(K)). We can choose a minimal subset J C I which generates a subgroup of A
of full rank. Then we can write &(¢) = >, . ;[1(v)0(¢)] for a suitable map p: J — R.

The image of K°(By A Xy) — Hom(A, 7,,1(KZ)) has full rank. Hence for every v € J
there exists ¢, € K°(B; A X, ) such that 6(¢,) # 0 and 9'(¢,) = 0 for all J 3 v' # v.
It follows that &(¢,) = [u(v)0(¢y)]. Since 0 = Ni(¢,) = [Nu(v)o(¢,)] it follows that
p(v) € Q. We set wg := >, o, u(v)v € iy (MBAX,) ® Q= m, i (MBQA X,). Then
we have #(¢) = [(¢, wg)] for all ¢ € K°(By A X, ). This shows that # € U and x = 0. O

The standing assumption for the following is .6 which ensures the existence of good
geometrizations by Lemma [I.§. Let = € m,(M B A X );rs be an I-torsion element in the
B-bordism group of X and (M, f,g) be a cycle for x. We choose a Riemannian metric
and a Spin‘-extension VI of the Levi-Civita connection on M. We further choose a
good geometrization Gy of (M, f, g, VTM™) (see Definition 7).

For every ¢ in K°(B, AX ) we choose a Z/2Z-graded vector bundle V,, — M such that we
have the equality of K-theory classes [Vy] = (f, g)*¢ € K°(M,). We furthermore choose
a hermitean metric h'# and a metric connection V"¢ so that we get the geometric bundle
Vy = (Vy, hVe, V). Tt represents a differential K-theory class [V4] € K°(M) such that
I([Vy]) = [Vs] = (f,9)*¢. This class can be compared with the differential refinement
G (¢) € KO(M) of (f, g)*¢ given by the good geometrization. By the exactness of ([0)
the difference of these two classes uniquely determines an element

o € QP (M)/im(ch)

such that
Gu(9) — [Vgl = alys) - (87)

Definition 4.11 We will refer to vy, as the correction form associated to ¢.

Theorem 4.12 The element ix(n™([M, f,g])) € QX (B, X) is represented by the homo-
morphism

KY(BLANXy)2 o[- / TA(V™) Ay — €Dy, @ V) €ER/Z . (88)

M

Proof. The integral in formula(Bg) belongs to R[b, b~!]™~! which will be identified with
R using the generator b~2. First note that, despite of the fact that 7, is only defined up
the image of ch : K~1(M,) — HPQ™'(M,), the class

[/M Td(VIM) Ayl €R/Z
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is well-defined. Indeed, we have ([M], Td(T'M) U ch(y)) € Z for all v € K~'(M,) by
the odd version of Atiyah-Singer index theorem. We use (b4]) in order to express the
right-hand side of (pg) as

G [ T A (V) —€(py @ V)

The whole idea of is now to turn the integral over W into an integral over M. To this
end we assume by Lemma [£.g that the good geometrization G); has an extension Gy to
W. The K-theory class (f, g)*¢ extends across W as (F, G)*¢. We can thus assume, after
adding a bundle of the form W & W, that the bundle V, has an extension Uy as a
geometric bundle to W. Note that this sort of stabilization does not effect the correction
form 7, and the reduced n-invariant £(I),;, ® V). From now on we assume that V,
extends. We let vy € QP~'(W)/im(ch) be the correction form defined by

Gw (¢) — [Ug] = alyy) -

By ([[§) we conclude that (v} )sw coincides with 74 on all copies of M. We now use
Stokes’ theorem in order to rewrite

[%/WTd(@TW)/\ch(VU(p)] — [%/WTd(@TW)/\R(QW(QS))—%/WTd(@TW)AdV;"]
= [ [ T ARG ()] - [ AT Al

The integrand of the integral over W is exactly the cohomological character of Gy, applied
to ¢. Since it preserves degree it follows that the homomorphism

Ko /W TA(V™) A R(Gw(0))] € R/Z

factors over
%pn+1(Td71UCh

K°(By A X ) HQM(B. A XL

(see BU). Assumption [I.§ implies that By A X is rationally of finite type. In the proof
of Lemma P.4 we have seen that then

Tur1(MBQA X4) — Hom(HQ"™(By A X4),Q)
is surjective. Since dim(HQ"" (B, A X)) < oo the tensor product of this map with R
Tni1(MBR A X, ) — Hom( HQ" ™ (B, A X, ), R)

is still surjective. This implies that x € U®. Therefore ig(n®™([M, f,g])) is also repre-
sented by the map (B). O
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Let us mention the following aspect of the intrinsic formula (B§) which is not yet com-
pletely understood at the moment. For the intrinsic formula to make sense we do not
need to assume that [M, f, g] € m,(MB A X, ) is a torsion element. Hence it provides an
extension of the universal n-invariant to the whole bordism group, i.e. we get a homo-
morphism

AT (MB A X,) > Q(B,X)

which restricts to ig o '? = ig o n™ on 7, (M B A X, )iors- In general we do not know the
topological contents of this extension. For an example see the text after Corollary p.20]

5 Examples

5.1 Adams’ e-invariant

In this Subsection we explain the relation between our universal n-invariant and the Adams
e-invariant. We consider the case of framed bordism, i.e. we set B := % and X := x.
With this choice the product M B A X is the sphere spectrum S whose homotopy groups
are called the stable homotopy groups (of the sphere) and will be denoted by

75 =1, (S) .

The stable homotopy groups form a basic object of interest in stable homotopy theory.
Though they turn out to be quite resistive against a complete calculation a lot about their
of structure is known [pJ].

For n > 1 the stable homotopy group 77 is finite by Serre’s theorem [B5]. Therefore the
universal 7-invariant is defined on all of 7.

Concerning the target group @, := Q,(*,*) of the universal n-invariant defined in B
note that with the choices of B and X as above we have an identification

KB, AX,)=K'(S)~7Z.

The finiteness of the stable homotopy groups in higher degree implies that their ratio-
nalizations are trivial. In the present situation the subgroup (B4)) thus vanishes. After
identifying o, 12(KQ/Z) with Q/Z for all m > 0 we obtain the identification

Qomi1 = Hom(Z, Q/Z) = Q/Z

given by evaluation against 1 € Z. Our universal n-invariant is thus interpreted as a

homomorphism
" =1 Mo = Q/L (89)

where 7 stands for 0P, or equivalently n°* by Theorem PB.6. The notation indicates that
this is the complex version of Adams’ e-invariant which was introduced in order to detect
the image of the J-homomorphism

J: KOgpio = T (90)

52



(see the series of papers by Adams culminating in [l]). Note that the relation between
Adams e-invariant and its complex version on 77 =, is given simply by

€c = 26Adams m odd

Adams { eAdams m even

Our goal in this Subsection is to explain that the results of the present paper specialize

to classically well-known facts about the e-invariant. Let us first discuss the relation with

the Adams filtration and spectral sequence. We observe that Assumption is satisfied.
Let

- C P C FYnd C FO%% =78

*

be the filtration of the stable homotopy groups associated to the K-theory based Adams
spectral sequence (see e.g. [B]). Then it follows from Corollary B.I( that the complex
version of Adams e-invariant (89) induces an injection

1.8 2_S
Frrg /[ Fomon — Q/Z .

We now come to the second classical fact about the Adams e-invariant, namely that it is
related to spectral geometry. This has first been observed in [§]. The spectral geometric
calculation of Adams e-invariant is based on the Pontrjagin-Thom isomorphism which
allows to represent elements in the stable homotopy group by stably normally framed
manifolds. It has the favorable property that it provides an intrinsic formula, a fact which
has been successfully exploited e.g. in [P9], [64]. The goal of the following discussion is
to derive, as an illustration, the well-known intrinsic formula [, Thm 4.14] for efms
from Theorem {.12. This is finally our argument that (BJ) is really the complex version
of Adams’ e-invariant.

We equip M with a Riemannian metric. As a normally stably framed manifold M it
comes with a trivialization TM @& (M x R¥) = M x R"** for some sufficiently large k.
A tangential representative of the associated normal Spin®-structure is now given by a

stable trivialization
P(TM)® Q(k) = M x Spin°(n+k) . (91)

We can in fact assume that P(TM) comes from a Spin-structure. In this case the Levi-
Civita connection induces a canonical Spin‘-connection VM,

In order to apply Theorem we must first choose a good geometrization of (M, VTM).
In the notation of Subsection f.4 we can choose the manifold M, to be a point. It then
has a unique geometrization G,. Let h : M — M, be the constant map. Note that h*P, is
trivial. Hence the given trivialization (P1]) refines h to a Spin‘-map. Using this refinement
we define the good geometrization G := h*G,. In view of the identification K°(B, AX ) =
Z the geometrization G, associates to 1 € Z the class G,(1) = 1 € K°(M,). We now use
Lemma [ in order to calculate G(1) € K°(M). By equation ([f) we have

B rfd(@mv7 @TM>
Gl)=1+a ( TaoT ) :
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where V7™ is the connection on P(TM) ® Q(k) induced by the trivialization (BT). Let
V be the trivial one-dimensional geometric bundle on M. Then [V;] =1 € K°(M) and
in view of Equation (B7) we must take the correction form

B r]f\vd(@triv7 @TM)
 Td(VTM)

7

We now specialize Theorem (.13 to the present situation. Using the above formula for
the correction form and invoking the notational simplification coming from the fact that
we twist by a one-dimensional trivial bundle we obtain the intrinsic formula

i (™ (M) (1) = [~ /M Td(T", V™)) — £(D,,) € R/Z

This formula directly compares with the formula for ig(e£2%™s([M])) € R/Z derived by
specializing [[], Thm 4.14].

5.2 p-invariants and the index theorem for flat bundles

The reduced n-invariant £(1D,,®V) of the Spin®-Dirac operator on a closed odd-dimensional
manifold M twisted by a geometric bundle V depends on the geometric structures of the
manifold and the bundle. A usual way to describe this dependence is in terms of varia-
tion formulas. Their main feature is that the variation of £(),, ® V) with respect to the
geometric structures can be obtained by integrating a density over the manifold which
admits a local expression in terms of the variation of the geometry.

Let us rigidify the geometric bundle V by assuming that it is a flat hermitean vector
bundle of dimension k. Then locally ),, ® V is isomorphic to a direct sum of k copies of
ID,,. This implies that the variation of the difference of reduced 7-invariants

P(@Ma V)= 5(@1\/1 ®V) - kg(lpM) (92)

is invariant under variations of the geometry of M. The p-invariant is thus a differential
topological invariant of the Spin®-manifold with a flat hermitean bundle. This is the
classical case where the topological contents of the n-invariant has beed studied. The
p-invariants have successfully been applied for example in order to detect elements in
Spin®-bordism groups of classifying spaces of finite cyclic groups [1Z], [[[T]. We refer to
these reference for examples of explicit calculations of p-invariants.

As explained above it follows from an variation argument that p-invariants are of topo-
logical nature. The precise homotopy theoretic description of p-invariants is given by the
index theorem for flat bundles [§, Thm. 5.3]. The goal of the following discussion is to ex-
plain the relation of our theory, in particular of the relation %" = n*” shown in Theorem
B-0, with the index theorem for flat bundles. Roughly speaking, this goes as follows. The
index theorem for flat bundles is about the pairing of the K-homology class represented
by the Spin-Dirac operator with the torsion K-cohomology classes obtained from the
flat bundle, while our index theorem considers the pairing of a torsion K-homology class
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with K-theory classes. Clearly the case of intersection is when both classes are torsion.
In this case the relation between both pairings is clarified in Lemma P.5.

We first translate the data of the Spin®-manifold M of dimension n = 2m + 1 with a
flat hermitean bundle V into the bordism picture. Let U(k)® denote the unitary group
equipped with the discrete topology. Its classifying space BU(k)° is universal for flat
hermitean vector bundles of dimension k. We let f : M — BSpin® be a classifying map
of the stable normal bundle of the Spin‘-manifold M as explained in Subsection B.4.
Furthermore, we let g : M — BU(k)° be a classifying map for V. The triple (M, f, g)
then represents a class

(M, f,g] € m,(MBSpin® A BU(K)’) .

We are thus forced to apply our theory in the case where B := BSpin® and X := BU(k)°.
In order to be in the domain of the universal n-invariant we must assume that [M, f, g| is
a torsion class. Due to this restriction we can not rederive [§, Thm. 5.3] in full generality.
We do not try to control m,41(MBSpin® A BU(k)}) ® Q or to calculate the group
Qn(BSpin®, BU(k)®). We rather observe that the K-theory class Ay € K°(BU(k)%.)
of the universal C*-bundle on BU(k)° can be pulled back along the projection

q : BSpin®. A BU (k). — BU (k). (93)

to a class
q* M\ € K°(BSpinS. A BU(K),) ,

and that the evaluation against the difference ¢*\, — k provides a well-defined homomor-
phism
eV —k : Qu(BSpin®, BU(k)®) — Q/Z .

It indeed follows from ch(A, — k) = 0 that the evaluation against ¢*A\, — k vanishes on

the subgroup (£4).
In the following discussion we identify the representatives of the elements

vy k(1" (M, £, 91)),  evgr (M, f.g])) € Q/Z

explicitly in terms of the p-invariant, and homotopy theoretic data, respectively.

The equality 7% = n'? of Theorem B.6 has the form of an index theorem, here formulated
as Corollary p.], which is the announced special case of [§, Thm. 5.3].

We first explain that evg«y, (7" ([M, f, g])) is exactly given by p(1,,, V) defined in (P3).
We are going to use the notation introduced in Subsection B.4. As an intermediate step
we choose, for a suitable non-vanishing integer [, a zero bordism (W, F', G) of the union of
[ copies of the cycle (M, f,g) with Spin‘-geometry. The geometric bundle U is then the
flat hermitean bundle classified by F', and we have by Definition

Vyeru 40 (M, £,) = [ index(Pyy @ U)] — [ index( Dy )]
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If we use (B4) instead, then we express this evaluation in terms of an integral over local
data on W and the reduced 7-invariants. Because of ch(VY) = k the local contributions
cancel out and we remain with

vk ([M, f,91)) = p(Dyy, V)

as desired. This is also the analytic side of the index theorem for flat bundles in [§, Thm.
5.3].

We now discuss the topological side and calculate evgy, —,(n'P([M, f, g])) following the
prescription of Subsection .. In order to shorten the notation we write x := [M, f, g].
According to this prescription we first must choose a lift & € 7,1 (MBSpin°Q/Z A
BU(k)’,) such that 0& = x, where

0 : T (M BSpin°Q/Z A BU(k)S.) — m,(M BSpin® A BU(k)’.)

is a Bockstein operator. Such a lift exists since we assume that x is a torsion class. We
apply to this element the unit of K-theory and the Thom isomorphism

T

>
Q

m

Tnsr (MBSpin°Q/Z ... ) "™ 7, 1 (KAMBSpin“Q/Z . ..) Ty (KQ/ZABSpins. ...) .

I

In this way we obtain a KQ/Z-homology class & € m,+1(KQ/Z A BSpin. A BU(k)?%.).
The element evg-y, (7" ([M, f,g])) € Q/Z is now given by the pairing between this and
the K-theory class ¢*\, — k € K°(BSpin$. A BU(k)%.):

evyr k(' ([M, f,g])) = (Thom" (¢" A — k), 7) € moi1 (KQ/Z) = Q/Z . (94)

As already mentioned above, the topological side of the index theorem for flat bundles [§,
Thm. 5.3] is not given as the pairing of a KQ/Z-homology class with a K-theory class,
but rather by a pairing between a K-homology class and a KR /Z-cohomology class. In
the following we rewrite the right-hand side of (94) in this way.

We use flat hermitean bundles give naturally rise to KR/Z-theory classes. This has
already been observed in [§]. For our present purpose we (see also [, Sec. 2] for a
related construction) describe the corresponding universal class

Ay, € KR/Z7H(BU(k)%) (95)
such that OAp = A\, — k, where 0 is again a Bockstein
0: KR/Z7(BU(k)%) — K°(BU(k)%.) .

For every map from a compact manifold h : N — BU(k)° the class h*(\;) is represented
by a unitary flat k-dimensional bundle U obtained by pull-back of the universal bundle.
The differential K-theory class [U]—k € K O(N) is flat in therefore belongs to the subgroup
KR/Z7'(N,) = K?lat(N), compare with (69). It further satisfies 9([U] — k) = h*(\, — k).
In this way we have constructed a homotopy invariant section of the restriction of the
functor KR/Z7(...) to the category of compact manifolds over BU(k)°. This section is
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represented by a universal class Ay, € KR/Z™'(BU (k) ) which satisfies OAy = A\, — k as
required.

Recall that ¢ denotes the projection (93). We now apply Lemma P to the right-hand
side of (P4) in order to get the equality

eV, k(1" () = (Thom™ (¢"Ay), ex (w)) -
Using further a variant of ([[7)

(Thom™ (¢*A), ex (x)) = (¢" Ak, Thomg (ex (2))) = (9" Ax, [Mx])

we get the formula which expresses the topological side in terms of the data given by the
cycle:
evgn—k(1'7(2)) = (9" Ak, [MK]) -

Finally note that by the construction of A, the pull-back ¢g*Aj has a geometric description
in terms of differential K-theory on M, namely that we have g*Ay = [V]—k € K9,,,(M) =
KR/Z=Y(M,). The formula

vy k(07 (x)) = ([V] = k, [M])

now identifies our topological side with the topological side of the index theorem for flat
bundles of [§, Thm. 5.3]. The following Corollary now immediately follows from the
equality n'P = no",

Corollary 5.1 Let M be a closed n = 2m—1-dimensional Spin®-manifold with a flat her-
mitean k-dimensional vector bundle V. We assume in addition that the class [M, f,g] €
Tn(MBSpin® A BU(k)’.) is torsion, where f classifies the normal Spin°-structure and g
is a classifying map of V. Then we have the following equality in R/Z:

PPy, V) = (VI =k, [M]k) (96)

In this way Theorem [.I2 implies a special case of [§, Thm. 5.3]. Let us again remark,
that by [§, Thm. 5.3] the equality (D@) holds true without the additional assumption that
[M, f,g] is a torsion class.

5.3 Algebraic K-theory

It is well-known that a k-dimensional flat complex vector bundle V on a manifold M
represents an algebraic K-theory class [V]u, € K(C)°(M,). Let us describe this in
greater detail. There exists algebraic K-theory machines which associate to a ring R
an algebraic K-theory spectrum K (R) (see the two foundational papers [B], [5§). The
symbol K (C)°(M, ) stands for the degree-zero group of the cohomology theory represented
by the spectrum K (C) and evaluated on M. In order to understand the class [V]y, we
need an explicit identification of the homotopy type of the underlying infinite loop space
QK (C) of the K-theory spectrum of C. We let C° be the complex numbers equipped
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with the discrete topology. Then we consider the homotopy colimit of classifying spaces
of discrete general linear groups

BGL(C%) = hocolim, BGL(k,C°) .

We let
p: BGL(C%) — BGL(C%)* (97)

be Quillens +-construction (see [B, Ch. 3] for a detailed description). This map induces the
abelization on the level of fundamental groups and isomorphisms in arbitrary homology
and cohomology theories. We then have an equivalence

Q*K(C) = 7Z x BGL(C®)™ .
This gives an identification
K(C)°(M,) = [M,,Z x BGL(C")].

A flat complex vector bundle V := (V, V") of dimension k is classified by a homotopy
class of maps h : M — BGL(k,C%). The bundle V carries in addition a parallel hermitean
metric if and only if this map has a factorization up to homotopy over BU(k)°. The class
[V]ug € K(C)°(M,) is then represented by the homotopy class of the composition

g: M BGL(k,C%) & BGL(CY) & BGL(C)* "% 7 x BGL(CH)* . (98)

We let gy := poioh denote the composition of the first three of these maps.
In Subsection p.3 we have seen that, at least in the case where V is hermitean and M is
closed and normally Spin®, we can define the analytical invariant p(,,;, V) € Q/Z and
understand it in terms of homotopy theory. The main objective of the present Subsection
is to explain in which way this construction provides an invariant of the algebraic K-theory
class represented by V.
As a first step we translate our geometric situation into the bordism theoretic language.
We will consider some bordism theory determined by a map o : B — BSpin€, but already
the case where B is a point (the case of stable homotopy) is interesting. We assume that
the manifold M is closed and has a normal B-structure classified by a map f: M — B,
see Subsection B.4 for details. Then we can consider the triple (M, f, go) as a cycle for a
class

(M, f, g0] € m(MB A BGL(C*)T) .

Lemma 5.2 Fvery class in x € m,(MB A BGL(C®)T) can be obtained in this way.

Proof. By the universal properties of the 4-construction the map p in (P7q) induces
an isomorphism in B-bordism homology theory. Hence there exists a triple (M, f, go),
where M is a closed n-dimensional manifold with a B-structure classified by f and
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go : M — BGL(C?%) such that = p.([M, f, go]). Since M is compact we can assume that
o has a factorization gy over BGL(k, C°) for some k. O

If we replace gy by g, then we get a bordism class
(M, f,g] € m(MB AQ=K(C),) (99)

of the infinite loop space of algebraic K-theory. We will use this notation also in the more
general case where M has several connected components and the bundle V' may have
different dimensions on these components. With this convention we have the following
generalization of Lemma [.2].

Lemma 5.3 Every class in m,(MB AN Q®K(C);) can be obtained in this way.

Proof. This is essentially the same proof as in Lemma [.3 O
If a space Y has already a base point, then we have a natural map Y. — Y of based
spaces which sends the new external base point to the base point in Y. For any spectrum
E it induces a map from the unreduced to the reduced E-homology theory

Just to explain a further notation, we can identify
T(EANY) 2 (EAXSTY)

by reinterpreting the meaning of the smash product. This will be applied to the based
space QK (C). When we write [M, f,g] € m,(MB A E*Q*K(C)) we mean the im-
age of (PY) under this projection and identification. We can use the counit (A0) u :
Y20 K(C) — K(C) in order to obtain the bordism class

u([M, f,g]) € m7,(MB A K(C))

of the algebraic K-theory spectrum.
In the case of stable homotopy (i.e. where B is a point) we have the following assertion.

Lemma 5.4 Every class in x € m,(K(C)) can be written in the form x = u.([M, g]) for a
suitable normally stably framed closed n-manifold and a map g : M — Q*°K(C), arising
from a flat complex vector bundle on M. If x is a torsion class, then we can in addition
assume that [M, g] € m,(S A Q®K(C),) is a torsion class.

Proof. Let x € m,(K(C)). This map is represented by a map g : S — Q*K(C). On
S™ we choose the stable normal framing which extends to the disc D"*!. In this way we
get a stable homotopy class [S™, g] € m,(S A Q¥ K(C),). If z was a torsion class, then
[S™, g] is a torsion class, too. We now apply Lemma which asserts that we can write
[S,g] = [M, g], where g has a factorization as in (0§) with possibly different dimensions
k on different components of M. Then w,([M,g]) = x. If  was torsion, then the class
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[M, g] is torsion, too. O

We start with an unstable version
top . 6\ + 6\+
n'?:m,(MB A BGL(C )+) — Qn(B,BGL(C*)™) .

A calculation of the target of this map seems intractable, but we will construct an in-
teresting map out of this group with values in Q/Z. The identity map C° — C (where
C in the target has the usual euclidean topology) induces a map of topological groups
GL(C%) — GL(C). Tt induces the first map in the following chain

&, : BGL(C®) — BGL(C) "9 7 x BGL(C) = 0K .

We can interpret this map as topological K-theory class O, € K°(BGL(C%),). Again,
since p in (P7) induces an isomorphism in complex K-theory there exists a unique class
0y € K°(BGL(C?)Z) such that p*©y = Oy. Let A denote K-theory class of the universal
flat C* -bundle on BGL(k,C%). Then the restriction of ©y to BGL(k,C?) is equal to
A — k.

Let ¢ : By A BGL(C%)T — BGL(C?®)T denote the projection. We have ch(6y) = 0 so
that by Lemma P.4 evaluation against ¢*©g defines a well-defined map

evy0, 1 Qu(B, BGL(C)") — Q/Z .
We can now consider the composition
g0 : To(MB A BGL(CY) ) S Q.(B, BGL(CY)*) " Q/Z .
Our first goal is to give a more or less analytic description of the element

eo([M, f, 90)) € Q/Z .

Our result is stated as Theorem p.5. In order to formulate its statement we must generalize
the construction of the universal KIR/Z™!-class of the space BU(k)° given in Subsection
to the stable and non-unitary case. We will obtain an universal element

Ao € KR/Z Y (BGL(C*)T)

such that Ay = ©g, where 0 denotes the Bockstein. Its pull-back along the projection
O*K(C); = (Z x BGL(C?)*), — BGL(C®)T is a class

A€ KR/ZHQ®K(C)y) .
By construction it will represent the real part of the natural transformation of functors

e: K(C)°(...) = KC/Z™'(...) (100)
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defined in [[I2, Sec. 2].

For every map from a compact manifold N — BGL(C?) there exists a factorization
h : N — BGL(k,C°) for some k. This map classifies a flat complex vector bundle
V/iat = (Vv VvV:flat) We choose some not necessarily flat metric h¥ and form the unitary
connection

vV = % (VV,flat + (VV,flat>*hv) .

The Chern form of a connection on a complex vector bundle is a closed complex form
which is real if the connection is unitary. We thus have a complex transgression

ch(VY, vty ¢ QPZY(M)/im(d)

such that .
deh(VY, VVflety = ch(VY) — k .

Since the connection VYV is unitary its Chern form is real and we also have the equality
dR(ch(VY, V) = ch(VY) — k . (101)

As a side remark, the imaginary part S(ch(VY, VV/%)) is a closed form and represents
a characteristic class of the flat bundle (V, V":/!@) which played e.g. a prominent role in
6. We let V := (V,hY, V") be the induced geometric bundle over N. We get a flat
class

[V] =k —a(R(ch(VY, VV/"))) € K9, (N) = KR/Z'(Ny) .

Since any two choice of metrics on V' can be connected by a path it follows from the
homotopy invariance of the functor KR/Z™1(...) that this class does not depend on the
choice of the metric hY'. By similar reasoning we see that we have constructed a homotopy
invariant section of the restriction of the functor KR/Z™1(...) to the category of compact
smooth manifolds over BGL(k,C%). This section is thus represented by an universal class
Ay € KR/Z7(BGL(k,C%),). The restriction of A to BU(k)]. € BGL(k,C%), is equal
to the class Ay, in (DF). We further observe that the collection of these classes is compatible
with stabilization in k. We therefore get a universal class A € KR/Z '(BGL(C%),).
Finally we use that the +-construction map (P7) induces an isomorphism in KR/Z-
cohomology theory so that we get a class Ag € KR/Z~'(BGL(C?)T) such that p*Ag = A.
It satisfies Ay = Oy.

Theorem 5.5 Let (M, f) be an n-dimensional closed B-manifold and gy : M — BGL(C®)*
be a map induced by a flat bundle V as in ([9§). We assume that [M, f, go] € m,(MB A
BGL(C)})iors- If V carries a flat hermitean metric, then

o([M, f,.90]) = p(Dyy, V) - (102)

In general we have
eo([M, £, 90])) = (IM]x, go o) - (103)
where [M]g € m,(K N M) denotes the K -theory fundamental class of M.

61



Proof.  We first prove the general case ([[03) by the following chain of equalities

oM, fog0) PR ey (P (0, £ g0)
= (Thom™ Y% (q*Ao), ex ([M, f, go]))

variant of (i) (gilo, [M]) .

In the unitary case we observe that gjA¢ = [V] — k. The equality (L0J) now follows from
(Pg) and the chain

o, o g0) ) (e o, (1) = (V) — k. 1) 8 (V)

Note that in the present paper we have shown (P@) under the assumption that o, [M, f, g4]
is a torsion class in m, (M BSpin:. ABU (k)’.), where g¢ : M — BU(k)° denotes an unitary
factorization of gy and o, is induced by the map Mo : M B — M BSpin®. Since this might
not be the case in general we have to appeal to the proof of this formula (P§) without
such assumption given in [§, Thm. 5.3]. O

We now come to the stable version of 7. We must choose a stable class © € K°(K(C))

in order to define an evaluation on Q,(M B, K(C)). The class Oy € K°(Q®K(C),) used
in the unstable version does not come from a stable class. We rather use the natural map

©:K(C)—- K

of spectra. The Chern character of this class does not vanish but is concentrated in
degree zero. Hence for a general bordism theory the class ¢*© € K°(B, A K(C)) may
evaluate non-trivially against elements coming from m, (M BQ A K(C)). In order to
have a well-defined evaluation we restrict to the case of stable homotopy, i.e. to the case
B =x.

The domain of the stable version of P is the torsion subgroup m, (K (C))srs which has
been determined by Suslin [57, Thm 4.9] as

Q/Z nodd

wn(K(C))tors%{ 0 neven (104)

Indeed [F7, Thm 4.9] states a stronger assertion. In positive degrees the algebraic K-
theory of the complex numbers is given by its torsion part up to a uniquely divisible
group. In the stable homotopy case we have Td = 1 so Td Uch(¢*©) vanishes in positive
degrees. It follows from Lemma P.4 that the evaluation

evgeo : Gn(K(C)) = Q/Z

is well-defined. We now consider the composition

top

e (K (C))iors = Qn(K(C)) " 5°Q/Z .
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Let (M, g) be an n-dimensional closed normally stably framed manifold with a map g :
M — Q> K(C) induced by a flat bundle V as in (). It gives rise to the classes [M, g] €
T (Q°K(C)1) and hence u,([M, g]) € m,(K(C)). By Lemma p-g all classes in 7, (KC)
can be represented in this way. This gives many examples to which the Theorem
applies. Note that g factors over the inclusion

i : BGL(C)T = {k} x BGL(C*)* — QK (C) .

Therefore we can consider [M, g| as the image under this inclusion of a class [M, go] €
7.(S A BGL(C?)T). The closed normally stably framed n-manifold M also represents
the stable homotopy class [M] € w2 which has the Adams’ invariant e2%™*([M]) € Q/Z
defined in (B9).

We can now state the stable version of Theorem p.5.

Theorem 5.6 Let (M, g) be an n-dimensional closed normally stably framed manifold
with a map g : M — Q¥ K(C) induced by a flat bundle V as in ([9§). We assume that
(M, g] € m, (S ANQPK(C)y)iors- If V carries a flat hermitean metric, then

e(uil[M, g))) = p(Dyy, V) + keg™*([M]) . (105)
In general we have
e(us([M, g])) = (g5ho, [M]k) + ke ([M]) . (106)
where [M]g € m,(K N M,) denotes the K -theory fundamental class of M.

Proof. We again start with the general case ([[06]). Using Lemma we calculate

e(u[M,g])) = eve(n'”(u.([M,qg]))) = eve(u"(n"([M, g])))
= evuo(n (M, g]) = evizuro (NP ([M, go)))
= eve k(" P([M, go])) -

Note that k € K°(BGL(C?)¥) is pulled-back from a point. We can now use the unstable
case ([[03) and (BY) in order to deduce

e(usl[M, g1)) = (g5, [M]xAo) + keg™™* ([M]) .

The unitary case ([[05) now follows from (L0F) and ([[0F). O

We now show how one can deduce a special case of I3, Thm A] from (L0g). In [EZ]
an algebraic K-theory class is constructed from a homology sphere M of dimension n
and a representation a : m (M) — GL(k,C%). One gets an induced map § : M =
BGL(k,C% — BGL(C?) to which Quillens +-construction is applied. The fundamental
group of a homology sphere is perfect so that the +-construction M* of M is homotopy
equivalent to a simply-connected homology sphere, hence to S™. Thus we get a map
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gt St~ Mt 7 BGL(C%)* which represents a class [S™, g*] € 7, (K(C)). The homol-
ogy sphere M admits a stable normal framing (see e.g. [4] or BI, Lem. 1]) and the

composition g : M — M+ 7 BGL(C%)* gives the class [M, g] € m,(S A Q*K(C),) such
that u.([M, g]) = [S", g*].

Let V7 denote the flat vector bundle determined by the representation . The statement
of A3, Thm A] is the equality

e([S", g%]) = pc(Py,, V™) (107)

in C/Z, where on the left-hand side we consider [S",¢"] € K°(S™), the map e is the
transformation ([[00), and we have identified KC/Z~'(S™) = C/Z. The subscript C on
the right-hand side indicates a complex version of the p-invariant defined for flat vector

bundles without requiring a flat hermitean metric. In the language of the present paper,
using Lemma B3, the left-hand side of ([07) can be identified with

e([S",g™1) — keg™™*([M]) € R/Z

if [S™, g™] is a torsion class.
The real part of the complex p-invariant for a (not necessarily unitarily) flat vector bundle
V7t can be expressed as

(9" Ao, [M]k) -
Therefore, if [S™, g*] € m,(K(C)) is torsion, then ([[06) is equivalent to the real part of
().
Let us comment on the fact that Adams’ e-invariant appears on the right-hand sides

of ([09) and ([[06). Note that K(C) is a ring spectrum with unit ex ) : S — K(C).

The unit induces a homomorphism 7% — m,(K(C)). Since the image im(J) of the J-

homomorphism (P0) is a well-known summand of 7% it was an interesting question to

*

determine its image under the unit ex(c). Let us consider the case
Z

EZ = im(J)4m_1 g 7T4Sm_1 .
4am

In [BQ] it has been shown that this piece goes injectively to algebraic K-theory. This was
deduced from the following two facts:

1. im(J)4m_1 is detected by (the real version of) Adams’ e-invariant e : 75, | — Q/Z.

2. The e-invariant has a factorization over the analog
KMR)(...) = KOC/Z7'(...)
of the homomorphism ([0Q).

The complex case of this factorization is easily seen from Theorem p.g. In fact the elements
in im(J)4,—1 can be represented by cycles of the form u*([S}lrr,”_l, g]), where fris a normal
framing obtained from the standard framing by twisting with an element of 7y, 1(O).
For V we take the trivial bundle of dimension 1. Then we get from Theorem .G

e(ux([S 1) = ee™™ (S5 -
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5.4 String-bordism

In this Subsection we describe the connection of the present paper with constructions in
[BI]. In this reference we constructed an invariant b*" of elements of the String-bordism
group in dimension 4m — 1 using a formula which shares a lot of similarities with the
intrinsic formula (B§) for n*. For the evaluation of 5™ on the subset of string bordism
classes in the kernel of the natural map to Spin-bordism we in addition gave extrinsic
formulas involving the Spin zero bordisms explicitly. One of the interesting features of
the restriction of b*" to this subset is that it has a factorization over the String orientation
of tmf, the spectrum of topological modular forms. Since b*" is calculable in interesting
cases it can be used to detect the tmf-class represented by a closed String-manifold. This
will be the topic of another publication.

Our goal here is to give the precise relation between 0** and the universal n-invariant
of the present paper. The result is formulated in Theorem [.§. In the course of this
discussion we show one of the conjectures stated [R1] asserting that the factorization of
b over topological modular forms holds true on the whole String-bordism group, i.e.
we get rid of the restriction to the kernel to the Spin-bordism. This is formulated as
Corollary p.T1]. Formally our proof is complete in dimensions 8m — 1, while in dimensions
8m — 5 we lose some two-torsion since in the present paper we work with complex K-
theory instead of real K-theory. We strongly believe that the relevant part of the theory
has a real version which does prove the case in dimension 8n — 5 completely, too.

We designed the notion of a geometrization such that it allows to produce an intrinsic
formula for the universal n-invariant which specializes to the previously known intrinsic
formula for 6**. In Proposition we show how the Riemannian geometry on a String-
manifold together with a geometric string structure give rise to a geometrization, and we
derive the corresponding intrinsic formula.

We start with recalling the definition of String-bordism. The space BString is defined
as a stage in the Postnikov tower of BO:

BString
p

BSpin

P1
2

K(Z,4)

BSO —% K(Z,/27,2)

BO — K(7,/27,1)

The space BString = BO(8) is just a low instance of a whole tower of higher connected
coverings of the classifying space BO. Starting with BString these higher spaces are no
longer associated to classical families of compact Lie groups.

In the String-case the search for appropriate geometric models (see e.g. [B4]) plays
an important role in the developments around the Stolz-Teichner program [p@]. The
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naming BString is related to the fact that string structures on a manifold are related with
Spin-structures on its loop space. The principal idea of String-geometry is to translate
geometric structures on the infinite-dimensional Spin-principal bundle of the loop space
to finite-dimensional geometric objects on the manifold itself by a sort of transgression.
Geometrizations of String-manifolds can be considered as one aspect of String-geometry
though in the present paper we will not consider the connection with the loop space.

In Lemma we demonstrate that a connection on a Spin-principal bundle gives rise to
a geometrization. While the connection on the principal bundle allows to define connec-
tions on all associated vector bundles, the geometrization partially keeps this information
in terms of the differential K-theory classes represented by these vector bundles with
connections. The geometrization associated to a geometric String structure in this sense
replaces the theory of connections on the non-existing principal bundle with structure
group String. We think that the methods used in the case of BString = BO(8) can
easily be adapted to the higher stages BO(n).

In order to comply with the notation of the present paper we write M BString for the
Thom spectrum which would usually be denoted by M String or MO(8).

We apply our theory in the case where X = x and B = BString with the map

o : BString — BSpin — BSpin© .

The String-bordism spectrum M BString is rationally even (see [BY], [, [E0] for more
calculations), so that for n = 4m — 1 we have

Tn (M BString)iors = mn (M BString) .

We write Q,(BString) := Q,(BString, {*}) and consider the analytic and topological
aspect of the universal n-invariant

n'? = n™ : m,(MBString) — Q,(BString) .

We will show that we can obtain b*" from the universal n-invariant by defining an inter-
esting homomorphism out of @, (BString). It involves evaluations against a collection of
elements Ry (£579) € KO(BString, ) for all k > 0. It is useful to organize this collection
in a formal power series

R(E™) =) q"Ri(&3"™) € K[[q]]°(BString.)

k>0

which we will describe in the following. By K [[¢]] we denote the multiplicative cohomology
theory (resp. the corresponding spectrum) which associates to a space Y the ring

Klgl]" (Yy) == K7 (Yy)[[q]]

of formal power series with coefficients in K*(Y,). The following constructions with real
vector bundles are standard in the theory of the Witten genus ([11]), compare e.g. with
B3, B1]. Given a real vector bundle V' — Y we consider the element

R(V) € K[[g]]"(Y+)
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defined by
R(V) =Y Ru(V)d", (108)
k=0

where Ry (V) is the K-theory class of the virtual bundle given by the coefficient in front
of ¢* in the expansion of

H(l _ gFy2dim(V) ® Sym.(V @r C) ,

k>1 k>1

where

Sym, (V) := @kaymk(V) .

k>0

The transformation V' +— R(V) is exponential, i.e. it satisfies R(V®W) = R(V)UR(W).
Moreover, it has values in the group of multiplicative units K[[¢]]°(Y)* because the power
series starts with 1, i.e. we have R(V) =1+ O(g). In view of the universal property of
KOV it therefore extends to a natural transformation

R:KO(Yy) = K[[q]"(Y4)* .

The composition
x—(0,z

BString — BO "2% 7.« BO =~ 0*KO
classifies the universal class 859 ¢ KO°(BString,). We fix n = 4m — 1 and let
AJIring .= g — §5ring ¢ KO°(BString,) . (109)

If (M, f) is a cycle for 7, (M BString), where the map f : M — BString classifies the
String-structure on the stable normal bundle of M, then we obviously have the equality

[TM]+1= A € KO°(My) (110)

We have well-defined classes Ri(\71") € K°(BString,) for all k > 0 and therefore
R(N2'M) € K[[q]]°(BString,). With this notation the Witten genus

U%/itten : 7Tn+1(MBSt’I"Z7’Lg) — 7Tn+1(KHQH)

is given by

Otwitten(y) = (Thom™ (ROIT™)), exc(2)) - (111)
We use the superscript C in order to indicate that we work with the image of the KO[[q]]-
valued Witten genus in complex K-theory K{[q]].
Motivated by the above constructions we organize the evaluations of Q,,( BString) against

the family of classes Rk()\iﬁng ) into a formal power series and define a homomorphism

W : Hom(K°(BString. ), mn1(KQ/Z)) — Q/Z[[q]) := [ [ Q/Z ¢* (112)

k>0
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by
W(g) = Zeka(Aiff”H)(¢)qk :
k>0

Here we identify 7,,1(KQ/Z) = Q/Z. The homomorphism ([13) does not yet factorize
over the quotient @, (BString) since it does not vanish on the subgroup U defined in
(B4). In order to get such a factorization we must replace the target Q/Z[[q]] of W by
the quotient by a subgroup which contains W (U). This subgroup will be defined using
modular forms. We let ME denote the space of modular forms for SL(2,Z) of weight
2m whose g-expansion has coefficients in the subring R C C (see [BJ for an introduction).
In particular, we let

M,.la]] € Qlld]

be the finite-dimensional vector space of g-expansions of rational modular forms MéQm of

weight 2m. Its image in Q/Z[q]] will be denoted by M2, [[¢]]. We define

Z
M, [[q]]
Up to the replacement of @ by R this is exactly the group defined in [R], Def. 1.1].

Lemma 5.7 The composition of ([[13) with the projection to the quotient ([13) induces
a well-defined map )
W . Q4m_1(BSt7°z'ng) — Tgm .

Proof. 'We must show that under this composition the subgroup U defined in (24) is

mapped to M3 [[¢]]. By ([1T)) we have for y € m,1(M BString) that

(Thom™ (ROT™))s ek (1)) = Oitten (y) € Tnin (K[[4]]) -

If we identify 7,1 (K[[q]]) = Z[[q]], then the Witten genus has values in MZ [[q]] C Z[[q]].
More generally, for y € m,.1(M BStringQ) we get

(Thom™ (ROYT™)), ex(y)) € M3, [la]] -

This shows that W(U) € M3, [[q]]- O

In [P, Sec 3.3] we have constructed homomorphisms
b g1 (M BString) — Top, , VP 0 Ay — Top,

where
Aym—1 = ker(mym_1 (M BString) — mym_1(M BSpin)) .

Since in the present paper we work we complex K-theory as opposed to real K-theory in
[ET), Sec 3.3] we define

. b*  meven
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The following theorem clarifies the relation between b3, bfé’p and the universal n-invariant
of the present paper.

Theorem 5.8 We have the equalities

to. to.
V[/on‘A]f1 L =0
and B
W o ,r]an — b[l’n

Proof. We extend the map M BString — M BSpin to a fibre sequence
Y~ 'MBSpin — A — MBString — MBSpin

which defines the spectrum A. The smash product of the fibre sequence with the Bockstein
sequence
YIMQ/Z — MZ — MQ — MQ/Z

yields the following quadratic diagram

Y2M BSpinQ Y 1AQ Y 1M BStringQ —— % S"'M BSpinQ

S2MBSpinQ/Z — S AQ/Z —= 1M BStringQ/Z —= ¥ X" M BSpinQ/Z

YL M BSpin 2 A * M BString

O M BSpin

U =M BSpinQ

O M BStringQ

M BSpinQ

We start with € Agn-1 C Tam-1 (M BString). This element goes to zero if it is mapped
to the right or down. The class W (7'P(x)) is represented by the power series

> (Thon" (Ri(&4n ™)), exc())d" € Q/Z[[q]] - (115)

k>0

Note that we can define classes 077" and \5P" .= n — 5P ¢ KO°(BSpin,) analogously
to ([09). Then we have equalities of the evaluations

(Thom™ (R (A ™)), ex()) = (Thom™ (Ry(Asn™)), exc () (116)

= [(Thom™ (R (A3h")), exc(@))] € Q/Z ,
where the elements ¢ and w are images and lifts as indicated in the above diagram, and
where we use the compatibility of the K-theory Thom isomorphisms for M BString and

M BSpin. In the construction of v'? in [P, Sec 4.1] we go the other way. We first lift
x to 2 which maps to Z which is then again lifted to XM BSpin. Modulo the obvious
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ambiguities this element in the lower left corner is the negative of w from the upper right
corner. By the definition of b*? in [R], Sec 4.1] we see that b<?(z) is represented by

> _[Thon™ (Ry(N31™)), exc(@))]4" € Q/Z[lg] -

k>0

Combining this with ([[T5) and ([I§) we see that

This proves the first assertion of Theorem p.8.
We now show the second. Let x = [M, f]| € m,(M BString) be an [-torsion element repre-
sented by the cycle (M, f) and (W, F') be a zero-bordism of the union of [ copies of (M, f).
We choose the geometry on M and W as in Subsection B4 The Spin‘-structures come
from Spin-structures so hat the Levi-Civita connections have canonical Spin®-extensions
V™™ and VIV, In view of Equation ([T0) the K[[g]]-theory class R(A;"") can be rep-
resented by a formal power series of Z/27Z-graded bundles R(T'M & 1) associated to the
tangent bundle. The Riemannian metric and the Levi-Civita connection turn T'M into
a geometric bundle. The construction of R(T'M & 1) therefore produces a formal power
series of geometric bundles R(T'M & 1).
The construction of ** involves the choice of a geometric String-structure o on M. This
notion has been introduced in [F9]. As a main feature it produces a form H, € Q3(M)
with the property that

2dH, = py (VTE) (117)

In the following we use characteristic forms associated to certain power series

o . ©, © €Q[ldg]]b, b_l][[Pl,pza---H .

We refer to [B1], Sec 3.3] for an explicit definition. In the present paper distribute the
powers of b such that ® and © have total degree zero, and ® has total degree —4. In the
the notation of ([26) we have

R()\Spin) 5 (b — (PR(ASpin) 5 @ — @ - pl@ .

4m 4am

d=97

The notation ®(VT™) is as in ([27). We start with the representative of b&*(x) given in
[BT, Def 4.1]

2 /M Hy A B(YTM)) — £(1y, ® R(TM @ 1))] € R/Z]lq]] . (115)

where here and below we ignore the power b=2™. We use the APS index formula (§2) in
order to express the reduced n-invariants (pI)). Using the equality

(V) = Td(V™) A ch(VRITMED)
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we get

) = 2 /M Ho AB(V™) — 1 /W (V)] + [yindex( By ® R(TTV))aps]

We now use Stokes’ theorem and the relation ([[17) in order to calculate
- 1
2/ Hy A O(VTM) — —/ (V)
M Uw

-7 /W (1 (F7%) A S(TTM) — B(TT))

_ ; /W o(v™) e ME, [[4] .

For the last inclusion we use the crucial fact that

Pam(©) € M3, [[gll[p1, 2. - -] € QU1 p2s - -1
see [B]], Sec. 3.3]. Therefore

[index(Dy @ R(TW))aps] € R/Z]lg]

is a representative of b () € Tay,, too. But in view of Definition B.§ and the construction
of W this is also a representative of W (n**(x)) € Tsy,. This shows

Won™ = b .
O

As a consequence of the equality 7% = n'®? shown in Theorem .6 we get another proof
of 1, Thm. 2.2].

Corollary 5.9 We have the equality

an to;
C|A4m71 = b(cp .

The spectrum of topological modular forms tmf has been constructed by Miller, Goerss

and Hopkins, and in an alternative way by Lurie, see the survey [7]. It is related to

K-theory and String-bordism by a factorization of the Witten genus

C
IWitter

| OWitten

MBSt%éﬁiEf“HR o - W..I..(O[[q]]—>K[[q]] :

T
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where o4y g is the String-orientation of tmf constructed by Ando, Hopkins and Rezk.
We now recall from [21], Sec.4.3] the construction of the homomorphism

btmf : 7T4m_1(tmf) — Tgm

which is very similar to that of 7. Note that 7y, _i(tmf) is a torsion group (see [B7],
[[3] for more calculations of 7, (tmf)). Therefore an element y € 74, 1 (tmf) can be lifted
to an element § € my,, (tmfQ/Z). Then

0™ (y) = [W(@)] € Tom

where [WW(g)] denotes the class in Ty, of the element W(7§) € w4, (KO][q]]Q/Z) =

Q/Z[[g]]. The complex version b of b*™* is defined similarly by

B2 () = We ()] € Tom
or alternatively, by ([14).
Proposition 5.10 We have the equality
b o oapr = W o' ¢ Ta 1 (MString) — Top, -
Proof. If x € Ty—1(MString) and & €: 7y, (M StringQ/Z) is a lift, then
(Thom™ (R(A5 ™)), ex(2)) € Q/Z][q]]

represents W on!'?(z). We have already seen in the proof of Lemma .7 that this expression
is equal to the Witten genus (extended to Q/Z-theory)

(ThomK(R()\fgmg)% ek (2)) = OWiren(E) -

The Witten genus can now be decomposed as

OWitten(&) = We(oanr(2)) -

We can take o sy (%) € T4, (tmfQ/Z) as the lift of o sy r(z) € Ty (tmf) so that We(oanr(Z))
represents bE™ (o app(x)). Hence we can conclude that

bg™ o oanr(z) =W on'”(z) .

Using 7% = n'? and W o n® = b%* (Theorem [5.§) we get

Corollary 5.11 We have
an __ 1tmf
C

c = OO0AHR -
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This proves the complex version of the conjecture 3 in [R1], Sec 1.5]. In fact, for even m
there is no difference between the real and complex case, but in the case of odd m the
complex version implies the real version up to two-torsion which was known before. We
believe that a real version of the present theory would prove the conjecture completely.
The formula for b* given in [R1], Sec 3.3] and reproduced here as ([1§) is an intrinsic
formula which uses the notion of a geometric String-structure [f9. In the following we
show that a geometric String-structure gives rise to a good geometrization G such
that the intrinsic formula specializes to the one for b". Since String-structures refine
Spin-structures we start with the construction of a geometrization for a Spin-structure.
Let (M, f) with f : M — BSpin be an n-dimensional manifold with a normal Spin-
structure. We are going to use a version of Subsection for Spin-structures. If V.— M
is a real euclidean oriented vector bundle, then the Spin-gerbe Spin(V) of V' associates
to each open subset A C M the groupoid Spin(Vja) of Spin-structures on the restriction
of V to A. This gerbe has the band Z/2Z, and its isomorphism class is classified by the
Dixmier-Douady class

DD(Spin(V)) = wy(V) € H*(M;Z/27) ,

the second Stiefel-Whitney class of V.

We choose a Riemannian metric on M and a tangential representative of the normal Spin-
structure on T'M. It is given by a geometric Spin-structure P € Spin(T M) together with
a trivialization . '

P® f*QP" =Q(n+k), (119)
where f: M — BSpin(k) is some factorization of f, and pr " _ BSpin this time denotes
the universal Spin-bundle. It naturally induces a tangential representative of the induced
normal Spin®-structure by extension of structure groups along Spin(l) — Spin®(l) (see
[fd, Example D.5]).

The Levi-Civita connection gives rise to a connection on P which in turn has a
natural Spin‘-extension V™™ We furthermore choose a connection V¥ := V/ @™ on
froi.

Proposition 5.12 There exists a good geometrization G5P™ of (M, f, @TM).

VTM

Proof. The connections V'™ and V* together induce a connection V'™ ® V* on P ®

f*pr " which can be compared with a trivial connection using the isomorphism (I19).
Therefore the transgression form Td(VIM @V* ViIriv) € QP~1(M) is defined and satisfies

dTd(VT™ @ VE Vi) = Td(VIM) A Td(VF) — 1 .

We let 3 '
p = Td(VH)™ ATd(VIM @ VF V™) | (120)

For any pointed space or spectrum Y we let K*(Y') denote the completion the topological
group K*(Y') equipped with the profinite topology (see [[[§, Def. 4.9] and Subsection 23).
We have BSpin, := hocolim; BSpin(l); and therefore

K*(BSpiny) = 1im; K*(BSpin(l).) .
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The completion theorem [J] gives

K*(BSpin(k)s) = K*(BSpin(k)+) = R(Spin(k))

ISpin(k) :

We therefore get the following description of the completion of the K-theory of BSpin:

K*(BSpiny) = 1im K*(BSpin(k +1),) = 1im R(Spin(k +1))

Ispin(k+1) *

Given [ > 0 and a representation p of Spin(k + 1) we obtain a geometric bundle V,
associated to the stabilization f*Q"" @ Q(I) of f*Q7"™ with the connection V* @ Vo0
induced by V*. We define

G(p) = [V,] - alu A ch(V"5)) € RO(M) |
We have chosen the form g in ([[20) such that the following equality holds true in QP9 (M):
TA(VT™) A R(G(p)) = TA(VF)™L A ch(VY) . (121)

The map p — G(p) extends to a map G : R(Spin(k + 1)) — K°(M) by linearity. This
extension annihilates the power Ig;‘;l(k Ly © R(Spin(k + 1)) of the dimension ideal. In
order to see this note that if p € I, ., and 2p > n, then we have ch(VY) = 0. For
those p we have G(p) = [V,], and this class is flat. If p > n, then we have [V,] = 0 so
that G(p) = a(w) for some w € HPR™Y(M,). The product of a flat class with a class of
this form vanishes. Hence G(p) = 0 if e.g. p > 2n (this is not optimal). The map G thus
further extends be continuity to a map

G : K°(BSpin(k+1)4) — K°(M) .
One now checks that for [ > 1 we have
G(p) = G(P\Spin(k+z_1) .
In this way the maps G for the various [ are compatible and define a continuous map
G . KO(BSpiny) — K°(M) .

It follows from ([21)) that Td(V™) A R(G(p)) is the Chern-Weyl representative of the
class Td ™" U ch([p]) € HPQ(BSpin(k + 1)) associated to the connection V¥ @ V@0,
where [p] € K°(BSpin(k + 1)) is the class represented by p. Note that

H*(BSpin; Q) = Q[p1, pa, .- -] (122)

is the polynomial ring generated by the universal Pontrjagin classes. The cohomological
character
cgsein : HPQY(BSpin,) — QPY(M)
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of G°P" maps the class b=2p; € HPQ®(BSpin,) to the corresponding characteristic form
b=2p,(VF) € QPY(M). This map clearly preserves degrees.

We now show that the geometrization G°P" is good. By an inspection of the construction
of G5P" we observe that the connection of the map f : M — B with the normal bundle
has not been used. This map can be arbitrary if we replace T'M by some complement
n — M of f*&, as in Subsection f.3 and choose some connection V" of the associated
complementary Spin-principal bundle PP € Spin(n) in the place of VI™, We obtain
the Spin“-bundle P with connection V" which replaces viM by extension of the structure
group.

We choose an n + 1-connected approximation f, : M, — BSpin such that there is a
factorization of f over a closed embedding h : M — M,. As in Subsection .4 we ob-
tain a natural refinement of h to a Spin®-map. Since h is a closed embedding we can
choose the connections V* on P, and V** on f: pr "™ such that h*V* = VTM stably and
h*VF¢ = V*. We now define G5P™ as above. Then by construction GP™ = h*G5P™ since
the correction forms ([[F) vanishes. Hence G is good. O

Let p : BString — BSpin be the natural map. We now consider a manifold (M, f) where
f : M — BString represents a normal String-structure. We have an induced normal
Spin-structure represented by po f, and we adopt the geometric choices made before the
statement of Proposition .13

Proposition 5.13 A choice of a geometric string structure a on (f*@fpm, V*) naturally
determines a good geometrization G5 "9 of (M, f,VTM). For ¢ € K°(BSpin,) it is given
by | |
gStrzng(p*¢) — gszn(¢) o CI,(V¢)
with . .
vy = Td(VIM)"L A 2H, A 04(VF) € QP71 (M) .

Here G5P is as in Lemma F18, ®4(V*) is defined below in ([[Z7), and H, € Q3(M) is
the three-form given by the geometric string structure.

Proof. 'We have a fibre sequence
K(Z,3) — BString % BSpin — K(Z,4) .

By ] the group K*(K(Z,3)) (note that this is reduced K-theory) is divisible and consists
of phantom classes, i.e. classes which vanish when pulled-back to finite C'W-complexes.
This suggests the following proposition which is probably well-known, but we could not
find a reference for it.

Proposition 5.14 The projection p : BString — BSpin induces a continuous injective
map B )
p*: K*(BSpin,) — K*(BStringy) . (123)

with a dense image.
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Proof. It follows immediately from the definition of the profinite topology that maps
between spaces or spectra induce continuous maps on the cohomology groups. In order
to show the remaining two assertions we need some preparations about divisible groups.
Let A be some abelian group. Then we define its subgroup

Agiv i ={a€ A|VneN3Id € A st. a=na'}
of divisible elements. We consider the exact sequence
0— Agiv = A—A—=0.
Since a divisible group is injective this sequence is split. Hence
A Ay, ®A.
This implies that Ag, = 0. We now consider a short exact sequence of groups
0-A—-B—-C—=0
together with a map B — X, where X is finitely generated.

Lemma 5.15 If ¢ € Cy,, then we can find a lift b € B of ¢ whose image in X vanishes.

Proof. 'We consider the diagram

A B C
A B C
0 0 0

with vertical exact sequences. The Snake Lemma gives an isomorphism

Claiv ~ ker(B — O)
im(Bdiv — Cdiv) N 1m(f_l — B)

This shows that the group on the right-hand side is divisible. Since any map from a

divisible group to a finitely generated group is trivial we have a factorization B — X of

the map B — X. We thus get a homomorphism
ker(B—C) X

m(A>B) Y
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where Y C X is the image of A — B — X. The quotient X/Y is still finitely generated,
and this implies that this map is trivial since its domain is divisible.

We now choose a preimage by € B. Its image in by € B then vanishes when mapped to
C so that it represents a class in %. The image of this class in X/Y vanishes so
that there exists @ € A such that the image of by — @ in X vanishes. We choose some lift
a € A of a. Then the image of b := by — a in X vanishes. Moreover, b can be taken as a
lift of ¢, too. O

We now turn to the actual proof of the Proposition p.14. We consider the map of maps

BSpin —— BString
lid lp
BSpin —— BSpin
which induces a morphism of Serre spectral sequences
p*: E(id) — E(p) .

The Serre spectral sequence £ (id) is of course the Atiyah-Hirzebruch spectral sequence
of BSpin which converges to K*(BSpiny). After choosing a cellular structure on BSpin
the first page of E(p) is given by the cellular cochain complex

EY'(p) = C*(BSpin, K'(K(Z,3)))
of BSpin with coefficients in K*(K(Z,3),). We have an exact sequence
0= B (p)aiw = Ei'(p) = By (p) = 0.

Since K*(K(Z,3)) is divisible by [f]] the composition
ER s —s,t
EY'(id) = Ey'(p) — E (p)

is an isomorphism. Moreover, since p* is a chain map and there are no non-trivial maps
from a divisible group to a finitely generated group we have a decomposition of chain
complexes

E7(p) = BV (p)aw © p By (14) -

The same reasoning applies to the higher pages and we get a decomposition of the whole
spectral sequence as

E(p) = E(p)aiv ® p*E(id) .

We conclude that ([[23) is injective.
We now show that it has a dense range. Let ¢ € K*(BString, ). We must approximate ¢
by elements in the image of p*. Let ¢t : T'— BString be a map from a finite CW-complex
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so that ker(t*) C K*(BString,) is some neighborhood of zero. We must show that we
can find ¢ € K*(BSpin.) such that

¢ —p Y € ker(t¥) . (124)
The cellular structure of BSpin induces a filtration
- C BSpink C Bsz'nkJrl C....

We let
... C BString® C BString"™ C ...

be the induced filtration by preimages under p. We let
F*K*(BString,) := ker(K*(BString,) — K*(BString®'),) .

Then we have
E¥*(p) & FFK*(BString,)/F*™ K*(BString,) .

Since T is compact there exists a number k,, € N such that there is a factorization
t : T — BStringt~=' — BString. We then have F’*~ K*(BString,) C ker(t*). Assume
that k is maximal such that ¢ € FFK*(BString,). It suffices to find ¢ € K*(BSpin,)
and p € ker(t*) such that ¢ — p*th — p € FFLK*(BString,). Then a finite iteration
produces the required 1) € K*(BSpin, ) such that ([[24) holds true.

The element ¢ gives rise to an element in u € E%*(p) which we can decompose as u =
v ® prug with v € EX*(p)asn. We let Ve K*(BSpiny) be an element with @Bspmkq =0,
and which is represented by ug € E¥*(id). We apply Lemma .17 to the exact sequence

0 — FFUK*(BString,) — FFK*(BString,) — E%*(p) — 0

and the map t* : F*K*(BString,) — K*(X,). By Lemma [.I we can find an element
p € FFK*(BString,) Nker(t*) which represents v. Then we have

¢ — p* — p € FMK*(BString, ) .

|

We now come to the construction of the good geometrization G%"™9. We choose an
n + l-connected approximation f, : M, — BString such that we can factorize f :
M — BString over the closed embedding h : M — M,. As in Subsection [.4 we
obtain a natural refinement of h to a Spin®-map. Since h is a closed embedding we can
choose the connections V* on P, and V** on f;pr " such that h*V* = V™M gtably
and h*VF* = V¥ Geometric string structure behave as flexible as connections and
metrics [f9]. We can therefore assume that there is a geometric string structure a, on
( f{ij” m VF4) which restricts to the geometric string structure o on M. Let G5P™™ denote
the geometrization of (M, po f., V*) constructed in Lemma[5.19. As a first approximation
we define
fformg cim (p* : K°(BSpin,) — K°(BString,)) — K°(M,)
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G (p*()) := GSP(¢) , ¢ € K°(BSpin.) .

We can do this since p* is injective by Proposition p.14. The map QSt””g is defined on a
dense subset of K°(BString, ), but is not continuous in general. The idea is now to add
a correction term in order to improve the continuity, and then extend by continuity.
Note that via p* we can identify

H*(BString; Q) = Qlps, . .|

with the quotient ring of H*(BSpin; Q) given in ([29) by setting p; = 0. The problem with
continuity comes from the contribution of p;(V*) to the curvature of gf %ng The idea is
now to kill this contribution by a correction term given by a geometric string structure
ay, on ( f:pr " V). The geometric string structure provides the form H,, € Q*(M,)
with the property that 2dH,, = p;(V*"*) (see [17).
For a formal power series

A€ Qb,b Y [[p1,pa, .- -]

we define a new formal power series
~ A —iy oA _
A= #0 € @[ba b 1][[p17p27 < ]] . (125)

In other words, the power series A is p; ! times the sum of those monomials of A which
contain p;. Since the periodic rational cohomology of any pointed space Y is complete,
i.e. we have HPQ*(Y) = HPQ (Y), the Chern character factorizes over the completion
of K-theory as ch : K°(BSpin,) — HPQ’(BSpin,). Let ¢ € K°(BSpin,). Then we
define

®, :=Td ' Uch(¢) € HPQ"(BSpin,) = Q[b,b " [[p1, pa; - - -] (126)

and obtain @, as described above. We define the form
Vu = TA(V") L A2H,, A Dy(VFY) € QP~Y(M,) ,
where we use the abbreviation
By (VH) 1= Dy(pr(VE), p2(VFY), ) (127)

We can now define the map
Gamm < im(p") — K°(M)
by the following prescription:
G (p*(9)) = Gug " (07(9)) — alvug) -

We further define
gString — h*gString )

Unfortunately we can not verify directly that G is continuous, but we have the
following Lemma.
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Lemma 5.16 The map
GString . 5 (p* : K°(BSpiny) — K°(BString,)) — KO(M)

extends by continuity to all of K°(BString,) with cohomological character given by p; —
pi(V¥) for alli > 2. The continuous extension (for which we use the same symbol Gstring )
is therefore a geometrization of (M, f, VI™M).

Proof. Let us consider a sequence (¢;) in K°(BSpin,) such that p*¢; — 0 in the profinite
topology of K°(BString, ) as k — co. We must show that there exists a ky € N such that
for all k > ko we have G5 (p*¢,) = 0. Since M, is compact we can choose a ky € N
such that for all k& > ko we have fip*¢, = 0 and fp*(Td™' A ch(é;)) = 0. Since the
pull-back f* : H*(BString,;Q) — H*(M,;Q) is injective in degrees < n we conclude
that i,,—0®g, is a polynomial in the generators p; with 4/ > n+1. We now calculate using

([21)) and ([29) that for ¢ € K°(BSpin,)

TA(V*) ARG (p"(9))) = TA(V*) A R(G""()) = pr(VF") A &y (V)
= Dy (VH) = pr(VF") A Dy (VF)
= (ip=0Pg) (V") . (128)

We conclude that Td(V*) A R(G5779(p*(¢y,))) = 0 for k > ko. It follows for those k > kg
that the class G579 (p*(¢y)) is flat and in the kernel of I : K°(M,) — K°(M,_.). We

conclude that 4
G, (p*(¢r)) € HPR™' (M, )/im(ch) .

An n + 1l-connected map induces an isomorphism in ordinary cohomology in degrees
< n. Since BString, is rationally even the odd-dimensional real cohomology of the
n + l-connected approximation M, is concentrated in degrees > n 4 1. Since M is n-
dimensional the restriction h* : HPR™Y(M, ) — HPR (M) is trivial. This implies
that Gond(p*(¢p)) = h*Gornd(p*(¢y)) = 0 for all k > ko. The assertion about the
cohomological character follows from the relation

TA(V™) A R(G5™($)) = (ip,=0®(pe)-1(0)) (V)
derived from ([[2§). This finishes the proof of Lemma p.16. O

In order to show that the geometrization G5 constructed in Lemma is good we
must show that G2 is continuous itself. To this end we argue similarly by represent-
ing this geometrization as a pull-back from a dim(M,) + 1-connected approximation of
BString, . O

We now specialize Theorem .19 in order to derive an intrinsic formula for

v ([M, f]) = W on™([M, f]) € Tom -
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The connection V* on the Spin(k)-principal bundle f*pr " _ M turns the real vector
bundle f*¢27" into a geometric bundle Nj. It is a geometric representative of the stable
normal bundle of M, hence the notation. We have

R(TM]+1) = R(n + 1+ k = [f&"™]) € K[lg]]'(M,) .

Therefore we get an interpretation of R(n+1+k—Ny) as a virtual geometric representative
of R([I'M] + 1) (which differs from R(T'M + 1) used in ([I§) since we work with the
geometry on the normal bundle). By construction we have

gString()\ifﬁ”g) — [R(n +1+k— Nk)] + a(VR()\Spm)> € KO(M)HQH :

n+1

In other words, the correction form for [\>71"9] € K[[¢]]°(BString, ) is given by

By Theorem the composition Won!P([M, f]) € Ty, is now represented by the formal
power series

- / 2Ho A sy (V)] — 6By ® R(n + 1+ k — N) € R/Z[[g]]
M
This is the version of ([[1§) using the normal bundle geometry on the twisting bundles.

5.5 The Crowley-Goette invariants

In this subsection we show how one can derive the Crowley-Goette invariant introduced
in [27] for S3-principal bundles on certain n = 4m — 1-dimensional manifolds as a special
case of our universal n-invariant. We start with recalling the definitions from [R7]. Since
in the present paper we decided to work with Spin®-bordism and complex Dirac operators
we will define the variant ¢5, which coincides with the Crowley-Goette invariant for odd
m and is its double for even m. Let S be the group of unit quaternions and BS® be its
classifying space. The set of homotopy casses [M, BS?] is the set of isomorphism classes
of S3-principal bundles on M denoted in [27] by Bun(M).

Let M be a closed n-dimensional Spin-manifold such that H3(M;Q) = 0 and H*(M;Q) =
0. Then the Crowley-Goette invariant is defined as a certain function

tar :Bun(M) — Q/Z .

In the following we recall the intrinsic formula [27, (1.9)]. We identify the quaternions with
C? using the right-multiplication by I. The left multiplication of S® on the quaternions
gives a representation p on C2. Note that

HPQ*(BS%) = Qb,b][[c2] ,
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and by the completion theorem [J] we have the isomorphism

K°(BS?) = R(S?)

Igs -

The representation p gives rise to a class [p] € K°(BS?) and a power series ch([p]) €
Q[b, b [[c2]]° of total degree zero. There exists a unique power series ® € Q[b, b~][[c2]]
of total degree —4 such that .

2—ch(p]) = @ .
Let g € Bun(M) and R — M be an S3-bundle classified by §. We choose a connection
V# on R. For every unitary representation A of S® we let Ey := P Xxg3, C* be the
vector bundle associated to R and X. It comes with a natural hermitean metric h.
The connection V¥ induces a connection V* which preserves h*. In this way we get a
geometric bundle E) = (E\, h®», VE). By our assumptions on the rational cohomology
the Chern-Weyl representative co(V) of ¢, is exact, and there exists a unique element
& (V) € Q3(M)/im(d) such that déy(VH) = 3(V?). We define ®,(VH) € QP;*(M) by
replacing ¢ by ¢;(VF) in the power series ®.
We choose a Riemannian metric on M which induces the Levi-Civita connection. Fur-
thermore we choose the Spin‘-structure induced by the Spin-structure. We then get a
natural Spin‘-extension V7™ of the Levi-Civita connection. The complex version

t$; : Bun(M) — R/Z

of tps is now given by [B7, (1.9)]
th(9) = | /M TA(VIY) A &(VE) A SV = 26 (Byy) +E(Py @ By) €R/Z . (129)

To be precise, the value of the integral belongs to R[b,b~!]~* which will be identified
with R using the generator b=2. In order to relate the Crowley-Goette invariant with
our universal n-invariant we are led to consider a bordism theory of Spin®-manifolds with
S3-bundles with rationally trivial second Chern class. This bordism theory is set up as
follows. We have a fibration 0

K(Q,3) — K(Q/Z,3)

|o

K(Z,4) — K(Q,4)
of Eilenberg-MacLane spaces. We define the space X by the following homotopy pull-back

X ——=K(Q/Z,3) . (130)
!
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Since ¢y is a rational isomorphism and K(Q/Z,3) is rationally trivial we see that the
space X is rationally contractible. We conclude that for n = 4m — 1

Tn(MSpin® A X ) @ Q = m, (M Spin® A XQy) = m (M Spin©Q) = 0 .

It follows that
T (M Spin® A X )iors = mn (M Spin® A X )

so that the universal n-invariant is defined on the whole Spin®-bordism group of X:
NP =" 1, (MSpin® A X1) — Qn(BSpin°, X) .

Next we calculate the K-theory K*(BSpinS A X;). We have a fibration

BSpinS. A X, "5 BSpine A BS?

with fibre K(Q,3). Since K*(K(Q,3)) is divisible and consists of phantoms by [H] the
proof of Proposition p.I4 applies and shows that

(id,q)* : K*(BSpinS. A BS3) — K*(BSpin. A X) (131)

is injective with dense image. The domain of this map can be calculated the using the
completion theorem [g]. At the moment we will only use this map in order to name specific
elements in its target. The element 2 — p of the representation ring R(_S3) generates the
dimension ideal Igs. If we let A := 2 — [p] € K°(BS%), then we have K*(BS?) = Z[[A]]
and

K*(BSpinS. A BS_?;) >~ K*(BSpin%)[[A]] .

Since X is rationally contractible we have
ch((id, q)"A) = p*¢*ch(A) =0,
where p : BSpin§, A X, — X is the projection. Hence by Lemma P.4 the evaluation
eV(iaqa - Qn(BSpin®, X) — Q/Z
is well-defined. We define
€= eViagqra o' m(MSpin® A Xy) = Q/Z .

In order to be able to relate the universal n-invariant with the Crowley-Goette invariant
the following simple observation is crucial.

Lemma 5.17 A pair (M,g) of a compact oriented n-dimensional Spin-manifold M
which satisfies the assumptions of Crowley-Goette that H3(M;Q) = 0 and H*(M;Q) = 0,
and a map § € Bun(M) gives naturally rise to a class [M, f, g] € m,(M BSpin® A X,).
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Proof. The main point is to show that § : M — BS® has a natural lift to ¢ : M — X in
the diagram ([30). The rationalization of §*c, vanishes so that there exists a class ¢, €
H3(M;Q/Z) such that dé; = g*cy. This lift is unique up to the image of a rational class
of degree 3, hence unique by our assumption. The map § and the lift é; : M — K(Q/Z, 3)
together determine the lift g : M — X. The map f : M — BSpin® of course classifies
the normal Spin®-structure on M. O
If we fix the Spin®-manifold M, then we have defined a map

sy Bun(M) — m,(MBSpin® ANX,), g~ [M,f,qg].
The following proposition clarifies the relation between ¢, and the universal n-invariant.
Proposition 5.18 Let M be a compact oriented n-dimensional Spin®-manifold M which
satisfies H*(M;Q) = 0 and H*(M;Q) = 0. Then we have the relation
t$, =cosy :Bun(M) — Q/7Z .

Proof. 1t is an instructive exercise in the use of geometrizations to derive an intrinsic
formula for the composition € o s); which compares with the formula ([29) for ¢§,. In a
first step we must approximate the space X by spaces with finite skeleta. Note that we
can write (compare with (B9) for the connecting maps)

K(Q/Z,3) :=hocolim; K(Z/IZ,3) .
If we define X; by the pull-back
X, ——K(2]1Z,3) ) (132)
-
BS? —2> K(Z,4) —— K(Z,4)
then we get connecting maps X; — Xy if [|I" and
X = hocolim X;, m,(MSpin®A X;) = colim m,(MBSpin° A X, ) .

The main advantage of X; is that it has finite skeleta. We consider a closed n-dimensional
manifold with a normal Spin‘-structure classified by a map f : M — BSpin® and an
auxiliary map ¢g : M — X. We can assume that g has a factorization

g: M5B X, - X

for some [. We choose a Riemannian metric on M and a Spin-extension V7™ of the Levi-
Civita connection. We are going to construct a good geometrization for (M, f, g, vIM )
using similar ideas as in the String-bordism case Proposition p.13. We choose a compact
max(n + 1,4)-connected approximation (f,, g,) : M, — BSpin® x X; such that the map
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(f, g1) factorizes over a closed embedding h : M — M,. We choose the Spin‘-connection
V* as in Subsection .4. The map & has a refinement to a Spin°-map and we can assume
that h*V* = VI stably.
The composition ¢ o g, : M, — BS? classifies an S3-principal bundle R, — M, on
which we choose a connection V. We can assume that R = h*R, with connection
VE = p*Vhu,
We let . R

G, : K°(BSpin, A BS?) — K°(M,)
denote the geometrization of (M, fu,q © g, V*) constructed in Lemma 3.
We have a fibration .

BSpint. A X,y " BSpin A BS? (133)
with fibre K(Z,3). Since K*(K(Z,3)) is divisible and consists of phantoms by [[] the
proof of Proposition p.I4 applies again and shows that

(id, q)* : K*(BSpinS. A BS3) — K*(BSpin A X;4) (134)
is injective with dense image. We define
Guo : im((id, q)*) = K°(M,)

by 5 R
Guo((id, @) 9) = Gu(¢) € K°(M,) .

This densely defined map again needs a correction in order to be continuous. We must
kill the contribution of cy(V*) to the curvature of G,((id, ¢)*¢). Note that g¢fc, €
H*(X};7Z) is I-torsion. Hence we can choose a form «, € Q3(M,,)/im(d) such that de, =
c2(VT). By an easy application of Serres spectral sequence to the fibration ([[33) we see
that

p* + H*(BSpinS; Q) — H*(BSpint AN X, 4+;Q)

is an isomorphism. Since H*(BSpin ; Q) is concentrated in even degrees the odd-dimensional

cohomology of M, is concentrated in degrees > n+1. In particular we see that «, uniquely
determined. Moreover, the restriction h* : HPR™Y(M, ) — HPR™'(M,) is trivial.
We have

HPQ*(BSpinS. A BS?)
HPQ*(BSpinS AN X, 1)

112

Qb b ller, pr,p2- .., 0]
Qb b ler, pryp2--- 1]

12

where ¢; and the Pontrjagin classes come from BSpin®, and ¢y is pulled back from
BS3. The pull-back (id,q)* is the quotient map defined by setting ¢y = 0. For ¢ €
K°(BSpin%. A BS?) we define the formal power series

OFIES Td ' Uch(¢) € Qb, b [[ct, p1,p2- - -, c2]]°
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and set

N Dy —ipy—o?P - -
by = =22 € Qb flew, izl

For ¢ € K°(BSpin®. A BS?) now define

Gul(3d, )" (9)) = Guol(id, @)"(6)) — ala, A TA(V*) ™ A dy(V", V)

where (f(b(V“, VE«) € QP~4(M) is obtained from §>¢ by replacing the generators ci, p;
and ¢, by their corresponding Chern-Weyl representatives ¢;(V%), p;(V%), and co( V).
We calculate similarly as in ([2§) that

TA(V") A R(Gu(9)) = iey=0Ps(V", V™) . (135)
We now define
G :im((id, ¢)*) — K°(M)

by

G((id,q)"(¢)) == h*Gu((id, )" (¢)) -
We claim that G extends by continuity to a good geometrization of (M, f, g, VM ). The
argument is very similar to that of Lemma p.I§. We first show continuity. If (¢) is a
sequence in K°(BSpin®. A BS?) with (id, q)*¢r — 0 as k — oo in the profinite topol-
ogy of K°(BSpinS A X ), then we can find a kg € N such that for all k& > ko have
(fus 90)*(id, ) *¢p = 0 and (fo, g.)*(id, ¢)*(Td™" U ch(¢y)) = 0. This implies that

G.(ér) € HPR™Y(M,_,)/im(ch)

for all k > ko. It follows h*G,(¢r) = 0.
Because of ([[35) cohomological character of G is given by

C1 — 01(6TM) y  Dit— pi(@TM) .

Hence it preserves degree.

It follows that G is a geometrization. In order to see that it is good we show that G, itself
is continuous using a similar argument based on a dim(M,,) 4+ 1-connected approximation
of BSpin® x X.

We can now apply Theorem [I.T] in order to derive a formula for e([M, f, g/]) € R/Z. We
can take ¢,(V¥) := h*a,, and have ®, = Td~'®. We have by construction

G((id, @) A) = [2 — B, — a(&(VFE) A B(VE)) |
hence the correction form (Definition 1)) is given by
Yaaaya = —C2 AB(VE).

It follows that

eViaq)-a(™([M, f,9])) = [/M TA(V™M) A &s(VF) A (V)] = 26(y) +E(Py, ®E)
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This is exactly the formula for t$,(§) € R/Z. The Proposition f.I§ now follows from
Lemma which gives the first equality in the chain

eViiaq)- AN ([M, f, 1)) = eviag-a(n™([M, f,9])) = e(sm (7)) -

O

The paper [B7] provides a lot of interesting explicit calculations. Our general point of
view is probably not of much help here. But it is useful to understand structural results
like the relation with the Adams e-invariant [7, Prop 1.11]. This is what we are going to
explain now. We define the space Y by extending the diagram ([[30Q) by another cartesian

square as follows
H

Y X K(Q/z,3) , (136)

N

gt —L> pos — 2o K(Z,4)

where h generates m4(BS?) such that h*c, € H*(S* Z) is the positive orientation class.
We use the Serre spectral sequence in order to calculate the rational cohomology of Y:

This implies
7T4m_1(5 A\ Y—i—)tors = 7T4m_1(S A Y+) (137)

for m > 3.
From now on we assume that m > 2. By Lemma P.I1] we get the commutativity of
the squares (except of the lower right which will be explained below) of the following
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commutative diagram:

Tam1 (MBSpin® A X4) ™ Qun_1(BSpint, X 2=Q/Z . (138)
(e BSpine NH )« (i+,H)
top EVUpkp* A
7T4m—1(S A Y—i—)tors Q4m—1(*a Y) - @/Z
(idAr). (id,r)
4 ntop 4 e"h’jrA
7T4m—1(S/\S+) Q4m—1(*75 ) 4>@/Z
Tam—1(S A S*) ~ Q4m—1(*7§4)eL Q/Z
ntop

7T4m—5(S>.. Qum—s (%, %) — Q/Z

We need the condition m > 2 in order to have well-defined evaluations @Vhs A, VA and
evi. The map w, is induced by the map w : ST — S* which is the identity on S* and
maps the extra base point to the base point of S*. We have

Ky ASH 2K (S 2K (SY e Z,

where the first summand (which is of course another copy of Z) is the image of w*. This
map induces

Wy : Qum—1(%,5%) = Qum1(*, 5%

Sorry for the notational inconvenience caused by the abuse of notation for @,, of pointed
spaces adopted in Subsection £.§. Here by S* we denote S* with the internal base point.
We use the symbol h, : ST — BS? for the map induced by h which maps the extra base
point to a base point of BS®. In order to see that the (2, 3)-square commutes we also use
that dim(A) = 0. The lower left vertical map is the suspension isomorphism. The lower
middle vertical isomorphism is again induced by suspension and the Bott isomorphism

KO(S%) = K=4(5%) % K9(0) .

In order to see that the lower left square commutes note that this isomorphism maps h* A
to 1. This follows from

ch(2—A) =b2c, + O(b7?)

and the fact that ¢, € H*(S%;Z) is the suspension of 1 € H(x;Z). The composition of the
lower two arrows is the definition (B9) of the complex version of the Adams e-invariant.
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We conclude that
€ o (empspine N H) = eéd“ms owy . (139)

The same argument as for Lemma [.17 gives

Lemma 5.19 A pair (M, g) of a compact oriented 4m — 1-dimensional normally framed
manifold M which satisfies H*(M;Q) = 0 and HY(M;Q) = 0, and a map g € [M,S?]
gives naturally rise to a class [M, g] € Tam-1(S A Yy).

If M satisfies the assumption of the Lemma, then we have a map
<§M : [M, 54] — 7T4m_1(S A\ Y+)

and conclude from Proposition p.18, ([39) and ([37) that for m > 3 (or m = 2 and
[M, g] € m7(Y}) is a torsion class)

15, = et ow, 0 5y 0 [M, S — Q/Z .

This is [27, Prop 1.11] if one takes the following geometric description of the composition
w,05)(g) into account. First of all we have $y/(g) = [M, g], where g : M — Y is the lift of
G. Then w,([M,g]) = [M, g] — [M, const] € m4m_1(S A S*). The geometric representative
of the 4-fold desuspension of this class is the stably normally framed manifold obtained
by taking the preimage Y := g~1(s) of a regular point s € S* of g.

Corollary 5.20 27, Prop 1.11J] We assume that m > 2. Let (M,g) be a pair of
a compact oriented 4m — 1-dimensional normally framed manifold M which satisfies
H3(M;Q) = 0 and H*(M;Q) = 0, and a map g € [M,S*. If m = 2, then in addi-
tion we assume that (M, g] € m7(Yy) is a torsion class. Then we have

ta(hog) =eg™™(Y)

where Y is the preimage Y := g~ '(s) of a reqular point s € S* of g with its induced normal

framing.

In the following we discuss an example which shows that the intrinsic extension of the
universal 7-invariant mentioned at the end of Subsection [I.§ behaves quite unexpectedly.
We consider the Hopf fibration g : S7 — S?. By Lemma p.I9 we get an element [S7, g] €
(S AY}). We claim that this element is not torsion. If it would be a torsion element,
then by Corollary 5.20 we would have ¢5; (hog) = ef*™*(Y'), where Y is a Hopf fibre with
the induced framing. It has been shown in [27, Example 3.5] that ¢5;(h o §) = 0. On the
other hand, since the Hopf fibration generates the stable homotopy group w5 = 7 /247
which is detected completely by eA9%™s we know that e2%™$(Y) € Q/Z has order 12, in
particular is non-trivial. Now (id A 7).([S7, g]) is a torsion class. We conclude that

' ((1d Ar)u([S", D)) # (i, H)(™ (ST, g]) -

In other words, the (2, 1)-square in ([3§) does not commute if one deletes the subscript
(... )tors in the second line and replaces the corresponding n'? by nrnsi¢ We find this
surprising.

4The e-invariant used in the present paper is the negative of the e-invariant in the conventions of [E,
Prop 1.11]. This accounts for the different sign.
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