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IN THIS paper we consider the following probiem; if ¥ is a closed smooth manifoid, under
what conditions is a map f: V- S™ homotoplc to a smooth fibration? Browder and
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Let us factorise f through a uomotopy equivalence and a Hurewicz fibre map with fibre

L A necessary condition for our problem to be soluble is that L have the homotopy type of a

imeng al O comnlex. At pr esent we also need to assume that I is 1-connected
mensional LW compiex. Al present we also necd Lo assume that L is i1-connectea.

In §1 we define a pre-fibration to be a map with a regular value b such that £ ~!() has the
0 y properties of a fibre. Theorem 1 shows that the above conditions on L are almost

In §4 we classify nre-fibrations over ™ with man fibre F; we find that they are in {1_]‘)

ify pre-fibrations ov ith given fibr we fi 2 Y

correspondence with the elements of a group D,,_;(F). A recent theorem of Cerf [2] shows
that every pre-fibration over S is equivalent to a smooth fibration, provided F is 2-connec-
ted and has dimension at least nine. This enables us to give a solution to our problem when
m = 2 (Theorem 2).

The problem was suggested to me by Professor C. T. C. Wall; I am very grateful to him
and to Dr. D. Barden for many helpful discussions.

If Vv and W are topological spaces and f: V— W is a continuous map, define

X ={(v, py:veV, p: I— W such that p(0) = f(v)}, with the compact open topology. Let
i:V->X,¢: X— Wbe defined by i(v) = (v, constant) and ¢(v, p) = p(1). Thenf= ¢i,iisa
homotopy equivalence and ¢ is a Hurewicz fibre map; the fibre of ¢ will also be called the
fibre of f.

Let ¥™*¥ be a smooth manifold and let f: V= 8™ be a map with simply connected
fibre L. Suppose the base-point b of S™ is a regular value of f; i|f~'(b) = L is a weak
homotopy equivalence and V — f~ 1(Iﬂ is simply connected. Then (V, f) is a pre-fibration

over S™; the smooth manifold f 'l(b) is called the fibre of (V, f).
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THEOREM 1. Let V™% be a closed smooth manifold, and let f: V — S™ be a map with
simply connected fibre L. If m 2z 2, d = 5 and H,(L) = 0 for all sufficiently large n, then there
is a well-defined obstruction y(V, f) € Py; f is homotopic to a pre-fibration if and only if
WV, f)=0.

§2. HOMOTOPY THEORY
LemMa 1. Let X be a topological space and let ¢ : X — S™ be a fibre map with fibre L.
Suppose m 2 2 and X satisfies Poincaré duality in dimension m + d (with integer coefficients).
If H(L) = 0 for all sufficiently large n, then L satisfies Poincaré duality in dimension d.
PROPOSITION. Suppose X = Y U Z, where Y, Z are open sets, and let x € H, (X) (integer
coefficients). Let py: H{(X)—> H(Y, YN Z), q5: H(X)> H(Z, Y n Z) be the natural
maps (via excisions). Then there is a skew-commutative exact diagram

p* )

H (Y, YN Z)—>sH" " (X) —— H" "(Z)—— H" """ Y(Y, Y Z)

XN xn qeXn PaXn
Px *

HAY) ——— H(X) — H(Z, Y A Z)—— H,_(Y)

Proof. The first two squares commute by naturality of the cap product. The following
squares also commute.

s
H(Z) —H"7'(Yn2Z) H (YnZ)— H" """ Y, YN Z)

qpxn dgexnn Opyxn DPaXn

Hr(Z’ Yn Z)—_)Hr—l(Yn Z) Hr—l(Yn Z)_____)Hr—l(Y)
Since dpyex + 0q.x = 0, the result follows.

Proof of Lemma 1. Let a, b be distinct points of S™, and let Y= ¢ ~}(§™ — a),
Z=¢ Y(S™~Db). Let r:S™—S™ be an orientation-preserving homeomorphism inter-
changing a and b; then r is covered by a fibre homotopy equivalence p : X —» X. Observe
that p induces a homotopy equivalence of pairs p: ¥, YNnZ—Z, Y n Z such that, if
X € H,y f(X), then py pyx = gyx. There is a commutative diagram

*

(1) Hm+d—r(Y)(_p_~_Hm+d—-r(Z)

PxXN QeX

Ps
H(Y,YNnZ)—HJ(Z, YN Z)
in which p* and py are isomorphisms.
Let R? =R™ — 0, and let §: R™ - S™ — a be a homeomorphism taking O to 5. Then s
is covered by a fibre homotopyequivalence o : L x R", L x Ry > Y, Y nZ. Let0: H(L) =

H..,(L x R™ L x R?) be the Thom isomorphism; then there is a unique element A € H (L)
such that 6,0(1) = p4(x). There are commutative diagrams



..
o
;a
o
<
>
wr
]
e
=i
w
]
zc
34
3l
o
1771
I
v=)
Y

) H* (L) H*"""(L x R”, L x R}) «—— H""7(Y, Y 1 Z)
An » 0in PaX0y
J ! ,,
H(L) =~ H(LxR" ————— HJ(Y)
(3) Hm+d—r(L) ~ Hm+d—r(L x Rm) Hm+d—r(Y)

1 1 1

l AN jOln l Pexn

H,_ (L) ~H(LxR" LxR)—H(Y,YZ)

Hd—r(L) Hr:+d-—r(X) Hm+d—r(L) Hd—r+1(L)
I 1 | |
l Ao l xn l An l An
Hr(L) —_ Hr(X) — Hr—m(L) —_— Hr-l(L)
Let x generate H,,, (X); since X satisfies Poincaré duality, x n : H" 47(X) = H(X).

Let 4 be defined as above, and suppose inductively that A n : H? (L) = H(L)forallr < k.
This is true if k is sufficiently negative, since H"(L) is zero for all sufficiently large n. By the
that 1 n : H*""(L) = H,(L) for all r, as required.

LemMA 2. Let V™*? be a closed smooth manifold and let f : V — S™ be a map with fibre L.
Ifm=2, H(L) = 0 for all sufficiently large n and b is a regular value of f, then i |f "' (b) » L
has degree 1.

Proof. Let Bbe a disc neighbourhood of 4 in S™ containing no critical values of f.
Let f= ¢i as in §1, let T=f"*(B), K= ¢ ~*(B), 0K = ¢~ (8B), F = f~*(b) and note that
L=¢71(b).

Now ¢ | K— B is fibre homotopy equivalent to a trivial bundle over B. It follows that
¢* : H™(B, 0B) =~ H™(K, 0K), and similarly f* : H™(B, 0B) =~ H™(T, ¢T). If x generates
H™(K, 0K), then i*x generates H™(T, 0T), and there is a commutative diagram.

Nnitk

i l iy
¥ +

Hr(Xs X - K) = Hr(K’ 6K)_—_>Hr—m(K) ~H —m(L)

in which the horizontal maps are isomorphisms.

iy fa

v

By Lemma 1, L satisfies Poincaré duality in dimension 4. Since X — K~T,
H,.,-. (X = K) =0, sotheinclusion induces an epimorphism H, ; (X) - H,,+ (X, X — K).
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hat iy : Hyoo(V, V= T) = H, (X, X— _K)

11 A
is an epimorphism. Putting r =m 4 d diagram (4) shows that i, : HF) —» H,(L) is
epimorphism, so i : F~ L has degree 1.

Since iy 1 H,, (V)= H, . (X),itf

SEm+d\’ SSmtdt /s ~

We refer the reader to [8] for some consequences of Lemma 2. In particular, there is a
monomorphism 1 : H{L) - H,(F) such that i, 1=1: H(L) - H/(L), so

HAF) = 0H, (L, F) ®1 H(L).

if d = 2k, then the intersection of any o € 0/, (L, F) with any f§ €1 H,{L) vanishes.

§3. SURGERY
We shall attempt to simplify F by surgery in V; the following lemma describes the form

Xx7s + vrm+4d

surgery I‘CLIU.II'C(J We assume that V™" “isa LOHIpdCL smooth manifold dIl(l] V- S™isa

map with no critical values in a small disc 4 < §™. Choose distinct points, @, b € Int 4 and

et F— £~ 1(H f:-_-_-r—lfn\ Ac t >
CL L J 0y, =] \&). 45 L = 4.

—

Lemma 3. If e € mp (V -G, Fa d2 <d—1, then thereis amap '~ - V> 8™
with nio critical values in A and such that F' = ' ~(b) is obiained from F by surgery, killing 0u.
12k £d -2 and G' =f ~Y(a), then there is a commutative exact diagram

a 0

Ty V-6 — myy (V-GF) — mnfF)

! — !

Tt s (V_..('."\ —_— g V-G FY — g.(FN
(TS SN hd Ar+1 N A RAC I
in which the vertical maps are epimorphisms, and 0(a) =0. If 2k =d = 6 and V —G, F are
both cr"vwn i) cnzznnctad thon thors ic an ohotruntion ¥ o (/7 \ (wheoro V io the
both sim onnected, then there is an obstruction & € m(V,1y—1, m-1) (where V, s is the
n f' can be found as above

Do f T ot @ N ha s mrdh e armal Framae ot b cael fhat 6 meiete alang the
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great circle a b (away from a). Let # = (f, ... f,) be the normal framing of Fin ¥ induced
hv f'frnl'n &. Let the great circle a b (nroduced in the direction of e,) meet 94 in ¢, and let
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1:I-[b, c] be the linear map sending 0 to band 1 to ¢. Since f has no critical values in 4,
|f ~1(4) is a smooth fibration, equivalent to a trivial bundle with fibre F. Therefore there is
an imbedding h: Fx A - Vsuchthat fh=p,: Fx A— A.

If 2k < d — 1, then da can be represented by an imbedding 1 : S* —» F. The same is tn
if2k =dz=6and F is simply connected, by Lemma 6 of [6]. Letv=A(u x ) : S*x I V;
then v imbeds S* x Iin h(F x A) so that o(S* x I) n F— u(S*) and £, | u(S*) points along
generators of o(S* x I). Extendv|S* x 1 = h(F x 84)toamapw: D**! x 1 - ¥V — G such

that w u v: (D! x 1) U (S* x I), (S* x 0) > V' — G, F represents a.

Since w avoids G, it avoids a neighbourhood N of G in h(F x A). Choose a homeo-
morphism H : h(F x A) — h(F x A) keeping G U h(F x 0A) fixed and taking N onto a
neighbourhood of F. We canextend H to a homeomorphism of V'by defining H| V' — h(Fx A)
to be the identity. Then Hw: D**! x 1 -V — G is an extension of »|S* x 1, avoiding F
and such that « is represented by Hw u v: (D"t x 1) U (S* x I), (S* x 0)—» V — G, F.
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If 2k <d — 1 or m 2 3, then Hw can be approximated (rel S* x 1) by an imbedding
w 1Dt % 1 5 ¥V~ F — G such that w’ U vis a smooth imbedding. If 2k =d=4andm =2
then (by hypothesis) ¥ — G is simply connected. It follows by methods of Whitney that Hw
is homotopic (rel S* x 1) to an imbedding w’ as above. In either case « is represented by a
smoothly imbedded disc D « V — G with boundary S= D n F, and {; | § points radially
into D.

There is an obstruction & € m(V,,44-1-1, m—1) to extending (f3, ... f,) | S to a partial
normal framing of Din V. If2k £ d — 1, then m, (Vyui g~x-1, m—1) = 0,50 & = 0. Given such
an extension, Haefliger [3, §3] shows how to perform a framed spherical modification on
(F, &) which kills do; let the resulting framed submanifold be (', #’). By the tubular
neighbourhood theorem, &' defines an imbedding A': F' x A — V, unique up to isotopy,
with #'(x, b)=x for x € F'. To define f': V= S™, put f'|h'(F'x A)= p, ! and
extend /' |A'(F’ x 04) — S™ — A arbitrarily over V' — #'(F’ x A). Then f’ has no critical
values in 4, F'=f'"1(b) and f’ induces &' from &. Using the fact that (F, &) and
(F’, #') are framed cobordantin ¥ x I, we see that f' = f.

To complete the proof of Lemma 3, it only remains to produce the commutative dia-
gram when 2k £ d — 2. Observe that F’, G’ are obtained from F, G by surgeries (in V) of
type (k + 1, d — k) [6, §1]. Since k + 1 < m — k, there is an epimorphism m(F) —m(F").

There is an imbedding  : D**! x D' ¥ V such that Y(D**'!x D% n G=
Y(S* x D% and G’ istopologicallyisotopicto G" = G — Y(S* x D! ) uy(D*+1x §47%1),
Write G, for GuU Y(D**! x D' %) =G" U Y(D**! x D*7%). Since k +2< (m+d) —
(k +1), the inclusion ¥V —Gy— ¥V~ G induces an isomorphism . (V — Gy) =
e (V — G). Since k+ 1< (m+d)—(d— k), the inclusion ¥V — G,— ¥V — G” induces
an epimorphism 7. (V — Go) = 7o (V— G"). Since m (V= G") = (V- G),
we have defined an epimorphism 7, (V' — G) - w4 ((V — G).

The epimorphism 6 : (V= G, F) > (V— G, F') is defined similarly; it is
clear that 0(z) = 0 and the diagram commutes. This completes the proof of Lemma 3. We
shall need to investigate the dependence of £ on a; this will be postponed until Lemma 5.

LeMMA 4. Let V™4 be a compact smooth manifold and let f: V — S™ be a 2-connécted
map. If m=2 and d = 4, then there is a map g ~ f with regular value b e S™ such that
g~ 1(b) and V — g~ (b) are simply connected.

Proof. We use the notation of Lemma 3, assuming (by a preliminary homotopy)
that f has no critical values in the disc 4. Since ny(V — G) =0, the boundary
map J: 7, (V — G, F) - no(F)is anepimorphism. F is compact (since ¥V is), so 7z,(F) is finite;
therefore we can choose elements «;, ... &, € 7, (V' — G, F)such that n(F) = {Ja, ... 0u,}.
ByLemma 3, we can do surgery to kill duy, ... du,, thus killing ,(F).

¥V — G has the homotopy type of a finite CW complex, so n,(V — G) is generated by a
finite set {B;, ... f.}. Let a; =/, f;e ny(V — G, F), and use Lemma 3 to do surgery on
oy, ... o, in turn, If F, G, are the resulting submanifolds of ¥, then there is a commutative
exact diagram
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Ja
(V- G) — m,(V — G, F) —0

L [}

J1#
(V- G))— n(V — Gy, F1)—0

in which #, 8 are epimorphisms and 0(x;) = 0 fori = 1, ... n. Therefore j, 4, n(B;) = 6j.(B)=
0(et;) = 0. Since n is an epimorphism, w,;(}V — G;) is generated by n(B,), ... n(B,). It
follows from the homotopy sequence of (V¥ — Gy, F,) that ker j, , is a subgroup of n,(V—G,).
Therefore j,, = 0, so we have killed n,(V — G, F).

The following result is given in the Princeton thesis of L. C. Siebenmann.

PROPOSITION. Let w, ©n' be finitely presented groups and let ¢ :n— n' be an epimor-
phism. Then ker o is the normal closure of a finite subset of =.

Proof. Let n={x; r(x) =1}, o’ = {&x’; r'(x") = 1} be finite presentations of =, n'.
There is a sequence of words s such that ox = s(x"). Since o is an epimorphism, there is a
sequence of words ¢ such that x” = g1(x) = t(ox).

Observe that, in 7", r(s(x")) = 1 and x’ = 1(s(x")). Therefore
T2 {x"; r'(x) =1, r(s(x') = 1, x" = #(s(x")}
& (', %3 F(x) = 1, X" =5(x), 1) = 1, %' = 1(x")}
x {x";r(x") =1, x" = s(¢(x")), r'(¢(x")) = 1}
Now ox = s(x") = x", so ker ¢ is the normal closure of the finitely many elements in
x~1. s(t(x)) and r'(1(x)), as required.

Since F and V' — G have the homotopy type of finite CW complexes, =,(F)
and 7;(V' — G) are finitely presented. The inclusion now induces an epimorphism
o (F)—»n(V — G), so ker o is the normal closure of a finite set {§;, ... 8,}. Choose
o; € 1,(V — G, F) such that §; = da;; by Lemma 3 we can do surgery to kill day, ... da,,

thus killing ker 6. Then the inclusion F - ¥V — G induces an isomorphism of fundamental
groups, and the same is true of the inclusion G —» ¥V — F.

If mz3, V— G is already simply connected, so the lemma is proved in this case
(indeed, we could have used a much simpler argument). Let B be a disc neighbourhood
of b in Int A4 with a € 8B. Let T= f~(B), and suppose m = 2. Observe that there
are natural inclusions 7,(G) « =,(¢T) and =,(S!) = n,(3T). If z generates =,(S!), then
7,(G) U {z} generates n,;(0T) and z is in the centre of =, (8T). Let A:m (8T)— ny(T)
and p: 7,(0T)— =, (V — T) be induced by inclusions.

By Van Kampen’s theorem, z,(¥) is obtained from nl(T)*nl(T/Tf) by adding
relations A(x) = p(e) (for all xen,(G)) and A(z) = u(z). Since A|n,(G)— n(T) and
uln (@ —»nl(Vh———T) are isomorphisms, and A(z) =1, n;(V) is obtained from =,(V — T)
by adding the relation p(z) = 1. But 7, (V) =1, so nl(V—'———J—") is generated by conjugates
of u(z). Since y is an epimorphism and z is the centre of =,(0T), u(z) is in the centre
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H(V — F)= H(V = T).

Since f'is 2-connected, fy : H,(V) — H,(S?) is an epimorphism. Clearly f, : H,(T, ¢T)
~ H,(B, 0B), so by excision f; : Hy(V, V — T) & H,(S?, S? = B). Therefore there is a
commutative exact diagram

(5) "

=
<
|
:j
1:
:j
CD

H,(S 2)_% H,(S2,S*—B)
it follows that ¢, is an epimorphism, so HI(V — T)=0. This proves Lemma 4.

Proof of Theorem 1. By Lemmas 1 and 2, L satisfies Poincaré duality in dimension 4 and
i: F— Lhasdegree 1. Since L is simply connected, fis 2-connected, so by Lemma 4 we may
acenimeae that Fand IV _ EFara cimnly connactad Tt follawe fram tha ramarkes after T amma 2
AVOULIIV LAl 1 aliu r 4 alw ullllyl.y CUMHILIVODLLAL,. AL IVLIVYY D LI UVLLL LHU LVIHIGI NS ALl vl LA TILILIIGL &

that 7: F— L is 2-connected. Suppose inductively that i has been made k-connected
(4 <2k £d)and V — Fis simply connected.

Diagram (4) shows that iy, : H(V, V—-T)= H(X, X — K)for r £k +m— 1, and i,

,,,,, Py .

l& an cplmorpmbm IOI' r = IC -+ m. Apply]l’lg Ul(: D Lcmlﬂd to LHC exact ﬂOIl’lOlOgy quUCHLCb
of (V, V-T T) and (X, X—K K), we see that (X — K, V' — T) is homologically (k + m — 1)-
connected. Since ¥ — T and X — K are simply connected, (X — K, V' — T) is (k + m — 1)-
connected. Write M = ¢~ 1(a); then (X — M, V — G) is (k + m — 1)-connected. By the

. (17 7~ Yy 'S s AL TN o
5-Lemma, iy : T ((V — G, F) » m . (X — M, F)is an epimorphism.

Let e H, . (L, F); then f is the Hurewicz image of some y € 7, ;(L, F). Let n be the
image of y in 7, ;(X — M, F). There is an element o« € . (V' — G, F) such that n = i,a,
since i, is an epimorphism. By Lemma 3, we can do surgery to kill da if 2k < d — 1. The

Hurewicz image of da is 0f; since 0 : 17k+1(14, Fy— nk\r) s a monom Orp} 18Im, SUrgery on o

kills B. Note that V' — Fis still simply connected.

1f 2k < d — 2, we can use this construction to kill Hy . ,(L, F) (which is finitely generated
since it is isomorphic to a subgroup of H,(F)). Thus we have completed our inductive step;
it remains to consider the cases 2k =d — 1 and 2k =d.

If 2k = d — 1 and k is even, we can use the methods of Kervaire and Milnor [4, §5] to
kill H,, (L, F). If k is odd, the argument of [4, §6] applies, provided we show that the
framing used to construct a spherical modification can be altered by any element in the
kernet of the map 7,(S0,.,) > 7, (SO). But this is proved in [8, §4], so we can kill
H (L, F) whenever 2k =d —-12=4.

If 2k =d and B, p' e H, (L, F), we write §.5 for the intersection number J8.08’.
This defines a non-singular bilinear form on H, (L, F) (which is a free Abelian group).
Given f§ e H,, (L, F), we can construct vy, n, o as above. When we try to apply Lemma 3 to
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kill 8a, we meet an obstruction £ € m(Vpay—y, m—q)- If & is even, m(Vospoy, moy) X Z. If
k is odd, then (Vs x—1, m—1) = Z, unless m = 2, when m(Vyyy, 1) 2 Z. We write &, for
the element of Z, which corresponds to the reduction of £ mod 2.

LeEMMA 5. If'k is even, then £ is zero when §3. f vanishes. If k is odd, then £, depends only
on B, and the map f— &, defines a quadratic function on H, (L, F) with values in Z.,. 4
primitive element B can be killed if £, = 0.

Proof. The result for k even is given in {5, 4.10]. Suppose & is odd, and represent « by
an imbedded disc D as in the proof of Lemma 3. Then t(¥)]S has a canonical framing 4
which extends over ©(V)|D. Let (g,, ... g.+,) be the canonical framing of ©(D)|S, so
Go=00,,...5,, 8., ... gkﬂ) is a partial framing of (V) |S. Then ¥, ¥, define an element
Of (Vs 26, mew) = Zy . It is easily checked that { is the image of ¢ under the epimorphism
T (Vinsk-1, m~1) = nk(Vm“k, m+x)s SO { can be identified with £, .

Clearly { depends only on the regular homotopy class of .S'in F and the homotopy class
of (D, S)in (V, F). But two immersed k-spheres in F which are homotopic are necessarily
regularly homotopic, so { (and hence &,) is determined by the homotopy class of (D, S) in
Vv, F).

Now v, n are uniquely determined by B; let o, o’ em . (V—~ G, F) be such that
i*fi = f*c‘i' = 1. Let 6 be thei image of x — o' in uk+1\r F } Then t*(g is t}‘c zero clement of
T +1(X, F); 'but ix > Ty (Vs F) = 1,41 (X, F) is an isomorphism, so § = 0. This proves that
£. depends nnlv on fB. It follows by the argnment of [5, 4.2] that, for 8, 'B e H. . .(I F),

G2 LLPCllls QI €1 AL 2010V e al Ly Ol al, 10 ki £ s

S2(B + B) = &) + &2(B) +(ﬂ~ﬁ')2 .

p:na“u sunnose 8 is a primitive element of H, (7 F\ and FAIR) =0, Ifm > 3 it

‘‘‘‘‘‘ i OS¢ @ plaiilaaye CICialay O 41 iy & Qiis
iy of I i 4 k+l\ /7 LA

follows that & =0, so f# can be killed using Lemma 3. Now suppose m = 2, and let (D) be
2a times a generator of m,(V,., ) (where a is an integer). Following Levine [5, 4.11], we
construct a new disc D, with the same boundary $ as D but with &(D,) = 0.

Let S; be a (k -+ 1)-sphere immersed in a small (n + d)-disc in V —(F v D) with self-
intersection number —a. Join D and S, by a tube to obtain an immersion of Dy = D # S,
with self-intersection number —a. Then the given framing (f,, ... f,) on § = 0D, can be
extended over D, (see [5, 4.11]).

Since f is a primitive element, there is an element 6 € H, (L, F) such that 6.8 =a.
Diagram (4) defines an isomorphism H,(F) = Hy . ,(V, V—=T); let Yy e Hy, ,(V, V—T) be
the image of 08. Since 7,(80) = 0, it follows from diagram (4) that i, () = 0. The pair
(X — K, V=T)is (k + 1)-connected, so Oy is spherical in ¥ — T. By Lemma 6 of [6], 8y
can be represented by an imbedded sphere S, in ¥ — T, meeting D, transversely. It can be
checked that the intersection number D, and S is . Join Dy and S, by a tube to obtainan
immersion D; = D, # S, with zero self-intersection number.

Since 0y is a boundary in V, the intersection number 8.0y is zero. It follows from
Lemma 7 of [6] that S, has trivial normal bundle in V. Therefore the given framing on
S = 0D, can be extended over D,. Since V - Fis simply connected, D, is regularly homo-
topic to an imbedded disc D, such that D, = S = D, n F. Now we can do surgery on D,,

Knung ﬁ as I‘qulll'e(l and Lemma 3 is estabiished.
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If 2k =d =6 and k is even, we have shown that any element e H, (L, F) with
B.B = 0 can be killed. It follows from arguments of Milnor [6, §6] that H,, (L, F) can be
killed provided it has zero signature. It also follows that the intersection pairing on
H, (L, F) has determinant 41 and is even, so its signature ¢ is divisible by 8. Define

(¥, ) = o/8 = (1/8) (signature of F — signature of L).

By the Hirzebruch signature theorem, the signature is equal to (L (V) u f*[S™], [V']),
where k = 2j, L (V') is the Hirzebruch class in HYV ; Q) and [S™], [V'] are the fundamental
classes in H™(S™), H,+4V). Therefore y(V, f) is equal to (1/8)(L,(V) v f*[S"], [V]> —
signature of L), which depends only on the homotopy class of fand the manifold V.

Now suppose 2k = d and k is odd. Let y(V, f) be the Arf invariant of the quadratic
function ¢, on HkH(L F). The methods of [6, §8] show that H, (L, F) can be killed pro-
vided y(V, f) =

In all cases, therefore, H, . ,(L, F) can be killed if y(¥, f) = 0; note that V' — F remains
simply connected. It follows by Poincaré duality that f is homotopic to a pre-fibration
provided y(V, /) = 0. To complete the proof of Theorem 1, we have to show that y(V, f) is
invariant under a homotopy of f when d = 2k and k is odd. Itisenough to show that, if /'is
homotopic to a pre-fibration, then y(V, f) = 0. But this follows from an argument similar to
that of [5, 4.4.].

§4. CLASSIFICATION OF PRE-FIBRATIONS

Two pre-ﬁbrations (V.f)and (V', f') over S™ are equivalent if there is a diffeomorphism
e : V- V' such that f = f’e on a neighbourhood of  ~1(b). It foliows that f~ f"e: V- S™

We shall take the north pole of S™ as base-point, and shall identify D" with the northern

mienhara T at NV ha tha geatin AF Aiffanmarnhicrme of Ty €8 Lasming Ty N Read
HISpIvIL. AL LS \l J UL LUV giuudp Ui ulll\«UlllUl}}lllDlllD O1 £ X O ACCPINE 17 A L/ 11AVU.

L t D, (F) be the subset of D, (F) consisting of diffeomorphisms which are concordant to the
identity keeping F x D" fixed. Then DJ(F) is a normal subgroup of D.(F); define

j ( F)= DFDUP. o o

TeMMA & Tor F4 be a closed simply connect
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then equivalence classes of pre-fibrations over S™ with fibre F are in (1--1) correspondence with
elements of D,,_(F).

Proof. Let P,(F) be the set of equivalence classes of pre-fibrations over ™ with
fibre F, Ifh: Fx Sm—1 _, Fy gm—1 represents an element of D (F), define V=

UL NS L AP ] Cpaosiiie Civialuar UL Loy q\Jdl y, Bl

(Fx D™ v, (F x D™. Let f,: Fx D™— D™ be a continuous extension of p,A~*, and
define f=p, U f, : V> D"u; D" =S" Let j: Fx D" — V be the inclusion of the first
summand; we shall identify F with j(F x 0).

By Van Kampen’s theorem, V is simply connected. It follows from diagram (5) that fis
2-connected. Suppose inductively that i : F — L is k-connected; it follows from diagram (4)
thati: V' — F— X — Lis (k + m — 1)-connected. Since / leaves F x D™~ ! fixed, we deduce
that 7 : F— Lis (k + m — 1)-connected, completing the induction. Therefore (V, f) is a pre-
fibration over S™ with fibre F. Tt is easy to see that the equivalence class of (¥, f) depends

only on the concordance class of 4, so we have defined a map 6 : D,,_(F) - P,(F).
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Suppose hy, h, represent elements of D,,_,(F) such that 0(h,) = 6(h,). Define ¥,, f.. j.
from k, as above (r = 1, 2); there is an equivalence e : ¥, =+ V,. By the tubular neighbour-
hood theorem, we may choose e so that ej; =j,. Thus Ay : Fx S™ 15 Fx §™ ! can
be extended to a diffeomorphism F x D™ — F x D™ Since h, hy* keeps F x D™~ 1 fixed, it
follows easily that it represents the identity element of D,,_;(F). Therefore 6 is a mono-
morphism,.

We now show that any element « € P,(F) is in the image of 8. Recall that D™ is the
northern hemisphere of S™; we shall identify 2D™ with the region to the north of the
Antarctic circle. Now « is represented by a pre-fibration (¥, f) such that f has no critical
values in 2D™. Choose an imbedding j: F x 2D™ — V such that fj=p, : F x 2D™ - 2D"™.
We shall show that the closure of the complement of j(F x D™) is diffeomorphic to F x D™,

r\m\ 1

and is attached to j{F x D™) by an element of D,,_,(F).

Let B be an m-discin 2D™ — D™ Letb: S™™' — 0B be an orientation-reversing diffeo-
morphism which extends to a diffeomorphism D™ — B. Leta: D" ' x I—»2D™ — D" — B
be an imbedding such that @, : D""'— S™ ! is the inclusion and q,=ba;. Let 4=
D"uUBuaD" *xI) (so A is topologically an m-disc), 0od = 0B — ao(D™™ 1),
0,A=8""1—D" land 9,4 = a(S™ > x I). Define W=V — j(F x A), 8oW = j(F x 0,A4)
0, W =j(F x 0,;4) and 0, W = j(F x 0,4A). Then W is a smooth manifold with corners, and
W=0,WuoWui,Ww

Recall that W~ V — F is simply connected, by definition of pre-fibration. Clearly
0oW and o, W are simply connected. It follows from diagram (4) that the inclusion
J(Fx B)c V —j(Fx D™ is a homotopy equivalence, so d,W < W and o,W < W are
homotopy equivalences. Thus W is a (relative) A-cobordism between 6, W and J, W. By
Smale’s theorem [7], we may extend j{i X @): Fx S™7 2 x I - 8,W to a diffeomorph-
ism [: Fx D" x I—» W with [, =j(1 x b)| F x D""' - §,W. It follows that there is a

diffecomorphism k: Fx §™ ' x -V —j(Fx D")—j(F x B) such that j(lxa)=

kK|Fx D"t x I and ky=j(1 xb). Thus h=k7j|Fx S™ 1> Fx S™ ! represents

an alamant of N (F\ Ttic eaqy ta cee that (17 £\ ranrecents A(L) we ha
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is an epimorphism, and therefore an isomorphism.

ifm = 2,d = 9 and Fis 2-connected, we can strengthen our resuit by using the
theorem of Cerf [2].

THEOREM. Let F¥ be a 2-connected closed smooth manifold, and feth: F x I—- F x I be a
diffeomorphism with h1|F x 0= 1. If d 2 9, then there is an isotopy of F x I keeping F x O

fivad and talrtms b ta tho idemtity
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This implies the following result about D,(F).

COROLLARY. If F? is a 2-connected closed smooth manifold and d > 9, then every
element of D(F) can be represented by a diffeomorphism h:F x S'— F x S* with
poh=p,: FxS' -8t

Suppose  satisfies the conditions of this corollary. Define V as in the proof of Lemma
6. In the definition of f: ¥V —> 82 f,: Fx D?— D? is any continuous extension of
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pyh™ i =p,. Ifwetakef, =p,, thenf=p, Up,: V- 5§?is a fibration. The differential
structure on ¥ is defined by means of collar neighbourhoods of F x §!in F x D2, If these
are chosen suitably, then fis a smooth fibration representing 0(4). Therefore, under the con-
ditions of the above corollary, every pre-fibration over S? with fibre F is equivalent to a
smooth fibration. Combining this with Theorem 1, we obtain the following result.

THEOREM 2. Let V%2 be a closed smooth manifold and let f: V — S? be a map with
2-connected fibre L. If d 29 and H,(L) = 0 for all sufficiently large n, then there is a well-
defined obstruction y(V, f) € Py; f is homotopic to a smooth fibration if and only if y(V, f) = 0.
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