Available online at www.sciencedirect.com

=* ScienceDirect TOPOLOGY

ELSEVIER Topology 46 (2007) 507-525

www.elsevier.com/locate/top

The tangential end fibration of an aspherical Poincaré complex

Yanghyun Byun
Department of Mathematics, Hanyang University, Seoul 133-791, Republic of Korea

Received 28 April 2006; accepted 5 January 2007

Abstract

We construct a sphere fibration over a finite aspherical Poincaré complex X, which we call the tangential end
fibration, under the condition that the universal cover of X is forward tame and simply connected at infinity. We
show that it is tangent to X if the formal dimension of X is even or, when the formal dimension is odd, if the
diagonal X — X x X admits a Poincaré embedding structure.
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1. Introduction

Throughout the paper, X will denote a finite aspherical Poincaré complex of formal dimension n with
a universal cover X which is forward tame and simply connected at infinity. That X is aspherical means
that X is contractible. The definition for ‘forward tame’ is given in 2.3 below. The main goal of this
paper is to show that an (n — 1)-sphere fibration over X, which is defined in 1.2 below in terms of the
end space of X, is tangent to X in the following sense:

Definition 1.1. Let P be a Poincaré complex of formal dimension n, and v its Spivak normal fibration.
A tangent fibration & of P is an (n — 1)-sphere fibration over P satisfying the following conditions:

(a) & represents the stable inverse of v.
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(b) If n is even, the Euler characteristic of &, with suitable choices of orientations, is the Euler—Poincaré
number of P.

(c) If n is odd, the b-invariant of &, with respect to a suitable choice of the trivialization & + v, is the
Z;-semi-characteristic of P.

The stable tangential properties of Poincaré complexes, for which the Spivak normal fibration is
central, have been known from the work of Spivak [10]. The unstable ones, that is, the existence and
the uniqueness results for the tangent fibration of a Poincaré complex in the sense of the above have
been provided by the author [4]. A brief account for the b-invariant appears in the beginning of Section 7
below. The Z,-semi-characteristic x 1 (P) of a Poincaré complex P is defined when 7 is odd as

1

x1(P) = Zrank H; (P, 7Z), mod 2.
i=0

3
| |

i8]

We write ¢(Y) = {0 : [0, 1) — Y | o is proper } for any space Y, which we consider with the compact-
open topology. We call e(Y) the end space (cf. [6]). Let p : X — X denote the coverlng projection and
write 11(X) = I'. Let I" act on X from the right. This induces an action of /" on e(X ). We will write

tx = e(X)/T

and let ¢ : tx — X be the map defined by: g([c]) = po(0) for any [oc] € tx. In fact, the map
q : tx — X defines a fibration (see 2.1 below).

Definition 1.2. We will call the fibration, g : tx — X, the rangential end fibration of X.

Main Theorem. Let X be a finite aspherical Poincaré complex of formal dimension n with a universal
cover which is forward tame and simply connected at infinity. Then, if n is even, the tangential end
fibration tx is tangent to X. If n is odd, tx is tangent to X under the condition that the diagonal
X — X x X admits a Poincaré embedding structure of finite type.

Main Theorem is a direct consequence of Theorems 2.1, 4.1, 6.1 and 7.2 below.

A definition of Poincaré embedding structure of finite type appears in Section 7.

We do not know whether every finite Poincaré complex P admits a Poincaré embedding structure of
finite type on the diagonal P — P x P (cf. [3]). This is not known even when we restrict ourselves to
aspherical Poincaré complexes. However every smooth manifold clearly admits a Poincaré embedding
structure on the diagonal. Therefore, if a finite aspherical Poincaré complex has a universal cover which
is forward tame and simply connected at infinity but the tangential end fibration fails to be tangent to the
complex, which is possible only in odd dimensions, then the complex will not be the homotopy type of
a smooth manifold.

To find other examples of the end spaces being used to study the tangential properties of spaces, one
may refer to ‘Appendix B’ of the book ‘Ends of complexes’ [6]. In fact, the book helped us to simplify the
presentation of the paper remarkably. The author would like to express his special thanks to its authors,
B. Hughes and A. Ranicki. He also would like to express a deep gratitude to Professor Frank Connolly
at University of Notre Dame who introduced the author to the problem and showed many ideas which
were indispensable in the shaping of the paper.
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2. The homotopy type of the fiber

In this section, we prove the following:

Theorem 2.1. g : tx — X is an (n — 1)-sphere fibration.

By a fibration, we mean one in the sense of Hurewicz that it has the homotopy lifting property.

Refer to a subspace W of a space Y as cocompact if it is closed and the closure of Y — W is compact.
For any space Y, let e : ¢(Y) — Y be the evaluation map defined by e(o) = o (0) for any o € e(Y).
Then first of all, we observe:

Proposition 2.2. Let Y be a connected CW complex with a sequence Y = Yy <= Y| <= Yy <= --- of
co-compact subspaces such that N; Y; = (. Then the evaluation map e : €(Y) — Y is a fibration on Y .

Note that the sequence Yy, Y1, Y>, ... in the above can be used to construct a proper path o : [0, 1) —
Y (see 2.14, p. 18, [6]). Once it is shown that ¢(Y) is not empty, a complete, detailed proof of 2.2 is a
standard one, which we omit.

Definition 2.3. A locally compact Hausdorftf space Y is referred to as being forward tame if there is a
co-compact subset U of Y for which there is a proper map H : U x [0,1) — Y suchthat Hy : U — Y
is the inclusion.

The Qeﬁnition is essentially due to Quinn [7].
Let H.(Y; G) denote the reduced homology with coefficient G for any Abelian group G. Also, let

Hif (Y; G) denote the homology of the chain complex of the locally finite infinite chains. A CW complex
is strongly locally finite if it is the union of a countable locally finite collection of finite subcomplexes.
Then, we again quote Hughes and Ranicki (p. 137, [6]):

Proposition 2.4. Let Y be a strongly locally finite CW complex with one end which is forward tame. Let
G be any Abelian group. Then, there is a long exact sequence:

— H1(Y;G) — HY (Y G) — H.(e(Y); G) — H,(Y; G) — .

Proposition 2.4 expresses the homology groups of £(Y) in terms of the homology groups of Y. We
will need the following as well (7.10, [6]):

Lemma 2.5. Let Y be as in 2.4 above, and let ¢ denote the end of Y. Then, we have:
mi(e) = mi(e(Y)).
Then by combining 2.4 and 2.5 above, we prove that:
Proposition 2.6. ¢(X) is the homotopy type of S"~\.

Proof. Note that X is a contractible strongly locally finite CW complex. By assumption, X is forward
tame and simply connected at infinity, which in particular means that there is only one end.
We apply 2.4 to conclude:

HY (X, 7) = A,(e(X); 2).



510 Y. Byun / Topology 46 (2007) 507-525

And it is well known that HY (X; Z) = H.(I'; ZTI') = H,(S"; Z) (cf. [2]). Thus, e(X) is a homology
(n — 1)-sphere. Furthermore, applying 2.5 together with the assumption that the end of X is simply
connected, £(X) is simply connected. Note also that £(X) is a homotopy type of a CW complex (7.6, [6]).
Thus £(X) is the homotopy type of §”~1. O

Here we prove the main theorem of the section:
Proof of 2.1. We have a pull-back diagram,
e(X) —— 7(X)

L
S P
X — X,

where e : £(X) — X is a fibration. Since the horizontal arrows are covering projections of the universal
cover, it is straightforward to see that g : Ty — X has the homotopy lifting property.

Furt~herm0re, forany x € X, x € X, p(x) = x, the fiber q:l(x) is homeomorphic to e 1 (%). Now,
since X is contractible, e~1(¥) is homotopy equivalent to (X). But the latter is a homotopy (n — 1)-
sphere by 2.6 above. This completes the proof of 2.1.  [J

3. The exponential map

The main purpose of this section is to prove 3.4 below. We start by recalling the well known notion of
fiberwise one-point compactification, which is defined as follows: Let Y, Z be locally compact Hausdorff
spaces and f : Y — Z be a continuous map. Let + be a symbol such that Y N Z x {4} = @, and write
Yy =Y UZ x {+}. We make Y a topological space by choosing a topology determined by the basis
whose elements are (a) the open sets of Y, and (b) the sets of the form W U U x {4} where U is an open
setof Z,and W = f~!U — K where K is a compact subset of Y.

Then it is not difficult to see that Y s is again locally compact Hausdorff space, and that the inclusions:

Y < Yy, Z=Z7Zx{+} = Yy, Ul ) = Yy

are embeddings, where f “1(2) U {(z, +)} is the one-point compactification of the subspace f 1)
of Y. Also it is clear that the map, f : Yy — Z, definedby f1(y) = f(y)ify € Y, fy(z,+) =
z for any z € Z is continuous.

Definition 3.1. For any locally compact Hausdorff spaces Y, Z and any continuous map f : ¥ — Z,
the space Y, topologized as above, will be referred to as the fiberwise one-point compactification of Y,
and fy : Yy — Z as the fiberwise one-point compactification of f.

Let X x X denote the orbit space of the diagonal action of I"on X x X and 7 : X xp X — X,
the map defined by: 7([x, y]) = p(x) for any (x,y) € X x X with [%, y] denoting the points in
XxrX represented by (X, y). Note that both X x X and X are locally compact and Hausdorff. Let
Ty (X xr X )= — X be the fiberwise one-point compactification. Since 7 : X xp X — X is a fiber
bundle, we have:

Lemma 3.2. 7 : ()~( X f()ﬂ — X is a fiber bundle.
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Foranymaps f : Y — Y and g : Y — Y”, let M(f, g) denote the double mapping cylinder which
is the quotient space of Y 1Y x [0, 1] u Y”. Consider the evaluation map e : ¢(Y) — Y defined by
e(o0) = o0(0) forany o € ¢(Y), and the constant map k : ¢(Y) — {+}. To prove 3.4 below, we will need
the following which is the assertion (ii) of 12.5, [6]:

Proposition 3.3. Let Y be a o-compact metric space. Assume Y is forward tame. Then the map
M(e, k) — Y4, defined by (o,t) — o(t) for any (o,t) € e(Y) x [0, 1), (0,1) —> + forany o € e(Y),
+ — 4+ andy — y foranyy €Y, is a homotopy equivalence rel{+}.

Consider the trivial O-sphere fibration el = X x {£1}. Note that tx + ¢! = D_;(tx) U Di(ty),
in which D_j(tx) = x x [—1,0]/ ~, Di(tx) = tx X [0, 1]/ ~ are the mapping cylinders where
the equivalence relation, ~, is generated by: for each i = =+1 ‘([o],i) ~ ([o’],i) if and only if
q([o]) = po(0) = pa’(0) = g([c’])’ (see the paragraphs preceding 4.2 below). Thus, tx + el can
be viewed as a ‘fiberwise unreduced suspension’.

We define a map

exp:tx +e€ — (X xr X)n

by the rule: exp[[o], t] = [0(0),0(0)] if —1 < < 0, exp[lo],t] = [0(0),0()]if 0 <t < 1, and
expllo], t] = (po(0), +) if t = 1. It is straightforward to check the well-definedness and the continuity
of exp. We will call this map the exponential map.

Now we state the main result of the section.

Theorem 3.4. exp : 7y + ¢! — (X xr X)z isa fiberwise homotopy equivalence.

Proof. Clearly, exp : 7x +€! — (X x X) is a fiber preserving map covering the identity. Therefore,
it is enough to show that the restriction of exp,

exp, : (tx —l—el)x — thflx

is a homotopy equivalence for each x € X. 5
Let x € X be such that p(x) = x. Let h : nJ:lx — X4+ be the homeomorphism defined by

h([x, i]) y for any y € X and h(x, +) = +. Consider the evalu_ation map e I~8(X) — X. Let
Y(e~'%) denote the unreduced suspenswn and let the map exp’ : Y(e7!X¥) — X, be defined by
exp’([o,1]) = o(¢) if 0 <t < 1 and exp/([o, 1]) = +. Then there is a commutative diagram:

-1,
(tx +€b), BN TLoX

7| dl
Se'n 2 %,

in which f : (7x + ehy > Y(e %) is the collapse map:
(tx + €y = Di(e ') UD_ (e %)
— Di(e'H)UD_1(e7'%)/D_1(e7'%) = Z(e7'5).

Clearly, f is a homotopy equivalence. Note th_at E’eili can be regarded as a subspace of the
double mapping cylinder M (e, k) and then exp’ : X(e™ 5 - X4 is the restriction of the homotopy
equivalence in 3.3. Since X is contractible, the inclusion of X(e~!'%) to M(e, k) is a homotopy
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equivalence, and therefore exp : Y(e~'#) — X, is a homotopy equivalence. This completes the
proof. [J

The map 7, : (X x X), — X defines an n-sphere fibration by 3.2 and 3.4 above. In particular, it
admits a natural section:

s+ X > (X xp Xy, s4(x) = (x, +).

In general, consider the pairs (£, s) consisting of k-sphere fibrations & over a fixed space Y and a
section s : Y — &. We will say two such pairs (&, s), (n,t) are equivalent if there is a fiberwise
homotopy equivalence 6 : & — 5 such that s = . Denote by 51 : ¥ — £ + €! the section defined by
51(y) = [e, 1] where e € &,.

Theorem 3.5 (Dupont, [5]). Let Y be an n-dimensional CW complex. Let (€, s) be a pair consisting of
an n-sphere fibration & over Y and its section s : Y — &. Then there is a unique (n — 1)-sphere fibration
n up to fiberwise homotopy equivalence such that (n + € L s1)is equivalent to (&, s).

A finite Poincaré complex of formal dimension 7 is indeed homotopy equivalent to a CW complex of
dimension n if n > 4 (2.9, p. 30, [13]). Therefore we have:

Theorem 3.6. Assume n > 4. Then tx is the unique (n — 1)-sphere fibration such that (tx + el sy) is
equivalent to (X X1 X))z, S+).

4. A trivialization of 7y + v

The main purpose of this section is to show that:

Theorem 4.1. Let v denote the Spivak normal fibration of X. Then tx represents the stable inverse of v.

We begin by recalling some standard operations of sphere fibrations: Let £ be a sphere fibration over
a space W. We will denote the total space by the same notation &, and the mapping cylinder of the
projection & — W by D&. We consider D& with the obvious projection D§ — W. Furthermore, let
S& denote & x {0} C Dé&. Then the Thom space T'(£) is defined as the quotient space D&/S&. Let n
be another sphere fibration over W. We understand the Whitney sum & + n as D& x g Sn U S& xf Dn,
where ‘X g’ denotes the fiberwise product. We topologize & 4 regarding it as the subspace of D& x Dn,
which lies over the diagonal AW C W x W.

Note that there is a natural identification

D(§ +mn) = D§ xFr Dy
so that S(§ + n) is identified with &€ +n = D& x g Sn U S&§ xg Dn C D& x g Dn. Therefore, we have
the identification
T +n) = (D& xp Dn)/(D§ xp SnUSE xF Dn).
Let €! denote the trivial sphere fibration W x S°. Then we have the homeomorphisms:
§+e = (DEx (=1, 1)U SE x [=1,1])
= (D§ x {—1} U 8§ x [-1, 1) U (D§ x {1} U §§ x [-1,1])
= D_1§ U Di§,
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where D_1& = & x [-1,0]/) ~, D1§ = & x [0,1]/ ~ are the mapping cylinders such that
D_1E N D& = & x {0} = S&. In this sense, we identify & + ¢! with D_1& U D£.
Now let p : & + €' — W be the projection.

Lemma 4.2. T(¢ + n) is homeomorphic to the quotient space
D(p*n)/(S(p*n) U D(p*n)ls;(w))-

The proof of the above is elementary and we leave it as an exercise for the reader. The following is
the main step to prove 4.1.

Theorem 4.3. Assume the Spivak fibration v is an (i — 1)-sphere fibration and i > n. Let N denote
a regular neighborhood of X xr X for a proper embedding X xp X «— R>"+D_ Then we have a
homotopy equivalence: T(tx +v +v) =~ Ny /ON,.

Proof By 3.6 above, the fibration p : tx + el — X is fiberwise homotopy equivalent to the fibration
T4+ (X x <1 X);, — X by a fiberwise homotopy equivalence which maps s;(X) C 7x + €' to
St (X) C (X xr X)x. By applying 4.2 above, we have:
T(tx +v+v) = D" (v +)/(S(p*(v + 1)) UD(p* (v + v))s;x))
~ D(i(v+v)/(S@Ei(v+v) UD@i(v+v)ls, (x)-
For any sphere fibration &, let & denote a ‘quasi-fibration’ with a compact fiber which is fiberwise

homotopy equivalent to &. For instance one may choose &’ so that each fiber is homeomorphic to the
sphere. Then we have

D@y (v+v)/(S@Ei(w+v) UD@E@i(w +v)ls (x)
~ D@y (v +v))/(S@Ew+v)) U D@L +v))l, x)
= D@ (v + 1)) /SE* (v + 1))y

Letr : X xp X — X x X denote the covering projection. Then r*(v x v) is fiberwise homotopy
equivalent to 7*(v 4+ v). Note that s : X — X xp X, s(x) = [x, x] is a homotopy equivalence. Also,
we have that

sSFrrvxv)=v+v=s"T* W +v)).
Thus we have the proper homotopy equivalence between the pairs:
(D(*(v+v)), SE* (v +v)) = (DE*(v x 1)), SE*(v x v))).

In particular, it is proper since it comes from a fiberwise map, 7*(v +v)’ — r*(v x v)’ over the identity
on X x r X. Therefore, we have

D@ (v +v))4 /S (v +v))4 = DE*(v x 1))+ /ST x 1))
Now let L be a regular neighborhood of X x X in R¥. Then we have (D(V' xv'), S(V'xv')) =~ (L, dL),
which lifts to a proper homotopy equivalence:
(Dr*(v x 1)), SCr*(v x v))) = (L, dL),

where L is the covering space of L such that X x p X C ll.
Furthermore, by a usual argument we may assume that L = N if i is large enough. Thus we have that
T(tx +v+v)~Ny/ONy. O
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Now, we provide:

Proof of 4.1. Assume the Spivak fibration v is an (i — 1)-sphere fibration and c : §"t 5 T(v) be a
degree 1 map. A
Let N C R?"*+) be as in 4.3. Note that T'(tx + v + v) ~ N, /d N, and consider the collapse map,

&R 5 Ny JONy,

which is a degree 1 map. Thus we have a degree 1 map, say, ¢ : S2"+) — T(tx + v + v), which is the
composite:

§HFD = REOHD) S N /AN, = T(ex + v + v),

where the homotopy equivalence is given by 4.3. According to Wall (3.5, [12]), assuming i is large
enough, there is a fiberwise homotopy equivalence

O:€" v >ty +v+u,

unique up to homotopy through the fiberwise homotopy equivalence so that the composite

. . .oyt . . )
SZ(n—H) o~ yonti gnti e En+lT(v) ~ T(En-H +v) T(9) T(tx +v4+v)

is homotopic to ¢ : S20"*+) — T(tx + v + v).

Now it is well known that § is homotopic to 6 + 1 : €"*' 4+ v — (tx + v) + v through a fiberwise
homotopy equivalences for some fiberwise homotopy equivalence 6 : "t/ — 7x +v (see pp. 22-3, [1]).
Such a 6 is unique up to homotopy through fiberwise homotopy equivalences [12]. This completes the
proof of 4.1. [J

5. An identification of the homology groups of (txy + €1, s1(X)) with those of X x X

We begin the section by briefly summarizing the equivariant homology theory, which is used in the
current and the next sections. Even if the homology groups only of spaces are discussed, the arguments
can easily be adopted to pairs of spaces.

Given any group G, let ZG denote the integral group ring. We consider ZG with the involution given
by the anti-automorphism of G which maps g to its inverse g~ ! for any g € G.

Let Y be a path-connected space with a universal cover ¥ — Y specified. Consider the singular
simplicial chain complex S, (Y) with the right Zs (Y)-module structure coming from the right action of
m1(Y) on Y.Leti be an integer. Then, for any right Zm;(Y)-module B, we define:

Hi(Y; B) = H;(S«(Y) ®zx,(vy) B),  H'(Y; B) = H_;(Homgzy, (v)(Sx(Y), B)).

For the tensor product in the above, we use the left Zm(Y)-module structure of B coming from the
involution of Zm(Y). As usual we understand the Hom functor applied to a chain complex reverses the
signs of the indices of the chain groups.

Let B’ be another right Zm(Y)-module, and let B ® B’ = B ®z B’ be given a Zm(Y)-module
structure by the diagonal action. Let B” be another Zs| (Y)-module and a homomorphism B® B’ — B”
between modules be given. Let p, g be integers. Then the cap product is defined:

N:H’(Y; B)® Hy(Y; B’) > H,_,(Y; B").
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Let Z be another path-connected space with a universal cover Z — Z specified, and let C denote
a right Zm(Z)-module. A continuous map f : ¥ — Z will be understood as coming with a lifting
f : Y — Z, which will often be implicit. Assume there is an fz-homomorphism « : B — C in the sense
that a(bg) = a(b) fz(g) forany b € B and g € 71 (Y). Then, there is a well-defined homomorphism

(f, )« Hy(Y; B) > Hp(Z; C),

which is defined from the chain level. Likewise, if there is a co- f;-homomorphism g : C — B, in
the sense that B(cfz:(g)) = B(c)g for any ¢ € C and any g € m(Y), then there is a well-defined
homomorphism

(f, B+ HY(Z;C) — HP(Y; B).

Incase Z = Y and f = ly, we will write «,, 8* respectively for (f, ), and (f, 8)*. On the other
hand, if B = C as Abelian groups and «, § are the identities, then we will write simply f, and f*
omitting the references to the coefficient homomorphisms.

Assume that Y is a CW-complex with the universal cover 1Y s given the CW-structure compatible
with the covering projection Y — Y. Then one may proceed as in the singular case, starting from the
cellular chain complex C f;eu(l? ) to obtain the homology group HS!(Y; B) or the cohomology group
H,(Y; B). For the cap or cup product, we will need to choose a cellular approximationd : ¥ — ¥ x Y
of the diagonal. We have the natural isomorphisms

H®\(Y: B) = H,(Y; B), *(Y: B) = H*(Y; B).

cel

If w: 7 (Y) - {£1} is a homomorphism, let B denote the Zm|(Y)-module B with the action of
Zm1(Y) modified by the rule b - g = w(g)bg for any b € B and any g € m1(Y). Let Z denote the group
of all integers which is given the Zm|(Y)-module structure induced by the trivial action of 1 (Y). Note
that there is a natural isomorphism, B ®7 Z" — B", between the Zm(Y)-modules.

Assume, further, that Y is a finite CW-complex. If there is an integer n and a class [Y] € H,(Y; Z")
so that the homomorphism

N[Y]: H*(Y; B) = H,_«(Y; B")

is an isomorphism for any Zsm(Y)-module B, then we say Y is a Poincaré complex. In this case, w is
referred to as the orientation character, n, as the formal dimension and [Y], as a fundamental class.

Now let w denote the orientation character of X. Let s_; : X — tx + €' be the section defined by:
s_1(x) =[[o], =11 € tx + €' = D_i(tx) U D1(tx), where o € E(f() is such that p(c(0)) = x. Note
that s_14 : m1(X) — mi(tx + el) is an isomorphism; in fact the condition that X is simply connected
at infinity implies that n > 3. Let w denote also the homomorphism, ws_lﬁ_ L. mi(tx +€') = {£1}.
Then the identity map 1 : Z% — Z" is a (co-)s—;-homomorphism.

For simplicity, we write A and A? to denote respectively the integral group ring over I' = 1 (X)
and the one over 71 (X x X) = I' x I' = I'%. Let w? : I' x I’ — {=£1} denote the homomorphism
defined by w?(g, h) = w(g)w(h) for any (g,h) € I'?. Then X2 = X x X is a Poincaré complex
with the orientation character w?2. Furthermore, let A denote the diagonal subgroup of Fz, and consider
the free Abelian group on the set I'2/ A of the right cosets, which we denote by /12A. We provide AZA
with the obvious right A%-module structure. Let w; : I'> — {1} be the homomorphisms defined by
wi(g, h) = w(g) forany (g, h) € I'?. Letd : X — X?be acellular approximation of the diagonal map.
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Alsolete : AZA — 7 be the homomorphism which maps an element of AZA to the sum of its coefficients.
Then it can be easily checked that ¢ : (AZA)”” — Z" is a co-dz-homomorphism. Furthermore, let
B : (AZA)“” — /A be the homomorphism defined by B(A(e, g)) = g. Let ¢, : X — X? be the map
defined by 1, (y) = (x, y) for any x € X. Then B is a co-tx;-homomorphism.
Lemma 5.1. There is an isomorphism

Vs HY (X (A)") — H¥(tx + €' s1(X); 2Y)
so that the diagrams commute:

H* (X2 (A3)") — H*(zx + €', 51(X); Z)

w@ﬂ i{

and, with W' below being another isomorphism,

HA (X% (3)") —2  H*(rx + €, 51(X); 2)

(mmﬂ il

W/
H*X; )  —— H*((tx + €', {510} D).
Proof. We divide the proof into a few steps.

Step 1. By 3.4 above, we have the commutative diagram

(tx + el s1(X))  —2> (X xp X)g. 54:(X))

exp’

((tx + €Dy, (51(0)) —— (X4, ()

for any x € X. Note that both exp and exp’ in the above are homotopy equivalences. Also note that the
following diagram commutes:

x+el — X x5 X)x
1 ]
X — X

in which s : X — (X xp X) is the map defined by s(x) = [X, X], where X is such that p(x) = x.

Step 2. Note that both (X x 1 X), s4(X) are locally contractible compact Hausdorff spaces. We have
the isomorphism by continuity of cohomology theories (cf. Theorem 6, p. 318 and Corollary 6, p. 341
of [8]):

lim H*((X xp X)z, Wes 2) S H*(X xp X)z, 54.(X0; 27)
k
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in which {W;}ren is any sequence of closed subsets of (f( X )?)n such that Wi D Wy D --- D s4(X)
and [y Wk = s+(X).

Step 3. Let Iy denote the kernel of w : I' — {£1}. Let X x o X be the orbit space of the dlagonal action
of Ipon X x X.Let X x Io X be given a r1ght I-set structure induced by the diagonal action on X x X.

One may take Wy in Step 2 so that (X xpr X )z — Wk is the union of finitely many cells of XxrX
for each k € N. Write W, = W — s+(X ) and let Wk C X x o X denote the inverse image of W

with respect to the covering prOJectlon X x o X — X xpX.Leti be an integer. Then we have that
H (X %1 X)g, Wi ZV) = 1((X X1 X)x, Wi Z¥) for each k. Also we have the isomorphism

cel
lim A (X xp X)g, Wiy ZV) = lim H_;(Hom(C&N(X X, X, W), Z")),
k k

which comes from isomorphisms at the chain level.

Now let Hom A,C(Cieu(f( X I X), Z") denote the chain complex, with ¢ denoting the fact that the
chain groups consist of only those homomorphisms each of which is zero at all but finitely many cells.
Then we also have the isomorphism:

lim H_; (Homs (CS(X xr, X, W), Z)) = H_j(Hom o(CEN(X x 1, %), Z)),

k

which comes from the isomorphism,

~

h_r)nHomA(CieH(f( Xy X, W), Z¥) S Homy (CEN(X x 1, X), ZY),

k

together with the interchangeability between the homology functor and the direct limit.
We conclude that

H (X x1r X)z, s+(X); Z¥) = H_;(Hom . (CN(X x 1, X), Z")).

Step 4. Let 6 : /12A — Z be the homomorphism which reads the coefficient of A. Then we have a map

p : Hom 4 (CEN(X x X); (A3)™) — Homy (CSN(X x 1, X), Z%)
defined by
p(a)(o) = 8(a(a))

for any o € HomA(Cie"(f( x X); (AzA)wl), and any cell o of X X Iy X where & is a cell of X x X which
lifts o (cf. 7.4, p. 208, [2]).

Claim. p is well defined and is a chain isomorphism.

Proof. First, we show that p(«) is well defined: Any cell of X x X which lifts a cell o of X x Iy X is
o(g, g) for some g € I, once a lifting o is given. Then we have

8((0(g, 8))) = d(w(g)a(6)(g, 8)) = 8(a(o)).

Furthermore, p () : C:en(f( X I X ) — ZY is a A-homomorphism: for any g € I we have that

p(a)(og) =8(a(a(g, 8)) = d(w(ga(a)(g, 8)) = w(g)d(a(a)) = (p(a)(0))g.
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Also, we note that p(«) vanishes except for finitely many cells of X x Iy X: let {o; }f.‘: | be a cellular basis
for Cie“(f( ), which is regarded as a A-module. And choose an i € I"assuchthath & Iy if Iy # I.
Then the cells of X X I X are either [(oig) x o] or [(o,hg) x ojh] for some i, j = 1,2,...,k and

some g € I. Note that, for any o € HomA(CceH(X x X): (/1 Y1), and forany i, j = 1,2,...,k, we
may write a(o; X 0;) = Z crngA(g, 1), where ng, € Z are zeros except for all but ﬁmtely many g’s.
Since we have §(x((o;g) X a])) # 0 if and only if n g # 0, we conclude that p (o) maps the cells of

X x Iy X to zero except for finitely many of them. Thus p is well defined.

It is clear by definition that p is a homomorphism between the Abelian groups. It is also
straightforward to see that o is a chain map.

Let p : X x X — X xp, X denote the covering projection. Then one may define the inverse

o0 : Hom o(CSN(X x r, X), Z") — Hom,(CN(X x X); (4%)™) of p by
o(a)(o) = Z w(gla(p(G(g~", e))Ag, o),

gel’
forany a € HomA,c(Cie“(f( X Iy X), Z"), where & is a cell of X x X. Note that o(a) : Cie“(f( x X) —
(AZA)”” is well defined in particular, since a : Cieu(f( X Iy X) — Z" vanishes except for finitely many
cells. It is straightforward to see that o is indeed the inverse of p. This completes the proof of the claim.
Let py : C'GH(X X X; (/12 Wy — H_; (HomA L(Cceu(f( X I f() Z™)) denote the isomorphism
induced by p. Since H' (X x X; (/1 W = H (X x X; (/1 )W), we have:

H (X x X; (A4 S H_;(Hom . (CSN(X x 1, X), Z")).

Step 5. By composing the four isomorphisms respectively in Steps 1-4, we have the isomorphism:

W H* (X2 (%)) — H*(tx + €', 51(X); Z%).

Also, in addition to the commutative squares in Step 1, one may add appropriate commu-
tative diagrams in each of the Steps 2—4 to prove the existence of the commutative squares of the
lemma. [J

6. The Euler characteristic

We retain the notations of the previous section. Let [X] € H, (X; Z") denote a fundamental class.

Theorem 6.1. There is a Thom class U € H" (tx + €', 51(X); Z¥) so that we have, for the Kronecker
index,

(sZ,U, [X]) = x(X).

Recall the inclusion ¢, of the fiber at x € X of Tx + €!. That U is a Thom class means by definition
that (fU is a generator of H" ((tx + ey, {s1(x0)}; Z) for any x € X. The existence of a Thom class
for any sphere fibration is well known. For an even dimension n, 6.1 above is enough to show that tx
is the tangent fibration of X, since tx has been shown by 4.1 to be stably inverse to the Spivak normal
fibration.

In addition to the notations introduced in the previous section above 5.1, let w, : I'? - {41} be the
homomorphism defined by w,(g, ) = w(h) for any (g, h) € I'2. Then note that the homomorphism,
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o7V — (AzA)w’, a(n) = nd, is a d;-homomorphism. Recall ¢ : (AZA)“” — Z" of the previous
section. The homomorphism ¢ : (/le)wl — Z"!, which also maps an element of (AZA)“” to the sum of

its coefficient, is a (co-)1z-homomorphism where 1 denotes the identity on X 2. One may also consider
€. (AZA)“” — Z"r, which is a (co-)13-homomorphism. Note that H" (X; A) = Z (see [2]).

Lemma 6.2. Let U’ € H"(X?; (A%)"!) denote the Poincaré dual of (d, a)«[X] € H,(X?%; (A%)"").

(1) We have that ((d, )*U’, [X]) = x(X).
(ii) Furthermore, assume that w = 0. Then (i, B)*U’ is a generator of the infinite cyclic group
H"(X; A).

Proof. (i) Consider the Poincaré dual u € H"(X?; Z*!) of d.[X] € H,(X?; Z*r). Then we have that
(d*u, [X]) = x(X) (cf. [4]). Note that the following diagram commutes:

H'(X:ZV) «T— H'(X%Z") D Hu(XR T <P Hy(XZY)

| “| “| |

H (x2S x () L H (k2 (a2 L0 (x 2

where the D’s denote the Poincaré duality isomorphisms. By chasing the diagram, it is easy to see that
d*u = (d, e)*U’".
(i1) The diagram commutes:

H (X% 4y P mnx:

S*l S*l
H"(X2%:7) —*— H'(X:7).
On the other hand, the central square of the commutative diagram in the proof of (i) shows that

exU" = u. We conclude that (fu = &,(tx, B)*U’. Therefore, to show that (ty, B)*U’ is a generator
of H"(X; A) = Z, it is sufficient to show the following.

Claim. (}u is a generator of H"(X; Z) = 7.
Proof. Consider the equalities:
Lo (L F1) N [XTD) = u N e, [X]
=u N ([x] x [X])
=uN((@an[X]) x (bN[X])

where [x] € Hy(X; Z) is the canonical generator anda € H"(X; Z) andb € H 0(X; Z) are the Poincaré
duals respectively of [x] and [X]. Thus
Les (" w) N[X]) = u N ((a x b) N[X x X])
=(=D"axb)NuN[X x X])
= (=1)"(p{a) N dy[X]
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where p1 : X? > X is the projection to the first coordinate. Now apply p1, : Ho (X2 7)) — Hy(X; Z)
to have

P1(bes (7 u) N[XTD) = (=D"a N [X] € Hy(X; Z).

Thus (tx*u) N [X] is a generator of Hy(X; Z), which means that ¢,*u is a generator of H"(X; Z).
O

Let ¥ be as in 5.1 above. Then, as an immediate consequence of 6.2, we have:

Corollary 6.3. Assume w = 0. Let U € H"(tx + €', 51(X): Z) be a Thom class. Then we have that
U~ (U) = +U’. Furthermore, if U is chosen so that ¥~ (U) = U’, then (s* U, [X]) = x(X).

Proof. Since H" (X?; (AZA)“”) >~ 7. we have k 1 (U) = U’ for some k € Z. Recall ¥ introduced in

5.1 above. Then both (i, 8)*U’ and ¥’ _l(tj U) are generators of H"(X; A) = Z respectively by (ii),
6.2, and by 5.1. By the commutativity of the second square of 5.1, we have that k = +1.

Note that s* U = (d, &)* U = (d,&)*U’ by the commutativity of the first square of 5.1.
Therefore by (i), 6.2 above, we have (s* U, [X]) = x(X). 0O

Here we provide:

Proof of Theorem 6.1. Assume w # 0. Let ¢ : X — X be the orientation cover of X. Note that for
the Euler number, we have x (X) = 2x(X). Let U € H"(tx + €', s1(X); Z¥) be a Thom class. Let Ty
denote the tangential end fibration of X.Letsyy: X — Ty + ¢! be the natural sections. Then there is a
fiber preserving map

g:(tz +€,51(X)) — (tx + €', 51(X))

which cover ¢ : X — X. Note that qg*U e H" (13 + el 51(X); Z) is also a Thom class. By 6.3 above,
we may choose U so that

(5%1G*U, [X]) = x(X).
On the other hand, we have that gs_1 = s_1q : X — tx + €. Tt follows that
(517U, [X]) = (g*s* U, [X])
= (24U, g« X]) = (s, U, 2[X]) = 2{s*, U, [X]).
Thus we have: (s*,U, [X]) = %X (X) = x(X). This completes the proof of the theorem. [J

7. The b-invariant

Assume the formal dimension n of X is odd. We begin by reviewing how the b-invariant is defined
(cf. [4,5,11]). Consider the Spivak normal fibration (v, ¢) of X, where ¢ : "™ — T(v),i > n,is a
degree 1 map. In fact, we fix ¢ for the section as the composite:

S =R 5 NJIN =~ T (v)
where N is a regular neighborhood for an embedding of X in R"*, v is the fibration equivalent to

the map dN — X, and RTL" — N/ON is the collapse map. Let (§,0) be a pair consisting of an
(n — 1)-sphere fibration & and a trivialization 6 : € — & + v. Let 7, denote the universal sphere
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fibration of (2i — 1)-sphere fibrations whose (n + 1)-st Wu classes vanish. It is known that there is a
map a : v+ v — y; which is a fiber map, that is, a map which preserves the fibers and is a homotopy
equivalence at each fiber. In fact a needs to be chosen so that it factors through a ‘symmetric lifting’,
A 1 v X v — j; by the natural map v + v — v X v, which exploits the condition that n is odd [11].
Choose a dual Y of (a finite skeleton) of T (y»;) together with the duality. We consider the S-dual

a:Y = XTE)

of the map
T(a):T(w+v)— T(y2)

with respect to the duality §2n+2itl EZT(é ) AT (v 4+ v) given as the composite
st o pntit g 2 iy & (et 4 )

T(1+06+1 T(A
T Tl 46 +v4v) —25 Tl + &) AT +v).

Here, A : (¢! + E+Ww+v) > (el + &) x (v + v) denotes the natural fiber map which covers the
diagonal A : X — X x X. Note that the duality is determined by the trivialization 6 : €"*/ — & 4 v.

Now let K,, denote the Eilenberg Maclain space K (Z,,n) and U : T (§) — K,, the Thom class. And
consider the map g = (X'U)a : ¥ — Y'K,,.

Definition 7.1. The b-invariant b(&, 6) is defined as the functional Steenrod square:
b, 0) =S Sl e HM (Y Zy) = 75
where ¢ is the generator of H" (K,,; Z»).

Let 0; : "t — tx + v denote the trivialization given by the proof of 4.1 above. Then we will prove
that:

Theorem 7.2. Assume there is a Poincaré embedding structure of finite type on the diagonal A : X —
X x X. Then we have that

b(tx, 0r) = x1 (X).

We do not know at the moment whether the equality b(tyx, 6;) = x 1 (X) holds in general, that is,

whether the condition is essential that the diagonal A : X — X x X should admit a Poincaré embedding
structure of finite type in the following sense (see p. 113, [13]):

Definition 7.3. Let A, P be finite Poincaré complexes of respective formal dimensions k, k + [ and let
f : A — P be acontinuous map. A Poincare embedding structure of finite type on f consists of finite
Poincaré pairs,

¥, 2), (W, 2),

such that Y "W = Z, and a homotopy equivalence, 4 : YUW — P, subject to the following conditions:
(I) A is a subspace of Y which is a strong deformation retraction, and the restriction Z — A of the
retraction Y — A, when replaced by a fibration, is an (I — 1)-sphere fibration which we denote by v .
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(IT) the following diagram commutes up to homotopy:

A—f> P

| i
Y — YUW
where the unlabelled arrows denote the inclusions.

Throughout the rest of the section, let the Poincaré embedding structure of finite typeon A : X — X x
X be given by the finite Poincaré pairs (Y, Z), (W, Z) and a homotopy equivalence 4 : YUW — X x X
so that (Dva, Sva) =~ (Y, Z). Then a degree 1 map, S2"+% = §7+ A §"+ 5 T(vp 4+ v +v), is given
as the composite,

CAC

S A IS TOYATW) Z T xv) ~Th*(v X v))

Tvatv4w), S TR x W)Y/ TRV x V)2) ~ T(wa + v+ v),

where T(h*(v x v)) - Th*(v x v)|y)/T(h*(v x v)|z) is the collapse map. A trivialization 6, :
€™ — v + v results from this degree 1 map (see the proof of 4.1). Then we have ([4] or [11]):

Lemma 74. b(vp,0,) = X%(X).

Now write for simplicity ¥ UW = P, and lett : X — P denote the inclusion. Let P — P be the
covering space of P such that there is a liftingh : P - X xp X of h : P — X x X and h is a proper
homotopy equivalence. Then, we have a homotopy equivalence

fz+ : 15+ — ()Nf X )~()+ ~ T(tx).

Also fix an embedding ¥ — P of Y as a lifting of the inclusion ¥ — P. Then there is a collapse map
c: Py — Y/Z, and therefore we have the map f : T(tx) — T (va), which is the composite

T(x)~ X xpX)y ~ Py SY/Z~T(y).

Lemma 7.5. The map f : T (tx) — T (va) represents the S-dual of the identity of T (v+v) with respect
to the duality between T (tx) and T (v + v) given by the trivialization 0, and the duality between T (v A)
and T (v + v) given by the trivialization 6 A.

Proof. It is enough to see that the diagram

§2n+2i ——— Tax) AT +v)

l b

TONATO+v) —25% T AT+ )

commutes up to stable homotopy [9], in which the maps from the sphere are the dualities of the lemma.

Replace (P; Y, W; Z) with a simplicial complex. We may start from a (piecewise linear) embedding
of Z into R?**t2—1 % {0} ¢ R?>"*%  and extend the embedding to (Y, Z) — (Hi”“ﬂ R21+2i—1 5 {0})
andto (W, Z) — (H2_”+2i , R2n+2i=1 5 10}), where Hzi”“i denote respectively the upper and the lower
half Euclidean space. Thus, we may choose a regular neighborhood N of P = Y U W in R?*"*% such
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that there is a decomposition N = Ny U Nw which, writing Nz = Ny N Ny, satisfies the following
conditions:

(1) Ny, Nw are compact (2n + 2i)-manifolds and Nz, a (2n 4 2i — 1)-manifold.
(i1) (Ny, Nz), (Nw, Nz) respectively contain (Y, Z), (W, Z) as a strong deformation retract.
(iii) Writing doNy = dN N Ny, we have that (Ny, dgNy) =~ (D(v +v), S(v + v)).

The assertion (ii1) follows, since dgpNy < Ny gives rise to the Spivak normal fibration for the pair
(Y, Z) ~ (Dva, Sva) (see [10] or [12]). Note also that v 4 is the tangent fibration of X [4].

Let N — N be the covering space such that the strong deformation retraction N — P lifts to another
strong deformation retraction N — P (we presume P is a subspace of N). Also, fix a lifting Ny — N
of the inclusion Ny — N and consider Ny as a subspace of N. Furthermore, choose a proper embedding
of N in R2"*2i go that it is the same as the inclusion N <> R?"*2 when restricted to Ny.

We may identify

v+v={o:[0,1] - N | o is continuous, c(0) € X,c(1) € dN}.
The right hand side of the above is homeomorphic to
{o :[0,1] —> N|o is continuous, o (0) € X, 0(1) € 8]\7}.
Thus we have that
(D(v +v), S+ 1)) = (N, dN) = (Ny, dNy).
Note that the last homotopy equivalence is given by the inclusion. Let int Ny denote Ny — Nz, the

point-set theoretic interior of Ny in N.

Claim. The inclusion (Nz, ONz) — (N — int Ny, 9N — int Ny) is a homotopy equivalence.

Proof. It is not difficult to see that the inclusion Ny — N — int Ny induces an isomorphism between
the fundamental groups by exploiting the van Kampen theorem. Then consider the universal covers and
observe that the relative homology groups vanish using the excision argument, which means that the
inclusion between the universal covers is a homotopy equivalence. It follows that N; — N — int Ny
is a homotopy equivalence. Similarly with the inclusion 8Nz — dN — int Ny. Now one may refer for
instance to 7.18, p.185 and 3.8, p. 222 of [14] to complete the proof of the claim.

Therefore, one may choose a deformation retraction r : (IV ,ON ) — (Ny, dgNy) such that
r(N — Ny) C Nz.Letthe map 7 : N/JON — Ny /39Ny be induced by r. It follows that the diagram

cAl

NojaN, —2%  NoaANAN -2 Ny Nz ANJON

lc ll/\f

A
Ny/dNy —— Ny/Nz A Ny/dyNy Ny/Nz A Ny/doNy ,

is commutative (on the posez, where the ¢’s denote the collapse maps, and the A’s those coming from
the diagonal. Replace N /3N in the above with Ny/dyoNy using the homotopy equivalence 7 and its
homotopy inverse Ny/doNy — N /AN induced by the inclusion, to obtain the diagram which is
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commutative now only up to homotopy:

- - 1A A -
Ny /oN, e O N T

[ Jen

Ny/Nz A Ny/doNy —>= Ny/Nz A Ny/3Ny.

Note that N =~ (X xp X)4 =~ T(tx), Ny/Nz =~ Y/Z =~ T(va) and Ny/dNy =~ T(v + v).
Exploit these relations to replace N4, Ny/Nz and Ny/dgNy respectively with Thom spaces in the
above diagram. Also, observe that the dualities of the lemma are precisely the composites:

ST = R S N ON) . D Ny ANJIN =~ T(ry) AT +v),
§2H2 = RIS Ny /9Ny S Ny/Nz A Ny/doNy = T(wa) AT (v +v).

Therefore, let the diagram start from S22/ using the collapse map Ri"“i — N4 /dN,. These lead
to the diagram introduced in the beginning of the proof. [

Now we provide:

Proof of Theorem 7.2. Let f : T(tx) — T(va) be as in 7.5 above. Let U' € H"(T (vp); Zy) denote
the Thom class. Then U = f*U’ € H"(T (tx); Z3) is the Thom class, since f is a stable homotopy
equivalence between T (tx) and T (va).

Therefore, we have a homotopy commutative diagram:

)
Y —— YTy =% 3k,

|l |

lyr/
Y —— Yty =% sk,
It follows that b(tx, 6;) = b(va, 04) = X%(X) by Definition 7.1 above. [l
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