BOUNDED K-THEORY OF EXACT CATEGORIES

GUNNAR CARLSSON AND BORIS GOLDFARB

ABSTRACT. This paper extends the notion of geometric control in algebraic
K-theory from additive categories with split exact sequences to other exact
structures. We construct boundedly controlled exact categories over a general
proper metric space and recover facts familiar from bounded K-theory of
free geometric modules, including controlled excision. The framework and
results are used in our forthcoming computation of the algebraic K-theory of
geometric groups.
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1. INTRODUCTION

The main goal of this paper is to establish the boundedly controlled K-theory
of objects from a specific but common kind of exact category filtered by sub-
sets of a proper metric space, similar to the bounded K-theory of geometric
modules. We also construct nonconnective spectra associated to the exact cat-
egories and the related controlled categories such that the stable homotopy
groups are the Quillen K-theory in positive dimensions and give expected an-
swers in other dimensions. Then we are able to recover familiar features of
controlled theories such as nonconnective bounded excision. In other words,
we are modelling the exposition on the foundational papers of E.K. Pedersen
and C. Weibel [21, 22].

One important application of bounded K-theory of geometric modules is to
the study of the assembly map from the homology H (I', K(R)) of a discrete
group I' with coefficients in the K-theory of a ring R to the K-theory K4 (R[T'])
of the group ring. The integral Novikov conjecture is the statement that this
assembly is a split injection in all dimensions when I' has no torsion. This con-
jecture has been verified for various classes of groups using various methods.
Some of the recent work has used bounded K-theory starting with [4] and in
subsequent developments [8, 9, 11, 12, 13]. This paper is the first in a series
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that studies the splitting of the assembly map when it is available from the work
cited above. When the splitting itself is shown to be split injective, the assem-
bly map is an equivalence, and one obtains a proof of the Borel isomorphism
conjecture.

The bounded K-theory of exact categories introduced in this paper is the en-
larged setup required for this work. Among the exact categories amenable to
the construction is the most important for the application category of finitely
generated modules over a noetherian ring. We should recall that the isomor-
phism conjecture fails without additional algebraic restrictions on the group
ring R[I'] or the ring R in particular. The condition that appeared in the work
of Waldhausen is regular coherence of the group ring. In [6] we showed that a
weaker and much more common condition weak coherence suffices to identify
the K-theory of I'-fixed filtered objects introduced here and the usual K-theory
of finitely generated free R[I']-modules. This condition then provides a bridge
between the theory in this paper and the classical bounded K-theory.

We do not know if our delooping construction is equivalent to another recent
general delooping of algebraic K-theory by M. Schlichting [25]. That delooping
is also modelled on the work of Pedersen and Weibel; there are however basic
differences. While an important feature of Schlichting’s construction is the or-
dering of the real line, we develop controlled K-theory of a special class of exact
categories over general proper metric spaces and regard it as the foundation
for our work on the Borel isomorphism conjecture [7].

The rest of this section will give an outline of the paper. For standard notions
of category theory we refer to Mac Lane [19].

1.1. Definition (Quillen exact categories). Let C be an additive category. Sup-
pose C has two classes of morphisms m(C), called admissible monomorphisms,
and e(C), called admissible epimorphisms, and a class F of exact sequences, or
extensions, of the form

c: cLclcr
with i € m(C) and j € e(C) which satisfy the three axioms:

a) any sequence in C isomorphic to a sequence in  is in E; the canonical
sequence

incly

C/ C/ ® C// pr0j2 CN
is in F; for any sequence C-, i is a kernel of j and j is a cokernel of i in
G,

b) both classes m(C) and e(C) are subcategories of C; e(C) is closed under
base-changes along arbitrary morphisms in C in the sense that for every
exact sequence C’ — C — C” and any morphism f: D"’ — C" in C, there
is a pullback commutative diagram

i

c’ D —L— p”
-| 1% %
c’ c—L . ¢

where j': D — D" is an admissible epimorphism; m(C) is closed under
cobase-changes along arbitrary morphisms in C in the (dual) sense that
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for every exact sequence C' — C — C” and any morphism g: C' — D’
in C, there is a pushout diagram

1

c’ C c”
a| v |-
p— . p c”

where i’: D’ — D is an admissible monomorphism,
c) if f: C — C'" is amorphism with a kernel in C, and there is a morphism
D — C so that the composition D — C — C” is an admissible epi-
morphism, then f is an admissible epimorphism; dually for admissible
monomorphisms.
According to Keller [17], axiom (c) follows from the other two. We still list it
in order to refer to later. We will use the standard notation — for admissible
monomorphisms and -~ for admissible epimorphisms.

To each small exact category E, one associates a sequence of groups K; (E),
i > 0, as in Quillen [24] or a connective spectrum K (E) whose stable homotopy
groups are K; (E).

Recall that an abelian category is an additive category with kernels and cok-
ernels such that every morphism f is balanced, that is, the canonical map from
the coimage coim(f) = coker(ker f) to the image im(f) = ker(coker f) is an
isomorphism.

1.2. Definition. If a category has kernels and cokernels for all morphisms, and
the canonical map coim(f) — im(f) is always monic and epic but not nec-
essarily invertible, we say the category is pseudoabelian. We say that a cate-
gory is exact pseudoabelian if it is a pseudoabelian category with the canoni-
cal exact structure where all kernels and cokernels are respectively admissible
monomorphisms and admissible epimorphisms.

A category is cocomplete if it contains colimits of arbitrary small diagrams,
cf. Mac Lane [19], chapter 5. We prove the following.

1.3. Definition. A full subcategory H of a small exact category C is said to
be closed under extensions in C if H contains a zero object and for any exact
sequence C’ — C — C” in C, if C’ and C"' are isomorphic to objects from H
then so is C. A thick subcategory of an exact category is a subcategory which
is closed under isomorphisms, exact extensions, admissible subobjects, and
admissible quotients.

It is known from [24] that a subcategory closed under extensions inherits
the exact structure from C.

1.4. Theorem. LetE be a thick subcategory of a cocomplete exact pseudoabelian
category F, which is part of the data, and let €: E — F be the embedding. Then
there is a nonconnective spectrum K_* (E) whose stable homotopy groups are
the Quillen K-groups of E in positive dimensions and give expected answers in
other dimensions.

We will address dependence of the construction on the embedding of E in
F but in general avoid such questions as uniqueness and naturality. The flexi-
bility in the choice of the embedding allows one to use natural and convenient
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noncanonical embeddings. For example, even the simple case of the abelian
category of finitely generated modules over a noetherian ring R embedded in
the cocomplete abelian category of all R-modules is meaningful and satisfies
the conditions. It is used in [5, 7].

The first known delooping of the K-theory of an exact category with these
properties is due to M. Schlichting [25], so Theorem 1.4 is not new. However
the construction is new and is required for the controlled excision in section 5
and the equivariant theory in [5].

Now we outline the details of the construction. It is motivated by the deloop-
ing of algebraic K-theory of a small additive category in [21] and, in particular,
the introduction of bounded control in a cocomplete additive category A which
we briefly recall.

1.5. Definition (Pedersen-Weibel). Given a proper metric space X, consider an
assignment of an object F(x) in A to each point x satisfying the local finiteness
condition: the subset {x € S | F(x) # 0} should be finite for every bounded
S C X. Such assignments define X-graded objects @,cx F(x) in A and form
objects of a new category B(X, A). Morphisms are collections of A-morphisms
f(x,y): F(x) — F(y) with the property that there is a number D > 0 such
that f(x,y) = 0 if dist(x,y) > D. If B is a subcategory of A closed under
the direct sum, one obtains the additive bounded category B(X,B) as the full
subcategory of B(X,A) on objects F with F(x) € B for all x € X. Notice that
B does not need to be cocomplete. The bounded algebraic K-theory K; (X, B) is
the K-theory spectrum associated to B(X,B).

To generalize this construction from additive to exact categories E, first no-
tice that, given an object F in B(X, B), to every subset S C X there is associated
a direct sum F(S) generated by those F(x) with x € S§. The restriction to
bounded homomorphisms can be described entirely in terms of these subob-
jects. We generalize this as follows.

Recall that a subobject of a fixed object F is a monic m: F’ — F. The collec-
tion of all subobjects of F forms a category where morphisms are morphisms
j: F' — F" between two subobjects of F such that m”j = m’. Notice that
such j are also monic. If the category is exact, there is the subcategory of ad-
missible subobjects of F represented by admissible monomorphisms. If both
m’ and m'’ are admissible, it follows from exactness axiom 3 that j is also an
admissible monomorphism.

1.6. Definition. Given a cocomplete exact pseudoabelian category F, the objects
of the new category UP (X, F) are the X-filtered objects of F which consist of an
object F in F and a functor from the power set P(X) of X ordered by inclusion
to the category of admissible subobjects of F such that X is mapped to F. The
morphisms are the boundedly controlled morphisms f: F; — F> in F such that
the image f(F;(S)) factors through the subobject F» (S[D]) for a fixed number
D = 0 and all subsets S ¢ X. Here S[D] stands for the metric D-enlargement
{x € X | dist(x,S) < D}.

It will be shown in Proposition 2.5 that UP (X, F) is an exact pseudoabelian
category whenever F is exact pseudoabelian. To describe the exact structure
in UP(X,F) we need to define an additional property a boundedly controlled
morphism f: F; — F, may or may not have.
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Given two subobjects m’': F' — F, m": F”’ — F, the intersection F' N F",
which is the pullback of m’ along m”, is a subobject of F and can be written
as the kernel of a morphism. If F' and F’’ are admissible subobjects then the
intersection F' N F" is an admissible subobject since F is exact pseudoabelian.

1.7. Definition. A morphism f in U (X, F) is called boundedly bicontrolled if in
addition to factorizations of subobjects f(F;(S)) - F»(S[D]) as above, there
are factorizations f(F;) n F»(S) = fF1(S[D]) for all subsets S of X.

1.8. Definition. The admissible monomorphisms in UP (X, F) consist of bound-
edly bicontrolled morphisms m: F; — F» with the property that for each ad-
missible subobject F of F; the restriction m|F is an admissible monomorphism
in F. The admissible epimorphisms are the boundedly bicontrolled morphisms
e: F1 — F» with the property that for each admissible subobject F of F; the
restriction e|F: F — e(F) is an admissible epimorphism in F.

In Theorem 2.8 we show that UP (X, F) with these choices of admissible mor-
phisms is an exact category.

Now suppose Eis a thick subcategory in F. Let Bp (X) stand for the collection
of all subsets of X of diameter bounded by the fixed number D and let B(X)
stand for the union of all Bp (X).

1.9. Definition. The boundedly controlled category B(X,E) is the full exact sub-
category of UP (X, F) on filtered objects F such that

(1) if S € B(X) then F(S) is an object of E, and
(2) there is a number d > 0 so that F(X) is generated by the subobjects
F(T) with T € Bz (X).

This category is clearly additive but now it can be given a larger class of exact
sequences with boundedly bicontrolled monics with cokernels in B(X,E) and
boundedly bicontrolled epis with kernels in B(X, E) as respectively admissible
monomorphisms and admissible epimorphisms.

We should point out that the embedding of the exact category E in a pseu-
doabelian category is chosen for convenience when defining the control con-
ditions. It is not necessary. For example, saying that the image of f(F1(S))
factors through F>(S[D]) is equivalent to saying that the restriction f|F;(S)
can be factored as F,(S) — F»(S[D]) — F2(X). The map f is bicontrolled if
whenever the restriction f|F;(S[D]) can be factored through an admissible
subobject J as F; (S[D]) — J — F»(X), the admissible subobject F»(S) also fac-
tors F>(S) — J — F>(X). Since naturality and uniqueness issues don’t come up
in our applications, we prefer the less intrinsic but simpler framework.

The excision results and the definition of nonconnective deloopings K (E)
will require a construction of exact quotient categories of B(X, E) using local-
ization. Notice that even if F is an abelian category, UP (X, F) is not abelian in
general, so we are not in the familiar domain of algebraic K-theory of abelian
categories. The role of Serre subcategories is played by certain full exact sub-
categories B(X,E) .z of B(X,E) for every subspace Z of X.

1.10. Definition. Let B(X,E) .7 be the full subcategory of B(X,E) on those ob-
jects F that satisfy F(X) = > F(S) over all S € Bp(X) with S n Z[d] # @ for
some pair of numbers d > 0 and D > 0.
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In Proposition 3.2 we show that B(X,E) ., is indeed a thick subcategory of
B(X,E), so it is an exact subcategory.

At this point we need to assume that E is idempotent complete which can
always be achieved by idempotent completion without affecting the positive
K-theory of E. This makes B(X,E) idempotent complete and allows us to use
localization techniques to produce an exact quotient category B/Z. Identifica-
tion of K(X,E).z with K(Z,E) gives the following result.

1.11. Theorem (Localization). The quotient sequence of exact categories
B(X,E)<; — B(X,E) — B/Z
induces a homotopy fibration
K(Z,E) — K(X,E) — K(B/Z).

Applying this theorem to the inclusion X ¢ 7=° x X and using the fact that
K (X x7=9 E) is contractible for any metric space X, we obtain a map K (X,E) —
QK (X x Z,E) which is a weak equivalence in positive dimensions. If SXE stands
for the boundedly controlled category B(Z*,E), iterations of this construction
give weak equivalences K (SKE) — QK+1K (SK+1E).

For a thick subcategory E of F, the nonconnective delooping of K (E) relative
to the embedding e: E — F is defined as

K7™ (E) € hocolim QK (S*E"),
k>0
where E"is the idempotent completion of E. The positive homotopy groups of
K™% (E) coincide with those of K (E) as desired.

Using the same idea one gets a nonconnective delooping of the controlled
K-theory. If E is a subcategory closed under extensions in a cocomplete exact
pseudoabelian category and X is a proper metric space, there is a nonconnective
spectrum

K~ (X,E) € hocolim QK B(X x Z*,E")
k>0
whose positive stable homotopy groups are the Quillen K-groups of B(X,E).

If a proper metric space X is the union of subspaces X; and X», let B(X1, X»;E)
stand for the intersection of the thick subcategories B(X,E).x, and B(X,E)x,
in B(X,E). The following is the main result of the paper.

1.12. Theorem (Nonconnective excision). The commutative diagram
K™% (X1, X2;E) K™*(X1,E)

l l

K *(X;,E) —— K “(X,E)
is a homotopy pushout.

An important technical feature in this paper is the passage to derived cat-
egories of exact categories which allows to use a package of theorems from
Waldhausen K-theory. For example, the derived category of bounded chain
complexes in B(X,E) has a useful Waldhausen structure with degree-wise ad-
missible monomorphisms as cofibrations and chain maps with mapping cones
homotopy equivalent to an acyclic complex as weak equivalences. Its K-theory
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is weakly equivalent to that of B(X,E), so the excision theorem which is first
proven in derived K-theory can be restated as Theorem 1.12.

We are grateful to the referee and to the editor, Chuck Weibel, for their
useful critiques and suggestions, and to Marco Schlichting for showing us the
preliminary version of his thesis [25].

The authors acknowledge support from the National Science Foundation.

2. CONTROLLED CATEGORIES OF FILTERED OBJECTS

Let X be a proper metric space, in the sense that all closed metric balls in
X are compact, and let F be a cocomplete exact pseudoabelian category as in
Definition 1.2. In general, a category is cocomplete if it has colimits of all
small diagrams. The power set P(X) is partially ordered by inclusion which
makes it into the category with subsets of X as objects and unique morphisms
(5,T) when § c T. A presheaf of F-objects on X is a functor F: P(X) — F.
This corresponds to the usual notion of presheaf of F-objects on the discrete
topological space X9 if the chosen Grothendieck topology on P (X) is the partial
order given be inclusion, cf. section II.1 of [16]. We will use standard in sheaf
theory terms such as structure maps when referring to the morphisms F(S, T).

A presheaf F is a X-filtered object if all structure maps of F are admissible
monomorphisms. For each presheaf F there is an associated X-filtered object
given by Fx(S) = im F(S, X).

2.1. Definition. Let B(X) stand for the sublattice of all bounded subsets in
P(X). The objects of the uncontrolled category U(X,F) are the X-filtrations
of objects F in F generated by F(S), S € B(X), in the sense that the natural
map @Ps F(S) — F(X) is an epi. The morphisms F — G are the morphisms
F(X) - G(X) inF.

Let S[D] denote the subset {x € X | dist(x,S) < D}. Amorphism f: F - G
in U(X,F) is boundedly controlled if there is a number D > 0 such that the
image of ¢ restricted to F(S) is a subobject of G(S[D]) for every subset S C X.
The bounded category UP(X,F) is the subcategory of U(X,F) with the same
objects and the boundedly controlled morphisms.

If f in addition has the property that for all subsets S c X the pullback
im(f) N G(S) factors through fF(S[D]) as a subobject of the image of f, then
it is called boundedly bicontrolled. In this case we say that f has filtration
degree D and write fil(f) < D. When F is a concrete category, the additional
property can be stated simply as for every x € im(f) n G(S) there must be
v € F(S[D]) with x = f(y).

2.2.Remark. If F is an abelian category then a morphism in UP (X, F) is bound-
edly bicontrolled if and only if it is balanced.

2.3.Lemma. Let fi: F — G, f>: G — H be inU(X,F) and f3 = f>f).

(1) If f1, f> are boundedly bicontrolled morphisms and either f): F(X) —
G(X) isanepior f>: G(X) — H(X) is a monic, then f3 is also boundedly
bicontrolled.

(2) If f1, f3 are boundedly bicontrolled and f is epic then f» is also bound-
edly bicontrolled; if f3 is only boundedly controlled then f>» is also bound-
edly controlled.
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(3) If f», f3 are boundedly bicontrolled and f» is monic then f) is also bound-
edly bicontrolled; if f3 is only boundedly controlled then f is also bound-
edly controlled.

Proof. Suppose fil(f;) < D and fil(f;) < D' for {i,j} c {1,2,3}, then in fact
fil(fs-i—j) <= D + D’ in each of the three cases. For example, there are factor-
izations

f2G(S) C fafiF(S[D]) = f3F(S[D]) C H(S[D + D'])
f2G(X)NH(S) C f3F(SID']) = fafiF(S[D']) C f2G(S[D + D'])
which verify part 2 withi=1,j=3. V

2.4. Lemma. In any additive category, given a morphism h, ker(h) = 0 if and
only if h is monic. Similarly, coker(h) = 0 if and only if h is epic.

Proof. Suppose hi, ho: F — G and h: G — H are such that hh, = hh;, then
h(h;—h>) = 0. So there is a morphism F — ker(h) = 0 such that F — ker(h) —
G is precisely hy —hy. Hence h; —hy = 0 and h; = hy. Conversely, if h is monic
in a category with zero object, it is clear that ker(h) = 0. V

2.5. Proposition. U (X, F) is a cocomplete pseudoabelian category.

Proof. Additive properties are inherited from F. In particular, the biproduct
is given by the filtration-wise operation (F & G)(S) = F(S) @ G(S) in F. For
any boundedly controlled morphism f: F — G, the kernel of f in F has the
X-filtration K where K(S) = ker(f) n F(S) is the image of the pullback

Py F(S)

| |
ker(f) —— F(X)

which gives the kernel of f in UP(X,F). The canonical monic k: K — F has
filtration degree 0. It follows from part 3 of Lemma 2.3 that K has the universal
properties of the kernel in UP(X,F). Similarly, let I be the X-filtration of the
image of f in F by the images of the pullbacks

P, G(S)

l l

im(f) —— G(X)

Then there is a bipresheaf C over X with C(S) = G(S)/I(S) for § c X. Of
course C(X) is the cokernel of f in F. Recall that there is an X-filtered object
Cx associated to C given by Cx(S) = imC(S5,X). The canonical morphism
0: G(X) — C(X) gives a filtration 0 morphism o : G — Cx since

im(oG(S,X)) =imC(S,X) = Cx(S).

This in conjunction with part 2 of Lemma 2.3 also verifies the universal prop-
erties of Cy and o in UP(X,F). It follows from Lemma 2.4 that 1T is monic
or epic in UP(X,F) if and only if it is such in F, so the additional property of
pseudoabelian categories follows. V
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2.6. Remark. For an explicit description of a boundedly controlled morphism
in U(Z,Mod(R)) which is an isomorphism of left R-modules but whose inverse
is not boundedly controlled, we refer to Example 1.5 of [21]. This indicates that
in general UP(X, F) is not an abelian category and that under any embedding
of such UP(X,F) in an abelian category the kernels and/or cokernels of some
morphisms will be different from those in UP (X, F).

2.7. Definition. The admissible monomorphisms mUP (X, F) in UP(X,F) con-
sist of boundedly bicontrolled morphisms m: F; — F» with the property that
for each admissible subobject F of F; the restriction m|F is an admissible
monomorphism in F. The admissible epimorphisms eUP (X, F) are the bound-
edly bicontrolled morphisms e: F; — F» with the property that for each admis-
sible subobject F of F; the restriction e|F: F — e(F) is an admissible epimor-
phism in F. The class F of exact sequences consists of the sequences

E: EFLELE

with i € mUP(X,F) and j € eUP(X,F) which are exact at E in the sense that
im(i) and ker(j) represent the same subobject of E.

2.8. Theorem. UP (X, F) with the choices above is an exact category.

Proof. (a) It follows from Lemma 2.3 that any short exact sequence F* isomor-
phic to some E* € E is also in Z, that

[id,0] 0,id]”

F’ FaoF' 1 F”
is in F, and that i = ker(j), j = coker(i) in any E" € E.
(b) The collections of morphisms mUP (X, F) and eUP (X, F) are closed under
composition by part 1 of Lemma 2.3. Given E* € F and any f: A — E” €
UP (X, F), there is a base change diagram

’

E Ex;A—L— A

| [ s

El E J E//
where m: E Xy A — E ® A is the kernel of the epi jpr; —fpr,: E® A — E” and
f’ =prym, j = pr, m. The X-filtration is given by

(ExyA)(S)=ExpAn (E(S) x A(S))

defined as the image of the usual pullback, so that j’ is boundedly controlled
and has the same kernel as j. In fact,

im(j") N A(S) € (ExsA) (SID(f) + D))

since fA(S) Cc E"(S[D(f)]), so j’ is boundedly bicontrolled of filtration degree
D(f)+D(j). Now given an admissible subobject F C E X A, the restriction j'|F
is the pullback of the admissible epimorphism f(F) — fj'(F). This shows that
the class of admissible epimorphisms is closed under base change by arbitrary
morphisms in UP(X,F). Cobase changes by admissible monomorphisms are
similar.

(c) Suppose fi: B — A € UP(X,F) and f»: A — A” € UP(X,F) such that
ker(f>) € UP(X,F). As an addendum to Lemma 2.3, it is easy to see that if
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the composition f> f] is a boundedly bicontrolled epi then so is f». So fo>f) €
eUP (X, F) implies f> € eUP(X,F). The case of admissible monomorphisms is
easier. V

Now let E be a thick subcategory of F.

2.9. Definition. The boundedly controlled category B(X,E) is the full subcate-
gory of UP(X,F) on objects F such that

(1) each admissible subobject F(T) associated to a bounded subset T C X
is an object of E, and

(2) there is a number d = d(F) = 0 such that F(X) is generated by the
subobjects F(S) with diam(S) < d in the sense that the natural map
B F(S) — F(X) is an epi.

The terminology adopted here is convenient and should not suggest rela-
tions to boundedly controlled spaces and maps introduced earlier by Anderson
and Munkholm [1].

2.10. Remark. The exact subcategory E is not assumed to be cocomplete. In
fact, the construction is most interesting when it is not. Notice also that the
notation B(X,E) does not suggest that the objects F have the terminal piece
F(X) in E, unlike the notation for UP(X,F) where F(X) are in F. The object
F(X) is contained in the cocompletion of E in F.

2.11. Theorem. B(X,E) is closed under exact extensions in UP (X, F).

Proof. Letg: G — H be aboundedly bicontrolled epi of filtration degree D, with
kernel f: F — G. Suppose F and H are in B(X,E) with control bounds Dr and
Dy respectively. So H (X) is generated by subobjects H(T) with diam(T) < Dy,
hence also by the images gG(S) with diam(S) < Dy + 2D4. Now G(X) is
generated by the image fF(X) together with subobjects G(S) as above. Let Dy
be a filtration degree of f. To see that G is also in B(X,E), observe that fF(X)
factors through the subobject of G generated by fF(R) with diam(R) < Dp,
hence G (X) is generated by all G (U) with diam(U) < max{Dr+2Dy,Dy+2Dgy}.

In order to see that each subobject G(S) for bounded S is in E, we use the
fact that E is thick in F. So, according to Definition 1.8, g|: G(S) — gG(S) is an
admissible epimorphism onto an admissible subobject of H(S[Dy4]), which is
in E. The kernel of g|G(S) is the admissible subobject ker(g) N G(S) of G(S),
which is also in E. Now G(S) is in E by closure under exact extensions in F. V

2.12. Corollary. B(X,E) is an exact category in the sense of Quillen. The additive
category B(X,E) of geometric objects with the induced split exact structure is an
exact subcategory of B(X,E).

Proof. The X-filtration of the geometric objects in B(X, E) is the obvious one
with F(S) = @5 F(x), and the structure maps are the inclusions and projec-
tions onto direct summands. V

Recall that a morphism e: F — F is an idempotent if e = e. Categories in
which every idempotent is the projection onto a direct summand of F are called
idempotent complete.

2.13. Proposition. A pseudoabelian category is idempotent complete.
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Proof. The proof is exactly the same as for an abelian category: if e is an idem-
potent then its kernel is splitby 1 —e. V

2.14. Corollary. If the thick subcategory E of F is idempotent complete then
B(X,E) is idempotent complete.

Proof. Since the restriction of an idempotent e to the image of e is the identity,
every idempotent is boundedly bicontrolled of filtration 0. It follows easily that
the splitting of e in F is in fact a splitting in B(X,E). V

For additional flexibility, one may want to impose weaker requirements on
objects in UP (X, F). Restricting as in Definition 2.9 to objects F with a locally
finite covering ‘U by bounded subsets U € B(X) such that F(X) = > ycqy F(U)
gives another exact category. In this case, one may also relax the bounded
control conditions on the maps to those of Lipschitz type. Similar modifications
have become useful in recent work of Hambleton-Pedersen [15] and Pedersen-
Weibel [23] in controlled K-theory.

3. EXACT QUOTIENTS OF CONTROLLED CATEGORIES

In the next two sections we assume that the exact category E is idempotent
complete.

3.1. Definition. A subobject E of F € UP(X,F) is supported on a subset S ¢ X
if E is an admissible subobject of F(S). For a subset T C X and a number
D > 0,let F(T, D) denote the subobject of F generated as the sum > F(S) over
all subsets S ¢ X with diam(S) < D and S N T # @. Similarly, if Z is a metric
subspace of X and d > 0, there is a subobject F(Z,d,D) of F generated as
S F(S) over all S € Bp(X) with S n Z[d] # @. In other words, F(Z,d,D) =
F(Z[d],D).

Let F be an object of B(X,E). We say F is supported near Z if there are two
numbers d > 0 and D > 0 so that F(X) = F(Z,d,D). Let B(X,E) .z be the full
subcategory of B(X, E) on objects supported near Z. Notice thatif B; p (X,E) <~
denotes the full subcategory of B(X, E) with objects F as above then

B(X,E)<z = colim By p (X, E) 7.
d,D

3.2. Proposition. B(X,E) . is a thick subcategory of B(X,E).
Proof. Let

Fl ¢l F 4)2 F/l
be an exact sequence. Let D; be filtration degrees of ¢; and F’ and F'' be
supported near Z so that F' = F'(Z,d’,D’) and F"' = F"’(Z,d"”,D"). Since
F(X) = K2(X) + M, where K, = ker(¢,) and M is any subobject M C F(X) with
¢2(M) = F""(X), it suffices to show that for some d >0 and D > 0

K)(X)=hL(X)=1L(Z,d4,D) - F(Z,d,D)

where I = im(¢;), and that M can be chosen to be a subobject of F(Z,d, D).
Indeed,

L(X) = $1F'(X) = $1F'(Z,d',D") » F(Z,d" + D1,D" + D1),
F'(X) = p2F(X) nF'(Z,d",D") — ¢2F(Z,d" + D2,D" + D>]).
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Let M = F(Z,d" + D»,D"" + D»). If d is chosen as max{d’ + D1,d” + D»} and
D as max{D’ + D;,D" + D>} then F is in B(X, R) «z. Closure under passing to
admissible subobjects and quotients is easier. Since B(X,E) .7 is clearly closed
under isomorphisms, this proves the assertion. V

3.3. Definition. A class of morphisms X in an additive category C admits a
calculus of left fractions if

(1) the identity of each object is in X,

(2) X is closed under composition,

(3) each diagram F’ — F A, G with s € X can be completed to a commu-
tative square

F— ¢
s [
e o

with t € X, and
(4) if f is a morphism in C and s € X such that fs = 0 then there exists
t € X suchthattf = 0.
In this case there is a construction of the localization C[=~1] which has the same
objects as C. The morphism sets Hom(F, G) in C[=~!] consist of equivalence

classes of diagrams

(f.s): FL.¢ ¢

with the equivalence relation generated by (f1,s1) ~ (f2,s»2) if there is a map
h: G} — G5 so that hf] = f» and hs; = sp. Let (f|s) denote the equivalence
class of (f,s). The composition of morphisms in C[X~!] is defined by

(f1s) o (glt) = (g'fIs't)

where g’ and s’ fit in the commutative square

G 2w
s s
F g’ H

from axiom 3.

3.4. Proposition. The localization C[Z~!] is a category. The morphisms of the
form (s|id) where s € = are isomorphisms in C[S~1]. The rule Ps(f) = (f]id)
gives a functor Ps: C — C[=~'] which is universal among the functors making
the morphisms X invertible. Also Ps preserves finite pushouts.

Proof. The proofs of these facts can be found in Chapter I of [10]. The inverse
of (s]id) is (id |s). The last statement is Proposition 1.3.1, loc. cit. V

Suppose E is a thick subcategory of an exact pseudoabelian category F, and
let Z be the subcategory B(X,E).z of B = B(X,E) for a fixed choice of Z C
X. Let the class of weak equivalences 3. consist of all finite compositions of
admissible monomorphisms with cokernels in Z and admissible epimorphisms
with kernels in Z.
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3.5. Lemma. If F is an object of Z then every morphism f: F — G in B can
be factored as a composition of a morphism g: F — G’ with G’ in Z and an
admissible monomorphismi: G' — G.

Proof. Suppose F = F(Z,d,D), in the sense that F is generated by all F(S)
with diam(S) < D and S n Z[d] # @. If f is bounded by [ then choose G’ =
G(Z,d,D+1). V

3.6. Proposition. The class > admits a calculus of left fractions.

Proof. The properties 1 and 2 are clear. To see property 3 use induction on
the length of s to reduce to two cases. When the given weak equivalence s is
an admissible monomorphism, the pushout is an object of B since B is closed
under cobase-changes. Given a diagram

S

F

ls

F/
where s is an admissible epimorphism with kernel i: Z — F in Z, use Lemma
3.5 to factor the composition fias Z — Z' — G, where Z’ is in Z and the map
j: Z'" — G is an admissible monomorphism. Take G’ to be the cokernel of j,
then the corresponding admissible epimorphism t: G — G’ and the induced
map of quotients f': F' — G’ form the required commutative square

F—_.¢

Js i

F/ f’ G/
Property 4 is proved by similar reduction. If s is an admissible epimorphism
then f is the zero map. If s: E — F is an admissible monomorphism with
cokernel in Z and f: F — G is a morphism with fs = 0, let g: Z — G be the
induced universal map. By Lemma 3.5, g factors as a compositionof g': Z — G’
with G’ in Z and an admissible monomorphism i: G’ — G. Taking t to be the
cokernel of i givestf = 0. V

G

3.7. Definition. The quotient category B/Z is the localization B[Z71].

It is clear that the quotient B/Z is an additive category, and Ps is an additive
functor. We will prove that B/Z is an exact category with the exact sequences
isomorphic to the images of exact sequences from B. The strategy is roughly
dual to the proof of Lemma 3.16 in Schlichting [25]

3.8. Lemma. The full subcategory of B/Z on the objects of Z is the zero subcat-
egory.

Proof. If the diagram F L2 FZF represents the identity map of F then there
is a zero map F — G’ in B which is a weak equivalence. Therefore its kernel,
which is F, is in Z. On the other hand, it is clear that all objects of Z are zero
objects. V
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3.9. Lemma. If f: F — G is an admissible epimorphism with G in Z then there
exist E in Z and an admissible monomorphism i: E — F such that fi is an
admissible epimorphism.

Proof. Let G = G(Z,d,D) in terms of Definition 3.1. If fil(f) < I then the
subobject F(Z,d,D + 1) is in Z and the inclusion i: F(Z,d,D + 1) — F is the
desired admissible monomorphism. V

3.10. Lemma. Given two admissible epimorphisms e;: F — G4, i = 1, 2, with
kernels K; in Z, there is a commutative square

€1

F G
| |
Go H

where all maps are admissible epimorphisms with kernels in Z.

Proof. Let f: K; & K» — F be induced by the kernels of e; and e, and factor
f = im as in Lemma 3.5 so that i: F' — Fisin Z and m: Ky ® K» — F’ is
an admissible monomorphism. Take H to be the cokernel of i. Notice that
the components of m: K; @ Ko — F’, namely m;: K; — F’, are admissible
monomorphisms with cokernels in Z, since F’ is in Z, and Z is closed under
quotients. Now the induced maps m;: G; — H are admissible epimorphisms
whose kernels are the cokernels of m;. V

3.11. Lemma. Given a weak equivalence s, there is an admissible epimorphism
e with kernel in Z such that the composition es is an admissible epimorphism
with kernel in Z.

Proof. By induction and Lemma 3.10 it suffices to assume that s is an admis-
sible monomorphism with cokernel in Z. Let ¢c: G — H be the cokernel. By
Lemma 3.9 there is an admissible monomorphism i: C — G with C in Z and
the composition p = ci: C — H an admissible epimorphism. Let j: G — D be
the cokernel of i and m: K — C be the kernel of p. Since Z is closed under
admissible subobjects, K is in Z. Now the map v: K — F induced by i is an ad-
missible monomorphism with cokernel e = js which is the desired admissible
epimorphism . V

3.12. Lemma. The cokernel of an admissible monomorphism which induces an
isomorphism in B/Z is an object of Z.

Proof. This follows from the fact that Ps preserves cokernels according to
Proposition 3.4. V

3.13. Lemma. The class X is saturated in the sense that every morphism in B
which is an isomorphism in B/Z is in fact a weak equivalence.

Proof. Let f: F — G be a morphism such that Ps(f) is an isomorphism and let
(gls) be the inverse. Using Lemma 3.11 we can assume that s is an admissible
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epimorphism with kernel in Z and g f = s. Form the pullback diagram

’

s

FF—— G
g’l lg
F —— H

where s’ is another admissible epimorphism with kernel in Z. Using the univer-
sal properties of F’, f inducesamap h: F — F' withg’h =id and s"h = f. Now
h is an admissible monomorphism by Lemma 2.3. Since g is an isomorphism
in B/Z, so is g’, and so is h. By Lemma 3.12 the cokernel of h must be in Z, so
the composition s’h = f is a weak equivalence as desired.

3.14. Lemma. Ps preserves pullbacks along admissible epimorphisms.

Proof. Given a pullback square in B,

%} f F
fz’l lfz
n .G

where f) and f] are admissible epimorphisms, consider an object E and mor-
phisms (gi|s1): E — F and (g1/s1): E — G in B/Z such that fi(g1ls1) =
f2(g2152). So flsl‘lgl = f>s;'g> in B/Z. By Lemma 3.11 we may assume that
s1 and sy are admissible epimorphisms with kernels in Z. Construct pullbacks
s; and s} along g; and g» so that fig;s; ' = fogsss!. Let D be the pull-
back of s1 and s; and let s7, 55" be the corresponding pullbacks of s, s5. So
f19155 = f295s]. We want to see that D is the pullback of f; and f> in B/Z.
By the calculus of left fractions there is a weak equivalence e: G — T such that
ef191s5 = efrgs>s] inB. By Lemma 3.11, e can be assumed to be an admissible
epimorphism with kernel in Z. Take the pullback

’

U —2_F
eél lefz
I

The induced map h: H — U is a weak equivalence. The universal property
of U gives amap f: D — U and, therefore, h~!f: D — H in B/Z such that

ff3 (k) = faf{(h71f). v

3.15. Theorem. The short sequences in B/Z which are isomorphic to images of
exact sequences from B form a Quillen exact structure.

Proof. The maps in the short sequences are the kernels and the cokernels be-
cause Ps preserves pullbacks of admissible epimorphisms and pushouts of
admissible monomorphisms. Cobase changes of admissible monomorphisms
are admissible monomorphisms by Proposition 3.6. Base changes of admissible
epimorphisms are admissible epimorphisms by Lemma 3.14.

Since X is saturated by Lemma 3.13, to verify that the set of admissible
monomorphisms is closed under composition it suffices to see that for two
admissible monomorphisms f: F — G and g: G’ — H with weak equivalences
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s:G’ - Gand s’: G — G’, the composition gs's~! f is isomorphic to the
image of an admissible monomorphism m from B. By Lemma 3.11 the weak
equivalences may be assumed to be admissible epimorphisms with cokernels
in Z. Consider the pushout

’

' 2L . H
s I
¢ L .7

Here g’ is an admissible monomorphism and s’’ is an admissible epimorphism
with cokernel in Z, as desired. A similar argument shows that the set of admis-
sible epimorphisms is closed under composition. Again consider a composi-
tion gs'~!sf where f and g are admissible epimorphisms and s: G — G’’ and
s': G' — G” are admissible epimorphisms with kernels in Z. First, there is a
pushout

¢ —2 . [
s [+
¢ —<L . T

where g’ is an admissible monomorphism and s’ is an admissible epimorphism
with kernel in Z. Let ¢: G — C be the cokernel of f. Taking the pushout of s
and ¢ we get a commutative square

C

G —— C
T
¢ —< . ¢

where ¢’ and s’ are admissible epimorphisms, and the kernel of s’ is in Z.
Let K be the kernel of ¢’. To see that the induced map ¢”: F — K is a weak
equivalence, let U be the pullback of k and s with the induced maps k': U — G
and e: U — K. The kernel of e is the kernel of s which is in Z. The induced
map m: F — U is an admissible monomorphism by exactness. Its cokernel is
the kernel of s”” which is in Z. So ¢” = em is a weak equivalence. Now the
composition gs’~!sf is isomorphic in B/Z to the admissible monomorphism
g'kviac” ands"”". V

4, LOCALIZATION IN CONTROLLED K-THEORY

The main tool in proving controlled excision in the boundedly controlled
K-theory is a localization exact sequence. Its proof requires the context of
Waldhausen K-theory of derived categories.

4.1. Definition (Waldhausen categories). A Waldhausen category is a category
D with a zero object 0 together with two chosen subcategories of cofibrations
co(D) and weak equivalences w (D) satisfying the four axioms:
(1) every isomorphism in D is in both co(D) and w (D),
(2) everymap 0 — D in D is in co(D),
(3) if A — B € co(D) and A — C € D then the pushout B Uy C exists in D,
and the canonical map C — B Uy C is in co(D),
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(4) (“gluing lemma”) given a commutative diagram

B —2 A C
| | |
B~ a c’

in D, where the morphisms a and a’ are in co(D) and the vertical maps
are in w (D), the induced map Bus C — B’ Uy C' is also in w (D).
A Waldhausen category D with weak equivalences w (D) is often denoted by
wD as a reminder of the choice. A functor between Waldhausen categories is
exact if it preserves cofibrations and weak equivalences.

A Waldhausen category may or may not satisfy the following additional ax-
ioms.

4.2. Saturation axiom. Given two morphisms ¢: F — G and : G — H in D, if
any two of ¢, y, or ¢ ¢, are in w (D) then so is the third.

4.3. Extension axiom. Given a commutative diagram

F G H
I N
F G’ H'

with exact rows, if both ¢ and p are in w (D) then so is .

A cylinder functor on D is a functor C from the category of morphisms
f:F — G in D to D together with three natural transformations j;: F — C(f),
j2: G — C(f),and p: C(f) — G such that pj> = idg and pji; = f for all f,
and which has a number of properties listed in point 1.3.1 of [28] which will be
rather automatic for the functors we construct later.

4.4. Cylinder axiom. A cylinder functor C satisfies this axiom if for all mor-
phisms f: F — G the required map p is in w (D).

4.5. Definition. In any additive category, a sequence of morphisms
dn—l

E: 0—E!' % g2 & E" — 0

is called a (bounded) chain complex if the compositions d;.1d; are the zero
maps foralli =1,...,n—1. Achainmap f: F' — E’ is a collection of morphisms
fi: F' — Et such that fid; = d;f'. A chain map f is null-homotopic if there are
morphisms s,,: Fi*! — E' such that f = ds + sd. Two chain maps f, g: F* — E
are chain homotopic if f — g is null-homotopic. Now f is a chain homotopy
equivalence if there is a chain map h: E' — F' such that the compositions fh
and hf are chain homotopic to the respective identity maps.

The Waldhausen structures on categories of bounded chain complexes are
based on homotopy equivalence as a weakening of the notion of isomorphism
of chain complexes.

4.6. Definition. A sequence of maps in an exact category is called acyclic if it
is assembled out of short exact sequences in the sense that each map factors
as the composition of the cokernel of the preceding map and the kernel of the
succeeding map.
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It is known that the class of acyclic complexes in an exact category is closed
under isomorphisms in the homotopy category if and only if the category is
idempotent complete, which is also equivalent to the property that each con-
tractible chain complex is acyclic, cf. [18, sec. 11].

4.7. Definition. Given an exact category E, there is a standard choice for the
Waldhausen structure on the derived category E’ of bounded chain complexes
in E where the degree-wise admissible monomorphisms are the cofibrations
and the chain maps whose mapping cones are homotopy equivalent to acyclic
complexes are the weak equivalences v (E’).

4.8. Proposition. The category vE' is a Waldhausen category satisfying the ex-
tension and saturation axioms and has cylinder functors satisfying the cylinder
axiom.

Proof. The pushouts along cofibrations in E’ are the complexes of pushouts in
each degree. All standard Waldhausen axioms including the gluing lemma are
clearly satisfied. The saturation and the extension axioms are also clear. The
cylinder functor C for vE' is defined using the canonical homotopy pushout as
in point 1.1.2 in Thomason-Trobaugh [28]. Given a chain map f: F — G, C(f)
is the canonical homotopy pushout of f and the identity id: F — F. With this
construction, the map p: C(f) — G is a chain homotopy equivalence, so the
cylinder axiom is also satisfied. V

4.9. Definition. There are two choices for the Waldhausen structure on the
bounded derived category B’ = B’ (X,E). One is vB’ as in Definition 4.7. Given
a metric subspace Z in X, the other choice for the weak equivalences w(B’)
is the chain maps whose mapping cones are homotopy equivalent to acyclic
complexes in the quotient B/Z.

4.10. Corollary. The categories vB' and wB' are Waldhausen categories satis-
fving the extension and saturation axioms and have cylinder functors satisfying
the cylinder axiom.

Proof. All axioms and constructions, including the cylinder functor, for wB’
are inherited from vB’. V

The K-theory functor from the category of small Waldhausen categories D
and exact functors to connective spectra is defined in terms of S.-construction
as in Waldhausen [30]. It extends to simplicial categories D with cofibrations
and weak equivalences and inductively delivers the connective spectrum »n —
|lwS™ D|. We obtain the functor assigning to D the connective Q-spectrum

K(D) = Q®|wS D| = colim Q" |wS™ D |

n=1
representing the Waldhausen algebraic K-theory of D. For example, if D is
the additive category of free finitely generated R-modules with the canonical
Waldhausen structure, then the stable homotopy groups of K (D) are the usual
K-groups of the ring R. In fact, there is a general identification of the two
theories. Recall that for any exact category E, the derived category E’ has the
Waldhausen structure vE’ as in Definition 4.7.

4.11. Theorem. The Quillen K -theory of an exact category E is equivalent to the
Waldhausen K -theory of vE'.
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Proof. The proof is based on repeated applications of the additivity theorem,
cf. Thomason’s Theorem 1.11.7 [28]. Thomason's proof of his Theorem 1.11.7
can be repeated verbatim here. It is in fact simpler in this case since condition
1.11.3.1 is not required. V

Let E be a thick subcategory of a cocomplete pseudoabelian category F and
let X be a proper metric space with subspace Z. We will use the notation
B =B(X,E) and Z = B(X,E) ..

4.12. Theorem (Localization). IfE is idempotent complete, there is a homotopy
fibration

K(Z,E) — K(X,E) — K(B/Z).

The proof of Theorem 4.12 will occupy the rest of the section and use some
fundamental results of Waldhausen K-theory. They are due to Waldhausen [30],
sec. 1.6; the necessary improvements are due to Thomason [28].

Let D be a small Waldhausen category with respect to two categories of weak
equivalences v(D) C w(D) with a cylinder functor T both for vD and for wD
satisfying the cylinder axiom for wD. Suppose also that w (D) satisfies the ex-
tension and saturation axioms. Define vDY to be the full subcategory of vD
whose objects are F such that 0 — F € w(D). Then vDV¥ is an additive Wald-
hausen category with cofibrations co(D¥) = co(D) D" and weak equivalences
v(DY) = v(D) NnDY. The cylinder functor T for vD induces a cylinder functor
for vDW. If T satisfies the cylinder axiom then the induced functor does so too.

4.13. Theorem (Fibration theorem). The exact embeddings vD¥ — vD — wD
induce a homotopy fibre sequence of spectra

K(wD%) — K(vD) — K(wD).
Proof. This is point 1.8.2 in Thomason-Trobaugh [28]. V

4.14. Theorem (Approximation theorem). Let E: Dy — Dy be an exact functor
between two small saturated Waldhausen categories. It induces a map of K-
theory spectra

K(E): K(D1) — K(D>).

Assume that Dy has a cylinder functor satisfying the cylinder axiom. If E satisfies
two conditions:
(1) a morphism f € Dy isinw (D) if and only if E(f) € D> is in w(D>),
(2) for any object D, € Dy and any morphism g: E(D1) — D> in Dy, there
is an object D1 € Dy, a morphism f: Dy — D7 in Dy, and a weak equiv-
alence g': E(D}) — D2 € w(Dy) such thatg = g'E(f),
then K (E) is a homotopy equivalence.

Proof. This is Theorem 1.6.7 of [30]. The presence of the cylinder functor with
the cylinder axiom allows to make condition 2 weaker than that of Waldhausen,
see point 1.9.1 in [28]. V

If Z is a subset of X and Z = B(X,E)., then Theorem 4.13 in conjunction
with Proposition 4.8 says that the sequence

KwB"Y) — K(vB') — K(wB’)
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is a homotopy fibration. Theorem 4.12 will follow from the following sequence
of lemmas.

The subcategory B'* of B’ is full on bounded chain complexes homotopy
equivalent to an acyclic complex in B/Z. Of course, Z' embeds fully and faith-
fully in B'”. We want to show that in general the exact inclusion vZ’" — vB'%
induces a weak equivalence K(vZ') = K(vB'"). This will follow from the equiv-
alence of bounded homotopy categories and the approximation theorem by
adapting the proofs of Theorem 10.1 of [25] and Theorem 1.9.8 of [28]. As in
point 1.9.6 of [28], there is the quotient homotopy category B’ /=~ where two
chain maps are identified if they are chain homotopic. The bounded homotopy
category B'[v~!] is defined as the localization of B’/ ~ with respect to the image
of v(B’) so that the images of weak equivalences v(B’) are isomorphisms in
B'[v1].

A suspended category is an additive category with an additive suspension
endofunctor S and a class of sequences called triangles satisfying certain ax-
ioms [18, sec. 6]. Such category is a triangulated category if the functor S is an
equivalence. For example, the homotopy category of any additive category is
triangulated because the usual suspension functor is in fact an automorphism.
The quotient B'[v~!] has an induced triangulated structure.

4.15. Lemma. (a) For any map ¢: F — G in B which induces an admissible
epimorphism in B/Z there are admissible epimorphisms «: F' — F and B: G —
G’ with kernels in Z such that the composition B¢o: F' — G’ is an admissible
epimorphism.

(b) For any map ¢: F — G in B which induces an isomorphism in B/Z there
is an admissible epimorphism e: G — H with kernel in Z such that e¢ is an
admissible epimorphism with kernel in Z.

(c) For any map ¢: F — G in B which induces a split epic in B/Z there are an
admissible epimorphism e: G — G’ with kernel inZ and v : E — F such that the
composition e¢r is an admissible epimorphism with kernel in Z.

Proof. In view of Lemma 3.13, these are direct consequences of the calculus of
left fractions and Lemma 3.11. V

Notice that the bounded homotopy category B'¥[v~1] is the kernel of the
map of triangulated categories B'[v~!] — (B/Z)'[v~!], that is, B'¥[v 1] is
the full triangulated subcategory of B'[v~!] on objects that map to zero in
(B/Z)'[v!].

4.16. Lemma. The inclusionZ'[v-1] — B'¥[v~1] is an equivalence.

Proof. By Lemma 3.11 the full subcategory Z’ is right cofinal in B” with respect
to the weak equivalences v (B'), so by Lemma 9.1 of [18] the localization Z' [v~1]
is fully faithful in B'[v~!]. Now it suffices to show that a chain complex

F: 0—F 2. P2z pno1 S pn
from B’ which is zero in (B/Z)’[v~1], that is homotopy equivalent to an acyclic
complex in B/Z, is isomorphic to a complex from Z' in B'[v~1].

Case 1. Assume F" is acyclic in B/Z. It suffices to construct a sequence of
chainmaps F* = F; - G; — F; » G, — ... < F;, - G,, — 0 where the forward
maps are admissible epimorphisms with kernels in Z" and the backward maps
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are weak equivalences in vB’. Since Z’'[v~1] is closed under extensions as a full
triangulated subcategory of B'[v~!], this would inductively exhibit all objects
in the sequence as isomorphic to complexes in Z'. Now since F* is acyclic in
B/Z, ¢y_1: F*1 — F" is an admissible epimorphism. By part (a) of Lemma
4.15 there are admissible epimorphisms «: H*~! — F*~1 and B: F* — G" with
kernels in Z such that B¢; « is an admissible epimorphism in B'. Define

4’1 4)11—3 ¢n—2 qun—l

G;: 0— F! Fn2 Frl G" — 0

Themape;: G; — F' givenby B: F" — G" and the identities in all other degrees
is an admissible epimorphism with kernel in Z’. Let H" 2 be the pullback of
¢n_» and «, then ¢,,_3 and the zeromap F*~3 — H" ! induce y: F*3 — H" 2,
Define

Hi: 0—Fl-f | Yopm2 e gy Bl on g

The admissible epimorphism f;: H; — G; given by «: H"™! — F"~1  the in-
duced &: H" 2 — F"~2 and the identities in all other degrees has contractible
kernel, so it is a weak equivalence in vB’. Define
F;: 0— F! b, Xopgme2 P2 ker(B¢pn_1x) — 0

and define a map m;: F;, — H; given by the zero map 0 — G", the inclusion
ker(B¢pn_1x) — H* 1, and the identity maps in all other degrees. Since m; is an
admissible monomorphism with contractible cokernel, it is a weak equivalence,
and F; is shorter than F'. One may proceed by induction on the length of F-
to construct the required sequence of chain maps.

Case 2. Assume F° is contractible in B/Z. Notice that such F' is not nec-
essarily acyclic since B/Z is not necessarily idempotent complete. With the
same goal as in case 1, we proceed by induction on the length of F'. If F' is
0 — F! = F2 = 0 then ¢ is an isomorphism in B/Z, so by part (b) of Lemma
4.15 we can find an admissible epimorphism e: F?2 — G with kernel in Z so that
e¢ is an admissible epimorphism with kernel in Z. Now the chain map from
F toG:0 - G = G — 0 given by e¢; and e is an admissible epimorphism
with kernel in Z’, and so is a weak equivalence in wB’. Given a general F* as
before, by part (c) of Lemma 4.15 there are v: H* — F* 1 and B: F"* — G"
such that B¢ 17 : H" — G™ is an admissible epimorphism with kernel in Z. As
in case 1, define G; by the same formula and with the same conclusion that
the chain map e;: F* — G; is an admissible epimorphism with kernel in Z'.
Let H" ! be the pullback of B¢; and B¢+ so that there are induced maps
s: H*"1 — H", the admissible epimorphism y: H"~! — F"~! with kernel in Z,
and ¢p_p: F"2 — H""1, Define H; to be the chain complex

0—Fl®. @0 pno2gpn $nedld gy g 50 g
The chain map e;: H; — G’ given by B¢17, (y,0), (id,0), and the identities in
all other degrees, is an admissible epimorphism with kernel in Z’. Let K be the

kernel of the admissible epimorphism (s,0). Define

b1 (Ppn-3,0)

F3: 0— F! Fr2oyn ¥ g g
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thenm, : F; — H; given by the zero map 0 — H" and the kernel K — H" 1@ H"
is an admissible monomorphism with contractible cokernel. Now the composi-
tion m;e; is a weak equivalence in vB’. One may proceed by induction on the
length of F".

Case 3. In the general case of F* homotopy equivalent to an acyclic complex
G’ in B/Z, it follows from the calculus of left fractions that every complex in
B/Z is chain isomorphic to a complex from B, so we may assume that G" is the
image of a complex from B’. A homotopy equivalence f: G — F' in B/Z can
be written as a fraction i

¢-LFLF

where f and s are both morphisms in B, and where s: F* — F  is a weak
equivalence in B’. Since G" is acyclicin B/Z, it is isomorphic to a complex from
Z' inB'[v~!] by case 1. The mapping cone C(f) of f is isomorphic to a complex
from Z’ in B'[v~!] because it is isomorphic to the mapping cone C(f) of the
chain homotopy equivalence f, which is in turn isomorphic to a complex from
Z' in B'[v™1] by case 2. Now F is isomorphic to a complex from Z" in B'[v~!]
as an extension of G and C(f) since if two terms in a cofibration sequence in
B’ lie in Z’' then so does the third. Finally, since F- is weakly equivalent in B’ to

F’, it too is isomorphic in B'[v~!] to a complex from Z'. V

4.17. Corollary. The induced mapK (vZ') — K(vB'?) is a weak homotopy equiv-
alence.

Proof. This follows from the preceding lemmas and the fact that an exact func-
tor between exact categories which induces a homotopy equivalence of the
bounded derived categories also induces an equivalence of derived K-theory
spectra, which is Theorem 1.9.8 of [28] V

By Lemma 4.16, vZ’ is the kernel of vB" — v(B/Z)’.

4.18. Theorem. The sequence of exact functorsvZ — vB' — v(B/Z)’ is an exact
sequence of triangulated categories.

Proof. Tt remains to see that the category v(B/Z)’ is equivalent to the cokernel
of vZ' — vB’ in the category of triangulated categories. From Lemma 4.15,
every morphism in (B/Z)’ between two objects from B’ is a left fraction of a
morphism from B’ by an admissible epimorphism with kernel in Z’. So, up
to equivalence, (B/Z)’ is a localization of B’, and there is a well-defined map
B'/Z' — (B/Z) which can be viewed as a map of localizations of the category of
bounded chain complexes in B. To see that the map is an equivalence, it suffices
to show that the mapping cone of a morphism in B’ which is an isomorphism
in (B/Z)" is in Z'. This was done as part of case 3 in the proof of Lemma 4.16.

v
4.19. Notation. K'(X,E) ' K (vB(X,E)").

4.20. Lemma. For any pair of proper metric spaces Z C X, there is a weak
equivalence K' (Z,E) ~ K'(X,E) 7.

Proof. There is a fully faithful embedding E: B(Z,E) — B(X,E). defined by
associating to each filtered object F € B(Z,E) the extension E(F) € B(X,E).»
given by E(F)(S) = F(S n Z). We will apply the approximation theorem to the
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induced embedding of derived categories. First, observe that for any object F in
B(X,E).7 such that F(Z,d,D) = F(X), F is supported on Z[D + d], so there is
a bounded function r: Z[D + d] — Z which generates an object R(F) of B(Z,E)
by the rule R(F)(S) = F(»~1(S)). If L is a bound for 7, R(F) is generated by all
subobjects R(F)(T), T c Z,withdiam(T) < D+1. The identity map R(F) — F is
boundedly controlled. Now to check condition 2 in the approximation theorem,
take a chain complex

E: 0—E' —E>— ... —E"—0
in B(Z,E), a chain complex

d)n—l

F: 0—pFl 2. p2 F" — 0

and a morphism g: E* — F' in B(X,E)",. Using a sufficiently large constant
D and the corresponding choice of the function r: Z[D + d] — Z, perform
the construction above in all degrees to obtain F* = R(F") with the chain map
f:iE - F* induced from g. The identity R(F") = F* induces a weak equiva-
lence, as required. V

Now Theorem 4.12 follows from the fibration in derived K-theory using The-
orem 4.11.

5. NONCONNECTIVE BOUNDED EXCISION

The best computational tools in bounded K-theory, the controlled excision
theorems [3, 21, 22], can now be adapted to B(X,E). We will obtain a direct
analogue, which is one of the main results of this paper.

Let Ebe a thick subcategory of a cocomplete pseudoabelian category F and let
X be a proper metric space. Suppose X; and X, are subspaces in a proper metric
space X, and X = X; U X». We use the notation B = B(X,E), B; = B(X,E) .y, for
i =1 or 2, and B;» for the intersection B; N B».

Now there is a commutative diagram

K(B12) K(By1) K(B;1/B12)
(1) | | |xm
K(B>) K(B) K(B/B3)

where the rows are homotopy fibrations. We should not expect the map in-
duced by the rightmost exact inclusion I: wB] — wB’ to be an equivalence of
categories as in similar applications in [3] and [26], but we claim that K(I) is
almost a weak equivalence.

Let Z be a subset of X, so Z = B(X,E).7 is a thick subcategory of B, and
recall that C” is the idempotent completion of an exact category C.

5.1. Lemma. If f*: F° — G’ is either a degreewise admissible monomorphism
with cokernels in Z or a degreewise admissible epimorphism with kernels in Z
then f" is a weak equivalence inv((B/Z)")".

Proof. We need to see that the mapping cone Cf" is the zero complex in the
bounded homotopy category of B/Z. In the first case, C f" is weakly equivalent
to the cokernel of f*, by Lemma 11.6 of [18], which is zero in B/Z. In the second
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case, F' is weakly equivalent to the mapping cone of ker(f") in B/Z, which is
again weakly equivalent to G*. V

An exact subcategory C of an exact category E is cofinal if it is closed under
extensions and for every E in E there is E’ so that E @ E’ is isomorphic to an
object from the subcategory C.

5.2. Theorem (Cofinality theorem, Staffeldt [26]). If C is cofinal in E then the
Waldhausen K-theory sequence K (vC’) — K(vE') — BG, where G = Ky(E) /K (C),
is a fibration.

5.3.Lemma. K(I): K(wB}) — K(wB’) is a weak equivalence of spectra in posi-
tive dimensions.

Proof. Applying the Cofinality theorem to the inclusion I: B; /B> — (B/B»)”,
for any E in (B/B2)” choose E’ so that E @ E’ is isomorphic to an object

F: 0—pFl 2 p2 b2 i pn_

in B/B>. Recall the notation F(T,d, D) for the subobject of F generated by all
subobjects F(S) such that diam(S) < D and S n T[d] # @. Fixing nonnegative
numbers D, d, and some [ that serves as a control bound for all ¢;, we define
E't = Fi(X1,d,D + il) and ¢; to be the restrictions of ¢; to E't. This gives
a chain subcomplex E’* of F* in B} so that the mapping cone of the inclusion
is homotopy equivalent to the cokernel and so is contractible. Therefore, it is
acyclic in the idempotent complete category (B/B»)". V

Let Z, 7=°, and Z=° denote the metric spaces of integers, nonnegative inte-
gers, and nonpositive integers with the restriction of the usual metric on the
real line R. Let E be an idempotent complete thick category of a pseudoabelian
category F. Then for any proper metric space X, we have the following instance
of commutative diagram (1)

K(X,E) —— K(Xx7*%E) —— K(B1/B12)

| | [

K(X x 7=Y,E) K(X x Z,E) K(B/By)
5.4. Lemma. The spectra K(Z=° x X,E) and K(Z=° x X,E) are contractible.

Proof. This follows from the fact that these controlled categories are flasque,
that is, the usual shift functor T in the positive (respectively negative) direction
along 7=° (respectively 7Z=°) interpreted in the obvious way is an exact endo-
functor, and there is a natural equivalence 1® +T = +T. Contractibility follows
from the additivity theorem, cf. Pedersen-Weibel [21]. V

In view of Lemma 5.3, we obtain a map K(X,E) — QK (X x Z,E) which in-
duces isomorphisms of K-groups in positive dimensions. Iterations of this
construction give weak equivalences

QKK (X x 7% E) — QK*1K(X x Z¥+1 E)
for k > 2.
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Given a small exact category E, let E"denote its idempotent completion. If E
is thick in a pseudoabelian category F then E”can also be identified with a thick
subcategory of F.

5.5. Definition. The nonconnective controlled K -theory of E, relative to the em-
bedding €: E — F, over a proper metric space X is the spectrum

K7™ (X,E) ® hocolim Q*K (X x 7%, E).
k

Since B(X,E) can be identified with E for a bounded metric space X, this
definition gives the nonconnective K -theory of E

K7 (E) % hocolim QK (7%, E").
k>0
As K. *(E) is an Q-spectrum in positive dimensions, the positive homotopy
groups of K~*(E) coincide with those of K(E) as desired. The class group
Ke,0(E) is the class group of the idempotent completion K¢ (E").

5.6. Example. If E is an arbitrary small exact category, there is the full Gabriel-
Quillen embedding of E in the cocomplete abelian category F of left exact func-
tors E°? — Mod(Z) with the standard exact structure. The embedding is always
closed under extensions in F. It is usually not thick, for example when E is not
balanced. But if E is abelian, this gives a canonical delooping of K (E).

On the other hand, it is often convenient to use noncanonical embeddings
in pseudoabelian categories that closely reflect algebraic and geometric prop-
erties of E as illustrated in the following examples.

5.7. Example. One may start with the cocomplete abelian category Mod(R) of
modules over a ring R with the standard abelian exact structure where the ad-
missible monomorphisms and epimorphisms are respectively all monics and
epis. If R is a noetherian ring, the subcategory E may be taken to be the non-
cocomplete abelian category of finitely generated R-modules Modf(R). Now
K. (E) gives the algebraic G-theory of R.

5.8. Example. The negative K-theory of a regular ring R is trivial in the sense
that K;(Modf(R)) = 0 for all i < 0. This is well-known in Bass’ theory [2]. A
proof that the negative K-theory is trivial for general abelian categories can be
given using the same strategy as in chapter 9 of [25].

Of course, when the exact category E is itself cocomplete, its K-theory is
contractible because of the Eilenberg swindle type argument as in the proof of
Lemma 5.4.

5.9. Example. Let R be a noetherian ring and let I be a finitely generated group
which is weakly coherent in the sense of [6]. Fixing a finite generating set makes
I' into a proper metric space with the associated word metric. Let L(I',R) be
the full subcategory of lean I'-filtered modules as defined in loc. cit. It can be
shown that L(T, R) is closed under extensions in UP(I',R) and so is an exact
subcategory. It can be further shown that L(I', R) is closed under cokernels.
Consider the left translation action by I on itself. This makes L(I',R) a I'-
equivariant category. The embedding of fixed objects L(I', R) in the exact pseu-
doabelian category UP(I', R)' inherits the properties above. In addition, the
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subcategory L(T', R)! is closed under admissible subobjects as a consequence
of the weak coherence property of T, so the embedding e¢: L(I',R)' — UP(I', R)T
can be used to form the delooping K- (T, R)'. Notice also that if Y is another
proper metric space with a left I'-action, one obtains inductively a plethora of
useful exact categories such as B(Y,L(I', R))T, L(Y,L(T,R))T, etc.

5.10. Definition. Let R be a noetherian ring and make the choice of E and F as
in Example 5.7. We use notation B(X,R) for B(X,E). Now B(X,R) is an exact
subcategory of the cocomplete pseudoabelian category UP (X, R) closed under
extensions, so we have the nonconnective controlled K -theory of E, relative to
the embedding €: E — F, over a proper metric space X

K7™ (X,E) © hocolim Q*K (X x 7%, E).
k

5.11. Theorem (Nonconnective excision). There is a homotopy pushout diagram
of spectra
K~*(Bj2) —— K~ *(By)

l l

K™% (B2) K~*(B)
where the maps of spectra are induced from the exact inclusions.

Proof. Letus write SXB for B(X x Z¥, E) whenever B is the boundedly controlled
category for a general metric space X. If Zis a subset of X, consider the fibration

K(Z,E) — K(X,E) — K(B/Z)

from Theorem 4.12. Notice that there is amap K(B/Z) — QK (SB/S Z) which is
a weak equivalence in positive dimensions by the Five Lemma. If one defines

K~>(B/Z) = hocolim Q*K(S*B/S* 2),
k
there is an induced fibration
K *(Z,E) — K *(X,E) — K “(B/Z)
The theorem follows from the commutative diagram
K™% (B12) K™% (B1) K™% (B1/B12)

! ! =

K™ " (B») K~*(B) K~ (B/B2)

and the fact that now K™*(I): K *(B;/B;2) — K “(B/By) is a weak equiva-
lence. V

5.12. Remark. As in all other versions of controlled K-theory, there is no exci-
sion theorem similar to Theorem 5.11 which employs the connective K-theory.
This time the reason is that the map K (I) is not necessarily a weak equivalence.
The difference is detected at the level of Ky which makes the use of cofinality
theorem essential to the proof. To give an idea why condition 2 in the approx-
imation theorem fails when applied to the inclusion of Waldhausen categories
I: wB] — wB’, suppose E" is a chain complex in By, F" is a chain complex in
B, and g: E* — F'. One needs to construct a subcomplex E’* of F* such that
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the inclusion h is a weak equivalence in wB’ and hf = g for some f: E* — E".
Of course, we can assume that all F! = Fi(X;,d, D) for some fixed numbers
d and D and that some [ serves as a control bound for all ¢; and can indeed
easily define E'* as in the proof of Lemma 5.3. This gives a chain subcomplex
of F' in B} with cokernel in B;. The mapping cone C(h) of the inclusion h is
contractible in B/Z. The point is that unless B/Z is idempotent complete, this
does not necessarily imply that C(h) is acyclic.

REFERENCES

[1] D.R. Anderson and H.J. Munkholm, Boundedly controlled topology, Lecture Notes in Mathe-
matics 1323, Springer-Verlag (1988).

[2] H. Bass, Algebraic K -theory, W. A. Benjamin, Inc. (1968).

[3] M. Cardenas and E.K. Pedersen, On the Karoubi filtration of a category, K-theory, 12 (1997),
165-191.

[4] G. Carlsson, Bounded K-theory and the assembly map in algebraic K-theory, in Novikov
conjectures, index theory and rigidity, Vol. 2 (S.C. Ferry, A. Ranicki, and J. Rosenberg, eds.),
Cambridge U. Press (1995), 5-127.

[5] G. Carlsson and B. Goldfarb, Controlled algebraic G-theory, submitted for publication.

[6] , On homological coherence of discrete groups, submitted for publication.

[7] , Algebraic K -theory of geometric groups, in preparation.

[8] G. Carlsson and E.K. Pedersen, Controlled algebra and the Novikov conjecture for K- and
L-theory, Topology 34 (1993), 731-758.

9] , Cech homology and the Novikov conjectures, Math. Scand.

[10] P. Gabriel and M. Zisman, Calculus of fractions and homotopy theory, Springer-Verlag (1967).

[11] B. Goldfarb, Novikov conjectures for arithmetic groups with large actions at infinity, K-theory
11 (1997), 319-372.

[12] , Novikov conjectures and relative hyperbolicity, Math. Scand. 85 (1999), 169-183.

[13] , The large scale topology and algebraic K-theory of arithmetic groups, Topology Appl.

[14] D. Grayson, Localization for flat modules in algebraic K -theory , J. Algebra 61 (1979), 463-
496.

[15] 1. Hambleton and E.K. Pedersen, Compactifying infinite group actions, preprint (1999).

[16] R. Hartshorne, Algebraic geometry, Springer-Verlag (1977).

[17] B. Keller, Chain complexes and stable categories, Manuscripta Math. 67 (1990), 379-417.

[18] B. Keller, Derived categories and their uses, in Handbook of Algebra, Vol. 1 (M. Hazewinkel,
ed.), 1996, Elsevier Science, 671-701.

[19] S. Mac Lane, Categories for the working mathematician, Springer-Verlag (1971).

[20] E.K. Pedersen, Bounded and continuous control, in Novikov conjectures, index theory and
rigidity, Vol. 2 (S.C. Ferry, A. Ranicki, and J. Rosenberg, eds.), Cambridge U. Press (1995),
277-284.

[21] E.K. Pedersen and C. Weibel, A nonconnective delooping of algebraic K -theory, in Algebraic
and geometric topology (A. Ranicki, N. Levitt, and F. Quinn, eds.), Lecture Notes in Mathe-
matics 1126, Springer-Verlag (1985), 166-181.

, K-theory homology of spaces, in Algebraic topology (G. Carlsson, R.L. Cohen,
H.R. Miller, and D.C. Ravenel, eds.), Lecture Notes in Mathematics 1370, Springer-Verlag
(1989), 346-361.

[23] , unpublished.

[24] D. Quillen, Higher algebraic K -theory: I, in Algebraic K -theory I (H. Bass, ed.), Lecture Notes
in Mathematics 341, Springer-Verlag (1973), 77-139.

[25] M. Schlichting, Delooping the K -theory of exact categories and negative K -groups, U. Paris
VII thesis (1999).

[26] R.E. Staffeldt, On the fundamental theorems of algebraic K -theory, K-theory 1 (1989), 511-
532.

[27] R.W. Thomason, First quadrant spectral sequences in algebraic K -theory via homotopy col-
imits, Comm. in Algebra 10 (1982), 1589-1668.

[22]




28 GUNNAR CARLSSON AND BORIS GOLDFARB

[28] R.W. Thomason and Thomas Trobaugh, Higher algebraic K -theory of schemes and of derived
categories, in The Grothendieck Festschrift, Vol. III, Progress in Mathematics 88, Birkhduser

(1990), 247-435.

[29] C. Weibel, An introduction to algebraic K -theory, book in progress.

[30] F.Waldhausen, Algebraic K -theory of spaces, in Algebraic and geometric topology (A. Ranicki,
N. Levitt, and F. Quinn, eds.), Lecture Notes in Mathematics 1126, Springer-Verlag (1985),

318-4109.



