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Abstract

The purpose of this paper is to study the diagonal action of the unitary group U(n) on triples of
Lagrangian subspaces of C*. The notion of angle of Lagrangian subspaces is presented here, and we
show how pairs (L1, L2) of Lagrangian subspaces are classified by the eigenvalues of the unitary map
oL, 00, obtained by composing certain anti-symplectic involutions relative to L; and Ly. We then
study the case of triples of Lagrangian subspaces of C? and give a complete description of the orbit
space. As an application of the methods presented here, we give a way of computing the inertia index
of a triple (L1, L2, L3) of Lagrangian subspaces of C* from the measures of the angles (L;, L), and
relate the classification of Lagrangian triples of C? to the classification of two-dimensional unitary
representations of the fundamental group 71(S%\{s1, 52, 53})-

1 Introduction

Let (V,w) be a 2n-dimensional real symplectic vector space. A complex structure on V' is an automorphism
J of V such that J2 = —Id. The complex structure J is said to be adapted to w if the bilinear form
g(u,v) := w(u, Jv) is a Euclidean scalar product on V. Given a complex structure J, the vector space V'
can be endowed with a complex vector space structure by setting ¢.v = Jv for all v € V. If J is adapted
to w, the form h = g — iw then is a Hermitian scalar product on V' endowed with its complex structure
and the map J is both orthogonal and symplectic. Let U(V') be the unitary group of V relative to h,
O(V') the orthogonal group of V relative to g and Sp(V') the symplectic group of V relative to w. Then
by definition of h, we have U(V) = O(V) N Sp(V).

A real subspace L of V is said to be Lagrangian if its orthogonal L+« with respect to w is L itself.
Equivalently, L is Lagrangian if and only if its orthogonal with respect to g is L+ = JL. In particular,
given a Lagrangian subspace L of V', we have the g-orthogonal decomposition V' = L & JL. Denoting
by L£(V) the set of all Lagrangian subspaces of V (the Lagrangian Grassmannian of V'), the above
decomposition enables us to associate to every Lagrangian L an R-linear map

oy : 1% — Vv
r+Jy — z—Jy

called the Lagrangian involution associated to L (see also [5],[3]). Observe that oy, is anti-holomorphic:
or oJ = —Joor and that the map
LV) — GL(V)
L +— or
is continuous.

The purpose of this paper is to use these Lagrangian involutions, some properties of which are stated
in section 2.4, to study the diagonal action of the unitary group U(V) on L(V) x L(V) x L(V). We
shall first recall the unitary classification result for pairs of Lagrangian subspaces of V', then describe the
diagonal action of U(V') on L(V) x L(V) x L(V'), and give a complete classification and description of the
orbit space in the case where V is of complex dimension 2 (theorems 3.1, 3.5 and 3.6). We then deduce
a way to compute the inertia index of a triple of Lagrangian subspaces of V' (theorem 4.4). Finally, we
relate these results to the classification of two-dimensional unitary representations of the fundamental
group 71(S?\{s1, 82, s3}) (corollary 4.10).

By choosing a unitary basis of V| we may identify V' with the Hermitian vector space (C", h(z,z’) =
S iy 2k2;) and denote £(V) by L(n), U(V) by U(n), O(V) by O(2n) and Sp(V)) by Sp(n). We set g =
Re h and w = —Im h and denote by J the R-endomorphism of C* ~ R?" corresponding to multiplication
by ¢ € C in C", and we have indeed g = w(., J.).



2 Pairs of Lagrangian subspaces

The unitary group U(n) acts smoothly and transitively on the Lagrangian Grassmannian £(n). Fixing a
Lagrangian L in £(n), its stabilizer can be identified to O(n), and £(n) therefore is a compact homogenous
space diffeomorphic to U(n)/O(n). We shall here be concerned with the diagonal action of U(n) on
L(n) x L(n). Observe that requiring (L) to be Lagrangian when L is Lagrangian and ¢ € O(2n) is
equivalent to requiring that ¢ be unitary (since L ® JL = C"™, a g-orthogonal basis B for L over R is
a unitary basis for C" over C, and if L is Lagrangian and v orthogonal, ¢(B) then also is a unitary
basis, so that 1 is a unitary map). Equivalently, the orbit of a pair (Lq, La) of Lagrangian subspaces
under the diagonal action of U(n) is the intersection with £(n) x L(n) of the orbit of (L1, Ls) under
the diagonal action of O(2n). The orbit [L1, Ls] of the pair (L1, Lz) under the diagonal action of U(n)
may therefore be called the Lagrangian angle formed by L; and Ls. In the following, we shall simply
speak of the angle (L1, L2) to designate the orbit [Li, Ls]. We now wish to find complete numerical
invariants for this action: to each angle (L1, L2) we shall associate a measure, denoted by meas(Ly, Ls),
in a way that two pairs (L1, L) and (L}, L}) lie in the same orbit of the action of U(n) if and only
if meas(L1, L) = meas(L}, Lj). This can be done in three equivalent ways, which we shall describe and
compare.

2.1 Projective properties of Lagrangian subspaces of C"

A real subspace W of C" is said to be totally real if h(u,v) € R for all u,v € W. A real subspace L of
V' therefore is Lagrangian if and only if it is totally real and of maximal dimension with respect to this
property. Let p be the projection p : C"\{0} — CP"~! on the (n — 1)-dimensional complex projective
space, and for any real subspace W of C", let p(W) be the image of W\{0}.

When L is a Lagrangian subspace of C", recall that we denote by o the only anti-holomorphic
involution of C" leaving L pointwise fixed (called the Lagrangian involution associated to L). The map
o1, being anti-holomorphic, it induces a map

gr: Cpr! — cpr!
] — [ow(2)]

If we endow CP"~! with the Fubiny-Study metric, o7 becomes an isometry, and p(L) is the fixed point
set of that isometry. Therefore, for any Lagrangian L of C", the subspace [ = p(L) of CP"1, called a
projective Lagrangian, is a totally geodesic embedded submanifold of CP™~!. More generally, every totally
real subspace W of C™ is sent by p to a closed embedded submanifold of CP™~! which is diffeomorphic to
RP(W) (see [8], p. 73). These projective properties can be used to prove the first diagonalization lemma
(theorem 2.1), as shown in [8]. They will also be important to us in the study of projective Lagrangians
of CP'.

2.2 First diagonalization lemma and unitary classification of Lagrangian pairs

We state here the results obtained by Nicas in [8]. Let (L1, L2) be a pair of Lagrangian subspaces of C"
and let By = (u1,...,u,) and Bs = (v1,...,v,) be orthonormal bases for L; and Lo respectively. Let A
be the n x n complex matrix with coefficients A;; = h(v;, u;).

Definition 1 (Souriau matrix, [8]). The matrix AA?, where A? is the transpose of A, is called the
Souriau matriz of the pair (L1, Lo) with respect to the bases By and Bs.

The matrix AA? is both unitary and symmetric. As shown in [8], p. 73, two Souriau matrices of the pair
(L1, L) are conjugate. We can therefore make the following definition.

Definition 2 ([8]). The characteristic polynomial of the pair (L1, La), denoted by P(L1, Ls), is the
characteristic polynomial of any Souriau matrix of the pair (Ly, La).

Theorem 2.1 (First diagonalization lemma,[8]). Let (L1, L2) be a pair of Lagrangian subspaces of
C". Then there exists an orthonormal basis (ui,...,u,) for Ly and unit compler numbers e, ... eAn
such that (€™ uy, ..., e*nuy,) is an orthonormal basis for Ly. Furthermore, the squares €M ... e??



of these numbers are the roots of the characteristic polynomial of the pair (L1, L), counted with their
multiplicities.

Theorem 2.2 (Unitary classification of Lagrangian pairs of C", [8]). Let (L1, Lz2) and (L}, L})
be two pairs of Lagrangian subspaces of C™. A necessary and sufficient condition for the existence of
a unitary map ¢ € U(n) such that y(L1) = L} and ¥(Le) = LY is that the characteristic polynomials
P(L1, Ls) and P(L}, L}) are equal.

2.3 Second diagonalization lemma

It is possible to express the result of the first diagonalization lemma in terms of unitary maps sending L
to Ls, in a way that generalizes the situation of real lines in C.

Proposition 2.3 (Second diagonalization lemma). Given two Lagrangian subspaces of L1 and Lo
of C", then there exists a unique unitary map @12 € U(n) sending Ly to Lo and verifying the following
diagonalization conditions:

(i) the eigenvalues of w12 are unit complex numbers et ... e verifying T > A\ > ... >\, >0 ;

(ii) there exists an orthonormal basis (u1,...,u,) for Ly such that uy is an eigenvector for @12 (with
eigenvalue er) .

Proof. The existence is a consequence of the first diagonalization lemma. As for unicity, observe that two
such unitary maps have the same eigenspaces and the same corresponding eigenvalues, and therefore are
equal. O

It is also possible to give a direct proof of this result, which then proves the first diagonalization lemma
without making use of projective geometry (see [7] or [1]). Observe that condition (i) is essential for
the unicity part: for any Lagrangian L, the two maps J and —J are both unitary, they both send L to
JL = (—J)L and verify condition (ii) for any orthonormal basis of L, but J is the only one of these two
maps whose eigenvalues are located in the upper half of the unit circle of C.

Observe that the Souriau matrix of the pair (L1, Ls) with respect to the bases (uq,...,u,) and
(e™uy,. .., e nu,) is the diagonal matrix diag(e??*1, . .., e?? ). Therefore, the roots of the characteristic
polynomial P(Ly, Ls) are the squares of the eigenvalues of 1s.

At last, observe that if (L1, La) and (L}, L}) are located in the same orbit of the diagonal action of
U(n) on L(n) x L£(n), then the two associated unitary maps 12 and ¢}, are conjugated in U(n). Indeed,
if (L1) = L} and ¢(Le) = LY with ¢p € U(n), then v o @12 0 b~ sends L} to L} and verifies the
conditions of the second diagonalization lemma, hence by unicity 1o 1209 ~1 = ©},. The unitary maps
12 will be very useful in the study of the diagonal action of U(2) on triples of Lagrangian subspaces of
C? (see section 3).

2.4 Lagrangian involutions

We give here the properties of Lagrangian involutions that we shall need in the following. The finite
groups generated by such involutions are studied in [4].

Proposition 2.4. Let L € L(n) be a Lagrangian subspace of C™. Then:
(i)  There exists a unique anti-holomorphic map oy, whose fixed point set is exactly L.

(ii) IfL' is a Lagrangian subspace such that oy, = o/, then L = L’: there is a one-to-one correspondence
between Lagrangian subspaces and Lagrangian involutions.

(i) or is anti-unitary: for all z,2" € C", h(or(z),0L(2")) = h(z, 2').

Observe then that the composite map or, o o, of two Lagrangian involutions is unitary. As a direct
consequence of the definition of a Lagrangian involution, we have, for any Lagrangian L and any unitary
map ¥, oyr) = oor ot (since ¥ oop o~ is anti-holomorphic and leaves 1(L) pointwise fixed).
The following result establishes the relation between Lagrangian involutions and angles of Lagrangian
subspaces.



Proposition 2.5. Let L; and Lo be two Lagrangian subspaces of C*. The eigenvalues of or, o or,
are the roots of the characteristic polynomial P(Ly, La) of the pair (L1, La), with the same multiplicity.
Equivalently, since P(L1, La) is monic, it is the characteristic polynomial of the holomorphic map or, o
0L, -

Proof. By the first diagonalization lemma, there exists an orthonormal basis (u1, ..., u,) for L1 and unit
complex numbers a1, . . ., o, such that (ajuy, ..., a,uy) is an orthonormal basis for Ly and o2, ..., a2 are
the roots of P(Ly, Lz), counted with their multiplicities. Let ¢ be the unitary morphism sending uy to
aruy for k=1,...,n. Then o?,...,a? are the eigenvalues of ¥, counted with their multiplicities, and it
is therefore sufficient to prove that o, oo, = wQ.

The map v o o, o~ is anti-holomorphic and leaves Ly pointwise fixed, hence oy, = ¥ oo, oL,
Furthermore, for all j = 1,...,n, we have or, o ¢~ (u;) = aLl(%uj) = ajor, (u;) = Y(u;) = Yo

oL, (uj) O
In particular, setting ) = 12 in the above proof, we obtain the following corollary.

Corollary 2.6. Let p12 be the only unitary map sending L1 to Lo and verifying the conditions of propo-
sition 2.3. Then @3y = op, 0oL, .

2.5 Measure of a Lagrangian angle
Keeping the classification theorem in mind, we are then led to the following definition.

Definition 3 (Measure of a Lagrangian angle). Let L; and Ly be two Lagrangians of C™ and let
e . e??An be the eigenvalues of o7, 007, , counted with their multiplicities. The symmetric group &,,
acts on S! x -+ x 8! by permuting the elements of the n-tuples of unit complex numbers, and we denote
by [e?2M ..., e22»] the equivalence class of (e ... ) € S x ... x S and call it the measure of
the angle formed by L; and Lo: meas(Lq, L) = [e?*1, ... e ] € (ST x - x S1)/6,,.

As oyy =% oopo 11 for any unitary map 1 € U(n), we have meas(¢)(L1), % (L2)) = meas(L1, Lz), so
this notion is well-defined. This definition of a measure does not extend the usual one (in the case n = 1,
we obtain e??*, where A € [0, 7] is the usual measure). It will nonetheless prove to be relevant.

Observe that, since o7, o o, = (01, 0 op,)” %, if €* is an eigenvalue of o1, o o, then e is
an eigenvalue of o7, o or,. As a consequence, if (e??*1 ... e?? ) is a representative of meas(L, La)
then (ei%l, ..., €% where £ = 7™ — Ay mod 7, is a representative of meas(La, L1). In particular,
meas(L1, Ly) = meas(L), L)) if and only if meas(L2, L1) = meas(L5, L}).

In the following, we shall identify S x --- x S with the n-torus T" = R"/7Z", to which it is
homeomorphic. The measure of the angle (L1, Ly) will be denoted by meas(L1, Lo) = [e??M ... e??*] €
T" /&, where (e?2M1 ... ") is a representative of meas(Ly, L) verifying 7 > A\; > ... > A, > 0. In
view of proposition 2.5 above, we may now reformulate the classification theorem for Lagrangian pairs in
the following way.

—i2A

Proposition 2.7. Given two pairs of Lagrangian subpaces (L1, L2) and (L}, L}) of Lagrangian subspaces
of C™, a mecessary and sufficient condition for the existence of a unitary map v € U(n) such that
W(L1) = Ly and (La) = L} is that meas(Ly, Lo) = meas(L], L,). Equivalently, the map

Xi (L) x L)/Um) — TS,

[Ly, Lo] — meas(L, Lo)
18 one-to-one.
The map x is in fact a bijection : given [e??*1 ... ¢®*] € T"/&,, consider any Lagrangian L; €
L(n), (u1,...,u,) an orthonormal basis for L; and let Ly be the real subspace of C™ generated by
(e™uy, ..., e nu,). Since (euy,. .., enu,) is a unitary basis of C* over C, Lg is Lagrangian and

meas(Li, L) = [e®M ... ei?An].

Corollary 2.8. The angle space (L(n) x L(n))/U(n), endowed with the quotient topology, is homeomor-
phic to the quotient space T™/&,,, both being Hausdorff and compact.



As a final remark, observe that the corresponding symplectic problem admits a simple answer: a necessary
and sufficient condition for the existence of a symplectic map ¢ € Sp(n) such that (L;) = L} and
Y(Le) = L is that dim(L; N Lo) = dim (L} N L}); the measure of the symplectic angle formed by two
Lagrangian subspaces of C” simply is the dimension of their intersection.

2.5.1 Orthogonal decomposition of L; associated to meas(L;, L)

The presentation given here follows that of [8]. This notion will enable us to classify triples of Lagrangian
subspaces of C? (theorem 3.1).

Let (L1, L) be a pair of Lagrangian subspaces of C", and let (a?,...,a2) be a representative of
meas(Lq, Ly) € T"/S,,. The unit complex numbers a3, ...,a2 then are the roots of the characteristic
polynomial P(Lq, Ls) of the pair (L1, Ls) (proposition 2.5). Let 04?1, .. .,a?m be the distinct roots of
P(Ly,Ly). For k =1,...,m, define the real subspace Wy of L1 by W = {u € L1/ aj,u € Ly} Observe
that W is independent of the choice of the square root of a?k, and that Wy &- - - W,, is independent, up
to permutation of the subspaces, of the choice of the representative (a3, ...,a2) of meas(Li, L2) € T"/&,,.
Proposition 2.9 ([8]). Li decomposes as an orthogonal direct sum: L1 = W1 @---®&W,,, the dimension

of Wy, being the multiplicity of the root a?k of P(Ly, Ls).

Observe that L, then also decomposes as an orthogonal direct sum: Ly = a; W1 @ --- @ oy, W,
Furthermore, by considering the representative (eiQ/\1 sy €220 of meas(L1, La), where e, .. e are
the eigenvalues of the unitary map 12, we see that the subspace Wy, of L1 is the intersection with L; of the
eigenspace of @15 with respect to the eigenvalue e**ix . Given a Lagrangian triple (L1, Lo, L3), the unitary
maps 12 and 13 therefore have the same eigenspaces if and only if the orthogonal decompositions of
L; associated to meas(L1, Lz) and meas(L1, L3) are the same (see definition 5).

3 Triples of Lagrangian subspaces

3.1 First classification result for triples of Lagrangian subspaces of C?

The following remark is valid for any n. If (Li, Lo, L3) and (L}, L}, L%) are two triples of Lagrangian
subspaces of C™ that lie in the same orbit of the diagonal action of U(n) on L(n) x L(n) x L(n), it follows
from section 2 that we have in particular meas(Ly, Lo) = meas(L}, L)) and meas(L1, L3) = meas(L}, L).
Let Ly = W1 @ - - - & W, be the orthogonal decomposition of L; associated to meas(Ly, Lo) and let Ly =
Z1®- - -®Zp be the orthogonal decomposition of Ly associated to meas(L1, Ls). Define L] = W{&- - -aW),
and L] = Z] @ --- © Z,, similarly. Since meas(L1, L) = meas(L}, L) and meas(L1, L3) = meas(L}, L3),
the respective numbers of factors m and p in the above decompositions are indeed pairwise the same, and
furthermore dim Wy, = dim W}, for k = 1,...,m and dim Z; = dim Z] for [ = 1,...,p. More specifically,
if the unitary map ¢ € U(n) sends L; to L} for j = 1,2,3, then ¢(Wy) = W] for k = 1,...,m and
W(Z))=Z] for 1 =1,...,p, as follows from the definition of W}, and Z;. Since ¢ is unitary, we even have
V(Wi @ JWy) = W] @ JW/ for all k and (2, & JZ;) = Z] & JZ] for all L.

When n = 2, the above remark admits an easy converse, which gives a first classification result
for triples of Lagrangians of C2. We shall use the following notations: given two triples (L1, L2, L3) and
(L4, LY, Lb) of Lagrangian subspaces of C2, let 12 be the only unitary map sending L; to Ly and verifying
the conditions of the second diagonalization lemma (theorem 2.3), and let (e?*12, e?#12) be its eigenvalues,
where m > Az > p12 > 0, and define @13, @)y, @3 and (eir13, e™13), (M2 eili2), (&3, ei#1s) similarly.
As a preliminary remark to the statement of the classification result, observe that when both (15 and @13
have two distinct eigenvalues, respectively denoted by (ei)‘12 ,e12) and by (ei)‘“" ,e13) where m > g >
pi2 > 0and > Aj3 > pyz3 > 0, then Wy = {u € L/ ™2y € Ly} and Z; = {u € Ly/ e™3u € L3}
are one-dimensional real subspaces of the Euclidean space L1, and therefore form a (non-oriented) angle
measured by a real number 6 € [0, 5], that will be denoted by meas(W1,Z;). A real number 6’ may be
defined similarly in L}, since W{ are Z; are also one-dimensional.

Theorem 3.1 (Unitary classification of Lagrangian triples of C?). Given two triples (L1, L, L3)
and (LY, LY, L%) of Lagrangian subspaces of C2, a necessary and sufficient condition for the existence of



a unitary map ¢ € U(n) such that (L1) = L},¢¥(L2) = Ly and ¢(Ls) = Lf is that either

()\127 M12) = ()‘1127 MI12)
(A) A2 # pig, Mz # s and ¢ (A1, p13) = (?‘1137//13)
0 = 6

where 6 = meas(W1, Z1) € [0, 5] and 6’ = meas(W7{, Z}) are defined as above, or

A ) = (Mg, i)
B) Aip = Mg = g and { (120012 o b
(B) A12 = pa2 or A1z = 3 an { (M3, m13) = (M, pi3)

Observe that, in each case, the condition (A, wjx) = (A;k, N;‘k) is equivalent to the condition meas(L,, L)
= meas(L}, L}).

Proof. Suppose that such a ¢ € U(2) exists. Then, as we have seen earlier, meas(L1, Ly) = meas(L}, L))
and meas(Li, L) = meas(L}, L}). Furthermore, (W;) = W/ and ¥(Z,) = Zj, so that if 12 and
13 both have distinct eigenvalues (that is, we are in the situation of (A) above), we have § = ¢’ since
¥|L, : L1 — L} is an orthogonal map.

Conversely, suppose first that conditions (A) are fulfilled. Let w; € L; be a generator of W; and let
wy € L} be a generator of WJ. By choosing ws in Ly orthogonal to w; and w) in L} orthogonal to wf, we
may define an orthogonal map v : L; — L sending Wy to W] (and therefore Wy = Wit to W5 = (W])1).
Then the measure of the angle (W7{,v(Z1)) = (v(Wh),v(Z1)) is 6 = ¢, so there exists an orthogonal map
& € O(Ly) such that £ o v(Wy) = W] and £ ov(Z;) = Z;. The subspace L; being Lagrangian, the
orthogonal map & o v can be extended C-linearly to a unitary transformation ¢ € U(2) of C*> = Ly ® JL;
sending L; to L} by construction. But Ly = eM2 T, @ e12W, and Ly = ePM3 7y @ eiH13 7, (corollary of
proposition 2.9, hence (L) = 12 W/ @ e12W5 = L)), and (L3) = e 7] @ e13 7 = L.

If now the conditions (B) are fulfilled, then for instance Ly = ¢**L; and the result is a consequence of
the classification of pairs. O

Observe that, given real numbers (A2, p12, A13, p13,6) as in (A), it is always possible to find a triple
(L1, Lo, L3) such that meas(Ly, Lo) = [e®2*12 e?2M12] meas(Ly, L3) = [e'?M13, ¢2#13] and meas(W1, Z1) =
6. Indeed, let L; be any lagrangian of C? and let (u1,u2) be an orthonormal basis for Ly, let d; =
Ruy, do = Rus, and let d be the image of d; by the rotation of the euclidean space Li with matrix
(Z?ﬁg —C(s)lsneH> in the basis (u1,uz), and set Ly = e"12d; @ e#12dy and Lz = e d @ e3d+. Given
numbers (A2 = p12 = A, A13, p13) as in (B), we only need to set Ly = e L1 and L = e™13d; @ 13 d,.

Thus, the orbits of the diagonal action of U(2) on £(2) x £(2) x £(2) are generically characterized by the
five invariants A1o, 412, A13, 413 and 6.

3.2 Geometric study of projective Lagrangians of CP!

The aim of this section is to study the space (L£(2) x £(2) x £(2))/U(2) of the orbits of the diagonal
action of U(2) on triples of Lagrangians subspaces of C2, and more specifically to describe it in terms of
the map

pr (L(2)x L(2) x L(2))/U2) — T? /G5 x T?/Gs x T? /S,
[L1, Lo, L3] — (meas(Ly, L2), meas(Lz, L), meas(Ls, L1))

which will enable us to state the classification result for Lagrangian triples in a way (theorem 3.6) that
is similar to the corresponding result for Lagrangian pairs (theorem 2.7). We shall see in paragraph 3.3
that this way of doing things is equivalent to considering orthogonal decompositions of one of the three
subspaces. We are first going to describe the image of the map p and then prove that it is one-to-one.
This will also give a topological description of the orbit space. Our main tool to characterize the image
of p will be the study of projective Lagrangians of CP!.



3.2.1 Configurations of projective Lagrangians of CP!

In the following, we shall constantly identify the complex projective line CP!, endowed with the Fubini-
Study metric, with the Euclidean sphere 5% C R? endowed with its usual structure of oriented Riemannian
manifold. We will denote by p the projection

p: CAO\{0} — cp?
z=(21,22) +— p(z)=[z] = [21, 2]

As seen in 2.1, the image of a Lagrangian subspace of C? is a totally geodesic submanifold of CP! ~ §?
that is diffeomorphic to RP! ~ S1. Therefore | = p(L) is a great circle of S?, and the isometry o7 of
CP!, induced by the Lagrangian involution o7, acts on S? as the reflexion with respect to the plane
of R3 containing the great circle [ = p(L). Recall that the unitary group U(2) acts transitively on the
Lagrangian Grassmannian £(2). The action of U(2) on CP! is the same as the action of the special
unitary group SU(2), which acts on S? by the 2-folded universal covering map h : SU(2) — SO(3). The
map L € £(2) — [ = p(L) C CP! ~ S? is equivariant for these actions. For any ¢ € GL(2,C), we shall
denote by @ the induced map of CP! ~ §? into itself: $.[z] = [p(2)]. If ¢ € U(2) then @ acts on S? as
an element of SO(3): indeed ¢ = e'21), where ¢/ = det ¢ and ¢ € SU(2), and then § = ¢ in Aut(CP'),
the action on S? being obtained by considering h (1), which we shall from now on simply denote by 1}

In the following, let (L1, L, L3) be a triple of Lagrangian subspaces of C? and let (I1,l2,l3) be the
triple of corresponding great circles of S?: [; = p(L;) for j = 1,2,3. As above, we denote by ;) the
only unitary map sending L; to Lj and verifying the conditions of the second diagonalization lemma.
Let (e™ix, eiik) be its eigenvalues, where 7 > Ajk > pik > 0, and let (ujx,vjx) be an orthonormal
basis for L; formed by eigenvectors of ¢ji: @jr(ux) = e“‘ikujk and ¢(vjr) = e™*rvjp. Recall that
(e2Xik ei21ik) then is a representative of meas(Lj, Ly) € T?/S,. We denote by Lo the Lagrangian
subspace Lo = {(z,y) € C? | 2,y € R} of C?. We denote its projection on CP! by Iy = p(Lo).

We are now going to relate the angles of projective Lagrangians of CP! ~ S? with the Lagrangian
angles defined in section 2. Furthermore, in order to study configurations of projective Lagrangians of
CP!, we are going to define a notion of sign of a projective Lagrangian triple. To do so, we shall first
define such a notion in a generic case and then extend it to the remaining cases. At last, we shall see
that there is also a notion of sign for Lagrangian triples of C™ and that in the case n = 2, the triples
(L1, L2, L3) and (I1,12,13) have same sign.

Proposition 3.2 (Projection of a Lagrangian pair). Let (L1, La) be a pair of Lagrangian subspaces
of C? and let (e™2, e'12) be the eigenvalues of p12. Then Iy = ly if and only if A2 = p12. Furthermore,
if M2 # pae, then ly is the image of 1 by the (direct) rotation of angle cia = A2 — p12 €]0, [ around the
point [v12] € CP =~ §2 C R? ([v12] = Cuviz being the complex eigenline of p1a associated to the eigenvalue

e'12 of lowest argument).
Iy

h

Figure 1: Two projective Lagrangians of CP!

Proof. If A\jg = p12 = A then Lo = e¢* Ly and therefore ls = I3 in CP?.
If now A2 # pi12, suppose first that Ly = Lo and that (uj2,v12) is the standard basis of C2. Then

iA12
Ly is the image of L; by the unitary map whose matrix in the standard basis of C? is (e 0 61812)



so that Ly = {(etM2x e12y) | 2,y € R} and Iy = p(L2) = {[eM2z,ei12y] | z,y € R}. Therefore, in

the chart [z1, 2] — 2t of CP' containing [vi2] = [0,1], I is sent diffeomorphically onto the real line
{eio‘l?*“lz)% | z,y € R, y # 0} = e!M2=r2)dy of the plane C ~ R?, where dy is the image of Iy = I,
in this same chart. Thus, I and [; intersect at a;2 = [u12] and b2 = [v12], and Iy is the image of

1 by the rotation of angle aqs = A12 — 12 €J0, [ around the point bia = v12, which means that the
oriented angle formed by [y and Iy at bio is of measure aj2 = A2 — p12. Note that the oriented angle
at ajq is of measure ™ — a2 €]0, [, since in the chart [z1, z9] — j—?, I is diffeomorphic to the real line
ei(ulzﬂ\lz)do — ei(ﬂf(/\lzﬂtm))dol

If now (u12,v12) is not the standard basis of C2, consider the unitary map 1 € U(2) sending the standard
basis (e, f) of C2 to (u1,v12). Then Ly = 1p~*(Ly), and let L = ¢p=*(Ls). Then [v12] = ¢.[f], Iz = ¢(1)
and [y = 12)\(10). Since then meas(Lg, L) = meas(L1, Ly), we deduce from the above paragraph that
I = p(L) is the image of [y by the rotation of angle the a5 around the point [f]. Since 1 € SO(3), the
oriented angle between I and Iy at b = [v12] € [1 N2 therefore also has measure aqs. O

Observe that this proof also provides an elementary way to see why Lg, and therefore every Lagrangian
subspace of C?, projects to a great circle of S? ~ CP'. We shall state a converse to the above result later
(see proposition 3.4).

Note that the preceeding result gives a complete description of the relative position of the projective
Lagrangians I3 and le only by means of the unitary map ¢i12. In particular, the rotation described above
is no other that the map @15 of CP' ~ S2 into itself: I, = ©12(l1). The axis of that rotation is the real
line of R? generated by any of the antipodal points ajo = [u12] or bia = [vi2] of S%, (u12,v12) being a
unitary basis of C? into which the matrix of ¢ is diagonal.

We are now going to describe all the possible configurations of the projective Lagrangians [1,lo and
I3 of CP! ~ S? satisfying the following condition for (j,k) = (1,2),(2,3), (3,1): if [; # I} then I is the
image of I; by the direct rotation ¢;5, of S? C R? of angle aj;, €]0, [ around a specified point b;j, € 1; NI

First case: [,ls and I3 are pairwise distinct.

(a) Suppose first that the three points bia,baeg, b3; are pairwise distinct (that is, I1,l2,l3 do not have
a common diameter). We may then consider the spherical triangle (b1, bag, b31), whose sides [b12, bag],
[b23, b31], [bs1,b12] are respectively contained in the geodesics la,13,1;. Since [; is the image of [; by a
direct rotation around b;i, the only possible configurations are the following ones:

l

AN

A negative triple A positive triple

Figure 2: Triples of projective Lagrangians of CP! in general position

On each sphere, we represent the angles o, around the point b;; and we shall continue to do so in
the following. We call the first triangle negative and the second triangle positive. Let us explain this
terminology and prove that these cases are indeed the only possible ones when the b;. are pairwise
distinct.

Let ¢ = @31 0 a3 0 12 € U(2). Then ¢(L1) = Ly and therefore @(ly) = ;. There are only two
possible cases: either  preserves the orientation induced on I; by the orientation of S2, or it reverses
that orientation. But @ = 31 0 @23 © P12 is the map obtained by composing the three rotations ¢jy
around the bj;’s. When @ reverses the orientation of [;, which we will call the negative case, then
(@12, (o3, u31) are the angles of the spherical triangle (b12,b23,b31). When @ preserves the orientation



of Iy, which we will call the positive case, then the angles of the triangle (bi2, bas, bs1) are (i, where
Bjkx = ™ — o, €]0,7[. Observe that this gives a series of necessary conditions for the existence of a triple
(L1, Lo, L3) of Lagrangian subspaces of C? projecting onto a triple (I1,l2,13) of great circles of S? that do
not have a common diameter. Namely, for instance if the triangle (b12, bes, b31) has angles o (negative
case), we necessarily have

12, 023, 31 € 10, 7|
a2 + a3 + a3 > ™
(A) Q12 + 7T > 93 + Q31
Q23 + T > a1+ iz
asg; + 7 > a1z + Qo3

since (a2, 23, aig1) are the angles of a spherical triangle. In the positive case, the same conditions apply
to (P12, B23, 031). In the following we shall write (aq2, aos, a31)_€ A to say that (a2, aes, az1) verify this

set of conditions. A is an open subset of R? and its closure A in R? is a tetrahedron, and is therefore
endowed with a 3-dimensional cell complex structure (see figure 3).

Figure 3: The tetrahedron (A)

(b) Suppose now that big,ba3 and b3y are not pairwise distinct: either bio = bas = b3y or, for instance,
b12 = bas and b3y # byo. Since 1, [o.l3 are still supposed to be pairwise distinct and satisfying I, = @\k(lj),
the only possible configurations are the ones shown in figure 4.

These 4 cases correspond to degenerate spherical triangles, so that we have the following respective
necessary conditions:

12, 023, 31 € 10,7 B2, B23, Ba1 € 10, 7]
a2 + o3 31 = m B2+ Bz + P = ™
ajg+m > g3+ o3y Br2 + > Baz+ B3
Qo3+ > az;+ o Boz + > B31+ P2
azp + 7 > g2 + o3 P31+ 7 > B2+ Bos
P12, P23, 831 € 10, 7| aq2,Q3,31 € 10, 7|
B2 + B2z + PBa1 > m a2 + a3 + a3 > m
Biz +m > a3+ B3 Qg+ > 3+ asg
Baz + > B31+ P2 Qo3+ T > a3) + o
B31 +m = [12+ Pa3 as +7 = oq2+ g3

This means that either the ajy or the 35, depending on the negativity or positivity of the triple (I1,12,13),
are located in an open 2-cell of the 3-dimensional complex A (see figure 3). The remaining 2-cells are
obtained when bos = b3y and b1a # bag, and when bg; = byo and bag # bsy.

Second case: [1,l; and I3 are not pairwise distinct.

(a) Suppose first, for instance, that iy = Iy and I3 # ;. Since I; = l2, we may consider either that a3 =0
or that ;o = 7 and that it is the angle of a direct rotation around bz € ls NIz = I3 N3, so that the
notion of negative and positive triples is still valid. Then the only possible configurations of I, s, [3 are
the ones shown in figure 5.
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Figure 4: Exceptional triples of pairwise distinct projective Lagrangians of CP!

Those configurations correspond to open 1-cells of A (see figure 3):

ajp =0 a3, a3 €)0, 7| Bra=m Ba3, F31 €]0, 7|
a2 + o3 + 31 = m B2 + B2z + P31 > T
o+ = Qo3 + a3y Biz2 +m > Ba23 + B31
Qo3+ > a3y + a2 Bog + 7 = Ba1 + Bi2
az) + T > a2 + o3 B31 + = Bi2 + Ba3
B2 =0 P23, B31 €]0, 7| Q2 =T a3, a3 €]0, 7|
Br2 + Baz + P31 = ™ g + oz + a3 > T
B2+ = B3 + Ba31 a1+ 7 > a3 + a3p
Bag +m > B31 + P12 a3+ = a3t + aio
Ba1+m > Bi2 + P23 as; +m = 2 + a3

The remaining 1-cells are obtained when lo = I3 and l; # [ and when l3 = [; and ls # [3.

(b) Suppose at last that Iy = lo = l3. The notion of negative and positive triples remains valid by
considering either that o, = 0 or that o, = m, and that the b;;’s all are a same b chosen arbitrarily in
l1 = Iy = I3. Then the possible configurations on S? correspond to the 0-cells of A; that is, in the negative
case, (a12,a93,a31) = (7,0,0),(0,7,0),(0,0,7) or (m,m,7), and in the positive case: (Si2,S23,831) =
(7,0,0),(0,7,0),(0,0,7) or (m,m, 7). Observe that in the cases where the three rotations @;; occur
around a same point bj; or around two diametrically opposed points, then the negative case corresponds
to (a2 + aes +ag1) = 7 (mod 27), and the positive case corresponds to (G124 23+ F31) = 7 (mod 27),
that is to (a2 + aes + as1) = 0 (mod 27). Also note that if [1, 12,13 are pairwise distinct great circles
of S? that do not have a common diameter, the mutual intersections /; N l; determine 6 points on S,
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Figure 5: Triples of non pairwise distinct projective Lagrangians of CP!

which in turn give rise to 8 spherical triangles, four of which are negative, the four others being positive.
Two triangles with a common edge have opposite sign, whereas two triangles with only a common vertex
have same sign.

From the study above, we deduce that a Lagrangian triple (L1, L2, L3) projects on a triple (I1,1l2,13) of
great circles of S2, that is either positive with (a2, a3, a31) € A or negative with (812, 823, 331) € A.
In particular, these conditions are necessary conditions for ([e?2M12) ei2iiz] [¢i2A2s ei2H2s] [gi2Aa1 ¢i2ua1])
to be the triple of measures of a Lagrangian triple. Before showing that these conditions are sufficient,
we shall give another way of determining if a triple (I1,l2,l3) is negative or positive.

Proposition 3.3. Let (L1, L2, L3) be a triple of Lagrangian subspaces of C2, and set o = @31 0 pa30 1.
Write det o = €, where § = (A 12 + p12) + (A2 + po3) + (Az1 + p31). Then 6 =0 (mod ), and (11, 1s,13)
is negative if § = m (mod 27) and positive if § = 0 (mod 27).

Observe that when § = 0 (mod 27) we have det = 1, so that we might also say that the triple
(L1, Lo, L3) of Lagrangian subspaces of C? is positive. Similarly, when § = 7 (mod 27), det o = —1 and
(L1, L, L3) will then be said to be negative. The above proposition then says that the triples (L1, Lo, L3)
and (1, l2,l3) have same sign. Note that the notion of sign of a Lagrangian triple (L1, Lo, L3) is also valid
for Lagrangian subspaces of C™.

Proof. Suppose first that Ly = Lo and that (ui2,v12) is the standard basis of C2. Write Pik =
A tr
i ik TPk

e 2 lijk where 11, € SU(2) and eVirFHir) = det Pik- Set 1) = 131 o ¢23 o112, so that p = ¢ 54,
where 6 = >, 1 (Ajk + k). Note that @5 = %k and 3 = ¢. In particular, d)(lo) = ly. But the matrix of

S

1 in the standard basis of C? is of the form A = <t _gt where s,t € C and verify |s|? 4 |t|* = 1. Since

lo = {[z,y] € CPY,z,y € R}, ¥(lo) = Iy if and only if A = (Z _ab) or A= (ZZZ Zl.)a) where a,b € R
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and verify a® + b% = 1.
5 _

In the first case ¢¥(Lg) = Lo, so that Ly = ¢(Lg) = ei%, and since Lo is totally real we have § =

(mod 7), that is § = 0 (mod 27). In the second case (Lo) = i.Lo, so that Lo = ¢(Lg) = ¢%i.Lo and

therefore 5 = 5 (mod m), that 1s 0 = m (mod 27). Now recall that ©(lgp) = (lo). en A = B ,
herefore 3 = I (mod 7), that is § d2r). N HhAlZWhAZab

axr—b

brta 1S In-

the orientation on [y is preserved by {/; (since, in the chart [z1, 23] — ZL, the map z € R —
ia b
b —ia
by QZ (since, in the chart [z1, z9] — Z themap z € R — Z;fs is decreasing), so that the triple (o, l2,l3)
is negative.
Suppose now that (u12,v12) is not the standard basis of C2?, and define the unitary map v € U(2) sending
the standard basis to (uia,v12). Let Ly = v=1(La), Ly = v=(Ls), l5 = p(L}) and I = p(Ls). Then
v~logpovsends Lo to Ly and det(v "t opor) = det p = €. From the study above, the triple (lo, I}, 13) is
positive if and only if 6 =0 (mod 27), and negative if and only if § = 7 (mod 27). But since I3 = U(lp),
lo =v(15) and I3 = U(l%) with U € SO(3), the triples (I1,12,13) and (I{, 15, 1;) have same sign. O

creasing), so that the triple (lo, l2,13) is positive. When A = ( ) , the orientation on [y is reversed

3.2.2 Second classification result for triples of Lagrangian subspaces of C?

As a converse to proposition 3.2, it is possible, given two distinct great circles Iy # Il of $2 ~ CP!, to
describe the measure of the angle (L1, L2) between two Lagrangians of C? that project respectively to
1 and l5. Recall that two distinct great cirles 1 # I intersect along two antipodal points a, b, and that
a €]0, 7] is said to be the measure of the oriented angle between I; and lp at b € I; Nl if I3 is the image
of l; by the (direct) rotation of angle o around b.

Proposition 3.4 (Lifting lemma). Let Iy # Iy be two distinct projective Lagrangians of CP! ~ S2 et
belinNly and let a €]0, [ be the measure of the oriented angle (I1,12) at b. Then, given X and p such
that m > X > p > 0, and given a Lagrangian subspace L1 € p~1(l1), there exists a unique Lagrangian
subspace Ly € p~Y(l2) such that meas(L1, L) = [e??*, e?2H].

Proof. Let v € Ly such that p(v) = b. We may choose v such that ||v]| = h(v,v) = 1. Let then v € L,
such that (u,v) is an orthonormal basis for L;. Since L; is Lagrangian, (u,v) is a unitary basis for
ix

60 69“>’ and let
L =1%(Ly). Then L is Lagrangian and meas(L1, L) = [e??*, ¢??/]. Therefore, by proposition 3.2, | = p(L)
is a great circle of S2, distinct of 1 since A\ # u, that intersects [; at p(v) = b and the measure of the
oriented angle between [; and [ at b is A — u = «, so that [ = [s.

As for unicity, if L’ € p~!(l3), then, again by proposition 3.2, we know that L’ = ¢?.L, where 0 €]0, x[.
The unitary map e?.¢) then sends L; to L', and its matrix in the unitary basis (u,v), which is an

ei(GJr)\) 0 ) )
) e ) 50 that meas(Ly, L) = [¢2(043) mod ), (04 o ],

C2. Let 1 be the unitary transformation of C? whose matrix in the basis (u,v) is (

orthonormal basis for L is <

with 7 > (0 +A) mod 7 > (0 + ) mod m > 0. Since meas(Ly, L) = meas(Ly, L’), we have in particular
(0+A) mod 7=\, hence # mod 7 =0 (and so § =0) and L' = e*.L = L. O

The next theorem is our main result: it completely describes the image of the map p and lays the ground
for the second classification theorem for triples of Lagrangian subspaces of C2.

Theorem 3.5. Given a triple of measures ([e?M2 ei2Hz] [ei2h2s ei2u23] [ei2ha1 ei21a1]) satisfying the
conditions ™ > Aji, > pijk > 0, set ajr = Nji — pjk € [0, 7], Bk =7 — oy € [0, 7] and § = (A2 + p12) +
(Aag+pes)+(As14us1). Then, a necessary and sufficient condition for the existence of a triple (L1, Lo, L3)
of Lagrangian subspaces of C? such that meas(Li, Ly) = [e?M2 e?2M2] meas(Lq, L3) = [e?2X23 ei2123],
and meas(L3, L1) = [e?A31 ei2H31] s that
§=n (mod27) and (ai2,a23,a31) €A (negative case)
or

=0 (mod27) and (P12, 0e3,031) € A (positive case)
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(Here we allow \j; = 7 so that we may have o, = m and Bj; = 0).

Proof. The study made in paragraph 3.2.1 shows that these conditions are necessary.
Conversely, suppose first that 6 = 7 (mod 27) and that (12, ass, ag1) lie in the open set A. Then there
exists a negative triple (I1,l2l,3) of pairwise distinct great circles of S? such that [, is the image of l; by
the direct rotation of angle o around a certain point b, € I; Ny for (5, k) = (1,2),(2,3),(3,1), and
we may suppose that Iy = lyg. Let L1 = Lg. Then, by proposition 3.4, there exists a unique Lagrangian
Ly € p~*(ly) such that meas(Ly, Ly) = [e??M12 ¢i2112]. Again by proposition 3.4, there exists a unique
Lagrangian Lz € p~1(l3) such that meas(Lo, L3) = [e??*23 €?2#23] and a unique Lagrangian Ly € p~!(l1)
such that meas(L3, Ly) = [t e?2#31]. Let @34 be the unique unitary map sending Lz to Ly and
satisfying the conditions of the second dlagonahzatlon lemma 2.3, and let @ = 34 © Y23 © Y12. Then
@(L1) = Ly and det o = €. Write ¢ = e?%1), where 1 € SU(2). Then ¢(l;) = Iy, and since (1,12, 13) is
negative, we have, from the study made in paragraph 3.2.1, that ¢»(L1) = i.L1, hence, as 6 = 7 (mod 27),
we have Ly = o(Lq) = €3i.Ly = L.
Suppose now that (aqa, aeg, asr) € OA. If (a2, a3, a31) lay in an open 2-cell of A, there exists a negative
triple (1,12, 13) of pairwise distinct great circles of S? such that I, is the image of [; by the direct rotation
of angle aj, around a certain point by, € I; Nl for (j,k) = (1,2),(2,3),(3,1), and we can therefore
conclude as earlier. If now (a2, o3, a31) lay in an open 1-cell of A, there exists a negative triple, for
instance of the form (I1,la = ly,l3 # l2), such that l3 is the image of lo by the rotation of angle o3
around bez € lo N3 and such that [y is the image of I3 by the rotation of angle a3; around b3y € I3 N y.
Since Iy = Iy, aqg is either 0 or 7, and by setting b1z = bag (or bia = b31), we have that Iy is the image of
l; by the rotation of angle a2 around bia € I3 Nls (see figure 5). Let L1 = Lg. If a12 = 0, then A2 = p12
and we set Ly = 2. Ly, If ayo = m, then A2 = 7 and pi2 = 0, and we set Ly = L;. In both cases
Ly € p~(lo) = p~(I1) and meas(L;, Ly) = [e??M12, ¢?2#12], Since I; = Iy # 3, there exists, by proposition
34, a unique Lagrangian L3 € p~1(I3) such that meas(Ls, L3) = [¢/2}23, ¢2#23] and a unique Lagrangian
Ly € p~i(ly) such that meas(Ls, Ly) = [e??*31, e?2131]. As earlier, since the triple (I1,l2,13) is negative,
we have L, = ¢ 3. Ly =L;.
At last, if (a2, o3, a31) is a O-cell of A, that is, if (a2, azs, az1) = (7,0,0),(0,7,0),(0,0,7) or (7, T, ),
then Ly = Lo = L3 = Lo meet the required conditions.
If now, 6 = 0 (mod 27), the condition (B12,323,331) € A implies the existence of a positive triple
(I1,12,13) of pairwise distinct great circles of S?, with angles o, as required. Reasoning the same way, we
find 4 Lagrangians L1, Lg, L3 and L, with prescrlbed angles [e2Mik e?213k] and since (11, l2,[3) is positive
we have: Ly = ¢(L1) =¢€* 3 .L1, and therefore, as § = 0 (mod 27), Ly = L.
The other cases are treated identically. O

We now obtain the following classification theorem for triples of Lagrangian subspaces of C2.

Theorem 3.6 (Unitary classification of Lagrangian triples of C2, second version). Given two
triples (L1, Lo, L3) and (L, L, L%) of Lagrangian subspaces of C2, a necessary and sufficient condition
for the existence of a unitary map ¢ € U(2) such that o(L1) = LY, p(L2) = L} and p(Ls) = LY is that
meas(L1, L) = meas(L}, L), meas(Lq, L3) = meas(L}, L}), and meas(Ls, L1) = meas(L%, L}).
Equivalently, the map p: (£(2) x L(2) x L(2))/U(2) — T?/Gy x T?/Gy x T?/&; is one-to-one and is
therefore a homeomorphism from the orbit space (L£(2) x L(2) x L£(2))/U(2) onto a closed subset of the
measure space T?/Gy x T? /Gy x T?/Gs.

Proof. It only remains to prove that the above conditions are sufficient. Let (L1, Lo, L3) and (L}, L}, L%)
be two Lagrangian triples such that meas(L;, L) = meas(L’, L}) for all j,k. Then, the (generalized)
triangles (b12, bag, b31) and (b5, b3, b5, ) have the same angles, so there exists a map ¢ € SU(2) such that
@(bjk) = b, for all j, k. Since moreover § = ¢', the triples (I1,l2,13) and (I1,15,1;) have same sign and
we therefore even have QZ( lj) = 1; for all j. Equivalently, p(¥(L;)) = @(p(Lj)) = @(lj) =l = p(L)).
In particular, by proposition 3.2, we have L} = e?.4)(L;) for some § € [0,7[. Set ¢ = e¥.4p € U(2).
Then ¢(L1) = Lj and p(¢(L2)) = @(p(L2)) = ¥(l2) = Iy and meas(Li, ¢(Lz)) = meas(p(L1), 9(Ls2)) =
meas(L1, L) = meas(L], L}), hence, by unicity in proposition 3.4, ¢(L2) = L. Likewise, p(p(L3)) =1}
and meas(L5, p(L3)) = meas(L5, L), therefore p(L3) = L. O

The above study suggests using trigonometry in CP™~! to classify triples of Lagrangian subspaces of C™.
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3.3 Equivalence of the two classification results

We now wish to explain why the two classification results that we have obtained (theorems 3.1 and 3.6)
are indeed equivalent.

Let (L1, Lo, L3) be a triple of Lagrangian subspaces of C2. If one of the unitary maps @, is of the
form e* Id (for instance if Ly = e**.L1), and if (L}, L}, L}) is a triple of Lagrangian subspaces such
that meas(L1, L) = meas(L}, L)) and meas(Ly, Ls) = meas(L), L) (or equivalently meas(Ls, L1) =
meas(L%, L)), we necessarily have meas(Lq, L3) = meas(L5, L}), which proves that in this case the two
classification results are indeed the same.

If now each unitary map ;3 has two distinct eigenvalues ek and ek where m > Ak > g > 0,
set di2 = Ruja C Ly and dis = Ruyg C Li (where uia and ugs are defined as earlier by means of
p12 and ¢13), and let 8 = meas(di2,d13) € [0, %] be the measure of the non-oriented angle formed by
the real lines di2 and di3 in the Euclidean space Li. Recall that L; = dia @ diy = di3 © di3, where
di; = Ruyz and diz = Ruig, and observe that @ is also the measure of the angle (diy,di3). As earlier,
define bj, = [vjx] € I; Nl C CP ~ 52,

Observe now that bg; € [; N3 is one of the two antipodal points a3 or biz € I1 Nl3. One can then
check the following remarks:

e The measure of the non-oriented angle formed by the two vectors b2 and by3 of S? C R? is 20 € [0, 7]
(in particular, two orthogonal vectors of L; project onto antipodal points of S?).

e If 1135 = 0 then b3y = by3 and therefore meas(b12, b31) = 20. If py3 # 0 then b3y = a13 and therefore
meas(byz, b31) = ™ — 26.

Let now (712,723, v31) be the measures of the angles of the spherical triangle (b12, bag, b31) (from the study
of projective Lagrangians of CP!, we know that either (y12,723,731) = (@12, @23, 31) or (Y12, 723,V31) =
(Bi2, P23, B31), where o, = A\jr — pj and Bjr = ™ — a;,). Let n € [0, 7] be the measure of the non-
oriented angle (b12,b31) (from the study above, we know that either n = 20 or n = 7 — 20). Then we
know from spherical trigonometry that cosys3 = sin ;2 sin y31 cosn — cos y12 cos y31.

%
AN

n=20orm—260

Figure 6: Relation between the two classication results

The next proposition completes the explanation why our two classification results are indeed equivalent.

Proposition 3.7. Let (L1, Lo, L3) be a triple of Lagrangian subspaces of C? such that @12, p23 and @31
have distinct eigenvalues. Let (L), LY, L) be a triple of Lagrangian subspaces of C? such that meas(L1, Lz)
= meas(L}, L}) and meas(L1, L) = meas(L, L) (this last condition being equivalent to meas(Lsz, L1) =
meas(L3, L})). Let 0 = meas(di2,d13) € [0, 5] be the measure of the non-oriented angle (di2,d13) in Ly
and define §' = meas(d,, d}3) € [0, %] in L} similarly. Then meas(Ly, L3) = meas(L5, Ly) if and only
ifo=0.

Proof. Assume first that meas(Lqa, L3) = meas(L}, L%). Since we also have meas(L1, L) = meas(L], L})
and meas(L1, Lg) = meas(L}, L), we get § = ¢§’: the triples (I1,l2,13) and (I1,15,15) have same sign.
As a consequencce, the spherical triangles (b2, bas, bs1) and (b]q, bys, bs;) have the same angles: v, =
Yji €]0,7[ for all j, k. Since meas(L1, L3) = meas(L}, L3) we have p13 = pi3, therefore, by the above
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remarks, either b3y = by3 and b5, = b5 (when pq3 and pj5 equal zero) or bs; = a13 and b5, = a3 (when
13 = phs # 0), so either n = 20 and ' = 26’ or n = 7 — 20 and ' = 7 — 26’. But then from the relation
from spherical trigonometry recalled above, since sin -y, # 0 for all 7, k, we have cosn = cos#’, and since
n,n’ € [0, 7] we get n = n’, therefore § = ¢’.

Assume now that 6 = €. Then, as in proposition 3.1, there exists a unitary v € U(2) such that
Y(L;) = L} for j = 1,2,3, so that meas(Ly, L3) = meas(Lz, L3). O

4 Applications

4.1 Computation of the inertia index of a Lagrangian triple
4.1.1 Basic properties of the inertia index

In contrast with the corresponding situation for pairs of Lagrangian subspaces, the orbit of a triple
(L1, Lo, L3) of Lagrangian subspaces of a 2n-dimensional symplectic vector space (V, w) under the diagonal
action of the symplectic group Sp(V') is not characterized by the integers nia = dim(L; N Ls), nag =
dim(Ls N Ls), n3; = dim(Ls N L1) and ng = dim(Lq, N Lo N L3), which are invariants of this action. To
classify the orbits, one introduces the notion of inertia index (sometimes called Maslov indezx, or simply
index, or signature) of a Lagrangian triple (L1, L2, L3). For the following definition and properties of the
inertia index, we refer to Kashiwara ([6], p.486 sqq).

Definition 4 (Inertia index). The inertia index of the Lagrangian triple (Ly, Lo, L3), denoted by
7(L1, Lo, L3), is the signature of the quadratic form ¢ defined on the 3n-dimensional vector space L &
Ly ® L3 by: q(x1,72,73) = w(w1,72) + w(T2, 23) + w(T3, 71).

In a suitable basis of L1 ® Lo® L3, one can represent q by a diagonal matrix whose entries consist of r terms
+1, s terms —1 and 3n—r—s terms 0, the integers r and s being independent from the choice of the basis.
What is called signature of ¢ here, and denoted sgn(q) is the integer sgn(q) = r — s. From the definition,
we see that for any symplectic map ¢ € Sp(n), we have 7((L1),¥(L2),¢¥(Ls)) = 7(L1, L2, L3). We
summarize here some of the properties of the inertia index that we will need in the following.

Proposition 4.1. The inertia index has the following properties:
(i) 7(L1, Lo, L3) =n — (n12 + ngz +n31) mod 27Z
(ii) |7(L1, L2, L3)| < n 4+ 2ng — (n12 + nag + n31)

We may now state the theorem of symplectic classification of triples of Lagrangian subspaces of (V,w),
which is due to Kashiwara. For d = (ng,n12, n23,ns1,7) € N* x Z, we set:

dlITl(Ll NLsyN L3) = ny,

dlIIl(Ll n LQ) =ni9,

Oy = (Ll, Lo, L3) € ﬁ(V) X E(V) X E(V) | dlm(L2 n L3) = N23,
dim(Lg N Ll) =n31,
7'([117 L27 L3) =T

Theorem 4.2 (Symplectic classification of Lagrangian triples,[6], p.493)). O, is non-empty if
and only if d = (no,n12,nes, 31, T) satisfies the conditions:

(i) 0<mny<ni,ng,n3<n

(ii)  n12 + naeg +ng1 < n+ 2ng

(iii) |7] <n+2n¢ — (n12 + N2z + na1)
(iv) 7=n—(n12 +n23+ng1) mod 27Z

If (L1, Lo, L3) and (L}, Ly, L) are two triples of Lagrangian subspaces of V', there exists a symplectic

map ¢ € Sp(V) such that (L1) = Ly, (La) = L and ¥(Ls) = L% if and only if ng = ng, niz = nls,
Nog = by, N31 =nhy and 7 = 7',
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Thus, the diagonal action of Sp(V') on L(V) x L(V') x L(V') has only finitely many orbits and these orbits
are the Oy’s, where d satisfies conditions (i) to (iv) above.

We now specialize to the case where V' = C", and make the following definition.

Definition 5. A triple (L1, Lo, L3) of Lagrangian subspaces of C™ is said to be an exceptional triple if
the unitary maps @12 and @13 have the same eigenspaces.

As can be seen from the case n = 2, a triple (L1, Lo, L3) is generically not exceptional, which justifies
the terminology.

We now extract from theorem 4.2 the following proposition, which will be very important to us. It
shows the interest of the notion of exceptional Lagrangian triple: every Lagrangian triple is symplectically
equivalent to an exceptional triple.

Proposition 4.3. Let (L1, La, L3) be a triple of Lagrangian subspaces of C™. Then there exists an
exceptional triple (L7, Ly, L) and a symplectic map 1 € Sp(n) such that L, = ¢(L;) for j = 1,2,3; that
1s, each orbit Og4 of the diagonal action of the symplectic group Sp(n) on L(n) x L(n) x L(n) contains at
least one exceptional triple.

4.1.2 From angles to inertia index

We saw earlier (proposition 3.3) that the quantity 6 = (A2 + p12) + (A3 + p23) + (As1 + u31) defined for
Lagrangian subspaces of C2, verifies § = 0 (mod 7) and contains information about the triple (L1, Lo, L3).
Namely, if § = 0 (mod 2) the triple (L1, Lo, L3) is positive (that is, setting ¢ = @31 0 a3 0 Y12, We
have det ¢ = € =1 > 0), and if § = 7 (mod 27) the triple is negative (that is det p = € = —1 < 0).
The interest of that notion was that the triple (I1,l2,l3) of projective Lagrangians of CP! had same
sign as (L1, L2, L3): if 6 = 0 (mod 27) the transformation @ = 31 o P23 o P12 of CP! preserves the
orientation on l; (the triple (I1,12,13) is then said to be positive), and if 6 = 7 (mod 27) then ¢ reverses
that orientation (the triple (I1,l2,13) is said to be negative); and this enabled us to distinguish between
positive and negative spherical triangles, which was essential in order to determine the image of the map
p i (L(2) x L(2) x L(2))/U(2) — T?/G3 x T?/Sy x T?/G,. But § can actually be defined for a triple
of Lagrangian subspaces of C™ for any integer n. For such a triple (L1, Lo, L3), since O‘%j = Id, we have
the following relation: (o, oor,) o (0L, 0c0op,) o (oL, oor,) = Id, and the determinant of this unitary
map therefore is of the form 2% with § = 0 (mod 7). When n = 2, the eigenvalues of the unitary map
oL, ©op, are €%+ and €% so that we have indeed 6 = (A12 + p12) + (A2s + pos) + (A31 + ps1).

In the following, we shall consider a triple (L1, Lo, L3) of Lagrangian subspaces of C", for arbi-
trary n. We shall denote the measures of the angles (L1, La), (L2, L3) and (L3, L1) by meas(L1, Ls) =
[e221 .. €] meas(La, L3) = [e?P1, ... e?/n] and meas(Ls, L1) = [e®71, ..., e ™] where T > a1 >
2> 0> > > B, >0and T > > .. >y, > 0. Wethenhaveézzgl:l(ajJrﬂjJr’yj),
where €/2° = 1 is the determinant of the unitary map (o, oor,)o (01, 00r,)o (61, 00or,) = Id, so that
d =0 (mod 7). Since §, which we shall also denote §(L1, L2, L) to avoid confusion, is defined by means
of the measures of the angles (L;, L) (that is, up to permutation, the eigenvalues of the unitary maps
or, ©0r;), 0 is invariant under the diagonal action of the unitary group U(n) on L(n) x L(n) x L(n): if
p e U(n), then 6(()0(L1,L2,L3)) = (S(Ll,Lg,Lg).

The next theorem is the main result of this paragraph.

Theorem 4.4. Let (L1, Lo, L3) be a triple of Lagrangian subspaces of C", and set nj, = dim(L; N Ly),
7=7(L1,Lo,L3) and § = 6(L1, Lo, L3). Then T = 3n — 2 _ (n12 + nag + na1).

™

Lemma 4.5. Ifc:t € [0,1] — (L1(t), L2(t), L3(t)) € L(n) x L(n) x L(n) is a continuous map such that
the dimensions nj,(t) = dim(L;(¢) N Lk (t)) of the pairwise intersections are constant functions of t, then
the map & : t — §(L1(t), La(t), L3(t)) is a constant map.

Observe that this result is also true for the inertia index (see [6], pp. 487-488).
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Proof of lemma 4.5. Since the nj;’s remain constant along the deformation, the non-zero «;(t), 8;(t) and
~v;(t) vary continuously. Therefore, §(L1, Lo, L3) varies continuously. As 6(¢t) =0 (mod =), d is a constant
map. O

Lemma 4.6. Let (L1, Lo, L3) be a triple of Lagrangian subspaces of C™ and let ¢ € Sp(n) be a symplectic
map. Then 6(¢(L1),¥(L2),v(Ls)) = §(L1, L2, L3), that is: § is a symplectic invariant.

Proof of lemma 4.6. Since the symplectic group is connected, there exists a continuous path ¢ € [0, 1] —
Py € Sp(n) such that ¢g = Id and ¢ = . For all t € [0,1], set L;(t) = ¥(L;) for j = 1,2,3.
As 14 is invertible, nia(t), nos(t) and ngi(t) are constant, and by the above lemma so is d(¢), so that

6(Y(L1),¥(L2),(Ls)) = 6(1) = 6(0) = 6(L1, La, L3). O

Lemma 4.7. Let (L1, Lo, L3) be an exceptional triple of Lagrangian subspaces of C" and let (uq, ..., uy)
be an orthonormal basis for L1 formed of eigenvectors of p12: w12 (uk) = €' uy, where [e?2*1, .. e?2n] =
meas(L1, Ly). For all k, set d¥ = Ly NC®  d5 = Ly nC® and d§ = L3N C*). Then df,d5 and df
are real lines of C%) and, if we denote by meas(d¥,d5), meas(d?,d}), meas(d, d}) € [0,7[ the measures
of the oriented angles (d¥,d5), (d,d%), (d,d%) in C*) | then

n
§(L1, Lo, L) = Z meas(d¥, d5) + meas(d2, d3) + meas(d5, d¥))
k=1

Proof of lemma 4.7. Set meas(Lq, L3) = [e?2°1,... e?*"]. Observe first that L; intersects the complex
line C*) = Cuy because up € Ly. Since (u1,...,u,) is a basis of Ly formed of eigenvectors of 2,
and since @12 and 13 have the same eigenspaces, there exists a permutation g € &,, such that, for all
ke {l,...n}, pis(us) = €90 uy, € Ly. Therefore, we have e'®*uy, € Ly and e**uy € Ls, so that C*)
also intersects both Ly and L. But if u € C"\{0} is contained in a Lagrangian subspace L of C" then
LNCu = Ru. Indeed, if v € LNCu then v = Au+pJu with A\, p € R, and since L is Lagrangian w(u, v) = 0.
But w(u,v) = Aw(u,u) + pw(u, Ju) = pg(u, u) with g(u,u) # 0, therefore v = Au € Ru. Therefore, since
©12(ug) = e uy € Ly, we have d¥ = L1 N Cuy = Ruy and d2 = Ly N Cuy, = R(e*uy) = e*“*d¥, hence
meas(dy,d5) = ay € [0, 7. Likewise, since e®®suy, € L, we have d§ = €9 d}, so that meas(dy,d§) =
E4(k)» hence, setting & = m — g, mod 7, meas(d§,d}) = & € [0,7[. Setting wy = e sy € Lg,
we have e®kwy, = +et(™ ), = 4wy € Ly. The (eigk) therefore are the roots of the characteristic
polynomial P(Ls, L) of the pair (L3, L1), hence [e??*%1 ... e?¢n] = meas(L3, L) = [e?®,...,e?7], and
since &, vr € [0,[, there exists a permutation g3 € &, such that, for all k, & = Vgs(k)- Similarly,
setting vy, = e"®*uy € Ly and ( = (eg(ky — ax) mod 7, we have ery, = teatyy, € Lq, hence
[€2C, ..., %] = meas(Ly, L3) = [, ..., e"Pn], and since (x, B, € [0, 7], there exists go € &,, such
that, for all k, (v = By,x). Furthermore, since d5¥ = Ruy, and df = Re® sy, = Re* vy, we have
meas(d2,d5) = ;. Hence

Zzzl(meas(d’f, dé) + meas(dlg, dl?f) + meas(dlg, d]f)) = ZZ:1 Qg + ZZ:1 G+ ZZ:1 &k
= ZZ:I Qg + ZZ:I 592(19) + ZZ:I Vgs (k)
= Sop i (ok + Be+ )
= 5(L1; L2; LS)

O

We now have all the material we need to relate § to 7 and show that the inertia index can be computed
from the measures of the Lagrangian angles (L1, La), (L2, L3) and (Ls, L1); that is, from the eigenvalues
of the unitary maps o, o or;, where o, is the Lagrangian involution associated to Lj;.

Proof of theorem /4.4. By proposition 4.3, there exists a symplectic map ¥ € Sp(n) such that (¥(Lq),
¥(La), ¥(L3)) is an exceptional triple. Since such a transformation leaves 7, ¢ and the nj;’s invari-
ant, we may assume that (L1, Lo, L3) is itself exceptional. Let us recall the notations meas(Lq, Lo) =

[ . ei2% ] meas(Ly, L3) = [e?°,...,e®*" ] wherer > a1 > ... > a, >0and7 >¢e1 > ... > ¢, > 0.
Then, since (L1, Lo, L3) is exceptional, there exists an orthonormal basis (ug,...,uy) for Ly and a per-
mutation g € &,, such that (e***uq,...,e"* u,) is an orthonormal basis for Ly and (e**'uq,...,e""uy,) is
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an orthonormal basis for Ls. By abandoning the condition m > e; > ... > ¢, > 0, we may suppose that
g = Id. Set d¥ = Ruy, d§ = e'rdl, d5 = e¥*rd¥, and 7, = 7(d¥,d%,d%) in the symplectic space Cuy.
Set 0, = meas(d¥, d5) + meas(ds, d5) + meas(ds, d}) and set, as in lemma 4.7, ¢, = (¢ — ax) mod 7
and & = (7 — &) mod T, so that & = ag + (& + &. Observe that 6 = 0(df, d5,d%) in the symplectic
space Cug. In particular, this implies that 6 = 0 mod 7. If d¥ = d5 = d%, which happens ng times,
then 7, = 0 and &, = 0. If either df = d5 # d or d§ = df # d¥ or d§ = d¥ # db, which happens
(n12 — ng) + (na3 — ng) + (n31 — ng) times, then 7, = 0 and 0 < 0 = ay + ( + & < 27 (since one of
these numbers is 0 and since all of them are < 7 and two of them are non-zero), but 6y = 0 mod 7 so
Sp = . If d¥ # db # df # d¥, which happens n + 2ng — (n12 + n23 + n31) times, then either 7, = 1 and
0p =mor 7, = —1 and 0 = 27, so that 7, =3 — Q—i& (see figure 7).

d2 d2
d3 d3

N 0 4 ) 0

T=1land d=m 7=-1and § =27

Figure 7: Relation between ¢ and 7 for exceptional triples of Lagrangians

Since (L1, Lo, L3) is an exceptional triple, we have, by proposition 4.7, § = 2221 0. Likewise, 7 =
> r_i Tk, so that we have:
S Z—:i-fno—(n12+n23+n31)(3 _ %&)
= 3(n+2no — (n12 4+ nas + n31)) — 2(6 — 7((n12 — no) + (n2s — no) + (n31 — no)))
= 371—%—(71124-71234-%31)

4.2 Two-dimensional unitary representations of 7 (5?\{s, s2, s3})

Let s1,...,8, be n distinct points of the Euclidean sphere S2. Then, for any z € S?\{s1,...,s,}, the
fundamental group of the sphere minus these n points has finite presentation

7r1(52\{51, ceSnt2) =< g1y 8n | Gno-.g1 =1>

where g is the homotopy class of a loop around si for £ = 1,...,n. Giving a two-dimensional unitary
representation p : m1(S?\{s1,...,5,}) — U(2) of this group is therefore equivalent to giving n unitary
matrices Uy, ..., U, € U(2) satisfying U,,...U; = Id and setting p(gr) = Uy for all k. Two such rep-
resentations p and p’ are equivalent if there exists a unitary transformation ¢ € U(2) of C? such that
Ul o = ¢ o Uy, or equivalently U = po U o ¢ ! for k = 1,...,n. Determining and classifying two-
dimensional unitary representations of 71 (S%\{s1,...,s,)} up to equivalence therefore is equivalent to
finding, given conjugacy classes C1,...,C, in the unitary group U(2), necessary and sufficient conditions
for the existence of unitary matrices Uy € Cy, verifying U,...U; = Id.

These conditions have been determined by Biswas in [2] after reformulating the question in terms of
parabolic vector bundles of rank two over the projective line CP'. The methods presented in section
3 above provide an elementary proof of the same result in the case n = 3. The relation between the
result of existence obtained by Biswas ([2], p.524) and the result of existence of theorem 3.5 above is a
consequence of the following proposition.

Proposition 4.8. Given three unitary matrices Uya, Uag, Us1 € U(2) verifying Us1UasUra = Id, there
exists a triple (L1, La, L3) of Lagrangian subspaces of C? such that or, o op; = Ujg for all j, k. If
(L1, L2, Lg) and (L}, L}, L) are two such triples, then there exists a unitary map ¢ € U(2) such that
o(L;) = L} for j =1,2,3.
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Lemma 4.9. Let A € U(2) be a unitary matriz and let (e, e™") be the eigenvalues of A, where
T >A>pu>0. Let v e C? be an eigenvector of A with respect to the eigenvalue e* and such that
h(v,v) = 1. Let Iy be a projective Lagrangian of CP! containing [v] € CP* ~ S?, and let Iy be the
projective Lagrangian image of 11 by the rotation of angle (A — p) € [0, 7| around [v]. Then, given a
Lagrangian Ly € p~Y(l1), there exists a Lagrangian Ls € p~1(l2) such that or, o op, = A.

Proof of lemma 4.9. Let u be an eigenvector of A with respect to the eigenvalue e*?* and such that
h(u,u) = 1. Set Ly = Ru @ Rv. Then (u,v) is a unitary basis of C?> and therefore L is Lagrangian.
Furthermore, [v] € lo N 11, where lo = p(Lg). Therefore, I is the image of Iy by a rotation ¢ € SO(3)
around [v] € S2, where ¢ € SU(2) is a special unitary map having v and v as eigenvectors (since {/; is
a rotation around [v] = —[u] € R3): 9 (u) = au and 1 (v) = Bv, where o, 3 € C. Set L = 1)(Lg). Then
L is a Lagrangian subspace of C? and p(L) = 12)\(10) = [;. Then, by proposition 3.2, L; = €’ L for some
6 € [0,7[. Set uix = e¥1h(u) and vi2 = €?)(v). Then (u12,v12) is an orthonormal basis for Li. Set
Ly = Reujp @ Ret vy, Then Ly is Lagrangian and, by proposition 3.2, p(Ls) is the image of p(L1) = [;
by the rotation of angle (A — p) arouns [v12] = [v], so p(Lz2) = lo. At last

—iX i ix i DYON i2X
oL, 00, (u12) = 0, (u12) = op, (e e M uga) = € o, (e u12) = e e u1a = e uqg
so that oz, o or, (e??au) = e**e¢®au hence, since o1, o oz, is holomorphic, o1, o o, (u) = Au. For the
same reasons, oy, oo, (v) = Av, and therefore o, o o, = A. O

Proof of proposition 4.8. For fixed j, k, let (ujx,v;r) be a unitary basis of C? formed of eigenvectors of
UjrUjrujr = ei”‘ikujk and Ujpvj, = eiQ“jkvjk, where m > Ajp > pjr > 0.There exists a great circle
lo of S? containing both [va3] € CP! ~ S? and [vis] € CP' ~ S2. Let I3 be the great circle of S?
containing [v12] and such that Iy be the image of I; by the rotation of angle (A2 — u12) around vqs.
Fix a Lagrangian L; € p~!(l1) arbitrarily. By the lemma above, there exists a Lagrangian Ls € p~!(l2)
such that oy, o o, = Uya. Now let I3 be the image of I by the rotation of angle (Aag — po3) around
[v23]. By the lemma above, there exists a Lagrangian Lz € p~!(l3) such that or, o o7, = Us3. Then
0L, 00, = (O'L3 o 0‘[11)_1 = (0‘L3 00,00, 0 O'Ll)_l = (Ugg [¢) Ulg)_l = Usz. At last, if (Ll,LQ,L3)
and (LY, Ly, L3) are two Lagrangian triples verifying o, o or; = Uy, = oy o oy, for all j,k, then
meas(L;, L) = meas(L’;, L},) for all j,k, hence, by theorem 3.6, there exists a unitary map ¢ € U(2)
such that p(L;) = L} for j = 1,2,3. O

Corollary 4.10. Given three conjugacy clases Cia,Ca3,C31 in the unitary group U(2) (that is, given
eigenvalues [e??M12 ei212] [ei2A2 ei2H2s] gnd [ei?As1 e2M31] where m > Njp > pjx > 0), there ewists
unitary matrices Uj, € Cji verifying Us1UasUro = Id if and only if there exists a triple (L1, Lo, Ls3)
of Lagrangian subspaces of C? such that meas(L;, L) = [e??%i*, e"2Fix] for all j, k, that is, setting § =
>k (N + 1), gk = Ajk — pik and Bk = 7 — gk, if and only if

§=m (mod 2m) and (@12, a23,a31) € A
or
6=0 (mod 27‘(‘) and (ﬁm,ﬁgg,ﬁzﬂ) SN

Proof. Given such a triple (L1, Lo, L3), the maps o, 00, o, oo, and or, ooy, are unitary, have the
prescribed eigenvalues, and verify (o, ocop,) o (o, 00or,) o (01, oor,) = Id.
Conversely, given three unitary matrices Uys, Uas, U3y verifying Us1UasUie = Id, there exists , by the

above proposition, a triple (Li, La, L3) of Lagrangian subspaces of C? such that oy, o or; = Ujy for all
g, k, so that meas(L;, L) = [e??ix, ei2hir],

The conditions on J, the a;;’s and the 3;;’s then follow from theorem 3.5. O
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