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INTRODUCTION

These notes are based on a series of lectures given at the
Mathematics Institute, University of Aarhus, during the academic
year 1976-77.

The purpose of the lectures was to give an introduction
to the classical Chern-Weil theory of characteristic classes
with real coefficients presupposing only basic knowledge of
differentiable manifolds and Lie groups together with elementary
homology theory.

Chern-Weil theory is the proper generalization to higher
dimensions of the classical Gauss-Bonnet theorem which states

that for M a compact surface of genus g in 3-space
) = |« - 20-9)
M

where « is the Gaussian curvature. In particular j Kk is a
M
topological invariant of M. 1In higher dimensions where M is

a compact Riemannian manifold, K in (1) is replaced by a

1
2m
closed differential form (e.g. the Pfaffian or one of the
Pontrjagin forms, see chapter 4 examples 1 and 3) associated to
the curvature tensor and the integration is done over a singular
chain in M. 1In this way there is defined a singular cohomology
class (e.g. the Euler class or one of the Pontrjagin classes)
which turns out to be a differential topological invariant in
the sense that it depends only on the tangent bundle of M
considered as a topological vector bundle.

Thus a repeating theme of this theory is to show that

certain quantities which & priori depend on the local differential

geometry are actually global topological invariants. Fundamental
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in this context is of course the de Rham theorem which says
that every real cohomology class of a manifold M can be re-
presented by integrating a closed form over singular chains
and on the other hand if integration of a closed form over
singular chains represents the zero-cocycle then the form is
exact. In chapter 1 we give an elementary proof of this theorem
(essentially due to A. Weil [34]) which depends on 3 basic
tools used several times through the lectures: (i) the inte-
gration operator of the Poincaré lemma, (ii} the nerve of a
covering, (iii) the comparison theorem for double complexes
(I have deliberately avoided all mentioning of spectral sequences).
In chapter 2 we show that the de Rham isomorphism respects
products and for the proof we use the opportunity to introduce
another basic tool: (iv) the Whitney-Thom-Sullivan theory of
differential forms on simplicial sets. The resulting simpli-

cial de Rham complex, as we call it, connects the calculus of

differential forms to the combinatorial methods of algebraic
topology, and one of the main purposes of these lectures is to
demonstrate its applicability in the theory of characteristic
classes occuring in differential geometry.

Chapter 3 contains an account of the theory of connection
and curvature in a principal G-bundle (G a Lie-group) essential-
ly following the exposition of Kobayashi and Nomizu [17]. The
chapter ends with some rather long exercises (nos. 7 and 8)
explaining the relation of the general theory to the classical
theory of an affine connection in a Riemannian manifold.

Eventually, in chapter 4 we get to the Chern-Weil con-
struction in the case of a principal G-bundle n: E > M with
a connection 6 and curvature { (in the case of a Riemannian

manifold mentioned above G = O0(n) and E is the bundle of
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orthonormal tangent frames). In this situation there is
associated to every G-invariant homogeneous polynomial P on
the Lie algebra f}» a closed differential form P(Qk) on M
defining in turn a cohomology class WE(P) €H2k(M,HU.

Before proving that this class is actually a topological
invariant of the principal G-bundle we discuss in chapter 5

the general notion of a characteristic class for topological

principal G-bundles. By this we mean an assignment of a cohomology
class in the base space of every G-bundle such that the assign-
ment behaves naturally with respect to bundle maps. The main
theorem (5.5) of the chapter states that the ring of character-
istic classes is isomorphic to the cohomology ring of the

classifying space BG.

Therefore, in order to define the characteristic class
wE(P) for E any topological G-bundle it suffices to make the
Chern-Weil construction for the universal G-bundle EG over
BG. Now the point is that although BG is not a manifold it

is the realization of a simplicial manifold, that is, roughly

speaking, a simplicial set where the set of p-simplices con-
stitute a manifold. Therefore we generalize in chapter 6 the
simplicial de Rham complex to simplicial manifolds, and it
turns out that the Chern-Weil construction carries over to the
universal bundle. In this way we get a universal Chern-Weil

homomorphism

w: I*(G) -» H*(BG,IR)

where I*(G) denotes the ring of G-invariant polynomials on
the Lie algebra
In chapter 7 we specialize the construction to the classical

groups obtaining in this way the Chern and Pontrjaging classes
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with real coefficients. We also consider the Euler class de-
fined by the Pfaffian polynomial and in an exercise we show
the Gauss-Bomnet formula in all even dimensions.

Chapter 8 is devoted to the proof of the theorem (8.1)
due to H. Cartan that w: I*(G) - H*(BG,IR) is an isomorphism
for G a compact Lie group. At the same time we prove A.Borel's
theorem that H*(BG, IR) is isomorphic to the invariant part
of H*(BT,IR) under the Weyl group W of a maximal torus T.
The corresponding result for the ring of invariant polynomials
(due to C. Chevalley) depends on some Lie group theory which
is rather far from the main topic of these notes, and I have
therefore placed the proof in an appendix at the end of the
chapter.

The final chapter 9 deals with the special properties of

characteristic classes for G-bundles with a flat connection or

equivalently with constant transition functions. If G is
compact it follows from the above mentioned theorem 8.1 that
every characteristic class with real coefficients is in the
image of the Chern-Weil homomorphism and therefore must vanish.
In general for K € G a maximal compact subgroup we derive a
formula for the characteristic classes involving integration
over certain singular simplices of G/K. As an application we
prove the theorem of J. Milnor [20] that the Euler number of a
fiat 81(2,RR)-bundle on a surface of genus h has numerical
value less than h.

I have tried to make the notes as selfcontained as possible
giving otherwise proper references to well-known text-books.
Since our subject is classical, the literature is guite large,
and especially in recent years has grown rapidly, so I have made

no attempt to make the bibliography complete.
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It should be noted that many of the exercises are used in
the main text and also some details in the text are left as an
exercise. In the course from which these notes derived the
weekly exercise session played an essential role. I am grateful
to the active participants in this course, especially to
Johanne Lund Christiansen, Poul Klausen, Erkki Laitinen and Sg¢ren
Lune Nielsen for their valuable criticism and suggestions.

Finally I would like to thank Lissi Daber for a careful
typing of the manuscript and prof. Albrecht Dold and the

Springer-Verlag for including the notes in this series.

Aarhus, December 15, 1977.
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CURVATURE AND CHARACTERISTIC CLASSES

l. Differential forms and cohomology

First let us recall the basic facts of the calculus of
differential forms on a differentiable manifold M. A
differential form w of degree % associates to k c”
vector fields X1"“’Xk a real valued C°° function
w(X1,...,Xk) such that it has the "tensor property" (i.e.
W(XgyennrXy)

depends only on for all p € M)

p X1p""'ka

and such that it is multilinear and alternating in X e X

qre- K
For an 1-form Wy and a k-form W, the product Wy A Wy is

the (k+1)-form defined by

Wy A “2(X1""'Xk+1)

1 . .
= TEITTTZGSlgn(G)m1(Xg(1)""’xo(l)) w2(X0(1+1)""'Xg(1+k))

where ¢ runs through all permutations of 1,...,k+1l. This

product is associative and graded commutative, i.e.

Wy A W, = (—1)klm2 A g

Furthermore there is an exterior differential d which to any

k~form w associates a (k+1)~form dw defined by

K41

1 i+1 A
(Qw) (Xgyenes Xy q) = EIT[iZ1(_1) xi(w(x1,...,xi,...,xk+1))
TS 2 o
+ 7 (-1 m([xi,xj],x1,...,xi,...,xj,...,xk+1)]

i<j
where the "hat" means that the term is left out. Here [Xi,Xj]
is the Lie-bracket of the vector fields. d has the following

properties:



(i) d is linear over TR
(ii) dd = 0
sl _ ik _
(iii) d(w1Aw2) = (dw1) A wy + (=1) wy A dwz for w, a k-form
(iv) For a €~ function f and X a vector field
(df) (X) = X(f)
(v) d 1is local, that is, for any open set U,
wlU =0 = de!U = 0.
In a local coordinate system (U,u1,...,un) any k-form w has a
unique presentation
i i i
w = ) a; ; du T A du 2 A...a du k
. . . ooy
1§l1<12<...<lk§n 1 k
where a, . are C~ functions on U.
ig..04y

[

Suppose F : M- N is a C map of ¢® manifolds and let
*
w be a k-form on WN. Then there is a unique induced k-form F w

on M such that for any k vector fields X1""'Xk on M

*
F (w)(X1,...,X )

g = Crq) FaXiqr-- - Fa¥Xg) s Va €M,

*
where F, = dF is the differential of F. F preserves A
and commutes with d.

The set of k-forms on M is denoted Ak(M) and we shall

refer to (A*(M),a,d) or just A*¥(M) as the de Rham complex

{(or de Rham algebra) of M.

For Ug M an open subset A*(U) is clearly defined since
U is a manifold. Now suppcse Ug M is a closed subset of M
and suppose that every point of U 1is a limit of interior points
of U. Then at any point g € U the tangent space Tq(U) is
naturally identified with Tq(M). By a k-form on U we shall

understand a collection wq of k-linear alternating forms on



Tq(M), g € U, which extends to a differential form on all of
M (it is enough that it extends to an open neighbourhood of
U by a "bump function" argument). Again let Ak(U) denote
the set of k-forms on U. Notice that a differential form on
U 1is determined by its restriction to the interior of U.
Therefore 4 : Ak(U) - Ak+1(U) is well-defined and we again
have a de Rham complex (A*(U),A,d). This observation is

important because of the following example:

+
Example 1. The standard n-simplex A", 1n R" !

consider An, the convex hull of the set of canonical basis

vectors e; = (0,0,-4.,1,0,...,0) with 1 on the i-th place,

i=9,1,...,n. That is

AT = {t = (Egreeent )it >0, 4= 0seenymy 55 = 1}
t2
ty
o
The hyperplane vt o= {t €1Rn+1|2jtj = 1} 1is clearly a manifold

and A" = vl is clearly the closure of its interior points in

vl. So it makes sense to talk about Ak(An). Considering the
barycentric coordinates (to,...,tn) as functions on V" we
have their differentials dti’ i=20,...,n, and every k-form
on v? (or aA™) is expressible in the form

™
0§i0<...<ik§n aiO"'ik dtio AeoaA dtik where aiO"’ik are C
functions on Vn (or An). Notice that the relation
to +eeot t, = 1 implies dt, +...+ dtrl = 0, so actually the

set {dt1,...,dtn} generates A¥ (AT .



Now return to U< M an open or closed subset of a c”
manifold as before. A k-form w on U 1is called closed if
dw = 0 and w is exact if w = dw' for some (k-1)-form w'.

Since dd =0 every exact form is closed.

Definition 1.1. The k-th de Rham cchomology group of U

is the real vectorspace

k+1

u¥ (A% (U)) = ker(a: AK() - AKX T (u))zad T

Example 2. For M = R? with coordinates (x,y) any
1-form is of the form w = fdx + gdy and dw =0 1is just the

requirement

2l
|
1S

Now take U =IR2\{O} and consider the 1-form

1
W= — 2(xdy—ydx)-

Xty

It is easily seen that w is closed but J8 = 2n so w is
S

not exact. Hence H1(A*(U)) + 0.
It is classically wellknown that H*(A*(M)) 1is related to

the geometry of M. For example let U gIRn be star-shaped

with respect to e € U, that is, for all x € U the whole line

segment from e to x is contained in U. Then we have:

Lemma 1.2. (Poincaré@'s lemma). Let U¢g R® be star-shaped

with respect to e € U. Then there are operators

hk : Ak(U) - Ak_1(U), k=1,2,..., such that for any w € Ak(U),

k
-0 - dh (w), k 20
(1.3) 5 aw) = {
w(e) - w, k=90,



In particular
X 0, k>0
.o o =
R, k=20.
Proof. Clearly (1.4) follows from (1.3).

The operators hk are defined as follows:

let g : {0,1] x U > U be the map
g(s,x) = se + (1-s)x, s € [0,1}, x € U.
k k N X .
For any w € A™(U), g*w € A™([0,1] xU) is uniquely expressible

as

gw=ds A o+ B

where o and B are forms not involving ds. (The (k-1)-form

o is usually denoted i a(g*w).) Then define
3s
1
hX(w) = } o
s=0
which means that we integrate the coefficients of o with

respect to the variable s. In order to prove (1.3) notice

that

e = *y) = - 2
g dw d (g *w) ds A dxa + ds A BSB +.ou

where we have only written the terms involving ds, and where

- - 9
dxa = da ds A 5s%e Hence

]
+ {
W @) = j g%s - aga.
=0

For k = 0 clearly a =0 so

1 1
h (dw) (x) =

S

g% w(set+t(1-s)x) = w(e) - w(x), x € U.
s=0

For k >0,



BIOx U= (id)*w = w
Bl1 x U = gﬁw = Q g1(x) = e, X €U.
Hence
1
hk+1(dw) = - - d.{ o = —w - dhk(w),
5=0

which proves (1.3).

The de Rham theorem which is the main object of this chapter
gives a geometric interpretation of the de Rham cohomology of a
general manifold. First we need a few remarks about integration
of forms. Actually we shall only integrate n-forms over the
standard n-simplex A", The orientation on A" or rather vt

is determined by the n-form dt1 Ao A dtn. Explicitly every

n-form on A" is uniquely expressible as
w = f(tq,...,tn)dt1 A ee oA dtn

and by definition

Jf nm:_]( q ElEqseo,t)de, . dey
A A
where A" c B is the set Ap = {(ty,...,t) €R'l &, >0,

t. < 13,

JJ= !

Exercise 1. Show that
(1.5) [ dt, Aevon dt. = =& .
jAn L IR n n'

Exercise 2. Show the following case of Stoke's theorem:

Let ¢ . A"V L A", i = 0,...,n, be the face map
€5 (Egrevrtyq) = (Egreearty 00t ety ).
Let w© € A" 1(a"). Then

n . .
(1.6) JAn dw = Z -1t J n_1(gl)*w.



(Hint: First show a similar formula for the cube I%c Rp,
I=1001]1, (see e.g. M. Spivak {29, p. 8~18], Then deduce

(1.6) by using the map g : 1 5 A" given by

g(s},...,sn) = {(1—51),51{1—52),5152(1~s3),...

‘e ,s1...sn_1(1—sn),s1....sn).)

Exercise 3. A" s clearly star-shaped with respect to
each of the vertices e i=9¢9,1,...,n. By lemma 1.2 we
therefore have n + 1 corresponding operators h(i)

K@ > TP, k= 1,2,..., satisfying (1.3) with e = e,

i=0,...,n. Show that for any n-form w on Al

{ [ = (-1
(1.7} JA w (-1) h(n—l) 0...0 h<0)(w)(en).
(Hint: First show that the operator on the right satisfies

Stoke's theorem (equation (1.6) above) and then use induction.)

Now let us recall the elementary facts about singular
homology and cohomology. We consider the case of ¢® manifolds
and ¢ maps which is completely analogous to the case of
topological spaces and continuous maps usually considered. Also
we shall only use the field of real numbers IR as coefficient
ring.

Let M be a ¢ manifold. A C° singular n-simplex in

n

M is a ¢ map o : A" - M, where A" is the standard n-

simplex. Let S:(M) denote the set of all C singular n-
simplices in M. As in exercise 2 above let el : a1 al,

i=0,...,n, Dbe the inclusion on the i~th face. Define

g, ¢ S:(M) - S:-i(M)’ i=¢,...,n, by

- i hd
ei(c) =g 0 £, o € Sn(M).



Notice that

(1.8) €5 0 €5 = €59 0 & if i < j.

The group of c” singular n-chains with coefficients in R is

the free vector space Cn(M) on S:(M), i.e. the vector

space of finite formal sums a_ * 0. The maps

ZOES:(M) o]

€ ,1=0/...,1, clearly extend to e ¢ Cn(M) - Cn—1(M) and

- _qy i .
we have the boundary operator 3§ = Zi( 1) £y ¢ Cn(M) - Cn-1(M)‘
(1.8) implies that 33 = 0 and we have the n-th C~ singular

homology group with real coefficients

Hn(M) = Hn(C*(M)) = ker (3 : Cn(M) - Cn_1(M))/8Cn_1(M).

Dually the group of c® singular n-cochains with real coeffi-

cients is
n
C (M) = Hom(Cn(M),Hl)

and we have the coboundary & = 3* : Cn(M) - Cn+1

(M) .
Explicitly an n-cochain is a function c : S:(M) - R or
equivalently a collection ¢ = {Co}’ g € Sz(M), of real
numbers, and § 1is given by

n+1 i -
(1.9) (8c) . = _Z (-N7c, v T ES 0.

i=Q i
Again the n-th c® singular cohomology group with real

coefficients is

1 n-1

HY (M) = HM(C*M)) = ker(§ : <) - ™M)y 6cT ().

If £f:M->N isa C° map of ¢” manifolds we clearly get an
induced map S(f) : S,(M) - S,(N) defined by S(f)(c) = f o o.
This clearly extends to ﬁ# 1 Cy (M) » C,(N) and dually induces

#

£ C*(N) -» C*{M). Obviously C, and C* are covariant and

contravariant functors respectively. Also f#: and ﬁ* are



chain-maps, i.e.

= # _ H
fﬁ: 093 =3 0 fﬁ=, § o f = £ o §.
Therefore we have induced maps
f,o s H (M) - H (N), £* : H¥(N) -» H*(M).

Let us recall the following wellknown facts:

(1.10) Hi(pt) =0, 1i>20, Hy(pt) = R
B (pt) = 0, i>0, H(pt) = R.
{(1.11) (Homotopy property). Suppose fo,f1 : M > N are

homotopic, i.e., there is a c” map F : M x [0,1] - N
such that FiM x 0 = fo, FIM x 1 = f1. Then fo#k and

1?1:H= are chain homotopic, i.e., there are homomorphisms

s ¢ Ci(M) - Ci+1(N) such that

- f 03+ 3 0 s..
i

Ly 04 = Si-1

In particular

1% f()*

th
|

Hy (M) - H,(N),

£X = £F : HY(N) - H¥(M).

(1.12) (Excision property). Suppose U = {Uu}uEZ is an open
covering of M and let S:(U) denote the set of
singular n-simplices of M, 0o : A" S M, such that
o(a"™) ¢ U, for some a. Let (C*),3) and (C*(U),s)

be the corresponding chain or cochain complexes (called

"with support in U") and let
1, ¢ Cell) > Cp (M), 1* : C*¥(M) -» C¥{U)

be the natural maps induced by the inclusion
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)

1 : SSW) «S°(M). Then 14 and 1*¥ are chain
n n —

equivalences, in particular they induce isomorphisms
H(C,M)) = H(C, (M)}, H(C*(M)) z H(C*U)).
We now define a natural map
I: A" - ¢
by the formula
(1.13) Tw), = jn o*w, w € AT(M), o© € S_(M).

A

I is clearly a natural transformation of functors, that is, if

f:M->N isa Cc” map, then

I o £% = f#: o 1,
where f£* : A¥(N) - A*(M) and £7 : C*(N) > C*(M) are the
induced maps.
Lemma 1.14. I is a chain map, i.e.

In particular 1 induces a map on homology
I : H(A¥*(M)) - H(C*(M)).

Proof. This simply follows using exercise 2 above:

[

I(dw)T = )An+1 T (dw) = JAn+1 dt*w
n+1 . . n+1 i
= ] (—1)1J (eM)*¥trw = ] (=1) J L (e (1)) *w
i=0 AR i=0 A
n+1 ;
= i£O<—1) Tl g (= ST 4
we A, Toe st .

n+1



1"

Theorem 1.15. (de Rham). I H* (A¥(M)) - H(C*(M)) is

an isomorphism for any ¢® manifold M.

First notice:

Lemma 1.16. Theorem 1.15 is true for M diffeomorphic to

a star shaped open set in r".

Proof. It is clearly enough to consider M = U g]Rn an

open set star shaped with respect to e € U. As in Lemma 1.2

consider the homotopy g : U x [0,1] - U with g(-,1) = id

and g(-,0) = e given by

g(x,8) = sx + (1-s)e.
By (1.11) the inclusion {e} g U induces an isomorphism

in singular cohomology, so the statement follows from (1.10)

together with Lemma 1.2 and the commutative diagram

HA*(U)) —E  H(cx)
H(A* (e)) L - H(C*(e))
I I
R

Lemma 1.17. For any ¢” manifold M of dimension n

there is an open covering U = {Ua}aEZ’ such that every non-

empty finite intersection Uaoﬂ...ﬂ Uu ’ uo,...,up € 2, is

diffeomorphic to a star shaped open set of r".

Proof. Choose a Riemannian metric on M. Then every

point has a neighbourhood U which is normal with respect to

every point of U (i.e., for every g € U, exp is a

g
diffeomorphism of a star shaped neighbourhood of 0 € Tq(M)

onto U). 1In particular, U is geodesically convex, that is,
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for every pair of points p,q € U there is a unique geodesic
segment in M Jjoining p and g and this is contained in
U. (For a proof see e.g. S. Helgason {14, Chapter I Lemma
6.4). Now choose a covering U = {U_} with such open

0 0€Z
sets. Then any non-empty finite intersection Uu n...n Ua
0 k
is again geodesically convex and so is a normal
neighbourhood of each of its points. It is therefore

clearly diffeomorphic to a star shaped region in Rr"®  (via

the exponential map).

In view of the last two lemmas it is obvious that we
want to prove Theorem 1.15 by some kind of formal inductive
argument using a covering as in Lemma 1.17. What is needed

are some algebraic facts about double complexes:

We consider modules over a fixed ring R (actually we
shall only use R =1R). A complex C* 1is a Z-graded module
with a differential d : ¢ - Cn+1, n € Z, such that dd = 0.

Similarly, a double complex is a Z x Z-graded module

C*r* = ELQF Cp,q, together with two differentials
14

ar . cPra, cPtha ge, oPr9, cP.aT

satisfying

(1.18) d'a' = 0, 4d"a@" = 0, 4dvd' + d4'a" = o.

We shall actually assume that C*,* is a 1. guadrant double
complex, that is, cPr9 = 0 if either p<0 or g< 0.
Associated to (C*:*,d4',d") 1is the total complex (C*,d)
where

™= _| ] P9, a=ar+an.

p+q=n
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For fixed g we can take the homology of c*/9 with respect
to d'. This gives another bi-graded module E?’q = Hp(C*'q,d').
Now suppose 1C*r* and ,C*s/* are two double complexes
as above, and suppose f : 1C*,* - 2C*r* is a homomorphism
respecting the grading and commuting with d' and d4". Then
clearly f gives a chain map of the associated total complexes

and hence induces f, : H(.C*,d) - H(ZC*,d). Also clearly f£

1

induces f1 : 1E$'q - zEg’q. We now have:

Lemma 1.19. Suppose £ : 1c*:* - zc*r* is a homomorphism

of 1. quadrant double complexes and suppose f1 : 1Eﬁr* - zEﬁr*
is an isomorphism. Then also £, : H(1C*) - H(ZC*) is an
isomorphism.

Proof. For a double complex (C*r*,d',d") with total

complex {(C*,d) define the subcomplexes F; E;C*' q € Z, by

Then clearly

* * *
see B Fq_1 2 Fq > Fq+1 2 .
. * * . * .
and 4 : Fq - Fq. Notice that the complex (F /Fq+1,d) is
isomorphic to (Cc*r9,d'). Therefore for £ : 1C*’* - ZC*’*

a map of double complexes the assumption that

f1 : 1E?’q ZE?’q is an isomorphism, is equivalent to saying

: * * i i i
that £ : F /1 a+1 - 2Fq/2Fq+1’ q € Z, induces an isomorphism
in homology. Now by induction for r = 1,2,... it follows

from the commutative diagram of chain complexes

0 - 50

* *
1Fq+r/1Fq+r+1 = /1Fq+r+1 ” /1 g+r
vf £ V£

3 * * *
* qu+r/2Fq+r+1 ” 2F /2 gtr+1 e 2Fq/2Fq+r -0



and the five lemma that

. * * * *
£ 1Fq/1Fq+r - 2Fq/2Fq+r
induces an isomorphism in homology for all g € Z and

r=1,2,... . However, for a 1. guadrant double complex

F, =2¢C and F; = 0 for r > n
so0 the lemma follows.

Remark. Interchanging p and g in cPrd e get a

similar lemma with E?’q replaced by HI(cPr*,am).

Notice that for a 1. quadrant double complex cre* it
follows from (1.18) that d" induces a differential also

denoted 4" : E?’q - E?’q+1 for each p. In particular, since
EX9 = ker(ar ¢ c%9 ol 9 ¢ cd

we have a natural inclusion of chain complexes

0, %

e : (E1

Aa"%) - (C*,d)

(called the "edge-homomorphism").

Corollary 1.20. Suppose E?’q = 0 for p > 0. Then e

induces an isomorphism
Ol* n
e H(E.I ,A") - H(C*,d).

Proof. E%'q is a double complex with d' =0 . Apply

Lemma 1.19 for the natural inclusion E?’q 5 cPrg,
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Note. For more information on double complexes see e.g.
G. Bredon [7, appendix] or S. Mac Lane [18, Chapter 11,

§§ 3 and 61].
We now turn to

Proof of Theorem 1.15. Choose a covering U = {Ua}aEZ

of M as in Lemma 1.17. Associated to this we get a double

complex as follows: Given p,q > 0 consider

AP = n A0 n...n U )
(ao,...,ap) 0 p

where the product is over all ordered (p+1)-tuples (ao,...,ap)
with o; € | such that U n...n U+ @. The "vertical®

0 p
differential is given by

(-1)Pa o AP/T L aRra

where d : AU n...nu ) » AW a...nu ) is the
oy o % a
exterior differential operator. The "horizontal" differential

. AP:9 p+i.q
§ A - A

is given as follows:

For w = (w ) € AE'q the component of dw in
(ao,...,ap)
Aq(Ua N...n U, ) is given by
0 pt1
951
(1.21) (8w) = -t
(ao,...,ap+1) 120 (-1) w(a A

It is easily seen that &8 = 0 and &d = d§ so Ag’q is a

double complex.

Now notice that there is a natural inclusion

Ay S on Adw, ) = ﬁ?’q.
ao 0
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Lemma 1.22. For each g the sequence
0 - Aq(M) - Ag’q - A;'q S ...

is exact.

Proof. 1In fact putting Aa1’q = A%9(M) we can construct

homomorphisms

s, ¢ ARYY - ap=Tia
such that
(1.23) s

p+1 o8 + 8§ o sp = id.

To do this just choose a partition of unity {o¢ }

a4 ey

supp 9, ¢ U , Va € Y, and define

_ (_1y P
(Spw)(“o'--~' = (-1)*F §

P:/q
w € Au .

¢ W
Qp_1) 0€lL a (aor---lap_A] ,Oﬁ),

with

It is easy to verify that Sp is well-defined and that (1.23)

is satisfied.
It follows that
0, > 0
gPrd 2{ P
! ATy, p=o0.

Together with Corollary 1.20 this proves

Lemma 1.24. Let Aa be the total complex of

there is a natural chain map

ey : AX(M) o AE

which induces an isomorphism in homology.
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We now want to do the same thing with A* replaced by

the singular cochain functor C*. As before we get a double

complex
cPrq = m cftu. n...nu )
u (a o) % ap
OI"‘IP
where the "vertical" differential is given by (-1P  times
the coboundary in the complex C*(Ua N...Nn g, ) and where

0 P
the "horizontal" differential is given by the same formula as

(1.21) above. Again we have a natural map of chain complexes

et CxM) - C)F cC

*
C u

and we want to prove

Lemma 1.25. e, : C*(M) - Ca induces an isomorphism in

homology.

Suppose for the moment that Lemma 1.25 is true and let us
finish the proof of Theorem 1.15 using this.

For U ¢ M we have a chain map
I : A¥(U) - C*(U)

as defined by (1.13) above. Therefore we clearly get a map

of double complexes

. AP/9 P.d
T : Au - Cu
and we have a commutative diagram

A¥ ——— C*

u u
feA +ec

A¥ (M) — C* (M)
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By (1.24) and (1.25) the vertical maps induce isomorphisms
in homology. It remains to show that the upper horizontal
map induces an isomorphism in homology. Now by the remark

following Lemma 1.19 it suffices to see that for each p

1 : H(Aﬁ'*) - H(CE’*)

is an isomorphism. However this is exactly Lemma 1.16 applied

to each of the sets U n...n o_ .
%q ap

Proof of Lemma 1.25. It is not true that Lemma 1.22 holds

with A* replaced by C*. However, if we restrict to cochains
with support in the covering U it is true. Thus as in (1.12)
let Cq(u) denote the g-cochains defined on simplices

o € SZ(U), i.e. for each o0 € S:(U) there is a U, with

)

nn

Ua‘ Then there is a natural restriction map

0

cq(w) Cu’q and the seguence

4

(1.26) 0 »c¥w) » 0T aeird L,
is exact. In fact we construct homomoprhisms

s, ¢ g cf (g "% = T,

as follows: For each ¢ € S:(U) choose oa(c) € § such that

o (&%)

nn

U and define

o(og)’

s_(c)

- (-1\P
P (agreees )(0) (-1)¥c

(g eera_qrato)) ()

L roy

Then an easy calculation shows that

sp+1 o8 + 8 o Sp = id.

It follows that the chain map e Cc* (M) - Cﬁ factors into

C

& = EC o 1*, where 1* : C*(M) - C*(U) is the natural chain

map as in (1.12) and where the edge homomorphism
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e . *
e. c*(l) - Cu

induces an isomorphism in homology by Corollary 1.20 and the
exactness of (1.26). Since 1* also induces an isomorphism
in homology by (1.12) this ends the proof of Lemma 1.25 and

also of Theorem 1.15.

Exercise 4. For a topological space X let SEOP(X)
denote the set of continuous singular n-simplices of X,
and let CSOP(X) and C:op(x) be the corresponding chain

and cochain complexes. Show that for a ¢® manifold M

the inclusion S:(M) - SEOP(M) induces isomorphisms in homology

*
top

top

H(C, (M) » H(COPm)), H(cY (M) - H(C*M).

(Hint: Use double complexes for a covering as in Lemma 1.17).

Hence the homology and cohomology based on c” singular
simplices agree with the usual singular homology and cohomology.
It follows therefore from Theorem 1.15 that the de Rham

cohomology groups are topological invariants.

Exercise 5. Show directly the analogue of the homotopy

property (1.11) for the de Rham complex.

Note. The above proof of de Rham's theorem goes back to
A. Weil [34]. It contains the germs of the theory of sheaves.
For an exposition of de Rham's theorem in this context see e.g.

F. W. Warner [33, chapter 5].



2. Multiplicativity. The simplicial de Rham complex

In Chapter 1 we showed that for a differentiable manifold
M the de Rham cohomology groups Hk(A*(M)) are topological

invariants of M. As mentioned above the wedge-product
(2.1 A s AR @ At o AT

makes A*(M) an algebra and it is easy to see that (2.1)

induces a multiplication

Hk+l

(2.2) A : BS(A*(M)) © HY(A*(M)) - (A% (M)) .

In this chapter we shall show that (2.2) is also a topological

invariant. More precisely, let
(2.3) v BX(c* ) @ BY(cx)) - BXTL(ex )

be the usual cup-product in singular cohomology; then we shall

prove

Theorem 2.4. For any differentiable manifold M the

diagram
1 (A% (M) @ HY (A* (M) A 5L (ax )
V1o 1 o1
S (c*xM)) @ mE(c*m)) it L e e M)
commutes .

For the proof it is convenient to introduce the simplicial

de Rham complex which is a purely combinatorial construction

closely related to the cochain complex C* but on the other

hand has the same formal properties as the de Rham complex A¥*.
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We shall define it for a general simplicial set:

Definition 2.5. A simplicial set S 1is a sequence

s = {Sq}, qg=20,1,2,..., of sets together with face operators

€ Sq - Sq—1’ i=20,...,9, and degeneracy operators
n; ¢ Sq - Sq+1, i=20,...,9, which satisfy the identities
(i) eiej = ej—1€i' i< 3,
(i1) N3Ny = NyeqNyr iz 3
Ny 1€y i< 3,
(iii) ey =4 id, i=3, 1= 3j+1,
njsi_1, i>3 4+ 1.

Example 1. We shall mainly consider the example, where

Sq = SZ(M) or StoP(M). Here as in Chapter 1, ei(o) =go e,

q
i=0,...,q, where e+ : 297" 5 29 is defined by
i _
(2.6) € (Egrenrtgy) = (Egueensty qa0ity ety g)e

Analogously, the degeneracy operators n, are defined by

n.(6) =6 ont, i=20,...,q, where nt : 29"1 5 249 is defined

i -
(2.7) n (tO""'tq+1) = (to,...,ti_1,ti+ti+1,ti+2,---,tq+1)-

We leave it to the reader to verify the above identities.

A map of simplicial sets is clearly a sequence of maps
commuting with the face and degeneracy operators. Obviously
s® and StoP become functors from the category of c”
manifolds (respectively topological spaces) to the category of

simpliicial sets.
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Definition 2.8. Let S = {Sq} be a simplicial set.

A differential k~form ¢ on S is a family m=={w0}, o €_LLSp
1%

of k-forms such that

(1) @  is a k-form on the standard simplex AP for

g € S_.
p 3
- i, % ;
(ii) wEiG = (e7) @y 1= 0,e-.,pPs O € Sp, p=1,2,...
where el : Ap_1 » AP is the i-th face map as defined by (2.6).

Example 2. Let S = Sw(M) for M a C~ manifold. Then
if w is a k-form on M we get a k-form ¢ = {wc} on S”(M)

by putting 9, = oc*w for o € S;(M).

The set of k-forms on a simplicial set S is denoted
Ak(s). If o € Ak(S), Y € Al(S) we have again the wedge-product

® Ay defined by

(2.9) (@ A w)o =@, A wo’ o € Sp, p=20,1,...

. . . k k+1
Also, we have the exterior differential d : A7(S) -» A (S)
defined by
(2.10) (dLD)O' = dwol g € spl p=20,1,2,...

It is obvious that A is again associative and graded

commutative and that d satisfies

(2.11) dd = 0 and

k

dlo v =doav+ (-5 A dp, o €akis), veale.

We shall call (A*({S),A,d) the simplicial de Rham algebra or

de Rham complex of S. If £ : S - S' 1is a simplicial map

then clearly we get f* : A*¥(S'}) - A*(S) defined by

k
* - =
(2.12) (E£*p) = L @ € AT(S'), 0 €S _, p 0,1,...
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and thus A* 1is a contravariant functor.

Remark 1. Notice that by Example 2 we have for any c”

manifold M a natural transformation
(2.13) iz A¥(M) - A*(ST(M))

which is clearly injective, so we can think of simplicial

forms on S* (M) as some generalized kind of forms on M.

We now want to prove a "de Rham theorem" for any
simplicial set §. The chain complex C,(8) with real
coefficients is of course the complex where Ck(S) is the free
vector space on Sk and 9 : ck(s) - ck_1(s) is given by

3 (o) =
i

| =~/
o

i
(-1 ei(c), o € Sk.

Dually the cochain complex with real coefficients is

C*(S) = Hom(C,(S),R), so again a k-cochain is a family
c = (co), c € Sk’ and § : Ck(S) - Ck+1(S) is given by
k+1 i
(2.14) 6y, = ] (-M7c_ .y T E S, -
i=0 i
Again we have a natural map
1: aK(s) - c*(s)
defined by
(2.15) T() = o, ¢€a®s), 0e€s
* o] Ak G’ ' k'
and we can now state
Theorem 2.16 (H. Whitney). T : A*(S) -» C*(S) 1is a

chain map inducing an isomorphism in homology. In fact there
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is a natural chain map E : C*(S) - A*(S) and natural chain

homotopies s a%(s)y - A% V(sy, x = 1,2,..., such that

(2.17) I od=268o01, Eod=4do0E

(2.18) I o E = 14, Eol - id = Si41 © d +4d o sk,
k =0,1,

For the proof we first need some preparations. As

p+1

usual AP c R is the standard p-simplex spanned by the

canonical basis {eo,...,ep} and we use the barycentric
coordinates (to,...,tp). Now AP is star shaped with

respect to each vertex ej, =0
have operators h(j) : Ak(Ap) > A

each j as defined in the proof of Lemma 1.2. Also put

, .,p, and therefore we
k=1aP), x = 1,2,..., for
h(j)w =0 for w € AO(AP). The proof of ihe following lemma

is left as an exercise (cf. Exercise 3 of Chapter 1):

Lemma 2.19. The operators h(j) Ak(Ap) > Ak_1(Ap),
k=20,1,2,..., satisfy
(1) For w € Ak(Ap)
-w, k>0

{2.20) h,..dw + dh,.. 6 =
(3) (3) {w(ej)_w' k =0

(ii}) For i,j = 0,...,p

i, o
(2.21) (ei)* o h(,) _ h(j) o (e )., i > 3
? h(j-1) o (M), <3

(iii) For o € AK(aK)

k
(2.22) J w = (-1)"h 0...0 h, (w)(e ).
Ak (k-1) (0) k
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Next some notation: Consider a fixed integer p > 0.

Let I = (iO”"’ik) be a sequence of integers

satisfying 0 < io < i1
I is JIl =k (for T

<...< i
k

= ¢ put |@l = -1). Corresponding

A

p. The "dimension” of

to I we have the inclusion uI : Ak -+ AP onto the k-

dimensional face spanned by {ei reser€y } and similarly we

0 k j ]
have a face map Mpo: sp - sk' Explicitly, uI = ¢ 1 0...0 € 1
and U = ejl 0...0 €j1 where p > g > .- > 3102 0 1is the

complementary sequence to I and k + 1 = p. Also associated

to I there is the "elementary form" wy on 4P defined by

~

X
(2.23) we = ) (-1%t, at, A...A 3%, A...a dt,
1 s=0 s 1o 1s Tx

(for I = @ put w¢ = 0) and the operator

_ ) Py P
hI = h(ik) 0...0 h(io) : A¥(AF) A* (AY)

which lowers the degree by k + 1 (for I = ¢ put h¢ = id).

k

We can now define € : Ck(S) > AT (S) as follows (a

motivation is given in Exercise 1 below):

For ¢ = (cT) a k-cochain and o € Sp put

(2.24) E(c), = k!|1%=kw1 : cuI(O)

which is clearly a k-form on AP (if p < k the sum is of

k-1

: aF(s) - 2% Vs)

course interpreted as zero). Similarly Sy

is defined as follows: For ¢ = (mc) € Ak(S) and ¢ € Sp put

(2.25) s, (@) = ¥ fI1tw. A h (9_)
KO ocitik Tt

which is clearly a k-1-form on AP,
First we show that (2.24) satisfies Definition 2.8 (ii):

Let 1 € {0,...,p} and suppose I = (i ,ik) does not

AR

contain 1. Then for some s we have is <1< iS+1 and
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we put I' = (iO,...,i 1

s —1,...,ik-1). With this notation

s+1

1
(e™)* E(c)0

= 1 .
T b T @
N kzIIZ[=k Y1t Cup, (e 0)
since it is easy to see that uI(o) = uI,(slo). Now since
I' = (ib,...,ii) runs over all sequences satisfying
0 < ié < < ii < p -1, the last expression above equals
E(C)Ela which was to be proved. Similarly (2.25) is shown

to satisfy Definition 2.8 (i) using (2.21) above.

Now let us prove the identities (2.17): The first
identity of (2.17) is proved exactly as Lemma 1.14, so let
us concentrate on the second one: For c¢ € Ck(s) and

g € S we have
p

k
(2.26) dE(e) . =kt §J (7 (-1%at, adt, A...adf. a...adt; )
‘ T{=x s=0 s 1o is 1y ky(o)
= (k+1)t 7 dt, A...Andt, - c .
IT12x ig i, uI(O)
On the other hand
(2.27) E(8c) _ = (k+1)! T ow, t (8c)
g [ Ti=k+1 I uI(U)
k+1 1
= (k+1)! Toow, - () (- c Y.
ITi=k+1 T 1=0 €qv1(0)
For J = (jo,...,jk), 0 < jO <...< jk < p we shall find the
terms involving qu(c) in (2.27). Now €M1 < uJ iff
(io,...,il,...,ik+1) = (jo,...,jk). The coefficient of
qu(c) in (2.27) therefore is
1 Kkt .
(2.28) (k+1)! ¥ (-7 T (=1%¢; at; A...adby A...Adty
LE(Ggrenardy) s=0 s to s k+1

where (10""’ik+1) = (jo,...,]1_1,i,jl,...,jk).

Now (2.28) equals
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(k+1) ¢ ) [y (-1 Lt at. a...adfL A...ndtl Adt,Adt. A..
1€(3gse.rdy) <1 Is Jo Is Ji-1

LoAdt. +E.dtL. AL AdEL 4
Ik T I Ik

+ =15 ael A...Adtj AdtiAdtj A...Ade Avo.ndt, ]

s21 Js Jo 1-1 1 s Ik

= (k+1)! ) [tyjdt, A...adb, +
1€(3, - 0r3)) Jo Ik

k
+ § -t, dt. A...adt,  Adt.adt., A...Adt. ]
s=0 Js Jo Js-1 * s+1 I

= (k+1) [ 7 tydt. AaLL.ade, 4
L€(igreendy) Jo Ik

x
+ ] ) -t, dt. A...adt. Adt.adt.  A...adt. ]
5=0 1€(Jg, -/ dy) Js Jo Jg=1 1t Jg4q Ix

= (k+1) [ ) tydt. A...adt, 4
ii(jol...,jk)

k k D
+ ) t, dt, A...adt, - ) t. dt, A...adt. ALY At )adt.  A..adtl ]
s=0 Js Jo Ik s=0 s Jo Jg-1 120 1 Js+1 I

p
= (k+1)! ) t.dt. A...adt, = (k+1)!'dt. A...adt.
=0 * Jo Ik Jo Ik

1

p p
since ) dt, = 0 and Y £, = 1. Hence
i=0  * i=

E(dc) = (k+1)% ] dt. A...adt.

= dE(c)
WJi=k Jo Ik g

c
ny (o)
by (2.26) which proves the second identity of (2.17).

To prove the first equation of (2.18) consider a k-cochain

c=(cg), 0 €5 and we shall show that I(E(c))0 = cy. By

k
(2.24) E(c)0 is the k~form on Ak given by
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k .
= 1 - J L
E(c)c k.cojzo( 1) tjdtOA...AdtjA...Adtk
= ]
k'co[todt1A"'Adtk +
k 3 k R
+ .Z -1 tj(— Z dts)Adt1A...AdtjA...Adtk]
j=1 s=1
k -1 .
= k.co[todt1A...Adtk+j£1(—1) tjdtjAdt1A...AdtjA...Adtk]
= ]
k.COdt1A...Adtk.
Therefore

T(E(C))o = k'c dt A...adt, = c

k k g

SJa

(
J
by Exercise 1 of Chapter 1.

For the proof of the second equation of (2.18) first

observe that an iterated application of (2.20) yields the

following

Lemma 2.29. Let o € AK(AP), k

nv

0, and consider

I = (io,...,ir), 0 <r <p, with 0 < io <i.a< ir < p-
Suppose k » r. Then
r' E (_1)31'1 ~ (m)-(—‘l)rdh (w) k > r
j=0 (io,-..,ij,_,,,ir) I ’
hI(dw) = .
J k
- -1)-h,, A . +(-1)"h,, . e, )
jzo( ) (10"“lljl "llk) (w) ( ) (lol-.-llk_1)(w)( 1 !

k =r.

Now let ¢ € Ak(s) and o0 € Sp. Assume p > k (otherwise

there is nothing to prove). By (2.29)
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(2.30) s, ,,(do) = J IIllw, A h_(de)
k+1 g OglIlgk I I [+
= 7 klw, - ((-1En . . (0 ) (e, ))
1T1=k I (10,...,1k_1) o i
) en?
- IT1'w,. A | (-1)"h,, > . (v ))
0<1T1<k I 520 (10""’1j""’1|II) o
1)
- Y dIltws A ((=1) "'dh_(s_)).
0<ITi<k 1 1o
Also
(2.31) a(s,@)_ = J 110w, A ho(e)+(-1 T 111w _adh (o).
k¥'o 0<1T1<k I I'%o I I 7o
By (2.22)
(-1)*n

_ I, % -
(io,...,ik_T)(wc)(eik) = JAk(“ ) e, JAkqu(c)
= I(y) .
M I(0)

Therefore adding (2.30) and (2.31) we obtain

(2.32) sy, (do)  + d(s0) =

1l .
= E(I(9)) ~o - § 1IltwaC § (-1In s . (v )
° % o<ITizck I 520 (Agrewrdyrenrdyg) o
+ Y 1I1tdw, A ho(o ).
0<ITi<k T 1o

However the last twc sums in (2.32) cancel by exactly the same
calculations as in the proof that (2.26) equals (2.27) above.
This proves the second equation of (2.18) and ends the proof

of Theorem 2.16.

We now return to the proof of Theorem 2.4. Notice that

in the commutative diagram
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AR(M) —2 | Ax(S¥(M))

1\ /1

C* (M)

all maps induce isomorphism in homology. Also
i A¥(M) > A*(ST(M)) is obviously multiplicative. Theorem

2.4 therefore immidiately follows from

Theorem 2.33. For any simplicial set S the following
diagram commutes

H(A*(S)) ® H(A*(S)) —2—— H(A*(S))

1 @1 +1

H(C*(S)) & H(C*(S)) — = H(C*(S))

where the upper horizontal map is induced by the wedge-product
of simplicial forms and the lower horizontal map is the cup-

product.

Before proving this theorem let us recall the definition
of the cup-product in H(C*(S)).

Consider the functor C from the category of simplicial

*
sets to the category of chain-complexes and chain maps (as
usual we take coefficients equal to R). An approximation to

the diagonal is a natural transformation
@ : Cyu(S) =» C,(8) ® C,(S)

{in particular a chain map) such that in dimension zero ¢

is given by
¢{c) =0 ® 0, o0 €8
It follows using acyclic models that there exists some ¢ and

it is unique up to chain homotopy (see e.g. A. Dold [10,

Chapter 6, § 11, Exercise 4]. The cup-product is now simply
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induced by the composed mapping
o* : C*(S) ® C*(S) - Hom(C,(S) @ C,(S),R) - C*(S).

An explicit choice for & 1is the Alexander-Whitney map AW
defined by

n
(2.34) AW(o) = §
p:

OU(O,-..,p)(c) QU(p,...,n)(O)' 0€Sn.

With this choice of ¢ the cup-product is explicitly given
as follows: Let a = (ao) € cP(s) and b = (b.) € c4(s);

then a v b is represented by the cochain

(2.35) (awb)0 = g) - b G €S

a (
U(Or---:P) U(p,'..,p+q)(0)l p+q'

Proof of Theorem 2.32. By Theorem 2.16 every simplicial

form is cohomologous to a form in the image of E : C*(S) - A*(S).
It is therefore enough to show that for a € Cp(S), b € Cq(S)
the (p+g)-cochain 1I(E(a) A E(b)) represents the cup-product
of a and b in H(C*(S)). So let ¢* : C*(S) @ C*(S) - C*(S)

be defined by
{2.36) o*(a ® b) = I(E(a) AE(®)), a € cP(s), b € cYy(s).

We claim that there is an approximation to the diagonal @
inducing (2.36). Let us find an explicit formula for (2.36):

Put n =p + g and consider o € Sn' Then on An,

]

E(a) = p! at ]
|Jl=qg

.|I%=pa“1(o)wI' E(b)O

b W,
pyla) I

where as usual I = (i

=
o
3
o
[
1]

(jO,...,jq) satisfy

0 <i, <...<i_<n, 0 <

0 P
has at least one integer in common. If I and J has more

<...< j_ <n. Then I and J

than two integers in common then obviously wy A0 = 0. Now

suppose I and J have exactlv two integers in common, say
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i =3 < i = j_ . Then
S, r, S, r,
s,+r, . .
woAw_ =(~1) t, t. dt, A...adt. A...Adt., Adt. A...Adt. A..Adt.
d ls ]r o ls 1 JO Ir ]q
1 T2 1 p 2
52+r2 N ~
+(-1) ti t. dti A..Adti A..Adti Adt. A..adt. A..aAdt,
s, Jr1 0 S, P 30 jr1 Jq

and it is easy to see that these two terms are equal with opposite

signs so Wy A wy = 0 also in this case., Finally suppose I

and J have exactly one integer in common, say iS = jr; then

_(_q\S+T
AwJ—( 1) tistj dt

w

. Av..AdE, A...Adt, Adt. A...AdE. A...AdE.
I i i i J

r 0 S p 0 Ir jq

) (-1}S+kt. £. dt, A...AdE. A...AdEt. AQt. A..AdT. A..AGL,
i i i i

k#r s Jx to s p 0 Ix Ig

+ z (—1)r+lt. t. dt, A...adt, A...Adt, Adt. A..Adt. A..Adt.
1¥s 1,3 1 1 J 3 ]

Using

e~
jo)
t
i
[=]
S
1]
Q
1]
o+

0

wpaw =[N e e+ T (e STRTR ev Y (e

s Ir k#r s Jx 1¥s 11 9y

= (-5 Ft, at, A...AdE, A...Adt, Adt. A...AdE. A...Adt, .
s 1o *s ‘p Jo Iy jq
It follows that
+s 2
(E(a)AaE(b)) =p!q’: ] a b (-1 ¢, at. a...adt, A..
¢ [=p Mr(0) ugla) s o 1g
|

[I{=p
| J =g

~

.oAdt, AdtL AL..AdtL ALLLAdEL
lp ]o jr jq

where the sum is taken over I and J such that for some s
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and r i =3

s r and no other integers are common. Now let

sgn(I,Jd) be the sign (_1)p—s+r + times the sign of the
permutation taking (0,...,n) into

(io,...,is,...,ip,is=jr,j0,...,jr,...,jq); then

sgn(I,J)} n(—1)r+sti dt; A...Ad€ A...Adt, Adt. A...AdRL A...adtl
A s 1o ig 1,73, i 3q
= £ dtia...adt_= | (1-(t. +...+t_))dt. dt....dt
jAn 0= n J{t1+...+t <1,t,50} 1 O n
n= i=
= dt,...dt_ = J dt, adt,A...Adt = 1/(n+1) ! .
I{t0+...+t <1,t.50} © noJne1mmTE2 n+1
n= 1=
Hence
(2.37) 9*(a ® b) = 1(E(a) a E(b)),
= _Ra: ] sgn(I,Ja b
(p+g+1) ! i17=p uI(U) UJ(O)
1J1=q

where again I and J have exactly one integer in common.

Therefore if we define the map

® 1 C(8) ~» CL(S) @ C,(S)
by

(2.38) °(0) = ] T§i%fT I sgn(L,Dup(o) ® uyo), o €5y
p+g=n [Il=p

1Jl=q
then ¢* given by (2.36) is the dual map. We want to show that
¢ is an approximation to the diagonal: Clearly ¢ is natural
and

¢(c) =0 ® ¢ for o € SO'

It remains to show that ¢ is a chain map. However, for this

it is enough to see that ¢* is a chain map which is easy:
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?*(8(a®b)) = 0*(Sa®b + (-1)P a®sb)

[

1(E(8a) AE(b)) + (-1 PI(E(a) A E(SD))

]

T{dE(a) AE(b) + (-1)PE(a) AdE(SD))

I(d(E(a) AE(b)) = S§I(E(a) AE(b)) = §0*(a@®b).

This ends the proof.

Remark. Notice that the term in (2.37) corresponding to
I=(0,...,P)y J=(p,...,p+q) gives exactly the Alexander-
Whitney cup-product (2.35). Thus (2.37) is an average of the
Alexander-Whitney cup-product over the permutations given by

(I,J) in order to maké the product graded commutative on the

cochain level. In fact the A-W-product is not graded
commutative on the cochain level as ¢* clearly must be
since A 1is graded commutative. On the other hand the A-W-
product is associative on the cochain level which ¢* is
not. 1In order to achieve both properties it seems necessary

to replace the functor C* by the chain equivalent functor

Ax,

Exercise 1. Consider for k < p a sequence I = (io,...,ik)
with 0 < i <..-< ik <P and let A? < AP g:Rp+1 be the
set

P _ P - — — -

AY = {(t,,...,t ) Isome t, >0} = A¥ - {t, =t, =...=t, =0},

I 0 P ig i, i, i

(i.e. we subtract a p-k-1-dimensional face). Let
L A? - Ak be the projection

Tty eee b)) = T (b saaaty ).

PLY 0 K
s s
a) Show that on A?
* _ -(k+1)
WI(dt1A...Adtk) = (Zti ) wyp
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where wr is given by (2.23).

b) Show the following properties of w

1t
. Iyw .
(1)  (u7) wp = dt, A...A dt,
i) e, =0 if 151 =k, I+ I.
c) Conclude that for c¢ = (Co) a k-cochain and o € Sp'
the form E(c)0 on AF satisfy: For any I = (iO,...,ik)
as above
I
2. * = k! .o .
(2.39) (u™) E(c)0 k CUI(O)dt1 A A dty
d) Observe that for o € Sk the k-form on Ak

E(c)0 = k'.codt1 Aeeoh dtk

is the simplest choice in order to satisfy the first identity
of (2.18). Show that with this choice for o € Sk the
condition (2.39) is a necessary requirement for the choice of

E(c)U for o € Sp, p > k.

Exercise 2. a) Let f : S - S' be a simplicial map

of simplicial sets. Show that

(i) 1 o £% = f##o 1
(ii) f* o E = E o £7F

(iii) 8, © f* = f* o Sy k=1,2,...

b) Two simplicial maps fo,f1 : S » S8' are called
homotopic if for each ¢q there are functions h, : 8§ - s' .,
i q g+1
i=20,...,9, such that

(i) eoho = fo, €q+1hq = f1
(11) e.n, =4 m1f ML <
13 Jsi_1, if i > j+1,
3410941 T €490y
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h if i

A

. Naeos jl
(iii) n.h, =4 J*11
+J h.n,

3M4-17 if 1> 3J.

Show that f:ﬁfﬁz : C*¥(S') » C*(8) are chain homotopic.
c) Let fo,f1 : S - S' be homotopic. Show that a)

and b) imply that fS’f? : A*¥(S') -» A*(S) are chain homotopic.

d) Find explicit chain homotopies in ¢).

Exercise 3. Let S be a simplicial set. A k-form

® = {wo} on S 1is called normal if it furthermore satisfies

(iii) wnio = (%o, i=20,...,p, 0 €S, p=20,1,2,..
where n’ : Ap+1 > AP is the i-th degeneracy map defined by

k

(2.7). Let AN(

S) ¢ Ak(s) be the subset of normal k-forms
on S.

a) Show that d and A preserve normal forms and if
f : 8 > S' is a simplicial map then f* also preserves

normal forms.

b) Show that the operators h(j) : Ak(Ap) - Ak_1(Ap),

k=0,1,..., J =0,...,p, satisfy

*h,.. ., i
(i) h,, n* = "3 () P2
(1) '3 ngh(i—’] Y i> j
(ii) h(i)h(i) =0, 1=0,...,P.

c) Let CE(S) = Ck(S) be the set of normal cochains, i.e.,

k-cochains c¢ = (co) such that cniT =0 VT € Sk—1’
i=20,...,k-1. Show that

(i) I : Aﬁ(S) - CE(S)

(i1) E : CR(s) - Aﬁ(s)

(111) s, : aK(s) » ak7T(s)
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and conclude that 1T : Aﬁ(s) - Cﬁ(s) is a chain equivalence.
Hence since the inclusion CE(S) - C*(S) 1is a chain
equivalence (see e.g. S. MacLane [18, Chapter 7, § 6] also

the inclusion A§(S) -+ A*(S}) 1is a chain equivalence.

Exercise 4. (D. Sullivan). Let Ak(An, D) denote the

set of polynomial forms with rational coefficients, i.e.

w € Ak(An, D) is the restriction of a k-form in H{n+1 of
the form
w = ) a; ; Aty A..oadty
lo<...<1k 0 k 0 k
where a, . are polynomials in t,...t with rational
10"'lk 0 n

coefficients.
Now let S be a simplicial set. A k-form ¢ = {wc} on
S 1is called rational if 0, € Ak(Ap, W) for o € Sp. Let

Ak(S, D) denote the set of rational k-forms.

a) Show that A*(S, D) is a rational vector space
which is closed under the exterior differential d and exterior

multiplication a.

b) Let C*(S, D) denote the complex of cochains with

rational values. Show that

(1) I : A*(S, D) - C*{(s, D)
(ii) E : C*(S, Q) - A*(S, D)
k-1

(iii) s, : AF(s, D) - A

k (s, 0

and conclude that the Theorems 2.16 and 2.33 hold with A*(S)

and C*(S) replaced by A*(S, B) and C*(s, D).

¢c) Formulate and prove a normal version of question b)

(see Exercise 3).

Note. For a simplicial complex the construction of the

simplicial de Rham complex goes back to H. Whitney [35, Chapter 7].



3. Connections in principal bundles

The theory of connections originates from the concept of
"parallel translation” in a Riemannian manifold. So for
motivation consider the tangent bundle TM of a differentiable
manifold M; or more generally a real vector bundle V over
M of dimension n. Given points p,qg € M and a vector v € Vp
one wants a concept of the corresponding "parallel" vector
T(v) € Vq’ i.e. we require an isomorphism T : Vp - Vq' However,
unless V is a trivial bundle this seems to be an impossible

requirement. What is possible is something weaker: the concept

of parallel translation along a curve from p to g, that is,

suppose vy : [a,b] » M is a differentiable curve from vy(a) =p

to y(b) = g and let v € Vp be a given vector; then a \
|

"connection" will associate to these data a differentiable family

Ve € VY(t) !

parallel translate a basis or frame {v1,...,vn} for the vector

t € [a,b], with vy =v. It is of course enough to

space Vp. Therefore let 7 : F(V) - M denote the frame bundle
over M, i.e. the bundle whose fibre over p 1is egual to the set
of all bases (frames) for Vp. Then a "connection" simply

associates to any curve Yy : [a,b] - M and any point e € F(V)y(a)

a lift of y through e, that is, a curve Y : [a,b] » F(V} with

Y(a) =e and T oy = y. Now let g tend to p; then ¥
defines a tangent vector X € Tp(M) and Yy defines a tangent

X = X. So infinitessimally

vector X € T (F(V)) such that m,

a "connection" defines a "horizontal" subspace He c Te(F(V))

mapping isomorphically onto Tﬂ(e)(M) for every e € F(V). And

that is actually how we are going to define a connection formally

below. WNotice that F(V) is the principal Gl{(n,RR)-bundle
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associated to V. So first let us recall the fundamental facts
about principal G-bundles for any Lie group G. Let M be a

¢” manifold.

Definition 3.1. A principal G-bundle is a differentiable

mapping w : E - M of differentiable manifolds together with a

differentiable right G~action E x G » E satisfying
(i) For every p € M E, = ﬂ—1(p) is an orbit.

(ii) (Local triviality) Every point of M has an open
neighbourhood U and a diffeomorphism ¢ : ﬂ_1(U) - U x G,

such that

(a) the diagram

T (U) 2L, U x G

commutes,
(b) @ 1is equivariant, i.e.
olerg) = ole)'g, e €1 ' (U), g €G,

where G acts trivially on U and by right

translation on G.

E is called the total space, M the base space and
EP = n_1(p) is the fibre at p. Notice that by (i) m is onto
and by (ii) it is an open mapping so 1 induces a homeomorphism
of the orbit space E/G to M. Also observe that the action of
G on E is free (i.e., xg = x =» g = 1) and the mapping G - EP
given by g b eg is a diffeomorphism for every e € Ep. We shall

often refer to a principal G-bundle by just writing its total

space E.
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Example 1. Suppose V -» M 1is an n-dimensional vector
bundle. Then the bundle F(V) - M of n~frames is a principal

Gl(n,IR)-bundle.

Let E- M and F - M be two principal G-bundles. Then an
isomorphism ¢ : E - F 1is a G-equivariant fibre preserving diffeo-
morphism. M x G is of course a trivial principal G-bundle and

an isomorphism ¢ : E » M x G is called a trivialization. The

mapping ¢ 1in (ii) above is called a local trivialization.

Now consider a principal G-bundle = : E - M and choose a

covering U = {Ua}aEZ of M together with trivializations
-1 B .
wa T (Ua) - Ua x G. Then if Ua n UB ¥ ¢ consider
0, 09 :U NU, xG-U NU, xG
B a a B o 8

which is easily seen to be of the form
-1 _ .
©0g 0 @0 (p,a) = (Pygg (P)a), a €G, peU MU,

where U NU, »G is a C~ function. This system {gBa}

gBa : o B

are called the transition functions for E with respect to U

and they clearly satisfy the cocycle condition

(3.2) gYB(p) © 9 (p) = gya(p), vp € Uy n UB n UY

o

gaa = 1.

On the other hand given a covering U = {Ua} and a system of
transition functions satisfying (3.2) one can construct a
corresponding principal G-bundle as follows: the total space is

the quotient space of lLUa x G with the identifications
o

{p,a) € Ua x G identified with (p,geu(p)-a) € UB x G

Vp € U N Ug, a € G.

Bl
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Again let 7 : E > M be a principal G-bundle and let

f : N> M be a differentiable map. The "pull-back”

‘kh
Ed
=3

f*E » N is the principal G-bundle with total space

h
*

Eol

In

c N x E
£f*E = {(q,e)lf(q) = m(e)}

and projection f*m given by the restriction of the projection
onto the first factor. The projection onto the second factor

gives an equivariant map f : £f*E » E covering f, i.e. the

diagram
£*(E) —E—* E
£*q ﬂl
N____E_._>M
commutes.

Exercise 1. a) Show that if {guB} is the set of
transition functions for E relative to the covering

u = {Ua} then {gus o f} 1is the set of transition functions

o€l
. -1 -1
* i =
for f*E relative to the covering f U {£ Ua}QEZ‘
b) Let F -» N, E > M be principal G-bundles. A bundle
map is a pair (f,f), where f : N > M is a differentiable
map and f : F » E is an equivariant differentiable map covering

£f. Show that any bundle map factorizes into an isomorphism

¢ : F » £f*E and the canonical bundle map f*(E) - E as above.

Exercise 2. a) Show that a principal G-bundle w7 : E » M
is trivial iff it has a section, i.e. a differentiable map
s : M> E such that mw o s = id.

b) Let m : E > M be a principal G-bundle. Show that
T*E is trivial.

¢) Let w : E-> M be a principal G-bundle and let HZC G
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be a closed subgroup. Show that E - E/H is a principal H-bundle.
(Hint: First construct local sections of the bundle G - G/H

using the exponential map).

Exercise 3. Let m : E > M be a principal G-bundle
and let N Dbe a manifold with a left G-action G x N - N. The

associated fibre bundle with fibre N is the mapping

LI EN - M where EN = E X N is the orbit space of E x N

under the G-action (e,x)-g = (eg,g—qx), e €E, X €N, g €G,

and where ™ is induced by the projection on E followed by 7.

Show that EN is a manifold and that the fibre bundle is locally

trivial in the sense that every point of M has a neighbourhood

U with a diffeomorphism ¢ : ﬂ§1(U) - U x N such that the

diagram
W) U
U
commutes. In particular L is open and differentiable.

Now let H and G be two Lie-groups and let o : H -~ G
be a homomorphism of Lie groups. Suppose 7w : F - M 1is a
principal H-bundle and £ : E » M 1is a principal G-bundle and

suppose there is a differentiable map ¢ : F - E satisfying

w(Fp) S E_, ¥p € M, and

p

0(x - h) ©(x) * a(h), Vx € F, h € H.

i

Then we will say that E 1is an extension of F +to G relative
to o or, equivalently, that F is a reduction of E to H
relative to o (when it is clear what o is we will omit

"relative to a").
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Example 2. An n-dimensional vector bundle V - M has the
principal Gl(N,IR}-bundle F(V}) -» M. Notice that Gl(n,R)
act on the left on TR"™ and that the associated fibre bundle
with fibre R® is just the vector bundle. Hence there is a
one-to-one correspondance between principal Gl{(n,IR)- bundles
and vector bundles. A Riemannian metric on V defines a

reduction of F(V) » M to the orthogonal group O{(n). 1In fact

let FO(V) c F(V) consist of the orthonormal frames in each
fibre. Then FO(V) -» M 1is the corresponding orthogonal bundle
and the inclusion FO(V) ¢ F(V) defines the reduction. Con-

versely a reduction of F(V) to O0O(n) clearly gives rise to a

Riemannian metric on V.

Exercise 4. a) Let 7 : F » M be a principal H-bundle and
consider G with the left H-action given by h - g = a(h)g, h € H,
g € G. Show that the associated fibre bundle with fibre G,

LI FG - M is a G-extension of m ¢+ F > M, and show that an

extension is unique.

b) Show that a principal G-bundle = : E~» M has a
reduction to H relative to o 1iff there is a covering
u = {UY} and a set of transition functions for E of the form

{a o hBY} with {hBY} a set of functions satisfying

(3.2) (h U, nu, » H.

BY © Ty B

Before we introduce the notion of a connection in a principal
bundle it is convenient to consider differential forms with
coefficients in a vector space. So let M be a ¢® manifold
and V a finite dimensional vectorspace. A differential form

w on M of degree k with values in V associates a c®

function w(X1,...,Xk) : M >V to every set of c¢® vector
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fields X1""’Xk on M, w 1is again multilinear and alter-
nating and has the "tensor property" as before. If we choose
a basis {e1,...,en} for V then w is of the form

w = w1e1 +.o..+ wnen where (w1,...,wn) is a set of usual k-
forms. Let Ak(M,V) denote the set of k-forms on M with
values in V. Again A*(M,V) has an exterior differential d
defined by the same formula as in Chapter 1 and A*{M,V) 1is a

chain complex (that is, dd = 0). This time, however, the wedge-

product is a map

2o,y e Atonw - A v e w
for V,W +two vectorspaces. In fact for wy € Ak(M,v) and
w, € AT(M,W) define w, Aw, € AKTT v e W) by
wy A wz(X1""’Xk+l)
= Tk_lW Ly S1gn (0) g (X gy reee X)) ® o (X qpqyrenei X))
where as usual ¢ runs through all permutations of 1,...,k+l.

Again we have the formula

(3.4) dluy Awy) = (dw) A w, + (=1, A do

2 2!

w, € AROL,V), w. € AY(d,w).

1 2

Similarly for F : M > N a c” map of c¢” manifolds we have
an induced map F* : A*(N,V) -» A*¥(M,V). Also if P : V> W |is
a linear map it clearly induces a map P : A*(M,V) - A*(M,W)
commuting with d and induced maps F* as above.

Now let G be a Lie group. The Lie algebra X? of G 1is
as usual the set of left-invariant vector fields on G. This
can also be identified with the tangent space of G at the unit

element 1 € G. For g € G 1let Aad(g) :47 —»/7 be the adjoint
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representation, i.e., the differential at 1 of the map
X - gxg_T.
Now let m : E » M be a principal G-bundle. For x € E

the map G » E given by g+~ x*g induces an injection

Vg # f; - Tx(E) and the guotient space is naturally identified

with Tn(x)(M)' That is, we have an exact sequence
Yy Ty
(3.5) 0 ——ﬂl} - TX(E) —_ Tﬂ(x)(M) — 0.

The vectors in the image of v, are called vertical and we want
to single out a complement in TX(E) of horizontal vectors,
i.e., we want to split the exact sequence (3.5). This of course

is equivalent to a linear map SX : TX(E) »‘ep such that
(3.6) 6. o v_ = 1id .

It is therefore natural to define a connection in E simply to
be a 1-form 6 € A1(E,47) such that (3.6) holds for all x € E.
However, we want a further condition on 6. To motivate this
consider the trivial bundle E =M x G > M and let 8§ be the

i-form on E given by

(3.7) (L

e(x,g) = g=1 o] nz)*, X € M, g € G,

where LD M x G » G 1is the projection and L : G » G is

-1
g
left translation by g. Now for g € G let Rg : E » E denote
the map given by the action of g on the principal G-bundle E,
i.e. for E =M x G, by the right action on G and the trivial

action on M.

Lemma 3.8. For ¢ defined by (3.7) we have

R;B = Ad(g—1) 08, Vg € G,

where Ad(g_1) o AT(E,Ij) - A1(E,7) is induced by
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ad(g™ :ﬁy af7 .

Proof. Since 6 is induced via Ty from G it is enough

to consider M = pt. That is, 6 is the 1-form on G defined

by
. = (L _.)y = T (G) - T,(G) = .
Y S 1 &
Then
(R¥6) , = 6_ o (R ), = (L e 0 (R)
-1 =1'%* *
gy Yg g gy g
-1
= (L _1)* o (L _1)* 0 (Rq)* = Ad(g ) o SY.
g Y
With this motivation we have
Definition 3.9. A connection in a principal G-bundle

m: E-> M is a 1-form 0 € A1(E,€;) satisfying:

(1) GX o v, = id where Ve d f}-» TX(E) is the
differential of the map g - xg.

(i1) R2O = ad(g™") ¢ 8, Vg€ G,

where Rg : E» E is given by the action of g

on E.

Remark 1. If Hx = TX(E) is the subspace of horizontal

vectors, i.e. Hx = ker ex’ then (ii) is equivalent to

(11)' R ,H = H, , V¥x€E, Vg€ G.

Xg
In fact (ii) clearly implies (ii)' and since both sides of (ii)
vanish on horizontal vectors (granted (ii)') it is enough to

check (ii) on vertical vectors in which case (ii) is obvious

from (i) and Lemma 3.8.
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Remark 2. By Lemma 3.8 the product bundle M x G - M
has a connection given by (3.7). This is called the flat
connection or the Maurer-Cartan connection of M x G. Notice
that if ¢ : F » E 1is an isomorphism of G-bundles and if E
has a connection 6 then ¢*0 defines a connection in F.
In particular every trivial bundle has a connection induced
from the flat connection in the product bundle. This is also

called the flat connection induced by the given trivialization.

The following proposition is obvious.

Proposition 3.10. Any convex combination of connections

is again a connection. More precisely: Let 81,...,9k be

connections in ® : E » M and let A1,...,Xk be realvalued

functions on M with J.A, = 1. Then 8 = }.A. 6, is again a
i1 i7i7i

connection in E.

Corollary 3.11. Any principal G~-bundle =n : E-> M on a

paracompact manifold M has a connection.

Proof. By Remark 2 above every trivial bundle has a flat
connection. In general local trivializations define flat
connections 6 in EIU for {U_} a covering of M. Now

a Q o’ o€l
choose a partition of unity {Aa} and put 6 = Zxaea‘ It
o

follows from Proposition 3.10 that 6 1is a connection.

Exercise 5. a) Suppose we have a bundle map of principal

G-bundles

[T

2
R —1

If E has a connection 6 then f*6 defines a connection in F.
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b) If E - M is a trivial G-bundle then there is a bundle

map

-» G

R em

!
- pt.

and the flat connection is just the induced connection of the

Maurer-Cartan connection in the G-bundle G - pt.

Now consider a principal G-bundle 7 : E » M with connection
8. For X € TX(E) a tangent vector we have already introduced
the term vertical for X € im Ver Vg :47 - TX(E), and horizontal
for X € HX = ker ex. Now suppose w € A*(E,V) is a k-form
with coefficients in some vectorspace V. We will say that w
is horizontal if w(X1,...,Xk) = 0 whenever just one of the
vectors X1""’Xk

representation of G then we will say that w 1is equivariant

if R;w = g_1 - w, Yg € G. 1In particular if V 1is the trivial

€ Tx(E) is vertical. If V is a (left)

representation an equivariant form is called invariant. Notice
that the invariant horizontal forms on E with coefficients in

IR are exactly the forms in the image of =* : A*¥(M) - A*(E).

In fact suppose w € A*(E) is horizontal and invariant, then we
define w € Ak(M) as follows: For p € M and 21""’ik € Tp(M)
choose Xx € n—1(p) and X1""’Xk € TX(E) such that
TaX; = ii, i =1,...,k and put

G(§1,...,§k) = Xy e X))
This is then independent of the choices of x and X1""’Xk'

Furthermore if 21,...,§ are extended to C vector fields

k

on M we can by local triviality of E extend X1""’Xk in

a neighbourhood of x to c” vector fields satisfying

TyX; = X,, so w(X

i ,...,ik) is c” in a neighbourhood of x.

1



48

Now consider the connection from 6 € A1(E,47). Observe
that 6 is an equivariant 1-form with coefficients in 47 with
the adjoint action of G. Also let [8,8] € A2(E,€;) denote
the image of 6 A 6 wunder the map AZ(E,? ®A}) - AZ(E,Ay)

induced by the bracket [-,-] :4? @47 »47, .  Then we have:

Proposition 3.12. a) Let E =M x G with the flat

connection 6. Then
(3.13) dae = -%[6,6].

b) Let m : E -+ M be a principal G-bundle with connection

68 and let Q € A2(E,€;) be the curvature form defined by
(3.14) ds = -%5[6,6]1+Q

(the structural equation). Then Q is horizontal and equivariant.

¢c) PFurthermore Q satisfies the Bianchi identity
(3.15) aq = [Q,81.
In particular dQ vanishes on sets of horizontal vectors.

Proof. a) follows from b} since by Exercise 5 6§ is
induced from the principal G-~bundle G - pt and therefore
2 = 0 because it is horizontal by b).

b) It is obvious that § is equivariant since 6 and
hence both 46 and [6,8] are equivariant (for the second one
observe that clearly &ad(g) :17%.7' preserves the Lie bracket).

To see that Q 1is horizontal we must show for x € E and

for any X,Y € TX(E) with X wvertical that
(3.16) (d9) (X,¥) = -%[6,8]1(X,Y) = -%5[6(X),86(¥)].

In order to show (3.16) it is enough to consider 1) Y vertical
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and 2) Y horizontal.

1) First notice that for any vector A € 47, there is an
associated € vector field A* on E defined by A; = VX(A)
where Vg :47 - TX(E) as usual is induced by g » xg. Observe
that the associated 1-parameter group of diffeomorphisms is
{Rg }, £t € R, where g, = exp tA, t € R. Also it is easy to

t
see that for A,B € A}

(3.17) [a,B]* = [A*,B*].

In fact by local triviality it is enough to prove this for a
trivial G-bundle E = M x G in which case A* = 0 @ A where
A is the left invariant vector field on G associated to A.
Therefore (3.17) is immidiate from the definition of the Lie
bracket in 47 .

Now, to prove (3.16) for X and Y vertical it is clearly

enough to prove

(@g) (a*,B*) = -%[ 6 (a*),6(B*)], A,B E‘} .
But since 6 (A*) = A, 8(B*) = B are constants we conclude
(de) (a*,B*) = -%0( [ A*,B*]) = -%6( [ A,B]*)
= -%[a,B] = -%[06(a*),6(B*)].

2) Again extend X to a vector field of the form A%*,
A 67. Also for Y horizontal extend it to a horizontal C°
vector field also denoted by Y (first extend Y to any c”
vector field 2 and then put Yy = Zy - vy o ey(zy), y € E).

Since Y 1is horizontal the right hand side of (3.16) vanishes.

So we must show

(3.18) (de) (A*,Y) = 0 for A El? , Y a horizontal

vector field.
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Now since ©6(A*) = A is constant and 6(Y) = 0
(de) (a*,Y) = =% ([A*,Y]).

As remarked in 1) the 1-parameter group associated to A* is

R , g, = exp tA, £t € R. Therefore

e
g
. 1 t
[a*,Y] = lim —(Y_"-Y_)
s 20 t'Tx X
£
where Y = (R_ ),(Y ). Since
X It xg_1
t
6(v-t) = ad(g=!) 0 B(Y ) =0 and 8(Y.) = 0
x 9t Y -1 % ’
Xg,

we conclude
e([A*,Y]x) =0

which proves (3.18) and hence proves b).

c) Differentiating (3.14) we get

0 =dQ - %[d6,8] + %[6,d8]
=dQ - [d6,8]1 =40 - (9,81 + %[[6,0],61
=40 - [2,6]

since [[6,01,90] 0 by the Jacobi identity. This proves the

proposition.

Remark. Let X, Y be horizontal vector fields on E. Then

by (3.14)
(3.19) Q{X,Y) = -%6([X,¥Y])
which gives another way of defining Q.

Definition 3.20. A connection © 1in a principal G-bundle

is called flat if the curvature form vanishes, that is, @ = 0.
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Theorem 3.21. A connection 6 in a principal G-bundle
T : E>M is flat iff around every point of M there is a
neighbourhood U and a trivialization of EI!U such that the
restriction of 8 to EIU is induced from the flat

connection in U x G.

Proof. <« is obvious by Proposition 3.12 a}).

=: Suppose = 0. For x € E let H ¢ TX(E) be the
subspace of horizontal vectors, i.e. X € HX iff 6(X) = 0.
This clearly defines a distribution on E (i.e. a differen-
tiable subbundle of T(E)). By (3.19) this is an integrable
distribution hence by Frobenius' integrability theorem defines
a foliation (see e.g. M. Spivak [29, Chapter 61) such that H
is the tangent space to the leaf through x. It follows from
Remark 1 following Definition 3.9 that Rg : E~>E, g € G,
maps any leaf diffeomorphically onto some (possibly different)
leaf of the foliation.

Now let p € M and choose x € W—1(p) and consider the
leaf F through x. Since TX(F) = HX and since
LI Hx - Tp(M) is an isomorphism we can find a neighbourhood
U of p and a neighbourhood V of x in F such that

T : V->U is a diffeomorphism. The inverse s : U = V

therefore defines a section of EIU, hence by exercise 2 EIU

is trivial. 1In fact the trivialization is given by
w_1 : n—1(U) - U x G where ¢y : U x G - ﬂ_1(U) is defined by
¥v{q,9) = slql-g, q €U, g€G.

Now let 6' be the connection in E|U induced from the flat
connection in U x G. Then it is obvious that the horizontal

subspace in (E), vy eV, ge G, is (Rg)*(Ty(v)) = Rg*Hy =

T
Y9

= Hyg' so 8 and 8' defines the same horizontal subspaces
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and therefore must agree.

Corollary 3.22. Let @7 : E - M be a principal G-bundle.

The following are equivalent:
1) E has a connection with vanishing curvature,

2) There is a covering of M by open sets { Ua}aEZ and

a set of transition functions {gaB} for E such that

gaB : Uu n UB -» G is constant for all «o,B € L.

3} Let Gd be the group G with the discrete topology.

Then E has a reduction to Gd'
Proof. 2) and 3) are eguivalent by Exercise 4.

-1
2) = 1): Let wa :om Ua - Ua x G, o« € L, be the

trivializations with the constant transition functions gaB'
Let ea be the connection in EJUa induced from the flat
connection in Ua x G. Now there is a commutative diagram of

bundle maps

wa o

Ua n U8 x G
2 T2

G — G

and let 60 be the Maurer-Cartan connection in G - pt. By

definition 80 is left invariant and therefore

-1 * ok R —
(wa 0 we ) nzeo = ﬂ260

or equivalently eu and 68 agree on EIUOL n UB' Therefore

we can define a global connection 6 in E which agree with

Ga on EIUG. Clearly 8 has vanishing curvature since ea

has for all aq.
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1) = 2): Now let 6 be a connection in E with vanishing

curvature. By Theorem 3.21 we can cover M Dby open sets {Ua}
and find trivializations G U - Ua x G such that Bln—1Uu

is induced from the flat connection in Ua x G. Now fix «a,B €

and let

u nu

o 8 : U, 8 x G = Ua nu, x G.

B
Again let 80 be the flat connection in Ua n UB x G. Then

clearly w*eo = 90 so ¢ permutes the leaves of the horizontal

foliation, i.e., the sets of the form (Ua n UB) x g, g € G. 1In

particular @(Ua n UB x 1) = (Ua Al UB) X 95 for some 90 € G,

and it follows that

w(x,g) = (x,gog) vx € UOL n UB' g € G.
Hence the transition function guB is constantly equal to 9o+
Exercise 6. Let o : H-> G be a Lie group homomorphism

and let F - M be a principal H-bundle with connection SF'
Show that if ¢ : F - E is the extension to G then there is
a connection eE in E such that @*GE = Oy O eF, where a,

is the induced map of Lie algebras.

Exercise 7. Let M be a manifold and let F(M) = F(TM)
be the frame bundle of the tangent bundle, = : F(M) - M the
projection. The structure group is Gl(n,IR) with Lie algebra

,?l(n,IR) = Hom(IRn ,IRn) . Since x € TT_1 (p), p € M, 1is an
isomorphism x : r" - Tp(M) there is a 1-form w on F(M)

with coefficients in R" defined by

a) Show that w on F(M) is a horizontal equivariant

1-form, where Gl(n,IR) acts on r" by the usual action.
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b) For M= R" and for 6 € A1(F(M)),7g(n,IR)) the

connection in F(IRn) defined by the natural trivialization
TR" ~ R" x R, show that
dw = -6 A w

where the wedge-product denotes the composite map

Al (F (M) ,?/(n,m» B A (F(M), B 2 AZ(F (M) ,%(n,m) ® %)

J

AZ(rm), RY).
n n n?
(Hint: Notice that F(]Rn) = IR x Gl(n,IR) = R x IR with
. _ n -
coordinates y = (y1""’yn) € R and X = {xij}i,j=1,...,n

a real n xn-matrix. Then 6 = X—1dx and w = X_1dy) .

For M a general manifold and © a connection in F(M)

show that the torsion-form & € A2(F(M) ,an) defined by
(3.23) dw = -6 A w + 8

is equivariant and horizontal.

c) With respect to the canonical basis of R  we write

where w1 yoeo ,mn are usual 1-forms on F(M). Similarly we write
D . o] o'
n .
8 = : , 8 = :
B i o™ e"

Then (3.23) takes the form
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(3.23)* dwt = -J e;/\m3+®l, i=0,...,n.
3
d) Show that every horizontal 1-form o on F(M) is of
the form o = zifiwl, where fi are real valued C° functions

on F(M).

e} Now suppose M is given a Riemannian metric and let
8 be a connection in the orthogonal frame bundle FO(M). Let
w and B8 Dbe defined on FO(M) exactly as for F(M) above.

Show that (3.23) still holds and that on FO(M)

i_ 43 LoL
(3.24) ej Gi, i,J Tyeee,n.
Furthermore show that if @ = 0 then 6 is uniquely determined
by (3.23) and (3.24). (Hint: Show first that if o = (aj) is a
row of horizontal 1-forms satisfying Zjaj Aw) =0 and if we
. - i ; =
write “j ifijw as in d), then fij fji)

f) Conclude that for every Riemannian manifold M the
framebundle FO(M) has a unique torsion free connection (the

Levi-Civita connection). Notice that by Exercise 6 this extends

to a well-defined connection in F(M).

Exercise 8. Let M be a manifold and V - M an n-
dimensional vector bundle. Let 7 : F - M be the associated
principal G1l(n,IR)~bundle, i.e. the bundle of n-frames in V.

Again %(n,IR) = Hom(an, IRn) is the Lie algebra of Gl(n,IR) .

a} Show that for 6 € A](F,7j(npm)), 8 a connection in

F, (3.14) takes the form

(3.25) de = -8 A 8 + Q

where the wedge-product denotes the composite
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A*(F,:;l’(n)) ® A1(F,7[(n)) SN AZ(F,y/m) ®?/‘n”

(here %(H,JR)

of maps of wr"

canonical basis

of 1- and

Show

(3.25)"

Az(F,y/(nn

®?[(n,1‘R) - #/(n,IR) is given by composition

into IRn). Furthermore, with respect to the
of 5uﬁn,ﬂu, 8 and Q are given by matrices
1 1 1 1
61..........en Q1... ....... Qn
. : , . :
n n n n
61 ...... ....en 91 ........ .0

2-forms respectively.

that

i i k
6, = -] 8. A 8% + QL
3 g_k ]

(3.25) is equivalent to

i L
]r l,]=1,...,n.

b) Observe that Coo sections of V are in 1-1

correspondence with equivariant c” functions of F into R

where Gl(n,RR)

sections of V

acts on R™ in the usual way. The set of C

is denoted T (V).

Similarly show that ¢” sections of T*M ® V are in 1-1

correspondence with equivariant horizontal 1-forms on F with

coefficients in

r". Alternatively £ € T(T*M ® V) associates

to every vector Xp € Tp(M) an element KX € Vp such that

(1)

(ii)

KX +Y
P

if X

<

= KX + £, . KAX = Xﬁx s A€ IR,
p P p p

is a € vector field on M then the function

is a ¢~ section of V.



58

c) Let again 8 be a connection in F. For any s € T'(V)

define V(s) € A (F,R") by

(3.26) ds = -6-5 + V(s)
(here s 1is considered as a function of F into iRn). Show
that V{(s) 1is horizontal and equivariant, hence defines

V(s) € T(T*M ® V).

d) For s € T'(V) and Xp € Tp(M) let V{(s) € T(T*M ® V)

as in c¢c) and let V¥

Xp(s) = V(s)X € Vp as defined in b). This

is called the covariant derivative of s in the direction X

P
and V is called the covariant differential corresponding to 6.

Show that V satisfies:

(1) v (s) = Vg (s) + Ve (s}, Vix (s) = AV, (8},
P P P P P P

s € '(M), X € IR.

(ii) If X is a ¢” vector field on M then the

function p P VX (s} is a C~ section of V.
P
This is denoted VX(s).
S
(iidi) VX(fs) = X(f)V 4g) + £f9_,(s) for s € I'(V), £
JK X

a ¢° real valued function on M and X(f) the

directional derivative of £.

e) As before let 6 be a connection in 1w : F - M. Show
that for v : [a,bl > M a c” curve and x € ﬂ—1(Y(a)) there
is a unique liftet curve Y : [a,b] -~ F with Y(a) = x,
™o Y =Y, such that the tangents of Yy are all horizontal.
Notice that this lift defines an isomorphism (the "parallel
t € [(a,b].

translation along y") -V

vt) F Vy(a y(£) !
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f) For Xp € Tp(M) let v : [-e,e]l » M, € >0 bea

® : = v - .
C curve with vy (0) p, Y'(0) Xp. Let Te ¢ Vp - Vy(t)

be parallel translation along vy. Show that for s € T (V)
-1
T, sy () -s(p)

t

(3.27) Vg (8) = lim
P t-0

(Hint: Observe that in some neighbourhoocd U of p there is
a section v of F|U such that v o y defines a horizontal
lift of +y. Now write s = % a, vy where (v1,...,vn) are

the components of v and a; g-> R, i=1,...,n, are c”

functions).

g) Now let Q € A2(F,ﬁﬂ&n,30) be the curvature form of
8. Show that for any s € I'(V), interpreted as an equivariant

function of F into :mp, we have
(3.28) dv(s) = Q = s - 8 A V(s).

Notice that for X and Y vector fields on M § defines a

section Q(X,¥Y) € T(Hom(V,V)). Show that

(3.29) Q(X,Y) (s)

]
N
<3
Q
<J

I

vV, o ¥V

X Y Y x ~ Vix,yp) (8)s Vs € T(V).

h) Now let V =TM and let w be the 1-form considered
in Exercise 7. Let 8 be a connection in F(M) with torsion
form €. Observe that for X, Y vector fields on M & defines
a secfion of TM, that is, a new vector field -8(X,Y) and show

that this is given by
(3.30) 8(X,¥) = 5(V (V) - Yy (X) - [x,Y])

where V 1is defined in d4d).

(Hint: Notice first that for any vector field X on F(M)
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which is a lift of a vector field X on M (that is,
ﬂ*ix = XﬂX’ Vx € F(M)) the function w(?) : F(M) - r"

the equivariant function corresponding to X as in b)

Note.

is

above.

Our treatment of principal bundles and connections

follows closely the exposition by S. Kobayashi and K. Nomizu

[17, Chapter I and II].



4. The Chern-Weil homomorphism

We now come to the main object of these lectures, namely
to construct characteristic cohomology classes for principal
G-bundles by means of a connection. First some notation:

Let V be a finite dimensional real vector space. For
k21 let Sk(V*) denote the vector space of symmetric
multilinear real valued functions in k variables on V.
Equivalently P € Sk(v*) is a linear map P : V ®...8 V - IR

which is invariant under the action of the symmetric group

acting on V ®...8 V. There is a product

o : sX(vx) e st(u*) - sTR(yx)
defined by
(4.1) P o Q(V11---rvk+l)
_ 1
= DT LP Voo Vo) T QW) e Vo (k1)
where ¢ runs through all permutations of 1,...,k+l. Let
s*(v¥) = || sk v+ (SO(V*) = IR) ; then S*{(V*} 1is a graded
k>0
algebra.
Exercise 1. Let {e1,...,en} be a basis for V and let

Hi[x1,...,xn]k be the set of homogeneous polynomials of degree

kX in some variables KyreworX . Show that the mapping
~ k
: sk(v*) - IR[X_I,...,xn]
defined by
§(x1,...,xn) = P(V,e..,V), V = I

)
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for P € Sk(V*), is an isomorphism and that

: S*(V*) - B{[x1,...,xn] is an algebra isomorphism. This

shows that P is determined by the polynomial function on V

given by v e P(v,...,v). The inverse of ~ is called
polarization.
Now let G be a Lie group with Lie algebra :7 . Then

the adjoint representation induces an action of G on Sk(7*)

for every k:

Ci R A P(Ad(g_1)v1 ,...,Ad(g—1 v ),

v1,...,vk Et} , g € G.

Let Ik(G) be the G-invariant part of Sk(j%*). Notice that

the multiplication (4.1) induces a multiplication

k+1

56) @ 1) » 1T (q).

(4.2)

In view of Exercise 1 I*(G) is called the algebra of invariant
polynomials on 47 .

Now consider a principal G-bundle =m : E > M on a
differentiable manifold M, and suppose 6 1is a connection in

E with curvature form Q € AZ(E,:¢) . Then for k > 1 we have

o = a...aq € Azk(E,7®...®7) = AZk(E,,?@k)
k . ; k 2k )
so P € I"(G) gives rise to a 2k-form P(Q7) € A (E). Since
% is horizontal also P(Qk) is horizontal, and since Q 1is

equivariant and P invariant P(Qk) is an invariant horizontal
2k-form. Hence P(Qk) is the 1lift of a 2k-form on M which we

also denote by P(Qk).

Theorem 4.3. a) P(Qk) € A2k

2k(

(M) 1is a closed form.

Let wE(P) € H A*(M)) be the corresponding cohomology
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class. Then

b) we(P) does not depend on the choice of connection
and in particular does only depend on the isomorphism class
of E.

c) wp s I*(G) -» H(A*(M)) 1is an algebra homomorphism.

d) For f : N-> M a differentiable map

= fx*
Wesp £* o W

Remark. The map w is called the Chern-Weil homomor-

E
phism. Sometimes we shall just denote it by w when the

bundle in question is clear from the context. For P € I*(G)

wp(P) is called the characteristic class of E corresponding

to P.

Proof of Theorem 4.3. a) Since 7* : A*(M) » A*(E) is

injective it is enough to show that dP(Qk) =0 in A*(E).

Now since P is symmetric and o a 2-form

(4.4) ar(e®) = xp(an 4 25"y = xe(lq,81 A 2571
by (3.15). On the other hand since P € Sk(:}?) is invariant
we have
(4.5) P(Ad(gt)Y1,...,Ad(gt)Yk) = P(Y1,...,Yk),
gt = exptYO, YO'Y1""’Yk 6,7 , £t € IR,

Differentiating (4.5) at t = 0 we get

k
Y P(Yy,eees [¥g,¥ 1,00, Y) =0

X

or equivalently

k A
I PCIY o, Y, 1,Y ...,
i=1

l""'Yk) = 0, YO,...,Yk € tZ.
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From this it follows that P([8,R] A @ A...A Q) = 0 which
together with (4.4) ends the proof of a).
b) For this we need the following easy lemma (compare

Chapter 1, Exercise 5 or Lemma 1.2):
k k-1 _
Lemma 4.6. Let h : A (M x [0,1]) - A My, k=0,1,...,

be the operator sending w = ds A o + B to

1
h(w)=J ¢ (ho =10 for € AY).

s=0
Then
(4.7) dh(w) + h(dw) = ifw - ifw, w € Ax(M x [0,1])
where io(p) = (p,0), i1(p) = (p,1), P € M.
Now suppose 60 and 91 are two connections in E with
curvature forms QO and £ respectively. Consider the

principal G-bundle E x [0,1] » M x [0,1] and let

3 A1(E x [0,1]) be the form given by

~

e(x s) , (x,s) € E x [0,1].

(1—3)80X + s0

1x
By Proposition 3.10 § is a connection in E x [0,1). Let ¥
be the curvature form of ©. Since iég 60, i?g = 91 it is
obvious that 185 = QO and 175 = 01. Now for P € Ik(G),

P(ak) is a closed 2k-form on E x [0,1] by a) above. There-

fore by (4.7)

ameE@))

. ~Kk R ~k
* - 3%
11P(Q ) 1OP(Q )

k

P(Q1)

k
- P(QO)

and hence P(Q%) and P(Q?) represent the same cohomology class

in sz(A*(M)). This shows that WE(P) does not depend on the
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choice of connectiqgn. The second statement is obvious from
this.

1 k

c) For P € I"(G) and Q € I(G) it is straight forward

to verify that

Qk+l

(4.8) (e o o) (@) = pah) A 025

from which c¢) trivially follows.
d) If 6 1is a connection in E -» M with curvature form
Q@ then clearly £*§ is a connection in f*E - N with

curvature form f*Q. Therefore since
(4.9) e (0¥) = p(Pr)®
d) clearly follows.

Remark. Let Ié(G) be the algebra of complex valued
G-invariant polynomials on f7 . Then for any principal G-
bundle E with connection 6§ we get a similar complex Chern-

Weil homomorphism
(4.10) IE(G) -» H(A*(M,C)) =~ H*(M,C).

Let us end this chapter with some examples of invariant
polynomials for some classical groups. In all the examples we
exhibit the polynomial function v » P(v,...,Vv), V €17 , for

pe 8.

Example 1. G = Gl(n,R), the group of non-singular n x n
matrices. The Lie algebra 7 =4}l(n,IR) = Hom(]Rn,]Rn) is
the Lie algebra of all matrices with Lie bracket [A,B] = AB - BA.
For g € G, Ad(g) (A) = gAg™ |, for all A EA}Z(n,IR). For k
a positive integer let Pk/2 be the homogeneous polynomial of

n-k

degree k which is the coefficient of A in the polynomial
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in A

(4.11)  det(A*1-=tA) = §P._ (A A, A eghin,®)
. 7n LPrya(Breees ' ' R) -

Clearly P, ,, € 1X(Gl(n,R)); P is called the k/2-th

k/2 k/2

Pontrjagin polynomial, and the Chern-Weil images are called

the Pontrjagin classes.

Example 2. G = O(n) € Gl(N,IR), the subgroup of matrices
satisfying g tg =1 where tg is the transpose of g. The
Lie algebra of 0(n) is {(n) c %ﬂ&n,ﬂ@ of skew-symmetric

matrices. Since for A € 4(n)

Ta) - 2
det (A1 EFA) = det (X1 + 2TrA)

it follows that for k odd the restriction of Pk/z to A (n)
is zero. Therefore we only consider P, € IZI(O(n)),

1= 0,1,...,[%]. Notice that since every Gl(n,R)-bundle has
a reduction to 0(n), the Chern-Weil image of Pk/2 for k

odd is zero for any Gl{(n,R)-bundle although the polynomials

are non-zero on %(n,]R) .

Example 3. G = SO(n) € O(n), the subgroup of orthogonal
matrices satisfying det(g) = 1. The Lie algebra W(n) = H(n)

S0 again we have the Pontrjagin polynomials Pl € IZI(SO(n)) ’

1= 0,1,....035.

Now suppose n 1is even, n = 2m, and consider the
homogeneous polynomial Pf (for Pfaffian) of degree m given
by

1

= 22mﬂmm, Czy(sgn 0)a0102"'a0(2m—1)0(2m)

(4.12) Pf(A,...,R)

where the sum is over all permutations of 1,2,...,2m, and

where A = {a,.} satisfies a,. = -a...
1] 1] Ji
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In order to see that Pf 1is invariant first notice

that if g = {xij} € S0(n) then

-1 t

gAg = = gA g = A'
where A' = {aij} is given by
al. =7 X, a X.
ij k1,k2 :Lk.i k1k2 jkz
so
PE(A',...,A") = ) a ... .
k,k k k
k1""’k2m 172 2m-1""2m
- Jsgn(o)x x L..X B
pt o1k, %02k, g (2m 1)k2m-1

X .
o(2m)k2m

The coefficient of a c..d ; is the determinant of the
k,k k k
172 2m-1""2m
matrix {xik }. This determinant is zero unless (k1,...,k2m)
]

is a permutation of 1...2m in which case it is the sign of
the permutation since det{xij} = 1, Hence Pf(A',...,A') =
= Pf(A,...,A) so Pf is an invariant polynomial. Notice that
if det{x,.} = -1 then

1]

-1 -1, _

pf{(gAg ,...,9Ag ) = -Pf(A,...,A)

so Pf 1is not an invariant polynomial for O(n). We shall

later show that the Chern-Weil image of Pf is the Euler class;

this is the content of the classical Gauss-Bonnet theorem.

Example 4. G = Gl{(n,C) has Lie algebra jp&n,t) =
= Hom(cn,cn). Here we consider the complex valued invariant
polynomials C, which are the coefficients to Ak 4n the

polynomial
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vao_ 1 _ n-k
(4.13) det(A*1 - 5= A) = g Cr (Byee o B)X
where A is an n x n matrix of complex numbers and i = v/-1.

The Chern-Weil image of these polynomials give characteristic
classes with complex coefficients and they are called the Chern
classes. Notice that the restriction of Ck to ,g/&n,ﬂw

satisfy

.k
(4.14) i Ck(A,...,A) = Pk/z(A""’A)’ A€ %ﬂan,ﬂU.

It follows that the 1-th Pontrjagin class of a Gl(n,IR)-bundle
is (-1)l times the 21-th Chern class of the complexification.
(The complexification of a principal Gl(n,IR)-bundle is the

extension to the group Gl(n,C)).

Example 5. G = U(n) c Gl(n,C) is the subgroup of matrices
g such that g 25 =1 (g is the complex conjugate of g).

The Lie algebra is 42 (n) g‘;/(n,(t) , the subalgebra of skew-

hermitian matrices, that is, A € @ (n) satisfy A = -7,
Therefore
det(A*1 - =+~ A) = det(A-1 + =—— bm)
2mi 2mi
= det( 1 - =~ A), A € a(n)

hence the polynomials Ck defined by (4.13) are real valued
when restricted to iZ(n). The Chern-Weil image therefore lies

naturally in real cohomology again.

Exercise 2. Let V be a finite dimensional vector space.

Let

TH(v) = || VK
k>0

be the tensor algebra of V, i.e. the graded algebra with
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(V) = v®...8 V (k factors) and with the natural product

kv o THv) - TEYl(yy.

The symmetric algebra of V is the quotient
S*¥(WV) = T*(V)/1

where 1 1is the ideal generated by all elements of the form

ve®w-w®v., The image of ‘Tk(V) in 8§ *{(V} 1is denoted

Sk(V) and is called the k-th symmetric power of V.

a) Show that if Vv* 1is the dual vectorspace of V
then sk(v*) is naturally isomorphic to Sk(v*), the vector-
space of symmetric multilinear forms in k variables.

b) Show that for vectorspaces V, W

fvew = || stwe sTmw.
i+3=k

Exercise 3. (S.-~S. Chern and J. Simons [9]). Let
m : E > M be a principal G-bundle with connection 6.

a) Show that for P € Ik(G) there is a "canonical”

(2k=-1)=-form TP(6) on E such that
- k
(4.15) daTP(6) = P(Q7).

(Hint: Observe that T*E has two connections: 61 = T*p

(where T : 7*E - E is the map of total spaces) and 80 the

flat connection induced from the canonical trivialization of

T*E) .

b) Suppose f : N > M is covered by f : f*E - E. Then
(4.16) TP(E*0) = F*PP(9).

c) Show that TP(6) 1is given on E by



! k-1
(4.17) TP(8) = k J P(O A w )
s
s=0
2
where 9y = s + %(s” - s)[0,0].
Exercise 4. Let o : H > G be a Lie group homomorphism

and let aq, : jg* j} be the associated Lie algebra homomorphism.

a) Show that o, induces a map o*f : I*(G) - I*(H)
defined by
G*P(V1,...,Vk) = P(a*v1,...,u*vk)
VyreesaVy €t7f, P € Ik(G).

b) Suppose ¢ : F - M is an H-bundle with G-extension

£: E » M. Show that for P € I*(G)
* =
(4.18) wF(a P) wE(P).

Note. Our exposition of the Chern-Weil construction follows

the one by S. Kobayashi and K. Nomizu [17, Chapter XII].



5. Topological bundles and classifying spaces

In this section G denotes a Lie group as before. The
notion of a topological principal G-bundle 7w : E - X on a
topological space X is defined exactly as in Definition 3.1,
only the words "differentiable" and "diffeomorphism" are
replaced by "continuous" and "homeomorphism”. The purpose of
this and the following section is to show that the Chern-Weil
homomorphism defines characteristic classes of topological
G-bundles and in particular, the characteristic classes of
differentiable bundles, as defined in the previous chapter,
only depend on the underlying topological G-bundle. In this
section we shall study characteristic classes from a general
point of view. 1In the following H* denotes cohomology with
coefficients in a fixed ring A which is assumed to be a

principal ideal domain (we shall mainly take A = TR).

Definition 5.1. A characteristic class ¢ for principal

G-bundles assoclates to every isomorphism class of topological
principal G-bundles = : E » X a cohomology class c¢(E) € H*(X),
such that for every continuous map f : ¥ » X and for 7w : E » X

a G-bundle

(5.2) c(f*(E)) = f£*c(E).

We shall show that there is a topological space BG,

called the classifying space for G such that the characteristic

classes are in 1-1 correspondence with the cohomology classes

in H*(BG). The construction is as follows:

As usual A" = ZRn+1 is the standard n-simplex with bary-
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centric coordinates t = (to,. "tn)' Let Gn+1 =G x...x G
(n+1 times) and let
EG = lL AT« Gn+1/~
n>0
with the following idenfitications:
i A
(E tr(gol---lgn)) ~ (tl (90,---,gi,---rgn)),
t €A™, 9gr--+9, € G, L =0,...,n.

Now G acts on the right on EG by the action
(t,lggreevvg )lg = (£, (949,-../9,9))
and we let BG = EG/G with Yg ¢ EG - BG the projection.

Proposition 5.3. EG » BG 1is a principal G-bundle.

Ye

Proof. First notice that the action of G on EG |is
free (i.e. xg = x =g = 1), and it is easy to see that
furthermore the action is strongly free in the following sense:

Let F be a space with a free G-action F x G » F and
let F* ¢ F x F be the set of pairs (x,y) with x and y
in the same orbit. Then there is a natural map 7T : F* - G
defined by y = x 1(xX,y) and the action is said to be strongly
free if 1 : F* - G is continuous. The following lemma is

easy (compare Exercise 2 of Chapter 3):

Lemma 5.4. Let F be a space with a strongly free G-
action. Then @ : F » F/G 1is a trivial G-bundle iff 1 has

a continuous section.

It follows that in order to show Proposition 5.3 it is

enough to construct local sections of EG - BG.

Equivalently, for any point x € EG we shall find a G-invariant
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open neighbourhood U of x and a continuous map h : U - G
which is equivariant with respect to the right G-action on G

{(then the map vy ~ vh{y) 1 defines a section of Yg iU~ U/G).

For this we shall use that since G is a manifold it is

an absolute neighbourhood retract (ANR), i.e. whenever A ¢ X

is a closed subspace of a normal space X and f : A - G 1is
continuous, there is an extension of f to a neighbourhood of

A in X. In fact any manifold M embeds in a Euclidean space
Mc R®? such that there is a neighbourhood N of M in rY
with a retraction r : N+ M (r|M = id). Hence whenever A c X
as above and f : A » M 1is continuous, there is an extension

F : X *imq (by Titze's extension theorem) and then

roF : FI(N) »M extends £ to the neighbourhood PN .

Now let x € EG and we shall construct U and h as

required above by constructing successively the restrictions to

EG(n) < EG, where EG(n) is the image of ]| 8%« &1 in
k<n
EG. -
First let n, be the smallest integer such that x 1is
ng n0+1

represented in A x G by

x = ((t,,...,t Yo (gpree-s9 y) .

0 ng 0 n,
Then all tO,...,tn > 0 and we can clearly find an open
0 n
neighbourhood V of (ty,...,t ) such that V¢ int(s °).
0
Define
n0+1
U =V x G < EG(n,)
n = 0
0
and let hn : ﬁn - G be the map which project onto the first
0 n8+1

coordinate of G .

Now let n > n, and suppose we have defined an invariant
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open set Un—1 € EG(n-1) and an equivariant map hn-1 : Un_1—*G.
Let p : A" x Gr1+1 -+ EG(n) be the natural projection and
observe that p maps 3An X Gn+1 into EG(n-1). Let

Wec aa™ x (§+1 be the closed subset W = p_1(ﬁ ). Then

n-1

since G 1is an ANR the map h op: W~->G extends to a map

n-1
h' : W'- G where W' c A" x Gn+1 is an open neighbourhood of

W. Shrinking W' a little we can assume h' defined on we.

Now consider W" ¢ AT x Gn+‘I defined by

WY = L8 (g e g ) (8, (1,995 e g g 1)) € WD

Clearly W" is an open G-invariant set and notice that W ¢ W"

since ﬁn and hence W 1is G-invariant. On the other hand we

can find a G-invariant open subset W" ¢ AT x Gn+1 such that

n+1

W n(aAn x G ) =p (U

+ . . -
N gh ! is an open G-invariant subset.

)

since p—1(U

n

n-1 on

Now let U' = W* N W™ and define h" : U' - G by
nn o -1 -1,,.
(t,(go,---,gn)) =h'(t, (1,949 +---+9,9 ) 99-

Clearly h" extends hn—1 op : W-> G and is equivariant.

U, = U, 4 U p(U') 4is an open invariant set in EG(n) and

clearly h" and hn defines an equivariant extension

-1

hn : U - G. This construct Un and hn inductively, so let

n
u=u Un and h = U hn. This ends the proof of the proposition.
n n

We can now state the main result of this chapter:

Theorem 5.5. The map associating to a characteristic class
¢ for principal G-bundles the element c(E(G)) € H*(BG) 1is a

1-1 correspondence.
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For the proof we shall study EG and BG from a
"simplicial" point of view:

Let X = {Xq}, qg=20,1,..., be a simplicial set and
suppose that each Xq is a topological space such that all
face and degeneracy operators are continuous. Then X is

called a simplicial space and associated to this is the so-

called fat realization, the space |l X Il given by
xi = | a® x x /~
n>0

with the identifications

(5.6) (eht,x) ~ (t,e0), te ™, xex, 1i=0,...m,
n=1,2,...

Remark 1. It is common furthermore to require
(5.7) (M%) ~ (Enx), te ™, xex, i=0,...,m,
n=20,1...

The resulting space is called the geometric realization and is

denoted by |Xl. One can show that the natural map |l X Il = IX]

is a homotopy equivalence under suitable conditions.
Remark 2. Notice that both 1l -ll and 1-! are functors.

Example 1. If X = {Xq} is a simplicial set then we can
consider X as a simplicial space with the discrete topology.
The name "geometric realization" for the space [|X| originates

from this case.

Example 2. Let X be a topological space and let NX be

the simplicial space with NXq = X and all face and degeneracy
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operators equal to the identity. Then [NX{ = X and
I NX I = Il N(pt) Il x X, where
et o= 8% sl v A

with the apropriate identifications.

Example 3. Let G be a Lie group (or more generally any

topological group) and consider the following two simplicial

spaces NG and NG:

NG(g) = G x...x G (g+l~-times),
NG(g) = G x...x G (g-times).
(Here ©NG({0) consists of one element, namely the empty O-tuple

In NG £y ¢ NG(g) -» NG(g-1) and ny ot NG(q) - NG(g+1)

are given by

si(go,...,gq) = (go,...,éi,...,gq)
ni(go,...,gq) = (go,...,gi_1,gi,gi,...,gq), i=0,...,9.
Similarly in NG gy ¢ NG(q) - NG(g-1) 1is given by
(92,..-,gq), i=0
Ei(g1,---rgq) = (91/---,gigi+1:---;gq), i=1,...,9-1
(91,-..,gq_1), 1 =gq
and ny ot NG(q) - NG(g+1) by
ﬂi(91,-..,gq) = (g1,...,gi_1,1,gi;:..,gq), i=20,...,9.
By definition EG = || NG || and if we consider the simplicial

map Yy : NG » NG given by

.
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1

= -1 -
(5.8) Y{Ggrener9g) = (9p9q reerTg g9, )

it is easy to see that there is a commutative diagram

EG —— I NG I
Ye Imy Il
BG ———— I NG |

such that the bottom horizontal map is a homeomorphism. We

will therefore identify BG with |I'NGIl and Yg with vy |ll.

The simplicial spaces NG and NG above are special cases

of the following:

Example 4. Let C be a topological category, i.e. a
"small" category such that the set of objects 0b(C) and the

set of morphisms Mon{C) are topological spaces and such

that
(i) The "source" and "target" maps Mon(C) 3 0b(C) are
continuous.
(ii} "Composition": Mon(c)o -»> Mon{C) 1is continuous

where Mor(c)® S Mon(C) x Mor(C) consists of the
pairs of composable morphisms (i.e.

(£,£') € Mon(C)® & source (f) = target (£')).

Associated to C there is a simplicial space NC called the

nerve of C where NC(0) = 0b(C), NC(1) = Mor(C),
NC(2) = Mon(c)o, and generally
NC(n) < Mor (C) x...x Mor{(C) (n times)

is the subset of composable strings
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That is, (fi’fz""’fn) € NC(n) iff source (fi) = target (fi+1)’
i=1,...,n-1. Here g ¢ NC(n) - NC(n-1) 1is given by
(le---rfn)l i=20
ei(f1,f2,...,fn) = (f1”"’fi 0 fi+1" .,fn), 0 <i<n
(f1”"'fn—1)’ i=n
and ng ¢ NC(n) - NC(n+1) is given by
ni(f1""’fn) = (fl’""fi—1’id’fi""’fn)’ i=20,...,n.

Remark 1. Notice that N is a functor from the category
of topological categories (where the morphisms are continuous

functors) to the category of simplicial spaces.

Remark 2. Observe that a topological group is a topological

category with just one object and it follows that NG as

defined in Example 3 is exactly the nerve of G as defined in
Example 4. Furthermore the simplicial space NG defined in
Example 3 is exactly the nerve of the category G defined as
follows: O0b(G) = G and MorG = G x G, source (go,g1) =94
target (g94,9¢) = g5 and (g94,9¢) o (97,9,) = (945.9,). Finally
Yy : NG =+ NG 1is the nerve of the functor (also called Y)

. -1
Y G - G given by Y(gorg1) = go 91 .

Example 5. The following case of Example 4 is useful in
the study of G-bundles. Let X be a topological space and
u = {Ua}a€z an open covering of X. Associated with U there
is a topological category X, defined as follows: An object
is a pair (X’Ua) with x € Ua and there is a unigue morphism

(x,Uao) + (Y'Ua1) iff x =y € Uaon Ua1' That is,

0b(x,) = JJu , Mon(x,) = ] U nu
u o * u (ao,u1) %0 %1
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where the disjoint union is taken over all pairs (dO’GT)

with U, n U, # ¢. In the simplicial space NX; the set of
1

n-simplices is

NX, (n) = i u, N...NU
(ao,...,an) 0 n

where again the disjoint union is taken over all (n+1)-tuples

(uo,...,a ) with U n...NnU + ¢#. The face and degeneracy
n %0 o

operators are given by natural inclusions. Notice that this

simplicial space already appeared in Chapter 1. Notice also

that when U = {X} then NX 1is the simplicial space considered

in Example 2.

Now let 7 : E » X be a topological principal G-bundle
(G a Lie group) and let U = {Ua} be an open covering of X
with trivializations ¢ : ﬂ-1(Ua) - U, x G and transition
functions gaB : Uun UB -» G. Notice that the cocycle condition

(3.2) can be expressed by saying that the transition functions

define a continuous functor of topological categories
by(B) = X~ 6

where wu(E)IUaon Uu1 = ga0u1' Similarly let V = {Vu} be
the covering of the total space E by Vo = ﬂ_1(Uu). Then

the trivializations {ma} defines a functor

au(E) : B, - G

where

P,E)VIV. pV, = (1,09 ,7.0 )
u ag 0 2 oq 2 g

(here Ty 2 Ve N Vu x G » G is the projection on the second
0 1
factor). Finally the projection m : E » X induces a

continucus functor : E

Tyt Ey > Xu such that the diagram



By
(5.10) nul
X

commutes. Also we have the commutative diagram

E +——— Ev
(5.11) i J [ﬂu
X —— XU

where the horizontal maps are induced by the inclusions. Taking
nerves and realizations we get from (5.10) and (5.11) a
commutative diagram
fu _
E = |[NE| +——o ||NEV|1 ———— || NG || = EG
(5.12) ™ a0 Yo
ey £y
X = |[NX| +—— IINXu I, —— I NG || = BG
where fu = Ilwu(E) I, £, = llwu(E) Il and g : IINXu I - X
is induced by the projection on the second factor in
1t A% x NXu(n). Notice that the upper horizontal maps in (5.12)
n
are equivariant and using Lemma 5.4 it is easily seen that the
map Il'nu Il in the middle is a principal G-bundle. Therefore
*Xp = £%
(5.13) e}iE qu(G).

For the proof of Theorem 5.5 we shall study the diagram
(5.12) in cohomology. More generally let us study the
cohomology of the fat realization of a simplicial space. 1In
the remainder of this chapter we shall use the following
notation: For a topological space X, Sq(x) = S;Op(x)

denotes the set of continuous singular g-simplices, and for A
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a fixed ring Cq(X) = Cq(X,A) denotes the set of singular

cochains with coefficients in A and
19(x) = 89(x, 0 = 59(cx(x, ).

Now consider a simplicial space X = {Xp} and let C¢Pr9x)

denote the double complex
(5.14) cPr9c) = cq(xp).

Here the vertical differential &" is (-1)P times the
coboundary in the complex C*(Xp) and the horizontal
differential §' 1is given by

p+1

T _yi & .« IR |
8 iZO( Ney = cC (xp) ci(x

p+1)'

As in Chapter 1 C*(X) denotes the total complex of (cPr9dxyy.

Example 6. If U = {Ua}aEZ is a covering of a space X
then the double complex Cp’q(NXu) is exactly the double complex
Cg'q of Chapter 1 {except that in Chapter 1 we considered a

¢” manifold and C* denoted C° singular cochains).

Notice that a simplicial map £ = {fp} of simplicial spaces
f : X -» X' (that is, fp : Xp - Xé is continuous for all p)
induces a map of double complexes f#: : cPr9xyy - cPr9x).

We now have

Proposition 5.15. Let X = {Xp} be a simplicial space.

Then

~

H* (Il X 1) H(C*(X)).

Furthermore this isomorphism is natural, i.e. if f : X - X'

is a simplicial map of simplicial spaces then the diagram
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H* (Il X' 1) = H(C*(X")
e 1* £*
HY(Il X 11) = H(C*(X))
commutes, where f* is induced by f#: : C*¥(X') = C*(X).
Sketch Proof. First assume X is descrete. Then |l X Il

is a C.W.~complex with a p-cell for each x € Xp' Therefore
the group of cellular p-chains is just Cp(X) and it is straight-
forward to check that the cellular boundary is given by
_ _ay i
3 (o) —g (-1)7e (o), o€ X,

(For the cellular complex see A. Dold [10, Chapter VvV, §§ 1 and 6].

It follows that H*(ll X Il) is naturally isomorphic with the
cohomology of the complex Hom(C,(X),A). On the other hand for
X discrete S (X = X, Vg, hence

qg¥p) = Xy V@

cPrdxy = Hom (C_(X) ,A), Vo,

and the differential §&" : Cp’q(x) - cp’q+1(x) is zero for g
even and the identity for q odd. Therefore by Corollary 1.20

the natural inclusion
cPx) = P Ox) < cP(x)

induces an isomorphism on homology. This proves the proposition
in the discrete case.

In particular if Y 1is a topological space then the
natural map p : [l S(Y)Il »Y induces an isomorphism in
cohomology (p is defined by sending (t,c) € AP x SP(Y) to
o(t) € Y). Notice that by a similar argument p induces an

isomorphism in homology with A coefficients.
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Now for a general simplicial space X = {Xp} consider

the double simplicial set S(X) = {Sq(Xp)}, that is we have

face operators

e! ¢+ § X S X e" + S (X S X
17 Sq% 7 S¥p-1r 85 F Sql¥p) 7 Sqq (Xp)
i=0,...,pr 3 =0,...,9, such that

e! o el = g% o e!

i 3 i

and similarly for the degeneracy operators. For this double
simplicial set we have the fat realization
Hsxil = || &P x 2%« S (%) /~
pP,q20
with suitable identifications. Again this is a C.W.-complex
and the set of n-cells are in 1-1 correspondence with
1l S§_.{X ). Again one checks that H*{(l|l S(X)]]) is isomorphic
+a=n 3 P
prg=n
with H(C*(X)).
On the other hand |l $(X}Il is homoemorphic with the fat
realization of the simplicial space {IIS(XP)II}. Now there
is a natural simplicial = h I SX ) - X
is natural simplicial map p {pp} where pp ( p) P
is defined above and, as remarked there, induces an

isomorphism in homology. The proposition now follows from

the following

Lemma 5.16. Let f : X » X' be a simplicial map of
simplicial spaces such that fp : Xp - Xé induces an
isomorphism in homology with coefficients in A for all p.

Then I £l : Xl » 1l X'l also induces an isomorphism

in homology as well as in cohomology with coefficients in A.
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Proof. Let [l XIll(n) € Il Xl be the image of || Ak x Xk'
- k<n
Then Il X1|l(n) is a filtration of |1 X Il and Il £1ll7 preserves

the filtration, that is,
ILEN = X1 (n) - 11 X"Il (n}.
Now it is easy to see that the natural map
(A"« x, 3™ x X)) = (X Am), Xl (n=1))
induces an isomorphism in homology, hence by assumption

EN « (Xm0 X Hn=-1)) > (HX"il(n), X"l (n-1))

induces an isomorphism in homology. Now iterated use of the

five-lemma shows that W £l : I XIli(n) » HX"l(n), n=1,2,...
induces an isomorphism in homology and therefore [f £ Il
1 X1l » Il X'l also induces an isomorphism in homology. By

the Universal coefficient theorem the result now follows, and

thus finishes the proof of Proposition 5.15.

Corollary 5.17. Suppose fo,f1 : X » X' are simplicially
homotopic simplicial maps of simplicial spaces (i.e., for each
p there are continuous maps hi : Xp - Xp+1’
satisfying i) - iii) of Exercise 2b) of Chapter 2). Then

i=0,...,p,

IEGI* = I, 1% 2w (X' 1) > HE QX D).
Proof. 1In fact consider the induced maps
£, £ L Pk 5 P
and let s cPY1d(x1y , ¢Pr9(x) be defined by
sp+1 = i (_1)ihj%

i=0
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Then
H +
[ 1 = -

sp+1 o 8" + 8" o sp f1 fo
as in Exercise 2 of Chapter 2. Furthermore

sp+1 o 8" + 8" o sp+1 =0
since hﬁ: are chain maps C*(Xé+1) - C*(Xp). It follows that
f?: and fﬁ:: C*(X') » C*(X) are chain homotopic and hence

induce the same map in homology.

Proof of Theorem 5.5. First let ¢ be a characteristic

class and let w7 : E » X be a principal G-bundle. Choose a
covering U of X such that there are trivializations
o, * “—1(Ua) - U, x G and consider the diagram (5.12) above.

Notice that there is a commutative diagram

H* (1] NX = H(C*(NX,))

.

H¥ (X) ————— H(C})

TR

*
o]

where e, is the isomorphism of Lemma 1.25, so that ea is
also an isomorphism.
Now by naturality of ¢
* = f£x*
(5.18) eu(c(E)) fu(c(EG))
and since eﬁ is an isomorphism c(E) is uniquely determined

by c¢(EG) and equation (5.18).

On the other hand let Cy

principal G-bundle the class c¢(E) by

€ H*(BG) and define for a

(5.19) Ea(C(E)) = £¥(c,) -

ut-o
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we must show that c¢(E) is well defined:
i = LI ] 3
Now if U {Uu}aEZ and U {UB}BEZ' are two coverings
- ' . .
of X then W {Uaﬂ UB}(u,B)EZXZ' is also a covering of X

and clearly there is a commutative diagram

NN, I

(5.20) il NX I NX

u.Il €y
%‘x ]

wll -+ BG be the realization of Ny, where

u

Also let fw : |l NX

ww is given by the transition functions corresponding to the

trivializations deUaﬂ U!. Then clearly there is a commutative

8

diagram

nNx, i

£y
(5.21) \)BG
///j}L///a
I NXUll

From the diagram (5.20) and (5.21) it follows that it is enough
to show that for any covering U the element

fa(CO) € H* (]l NXUII) does not depend on the particular choices
of trivializations {wu}.

So let {wa} and {w&} be two sets of trivializations
associated to U = {Ua} and let y,¥' : X, » G be the
corresponding continuous functors. We want to show that the
associated maps fu, f& : IINXUII -+ BG induce the same map
in cohomology. Now the family of continuous maps

Xa : Ua - G, a € ¥, defined by
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@y 0 0, (x,9) = (X, A (¥)°g), (x,9) €U xG,
satisfy
Iy (x) = 2 (x) =2 (x) - ¢ (x), x€U nuU, .
(ao,a1) o, oq (ao,a1) o 0
Hence X = {1 _} is just a continuous natural transformation

o a€l

A ¢y »¢p' of the functors ¢ and y'. That fa = f&*
therefore follows from Corollary 5.17 and the following general

lemma:

Lemma 5.20. Let ¢,y' : C » D be two continuous functors
of topological categories C, D. If XA : Y - ¢' 1is a
continuous natural transformation then Ny,Ny' : NC - ND are

simplicially homotopic simplicial maps.

Proof. We shall construct hi : NC(p) -» ND(p+1), 1 = 0,...,p,
satisfying i) - iii) of Exercise 2b) in Chapter 2. Now a p-

simplex in NC 1is a string

f.l f2 fp
AO‘*' A1 A2 ...... Ap, AO,...,Ap € 0b(C),
fO,...,fp € Moa(C).
For i =0,...,p, h, associates to this string the (p+1)-

simplex in ND given by the string

ANEN VE) ‘A, WIE L)
W'(AO) 9—-———W'(A1)%* el ® W'(Ai)*————— W(Ai)
V(£ )
v
hi : NC(p) - ND(p+1) is clearly continuous and it is straight-
forward to check the identities i) - iii) of Exercise 2b) in

Chapter 2. This proves the lemma.
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It follows that <c(E) defined by (5.19) is well defined
and it is easily checked that <c(E) satisfies the naturality

condition (5.2). This ends the proof of Theorem 5.5.

Note. The original construction of a classifying space
is due to J. Milnor [20]. Our exposition follows essentially

the one in G. Segal [24].



6. Simplicial manifolds. The Chern-Weil homomorphism for BG

In this chapter H* again denotes cohomology with real
coefficients. We now want to define for a Lie group G the
Chern-Weil homomorphism w : I*(G) - H*(BG); but the trouble
is that BG is not a manifold. However, BG = |l N(G) i,

and NG 1is a simplicial manifold., That is, X = {Xq} a

simplicial set is called a simplicial manifold if all Xq are
¢” manifolds and all face and degeneracy operators are c”

maps.

Example 1. Again a simplicial set X = {Xq} is a
simplicial manifold with all Xq considered as zero dimensional

manifolds.

Example 2. Also if M is a ¢” manifold the simplicial
space NM with ©NM(g) = M and all face and degeneracy operators

equal to the identity is again a simplicial manifold.

Example 3. For G a Lie group the simplicial spaces NG
and NG are also simplicial manifolds and vy : NG » NG is a

differentiable simplicial map.

Example 4. For M a ¢” manifold with an open covering

U= {Ua}QEZ
manifold. Finally, if w7 : E-> M is a differentiable principal

G-bundle with differentiable trivializations o : n_1Ua > U, xG

the simplicial space NMu is also a simplicial

then taking the nerves of the diagrams (5.10) and (5.11) we
obtain the corresponding diagrams of simplicial manifolds and

differentiable simplicial maps.
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Now let us study the cohomological properties of a
simplicial manifold, in particular we want a de Rham theorem.
Again in this chapter for M a manifold C*(M) denotes the
cochain complex with real coefficients based on c” singular
simplices.

Now consider a simplicial manifold X = {Xp}. As in
Chapter 5 we have the double complex Cp’q(X) = Cq(Xp). Notice

that by Lemma 1.719 and Exercise 4 of Chapter 1 the natural map

g9 q
Ctop(xp) - C (Xp)

induces an isomorphism on homology of the total complexes.

We also have the double complex AP (xy = Aq(Xp). Here
the vertical differential d" is (-1)P times the exterior
differential in A*(Xp) and the horizontal differential

s : Aq(xp) > A9x is defined by

p+1)

Furthermore we have an integration map

IX = Aplq(x) - Cplq(x)

which is clearly a map of double complexes. By Theorem 1.15 and

Lemma 1.19 we easily obtain

Proposition 6.1. Let X = {Xp} be a simplicial manifold.

Then IX : Ap’q(X) - Cp’q(X) induces a natural isomorphism
H(A* (X)) ~ H{C*(X)) =~ H*{Il X lI).

Now there is even another double complex associated to a
simplicial manifold which generalizes the simplicial de Rham

complex of Chapter 2:
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Definition 6.2. A simplicial n—-form ¢ on the simplicial

manifold X = {Xp} is a sequence ¢ = {w(p)} of n-forms m(p)
on AP x Xp’ such that

(6.3) (et x 1) *0P) = (3a x e.)*0 P on AP7T Xy

=0,...,p, p=011121

Remark. Notice that ¢ = {w(p)} defines an n-form on

©

1N AP x Xp and that (6.3) is the natural condition for a form
g;o Il X1l in view of the identifications (5.6). 1In the
following the restriction m(p) of ¢ to AP x Xp is also
denoted . Notice also that for X discrete Definition 6.2

agrees with Definition 2.8.

Let A"(X) denote the set of simplicial n-forms on X.
Again the exterior differential on AP « Xp defines a
differential 4 : a™(x) - An+1(x) and also we have the exterior

multiplication

n+m

A AT(R) & AT(x) - A"TN(X)

satisfying the usual identities.

The complex (A*(X),d) is actually the total complex of

a double complex (Ak’l(X),d',d"). Here an n-form ¢ lies in
A% (x), k+1 = n iff ©1aP « X, is locally of the form
® =] a, o . dt, A...Adt, AdXL A...AdX,
igeeedyidqeeady i iy 34 i
where (tO""’tp) as usual are the barycentric coordinates in
AP and {xj} are local coordinates in X . It is easy to see
that
ahxy = g Akl
k+1=n

and that
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a=4d'+a

where d' 1is the exterior derivative with respect to the
barycentric coordinates and d" is (—1)k times the exterior
derivative with respect to the x-variables.

k

Now restricting a (k,1l)-form to A" x Xk and integrating

over Ak yields a map
: ARl o Ak lix

which is clearly a map of double complexes. The following

theorem is now a strightforward generalization of Theorem 2.16:

Theorem 6.4. For each 1 the two chain complexes
(A*'l(X),d') and (A*’l(X),G‘) are chain equivalent. 1In fact

there are natural maps

k,1 > .k, 1

(X) < A (X) : E

and chain homotopies

k-1,1

: 2% lx) 5 a (X)

such that

{(6.5) IA od' =248 90171, IA o d" = 4" o IA

(6.6) d'" o E=Eo0é", Eod =d" o E

(6.7) IA o E = id

(6.8) E o Ia - id = Syt © d' + 4d' o Syr Sy O 4a" + d" o Sy = 0.

In particular IA : Ak’l(x) - Ak’l(X) induces a natural iso-

morphism on the homology of the total complexes

(6.9) H(A* (X)) ~ H(A*(X)) ~ H*(II X 1l).
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Also let us state without proof (see J. L. Dupont [11])

the following generalization of Theorem 2.33:

Theorem 6.10. The isomorphism (6.9) is multiplicative
where the product on the left is induced by the A-product

and where the product on the right is the cup-product.

As an application of Theorem 6.4 let us consider a mani-

fold M with a covering U = {Ua} and let NM, be the
a

u

simplicial manifold associated to the nerve of the category MU'

Notice that the natural map

£y M, - M

is induced by the natural projections

AP xyg N..Ng Sy N By
GO (!p (10 o

in
=

and that these also induce the natural map
A¥ (M) - A (NM) - A*(NM).

Corollary 6.11. For U = {Ua} an open covering of M

the natural map A* (M) - A*(NMU) induces an isomorphism in

homology.

Proof. In fact the composite
1

A A% M) = A%

A* (M) — A*(NM H

u)
is the map e, of Lemma 1.24.

Now let us turn to Chern-Weil theory for simplicial mani-

folds. A simplicial G-bundle =w : E » M 1is of course a

sequence ﬂp : Ep - Mp of differentiable G-bundles where

E = {Ep}, M= {Mp} are simplicial manifolds, = : E - M is
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a simplicial differentiable map and also right multiplication
by g € G, Rg : E > E, 1is simplicial. A connection in

7" + E- M is then a 1-form 8 on BE {(in the sense of
Definition 6.2 above) with coefficients in t} such that 6
restricted to AP x Ep is a connection in the usual sense in
the bundle AP x E_ - AP « M.

p
Again we have the curvature form { defined by 3.14 and

2k

for P € Ik(G) we get P(Qk) € A" (M) a closed form

representing a class

2k

WE(P) € H U (A (M) ~ H2k(HMH)

such that Theorem 4.3 holds.
In particular let us consider the simplicial G-bundle
Y : NG = NG. There is actually a canonical connection in
this bundle constructed as follows:
Let eo be the Maurer-Cartan connection in the bundle
G » pt. Also let q, : AP x NG(p) » G be the projection
onto the i-th factor in Gp+1, i=20,...,p, and let ei = qieo.

Then 6 is simply given over AP x NG(p) by
(6.12) 8 = t_ 6

where as usual (tO,...,tp) are the barycentric coordinates in
AP. By Proposition 3.10, 514P « NG(p) 1is clearly a connection
in the usual sense and it is also obvious from (6.12) that ©

satisfies (6.3). We now summarize:
Theorem 6.13. a) There is a canonical homomorphism

w : I*(G) - H*(BG)

such that for P € Ik(G), w(P) 1is represented in A2k(NG) by
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P(Qk) where @ 1is the curvature form of the connection 8

defined by (6.12).

b) Let for P € Ik(G), w(P)(*) be the corresponding
characteristic class. Then if m : E » M is an ordinary

differentiable G-bundle we have

w(P) (E) = wE(P)

where wE : I*(G) -» H*(M) 1is the usual Chern-Weil homomorphism.

c) w : I*¥(G) -» H*(BG) is an algebra homomorphism.

d) Let a : H-> G be a Lie group homomorphism and let

a* : I*(G) -» I*(H) be the induced map. Then the diagram

I*(G) —2 . 1x(m)

w w

*
H* (BG) —2% H* (BH)

commutes.

Proof. a) is a definition.

b) Choose an open covering U = {Ua} of M and
trivializations of E so that we have a commutative diagram

of differentiable simplicial bundles:

NE NE, NG
Nt Nnu Y
NM NM, NG

By the proof of Theorem 5.5 the pull back of w(P)(E) to
Il NMulI is given by fﬁ(w(P)) which clearly is represented

in H(A*(NM;) by the Chern-Weil image of P for the simplicial
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G-bundle NEV - NMu with connection 6' induced from the

connection 6 defined by (6.12). On the other hand a connection

in E -» M induces another connection 6" in NEV - NMu and

the pull-back of WE(P) in H(A* (NM is clearly represented

u))
by the Chern-Weil image of P wusing the connection 8".
However, by the argument of Theorem 4.3, b) the Chern-Weil image

is independent of the choice of connection, which proves that
* = o%
el (w(P) (E)) ef(wg (PY),

where €y ¢ llNMu

Since €y induces an isomorphism in cohomology this ends the

[l > M is the natural map considered above.

proof of b).
c) follows again from the simplicial analogue of Theorem
4.3 ¢) and Theorem 6.10.

d) is straightforward and the proof is left to the reader.

Note. Notice that by a), w(P) is also represented in
the total complexes A*(NG) and C*(NG) by canonically
defined elements. The construction of w(P) in A*(NG) 1is
due to H. shulman [26] generalizing a construction by R. Bott
(see (2], [4]1, and [5]). The exposition in terms of simplicial

manifolds follows J. L. Dupont [11].



7. Characteristic classes for some classical groups

We shall now study the properties of the characteristic

classes defined in the examples of Chapter 4.
Chern classes.

For G = Gl(n,C) we considered in Chapter 4 Example 4 the
complex valued invariant polynomials Ck’ k=20,1,...,n (C0 = 1),
defined by (4.13). For a differentiable Gl{(n,C)-bundle = : E - M

we thus define characteristic classes called the Chern classes
(7.1) e (B) = w_(c,) € #¥m,@), Xk = 0,1 n
. k E k 7 12 v lypee iy,

represented by the complex valued 2k-forms Ck(Qk), where @

is the curvature form of a connection in # : E -» M. Notice that

since every complex vector bundle has a Hermitian metric, i.e. a

reduction to U(n), Ck(E) actually lies in the image of the

inclusion HZk(M,BQ < H2k(M,¢) (cf. Exercise 4 of Chapter 4).
By Theorem 6.13 we can extend the definition of the Chern

classes to any topological Gl(n,C)-bundle by first defining

c, = wic,) € 12K (8 Gl(n,0),0)

and then use Theorem 5.5. Again ¢ is a real class. 1In fact

k
since Ck restricted to 4e(n) 1is a real polynomial it follows
from Theorem 6.13 d) that the restriction of Cy to BU(n) 1is
a real class (represented by a real valued form), and since the
natural inclusion j : U(n) <« G1(n,C) is a homotopy equivalence

it follows that

Bj : BU(n) - B Gl(n,C)
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induces an isomorphism in cohomology. In general we have

Proposition 7.2. Let o : H - G be a homomorphism of

two Lie groups which induces an isomorphism in homology
(coefficients in a P.I.D. A). Then also Ba : BH - BG
induces an isomorphism in homology as well as in cohomology

(with coefficients A).

Proof. By Kinneth's formula Na(p) : NH(p) - NG(p)
induces an isomorphism in homology for each p. The proposition

therefore follows by Lemma 5.16.

Before continuing the study of the Chern classes we make
a few definitions:

Suppose we consider a topological space X with a principal
Gl(n,C)~bundle £ : E> X and a Gl(m,€)-bundle ¢ : F - X.
Then the Whitney sum (£ © ¢) : E ® F - X is most easily de-
scribed in terms of transition functions as follows:

First let
® : Gl(n,C) x Gl(m,€) - Gl(n+m,C)

be the homomorphism taking a pair of matrices (A,B) to the

matrix

_ AO
non- (39).

Now choose a covering U = {Uu}aEZ of X such that both E

and F have trivializations over Uyr @ € £, and let {gae}
and {haB} be the corresponding transition functions for E
and F respectively. Then £ @& ¢ : E® F » X is the bundle
with transition functions {gaS @ haB}' Notice that if E

and F are differentiable then also E & F 1is.
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Notice that Gl{1,€¢) = ¢* = ¢ ~ {0}, the multiplicative
group of non-zero complex numbers. Gl(1,C)-bundles are in 1-1
correspondence with 1-dimensional complex vector bundles (also

called complex line bundles). An important example is the

canonical line bundle on the complex projective space cp™.

Here @P" is defined as the quotient space of ¢n+1 ~ {0}

under the action of ¢* given by

(20’21""'Zn) A= (z 'A,...,zn'k),

0r- 1%y €E ¢, A € C*.

It is easy to see that the natural projection

no: ™ < (0} - op”

is a principal «€*-bundle. The associated complex line bundle

is by definition the canonical line bundle. The total space is

denoted H; (H for H. Hopf).

We can now prove

Theorem 7.3. For a Gl(n,C)-bundle & : E = X 1let the

total Chern class be the sum
c(E) = cO(E) + c1(E) +...F cn(E) € H*(X,C).
Then
2i .
a) ci(E) € H" (X,¢), i = 0,1,...
CO(E) =1 and ci(E) =0 for i > n.

b) (Naturality). If f : ¥ -» X 1is continuous and

£ : E> X a Gl{(n,C)-bundle then

(7.4) c(£*E) = £*(c(E)).
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c) (Whitney duality formula). If & : E-»> X is a

Gl{(n,C)-bundle and ¢ : F » X a Gl(m,C)-bundle then

(7.5) c(E ® F) = c(E) - c(F)

or equivalently

(7.5)" c (E®F) = Z c; (E) v cj(F), k = 0,1,...,n+tm.
i+j=k
d) (Normalization). Let n, ¢ H; 5 ¢P" be the canonical

line bundle. Then

*) = -
(7.6) c(Hn) 1 h
where hn € HZ(CPH,Z) is the canonical generator.
Proof. a) 1is trivial by definition.

b) follows from Theorem 5.5.

c) Let us write Gn = Gl(n,C) for short. The map

® : Gn X Gm d Gn+m is clearly a homomorphism and the Whitney

sum E ® F by definition has a reduction to Gn x Gm' ®

together with the projections
Pyt Gy X Gy 2 Gy Py 2 Gy X G 2 Gy
induce the maps in the diagram

B &

B(G_ x G )} ————— BG
n m

(7.7) l Bpy x Bp,

BGn x BGm

n+m

and (7.5)' will clearly follow if we can prove the formula

e~ = % * =
(7.8) (B @) *cy i+§=k(Bp1) c; “ (Bp,) Y k=0,1,...,n+m.

We shall prove this by proving the corresponding formula on the
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level of differential forms in the diagram

N &
N(Gn X Gm) _ NGn+m
(7.9) Np4 \\\&sz
NG NG
n m

For this we first need some notation. Let Mn denote the Lie
algebra of Gn (i.e. Mn is the Lie algebra of n x n matrices)
and let e(n) be the canonical connection in Nan defined by

(6.12) with Q the corresponding curvature form. Also let

(n)

' Mn - Mn+m' i t M » M

be the inclusions given by

. A0 . _
l,](A) =<0 O)' lZ(B) —\0 B/.

Then it is easy to see that

(7.10) (N@)*e(n+m) (N51)*(i1 0 e(n)) + (Np,y)* (i, o e(m))

and since the Lie bracket of the two forms on the right of (7.10)

is zero it follows that

(7.11) (N5)*Q(n+m) (N'§1)*(i1 0 Q(n)) + (NEZ)*(i2 0 Q(m)).

Now for A € Mn and B € M

det (A1 = — (i1(A) + 12(13)))

1]

AT - —~ A 0
det( 271 \

15/
0 X‘—ﬂ—iB

1
2nwi

1
det(M - m A)det(M B)

from which we conclude
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(7.12) CpliA + i,B,o ., i A + 1,B) = Z_ Ci(A,...,A)'Cj(B,...,B).
i+ij=k
Therefore by (7.11) we have
k i j
(7.13) (N®)*C, (2°) = ] Npic,(20) A Npgcj(sﬂ), k =0,1,...,n+m,

i+j=k
which clearly implies (7.8) and ends the proof of c¢).

d) The restriction map HZ(CPH,Z ) - HZ((I:P1

, 7)) is an iso-
morphism and hn maps to h1, which by definition is the class

such that
<h1,[¢P‘]> =1

where ¢P1 is given the canonical orientation determined by the
2-form dx A dy where z = x + iy = 21/20 is the complex
coordinate in the Riemann sphere (IIP1 with homogeneous coor-
dinates (20,21).

By naturality it is clearly enough to prove (7.6) for n = 1,

so we consider the principal C*-bundle

2

UPTEERE {o} - ¢P1

which is clearly a differentiable bundle. Let (20,21) be the

coordinates in €2 ~ {0} and consider the complex valued 1-form

= — 2 2
(7.14) B = (zodz0 + z1dz1)/(lzol + [z1l )

where the bar denotes complex conjugation and 1212 = zz. Then

it is easily checked that 6 is a connection and since C€* is

abelian the curvature form is given by
(7.15) Q = de.

Now let U = ¢P1\{(0,1)} = {(20,21)Izo + 0} and use the local

coordinate z = 21/20‘ Then 2z, = 2,z and d21 = zdzO + zodz.
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Hence
8 = lz.dz. + z z(zdz, + z dz)]//iz 12(1 + lzlz)
070 [} 0 0 ¢
dz dz dz -
= (=2 + 1212 —°+Edz)/(1 vzt = 0w 2 a4z

29 Zo 0 1+lzl

Therefore
Q= d0 = d¢ z_dz)=ﬂ%z_§.
1+zz (1+1z1%)

It follows that in U C1(Q) is given by

1 dz A dz

c, () = -

Therefore (cf. Exercise 2 b) below)

<c1(H’.'|‘),[¢P1]>=J 1 Cqta) = - ! J dz A dz
cP C

2mi (1+121%) 2
Now put z = r eZWit. Then dz A dz = 4wirdr A 4t} Hence
1 T r
<c (BY),lep 1> = -2 JI ——— dr 4t
0°0 (1+4r™)
- - Jw—dLE:_L
0 (1+1r)

This proves (7.6} and ends the proof of the theocrem.

Remark. In the next chapter we shall see that Theorem 7.3
characterizes the Chern classes uniquely. By topological
methods one can show that there exist classes Sk
such that the corresponding characteristic classes satisfy

Theorem 7.2. It follows that these map to our Chern classes

under the natural map induced by Z -~ C.

Pontrjagin classes.

For G = Gl(n,IR) we considered in Chapter 4 Example 1 the
realvalued invariant polynomials Pk/z' k =0,...,n, defined by

(4.11). For m : E > M a differentiable Gl(n,IR) -bundle we

€ HZk(BGl(n,tt) A
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defined the Pontrjagin classes

= 2k =
(7.16) pk/2(E) = WE(Pk/Z) € H" (M, IR), k=20,17...,n,

k

represented by the 2k-forms Pk/z(ﬂ ), where § 1is the curvature

form of a connection. As noticed in Chapter 4 Example 2,

pk/z(E) =0 for k odd. Again we extend the definition to all

topolegical Gl(n,IR)-bundles by defining

- 2k -
pk/2 = W(Pk/Z) € H (B Gl(h,R),R), k =20,1,...,n,

and using Theorem 5.5. This time the inclusion j : O(n) - Gl(n,IR)

is a homotopy equivalence hence by Proposition 7.2 induces an

isomorphism
(Bj)* : H*(B Gl{n,R),R) —— H*(BO(n),R) ,

and since for k odd Pk/z

is zero it follows that pk/2 = 0 for k odd.

restricted to the Lie algebra a-(n)

The proof of the following theorem is left to the reader.

Theorem 7.17. For a Gl(n,IR)-bundle £ : E~-» X let the

total Pontrjagin class be the sum

p(E) = pO(E) + py(E) +...+ p[n/zl(E) € H*¥(X,IR) .

Then

4i .
a) pi(E)EHl(X,IR), i=0,1,...

1]
o

pO(E) = 1 and pi(E) for i > n/2.

b) Let Em : Eq » X be the complexification of ¢

that is, the extension to Gi{n,C). Then
_ i o
(7.18) ,pi(E) = (=1) C2i(E¢)' i 0,1,...

c) (Naturality). If £ : Y - X 1is continuous and

E - X,
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£ + E»> X is a Gl(n,R)-bundle then
(7.19) p(f*E) = f*p(E).

d) (Whitney duality formula). If § : E - X 1is a

Gl(n,R)-bundle and 7 : F » X a Gl(m,R)-bundle then

(7.20) p(E ® F) = p(E) - p(F),

or equivalently

(7.20)'  p (E®F) = ] p; (E) v pj(F), k=20,1,2,...,[(n+m)/2].

i+3y=k

The Euler class.

Finally consider G = SO(2m). In Chapter 4 Example 3 we
defined the invariant polynomial Pf Hy the Equation (4.12).
For a differentiable S80(2m) bundle 7w : E - M we define the

(7.21) e(B) = wy(pf) € H(M,R).

Again we extend the definition to topological bundles by putting
e = w(pf) € HZ™(BSO(2m) ,R)

and using Theorem 5.5. We then have

Theorem 7.22. For £ : E - X a SO{2m)-bundle

e(E) € H2m(X,HU satisfies

a) (Naturality). For f : Y - X continuous and § : E - X

a S0(2m)-bundle
(7.23) e(f*E) = f*e(E).

b) (Whitney duality formula). For £ : E > X a 80(2m)-

bundle and ¢ : F - X a S0(21)-bundle
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(7.24) e(E ® F) = e(E) v e(F).

c) For £ : E-> X a U(m)-bundle 1let EB{ : E]R - X
be the realification, i.e. the extension to SO(2m) (where the
inclusion U(m) < SO(2m) is defined by identifying

m Zm)'

¢ =R 8iR & R & iR &...8 iR = IR Then

(7.25) e(E) = cm(E).

R

d) For ¢ : E - X an SO(2m)-bundle
2
(7.26) e(E)” = pm(E)-

Proof. a) is trivial by Theorem 5.5.
b) First observe that for A € 4(m) and B € 4(1) (that

is, A and B are skew-symmetric matrices)

(7.27) pf{(lg g),...,(é‘ g)] - PE(A,...,A) - PE(B,...,B).

To see this notice that since Pf 1is invariant it is enough to

consider A and B of the form

0 a 0 b
1 0 1 0
-a, 0 -b1 0.
A = B =
0 0 a, . 0 bl
-an 0 —bl 0
Then clearly
- DR b .b
PE(A,...,A) = 1, PE(B,...,B) = — L
(2m) (2m)

and

Pfr<A 0),....(3 0\] Bt Rt e
[\o B (Zﬂ)m+l

so that (7.27) is obvious in this case. Now (7.24) follows from

(7.27) exactly as in the proof of Theorem 7.3 c).
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c¢) The inclusion r : U(m) < S0{(2m) correspond to the
map of Lie algebras r, : 4(m) - #(2m) which sends the skew-

Hermitian m x m-matrix X = {a + ib _,} into the 2m x 2m-

st st
matrix
agq Thyy o ag, Thyy 2m  “Pim
byg ajp Pyy 2y Pim 21m
r,{X) =
n1 ~bna 4m  Pmm
bm‘l am1 bmm amm

which is clearly skew-symmetric. Now (7.25) follows from

Theorem 6.13 d) and the following identity of polynomials:
(7.28) PE(ry (X),enn Ty (X)) = C (X, ...,X), X €4bm).

Since both sides are invariant polynomials on A(m) we can

again assume that X is diagonalized, that is,

ib1. 0
X = ’ b1 .bm € IR
0 ibm
Then
o b1...bm
PE(r (X),...,r, (X)) = (-1) — T
(2m)
whereas
b,...b
- -1 - (-1 m
Cp(XsooorX) = det(=~ 55 X) = (=1)

which proves (7.28) and hence. (7.25).

d) clearly follows from the identity
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(7.29) Pf(A,...,A)2 = Pm(A,...,A) = det (- % A), A € 4#(m),

which is proved in the same way as (7.27).

Remark. Usually in Algebraic Topology the Euler class is
defined differently (see Exercise 1 below). But as we shall
see in the next chapter it is uniquely determined by the

properties of Theorem 7.22.

Exercise 1. This exercise deals with the algebraic
topological definition of the Euler class. In the following
H* denotes cohomology with coefficients in Z. Let
Gl(n,IR)+ c Gl(n,R) be the subgroup of matrices with positive
determinant

a) Show that topological Gl(n,nﬂ-k—bundles on a topological
space X correspond bijectively to oriented vector bundles of
dimension n, i.e. n-dimensional vector bundles =m : E - X with
a preferred orientation of every fibre EX = n_1(x), Xx € X, such
that for every point of X there is a neighbourhood U and a
trivialization o : ﬂ_1(U) - U x IJX which is orientation
preserving on every fibre Cmn is given the canonical orientation).

Now let E0 = E~N (X x 0), where X x 0 denotes the zero
section of E. Recall (see e.g. J. Milnor and J. Stasheff [19,

. . n
Theorem 9.1]) that there is a unique class U € H (E,EO) (the
Thom class of E) such that for every x € X and for ix : RYSE
an orientation preserving isomorphism onto the fibre EX, the

class i;U € Hn(IflﬁRn ~ {0} is the canonical generator.
Now let Y ¢ X and suppose s : X - E 1is a section with

s{x) # 0 for all x € Y. Define the relative Euler class

(7.30) e (E,8) = s*U € g (X,Y).
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b) Show that ¢e(E,s) does not depend on siX-Y. 1In

particular for Y = ¢
(7.31) e(E) = e(E,s) € H™(X)

is independent of s (so we can choose s = zero section).
Furthermore, show that ¢(E) only depends on the isomorphism
class of E as oriented vector bundle.

n n

¢) Observe that for X =R , Y = R"~{0}, E= X x R
e(E,s) € BN(R",R" ~{0}) ~ =

is Jjust the canonical generator times the degree of

5 : RP~{0} » ®R" - {0}, where s(x) = (x,5(x)), x € R".

d) Let X =M Dbe a compact oriented n-dimensional
differentiabel manifold and let 7 : E » M be an n-dimensional
oriented vector bundle on M. Suppose s : M » E 1is a section
such that s vanishes only at a finite set of points A1""’AN‘
Now choose disjoint neighbourhoods Ui of Ai together with

orientation preserving diffeomorphisms CF Ui . taking

Ai to 0 and together with orientation preserving trivializations
v, : v_1(Ui) = U x R". Clearly s, =V

-1 .
s o . defines a
i i ° @y

i

section as in ¢) and we define the integer (the local index)

(7.32) IndexAi(s) = deg(Ei).

Show that IndexA (s) 1is independent of the choices of Ui'
i

9., V., and show the following formula of H. Hopf:

1 1

N
(7.33) ) Index, (s) = <e(E),[M]>.
i=1 i

In particular the left hand side of (7.33) is independent of s.
For the tangent bundle Ty ¢ T™ -» M one can use (7.33) to
show that
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(-1) Yaim

(7.34) <e(TM) ,[M]> = x (M) =
0 Q

I~ 3

_ H,(M,0),
1

the Euler-Poincaré& characteristic of M. In fact e.g. the
gradient vector field of a Morse function is easily seen to
have the sum of local indices equal to Y(M) (see J. Milnor

[21, Theorem 5.21).

e) Show that e(E) € H'(X), defined for 7 : E » X an
oriented vector bundle of dimension n, has the following

properties:

i) (Naturality). For f : Y -» X continuous and 7 : E - X

an oriented vector bundle
(7.35) e (f*E) = f*e(E),

hence e defines a characteristic class with Z-coefficients

for principal Gl(n,Bnih—bundles.

ii) (Whitney duality formula). For =w : E -» X an oriented
n~dimensional vector bundle and ¢ : F -» X an oriented m-

dimensional vector bundle
(7.36) e(E ® &) = e(8) v e(E).

jii) For = : E - X an oriented vector bundle let 7 : E -

be the vector bundle with the opposite orientation. Then
(7.37) ¢(E") = -e(E).
iv) For 7 : E -» X n-dimensional with n odd
e(E) € H"(X) has order 2.

{(Hint: Notice that the antipocdal map on each fibre defines an

isomorphism of E and E ).
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v) For Ny ¢ H; > ¢P" the canonical complex line bundle

considered as a plane bundle with the induced orientation

(coming from the usual identification € = IR ® iIR =IR2)

(7.38) Q(H;) = —hn

where hn € Hz(an) is the canonical generator.
(Hint: Use (7.33) for the bundle Nk H? - ¢P1).

Remark. In the next chapter we shall show that i) - V)
determines the image of ¢(E) in real cohomology. Hence, by

Theorem 7.22,
(7.39) ¢(B) = e(B) € HT(X,R)
for any S0(2m)-bundle w : E - X.

Exercise 2. Let M be an n-dimensional compact oriented

differentiable manifold. The fundamental class [M] € Hn(M,Z)
is by definition the unique class such that for any orientation

preserving diffeomorphism ¢ : r" -~ U c M and for x = ¢(0)

0yt H(RT,RN{0},2) » H_(U,0Nx};2) = B (M,M~{x);Z)

takes the canonical generator to the image of [M] under the
natural map Hn(M;Z) - Hn(M,M\{x};E). Choose a C singular
n-chain representing [M] and denote it also by [M].

a) As usual let A" = ﬂfﬂ4 be the standard n-simplex

contained in the hyperplane V" = {t = (to,...,tn)thi = 0}.
Consider a ¢~ singular n-simplex o : A" oM whiéh extends
to an orientation preserving diffeomorphism of a neighbourhcod
of A" in VO onto an open set of M. Let U< M be the
image of intA™ and let [o] € Cn(M) denote the n-chain

associated to o0. Show that in Cn(M)
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ftM] - [c] = 3c + 4d

for some c € Cn+1(M) and d € Cn(M-U).

b) For w € A"(M) recall that the integral J w is
M
defined as follows: Choose a finite partition of unity {Aa}

for M with supp Aa = Ua together with orientation preserving

. . . N [ [ *
diffeomorphisms o, : R - U,- Then ] w = J n® (Aaw).
M a ‘IR
Show that
(7.40) <T{w),[M]> = J w.
M

(Hint: First assume ww has support in a set U as considered

in a)).

c} Now suppose n = 2m and let 7 : E-» M be a
differentiable S0O(2m)-bundle with connection 6 and curvature

form Q. Show using (7.39) that
(7.41) <e(E),[M]> =J PE(Q™) .
M

In particular for E = TM the tangent bundle of M this

proves the Gauss-Bonnet formula
(7.42) X (M) =J pe (™)
M

(in this form due to W. Fenchel and C. B. Allendoerfer - A. Weil).

1

d) cConsider S" = {x € B™' |Ixl = 1} with the metric
induced from IRn+1. Observe that 8SO(n+1) acts on s™  ana
that if N = (0,0,...,0,1) (the north pole) then the map

T : SO(n+1) - s" given by g + gN is the principal SO(n)-bundle
for the tangent bundle of s, consider furthermore the
connection in T : SO(n+1) - Sn defined as follows:

For an (n+1) x {(n+1)-matric A 1let A denote the n x n

sub-matrix where the last row and column have been cancelled.
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Now consider SO(n+1) as a submanifold of M(n+1,IR), the set

cf (n+1) x {n+l1)-matrices X. Show that the 1-form

6 = (thX)A (tX = transpose of X)

on SO(n+1) defines a connection.

Now for n = 2m show that

(2m) !

22mﬂmm!

(7.43) PE(Q™) = v

where v is the volume form associated with the metric.
Observe that both sides are invariant under the action

The

(Hint:
of S0(2m+1) so it is enough to evaluate at N. Obs:

volume form has by definition the value 1/(2m)! on an

orthonormal basis).
Since X(SZm) = 2 conclude that

2m 22m+1nmm!
(7.44) VO»E(S ) = W



8. The Chern-Weil homomorphism for compact groups

In this chapter H*(-) again means cohomology with real

coefficients. The main object is to prove the following

Theorem 8.1. (H. Cartan [8]). Let G be a compact Lie

group. Then w : I*(G) - H*(BG) is an isomorphism.

Remark. We shall see below (Proposition 8.3) that for G
compact I*(G) is in principle computable. This also
computes H*{BG) for G any Lie group with a finite number
of connected components. In fact in that case G has a
maximal compact subgroup K and G/K is diffeomorphic to
some Euclidean space (see e.g. G. Hochschild [15, Chapter 15
Theorem 3.1]) so the inclusion 3 : K » G induces an iso-

morphism in homology,; hence by Proposition 7.2,
Bj* : H*(BG) - H*(BK)
is an isomorphism.

In the following G is a compact Lie group. Let G0 be

the identity component, which is a normal subgroup with G/G0

the group of components. First let us study I*(G): 1In the

following we shall identify I*(G) with the set of invariant
polynomial functions, so P € I*(G) is now what we denoted by
P in Chapter 4 Exercise 1. As mentioned before (cf. Chapter
4 Exercise 4) I* 1is a functor so in particular since G acts
on G0 by conjugation we get an induced {(right-) action of G
on I*(GO) by g v Ad(g)*. By definition G acts trivially,

0

so we have an action of G/GO on I*(G and also by definition

o)
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(8.2} I*(G) = Inv

6/c, (2" (o))

the invariant part of I*(GO) under the action by G/GO.

Now suppose G 1is connected. Then we choose a maximal
torus T € G and consider the Yeyl group W = NT/T, where
NT is the normalizer of T (for the basic properties of
maximal tori in compact Lie groups see e.g. J. F. Adams [1,
Chapter 4]). Let i : T » G be the inclusion and let 47 and
A  be the Lie algebras of G and T respectively. Clearly
I*(T) = S*{£*) and the action of W on 4( induces an action

on I*(T).

Proposition 8.3. Let G be a compact connected Lie

group and i : T » G the inclusion of a maximal torus with

Weyl group W. Then i induces an isomorphism

~

(8.4) i* : I*(G) — Inv,(I*(T)).

W

Proof. If P € I*(G) 1is an invariant polyncmial on €7
then clearly the restriction to ,¢ is invariant under the

action by W, so i*P € Ian(I*(T)).

i* injective: Suppose i*P = 0. Every element v 6,7
is contained in a maximal abelian subalgebra and since all such
are conjugate (cf. Adams [1, Corollary 4.23]) there is a

g € G such that 2ad(g)(v) € l—. Hence
P(v) = P(Ad(g)v) = 0,

that is, P = 0.

i* surjective: Suppose P 1is a homogeneous polynomial

function of degree k on 4’ and suppose P 1is invariant under

W. For v € t% choose g € G such that Ad(g)v €/¢ and
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define the function P' : f} - IR by
(8.5) P'(v) = P(Ad(g)V).
P' is well-defined. In fact suppose

t, = Ad(g1)v, t2 = Ad(gz)v

both lie in 4 . Then t, = Ad(g.g. )t

2 291
n € N(T) such that tz = Ad(n)t1 (cf. Adams [1, Lemma 4.33]);

hence P(tz) = P(t1) since P € Invw(I*(T)).

1 and then there is an

We want to show that P' is an invariant polynomial on
{7. By definition P' 1is an invariant function on §7 , that

is,
(8.6) P'(Ad(g)v) = P'(v), Vg € G, Vv € ﬁ7,

and also P' 1is clearly homogeneous of degree k, that is,

(8.7) P' () = A5pr(v), Vv 647, A€ TR.

In an appendix to this chapter we shall show that P' 1is a
Cm function on (a surprisingly non-trivial fact). Then P'
is actually a homogeneous polynomial of degree k due to the

following lemma:

Lemma 8.8. Suppose f : R"> R is a C function which

is homogeneous of degree k, that is satisfies

k n
(8.9) f(Ax) = ATf(x), Vx € IR, A € IR.
Then £ 1is a homogeneous polynomial of degree k.

Proof. Let x = (x1,...,xn) be the coordinates in IR".
Differentiating (8.9) k times with respect to A using the

chain rule and putting X = 0 vyields



a, , = ——F (0).
11.--1 11 ln

'ax1 ...axn

This proves the lemma and ends the proof of the proposition.

In view of Proposition 8.3 we shall first prove Theorem

8.1 for G = T" the n-dimensional torus, i.e.

T =T x...x T (n times)

where T1 = U(1) 4is the unit circle group in €. We shall

identify " =:m“/zn via the map

21rix1 21rixn n
exp(x1,...,xn) = (e PRPSPRRY 1 ), (X1""’Xn) € R,
. n . n n . .
Then the Lie algebra of T is ,( = IR with zero Lie
bracket, so I*(T") = 8*((R™)*) is actually identified with
the polynomial ring in the variables Kyre-orX o For n =1
A1 is identified with 4 (1) = iR < € under the map

X b 2mix and it follows that I*(T1) is the polynomial ring

in one variable x with Chern~Weil image w(x) = -c, € HZ(BT1).

Proposition 8.11. H*(BT1) is a polynomial ring in the

variable w(x) € H2(BT1) where x 1is the identity polynomial

on ,¢1 = IR.

Proof. By Proposition 6.1, H*(BT1) can be calculated
as the homology of the total complex of the double complex

AP/ w11y with
AP Ity = A%mr! (p)) = A9 (TP)

As above identify P = IRP/Zp with coordinates (x1,...x ).
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Now consider the double complex

(8.12) AP19 o APyt

H

where Ag’q is the vectorspace spanned by all dx., A...a dx.
1 jq
1 £33y <eees dgsp (so ADY o A9 (®P)). wotice that
Ag'q = 0 for p < g and that the vertical differential d"
vanishes on Ag’q. It is easy to see that the inclusion (8.12)

induces an isomorphism
AR — g9 (AP * (v 1)) .

Hence by Lemma 1.19 the inclusion (8.12) induces an isomorphism
on homology of the total complexes. It follows that
(8.13) st~ | #P(ArY)
p+g=n
so we shall calculate Hp(Ag’q) for each gq. Here
[ Tp+1 - 7P

i , 1 =0,...,p, 1is given by
(x2,...,xp+1), i=20,
ei(x1,...,xp+1) (x1, .,xi+xi+1,...,xp+1), i=1...,P,
(X1I"°1xp)l i=p+1r

p+1 p+1
(xj,...,xp+1) € IR /% .

By a straightforward calculation it is seen that
p+1 \
. _1yEox . aP/d p+l,q
8 —izo(n ef 1 AGTT o Ag

is given by

J
1 .
(8.14) S'(dx. A.o..Adx, )} = ( Z (-1)l)dx. Ae..Adx. 1 +
14 g i=0 31t Iq
j2 .
i
+ {7 (-1 )dxJ Adsz+1A...Adxj IPESERE

p+1 i
+ (7 -1 )dxj Av.on dx. .
i=3, 1 q
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Now define maps

R : A§-1’q_1 by Ag'q : T

for g=1,2,..., P =d49qt1,..., by
(8.15) R(w) = w A dx_, o € AR71ra"1
P 0
(8.16) T(o A dxp + B) = a, o A dxp + B € AP 4

o, B do not contain dxp

Then it is easily checked that R and T give chain maps

between the complexes A3_1’q_1 and A;’q, and clearly

(8.17) T o R = id.
On the other hand if we let s : 1 L oP, p=1,2,..., be
induced by
p-1
sp(x1,...,xp_1) = (X1""'Xp—1’0)’ (x1,...,xp_1) € R '

then it is easy to check that

-1\ P * _qyPH1 - ig -
(8.18) (-1)¥8 o Sp + (-1) sp+1 o 8 id RoT

on Ag'q. The details are left as an exercise. It follows that

~ - 0 P ¥ 4q
(8.19) B (A d) T POy = {
R p=gdg.
Also the generator is represented by 1 for p =g =0 and

dx1 Ao dxp for p=49g > 0. By (8.13) we now have

n 1 0 n odd
H (BT ) =

R n even
and we want to show that w(x)p + 0. For this notice that w(x)

is represented in AZ(NT1) by the curvature form Q of the

connection 6 given in NT1 by
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p p —1
6 = ) t.dy. on AY x NT (p)

. 1 1

i=0
where NT1(p) = Tp+1 =ZIRP+1/ZZP+1 has the coordinates
(yo,...,yp). Now

) )

Q= d6 = _Z dt, A dy; = 2 dt, A (dy; - dyg).
1=0 i=1

It follows that on AP «x Nf1(p)
P _ 1 _ -
Q tp.dt1 AceoA dtp A (dy1 dyo) AveoA (dyp dyo),
which is the lift of
of = tpfdt1 AeooAh At A dx, A...A dX
p 1 P

on AP «x NT1(p) since dxi = dy.

-1~ dyi, i=1,...,p, by (5.8).

Therefore w(x)p is represented in Ap’p(NT1) by IA(Qp) =
= tdx1 AceA dxp which represents + the generator in cohomology.

This ends the proof of the proposition.

Remark. Notice that S0(2) = T1 and that the classes

defined in Chapter 7 e and e are both identified in
HZ(BSO(Z),HU with =~w(x) € Hz(BT1) by (7.25) and (7.38). It
now follows from (7.24) and (7.36) that when a SO(2m)-bundle

m : E - X 1is the Whitney sum of m SO(2)-bundles then

e(E) = e(E) in H(X,R).

To prove Theorem 8.1 for G = " we now need the following

proposition:

Proposition 8.20. a) For any Lie group G, the space EG

is contractible. In particular there is a natural isomorphism

of homotopy groups

(8.21) m (BG) = om,_,(G), i=1,2,...
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b} For G and H any Lie groups the natural map
Bp1 x sz : B(G x H) » BG x BH

induced by the projections Py ¢ G x H > G, P, : G x H-H, is
a weak homotopy equivalence, in particular it induces an iso-

morphism in cohomology with any coefficients.

Proof. a) By definition EG is a quotient space of

-]

1L AP x NG(p). Define the homotopy h,  : EG - EG, s € (o,11,
p=0
by
hg ((tgrtqrenait ) (ggrerg)) =
= ((1—s,st0,...,stp),(1,g0,...,gp)).

This is easily seen to be well-defined and a contraction of EG
0

to the point ((1),(1)) € A" x G. (8.21) now clearly follows

from the homotopy sequence for the fibration EG - BG with

fibre G.

b) Py and P, clearly induce a map of principal G x H-

bundles

E(G x H) - EG x EH

B(G x H) -» BG x BH.

Since both total spaces are contractible the map B(G x H) - BG x BH
induces an isomorphism on homotopy groups by (8.21), and the
second statement follows from Whitehead's theorem (see e.g. E.

Spanier [28, Chapter 7 § 5, Theorem 9]).

Corollary 8.22. w : I*(Tn) - H*(BTn) is an isomorphism.

That is, H*(BT") is a polynomial ring in the variables
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w(xi) € H2(BTn), i=1,...,n, where xi are the canonical

generators of 1*(T") = s*((R")*) = Hi[x1,...,xn].

Proof. Obvious from the Propositions 8.11 and 8.20 to-

gether with the Kinneth theorem.

Before we proceed with the proof of Theorem 8.1 we need
a few preparations of a technical nature: Let M be an n-

dimensional manifold and let N be a compact oriented k-

dimensional manifold. Consider the projection p : M x N - M.

We shall use a homomorphism
Pyt AF(M x N) - A* TR

called integration along N. The reader will recognize the

technique from the Poincaré lemma (Lemma 1.2). First suppose
that w € Al(M x N), 1 > k, has support inside M x U, where
U 1is a coordinate neighbourhood in N with local coordinates
(x1,...,xk). Suppose furthermore that the coordinates are
chosen such that dx., A...a dx is a positive k-form with

1 k

respect to the orientation of N. Then we can write

(8.23) w = dx1 AveoA dxk Ao+ B on Mx U,
where o does not contain dx1,...,dxk and B only involves
terms containing dx1,...,dxk to a degree less than k. Then
we define p,w € Al_k(M) to be
(8.24) Py = dx, A...An dx, A o

U 1 Xk

which means that we integrate the coefficients of a as
functions of xl,...,xk. We leave it as an exercise to verify
that p,w is well-defined and that the definition of p,w

extends to all forms on M x N using a partition of unity.
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Also the following lemma is left as an exercise:

Lemma 8.25. a) p,(dw) = (-1)Xdpw, w € A*(M x N).

b) For w € A*(M x N) and uy € A*(M)

Pxlw A P*U) = (pPgw) A .

Proof of Theorem 8.1. First assume G connected and

choose a maximal compact subgroup T. Let i : T - G be the
inclusion and consider the commutative diagram

P 3
I*(G) —2—— I*(T)

(8.26) wl l w

3 %
H* (BG) —21° — H* (BT).

First notice that by functoriality W = NT/T acts on H*(BT)
and the image of Bi* 1is contained in the invariant part. In
fact for g € G let lg : G > G be the inner conjugation

X P g—1xg. Then by Lemma 5.20 N1g : NG » NG 1is simplicially
homotopic to the identity so by Cocrollary 5.17, Bmg : BG » BG
induces the identity on cohomology. Also by functoriality

w : I*¥(T) -» H*(BT) is a map of W-modules, hence (8.26) yields

the commutative diagram

() — & Inv (1 (T))

L El

(8.27) wl
Bi*

H* (BG) ——— Ian(H*(BT))

e
e =

where the upper horizontal map and right vertical map are iso-
morphisms by Proposition 8.3 and Corollary 8.22, respectively.

Therefore it is enough to show

(8.28) Bi* : H*(BG) - H*(BT) is injective.
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To prove this we consider the commutative diagram

ET/T —— EG/T

~[ }

BT —— BG

and observe that the upper horizontal map is a weak homotopy
equivalence by Proposition 8.20 a). Hence (8.28) is equivalent
to show that the map EG/T - BG induces an injective map in
cohomology. This map is the realization of the map of
simplicial manifolds i' : NG/T - NG induced by the map

Y : NG » NG given by (5.8). Here NG/T is the simplicial

manifold with
(NG/T) {p) = NG(p)/T,

where T acts by the diagonal action on the right of NG(p) =
G x...x G (p+1 times). This, however, can be identified with
the simplicial manifold N(G;G/T) where

N(G;G/T) (p) = NG(p) *x G/T

and e; : N(G,G/T) (p) » (NG/T)(p=1), 1 = 0,...,p, 1s

given by
(921---rgp,gT), i = 0,
Ei(g-l/-..,gp,gT) = (91,-..,gigi+1,...,gp,gT), i = 1,__,,p—'|
(911-..,gp_1,gpgT), i = p.

In fact the identification

(8.29) N(G;G/T) =~ NG/T

is given by the map
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(g1,...,gp,g-T) - (g1...gp'g,...,gp-g,g)T.

Under this identification the map 1i' : NG/T - NG corresponds

to the map ; : N(G,G/T) » NG given by the projection on the

first factor in NG(p) x G/T. (8.28) is therefore equivalent
to
(8.28)" T H* : HX(II NG V) = H*(]I N(G;G/T) Il ) is injective,

which is proved as follows:

We shall see below that G/T is an orientable manifold
of even dimension, say 2m, and (8.24) therefore produces a
map

*=2m

Ty ¢ AX(AP x NG(p) x G/T) ~» A (aP x NG(p))

for each p. It is easy to see that these maps preserve the

requirements in Definition 6.2 so we get a map

*=2m

T, : A*(N(G,;G/T)) - A (NG) .

Now suppose we have proved the following

Lemma 8.30. There is a 2m~form VY € Azm(N(G;G/T)) such
that
(1) ay = 0
(ii) The restriction ¥% to c/T = 20 « N(G;6/™)) (0)
satisfies y© * 0.

Jern
We can then define a map
T : A¥(N(G;G/T)) - A*(NG)

by

T(@) = T, (¥ A @), © € A¥(N(G;G/T)).
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By Lemma 8.25 a) and Lemma 8.30 (i), 1 is a chain map,

hence induces a map in cohomology

Ty ¢ H¥(IIN(G; G/T) 11 ) > H* (Il NGII) .
By Lemma 8.25 b),

T o T*(w) = T,(¥) - 0, © € A*(NG).
Here T*(W) € AO(NG) is closed, hence a constant, that is,

Tr(y) = Jf vO + 0.
G/T

It follows that T o 1* and so also T, o Il 1 li*:
H* (1l NG Il) -» H*({]I NG1l} 1is multiplication by a non-zero

constant. This shows the injectivity of |l 1 Il* and hence

proves (8.28). It remains to prove the existence of V:

Proof of Lemma 8.30. Choose an inner product on ﬁ? which

is invariant under the adjoint action of G. (This is possible

since G 1is compact). Now make a root space decomposition of

17, that is, split j7 into an orthogonal direct sum
jy =/¢ & #

and find an orthonormal basis {e1,...,e }  for s such that

2m
Ad(exp(t)), t E«f acts on # by the matrix

cos 2na1(t) -sin 2na1(t)
(8.31) 0
sin 2na1(t) cos 2“&1(t)
Ad(exp(t)) = .'cos 271 (t) ~sin 27a
0 m m
sin 2nam(t) cos Znam
where oy =,¢ - R, 1i=1,...,m, are linear forms on 4{ (for
details see e.g. Adams [1, Chapter 4]). Notice that the tangent

bundle of G/T <can be identified with the 2m-dimensional vector

(t)
(t)
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bundle

E:GXTM*G/T

which is clearly an oriented bundle with the orientation given

by the basis {e1,...,e }.

2m
Now let « : /j—»/ be the orthogonal projection and let
8 be the canconical connection in NG given by (6.12). Then

clearly

defines a connection in the principal T-bundle NG - NG/T and
let QT be the curvature form. Also consider P € Im(T)

given by the polynomial function

P(V,ee.,Vv) = (—1)m I

1

1ai(v), v 6,4 .

Then by Chern-Weil theory the 2m-form P(Q?) is a closed form
on NG/T and we let V¥ be the corresponding form on N(G;G/T)
under the identification (8.29), so clearly d¥ = 0 is
satisfied. It remains to prove (ii). Now WO = P(Q?) € Azm(G/T)
is just the Chern-Weil image of P in the principal T-bundle

G » G/T with connection eT given by

(eT)g=KO (L _1)*1 g € G,
g

and QT = deT. Unfortunately it is not so easy to calculate
J P(Qg) directly. However, as noticed above the extension
og zhe bundle G - G/T to the group S0{2m) via the adjoint
representation on M is just the tangent bundle of G/T and
it is easy to see that P(Q?) is exactly the Pfaffian form.
On the other hand it follows from (8.31) that the bundle is a

Whitney sum of SO(2)-bundles. Therefore, as remarked after
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Proposition 8.11 (cf. Exercise 2 of Chapter 7),

(8.32) P(ap) = <e(T(G/T)),[(G/T]>.

Jese
Now the right hand side of (8.32) we can compute by the formula
(7.33) for a vector field of the following form: Choose a
regular element Vo 6.4 (i.e. ai(vo) + 0 for every root

o,, i =1,...,m}) and consider the section s of the vector

1

bundle £ : G deu - G/T given by

s(gT) = (g, (id-x) o Ad(g” Dvy), g €G

where again « : 67-+4z is the orthogonal projection. Since
vy is regular s(gT) = 0 iff g € NT so s vanishes at the
finite set of points W = NT/T ¢ G/T. Now we claim that the
local index of s at g¢gT € W is +1. For this we recall the
well-known fact that the exponential map exp :Mm-> G - G/T
maps a neighbourhood of 0 € #¢ diffeomorphic onto a neighbour-

hood of {T} in G/T, so we get a local trivialization near

gT by
(g exp x,v) » v, X € As; near zero, vV C 4.

It is therefore enough to see that the map s 1A > 9%, Jiven

by

1

S(x) = (1d-k) (Ad(exp(-x))vy), v = ad(g )v, x €m,

g

is an orientation preserving diffeomorphism near 0. The
differential S, at 0 is given by §,(x) = -[x,vg] = ad(vg)(x),
X € #n . Differentiating (8.31) and taking the determinant now

gives

m
det(ad v ) = (2m)™ T

2
a, (v )" > 0
i=1 + 9
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so the local index of s at gT is +1. It follows that

J g0 = J P = 1wl > 0

G/T G/T
which proves Lemma 8.30 and finishes the proof of Theorem 8.1
for G connected.

For G a general compact group we get a diagram similar

to (8.27):

I*¥(G) ——  Inv (I*(Gy))

G/G0

~

(8.33)

H* (BG) ————— Inv H*(BGO))

6/G,"

where again the upper horizontal map is the isomorphism (8.2)

and the right vertical map is an isomorphism since G is

0
connected. Again it suffices to show that if i : GO - G is
the inclusion then
(8.34) Bi*: H*(BG) - H*(BGO) is injective.

As before, this is eguivalent to showing that
HTn* : BX(lINGII) - H*(HN(G;G/GO)II) is injective, where
1. N(G;G/Gy) » NG is defined as follows:
N(G;G/Gy) (p) = NG(p) x G/Gy
and 1 : N(G;G/GO)(p) - NG(p) is given by the projection

on the first factor. This time
T @ A*N(G;(G/GO))) - A*(NG)
is simply given by
T(p) = ) sXop, ¢ € A*(N(G;G/GO)

9€6/G, g

where Sg ¢ AP x NG (p) - AP« N(G;G/GO)(p) is given by putting
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gGO € G/G0 on the last coordinate (notice that sg is not
a simplicial map but still 1t is well-defined). Again it is
easily checked that 1 is a chain map and that Tt o i* is

multiplication by IG/GOI. Hence also T, o© N3+ is

multiplication by IG/GOI where
Ty H*(||N(G;G/G0)||) - H* (Il NG I|)

is the map induced by 1. This shows (8.34) and ends the proof

of Theorem 8.17.

Corollary 8.35. (A. Borel [3]). Let G be a compact

connected Lie group, and let i1 : T - G be the inclusion of

a maximal torus. Then Bi : BT - BG induces an isomorphism

~

H* (BG) —— Inv H* (BT) .

Proof. Obvious from the diagram (8.27).

Corollary 8.36. (i) The Chern classes of Gl(n,C)-bundles

are uniquely determined by the properties a) - d) of Theorem
7.3.

(ii) Furthermore
H* (BGl(n,C)) = H*(BU(n)) = Rlcy,....c.]

is a polynomial ring with the Chern classes Cqr--e4c, as

generators.

Proof. As noticed in Chapter 7 it is enough to consider

U(n)-bundles. Now let i : ™ S U(n) be the natural inclusion

ceagA) = '.' X1,...,An € U(1)
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and let qj P LN U(1) be the projection onto the j-th factor,

3= 1,...,n. It is well-known that ot is a maximal torus so

by Corollary 8.35
Bi* : H*(BU(n)) - H*(BT™)

is injective. That is, the Chern classes are determined by the
values on U{n)-bundles which are Whitney sums of U(1)-bundles.

Hence by (7.5) they are determined by c on U(1)-bundles.

1

This, however, is determined by (7.6) as remarked immediately

after Proposition 8.11. This proves (i).
(ii) By Corollary 8.22 H* (BT") = Hi[yl,...,yn] where
vy = (Bap*e, € 2 (BT, 5 =1,...,n and c, € W (BU(T)) is

the first Chern class. Now W is the symmetric group acting
on T by permuting the factors, i.e. W acts on H*(BTn) by
permuting Yqreeer¥p- Hence Ian(BTn) is a polynomial ring

with generators the elementary symmetric polynomials

O (yqre-ayy ), k= 1,..0,n, din y,,...,y  (see e.g. B.L. van
der Waerden [32, § 29]). However, by (7.5)
Ok(y1”"’yn) = i*ck, k=1,...,n,

which proves the corollary.

Corollary 8.37. (i) The Euler class with real coefficients

for SO(2m)-bundles is uniquely determined by the properties
i), ii), and v) of Exercise 1 e) of Chapter 7. In particular

formula (7.39) holds.

(ii) Furthermore

e

H* (BG1l (2m, ®) ) H* (BSO (2m) )

e

R(pyr---spPy €l
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is a polynomial ring with generators the first m-1 Pontrjagin

classes Pys---/P and the Euler class e.

-1

(iii) Finally

H*(BG1(2m,1R)) = H* (BO(2m))
'__‘:’ IR[P1,.--er]
is a polynomial ring in the Pontrjagin classes Pqre-erPpye

Proof. The maximal torus in SO(2m) is well-known to

be the set Tm of matrices of the form

cos 21X -sin 2mx
1 1 0
sin ZTrx1 cos 2ﬂx1
cos 271X -sin 271X
0 m m
sin 2mx cos 2TX
m m
(x1,...,xm) €Imm/Znh Again let i : Tm - S0(2m) be the

inclusion and let qj s P oo so{(2), 3 =1,...,m, Dbe the

projection on the j-th factor. As before (i) follows from the
injectivity of i* : H*(BSO(m)) - H*(BT") together with the
remark following Proposition 8,11.

(ii) Again H*(BTm) = Ez[y1,...,ym] where
yj = (qu)*e € Hz(BTm). It is easily seen (cf. Adams Example
5.17) that the Weyl group W acts on H* (BT™) by permuting
the yj's and changing the sign on an even number of the y.'s.

J
We want to determine the subring

c
A= Invw(ﬂi[y1,...,ym]) = Hz[y1,...,ym].

First notice that A has an involution 1 : A » A given by

changing the sign of Yq, S3Y. Then clearly A = A, ® A_,
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where A, and A_ are the #1 eigen spaces for 1. Notice

that

A, = Invy, (Rly,, ...,y 1)

where W' 1s the group generated by the permutations of the
yj's together with the transformations which changes the sign

of any number of the yj's. It is now easily seen that

A, = 31[01,...,0m]
_ 2 2 , . .
where Oj = oj(y1,...,ym) is the j-th elementary symmetric
polynomial in y?,...,yi. Now every element of A_ is easily

seen to be divisible by the polynomial

€= Yqor ¥Yp-

Hence
A = A+ ® A+e.
Now 62 = cm(yf,...,yi) S A+; hence
A = H2[01,...,0m_1,a].
Here Oj = (Bi)*pj, j=1,...,m, by (7.20) and (7.26), and

e = (Bi)*e by (7.24). This proves (ii).

(iii) By Theorem 8.1 and (8.2)

H*(BO(2m)) = I*(0(2m))
= InVO(Zm)/SO(Zm)(I*(So(zm)))'
Here 0(2m)/S0O(2m) = %/2 acts on I*(SO(2m)) wusing the adjoint

action of an orientation reversing orthogonal matrix. This

clearly fixes the Pontrijagin polynomials and changes the sign
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of the Pfaffian polynomial (see Chapter 4, Example 1 and 3).

Hence the invariant part of I*(SO(2m)) is the polynomial
2

ring in the variables P1,...,Pm_1 and Pf" = Pm. This proves
the corollary.

In a similar way one proves

Corollary 8.38.

(1) H*(BGl(2m+1) ") T m*(Bso(2m+1)) = Rip,seee,p,]
is a polynomial ring in the Pontrjagin classes.

(ii) H*(BGl(2m+1)) = H*(BO(2m+1)) = H*(BSO(2m+1))

= Hl[p1,...,pm].
Remark. 1In all the cases considered above H*(BG) =

= Invw(5*£4*)) is a polynomial ring. This is no coincidence.
In fact if V is any real vectorspace of dimension 1 and W
is a finite group generated by reflections in hyperplanes of V,
then Invw(S*(V*)) is a polynomial ring in 1 generators (cf.

N. Bourbaki [6, Chapitre Vv, § 5, théoréme 3]).

APPENDIX

We will in this appendix give a proof of the differentiability
of the function P! :47 - IR defined in the proof of Proposition
8.3 by the formula (8.5). First we recall some rather standard
facts from the theory of Lie groups.

In the following suppose G 1is a compact connected semi-

simple Lie group without center. Let f; be the Lie algebra and

% =/7 ®, € the complexification of 7 . Then there is a

complex analytic Lie group G (the complexification of G)

C
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and an injection j : G - GG: such that /7¢ is the Lie

algebra of G(I and 3J, : 7 - 7@ is the natural inclusion
?e 17 47¢ To see this notice that since G is

w:Lthout center : G - Gl(¢7) is injective and the image

is the connected subgroup Int(.i) s Gl(7) with Lie algebra

ad('Ay) 5 End(47) defined by
ad(?) = {ad(v) | v 67 , ad(v) (x) = [v,x], x 67 1.

c 1
We can then take GO: = Int(.47€) = Gl(47¢) the complex analytic
group with complex Lie algebra ad(47¢) 5 End(‘7¢) . Here again
47¢ - ad(7€) is an isomorphism and Jj : G ~ Gq: is given

by the composite

G -RAd , 1ney 7) - Int(7¢

In the following we shall identify G with the image in G¢.

We also need the Jordan-decomposition of elements of

7
For a complex vector space V a linear map A € End(V)

has a unique Jordan-decomposition

A =S+ N, SN = NS

with S semi-simple {(i.e. V has a basis of eigenvectors
for S) and N nilpotent (i.e. Nk = 0 for some k > 0). 1In
particular for v € c ve have a Jordan-decomposition of
ad(v) € End{ 7(2) and we have

Lemma 8.A.1. For v € /7(2 there is a unigue Jordan-
decomposition v = s + n such that adv is semi-simple, adn

is nilpotent and f{s,n] = 0

Proof. We must show that the semi-simple part of adv

(and hence also the nilpotent part) lies again in
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< . . . . .
ad(7¢) = End(7¢). Since 17@ is semi-simple ad(7¢) is
the Lie algebra of derivations of 7¢ (see e.g. S. Helgason
[14, Chapter II, Proposition 6.4]1), that is, D € End( 7¢)

lies in ad(7 ) iff
C
pix,y] = [(bx,y}! + [x,Dy] , x,y € 7@'

We must show that if D is a derivation then also the semi-
simple part is a derivation. So let D =S + N be the Jordan
decomposition. Then there is a direct sum decomposition

7‘3 = g‘) (‘f(t))\ such that (7(]:))\ is the eigenspace of S with

eigenvalue A, that is

Ajm\ = {v € A}ml (D—l)k v =0 for some k > 0O}.

That S 1is a derivation simply means that for A, u € ¢,

[2er S au) = Feown -

This, however, easily follows from the identity

k
-2a-w *x,y] = ]

« - .
PRI k0=l %y €ayp, k20,12,

0
which is proved by induction on k. This proves the lemma.

Now let T = G be a maximal torus with Lie algebra »¢ ,

a T

connected Lie group. Every element t € # is semi-simple since

let "(I = 4®]R T s .7¢ and let T s G be the corresponding

ad (t) : 47 —>17 is skew—-adjoint with respect to a G-invariant
metric. Therefore every element of /0: is semi-simple as well

and we have the root space decomposition (see e.g. Helgason {14,

Chapter III, § 41])

= 4 [+:] ] ’
7(1: € a6¢‘7ca
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where o :/‘G: - T, o € ¢, are the roots, i.e. 7&1 are

one-dimensional subspaces and

(t,x 1 = alt) - X, t E/{m, X, 67&1'

Furthermore let <1>+ € ¢ be a choice of positive roots and let

= + _ @ .
©.2.2) b =A_ o 8 e 4= 8+ e

Then both ,g«and ,6»+ are subalgebras of 7(1: since

(8.A.3) [47%,7%] c 70:(0&8)' a,B € 9.

Also let B ¢ G(E be the group with Lie algebra Z— With this

notation we now have

Lemma 8.A.4. a) /{ is a maximal abelian subalgebra of

C

¢ Furthermore every element of /é

T is semi-simple and

every element of ,@ * is nilpotent.

b) For every element v 670: there is g € Gq: such that
Ad(g)v = t+n € with t € ,¢ , n €,£+ and [t,n] = 0. Further-
more, if v E,é+, then the semi-simple part of v is conjugate
to t.

c) The inclusion NT - NT of normalizers of T and T

c C

in G and G(l‘,’ respectively, induces an isomorphism
W = NT/T ——-—-»NT(I/TG.

d) If s €//¢ and if for some g € G(E’ Ad{g)s E/c then

there exists w € NT¢ such that Ad(w)s = Ad(g)s.
Proof. a) For v € 7¢ let Vv be the complex conjugate
of v. 1If [V’/'{(E] = 0 then clearly also [V, /{c] =0 so

both the real and imaginary part Rev and Imv satisfy

[Rev,Aﬂ] = 0, [Imv,A}] =0
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so by maximality of / v = Rev +iImv = 0. This shows that /4
is a maximal abelian subalgebra. The second statement is
already proved and the last clearly follows from (8.A.3).

b) By the Iwasawa decomposition {(see e.g. Helgason [14,

Chapter VI, Theorem 6.3]) we have

(8.A.5) Gg =G - expl(i 4) - explﬁ

in particular B N G = T and the inclusion G - G¢ induces

a diffeomorphism
G/T =~ GE/B

so the Euler characteristic of GQ/B is different from zero
{cf. Adams [1, proof of Theorem 4.21}). For V'Eﬁyc we there-
fore conclude by Lefschetz' fixed point theorem that there is

an element g € G such that gB € G¢/B ig fixed under the

¢

one-parameter group of diffeomorphisms

hr : GC/B d Gw/B, r € R,

where hr(xB) = exp{rv)xB, r € IR, that is,
g_1exp(rv)g € B, Vr € 1R.

Hence Ad(g_1)v € 1;. We can therefore suppose Vv € lz, and
we write
(8.A.6) ve=t+ [ ox, tedy x, €7¢a.

a€d
Now we claim that we can change v by conjugation by elements
of B so that X, +# 0 only for af(t) = 0. In fact suppose «

is a minimal root so that both X, + 0 but a(t) ¥ 0. Then

C
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1 _ 1
Ad(exp(m XOL))V = EXp(ad(___—O.(t) XO.)) (V)
_ 1 s 1 i
v u(t)[v’xa] +.Z i!(ad(a(t) Xu))
i=2
=t + ) y
o'>a o
where o' > a means that a' - o is a positive root. Tterating
this procedure we can find b € B such that
adb)v=t+ } _ z_.
a€®+ @
o(t)=0
+
Therefore we put n = Z + 24 € jz and we clearly have
0€d
[t,n] = 0, hence Ad(b)v =t + n is the Jordan decomposition.

Notice that conjugation by b € B does not change the component
in A‘C in the decomposition (8.A.6) which proves the second
statement in b).

c) Clearly NT ¢ NT and since T, 0N G =T the map

C [0
NT/T - NTC/TG is injective. Now for g € T a regular element,

left-multiplication by g

Lg : GQ/B i GG/B

has a fixed point for every element in NTQ/NTCH B. Therefore

the composite

NT/T - NTQ/TQ - NTQ/ NT¢ N B

is a bijection so it remains to show that TG = NT(E n B. This,

however, is trivial from the fact that every element of B 1is

of the form a - exp(n) with a € T and n €ZZ+. This ends

the proof of c).

a) Let s e/a and g € G. with Ad(g)s = t e/w.

C
Consider the Lie algebra
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I a1 Lvie] = 0}
and let D ¢ G(L‘ be the associated connected subgroup of GGZ'
Then clearly ,Jr(r c 2 and also Ad(g) 'I(L = ) since for

X € /
C
[ad(g) (x),t] = [x,s] = 0.

Also 'lﬁi and hence Ad{(qg) /q: are Cartan subalgebras (i.e. a

nilpotent algebra with itself as normalizer). Hence by the

conjugacy theorem (see e.g. J. P. Serre [25, Chapitre III,

Théoreéme 2}) there exists a d € D such that

Ad(g) 4¢ = Ad(d) ,lc.

1

Hence & g € NT and Ad(d_1g)s = ad{(d)t = t. This ends the

C
proof of the lemma.

After these preparations we now return to the proof of the
differentiability of P' : 7—» IR in the proof of Proposition
8.3. Recall that ,7 is the Lie algebra of a compact connected
Lie group G with maximal torus T and P 1is a homogeneous
polynomial of degree k on the Lie algebra /‘ of T. P! :,47» R

is defined by the formula
P'(v) = P(ad(g)v) where Ad(g)v € //’ for some g € G.

We shall show that P' extends to a complex analytic function

P('n on 7@.

Since G 1is compact 7 = 3/ ] 7' where

}= {v€7l (v,x] =0 Vx€7}

is the center and 47' is a semi-simple ideal (see Helgason

[14, Chapter II, Proposition 6.6]). Furthermore, if 2 ¢ G
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is the center of G then 47' is naturally identified with
the Lie algebra of the group G' = G/Z. Clearly the adjoint

representation factors through G' and
Ad(g) (z+v) = z + Ad(g")v, =z €; , Vv €7', g € G,

where g' = gZ € G'. Also T' = T/Z is a maximal torus in G’
and /4= ;/ o 4[1 7' where ,/n ' is the Lie algebra of T'.
Notice that G' 1is a compact semi-simple Lie group without
center. Therefore we shall restrict to the case where G is
semi-simple without center. The reader will have no difficulties
in extending the arguments to the general case.

The homogeneous polynomial P :,/ - IR clearly extends to

a complex homogeneous polynomial P(t : ’¢(1‘ - € and obviously
Pq: is invariant under the adjoint action of NT(E by Lemma

8.A.4 c¢) and the invariance of P under the action by W on /Z .
Now define P(': : c> ¢ as follows:

For v 67(1: choocse g € G(I such that

Ad(g)v = £t + n
as in Lemma 8.A.4 b), and put
) —
P¢(v) = PG(t)'

Then this is clearly well-defined by the uniqueness of the Jordan-

decomposition and Lemma 8.A.4 d). Clearly also P&:l = P'.
First we show that P('I : 70: -» ¢ 1is continuous: For this

let 1w &—» j(t be the projection in the decomposition

,@= ‘(I: o g.+ and notice that if Ad(g)v = t + n as above

then we can write g =u - b, u € G, b € B by (8.A.5) and then

1

Ad(u)v = Ad(b ) (t+n) = t + n', with n' € ¢£+.
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It follows that

(8.2.7) Pé(v) = (m(Ad(u)v))

P¢
and by the second part of Lemma 8.A.4 b) this equation holds for

any u € G such that ad(u)v Ef&.

To show that Pé is continuous it suffices to show that

whenever a sequence {vk}, k=1,2,..., converges to v, then

there is a subsequence {v, } such that PlL(v, ) - P&(v). Now

k C k.
i

i
choose Uy € G such that Ad(uk)vk €1g . Since G 1is compact

we can assume by taking a subsequence that u converges to u,

k
say. Hence Ad(uk)vk - Ad{u)v and so

P&(vk) = Pm(ﬂ(Ad(uk)vk)) - Pm(ﬂ(Ad(u)v)) = P&(v).

To see that P& is actually complex analytic it suffices

by the Riemann removable singularity theorem (cf. R. C. Gunning

and H. Rossi [13, Chapter 1, § C, Theorem 3]) to show that it
is complex analytic outside a closed algebraic set S S fZC'

For this consider the complex analytic mapping

Fos Ge/Tg * Ag ”7«:

defined by

Flg,t) = ad(e)t, t €y, g€ Gy

and notice that Pé(F(g,t)) = Pc(t). It follows that P'(D is
analytic near points v = Ad(g)t for which F is non-singular
at (g,t). Now it is easy to see that F is singular at (g,t)
only if t is singular in the sense that the kernel of

ad(t) : j7¢ »,?7c is strictly bigger than AZC‘ Now let

1l = dJ.mc IC and let S c ch be the set
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s = {v EA}C | the semi-simple part s of v

satisfies dim(ker ad(s)) > 1}

Notice that if v 670: - S8 then by Lemma 8.A.4 b), v is
actually semi-simple so by the above P('E is complex analytic
near vVv. It remains to show that S is an algebraic subset

different from Aycz For this let
a,(v) + a, (V)X +...+ a_(n))" = det(ad(v)-21), n = dimg I
be the characteristic polynomial of adv. Then clearly
S = {v Gyc lagv) =...= a;(v) = 0}
which is obviously a closed algebraic set and since
Agn s= U kera + £,
a€d

there exist elements outside S. This finishes the proof of

the complex analyticity of P! and ends the proof of Proposition

C
8.3.



9. Applications to flat bundles

Again let G be an arbitrary Lie group with finitely many
components. In Chapter 3 we called a connection in a principal
differentiable G-bundle flat if the curvature form vanishes and
we showed (Corollary 3.22) that this is equivalent to having a
set of trivializations with constant transition functions, i.e.
the bundle has a reduction to the group Gd' the underlying
discrete group of G. This last condition of course also makes
sense for topological G-bundles, so we shall take this as the
definition of a flat G-bundle in general. Then by Theorem 5.5
the characteristic classes with coefficients in a ring A are
in one-to-one correspondence with the elements of H*(BGd,A).
Let j : Gd -+ G Dbe the natural map (actually the identity map)
with corresponding map Bj : BGd - BG of classifying spaces.

The following proposition is obvious frém Theorem 6.13 d):

Proposition 9.1. The following composite maps are zerxo
) w Bj*

(1) I1*{(G) —————— H*(BG,R) ——— H*(BGd,]R),

. w Bj*

(ii) 1%(6) - H*(BG,C) ———— H*(BGy,C) -

Corollary 9.2. a) The Chern classes with real coefficients
of flat Gl(n,€)-bundles are zero.
b) The Pontrjagin classes with real coefficients of flat

Gl (n,IR)~bundles are zero.

From a differential geometric point of view these are just
trivial remarks. However, a direct proof of Corollary 9.2 from
the usual topological definitions of Chern classes is really not

so easy. For this as well as for the general subject of this
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chapter see F. W. Kamber and Ph. Tondeur [16, especially Chapter
4] and alsc [16al. (See also Exercise 3 below, and for a complete-
ly different point of view A. Grothendieck [12]).

Notice that if G is compact then by Theorem 8.1 we
conclude that Bj*: H*(BG,R) - H*(BGd,BU is zero. However,
for G non-compact w : I*(G) - H*(BG,IR) is in general not
surjective and BJj* need not be zero. For example J. Milnor
has shown that there exist flat §81(2,IR)-bundles with non-zero
Euler class (see J. Milnor [22], or Exercise 2 below). On the
other hand we shall see that the image of Bj* only depends on
G/K where K € G is a maximal compact subgroup. In the
following we fix a choice of K. Since Gd is a discrete group
H*(BGd,HU has an explicit algebraic description. In fact for
I any discrete group the nerve NI is a discrete simplicial
set and by Proposition 5.15, H*(BI,IR) is the homology of the
complex C*(NII) where a g-cochain is a function ¢ : I x...x T » R

(g factors of 1N) and where the coboundary & is given by

(9.3) 6(c)(x1,...,xq+1) = c(xz,...,xq+1) +
i
+ i£1(_1) c(x1,...,xixi+1,...,xq+1) +
+1
+ (—1)q c(x1,...,xq), x1,...,xq+1 € 1.

The homology of this complex is known as the Eilenberg-MacLane
group cohomology of II. In this chapter we shall study Bj* by
giving an explicit description of the composite map

w Bj* *
{9.4) I*(K) > H*(BK,R) < H*(BG,R) —> H*(BGy, R) = H(C*NG,).

This is done in two steps:

Step I. By Chern-Weil theory P € Il(K) defines a closed
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G-invariant 2l1-form on G/K.

Step II. Using the contractibility of G/K we define for

any closed G-invariant g-form on G/K a g-cocycle in C*NGd.

Step I. Let ﬁ} and A4 be the Lie algebras of G and K,
respectively. Choose an inner product in €7 which is invariant
under the adjoint action of K, and let « u? - AL be the
orthogonal projection onto 42 . By left-translation «k defines
a 1-form eK € A1(G,4£) which clearly defines a connection in
the principal K-bundle G -» G/K. Let QK be the associated
curvature form. Then by Chern-Weil theory P € Il(K) defines
a closed 21~form P(Qi) on G/K. Notice that since eK by
definition is invariant under the left G-action also QK and

hence P(Qé) are G-invariant, where again G acts on the left

on G and G/K.
Step II. For this we introduce the following

Definition 9.5. A filling of G/K is a family of C°

singular simplices

JCPVRRRNE- I AP S gk, 9yr-narg, €6 P = 0,12,

(so for p=0 o(@) = 0 is some "base point", usually o¢ = {K})

such that for p =1,2,...,

Lg1 o c(gz,...,gp), i=20,
(9.6) 9(gqsneigy) O et = O(Gqreer93Gy qreegp)s 0 <1 <P,
0(911---lgp_»])r i=p,
(Here Lg : G/K - G/K as usually is given by Lg (gKR)} = g1gK).
1 1

Lemma 9.7. There exist explicit fillings of. G/K.
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Proof. Let o¢ = {K} € G/K be the base point and let
hS : G/K » G/K, s € [0,1] be a C contraction of G/K to

o, that is, ho(x) =0 Vx € G/K and h1 = id (this can be
explicitly constructed using the exponential map, cf. the
reference given in the remark following Theorem 8.1). We can
assume that hs is constantly equal to ¢ for s near zero
by replacing h_ by hd(s)’ where & : [0,1] » [0,1] 1is a
non-decreasing ¢® function with 6(1) =1 and 6&(s) = 0
for s near zero.

Now we define o(g1,...,gp) inductively as follows: For

1 0(91) : A1 - G/K 1is given by

p=0 o(@) =0 and for p
0(g1)(t0,t1) = ht (q10).
1

For p > 1 consider AP  as the cone on the face spanned by

p+1

{e1,...,ep} c R Then the restriction of o(g1,...,gp) to

that face must be given by Lg 0 c(gz,...,gp), and we extend

1
this map to the cone using the contraction hs' Explicitly

(9-8) 0(911---lgp) (tor---rtp) =

= h1_t0[g10(92,---,gp) (t/C1=tg) ot /(- ) 1

It is now straightforward to check (9.6) inductively.

The merit of a filling ¢ of G/K is that it enables us
to construct explicit Eilenberg-MacLane cochains: Consider the
subcomplex InvG(A*(G/K)) of the de Rham complex A* (G/K)
consisting of G-invariant forms (where the G-action is induced

by the left G-action on G/K). Define the map
. *
J = InvG(A*(G/K)) -+ C (NGd)

by
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(9.9) J(w)(g1:---,gp) = JAP 0(91,---:gp)*w,

Gyreei9, € G, v € AP(G/R), p = 0,1,2,..

P

Proposition 9.10. a) J 1is a chain map.

b} The induced map on homology

Je ¢ H(InVGA*(G/K)) - H(C*(NGd)) = H*(BGd,HU

is independent of the choice of filling.
Proof. a) By Stoke's theorem and (9.6)

= *
J(dw)(g1,...,gp+1) JAP+1 0(911-.-1gp+1) dw

|
—
(=
o)
Q
a
N

*
,9p+1)] w +
+ 21(-1) JAP 0(91,...,gigi+1,...,gp+1) w o+

*
JAP 0<g1l---lgp) w

= 8(J(w))(gq,.-. )

'gp+1

since L* w = w.
91

b) We give an alternative description of J,: Consider the

map of simplicial manifolds

Y : N(G4;G/K) - NG4
where

N(G4i6/K) (p) = NG4(p) x G/K

and the face operators are given by

(92,---rgp,gK): i=0,
Ei(g1t-~‘rgprgK) = (g1r'--rgigi+1I-'-rgpng)r 0 < i <p,
(91,...,gp_1,gqu), i=p.
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~

Y 1is Jjust given by the projection onto the first factor. (Cf.
the proof of Theorem 8.1. The realization of Y is the fibre

bundle with fibre G/K associated to EG, - BG,. Notice

Yoy f T a
that if ¢ is a filling of G/K then the family

L - 0 0{g,,...,9_) : AP*G/Krgr---:g €GIP=OI1I21"'I
1 1 p 1 P
(g1...g )

b
defines a section of |l Y !l which explains the definition).
Now if w € Aq(G/K) is an invariant form then the corresponding
family of forms on AP « NGd(p) x G/K, p=0,1,..., induced by
the projections onto G/K, defines an element o € Aq(N(Gd;G/K)).
Clearly du = dw, so we have an induced map on homology

T H(Inv, A*(G/K)) - H(A*(N(G4;G/K))). On the other hand, since

G/K 1is contractible

¥ : N(GgiG/K) - NG4

induces an isomorphism in de Rham cohomology by Lemma 5.16 and

Theorem 6.4. Hence the composite map

H(Inv, A*(G/K)) —— H(A*(N(G4;G/K)))

~

= ?*

H(A* (NG,)) L m(c*Gy)

is canonically defined (i.e. without a choice of filling) and
we claim that this is just J, 1In fact given a filling ¢ we

get an explicit inverse to ?*
G* : A*(N(G4qiG/K)) - A*(NGy)

where 0 : AP « NGd(p) > AP NGd(p) x G/K, p=0,1,2,..., 1is

given by

~ _ -1
O(t,(gor---rgp)) = (tr(gOI-'-rgp)l(g1---g ) 0(91,---,gp) ()

P

t € AP, 9yreeergy €GP = 041,2,...
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Then obviously for w € InvGAp(G/K)

I(S*G)(g1,...,gp) = J p[L( 1 © (g seae,9 ) 1F0
A

P
g1...gp)

= J'Apcr(gw...,gp)'w = J(w) (g1l"‘lgp)~

This proves the proposition.

Remark. In the proof of Lemma 9.7 we replaced the contraction

h by the contraction h

s where &6(s) = 0 for s near zero

§(s)
in order to be able to define the C map o(g1,...,gp) on all
of AP. on the other hand the inductive construction (9.8) using
the original contraction makes sense on the open simplex and the
corresponding change of parameter does not affect the value of

the integral (9.9). In particular let us describe hS explicit~-
ly for the case where G 1is semisimple with finite center: Then
we can choose a Cartan decompositien j7 =A£ $;$, {see Helgason
[14, Chapter 3, § 7]) and the map ©® = T o exp :jg - G/K (where
m : G- G/K 1is the projection and exp :jy - G the exponential

map) is a diffeomorphism (see Helgason [14, Chapter 6, Theorem 1.11).

Therefore we get a contraction defined by
(9.11) h(x) = o(so '(x)), x € G/K, s € [0,1].

The curves s &= hs(x) are geodesics with respect to a G-invariant
Riemannian metric on G/K and we shall therefore refer to the
corresponding filling defined inductively by (9.8) as the filling

by geodesic simplices.

We can now describe the composite map (9.4):

Theorem 9.12. For P € Il(K) the image under

21 =

Bj*: H*(BG,R) - H*(BGy,R) of w(P) € H°T(BK,R) t

H2 (BG, R)

is represented in HZl(C*(NGd)) by the Eilenberg-MacLane cochain
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J(P(2g)), where PB(Qy) € InvG(AZI(G/K)) is defined in step I

above and J 1is given by (9.9). That is,
1
(9.13)  Bi* W(P))(gqr+v-rgyy) = JAZlO(gT""’gZI)*P(QK)
where ¢ 1is a filling of G/K.

Proof. Let i : K<+ G be the inclusion and consider the
commutative diagram of simplicial manifolds

~ —

N(G4;G/K) —3I— NG/K Nl NR/x
9.14 ~ ~
S N N T

N(Gy) NJ NG D nx

where ? : NGd(p) x G/K » NG(p)/K 1is given by

j(g»] re e /gpng) = (g—] . "qul' . 'Igpglg)K‘

In the diagram (9.14) all maps except ? and NJj induce iso-

morphisms in de Rham cohomology. Therefore we shall calculate

Ix o (ND)*7' & H(A* (NK)) - H(A* (N(Gy4;G/K))) -

For this let « :jz a«év be the orthogonal projection as in step 1
and let 6 be the canonical connection in NG - NG given by
(6.12). Then SK =k 0 6 1is a connection in the principal K-
bundle NG - NG/K and we let 2y be the curvature form. Notice
that the restriction of 6, and ©, to NG(0) = G are
obviously the connection and curvature forms defined in step I

above. For P € Il(K), (NI)*—1W(P) € HZl(A*(NE/K)) is clearly

represented by the form P(Qi) € A21(N§/K) . It follows that

T* o D * w(p) € m2a* (G 6/K)))

is represented by the form P(Qi) where now P(Qi) € Azl(G/K)
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denotes the G-invariant form defined in step I and where
w € A*(N(Gd;G/K)) for w € InvGA*(G/K) is the associated

simplicial form as in the proof of Proposition 9.10 b}. There-

fore it follows from the diagram (9.14) that P(Qé) represents
TH3) i) * 7T W (P)) € H(A* (N(G4i6/K)))

and the theorem follows from the description of J, given in

the proof of Proposition 9.10 b).

As an example we shall now study Theorem 9.12 in the case
G = Sp(2n,R), the real symplectic group. This is the subgroup
of non-singular matrices g € Gl(2n,R) such that thg =J

where tg is the transpose of g and J is the matrix

(o 1)

J‘<-1 0/
Here the maximal compact subgroup is K = G N 0(2n) (g € O0(2n)
iff g tg = 1) which is isomorphic to the unitary group U(n)

(equivalently U(n) E Sp(2n,R) is the subgroup of elements
commuting with J). The first class to study is therefore the

first Chern-class € HZ(BU(n),HU. First some notation:

S
Let P(2n,R) =

Gl(2n,R) Dbe the set of positive definite
symmetric matrices. Let M(2n,IR) be the set of all 2n x 2n
matrices and S(2n,IR) = M(2n,1R) the set of symmetric matrices.

Then the exponential map exp : S(2n,R) - P(2n,IR) is a

diffeomorphism with inverse log. We then have

Theorem 9.15. The image (Bj)*c, € HZ(BSp(Zn,IR)d;]R) of

the first Chern class is represented by the cochain
1 L t t -s,-1 t
$ % = -
(9.16) (Bi*cy) (94.95) = - 7= Jotr(Jf 9,9,+(g,79,) 71 logg,7g,)ds

where tr means trace.
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Remark. Notice that tg1q1 + (gztgz)—s is a positive
definite symmetric matrix hence invertible, so the right hand

side is well-defined.

Before proving Theorem 9.15 let us specialize to the case

n=1. Then G = Sp(2,R) = S1(2,R) the group of 2 x 2
matrices of determinant 1. Here KX = S0(2) and 4 equals
the Euler class e € HZ(BSO(Z),HH. For 94:9, € G write

t -1y 0
9, 9, = k (0 y_1)k, y > 0, k € s0(2),

and

b
-1t 2 2 _
k q1g1k = (b d)’ ad - b“ =1, a,d > 0.

It is easy to see that (9.16) then reduces to

1 N
) _ gy _ b dt
(B3*e) (91,9,) = 75 { Ll - % J 3
0 dy “+ay +2 0 at"+2t+d
_Af T+ay) _ {1+a\]
= 21rLArc tan( 5 / Arc tan\—B—/
(and equal to zero for b = 0). Notice that the numerical value
satisfies
(9.17) | (Bj*e) ( e - 221
: J 91192 2t 2 1

(This inequality can also be deduced directly from Theorem 9.12;
see Exercise 2 below). This has the following consequence due

to J. Milnor [22]:

Corollary 9.18. Let & : E - Xh be a flat S1(2,1R)-bundle

over an oriented surface Xh of genus h > 1. Then the Euler

class e(E) satisfies

(9.19) l<e(E),[Xh]>| < h.
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Proof. We first need some well-known facts about the
topology of surfaces. Xh can be constructed as a 4h-polygon
with pairwise identifications of the sides xivxi as on the

figure

Here the sides yreoerXyy give generators of the fundamental

group I with the single relation

X xx0 oLk L
1 *+¥2h-1%2n

271 72 T

Furthermore the universal covering is contractible (see reference

in Exercise 2 €) below). We can now define a continuous map

£ : BI' » Xh as follows: For x € T choose a word in the

generators XprewarXyy representing x and map A1 x X C A1 x T

into the corresponding curve in the polygon. Now extend the map
over the skeletons of BI' using the fact that the homotopy
groups ﬂi(xh) =0 for i > 1. Clearly £ is a homotopy
equivalence by Whitehead's theorem. 1In particular the homology

with integral coefficients of X is isomorphic to the homology

h
of the complex C,NT'. Hence H,(C,NI)

~

Z and we claim that
the generator is represented by the chain 2z € CZ(NT) defined
by

-1

-1
Xy e Xopr¥op-1) ¥

-~ -1
z = (x1,x2) + (x1x2,x11) +...F (x1x2x1

LD = g 01 - (x5,%5 ) +eout (1,1)

-1
(X3h=-17%¥2n-1)
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which is easily checked to be a cycle. 1In fact £,z € C*(Xh)
is the sum of all the (4h-2) 2-simplices in the triangulation
shown in the above figure plus some degenerate simplices.

Now any flat S1(2,IR)-bundle £ «+ E » BI' is induced by
a map Bo : Bl - le(ZIR)d where o : T -» S1(2,IR) is a

homomorphism (see Exercise 1 below). It follows that
<e(E) ,z> = <Bj*e,Ba,z>.

Now it is easy to see from (9.16) that a simplex of the form
(x,x—q) contribute zerc {since in this case the integrand is
the trace of the product of a skew-symmetric and a symmetric
matrix). Therefore the right hand side consists of 4h-2
terms each of which numerically contribute with less than 1/4.

This proves the corollary.

Proof of Theorem 9.15. It is straightforward to check that

G = Sp(2n,IR) is semi-simple so we can apply Theorem 9.12 using
the filling o by geodesic simplices. First let us reduce the
number of integration variables:

In general for G semi-simple with maximal compact group K

and Cartan decomposition fj =4L $;{ we have the diffeomorphism
Y = T o exp ::;' - G/K
as in the remark following Proposition 9.11. Therefore

1 = exXp o w—1 : G/K » G 1is an embedding such that the diagram

G/K - G
id T
G/K

commutes. Then we have

Lemma 9.20. For P € I1(K) and 91/9, € G,
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(9.21) J(R(R))(g,,9,) = J 1*P(0,)
p(g4+9,)
where p(g1,g2) is the geodesic curve in G/K from 940 to
9,950 (that is, p(g,,9,) (s} = g,0(s0  (g,0)), s € [0,1]).
Proof. P(QK) considered as a form on G is actually exact;
in fact P([GK,GK]) = 0 since P 1is K-invariant, hence by (3.14)
P(QK) = d(P(GK)) on G
and so
(9.22) P(QK) = d(l*P(eK)) on G/K.
Now by (9.8) the geodesic 2-simplex 0(g1,g2) : AZ - G/K 1is given
by
(9.23) 0(91,92)(t0,t1,t2) = ht e 9qhy /(t.+t )(gzo))
1 2 2 1 2
where h_(x) = w(sw-1(x)), x € G/K, s € [0,1]. Notice that 6,

vanishes on the tangent fields along any curve of the form
s € [0,1], and since 1 o 0(g1,g2) o e, 1=

form we conclude from (9.22)

J(P(QK))(g1,gz)

which is just (9.21).

Now for

17 =/y(2n,nu
/’/(2n,]R) = {x

The Lie algebra /é = 4(n)

4 (n) = {x = (C

G = Sp(2n,R)

is contained in

exp(sv),
1,2, 1is of this

that

= JAZ 0(g1,92)*d(1*P(8K))

JA1 (o(g1,g2) 0 60)*1*P(9K)

S Gl(2n,IR), the Lie algebra

M(2n, IR} as the set of matrices

A B
t. _ ty _
(c _tA>‘ c=c¢c, B= B}.

of K = U(n)

—C>|tc =c, ta-= —A}

is the subspace

A
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with complement in %}AZn,nu:
A B
= - ta = th o
y—{A—(B _A>|A—A, B—B}.
A:(n) is identified with the vectorspace of Hermitian n x n

complex matrices (as in Example 5 of Chapter 4) by letting

.. (A -Cy

C A/

correspond to £ = A + iC. In this notation the first Chern
class 4 € HZ(BU(n),EU is given by the Chern-Weil image of

the linear form P € 11(U(n)) given by
-l 2y =~ = -1 ”
(9.24) P(X) = T tr(X) = 57 tr(C) = in tr{(JX), X € #(nj.

Now G/K is identified with G 0 P(2n,IR) via the map

Wt G/K - Gl(2n,IR) given by
t
u(gK) =g g9, 9gE€G

(see G. Mostow [23, p. 20]). Under this identification the

embedding 1 : G/K » G above is given by

L
1{p) = p%, p€GNP(2nMR).
Also if p = p(s), s € [0,1), 4is a curve in G n P(2n;IR)
let 5 denote the derivative, i.e. the tangent vector field

along p.

Notice that the projection « :¢ay(2n)-+42(n) is given by
_ t
K(X) = ¥(X - "X), X€/7(2n).

For P € 11(U(n)) given by (9.24) above the form 1*P(6K)
therefore takes the following form along a curve p = p(s},

s € [0,1)], in G n P(2n,IR):
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VR (6,) (3) =g tr(@(r i - BTy, 1= ot
But tr(3T(r7 ) = tr(r ttn) =-tr@ Y so
(9.25) 1¥P(8_) (D) =L tr(JT_1i) T = o;2
: K 41 ! :

Now suppose p 1is a geodesic in G n P(2n,1R), that is,

p(s) = T, exp(sY)TO, s € [0,1], ¥ €y ,

T, € G N P(2n,R).

0
Then

(9.26) o7l = e = py7!

5 YT, 5(0) = 0

is a constant in 7/ . On the other hand, if we write p(s) =
= exp(Z(s)), Z(s) Ejf , s € [0,11, then (see Helgason [14,

Chapter II, Theorem 1.71):

-1, _ l-exp(-ad 2) -
p o = 33 7 (2)

Z
1-exp(-ad 3) :
) (———2) (&)

ad%

ol =3

= (1 + exp(-ad

1.

= (1 + exp(~ad %)) < 'y,

N

where again 1 Hence by (9.26)

1]
o
N

= exp
1, z. . -1
tr(Jt 1) = tr(J(1 + exp(-ad 5)) Q).

Now since 72 € S(2n,IR), ad 2 is a self adjoint transformation

of M(2n,IR) with respect to the inner product
<a,B> = tr(taB) = tr(ats).

Therefore
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tr(Jt 1) 1

~<J, (1 +exp(-ad%)f-(Q)>

<(1+exp(- ad%))—1(J) Q>

Now it is easy to see that (ad %)k(J) = ZkJ; hence

!

1- 1

tr(Jt 1) = -<{1+exp(-2)) 'J,Q>
= tr(J(1 +exp(-2)) Q)
—tr @+ 0 0.

Finally let p = p(s), s € [0,1], be the geodesic curve from
t t_ t X
g1o =9, 94 to g1g20 = g1g2 9y 9qr that is,

pis) = 91(92tg2)s tg1, s€ [0,1).

Then p(0) = g4 log (gztgz) and we conclude

-1 _ t -1 t -5 =17-1 t =1 t t
tr(Jt ‘1) (s) = tr(Jl1+ 94 (g2 g2) 94 ] 94 log (92 g2) 91)

-1 t -1

-s -1 t
s 94 ] 94 log (g2 92)

]

- -1, t
tr(Jg11 [1+tg11 (9,9,

tr(J[tg1g1 + (gztgz)_s]_1 log (gztgz))

since tglJ = Jg;1. Theorem 9.15 now clearly follows from Theorem

9.12 together with (9.21) and (9.25).

Remark. It would be interesting to know if the expression

in (9.16) is bounded also for n > 1.

Exercise 1. Let X be a connected locally path-connected
and semi-locally 1-connected topological space so that it has a
universal covering space T : ¥ - X. Let I be the fundamental
group of X and let G be any Lie group.

a) Suppose o : I » G is a homomorphism. Show that
mT: X=X is a principal T-bundle (therefore called a principal

I'-covering) and that the associated extension to a principal G-
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bundle LW Ea - X 1is a flat G-bundle.

b) Suppose T = {1} so that X = X is simply connected.
Show that every flat G-bundle is trivial. (Hint: Observe that
the corresponding Gd—bundle is a covering space of X).
c) Show that in general every flat G-bundle on X is

the extension of 7 : X » X to G relative to some homomorphism

o ¢ ' -» G.

Exercise 2. Let G be a Lie group with finitely many
components and let o : I' = G be a homomorphism from a discrete
group. Let K 5 G be a maximal compact subgroup.

For w € InVGA*(G/K), the element J,w € H*(BGd,EU,
defines a characteristic class for flat G-bundles.

a) Let T : M- M be a differentiable principal TI'-covering
and let Ty ° Ea -+ M be the corresponding flat G-bundle (see
Exercise 1a} and let Fa : M er/K - M be the associated fibre-
bundle with fibre G/K. Show that Fa induces an isomorphism
in cohomology and that the pull-back T*(J,(w)(E))) € H* (M x. G/K,R)
of the characteristic class J,(w) € H*(M,R) is represented in
A*(ﬁ Xp G/K) by the unique form whose lift to M x G/K

is just w pulled back under the projection M x G/K - G/X.

b) Now suppose o : I - G 1is the inclusion of a discrete
subgroup such that 1w : G/K - T'\G/K = MF is the covering space
of a manifold (this is actually the case provided T 1is discrete
and torsion free). Again let na : Ea - Mr be the associated
flat G-bundle (first change the left T-action on G/K to a
right action by xg = g_1x for x € G/K, g € T). Show that
J*(w)(Eu) € H*(MF,HU is represented in A*(MF) by the unique
form » whose lift to G/K is just w. (Hint: Observe that
the diagonal G/K - G/K x G/K induces a section of the bundle

FO‘ : T\ (G/K x G/K) ~» M).
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c) Again consider G, ' and K as in b) and show that

21(M )

for P € Il(K), w(P)(Ea) € Hzl(Mr,HU is represented in A r

by the form P(Qi)“ where QK is the curvature form of the

connection given in step I. (Hint: Either use b) or give a

direct proof by observing that LW Eu - MF is the extension

to G of the principal X-bundle T \G - I'\G/K). 1In particular,

for dim G/K = 2k,
k k
(9.27) <w(P) (E ), [MF]> = J P(Qp), for all P € I (K).
M
r
d) Let P F1 -» G and o, * FZ - G be homomorphisms

where F1 and F2 are the fundamental groups of two 2k-

dimensional compact manifolds M, and M, and let LI Ea -
1 1
and LIV Eu - M2 be the corresponding flat G-bundles. Show
2 2
the Hirzebruch proporticnality principle:
There is a real constant c(u1,a2) such that
(9.28) <w(P)(Ea1),[M1]> = c(a1,a2)<W(P)(Ea2),[M2]>

for all P € TX(K).

Furthermore, if F1 and Fz are discrete subgroups of G and

Mi = Mri, i=1,2, as in b) above then c(a1,a2)
= voL(MF )/voZ(Mr ) where M., , i = 1,2, are given the

1 2 Ty

Riemannian metrics induced from a left invariant metric on G/K
(which exists since jy has an inner product which is invariant
under the adjoint action by K).

e) Now consider G = PS1(2,IR) = S1(2,R)/ {z1}. G acts

by isometries on the Poincaré upper halfplane
H={z=x+4iy € Cly > 0}
with Riemannian metric

~-%(dx ® dx + dy ® dy).
Y
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The action is given by

z2 +—— (az + b)/(cz + 4), z € C

for

a b
g = ( d) € S1{(2,R).

The isotropy subgroup at i is K = S0(2)/{*1} so we identify
G/K with H. Here the Lie algebras are
b

v =M(2,IR) = {C _a> | a,b,c € IR}
/é=4r(2) = {(2 —c)lc € m}.

0

Let « : 4i-+ 44 be the projection «(X) = %(X—tx), X € %Z(Z,HQ,

and let P € I1(K) be the polynomial such that v*P = Pf

where Vv : SO(2) -» K 1is the projection and Pf € I1(SO(2)) is
the Pfaffian.

i) Show that
(9.29) P(R.) = - v
) K 4w

where v is the volume form on H.

It is well-known from non-Euclidean geometry (see e.g.

C.

|

Siegel [27, Chapter 3]) that there exist discrete subgroups

r

mn

G acting discontinuously on #H with quotient T\H a
surface of genus, say h. In fact the fundamental domain of
' is a non~Euclidean polygon with 4h sides.

ii) Check using the fact that the area of a non-Euclidean
triangle AABC is w -4 A -4B -4C, that the Euler

characteristic of F\\H is
x(T\H) = 2(1-h).

(Hint: Observe first that the principal S0(2)-tangent bundle

of G/K is the extension to S0(2) of the principal K-bundle
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G » G/K relative to the adjoint representation of K on the
subspace f = ker(x) S /Z(Z,IR) ).
iii) Show that the inequality {(9.17) follows from (9.29}.
iv) Let T ¢ G with T\ H a surface of genus h as
above and let o : T*e<»Sl(2,IR) be the inclusion of the
inverse image of T S G. Let Ty * Ea - T\H be the associated

flat S1(2,IR) bundle. Show that
(9.30) <e(Ea),[F\ Hl> = h = 1.

Exercise 3. In this exercise we shall make a refinement
of Corollary 9.2 using the topological definition of Chern
classes as obstruction classes (see N. Steenrod [30, § 411).

In general let G be a Lie group and F a manifold with
a differentiable left G-action G x F » F. For q > 0 define

a g-filling of F +to be a family of c” singular simplices

0(91,---,gp) : AP - F, 91,---rgp € G, p=20,1,2,...,49,

such that (9.6) is satisfied for p < g.
a) Show that g~fillings exist if F is (g-1)-connected
and that two g-fillings are homotopic (in the obvious sense) if
F 1is g-connected.
b) Now suppose F 1is (g-1)-connected with g-filling o
and let w € InvG(Aq(F,m)) be a closed complex valued G-invariant
form representing an integral class (i.e. a class in the image
of the inclusion Hq(F,ZU [= Hq(F,c)). Define the cochain

s(w) € ctNGy,e/m) by

9.31 P = P *
( ) s (w) (g, gq) JAq o(g, gq) w

and show
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i) s(w) is a cocycle, hence defines a class
s(w) € 1l(s6,,0/®).

ii) g(w) does not depend on the choice of g-filling or
choice of w in the de Rham cohomology class.
iii) Suppose Hq(F,E) Sz and that w represents a

generator. If R : Hq(BGd,G/E) - Hq+1(BGd,E) is the Bockstein

homomorphism then R8(S{w)) is the obstruction to the
existence of a section of the universal Gd-bundle with fibre

F over the g+l-skeleton of BG4-

c) Let G = Gl(n,C). For Yo ¢ EG - BG the universal

G~bundle the k-th Chern class € H2k(BG,E) is the

Cx

obstruction to the existence of a section of the associated

fibre bundle with fibre F = Gl(n,C)/Gl(k-1,C). In fact F 1is
2k-2~connected and HZk-1(F,Z) = %Z. Show that there is a
closed complex valued form wy € InvG(AZk—1(F,¢)) representing

the image of the generator in the de Rham cohomology with complex
coefficients. (Hint: Observe that G1l(n,Q) is the complexi-
fication of U(n) and notice that any cochomoclogy class of
H*(U(n)/U(k-1),1R) can be represented by a U(n)-invariant

real valued form). Conclude that if j : Gl(n,c)d - Gl(n,T)

is the natural map then

(9.32) Bj*c, = B(é(wk))

2k

where S(u.) € B* 1(8BGl(n,0),, ©/Z) is given by (9.31). 1In

d’
particular Bj*ck maps to zero in HZk(BGd,c) which proves
Corollary 9.2. (The classes Q(wk) have been introduced and

studied by J. Cheeger and J. Simons (to appear)).
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