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Abstract

This paper is the first of a three-part investigation into the behavior of analytical invariants of
manifolds that can be split into the union of two submanifolds. In this article, we will show how the
low eigensolutions of a self-adjoint elliptic operator over such a manifold can be studied by a splicing
construction. This construction yields an approximated solution of the operator whenever we have
two L2-solutions on both sides and a common limiting value of two extended L2-solutions. In Part II,
the present analytic *“Mayer-Vietoris” results on low eigensolutions and further analytic work will be
used to obtain a decomposition theorem for spectral flows in terms of Maslov indices of Lagrangians.
In Part III after comparing infinite- and finite-dimensional Lagrangians and determinant line bundles
and then introducing “canonical perturbations” of Lagrangian subvarieties of symplectic varieties, we
will study invariants of 3-manifolds, including Casson’s invariant. © 1996 John Wiley & Sons, Inc.
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1. Introduction

Let M be a closed, oriented, smooth manifold that is decomposed into the
union of two submanifolds M|, M, by a codimension-1, oriented submanifold Z,

(11) M=M|UM2, Z=M10M2=6M|=6M2.
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The object of this paper is to study a decomposition of eigenspaces with small
eigenvalues of a self-adjoint elliptic operator D on M into the contributions from
M, and M, together with a resonance term created by the interaction of these
eigenspaces along X (see Theorem A). A phenomenon well-known to topologists
is the decomposition of cohomology of M by the Mayer-Vietoris sequence of
(M; M, M>), which is related to resonance terms in Appendix B. Another example
of the resonance term is the background noise (low-frequency modes) created
sometimes by a long corridor connecting two chambers. In our treatment, these
resonance terms arise naturally as the intersection of two Lagrangian subspaces
in a symplectic vector space.

In this primarily analytical part, we will concentrate on first-order, self-adjoint,
elliptic differential operators D on the space I'(E) of smooth sections of a real
vector bundle E — M,

(1.2) D:T(E) - T(E),

which are of the Atiyah-Patodi-Singer type [1] near . More precisely, under an
identification i : £ X [—1,1] — M of the cylinder X X [~1, 1] with a neighborhood
of Z,i(Z X 0) = Z, and an identification of E | £ X [—1, 1] with the pullback x*E
of a vector bundle £ over ¥ via the projection 7 : £ X [—1,1] — X, we can write
D over  x[—1,1] as a sum

(1.3) D=(r*g)o (% + w*f)) .

Here D is a self-adjoint, elliptic operator on the space T'(E) of smooth sections of
E,

(1.4) D :T({E) - (&),

s is the coordinate of [~1,1], ¢ : £ — E is a bundle isomorphism, and 7* ¢ is the
pullback of o to E | ZX[—1, 1]. In short, in the neighborhood of X, we are in the
same setting as [1] .

The basic approach is to replace M by a stretched version M(r) of the same
manifold:

(1.5) Mr)=MUZX[-r,rlUM,

obtained by first cutting M open along X and then gluing the pieces back to
2 X [~r,r] with the end £ X (—r) and OM, identified and with = X (r) and oM,
identified. As we stretch M, the above operator D can also be extended to produce
an operator D = D(M(r)),

(1.6) D :T(E(r)) — T{E(r))
over M(r). In fact, for manifolds

(17) M1(00)=M1UZX[0,00) and M2(OO)=ZX(~O0,0]UM2
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obtained by attaching the infinite cylinder £X [0, 00) to M| along M| = £ X0 and
attaching Z X (—00, 0] to M, along M, = X x0, similar bundles E j(c0) — M ;(o0)
and operators D : I'(E (o0)) — T'(E (o0)) exist (see Section 1).

The key to this approach is to relate the L’-solutions of D : I'(E j(00)) —
T'(E j(00)) to the low eigenspaces of the operator D = D(M(r)). Let V sJj =12,
denote the space of L’-sections ¢ of the bundle E j(o0) satisfying D¢ = 0. Then a
general technique called splicing allows us to put two such sections (¢, ), ¢ €
Vi, ¢2 € V,, together to form a section ®(¢,,¢2,0) in ['(E(r)). By making
estimates of lower eigenspaces of I'(E(r)), we will show that these spliced sections
®(¢, ¢2,0) represent contributions to the low eigenmode problem on M from the
two pieces M|, M,. To obtain the complete picture, we also have to consider the
extended L?-solutions of D on I'(E (c0)) that take on limiting values at infinity.

Let # denote the kernel of the operator D on I'(E). In Proposition 2.2 we
will show that # naturally inherits the structure of a symplectic vector space and
that the limits of the extended L*-solutions in T'(E ;(c0)) give rise to a Lagrangian
subspace L; in #. An element « lying in the intersection L, N L, of these two
Lagrangian subspaces can be regarded as a pair of sections on M (o), M1(o0) that
match at infinity. The general form of the splicing construction takes into consid-
eration not only ¢,, ¢, but also the element « and produces a section ®,(¢), ¢2, ®)
in T(E(r)). Thus we have

®:V,eVye (L NLy) — T(E())
(1, ¢02,a) = B.(d1, d2, ),

and the subspace ®,(0 ® 0 ® L, N L) gives the resonance term at the beginning
of our discussion.

THEOREM A. Let N(r,K) denote the number of linearly independent eigen-
vectors i of Dr; = Na; on M(r) with |\;| < K. Let sp(r, K) denote the span of
these eigenvectors ;. Given g > (), there exists an R such that for r = R we have
the following:

(1.8)  N(r,r 0*#) =dimV, + dimV, + dim L, N L.

(1.9)  Ler 6 = min{|u| : u # 0 is an eigenvalue of D over L}. Then the equality
of numbers N(r, exp(—%r)) = Nlr,r %) and the equality of two sub-
spaces splr, exp(—b4')) = sp(r, r'**)) hold.

(1.10) Denote the projection of T(E(r)) onto the subspace spl(r, exp(—%’)) by P,.
Then ||®,(x) — P2, (x)|| < exp(—%)”xll.

Roughly, the above theorem says that small eigenvalues (in the range r~!**)
of D on M(r) are exponentially small (~ exp(—%’)) and the corresponding eigen-
sections are exponentially close to a splicing construction. In particular, if V|, ®
V, ®(L; NL,) = 0, then for large r there exists no zero mode on M(r), ker D = 0.
A related result for manifolds with cylindrical ends is presented in Appendix A.
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In the special case that # = ker D = 0, we present a much stronger result, The-
orem B. By the work of Muller [19], chapter VI, and Douglas and Wojciechowski
[14], section 6, if # = ker D = 0, then the self-adjoint extension D(j) of D act-
ing on smooth L2-sections of E;(o0) over M (o) (M with the infinite cylinder
attached, that is,

D(j) : {smooth L?-sections of E ;(c0)}

1.11
(.11) — {smooth L%-sections of E;(c0)})

has pure point spectrum of finite multiplicity in the range of eigenvalues \ with

6 é)\§+—6—

V2 V2

However, D(j) has essential spectrum for |\| = é.

(1.13)  Let0 =k < §/+/2 and £ > 0 be chosen such that neither D(1) nor D(2)
has any eigenvalues in the range (k,k + €]. Denote by {N;i,... , Njup}

the eigenvalues of D(j) over M j(oo) counted with multiplicities in the
range of eigenvalues A with

(1.12) -

—-k=N=k

and let V j(k) be the span of the associated eigenvectors.
Define K, L in terms of the bundle automorphism o as in (4.5) and choose k, &
so that

(1.14) ktes= %

As before, there is a natural splicing construction
(1.15) P,: V (k) ® Valk) — T(E(r) over M(r)).

THEOREM B. Suppose # = kerD = O and k, & are chosen as in (1.13) and
(1.14). Let N(r,1), sp(r,t) be defined as in Theorem A. Then there is an R > 0,
depending only on k,e,K, L, 6 such that for all r Z R we have

(1.16) N(r,k + (¢/2)) = dim[V (k) ® V,(k)].

(1.17)  Let P, be the orthogonal projection of T(E(r)) onto the span of the eigen-
vectors of D on E(r) with eigenvalues \ satisfying

or
A= Njel = -—
| jal exP( 4)

for some j,a, 1 = a = n(j). Then the equality of two subspaces sp(r, k +
(e/2)) = P, sp(r, k + (g/2)) holds.
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(1.18)  For (x,y) € V (k) ® V,(k),

®,(x,y) — P,®(x,y)]| =N [exp(—i—r)] G P

with N depending only on k,e,K, L, é.
(1.19)  P.®, is an isomorphism onto sp(r,k + (e/2)).

Roughly, the above theorem says that the eigenvalues of D on M(r) for r = R
to an exponentially small error in r in the range [—(k + £/2), +{k + &/2)] consists
of the eigenvalues

HLYTHR Vhs N j=12,

coming from D(j) on M (o) for j = 1 or j = 2. Moreover, the multiplicities
correspond, and this correspondence holds uniformly in r depending only on %, &,
K, L, 6—not on any other properties of D(1) or D(2).

In the sequel, Theorems A and B together with the general techniques of con-
trolling low eigensections will be used in proving a similar decomposition of spec-
tral flow. Let {D(u)}o<,=1 be a smooth family of operators of the Atiyah-Patodi-
Singer type. That is, over X X [—1, 1], the operator D(u) can be written as a sum
ntoo (% + 7* D(u)) where D(u) is a smooth family over £ and o is independent
of u. Then, after stretching £ X [-1,1] C M sufficiently long, we will show in
Part 11 [5] under suitable hypotheses that the spectral flow of {D(u)}o=,=; is a
sum of two spectral flows from M, M, and a Maslov index term from Z. (Our
paper [7] develops the Maslov index and needed results from it; these are briefly
reviewed in Part I1.) Crucial to such results on spectral flow will be further analytic
work in Part II comparing low eigenvalues of operators on a manifold and on its
pieces by achieving estimates that are uniform in the # parameter. Our treatment
is sufficiently general to encompass the difficulties of zero modes at the ends of
the parameter families as well as that of “jumping” Lagrangians.

While investigating the above topics, we benefited from the paper of Yoshida
[26], who wrote of a decomposition of spectral flow for the particular operators in
dimension 3 relevant to Floer homology. The statements of some analytic lemmas
(viz. Propositions 5.3, 5.4, 6.1, and 6.2) in the present paper have been adapted
from that paper, but both statements and proofs should be compared.

Theorem B was suggested by the results of Douglas and Wojciechowski. The
uniform estimates of Theorem B will be crucial to us in Part II.

In Part III we will compare finite- and infinite-dimensional Lagrangian set-
tings and the uniform estimates involved in relating them. By viewing infinite
Lagrangians constructed from the graphs of Hilbert-Schmidt operators, we will
relate them to sections of determinant line bundles. Our methods will be used
there to introduce the technique of “canonical perturbations” of Lagrangian sub-
varieties of symplectic varieties to achieve transversality in a controlled fashion.
We apply our methods there to the study of invariants of 3-manifolds, including
Casson’s invariant [6].
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It is worth pointing out the relation between our study of small eigenvalues
under stretching of manifolds and several well-known, important results on the
elliptic operators of pinched manifolds, stretched manifolds, and adiabatic lim-
its. As explained before, we have heavily employed the context and methods of
[1] on manifolds with boundaries. Several results of Cheeger, in particular his
studies of elliptic operators on manifolds with conical singularities, incorporated
the idea on how limits arise under pinching. He studied the role that the choices
of Lagrangians in the solution space of Dirac operators play on these limiting
processes and applied them in n-invariant problems (cf. [9], [10], and {11]). In
addition, there are the deep studies of adiabatic limits of -invariants of fibrations
in [3], 4], [10], [12], [13], [17], and [23].

Mrowka {18] in his important thesis considered Mayer-Vietoris-type decom-
positions in the context of gauge theory. His work includes some hard, nonlinear
generalizations analogous to results of the present paper.

2. Symplectic Structures, Self-Adjoint Operators, and Splicing

Throughout this paper, our setting is as follows: M is a closed, oriented man-
ifold, and

2.1 IX[-1,1]-M

a smooth embedding with £ = i(X X 0) a codimension-1, closed, oriented subman-
ifold of M. This submanifold Z splits M into two compact submanifolds M, M>
with

(2.2) M=M UM,, M NM,=0M, =0M, =i(Xx0),
IX[-L0l=iZx[-1,0) Cc M,,
Ix[0,1] =iZx[0,1]) C M,.

Defined over M and X are six more objects D, E, D.E, o, .
First,

(2.3) D :T(E) - T(E)

is a first-order, elliptic operator on the space I'(E) of smooth sections of a real
vector bundle E — M. This operator D is self-adjoint with respect to an inner
product (-, -)ys on I'(E) induced from a metric on E.

Second,

(2.4) D:T(E) - I'(E)
is a first-order, elliptic operator on the space I'(E) of smooth sections of a real

vector bundle £ — 2. Again this is self-adjoint with respect to the induced inner
product (-, -}s on ['(F).



SELF-ADJOINT ELLIPTIC OPERATORS 831
Third,
(2.5) o kE—E

is a bundle isomorphism of Eover Z. Let : £X[~1,1] — X denote the projection
and 7* E the pullback of E via 7. Then

(2.6) ¢:mE—~E|EZx[-1,1]

is a bundle isometry preserving the obvious metrics on these bundles. (Here
E | Z x [-1,1] is understood as the pullback of E via (2.1)).
Finally,

2.7 D|Zx[-1,1] equals (r"0)o (% + w*ﬁ)

where 7 : X [-1,1] — X is the projection, n* is the pullback of operators via
7, and the symbol s is the coordinate of {—1,1] in £ X [~1,1]. We also use the
identifications in (2.1) and (2.6) in the above formula.

The self-adjointness of D and D implies the following:

ProposITION 2.1.  Let D,E, D, E, a, ¢ be defined as above. Then

(i) ¢* = -0 and oD = =Do. R
(i) There exists a nondegenerate symplectic pairing on T(E) defined by

{f.8} =(f,00)x.

(ili) Let # = kerD. Then the restriction of the pairing in (i) to X is a
nondegenerate, symplectic pairing.

For operators of Dirac type, for example, the natural geometrical operators, one
has the simplification that % = —1; this characteristic, however, is not assumed
in our treatment.

Next, we will construct two Lagrangian subspaces L;,L; in the symplectic
space # arising from the limiting values of extended L2-solutions on M (00),
M;(c0). Here the noncompact manifolds

M|(OO)=M|UZX[0,00), 8M|———ZXO,

2.8
28) My(o0) = £ X (—00,0] UM;, oM, =L X0,

are defined as in (1.7). To begin, we recall some basic cons}ruction§ in [1]. Let
{#x} be a complete orthonormal basis of eigensolutions of D with D¢y = péy.
Let

P, = L2-closure of {¢y | w > 0} in LX(E),

29 L
@9) P_ = L’-closure of {¢ | w < 0} in L*(E).
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Then, from the spectral decomposition theorem, there exists a decomposition of
L*(E) into an orthogonal sum

LME)=H eP,®P-.

In a natural manner, the vector bundle E gives rise to vector bundle E(r) over M(r).
The procedure is to consider over M; the bundle E | M; and over £ X [—r,r] the

bundle 7*E and glue these two pieces together by the same gluing data as in E.
Similarly, there are bundles E(00) and E,(o0) over M (oc) and M,(oc) with the
property that E j(co) | M; is the same as E | M; and

E () | £x[0,00) =n"E,  Ej(o0)|ZX(—00,0] = 1*E.
The operator D : T(E) — T'(E) can also be extended to produce operators

D = D(r) : T(E(r)) — T(E(r)),

(2.10) D = Dj(00) : T(Ej(o0)) = T(Eo0)), j=12,

over E(r) and Ej(o0); over the submanifolds M, M,, they are the same as D |
M\, D | M,, and over the cylinders Z X [—r, 7], £ x[0, 00), Z X (—00,0], they are
defined by the formula 7*¢ o (% + 7* D). Note that the manifold M(r) of (1.5) is
decomposed by X X 0 — M(r) into two pieces as follows:

M(r)=M, UZx[0,r], OM|(r)=ZXXr,

(2.11) My(r)=EX[-r,0lUM,, OMj(r) =X X (-r),

and likewise the bundle E(r) as the union of bundles E{r) — M,(r) and Ex(r) —
M (r). Let L*(E ;(r)) denote the space of L?-sections of E(r), and let LAE i(r)) de-
note the Sobolev space of L{-sections. Given a subspace V in L2(E), let L?(E (V)
denote the Sobolev L? completion of the smooth sections ¢ such that ¢ | M ;(r) =
¢ | X lies in V. In particular, by letting V = P,,P_ P, & X ,P_ & #, we
have four Sobolev spaces L3(E\(r),P,), LXE\(r),Ps ® J), LAE,(r),P_), and
L2(Ey(r),P— ® ). Moreover, as shown in [1], the closures of the operator D
induce Fredholm operators on these spaces:

Dy : LIE\(r);P,) — LXE(r));
D\ : LYE\(r);P. ® ¥) — L*(E(r)) over M,(r).
Dy : LHEy(r); P_) — LA(Ex(r);
Dy LHE(r);P_ ® H) — LXEL(r)) over Mx(r).

(2.12)

The kernels of these operators also have their counterparts in LAE (00)).
Define V; to be the space of L?-solutions of D = 0 over M j(00),

(2.13) V; ={¢ € LIE;(0)) | D¢ = 0},
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and V to be the space of extended L?-solutions. More precisely, the latter V is
the space of pairs (¢, ¢) with the following properties:
(1) ¢ is a section of E j(00) with D¢ = 0.
(2) & is a section of £ with D = 0.
(3) ¢ | M; is square integrable.
) ¢ | T X(£00,0] ~ n*¢ is square integrable (—oo for j = 2, +oo for
j=1.
The above spaces V; and V; are finite-dimensional and can be compared with

the kernels of the Fredholm operators in (2.12) because of the following theorem
of Atiyah-Patodi-Singer [1]:

THEOREM 2.2. Let V;, V;, LIE\(r),P,), LYE\(r),P, ® ¥), L}E>(r),P_),
and LXE(r), P- & ¥) be defined as above. Then

(i) An element (¢, Jb) of V| has a representative of the form

d)EZx[0,0)=n"d+ Z cve My

w>0

where ¢ — n* over T x [0, ) is square integrable and ¢, é are C™.
Stmzlarly, an element (, ) of V, takes the > form ¢ | %X (-00,0] =

o+ Y cke Mn* ¢y here. Moreover, i, are C™.
wi<0

(i1} The restriction maps

Vi — LAE\(n),P,) b ¢ | Mr)
Vi—LE@P. oK) (6.~ ¢ | M)
Vy — LHENr),P_) ¥ i | Mafr)

Vo= LHEL(NP_ 0 X)  (,9) — ¢ | My(r)
define isomorphisms V| = kerD;, V| = kerDy, V, = kerD,, and
V, = ker D,.

From the above theorem, there are natural homomorphisms

P.:Vl-'?f:kerf) ((b,(i)""i

(2.14) PV =X =ketD (. )~ ¢

of V; into #. Denote by L; the image of P;. Then elements in L; represent the
hmmng values of the extended L?-solutions of D on M j(c0).

PrOPOSITION 2.3.  Let L;, j = 1,2, be defined as above. Then L; is a La-
grangian subspace in the symplectic vector space x.
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The operators in (2.12) are not self-adjoint, and the remedy is to introduce the
boundary conditions P, ® oL, and P, & oL,, respectively, in L3Ey(r),P_ ® oLy)
and Ll (Ei(r), P, ® oly) (see [24], [25], and [26]). The closure of D provides us
with Fredholm operators

D, : LHE\(r),P, ® oL;) — LHE(r)
Dy : B(E>(r), P— & oLy) — LAEx(r))

PROPOSITION 2.4. Let 9;, j = 1,2, be defined as above. Then they are self-
adjoint Fredholm operators withker 9; = V ;.

We conclude this section with the splicing construction. Let % denote the
space of pairs of “matching” extended L?-space. That is, # is the Hilbert space
of pairs (¢, ), (¥, ) such that

(2.15)  The pairs (¢, $) and (4, ) are extended Lz-solutlons of D(-) = 0 over
M(o0) and M(o0) and as smooth sections ¢ = § over Z.

Choose a smooth, nondecreasing function p(t), 0 =t = 1 such that

0 0=st=1
(2.16) ple) = )

2sr=1

and |%§ = 4. For a matching pair of solutions (¢, $), (W, ) in #, we define
h = T,(¢, P), i, ) as a section of E(r) by the formula
2.17) h|M,=¢, hiMy=4¢

(h | ZX[-r,~1D(x,5) = ¢lx,s + 1),

h | ZX[-1,0D)(x,s)

= [p(—s) - (¢ — 7" P)x, s + N} + (" ), s + 1),
(h | Zx[0,11)x,s)

= [o(s) - (@ — 7* P)x, s — V] + 7 olx, s — 1),
XX, Dk, s) =glx,s—r).

It is not difficult to see that there exists an exact sequence

0=V,eV, 2% 2L,NL, —0

whczre thAe map a : # — LjNL, is defined by sending a matching pair [(¢, ), (W, P)]
to ¢ = in Ly N L,, and the map 8: V| & V, — # is defined by sending ¢ & ¢
to [(¢,0), (,0)].

PROPOSITION 2.5.
() Given elements (¢y, ) € V| and ¢, € V), the limit

(D1, P2)m,(0) = rlijglo{(@ | My, ¢2 | M)+ (¢ | ZX[0,r], 2 | ZXx[0,7])}
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always exists, and the assignment (@1,61) X ¢2 — (b1, 92 (c0) gives
a bilinear pairing on V| X V. Furthermore, when restricted to the
subspace V| X Vy, this pairing becomes a symmetric, positive definite
pairing.

(ii) Similarly, the limit

W1, Y2)Mai0) = rli_Igo{(llll | My, Y | M) + (| Z X [=r,0], 42 | Z X [-r,0D)}

gives rise to a bilinear pairing on V, XV, that is symmetric and positive
definite over Vo, X V>,

An immediate consequence of Proposition 2.5 is that for each element x in
L N L, there exists a unique matching pair [(¢1(x), x). (¢2(x), x)] in #” such that
¢ i(x) is perpendicular to the subspace V; with respect to the pairing (-, )a;(c0)- In
other words, #  is decomposed into a sum V; & V, @ (L; N Ly).

Finally, the required splicing construction

(2.18) o, :VieV,e L NL, — T(E®F)
is defined by the formula

Qr(¢’ lll’ X) = ‘Pr(((b’ 0)3 (07 O)) + ‘Ilr((oa 0)7 ('709 0)) + ‘Ilr[(d)l (X), X), (¢2(X)’ X)] -
Remark 2.6. In Part I, we will generalize the decomposition of L*(E) studied
in this paper to a decomposition, for k = 0,
LYE) = (k) ® P.(k) ® P_(K),

where the summands are the spans of the eigenspaces with eigenvalues in [k,
+k}, (+k, 00), and {(—o0, —k), respectively. We will also produce corresponding
Lagrangian subspaces in #(k) generalizing L; and L,, given above for k£ = O.
These generalized Lagrangians yield by a symplectic reduction process the above
L1 and Lz.

3. Results on L?-Solutions and Lagrangians

3.1. Proof of Proposition 2.1
By the self-adjoint property of the operators D and D, we have

(3.1) m¥g o (g +7r*[)) =D=D"= (—g +7r*ﬁ) oq*o”
Os s

over T X [-1,1]. Comparing the coefficients of % on both sides of the above
equation, it follows that o = —c*, and hence from the rest of this equation
o oD = —D o 5. This proves Proposition 2.1(i).
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Now from the first equality o = —c ™, we have

(fiog)z =(c" f,9)s =(-0f,8)s = —(g,0f)z;

in other words, if we define {f, g} to be (f,og)s, we obtain a skew-symmetric
pairing in T'(E). Since the original pairing (-,-) in T(E) is nonsingular and o is
an isomorphism, the skew-symmetric pairing {-,-} is also nonsingular or, in other
words, a symplectic pairing as asserted in Proposition 2.1(ii).

From the second equality o o D = —D o o, it is clear that o preserves the sub-
space # = ker D. Since (-, ) is positive definite, its restriction to H is nonsingular,
and the proof of Proposition 2.1(iii) follows from the same argument as before.

3.2. Proof of Proposition 2.3

In order to prove Proposition 2.3, we need the following:

LEMMA 3.1.  Ler f and g be two smooth sections in T\E | M ;). Then

(3.2) (Df, &), — (f.De)u; = {f | OM, g | OM }¢;

withe;=1for j=2and e; = -1 for j = 1.

Since the proof is identical for j = 1 or j = 2, we will concentrate on the case
Jj = 2. In this case Lemma 3.1 is but a restatement of a theorem in the Palais
treatment of the Atiyah-Singer index theorem [20]. It is immediately proved by
using D, D self-adjoint and then integrating by parts.

We will concentrate on M; for j = 2, since the case for j = 1 is similar. For

extended L2-solutions (¢, é1), (¢2, 1) over M,(c0), we may apply (3.2) to the
submanifold M,(r) = % X [—r,0] U M,,

0 = (D1, D2)mar) — (D1, Db2)uyiny
= {1 | IM(r), ¢ | OM(r)}

(3.3)
= {¢31 + 3 D, b2+ Ce(2)¢e} -

<0 pe<0

In the last equation we use Theorem 2.2 to obtain the eigenexpansion of ¢; |
OM>(r); that is,

é1 | OMa(r) = by + D cill)y

(3.4) o
b2 | OMa(r) = 2 + D ce(@)eby .
e <0
Since o o D = —D o 5, we have

(3.5) D(ode) = —pelody)
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and so

(3.6) {bi, e} = (i, 00¢) = 0

whenever p; < 0 and py = 0 or p = 0 and p¢ < 0. In particular, in the above
expansion (3.3)

0= {d;1 + Z Dy, b2 + Z C«Q)d’e}

<0 pe<0

= {qal’d;z}-

This proves that L, is an isotropic subspace in H.

To prove that L, is the maximal isotropy subspace (i.e., dimL, = %dim ),
we recall the following assertion in (1]. Let D : I'(E) — I'(F) be an operator
of Atiyah-Patodi-Singer type near M, and let D* denote its formal adjoint.
Then, by imposing the nonlocal boundary condition P_ & # as in Theorem 2.2,
corresponding to D* there is defined the operator

D} LXF,P.® %) -~ LXE).

This last operator D} has a finite-dimensional kernel consisting of all extended
L?-solutions , D5 = 0, and also gives rise to a subspace L} inker D consisting
of the limits § of extended L?-solutions of D*. Then, from [1], we recall the
following result:

THEOREM 3.2. Let L, and L} be defined as above. Then dimL, + dim L} =
dimker D.

In our application, we set D = D*, DY = DyM>,), L} = L,, and so 2dim L, =
dim # as claimed. Applying a similar analysis to M|, the proof of Proposition
2.3 follows.

Because the proof of Proposition 2.4 is a more straightforward application of
[1], we will omit the details here. Related discussions on these operators can be
found in [24] and [25].

3.3. Proof of Proposition 2.5

Let (,;) be an element in V5, and let ¢, be an element in V,. Consider
their eigenexpansions over X X (—o00,0],

3.7 W | EX(=00,0] = 7"+ D ck(fle ™ n gy, j=1,2.

<0
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For j = 2, the section ; is square integrable and so Y2 = 0. In general, the
section ¢; | £ X (—00,0] — 7*¢; is square integrable, and we have

0
Aj=llg—mgil2 = |Ck(j)|2/_ ‘6_2““(15

‘<0

-3 le()?

ﬂk<0 2'/1‘1('

On the other hand, the inner product (r, | M2(r), ¢» | Ma(r)) can be written
(by ¢, = 0) as

(W — 7y | ZX[-r,0], g2 | X [~r,00) + () |Ma, 42| M)

0
= (Z Ck(l)ck(Z)/_ e_z”"sds) + (@ | M2, ¢2 | M>)

<0

(38) Zpkr
=Y l)Ck(2)[ 2] :I + W | Mo, 2 | M3)
<0
_ a(De2) cr(1)cr(2) 2uer M M
kz<:0 |2ﬂk| #k<0 |2 [ + (l/ll | 2 (/12 | 2)

By the Schwarz inequality,

>

<0

1ep(2 1|2 2
ck<2)::( )l éJZ AP 5~ 1@ _ o

ll-k<0 2|/‘l’k| Ilk<0 2|P‘k|

and so the first sum in (3.8) converges. Also,

> = (2

<0 <0
= e—Zér\/AlAz ,

where 6 (as in Theorem A) is the smallest |u;| as py goes through nonzero eigen-
values. Consequently, the second sum in (3.8) approaches 0 as 7 tends to oo.
From a comparison of the expression in (3.8) with the corresponding inner prod-
uct (Y1, ¥2)m,(), it follows immediately that

M eluk r
24

c(Dek(2) ’ )

(W1, ¥2)My(00)
= rlij&{(l/ll | Mo,y | M2) + (g | ZX [=r,0l, ¢2 | ZX[—r,0D}

exists. Moreover, if §y; = 0, then W1, ¥2)ma0) = Lim (1, Y2)ur,) is the standard
r—o0

inner product on the space of L?-sections on E,(o0). This proves Proposition 2.5.
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4. Producing Eigensolutions by Splicing

In this section, we prove statement (1.10) and part of (1.9) in Theorem A.

LEMMA 4.1.  Let 6 denote the minimum of |u| for nonzero eigenvalues u of D,

and let P, denote the projection of T(E(r)) onto the subspace sp(r;exp(—%r)).
For r =2 R = 2 and R sufficiently large, the composite

@1)  Pod:V,@V,8(LNL)—~TEr) - sp (”e"P (‘%))

is an injection.
For an element (o, 8,7) in Vi & V, & (L) N L,), the inequality

42) [P o e B, y) - Byla, By )l = exp (—%’) 19,0, B, )
holds.

To prove (4.1), we need the following:

LeEMMA 4.2.  For an element (o, B,7) in Vi@V, (L NLy)and forr ZR = 2,
and R sufficiently large, the inequality

ér

@3 D%, 8,71 = exp (-5 ) 18a. 6.

holds.

The bundle automorphism 7 = 60 : E — F induces on each fiber lfx, xEZa
self-adjoint isomorphism 7, : E, — E,. Since 7 = 0" 0, the linear automorphisms
T, = 00, are positive definite with respect to the inner product on E.. Letk,
and €, denote, respectively, the smallest and largest eigenvalue of 7,; that is,

ke = min{(v, (0P | IVl = 1, v € Ey}

“d) £, = max{(, 1) | M = 1, v € E,}

Clearly the assignments x — k,, x — ¢, define two continuous positive functions
k:X - R", £:X —~ R on X and hence positive extremum values. Define
positive numbers K > 0 and L > 0 to be the square roots of these extremum
values

K = \Jmin{k(x) | x € £}

(4.5)
L = \Jmax{€(x) | x € £}

In particular, for ¢ a section of 7" E over X [a,b], we have

(4.6) Kl¢llzxiap = llodllzxiap = Llidllzxias
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To prove Lemma 4.2, first of all, given an element vy in L; N L,, there exist
unique elements (y;,%;) € V| and (y2,9;) € V, such that ¥, = 9, = v and
(1, VM) = (¥2,V2)my(0) = 0. Using (yy,y2) we can construct from (a, ) a
matching pair (@ + i, v), (B + v2, ) of extended L2-solutions in % . Applying the
formula (2.17) to this matching pair (a + 7y, y), (8 + y2,v), we obtain the explicit
description of &,(c, 5, v).

Note from (2.17) the section D®,(c, 8, v) over M(r) vanishes everywhere except
on £ X [-1,0] and X X [0, 1]. Over the first piece, we have

|D®,(a, B,7) |  x [-1,0]|?
2

(%(—s)) cola+y -7 y] | =X [~1,0]

4.7 ‘
= 16lola + y1 — 7" y] | X [-1,00|17
= 16L%la+yi — 7"y | 2x[~1,0]|

Here we are identifying X X [-1,0] in £ X [—r,0] from M(r) and from M(r)
with ZX [r—1,r] in M (o0). The identification is: (x, s) = (x,s+7) of ZX[—r,0]
in M(r) with £ X [0, r] in M,(c0).

Let { =a+ v, —n*y | Z X [0, o0) have eigenexpansion

E= > Clk)e™™n" .

>0

Thus
IG1Zxsl> =D |Ck)[2e s

>0

and by (4.7) we have

ID®,(a, B, v) | My(")?
16L? / > ICK) 12~ ds
r—1

x>0

— o2
= 16L27 0=V | 3" |C(k)|? (#> )
x>0 2/‘“‘

Since { | X X s in P, and y in #, we have

lIA

la+yi [Zxs?= NI ZX sl + lIx*y | Zxs)2 = 1G] Z xs].
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This allows us to estimate ||, (a, 8,7) | M (7)]|* as

19, 8,7) | MiDI? = lla + 71 | £ X 10,7 = 11lI3,(00)
2 151 Zx[0,7 = 1l3,(00)

r—1
/ > 1) 2e 2 ds
0

w=>0
1 —_ e_zﬂk(r-l)
= (———2 (k)2
w>0 ik
1 — ™21
=z Y jcw) ( ¢ ) .
pk>0 )u'k

There are similar inequalities for |[D®, | My(r)|?, ||®, | M>(v)||%. Adding
these yields the inequality

1D®,{et, B, Vll3gy = 16L% 2 |1® (e, B, Ml 3z

Ifr=RwithR=1and 4L ¢ /2R . ¢% < 1, then we obtain

1D, 8.7l = exp (5 ) 19, 67

for r = R as desired.

We are now in a position to prove Lemma 4.1. Let &,(a,f,7) = Zdﬂq;,l
be the eigenexpansion of ®,(a,S,y) in terms of an orthonormal basis {J)p} of
eigensolutions of D¢, = ud, over M(r). Then we have

(4'8) ||Dq)’”IzW(r) = (D(ID,,D{),) = (Zl"dﬂd;u, Z.U'duqsp) = Eﬂz(dp)z )
and so
2 ér 2,42 or 2
> @) =exp +5 Z pid; | = exp S ID®,||>.
uzexp(- ) pzexpl—4)

Note that under the projection P : T(E(r)) — sp(r, exp(—%')) projects on the low
eigenmodes, and so ||P,®,(, 8,y) — ®,(a, B,7)|I* is precisely the expression

> @)

pzexpl-5 &

Using the estimate of (4.3), we have
1P, (0. 5.9) - @, (a 817 = exp (5 ) DB e B, NI
= exp (—?) 1@, (e, B, PII?
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and therefore (4.2).
Furthermore, if P®,(a, 3,v) = 0, then the inequality (4.3) gives us

P
1%, (e, B, V)]l = exp (—7{-) 19, B, VI

This is impossible for r = R > 0 unless ®,{(«, 3,y) = 0 or, in other words, P, o ®,
is injective. This completes the proof of Lemma 4.1.

5. Estimates of Low Eigenmodes of a Stretched Manifold

In this section, we establish estimates concerning the behavior of low eigen-
modes of M(r) over its cylindrical submanifold £ X [~r, r]. These estimates will
be used in the next section to show that there are no eigenmodes in the range
r~U+2) other than those lying in the image of P, o ®,, already discussed in (4.1).

Recall that we have the inclusion i : £ X [—1,1] — M, and after stretching M
to M(r) we have the inclusion X X [—r — 1, r + 1] into M(r) with

X i =Xx[-r—-1, -r] inM,,

(5.1 X, =X X]|r, r+1] in M,

OM| = ZX(-r) inM(r),
(5.2) OM, = X (+r) in M(r).

To understand the low eigenmodes over £ X [-r — 1, r + 1], we need explicit
description of eigensections of D over Z. Define

(5.3) #,={p €TE) | Dp = u¢}

to be the subspace of eigensections of D with eigenvalue p. Since coD = —Doo,
the automorphism o switches #, to #_, and maps # to . Denote by T the
composite automorphism 7 = ¢*o = —o2. Then 7 commutes with D and keeps
all eigenspaces &, invariant.

PROPOSITION 5.1.  There exists a complete orthonormal basis of C*-eigen-
sections {¢y | k = 1,2,...} of D with D¢y = wy. In addition, they satisfy the
following conditions:

(5.4)  For each integer k, there is a real positive number N, > 0 with 7¢y =
-0 = ().
(5.5)  For each eigenvalue p of D, let N(u) denote the set of integers k with

e = p. Then {¢y | k € N(u)} forms an orthonormal basis of the finite-
dimensional vector space % .
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(5.6)  For each eigenvalue u of D, the set {% | k € N(p)} forms an orthonormal
basis of # _,,. For u > 0, this basis coincides with {¢, | k € N(—p)}.
(5.7)  Denote by 2N the dimension of the symplectic vector space . The first
2N elements {¢y | 1 = k = 2N} of our system form an orthonormal basis
of #y. Moreover,
N = g::—k

for k=1,...,N, and the set {(bl, ... ,d)N,(—d)NH/M), .. ,(—¢2N/)\N)}
forms a symplectic basis for #.

The proof of the above proposition follows directly from the fact that 7 com-
mutes with D, and so these operators can be simultaneously diagonalized. The
eigenvectors ¢, can be chosen to be C™ because of the known regularity theorem
for elliptic, self-adjoint operators. As for (5.7), we first choose a Lagrangian sub-
space L C #, invariant under the operator 7 = —o?. Then we choose {¢1, ..., dn}
to be an orthonormal basis of eigenvectors of 7 on L.

PROPOSITION 5.2.  Let K > 0 be defined as in (4.5). Then, for the \;’s in (5.4),
the inequality |\| Z K is satisfied.

The proof of Proposition 5.2 is immediate in view of the following:
N = @uéi = [ (6400, 7.u(0).d vol,

(58) zﬁﬂmmmwamx

= KX(¢x, di)x
=K.

Let ¢ be a smooth section of the pullback n*E over X [-r —1,r + 1]. Then,
using the orthonormal basis {¢:} of Proposition 5.1, we can expand ¢ uniquely
as

(59) l[/ = ZA;((S)W*¢/(

where Ai(s) = (i | X s, dr)zxs are smooth functions. We will denote by ¢ the
sum

Yo= D Ao dy
1Sk=2N
of the terms Ai(s)t* ¢y, 1 = k = 2N, in the expansion and refer to this sum as
the 0-mode part of .
Recall from (5.7) that the sections {¢ | | = k = 2N} form an orthonormal
basis of #. Since the subspace #,, u # 0, is orthogonal to #, we have

(5.10) (Pe, b)s =0,
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for k € N(u) and 1 = € = 2N when p = 0. In particular, given two sections
and ¢ of 7*E, we can express their inner product

(51 1) (‘l]’ 4))2 = (‘/’01 ¢0)Z + (l// - !/l()’ ¢ - ¢0)E

as the sum of the inner product (g, @) of the 0-mode components and the inner
product (y — g, & — ¢o) of their orthogonal complements.

In terms of expansion (5.9), the solutions of the differential equation
Dy = n*oo % + n*DW = Ay can be written explicitly. Our main concern
is the situation where an eigenvalue \ lies within the bound of 6K, [A| < 6K,
where 6 and K are defined as before (see (1.9) and (4.5)). The method of separa-
tion of variables yields the following:

PROPOSITION 5.3.  For |\| < 6K, a solution of the differential equation Dy =
Ny can be written as a sum iy + yg + 1. The first term is of the form

Yo = Z Ax [cos (;\\—:) 7"y — sin (i—:) 7T*¢k+1v]

1=k=N

+ ) B [cos(:—i)w*¢k+N+Sin <:—:)W*¢k]

I=k=N

(5.12)

with Ay and By constants, and ¢ and ¢y as in (5.7). The second and third
terms Y and sy are given by

(5.13) Yr =D Ave PR (yy),

>0

which decreases exponentially to the right, and

(5.14) WL =Y Bre"™r (yy),

>0

which decreases exponentially to the left. In these formulas, the terms p(k) and
Wi stand for

(5.15) plk) = \J()? = (W \)? > 0,
(5.16) o = W + pl)dr + WA o],
(5.17) Ui = Ny + (e + plk)ody .

Conversely, all sections of the form

(5.18) U =140+ r+y,

where g, g, and ;. are given as in (5.12), (5.13), and (5.14), respectively,
constitute solutions to the equation Dy = Ny For \ = 0, ¢} = 2udy and

i = 2uody.
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The expressions in (5.12), (5.13), and (5.14) indicate that ¢ corresponds to the
0-mode part of , the term ¢ decreases exponentially to the right, and y; to the
left. More precisely, we have the following:

PROPOSITION 5.4. Let s be a smooth section of =*E satisfying the equation
Dy = Ny with |\| < 6K. Let = o + g + 1. be the decomposition of ¥ as in

Proposition 5.3. Then, for rJ6> —(\/K? = 1 and 0 = t = 2r, we have

519 lgg | Zx (=r +
. = exp(—y6% — WK Ollgr | Z X (=)l
llgr | Z % (r =Dl
(5.20)
= exp(—y62 — WK Dl | £ X ()|
(5.21) e | 2 X (=nI> =200 | Xi 1> + g | X201
(5.22) e | Z X @I =209 | X313+ | X209

We also have the following estimates on the 0-mode part o of

PROPOSITION 5.5. Let  be a smooth section of ©*E satisfying the equation
Dy = Ny with |\| < 6K, and let Yy denote the 0-mode part of ¥. Then for
IN(r+1)= (%)K and —-r—1=s, s =r+1, we have

(523) o | 2x5)=@o | ZX s = (IN/K)-s— | min([ly | X\ ]I, g | X21).

Here we regard Yy | £ X s and ¢y | T X s as sections of E.

For the proof of (5.20), we observe that /62 — (\/K)? is positive and denote it
by a. Then from the definition p(k) = a, and

(5.24) WL EX (@ —1) =) PO By,

>0

Since by (5.3), (5.14), and (5.17) the inner product (¥, ;) = O for k # £, with
wi >0, we > 0, we have

e | EX G =02 =D 2P0 | By ||?

pe>0
exp(—2at)Ze2P07 . || Bupic |1
exp(—2at)llgr | Z X (NI

(5.25)

A
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The proof of (5.19) follows from a similar argument.
As for (5.22), we have

flg 1 Zx sl =g | Zx sl + llgr + 91 | Z X 5]
(see (5.11)) and hence

g | = x sl
(5.26) = ||y {ZX P+ lgr | ZX sl +20r | Z X5, ¥ | Z X 5)
=l [ ZXsl? =2 | ZXs, dg | ZX9)|.

From (5.13) and (5.14) and the formula with p; > 0, pe > 0:

0 fork =¢€

Wi.ve) = { 2N + ptk))  fork=¢,

it follows that for —-r— 1 =s=r+1

[ | ZX 8,95 | Z X 9)|

> 24BNy + p(k))‘

>0

=|(r | ZXrgg | ZX7)

Sl [ ZXr|-llge | ZX 7]

= g | ZXr|l - llyr | Z X (=r)|l exp(—2ar).

(5.27)

By setting ¢t = 2r and & = /62 — (\/K)?, the last inequality is a consequence of
(5.19). On the other hand, if we repeat this last stage of the argument using (5.20),
we obtain the inequality

g | Z X r|l = exp(~als — r)llyr | Z X sl

5.28 =
(5.28) < g | sl

whenever r = s =r + 1.
Combining inequalities (5.26), (5.27), and (5.28), it is not difficult to see that

I | Xa 2
r+1
629 = [ e | ExsI 20 | X s | Ex9)ds
= e | 2 rll? = 209 | Z % rll - e | £ X (=] exp(—2ar)
and similarly

(5.30) lly [ X412 = lyw | EXPP=2llgr | ZX(=D)I- e | x| exp(—2ar)
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Adding the two inequalities (5.29) and (5.30) and using the inequality 2AB =
A2+ B for A= ||y, | Zxrl,B=llyr|Z X (—r)|, we have

(5.31) I I X002+ 1w | X201? 2 (4% + BH[1 - 2 exp(—2ar))].

The condition ar = 1 implies that

k]

PO | =

1 —2exp(—2ar) =

wn

and so inequality (5.31) yields both (5.21) and (
of Proposition 5.4.

We now turn to the proof of Proposition 5.5. Identifying Z X s and X X s’ with
Z, and using the eigenexpansion of (5.12), we have

22). This completes the proof

(o | £ x8) = Wo | x|

5.32
(5.32) =4 [sin(\/2M)(s — s Acl? + 1Bi]?)

For —r—1 =35, s £ r+1, the term |(A/2\)(s — 5')| is smaller than 7/2 because

IV2M)s = s = (N/Nr+ 1) =

l—)\l(—rK+—12r§7r/2.

Therefore the corresponding sine term | sin(A/2)\¢)(s — s')| can be estimated:

2| sin(\/2M (s — 57| = 21(/20)(s = 5)

< ‘%(s—s’)
This gives us
A 2
Io | £ 5)— o | EX 2 = ‘E‘s —o)| - 2Ad + 1B

On the other hand, by (5.12) and the orthonormality of {¢;}, the sum Z(|A.|> +
| B|2) is smaller than [jy | X, ||%:

r+1
I | X2 z/ oo | X sl2ds = o | E X [r.r + 1|
N r+1
=S [ A+ s
k=17

N
= S (AR + (Bl = llo | £ X sl
k=1
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The proof of Proposition 5.5 follows.

Let ¢ be an eigensection of E(r) satisfying Dy = Ay with |\] < % Then the
above can be used to estimate ||y | £ X [a,b]|| for —r = a < b = r. By (5.19)
and (5.20), we have for ~-r = s =,

g | = X sl = llgo | =X slI? + Il + ¥r) | X sl

= [lgro | Xall* + g | Z X slI* + 2[ (W, ¥)zxs|
+lyr | Exsli?

= llpo | Xoll® + 2l | = X sl + 2l | Z x5

= |l | XalI? + 2{expl—6(r — )}y | = X rl|?
+ 2{expl—8(r + 9)}Hyr | X (=12

=N+ 4{exp[—6(r — )] + expl—8(r + s)I}IN

= 9N

(5.33)

where N = [|| | X1]|? + ||¢ | X2]I?]. Integrating both sides, we obtain
(5.34) o | Z x [a, b11* = Ofllg | Xo11> + llgr | X2)%) - la — b

for any pair of (a, b) between —r and r. This last estimate will play a crucial role
in Section 6.

6. Convergence Results

To prove Theorem A, we will draw a contradiction from the assumption that
there are more eigensections  on M(r) than those predicted by (1.8). This step will
be accomplished by establishing certain convergence results (see Propositions 6.1
and 6.2) on a sequence of eigensections of D : T(E,(r)) — I'(E»(r)) over M,(r). In
a sense, these results can be regarded as refinements of analogous results appearing
in [26].

PROPOSITION 6.1.  Regard M,(r) as the submanifold ZX[—r,01UM, imbedded
in My(o0) = X X (—00,0] U M, in the obvious manner. Let {y(j) | 1 = j < oo}
be a sequence of C™-sections of the bundle E,(r) with the properties that

(6.1) Dy(j) = N g(j)

the set {||y; | Mo(r)|| | 1 = j = oo} is bounded, and lim \; = \.

If we denote by {(j) the restriction of y(j) to M2(r — 1), then there exists a
subsequence {§(j')} of {¥(j)} that converges to a C*™-section (o0) of the bundle
E(r — 1) with Dff(c0) = Aj(c0).

PROPOSITION 6.2. Let rErn=E--=rp be a monotonically increasing
J
sequence of numbers with lim r j = 00.
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(6.2)  Suppose {y(j)} is a sequence of nontrivial eigensections of E(r;) such that
DY(j) = \jyp; with |\;| < 6K. Then

lwG) | MylI? + llg(j) | Mall® = 0.
(6.3)  Suppose the sequence in (6.2) is normalized so that

() | M2+ () | Ma|l* = 1

and lim \; = \ and |\| < 6K. Then there exists a subsequence {¥(j')}
such that {y(j') | M} and {¢(j') | M2} converge, respectively, to C™-
eigensections §1(00) and y;(00) of D = A over M| and M.

(6.4)  Suppose the limit \ in (6.3) equals 0. Then r,(c0) and (o) are, re-
spectively, the restrictions of extended L>-solutions {,(0)* and yo(oo)*
of D¢ = 0 over M (c0) and M,(c0). In particular, this means that
[yi(o0) | OM,] is a section in P, & L, and [y,(o0) | OM>] in P_ & L.

(6.5)  Suppose in (6.4) the limit limj_ |\;jr; = O. Then the 0-mode part
[, (00) | OM \Jo, [Y2(00) | OM3 ]y of the limiting sections [ (o0) | OM,],
[p2(00) | OM ] are equal in ¥y = ker D. That is, they lie in L, N L.

An immediate consequence of (6.5) is that the sequence of bounded eigensec-
tions {()} in (6.3) has a convergent subsequence {i(j')} whose limiting sections
g1(00) = limj ¢(j') | M, and ¥(o0) = limj ¢(j') | M represent matching pairs
in ¥ (see (2.15)).

For the proof of Proposition 6.1, we pick a C*-function 8 on M;(r) such that
0= B8 =1, =1, on aneighborhood of My(r — 1) in M»(r) and § = 0 on a
neighborhood of OM,(r). By considering M,(r) as a submanifold in M(r), we have
for each j a C™-section n(j) of E(r) that equals § - ¢(j) over M,(r) and becomes
0 over M(r) — M,(r).

For k,! integers with / = k = 0, denote by g, the norm of (£ — k)-fold com-
mutator [D[D, ... [D, Slll; that is,

a = max (ID,[D,...ID, 8lllx) .

This a, is finite as D is a first-order operator. Then, it follows from standard
interior elliptic estimates (see [2], theorem 35, p. 236) that

k k 2
> Iyl (a) a()IP

¢
k=1 a=0

(6.6) in()HI? = Ce (Ilt/f(j)llz +

In particular, for ¢ fixed, the sequence {[|n(j)ll¢} is bounded.
Next, we recall the Sobolev lemma:

Lisyy 4 E() € CUE()
©67) NLHEW) = C>(EW)
¢
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where n stands for the dimension of M(r), and Lfg] +1+¢(E(r)) is the Hilbert space

of sections of E(r) with respect to the Sobolev ([5] + 1 + €)-norm, and CYE(r)) is
the space of ¢-fold differentiable sections of E(r).
In addition, we also have the Rellich lemma: For £ < ¢, the inclusion

LYUE®) — LE(E(),

is compact. That is, any sequence bounded in the Sobolev norm || - ||, contains a
strongly convergent subsequence in LZ (E(r)).

We apply these standard facts to 7(j) with € = ¢’ + 1 and ¢ = [5] +1 +
a. Then {n(j)} is bounded in the Sobolev norm || - ||¢ and therefore contains a
strongly convergent subsequence {n(;')} in the Sobolev norm || - ||¢ to n(o0) in
L{11,144(E(r)). This limit n(co) belongs to the C*-class, & = 1, and with the limit

of L*-norm lim |in(j) — n(c0)|| = 0.
J =

Let §/(00) denote the restriction of 7(00) to Ma(r—1), §i(00) = n(00) | Ma(r—1).
Then ¢(0c0) belongs to C*-class and

LIDg(00) — Ng(00) [ atr— 1)
= [[DGp(00) — §(j)) + Nj(p(o0) — g(j)) + (N — Nj)gb(o0)||2
= [IDGE(o0) — GV + IN; 2 Id(o0) — ()|
+ [N = NP Hlg(o0)]? .

(6.8)

On the right-hand side of (6.8), the first term [ || D¢y(c0)— (i) || a1,(-—1)]* approaches
0 as j' — oo because

I DG(00) = (M Ima—nF = TIDm(00) = n(GNlarin P
= Cl|In(c0) — n(HIIE.

As for the second term of (6.8), we have

[19(00) = $( ) asy-—F = [llm(o0) — n(OIIT.

Since lim \; = \, the third term also converges to 0, and so by (6.5) we have

| Djr(00) — Np(00) ||ty -1y = 0.

To begin with, the section ¢(oc) is of C'-class, but by the equation Dy(o0) =
Mp(00), it must be of C2-class, and therefore inductively of C®-class. In addi-
tion, the convergence of 7(j') to n(oo) for all Sobolev norms || - ||, implies the
convergence of ¥(j') to (o) in L%(E(r — 1)). This proves Proposition 6.1.

We now turn to the proof of (6.2). Suppose the section () is nontrivial
but its restriction to M; has trivial norm ||¢(j) | M2|| = 0. Then by the C®-
property of (j), it is identically O over the open set T X (r, r + 1) in M(r); that s,
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#(j) | ZX (r,r +1) = 0. Since the eigenvalues \; are bounded by 6K, |\;[ < éK,
we can apply (5.12) to the cylinder Z X [r, r + 1] and conclude that the coefficients
A and By in the expansion of ¢(j) are equal to O for all k, A; = By = 0. Over the
whole cylinder X X [—r, r], the vanishing of these coefficients A; and B, implies
the vanishing of the section ¢; | £ X [—r,r] = 0. Thus

(6.9) () | MU + () | Mall? = lw()I|% 0

as claimed. If ||¢(j) | M2|| # O, then (6.2) is immediate.
From (5.34) it follows that under the normalization condition in (6.3), the
inequality

6.10) [ly() | My UEX [—rj,—r; + N2+ () | 2X[r; = Lir]J UM |I* = 19

holds. That is, ljp(j) | M(D|I> + lg(j) | Ma(D))|? = 19. Therefore, by (6.1),
we may choose a subsequence {/(j')} from {¥(;)} such that {y(j') | M} and
{¥(j") | M2} converge strongly in the Sobolev norm || - ||, to, respectively, C*-
section ,(o0) and ¢2(o0) with D = N over M, and M,. This proves the
assertion in (6.3).

The estimates of (5.19) and (5.20) provide us with the inequalities

(g | Z X7l = 2exp (“4m0)
(e 1 Z X (=r)]2 = 2exp (_4m,j)

By taking the limit of convergent subsequences ¢/(j') | M, and (') | M, as
j — oo, we obtain (oc) and ¢,(o0) defined over M| and M-, respectively. The
above inequalities imply [|2(o0)r | dMa|| = [l¢pi(c0), | OM, || = 0, and so

(6.11)

P1(00) | oM, = [y (00)y + i(0o)rl | OM,,
P2(00) | M7 = [Pa(o0)g + Ya(00) ] | OM; .

To prove (6.4), it remains to show that yr,{oc)g is contained in the subspace
P, and y(o0), in P_. By (5.14) and (5.16), each eigensection ¢(j)g over £ X
[—=rj,—r; + 1] has the following expansion:

e | ZX[=rj,—r; +1]] = {Z Age PRy + Pk)¢k}
>0

6.12)
+ { > Akep(k)s()\}/)\k)(l/)\k)mﬁk}

>0

Let ¢/(j)g + denote the first sum in (6.12) and y( )z — denote the second sum. Then
Y(j)r.+ is contained in P, and ¢{(j)g - in P_. Note that from the definition ¢, and
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x—lkadbk are both of length 1, while y + p(k) is approximately 2y, and |\;/ | is
small for |\}| small. Comparing the two terms g + and Yz -, we have

Il

X ) 1 (r,+ llon,

(6.13) N (Dr-Nom, = (

because |N;|/IMpel = INj|/Ké. Recall from (5.21) that ||¢(j)r+ | Z X (=r))ll
is bounded by /2. The conclusion from this inequality is clear: As j tends to
oo, we have |\;| — 0 and so in the limit the term y(c0)z - becomes 0, or, in
other words, the term ;(c0)g | &M, is contained in P,. Since the situation for
¥(j), over M, is analogous to yi(j)z over M, we conclude that yr,(oc0) | M, is
contained in &y + P_ by a similar argument.

By the above boundary conditions together with Dy (00) = Dirp(00) = 0,
the work of Atiyah-Patodi-Singer (see Theorem 2.2) shows that ,(occ) | M is
contained in L; ® P, and ¢,(00) | &M, in L, ® P_. This proves (6.4).

Finally, by Proposition 5.5, we have

Do | Z X rj =[Pl | Z X (=rpll = 2r{(INjI/K)
Under the hypothesis in (6.5), we can let j — oo and obtain

llg2(00)lo | M5 — [g1(o0)o | OM ]| = 0.

This completes the proof of Proposition 6.2.

7. Proof of Theorem A: Splitting Low Eigenspaces into Three Summands

Let g denote the sum dimV; + dimV, +dim L; N L,. By Lemma 4.1, when r
is large there are at least ¢ nonvanishing orthogonal eigensolutions to

D¢ =\p on M(r)

with |A| < exp(—ér/4). Moreover, the mapping P, o ®, of the sum V| + V;, +
(Ly N L) into sp(r,exp(—6r/4)) is a monomorphism.

In order to complete the proof of Theorem A, we need but show that for r
large there are at most g orthogonal eigensolutions to D(¢) = \ - ¢ on M(r) with
IN| < (1/71*%). This fact will be shown in this section.

Let Z : C®(E(r)) — L*E(r) | M,) ® L¥(E(r) | M,) denote the restriction of
the space C*(E(r)) of smooth sections of E(r) over the closed manifold M(r) to
the L2-sections on the two sides M (r), M2(r) of I, and let N(r) denote the image
of A (r,r~1*9) under %. Then Proposition 6.2 implies that

sup{dist(, #), ¢ € N(), |yl = 1}
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approaches 0 as r tends to co. In terms of Kato’s gap & (see p. 197 of [16] for the
definition) this means
11‘2 SN(r),#)=0.

As is well-known (Corollary 2.6 of [16)), if U and V are two finite-dimensional
subspaces of a Hilbert space and if 6(U,V) < 1, then dimU = dimV. Thus for
sufficiently large r we have dimN(r) = dim Z(¥,(¥#)) = dim% . Since the
restriction % is injective, we conclude that

dim /(") = dim ¥’

This proves our claim.

8. Proof of Theorem B: The Case ker D = ¥ = 0

The proof of Theorem B is parallel to that of Theorem A. Here we may use
results (see (1.12)) of Muller [19] and Douglas and Wojciechowski [14].

Let ¢ be a smooth L2-solution of D$ = \¢ on M (00) = M, U Z X [0, 00)
with ||b|lm, ) = 1 and |A| < 8K/2. Since ¢ is L?, in the decomposition of
Proposition 5.3 we have

8.1) ¢ | Zx[0,00) =g =Y Are P (yy)

as in (5.13). Consequently, the estimates of Proposition 5.4 are easy to apply for
such ¢ in V (k).

For example, for s = 0 (assuming r = 2) we obtain by (5.19) and (5.21) (with
[—r, +r] replaced by [0,2r] and [—1, +1] with r = 0, respectively)

li¢ | Zxs|

(8.2) = exp(—6% — WK)s)|l¢ | = x 0|

< VZexp(—(/2Wll | £ x 1,012 + [I | £ x [0, 1]}
= 2exp(—(6/2)s)

and also
(8.3) g | Zx[s,00))? = / " dexp(—6t) dt =< (4/6) exp(—6s).
The splicing map

(8.4) ®,: V (k) ® Va(k) — T(E(r))

is defined for (43, ) € Vi(k) ® V,(k) by the familiar formula (2.16) with the
convention that ¢ = ¢ = 0.
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The map ®, makes for but a small change in norms. For example, if again
(8.5) ¢ €V ik), D¢é =\ on M (), el =1,
then by (8.3) and the definition of ®,
0 = llol* - [12,(¢, 07

(8.6) = [ -pr=sPlIg 12 xalPars [ g1 Zxalar
= (4/8)exp(=é(r — 1))

with a similar result for unit eigenvectors in V,(k).

In order to verify inequality (1.18) of Theorem B, we start with an eigenvector
¢ of D on M (o0) satisfying (8.5). Let P, be the projection onto the span of the
eigenvectors of D on M(r) with eigenvalues in the range

o
N\ > exp <_Zr) .

As in~(4.6) we may expand ®,(¢, 0) in terms of the eigensolutions &, of D on
M(r) (Do, = ud,) _
q)r(¢, 0) = z:dud’u

As in (4.6), |[|(D — N®,(¢,0)||?> = Z(u — A)?(d,)*; hence

1®,(,0) — P\®, (e, 0)||? = S @)y

|lu—N|zexp(—ér/4))

= exp (%) > =N

(u—N\)=exp(—ér/4)
= exp () 10 - Ve 6, 0°

But (D —\)®,(¢, 0) vanishes off of £ x[—1,0) in M(r), and on Z X[—1,0] it equals
d”( S)qb()c s + r). Hence, by (8.2) and (4.5)

1D — N, (6, o>||<H dp(=s)

——dlx,s+r) | T X [—1,0]H
=(L- 2) Zexp(—(6/2)(r -1).
In particular, we obtain

2/(,0) — P, 2, (9, 0)]| = [|®/(6,0) — P, 2,(¢,0)|

(8.7) = Nyexp(—(6/4) - r)

with N = 4L exp(6/2) since the orthogonal projection P, has image in P,.
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) Let {¢}, 1 = k = n(j), denote orthonormal eigenvectors of D with ¢ i« being
L and smooth,

Déji = Nydjx on M joo),

and [Nj| = k so that {¢} is an orthonormal basis for V (k). Then (8.7) holds
for each of ¢;4. If

x= Zakdn,k, y= Zbﬂbz,(w

then
19, (x,y) = P&, (x, I = D lae] |@,(b14,0) — P, B¢, O
+ 3 |bel 18,00, d2) = P,&,(0, b2
6
(8.8) éNlexp(—z’)(ZIakl +2|be])

= (n(1) + n(2)) N, exp (—%) 1, W

proving inequality (1.18).
In a similar manner, the inequality (8.6) holds for each ¢ ;4 and in toto yields

0 = [ YII* = N1,
= > al+ 3 b = atl 14017 = Y blI@ 00, O
= (Zaﬁ + Zb%) 4/8) exp(—é(r — 1))
= i(x, II*(4/8) exp(—6(r — 1).
If we choose R| = 2, with (4/8) exp(—6(R; — 1)) = 5/9 and
(n(1) + n(2)(N1)* exp(—6R}) = 1/3,
then r = R, will imply ||®,(x,y) — P,®,(x, )|| = (1/3)|/(x, y)|| and
0 = |8t VI = /3 VI
that is, [|P,®,(x,y)|I> = (1/3)llx,yll>. In particular, for r = R, P,®, is a
monomorphism. This is half of statement (1.19).
In order to complete the proof of Theorem B, we must show that any eigen-
vector of D on M(r) (r large) with eigenvalue \ satisfying

IN =k +(e/2)

is in the image of V,(k) @ V,(k) under P,®,. This is to be proved for all r = R
for some R. We argue by contradiction, taking r = R and assuming that the
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orthogonal complement of P,®,(V (k) & V,(k)) in sp(r,k + (¢/2)) is not empty.
That is, we may choose ¢ € T'(E(r)) with

||¢“ =1, (¢a Prq)r(d’l,j’ O)) = (¢, Prq)r(oa ¢2,k)) =0,

forall 1 = j = n(1), 1 =k = n/2; moreover, ¢ has an expansion

T,
(8.9) b= ape inT(EM)
¢=1

with 3 (a,)> = 1 and ¢, eigenvectors of D on M(r) with

D¢ = Ny, ldell =1, (be, dm) =0,

(8.10) L+m, INe| =k +(g/2).

Here T, = N(r,k + (£/2)).
Now ¢¢ | Z X [—r,r] = ()L + (Pe)r since = kerD = 0, so we have for
—1 = 5 = +1 the estimates from Proposition 5.4:

ldpe | ZX Mz = (el | Z X ) + [[(@edr | T X 3)l
= exp(—82 — WKP2(r + sDIlde)r | Z X (=)
+exp(—y6% — WK (r — sHl(delr | X ()]
_ §
@®.11) = exp (‘5(’ - ”)

x [ﬁJn(m | Zx [=r— L7+ 1]

+ \/i\/”d)(z)k I X [r— 1,r + 1]2]
=dexp(—(6/2)(r—1))

by l[(¢e)s | Z X [a,blll = lbellmy = 1, with a = L or R.
Define as in (2.17) a decomposition mapping

(8.12) ¥, T(E(r) over M(r)) — T(E (00)) & ['(E5(00))
b}' (rl’r(qs) = (h],hz) with hj l Mj = hj

(hy | ZX[0,r — 1])x,s) = hix,s — 1)
(b | ZX(r—LrDx,s) = plr — s)h(x,s —r)
h | ZX[r,)=0

(hy | Z X [~(r —1),0l)x,s) = hix,s + 1)
(hy | ZX =0 —1),—=rDx,5) = pr + s)hlx,s + 1)
hy | EX[-—OO,—I‘] =0
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Again ¢, does not change the norm much on the span of the ¢,’s. For example,
we use (8.11) to obtain the inequality

0 = [|gell> = 11T, (de)II?
|
(8.13) = ﬁ(l — p(=)H)i¢e | Z X 5]|°ds +/o (1 = pls)|bpe(Z X 5)||* ds
= 32exp(-8(r — 1)) .

For € = m, (d¢, dmIm( = 0 also, while

(Vo) Yo (Dmmc0) = (e, Gmdm(n + Aj + B;

with |A;] = [(Z,(¢¢) — de, ¥r(dm)m (], and so

|A1l = (19 (de) — b | Mi(I] - 19,(b) | Z X [-1,0]]
1/2

0
= [/ I(1 —p(=9)Pll¢ | x|l dSJ -4exp(—(6/2) (r — 1))
= 16exp(—6(r — 1)) .

Similarly,

Bj = (‘I’r(d’é’) — ¢¢, Ur(dm) — ¢m)Mj(oo)
with estimates
i = 16exp(=8(r — 1)), |Bj| = 16exp(=é(r — 1)),

for j=1and j =2.
Taking r = R, and £ + m (whence (¢¢, dm)um(r) = 0), we obtain

2
(814) '(‘I"r(¢€)’ ‘I/r(¢m))| = |(¢€’ d)m)M(r)‘ + Z(lAll + |Bj|)

= 6dexp(—8(r—1)) .

With (8.13) and (8.14) in hand, we can deduce from (8.9) the desired inequality:

0= [lpl* — 1% ()

= Zaf Zae“ T dN? — D aean(¥,(d0), ¥ ($0))

txm

(8.15)
= Za('(l - “‘I’ (¢€)H )+ Z (Zap) |(\I’ ¢(’) \Ilr(‘bm)l

{+m 14
= 32exp(—6(r — 1)) + (T,)* - 64exp(—d(r — 1)) .



858 S. E. CAPPELL, R. LEE, AND E. Y. MILLER

Now since ¢ is orthogonal to ®,(¢ ;, $2x), we get by assumption

(T, (D), (1., D2,0))M,(c0) L Ma(o0) = (@, By jb2;)) =0

Therefore, ¥,(¢) is orthogonal to the subspace V (k) ® V,(k) spanned by the
eigenspaces of value A with |\| = k, and hence |\| = k+& by the choice of £. Con-
sequently, by the results of Muller [19] and of Douglas and Wojciechowski [14]:

102, @)1

@) ke

8.16)

We may now estimate DV, (¢) easily:
1Dl = > (aehe)? = max(\e) = (k + &/2)?
while [D¥($)II> = [D$ll3y,) + C1 + C2 with

9p(—s)

s ocp | ZXs

2
)ds

0
a=/ (—||D¢ 1 sl +|]p(— e + 225

C; has a similar expression for the interval [0,1]. By (8.11),

= ||Dé | T X [-1,0]|| + ||o(—s5) Do | £ x [-1,0]||

+ Hwod) | = x[-1,0)

=2 lacl [|Dge | £x[-1,0)]
+2K Y lacl ||¢e | Z x [-1,0]]
= 2Tk + &/2) + 2KT,) - dexp (—g(r — 1)) ,

and similarly for \/C,. Hence,
(8.17)  |IDYAP)]I? = (k + &/2)* + 128(T ) ((k + £/2) + K)? exp(—6(r — 1)) .

By comparing (8.17) and (8.15) we obtain

| D, ()] = k+ £/2)% + 128(T,)*(k + &/2 + K)? exp(—6(r — 1))

@18 g @ = [ = [32 + 64T, Plexp(=8(r — 1)

if r =z R,. This inequality almost contradicts (8.16). However, it is conceivable
that T, = N(r,k + £/2) grows so rapidly with r that no contradiction arises. We
will now preclude this possibility.
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Define a > 0 by [(k + 2¢/3)*/(k + €)’] = 1 — 2a. Choose R; = R, with the
properties that

(k +&/2)* + 128a7" - (n(1) + n(2) (k + &/2 + K?)exp(—6(R3 — 1)) = (k + (2¢/3))?
and

(k+ %)

(k+¢)?

By these inequalities, for any r = Rj, if in addition T, = N{(r,k + ¢/2) =
a”'(n(1) + n(2)), then by (8.18) we get

1—132+64-a"'(n(1) + n(2))*]exp(—6(R; — 1)) =

DT, ()

nwwnzgw+”z

This last inequality contradicts (8.16). In view of this, we arrive at a contradiction
unless for r = R; we have

(8.19) T, = N(r,k +&/2) = a” ' (n(1) + n(2)).

In order to complete the argument we will use the following lemma with V =
spioe} = sp(r.k + e/2) and W = &,(V(r) @ V1(r)).

LEMMA 8.1, Let {¢¢}1=¢=7 be an orthonormal basis of a real vector space V
with inner product, of dimension T. Let W be a subspace of dimension n. Then
there is a basis element ¢, with

IPo||* = n/T

where P is the orthogonal projection of ¢y onto W.

Proof: Let {f,: 1 = m = n} be an orthonormal basis of W. Then expanding
Fm gives
fn =D (bt fude .
¢

Moreover,

n—wa ZW%
= 3" 1P|
¢

since Pgpy = >_,.{d¢, fm) fm. For the T nonnegative numbers |Pe¢||)<¢=r to add
up to n, at least one must be = (n/7T).

Now we apply Lemma 8.1 to V = sp(r,k + £/2) of dimension 7, = N(r,k +
e/2) and W = ®.(V(r) ® V5(r)) with r = R;. By the above, necessarily T, =
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a”'(n(1) + n(2)) in order to avoid a contradiction. We choose a unit eigenvector
be, lgell = 1, Dpe = A, I\ = (k + £/2), with [[Poc]I> = (n(1) + n(2))/T,.
Hence, ||Pé¢||* = a.

By definition (¥, (), (¢1,j, $2.1)) = (be, Dr(d1j, P24)), s0 if PU(de), Pde de-
notes the orthogonal projections of ¥,(¢¢), ¢¢ on V (k) ® V,(k), D.(V (k) ® V2(k)),
respectively, then

IPE($)II* = |Po¢|I* = a.
Now by (8.13),0= 1 - 1, (de)l|> = 32exp(—6&(r — 1)). Hence, with
X = [‘Ilr(¢€) - P\Ilr(d)é’)]

(8.20) llxll? = [1 - 32exp(—6(r — 1))] — a.

Since P is the orthogonal projection on all eigenvectors of D(1) @ D(2) with
values in the range [k, +k], we necessarily have

IDx||* = IDZA$I* — 1P (S0

8.21
(8.21) = |IDE(do)I*.

This last expression was estimated in (8.17). The factor 7, occurred since
for a general unit vector ¢ in sp(r,k + &/2) one must use ¢ = > aede with

ST la) = T, by X lae|*> = 1. In our case, a special eigenvector ¢, is used.
Hence, the inequality (8.17) is improved to read in this case

(8.22) DT, (bo)||?> = (k + &/2)* + 128(k + &/2 + K)? exp(—6(r — 1))
with T, absent. By combining (8.18) and (8.19) we get
(8.23) | Dx||? = (k + £/2)> + 128(k + £/2 + K)? exp(—=6(r — 1)).

Choose R4 = R3 with

5 3 2e\?
(k +2/2) + 128/k + /2 + K)*exp(—6(Ry — 1)) = (k + ?)

and
32exp(—8(Ry— 1)) = a.

Then for r = R4 by (8.19) and (8.20)

IDxI? _ (k + 25/3) ,

= = (k +
7 = 1-20 **9
by the definition of a. This last inequality contradicts (8.16), thus proving that
for r = Rs, we necessarily have P,®, : V(r) ® Va(r) — sp(r,k + £/2) as an
isomorphism. This completes the proof of Theorem B.
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Appendix A: Manifolds with Cylindrical Ends

In this appendix, we consider the low eigensections of D(r) on
M(r) =M, UZXI[0,r],

with the identification &M, = £ X 0 as r increases. Let L C kerD = # be a
choice of Lagrangian subspace. Recall that

D, : LIE(r), P, ® L) — LXE\(r)

is a self-adjoint operator on M(r) with kernel consisting of the subspace V(L) of
extended L’-solutions of D{r) with limiting values in L. Analogous to Theorem A
we have the following result for the manifold M, (r):

THEOREM A.l. Given an ¢ > 0, there is an R > 0 such that, for all r Z R, if
& is an eigensection for D| with eigenvalue \ satisfying |\| < r=0*%) then \ = 0
and ¢ is an element in V(L).

The proof is similar to and, in fact, easier than that for Theorem A because
the splicing construction already yields a zero eigensection. For these reasons, we
omit the details.

Correspondingly, there is an analogue of Theorem B in this setting. Let ker D=
0 and 8, \, £ be chosen as in (1.14). There is the natural restriction mapping

T(E|M (o0)) = T(E|M (r)).

The proof is again parallel to that of M(r).
Let N(r,1),sp(r, 1) be as in Theorem A except for replacing M(r) by M,(r). We
then have the following result:

THEOREM A.2. Suppose H = ker D = 0, and k and ¢ are chosen as in Theo-
rem A. Then there is an R > 0 depending only on k, ¢, K, 6 such that for all r = R
we have

(A1) N(r,k + (£/2)) = dim(V (k) & V,(k))

(replacing M(r) by M (r)).
(A.2) Let P, be the orthogonal projection of T(E|M |(r)) onto the span of eigen-
vectors of Dy on E|M \(r) with eigenvalue \ satisfying

6
h=nal s exp (-5

for some j and a, 1 = a = n(1). Then the equality of subspaces sp(r, k +
g/2) = P,.Sy(r,k + (£/2)) holds.
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(A3) For x inV(k), then

16183 = PGy = V- exp (=55 fx

with N depending only on k, ¢, K, L, and 6.
(A.4) P.Jx)is an isomorphism of V (k) onto sp(r,k + (g/2)).

Appendix B: The Mayer-Vietoris Sequence

As is well-known, the Mayer-Vietoris sequence for the cohomology of the triad
(M,M\,M»,Z = M, N M;) takes the form

~ H*(M)) ® H* (M) —~ H*(Z) > H**'(M)

(B.1) ,
~H**'M)eH"*'(M)) -~ H"*'(2) -

Using the Riemannian metric on X, we can, by the usual method of Hodge theory,
identify H*(Z) with the space of harmonic forms

(B.2) H*(Z) = kerd Nkeré

In particular, H*(X) has an inner product (-, -) defined on harmonic forms by

(B.3) (a,B) = /}:a A *f

Using (B.1) and the inner product {-, -), we can rewrite H* (M) as a sum
(B.4) H*(M)=7/|@7/269(L10L2)®(L1LOLQL)

where 7'; = image{H* (M, %) — H*(Mj)}, L; = image{H*(M;) — H*(Z)}, and
le = the orthogonal complement of L; in H*(Z). Note that

Li NLy =Imé C H*(M)
and also that
BS5) 7ie7eLiNL ={xy)€H" M) H" (M)|x|Z) = (y|Z)}
is isomorphic to the image of p.
The above decomposition is related to Theorem A for the operator D = d + 6.

By the Hodge theorem,

(B.6) H*(M(r)) = ker D on M(r)
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and by [1]
(B.7) 7 ; = L*-solution space of D on M j(c0).
Our theorem asserts that for r large
(B.8) HMr) =7 07,0(& NL)

where .7 is the Lagrangian subspace inside the symplectic vector space ker D.
Here, under the identification

(B.9) A (TEXRY) =7*(A*TT) @ n*(A*TZ) A ds,

the operator D becomes ((d — 8), +(d — 8)) on A*(X) ® A*(Z), two copies of the
forms on . Thus we have

(B.10) kerD = H*(Z) o H*(X).

LemMma B.1.  With the notation as before, we have the following:
(@) £;=Lj® xL;in H"(£)® H*(Z).
(b) *L; coincides with the orthogonal complement L} in H*(Z).

© {8,y =flary—pBAx).

Granting this formula, our formula (B.8) becomes the same as the Mayer-
Vietoris decomposition (B.4) for M(r). Again by Hodge theory, we have

d1m(7/1 2] 7/2 ® $1 N gg) = dim H* (M(r))
= dim(ker D on M(r))

and so we get the following result:

THEOREM B.2. There exists R = | such that for r =Z R, any \-eigenvalue for
d + 6 on M(r) with |\| < r~1*%) is necessarily the 0-eigenvalue \ = 0.

The above theorem should be compared with a result of Cheeger: For the
Laplacian operator A = (d + )2 on functions, the smallest nonzero eigenvalue
can be estimated from below (see [8]).

Proof of Lemma B.1(b): If dimX = 4n, it is well-known that the restriction
H?"(M) — H?'(Z) has an image of rank equal to % the dimension of H'(Z). See,
for example, Hirzebruch’s book [15] (p. 85). This argument goes over equally
well for the total restriction mapping

H*(M;) - H*(Z)
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in general. Thus,
(B.11) dimL, = (1/2)dim H*(Z).

Now (L;, *L;) = [sLj A *(*L;) = = [;L; AL; = 0, since £ = OM and coho-
mology classes in L; N L; are the restrictions of classes in M. Thus *L; C Lj.
By dimL; = dim *L;, and dimLj = dim H*(Z) —dimL; = dim L; (by (B.11)), it
follows that dim *L; = dim Lj, and so

*Lj =LJJ".

Proof of Lemma B.1(a): If ¢ is an extended L’-solution of D¢ = 0 on
M (cc), then

G1EX[0,00)=7"do+ Y cke M Ty

w>0

with ﬁqﬁo = 0. Here ¢g = (¢, ¢") is a pair of forms on X that pulls back to
e ST + P Ads.

The equation D¢y = 0 means ¢', ¢"' are harmonic forms. Now A¢ = (d + 6)%¢ =
0, so by decomposition by type we have

do =6 =0 (6= x*d*).

In particular, *¢ is another extended L2-solution with

¢ | Zx[0,00) = #m" g + D cxe M xm"

>0
¥ g = 2 (RP") + (R P') A ds

(¥ = star operator for X), and similarly for * 7" ;.
Hence, the harmonic forms

¢/’ *(bll
represent cohomology classes in H*(Z) that are the restrictions of classes in
H*(M). That is,
Le(L)C¥ CH (Z)eH' ()

since (¢', ") = (¢, = *(x¢")). By (B.11)
dimL; ® *L; =2dimL, = dimH*(X)

while because %, is Lagrangian, dim % = %dim(H *(Z)ye® H*(Z)). Hence L, ®
*L; = %, as claimed, and similarly for %£,.
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Finally, Lemma B.1(c) is a direct computation using that o(¢', ¢"’) = (x¢",
+¢') for ¢', ¢" of pure type and using Proposition 2.1.
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