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1. Introduction

Homology theory has been a very effective tool in the study of homotopy invariants
for topological spaces. An important reason for this is the fact that it is often easy to
compute homology groups. For instance, if one is given a finite simplicial complex,
computing its homology becomes a straightforward problem in the linear algebra of
finitely generated free modules over the integers. More generally, homology groups admit
long exact Mayer—Vietoris sequences, which describe the homology, H.(X), of a space
X which is a union of open subsets U and V in terms of H, (U}, H.(V), and H.(UNV).
In addition, under quite general circumstances when A C X is a closed subspace, there
is a long exact sequence

e ~i+1(X/A) - ffi(A) - f{i(X) - ﬁi(X/A) - f{i—l(A) —e

where X /A denotes the result of identifying A to a point. Iterated applications of these
long exact sequences are quite effective in computing the homology of many spaces.

Homotopy groups are much more difficult to compute. For instance, there are no finite
CW -complexes except for the classifying spaces of certain infinite groups, for exam-
ple bouquet of circles or compact closed surfaces, whose homotopy groups are known
completely. The difficulty in carrying out this calculation can be traced in part to the
nonexistence of an excision theorem for homotopy groups, and the consequent nonexis-
tence of long exact Mayer—Vietoris sequences and long exact sequences of cofibrations.

It turns out to be possible, using a theorem of Freudenthal [17], to modify the homotopy
groups a bit via a process of stabilization, so as to allow excision. The stavilization
procedure goes as follows. For any space X, we have a homomorphism ¢ : 7;(X) —
mi+1(ZX), where XX denotes the suspension of X. o applied to an element in 7;(X)
is obtained by suspending a representing map, and identifying XS with S**!. One can
repeat this process and obtain a directed system

o Mo (TEX) — o (ZEFX) — -

whose direct limit is defined to be 7§(X), the i-th stable homotopy group of X . Freuden-
thal’s theorem is that this limit is actually attained at a finite stage, in factat k = ¢. A con-
sequence of Freudenthal’s theorem is that given a cofibration sequence A — X — X/A,
one obtains a long exact sequence

v (X/A) — 7 (A) — mi(X) — mi(X/A) — 7 ((A) — -
of stable homotopy groups, just as one would in the case of homology. For this reason, 7,
is referred to as a generalized homology theory, since it now satisfies all the Eilenberg—
Steenrod axioms for a homology theory with the exception of the dimension axiom,
which identifies the value of the theory on a point. The generalized homology theory
property is quite useful. It permits the construction of the Adams spectral sequence [3]
and its variants, which are effective computational methods for stable homotopy groups.
For instance, they have allowed the calculation of stable homotopy groups in a far larger
range of dimensions than is currently possible for unstable groups.
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The stabilization procedure described above for homotopy groups can also be carried
out on the level of spaces, rather than groups. For any based space X, let £2X denote
the loop space of X, i.e. the set of based maps from the circle to X, equipped with the
compact open topology (see [27]). Then suspension gives rise to maps ¢ : kXX
k+1 $k+1 X and hence homomorphisms

mi(o) 1 mi(RFDEX) — m; (QFH DRI X)),

Via the standard adjoint identification 7; (25 X) = m;,x(X), we obtain a homomorphism
Tirk(ZFX) — Tipr1 (ZFH1X), which is easily seen to be equal to the map in the
directed system defining 7{(X). Freudenthal’s theorem can now be interpreted as a
statement about the connectivity of the inclusion 2¥ 2k X — QF+I Zk+1 X

It has turned out to be possible to obtain very detailed information about the spaces
2k Tk X In fact one can give an explicit description of H,(£2*2*X) as a functor of
H,(X), and produce explicit combinatorial constructions which are homotopy equivalent
to the spaces 2 X* X . This line of work began with the James construction [19] for the
case k = 1, and was extended to the case of all k by Milgram [24]. An alternate version,
based on Boardman’s “little cubes™, was worked out by J.P. May [22]. Barratt and Eccles
[6] developed a simplicial version for the limiting case k = 0o, and J. Smith [30] gave
a simplicial version valid for all k.

The case k = 00, i.e. limg 28 2% X, is usually denoted Q(X). It is called an “infinite
loop space” since it is a k-fold loop space for all £ = 0. Of course infinite loop spaces
need not arise only in this way. What one needs are spaces Z, k = 0,1,2,..., and
identifications Zj, ~ £2Z . The collection of spaces { Zy } k>0 forms a spectrum. It turns
out that a spectrum determines a generalized homology theory in the above sense. The
spectrum {Q(S*)} >0 determines stable homotopy theory. Other spectra determine well
known generalized homology theories such as K-theory, the various bordism theories,
and of course ordinary singular homology theory.

The theory of iterated loop spaces described above can be used to give a structure on
a space which assures that the space is the zeroth space in some spectrum. The relevant
structure turns out to be a homotopy theoretic version of an abelian group structure.
In particular, topological abelian groups are always infinite loop spaces. This result is
J.P. May’s “recognition principle” for the case £ = 0o. It in turn allows the construction
of spectra and hence generalized homology theories [11] out of category theoretic data,
specifically from categories with a coherently commutative and associative sum operation.
The category of finite sets gives stable homotopy theory under this construction.

In this chapter we discuss these ideas. The second section outlines the general homo-
topy theoretic information we will need. The third section gives a proof of Freudenthal’s
theorem and the generalized homology theory property of stable homotopy. Section 4
studies Spanier—Whitehead duality, which can be though of as a space level version of
Lefschetz duality. Section 5 contains the James construction as well as results of Adams
and Hilton [1} and Adams [2] concerning the structure of loop spaces of general spaces
(not necessarily suspensions). In Section 6 we give a detailed discussion of double loop
spaces. This serves to motivate and clarify the work in the following chapter, and the
case k = 2 contains all the essential difficulties that occur for arbitrary k. Section 7
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contains an extended discussion of all the models mentioned above for £2¢ £* X . Finally,
in Section 8 we sketch May’s recognition principle as well as Segal’s I'-space version,
and describe the necessary category theoretic data for constructing spectra.

2. Prerequisites

We summarize some basic material from homotopy theory which we will be using. We
assume the reader has the standard knowledge of homology theory, as well as of the
definitions and elementary properties of homotopy groups.

2.1. Basic homotopy theory

Recall that the Hurewicz homomorphism hy, : 7, (X, *) — Hyp(X) is given by hy,([f]) =
Ho(f)(in) where i, is the standard generator for H,(S™). Throughout this paper [z]
will denote the equivalence class of z in various contexts. It should not create confusion.

DEFINITION 2.1.1. A space X is said to be n-connected if 7;(X) = 0 for i < n. A map
f: X — Y is said to be n-connected if 7;(f) is an isomorphism for i < n and mn4((f)
is surjective. A pair (X,Y) is said to be n-connected if the inclusion Y — X is.

THEOREM 2.1.1 (Hurewicz, Absolute case). If 7, (X,*) = 0for0<n < N, and X is
connected, then H,(X) = 0 for 0 < n < N, and hy is an isomorphism if N > 2. If
N = 1,hy is just abelianization. Note that this also implies that if X is simply connected
and H,(X) =0for 0<n < N, then m,(X,*) =0for0 <n < N.

We shall also need the relative form of this theorem. First, recall the notion of the
homotopy group (or set if n = 1) of a pair (4, B).

DEFINITION 2.1.2. Let (A, B) be a pair of spaces, i.e. B is a subspace of A. Then by
7n (A, B), we mean the set of homotopy classes of maps of the standard n-cube which
carry the boundary into B (and the bottom face to the basepoint). Thisisasetifn =1, a
(perhaps non-abelian) group if n = 2, and an abelian group if n > 3. We have a relative
Hurewicz homomorphism hy,,(A, B) : n,(A,B) — H,(A, B)defined in the obvious
way.

We can now formulate the relative version of the Hurewicz theorem.

THEOREM 2.1.2 (Hurewicz, Relative form). Suppose A and B are connected, N > 2
and 7, (A,B) =0 for0 <n < N. Then, if N > 3, H,(A,B) =0for0<n < N
and hy : wn(A,B) — Hy(A, B) is an isomorphism, and if N =2, hy : m(A, B) —
H,(A, B) is abelianization.

COROLLARY 2.1.1 (Whitehead). Let X and Y be CW complexes, and let f : X —Y
be a continuous map'. If X and Y are simply connected, and H,(f) is an isomorphism

1 Actually, all our maps are continuous so from here on we will simply call them maps.
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Jor 0 < n < N, with N 2 3, then n,(f) is an isomorphism for 0 < n < N — 1.
Conversely, if mn,(f) is an isomorphism for 0 < n < N, then H,(f) is an isomorphism
for0<n<N-1

We also record the following standard result about CW complexes. Recall that a
continuous map f : X — Y is said to be a weak equivalence if 7, (f) is an isomorphism
for all n.

THEOREM 2.1.3. Let X and Y be CW complexes, and suppose f : X — Y is a weak
equivalence. Then f is a homotopy equivalence. Also, suppose X and Y are simply
connected, and suppose H,(f) is an isomorphism for all n. Then f is a homotopy
equivalence.

2.2. Hurewicz fibrations

We recall some parts of the theory of Hurewicz fibrations.

DEFINITION 2.2.1. A map p: E — B is a Hurewicz fibration if for every pair of spaces
(X,Y), and every commutative diagram

Xx{0,1}uY xI — E

I

XxI — B

there is a map H : X x I — E making both triangles commute. If F = p~!(b), for a
point b € B, and B is path connected, we obtain a long exact sequence on homotopy
groups,

- — m(F) — my(E) — my(B) — -+ -

Equivalently, m;(E, F) — m;(B, b) is an isomorphism.

For us, a fibration will mean a Hurewicz fibration. In the case of a path-connected
base space B, it follows directly from this definition that if by and b, are points of B,
then p~1(bp) and p~!(b;) are homotopy equivalent.

DEFINITION 2.2.2. Let X be a space. By a space over X we mean a space E together
r ™ T

with a reference map F — X. If E, X and y ) X are spaces over X, then a map

over X from (E;,r)to (E;,7;) isamap f: E; — E, so thatr; =70 f.

For any space (E,r) over X, we have the space (E x I,r o pg), over X, where
pE : E X I — FE is the projection. With this construction, homotopies over X are
defined in the evident way, as are homotopy equivalences.

- Note that a map f over X from (E;,r;) to (Ep, ;) gives rise to a map Cyl(f) from
the mapping cylinder Cyl(r) on r to the mapping cylinder Cyl(r2) on r;, and an
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induced map C(f) from the mapping cone C(r) on r; to the mapping cone C(r;)
on ry.

- If f is a homotopy equivalence over X, then C(f) is a homotopy equivalence.

DEFINITION 2.2.3. Let X and Y be spaces, and suppose (E,r) is a space over Y. Then
if f: X — Y is a continuous map, the pullback f*(E,r) is the space (f*E, f*r) over
X, defined by letting f*E be the subspace of X x E given by

fE={(z,e)| f(z) =r(e)},

and letting f*r be the composite f*E — X x ES X Ifrisa fibration, then so is f*r.

The pullback operation has an important homotopy invariance property when r is a
fibration.

PROPOSITION 2.2.1. Suppose (E,r) is a space over Y, with r a fibration. Let f,g : X —
Y be homotopic continuous maps. Then f*(E,r) and g*(E,r) are homotopy equivalent
spaces over X.

PROOF. Let H be a homotopy from f to g, and consider the space H*(E,r) over X x I.
ig H*(E,r) & f*(E,r) and 47 H*(E,r) = ¢*(E,r) as spaces over X. The homotopy
lifting property for fibrations applied to the canonical homotopy from iy to 7; gives a
map o from 5 H*(E,r) to i H*(E,r) of spaces over X, and similarly we obtain a
map 3 : it H*(E,r) — iy H*(E,r), also over X. We must show that af and Ba are
homotopic to the identity over X. Consider Sa. From the way in which o and § were
constructed, it is clear that there is a map h : 5 H*(E,r) x I — H*(E,r), so that the
composite H*r o h is equal to g o (45 H*r x id), where g : X x I — X x I is given
by g(z,t) = (z,2t) for 0 < ¢t < 3, and g(z,t) = (z,2 — 2t) for § <t < 1, and so that
h|ig H*(E,r) x 0 is the inclusion, and H | i H*(E,r) x 1 is fa composed with the
inclusion. In view of the fact that there is an evident homotopy from g to the constant
homotopy g*,g*(z,t) = (z,0), we may use the homotopy lifting property again to obtain
amap h from i} H*(E,r) x I — H*(E,r), so that h | 3 H*(E,r) x 0U3§ H*(E,r) x
1=h| iy H(E,7) x 0U i H*(E,7) x 1 and so that H*r o h = § o (3§ H*r x id).
h is now the required homotopy over X from the identity on ig H*(E,r) to Ba. The
procedure works similarly for 3. O

COROLLARY 2.2.1. Let X be a space, and let (E, 1) be a space over X, with r a fibration.
Suppose X is contractible. Then for any x € X, (E,r) is homotopy equivalent over X
to the space (X x r~Y(z),mx) over X.

PRrROOF. This is an easy application of the preceding result. |

PROPOSITION 2.2.2. Let X be a CW-complex, and let A be a subcomplex. Let Y be
a space. Let F(X,Y) denote the space of maps from X to Y, with the compact open
topology (see [27]), then the restriction map F(X,Y) — F(A,Y) is a Hurewicz fibra-
tion. Moreover, the inverse image of the constant map from A to Y is identified with

F(X/A,Y).
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PROOF. This fact follows directly from the fact that inclusions of subcomplexes of CW-
complexes have the homotopy extension property, which is a dual condition to the ho-
motopy lifting property characterizing Hurewicz fibrations. It states that if we are given
amap f: X — Y and a homotopy H: Ax I — Y sothat H| Ax 0= f | A, then
there exists an extension H : X x [ — Y sothat H | X x0= fand H|Ax I = H.
That this property holds in the case of the inclusion of a subcomplex of a CW-complex
is proved in [21]. a

REMARK. Generally, a map having the homotopy extension property is referred to as a
cofibration.

2.3. Serre fibrations

A Serre fibration has the same definition as an Hurewicz fibration except the spaces X
and Y are restricted to being finite polyhedral complexes. These are particularly useful
when we are dealing with mapping spaces X¥ = {f: Y — X | f continuous } which
are assumed, as in 2.2.2, to have the compact-open topology.

Given any continuous map f : Y — X we have the associated Serre fibration

E}),z % X where X is the mapping cone of f, E‘f{', g is the space of paths in C' that
start in A, end in B and 7 : Eg, p — B is projection onto the endpoint. The fiber of 7
over the point z is the subspace E,’f , and we have the commutative diagram

SCIE N

X
li li l: 2.1
Bf, - EX, — X

Y, X

where ¢ includes y € Y as the constant path at y.

2.4. Quasifiberings

DEFINITION 2.4.1. A continuous map f : Y — X is a quasifibration if and only if, for
all z € X, the map i above restricted to f~!(z) is a weak homotopy equivalence.

Using the 5-lemma this is equivalent to the condition

LEMMA 24.1. f : Y — X is a quasifibration if and only if, for all x € X and y €
f~(x), the induced map of homotopy groups

fx :ﬂ,(Y,f-l(:z:),y) — m(X, z)

is an isomorphism.
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Basically, it turns out that the difference between quasifibrations and Hurewicz fibra-
tions is that with an Hurewicz fibration one can lift homotopies “on the nose”, however,
in a quasifibration, the weak equivalence condition limits the homotopies to finite cell
complexes and homotopies can be lifted, but only “up to a homotopy”. A good example
to keep in mind is the map

(2.2)

which is a quasifibration but not an Hurewicz fibration.

One has notions of the equivalence of two quasifibrations, principal quasifibrations,
and the equivalence of principal quasifibrations similar to those for bundles. However,
the construction of “associated quasifibrations” is more difficult.

pl
DEFINITION 2.4.2. (i) Two quasifibrations, F 2, Band E' — B’ are said to be equivalent
if there are weak homotopy equivalences f : E — E', f : B — B’ so that the following
diagram commutes:

F ——f—> E'

lp p .
f

B — B’

(ii) A quasifibration p : E — B is a (left)-principal M-quasifibration if M is an
associative, unitary H-space and there is a map i : M x E — F so that

a) p(mm/,e) = p(m, u(m’,e)) for all m,m’ € M, e € E, (associative action).

b) u(l,e) = e all e € E where 1 € M is the unit, (unitary action).

c) p(u(m, e)) = p(e) for all e € E, m € M, (fiber preserving).

d) u(—,e) : M — p~'p(e) is a weak homotopy equivalence for each e € E.

(iii) Two principal M-quasifibrations p : £ — B and p’ : E' — B’ are called
structurally equivalent if they are equivalent via f, f where f preserves the M-structure.

The best references for the structure of quasifibrations are [16], [15], [32] and we
summarize the results from [16, §2) that we will need in the sequel now.
The main tool for constructing lifts up to homotopy is the following result.

LEMMA 2.4.2. Let p: F — U be continuous, V C U and G = p~1(V). Let K be an
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r-cell (r > 0) and assume that for all z € U, y € p~'(z) we have

pr . (F,G,y) — (U, V,z) is a monomorphism,
Pra1 e 1 (F,G,y) — w1 (U, V,z)  is an epimorphism.

Then p has the following homotopy lifting property: suppose that we are given three
maps

() H:(KxI,Kx1)— (UV),
(i) h: (K x0UDK x I,0K x 1) — (F,G),
(iii) d: (K xOUdK xI) x I,(dK x 1) x I) - U,V)

with d(z,t,0) = H(z,t), d(z,t,1) = poh(z,t) forall z € K, t € K. Then there is a
map

H:(KxI,Kx1)— (F,G)
with HIK x 0U 0K x 1 equal to h, and a homotopy
D:(KxIxI,Kx1xI)— (UV)
filling in d in the sense that

Di(K xO0UdK x 1) x I = d,
D(z,t,0) = H(z,t),
D(z,t,1) = po H(z,t).

PROOF. h defines an element a € 7.(F,G) with f(a) =0 € 7. (U, V) using H and d to
construct the trivializing homotopy.

poh
d

poh| d H (2.3)

d
poh

But since we assume that f, on 7.(F,G,y) is a monomorphism, it follows that a = 0,
and there is a trivializing homotopy

H (K xI,K x1) — (F,G)

with H|(K x 0) = h. Adding the image of H' to the map in fig. 2.3, we have a map
H": (K xIx0UdK xI)xI)— U with H'|3(K x I) x 1 contained in V. H" in
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turn defines an element v € 4| (U, V, z) which may not be zero. However, we are free
to modify the homotopy H' by any element 3 € n,41(F,G,y), and this will change v
to v + p«(B). Consequently, since p,; is onto, we can assume - represents 0 and the
existence of the desired homotopy follows. 0

We now give some geometric conditions which will guarantee that a map f is a
quasifibration.

DEFINITION 2.4.3. Let f : X — Y be a continuous map, and U C Y be any subset. We
say that U is distinguished for f if f: f~!'(U) — U is a quasifibration.

LEMMA 2.4.3. Suppose that f : X — Y is a continuous map. Suppose that Y' C Y is
distinguished for f with X' = f~1(Y"). Suppose that there are deformations

D:Ix(X,X) — (X,X'),
d:Ix(V,Y) — (V,Y)

so that Do = id, dy = id, im(D,) C X', im(dy) CY', fo Dy = d; o f, and finally,
for every x € X, Dy, : m.(f 7 (z)) — m(f~'(di(z))) is an isomorphism. Then Y is
distinguished for f, i.e. f is a quasifibration.

PROOF. d; and D, are deformations so d;. and D). induce homotopy equivalences. Now,
from the induced maps of pairs (X, f~'(y) — (X', f~'(di(y))) and the five-lemma we
have that 7. (X, f~'(y)) = 7.(X’, f~'(di(y))). But since Y is distinguished for f we
know 7, (X', f~'(y')) = m.(Y',y'), and d; shows that these groups are isomorphic to
(Y, y). 0

Perhaps the most important method of showing that f is a quasifibration is the fol-
lowing result.

THEOREM 24.1. Let f : X — Y be a continuous map, and suppose that there is a
family Y of distinguished open sets for f, U; C Y with the following two properties:

— The sets U; € Y cover Y.
~ For every pair U;,U; € Y and y € U;NUj there isa Uy € Y withy € U, C U;NU;.

Then 'Y is distinguished for f.

(The idea of the proof is to modify the standard proof of (polyhedral) homotopy lifting
for f if Y was a family of open sets for which f~!(U;) = Y; x U, i.e. the map
has a local product structure. One covers the homotopy on the base by distinguished
neighborhoods, and then refines the polyhedral decomposition so that each polygon has
the form P; X [a, b] and is contained in one of the distinguished neighborhoods. One then
constructs the extension over skeleta, one cell at a time. The only difference here is that
the lifting is not exact but involves a second homotopy. The homotopy extension lemma
above provides the necessary tool.)
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2.5. Associated quasifibrations

For ordinary (local product) fibrations one can associate a (left)-principal fibration to any

fibration F — E — B, which we can write H — & LB with fiber a subgroup
H C Aut(F), the group of homeomorphisms of F. Then given any Y with H-action
Y x H — Y, there is an associated fibration

Y Y xyg€ — B.

However, for quasifibrations this construction may not always result in a quasifibration.
For one thing, since M is not a group in general, the operation X s is not directly
an equivalence relation. For another, even taking the associated equivalence relation,
the local structure may be sufficiently bad that the map of the quotient to B is not a
quasifibration.

The problem was studied by Stasheff in [32] and he introduced a classifying space
construction there which made sense of the notion of associated quasifibrations. Basically,
given a left M-space E, and a right M-space X, he constructs a space E(X, M, E) with
the following properties:

- E(X, M, E) is natural in all three variables. For example, if h: X — X’ is a map of
right M-spaces then there is an induced map

E(h,1,1): E(X,M,E) — E(X', M, E)

and similarly for the other variables which satisfy the expected naturality proper-
ties. Also, if the maps are weak homotopy equivalences, then the resulting maps of
E(X, M, E) are also.

-EX,M,M)~ X, E(M,M,E)~ E.

- If E — B is a principal quasifibering then E(M, M, E) — E(*, M, E) is a principal
quasifibering which is structurally equivalent to £ — B.

- If E — B is a principal quasifibering, then E(X, M, E) — E(*, M, E) is a quasi-
fibering with fiber X.

An important example to keep in mind is the loop-path Serre fibration
x P
02X - E’x—X.

These spaces are constructed as a limit over n of spaces constructed from the products
o™ x X x M™ x E by introducing the equivalence relation

(t,z,ma, ..., Mnyr,€) ~ (¢,2',m), ..., m ., ¢€)

where mym;y = mim;, if t; = 0, the ¢; are barycentric coordinates for the simplex o™
and in this relation £ = m,, e = m,4,. One must be a bit careful with the topologies here.
In particular Stasheff, following [15], gives the quotients a topology just strong enough for
certain maps to be continuous. However, one can use the compactly generated topology
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in the quotient, and this will work as well. (For a complete study of the properties of
this topology see [33].)

The construction has the property that it is graded and E,, — E,,_; is a product Y X
Int(c™) x N™ x X where N = M — *, and that there is a neighborhood U,, of E,_; in
E,, together with a deformation retraction, D, of U, onto E,,_; so that for any point

(mat,n%"'ann-}-hy) € Un(En —En—l)

Di(z,t,na,...,Nnq1,y) lies in a product neighborhood E; — E;_; for a unique j and
there has the form (zm(,t',n;,... s 41, My) with my, my independent of z, y. In
particular each fiber X x Y is mapped by a translation of the form (z,y) — (zm,,ym,)
and if we assume that the actions M xY — Y, X x M — X give rise to weak
homotopy equivalences y — my, x — xm for all m € M then the results of Dold and
Thom above show that the construction gives a quasifibration.

There is one more property of these spaces which will be useful to us. If X also has
a left N-action, then the space E(X, M, E) becomes a left N-space from the action on
passing to quotients. (The compactly generated topology again seems better here than
Stasheff’s original topology.)

3. The Freudenthal suspension theorem

The computation of homotopy groups is a notoriously difficult problem. Even for spheres,
our knowledge is quite spotty compared with what might have been expected over forty
years ago, when work on them began in earnest. An important simplification was made by
Freudenthal, who proved his famous suspension theorem, which asserts that for k < n
the suspension homomorphism o : 7,4 £(S8™) — Tnik+1(S™F!) is an isomorphism.
On can therefore compute the value of infinitely many homotopy groups of spheres by
computing one stable group, i.e. one group of the form 74 (S™), k£ < n.

Let X denote the reduced suspension functor. For any based space (X,a), we may
define a suspension homomorphism

o:7mi(X,z) = 1 (XX, )

and consequently, a directed system of groups {m;4i(Z'X,x)}i>0 by the requirement
that o[f] = [Zf]. l'in)mH(E'X ,x) is now an abelian group valued functor of spaces,

1

which we denote by 7$(X,x). It will follow from Freudenthal’s result that this system
eventually stabilizes, i.e. that for sufficiently large [, the suspension homomorphism
T t(Z X, x) — i1 (1 X, ) is an isomorphism. It also turns out that the graded
group valued functor 73(—) is a generalized homology theory in X. This means that
many of the methods used to compute integral homology so successfully also apply to
stable homotopy theory; the only obstacle is that one cannot compute its value on a point.

In this section we will outline proofs of these fundamental results. We will assume
that the reader is familiar with the standard theory of Hurewicz fibrations, presented in
Section 2.2.
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LEMMA 3.1. Let p : E — B be a Hurewicz fibration, where B is a path connected
CW complex with preferred base point b. Suppose further that B is obtained from a
subcomplex By by attaching a single n-cell along a based map f : S*~' — B, so
B = By U e™. Finally, suppose F = p~!(b) is k-connected. Then the map of pairs
(E,p~Y(Bo)) — (B, By) induces isomorphisms on Hj for j < n + k.

PROOF. Let f™ C e™ denote the closed disc of radius % centered at the origin. It is clear
that By is a deformation retract of B — ;". It is therefore a direct consequence of the
homotopy lifting property that p~!(Bj) is also a deformation retract of p~!(B — ;'")
Consequently, the inclusions (B, By) — (B, B—;") and (E,p~(By)) — (E,p~(B-
f )) induce isomorphisms on relatxve homology. It therefore suffices to show that the

homomorphism H;(E,p~!'(B - f )) — H;(B,B - f") is an isomorphism when
0<j<<n+k Let 9 f™ denote the boundary of f™. It is a direct consequence of

the excision theorem for homology that the inclusions (f"*,0f") — (B,B — f™) and

(p~"(f"),p~"(df")) — (E,p~"(B - f™)) induce isomorphisms on relative homology,
H;, for all 4. It consequently suffices to show that the homomorphism

Hi(p™'(f™),p7' (0f™)) — H;(f™,3f")

is an isomorphism for 0 < j < n+ k.

Let v € f™ denote the center of the ball. Note that since B is path connected, it
follows from the fact that F is k-connected that p~!(v) is. Since f™ is a contractible
space, we have a homotopy equivalence over X from p~!(f™), with the restriction of p
as reference map, to f, X p~'(v), with projection on the first factor as reference map. It
now follows that it suffices to show that the projection homomorphism

Hi(fa xp™ ' (v),0fn x p™'(v)) — H;(fn,0fn)

is an isomorphism for 0 < j < n + k. But this follows from the Kiinneth formula and
the Hurewicz theorem. 0

COROLLARY 3.1. Suppose, as before, that we have a Hurewicz fibration E LB, where
B is a CW complex equipped with a preferred base point b € B. Suppose that F is
k-connected and B is n-connected. Then the natural map of pairs (E,F) — (B,b)
induces isomorphisms on H; for0O< j <n+k+ 1.

PROOF. It is standard homotopy theory that there is a based homotopy equivalence

(B,b) i (B', V"), where B' is a CW complex with a unique 0-cell &', and which has no
l-cells for 0 < I < n. By pulling back E along a homotopy inverse to ¢, we obtain from
Proposition 2.2.1 an equivalent fibration E’ over B'.

We are therefore free to suppose that B has b as unique O-cell, and that B has no
l-cells for 0 < | < n. Let B®) denote the t-skeleton of B. We will show induc-
tively that the homomorphisms H;(p~'(BW), F)) — H;(B®,b) are isomorphisms
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for0<j<n+k+1,and all I. For [ = 0, this is trivial since B(O) = 0 and there-
fore p“(B(o)) F, so both target and source of the homomorphisms in question are
trivial groups. Now suppose the result is known for [, and we attempt to show that
Hj(p~(BUD),F) — H;(B%#t) b) is an isomorphism for 0 < j < n+ k + 1. Con-
sider the following commutative diagram

Hin(p™ (BUD),p7'BY) — Hi(p™'(BY),F) — H(p™'(B*),F)
% 2 ¥3
Hj(BH+D, BY) - H;BYp)  —  H(BY)
— Hi(p~'(BX)),p~'(BY)) — Hj_i(p™'(BY),F)
2 ws
— HJ-(B(’“),B(”) N H,_1(BY,b)

It is just an induced map of homology long exact sequences induces by p. Suppose
| < n. Then, since BY) = B(+D = p, it follows directly from this sequence that
H;(p~'(B"D), F) = H;(B*t1,b) = 0, which gives the result in this case. If | = n,
then 9, and 5 are both isomorphisms since their domains and images are trivial groups.
On the other hand, v, and s are isomorphisms by Lemma 3.1. The five lemma now
shows that 13 is an isomorphism. Finally, if { > n, then 9, and 15 are isomorphisms by
the inductive hypothesis, and 1, and 14 are again isomorphisms by 3.1. This gives the
result. a

We now wish to use these results to give proofs of Freudenthal’s theorem and of
the generalized homology theory property of #5. Let i : (Y, yo) — (X, zo) be a based
cofibration, let Cyl(i) and C(i) denote the reduced mapping cylinder and reduced map-
ping cone construction on 4, respectively. Thus, Cyl(i) =Y x [0,1] U X/ ~, where ~
is the equivalence relation generated by (y,0) ~ i(y), and {(yo,t) =~ zo for all ¢, and
C(i) = Cyl(i)/Image(Y). Let E denote the space of maps ¢ : [0,1] — C(3) such that
#(0) € X, with the compact open topology. We have a projection map p : E — C(i),
given by p(¢) = ¢(1); it is a Hurewicz fibration. Let F denote the fibre over zg of p;
thus, F is the space of maps ¢ : [0,1] — C(3) such that ¢(1) = zo and ¢(0) € X.
We now define amap A : Y — F by A(y) = ¢y, where ¥y(t) = [y,1 — t]. Let
j : F — E be the inclusion; note that the composite j o A is homotopic, rel o, to the
map i : Y — E which sends y to the constant path with values i(y). The homotopy is
given by H(s,y) = [y, 1—st]. Of course, u extends to a map i : X — E, which sends =
to the constant path with value z. We therefore have amap Y x [0, 1] — X — E, which
is HonY x [0,1] and is i on X, and which respects the equivalence relation defining
Cyl(3). Since the map restricts to A on the image of Y x 0, we have a map of pairs
(Cyl(i),Y) — (E, F). Further, the composite (Cyl(i),Y) — (E,F) — (C(i),zo) is
just the identification map Cyl(i) — C(i), which shrinks Y to a point.
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THEOREM 3.1. Let X, Y, and i be as above. Suppose that Y is k-connected and C (i) is
l-connected, with k > 0, | > 1. Then the map XA : Y — F induces isomorphisms on T;
JorO<j<k+1

PROOF. We know by Lemma 3.1 and Corollary 3.1 that the homomorphism H;(E, F) —

H;(C(i), o) is an isomorphism for 0 < j < k + 1 + 1. By the above description of the
composite

(Cyl(l),Y) - (E,F) - (C(i)’$0)a
and the excision theorem, we conclude that
H;(Cyl(i),Y) — H;(E, F) — H;(C(i),0)

is an isomorphism for all j, and hence that H;(Cyl(:),Y) — H;(E, F) is an isomor-
phism for 0 < j € k + 1+ 1. Now consider the commutative diagram below

Hjn(Cyl(i)) — Hjn(Cyi(d),Y) — H(Y)

: .
H;(E) —  Hjn(E,F) — H(F)
— Hj(Cyl(s)) — H;(Cyl(i),Y)
"
—  Hj{(E) —  H;E,F)

It is easy to check that the map Cyl(i) — E is a homotopy equivalence, so « and § are
isomorphisms for j € k£ + 1. § and ¢ are also isomorphisms, from the above discussion.
The five lemma now shows that + is an isomorphism. It follows easily from the long
exact homotopy sequence of the fibration F — E — C(i) that F is simply connected.
Therefore, the relative Hurewicz theorem asserts that 7;(Y') — 7;(F’) is an isomorphism
for0<j<k+1 |

Let X be any connected CW complex. Define a based map J : X — 02X X, where
XX denotes the reduced suspension of X by z ~— [z] where [z}(t) = [z,t] € 2X.

THEOREM 3.2 (Freudenthal). If X is k connected then the homomorphism
7I','(J) . Wi(X) — W,(.QEX)
is an isomorphism for 0 < i <2k + 1.

PROOF. Apply Theorem 3.1 to the inclusion X — CX; A in this case is J. O
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COROLLARY 3.2. Let 0 : mi(X,*) — mip1 (XX, *) be the suspension homomorphism.
Suppose X is k-connected and i < 2k + 1. Then o is an isomorphism.

PROOF. Standard adjointness identifies 7,y (XX, *) with 7;(£2X X, %); it is not hard to
see that after this identification, o corresponds to m;(J). O

We now prove the cofibration property.

THEOREM 3.3. Let i : Y — X be a cofibration and let C (1) denote its reduced mapping
cone. Then there is a long exact sequence

=7 (C) = m(Y) = m(X) — 7} (C() = miy (V) — -+

PROOF. Consider the map £*i : £*¥Y — X*X. From the definitions, it is clearly seen
that £*C(3) is naturally homeomorphic to C(X*1). Let E(X*4) denote the space of maps
é : [0,1] — C(Z*i) with ¢(0) € Z*X; as before, the map p : E(Z*i) — C(X*i) is
a fibration and we let F(X*i) denote the inverse image of the basepoint. There is an
evident map TF(Z*i) — F(Zk+14).

We therefore obtain a directed system of groups {m;;x(F(Z*1))}. It now follows from
the long exact sequences of the fibrations F/(X*i) — E(Z*i) — C(Z*i) that we have
a long exact sequence

s im g (C(84)) — Gi — 73(X) — lim ik (C(ZFi)) — -
k k

From the identification Z*C(i) ~ C(X*4), we see that limgm; 4 (C(Z*1)) & 7 (C(3)).

On the other hand, there are maps £*Y — F(X*i) which give a homomorphism of
directed systems of abelian groups

{miek(Z*Y)} k0 — {mirk (F(Z"‘i))}kzo
and hence a homomorphism

T (Y) — lim 7y (F(Z*)) = G:.
k

Theorem 3.1 now shows that for sufficiently large k, Tk (Z¥Y) — mi i (F(Z%1)) is
an isomorphism, hence so is the homomorphism 77 (Y') — G;. This gives the required
result. |

We obtain a corollary concerning the homology of iterated loop spaces.

COROLLARY 3.3. Consider the iterated loop space 2*S" where k < N. We have the

A =
map SNk kSN adjoint to the standard identification SN % — SN Then A
induces isomorphisms on H; for j < 2(N — k ~1).
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PROOF. Consider () : m;(SV=*%) — m;(2%SN) = 7,1, (SN). m;(X) is identified with
the k-fold suspension homomorphism, which is an isomorphism if 7 < 2(N — k) — 1
by Corollary 3.2. Thus, by the Whitehead theorem H;()\) is an isomorphism if j <
2(N — k) — 2, which is the required resuit. a

4. Spanier-Whitehead duality
4.1. The definition and main properties

Let X be a based finite complex. One may consider the function space of based maps
X — SN, F(X,8N), as usual in the compact open topology. This space does not have
the homotopy type of a finite complex. However, for N sufficiently large, there is a
finite complex Y and amap Y — F(X, SV) which induces isomorphisms on homotopy
groups in dimensions less than 2V — 2k. One could also state the result as follows. We
have natural suspension maps ZF(X,SV) — F(X, SN+!), and hence a directed system
of abelian groups {71k (F(X, SV +*))}k>0. We also have maps Z*Y — F(X,SN+k),
and these maps are compatible with respect to suspensions. This gives a homomorphism
of abelian groups

lim {7k (Z¥Y) } 150 — limmipe (F(X, SVHF). 4.1
k k

The statement will be that this homomorphism is in fact an isomorphism. This theorem
and the general development is due to Spanier and Whitehead; see [31].

To study this situation, we first consider any two based CW complexes X and Y. Let
S.X and S.Y denote the complexes of singular chains on X and Y respectively. We
have the evaluation map e : X A F(X,Y) — Y. Therefore we have a chain map S.e :
S« (XAF(X,Y)) > S.Y.Leto : Su(X)® S.(F(X,Y) — S.(X x F(X,Y)) be any
chain inverse to the Alexander-Whitney homomorphism, e.g., the shuffle homomorphism.
S«e 00 is now a homomorphism S.(X) ® S.(F(X,Y) — S.(Y) and we may take its
adjoint

a(X,Y)
S.(F(X,Y)) =—= Hom(S.(X), 5.(Y)).

Now let Y = S¥, and fix a generating cocycle ¢ for HY(SV) = Z. ¢ now gives a chain
map which we also call ¢ from C.(S") to the chain complex D, with D; = 0 when
i # N, and Dy = Z, and c induces an isomorphism on Hy. co a(X,S") is now a
homomorphism from S.(F (X, SV) to Hom(S.(X), D.), and H;(Hom(S.(X), D.)) =
HN-i(X), as contravariant functors in X.

THEOREM 4.1.1. Let X be a finite complex of dimension i. Then co o X, SN) induces
an isomorphism on H; for 0 < j < 2N - 2{ - 2.

PROOF. We first study the situation where X is an i-sphere. In this case,
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H.(F(X,S")) 2 H,(2'SV) = H.(SV )

for x < 2(N — i — 1). In the range in question then, we are only required to verify that
coa(X,SV) induces an isomorphism Hy_;(F(X, SY)) = Z. But from the definitions,
this is equivalent to the assertion that

. . ) . Hn(e
Hi(5%) ® Hy-i(F(S', S¥)) — Hy(S' x F(S', 8¥)) 2% Hyy (57)
is a perfect pairing. Note further that if the composite
B:S'ASN~E — S AF(S, V) N

is the standard identification, then the homomorphism

) . . . B
Hi(S') @ Hy-i(SM™%) — Hn(S* ASN=) — Hy (SV)

yields a perfect pairing. This gives the result for spheres in view of Corollary 3.3.

To deal with a general complex, we work by induction on the dimension :. The case
t = 0 is trivial. Suppose the result is known for complexes of dimension < 4, and
consider an i-dimensional complex X. Let X~!) denote the (i — 1)-skeleton. Then we
have a fibration

[Maea 2'SY —  F(X,SV)

F(X(i—l),SN)

where A is an indexing set for the collection of i-cells in X, and the vertical arrow
is restriction to the i — 1 skeleton. F(X (=Y SN) is (N — i)-connected and 2°S™ is
N — i — 1 connected, so, by Corollary 3.1, we have exact sequences

Hyaa (FOXC0, %) — a1y [T 2'8Y) — 1,(P(x.5Y))

a€A

— Hj(F(Xt*1,8%)) — Hi( II QiSN)
aEA

for j < 2(N — i) — 1. These exact sequences map to the corresponding long exact
sequences

HN_j-l(Xi—l)—*HN-j( V Si)-—’HN_j(X)
a€A

—>HN_j(Xi—l)——>HN_j—l(

V )

acA
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associated to the pair (X, X*~'). The five lemma and the inductive hypothesis now give
the result. m|

D
Now, suppose we have two based finite complexes X and Y, with amap X AY — SV,
Consider the composite

Cu(X)®Cy(Y) — Cu(X AY) — C.(SV)

where the left hand arrow is the same chain inverse to the Alexander—Whitney map
which we chose earlier. We therefore obtain an adjoint chain map

C.(¥) S Hom(C.(X),C. (S™)).

We say the map D is an S-duality map if A is a chain equivalence, i.e. induces an
isomorphism on homology, and we refer to Y as an S-dual to X.

PROPOSITION 4.1.1. Suppose D : X ANY — SV is an S-duality map. Consider the
adjoint map adj(D) : Y — F(X,SN). Then, if X is i-dimensional adj{D) induces an
isomorphism on H; for j < 2N — 2i — 2, and hence on 7; for j < 2N —2i —3.
PROOF. We have the following commutative diagram of chain complexes

C.(X)® C.(Y) —  CJXAY) — C.(SV)

4 1) J'=

C.(X)® C.(F(X,SN)) — C.(XAF(X,SV)) — C.(SV)

where {; is the chain map C.(id) ® C.(adj(D)) and I, is C.(id A adj(D)). Therefore,
we have another commutative diagram

C.(Y) —  Hom(C.(S),C.(SN))
Cu(F(X,SN)) — Hom(C.(X),C.(S"))
where the upper horizontal arrow induces isomorphisms on H; for all j, and the lower
horizontal arrow induces isomorphisms on H; for j < 2(N — i) — 2. The result is now
immediate. a

4.2. Existence and construction of S-duals

We must address the question of whether or not there exists an S-dual for a given finite
complex X and some N. We first examine what happens when we attach one cell.
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PROPOSITION 4.2.1. Suppose we have an S-duality X \Y — S¥, and amap f : S¢ —
X. Let X' = X Uy e®*\. Suppose further that dim(Y) < 2(N — d) — 1. Then there is a
finite based complex Y, of dimension < maz(dim(Y)+ 1, N —d+ 1) and an S-duality
X'AY' — SV,

PROOF. We first consider the sequence of maps

F(f.8Y
Y — F(X,8") T2 ) gagh o F(S8¢,8N) — gN-4,

Here the left arrow is the adjoint to the original S-duality, and the right one is the adjoint
to the identification S¢ A SV ~¢— SN, Since dim(Y) < 2(N —d) — 1, there is a map

¢
#, Y — SN2 which makes the diagram commute up to homotopy. Equivalently, we
have a commutative diagram

Y — F(X,SM)
F(f,8™)
SN-d ~  Cyl(e) -— F(8¢,8N)

where Cyl(¢) is the mapping cylinder of ¢ and the left vertical map is the inclusion on
one end of the cylinder. Now consider the diagram

Y — F(X,SM) — QF(X, 8N+
F(f,5") QF(f,5V*)

Cyl(¢) — F(59,8M) —_— QF(§4, SN+

F(X Uy ed'H,SN'H)

where the right hand vertical sequence is the fibration sequence obtained via Proposition
2.2.2 by applying F(—, SN*!) to the inclusion

XUpedt! — Xupedt'UCX ~ £89 ~ g1,
Since the composite
NF(X,SN*) — QF (5%, V) — F(X Uy e?t!, SN+
is null homotopic, the map Y — F(X Uy e?+!, S¥*1) is null homotopic, and there-

fore the composite Cyl(¢) — 2F(S4, SN+1) — F(X Uy edt!, SN+1) extends over
Cyl(¢) U CY. We therefore have a commutative diagram
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Y —  F(ZX,SN+) (= F(X,SN*))

Cyl(¢) _ F(Sd+l, SN+I) ( — QF(Sd,SN+1))

|

Cyl(@) UCY — F(X Uy edt!, SN+
DI
Let Y’ = Cyl(¢)UcY, with amap X' AY' — SN*! given as the adjoint of or. We claim
D’ is an S-duality map. To see this, it is only required to show that the associated maps
Hi(Y,) —_— HN+l—k(XI)

are isomorphisms. But this follows from the 5-lemma and the foliowing diagram of long
exact sequences:

—  H(Y) — HiCyl(d)) —  He(Y')

— HN+1—k(x) — HN+]—k(Sd) N HN+1—k(Xi)

—  Hy(Y) — He(Cyl(e)) —

N HN+2-k(X) — HN+2—k(Sd) -

a

REMARK. S-duals are also unique in the following sense. Suppose we have a ﬁnit,e
complex X, and S-duality maps D : X AY — SN and D' : X AY' — SV
Suppose N’ > N. Then, for sufficiently large [ there is a homotopy equivalence

, ]
EN'-N+ly —, 5Ly, Furthermore, it is characterized by the requirement that

EN'—N+I

XAEN’—N+1Y SN’—H

idAg =D’

XAZY’
commutes up to homotopy.

It is also possible to describe the S-dual in a very concrete fashion. Let X be a finite
CW complex. It is well known that it is possible to embed X in Euclidean space, R,
and from now on we view X as a subspace of RY. Let ¥ denote the complement
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RY — X. For any pair of distinct points v,w € R, let I(v,w) : R — R" be given by
I(v,w)(t) = (1 — t)v + tw. Notice that since v and w are distinct, if we view SV as the
one point compactification of RY, then (v, w) defines a loop in SV. [ may therefore be
viewed as a map from E C RN xRY, E = {(v,w) | v # w}, to 28V Leti: X — RV

and j: Y — RY be inclusions, then X x Yl—)iJ*RN x R factors through E, and we

call the composite X x Y — E—anSN the (preliminary) duality map, D. Since X is
compact, X is contained in some ball, B, in R". Choose a basepoint y for Y outside
that ball. Observe that ﬁlX x y extends over B x y, since y ¢ B. Since B is contractible,
we obtain an extension D from X x Y UC(X x y) to 2SY. X x Y UC(X x y) is
homotopy equivalent to X x Y/(X x y), which, in turn, is homeomorphic to X4 AY,
where X, denotes X with a disjoint basepoint added. Let D : X, AY — SV denote
the adjoint.

THEOREM 4.2.1. D is an S-duality map.

PROOF. For any finite subcomplex X C RY, with Y = RY — X, let Dx denote the map
constructed above. (Here, a point y is chosen once and for all, and will be contained
in the complements of all the subcomplexes we deal with.) We will show that if Dx,,
Dy,, and Dx,nx, are S-duality maps for subcomplexes X; and X; of R which are
contained in a ball which does not contain y, then D, x, is also an S-duality map. Let
Y: = R" — X;. Note that we have a pullback square of fibrations

F(X;UXy,SN)y —  F(X14,8V)

F(X2+,SN) — F(X] ﬂX2+,SN)
We suppose, for the moment, that N is sufficiently large that the natural maps
Cu(F(X1U X24,8")) — Hom(Cu(X1 U X24),Z)

and C,(F(Xiy,SY)) — Hom(C.(X;),Z) induce isomorphism on homology for
* < N. Note also that from the definitions, we have a commutative diagram

iny, F(X14+ U X24,5V)
1/1 F(Xl-i-aSN)
Y, F(X2+aSN)

N\

YUY F(X, N X24,8N)
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and therefore a commutative diagram

C.(riny) — CMH)elC(fy) — CiuY)

C(X1UXay) — C(Xiy) 90" (X2y) — C'(XiNXay)

This gives rise to a commutative diagram of Mayer-Vietoris sequences, which in the
relevant range is

—  Hga(WUYs)  —  H(hinY)

|

— HN_d_I(X1nX2+) — HN-d(X|UX2+) —

Hy(Y)) @ Hy(Y2) —

HN-4X\ )@ HV-4(X,,) —

where the vertical arrows are all adjoints to the duality maps.

Since Dx,nx,, Dx,, and Dy, all induce isomorphisms on homology, so does Dx,_x,.
To obtain a proof of the required result, we must now show that the result holds for a
single point. But for a single point, the complement has the homotopy type of SV, and

D
the map S® A S¥N-1— 28V is easily seen to be equal to the map J : V-1 — 2SN
from Section 3, whose adjoint is the identity map of SV. This gives the result. O

If one wants to give a duality map for X itself (rather than for X ), one must only
adjoin the point at infinity to Y. More generally, let X; C X, be an inclusion of
subcomplexes of RV, and let Y; D Y; denote the complements.

COROLLARY 4.2.1. In the above situation, there is an S-duality map
D:Z(Xy/ X1 AY/Yy) — SN

When X is a compact closed manifold, we obtain the following geometric description.
See (5] and [31].

COROLLARY 4.2.2 (Spanier, Atiyah). Let X be a compact closed smooth manifold, and
suppose X is smoothly embedded in RYN. Let N denote the normal bundle to the
embedding, and let T(N) denote its Thom complex. Then there is an S-duality map
X AT(N) — SN,

PROOF. Let B(X) denote a small tubular neighborhood of X. Via the exponential map on
the normal bundle, it is homeomorphic to the open unit disc bundle of N. If ¥ = RV - X,
we have the S-duality map
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XALY - Z(XAY)— SN

But, RV /Y is naturally homotopy equivalent to XY, since it is homotopy equivalent to
the mapping cone on the inclusion Y — R¥ and R” is contractible. On the other hand,
let B denote the closure of B; then R /Y is homeomorphic to B/9B, which in turn
is homeomorphic to the quotient of the closed unit disc bundle of NV by the unit sphere
bundle. This is the definition of the Thom complex of V. a

5. The construction and geometry of loop spaces

To understand stabilization a bit better it is useful to be able to compute the homology
of loop spaces, and in particular loop spaces of suspensions. This was first carried out by
I.M. James for the case of 22X . Soon afterwards J.F. Adams and P. Hilton constructed
a model for 2X when X is any simply connected CW complex with one zero cell
and no one cells.? In both cases explicit models for the loop spaces were constructed.
Later developments, particularly the construction of the Eilenberg-Moore spectral se-
quences made these original constructions less compelling for homology calculations
but nonetheless, the geometry of {2X reveals a great deal about the structure of X, so
explicit constructions still play a vital role in the theory.

Both the James and Adams—Hilton models had a multiplicative structure and were even
free associative monoids with unit. In fact more was true, each was a CW complex and
the multiplication was cellular, so that the cellular chain complex was a tensor algebra
with one generator in each dimension (n— 1) for each cell in dimension n of X . However,
while in the James model for £2X X, the boundary map was explicitly determined by
the boundary map for X'X, in the Adams-Hilton model the boundary map was not
determined at all initially. In a following paper Adams determined the boundary map
for their construction in the case where X is a simplicial complex with the 1-skeleton
collapsed to a point.

This work was of seminal importance in the theory and, though, as indicated, we can
today replace most of it using the techniques of Eilenberg-Moore and classifying space
theory, in this section we will describe the techniques and results of James, Hilton and
Adams, much in the spirit in which they had originally been developed.

5.1. The space of Moore loops

It will first be necessary to describe a space homotopy equivalent to the usual loop
space, the space of “Moore loops”, 2™ (X, *). Let F(R, X) denote the space of all
maps ¢ : R — X, in the compact open topology. Let 2M (X, %) C F(R, X) x [0, 00)

2 The construction given here is first described in the proof of Theorem 2.1 of [1]. However, the actual
geometric construction is secondary to their objectives there. What they do is to construct a chain map of the
cellular chain complex of this model into the singular cubical complex of 2™ (Y') and show, by chain level
arguments, that the resulting embedding induces isomorphisms in homology.

In later work S.Y. Husseini directly constructs this model for 2™ (Y') as a special case of his general notion
of a “relation in r-variables, M,(X)", [18].
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denote the subspace of all pairs (¢,r) for which ¢(0) = * and for which ¢(t) = * for
all t > r. Note that the standard loop space f2(X, *) can be identified with the subspace
of all pairs of the form (¢, 1) with ¢(t) = * fort > 1.

PROPOSITION 5.1.1. £2(X, *) is a deformation retract of 2M (X, ).

PROOF. First consider 2(X,*) C 2M(X,«), the subspace of all (¢,t) with ¢t > 1.

A deformation retraction, H, of 2M (X, x) to £2(X, *) is given by the following formulae.

H(s,(¢,7)) =(¢,r +s) whenr+s<1,
H(s,(¢,7)) =(¢,1) whenr<landr+s>1,
H(s,(#,7)) = (é,7) whenr > 1.

Now we give a deformation retraction G from 2(X, *) to £2(X, *) by the formula

G(s, (7)) = (90, (1 = )7 +5),

where

0= o(—grr )

This gives the required deformation retraction. O

We now remark that 2™ (X, *) is actually a topological monoid, where the multipli-
cation is given by (@,7) - (¢, s) = (¢ * ¢, + s) and

o *P(t) = o(t) when 0 <t <7,
oxYP(t)=¢(t—-r) whenr <t<r+s, (5.1)
dx () = * whent > r +s.

The point (,0), where * denotes the constant loop with value 0, is the identity element.

5.2. Free topological monoids

We now discuss the construction of the free monoid on a based topological space. First,
if we have a based set (X, x), recall that the free monoid on (X, *) consists of all the
“words” in X, with x set to the identity. Formally this can be described as

x/~ (52)

n20
where ~ is the equivalence relation generated by all relations of the form

(zl,...,mi_l,*,xi+|,...,mn) o~ (Il,...,xi_1,$i+|,...,.’Itn). (8.3)
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Multiplication is now just juxtaposition of words. This construction can now be applied
equally well to based topological spaces, since one can construct the quotient space asso-
ciated to an equivalence relation. Let the resulting construction be denoted by M (X, x).
It has the following universality property.

PROPOSITION 5.2.1. Let (X, *) be a based space, and let f : X — M be any map
to a topological monoid, M, with f(¥) = e. Then there is a unique homomorphism
f:M(X,*) — M of topological monoids so that the composite

f
(X, %) — M(X,*) =M
is equal to f.

REMARK. When dealing with quotient spaces and products there is sometimes trouble,
since the quotient of a product is not usually a product, even if only one of the two
spaces is quotiented. However, with the compactly generated topology this difficulty is
avoided, and we always assume that we are using this topology from now on. (See the
remarks at the end of 2.5.)

5.3. The James construction
Let (X, ) be any based space. Recall the definition of the “James map”,
J:(X,%) — (XX, %), J)}t)=][tz]e TX.

If we compose this map with the inclusion into 2™ (XX, *), we obtain a map, J, which
does not carry the basepoint to the identity. Let

X =x1]lo,1)/=~,

where ~ is generated by 1 ~ x, and define an extension J of J to X by J(s) = (x, 5),
where 0 < s < 1, and * denotes the constant map with value *. Of course, if X is a CW-
complex, then X and X are based 'homotopy equivalent. This now becomes a pointed map
if we let O be the basepoint for X. Since we have a based map J: X o QM(£X, %),
we obtain a homomorphism J : M(X,0) — 2™ (ZX, +). The theorem of James is that
this map is a homotopy equivalence when X is a connected CW-complex.

Before proving this theorem we need to do some preliminary work on the homology of
both spaces involved. For simplicity, we will consider homology with field coefficients
(F,, p a prime, or Q). For any topological monoid M, the homology groups of M form
a graded, associative algebra with unit via

H.(M)® H.(M) = H, (MxM)—l(—"lH (M) (5.4)
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where p : M x M — M is the multiplication map. Thus the graded groups H,(M(X,0))
and H, (2™ (X, +)) have the structure of graded rings, and this additional structure will
be quite useful in describing the homology.

We recall the notion of the tensor algebra of a vector space V,T(V).If V is a graded
vector space, T'(V') obtains a natural grading where v; ® - - - ® v, has grading Y ;. | o;
if v; has grading a;. ,\The tensor algebra has the universal property that if V is a graded

vector space and IV — A is a map from a graded vector space into a graded algebra, then
A extends uniquely to a homomorphism of graded algebras A : (V) — A.

Now consider M(X,0); it is filtered by 'subspaces My, (X,0), where M,(X,0) is
the image of X™ in M,(X,0). Thus M, (X, 0) consists of the “words of length less
than or equal to n” in the free monoid on (X,0). From the definition of the equiva-
lence relation defining M (X, 0) it is clear that the subquotient M, (X, 0)/M,_(X,0)
is homeomorphic to the smash product

XA--AX.
S e

n times

The Kiinneth formula now tells us that
i~ -~ -~ n ~ ~
i=1

where the tensor product denotes tensor product of graded vector spaces. Let us now
examine the collapse map

M, (X,0) — M,(X,0)/M,_(X,0).
We claim that it is surjective on homology. To see this, note that we have a map X™ —
Mn(X ,0), given as the composite of the inclusion X™ — X™ with the identification
map X™ — M,(X,0). The composite

X" — M, (X,0) — M, (X,0)/Ma_,(X,0)
is the equivalence X" — X" composed with the collapse of the product to the smash

product. The Kiinneth formula shows that this is surjective, hence the result. We conclude
that

H.(M(X,0)) =F,® é@nﬁ,(X).
i=1

Now, the inclusion X — M (X ,0) induces a map of graded vector spaces

H.(X) — H.(M(X,0)),
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and hence a homomorphism of graded algebras A : T(H, (X)) — H.(M(X,0)).
PROPOSITION 5.3.1. A is an isomorphism of graded algebras.

PROOF. For any graded vector space V, let Tp,(V) =V ®--- ® V. It now follows from
the above analysis that under A, T,(H (X)) has image in H,(Mn(X,0)), and that it
surjects to

H,(Mp(X,0)/Mn-i(X,0)) = éf{.(x

=1

Since we have a surjective map of isomorphic vector spaces, it is an isomorphism, and
hence A is an isomorphism. 0

We must now perform a similar analysis for H,(2M(ZX,0)) = H.(2XX, *). Note
that 2% is equipped with its own loop sum operation u, defined by p(4,¥) = ¢ * ¥,
where ¢xi(t) = ¢(2t) for 0 < t < 1/2, and ¢*(t) = ¥(2t—1) for 1/2 <t < 1. pis not
associative, but is homotopic to the restriction of the multiplication map on 2 (X, x)
to £2(X,*) and is therefore homotopy associative. In particular, o gives H,.(2XX)
the structure of an associative graded algebra. Let E denote the space of maps ¢ :
[0,1] — XX with ¢(0) = *. The evaluation map p : E — XX, p(¢) = ¢(1) is a
Hurewicz fibration, and the fibre over the point * is clcarly homeomorphic to the standard
loop space 2(XX,*). Let C; X denote the image of [1,1] x X in Z'X, and similarly
C_-X will be the image of [0, 2] x X. Both these spaces are contractible, and their
intersection is X. By Corollary 2.2.1, it follows that p~!(C. X) (respectively p~}(C_ X))
is homotopy equivalent as a space over C, X (respectively C_X) to C1 X x QXX
(respectively C_X x 22 X). We obtain explicit homotopy equivalences as follows.
Let Hy : C+X x I — CiX be the standard deformation retraction of C+ X to .
Define maps 64p~!'(C1:X) — C1X x 2XX by setting 04(¢) = (p(¢), 1), where
Y1(t) = ¢(2t) for 0 < t < § and ¢4 (t) = He(p(¢),2t — 1) for § < ¢t < 1. One
readily checks that these are homotopy equivalences over C4+ X. When we restrict §.. to
X C C4+ X, we obtain two distinct homotopy equivalences

-1 6z
P (X) =X x NZX.

We also define homotopy inverses 74 to 81 over X as follows. ni (z,¢) = (z,€&4),
where £+ (t) = 2¢t for 0 <t < } and £4(t) = H(z,2 - 2t) for y < ¢ < 1. Consider the
composite _ ony : X x 2XX — X x 2XX. It is given by 6_ o ny(z, d) = (z,¢),
where ( is described by the following formulae:

¢(t) = ¢(4t) for 0<t< 4,
¢(t) = Hy(z,2 — 4t) for%gtg%
((t)y=H_(z,2t—1) fori<et<1.
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Note that after suitable reparameterization, 8_7, becomes equal to the composite

B8
XxREX X x QEX x QEX — X x 25X

where a(z, ¢) = (z, J(s), ¢) and B(z, d1, ) = (z,p0o(d1,¢2)). Here J : X — NXX
is the James map and p is the loop sum multiplication on 22 X. Now consider the
Mayer—Vietoris sequence for the covering of E by p~!(C4+X) and p~!(C-X). It has
the form

— H.(X x RZX) ®
\ /

H,(22X)=H.(p~'(U}))

If we identify p~!(X) with X x 2X X via 6., then f is just the homomorphism induced
by projection. g, on the other hand, is given by the composite

Jx1
Ho(X x 0EX) S H(QZX x 25X) = H.(25X).

If we identify H,(X x 2XX) with H,(X) ® H,(f2XX), then the map is given by

H.(J))eId H.(u)

H.(X) ® H.(25X) H.(25X)® H(NZX) — H,(RZX).

Since H,(F) is trivial we conclude that the map

~ (8:.f) - -
H.(X x 05X)—2 A,(25X) © A.(2EX)
is an isomorphism of graded vector spaces. Further,
H.(X x N£X) ¥ [H.(X)® H.(2ZX)] ® H.(2ZX),

and f is just the projection on the second factor. It follows that the map H.(X)®
H,(2EX) — H,(£22X) is an isomorphism. Therefore, if we let V, = H.(X) and A.
be the algebra H,(2£X), and let A denote the ideal of positive dimensional elements,
then V, ® A, — A, is an isomorphism. We claim this characterizes A, completely.

PROPOSITION 5.3.2. Let A, be a graded algebra with Aq a field, and let A, denote the
ideal
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i
Let V. — A, be a map of graded vector spaces. Suppose the multiplication map V, ®
A. — A. is an isomorphism of graded vector spaces. Then the algebra homomorphism
i : T.(V) — A. which restricts to i on V, is an isomorphism.

PROOF. We first show that 7 is surjective. : is clearly an isomorphism in dimension 0.
We now proceed by induction. Consider any a € A,, and suppose it is known that
all elements in A, are in the image of 7. Since V, ® A, — A, is an isomorphism,
any homogeneous element o can be written in the form ) v; ® a;, where v; € Vi
and a; € A.. Since the v;’s all have grading greater than 0, the ¢;’s all have grading
less than n and hence are in the image of i. The v;’s are clearly in the image of i, so
therefore is o. To prove injectivity, we observe that % is an isomorphism in dimension
0. Now consider an element 7 of minimal grading » on which ¢ vanishes. Since 7 is of
positive grading, it lies in the image of V @ T(V) in T(V), ie. 7 = Xv; ® t;, where
each t; has grading less than n. Therefore, 3" v; ® i(t:) # 0 in V, ® A,. But since the
multiplication map V, ® A, — A, is an isomorphism, we conclude that i(7) # 0, which
is a contradiction. O

COROLLARY 5.3.1. Let J : X — 2X'X be the James map. Then the natural homomor-
phism T(H,(X)) — H.(2XX) is an isomorphism of graded algebras.

COROLLARY 5.3.2. If X is a connected CW complex, the map
J:M(X,0) — 2M(ZX,0)
induces an isomorphism on homology groups. Hence, Jisa homotopy equivalence.

PROOF. The homology statement is clear since we have a commutative diagram
T(H.(X))

- H.(J)
H.(M(X,0)) H,(2M(£X,0))

where we have proved that both diagonal arrows are isomorphisms.

This shows that H, (J) induces isomorphism on H., ( ; Q) and H.( ; F,). The universal
coefficient theorem then gives the result for H,( ;Z). The relative Hurewicz theorem
now gives the result for homotopy groups. M (X ,0) has a natural cell structure coming
from the cell structures on the products X™, so M(X,0) is a CW complex. By a theorem
of Milnor, [25], 2™ (X X,0) has the homotopy type of a CW complex. Theorem 2.1.3
now applies. O

5.4. The Adams-Hilton construction for 2Y

We now build a model for 2MY where Y is a simply connected CW complex but not
necessarily a suspension.
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The model for the construction we are about to present is James’ result above. Note that
J(X) ~ XX is a free, associative, unitary monoid with a natural CW decomposition
provided that the base point * is a vertex’, coming from the natural decomposition of
X™ as a product CW complex. Thus, J(X) has the following three properties:

— every element v € J(X) has a unique expression v = * 0T v = Z1Z3 - Tn, Ti € X —*
forl1 <i<n,

-z - - - T, is contained in a unique cell of J(X), the cell C} x C2 x - - - x Cy, where z; €
Int(C;), 1 < i < n, so in particular, no indecomposable cell contains decomposable
points,

— the cell complex has the form of a tensor algebra T(Cy(X)), where the subcomplex
Cy(X) is exactly the indecomposables, and the generating cells in dimension ¢ are in
1-1 correspondence with the cells in dimension ¢ + 1 of X' X.

THEOREM 5.4.1 (Adams—Hilton). Let Y be a CW complex with a single vertex and no
1-cells:

Y = xueluelu---uetugu---.

Then there is a model for QM (Y') which is a free associative CW monoid, with * the only
vertex, the generating cells f},..., fi,... in dimension i are in 1-1 correspondence with
the (i + 1)-dimensional cells of Y and it satisfies condition (2) above. (For (3) there is
no reason to assume that 0 of an indecomposable cell consists only of indecomposable
terms.)

PROOF. The proof essentially goes by noting the way in which the loop space changes
as we add cells to our space Y.
In particular, the 2-skeleton,

sky(Y)=+Ueluelu---Uel ~ \/52 = Z‘\/Sl,
is a suspension and the theorem is James’ result. So what we need is a device for doing
an inductive step.

DEFINITION 5.4.1. Let M be an associative, unitary monoid with base point the identity,
and suppose that f : X — M is a based map. Then the prolongation P(M, f,cX) is
the associative, unitary monoid

oo
[T us ex)/ ~
n=]
with multiplication induced by juxtaposition, and where ~ is the equivalence relation
(mla' "7:1:11.) ~ (‘Tla' "si‘\i)mizi-f-lv e 7$n)

if and only if both z; and z;,, are contained in M or one of x;, x;; is the unit *.

3 Using the compactly generated topology so that products behave well.
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P(M, f,cX) has obvious universality properties: it is universal for maps of M Uy cX
into associative unitary monoids, which are multiplicative on M. Additionally, if X is
a sphere S™, f is cellular, and M has a CW multiplication, then P(M, f,cX) has a
CW multiplication, and Cy(P(M, f,cX)) has the form T(A, e™*') where A is the CW
complex of M.

Now, we suppose that a principal M -quasifibering has been constructed M — F — B
with E contractible which is sufficiently structured that we can build the associated prin-
cipal P(M, f,cX) quasifibering over B by just replacing the fiber M by P(M, f,cX),
so we have, by a minor abuse of notation, the quasifibering

PM, f,eX) — P(M, f,cX)xy E — B.
This extends to a quasifibering
{P(M, f,eX) xm E} U {P(M, f.eX) x c(cX)}/ ~— BUcZX (5.5

where ~ is the identification (p,0, {¢,z}) ~ (p,t, f(z)) where (¢, f(z)) is the track of
the contracting homotopy in E on the image of f(z) € M.

The base of this quasifibration is B Ugy ¢Z'X and it is not hard to show that the
total space is again contractible if say X is a sphere S™, n > 1, and f is cellular. This
can be verified by using the contracting homotopy in Cy(E) together with the obvious
contraction of the new cell e®*! in the new part to build a contraction on the entire
cellular chain complex. Moreover, in our situation it will also be direct to check that
the resulting quasifibering has sufficient structure that we can again build an associated
principal quasifibration from it.

We now proceed with the construction, starting with the trivial M = * over *. The
next step attaches e!’s, one for each 2-cell of Y via the unique map f : \/ S° — x. The
resulting quasifibering has the form J(\/ S') U J(V S') x ¢(V/ S') where

(- ze, L, Z) ~ Ty 2r -z, (20T, 0,2) ~ T - Ty,

and (z) - - - Tr, t, %) ~ x| - - - T, as well. The base is, of course, sky(Y) ~\/ 52,

At each stage, the space P(M, f,cX) has the homotopy type of 2M (BUcX X) where
the attaching map is X' f : XX — B. Consequently, assuming that B is the homotopy
type of sk;(Y), we can assume X = \/S?, one sphere for each (i + 1)-cell in Y,
with XZ'f restricted to S;- the j-th attaching map, and the base for P(M, f,cX), using
the construction above has the homotopy type of sk (Y"). (It should be noted that the
attaching maps in M are uniquely determined since the total space of the quasifibration
at the (i — 1)*¢ stage is assumed to be contractible, and that the images of the traces of
the contraction on f in the base will be the attaching maps for sk;;(Y).) ]

This is the Adams—Hilton model for 2™ X. Of course, since the prolongation con-
struction is universal it is not always the most efficient way to build a model for the loop
space.
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EXAMPLE 5.1. CP? = S2 U e* where the attaching map is the classical Hopf map h :
53 — S, There is a fibration S' — S5 — CP?, and hence, taking loops, a fibration

IPMSs L oMcep? - S

We claim that this fibration splits up to homotopy type as the product 2™ (S%) x S'.
From the long exact sequence of homotopy groups for the fibration, we see that

m (.QMCPZ) —m(SH) =2

is an isomorphism. Consequently, mapping S! — 2™ CP? 50 as to represent a generator
of m (2™ CP?), and using the homotopy lifting property, we can map S' — 2™ CP? so
that the composite S' — 2MCP? — S is the identity. Now, using the multiplication in
M we have a map of the product (2M5%) x S' — 2MCP? which gives the asserted
homotopy equivalence.

This shows 2 CP™ has the homotopy type of a CW complex with one cell in each
dimension congruent 0 and 1 mod 4 and no other cells. Furthermore, the fact that the
bottom circle splits off implies that the boundary map in the cellular chain complex is
identically zero.

On the other hand, the Adams—Hilton theorem gives as a model for 2MCP? the
prolongation P(£2™ §2, 2h, e*) which has a cell decomposition given by the prolongation
of

('ueueu--)ugm .
Thus, P has cells of the form
e x fko x et x f3x ...

This cellular decomposition of 2™ CP? is much bigger than the one obtained above
by splitting off the circle and therefore there must be a massive number of nontrivial
boundary maps here. For example, e? = e! xe! so d(e2) = 0, but since Hy(2MCP?) = 0
we must have 9(f3) = €. Using the multiplication in the cell complex this boundary
map now determines all the boundary maps.

EXAMPLE 5.2. We know from James’ construction that
NS = sryuemuetuetmue™u-- .

Thus, the Adams—Hilton construction implies that, for n > 2, there is a cell decomposition
C#(02sn+l) — T[en—l,eZn—l,eSn—l’e4n—l7eSn—l’ . ]

The results in Sections 6 and 7 determine the boundary maps which are quite complex
and begin to reflect some of the deeper structure of S™*'. For example, it turns out that

a(e™ ") =2[s™ 1]« [s™].
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In general the examples above show that it is quite difficult to understand the boundary
maps in the cell decomposition provided by the Adams-Hilton theorem. However, in the
special case that Y is given as a simplicial complex with no edges, and consequently
only one vertex Adams built an explicit model with an explicit 8 map and we discuss
his results next.

5.5. The Adams cobar construction

To compute the boundary in the chain complex of AH(X) for general X is a major
problem in homotopy theory. (If one knows how to do this sufficiently well it gives as a
special case reasonable algorithms for determining the 72(S°) for example.) For certain
special types of complexes this has been done, though, and here we follow J.F. Adams,
[2], and assume that X is, in fact, an ordered simplicial complex with the 1-skeleton
collapsed to the base point *. This is actually only a weak restriction on X since we
have

LEMMA 5.5.1. Let X be a connected, locally finite simplicial complex with 7(X) = 0,
then there is a finite 2-dimensional subcomplex, C; C X, containing the entire 1-skeleton,
ski(X), with H,(C»,Z) = 0 and the quotient map p : X — X/Cy is a homotopy
equivalence.

PROOF. ski(X) has the homotopy type of a wedge of circtes, \/* S, and there is a
cofibering

m
X — X/ski(X)— \/ &
1
Since H;(X) = 0 for i = 0,1, the homology long exact sequence for the cofibering
implies that
w, : Hy(X/ski(X);Z) — H.(Zski(X);Z)

is onto. On the other hand, a basis for H,(X/sk;(X);Z) can be chosen which consists
only of the Hurewicz images of the fundamental classes of embeddings, ¢(0?/d0?) —
X/ski(X), where the o2 run over a subset of the 2-simplexes of X. Consequently the
same is true for im(w.). That is to say, there are m 2-simplexes o?,...,02, in sky(X)
so that

Sk](X)UUO’? =
i

has trivial reduced homology. Now, 7;(C>) need not be zero, so C; need not be con-
tractible. However, in the cofibering

Cy — X—LX/Cz
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we must have 7 (X/C5) = 0, since C, contains the entire 1-skeleton of X . Consequently,
p is a homotopy equivalence. O

The simplicial structure of X/C, is sufficiently rigid to allow us to systematically
compute the boundary map 0 in AH(X/C,). Similarly, we will consider the problem
when X is given as a cubical complex.

In both cases the idea is to make an explicit model consisting of paths from an initial
to a final vertex in the simplex or the cube, via acyclic models types of techniques to
describe each generating n — 1 cell in AH(X) for every cell e, C X.

To begin consider the ordered triangle (0, 1,2)

Boundary path (0, 2)

(5.6)
Internal paths

Fig. |

The paths we construct will start at the vertex (0) and end at (2). To begin we consider
paths along the boundary. There are two ways of moving along edges from O to 2. The
first path, which we denote (0, 1) * (1,2), moves linearly along the bottom edge from
0 to 1 and then from 1 to 2. The second path, which we denote (0,2) moves linearly
along the hypotenuse from 0 to 2. Now let I be the line connecting 1 to the midpoint*
of the path from O to 2. For each t € [ there is the straight line path from O to ¢ to 2 and
this gives a one parameter family of paths from 0 to 2 connecting the two edge paths,
(0,1) = (1,2) and (0,2). If we order the vertices of X, then each 2-simplex is linearly
identified with (0, 1,2) and we can use this identification to associate to each 2-simplex
o? a 1-simplex in the path space on o2,

(0,,2)0— &{0,1)(1,2)
Fig. 2
Moreover, since, by assumption, X has only a single vertex, these paths actually are all
in 2M X, and we have constructed a correspondence from the 2-cells of X to 1-cells

in 2M X . In the Adams—Hilton construction, what was important to show that the cells
there were “correct”, was that the evaluation map

eval : (I x e I x e"") — (skn(X),skn_l(X))

4 The notation is chosen to emphasize that this path is actually the composition of two paths, the first from 0
to 1 and the second from 1 to 2. Its length is 2, so we are naturally working here in the space of Moore loops.
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have degree one to the corresponding cell in X. In the case here the evaluation map is
explicit and evidently of degree one.

*

(5.7

Fig. 3

To continue we need to study the analogous construction for higher dimensional sim-
plexes. Thus, consider the tetrahedron (0, 1,2, 3)

0 2 (5.8)

1
Fig. 4

To begin, we know how to fill in paths along the two faces (0, 1, 3) and (0, 2, 3) containing
both vertices 0 and 3 by using the previous construction for a2. Moreover, along their
intersection (0,3), the paths agree. On the face (1,2,3) we know how to construct
paths from 1 to 3, and to construct paths from O to 3 we simply compose with the
path (0, 1)! Thus, here the paths are of the form (0, 1) * ;. Moreover, the boundary
paths are (0, 1) % (1,3) which is also a boundary path for the paths in (0, 1,3), and
(0,1) % (1,2) = (2,3).

Also, the paths in (0,2, 3) have boundary paths (0, 3) which is already accounted for,
and (0,2) * (2,3). Note that this implies that we should fill in the paths along the final
face (0, 1,2) so that they have the form o; * (2,3).

Thus we have extended the construction above to fill in paths from 0 to 3 along all
four of the faces of the tetrahedron using four intervals connected together in the form
of the boundary of the square, and, since the map is degree one on each face, it clearly
gives a degree one map, on evaluation

eval : (I x 317,31 x 3I*) — (30°,{0,3}).

Now, contracting o> to (0,3) extends our construction of paths to a three-dimensional
analog of the previous construction,

hy @ (I2,01%) — (E$3, EO3)
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which is again degree one on evaluation,
eval : (13,6) — (03,8)
by filling in the following diagram

(0,2) « (2,3) (0,1) * (1,2) % (2,3)

5.9

(0,3) Fig, 5 (0,1) = (1,3)

With these preliminary constructions in mind, we can describe the general case.
THEOREM 5.5.1 (Adams). For each positive integer n, n = 2,3, ..., there is a map
pn IV — Eg .
so that pn|dI™~" has image contained in EQ%" and the evaluation map
eval(py) : (I",0I") — (o™, 00™)

has degree one. Moreover, the p, fit together in the sense that p, restricted to the
boundary consists of maps of the form p; * p,_ | where x represents juxtaposition of
paths.

PROOF. The proof is by induction. To begin, we assume the p; are defined for j < n—1,
and, since we have already constructed the maps for n = 1,2, 3, we might as well assume
nz4

Each point in 8(I™~!) can be regarded as an n-tuple (¢i,...,t,) where at least one of
the ¢;’s is either zero or one. We can assign to every vertex the edge path in 9o™ from
0 to n — 1 given by

<0,,...,i1>*<'I:],...,k1/:l,]a’_,_’iz>*...

where we have cut (0,...,n) at every i; where t;, = O by inserting a ..., 4;)(¢;,... and
dropped the vertices corresponding to every ti; = 1. Once again, we can fill in this map
over the faces of I™~1, so that, over the face JJ’:;: (where t; = 0 while t;, = 1), we
have py, *pi, * - - * P,

To be precise, p;, maps to the paths on the face (i;,... ,j:, ooy di41) C o™, from i,
to i,41, where the j, are deleted from {i;,4; + 1,...,5¢41 — 1,t¢41} for each j, with
iy < js < i341. Clearly, this definition is consistent and defines p, on 01 n-1 Moreover,
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evaluation is degree one on each of the n — 1 faces J;, 1 < I < n — 1, as well as
on the faces J' and J"~! and their images lie in distinct (n — 1) faces of o™, by the
inductive assumptions and the construction. Also, the images of the remaining faces all
lie in the (n — 2) skeleton of o™. Hence, it follows that evaluation has degree one on
9I™~!, and hence, from the 5-lemma, also has degree one for p,. This completes the
inductive step. O

Thus, we see that the boundary of the cell "~} corresponding to the simplex o™ C X
is a union of products of lower dimensional cells under the loop sum operation in the
Moore loop space, as well as a piece corresponding to the original boundary of o™.
Formally, on the complex

T(X)=T(e},...,er,...,ex"",...),

remembering that 3(c™) = 5_(—1)*F;(c™), we have

(™) = S (-1)e(Fi(o™)) + ';V;‘e(fj (e™))e(ls (@™))- (5.10)

Here

- file™) =(0,...,7) is the map on the front j face,
- lj(o™) = (j,...,n) is the map on the back n — j face.

The second term in (5.7) formally corresponds to the the Alexander diagonal approx-
imation, A, which is given on simplices as

n
A:g" — ij(a") ®1;(o™)
3=0
and induces a chain map on simplicial complexes and singular complexes:
A Cu(X) — C(X) @ Cu(X),

so Ad = 0® A. It is also easy to check

PROPOSITION 5.5.1. The Alexander chain map is coassociative. That is,
(Ax1)oA = (1x A)o A.

Moreover, A is chain homotopic to the diagonal map
C.(X) S C(X) ® Cu(X)

in the singular chain complex of X.
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Dualizing, we have
PROPOSITION 5.5.2. The dual Alexander map
A CH(X)® CH(X) — C*(X)

is an associative cochain map. Moreover, the induced pairing on cohomology H*(X; F)®
H*(X;F) — H*(X;F) is just the cup product.

Summarizing, we have identified the second summand in 5.7,

2 e(fi(o™))e(li(a™)), (5.11)

and at the cohomology level, it is directly tied in to the cup product. In particular, if the
cup product structure for H*(X;F) is nontrivial, then this piece must be present.

PROPOSITION 5.5.3. If X is a suspension, say X = XZ, then all cup products in
H*(X;A) are zero.

PROOF. Consider the homotopy of the diagonal map

A
FX—-XX x XX

defined by

H(r {t,z}) = ({(- + ez}, {(1 + 1)t —7,2})
wherem=mifm >20,andis0if m <O, whiltm=mif0<m< 1landis 1 if
m 2> 1. When 7 = | it has image contained in Y X v XX € XX x Z‘X, and the result
follows. a

This partially explains why we can replace the general Adams—Hilton model by the
James model for £2X in case X is a suspension.

To actually compute we note that given a j-cell 07 in X we have constructed a j — 1
cell e(0?) in AH(X). We denote the dual cochain by |o7|. Thus, given a product cell

I Y (i
in AH(X) we label the dual cochain, which is of dimension }_ j; — I by
0% |o%2| - - - |o%t].
Thus, dualizing 5.7 we can write the coboundary map
$(lo% |- Jo]) = Y1l |- [s(e)] o
S (=1)fot |- |o¥ uoF| - o].

]

(5.12)
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Here

~ |6(c)| is shorthand for the coboundary on |o7¢|, the dual of e(o7t),

~ |o% U o?t| is shorthand for the cup product on the obvious dual co-cells,

~ the sign in the second sum is given by setting s equal to the number of bars plus the
sum of the dimension of the cells that are passed over.

This is just the Bar construction on the associative chain algebra C*(X)! We can
filter C*(AH(X)) by the number of bars describing a (dual) cell and (5.12) shows
that 6F;(AH(X)) C Fi(AH(X)). Consequently, we obtain a spectral sequence for
computing H*(2X;F), with E,-term

Eth. (X:F) (F, F), (5.13)

where the ring structure on H*(X;F) is obtain from the cup product. As an example
H*(CP*;F) = F[b], a polynomial algebra on a two dimensional generator, and

Ea:tp[p] (F,F) = E(|b|),

the exterior algebra on a one dimensional generator. Hence, in this case the spectral
sequence collapses. But the spectral sequence does not always collapse, and the higher
differentials measure the difference between the information given by the chain level
Alexander diagonal approximation and the cup product.

REMARK. One other reason for the close connection between the diagonal map and 2X
is the fact that the fiber of the Serre fibration

A
X—-XxX

is 2X.

6. The structure of second loop spaces

In Section 5 we showed that for a connected CW complex with no one cells one may
produce a CW complex, with cell complex given as the free monoid on generating
cells, each in one dimension less than the corresponding cell of X, which is homotopy
equivalent to {2X. To go further one should study similar models for double loop spaces,
and more generally for iterated loop spaces.

In principle this is direct. Assume X has no i-cells for 1 < 7 < n then we can iterate
the Adams-Hilton construction of Section 5 and obtain a cell complex which represents
2" X . However, the question of determining the boundaries of the cells is very difficult
as we already saw with Adams’ solution of the problem in the special case that X is
a simplicial complex with sk;(X) collapsed to a point. It is possible to extend Adams’
analysis to 22X, but as we will see there will be severe difficulties with extending it to
higher loop spaces except in the case where X = LY.
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6.1. Homotopy commutativity in second loop spaces

Given a based CW complex X, elements in £22X can be thought of as maps from I? to
X, so that 3(I?) is sent to the base point. There are two notions of loop sum in 22X

we consider the one coming from the loop structure in the first variable, and call it u;
thus

3 #(2s,t) ifo<s<
I‘(¢'a¢)(sat)‘“{¢(2s_1’t) ifégsszl.

It is typically shown in first year topology that m(X) is abelian for any complex X.
From the usual adjointness considerations this is equivalent to the assertion that mo(22X)
is abelian. This suggests that u itself should, in some sense, be commutative, at least up
to homotopy. The formal version of this statement is that if we let

T: X x PX — PXx PX

be the twist map, T'(¢1, #2) = (¢2, 1), then po T is homotopic to x. The homotopy, H,
is given by the following figure.

I
o I
d) *
/ (6.1)
¢ *
Y| o
*1 ¢

Thus, two fold loop spaces are “homotopy commutative”. One might now guess that
2252X should be homotopy equivalent to the free commutative monoid on X, as
NXX is equivalent to the free monoid on X. This naive guess fails, however, as one
can see from the Dold—~Thom theorem, which asserts that if SP>°(X') denotes the infinite.
symmetric product on X (i.e. the free abelian monoid), then 7, (SP>(X)) & H,(X).
Thus, 7, (SP>(5?)) = 0 for * > 2, while m3(£22£25%) = 75(S*) = Z/2, generated by
the double suspension of the Hopf map 7 : S — S2.

It turns out that there are “degrees” of homotopy commutativity which must be encoded
in our models, and that 22X is, in a sense, minimally homotopy commutative and 2¢ X
becomes more and more highly homotopy commutative as k goes to infinity. But even
within the second loop space there are levels of homotopy commutativity which must
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be distinguished. For example there are two ways of using homotopy commutativity to
pass from a * b * ¢ to ¢ * b *x a. We have

axbxc — bxaxc » bxcxa — c*xb*a,

axbxc — axcxb — cxaxb — cxbxa

corresponding to the relation (1,2)(2,3)(1,2) = (2,3)(1,2)(2,3) = (1,3) in the sym-
metric group S3. Gluing together the three homotopies above give two maps ¢,V :
[0,3] x (.QzX)3 — (22X where

(0 x (12X)°) = #(0 x (22X)’), ¥(3 x (22X)’) = ¢(3 x (22X)?),

and hence a map © : D x (§2°X)3 — (22X where D is the boundary of a hexagon,
C(2) and the map on each interval represents one of the homotopies.

LEMMA 6.1.1. The map © may be filled in so as to give a map A, : C(2) x ({?X)> —
2 X which agrees with © on D x (2°X)3.

PROOF. Note that a * b* c is a map of I? to X with 3% mapping to * and three smaller
rectangles specified on which the map is, respectively a, b, and then c. What we did in
the original homotopy of commutation was shrink these rectangles and move them past
each other, then increase their size. So what we do is to shrink them even smaller and
slide them past each other in an appropriate way so as to move from the first homotopy
to the second. We can specify the motion by specifying the centers and sizes of the
rectangles and then moving the centers.

The following diagram shows the movement of the respective centers in I? as we
move from the a xb* ¢ to ¢ * b * a in the three stages indicated and in the two distinct
manners indicated. The first is 0100, and the second is 0,0107 where o) exchanges the
first and second while oy exchanges the second and third.

(6.2)

740N B AN

010301 020102

The two homotopies are described in (6.2), but, as asserted, (6.2) also makes it clear that
the first can be deformed to the second without introducing any self intersections and
without moving the points at the top or bottom of the two “braids”. This deformation
fills in the hexagon. a
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In the next section we generalize this construction and extend the ideas of Section 5 to
create a good model for the second loop space. Additionally, the point of view developed

in the analysis here, in Section 7 becomes the key to developing good models for 2 X" X
for all n.

6.2. The Zilchgon model for X

Adams replaced simplices, o™, by cubes, 1™, in building an explicit model for the
Adams-Hilton construction of {2X when X is a simplicial complex with its one skeleton
collapsed to a point. It is natural to try to generalize this. Thus, suppose that Y is a cubical
CW complex where the one skeleton has again been collapsed to a point. It is certainly
possible to find combinatorial cells C(n — 1) which will replace each I™ in Y in building
an explicit model for the Adams~Hilton construction. If this can be done in a sufficiently
natural manner then, for X is a simplicial complex with sk;(X) collapsed to a point,
this would give an explicit construction for 22X . This, in fact turns out to be possible
and we describe the construction now.

We begin by looking at the edge paths starting at (0,...,0) € I™ and ending at
(1,...,1). An edge has the form (ey,...,&r,t,Er42,...,En) Where each ¢; is either a
zero or a one. Then, we can specify the edge path by specifying which coordinates are
moved in which order. So E(1)E(3)E(2) for I* would mean the path which first moves
the first coordinate, then goes from (1,0,0) to (1,0,1) by using the third coordinate,
and finally goes from (1,0,1) to (1,1,1) using the second coordinate. It follows that
these edge paths are indexed by the elements in the symmetric group S, and for I™, by
the symmetric group S,,. So we look for a polyhedron of dimension n — 1 with vertices
indexed by S, to model paths in I"™.

We now introduce a family of combinatorial cells which do just this, the Zilchgons,
(also called permutahedra by combinatorialists), C(n). This will allow us to build explicit
models for 2X where X is a cubical complex with sk;(X) ~ * or 22X where X is
a simplicial complex with sk,(X) ~ . But any attempt to continue this process will
require many different combinatorial cells in each dimension > 2.

Let e = (1,2,...,n) € R™ and let C(n — 1) be the convex hull of the translates of e
by the usual permutation action of the symmetric group S, on R™. Note that the convex
hull spanned by a set S is the set of points

{Ztisi ! 0<t, Zt,‘ =1, s € S}

In particular C(n — 1) C A"~! where A" is the (n — 1) dimensional affine plane in
R" with equation

il‘i =n(n+1)/2.
i=1
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EXAMPLE 6.1. C(1) is the line segment from (1,2) to (2,1) in R? while C(2) is the
convex hull spanned by the six points (1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), and
(3,2, 1), or projecting onto the plane through the origin parallel to the plane z+y+z = 6,
with coordinates (—1,0,1), (-1,1,0), (0,-1,1), (0,1, -1), (1,-1,0) (1,0, -1).

(1,-1,0) (0,-1,1)
(1,0,-1) (-1,0,1) (6.3)
0,171 (~1,1,0)

The space C(2)

It will turn out that C(1) represents the homotopy of commutativity, while C(2) rep-
resents the homotopy of 01020, to 0;0,07 discussed in the last section. The higher
dimensional C(r)’s will give all the possible ways, involving r + 1 loops, of homotopy
commuting the homotopies of commutation in the previous constructions involving fewer
loops.

We now show that C(n — 1) is topologically a closed (n — 1) ball in R™™! with
boundary given as the union of products of lower dimensional C(j)’s.

LEMMA 6.2.1. Let 0 € Sy, be the cycle (1,2,3,...,n), then the n vectors e,a(e), ...,
o™~ !(e) are linearly independent in A™~' and consequently span an embedded n — 1
dimensional simplex there.

PROOF. It suffices to show that the n — 1 vectors

ole)—e=(n—1i,...,n—i,—i,...,—0)
N — 2 ,
1 times n—1 times

are linearly independent for 1 < i < n — 1. But this is clear by looking at the last n — 1
columns of the array. O

COROLLARY 6.2.1. C(n — 1) is topologically a closed n — 1 disk D™~! with boundary
Sn-2,

PROOF. C(n — 1) is certainly closed and convex. It is also compact since it is contained
in the cube [0,n]". The lemma above shows that it has a nonempty interior, so, by a
standard result it is topologically a closed disk. a

Actually more is true. C(n — 1) is a polyhedron with faces determined as the convex
hulls of subsets of the points {a(1,...,n) | 0 € Sp}. (This is a general property of the
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convex hulls of finite point sets.) We now determine these faces and show that they are
closely connected with certain subgroups of S,,.

LEMMA 6.2.2. Let H, = &; X Sp—r C Sp, 1 £ < n — 1, be the subgroup preserving
the first v and the last n — r coordinates. Then the convex hull of the points o(e),
o € H; is an n — 2 dimensional face of C(n — 1) and, as a polyhedron, is isomorphic
toC(r—1)xC{n—r—1).

PROOF. Consider the map

r

pr: R" = RY, p(h)=> h

1

where h; is the j-th coordinate of h. Then for every point h of

r(r+1)
2

C(n—1)p.(h) > .
Moreover, equality occurs if and only if h is contained in the convex hull generated by
the points o(e), o € H,. It follows that this polyhedron is contained in the topological
boundary of C(n — 1). Finally, as the two subgroups S, and S, _ act independently and
on disjoint sets of coordinates the remainder of the lemma is clear. O

Note that e = (1,2,3,...,n) is the intersection of C(n — 1) and the hyperplanes,
K. ={h|p:(h)=r(r+1)/2},

e=Cn-1)NKINK,N---NKy_

and, since faces of faces are faces, € is a vertex of C(n—1). All the vertices of C(n—1) are
contained among the elements o(e), o € Sy, since C(n — 1) is the convex hull spanned
by the points o(e). But the symmetric group, Sy, acts as a group of transformations
on C(n — 1), taking faces to faces. It follows that the vertices of C(n — 1) are in 1-1
correspondence with the elements of S,, and are precisely the vectors o{e).

Similarly, for each » with 1 < 7 < n — | we have distinct faces of C(n — 1) corre-
sponding to the cosets of S, x S,,_, in S,. We now describe coset representatives for
the cosets of S, x Sp,_, C Sy, which thus label the (n — 2) faces of C(n — 1) which
we have found so far.

Let (1,72, --,Jr)s Ji 2 1, 3. ji = n, be an ordered partition of n. Define

Shuff(jlvj%' .. ’jT)

as the set of o € S,, so that 0(i) < o(j) whenever i and j belong to the same block in
the partition, i.e. when there is a k so that

k k+1
Y is<i<i<Y de O<k<r
1 1
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When r = 2 this corresponds to an ordinary shuffle of a deck of cards and likewise
gives representatives for the cosets of Sj, x S,_;, in S,. For larger r it corresponds to
breaking the deck into r pieces and then successively shuffling them together, and gives
coset representatives for the cosets of S5, x -+ x §;, in S,.

We note the straightforward but important

LEMMA 6.2.3. Let s € shuff(ji,52) and s' € shuff(ji + j2,53,---,Jr). Then the
composite s's € shuf f(j1,52,53,...,Jr) where s € S; 4;, and Sj,4+;, is embedded in
S, with

,
n=> i
1
as the subgroup fixing the last n — (j) + ja) points.

LEMMA 6.2.4. The collection of all the n — 2 dimensional faces of C(n — 1) consists of
those elements enumerated above in 1-1 correspondence with the union of the (r,n—r)
shuffles, 1l <r<n—-1.

PROOF. The proof is by induction. Note to begin with that the interiors of the (n — 2)
dimensional taces in the lemma are disjoint since they lie in distinct hyperplanes. Now
consider an (n—3)-face of one of these subcomplexes. By the inductive assumption it has
the form o(C(I-1)xC(r-1-1))xC(n~r—1) or C(r—1)xo(C(s—1)xC(n—r—s—1))
since 0A x B = (3A) x BLJ A x (3B).

Assume the face is of the first type. It can be uniquely written as the face of an
appropriate shuffle of C(l — 1) x C(n — 1 — 1), and in the second case it is uniquely the
face of an appropriate shuffle of C(r + s — 1) x C(n —r — s — 1). Thus, each n — 3
face is incident to precisely two of the n — 2 dimensional faces listed and it follows
that the sum of these faces forms a closed cycle mod(2). But this implies that we have
enumerated all the n — 2 dimensional faces and completes the proof. a

COROLLARY 6.2.2. The complete set of faces of C(n— 1) is indexed by ordered pairs con-
sisting of first an ordered partition of n p = (j1,...,jw) QLji=n)and a (..., Jw)
shuffle s. Such a face has dimension n — w. '

EXAMPLE 6.2. C(3) has as its faces 4 copies of C(2) x 1, 4 copies of 1 x C(2) and 6
copies of C(1) x C(1). It has 36 edges corresponding to 12 copies each of 1 x 1 x C(1),
1 xC(1) x 1, and C(1) x 1 x 1. Finally, it has 24 vertices. It can be realized by taking
the tetrahedron, T', and cutting out 6 small tetrahedra about the six vertices of 7.

REMARK. The lowest dimensional faces of C(n) which do not have a fixed coordinate,
i.e. are not translates of a face corresponding to a partition with one or more 1’s in it,
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such as S,—3 x & x &, correspond to

S X XS if n is even
| —.

n/2 times
Sy X+ x 8 xS if nis odd.
N, e

[n/2] times

Hence they have the form I™/2 or I"/2 x C(2). This leads to “stabilization” results in
constructions which use Zilchgons.

Let b, € C(n — 1) be the barycenter,

b — n+1 n+1
n — 2 gy 2 .

Then, for h € C(n — 1), h # by, there are unique points v € 8C(n — 1), t € [0, 1), so
that h = tb, + (1 — t)v. Suppose that a map

is defined so that the image consists of linearly parameterized, piecewise linear paths.
Then ¢ can be extended to ¢ : C(n — 1) — E[’, by the rule

P(thn + (1 — t)v)(7)

(1-tyo(+5) 7 < (1= )l(¢(v)),

(r = (1-t)((e()) - D (1-t)(d(v)) <7 (6.4)
and 7 < t+ (1 — t)l(p(v)),

1 T2 t+ (1 - t)((v)).

Note that I(¢((1 — t)v + tbs) = t + (1 — t)l(¢(v)), and that the path is again linearly
parameterized and piecewise linear. Indeed, it is the original path, but in the smaller
cube, [0, (1 — )], and then the diagonal path from the diagonal point (1 — t)™ to 1™.

Now, let us suppose that ¢, : C(j — 1) — Eg’l is defined for all j < n. We define
¢ 0C(n — 1) — E3L" by

énl U(C(jl =) x--xC(jr - 1)) - U(¢jl *"'*¢jr) (6.5)



Section 6 Homotopy and loop spaces 553

where * denotes juxtaposition of paths and o € shuf f(ji,. .., jr).

1(b2 +3(1,2)) —

b +(1,2))

Sample paths in 2

These two steps combine to define ¢, : C(n — 1) — EI, forall n > 1 so that

(i) eval(dy) : (I x C(n —1),3(I x C(n —1))) — (I™,0I™) has degree one.
(ii) ¢n | 8C(n — 1) consists of two parts, the first, on the cells

shuff(l,n—1)C(n-2), shuff(n-1,1)C(n-2),
which corresponds to 01", and the second, on the

shuffirin—r){(Cir—1)xCln-r—-1), 2<r<n-2,
which corresponds to

A(IM) = > oI x I,

o€shuff(rn-r)

the usual chain approximation to the diagonal on I™,

(iii) The paths in ¢,(C(n — 1)) are piecewise linear, and linearly parameter-
ized, and have the property that over each linear segment there is a sub-
set of W = {1,2,...,n} and the points of the segment have the form

(1y- -y twys- -y tu,, .. .). More precisely, the it coordinate is either O or 1 if
i€ W, andistif i € W.

This allows us to iterate the {2 construction, as promised to construct 22X when X
is a simplicial complex with sk;(X) collapsed to a point.

REMARK. This was the original motivation of the second author when, in 1964, he
first constructed the C(n)’s. When he told W. Browder about the construction, Browder
suggested that it might be possible to modify it to study 2" X™X since there are huge
numbers of “cubes” in J(Z™~!X), n > 2. (See the discussion in the next section.)

In order to push this suggestion through, the second author had to introduce degen-
eracies into the C(n)’s and construct systematic methods of reparameterizing paths to
account for the effects of the base point identifications introduced in the James model.
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In the writeup of these results in [24] only the construction of 2"X"X was dis-
cussed however, and in the interim several students have written theses pointing out the
connection with 22X.

6.3. The degeneracy maps for the Zilchgon models

We now describe the degeneracy maps d; : C(n — 1) — C{(n — 2). First, there are
“degeneracy” maps for the symmetric groups, d; : Sn — Sp—1, | < ¢ < n defined by

UEj) N it{j < o"‘gi;, UE]’; <1,

. o(j + if j 2074, o(j) < i,

di(9)(9) = a(;) —1 if; ) a(;) > i, 6.6)
oG+ 1) =1 if520 (@) o +1) >

1 2 ceeoTHE) e n
o(l) o(2) --- i -+ oa(n)
then d; deletes the o~! (%) column and reindexes to get an element in S,,_;.
These correspond to the maps

pi:In '—"In_la pi(tly”')tn)=(tl,~-'ai\i)ti+la-'-atn)1

that deletes the i-th coordinate. The image of an edge path under p; is an edge path in
I™~!, at least as a point set, though the parameterization is changed, since, when we
come to what should have been movement along the i-th coordinate the path stays fixed
in the image.

Note that if o € shuff(j1,...,jr) and i belongs to the block ji, then d;(o) €
shuff(j1,..-,jk — 1,...,4-), where, if ji, = 1, we simply delete that block. It follows
that if o;(e),...,o.(e) are contained in a face, o(C(j; — 1) x --- x C(jr — 1)), of
C(n — 1) then d;(o;(e)),...,di(o.(e)) are contained in the face

di(o)(C(G1 — 1) x -+ x C(jx = 2) x --- x C(jr — 1)).

Now, by mapping by,,’s to by,+’s and extending linearly, we have geometric maps
di:Cn-1)—C(n-2), 1<i<n,

which satisfy the usual condition for degeneracies:

_ djdi_l ifi > 7,
did; = {djd,» if j >

When we compose with the ¢,,, and use p;, collapsing the i-th coordinate, as the corre-
sponding degeneracy on I™, we obtain that ¢,_d;(w) is a path which has as its image
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the same point set as p;¢,(w), but the parameterizations are different. However, that is
easily handled since we have the following result.

LEMMA 6.3.1. The space of nondecreasing maps of the unit interval onto itself is convex
and so is the subspace of piecewise linear maps.

(1,3,2) (3,1,2)
(1,2,3) (3,2,1) (6.7)
d d
A/3 \
(2,1,3) ldz (2,3,1)

The degeneracies for C(2)

6.4. The Zilchgon models for iterated loop spaces of iterated suspensions

To explain these models consider again the James model, M (XX, 0),
o0
M(EX,0)=[J(=Xx)k/ ~.
k=1

Since ~ collapses the fat wedge,
Wo(ZX)={(y1,..-,yn) € (£X)" | yi = * for some 4, 1 < i < n},

onto (2 X)™! it follows that we have subspaces
Mn(2X,0) = [J(ZX)*/ ~
k:

and

D52X ~ MM(EX,0) = lim (2M,(ZX,0)).
n—oo
On the other hand, (¥X)* = I™ x X"/R where R is a relation on 3(I™) x
X" U I* x Wp(X) which has the property that ((0,...,0),(z,...,Z,)) and
((1,...,1),(z1,...,Ts)) are both identified with (x,...,*).
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From this we get a map
Cn—-1)x X" — 225X (6.8)

by simply using the map C(n — 1) — Eg , constructed in (6.4), (6.5). Inductively, we
can assume that we have used this construction to build 2™ M,(XX,0) for s < n, and

we can use Lemma 6.3.1 together with the map in (6.8) to obtain the following model
for 2M M, (£ X,0):

j2,n(X) = QMn(EXaO) = P(jZ,n-I(X)v fv C(n - 1) X Xn) (69)

where P(—,—,—) is the Prolongation functor introduced in Definition 5.4.1 with
the obvxous modlﬁcation that we are identifying a subspace of C(n — 1) x X™,
0(C(n—1)) x X*UC(n — 1) x W,(X), with a piece of J, n—1(X). The introduction
here of models for the loop spaces £2(M,(XX,0)) is similar to some of Husseini’s ideas
in [18].

EXAMPLE 6.3. J,;(X) = M(X,0), the James construction on X. Then J,,(X) is ob-
tained by adjoining I x X? where we have the identifications
0,21,22) ~ (z1,22) € Jo1(X),
(L,z1,22) ~ (z2,21) € Jo 1 (X),
(t,z1,%) ~ i,
(t,*,22) ~ .

Thus we can think of J,,(X) as the free gadget which makes M(X,0) homotopy
commutative.

J13(X) is obtained from J;2(X) by adjoining C(2) x X? where we make the iden-
tifications

(O'(C(l) X C(O)),(I],.’Ez,z’_;)) ~ {C(l) X (Ia—l(l),xa—l(z))} * Ty-1(3),
(a(C(0) x C(1)), (1,22, 23)) ~ To-1(1) * {C(1) X (T5-1(2), Zo-1(3)) }
(v, (*,22,23)) ~ {di(v), (z2,23)} € C( (1) x X2,

and similarly in the case when x; or x3 is the basepoint *.
The general case should now be clear,

PEX = [(X)=[[Ck-1)x X*/R (6.10)
k=1
where R identifies points of 9(C(k ~ 1)) x X* with products

Ci—1)x X"+ xC(j, — 1) x Xr
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where the coordinates are shuffled according to the shuffle associated with the face, and,
on Wi (X) makes identifications using the degeneracies on C(k — 1).
To go further, note that (6.10) allows us to write

J(X) = lim (Ja(X))

n—o0o

where

(X)) = ﬂ C(k-1)x X¥/R5,

k=1

and
Dn(EX) = DHp-1(EX)UCKk —1) x I* x X*/R'. (6.11)

Once more we can use prolongation to iteratively build models for 2 (J, ,(XX)). Here
the piece that is added at stage k is the product C(k—1) x C(k—1) x X*. However, when
we make identifications they are a bit more complex than those at the previous level: on
a face in 8(C(k — 1)) x C(k — 1) x X*, we act on the second C(k — 1) and the X* by
the shuffle associated with the face, however, on a face C(k — 1) x 3(C(k — 1)) x X*,
we must use degeneracies on the first C(k — 1) to project it onto an appropriate product
C(j1 — 1) x --- x C(j, — 1). Finally, on C(k — 1) x C(k — 1) x W(X) we use the
appropriate d; X ds on C(k — 1) x C(k — 1).

At this stage we have seen all the steps needed to define the general construction

o0

LX) =[[ck-1 x - x C(k—1)xX*/R (6.12)

k=t (n—1) times

which gives a model for 2" 2™ X for any connected CW complex X.

REMARK. The explicitness of this model allows us to make chain level calculations to
study the homology of 2" X™X. In particular, it is not hard to see that at each step
passing from 27~ * X" X to 2"~%+! " X the cotor-spectral sequence of 5.13 collapses
and we obtain an effective method for determining H, (2" Z"X;F) for any n > 0 and
any connected CW complex X. Further discussion of the actual results will be given
in 7.3.

5 It should be noted that the decompositions of J>(X) via the Jz,,(X) and the Ja.n are quite distinct.
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7. The structure of iterated loop spaces

Given any map into an iterated loop space, f : X — 2™(X), it factors through an
n-fold loop map in the following way:

! 0

ny
\ /"Adj"(f)

oamrny

X

where 1 : X — 22" X is the usual inclusion:
)ty ta) = {t1,.. tn,2} € "X =I"x X/ ~.

Thus, the structure of the category of n-fold loop spaces and n-fold loop maps is closely
reflected by the properties of the spaces 2" 2™ X, which play a role here analogous to
the role of Eilenberg—-MacLane spaces for ordinary spaces and maps.

It was conjectured in the 1950’s that the homology of 2" X™X should depend in a
functorial way only on H.(X), and these homology classes will represent homology
operations in the category. In this section we discuss the explicit construction of small
models. for the spaces 2"X™X much as was done in Section 6, but here the models
have better naturality properties which make aspects of the structure of 2" X™X more
transparent, in particular the proof of the conjecture above. They also allow a convenient
passage to the limit, Q(X) = 2°X°° X, under the natural inclusions

in "IN X o QPP DRI X
(Gl s tnstagr) = {81, f(t2, ..o tag) })-

An important feature of these models is that they permit the explicit description of
H,(2%*Z*X,F) as a functor of H,(X,F), where F is a field. This description is implicit
in [24] but is carried out in detail in [14]. It turns out that if one considers the cate-
gory of spaces which are k-fold loop spaces and maps which are k-fold loop maps, the
Fp-homology groups admit certain operations, some of which are stable and yield opera-
tions on infinite loop spaces (Dyer-Lashof operations) and some which are not (Browder
operations), and the homology groups H,(f2* %X ;F,) can roughly be described as a
free Hopf algebra on H,(X;F,) over an algebra involving these operations. The reader
should see [14] for precise formulations and proofs of these resuits.

We have looked at Milgram’s original Zilchgon model in Section 6.4. The models we
will discuss now together with their various advantages are the May—Milgram configu-
ration space model, Barratt—Eccles simplicial model for Q(X), and J. Smith’s unstable
versions of the Barratt—Eccles construction.
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7.1. Boardman’s little cubes

In order to describe these models efficiently we will introduce some terminology.

DEFINITION 7.1.1. Let I'® denote the category whose objects are the sets n = {1,2,
...,n}forn=0,1,2..., and where the morphisms from m to n are the injective maps.

For n = 0, this is understood to mean the empty set &, and it is understood that for
every object n of I'0, there is a unique morphism from @ to n and that for every n > 0,
the set of morphisms from n to @ is empty.

DEFINITION 7.1.2. An O-space will be a contravariant functor from I'? to the category
of topological spaces.

This is the same as saying that an O-space is a family of spaces X,, n 2 0, so that
for each n, X,, is acted on by the symmetric group S,, and where for each n, we have
maps 6; : Xn — Xn_1, 1 €1 < n, so that §;6; = 6;6,41 if ¢ > j, and so that for
any permutation ¢ € Sp41, 6:0 = 66,-1(;), where & is characterized by the equations
in (6.6).

DEFINITION 7.1.3. If C = {Cp}n>0 is an O-space, and X is a based CW complex, we
define C[X] to be

[ICnxx"/ ~,

n20

where =~ is the equivalence relation generated by relations of the form
(o(e),zry...,zn) ~ (€, Zo1), - - -, To(n))

and
(6,.’1?1,. R P I I TS I .,:1;,,) jad (6,’6,.’13],. vy L1y Tipdy e - - ,:L‘n).

Next we need morphisms of O-spaces.

DEFINITION 7.1.4. A morphism of O-spaces is a natural transformation of functors
on I'°P.

f1X]
A morphism f : C — C’ induces a map C[X] —C'[X].

DEFINITION 7.1.5. An O-space C = {Cp}n>) is said to be free if each C, is a free
Sr-space.

C|X] is also equipped with an increasing filtration F;C[X], where

F}Q[X]:image( H CnxX"). (7.1)

ongl
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REMARK. The definition of an O-space is just a part of J.P. May’s definition of an operad
[22); we retain only what is needed to make the construction C[X].

EXAMPLE 7.1. Here are some examples.

(A) € = {Cn}n>0, Cn = * for all n, where all permutations and all §;’s are identity
maps. This O-space is not free. If X is a based CW complex, C[X] = SP*(X), the
free abelian monoid on X.

(B) E = {Fn}n>0, where F,, is the set of total orderings on the set n = {1,2,...,n}.
Sy acts on Fy, in an evident way. 6; : F,, — F,,_ is given by restricting an ordering on n
to an orderingon {1,2,...,i—1,i+1,...,n} and identifying {1,2,...,i—1,i+1,...,n}
with {1,2,...,n— 1} via the unique order preserving bijection. £ is a free O-space. In
this case it follows easily from the definitions that [X| is homeomorphic to the James
construction M (X, %) in Section 5.3.

(C) Fix k > 1 and let C(k) = {Cr(k)}n>0 be defined as follows. Cy (k) is the space
of ordered n-tuples of distinct points in R¥, i.e., Cn(k) C (R*)™ is the set of n-tuples
(@1,...,2n) With x; # x; if i # j. S, acts by permuting the vectors, and 6; deletes the
i-th vector. C(k) is a free O-space. In this case it can be shown that C(k)({X] is naturally
equivalent to %Sk X for connected, based CW complexes X.

(D) Fix k > 1 and d > 1. Let C%(k) = {C2(k)}nx0 be defined as follows. C4(k) will
be the space of ordered n-tuples of vectors in R¥ so that no vector occurs more than d
times in the n-tuple. If d = 1 we are in the situation of (C). If d > 1, this is no longer
a free operad. It is not known what C%(k)[X] is. The case d = 2 has been studied by
Karageuezian [20].

We record a useful technical result concerning these constructions. Both results are

proved in the context of operads in [22]; the proofs in our setting are identical, and we
omit them.

PROPOSITION 7.1.1 ([22, p. 14]). Let C be an O-space. Then the subquotients
FC[X]/Fi-iCX]

are homeomorphic to the quotients Cj <5, X 1), (Recall that if X and Y are spaces,
and y € Y then X <Y denotes the “half smash product” X xY/X xy. If X and Y
are G-spaces, where G is a group, and G fixes y, then X <gY denotes the orbit space
of the diagonal action of G on X <Y.)

We then have

PROPOSITION 7.1.2 ({22, p. 22]). Let f : C — C' be a map of O-spaces. Suppose that
fn : C — C!, is a homotopy equivalence for all n. > 0, and that both C and C' are free
O-spaces. Then f|X]: C[X] — C'[X] is a weak equivalence for all based connected
CW complexes, X.

We now wish to describe the relationship between the constructions C(k)[X ] and the
spaces £2¥ Xk X . We first define a modified version of C(k), which we denote C(k), and
call “Boardman’s little cube” O-space.
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For any vector v € R* and positive real number R, let Cu(v, R) denote the open k-
cube centered at v, [i-_, (vi — R, v; + R). We define C,,(k) to be the space of ordered n-
tuples ((v1,...,%n), (R, ..., Ry)), for which the cubes Cu(v;, R;) are pairwise disjoint.
Note that C,, (k) is acted on freely by S,,, by permuting coordinates in both n-tuples.

There is an evident forgetful map ¢y, : Cp,(k) — Cp(k),

¢n((’U],...,'Un),(R|,...,R,n)) = ('U],...,‘Un).

These maps ¢y, assemble into a map & : C(k) — C(k). Further, ¢,, admits a section
On : Cn(k) — Cy(k), defined by

on(viy-. - ) = ((v1,. .-, vn), (R, ..., R))

where R = R(vy,...,v,) is the maximal number for which the open cubes Cu(v;, R)
are pairwise disjoint. (Note that R is a real valued function on C,(k).)

LEMMA 7.1.1. The map ¢, is a homotopy equivalence for all n.

PROOF. Since ¢no, = id, it will suffice to produce a homotopy from the identity map
on C,,(k) to o, ¢,. We proceed as follows. For (z,y,t) € R?, define

)‘(xvyvt) =T lfﬂ? < Y,
AMz,y,t)=(1 -tz +ty ifz 2y,

and similarly

wz,yt) ==z ifz >y,
pz,y,t)=(1-tiz+ty ifz<y.

The homotopy is now defined by the following formulae:

il

h((’U[,...,Un), (Rh---aRn)vt)
((v1,-..,0n), (A(R1, R,2t),..., A\(Ra, R, 2t))
for0 <t <3,

h(('U|,...,'U-n,), (Rlv---aRn)7t)
((viy---yvp), (u(R1, R,2t = 1),...,u(Rs, R,2t — 1))
for '5 £t

a

Since each ¢, is a homotopy equivalence we can now record the following conse-
quence of Proposition 7.1.2.

PROPOSITION 7.1.3. & induces a homotopy equivalence $[X| : C(k)[X] — C(k)[X] for
all connected, based CW complexes X.
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7.2. The May-Milgram configuration space models for 2" X" X

It is on the model C(k)[X] that one can define a map to £2¥ 2% X . The construction goes
as follows. First, for any cube Cu(v, Ry,. .., Ri), we have a canonical identification

Auv,Ry,... Ri) k
Cu(v,Ry,...,Ry) —— [0,1]%,

which is given by

@eap) — (Sl @ 1w w1 v
beo Tk 2R, 2 2R\'2R; 2 2R, 2Ry 2 2R}

Also, we have an identification [0, 1]* x X/9([0, 1]¥) x X U [0, 1]* x * = Z* X For any
(((v1,---,vn), (R1y- -, Rn)), 21, ... Tn) € Calk) x X7,

we define a map 6,
On((V1,. .. V), (Ri,- ., Ra), (Z1,. .. Zn)) : RF — ZFX

by letting

n
6, =+ onR*— U Cu(v;, R;),
i=0
and on Cu(v;, R;), we set 8, equal to the composite

Avi, Ri) k idxce k &
CU(U,‘,R,‘)———' [0, 1] — [0,1] x X — XX

where c; is the constant map with value z. This is best explained by the following picture

B (1.2)
I3

Note that since 8,, takes the value * on the complement of a sufficiently large ball, 6,
extends to a map from the one point compactification of R*, S*, to £*X . Further, since,
in this extension, oo is sent to *, we actually have an element in NETEX.

It is not hard to check that this procedure gives a map

Co(k) x X™ — QEDkX,
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It is also not hard to check that the 6,,’s respect the equivalence relation and we obtain
amap 6 : C(k)[X] — 2FLkX.

THEOREM 7.2.1. For connected X, the map © is a homotopy equivalence.

PROOF. The proof of this result is too long and technical to present in its entirety here.
We will, however, give a brief outline.

Sketch proof of the homotopy equivalence 6 : C(k)|X] — 2" Z"X

The first observation is that we have a map = of O-spaces from C(1) — F, where
F is the O-space of 7.1(B). On C,(1), it is given by the observation that an (n + 1)-
tuple of distinct points in R! determines an ordering on that set of points, and hence
on {0,...,n}. This correspondence gives a map 7, : Cp(l) — Fy, and it is easy to
see that the m,’s give a map of O-spaces. Further, one checks that the inverse image
of the standard ordering on {1,...,n} is homeomorphic to R x (0,1)"~!, via the map
(r1,72,...,mn) — (r1,71+72, ..., 71+ - -+75). Since this inverse image is contractible,
so is the inverse image of any other ordering, and we conclude that 7, is a homotopy
equivalence. It now follows from Proposition 7.1.2 that #[X] : C(1)[X] — E[X] is a
homotopy equivalence. Since we have already observed that F[X] is homeomorphic to
the James construction, we conclude that C(1)[X] is homotopy equivalent to 2X'X, and
it isn’t hard to check that the diagram

c)[X] 2 osx

N

FlX] 2 M(X,*)

commutes up to homotopy, where the right hand diagonal map is the James map. The
result for £ = 1 thus follows from James’ theorem.

The idea of the rest of the proof is to use induction on k. We have the loop-path
fibration from Section 2.2. Furthermore, the existence of a fibration or quasifibration
with contractible total space, base space X, and fibre Y shows that Y ~ 02X. If we
apply this to the space 2¥X*+1 X = Rk Tk( X X), we obtain a fibration sequence

.QH'lSH'lX _ E(kak(EX))
(7.3)
QESE(DX)

Suppose we have already proved the desired result for &, and all spaces X, and wish to
prove it for k + 1. If we could construct a space £(k){X], which is contractible, and so
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that we have a fibration sequence
Ck+DIX] — E£(k+1)[X]
(7.4)
Clk)(ZX)

which maps to the fibration sequence (7.3), with the map on base spaces being (k) and
the map on fibres being 8(k + 1), the result would be proved for k + 1, via the long exact
sequence of a fibration, and the induction could proceed. It is not possible to construct a
fibration as in (7.4), but it is possible to construct a quasifibration with the desired maps
on base spaces and fibres. This suffices.

We conclude our outline by describing £(k)[X]. To make this definition, it is best to
make a more general construction £'(k)[X, A], where A C X is a based subcomplex
of X. £'[X, A] will be defined as a subspace of C(k)[X]. First, let 7 : R¥ — R¥~! denote

projection on the first k— 1 coordinates. For any point (71, ..., 7%) € R¥, let r+(v) denote
the ray {(r1,...,7k—1,7¢ +t) | t > 0}. For any n, let Zn(k) C Cp(k) x X™ be the
subspace of points (v, ..., Un,Z0,...,Ty) S0 that, if z; € A, then v; & v+ (v;) for all

j # 1. Zn(k) is a closed subspace of Cy,(k) x X™, and we define £'(k)[X, A] to be the
identification space obtained by restricting the equivalence relation defining £(k){X] to

Hn20 Zﬂ(k)
We will define a map

p:E(k+ DX, A] — C(k)(X/A].

To do this, note first that Z,(k) is the union of a family of closed subsets Z3(k),
parameterized by subsets S C {1,2,...,n}, where
Z3(k)y={(v1,--,n), (Z1,...,Tn) | T; € A fori g S and v; & r+(v;)
forany j € S,i# j}.

p is now defined as follows. For a fixed n > 0 and S C {1,2,...,n}, consider a point
(V1y- ey Vns Tty - oo Tn) in Z5(k+ 1) C Zn(k + 1). We define p|Z;?(k + 1) by setting
p(v,,...,vn,m,,...,xn) equal to (w(vs),zs) where vg is the #(S)-tuple consisting

of the v;’s, j € S, in increasing order, and where zg is the #(S)-tuple consisting of
the x;’s, j € S, also in increasing order. The fact that m(vs) € Cys)-1(k) follows
from the definition of Z5(k + 1). One now checks that the definition of P on the
various ZJ (k + 1)’s fit togethcr to give a map Z,(k + 1) — C(k)[X/A], and that these
maps respect the equivalence relation defining £'(k + 1)[X, 4], so we obtain a map
E'(k+ 1)[X, A] — C(k)[X/A]. It is now possible to show that when applied to the pair
(CX,X), E(k + 1)[CX X] is contractible, and p is a quasifibration,

p: E(k+ )X, X] — C(k)[ZX].

Further, it also isn’t hard to check that p (%) is equal to the subspace C(k + 1)[X] C
E(k + 1)[CX, X]. We set £(k)[X] = £'(k)[CX, X], and obtain the desired quasifibra-
tions. To get the map to the ﬁbratlon sequence (7.3), one replaces £(k + 1)[CX, X]
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by a homotopy equivalent version E(k + 1)[CX, X], by analogy with the construction
C(k+1)[X]. a

7.3. The homology of 1" X" X

We now wish to discuss how these constructions can be used to obtain homological
calculations. Originally, as was remarked in (6.12), the Zilchgon model was used in [24]
to show that at each level m < n and for any field F the Cotor-spectral sequence with
E>-term

EIEtHa (am 2 X F) (F, F)

which converges to H, (2™ X" X;F) collapses for any connected CW complex X.
Furthermore, it was shown there that H, (2™ 2" X F) is a primitively generated Hopf
algebra as long as m + 1 < n.

This makes the computation effective since we can start with

H.(2Z"X;F) = T(H.(Z""'X;F)),

the primitively generated Hopf algebra. Here, using the Poincaré-Birkhoff-Witt theorem,

one finds that H*(2X™ X F) is a tensor product of exterior algebras on (explicit) odd

dimensional generators and C(F)-truncated algebras on (explicit) even dimensional gen-

erators. (Here C(F)-truncated means the free polynomial algebra on even dimensional

generators b;, subject only to the relation b¥ = 0 where p is the characteristic of F.)
Then, since

Ezxtsgp(F,F) = Exts(F,F) ® Extp(F,F)

we are reduced to considering Ext for an exterior algebra E{e;,, 1) — which is F[by,] —
and for a C(F)-truncated polynomial algebra, F{bon+2]/R — where it is E(em41) if R
is empty and E(ezn+1) ® Flbyp(n41)—2] otherwise. Since these are primitively generated
if n > 1, the dual of F[b,,] is a tensor product of C(F)-truncated algebras and one can
repeat the calculation to obtain the homology of each successive stage.

REMARK. A special case is when F has characteristic zero. Then, for each n there is
the natural inclusion ¢ : Z"X — SP>(X™X). Passing to loop spaces and noting that
ArSP>(X"X) ~ SP*(X) by the Dold-Thom theorem, in the limit we have a map
too : Q(X) — SP>(X). Then, from the discussion above it is direct to see that

ioor + H*(SP®(X);F) — H*(Q(X);F)
is an isomorphism of rings for X a connected CW complex.

There are, of course many other paths to these results. But having the homology is
not quite the same thing as understanding what it means.
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To this end, initially J. Moore, then W. Browder, Araki and Kudo and finally Dyer
and Lashof, [26}, [10], {4}, [15], constructed families of homology operations in 2™X,
Q(X), and Fred Cohen showed, using the results of [24], that these operations together
with loop sum, completely describe the homology of 2"X" X for X a connected CW
complex.

From another point of view V. Snaith proved that stably, we obtain a splitting

£°C(k)[X] = Z° {7 Ci(k) s, XA

k=1

where X°° denotes “suspension spectrum”; see Section 8 for the definition of this concept.
This is a direct consequence of the following result.

THEOREM 7.3.1. There is a homotopy equivalence

00

Q(C(k)[X)) ~ [] Q(Cu(k) <5, X"™).

k=1
(See, e.g., [8] for details of a very slick proof due to F. Cohen.)

COROLLARY 7.3.1.

H*(2"Z"X:A) = (P H* (Ci(k) <5, X" A)

k=1
for arbitrary untwisted coefficients A.

Using Snaith splitting and the calculations above one can easily obtain the homology
of the spaces C(k)<gs, X" for any connected CW complex X and arbitrary k, [. This
has had very important applications recently in many areas of mathematics. For example,
in [9], it is the crucial input needed in the proof of the Atiyah—Jones conjecture.

7.4. Barratt-Eccles simplicial model and J. Smith’s unstable version

The first two constructions we have exhibited work in the category of topological spaces.
This has many advantages, for instance that the relationship of the combinatorial con-
structions with the iterated loop spaces is very explicit. It is also possible, as shown by
Barratt and Eccles, to make the constructions for £ = oo entirely inside the category
of simplicial sets. Their construction has three main advantages. One is that the proofs
become simpler. For instance, the analogue of the map p which could only be shown
to be a quasifibration in the configuration space model is a surjective homomorphism
of simplicial groups in this context, and hence automatically a Kan fibration. A second
advantage is that in the Barratt—Eccles context, there is a natural extension of the result
which applies to nonconnected simplicial sets. The third is that the loop sum operation
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arises as the multiplication operation in a simplicial group, hence is strictly associative.
This is not the case for C[X].

J. Smith in his thesis, [30], constructed simplicial versions of the finite stage construc-
tions C(k)[X]. We will examine these at the end of this section.

The Barratt-Eccles model begins by constructing a simplicial version of the O-space
C(00).

DEFINITION 7.4.1. An O-simplicial set is a contravariant functor from the category I'°
of Definition 7.1.1 to the category of simplicial sets, which takes @ to the one point
simplicial set *.

An example is the O-space F of 1.7(B), in which F,, can be viewed equally well
as a discrete topological space and as a discrete simplicial set. We also note that we
have a functor e from the category of sets to the category of simplicial sets, given by
e(X), = X!, where d; : X™! — X" deletes the i-th coordinate for 0 < i < n,
and where s; repeats the i-th coordinate. It is readily checked that e(X) is always
a contractible simplicial set. We now consider the O-simplicial set B defined as the
composite

F
P . Sets —> Simplicial sets. 7.5)

For any O-simplicial set C, and based simplicial set, X, we define the simplicial set
C[X] to be

Il Caxx7/ =,

nzl

where 2 is the equivalence relation generated by relations of the following two forms
@) (¢, 215, 2n) F (06, Z5(1), - - - 1 To(n)), Where o € Sn.
(b) (C,(L‘], oy i1y ¥, Tit 1y - - 71:11) = (616')2"1’ ooy Tim 1y Tig gy e - - ,:E'n)'
Of course, these relations are precisely analogous to those used in defining the topological
version.
One of the advantages of the construction is made apparent by the following proposi-
tion.

PROPOSITION 7.4.1 ([6]). For any based, simplicial set X., B[X] is a free simplicial
monoid, in such a way that the natural map F|X| — B|X] is a homomorphism of
monoids, where F|X.] is identified with the free monoid on X.

PROOF. We first observe that we have maps F,, x £, — F, .., by assigning to a
pair of orderings (<m,<y) on {1,...,n} and {1,...,m}, respectively, the ordering on
{1,...,m + n} which we obtain by identifying {1,...,m} U {1,...,n} with {1,...,
m+ n}, where {1,...,m} is sent into {1,...,m + n} by adding m to each element of
{1,...,n}. Since e preserves products, we get maps e({1,...,m}) x e({1,...,n}) —
e({1,2,...,m + n}). This gives a family of maps

By X X™ x By X X™® — Bppn x X™H,
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and one checks that these maps respect the equivalence relations involved, to yield the
required multiplication map. It is easy to check associativity, and the basepoint acts as
an identity element. It is also easy to check freeness. O

This functor from simplicial sets to simplicial monoids is referred to by Barratt and
Eccles as I't(X). They also compose I't with the group completion functor from sim-
plicial monoids to simplicial groups, and call the result I'(X). I'(X) is a free simplicial
group. Their main theorem now reads as follows.

THEOREM 7.4.1 ([6]). (a) For any connected, based simplicial set X., the natural in-
clusion I'*(X) — I'(X)) is a weak equivalence of simplicial sets.
(b) For any simplicial set X., |I'(X.)| has the homotopy type of Q(|X.|).

PROOF. Part (a) is a standard fact about group completions of simplicial monoids. See [13]
for details. It is essential here that I'* (X) be a levelwise free simplicial monoid. To prove
7.4.1(b), one first proves that if A. — X. is an inclusion of simplicial sets, then the natural
map I'(A.) — Ker(I'(X.) — I'(X./A.), is a homotopy equivalence. This is proved in
two steps. The first is to observe that I” carries disjoint unions of based discrete simplicial
sets to products, in the sense that the natural homomorphism I'(X VYY) — I'(X)x I'(Y)
is a weak equivalence of simplicial sets for all based sets X and Y. ( Note that this is a
special case of the required result, since it shows that Ker(I'(X VY) — I'(X)) has
the homotopy type of I'(Y)). One first proves the analogous result for the monoid valued
construction I't, and concludes the result for I' via a general comparison theorem for the
homology of a simplicial monoid with that of its group completion. The second step is to
prove that this special case suffices. Specifically, let T be any functor from the category of
based sets to simplicial groups, and let T be the functor from simplicial sets to simplicial
groups obtained by applying T levelwise and taking diagonal simplicial groups. Then
Barratt and Eccles prove that if the natural map (X VY) — T(X) x T(Y) is a
homotopy equivalence for all X and Y, then for all pairs of simplicial sets (X., A.) the
natural homomorphism T*(A.) — Ker(T*(X.) — T*(X./A.)) is a weak equivalence
of simplicial sets. Since I't is of the form T'%, this gives the result.

Since surjective homomorphisms of simplicial groups are Kan fibrations, applying the
above discussion to the inclusion X — CX shows that |[I'(X)| ~ 2|I"XX]|, since
CX/X ~ XX. Iteratively, |I'(X.)] ~ QF|£*X| for all k. On the other hand, if a
simplicial set is I-connected, it is easy to check that the inclusion X. — I't(X.) is
(21 — 1)-connected, consequently, the map §2!|X.| — 2|t (X.)] is (I — 1)-connected.
Therefore the inclusion |[*X*X| — Q%I X*X| is (k — 1) connected. Thus, there is a
map

2F| ZFX| f»rz‘=|r(.>:’°x)| i|r(x.)|,

where 0 is a homotopy inverse to the inclusion |I'X.| — 2%|'Z*X|, where 8 is
(k — 1) connected, hence 6 o 8 is (k — 1) connected. Letting k& — oo shows that

IT(X.)] = Q(X.). O

This then gives a simplicial construction when k = oo. For finite k, we have J. Smith’s
models [30]. Smith produces simplicial submonoids I'™*(X.) C I't*(X.) C I'(X.),
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whose realizations both give 2" X" (] X.|) when X. is connected and so that |’ (™ (X)) =
"X\ X | for arbitrary X.. First, we examine I'™+(X.). I'™+(X.) is constructed
as B™ [X.], where B™ is a certain sub-O-simplicial set of B above, which we now
describe. Let B = { B;}1>0, and consider the simplicial set B;. Its k-simplices are (k+1)-
tuples of orderings on {1,...,(}. For any pair (z,7), with 1 < 7,5 < [, we have the
restriction map from the set of orderings on {1,...,[} to the set of orderings on {3, j},
which we identify with {1,...,2} via i — 1,j — 2. This yields a simplicial map
¢ij : BL — B,. Now, B, can be filtered by skeleta. It turns out that |sk, B;| & S™, and
the S;-action is identified with the antipodal action on S™. Now define B,(") to be

()¢5 (skaB2).

1<i<gl

B™ becomes a sub O-simplicial set, and B™[X] is a subsimplicial monoid of B[X).
I™+(X.) is defined to be B™ [X.], and I'™(X.) is defined to be its group completion.

THEOREM 7.4.2 (Smith). If X. is connected, then |I'™*(X.)| and \™(X.)| are ho-
motopy equivalent to 2" X™| X.|. In general |[T"™)(X )| = 2" 2" X.).

It is not known that the realizations of Smith’s simplicial O-sets are equivalent to the
O-spaces C(n) although one suspects that they will be.

8. Spectra, infinite loop spaces, and category theoretic models

By the homotopy category Ho of based spaces, we mean the category whose objects
are based spaces (X,z), and where the morphisms from (X, z) to (Y,y) are given by
[X,Y]o, the based homotopy classes of maps from X to Y. Similarly, one could define
the stable homotopy category Ho® as the category whose objects are based spaces (X, x),
and where the morphisms from (X, z) to (Y, y) are given by

{X,Y} =lim [Z"X, Z"Y],.

It is proved in [3] that for any fixed X, the graded set AY (X) = {Z"X,Y} forn > 0,
and AY(X) = {X,X-"Y} for n < 0, is actually a graded abelian group, and yields
a long exact sequence of graded abelian groups when applied to a cofibration sequence
X, — Xy — X3/X,. AY is referred to as a generalized cohomology theory, i.e. a
graded abelian group valued functor which satisfies all the Eilenberg—Steenrod axioms
except the dimension axiom which asserts that AX (S%) = 0 for n # 0, 49(S%) = Z.
Generalized cohomology theories have turned out to be extremely useful in stable
homotopy theory. K-theory and various bordism theories have been particularly so. These
theories, and also singular cohomology theory are not, however of the form AY for any
Y in the above Ho®. One says they are not representable in Ho®. It turns out, though,
that by enlarging Ho® a bit, one can make these theories representable. Moreover, by
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a theorem of E.H. Brown, [11], one can obtain a precise criterion for when a graded
abelian group valued functor is representable.

To see how to construct this enlargement we consider the case of ordinary integral
cohomology, H*( ;Z). In Ho the functor X — H™(X;Z) is representable. Let K (Z,n)
be an Eilenberg—-MacLane space, i.e.

0, i#n,
e (K(Z’ n)) - {Z, i=n.
Then there exists a class ¢, € H"(K(Z,n)) so that the homomorphism [X, K(Z,n)] —
H™(X,Z), given by f — H™(f){(tn), is an isomorphism of functors.

Although H™ is defined on Ho?, it is not the case that {X, K(Z,n)} = H"(X,Z),
as one can easily check. The point is that, e.g., H"* (X X;Z) % [¥X,YK(Z,n)] in
general, since LK (Z,n) % K(Z,n + 1). What this suggests is that one wants to allow
objects which, in a sense, contain all of the K{Z,n)’s at once. We therefore introduce
the concepts of prespectra and spectra.

8.1. Prespectra, spectra, triples, and a delooping functor

DEFINITION 8.1.1. (a) A prespectrum X is a family of based spaces {X;}i>o, together
with “bonding maps” o; : TX; — Xi4,.

(b) A morphism f from a prespectrum X = {X;} to Y = {Y;} is a family of based
maps f; : X; — Y;, so that fio |, = oY | fi_) for all i.

(c) A prespectrum is an {2-spectrum if, for each 7 > 0, the adjoint to o3,

Ad(ai) X — .QXH.]

is a homeomorphism.
(d) If X is any based space, the suspension prespectrum of X, L°X, is given by
{Z*X}i>0, with the evident bonding maps.

Note that given any prespectrum X = {X;}i>0, and based space Z, one can form a
new prespectrum X A Z = {X; A Z}i>¢ where the i-th bonding map is o; A idz. In
particular, we can let Z = I, the unit interval with a disjoint basepoint added, and
declare that two maps f,g : X — Y of prespectra are homotopic if there is a map
H:XAI* —Ysothat HXAO0Y - Y= fand HXA 1Y — Y = g, where XA 0F
and X A 17 are identified with X in the obvious way. By letting X be the suspension
spectrum X°°(S™), we now obtain a definition of the homotopy groups 7,(Y) for any
prespectrum Y, and of the homotopy classes of maps [X, Y| for any pair of spectra.

EXAMPLE 8.1. Let K(Z, n) denote the prespectrum whose i-th entry is K(Z,n + 1), and
where o; : TK(Z,n + i) — K(Z,n + i + 1) is the map representing a generator in
H"WHY (Y K(Z,n +1);Z) = Z. K(Z,n) can be taken to be an §2-spectrum, and

{ mo(K(Z,n)) = Z,
mi(K(Z,n)) =0 ifi#n.
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More generally, [ X ,K(Z,n)] = H"(X;Z), so, in this enlarged category H™(—,Z)
is representable.

REMARK. The above mentioned definition of [X, Y] does not, in fact, have good properties
when Y is not an {2-spectrum. The actual definition of {X, Y] can be carried out as in

[31 or by replacing [X,Y] with [X,w(Y)], where w is a functorial construction of an
f2-spectrum from Y. We will not dwell on this point.

From the definitions, if X is an §2-spectrum, it is clear that m;(X) is isomorphic
to m;(Xo), the ordinary i-th homotopy group of the zeroth space of the spectrum X.
Consequently, the homology and other invariants of X are of interest. Further, each X;
is an “i-fold delooping” of Xj in the sense that X, ~ 2! X; via a composite of adjoints
to the bonding maps, so Xy is referred to as an infinite loop space. We also obtain maps

6; : 22 (Xo) P 2 X; ~ Xo.

Further, the §;’s are compatible in the sense that 8;; o 7; = 6;, where
mi: P5HXo) — QI EH(X)

is the inclusion, and so we obtain a map
Q(Xo) = Xo.

It will turn out that this map v will, in the case of connective f2-spectra, determine the
entire spectrum X up to homotopy equivalence. We will now discuss this fact.

DEFINITION 8.1.2. A triple on a category C is a functor T : C — C, together with natural
transformations y : T2 — T and n : Id — T, so that the following diagrams commute
for all X €C.

TX Tn(X) T2X (TX) TX
id u(X) id
TX
T3X ﬁ X
Tu(X) #(X)

(X)
X = TX
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EXAMPLE 8.2. (a) Let C be the category of based sets, and let F' be the functor from C
to C which assigns to each based set, X, the free group on X with the basepoint set to
the identity. (Note that a group is, via a forgetful functor, a set). F' is a triple, since any
set includes in the free group on that set as the words of length 1, and p is obtained by
evaluating a “word of words” as, simply, a word.

(b) Again, let C denote the category of based sets, and let F*® denote the free abelian
group functor, with basepoint set to 0. F2 is also a triple on C.

(c) Let C be the category of based spaces, and let T be the functor {2X. There is the
James inclusion X — 02X X, which is the natural transformation 7. To construct u, we
first observe that there is a natural transformation e : X'{2 — Id, which is given by
e(t A ¢) = ¢(t). u{(X) is now given by the composite

n(e(£X))
RENT(X)

NoldoX(X)=NX(X).

With this choice of p and 7, 22 becomes a triple.
(d) Again, C will be the category of based spaces, and we let T = 2% 2%, T becomes
a triple by a construction identical to that in example (c). Even

— lira OF K
Q= lim 2
also becomes a triple on C.

DEFINITION 8.1.3. An algebra (X, &) over a triple T is an object X € C and a map
€ : TX — X so that the diagrams below commute.

(x)
x ™ rx  Trx 5 oTX

id™, ¢ T £

Morphisms of T-algebras are defined as morphisms in C making the evident diagrams
commute. Also, for any object X in C, (T'X, ) is an algebra over the triple T', to be
thought of as the free T-algebra on X.

This is quite a useful notion. For instance, the reader should verify that if F' is the
triple in Example 8.2(a), an F-algebra structure on a based set X is the same thing as
a group structure on X, where the basepoint is the identity. Similarly, if F° is as in
8.2(b), an F2b_algebra structure on X is the same thing as an abelian group structure on
X, where the basepoint is equal to zero. Also, any loop space has an algebra structure
over the triple 2% in 8.2(c), given by

2(e(2}))
NXNzZ —— NZ,
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and similarly, any k-fold loop space is an algebra over the triple 2% 2% of 8.2(d). In fact,
by analogy with 8.2(a) and (b), we view 2 X* as the “free k-fold loop space” functor,
and it can be shown that 2% Z*.algebra structures on a space X are the same thing (up
to an obvious notion of homotopy equivalence) as k-fold deloopings Z of X, i.e. spaces,

Z, together with an equivalence X — 2% Z. This result is originally due to Beck [7]. We
will indicate a proof of the k = oo version, i.e. we will show that a (J-algebra structure
on a space X determines an infinite family of deloopings, with certain compatibility
conditions, i.e. a spectrum with X as zeroth space.

We first discuss some generalities. Let T be a triple on a category C, and let (X, £) be
a T-algebra. We define a simplicial object 7.(X, £) in C by setting Tk (X, £) = T*+!(X),
and letting the face and degeneracies be given by the following formulae.

di : TF(X) — T*(X): = T'u(T* 1 X) for0<i<k—1,
dy : T (X) — T*(X): = T*(€),
it TFH(X) — THYX): = TH (n(T**X)) for0<i< k.
(8.1)

One easily checks that T.(X, £) is a simplicial object in the category of T-algebras. In
fact T.(X, &) should be viewed as a simplicial resolution of (X, £) by free T-algebras
in C. Note that there is a map of simplicial objects a : T.(X,£) — X., where X. is the
constant simplicial object with value X, given in level k£ by the composite

EoT(€)o---oTF1(£) o T*(¢).

PROPOSITION 8.1.1 ([22]). Let C be the category of based topological spaces, and T a
triple. Then the map |T.(X,€)| — X induced by « is a weak equivalence.

PROOF. This is proved in [22, Proposition 9.8, p. 90]. 0

To produce deloopings we must also use the interaction of the suspension functor with
the triple in question. We formalize this as follows.

DEFINITION 8.1.4. Let T be a triple on a category C. By an intertwiner X for T, we
mean a functor X : C — C together with a natural transformation ¢ : YT — T'X, so
that the following diagrams commute.

{TX) T(¢X)
rrix — TITX — T2 YX

Pu(X) s(ZX)

id ¢(x)
TX — XTX — TYX
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Zn(X)
X —_— 2TX
}n(Z‘X) ¢(X)
id
TYSX — TYX

DEFINITION 8.1.5. Given any intertwiner X for T, and T-algebra (X, £), we construct a
simplicial object TZ (X, ) by setting

T (X,€) = TET*X,
and declaring that the faces and degeneracies are given by the following formulae:

do : TET*X — TET*'X: = u(T* ' X) o T({(T*' X))
di :TETEX — TET*'X:=TET'w(T*71X) for i > 0.
8 : TET*X — TETH'X: = TET'n(T*X)

Note that T* (X, £) is a simplicial object in the category of T-algebras. We also note
that there is a morphism

A
X —-T.5(X,¢),

where X' X. is the constant simplicial object with value X’ X. There is also a map v :
IT.(X,€) — T.F(X,€), givenin level k by ((T*X). T is a functor from the category
of T-algebras to the category of simplicial T"-algebras.

We now apply this to our situation, where T = @ and C is the category of based CW
complexes. X is now ordinary suspension. To define a map (X)) : ZQX — QX X, we
define, for f: S™ -—» S AX and s € S™, t € [0, 1],

(X)L, f)(s) = [t, £(5)] (8.2)

where ¢t is the suspension coordinate and S™ A XX is identified with Z(S™ A X). It is
easy to check that with this definition, the pair (X, ¢) forms an intertwiner for Q. Thus,

for any Q-algebra (X,£), we obtain a simplicial Q-algebra Q.7(X, ), and a map of
spaces

2x 51Q.5(x,¢).

If we consider the adjoint ad()) : X — 2|Q.% (X, &)}, then |Q.% (X, £)|, is a candidate
for a first delooping for X.

PROPOSITION 8.1.2. Let X be any Q-algebra. Then ad()\) is a weak equivalence. Further,
if X is k-connected, then |Q.%(X,€)| is (k + 1)-connected.
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PROOF. We first observe that A factors as
«x) 5

where the left arrow is Tn(X) : X — XQ(X) = TQo(X,€). It is an equiv-
alence by Theorem 8.1.1. It consequently suffices to show that the adjoint to v(X),
ad(v(X)) : |1Q.(X,€)] — 2|Q.F(X,€)|, is an equivalence. Secondly, it is stan-
dard in this case (where mo(QF(X,€)) is a group for all k) that the natural map
12Q.%(X,8)| — 2]Q.F(X,¢)| is an equivalence. See [12] for details. It therefore
suffices to show that the adjoint to ((Q*X) : ZQ*' X — QX Q*X is an equivalence,
and for this it clearly suffices to show that ad(¢(X)) is an equivalence for all X. But
the adjoint of ¢(X) is the inclusion QX — 2QX X, which is easily checked to be an
equivalence. The connectivity statement is easy. O

Let ¥ denote the functor (X,€) — Q* (X,€) from Q-algebras to simplicial
Q-algebras. Applying ¥ levelwise to Q*, we obtain a functor ¥[2] from Q-algebras
to bisimplicial Q-algebras, and by iteration of this procedure functors ¥[k] to k-fold
simplicial Q-algebras. By applying Proposition 8.1.2 levelwise, one obtains a natural
(on the category of Q-algebras) equivalence |¥[k](X,£)| ~ £2|¥[k + 1](X,€)|. In other
word, we have constructed a functor S from the category of (J-algebras to the category
of §2-spectra. It is not hard to check that the functor actually takes its values in the full
subcategory of connective spectra. Further, & is homotopy invariant in the sense that if
f: (X1, &) — (X3,&) is a morphism of Q-algebras, so that f : X; — X is a weak
equivalence of spaces, then S(f) is a weak equivalence of spectra.

8.2. The May recognition principle for {2-spectra

We wish to use the O-space constructions C[X ] to minimize the amount of data required
to construct the deloopings. As it stands, for a general O-space, C, X — C[X] is not a
triple on the category of based spaces. To have the triple structure requires that C actually
be an “operad” in the sense of May. We now describe this notion. In order to simplify
the definition a bit, we introduce some terminology. By a graded topological space, we
mean a space C equipped with a decomposition

c=]][cn

n20

If X is a space, we will write

Fo(X) =[] Cn x x™

nz0
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This is of course functorial on the category of spaces. If
x =]]x
i20

is a graded space, then Fo(X) becomes a graded space, with

FC(X)n=H H Cr x Xj x---X;, € Fe(X).
120 jit-+qi=n
DEFINITION 8.2.1. Let C be an (-space.
c=]]¢

n20

is viewed as a graded set. An operad structure on C is a natural transformation of functors
p: Fo o Fp — Fp, satisfying the following requirements.
(a) The diagrams

Fo(u(X))

FcoFcoFc(X) FcoFc(X)
u(Fc(X)) w(X)
u(X)
Fg o Fe(X) Fo(X)

commute for all X.

(b) u(*) gives maps Cr x Cj, x --- x Cj, — Cj, where j = j; + - -- + jk. Since
C is an O-space, C; is equipped with an action by the symmetric group S;. On the
other hand, C x Cj, x --- x Cj, is equipped with an action of Sj;; x --- x Sj,, with
each symmetric group acting on its corresponding factor, and all acting trivially on C.
Let p : §; x --- x S5, — S; be the homomorphism which views S;, as acting on
{1,...,51}, S;, as acting on {j; + 1,...,72}, etc. We require that u(x) restricted to
Cr x Cj, x -+ x Cj, be equivariant with respect to p, i.e.

p(*)(c o1cn, ..., 0kck) = plon,...,o6)u(*)(c cry. .. Ck).

(c) Let 7y, ..., jk be given, with j; + - -- + jx = j. Note that {j,,...,jk} determines
a partition

{1,...,_’]']‘]'1+1,...,j1+j2|j2+1,...,j|+...jk_1|j1+...
+ k-1 + L di 4+ k)

of {1,...,7}, with k blocks. For any o € Sk let 8 = 6(a;ji,...,Jk) be the unique
permutation of {1,...,5} which is order preserving on each block {ji + ... + js—1 +
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1,...,51 + ...+ 35}, and so that o(s) > o(t) implies that 6 carries elements of {j; +
co.+Js—1+1,...,51 +...7s} to elements which are strictly greater than all elements
in {]] +"'+jt—l + 1,.--,j1 + +]t} Then

u(*)(ac; Ciy.. .ck) =8(a; 51, .. ,jk)p(*)(c; Co(l)s - - - aca(k))-

(d) There exists an element 1 € C), so that u(*)(c;1,...,1) = ¢ for all ¢ € Ck.
N e’

k factors

PROPOSITION 8.2.1. An operad structure on an O-space gives a triple structure on the
Sunctor X — C[X].

(The proof is a direct but tedious verification. See [22] for details.)

Not all O-spaces described in Section 7.1 extend to operad structures. For instance,
C(k) does not, nor does the O-space C%(k) of Example 7.1(D). However, let F be the
O-space of 7.1(B). F extends to an operad structure as follows. Let j; + ... + jx = 7,
and let B, C {1,...,j} be the subset

{nlj1+...+jsc1+1<n<h+... +7s}

The structure map p(x) : Fi x Fj x ---x F;, — Fj is given by assigning to a (k+ 1)-
tuple (<, <1,...,<x) of orderings the unique ordering on {1,...,5} which restricts to
the ordering <, on B, when B; is identified with {1,...,j5} in an order preserving
way, and so that if m € B, and n € By, with s # t, m < n if and only if s < ¢.

Also, recall the Barratt-Eccles O-simplicial set B from Section 7. Here, B,, was defined
as e(F™), where e was a product preserving functor from sets to simplicial sets. The
above defined operad structure map for F now defines similar maps e(Fx) x e(Fj,) x
--- x e(Fj,) — e(Fj). Applying geometric realization gives an operad structure on the
O-space {|Bp|}n>0.

With simple modifications one can modify C{k) into an O-space with operad structure.
We define CB(k) = {CP (k)}nso by letting CE(k) be the space of disjoint n-tuples
of open n-cubes in [0, 1]%. It is understood that these are cubes with sides parallel
to the coordinate axes. CZ(k) now admits an operad structure. For any (k + 1)-tuple
(c;ery.-.,c) with ¢ € C’f(k), and c € C,B(k), say ¢ = (Cuy,...,Cu), we have
the identification \; : [0, 1]'c — Cuy, which is an affine linear map and carries sides
parallel to a coordinate axis to sides parallel to the same coordinate axis. The j,-tuple
of cubes in [0, 1]* specified by c, is identified with a new j,-tuple of disjoint cubes
Xs{cs) contained in Cu,. The j-tuple of cubes {\i(c1),. .., \i(c)} consists of disjoint
cubes, since the Cu;’s are disjoint. This gives the operad structure. We also remark that
CB(k) includes in C(k) as a sub-O-space, and that this inclusion satisfies the hypothesis
of Proposition 8.1.1. It follows that CZ[X] and C[X] are weakly equivalent for all based
CW-complexes X.

Let TF denote the triple X — C®[X]. We observe that there is a functor from the
category of connective spectra to (J-algebras, which assigns to each connective spectrum
its zeroth space. There is a natural transformation of triples T2 — @, which means that
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any (J-algebra can be viewed as a T'B-algebra, and hence we obtain a composite functor
U from the category of connective spectra to the category of T'B-algebras. In order to state
our theorem, we also define a weak natural transformation of functors to the category of
spaces (or spectra, or T-algebras, where T is a triple) from a functor F? to a functor F'!
to be a sequence of functors {Gy, ..., G2}, with Go = Fp and Gax = Fi, together with
natural transformations Gz;+1 — Go42 and natural transformations Gy — Gy
which are weak equivalences for all objects in the domain category. A weak natural
transformation is said to be a weak equivalence if in addition the natural transformations
Gy — G4 are weak equivalences when evaluated on any object in the domain
category. Note that a morphism of T-algebras is said to be a weak equivalence if the
map on spaces is a weak equivalence in the usual sense.
The May recognition principle is now stated as follows.

THEOREM 8.2.1. There is a functor S from the category of TB-algebras to the category
of connective spectra, satisfying the following properties.

@ If f:(X,8) — (X', &) is a map of TB-algebras, and the map f : X — X' is
a weak equivalence, then S(f) is a weak equivalence of spectra.

(b) There is a natural weak equivalence of functors on the category of connective
spectra from S oU to the identity functor.

(c) There is a weak natural transformation of functors on the category of TB-algebras
from the identity to Uo S, which is a weak equivalence on TB-algebras (X, &) for which
no(X) is a group. (Note that in general, if (X,¢) is a T?-algebra, we have a map

CExXxX— X,
Sz

and hence by choosing a point in Cf amap X x X — X. Consequently, X is an
H-space, and the multiplications are independent of the choice of point up to homotopy.
Thus, no(X) is given a well-defined monoid structure.)

We do not give a proof of this theorem, but refer to [22] or [29]. However, we do give
a description of S. We first note that the suspension functor X' acts as an intertwiner for
T5. The map £CB(X] — CB[EX] is induced by the evident maps

Z(Cn(oo)g X™) — Cn(00) x Sp(ZX)™,

after factoring out the equivalence relation defining CZ[—]. Consequently, we may con-
struct the simplicial T8-algebra T5(X, ¢), and iterate this construction levelwise, to
obtain spaces S(X, )i, with maps

E5(X, )k 25 5(X, ).

Here, S(X,€)o = X. One is able to show that the adjoint of A is an equivalence if
k 2 1, and if X is connected so is the adjoint to Ag. In any case, we obtain a functor
to connective spectra. Requirement (a) is clearly satisfied, since T2 preserves weak
equivalences.
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8.3. G. Segal'’s construction of £2-spectra

There is another point of view on these ideas, due to G.B. Segal. He enlarges the category
of finite ordered sets and order preserving maps to a larger category I', so that (roughly)
given a simplicial space X., i.e. a functor A°? — X, an extension of X. to I" gives
rise to a connective spectrum with zeroth space homotopy equivalent to X.

We outline his ideas. We first define a category I' to have objects the finite sets
T = {1,...,n} forn > 0, and 79 = &. A morphism ¢ : 7, — 7 is a function
& : P(vn) — P(7x) (where P(X) denotes the power set of X), so that (VU W) =
H(V)UP(W) and $(V — W) = $(V) — $(W). The first condition shows that & is
determined by the sets $({i}) 1 < ¢ < n, and the second condition shows it is equivalent
to &({i}) NS({j}) = @ if i # ;.

Given morphisms ¢ : v, — ¥m and ¥ : P(vy,) — P(7vk) corresponding to maps

&: P('Yn) - P('Ym)

and ¥ : P(ym) — P(7), then 1 o ¢ corresponds to 6 : P(y,) — P(vyx), where
O(V)=Vod.

There is an isomorphism of categories from the opposite of the category of based finite
sets {0,1,...,n} (0 is the basepoint) and based maps to I" given by

{0,1,...,n} — {1,...,n}
and (f:{0,1,...,n} — {0,1,...,m}) — . Here @y corresponds to the map
&5 : P(ym) — P(v.), where &;(V) = f~1(V),

forany V C {1,...,m}.

There is also a functor i : A — I, where A is the category whose objects are the
sets {0,1,...,n}, equipped with their standard ordering, and whose morphisms are the
order preserving maps. To define i, we first define, for p,q € {0,1,...,n}, {p,q] =
{r € {0,1,...,n} | p < 7 < q}. Note that if ¢ < p, [p,q] = @. i is now defined on
objects by i({0,1,...,n}) = {1,...,n}, and on morphisms by i(f : {0,1,...,n} —
{0,1,...,m}) = ¢y, where @ corresponds to the function & : P(v,) — P(¥m)
defined by $¢([1,...,,7]) =[1,..., f(r)]. This gives, for instance,

S;({r}) = [f(r-1) - L f(n)] n{1,...,m}.

By a I'-space, we mean a contravariant functor from I" to topological spaces. By restric-
tion to A, we obtain a simplicial topological space. In particular, we may define |®| for
any I'-space.

Let A; : {1} — {1,...,n} be the morphism in I" corresponding to

A P({1}) = P({1,...,n})
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given by A;({1}) = {i}. Then, given any I'-space ¢ we have the map

({1,...,n}) e ﬁ¢({1}) (83)

for each n.

& is said to be special if (8.3) is a weak homotopy equivalence for each n and if
&(2) ~ *. Segal then proves the following result.

THEOREM 8.3.1. Let X be any I'-space. Then there is a sequence of functors B™ from
the category of I'-spaces to itself, and natural transformations

|B"®| — 2|B"'9),
which are weak equivalences if © is special. In particular, the sequence
2|, BI#|, B*|9],...,

form an 2-spectrum, and we obtain a functor B from special spaces to §2-spectra. Fur-

ther, there is a functor A from (2-spectra to I'-spaces, together with natural equivalences
BA — Id and AB — Id.

One can go a bit further. In any simplicial space X. with X contractible, one has a
well defined homotopy class of maps from £X; to |X.|. Let u: {1} — {1,2} be the
morphism in I" given by {1} — {1.2}. Also, let

7 8({1}) x 8({1}) — &({1,2,})

be the inverse to the weak equivalence occurring in the definition of the notion of a
special I'-space. Then $(u) o T gives an H-space structure on $({1}).

THEOREM 8.3.2 (Segal). The adjoint to the inclusion Z®({1}) — |®| is a weak equiva-
lence if the above described H-space structure admits a homotopy inverse. In particular,
this holds if $({1}) is connected.

8.4. The combinatorial data which build (2-spectra

These constructions also allow one to construct spectra from purely combinatorial data.
To understand this, we recall the nerve construction, which associates to any category,
C, a simplicial set, N.C, and hence a topological space. The k-simplices are composable
k-tuples of arrows

h 2 i) fe

Tp——T) —— Iy -~k
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in C if k£ > 0, and are simply objects in C if k = 0. The face maps are given by the
following formulae.

( h fa fr f f fr
do(:z;o—-)x)——).--—>zk) = (IE]“_’IZ_’"“_’xk),
h b fe h 2 Jiyrofi fr
di(xo =T — -+ —Tk) = (To—T1 o Tim) — Tig1 0 I Tk)
for 1 €i<k,
< hi f2 Sk h f2 fr-1
dk(xO’_'iUl—*--'—*:IIk) = (1;0—>;1;]-—)2;2..._,$k_])’
h b3 fe h f fi id
si(zo =T — - oK) = (Lo T DT DT T
fis Fr
\ ——-)z'i_*_]—-)...—-)xk)‘

This is often a convenient way to construct spaces and maps, since it is clear that functors
induce maps of simplicial sets. Indeed, any simplicial complex is homeomorphic to the
nerve of a category, hence any CW complex has the homotopy type of the nerve of a
suitable category. It is reasonable to ask what additional structure on the category allows
one to construct a spectrum from N.C in the same way as the Q or T'B-algebra structures
allowed one to construct spectra out of a space X. In order to describe this structure, we
need a definition.

DEFINITION 8.4.1. A permutative category is a triple (C, &, ¢), where C is a category,
@ :CxC — Cis a functor, and c is a natural isomorphism of functors, from @ to Gor,
where 7 : C x C — C x C is the “reverse coordinates” map, subject to the following
conditions.

(a) @ is associative in the sense that

@®o(ldx®) = @o(® x Id).

() c(y,z) o c(z,y) = id(zy) forall (z,y) € C x C.
(c) The diagram

AoBaC

CeAeB

id®c cPid

AsCeB

commutes.
@) c(A®+) = Idg.

The nerve of a permutative category becomes a simplicial monoid. Further, its realiza-
tion is a BE-algebra, where BE is the triple corresponding to the Barratt—Eccles O-space
|B|. To see this, one observes that B[|NC]|| can itself be described as the realization of
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the nerve of a category, what one might call the free permutative category on C (see [34]
or or [23]). One can now use the above described space level constructions to arrive at
a connective spectrum Spt(C).

THEOREM 8.4.1. Spt defines a functor from the category of permutative categories to the
category of connective spectra. Further, the zeroth space of Spt(C) has the homotopy
type of the group completion of the monoid NyC.

The last part of the statement is crucial for computations. It has as a corollary the
well-known theorem of Barratt, Priddy and Quillen.

COROLLARY 8.4.1 ([28]). Let S, denote the infinite symmetric group, i.e.

lim
lim S,
n

where Sy, is included in Sy, in the evident way. Let BSY, denote Quillen’s plus construc-
tion on BSS,,, which abelianizes the fundamental group without affecting homology.
Then Q(S°) = BSY, x Z. In particular, if Q(S°)o denotes the component consisting of
maps of degree 0, H,(Q(S%)0; Z) = H,(BSw0;Z).

PROOF. The Barratt—Eccles monoid valued construction on .S, which is the nerve of a cat-
egory with two objects * and p, and only identity morphisms, is isomorphic to ano BS,,
equipped with an associative multiplication, carrying BS,, X BS,, into BS, 4. It is not
hard to see that the group completion is homotopy equivalent to BS,, x Z. The result
now follows from the above results. O

We conclude with some examples.

(A) The category of finite sets can be given the structure of a permutative category,
with the sum operation corresponding to disjoint union. The resulting spectrum is the
sphere spectrum.

(B) Let G be a finite group, and consider the category of finite sets with G-action.
As in (A) above, we obtain a permutative category, which corresponds to Segal’s G-
equivariant sphere spectrum. It is a bouquet of spectra parameterized by the conjugacy
classes of subgroups K of G, where the summand corresponding to the conjugacy class
of K is the suspension spectrum of the classifying space of the group Ng(K)/K.

(C) Let A be any abelian group. View it as a category whose objects are the elements of
A, and whose only morphisms are identity maps. The addition in A makes this category
into a permutative category, in which c is actually an identity map for all pairs of objects
in the category. The associated spectrum is the Eilenberg—MacLane spectrum K (A, 0).

(D) Let R be any ring, and consider the category of all finitely generated projective
R-modules. This can be given the structure of a permutative category, where the sum
operation corresponds to direct sum of modules. The corresponding spectrum is Quillen’s
algebraic K-theory spectrum for the ring R.
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