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Puncxpmm vmuelfale ad fra&mnes contmuas perducens

. reperitur in ferie.infinita quantitatum A, B, C etc.;.

.quarum ternae fibi fuccedentes fecundum cerfdm legem, ‘

tpcndent vt fit |
S fA= gB+bC f’B._g’C+b’ f"C g”+D+b"E
f fm D — g”’ E - b‘” F etc.
: ‘Hinc enim deducuntur fequenteb aequahtates
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Quod fi iam pofteriores valores in prioribus continno {ub-
fituantur, fponte emerget fequens fradtio continua:

f_i?- — g+ f b o X
gA-fE
éT:l——f”‘ T
g - et

cotus ergo valor per folos duos primos terminos A & B
{eriei determinatur. - -

§. 2.. Quaties igitar’talis progreflio guantitatum
A, B, C, D, E etc, habetar , cuius lex ita. fuerit com-
parata, vt teri quique eius termini {ibi fuccedentes fe-~
cupdam - legem quamcungque a fe innicem pendeant, to-
ties inde deducitur fra@io continna,. cuius valor affignari
pote.  Quamobrem fi formula quaccunque - ita fuerit
comparata, Vt eius - enolutio perducat ad huiusmod: fe-

riem: quantitarum A, B, €, D, E, etc. quarum quisque
terminus per duos praccedentes determinatur, inde fracti-
ones continuae. derinari poterunt, quod . quomedo  fiat,

commedilfime per aliquot exempla ‘oftendi. poterit,

I Euoluti‘o- formulae. -

s=a" (ﬁﬁ-'"_, & x",“ v x).

§. 8. In bac formola exponens % indefinitus -8
fpeatur , fuccefline recipiens omnes valores T, 2, 35 49 1
5, 6 etc., vnde, dummode fuerit # >0, haec formula
‘enaneftit, pofitc ¥ — 0, tum: vero efiam - evanefcit, fumeo

-
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His notatis differentictur ifta formu[a vt fiat

ds=nax" " rdx—(n-- 1) ﬁx"dx—-—(n+z)fyx"+’dx,‘

vnde per partes mtegxando et 1ntcg1atxonem tantum indi-
cando fiet”

no[x"7F dx (ﬂ+l‘) fo"a’x—}- (ﬂ—{—z) ryfx“"*’"dx—-l—f,
Hinc, fi poft quamque mtegratmnem, ita pera®any, vt in-

tegrale cuanefcat pofito ¥ —= o, ﬂatuatux
g — B+ (.8 B4 ‘-V

quippe quo, cafu it .f:o, cut

nafx*" 1 dx=(n41) 3 %" dx -+ (72+2} YIx g,
quae eft eivsmodi relatio .inter ternas formulas integrales
fibi fuccedentés, qualem defideramus pro formatione fra=
‘@ionis continuae; quandoquidem hae formulae integrales,
fi loco # fucceffiue fcribantur - numen 1,2, 3, 4, 5, &
etc. nobls {uppeditant qnanntates A, B, C, D ete.

g 4. Scnbamus igltllr Ioca # ordxne numeros - -

naturales 1;. 2, 3, 4, etc..vt prodeant - iftae relationegs *

afdx—coBfrdx -+ g3y Sxxdx
2ofxdx=gBfxxdu—qgyfx"dx
CBafxxdx—4B[/xdx 3y /xtdx
40 fx° dxmspfx*dx—}—ﬁyfxsa’x
© ete. etc.
Hinc igitur habebimus
‘_f‘gx_x—e.,_ﬁ-vwﬂﬁmﬁ-mw

G ,ffxxd,x ?x" '**fvrdx

ete.  ete, : . |
_ ' : : TG
, A g | o Tune
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Tunc vero pro literis f, g5 b habebuntur ifti "VaTlOIBS”- j‘__}:

fﬂ"a,ﬁ—-za ff‘w—-;;a fit = 4 o eLC. 4
gzz&gﬂa&“ﬁ4ﬁﬂ*ﬁﬁmc_ .
b,___s'y, ’9’._.._44? b”:’:S"y bm"-”ﬁtv etc - :

cx qu1bus valorlbus refulmt fequens 1
: oc A__

ﬁaé’tm Contmna Qs |

2ﬁ+6ﬁv «_«,«;;::."; .
cgpHIZAY o 4

- § 5 QUO Ilaﬁc ﬁ'aﬁlo contmua concmnlor red- ;
datur, loco oc'y fcnbamus _é‘ et PlDdlblt \
Ay (ﬁﬁ+25)22ﬁ+35 o
'of3+65 ";.\,, - |
) 4ﬁ+ 0d: B
’ 5 ﬁ + 150 5 y
' s g - "6- ﬁ-l—etc. :'
woniam  abitem- hiaec cxpreﬁio capxte truncata videtor, i B
adie@o hot¢ capite ponamus” .
.s.,ﬂ-ﬁ%‘S . PR UERSIL

4 B—%— 20 &y :

sB+goay

' ' 6B +'ctc. | B
cums ergo “valot eﬁc _ :
'—B—i-ﬂﬁﬁ-i—mw-—ﬁ"\"’/(ﬁﬁ—}—q.ay)

4-B+ 1090
L5 ﬁ-—l— etc., efitque '
f=p
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quae expreﬂio reducitar ad hant

"A ;___,Q—{—- V(f36+25)

. §. 8. . Haec - autem fra®io -continua .adhuce ad

risdoiin ﬁmphmtaterﬂ reduc1 potcﬁ i loco é‘ fcrlbamus "
2¢ vt {it '

BV (BB+40) = =B+2e .
2@—[—65 6e
-8 ﬁ+ I2¢
[3—1— 20¢ L
5§+ 20 etc.
Quod fi iam pnma fradtio depnmatur per 2, fecunda per
3, teitia per 4., quarta per 5 etc. prodibit I'equens forma:

BV (P eg=pe 7

B+e
o Bt
e
B4 ete,

quae eft. ﬁmphuﬁ' ima, culus fumma fi tatquam mmgmta:
fpedtetur, ac vocetur — 3, erit vtique BT E =, ideo-

que . zz_._pz-f—e, vndc fit z —‘3""’“313"““’ . quae ef
eadem, S S

§. 7. Verum ifta fumma ﬁmplmﬂima rmimédiéte
dedu:x poteft ex ipfa“formula initio - aﬂ”umta il

.f_x“(oc —ﬁx-—-'yxx),

~quam




‘gquam  quoniam pihilo aequalem pofuifnus, -

. ita vt pro ferie A,B,C,D,

wiid ) 8 (Sl

erit wvtique -

u:ﬁx+yxx,‘eodemque modo - . |
ax=fRxx+y X, aX X = ﬁx,’—i—_—yx*,“ctc.

ete. habeamus hanc fim~-

plicem ferfem. poteftatum: I, ¥, ¥°, x%, x* etc., tum Vero
omnes literae, f, g, b ete. fiunt a, B, 7y .etc: ¥nde oOri-

tur ifta fragtio continua:

. _
Pl s it 4
B2y
ey .

3 - etc.

vhi eft :—By@feed, Hujus ergo fradtionis valor eft

;p.}_;‘v Qp—+4—d'}));' vt ante, Ob ay =&

1. Euolutio formulae.
.r‘::x"(a--x)._ |

6. 8. Haec igitur formula euanefcit, ponendo x=a;
hinc antem fit ds=1na =i dx —(n-+ 1) x"dx, quac g
expreflio .cum duobus tantum conflet terminis, reducatur '}
“ad fradtionem, cuius denominator fit & - 3% ita vt flat
d";:naax”'“’dx—l—(ﬁna.—a(n—.!—1))x"dx—'g3(fz+1)x“““’dx
a4+ px.

His igitur membris -feorfim integratis fiet

x*dx x"dx - | rrdx B
f=nacf ———+{BpPa— NI )] —fB(n41} ] — A 1
sznaef S o () A RO

| | 7 : quae ?‘4
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quare fi poft fingulas integratiomes - ﬂaflfamus X = a, v fiat

5§ — o, habeblmus hanc 1edu&1oncm _ :
'f X d ( + ) ‘ ( f —f-’dx‘

nacf———— nr1I)o : mi-x =

. + -+ | ﬁ a .{..ﬁ x

§. 9. Loco 7 fubfhfuamus nunc fiicceffive. nume-

Yos 1, 2, 3, 4. etc. atque -comparatione cum  formulis
generalibus inftitnta 11abeb1mus : '

A_"“_. dd 'm . roxdx C—fxadz 4

apa? U —J arga ar Bz ¢*C' . ER |
vbi qmdem poft mreoratlonem fieri - debet_ ¥ Plae- o _ 5

“terea vero habeblmus - ’ . . r
_.aa,ﬂ__zaoc,j“gaa ff“q.aoz etc, : . B

3 - 8= 2a—034d, ég—--oa“'QBa g" —4a—=383a, etc - ‘ il
b= 23, b =33, b= 4 3, b’”—-sﬁ, etc. . N !
i atque ex his oritur ﬁaqucns ﬁa&xo cunun’ua - o - N l
CCGA (23 ﬁ@)“l“-‘}ﬂfxﬁ o : | - . »- " .- ‘

- (3“—26[")”}“@”“3 ' L : S r

. - (40—3Ba)+ 164a0 ‘ ' ' : !

(Sa*—-z}.ﬁ a)-—1— ecc, : : J
- N ';E‘
; §. ro. Integratrone autem 1nﬁ1tuta fit - S IR 7' i’
_dx yletBs I | - 18
& fx ’ | ' A N
quaﬂdoqmdem mtcglalla cuanefcere debent f’a&r) X == o, ’ | !
Nunc igitur fiar. x — a, eritque A — é[a—t-ﬁ " Porro | | !l’[;
f&i—d;; :é(xmifm“:ﬁ ), factoque ¥ =4 fier ‘ 7 - ;
—~ 8 e+Ba : ‘ C ‘ il
3 B=g— gy letle, W

- : ‘ : - - . .""
Abia Aead. Tnp. Sa Torm. IH L B Quam-" . ' l!
Do ' i )
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qtiamobrcm-.,vcxlqr 'n_.o‘{’crae fradtionis- contmﬂae errt:
aa ﬁ-lm-l-ﬁ a ‘
- Ap—aliEE
enidens autem eft,’ nihil de Vmuerfahtate pcnre, gtiamf
fumatm g—1; tum enim  erit
a [ct+(-’r
28 (eumflrash_

[T ;(a—zm

(+a--3t5)+ef6-

6. ¥I. . . Tota antem haec expu(ﬁo man-ife'ﬁo'_vni-l
ce pendet a ratione numerorum o et B vnde fumamus
a=—1 et B=1, atque orietur haec ﬁaé’czo contmua :

| ﬂZ(H—n) o
' ﬂ——;(:-—}-az}"“c ﬂ)_’_‘“g e

(3-—2;4)+9n )
{4—gm16m

———y

(5 —4m-tetc

col fi praa%gqmus fecnndum ordinis legem_‘ 1 4 # et fom-

main ﬁatnamus = w ,nt
]

E—— )

(g —2 2y A on

X f.._, lj—-__q(n--?(r-—a—n)} — :-4%'1'——'1{1,4‘—%';_._
P T nz(:~+~n> A,

ik
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§. 12. Exempla aliquot pércurramus),. fitque
primo » — 1, erit ) S RN
S rex
n&l 2 : ; i——..*—'+ "
R :—1—9
i E: 16
. - g g ete.”
Pofito antem » =<2 et . -~ . .
_ _ __z_,,i—__"; I,,..%.,,,,p_, e ,, _ ,‘ _
‘3 B8 ..
h $¢T=‘—I+4s SO ~
s . —2—-g2 ‘
o - ~3 -39

’.—'+;+—etc.

quae antem expreflio, ob quaut:tates ‘negatiuas’, non fatis

eft commoda; quod cum euenjat quando # > I, operae
pretwm erit eos caﬁls euolucre, qu1bus E vmtatc minor

acmpuur. -

. .'.|(\?1“

§. 13. Quo hoc facilius fiet pofﬁt, reueltamur
ad expteﬁionem literas o et @ continentes,, atque capite,
quod deerat fuppleto, prodlt ifta. forma. . - .

-——-—B __a-l——aﬁ '
z?—'—;—"-ﬁ (2a—ﬁ)—+~+aﬁ
IR (M-z@—f-smﬁ

' T (+a—aﬁ)—+—ett:-

I:OnamuS nune n= n-— m et B—2 m vt' obtineamus fe-
b ] L e ,“i,- ) B 3 | R : qugn- )
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quentemn formam:

2 m - ‘

=7 —~m+2m(n )

~+ o 2m— 4171—}—9?”(”‘“’”) ‘
rz——m E .. 3”_77;;-{» X8 i H—g) .

+ﬂ—IOﬂI+ctc.

“vnde fcquentes cafus fpamales deducuntur,
Sim=1x et n::a erit

2-—-1
- E""“2+‘4‘ i o
5416 , : o
2 -} 36 '

' 2 |- etc.
'quae frafio gef 2 d1u1fa et redu&a p1aebet 1[’cam'

‘['.. 1T
: T4
.19
_—1—16;‘ ,
-I—+— ete.

‘quae jam fupra eft inuenta.
Sit m—1 et p 4 erit
| =g6
L 424
5 -+ 54

- @,.1... 96‘,

sl{n‘ ki

- w$+6,r. - T - etc..
i46.4
5»+6 o

- 646 16

St e etee o Sit 3§
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Sitw—1x et n—3, érit

2
T4 8
s 6432
o S . 8+ 72
10~ 128
' 12 —+- etc.
fitie
I
Z_’:'2+2 _
z 3T % .
: 4+18
5 - 32
6 - etc,
=a-}na, 1 ‘ - '
3+ 2 4
N 4429
5= 2.16
‘ 6+ etc.

111 Eudlutio ‘fbrmu]ae'.
J:x"(I.—;,x’) - |

§. t4. Haec ergo formula evancfeis cafibus x—~o

et ¥ — 1. Quehiam vero hinc fit

ds=nx"—* dx—(n 4 2yt y,
reducatur hoc differentizle

ad denominatorem: - @ x ¥,
fietque. ‘

ds =28 AX A (1B (nto)a) v+ 'y — (o) B+,
S a4 Bxx - |
B 3 Hine




Hinc iam iterum mfegiandn fic - ‘
n-{-x
5= fmf J.rﬁx +(nB- (ﬂ+2)d,)fm+ _'—-(11-1,—2)[3[ ﬁ({cxx

pod fi iam oft inte rationes. ﬂatuatm X—1I rodibit
p g > P
haec integralinm reductio: -

nacj +de ((-‘rz)a—-ﬁﬁ)f

grridx
oL—HSxx ‘

+(+ )ﬁf

+ﬁx

- §. r5. Quoniam hic potei’tates ‘ipfius x- binatio
~augentur, cxpomenti 7z fucceffiue t11buamus valores I, 8; @
5: 709 etc, ac ftatuatur: :

xxdx xtdx
| | ""f——-——'_'_i__ﬁxx‘ B__/m ¥ :.:fm gtc. . | l
Demde vero literae f, g, b cum {uis derinatis erunt:
f:oﬂ, f‘..aoc fl=r5a, j“’__‘7cx etc.
g—3a—03, 8 5m—3@,g”'**7a—-5§3, etc.
b::gp, b’zg B, =178, pll=g @3, etc.
vade nafcltm fequens fra@io comtinud:
o A A '

__3@. B+ oaf3 ‘
, 50b_3ﬁ+?5mf3 ,
'7o¢—sﬁ3++9a[3 N

9a—7ﬁ+etc=7

i

. 6 16, Quia et B= mxdx, exit

&+ Bx . .
B:pfdx——“fa_’_ﬁm, ideoque I ::é-.—%AV,' ;

r.g’v.ui*-valm—c_ fubftituto habebimus .
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, SR “‘SA'—ao&-~6+9a[3

g r—af sm~3ﬁ-r25aﬁ :
8 ‘ ‘7oa--5‘(3+ etc,
4

,oui, quia caput dee{’c, praeﬁgamus o:-+—ﬁ +a§3, tum  age
tem erit fumma 8- 3, ita vt habeamns :

3 - BA-ize+pB+ap : .
3 . ga—B +9a8 | _
. | 5a—3f3+2s5ap
3 S Fa—504 eir: .

exiftente A—"/'x et mtegrah ita fumito, vt euane&--

cat pofito ¥ o, tum vero faGo x» = 1.
: : 6. 17. Euoluamus primo cafim ﬁmphmﬂimum
b qQuo ="t et B—=1x, vbi erit A =7, vnde habeblmus
g T
. ~ 29 ,
. 2 ~- 25‘ o
B ' e + 49
g ST o 2+etc. |
g fiue erit . ‘ '
‘ﬁi- .‘ SIS o x

2 - 9 _
225
2 -}~ ete.

quae eft ipfa fratio’ continua olim a Brounkero pmmum-
praduta, cuius inuvefigatio, cum a Wallifio per calculos

'-hlﬂla fefe prodidit, '
§'t 58’.

valde tacdiofos it eruta, hic quafi fponte ex noftra " for- :
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§. 18.- Noftra autem forma generalis infinitas ali-
as fimiles exprefliones fuppeditat, prouti, literae « et @ va- .

" ¥io. modo accipiuntur. Ac primo quidem, fi « et {3 fue-
rint numeri’ poﬁmu, valor literac A femper per arcum

tircularem exprimetur, -contra VEro per logaruhmos. Slr :

igitur prlmo B=1, ecritque
A fm_*_ﬁ_ﬂMAtangv =1 a;Atang.;/_a,
vide nafcitpr. haec fraio contmua. .

T/ot. )

|
|
|
[l
s
5:

oo — 5~} BtC,

Hmc igitur fi fumatm @ 3, quia Atang 1,3__"6—5, ha-

bebimus
1f—S=4+3
S 8- 27
12~ 75
7 | 16 —— 147
: SR ' S 20—+ etc.
fiue
6V . |
1+.__£’;:4-+g.1
n 8+ 3.9
. I2A4-3. 25
16 -~ 3. 49

o 20 - etc.




mg_,»\g ) 9 ( Sl -
& 10 Sit nunc B _nﬁ’ﬁie’rhs ‘pofitinus. qiicungue’,
et quia eft .

T
| a+ﬁxx ‘%-fﬁﬁ—xx

mtegrando ﬁt A—~—- Atang 14 ﬁ Hmc igitur habe-

bimlhs _ | _

' Vocﬁ |

ﬁ+Ataﬁgﬂ1/B ma+{3—i~a§§
3o~ ﬁ—fr-smﬁ

504 {3+etcp ]

—Picianis 1g1tur a-{-ﬁ—gﬂ et' e mﬁ__zm, vt it a= ot
c*t‘ﬁ'_n—m, qbibus- valorlbus pofitis erit ' .

V(nn—mm)
W-m —2n-}—1m—mm

-t 2n4+4m+9 (nnmmm)
2 n—} 8 m—ketc.

n—m

. §. 20, Conﬁdercmus etiam cafum quo - 3 eft nu-
- merus negatiuus, et ponendo Q'-—-—ry, erit- :

dx .
A f _AE oy

—yXX “" —xx’

/

cuius integrale eft
' =2 I'I/ +x,

V“—-x

facto erg()':i: = 1 erit

T ayay 'V OL'—-—]/ 'Y'"' .
_Aéia.dcad Imp. Sm.Tam. meL B - wnde




el
“‘i"nde naf‘mtur ifta fra&m contmua'

. _‘/ ,
"'"Y"‘E BY ' yngmay

: lda—i—'\"?
- va——vY

offert y quando Y=

4—2 _
- 8 — 25§

COE Entergoo 3—-9
. b —r

1z — gLt

hocquc modo naé’tl fumus nbouas fradtiones continuas,
quarnm valores etiam per. logarithmos exhibere licet, et
quae prorfus dlfcrepant ab illis, quas ante: 1nuemmus.

I " hinc primus denominator

18 — eic, ,debe_t_eﬁ'c — ¥, y

IR

L S—
gaty—9%Y

' sa+3'v—~9-5w
o5+ et

et ch cafus- pj:ac xehquxs notatu dignus fe * §

Sive, quod eodem redit, &= I et -]

=1 qma enim ' tum oft 1‘“‘“’“""’ '"loo._oo, habe-

. bimus e
- v-x_o—-:r
4= 9
. Y
25
. . 12 — Q€.
fiue ‘mutatis fignis R
o R
- ‘ . 4—9 e
' ' 8 — 25

[ RS - "
12'—'6‘:CB -

‘ . fine




IR

»a%)-g ) 1 9 ( g-%an

fine ¥ =4 B
8 — 23 ]
. 12 - etc,
vbi dcnomlnator debet effle — 3, vnde fic -
T 0=5—25
12 — etc.

cuius denominator debet effe — 5, vnde ﬁf:
0=%7—49 ) : .

16— 81 __
' 2’6‘—‘ etc.:

ex quo ordine facile veritas 'perfpi,cit'ugu _
6. 22, Sumamus a==4 et v= x et nanczfcemur
hanc fra&lonem C o

—-I-l———--—~3 4.1
13,

ot

I3—4.9 :

3=y
33 449

, ‘ - 4.5 — gte.

-Sin autem accipiamus’ @ = 9 et y=x erit

/2 =55
-48—9'25

- 68 —9. 49 '

s—etc,

C= - IWEnos-
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IV ‘Euolatio foxmulaeﬁf

’,
1}

&, 22. - Hic ¢ denotat numerum cuius Iagamt’hnﬁs
llyperbohcus eft vnitas, ita vt d. ,,.”f_jexdx % Hing
ergo erit

ds=nxr—" dxesit (a—ntx) o dxe‘**"‘v—- ax"‘*"‘dxa?‘”
vnde viciffim integrando fit '

| s*nfx““’dxe“”+(m~— n-}-x))fx“dxg“a”-afx""“ dxe“”

"'“-QﬂOd “fi ergo polt integrationem flatuatur ¥ —=-% erit

nfx “—’dxe”"-(‘z—k L—-a)f.x:“ dix % "-—}-afx"‘”"la’xe“ y

§ 28, Quedfi, iam. looo #%; fucceﬁiue ﬁmbamus
mmcros 1, 2, 35 4 acC faciamus

,Afe”dx—-(e“-xj et B___fxa’,x(;"’”""—.”‘E“Tl c‘?‘—l—g’a
f::I,j’-:z =13 ff‘-“'q,, etc.
g:_:n,-—-d., g,—3¥-w, g"*4wu, etc.
b—'*or. b‘*f—az,;, P=a, b“‘--oc etc.

prodibit 1ﬁa fractio, continua:

A

P e R a +2a
B 83— 3, .
‘ T i .
- 5 — & etc,
Admngamus adhue fupeme I -0 d, erlt eius valor

fa—-1)e 41 . @
: ‘e — X T -1

wnde
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vonde habebitir hdéc fraftio fontihud fatis concinna:

e -

mﬁl—a+u L e
e*—

2—«-4—20& :

| 3—a-+-3a

. i """Cf-"’r- etc-

vnde patety fi f'nem ¢=o, ob ¢ —1=a fore vtique 1 =1

§. 24. Conﬁderemus) nonnullos tafu;; {_'pecmles, as

- —primoy fi-fit a= 35 erit— : ‘. -
. .
¢—1I

=041 ...
THE
28
I+ 4
£ 4L et
qnae fra&tio f'ac:le transfunditur m'-hanu

-

vode fit




" ad. ‘ventatem conuergunt

u;%{% j_ ‘) ;2. ( %.5;%‘““ .

acc autem -potro. a fradtionibus partialibus libeFata dat
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quae formae b’ ﬁmphcltat»em maxime fant notati dignae.
Ex pcnuluma, qua fit

2 A=10

.2—-}—2 . BRI
' -3 -i“ 3 3 -
4 —-\— etc.

fumendo fuccefline %, 2, 3, Pluraue ‘membra, orientur fca
quentes appmmmam@nes* -.

¢ —— 2,0000 "

g — 3. 0000 R
& — 2,6668 ! :

2 T 2y 7272 B

e = 82,7169 o

- qui valores, altergatim maiores ot minores, fatis prompte

L




“e3 ) 28 ( -l

§. 25. Sumamus e = 2. erit
2 ,

— = =12 .
ce—1x or e
T = &
2 8
3 - ete.
Ex hac fra&ione porrs dedircitur 1&a
E—(—i-e,——.ﬂ——-°+4r . i
¢ e I I: —j- 6: '
: 2+ 8
. 8 etr:.,,

fimilique modo, fi pro e maiores numeri: accipiantut;. re=
ductio fieri potent. .

§. =26. Poﬁ'unt etiam pro a- numcrz* negativi: accis

pi. Ita fi fuerit a— — 1 fier
L —al
€— T 8—'2
£=8
5-—4
. 6—" @tCB
quae reducitir a&i hane formm
= '3 .
‘_I ol
"‘3—1-2 S
4-*'1—3 . .
—5+4-

& 4 etc— ~
maiores valores expediri poflunt,

| fimilique modo

§ 270
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PSS
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| =146 c
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-+- 18 '
10 ~- 24

15 -+ etc.

§.28. His formulis tanquam punupahbus ac fim-
plicioribus euolutis, fimili modo alias multo generaliores

tracare licebit, quae ad fradtiones continuas multo magis

abfcondxtas perducent vii €x cafibus qui I'cquuntm pateb1t.

V. ;Euolutxo formulae.

s==at(@a—b o — x*H\

§. 29. Hinc 1g1tur exit o
di={a—bx'— c'x’e))‘“’(nax“‘“'dx—b(ﬂ—i-?\e)x“"{"’—’dx
—c(;z+27\9) et g x), -
vnde per partes mtegrando, tum vero ftatiendo a — & x°

—¢x' =0, (quod fit £ fuerit K= -
bitur ifta redudio generalis:

" A&a 4ead. Irmp. S, Tom. IIL P. L D nafx

13~¢+et'c-r

b+1/{bb+4ac) habe~
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._‘i%ﬁ‘.:(a+me)jﬁ+(a+a)" (erd)ae

"5%‘32% ) '26 ( %‘P%.gw

.?.Ft?‘fx‘n-—'\'_‘gf,x (a._,.bxﬂ__"cxaﬂ))\m! |
P

‘= (n4+A0) bfx i dx(a— bad—cx
(A2 ¢) ¢ fat 24— dxi(d__—-b x"—"c.:;*?"')-7’”—"44".,i

Quodfi iam hanc formam cum noftra ge-
e velimus, valores pro lite-
ra n {uccefiue affumendi ' per differentiam. § avgeri de~
‘Bbent. - Deinde non necefle eft vt primus valor ipfius 7,
vt hadesus fecimus, famatur’ == x; flatuamus igitur  ejus.
primum valorem —a, €t quaeramus valores binardm  {e=
guentinny form_tﬂ'amm.'integraliﬂma fcilicet: - ' '
A=fxr—rdx (a— bxl—¢ x”}?“f‘ et

B fxr i d x{a R

‘quae integralia ita fupt capienda, vt euanefcant pofito
x— o, guo fa&o ipfi X ile valor tribui debet, qui red-
. dat formulam s—bx'—¢x*t—=o. Quoniam autem hoc
in genere. exfequi non licet, iftos valores per literas A et
T indicare contenti fimus, Quos ;e_rgo tanquam cog'nito’s;-

fpediemaus..

3

§. 30 |
merali initio tradita comparat

§. 3= Practerea vero literae f, &, b, cum fuis.
deriuatis {equemtes induent valores: -/ o
f—aa, =@t ph=(x+28) 3 fir—=(a-+3 b) 2, etc.
g (ard) B g}':(ﬁm+6+?\9)bﬁg g”':(pr-{—z'e-{—}\ﬁ)b, etc. |
B (a+2x8) e Br— (25052 X 06 Bt {a-f2B+2 Af)e; ete. B
Ex his jgitur formabitur {fequens: fractio: continua: .

. (.mﬁ?e'%?\ﬁ)b’%(ﬁ“ﬁEef)'(pt%ef-{ﬁ-z?\e)'ag o
o fock 2t %7‘9‘),&'%{%‘*&393’)(&:-1;2e_f'.‘g-)\‘a)w;
| o feekabRabpete R
%H;ﬂ-g:
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quae, forma Vt:uuc eft maxime generahs, cuits autem vi-
terxorl euolutxom non immoramuyr.

VI Euolutio forf'rlulae..'
= x" (1 = i

- §. 32. Hinc ergo fit _ _
ds=nx""dx (1~ — Aex"“**’”“!dx(x__xe)k--y

vnde tantum duae formulae integrales orirentur; quam .

“ebrem huic differentiali denominatorem arbltrarmm mbu-
amuys 2 + b x', vt habeamus:

do— (1—.%5))‘”"’
a4+ bx

—ub(rz—!—?\@)x“"‘"'—’dx |
Nunc igitur, ponendo poft mtegratlenem X1, deduci-
mus hanc redu&ionem: -

¥ d x (1—xfp

_ xr e ’a’x(r——x"))"_
74 [ -a-—i—-b Py ={e(m+n6)~ éﬂ)f Gopbx®
1z G'—’dx‘(l—-xe)h-—: '
blnka0)f* -
~+ (ﬂ’_]" ) a~l—17-19

g 33' Hic ‘iterum. enidens eft valores. ipﬁus n

per differentiam § crefcere debere, Statuatur autem pri-
mus valor ipfins #=a, e quaerantur - pro guouis cafu
oblato binae fequentes formulae mtegrales s .
X7 [1— x0)A R 2 e ) Sy
A= *—"—-(——)_._ et B—f'x——_ﬁ(_qe_u}__,
 atbx _ a+bx
¥bi fcilicet poft mtefnatmnem pofitum fit x ='1. - Qui-
D2 - "~ -bus

(nax"~*dx—(a (fz-{—?\ﬁ) Ern)x"“*'e"dx
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! - " bus inuentis, cum hinc fiat | o o ‘
bl o N f=aa, f=(@+0)a; fiz(et2b)a, 'f’”:(d‘*i‘ae)?a etc. !

| : g:(ot»i—-?\ﬁ)dv—otb,'gf-f(aF%-O—l;?&9)d-—(0¢+~?)'5,4
i | | , | gi=(a 20+ n0)a ~ (a4 20) 8, etc
Ny . : b:(a—i-?ce-)é,_iy:(a.+.e+)n9)‘b,]9“:-(a'+6'—}—2?\6)b, etc.
~ inde’ formabitur fequens fradtio continua: '
oeah — (o‘,-}-?\ﬂ)a——-mb.—{—(a—l—ﬂ)‘(m—!-}\e)ab - T
i (@ D) a— (@ B o (ot 28) (a8 HXE)ab
.(aﬁ-zs+}\.6)q—-(o:+zsjb-j—(:x+39) T2 +Ad)ab els,

_cnius formae vberiore euolutione fuperfedemus.

VIL Fuolutio formulae:

s at (@ (1 —a))

N

§. 34. Hinc ergo fit . 7
d::(xmx)x“" (nx"—tdx e(AN—a) & dx—axdx),
hine igitur i poft integrationem vbique ftatuatur % = I,
quippe quo cafil fit ¢ — o, habebimus hanc reductionem :
ﬂfx’“"dxe”(r-—-x)’""‘:'(n+7\—o¢)f:xﬁdxe”(r-rx)’*"*‘ 3
yofertrdreT{1—x)"0 I

'§. 35. In his ergo formulis exponenti # valores
" ynitate crefcentes tribui debebunt, tm vero hic mini-
‘mum efus valorem fumamus n—3, atque valores litera- ]
yum A et B ex his formulis erui oportebit, ponendo
poft integrationem ¥ — 1, - o
”A:fxﬁ"“dxe“(x-—x)""’, B=/ ¥ dxer®(x—x)"
deinde vero ob hos valores: ' -
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f=3, fi= 8+I j"—c?—{—z ff”'-—~8+3,etc,

ETmO A A— & =041 +r—g, g””ﬂ\-}-z—i—h-ix,etc.l
¢ ﬁb:u, b‘:.:rx b“:a etc, . R
fequitur ifta fra@io’ continua:

B—A—aara oc+(5-¥ He

B St Ith—at (+e)a

d+2+A—a-H0+3)a

. S+3+A-a-etc.
~Vbi imprimif notart *opo*rtet'f'ﬁetpoﬂenftes—'%ﬁetﬂ}—f——nﬁc—eﬁ"am—
rio nihilo maiores accipi debere, quia’ alioguin formula
principalis " e""“(r —x)* cafibus ==z non ¢uancfcerct,

§. 36. Si literis J et A tubuatur Val()r = I, pto-
dibit cafus iam fupra ctractatus; ac i his literis numeri
integri affigneneur, eiusmodi fraciones continuae orieatur,
quas per cértas operationes ad priores reducere licebit.
~ Verum fi his literis & et A, vel alterntri, vel vtriqué, fra-
ftiones aﬂ“gncmus, tum formae orientur ad priores pror-«'
fus irrednéibiles, ‘quarumque valor haud aliter quam per
guantitates maxime tranfcendentes  €xprimeére liceat. Vel-
vti fi fuerit § = et A—=4%, valor literae A quaeri de-

6f¢xd.¥. )
ATEYT cuius m-.
tegratio ad quamltates maxime tran{cendentes perducit,
fta vt valor talimm fraionum continuarnm prodcaxz tma-
xime abftrufus. . : -

bebit ex hac formﬂla- mtegmh. A=
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On the formation of continued fractions®

Leonhard Euler!

1. A universal principle for unfolding continued fractions is found in the
infinite series of quantities A, B, C, etc., of which each third succeeds from the
preceding two by a certain law, either constant or variable inasmuch as they
depend in turn upon each other, so that it will be

fA=gB+hC,f'B=gC+ND,f'C=g'D+1"E, f""D=g"E+h"F, ctc.

From here indeed are deduced the following equalities:

fa_  h_ L _fh

B 97 B 9 pC

/B h/D //h/
R R
f//C o h//E _ " f///h//

D 9D =9 T n.E
f///D o h///F B I f////h///
E 9t E TY TEE

etc etc

But if now the latter values are substituted successively in place of the prior
ones, the following continued fraction spontaneously emerges:

fA f'h
B :g+ ’ f//h/
9+ =
g+ —L
h
g///+;.””+fw

whose value therefore is determined by the two first terms A & B of the series
alone.

*Delivered to the St.—Petersburg Academy September 4, 1775. Originally published as De
formatione fractionum continuarum, Acta Academiae Scientarum Imperialis Petropolitinae 3
(1782), no. 1, 3-29, and republished in Leonhard Euler, Opera Omnia, Series 1: Opera math-
ematica, Volume 15, Birkh&user, 1992. A copy of the original text is available electronically
at the Euler Archive, at http://www.eulerarchive.org. This paper is E522 in the Enestrom
index.

TDate of translation: August 12, 2005. Translated from the Latin by Jordan Bell, 3rd
year undergraduate in Honours Mathematics, School of Mathematics and Statistics, Carleton
University, Ottawa, Ontario, Canada. Email: jbell3@connect.carleton.ca. This translation
was written during an NSERC USRA supervised by Dr. B. Stevens.


http://uk.arxiv.org/abs/math/0508227v1
http://www.eulerarchive.org

2. Therefore whenever such a progression of quantities A, B,C, D, E, etc. is
had, of which such a law is disposed, that each of the terms depends in turn on
the succeeding two by a certain law, then from this a continued fraction may
be deduced, whose value is able to be assigned. Therefore if such a particular
formula were disposed, such that the expansion of it should lead to such a
series of quantities A, B, C, D, E, etc. of which each term is determined by the
preceding two, from this continued fractions will be able to be derived, in what
way it will be able to be revealed most conveniently by several examples.

I. The expansion of the formula
s =a"(a — fxr — yxx)

3. In this formula the exponent n is considered an indefinite, successively
receiving all the values 1, 2, 3,4, 5, 6, etc., from which, providing it will be n > 0,
this formula vanishes by putting x = 0, and then indeed it also vanishes by
taking

_ BEV(BB+4ay)

= % .
With this having been noted, this formula will be differentiated so that it will
become

ds = nax™ 'dr — (n + 1)5/x”dm —(n+ 2)7/x”+1dx + s,

from which by integrating the parts, this integration may then be indicated as

such
_ BEV(BB+4ay)
27y '
Then, if after this integration, having been completed such that the integral
should vanish by putting x = 0, it should be set

na/x"‘ldx =(n+ 1)6/90”6&1:—}— (n+2)7/x”+1dx,

of course in which case it would be s = 0, it will be

na/z"ildas =(n+ l)ﬂ/x”dz+ (n+2)’y/x”+1dx,

which is a relation of this type between three integral formulas following each
other, which we desire for the formation of a continued fraction, seeing that these
integral formulas, if in place of n is written successively the number 1,2, 3,4, 5,6,
etc., the quantities A, B,C, D, etc. are given to us.



4. We write therefore in place of n the consecutive numbers 1,2, 3,4, etc.,
so that these relations may be produced:

a/daz:2ﬂ/:cd:c+3'y/z:cdx
2a/xdx :36/zxd:c+4'y/x3dz

3a / rrdr = 4 / 23 dx + 3rysic] / zide
4a/x3dm = 56/x4d$+67/x5dm

etc. etc.

Then we will therefore have

A:/dxzzziﬂﬂ:%(ﬂﬂwuw)

)

2y
B = /xdac = l,m; = 1(_ﬁi \/(ﬁﬁ+4oﬁ))2,
2 2 2
C = /x:rd:r = 1:03 D= [ 23dz = 1z4
377 4
etc. etc.

Thereupon indeed, for the letters f, g, h will be had these values:

f=a, f'=2a, f"=3a, f" = da etc.

9=20,9'=30, 9" =48, g" =50 etc.
h=3y, K =4v, k" =5v, k""" = 67 etc.,

from which values the following continued fraction results:

aA 6oy

B 26 + )

B 38+ Wuig(%
56+ Fht e

whose value therefore is

4ary
—B+ V(88 +4ay)

= B+ V(068 + 4day).

5. So that this continued fraction should be rendered more elegant, in place
of ary we write %6, and it will proceed

30
6 =
B+ V(B3 +20) =208+ B — 6510&5

58+ 55T et




Since moreover the head of this expression is seen to have been truncated, with
this head having been added we may put

5
5=+ :
20 + 35—

15105
48+ 55T ete

and it will be

NP N
T B+ V(BB +26)

which expression is reduced to this:

s= 38+ V(85 +29)

6. This continued fraction is in fact able to be reduced to even greater
simplicity, if in place of § we write 2¢, so that it would be

2e

6e
26 + 3[5“1’ YRS 12¢

LB+ V(B8 ) = B+

20e
58+20[sic] ete.

And if now the first fraction is depressed by 2, the second by 3, the third by 4,
the fourth by 5, etc., the following form will be produced:

19
15 b
prpe——

R
B+ B+ etc.

SO+ V(B8 +42) = B+

which is of the greatest simplicity, and if its sum is considered an unknown, and

it is denoted as equal to z, it will be in turn be z = 4 £, and thus zz = 8z +¢,

Br/(BB-+4) :
2

from which it would be z = , which is the same.

7. Indeed this most simple sum is able to be immediately deduced from the
formula taken initially
s =a"(a — nr — yax),

and since we have put this equal to nothing, it will certainly be a = Sz + vyzz,
and in the very same way

ax = Bxx + 23, axe = fz3 + vzt ete.,

thus so that for the series A, B,C, D, etc. we may have this simple series of
powers: 1,2, 2%, 23, 2%, etc., then indeed each of the letters f, g, h, etc. becomes
a, 3,7, etc., from which arises this continued fraction:

@ ay
— =0+ ;a7
v At rr

where it is % = W. Therefore the value of this fraction is %6 +

%\/(ﬁﬁ + 4ay), such as before, since ay = ¢.



II. The expansion of the formula
s=a"(a—x)

8. This formula will therefore vanish by setting x = a. Moreover it is
ds = nax" " 'dr — (n + 1)a"dx, which expression is comprised by two terms;
it may be reduced to a fraction, whose denominator is « + G, so that it will
become

naaz™ tdx + (Bna — a(n + 1))a"dz — B(n + 1)z dx

d =
s a+ fx

Therefore by integrating each of the members, it will be
" ldx z"dx " Hldy
= — 1 — 1
s naa/aJrﬂx—l—(nﬁa (n+ )a)/a+ﬂx B(n+ )/oeJer’

which if after each are integrated we set © = a, so that it may become s = 0,
we will have this reduction:

2" tdw x"dx 2" ldx
naa/omL&E:((n+1)a—nﬁa)/a+ﬂ n+1ﬁ/a+ﬂx

9. In place of n we shall now successively substitute the numbers 1,2, 3,4,
etc., and then by comparison with the general formula that has been established
we will have

dzr xdx zxdr
A= B=[| —/— - [ = ]
/a+6:c’ /a+6w’ ¢ /a+5;c’ cte

where indeed after integration it ought to be made x = a. Thereafter truly we
will have

f=aa, f' =2aa, " =3ac, f"" = 4aa, etc.
g=2a—Ba, ¢ =3a—28a, g =4a — 38a, etc.
h=28,1n =33, h" =48, "' =53, etc.

and thus from this arises the following continued fraction:

aaA daa
5 :(2a—ﬁa)+(3 —28a) + ’ gaa
Qo a (4a—3ﬁa)+(5a+f)im

10. By integrating, it may moreover be established

/ dx 7lla+[3:c
a+8z B8 o




seeing that the integral ought to vanish by making it © = 0. Now therefore it
may be z = a, and it will hence be A = %l%ﬁa In turn

[ he g,

and by it being made x = a it shall become

B=2_2 ,
g BB«
wherefore the value of our continued fraction will be
aafl —O":ﬁ a

a+pBa )
aff —al ==

moreover it is evident for nothing of universality to perish, even if it is set a = 1;
then in fact it will be

atfB
afl= o—B)+ 4ap

a9 :
at Yo
3 —alets (30 = 26) + =35 ae

11. Moreover, the whole of this expression manifestly depends singularly on
the ratio of the numbers « and (; from this, we may take o = 1 and § = n, and
then this continued fraction will be seen:

nl(14+n) . 4n
Ty R ) e —

(4=3n)+ (574131 otc.

for which if we set this series after the law 1 4+ n and set the sum equal to s, so
that it will be

n
s=1+
2_n + 4n _ )
( ) (372”)‘1’%?%
it will be
S:1+n(n—l(1+n)): +nfl(1+n): n__
nl(1+n) I(14+n) I(14+n)

12. We shall run through several examples, and the first shall be n = 1,

where it will be 1 1
— =14
T

On the other hand by putting n = 2 it will be

2 4. 2
13 04 " ——
282y —
=3+ =47 ote.




which expression however, on account of the negative quantities, is not very
pleasant; insofar as it will turn out that whenever n > 1, it will be more worth

the work to unfold these cases, than when n is taken as less than unity.

13. Therefore it is able to be made easily; it may be reverted to an expression
containing the letters o and (3, and then by supplying the head because it is

missing, this form will be produced:

5o 8
atpB 2% — 403
! « ( @ B) + (30‘_25)"'(4&72;)‘1 otc.

We now put & = n—m and 8 = 2m,' so that we may obtain the following form:

2m 2m(n —m)
|ntm =n—-m+ 9 4 8m(n—m) ’
n—m n—4m + 3Tt Emi=m)
In—10m7 ete.

from which the following special cases are deduced.

If m=1and n =3 it will be

2 _,. 4
12 2+ Hﬁv
2+2+6;1:c.

which fraction divided by 2 and reduced is rendered as such

L 1
2 I e —
1+1+1gtc.

which here is arrived at like before.

Were it m =1 and n = 4 it will be

R

6+ 7 cte.

44 s —
N 6-16
6+ 74 ete.

Were it m = 1 and n = 5, it will be
8

:4+—32
6+8+772128

104+ 555

)

| o

l

(SIS

”

ITranslator: Original reads “n =n —



or
1

I

o

+
OO

3+

—2+—2 .
- 2-4 .
3+4+W

5+ 5% cte.

5+ 6+ etc

ITI. The expansion of the formula
s =z"(1 — 2?)

14. This formula therefore vanishes in the cases £ = 0 and x = 1. Then
indeed, it shall be
ds = na" " tdx — (n + 2)z"dz,

which differential uplifted with the denominator o 4+ Sxx would be
(n+2)a)a"2dx — (n+ 2)fz" P dx

ar"tdz + (nf —
o+ Brx '

ds =
here, by now integrating this in turn it will be
"1 34
T (n+2)8 / T

[EE -z [ 2
S = no _— np—n (6%
o+ Brx o+ Brx o+ Brx’
And if now after these integrations it is set « = 1, this reduced integral will be

produced:
" ldx " Hdx " H3dx
—_— = 2)a — 2)
na/oHer: ((n+2)a nﬁ)/omLﬂ:E:c nt ﬁ/omLﬂ:m
15. Because these powers of x are augmented two by two, for the exponent

n we shall assign successively the values 1,3,5,7,9, etc., and it shall be set
4
A:/ dx , B:/ rxdr C’:/ rtdx . etc.
o+ Brx o+ Brx

o+ Bxx’
Then indeed from these, the letters f, g, h will be derived
f=a, f =3a, f’ =5a, f" =Ta, etc.
g=3a—-03,¢9 =5a—-38, ¢" =70 — 53, etc.
=38, =58, K =78, K" =93, etc.,

from which is born the following continued fraction
9a3
25a3

aA
— =3a—- [+
b B0 =3B+ 7 g




16. Because it is B = [ afg:fzv it will be B = %fdxf & [sic] [ aﬁgm, and

thus B = % — %A, by whose value being substituted in we will have

afA —3a- 4 9a3

1—aA 5a_3ﬁ+#ai€etc_’

which, because it is missing its head, we will set in front o + § 4+ a/3; then
moreover the sum will be 3 + %, so that we will thus have

1 Q
@ 5a—30+ 755t e

with it arising that A = [ %gm, with this integral being taken so that it
vanishes by putting x = 0, and indeed also by making it z = 1.

17. First we shall expand the simplest case, in which @ = 1 and § = 1,
where it will be A = 7, for which we will have

4 1
l+—=2+—— "

™ 2+2+272ig

3T eter
that is it will be

4 1

_:1+797

™ 2+W
etc.

which is the same continued fraction produced first before by Brouncker, the
investigation of which, which was elicited by Wallis through greatly tedious
calculations, here proceeds immediately from our formula by itself.

18. Our general form as well provides infinite other similar expressions,
precisely as the letters o and § are taken in varied ways. And firstly indeed,
if & and (8 were positive numbers, the value of the letter A is always able to
be expressed by circular arcs, and conversely indeed by logarithms. Were it
therefore g = 1, it will be

dz 1 T 1 1
A= = — Atang. — = — Atang. —
/aJrz:c q e Va o o ans Va!

from which is born this continued fraction:

) Va «

+ T =a+1+ 9
Atang. - S =1+

Here therefore it should be taken o = 3, and because Atang. ﬁ = % we will

have 6./3 5
1 + L =4 + 8 o7 )
T + 412+ﬁ
20+ etc.




or 6+/3 3-1
L =4 4+ ) 39
™ 8+ ot 395
16+ 557 o

1+

19. Now B shall be a particular positive number, and indeed it is

dx
/aJrB:cz B +:c:r

which having been integrated will be A = W Atang. ./ g Then therefore we

will have
_VeB o ap

9 .
Ata‘ng \/ﬁ 3a — ﬁ + 5a—3§f— etc.

We shall now therefore set a + 8 = 2n and o — § = 2m, so that it shall be
a=m+n and  =n — m, with whose values having been put in it will be

V(nn —mm) nn —mm
n—m+ Atone. o= — =2n+ Sy
tang \/n+m 2n+4m+m

20. We may consider as well the case, in which ( is a negative number, and
by putting 8 = —v it will be

1
A:/dix:_/adx [sic],
a—yrr g —ax

1 Vit
2\/047 \/— -z’
with it having been made therefore x = 1 it will be
Ao 1 \/oz +/v
NV —

from which is born this continued fraction:

whose integral is

ey ay
NN _ . 9y 0
v B+ — s e

and thus we have made in this way new continued fractions, of which the values
may moreover be exhibited by logarithms, and which are altogether different
from that which we came upon before.

21. This case presents itself being more worthy of notice than the others,
when v = «. Or, because it turns out the same, @ = 1 and v = 1; because then
it is [ YotV

Vo= = loo = oo, we will have



or by changing the sign

whence the first denominator

4 - 8 — 25
12— etc.

ought to be equal to 1. Therefore it will be

9

o 25 ’
8 12— etc.

0=3-

or
3
_ 25 ’
8 12— etc.

1=

where the denominator ought to be equal to 3, from which it shall be

25

0=5-———
12 — etc.’

whose denominator ought to be equal to 5, from which it shall be
49

_ 8 -
16 20— etc.

0=7-

from which the true order is easily perceived.

22. We take a = 4 and v = 1, and this fraction will be born

1+t =3 G
3 13 — 237%

But if on the other hand we let & =9 and v =1 it will be

6 9-1
14+ — =8—
+12 28 — 9

IV. The expansion of the formula

s =z"e"(1 —x)

22.[sic] This e denotes the number whose hyperbolic logarithm is unity, thus
so that d.e®” = adre®®. Then it will therefore be

ds = nz" " tdze™ + (a — (n + 1))z dwe®® — ax" T dze™®,

11



from which in turn by integrating it will be
5= n/xnfldmeo‘x +(a—(n+ 1))/x"dmeo‘x - a/x”“dme‘”.
But if now after integration it is put = = 1, it will be

7L/:E"71dxe’3‘z =Mn+1- oz)/:v"dxe’)‘z + oz/z"JrldzeaI.

23. But if now in place of n we successively write the numbers 1,2, 3,4, and

so on, we may make
a—1 1

e* + —
o aq

1
A/eo‘xdz =—(e*—=1) and B = /xdxe’)‘z =

@
F=1 0 =2 =3 " =4, et
g=2—a,¢ =3—a, ¢’ =4—a, etc.
h=a,h =ao, i =a, " = a, etc.

and this continued fraction will be produced:
A 2«

—=2—-a+
B 3,044,37&
d—at st

We now adjoin at the head 1 — a + «, whose value will be

(a—1)e*+1  «
e —1 e —17

1l—a+

from which is obtained this quite elegant continued fraction:

(0% 1 (6%
e —1 *04+2_a+27a30,
3_a+4—a+etc.

from which it is apparent that if it were a = 0, because e — 1 = q, for it to be

certainly 1 = 1.

24. We may consider several particular cases; and first, if it were o = 1, it

will be
L 1
6_17 1+ﬁ,

p 1
3+ I  ete.

which continued fraction is easily transformed into this:

12



from which it is )
e—1=1+ i
14+ —2—

3
1+ T+ otc.

Moreover, this in turn having been resolved by partial fractions gives

1=+ L
e — =

1+ —1 7

2+ e %5
54 etc.
from which follows ) )
=1+ ,
4 T ore] et

which forms because of their great simplicity are noteworthy. From the second
last, it may be
1

.
T =

e=2+

3+ e
by taking successively 1,2, 3, and so on for the members, the following approx-
imations arise:

e = 2,0000
e = 3,0000
e = 2,6666
e =2,7272
e =2,7169

which values, alternately greater and smaller, converge to the truth readily
enough.

25. We may take a = 2 and it will be

2 _ . 2
6671_ O+ﬁ
2t 5t

From this fraction in turn is deduced this:

2(66—1):0+ 4
ee+1 1+ 6

8
2+ 3+ etc.

and in a similar way, if larger numbers are taken for «, a reduction will be able
to be made.

26. As well, negative numbers are able to be taken for . In this way, if it
were o = —1, it will become

13



which is reduced to this form:

e o 1
e—1 *3+ﬁ7
—5+ 5 etes

and in a similar way larger values are able to be dealt with.

27. Now too we set o = %, and this expression will be found:

L 3
e 1 2 Ty ——
%_’_#&
which reduced by partial fractions comes out as
1 14 2
-1+ \/6 - 3+ - 46 .
T+ 5 e
In a similar way if we take a = %, it will be
1 934 1:3
: _ = : . 2:3 )
3(Ve—1) 53+ ggr—=——

11:3+ 14:34~+:»3etc.
which reduced by partial fractions gives

1 3
— =2y
_1+\3/E 5+8+ 69

11+ﬁ
And if it is put a = %, this continued fraction will be produced:
2 2:3
— =1:3+ - ,
3(3/(ee — 1) R o a—

" 53
10:3+ 13375 5

which reduced by partial fractions will be

2 6
1+ 12

{lee —1) - 4+ m—wm— B

pE}
10+ 13776

28. With these fairly simple principles disclosed, in a similar way it will
be permitted to treat other more general ones, which will be led to continued
fractions much more abstrusely, such that this will be accessible from the cases
which follow.

14



V. The expansion of the formula
s = 2"(a — bx? — cx®®)?

29. Here therefore it will be

ds = (a—bx? — ca® ) Y (naz" tdz —b(n+ M)z Ldr — c(n+220)2x" 2 ~Ldy,

from which by its parts being integrated, then indeed by putting a —bz? —ca?® =
0, (insofar as if it were it will be 2¢ = 7%?4@)) this reduction will be had
in general:

na/x"‘ldx(a — bx? — cx?)M !
=(n+ Ae)b/x"+9_1d$(a —ba? — cx?)r 1

+(n+ 2)\9)c/xn+2071dx(a —ba? — ex??)M L,

30. But if we want to compare this form with our general one related earlier,
we must discover the values for the letter n which are to be successively assumed
for different #. Then it is not necessary that the first value for n, as we have
so far made it, be taken as equal to 1; we shall set therefore the first value of
it as equal to «, and we shall search for the values of the two following integral
formulas, namely:

A= /zo‘fldz(a —bzf — cx?)*! and
B= /za+e_1das(a — baf — a1,

which integrals are taken such that they vanish by putting = 0, which having
been made the former value of x ought to be taken, which returns the formula
a —bx? — ca?® = 0. Since however it is not permitted for this to be carried out
in general, we shall be content to indicate these values by the letters A and B,
which therefore consider as known.

31. Thereafter indeed the letters f, g, h, with this having been derived will
take on the following values:

f=aa, f'=(a+0)a, "= (a+20)a, f""=(a+ 30)a, etc.
g=(a+20)b, ¢ = (a+0+N)b, g’ = (a+ 20 + \0)b, etc.
h=(a+2M)c, b’ = (a+ 0 +2X\)c, b’ = (o + 20 + 2\0)c, etc.

From this therefore will be formed the following continued fraction:

aaA (a+ 0)(a + N)ac
5 = (a4 N0)b+ (@t 01700+ (a+20) (o 0+2X0)ac ’

o 0)(a [ A6)ac
(a+20+/\0)b+( J(rj+)3(9++A29)+b2c¢:c?

15



which form is certainly most general, of which however we will not exclude
another derivation.

VI. The expansion of the formula
s =a"(1 —2%)?

32. Here therefore it would be
ds = nz" " tdax(1 — 29)* — Mz Ldz(1 — )N

from which will emerge two integral formulas; wherefore, for this, we may take

an arbitrary denominator a + ba? of this differential, so that we may have:

ds = w (naz" " 'dz — (a(n+ M) —bn)z" " de —b(n+ \9)z" T2 ~1dx).
a+ bx?

Now therefore, by putting after integration = = 1, we deduce this reduction:

n—1 0\ —1 n+6—1 0\ —1
na/x dz(1 —z%) :(a(n+)\9)fbn)/x dz(1 —z%)

a + bx? a + bx?
:Cn+29—1d$(1 o 1.9))\—1

a + bx?

+b(n + ) /

33. Here again it is clear what values should arise for n by differentiating by
0. Moreover, first the value of it should be set n = «, and

o= 1 _ a—i—@ 1 _ A—1
A:/ dz(1 — z29)*~ and B — / dz(1 — 2%) ,
a + ba? a + bx?

where namely after integration it shall be set * = 1. With this having been
determined, it may then be made

f=aa,f =(a+0)a, f'=(a+20)a, f"=(a+ 30)a, etc.
g=(a+N)a—ab, ¢ =(a+ 60+ N)a— (a+0)b,

g" = (a+20+ N)a — (a+ 20)b, etc.

h=(a+ )b, h' = (a+0+X)b, k' = (a+ 0+ 2)\0)b, etc. [sic]

from which will be formed the following continued fraction:

aaA _ (a+A0)a—abt (a+ 0)(a + A)ab
a+260)(a+60+X0)ab ’
B (O( +0+ )\9)@ - (Oé + e)b + (a+29+)\9)a7((a+20)b+(a+39)(a+20+/\0)ab etc.

the copious expansion of which form we refrain from.

16



VII. The expansion of the formula
s = a"(e"(1 — z)*)

34. Here therefore it would be
ds = (1 —2)* Y naz"Ydzr — (n + X — @)z"dx — az"dz);

then consequently if after integration it is set everywhere x = 1, of course in
which case it would be s = 1, we will have this reduction:

n/x"‘ldxew(l—x)’\_l = (n—i—)\—a)/x"dmeam(l—x)’\_l—i—a/x"“dxe”(l—x)’\_l.

35. In this formula therefore, for the exponent n all the values ascending
from unity ought to be taken, where indeed for the minimum value of this we
shall take n = 0, and then the values of the letters A and B will be able to be
elicited from this formula, by it being put = = 1 after integration,

A= /z‘s*ldzeax(l — )M B= /xadxe’”(l — )M

then indeed from these values:

=6, f =0+1,f'=54+2, f"=5+3, etc.
f
g=0+A—a, ¢ =04+14+X—0a,¢"=64+2+ X —q, etc.

h=o,h =a, b =a, etc.

such a continued fraction follows:

A d+1
§:5+A—a+5 14+ A — (5+2)a
+tl+A—a+ 24+ A —at g e At are

Here it should be noted in particular that the exponents A and § should from
necessity be taken as no greater than nothing, since otherwise the principal
formula z"e®(1 — x)* will not vanish in those cases when z = 1.

36. If a value equal to 1 were taken for the letters § and A, the case treated
above will come forth; and if integral numbers are assigned to these letters, in
the same way continued fractions will arise, which by certain operations will
be permitted to be reduced to the prior ones. Truly if either for either one or
both of these letters § and lambda fractions are assigned, then forms shall arise
which are irreducible to the prior ones, of which the value would be able to be
expressed in no other way than altogether transcendental quantities. For if it
were § = % and \ = %, the value of the letter A will be bound to be obtained

from this integral formula: A = \/e((;m_d;m) [sic], the integration of which leads to

altogether transcendental quantities, thus so that the value of such continued
fractions comes forth as most abstruse.
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