THE SURGERY OBSTRUCTION OF A
DISJOINT UNION

ANDREW RANICKI

The surgery obstruction a,(f, b) € L,(,(X)) of an n-dimensional degree 1 normal
map (f, b): M - X (in the sense of Browder [1] and Wall [7]) was formulated in [6] as
the quadratic Poincaré cobordism class of a pair (C, ) consisting of an n-dimensional
Z[n(X)])-module chain complex C and a chain level quadratic structure ¥ inducing

N
Poincaré duality H"~"(C) > H,(C). If the manifold M = | ] M;is the disjoint union of
i=1
manifolds M, it is natural to seek an expression for the surgery obstruction of (f, b) in
terms of quadratic structures defined by the restrictions (f;, b;) = (f,b)|: M; - X,
which are normal maps of degree d; with

ful[M] = d[X]eH/(X), d,eZ, i d;=1.

The algebraic theory of surgery of [6] is here used to provide such an expression,
describing the pair (C, ) in terms of similar pairs (C;, ;) which are associated to
(f:, by). For the sake of simplicity we shall be working with the oriented case—the
unoriented case is exactly the same, but with more complicated terminology.

I should like to thank Julius Shaneson and William Browder for conversations
which stimulated my interest in this question.

As in [6] we shall actually be working with normal maps of geometric Poincaré
complexes. Some care must be exercised about the precise definition of such normal
-maps (cf. Brumfiel and Milgram [4], for one possible definition).

A degree d normal map of n-dimensional geometric Poincaré complexes

(f,b): M > X

isa map f: M — X such that f,[M] = d[X] € H,(X) (d € Z), together with a map of
(k — 1)-spherical Spivak normal fibrations b: v, — vy, and with preferred spherical
generators py € M, (T(Vy)), px € Mysi(T(vy)). The latter are to be such that
hpu) " U, = [M]eH, M) (h=Hurewicz map: 7, (T(vy)) = H,rl(T(n),
U,,, = Thom class e H{T(vy)), H = reduced (co)homology, T(v,) = Thom space),
and similarly for py. In the case d=1 we no longer require
T(b).(om) = px € 15+ (T(vy)), as we did in the definition of a degree 1 normal map
in [6].

A spherical generator py € m,.,(T(vy)) for the Thom space T(vy) of a (k—1)-
spherical Spivak normal fibration vy : X — BSG(k) of an n-dimensional geometric
Poincaré complex X determines an S-duality map

oy S T(vy) S X, A T(vy),
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with X, = X u {pt. } and A induced by the diagonal map. If X is a covering of X with
group of covering translations @ then according to [6] there is defined also a
n-equivariant S-duality (“Szn-duality”) map

ag: "B Ty) 3 Xy, Tv3),
with vg: X - X 33 BSG(k) and X, A, T(vz) the quotient of X, A T(vz) by the
diagonal m-action.
The chain Umkehr of an n-dimensional degree d normal map (f, b): M — X is the
composite Z[r,(X)]-module chain map (defined up to chain homotopy)
f C(X) (X]1n-)! C(X),,_:] C(M),,_-n M]n - (M)
with X the universal cover of X, M the cover of M induced from X by f, and

CXy—" = HomZ[n.(X)](C()?)n—‘ » Z[n,(X)]).

The chain Umkehr is such that there is defined a chain homotopy commutative
diagram

The homotopy Umkehr of (f, b) is the stable n,(X)-equivariant homotopy class of stable
n,(X)-equivariant maps F:X®X, —» Z®M, Sn,(X)-dual to the induced map of
Thom spaces T(b): T(vy;) — T(vz), using the Sm,(X)-duality maps a,;, &z determined
by pu, px- The homotopy Umkehr F induces the chain Umkehr f* on the chain level.
The homotopy degree of (f, b) is the stable cohomotopy class d € [X ., @S°] = 7AX ,)
S-dual to  T(b)(pm)€ns+i(T(vy)) under the S-duality isomorphism
ay: T+ i(T(vy)) = nd(X ;) determined by py. The homotopy degree é: X, — QS°
sends X to the component Q,S° of de Hy(QS®) = Z in QS° = lim Q"S". The

m

homotopy Umkehr and the homotopy degree are related by a stable ,(X)-equivariant
homotopy commutative diagram

F

oY, ———2*M,

adjoint (J)
=X,

inducing the previous diagram on the chain level, with 3: X, —» X, LA 0Ss°.
Given a group =, spaces with zm-action X, Y and a stable m-equivariant map
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F:X*X, - Y, define the composite stable n-equivalent map
X+ adjoint (F) QPE® Y+ stable homotopy projection (EZZ)+ A Zz(Y+ A Y+) )

As in [6] call the induced abelian group morphisms

et HX/R)  QCY) = Hy( W @ygzo CY) @1y CLY))

the quadratic construction. Here, the generator T € Z, actson Y, A Y, = (Y xY), by
the transposition (a,b) (b, a), on C(Y) ®z,C(Y) by the signed transposition
a® b (=)"b ® a, and W = C(EZ,) is the free Z[Z,]-module resolution of Z

1+T

w:..-»17z7[2,] —2[Z, ]——»Z[Z ]1—0.

The quadratic construction i, depends only on the stable n-equivariant homotopy
class of F.

The quadratic signature of an n-dimensional degree 1 normalmap (f, b): M — X is
the quadratic Poincaré cobordism class

0u1,5) = (CUM, el XD € () ) € Ly (X)

with C(f") the algebraic mapping cone of the chain Umkehr f': C(X) - C(M),
e: C(M) - C(f") the projection, and ¥ [X]e Q,(C(M)) the evaluation on the .
fundamental class [X] e H,(X) of the quadratic construction ¢ on the homotopy
Umkehr F: 22X, —» Z®M_,. We are not repeating here the many other definitions
and constructions of [6] Wthh might make this meaningful.

A degree 1 normal map (f, b): M — X in the sense of [1] and [7] determmes a
degree 1 normal map (f, Jb): M - X in the present sense, with homotopy degree
lendX,), as follows. Since M is now a manifold we can take for
(vae: M = BSG(k), ppr: S"** — T(p,,)) the Spivak normal structure given by an
embedding of M in $"** (k > n) as a manifold, not just as a Poincaré complex, and we
can define py = T(b),(psr) € 7,4+ (T(vx)). According to [6] the surgery obstruction of
(f, b) is the quadratic signature o,(f, Jb) € L,(r,(X)).

Our description of the quadratic signature ¢ ,(f, b) € L,(n,(X)) of a disjoint union
degree 1 normal map (f,b) = {J(f;,b):{) M, > X is based on the following

i J
quadratic property of the quadratic construction , which is an easy consequence of its
construction.

LemMA.  Given a group m, spaces with n-action X, Y; and stable n-equivariant maps
F:Z2*°X, - Z%(Y), (1 <i < N) track addition defnes a stable m-equivariant map

N

FeyRzex, -xe(0 1) = VEm,
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The quadratic construction on F is given by

@ Fi N
Ve = (69 (f".w@f)A) M/ = ( (U ))

-@o 2:(C(¥)) ® D H{C(Y) Bz C(Y)).

with f;: C(X) > C(Y) the Z[r])-module chain map induced by F,, and
A . Hn(X/n) I Hn(C(X) ®Z[n]C(X))

the map induced by a m-equivariant diagonal chain  approximation
A: C(X) - C(X) ®C(X).

The disjoint union of n-dimensional degree d; normal maps (f;,b): M; - X

1 <i<N) with the same Spivak normal structure
N

(vy: X > BSG(k), px: S"** - T(vy)) for X is an n-dimensional degree d = ) d,
i=1
normal map

N N
(b= U Uob: U Mo X

with chain Umkehr

N N
r=@ e i) - & .

homotopy Umkehr

"CZ

i=1

N
F=\i/Fi:2°°sz°°( M) =\ Z°(M). ,

i

N
and homotopy degree 6 = ), 6, € n3(X ). Applying the lemma we have:
i=1
PROPOS]TION 1. The quadratic signature of an n-dimensional degree 1 normal map

(f,b) = U (f:, b): U M; — X which is the disjoint union of degree d; normal maps

i=1 :—1

(f.b): M, > X < ), d; = 1) is the quadratic Poincaré cobordism class
i=1

o,(f,b) = (C(f ), e[ X] € Q(C(S ’))) € L,(m,(X)) ,
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N
with e : @C(M;) — C(f") the projection and
i=1

UelX] = (@ valXl, @ -0 ®f})A[X])€ 0, (c ( M))

i<j i

N
= g‘)l Qn(C(M .)) @ @ H n(C(M ) ®Z[1r1(X)] C(MJ)) .

i<j

One case is of particular interest: given a degree 0 normal map (f, b): M — X there
is defined a degree 1 normal map

g.00=(uvl,bul):MuX->X

for which we can identify

g = <{) . C(X) » C¥T U X) = C(iT) ® C(X)
e=(1 —f):CMuX)=C) ® CX) - Clg) = C(M)
G=Fv1:2°X, 5o Z°(MuUX), =Z°M,vI®X,.

Substituting this in the expression of Proposition 1 we obtain:

ProposiTiION 2. The quadratic signature of the degree 1 normal map
(g,¢) = (fu l,bul)is the quadratic Poincaré cobordism class

09,9 = (CUT), YALXT+(/' @) ALX] € Q,(CM) ) € Lfr,(x),

where (f* ® f)A[X] € Q,(C(M)) is the image of
(f* ® fHALX] € H,(C(M) ® g1, C(M))

under the abelian group morphism
Hn(C(M) ®Z[n1(X)]C(M)) - Qn(C(M));

pe (C(M) ®Z[m(X)]C(M))n s=0
bd, Y, = ) )
0e(C(M) ®2[u,(X)]C(M))n-s s21.

In [6] there were also considered the symmetric L-groups IX(n) (n = 0)of a group =,
and the symmetric signature invariant 6*(X) € I%(r,(X)) of an n-dimensional geometric
Poincaré complex X, both of which were originally introduced by Mishchenko. There
are defined symmetrization maps

1+T: Ly(n) > L(m) (n=0),
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which -are isomorphisms modulo 8-torsion. The quadratic signature
0,(f, b) € L(n,(X)) of a degree 1 normal map of n-dimensional geometric Poincaré
complexes (f, b): M — X has symmetrization

(1+T)o,(f, b) = o*(M)—o*(X) € I(m,(X)),

where a*(M) € I'(n (X)) is the image of 6*(M) e I%(n,(M)) under the morphism induced
by fy : my(M) - m,(X). If X and Y are n-dimensional geometric Poincaré complexes
and there are given group morphisms 7,(X) — n, n,(Y) — = to the same group n then

o*(X U Y) = o*(X)+o*(Y) € I’(n).

(The symmetric signature is defined for disconnected geometric Poincaré complexes
using fundamental groupoids, exactly as in Wall [7].) Given a degree 1 normal map of _
n-dimensional geometric Poincaré complexes which is a disjoint union

N

N
(L) =1 f,,bi):.kzle,.-»X

i=1

we thus have

(1+ T (f,b) ; )—a*(X) € I(n,(X)).

The semicharacteristic classes of Lee [5] are the images of the symmetric signature in
appropriate Grothendieck groups of orthogonal representations, so that the
semicharacteristic part of the surgery obstruction is additive on disjoint unions. I am
grateful to C. T. C. Wall for drawing my attention to the relevance of [5].

For readers unfamiliar with the algebraic theory of surgery of [6] we shall express
the simply-connected even-dimensional case of Proposition 2 in the language of
Browder [1], using functional Steenrod squares. Indeed, this case has essentially
already been worked out in §4 of Browder [2].

ProrosiTion 3. Let (f,b): M — X be a degree 0 normal map of 2i-dimensional
geometric  Poincaré complexes. The image of the quadratic signature
6, (ful,bul)eL,(n(X))ofthedegree 1 normalmap(fu l,bul):MuUX - Xin

z (i = O(mod 2))
L{1) =
Z, (i = 1(mod 2))

L § (the signature)
is just S

the Arf invariant
defined by

of the non-singular (—) quadratic form (G, A, p) over the ring A

H(M; Z)/torsion ] z
G = A=

H(M; Z,) lzz
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AiGxXG > 45 (x,p) = (e u )+ (Mx  f*y), [XT)
= (x vy, [IMD+{*x 0 f*y, [XDD

1z, 2)
p:G - Af{la—(-Yalae A} (= A); z+> :
(St (), Z XD +<{z v 2, [M])

(h = @)F-ZXf*2) e [Z°X+, 2'K(Z,,0)], 2€H(M;Z,) = [M,,K(Z,, ],

1 = generator € H(K(Z,,1); Z,) = Z,,F : "X, - "M, (k large) is the S-dual of the
induced map of Thom spaces T(b): T(vp) = T(vy)).

(Of course, in Proposition 3—and below—we are really only using A-coefficient
Poincaré duality, and not the universal Z[n,(X)]-coefficient Poincaré duality.

A finite d-sheeted covering p: X — X of an n-dimensional geometric Poincaré
complex X determines a degree d normal map (p, b): X — X with homotopy degree
the composite X 5 B, — QS° of the classifying map p: X — BZ, and the canonical

map BZ,; —» Q,5° ¢, 0S°, as follows. Let W be a closed regular neighbourhood of X in
S"** for some embedding X < $"** (k > n+1), defining a Spivak normal structure

(vx: X - BSG(k), px: S"** — T(vy)) for X by
SUL QWSS W X, py: ST Gtk /gntk W = W/OW = T(vy).

The induced cover W of W has a trivialized tangent bundle, namely the pullback of the
tangent bundle of W. This trivialization determines a regular homotopy class of
immersions of Win $"**, Now k > n+ 1 and W has an n-dimensional spine, to wit X,
so that this class actually contains an embedding of W in S"**. Thus W is a closed
regular neighbourhood of X for an embedding X <, S"*¥, defining a Spivak normal
structure (vg: X — BSG(k), pz:S"** - T(vg)). (For this line of argument I am
indebted to Larry Taylor.) The quadratic signature

a*(p v U 13 b v U 1) € Ln(nl(X))

of the degree 1 normal map
V _ d
ePuULbulUl):Xul) -X-X
i=2
is expressed by Proposition 1 in terms of the homotopy Umkehr P: Z® X, — E°°)=(+
<= \/ e X +>, where — X denotes X with the opposite orientation. Note that the

chain Umkehr p': C(X) - C(X) is just the usual chain level transfer of the cover
p: X — X of the universal cover X of X induced from p: X - X by X - X. In
particular, for a double cover (d = 2) Proposition 2 gives a quadratic Poincaré
cobordism class

oxpU U 1,b U U1 = (CX), ¥oLX]+( ® PIALX]) € L,(m,(X)).
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A double cover p: X — X determines yet another quadratic Poincaré cobordism class
04X, p) = (CLX), Ys[XD € L(m,(X)).
If n = 2i the image of ¢, (X, p) in L,(1) is just
Lthe signature) (i= O(mod 2))
the Arf invariant (i = 1(mod 2))
of the non-singular (—)-quadratic form (G, 4, u) over A4 defined by
H(X; Z)torsion [z
G=17 , A=
H(X;Z,) |z,
A:GxG > A5 (x, )P p*x Uy~ (p*x U p*) [XD = - oo Ty, [XDD)

]%/1(2, 2)
p:G-oA; z
| ¢sair izt x>

(h = Sk2)P~ZHp*2) e [Z* X ., Z¥K(Z,, )], P: XX . » Z¢ X, , 1€ H{K(Z,; ), Z,) ,
T = covering translation : X — X),

which was used by Browder and Livesay [3] to define a desuspension invariant for
fixed point free involutions on spheres, and which more recently has been studied by
Brumfiel and Milgram [4].In general, g, (p U 1,b U 1) # ¢,(X, p),as has already been
shown in the Arfinvariant case in Proposition 5.3.1 of [4]. The Poincaré transversality
obstruction for a double cover p: X — X of a (4k + 2)-dimensional geometric Poincaré
complex X obtained by Hambleton and Milgram [8] is the Arf invariant given by the
image of 6 (X, p)in L, .,(1) = Z,.
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