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LINKING NUMBERS IN BRANCHED COVERS
Sylvain E. Cappell* and Julius L. Shaneson¥

INTRODUCTION

Let a: Sl-*N3 be a knot in a 3-dimensional manifold and let f: N-+N
denote a branched covering space of N branched along o. This note sketches
a method based on a 4-dimensional construction for studying invariants of N
and of the branch set f_l(a) C N. Our method gives a way of relating a
noncyclic branched cover of o to a branched cyclic cover of a different
associated knot B, which we call a characteristic knot for a. Here our re-
sults will be discussed only for N==S3 and £ an (irregular) dihedral branched
covering set; the invariant studied in the present note will be the linking
numbers of the components of the branch set f-l(a). The method can be used to
study other invariants, or other branched covers, as well. The 4-dimensional
construction itself was announced and described some 10 years ago in [CS2].

The particular interest of dihedral covering space lies in their extra-
ordinary simplicity and generality. Classically, it was studied as the simplest
"non-abelian" cover of a knot and thus gave rise to the simplest '"non-abelian"
(i.e. not obtained from the cyclic covers) invariants of knots [Re]. More re-
cently, M. Hilden and J. Montesinos showed that every oriented 3-manifold is
such a 3-fold dihedral branched covering space of 83 branched along a knot
(Ai], [Mo]. 1In [CS2] we announced a formula for the Rohlin p-invariant of any
mod2 3~dimensional homology sphere presented as a 3~fold dihedral covering
space. That formula, in terms of various linking numbers, could be extended
to all dihedral covers, provided that a certain conjecture on the linking
numbers of the components of branch sets, a conjecture apparently long familiar
to students of this subject, were verified. That conjecture is the theorem of
the present note.

Our study of Rohlin u-invariants of dihedral branched covers will be pre-

sented elsewhere. For certain special classes of knots, e.g. ribbon knots,
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this formula simplifies. As we noted in [CS2] this can be used to show that
various (algebraically slice) knots are not ribbon. As noted in [CS2] these
methods can also be used to compute Atiyah-Singer invariants used by Casson
and Gordon [CG] in their study of ribbon and slice knots. An extensive study
of that has been made by Litherland ([Li].

Precisely, let o: S]'->S3

be a knot and p: G+D2p a homomorphism

of the knot group G=1rl(s3-a(Sl)) onto the dihedral group of order 2p, p
odd. The p-fold irregular (respectively: regular) dihedral cover of a 1is
the branched cover of S3, branched along &, associated to the subgroup
p_l(ZZ) (resp., p-l(e)) of G, for e&:Z2 C sz. Let f: Mon - 83 (resp.,

£: ﬁa-»s3) denote this covering space of degree p (resp. 2p). Consideration of
the diamond of subgroups of sz

{e}

/7 \
22 Zp
\,”
2p

gives a corresponding diamond of covering spaces,

M degree h=2
o .
‘A 5\- degree f=p
Ma MOL degree j=
3 degree g=2
§ f=f h

3

where ﬁa-r 8™ 1is the 2-fold cyclic cover of S3 branched along a, ﬁa->f{a

is a p-fold cyclic unbranched covering space, Moz is the quotient of a lift

to ﬁa of the covering translation of period 2 of ﬁal.

lClass:l.c:ally, one sees from this that dihedral covers of S3 branched along o
correspond to elements of order_ p in Hl(ﬁa;z ) producing ™ (M,) > Z

and the associated cover M -+ M. Recall that the order of H My Z) i% just
A(-1), for A (t) the Al3xander polynomial of o. (A conceptual explanation
of |H,(M,;;52Z)| =|A(-1)| was provided using 4-manifolds in [CS1].) Thus one
concludes classically that for p odd and square-free, o has a p-fold
dihedral covering space if and only if Ay(-1) =0 _(modp); for p prime
there is a unique such cover if Aa(-l) £0 (mod pz) (cf. [F1]).
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From this, we read off easily a description of the branch set, the inverse

image of a, in each of these covers. Clearly gﬁl(a) is a single circle of
branching index 2. Hence, f 1(cx) = j-lg_l(a) consists of p «circles

&0’&1""’&p-l each of branching index 2; here these circles are indexed by

the convention Tiao =qa, for T a fixed choice of a generator of the covering

i
translation group Zp of the map j: Ma~+ Ma‘ The covering translation of

period 2, 4: ﬂa > ﬁa’ is associated to the 2-fold covering space h: ﬂﬂ-*Ma'
Notice that ¢ and T are just generators for the dihedral group sz acting
as covering translation on ﬂﬁ; the action of sz on the components of

-1
f (a) is equivalent to that of D on the p verticies of a polygon with

2p
p sides. As Mu = ﬂa/action of &4, in Ma’ £ 1(o:) consists of one circle

%y of branching index 1, and (p-1)/2 circles of branching index 2,
al,...,a(p_l)/z;

. “l, A L a _
branched along o with h (ai) =a, U] ap-l ,» 1 <1 < (p-1)/2.

Fixing an orientation for S~ and a, the covers Ma and f:Ia are corres-

thus, Md can be viewed as a 2-fold covering space of Mﬁ

pondingly oriented, as are the branch curves ay and &i‘ When Ma is a

rational homology sphere, let denote the linking number of o, with aj,

v
i#j, 0 <1i,j < (p~1)/2; when ;;j is a mod 2 homology sphere thesei vi,j are
rational numbers with odd denominator.

The study of the behavior of these numbers is one of the oldest topics in
topology. This is partially because these are the simplest "“non-abelian in-
variants" that can be used to distinguish knots. Calculations of them for this
purpose were used by Reidemeister [Re]. An early paper of Bankwitz and Schumann
[BS] stated that if o is a 2-bridge knot, then vo’i = *#23 their proof is
difficult to reconstruct; clear and more precise modern proofs of this were
given by Perko [Pel] and by Burde [Bl]. Note that if « 1is a 2-bridge knot,
by considering its Heegard genus it is easy to show that then Ma is actually

S3 [B2]. While it is not hard to develop methods for calculating the v

(cf. [Re]}, [F3)) really efficient general algorithms were developed by K. ;;iko
[Pe2] and further studied by Hartley and Murasugi [HM].

The following was perhaps conjectured by everyone who has thought about
linking numbers in branched covers; it generalizes to all knots the classical
result for 2-bridge knots and is suggested by calculating examples. It is,
moreover, needed in understanding other invariants (e.g. pu~-invariants) of
branched covers.

THEOREM I. 1If the p-fold dihedral branched covering space Ma is a mod 2

homology sphere, then the linking numbers of the branch curves satisfy
=2 (mod4), 1 <1< (p~1)/2 and v 20 (mod2),1 < 14,j < (p-1)/2, 1#].

v

i,0 1,3
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Counterexamples to the converse of this theorem are provided, according to
calculations of Ken Perko, by some 10-crossing knots with p=3 [Pel].

Actually, as noted by Perko, the numbers Vi,O’ 1<i< (p-1)/2 determine
all the Vi’j. ) A
First of all, note that as Ma is a 2-fold branched cyclic cover of Ma’ M

This follows readily from the following transfer argument.

a
is a mod2 homology sphere if and only if Ma is. (The homology of a 2-fold

cyclic branched cover is given by the Alexander polynomial at (-1); cf.[CS1].)

Let u, denote the linking number of &, with & 450 123<p-1; this is
independent of i, 0<i<p-1l, as the &i are permuted by the covering trans-
lations. For the same reason, u = “p—i‘
Standard transfer consideratioms show, as noted by Perko [Pel] that:
- p-1
vi,j ui+j+u|i—j| » 0 <i,j < 3 s, 1#3
and, in particular, v = 2u., , so that
i,0 i
=31 . p-1
V1,5 =2 COmin(i+y,p-1-1),0 * V1-3],0? 3 L2 LI <5
Hence the numbers vi 0 determine all the vy i and the main theorem of this
b} 44

note will follow from:
THEOREM II. If the 2p-fold (regular) dihedral branched covering space
Ma is a mod2 homology sphere, then the linking numbers of the branch curves

satisfy

u, =1 (mod2) , 1<1< (p-1) .

i
Qutline of Method

Here is a summary of our approach to this and related problems on branch

covers.

Step 1. An effective method for studying 3-manifolds M described as branched
covers of S3 along a knot o 1s to utilize a 4-manifold W4, with 3W=M
obtained by letting W be a branched cover of D“ along K2, where

KN 83 = a(Sl). It is easy to do this for cyclic covers; just let K be a
Seifert surface of o pushed into D4; this method of studying cyclic covers
was introduced by us in [CS2] and independently by L. Kauffman. However, it
will not work for more ganeral branched covers as the fundamental group of
D4-{pushed in Seifert surface} is Z and thus has no nonabelian covers.

For noncylcic covers, we employ instead for K a certain (non-manifold)
2-complex. This works at least for all metacyclic covers; in particular, for
dihedral covers the resulting W4 is a manifold even though K2 is not. (In
other settings, the singularity which arises is readily understood and can be

resolved.)
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Step 2. We relate questions about linking numbers of branch curves in

M3 = 8W4 to intersection numbers of parts of 2-dimensional surfaces in the

branch set of WA.

Step 3. We get information on these intersection numbers by relating these
2-dimensional surfaces to a kind of equivariant second Stiefel-Whitney class
of W4 and then get our result from an equivariant version of the standard
fact that in an oriented 4-manifold, wg
mod?2.

Of course, this method can be used to study many other invariants of such

i8 just the Euler characteristic

branched covers. An interesting way to view the geometrical procedure out-
lined in Step 1, and carried out in Section 1 below for dihedral covers, is
that it reveals a close relationship between a dihedral (or metacyclic) cover
of 83 branched along o and a cyclic cover of a characteristic knot B8 as-

sociated below to «a.

1. Characteristic knots and a cobordism construction.
Fix an orientation of 83 and adopt the unique conventions so that the

circles in Figure 1 have linking number +1.

Fig. 1

If o is a (smooth or P.L. locally flat) knot in S3, let Aa(t) denote its

Alexander polynomial.

Definition. Let « and B be (oriented) knots in S3. Then B 1is called a

mod p characteristic knot for o 1if there exists an oriented Seifert surface

[
of a, V, 3V =a, so that B CV represents a nonzero (primitive) class [B]
of Hl(V) and so that

(LV + L",)B =0 (modp) .

L the linking pairing of V in S3. More precisely, Lv(x,y) = £(f+x,y),
where f+ is induced by pushing V off itself using a positive normal, and
£ denotes linking numbers and Lv(x,B) + LV(B,X) = 0 (modp), all xe:Hl(V).
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Note: If a is a nontrivial knot with Seifert surface V with p square-free,

and if plAa(—l), then o has a mod p characteristic knot embedded in V.

(Proof: Note that A (-1) = det (LV+-L;) and use the well-known fact that a
primitive class in H (V) 1is represented by an embedded circle.)

Suppose o 1is a knot with Seifert surface V and B C V is a mod P charac-
teristic knot of ao. We proceed to construct a cobordism relating the dihedral
covering spaces of S3 with branch sets a to the cylcic cover of 83 with
branch set B.

Let w: IZ(B,p) + S3 be the p-fold cyclic branched cover of S3, branched

along B. If x ¢ Hl(V-B), then the intersection number on V, x*B = 0; hence
- = 5 -1 =
Lv(x,B) LV(B,x) x(Lv LV)B 0.

Since (L+L')B = 0 (modp), 1t follows that 2Lv(8,x) =0 (modp). Since
det(L+L;) = det(L-L') (mod2), and since det(L-L') = *1 by Poincare duality,
p is odd. Hence LV(B,x) = 0 (modp). Therefore

-1 _
T (V) = V0 U V1 U... U Vp—l .
T Vi: Vi + V a P.L. homeomorphism and
_ -1
Vynvy = By , 143 .
Let T: Z-+I be a generator of the group of covering translations corresponding

to a positively oriented meridional circle of B in S3 (i.e. T|fiber of a

neighborhood of n—IB is rotation by 2u/p). Assume the indices have been
chosen so that TVi = Vi+1 ,» 0 < i 5_p-2,. and Tvp—l = VO'
Let Vx[-1,1] C S3 be a neighborhood of V = Vx0, and let h(x,t) =

(x,-t) for xeV and te[-1,1]. Then

-1
TRV -LID = Ty UL Uy =T

with 11|J : J; » Vx [-1,1] a P.L. homeomorphism and with V, CJ,. Clearly,
(V><[ ~-1,1])=J 1s the p~fold branched cyclic cover of V><[ 1,1} along B.
Let

h: J=+J

be a 1ift of h, i.e. mh =h (n]J), with ﬁ(VO) C Vg. Then ﬂ(Ji) cJ
1<1<p-1, ﬁ(JO) = JO’ and h fixes precisely V
Let I = Z(B,p) and let

p-1’
0

Y=12x [0,1] / {(x,1)=(h(x),1) for x e J}

the space obtained by identifying (x,1) and (h(x),1) in IxI. Let
w': Y-*SBX I/{(x,t) = (x,t) = (x,~t), xeV} & S3x I be induced by 7w x l[0 1]
Y is evidently an orientable (smooth) cobordism of I to a closed manifold,

M& g »33Y, and 7' 1is a branched covering projection with branching set B the
’
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image of VX0 UBxI in S3x I/{(x,t) = (x,-t), x€V}, which is canonically

P.L. homeomorphic to V. Orient Y so that =' has positive degree. (Usual

convention: a[S3><I] = [S3><l] - [S3><0], and thus 3Y = [M] - [Z].)
Clearly the tuple

(s3 - Int(Vx [-1,1]),3(Vx {-1,11),a)/{(x,t) = (x,t)|(x,ted3(Vx [-1,1])

is canonically P.L. homeomorphic to (SS,V,u). Hence the restriction w of ='

to M 5,8 is a branched covering of S3 along a. Note that w-l(a) has

(p+1)/2 components, with branching index 2 on (p-1)/2 of them. In fact, if

Vi denotes the image of V x1in Y (so Vi = Vl') 1° 1 <4< p-1), then
(oz) av' U...U V(p 1)/2° ;md BV(') is the component with branching index

1. Write ai=avi,0_<_i_<_P—-2—-.

Proposition 1.1. M 2 S3 is a dihedral metacylcic, branched covering space

3 @8
of 8 along a.

Proof: Let Dp = {u,'c]‘r2 =1, o = 1, Tu = u_l't}. The group nl(S3—a) has the

form (Higman-Neumann-Neumann construction)
z % 6/{tl, ()t T = 1_(x), x ¢ H}

where G is the fundamental group of S3—V, H that of V, t 1is a generator
of the infinite cyclic group, represented by a meridian m of a, and i+ and
i_ are induced by pushing V into its complement along positive and negative
normal vectors, respectively.
Define p: G + Dp by
p(E) = RSN ,

and let p(t) = t. Since LV(x,B) = -LV(B,x) (modp), these definitions deter-

mine a homeomorphism
3
p: 'nl(S -a) = Dp .

Assuming M is connected, the fundamental group of the unbranched covering

8
’
M g ~ U (u) also has an (HNN)-representation. In particular, using Van
Kampen's theorem (and a base point near ao), L (M —w-l(a)) is generated by
a meridian my of 2, with m(mo) = m and elements in the image of
-1
(M 8 -w (V)). Let w' = w|Ma 3
’ L]
m]M 8™ w v 1s the cyleic cover w]Z—n (IntVvx [-1,1]), of
3 —Int(VX[-l,l]) = 53-V, it follows that M 8 m'l(a) is connected and that
L(win,B) = 0 (modp) for ne nl(Ma g~ l(V)), and so p(win) 1is the trivial

element. Clearly p(m;[mo]) =p([m]) = p(t) = 1. Thus the image of pouw, is

(cx) Since, by construction,

{t,1}, which proves the result; in particular we have the following:
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Proposition 1.2. Dihedral p-fold branched covers of o are in 1 to 1 cor-

respondence to equivalence classes of characteristic knots viewed as represent-

ing elements of order p in the kernel of the mod p reduction of (Lvi-Ls),

*
modulo the action of 25.

Let FO be a stable framing of the tangent bundle of 53, compatible
-1
- ¥ '
with the oriemtation. Let Nl N(V0 L""Ljv(p—l)/z umT (B) x I) be a

regular neighborhood of (ﬁ')'l(B), meeting the boundary regularly. Clearly
N1 may be chosen so that the restriction of w' to a neighborhood

©
Vé - V& N N1 is a homeomorphism. Therefore the stable framing of Y-—N1

duced from FOx I via the unbranched covering n'lY—ﬁl extends to a framing
° -1
' _ J '
F' of Y NZ’ N2 a regular neighborhood of V1 U...UV(P_I)/2 uUw “(R) x I.

Recall that given a gq-fold covering map S =~ Sl and a stable framing of

in-

S1 that extends over Dz, the induced framing extends over D2 iff q 1is
odd. Therefore F'l(Z-—ﬁl N I) extends to a fiber of the tubular neighbor-
hood Nl NZ of 8in Z; di.e. to the complement of a cell in I. Hence, as
ﬂz(SO) = 0, it extends to all of I, It follows easily (recall

]

7' = n'Xid[0 €) near ) that F' extends to a stable framing F of

Y - Vi Uu...u vzp-l)/Z' The sole obstruction to extending F|I to all of Y

is an element

8(F|z) ¢ HZ(Y;Z;ZZ)
Proposition 1.3. Let D: HZ(Y;E;ZZ) - HZ(Y,M;ZZ) be the Poincare duality

isomorphism. Then

D(8 (F|2)) = [V + o0 + [V

L}
12 (-1)/2'2
where [Vi]2 is the element of HZ(Y,M;ZZ) represented by (V! ,8V£).

Proof: S(FIZ) is the restriction of 6(F) ¢ HZ(Y;Y—V' U...u VE

1 p-1)/2 3 %9)-
Hence, by Poincare duality, D(G(Flz)) is the image of

D(8 (F)) ¢« HZ(Vi U... uv! UMM Z

(p-1)/2 2)

= HZ(Vi U UV'(p-l)/Z 3a; U Ua(p-l)/Z; zz) .

=1)/2
Using Meyer-Vietoris, the right side is of course just ® 6)/ HZ(Vi;ai)'

i=1
Hence D(B(FIE)) is a linear combination of the classes [V!],...,[V! 1,.
2 1 -1 1 (p-1)/272
Now let (Di,si), i=1,...,E~— be the disjoint fibers of the normal tubes

of Vi,...,VZp_l)/z s, respectively. Clearly w'lsi is a two-fold covering

map; hence, as noted above, F]Si does not extend to Di. It follows (e.g.
represent any element of HZ(Y;ZZ) by a 2-manifold transverse to all Vi and

consider the obstruction to framing a neighborhood of this 2-manifold that
D(0(F)) 1is as stated.
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Remark. This argument could be reformulated as an instance of the general
principle that if P4 5 Qa is a branched covering space of orientable 4-mani-
folds, then D(wz(P)) = D(f*wz(Q)) + [52}, where S2 is the subset of the
branching set in Y consisting of points of even bramching degree. (This
follows from the familiar simplicial formula for Stiefel-Whitney classes.)

' ces ' .
Corollary 1.4. The image of2 [Vl]2 + + [v(p—l)/232 in HZ(Y,QY,ZZ) is
precisely DWZ(Y)’ WZ(Y) e H (Y;zz) the second Stiefel Whitney class of Y.

Now having constructed a cobordism Y4 of M to I 1t is easy to further
produce a compact manifold with I on the boundary. In fact, we just observe
that I = aP4 where ¢: PA > D4 is obtained as in [CS1] as the branched
cyelic cover of D4 along Ez, a Seifert surface, of the characteristic knot
B, whose interior has been pushed into the interior of D4. See [CS1] for
details. Then set W =Y Ug W; clearly 3W = (3Y) -M.

This 4-manifold W4 can be described directly as a branched covering

space as follows. The maps constructed above n':; Y »> 83X I and 4: P4 > D4

can be glued together to get amap 9: W=1Y Uy P4 > S3x I U 3 D4 = D4. This
S

map ¢ 1is then seen to be a branched dihedral covering space. The total

branching set in D4 is a 2-complex K2 obtained by attaching to V2 a

Seifert surface E2 of B glued to V along B8 X %-.

K> p*

\\ 1 \\\
N /sx[;.n/ \
P8 X3l " S3><IU3 p* = p
V-Seifert "___j 2 ! &Seifert S x1

surface a ) 1 surface
of a . X3 _,/ of B
SBXO S'3><1
Fig. 2
4 3 4

This branching set in D = S xI U 3 D" fails to be a manifold around the
circle B X-% . Nevertheless, as wg E%ve seen Wa, the corresponding branched

dihedral covering space is a manifold.

Remark. As the branching set in 04 is not a manifold, it may seem surprising
that the branched cover W4 1f a manifold; we explain this directly from

another perspective. Consider again the branched dihedral cover W of D4 along

Kz. This is clearly a manifold except in a neighborhood of the inverse of the

singularity circle B X-% lying on Kz. See Figure 2. Now in a neighborhood
of B x %- the pair (D“,KZ) looks like S1 x (D3,Q) where Q denotes a
"figure Y", as can be seen near B8 Xi% in Figure 2. The dihedral cover of
this neighborhood of the circle B X 7 would then be just Sl x {a dihedral
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cover of D3 branched along Q}. As D3 = cone on Sz, this cover will be

just S1 x {cone on the branched cover of 82 along S2 N Q}. Now S2 NnQ =

3 points.

Fig. 3

Last, note that the branched dihedral cover of 82 along these three points
is again Sz. This follows by calculating its Euler characteristic using the
fact that there the meridian about each point represents an element of order 2
in the dihedral group. Hence W has no singularity and is a P.L. manifold.

The same geometrical methods used above can be used to extend Proposition
1.4 to the following:

Proposition 1.5. Let D: HZ(W;ZZ) > HZ(W,M;ZZ) be the Poincare duality
isomorphism. Then

[Vilz + v + [V'(p_l)/Z]2 = D(wz(w)), where wz(W) is

the second Stiefel-Whitney class of W.

Also, we can repeat all these arguments used above for the irregular p-fold
dihedral cover for the full regular 2p-fold dihedral cover. 1In fact this 2p
covering space of W > D4 is also a 2-fold covering space of W4 branched
along V'; in particular, W =M->M is a 2-fold covering space of M
branched along ay. Thus, the branch set in ﬁ (resp., ﬁ) is the union of
0 e ,\‘rp) which are dis-

joint (resp., intersect in one common circle fB). Here the circles are in-

~

p circles (resp., 2-manifolds) &0,...,ap (resp., v

dexed by the convention Ti&O = &i » where T 1is the generator of Zp C sz
regarded as the group of covering translations.

Remark 1.6. Notice that in the regular 2p-fold dihedral covering space W has
wz(ﬁ) = 0; for, it is a p~fold cyclic (branched) cover of a manifold with zero
second Stiefel-Whitney class, the 2-fold cyclic cover of D4 branched along

the Seifert surface V (see [CS1]). On the other hand arguments similar to

those used above show that the Poincare dual of wz(ﬁa) is given by

p-l ~ A A

20 [Vi] € HZ(W,BW;ZZ) which hence equals zero. (This can be checked in
i=

other ways.)
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2. Linking numbers and characteristic classes

Note that for Ma = BW4 (resp. &a = 3&4) the irregular (resp., regular)
p-fold (resp., 2p-fold) dihedral cover of 53 as above, as ﬂa:+ ﬁa is a 2-fold
cyclic branched cover {CS1], Hlaaézz) =0 1if and only if Hl(Ma;zz) =0, In

this section, we assume Hl(Ma;zz) = 0; hence the intersection form

B,(W;Z,)) *x Hy(WZ,) > Z,
(x, ¥) - Ix,yl]
is, by standard Poincare duality, a nonsingular symmetric bilinear pairing.
Letting T (resp. 4) denote, as before, an element of order p (resp., 2)

in D the covering translation group of M -+ 83, we introduce a new bi-

2p’ -
linear pairing on Hz(w;zz) with values in ZZ[ZP]:
Pzl _
axy> = 1 [T Tx,éyIT
1=0

Lemma 2.1. This pairing is bilinear over zz[zp] and symmetric over zz[zp]

and nondegenerate.

Proof: To see that it is symmetric (nmot Hermitian) note that

(T ix,dy] ldy,T 1x]

= ly,é1 1x]
= [y,T'éx]
= [T_iy,¢X]
To check bilinarity note that
<Tx,y> = ) [T 1(Tx),dy}T"
) [T“(i'l)x,dyjri

7 (T 9%, dy119)T

<x,y>T

The nondegeneracy of this pairing follows from that of the intersection pair-
ing.

Now we need some facts about symmetric forms over zZ[zp], p odd.

Proposition 2.2. lLet pXxp =2, zz[zp] be a nonsingular symmetric bi-

linear pairing on the finitely generated ZZ[ZP] module P. Then there is a
unique element o eP satisfying

2
<x,0>" = <x,x> , XeP

Notation. o 1is called the characteristic element of P.
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1/2

Proof: Consider L(x) = <x,x> , XeP. This is well-defined as Zz[zp] is
a product of finite fields of characteristic 2., Moreover, as L: P > 22[25]

is easily seen to be linear, there is a unique ac P with

L(x) = <x,a> , xebP .

Recall that zz[zp] = OFj where each Fj is a field of characteristic

2 and FO = z2. Let ej denote the multiplication identity of Fj; note that
eq = 1+ T1 + T2 + -0 + Tp—l in zz[zp]. Correspondingly, a zz[zp] module

P decomposes naturally as

P = @&(P @zé[zpq Fj) .

Proposition 2.3 For a € P, the characteristic element of a symmetric bi-

linear form on the finitely generated zz[zp] module P

<0 ,0> = z e rankF

(P ® F,) .
3 PR AN

This follows immediately from the corresponding fact over each field Fj
which is easy as such forms decompose into l-dimensional forms.

We use this to study ﬁ4. Let A= [90] € Hz(ﬁ,ﬂ;zz) & HZ(Q;ZZ).

Proposition 2.4. A ¢ Hz(ﬁ;zz) is the characteristic element of the pairing

<X,y>.
Lemma 2.5.

[x,6T9x] = [T/%x,4] .
Proof of Proposition 2.4:

VS YIT

2
)

2
( Z[X,¢T_ix]T1/2) , by the lemma

-i/ZX’A]Ti/Z

-1 i ,
Z[x,¢T x]T in zz[zp]

L]

Z[Tix,¢x]T1
= <X,X>

Proof of Lemma 2.5: Consider the 2-fold covering maps 8¢ W W/¢T1; for
i=0, write g = g : W (ﬁ/éTo) = W. As in the dihedral group D
¢T1/2 = Ti/szi, there is a commutative diagram:

2p '’

#T

[
T e
<
N
)4
L8
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From this there is a homeomorphism hi: ﬁ/dTi-+ W/4 and a commutative diagram

A2

Now, as noted above, wz(ﬁ) = 0 and hence,
[x,x] =0
and thus
[x,6T'x] = [x,( + T)x]

and using transfers,

[x,6T'x] = [gi*(x),gi(X)]
= gt gm0
(p-1)/2
- e, T v,
i=1
(p-1)/2
as wz(w) = Z [Vi] by Proposition 1.6. Thus,
i=1
. (p-1)/2
e, dTx] = (7%, ) ] 9,0
i=1
p-1
= [Tilzx, Y T A]
i=1
p=1 i
But as noted in Remark 1.7, z TA = 0. Hence,
i=0

[x,6T %] = [T/ %x,4] .

For P a module over zz[zpj, let [P] denote the class represented by

P in R(zp), the representation ring of Zb over the field 22. Notice that

C=WU i {cone on W} has a natural action of sz with one fixed point,

the cone point, and satisfies, as M 1s a mod 2-homology sphere, mod 2

Poincare duality.

4
Hence, [Hz(ﬂ;zz)] = .Z {Hi(G;zz)] in R(zp) Q zz . Moreover
4 4 i=0
I [H:z,)] = [C;(G;Z,)] in R(Z)® Z, for C,(G;Z,) the cellular

i=0 i=0
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chain groups of a cellular decomposition of G. However, the action of ZP on

1/

G 1is free outside a 2-manifold =
R(Z)® Z
(p)

in W and the cone point. Hence in

2
[Hz(ﬁ;zz)] = k[zz[zp]] ® [Z,], some k .

Moreover, as W is a 2-fold branched cover of W along V., X(W) = 2x(W) -
x(V) 1s odd, and hence x(G) = 0 (mod2) . Hence, [Hz(ﬁ;zz)] = [z)(z ]] o (Z,]
in R(zp) B 22 . Thus, from Propositions 2.4 and 2.3 we conclude that

<A,A> l+e

0
1+ (A+T+ - +1h

T+T + 00 + 7071,

Going back to the definition of the pairing <A,A> this says:

Corollary 2.7. 1In Hz(ﬁ,a&;zz) the intersection number of [Q

0] with [V

i}
is odd.

Proof of Theorem II: As ﬁi and VO intersect just in the circle B, and this

circle of intersections can be removed by pushing one class away from the other,
the intersection of [Qi} and [%O] is evidently given by the linking numbers

of aﬁi = &i and 800 = &0 in W. Thus Theorem I1I, and also Theorem I, follow

from Corollary 2.7.
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