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Abstract
The purpose of this paper is to study the diagonal action of the unitary group U(n) on triples of

Lagrangian subspaces of C n . The notion of angle of Lagrangian subspaces is presented here, and we
show how pairs (L1, L2) of Lagrangian subspaces are classified by the eigenvalues of the unitary map
σL2 ◦ σL1 obtained by composing certain anti-symplectic involutions relative to L1 and L2. We then
study the case of triples of Lagrangian subspaces of C 2 and give a complete description of the orbit
space. As an application of the methods presented here, we give a way of computing the inertia index
of a triple (L1, L2, L3) of Lagrangian subspaces of C n from the measures of the angles (Lj , Lk), and
relate the classification of Lagrangian triples of C

2 to the classification of two-dimensional unitary
representations of the fundamental group π1(S

2\{s1, s2, s3}).

1 Introduction

Let (V, ω) be a 2n-dimensional real symplectic vector space. A complex structure on V is an automorphism
J of V such that J2 = −Id. The complex structure J is said to be adapted to ω if the bilinear form
g(u, v) := ω(u, Jv) is a Euclidean scalar product on V . Given a complex structure J , the vector space V
can be endowed with a complex vector space structure by setting i.v = Jv for all v ∈ V . If J is adapted
to ω, the form h = g − iω then is a Hermitian scalar product on V endowed with its complex structure
and the map J is both orthogonal and symplectic. Let U(V ) be the unitary group of V relative to h,
O(V ) the orthogonal group of V relative to g and Sp(V ) the symplectic group of V relative to ω. Then
by definition of h, we have U(V ) = O(V ) ∩ Sp(V ).

A real subspace L of V is said to be Lagrangian if its orthogonal L⊥ω with respect to ω is L itself.
Equivalently, L is Lagrangian if and only if its orthogonal with respect to g is L⊥g = JL. In particular,
given a Lagrangian subspace L of V , we have the g-orthogonal decomposition V = L ⊕ JL. Denoting
by L(V ) the set of all Lagrangian subspaces of V (the Lagrangian Grassmannian of V ), the above
decomposition enables us to associate to every Lagrangian L an R-linear map

σL : V −→ V
x+ Jy 7−→ x− Jy

called the Lagrangian involution associated to L (see also [5],[3]). Observe that σL is anti-holomorphic:
σL ◦ J = −J ◦ σL and that the map

L(V ) −→ GL(V )
L 7−→ σL

is continuous.
The purpose of this paper is to use these Lagrangian involutions, some properties of which are stated

in section 2.4, to study the diagonal action of the unitary group U(V ) on L(V ) × L(V ) × L(V ). We
shall first recall the unitary classification result for pairs of Lagrangian subspaces of V , then describe the
diagonal action of U(V ) on L(V )×L(V )×L(V ), and give a complete classification and description of the
orbit space in the case where V is of complex dimension 2 (theorems 3.1, 3.5 and 3.6). We then deduce
a way to compute the inertia index of a triple of Lagrangian subspaces of V (theorem 4.4). Finally, we
relate these results to the classification of two-dimensional unitary representations of the fundamental
group π1(S2\{s1, s2, s3}) (corollary 4.10).

By choosing a unitary basis of V , we may identify V with the Hermitian vector space (Cn, h(z, z′) =∑n
k=1 zkz

′
k) and denote L(V ) by L(n), U(V ) by U(n), O(V ) by O(2n) and Sp(V ) by Sp(n). We set g =

Re h and ω = −Im h and denote by J the R-endomorphism of C
n ' R2n corresponding to multiplication

by i ∈ C in C
n, and we have indeed g = ω(., J.).
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2 Pairs of Lagrangian subspaces

The unitary group U(n) acts smoothly and transitively on the Lagrangian Grassmannian L(n). Fixing a
LagrangianL in L(n), its stabilizer can be identified to O(n), and L(n) therefore is a compact homogenous
space diffeomorphic to U(n)/O(n). We shall here be concerned with the diagonal action of U(n) on
L(n) × L(n). Observe that requiring ψ(L) to be Lagrangian when L is Lagrangian and ψ ∈ O(2n) is
equivalent to requiring that ψ be unitary (since L ⊕ JL = Cn, a g-orthogonal basis B for L over R is
a unitary basis for C

n over C, and if L is Lagrangian and ψ orthogonal, ψ(B) then also is a unitary
basis, so that ψ is a unitary map). Equivalently, the orbit of a pair (L1, L2) of Lagrangian subspaces
under the diagonal action of U(n) is the intersection with L(n) × L(n) of the orbit of (L1, L2) under
the diagonal action of O(2n). The orbit [L1, L2] of the pair (L1, L2) under the diagonal action of U(n)
may therefore be called the Lagrangian angle formed by L1 and L2. In the following, we shall simply
speak of the angle (L1, L2) to designate the orbit [L1, L2]. We now wish to find complete numerical
invariants for this action: to each angle (L1, L2) we shall associate a measure, denoted by meas(L1, L2),
in a way that two pairs (L1, L2) and (L′

1, L
′
2) lie in the same orbit of the action of U(n) if and only

if meas(L1, L2) = meas(L′
1, L

′
2). This can be done in three equivalent ways, which we shall describe and

compare.

2.1 Projective properties of Lagrangian subspaces of Cn

A real subspace W of Cn is said to be totally real if h(u, v) ∈ R for all u, v ∈ W . A real subspace L of
V therefore is Lagrangian if and only if it is totally real and of maximal dimension with respect to this
property. Let p be the projection p : C

n\{0} → CPn−1 on the (n − 1)-dimensional complex projective
space, and for any real subspace W of Cn, let p(W ) be the image of W\{0}.

When L is a Lagrangian subspace of C
n, recall that we denote by σL the only anti-holomorphic

involution of Cn leaving L pointwise fixed (called the Lagrangian involution associated to L). The map
σL being anti-holomorphic, it induces a map

σ̂L : CPn−1 −→ CPn−1

[z] 7−→ [σL(z)]

If we endow CPn−1 with the Fubiny-Study metric, σ̂L becomes an isometry, and p(L) is the fixed point
set of that isometry. Therefore, for any Lagrangian L of Cn, the subspace l = p(L) of CPn−1, called a
projective Lagrangian, is a totally geodesic embedded submanifold of CPn−1. More generally, every totally
real subspace W of Cn is sent by p to a closed embedded submanifold of CPn−1 which is diffeomorphic to
RP(W ) (see [8], p. 73). These projective properties can be used to prove the first diagonalization lemma
(theorem 2.1), as shown in [8]. They will also be important to us in the study of projective Lagrangians
of CP1.

2.2 First diagonalization lemma and unitary classification of Lagrangian pairs

We state here the results obtained by Nicas in [8]. Let (L1, L2) be a pair of Lagrangian subspaces of Cn

and let B1 = (u1, . . ., un) and B2 = (v1, . . ., vn) be orthonormal bases for L1 and L2 respectively. Let A
be the n× n complex matrix with coefficients Aij = h(vj , ui).

Definition 1 (Souriau matrix, [8]). The matrix AAt, where At is the transpose of A, is called the
Souriau matrix of the pair (L1, L2) with respect to the bases B1 and B2.

The matrix AAt is both unitary and symmetric. As shown in [8], p. 73, two Souriau matrices of the pair
(L1, L2) are conjugate. We can therefore make the following definition.

Definition 2 ([8]). The characteristic polynomial of the pair (L1, L2), denoted by P (L1, L2), is the
characteristic polynomial of any Souriau matrix of the pair (L1, L2).

Theorem 2.1 (First diagonalization lemma,[8]). Let (L1, L2) be a pair of Lagrangian subspaces of
C
n. Then there exists an orthonormal basis (u1, . . ., un) for L1 and unit complex numbers eiλ1 , . . ., eiλn

such that (eiλ1u1, . . ., e
iλnun) is an orthonormal basis for L2. Furthermore, the squares ei2λ1 , . . ., ei2λn
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of these numbers are the roots of the characteristic polynomial of the pair (L1, L2), counted with their
multiplicities.

Theorem 2.2 (Unitary classification of Lagrangian pairs of Cn, [8]). Let (L1, L2) and (L′
1, L

′
2)

be two pairs of Lagrangian subspaces of Cn. A necessary and sufficient condition for the existence of
a unitary map ψ ∈ U(n) such that ψ(L1) = L′

1 and ψ(L2) = L′
2 is that the characteristic polynomials

P (L1, L2) and P (L′
1, L

′
2) are equal.

2.3 Second diagonalization lemma

It is possible to express the result of the first diagonalization lemma in terms of unitary maps sending L1

to L2, in a way that generalizes the situation of real lines in C.

Proposition 2.3 (Second diagonalization lemma). Given two Lagrangian subspaces of L1 and L2

of Cn, then there exists a unique unitary map ϕ12 ∈ U(n) sending L1 to L2 and verifying the following
diagonalization conditions:

(i) the eigenvalues of ϕ12 are unit complex numbers eiλ1 , . . ., eiλn verifying π > λ1 ≥ . . . ≥ λn ≥ 0 ;

(ii) there exists an orthonormal basis (u1, . . ., un) for L1 such that uk is an eigenvector for ϕ12 (with
eigenvalue eiλk) .

Proof. The existence is a consequence of the first diagonalization lemma. As for unicity, observe that two
such unitary maps have the same eigenspaces and the same corresponding eigenvalues, and therefore are
equal.

It is also possible to give a direct proof of this result, which then proves the first diagonalization lemma
without making use of projective geometry (see [7] or [1]). Observe that condition (i) is essential for
the unicity part: for any Lagrangian L, the two maps J and −J are both unitary, they both send L to
JL = (−J)L and verify condition (ii) for any orthonormal basis of L, but J is the only one of these two
maps whose eigenvalues are located in the upper half of the unit circle of C.

Observe that the Souriau matrix of the pair (L1, L2) with respect to the bases (u1, . . ., un) and
(eiλ1u1, . . ., e

iλnun) is the diagonal matrix diag(ei2λ1 , . . ., ei2λn). Therefore, the roots of the characteristic
polynomial P (L1, L2) are the squares of the eigenvalues of ϕ12.

At last, observe that if (L1, L2) and (L′
1, L

′
2) are located in the same orbit of the diagonal action of

U(n) on L(n)×L(n), then the two associated unitary maps ϕ12 and ϕ′
12 are conjugated in U(n). Indeed,

if ψ(L1) = L′
1 and ψ(L2) = L′

2 with ψ ∈ U(n), then ψ ◦ ϕ12 ◦ ψ−1 sends L′
1 to L′

2 and verifies the
conditions of the second diagonalization lemma, hence by unicity ψ ◦ϕ12 ◦ψ−1 = ϕ′

12. The unitary maps
ϕ12 will be very useful in the study of the diagonal action of U(2) on triples of Lagrangian subspaces of
C

2 (see section 3).

2.4 Lagrangian involutions

We give here the properties of Lagrangian involutions that we shall need in the following. The finite
groups generated by such involutions are studied in [4].

Proposition 2.4. Let L ∈ L(n) be a Lagrangian subspace of C
n. Then:

(i) There exists a unique anti-holomorphic map σL whose fixed point set is exactly L.

(ii) If L′ is a Lagrangian subspace such that σL = σL′ , then L = L′: there is a one-to-one correspondence
between Lagrangian subspaces and Lagrangian involutions.

(iii) σL is anti-unitary: for all z, z′ ∈ Cn, h(σL(z), σL(z′)) = h(z, z′).

Observe then that the composite map σL2 ◦ σL1 of two Lagrangian involutions is unitary. As a direct
consequence of the definition of a Lagrangian involution, we have, for any Lagrangian L and any unitary
map ψ, σψ(L) = ψ ◦ σL ◦ ψ−1 (since ψ ◦ σL ◦ ψ−1 is anti-holomorphic and leaves ψ(L) pointwise fixed).
The following result establishes the relation between Lagrangian involutions and angles of Lagrangian
subspaces.

3



Proposition 2.5. Let L1 and L2 be two Lagrangian subspaces of Cn. The eigenvalues of σL2 ◦ σL1

are the roots of the characteristic polynomial P (L1, L2) of the pair (L1, L2), with the same multiplicity.
Equivalently, since P (L1, L2) is monic, it is the characteristic polynomial of the holomorphic map σL2 ◦
σL1 .

Proof. By the first diagonalization lemma, there exists an orthonormal basis (u1, . . ., un) for L1 and unit
complex numbers α1, . . ., αn such that (α1u1, . . ., αnun) is an orthonormal basis for L2 and α2

1, . . ., α
2
n are

the roots of P (L1, L2), counted with their multiplicities. Let ψ be the unitary morphism sending uk to
αkuk for k = 1, . . ., n. Then α2

1, . . ., α
2
n are the eigenvalues of ψ2, counted with their multiplicities, and it

is therefore sufficient to prove that σL2 ◦ σL1 = ψ2.
The map ψ ◦ σL1 ◦ ψ−1 is anti-holomorphic and leaves L2 pointwise fixed, hence σL2 = ψ ◦ σL1 ◦ ψ−1.
Furthermore, for all j = 1, . . ., n, we have σL1 ◦ ψ−1(uj) = σL1(

1
αj
uj) = αjσL1(uj) = ψ(uj) = ψ ◦

σL1(uj)

In particular, setting ψ = ϕ12 in the above proof, we obtain the following corollary.

Corollary 2.6. Let ϕ12 be the only unitary map sending L1 to L2 and verifying the conditions of propo-
sition 2.3. Then ϕ2

12 = σL2 ◦ σL1 .

2.5 Measure of a Lagrangian angle

Keeping the classification theorem in mind, we are then led to the following definition.

Definition 3 (Measure of a Lagrangian angle). Let L1 and L2 be two Lagrangians of C
n and let

ei2λ1 , . . ., ei2λn be the eigenvalues of σL2 ◦σL1 , counted with their multiplicities. The symmetric group Sn

acts on S1 × · · ·×S1 by permuting the elements of the n-tuples of unit complex numbers, and we denote
by [ei2λ1 , . . ., ei2λn ] the equivalence class of (ei2λ1 , . . ., ei2λn) ∈ S1 × · · · × S1, and call it the measure of
the angle formed by L1 and L2: meas(L1, L2) = [ei2λ1 , . . ., ei2λn ] ∈ (S1 × · · · × S1)/Sn.

As σψ(L) = ψ ◦ σL ◦ ψ−1 for any unitary map ψ ∈ U(n), we have meas(ψ(L1), ψ(L2)) = meas(L1, L2), so
this notion is well-defined. This definition of a measure does not extend the usual one (in the case n = 1,
we obtain ei2λ, where λ ∈ [0, π[ is the usual measure). It will nonetheless prove to be relevant.

Observe that, since σL1 ◦ σL2 = (σL2 ◦ σL1)
−1, if ei2λ is an eigenvalue of σL2 ◦ σL1 then e−i2λ is

an eigenvalue of σL1 ◦ σL2 . As a consequence, if (ei2λ1 , . . ., ei2λn) is a representative of meas(L1, L2)
then (ei2ξ1 , . . ., ei2ξn), where ξk = π − λk mod π, is a representative of meas(L2, L1). In particular,
meas(L1, L2) = meas(L′

1, L
′
2) if and only if meas(L2, L1) = meas(L′

2, L
′
1).

In the following, we shall identify S1 × · · · × S1 with the n-torus Tn = Rn/πZn, to which it is
homeomorphic. The measure of the angle (L1, L2) will be denoted by meas(L1, L2) = [ei2λ1 , . . ., ei2λn ] ∈
Tn/Sn, where (ei2λ1 , . . ., ei2λn) is a representative of meas(L1, L2) verifying π > λ1 ≥ . . . ≥ λn ≥ 0. In
view of proposition 2.5 above, we may now reformulate the classification theorem for Lagrangian pairs in
the following way.

Proposition 2.7. Given two pairs of Lagrangian subpaces (L1, L2) and (L′
1, L

′
2) of Lagrangian subspaces

of C
n, a necessary and sufficient condition for the existence of a unitary map ψ ∈ U(n) such that

ψ(L1) = L′
1 and ψ(L2) = L′

2 is that meas(L1, L2) = meas(L′
1, L

′
2). Equivalently, the map

χ : (L(n) × L(n))/U(n) −→ Tn/Sn

[L1, L2] 7−→ meas(L1, L2)

is one-to-one.

The map χ is in fact a bijection : given [ei2λ1 , . . ., ei2λn ] ∈ Tn/Sn, consider any Lagrangian L1 ∈
L(n), (u1, . . ., un) an orthonormal basis for L1 and let L2 be the real subspace of Cn generated by
(eiλ1u1, . . ., e

iλnun). Since (eiλ1u1, . . ., e
iλnun) is a unitary basis of Cn over C, L2 is Lagrangian and

meas(L1, L2) = [ei2λ1 , . . ., ei2λn ].

Corollary 2.8. The angle space (L(n)×L(n))/U(n), endowed with the quotient topology, is homeomor-
phic to the quotient space T

n/Sn, both being Hausdorff and compact.
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As a final remark, observe that the corresponding symplectic problem admits a simple answer: a necessary
and sufficient condition for the existence of a symplectic map ψ ∈ Sp(n) such that ψ(L1) = L′

1 and
ψ(L2) = L′

2 is that dim(L1 ∩ L2) = dim(L′
1 ∩ L′

2); the measure of the symplectic angle formed by two
Lagrangian subspaces of C

n simply is the dimension of their intersection.

2.5.1 Orthogonal decomposition of L1 associated to meas(L1, L2)

The presentation given here follows that of [8]. This notion will enable us to classify triples of Lagrangian
subspaces of C2 (theorem 3.1).

Let (L1, L2) be a pair of Lagrangian subspaces of Cn, and let (α2
1, . . ., α

2
n) be a representative of

meas(L1, L2) ∈ Tn/Sn. The unit complex numbers α2
1, . . ., α

2
n then are the roots of the characteristic

polynomial P (L1, L2) of the pair (L1, L2) (proposition 2.5). Let α2
j1
, . . ., α2

jm
be the distinct roots of

P (L1, L2). For k = 1, . . .,m, define the real subspace Wk of L1 by Wk = {u ∈ L1/ αjku ∈ L2} Observe
that Wk is independent of the choice of the square root of α2

jk
, and that W1⊕· · ·⊕Wm is independent, up

to permutation of the subspaces, of the choice of the representative (α2
1, . . ., α

2
n) of meas(L1, L2) ∈ Tn/Sn.

Proposition 2.9 ([8]). L1 decomposes as an orthogonal direct sum: L1 = W1⊕· · ·⊕Wm, the dimension
of Wk being the multiplicity of the root α2

jk
of P (L1, L2).

Observe that L2 then also decomposes as an orthogonal direct sum: L2 = αj1W1 ⊕ · · · ⊕ αjmWm.
Furthermore, by considering the representative (ei2λ1 , . . ., ei2λn) of meas(L1, L2), where eiλ1 , . . ., eiλn are
the eigenvalues of the unitary map ϕ12, we see that the subspaceWk of L1 is the intersection with L1 of the
eigenspace of ϕ12 with respect to the eigenvalue eiλjk . Given a Lagrangian triple (L1, L2, L3), the unitary
maps ϕ12 and ϕ13 therefore have the same eigenspaces if and only if the orthogonal decompositions of
L1 associated to meas(L1, L2) and meas(L1, L3) are the same (see definition 5).

3 Triples of Lagrangian subspaces

3.1 First classification result for triples of Lagrangian subspaces of C2

The following remark is valid for any n. If (L1, L2, L3) and (L′
1, L

′
2, L

′
3) are two triples of Lagrangian

subspaces of Cn that lie in the same orbit of the diagonal action of U(n) on L(n)×L(n)×L(n), it follows
from section 2 that we have in particular meas(L1, L2) = meas(L′

1, L
′
2) and meas(L1, L3) = meas(L′

1, L
′
3).

Let L1 = W1 ⊕ · · ·⊕Wm be the orthogonal decomposition of L1 associated to meas(L1, L2) and let L1 =
Z1⊕· · ·⊕Zp be the orthogonal decomposition of L1 associated to meas(L1, L3). Define L′

1 = W ′
1⊕· · ·⊕W ′

m

and L′
1 = Z ′

1 ⊕ · · · ⊕ Z ′
p similarly. Since meas(L1, L2) = meas(L′

1, L
′
2) and meas(L1, L3) = meas(L′

1, L
′
3),

the respective numbers of factors m and p in the above decompositions are indeed pairwise the same, and
furthermore dimWk = dimW ′

k for k = 1, . . .,m and dimZl = dimZ ′
l for l = 1, . . ., p. More specifically,

if the unitary map ψ ∈ U(n) sends Lj to L′
j for j = 1, 2, 3, then ψ(Wk) = W ′

k for k = 1, . . .,m and
ψ(Zl) = Z ′

l for l = 1, . . ., p, as follows from the definition of Wk and Zl. Since ψ is unitary, we even have
ψ(Wk ⊕ JWk) = W ′

k ⊕ JW ′
k for all k and ψ(Zl ⊕ JZl) = Z ′

l ⊕ JZ ′
l for all l.

When n = 2, the above remark admits an easy converse, which gives a first classification result
for triples of Lagrangians of C

2. We shall use the following notations: given two triples (L1, L2, L3) and
(L′

1, L
′
2, L

′
3) of Lagrangian subspaces of C

2, let ϕ12 be the only unitary map sending L1 to L2 and verifying
the conditions of the second diagonalization lemma (theorem 2.3), and let (eiλ12 , eiµ12) be its eigenvalues,
where π > λ12 ≥ µ12 ≥ 0, and define ϕ13, ϕ

′
12, ϕ

′
13 and (eiλ13 , eiµ13), (eiλ

′
12 , eiµ

′
12), (eiλ

′
13 , eiµ

′
13) similarly.

As a preliminary remark to the statement of the classification result, observe that when both ϕ12 and ϕ13

have two distinct eigenvalues, respectively denoted by (eiλ12 , eiµ12) and by (eiλ13 , eiµ13 ), where π > λ12 >
µ12 ≥ 0 and π > λ13 > µ13 ≥ 0, then W1 = {u ∈ L1/ e

iλ12u ∈ L2} and Z1 = {u ∈ L1/ e
iλ13u ∈ L3}

are one-dimensional real subspaces of the Euclidean space L1, and therefore form a (non-oriented) angle
measured by a real number θ ∈ [0, π2 ], that will be denoted by meas(W1, Z1). A real number θ′ may be
defined similarly in L′

1, since W ′
1 are Z ′

1 are also one-dimensional.

Theorem 3.1 (Unitary classification of Lagrangian triples of C2). Given two triples (L1, L2, L3)
and (L′

1, L
′
2, L

′
3) of Lagrangian subspaces of C2, a necessary and sufficient condition for the existence of
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a unitary map ψ ∈ U(n) such that ψ(L1) = L′
1, ψ(L2) = L′

2 and ψ(L3) = L′
3 is that either

(A) λ12 6= µ12, λ13 6= µ13 and




(λ12, µ12) = (λ′12, µ
′
12)

(λ13, µ13) = (λ′13, µ
′
13)

θ = θ′

where θ = meas(W1, Z1) ∈ [0, π2 ] and θ′ = meas(W ′
1, Z

′
1) are defined as above, or

(B) λ12 = µ12 or λ13 = µ13 and
{

(λ12, µ12) = (λ′12, µ
′
12)

(λ13, µ13) = (λ′13, µ′
13)

Observe that, in each case, the condition (λjk, µjk) = (λ′jk, µ
′
jk) is equivalent to the condition meas(Lj , Lk)

= meas(L′
j , L

′
k).

Proof. Suppose that such a ψ ∈ U(2) exists. Then, as we have seen earlier, meas(L1, L2) = meas(L′
1, L

′
2)

and meas(L1, L3) = meas(L′
1, L

′
3). Furthermore, ψ(W1) = W ′

1 and ψ(Z1) = Z ′
1, so that if ϕ12 and

ϕ13 both have distinct eigenvalues (that is, we are in the situation of (A) above), we have θ = θ′ since
ψ|L1 : L1 → L′

1 is an orthogonal map.
Conversely, suppose first that conditions (A) are fulfilled. Let w1 ∈ L1 be a generator of W1 and let
w′

1 ∈ L′
1 be a generator of W ′

1. By choosing w2 in L1 orthogonal to w1 and w′
2 in L′

1 orthogonal to w′
1, we

may define an orthogonal map ν : L1 → L′
1 sending W1 to W ′

1 (and therefore W2 = W⊥
1 to W ′

2 = (W ′
1)⊥).

Then the measure of the angle (W ′
1, ν(Z1)) = (ν(W1), ν(Z1)) is θ = θ′, so there exists an orthogonal map

ξ ∈ O(L′
1) such that ξ ◦ ν(W1) = W ′

1 and ξ ◦ ν(Z1) = Z ′
1. The subspace L1 being Lagrangian, the

orthogonal map ξ ◦ ν can be extended C-linearly to a unitary transformation ψ ∈ U(2) of C
2 = L1 ⊕ JL1

sending L1 to L′
1 by construction. But L2 = eiλ12W1 ⊕ eiµ12W2 and L3 = eiλ13Z1 ⊕ eiµ13Z2 (corollary of

proposition 2.9, hence ψ(L2) = eiλ12W ′
1 ⊕ eiµ12W ′

2 = L′
2 and ψ(L3) = eiλ13Z ′

1 ⊕ eiµ13Z ′
2 = L′

3.
If now the conditions (B) are fulfilled, then for instance L2 = eiλL1 and the result is a consequence of
the classification of pairs.

Observe that, given real numbers (λ12, µ12, λ13, µ13, θ) as in (A), it is always possible to find a triple
(L1, L2, L3) such that meas(L1, L2) = [ei2λ12 , ei2µ12 ], meas(L1, L3) = [ei2λ13 , ei2µ13 ] and meas(W1, Z1) =
θ. Indeed, let L1 be any lagrangian of C2 and let (u1, u2) be an orthonormal basis for L1, let d1 =
Ru1, d2 = Ru2, and let d be the image of d1 by the rotation of the euclidean space L1 with matrix(

cos θ − sin θ
sin θ cos θ

)
in the basis (u1, u2), and set L2 = eiλ12d1 ⊕ eiµ12d2 and L3 = eiλ13d ⊕ eiµ13d⊥. Given

numbers (λ12 = µ12 = λ, λ13, µ13) as in (B), we only need to set L2 = eiλL1 and L3 = eiλ13d1 ⊕ eiµ13d2.

Thus, the orbits of the diagonal action of U(2) on L(2)×L(2)×L(2) are generically characterized by the
five invariants λ12, µ12, λ13, µ13 and θ.

3.2 Geometric study of projective Lagrangians of CP1

The aim of this section is to study the space (L(2) × L(2) × L(2))/U(2) of the orbits of the diagonal
action of U(2) on triples of Lagrangians subspaces of C2, and more specifically to describe it in terms of
the map

ρ : (L(2) × L(2) × L(2))/U(2) −→ T
2/S2 × T2/S2 × T2/S2

[L1, L2, L3] 7−→ (meas(L1, L2),meas(L2, L3),meas(L3, L1))

which will enable us to state the classification result for Lagrangian triples in a way (theorem 3.6) that
is similar to the corresponding result for Lagrangian pairs (theorem 2.7). We shall see in paragraph 3.3
that this way of doing things is equivalent to considering orthogonal decompositions of one of the three
subspaces. We are first going to describe the image of the map ρ and then prove that it is one-to-one.
This will also give a topological description of the orbit space. Our main tool to characterize the image
of ρ will be the study of projective Lagrangians of CP1.
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3.2.1 Configurations of projective Lagrangians of CP1

In the following, we shall constantly identify the complex projective line CP1, endowed with the Fubini-
Study metric, with the Euclidean sphere S2 ⊂ R

3 endowed with its usual structure of oriented Riemannian
manifold. We will denote by p the projection

p : C2\{0} −→ CP1

z = (z1, z2) 7−→ p(z) = [z] = [z1, z2]

As seen in 2.1, the image of a Lagrangian subspace of C
2 is a totally geodesic submanifold of CP1 ' S2

that is diffeomorphic to RP1 ' S1. Therefore l = p(L) is a great circle of S2, and the isometry σ̂L of
CP1, induced by the Lagrangian involution σL, acts on S2 as the reflexion with respect to the plane
of R

3 containing the great circle l = p(L). Recall that the unitary group U(2) acts transitively on the
Lagrangian Grassmannian L(2). The action of U(2) on CP1 is the same as the action of the special
unitary group SU(2), which acts on S2 by the 2-folded universal covering map h : SU(2) → SO(3). The
map L ∈ L(2) 7→ l = p(L) ⊂ CP1 ' S2 is equivariant for these actions. For any ϕ ∈ GL(2,C), we shall
denote by ϕ̂ the induced map of CP1 ' S2 into itself: ϕ̂.[z] = [ϕ(z)]. If ϕ ∈ U(2) then ϕ̂ acts on S2 as
an element of SO(3): indeed ϕ = ei

δ
2ψ, where eiδ = detϕ and ψ ∈ SU(2), and then ϕ̂ = ψ̂ in Aut(CP 1),

the action on S2 being obtained by considering h(ψ), which we shall from now on simply denote by ψ̂.

In the following, let (L1, L2, L3) be a triple of Lagrangian subspaces of C2 and let (l1, l2, l3) be the
triple of corresponding great circles of S2: lj = p(Lj) for j = 1, 2, 3. As above, we denote by ϕjk the
only unitary map sending Lj to Lk and verifying the conditions of the second diagonalization lemma.
Let (eiλjk , eiµjk ) be its eigenvalues, where π > λjk ≥ µjk ≥ 0, and let (ujk, vjk) be an orthonormal
basis for Lj formed by eigenvectors of ϕjk: ϕjk(ujk) = eiλjkujk and ϕ(vjk) = eiµjkvjk. Recall that
(ei2λjk , ei2µjk ) then is a representative of meas(Lj, Lk) ∈ T2/S2. We denote by L0 the Lagrangian
subspace L0 = {(x, y) ∈ C

2 | x, y ∈ R} of C
2. We denote its projection on CP1 by l0 = p(L0).

We are now going to relate the angles of projective Lagrangians of CP1 ' S2 with the Lagrangian
angles defined in section 2. Furthermore, in order to study configurations of projective Lagrangians of
CP1, we are going to define a notion of sign of a projective Lagrangian triple. To do so, we shall first
define such a notion in a generic case and then extend it to the remaining cases. At last, we shall see
that there is also a notion of sign for Lagrangian triples of Cn and that in the case n = 2, the triples
(L1, L2, L3) and (l1, l2, l3) have same sign.

Proposition 3.2 (Projection of a Lagrangian pair). Let (L1, L2) be a pair of Lagrangian subspaces
of C2 and let (eiλ12 , eiµ12) be the eigenvalues of ϕ12. Then l1 = l2 if and only if λ12 = µ12. Furthermore,
if λ12 6= µ12, then l2 is the image of l1 by the (direct) rotation of angle α12 = λ12 −µ12 ∈]0, π[ around the
point [v12] ∈ CP1 ' S2 ⊂ R3 ([v12] = Cv12 being the complex eigenline of ϕ12 associated to the eigenvalue
eiµ12 of lowest argument).

l1

l2

b

[v12]

α12

Figure 1: Two projective Lagrangians of CP1

Proof. If λ12 = µ12 = λ then L2 = eiλL1 and therefore l2 = l1 in CP1.
If now λ12 6= µ12, suppose first that L1 = L0 and that (u12, v12) is the standard basis of C2. Then

L2 is the image of L1 by the unitary map whose matrix in the standard basis of C2 is
(
eiλ12 0

0 eiµ12

)
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so that L2 = {(eiλ12x, eiµ12y) | x, y ∈ R} and l2 = p(L2) = {[eiλ12x, eiµ12y] | x, y ∈ R}. Therefore, in
the chart [z1, z2] 7→ z1

z2
of CP1 containing [v12] = [0, 1], l2 is sent diffeomorphically onto the real line

{ei(λ12−µ12) x
y | x, y ∈ R, y 6= 0} = ei(λ12−µ12)d0 of the plane C ' R2, where d0 is the image of l0 = l1

in this same chart. Thus, l2 and l1 intersect at a12 = [u12] and b12 = [v12], and l2 is the image of
l1 by the rotation of angle α12 = λ12 − µ12 ∈]0, π[ around the point b12 = v12, which means that the
oriented angle formed by l1 and l2 at b12 is of measure α12 = λ12 − µ12. Note that the oriented angle
at a12 is of measure π − α12 ∈]0, π[, since in the chart [z1, z2] 7→ z2

z1
, l2 is diffeomorphic to the real line

ei(µ12−λ12)d0 = ei(π−(λ12−µ12))d0.
If now (u12, v12) is not the standard basis of C2, consider the unitary map ψ ∈ U(2) sending the standard
basis (e, f) of C2 to (u12, v12). Then L0 = ψ−1(L1), and let L = ψ−1(L2). Then [v12] = ψ̂.[f ], l2 = ψ̂(l)
and l1 = ψ̂(l0). Since then meas(L0, L) = meas(L1, L2), we deduce from the above paragraph that
l = p(L) is the image of l0 by the rotation of angle the α12 around the point [f ]. Since ψ̂ ∈ SO(3), the
oriented angle between l1 and l2 at b12 = [v12] ∈ l1 ∩ l2 therefore also has measure α12.

Observe that this proof also provides an elementary way to see why L0, and therefore every Lagrangian
subspace of C2, projects to a great circle of S2 ' CP1. We shall state a converse to the above result later
(see proposition 3.4).

Note that the preceeding result gives a complete description of the relative position of the projective
Lagrangians l1 and l2 only by means of the unitary map ϕ12. In particular, the rotation described above
is no other that the map ϕ̂12 of CP1 ' S2 into itself: l2 = ϕ̂12(l1). The axis of that rotation is the real
line of R3 generated by any of the antipodal points a12 = [u12] or b12 = [v12] of S2, (u12, v12) being a
unitary basis of C

2 into which the matrix of ϕ12 is diagonal.

We are now going to describe all the possible configurations of the projective Lagrangians l1, l2 and
l3 of CP1 ' S2 satisfying the following condition for (j, k) = (1, 2), (2, 3), (3, 1): if lj 6= lk then lk is the
image of lj by the direct rotation ϕjk of S2 ⊂ R3 of angle αjk ∈]0, π[ around a specified point bjk ∈ lj∩ lk.
First case: l1, l2 and l3 are pairwise distinct.
(a) Suppose first that the three points b12, b23, b31 are pairwise distinct (that is, l1, l2, l3 do not have
a common diameter). We may then consider the spherical triangle (b12, b23, b31), whose sides [b12, b23],
[b23, b31], [b31, b12] are respectively contained in the geodesics l2, l3, l1. Since lk is the image of lj by a
direct rotation around bjk, the only possible configurations are the following ones:

l1

l2

b

l3

b

b

A negative triple

l1

l3l2

b

b b

A positive triple

Figure 2: Triples of projective Lagrangians of CP1 in general position

On each sphere, we represent the angles αjk around the point bjk and we shall continue to do so in
the following. We call the first triangle negative and the second triangle positive. Let us explain this
terminology and prove that these cases are indeed the only possible ones when the bjk are pairwise
distinct.
Let ϕ = ϕ31 ◦ ϕ23 ◦ ϕ12 ∈ U(2). Then ϕ(L1) = L1 and therefore ϕ̂(l1) = l1. There are only two
possible cases: either ϕ̂ preserves the orientation induced on l1 by the orientation of S2, or it reverses
that orientation. But ϕ̂ = ϕ̂31 ◦ ϕ̂23 ◦ ϕ̂12 is the map obtained by composing the three rotations ϕjk
around the bjk’s. When ϕ̂ reverses the orientation of l1, which we will call the negative case, then
(α12, α23, α31) are the angles of the spherical triangle (b12, b23, b31). When ϕ̂ preserves the orientation

8



of l1, which we will call the positive case, then the angles of the triangle (b12, b23, b31) are βjk, where
βjk = π−αjk ∈]0, π[. Observe that this gives a series of necessary conditions for the existence of a triple
(L1, L2, L3) of Lagrangian subspaces of C2 projecting onto a triple (l1, l2, l3) of great circles of S2 that do
not have a common diameter. Namely, for instance if the triangle (b12, b23, b31) has angles αjk (negative
case), we necessarily have

(∆)




α12, α23, α31 ∈ ]0, π[
α12 + α23 + α31 > π

α12 + π > α23 + α31

α23 + π > α31 + α12

α31 + π > α12 + α23

since (α12, α23, α31) are the angles of a spherical triangle. In the positive case, the same conditions apply
to (β12, β23, β31). In the following we shall write (α12, α23, α31) ∈ ∆ to say that (α12, α23, α31) verify this
set of conditions. ∆ is an open subset of R

3 and its closure ∆ in R3 is a tetrahedron, and is therefore
endowed with a 3-dimensional cell complex structure (see figure 3).

π

π

π

(π, π, π)

Figure 3: The tetrahedron (∆)

(b) Suppose now that b12, b23 and b31 are not pairwise distinct: either b12 = b23 = b31 or, for instance,
b12 = b23 and b31 6= b12. Since l1, l2.l3 are still supposed to be pairwise distinct and satisfying lk = ϕ̂jk(lj),
the only possible configurations are the ones shown in figure 4.
These 4 cases correspond to degenerate spherical triangles, so that we have the following respective
necessary conditions:

α12, α23, α31 ∈ ]0, π[
α12 + α23 + α31 = π

α12 + π > α23 + α31

α23 + π > α31 + α12

α31 + π > α12 + α23

β12, β23, β31 ∈ ]0, π[
β12 + β23 + β31 = π

β12 + π > β23 + β31

β23 + π > β31 + β12

β31 + π > β12 + β23

β12, β23, β31 ∈ ]0, π[
β12 + β23 + β31 > π

β12 + π > β23 + β31

β23 + π > β31 + β12

β31 + π = β12 + β23

α12, α23, α31 ∈ ]0, π[
α12 + α23 + α31 > π

α12 + π > α23 + α31

α23 + π > α31 + α12

α31 + π = α12 + α23

This means that either the αjk or the βjk, depending on the negativity or positivity of the triple (l1, l2, l3),
are located in an open 2-cell of the 3-dimensional complex ∆ (see figure 3). The remaining 2-cells are
obtained when b23 = b31 and b12 6= b23, and when b31 = b12 and b23 6= b31.

Second case: l1, l2 and l3 are not pairwise distinct.
(a) Suppose first, for instance, that l1 = l2 and l3 6= l1. Since l1 = l2, we may consider either that α12 = 0
or that α12 = π and that it is the angle of a direct rotation around b23 ∈ l2 ∩ l3 = l1 ∩ l3, so that the
notion of negative and positive triples is still valid. Then the only possible configurations of l1, l2, l3 are
the ones shown in figure 5.
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l1

l2l3

b

b12 = b23 = b31

−

l1

l3l2

b

b12 = b23 = b31

+

l1

l2l3

b

b

b12 = b23 6= b31

+

l1

l3l2

b

b

b12 = b23 6= b31

−
Figure 4: Exceptional triples of pairwise distinct projective Lagrangians of CP1

Those configurations correspond to open 1-cells of ∆ (see figure 3):

α12 = 0 α23, α31 ∈]0, π[
α12 + α23 + α31 = π

α12 + π = α23 + α31

α23 + π > α31 + α12

α31 + π > α12 + α23

β12 = π β23, β31 ∈]0, π[
β12 + β23 + β31 > π

β12 + π > β23 + β31

β23 + π = β31 + β12

β31 + π = β12 + β23

β12 = 0 β23, β31 ∈]0, π[
β12 + β23 + β31 = π

β12 + π = β23 + β31

β23 + π > β31 + β12

β31 + π > β12 + β23

α12 = π α23, α31 ∈]0, π[
α12 + α23 + α31 > π

α12 + π > α23 + α31

α23 + π = α31 + α12

α31 + π = α12 + α23

The remaining 1-cells are obtained when l2 = l3 and l1 6= l2 and when l3 = l1 and l2 6= l3.
(b) Suppose at last that l1 = l2 = l3. The notion of negative and positive triples remains valid by
considering either that αjk = 0 or that αjk = π, and that the bjk’s all are a same b chosen arbitrarily in
l1 = l2 = l3. Then the possible configurations on S2 correspond to the 0-cells of ∆; that is, in the negative
case, (α12, α23, α31) = (π, 0, 0), (0, π, 0), (0, 0, π) or (π, π, π), and in the positive case: (β12, β23, β31) =
(π, 0, 0), (0, π, 0), (0, 0, π) or (π, π, π). Observe that in the cases where the three rotations ϕ̂jk occur
around a same point bjk or around two diametrically opposed points, then the negative case corresponds
to (α12 +α23 +α31) ≡ π (mod 2π), and the positive case corresponds to (β12 +β23 +β31) ≡ π (mod 2π),
that is to (α12 + α23 + α31) ≡ 0 (mod 2π). Also note that if l1, l2, l3 are pairwise distinct great circles
of S2 that do not have a common diameter, the mutual intersections lj ∩ lk determine 6 points on S2,

10



l1 = l2

l3

b

α12 = 0
−

l1 = l2

l3

b

b

α12 = 0
+

l1 = l2

l3

b

α12 = π

+

l1 = l2

l3

b

b

α12 = π

−
Figure 5: Triples of non pairwise distinct projective Lagrangians of CP1

which in turn give rise to 8 spherical triangles, four of which are negative, the four others being positive.
Two triangles with a common edge have opposite sign, whereas two triangles with only a common vertex
have same sign.

From the study above, we deduce that a Lagrangian triple (L1, L2, L3) projects on a triple (l1, l2, l3) of
great circles of S2, that is either positive with (α12, α23, α31) ∈ ∆ or negative with (β12, β23, β31) ∈ ∆.
In particular, these conditions are necessary conditions for ([ei2λ12 , ei2µ12 ], [ei2λ23 , ei2µ23 ], [ei2λ31 , ei2µ31 ])
to be the triple of measures of a Lagrangian triple. Before showing that these conditions are sufficient,
we shall give another way of determining if a triple (l1, l2, l3) is negative or positive.

Proposition 3.3. Let (L1, L2, L3) be a triple of Lagrangian subspaces of C2, and set ϕ = ϕ31 ◦ϕ23 ◦ϕ12.
Write detϕ = eiδ, where δ = (λ12 +µ12)+ (λ23 +µ23)+ (λ31 +µ31). Then δ ≡ 0 (mod π), and (l1, l2, l3)
is negative if δ ≡ π (mod 2π) and positive if δ ≡ 0 (mod 2π).

Observe that when δ ≡ 0 (mod 2π) we have detϕ = 1, so that we might also say that the triple
(L1, L2, L3) of Lagrangian subspaces of C2 is positive. Similarly, when δ ≡ π (mod 2π), detϕ = −1 and
(L1, L2, L3) will then be said to be negative. The above proposition then says that the triples (L1, L2, L3)
and (l1, l2, l3) have same sign. Note that the notion of sign of a Lagrangian triple (L1, L2, L3) is also valid
for Lagrangian subspaces of C

n.

Proof. Suppose first that L1 = L0 and that (u12, v12) is the standard basis of C2. Write ϕjk =

ei
λjk+µjk

2 ψjk where ψjk ∈ SU(2) and ei(λjk+µjk) = detϕjk. Set ψ = ψ31 ◦ ψ23 ◦ ψ12, so that ϕ = ei
δ
2ψ,

where δ =
∑

j,k(λjk +µjk). Note that ϕ̂jk = ψ̂jk and ϕ̂ = ψ̂. In particular, ψ̂(l0) = l0. But the matrix of

ψ in the standard basis of C2 is of the form A =
(
s −t
t s

)
where s, t ∈ C and verify |s|2 + |t|2 = 1. Since

l0 = {[x, y] ∈ CP1, x, y ∈ R}, ψ̂(l0) = l0 if and only if A =
(
a −b
b a

)
or A =

(
ia ib
ib −ia

)
where a, b ∈ R
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and verify a2 + b2 = 1.
In the first case ψ(L0) = L0, so that L0 = ϕ(L0) = ei

δ
2 , and since L0 is totally real we have δ

2 ≡ 0
(mod π), that is δ ≡ 0 (mod 2π). In the second case ψ(L0) = i.L0, so that L0 = ϕ(L0) = ei

δ
2 i.L0 and

therefore δ
2 ≡ π

2 (mod π), that is δ ≡ π (mod 2π). Now recall that ϕ̂(l0) = (l0). When A =
(
a −b
b a

)
,

the orientation on l0 is preserved by ψ̂ (since, in the chart [z1, z2] 7→ z1
z2

, the map x ∈ R 7→ ax−b
bx+a is in-

creasing), so that the triple (l0, l2, l3) is positive. When A =
(
ia ib
ib −ia

)
, the orientation on l0 is reversed

by ψ̂ (since, in the chart [z1, z2] 7→ z1
z2

, the map x ∈ R 7→ ax+b
bx−a is decreasing), so that the triple (l0, l2, l3)

is negative.
Suppose now that (u12, v12) is not the standard basis of C2, and define the unitary map ν ∈ U(2) sending
the standard basis to (u12, v12). Let L′

2 = ν−1(L2), L′
3 = ν−1(L3), l′2 = p(L′

2) and l′3 = p(L3). Then
ν−1 ◦ϕ◦ν sends L0 to L0 and det(ν−1 ◦ϕ◦ν) = detϕ = eiδ. From the study above, the triple (l0, l′2, l

′
3) is

positive if and only if δ ≡ 0 (mod 2π), and negative if and only if δ ≡ π (mod 2π). But since l1 = ν̂(l0),
l2 = ν̂(l′2) and l3 = ν̂(l′3) with ν̂ ∈ SO(3), the triples (l1, l2, l3) and (l′0, l

′
2, l

′
3) have same sign.

3.2.2 Second classification result for triples of Lagrangian subspaces of C2

As a converse to proposition 3.2, it is possible, given two distinct great circles l1 6= l2 of S2 ' CP1, to
describe the measure of the angle (L1, L2) between two Lagrangians of C2 that project respectively to
l1 and l2. Recall that two distinct great cirles l1 6= l2 intersect along two antipodal points a, b, and that
α ∈]0, π[ is said to be the measure of the oriented angle between l1 and l2 at b ∈ l1 ∩ l2 if l2 is the image
of l1 by the (direct) rotation of angle α around b.

Proposition 3.4 (Lifting lemma). Let l1 6= l2 be two distinct projective Lagrangians of CP1 ' S2, let
b ∈ l1 ∩ l2 and let α ∈]0, π[ be the measure of the oriented angle (l1, l2) at b. Then, given λ and µ such
that π > λ > µ ≥ 0, and given a Lagrangian subspace L1 ∈ p−1(l1), there exists a unique Lagrangian
subspace L2 ∈ p−1(l2) such that meas(L1, L2) = [ei2λ, ei2µ].

Proof. Let v ∈ L1 such that p(v) = b. We may choose v such that ‖v‖ = h(v, v) = 1. Let then u ∈ L1

such that (u, v) is an orthonormal basis for L1. Since L1 is Lagrangian, (u, v) is a unitary basis for

C
2. Let ψ be the unitary transformation of C2 whose matrix in the basis (u, v) is

(
eiλ 0
0 eiµ

)
, and let

L = ψ(L1). Then L is Lagrangian and meas(L1, L) = [ei2λ, ei2µ]. Therefore, by proposition 3.2, l = p(L)
is a great circle of S2, distinct of l1 since λ 6= µ, that intersects l1 at p(v) = b and the measure of the
oriented angle between l1 and l at b is λ− µ = α, so that l = l2.
As for unicity, if L′ ∈ p−1(l2), then, again by proposition 3.2, we know that L′ = eiθ.L, where θ ∈]0, π[.
The unitary map eiθ.ψ then sends L1 to L′, and its matrix in the unitary basis (u, v), which is an

orthonormal basis for L1 is
(
ei(θ+λ) 0

0 ei(θ+µ)

)
so that meas(L1, L

′) = [ei2((θ+λ) mod π), ei((θ+µ) mod π)],

with π > (θ+ λ) mod π > (θ+µ) mod π ≥ 0. Since meas(L1, L) = meas(L1, L
′), we have in particular

(θ + λ) mod π = λ, hence θ mod π = 0 (and so θ = 0) and L′ = eiθ.L = L.

The next theorem is our main result: it completely describes the image of the map ρ and lays the ground
for the second classification theorem for triples of Lagrangian subspaces of C2.

Theorem 3.5. Given a triple of measures ([ei2λ12 , ei2µ12 ], [ei2λ23 , ei2µ23 ], [ei2λ31 , ei2µ31 ]) satisfying the
conditions π ≥ λjk ≥ µjk ≥ 0, set αjk = λjk − µjk ∈ [0, π], βjk = π − αjk ∈ [0, π] and δ = (λ12 + µ12) +
(λ23+µ23)+(λ31+µ31). Then, a necessary and sufficient condition for the existence of a triple (L1, L2, L3)
of Lagrangian subspaces of C2 such that meas(L1, L2) = [ei2λ12 , ei2µ12 ], meas(L2, L3) = [ei2λ23 , ei2µ23 ],
and meas(L3, L1) = [ei2λ31 , ei2µ31 ] is that

δ ≡ π (mod 2π) and (α12, α23, α31) ∈ ∆ (negative case)
or

δ ≡ 0 (mod 2π) and (β12, β23, β31) ∈ ∆ (positive case)
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(Here we allow λjk = π so that we may have αjk = π and βjk = 0).

Proof. The study made in paragraph 3.2.1 shows that these conditions are necessary.
Conversely, suppose first that δ ≡ π (mod 2π) and that (α12, α23, α31) lie in the open set ∆. Then there
exists a negative triple (l1, l2l,3 ) of pairwise distinct great circles of S2 such that lk is the image of lj by
the direct rotation of angle αjk around a certain point bjk ∈ lj ∩ lk for (j, k) = (1, 2), (2, 3), (3, 1), and
we may suppose that l1 = l0. Let L1 = L0. Then, by proposition 3.4, there exists a unique Lagrangian
L2 ∈ p−1(l2) such that meas(L1, L2) = [ei2λ12 , ei2µ12 ]. Again by proposition 3.4, there exists a unique
Lagrangian L3 ∈ p−1(l3) such that meas(L2, L3) = [ei2λ23 , ei2µ23 ], and a unique Lagrangian L4 ∈ p−1(l1)
such that meas(L3, L4) = [ei2λ31 , ei2µ31 ]. Let ϕ34 be the unique unitary map sending L3 to L4 and
satisfying the conditions of the second diagonalization lemma 2.3, and let ϕ = ϕ34 ◦ ϕ23 ◦ ϕ12. Then
ϕ(L1) = L4 and detϕ = eiδ. Write ϕ = ei

δ
2ψ, where ψ ∈ SU(2). Then ψ̂(l1) = l1, and since (l1, l2, l3) is

negative, we have, from the study made in paragraph 3.2.1, that ψ(L1) = i.L1, hence, as δ ≡ π (mod 2π),
we have L4 = ϕ(L1) = ei

δ
2 i.L1 = L1.

Suppose now that (α12, α23, α31) ∈ ∂∆. If (α12, α23, α31) lay in an open 2-cell of ∆, there exists a negative
triple (l1, l2, l3) of pairwise distinct great circles of S2 such that lk is the image of lj by the direct rotation
of angle αjk around a certain point bjk ∈ lj ∩ lk for (j, k) = (1, 2), (2, 3), (3, 1), and we can therefore
conclude as earlier. If now (α12, α23, α31) lay in an open 1-cell of ∆, there exists a negative triple, for
instance of the form (l1, l2 = l1, l3 6= l2), such that l3 is the image of l2 by the rotation of angle α23

around b23 ∈ l2 ∩ l3 and such that l1 is the image of l3 by the rotation of angle α31 around b31 ∈ l3 ∩ l1.
Since l2 = l1, α12 is either 0 or π, and by setting b12 = b23 (or b12 = b31), we have that l2 is the image of
l1 by the rotation of angle α12 around b12 ∈ l1∩ l2 (see figure 5). Let L1 = L0. If α12 = 0, then λ12 = µ12

and we set L2 = eiλ12 .L1. If α12 = π, then λ12 = π and µ12 = 0, and we set L2 = L1. In both cases
L2 ∈ p−1(l2) = p−1(l1) and meas(L1, L2) = [ei2λ12 , ei2µ12 ]. Since l1 = l2 6= l3, there exists, by proposition
3.4, a unique Lagrangian L3 ∈ p−1(l3) such that meas(L2, L3) = [ei2λ23 , ei2µ23 ], and a unique Lagrangian
L4 ∈ p−1(l1) such that meas(L3, L4) = [ei2λ31 , ei2µ31 ]. As earlier, since the triple (l1, l2, l3) is negative,
we have L4 = ei

δ
2 i.L1 = L1.

At last, if (α12, α23, α31) is a 0-cell of ∆, that is, if (α12, α23, α31) = (π, 0, 0), (0, π, 0), (0, 0, π) or (π, π, π),
then L1 = L2 = L3 = L0 meet the required conditions.
If now, δ ≡ 0 (mod 2π), the condition (β12, β23, β31) ∈ ∆ implies the existence of a positive triple
(l1, l2, l3) of pairwise distinct great circles of S2, with angles αjk as required. Reasoning the same way, we
find 4 Lagrangians L1, L2, L3 and L4 with prescribed angles [ei2λjk , ei2µjk ], and since (l1, l2, l3) is positive
we have: L4 = ϕ(L1) = ei

δ
2 .L1, and therefore, as δ ≡ 0 (mod 2π), L4 = L1.

The other cases are treated identically.

We now obtain the following classification theorem for triples of Lagrangian subspaces of C2.

Theorem 3.6 (Unitary classification of Lagrangian triples of C
2, second version). Given two

triples (L1, L2, L3) and (L′
1, L

′
2, L

′
3) of Lagrangian subspaces of C2, a necessary and sufficient condition

for the existence of a unitary map ϕ ∈ U(2) such that ϕ(L1) = L′
1, ϕ(L2) = L′

2 and ϕ(L3) = L′
3 is that

meas(L1, L2) = meas(L′
1, L

′
2), meas(L2, L3) = meas(L′

2, L
′
3), and meas(L3, L1) = meas(L′

3, L
′
1).

Equivalently, the map ρ : (L(2) × L(2) × L(2))/U(2) −→ T
2/S2 × T

2/S2 × T
2/S2 is one-to-one and is

therefore a homeomorphism from the orbit space (L(2) × L(2) × L(2))/U(2) onto a closed subset of the
measure space T2/S2 × T2/S2 × T2/S2.

Proof. It only remains to prove that the above conditions are sufficient. Let (L1, L2, L3) and (L′
1, L

′
2, L

′
3)

be two Lagrangian triples such that meas(Lj, Lk) = meas(L′
j , L

′
k) for all j, k. Then, the (generalized)

triangles (b12, b23, b31) and (b′12, b
′
23, b

′
31) have the same angles, so there exists a map ψ ∈ SU(2) such that

ψ̂(bjk) = b′jk for all j, k. Since moreover δ = δ′, the triples (l1, l2, l3) and (l′1, l′2, l′3) have same sign and
we therefore even have ψ̂(lj) = l′j for all j. Equivalently, p(ψ(Lj)) = ψ̂(p(Lj)) = ψ̂(lj) = l′j = p(L′

j).
In particular, by proposition 3.2, we have L′

1 = eiθ.ψ(L1) for some θ ∈ [0, π[. Set ϕ = eiθ.ψ ∈ U(2).
Then ϕ(L1) = L′

1 and p(ϕ(L2)) = ϕ̂(p(L2)) = ψ̂(l2) = l′2 and meas(L′
1, ϕ(L2)) = meas(ϕ(L1), ϕ(L2)) =

meas(L1, L2) = meas(L′
1, L

′
2), hence, by unicity in proposition 3.4, ϕ(L2) = L′

2. Likewise, p(ϕ(L3)) = l′3
and meas(L′

2, ϕ(L3)) = meas(L′
2, L

′
3), therefore ϕ(L3) = L′

3.

The above study suggests using trigonometry in CPn−1 to classify triples of Lagrangian subspaces of Cn.
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3.3 Equivalence of the two classification results

We now wish to explain why the two classification results that we have obtained (theorems 3.1 and 3.6)
are indeed equivalent.

Let (L1, L2, L3) be a triple of Lagrangian subspaces of C2. If one of the unitary maps ϕjk is of the
form eiλId (for instance if L2 = eiλ.L1), and if (L′

1, L
′
2, L

′
3) is a triple of Lagrangian subspaces such

that meas(L1, L2) = meas(L′
1, L

′
2) and meas(L1, L3) = meas(L′

1, L
′
3) (or equivalently meas(L3, L1) =

meas(L′
3, L

′
1)), we necessarily have meas(L2, L3) = meas(L′

2, L
′
3), which proves that in this case the two

classification results are indeed the same.
If now each unitary map ϕjk has two distinct eigenvalues eiλjk and eiµjk , where π > λjk > µjk ≥ 0,

set d12 = Ru12 ⊂ L1 and d13 = Ru13 ⊂ L1 (where u12 and u13 are defined as earlier by means of
ϕ12 and ϕ13), and let θ = meas(d12, d13) ∈ [0, π2 ] be the measure of the non-oriented angle formed by
the real lines d12 and d13 in the Euclidean space L1. Recall that L1 = d12 ⊕ d⊥12 = d13 ⊕ d⊥13, where
d⊥12 = Rv12 and d⊥13 = Rv13, and observe that θ is also the measure of the angle (d⊥12, d⊥13). As earlier,
define bjk = [vjk] ∈ lj ∩ lk ⊂ CP1 ' S2.

Observe now that b31 ∈ l1 ∩ l3 is one of the two antipodal points a13 or b13 ∈ l1 ∩ l3. One can then
check the following remarks:

• The measure of the non-oriented angle formed by the two vectors b12 and b13 of S2 ⊂ R3 is 2θ ∈ [0, π]
(in particular, two orthogonal vectors of L1 project onto antipodal points of S2).

• If µ13 = 0 then b31 = b13 and therefore meas(b12, b31) = 2θ. If µ13 6= 0 then b31 = a13 and therefore
meas(b12, b31) = π − 2θ.

Let now (γ12, γ23, γ31) be the measures of the angles of the spherical triangle (b12, b23, b31) (from the study
of projective Lagrangians of CP1, we know that either (γ12, γ23, γ31) = (α12, α23, α31) or (γ12, γ23, γ31) =
(β12, β23, β31), where αjk = λjk − µjk and βjk = π − αjk). Let η ∈ [0, π] be the measure of the non-
oriented angle (b12, b31) (from the study above, we know that either η = 2θ or η = π − 2θ). Then we
know from spherical trigonometry that cosγ23 = sin γ12 sin γ31 cos η − cos γ12 cos γ31.

l1
b

b

bη

η = 2θ or π − 2θ

Figure 6: Relation between the two classication results

The next proposition completes the explanation why our two classification results are indeed equivalent.

Proposition 3.7. Let (L1, L2, L3) be a triple of Lagrangian subspaces of C2 such that ϕ12, ϕ23 and ϕ31

have distinct eigenvalues. Let (L′
1, L

′
2, L

′
3) be a triple of Lagrangian subspaces of C2 such that meas(L1, L2)

= meas(L′
1, L

′
2) and meas(L1, L3) = meas(L′

1, L
′
3) (this last condition being equivalent to meas(L3, L1) =

meas(L′
3, L

′
1)). Let θ = meas(d12, d13) ∈ [0, π2 ] be the measure of the non-oriented angle (d12, d13) in L1

and define θ′ = meas(d′12, d′13) ∈ [0, π2 ] in L′
1 similarly. Then meas(L2, L3) = meas(L′

2, L
′
3) if and only

if θ = θ′.

Proof. Assume first that meas(L2, L3) = meas(L′
2, L

′
3). Since we also have meas(L1, L2) = meas(L′

1, L
′
2)

and meas(L1, L3) = meas(L′
1, L

′
3), we get δ = δ′: the triples (l1, l2, l3) and (l′1, l

′
2, l

′
3) have same sign.

As a consequencce, the spherical triangles (b12, b23, b31) and (b′12, b′23, b′31) have the same angles: γjk =
γ′jk ∈]0, π[ for all j, k. Since meas(L1, L3) = meas(L′

1, L
′
3) we have µ13 = µ′

13, therefore, by the above
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remarks, either b31 = b13 and b′31 = b′13 (when µ13 and µ′
13 equal zero) or b31 = a13 and b′31 = a′13 (when

µ13 = µ′
13 6= 0), so either η = 2θ and η′ = 2θ′ or η = π− 2θ and η′ = π− 2θ′. But then from the relation

from spherical trigonometry recalled above, since sin γjk 6= 0 for all j, k, we have cos η = cos η′, and since
η, η′ ∈ [0, π] we get η = η′, therefore θ = θ′.
Assume now that θ = θ′. Then, as in proposition 3.1, there exists a unitary ψ ∈ U(2) such that
ψ(Lj) = L′

j for j = 1, 2, 3, so that meas(L′
2, L

′
3) = meas(L2, L3).

4 Applications

4.1 Computation of the inertia index of a Lagrangian triple

4.1.1 Basic properties of the inertia index

In contrast with the corresponding situation for pairs of Lagrangian subspaces, the orbit of a triple
(L1, L2, L3) of Lagrangian subspaces of a 2n-dimensional symplectic vector space (V, ω) under the diagonal
action of the symplectic group Sp(V ) is not characterized by the integers n12 = dim(L1 ∩ L2), n23 =
dim(L2 ∩ L3), n31 = dim(L3 ∩ L1) and n0 = dim(L1 ∩ L2 ∩ L3), which are invariants of this action. To
classify the orbits, one introduces the notion of inertia index (sometimes called Maslov index, or simply
index, or signature) of a Lagrangian triple (L1, L2, L3). For the following definition and properties of the
inertia index, we refer to Kashiwara ([6], p.486 sqq).

Definition 4 (Inertia index). The inertia index of the Lagrangian triple (L1, L2, L3), denoted by
τ(L1, L2, L3), is the signature of the quadratic form q defined on the 3n-dimensional vector space L1 ⊕
L2 ⊕ L3 by: q(x1, x2, x3) = ω(x1, x2) + ω(x2, x3) + ω(x3, x1).

In a suitable basis of L1⊕L2⊕L3, one can represent q by a diagonal matrix whose entries consist of r terms
+1, s terms −1 and 3n−r−s terms 0, the integers r and s being independent from the choice of the basis.
What is called signature of q here, and denoted sgn(q) is the integer sgn(q) = r− s. From the definition,
we see that for any symplectic map ψ ∈ Sp(n), we have τ(ψ(L1), ψ(L2), ψ(L3)) = τ(L1, L2, L3). We
summarize here some of the properties of the inertia index that we will need in the following.

Proposition 4.1. The inertia index has the following properties:

(i) τ(L1, L2, L3) ≡ n− (n12 + n23 + n31) mod 2Z

(ii) |τ(L1, L2, L3)| ≤ n+ 2n0 − (n12 + n23 + n31)

We may now state the theorem of symplectic classification of triples of Lagrangian subspaces of (V, ω),
which is due to Kashiwara. For d = (n0, n12, n23, n31, τ) ∈ N4 × Z, we set:

Od =




(L1, L2, L3) ∈ L(V ) × L(V ) × L(V ) |

dim(L1 ∩ L2 ∩ L3) = n0,
dim(L1 ∩ L2) = n12,
dim(L2 ∩ L3) = n23,
dim(L3 ∩ L1) = n31,
τ(L1, L2, L3) = τ




Theorem 4.2 (Symplectic classification of Lagrangian triples,[6], p.493)). Od is non-empty if
and only if d = (n0, n12, n23, n31, τ) satisfies the conditions:

(i) 0 ≤ n0 ≤ n1, n2, n3 ≤ n
(ii) n12 + n23 + n31 ≤ n+ 2n0

(iii) |τ | ≤ n+ 2n0 − (n12 + n23 + n31)
(iv) τ ≡ n− (n12 + n23 + n31) mod 2Z

If (L1, L2, L3) and (L′
1, L

′
2, L

′
3) are two triples of Lagrangian subspaces of V , there exists a symplectic

map ψ ∈ Sp(V ) such that ψ(L1) = L′
1, ψ(L2) = L′

2 and ψ(L3) = L′
3 if and only if n0 = n′

0, n12 = n′
12,

n23 = n′
23, n31 = n′

31 and τ = τ ′.
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Thus, the diagonal action of Sp(V ) on L(V )×L(V )×L(V ) has only finitely many orbits and these orbits
are the Od’s, where d satisfies conditions (i) to (iv) above.

We now specialize to the case where V = Cn, and make the following definition.

Definition 5. A triple (L1, L2, L3) of Lagrangian subspaces of Cn is said to be an exceptional triple if
the unitary maps ϕ12 and ϕ13 have the same eigenspaces.

As can be seen from the case n = 2, a triple (L1, L2, L3) is generically not exceptional, which justifies
the terminology.

We now extract from theorem 4.2 the following proposition, which will be very important to us. It
shows the interest of the notion of exceptional Lagrangian triple: every Lagrangian triple is symplectically
equivalent to an exceptional triple.

Proposition 4.3. Let (L1, L2, L3) be a triple of Lagrangian subspaces of Cn. Then there exists an
exceptional triple (L′

1, L
′
2, L

′
3) and a symplectic map ψ ∈ Sp(n) such that L′

j = ψ(Lj) for j = 1, 2, 3; that
is, each orbit Od of the diagonal action of the symplectic group Sp(n) on L(n)×L(n)×L(n) contains at
least one exceptional triple.

4.1.2 From angles to inertia index

We saw earlier (proposition 3.3) that the quantity δ = (λ12 + µ12) + (λ23 + µ23) + (λ31 + µ31) defined for
Lagrangian subspaces of C2, verifies δ ≡ 0 (mod π) and contains information about the triple (L1, L2, L3).
Namely, if δ ≡ 0 (mod 2π) the triple (L1, L2, L3) is positive (that is, setting ϕ = ϕ31 ◦ ϕ23 ◦ ϕ12, we
have detϕ = eiδ = 1 > 0), and if δ ≡ π (mod 2π) the triple is negative (that is detϕ = eiδ = −1 < 0).
The interest of that notion was that the triple (l1, l2, l3) of projective Lagrangians of CP1 had same
sign as (L1, L2, L3): if δ ≡ 0 (mod 2π) the transformation ϕ̂ = ϕ̂31 ◦ ϕ̂23 ◦ ϕ̂12 of CP1 preserves the
orientation on l1 (the triple (l1, l2, l3) is then said to be positive), and if δ ≡ π (mod 2π) then ϕ̂ reverses
that orientation (the triple (l1, l2, l3) is said to be negative); and this enabled us to distinguish between
positive and negative spherical triangles, which was essential in order to determine the image of the map
ρ : (L(2) × L(2) × L(2))/U(2) → T2/S2 × T2/S2 × T2/S2. But δ can actually be defined for a triple
of Lagrangian subspaces of Cn for any integer n. For such a triple (L1, L2, L3), since σ2

Lj
= Id, we have

the following relation: (σL1 ◦ σL3) ◦ (σL3 ◦ σL2) ◦ (σL2 ◦ σL1) = Id, and the determinant of this unitary
map therefore is of the form ei2δ with δ ≡ 0 (mod π). When n = 2, the eigenvalues of the unitary map
σLk

◦ σLj are ei2λjk and ei2µjk , so that we have indeed δ = (λ12 + µ12) + (λ23 + µ23) + (λ31 + µ31).

In the following, we shall consider a triple (L1, L2, L3) of Lagrangian subspaces of Cn, for arbi-
trary n. We shall denote the measures of the angles (L1, L2), (L2, L3) and (L3, L1) by meas(L1, L2) =
[ei2α1 , . . ., ei2αn ], meas(L2, L3) = [ei2β1 , . . ., ei2βn ] and meas(L3, L1) = [ei2γ1 , . . ., ei2γn ], where π > α1 ≥
. . . ≥ αn ≥ 0, π > β1 ≥ . . . ≥ βn ≥ 0 and π > γ1 ≥ . . . ≥ γn ≥ 0. We then have δ =

∑n
j=1(αj + βj + γj),

where ei2δ = 1 is the determinant of the unitary map (σL1 ◦ σL3) ◦ (σL3 ◦ σL2) ◦ (σL2 ◦ σL1) = Id, so that
δ ≡ 0 (mod π). Since δ, which we shall also denote δ(L1, L2, L3) to avoid confusion, is defined by means
of the measures of the angles (Lj , Lk) (that is, up to permutation, the eigenvalues of the unitary maps
σLk

◦ σLj ), δ is invariant under the diagonal action of the unitary group U(n) on L(n) ×L(n) ×L(n): if
ϕ ∈ U(n), then δ(ϕ(L1, L2, L3)) = δ(L1, L2, L3).

The next theorem is the main result of this paragraph.

Theorem 4.4. Let (L1, L2, L3) be a triple of Lagrangian subspaces of Cn, and set njk = dim(Lj ∩ Lk),
τ = τ(L1, L2, L3) and δ = δ(L1, L2, L3). Then τ = 3n− 2δ

π − (n12 + n23 + n31).

Lemma 4.5. If c : t ∈ [0, 1] 7→ (L1(t), L2(t), L3(t)) ∈ L(n) ×L(n) ×L(n) is a continuous map such that
the dimensions njk(t) = dim(Lj(t)∩Lk(t)) of the pairwise intersections are constant functions of t, then
the map δ : t 7−→ δ(L1(t), L2(t), L3(t)) is a constant map.

Observe that this result is also true for the inertia index (see [6], pp. 487-488).
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Proof of lemma 4.5. Since the njk’s remain constant along the deformation, the non-zero αj(t), βj(t) and
γj(t) vary continuously. Therefore, δ(L1, L2, L3) varies continuously. As δ(t) ≡ 0 (mod π), δ is a constant
map.

Lemma 4.6. Let (L1, L2, L3) be a triple of Lagrangian subspaces of Cn and let ψ ∈ Sp(n) be a symplectic
map. Then δ(ψ(L1), ψ(L2), ψ(L3)) = δ(L1, L2, L3), that is: δ is a symplectic invariant.

Proof of lemma 4.6. Since the symplectic group is connected, there exists a continuous path t ∈ [0, 1] 7→
ψt ∈ Sp(n) such that ψ0 = Id and ψ1 = ψ. For all t ∈ [0, 1], set Lj(t) = ψt(Lj) for j = 1, 2, 3.
As ψt is invertible, n12(t), n23(t) and n31(t) are constant, and by the above lemma so is δ(t), so that
δ(ψ(L1), ψ(L2), ψ(L3)) = δ(1) = δ(0) = δ(L1, L2, L3).

Lemma 4.7. Let (L1, L2, L3) be an exceptional triple of Lagrangian subspaces of C
n and let (u1, . . ., un)

be an orthonormal basis for L1 formed of eigenvectors of ϕ12: ϕ12(uk) = eiαkuk, where [ei2α1 , . . ., ei2αn ] =
meas(L1, L2). For all k, set dk1 = L1 ∩ C(k), dk2 = L2 ∩ C(k) and dk3 = L3 ∩ C(k). Then dk1 , d

k
2 and dk3

are real lines of C(k) and, if we denote by meas(dk1 , d
k
2),meas(d2

k, d
3
k),meas(dk3 , d

k
1) ∈ [0, π[ the measures

of the oriented angles (dk1 , d
k
2), (dk2 , d

k
3), (dk3 , d

k
1) in C(k), then

δ(L1, L2, L3) =
n∑
k=1

(meas(dk1 , d
k
2) + meas(d2

k, d
3
k) + meas(dk3 , d

k
1))

Proof of lemma 4.7. Set meas(L1, L3) = [ei2ε1 , . . ., ei2εn ]. Observe first that L1 intersects the complex
line C(k) = Cuk because uk ∈ L1. Since (u1, . . ., un) is a basis of L1 formed of eigenvectors of ϕ12,
and since ϕ12 and ϕ13 have the same eigenspaces, there exists a permutation g ∈ Sn such that, for all
k ∈ {1, . . ., n}, ϕ13(uk) = eiεg(k)uk ∈ L3. Therefore, we have eiαkuk ∈ L2 and eiεkuk ∈ L3, so that C(k)

also intersects both L2 and L3. But if u ∈ Cn\{0} is contained in a Lagrangian subspace L of Cn then
L∩Cu = Ru. Indeed, if v ∈ L∩Cu then v = λu+µJu with λ, µ ∈ R, and since L is Lagrangianω(u, v) = 0.
But ω(u, v) = λω(u, u) + µω(u, Ju) = µg(u, u) with g(u, u) 6= 0, therefore v = λu ∈ Ru. Therefore, since
ϕ12(uk) = eiαkuk ∈ L2, we have dk1 = L1 ∩ Cuk = Ruk and d2

k = L2 ∩ Cuk = R(eiαkuk) = eiαkdk1 , hence
meas(dk1 , d

k
2) = αk ∈ [0, π[. Likewise, since eiεg(k)uk ∈ L3, we have dk3 = eiεg(k)dk1 , so that meas(dk1 , d

k
3) =

εg(k), hence, setting ξk = π − εg(k) mod π, meas(dk3 , d
k
1) = ξk ∈ [0, π[. Setting wk = eiεg(k)uk ∈ L3,

we have eiξkwk = ±ei(π−εg(k))wk = ±uk ∈ L1. The (eiξk ) therefore are the roots of the characteristic
polynomial P (L3, L1) of the pair (L3, L1), hence [ei2xi1 , . . ., ei2ξn ] = meas(L3, L1) = [ei2γ1 , . . ., ei2γn ], and
since ξk, γk ∈ [0, π[, there exists a permutation g3 ∈ Sn such that, for all k, ξk = γg3(k). Similarly,
setting vk = eiαkuk ∈ L2 and ζk = (εg(k) − αk) mod π, we have eiζkvk = ±eiεg(k)uk ∈ L1, hence
[ei2ζ1 , . . ., ei2ζn ] = meas(L2, L3) = [ei2β1 , . . ., ei2βn ], and since ζk, βk ∈ [0, π[, there exists g2 ∈ Sn such
that, for all k, ζk = βg2(k). Furthermore, since dk2 = Rvk and dk3 = Reiεg(k)uk = Reiζkvk, we have
meas(d2

k, d
k
3) = ζk. Hence∑n

k=1(meas(dk1 , dk2) + meas(dk2 , dk3) + meas(dk3 , dk1)) =
∑n

k=1 αk +
∑n

k=1 ζk +
∑n

k=1 ξk
=

∑n
k=1 αk +

∑n
k=1 βg2(k) +

∑n
k=1 γg3(k)

=
∑n

k=1(αk + βk + γk)
= δ(L1, L2, L3)

We now have all the material we need to relate δ to τ and show that the inertia index can be computed
from the measures of the Lagrangian angles (L1, L2), (L2, L3) and (L3, L1); that is, from the eigenvalues
of the unitary maps σLk

◦ σLj , where σLj is the Lagrangian involution associated to Lj .

Proof of theorem 4.4. By proposition 4.3, there exists a symplectic map ψ ∈ Sp(n) such that (ψ(L1),
ψ(L2), ψ(L3)) is an exceptional triple. Since such a transformation leaves τ , δ and the njk’s invari-
ant, we may assume that (L1, L2, L3) is itself exceptional. Let us recall the notations meas(L1, L2) =
[ei2α1 , . . ., ei2αn ] meas(L1, L3) = [ei2ε1 , . . ., ei2εn ] where π > α1 ≥ . . . ≥ αn ≥ 0 and π > ε1 ≥ . . . ≥ εn ≥ 0.
Then, since (L1, L2, L3) is exceptional, there exists an orthonormal basis (u1, . . ., un) for L1 and a per-
mutation g ∈ Sn such that (eiα1u1, . . ., e

iαnun) is an orthonormal basis for L2 and (eiε1u1, . . ., e
iεnun) is
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an orthonormal basis for L3. By abandoning the condition π > ε1 ≥ . . . ≥ εn ≥ 0, we may suppose that
g = Id. Set dk1 = Ruk, dk2 = eiαkdk1 , dk3 = eiεkdk1 , and τk = τ(dk1 , d

k
2 , d

k
3) in the symplectic space Cuk.

Set δk = meas(dk1 , d
k
2) + meas(dk2 , d

k
3) + meas(dk3 , d

k
1) and set, as in lemma 4.7, ζk = (εk − αk) mod π

and ξk = (π − εk) mod π, so that δk = αk + ζk + ξk. Observe that δk = δ(dk1 , d
k
2 , d

k
3) in the symplectic

space Cuk. In particular, this implies that δk ≡ 0 mod π. If dk1 = dk2 = dk3 , which happens n0 times,
then τk = 0 and δk = 0. If either dk1 = dk2 6= dk3 or dk2 = dk3 6= dk1 or dk3 = dk1 6= dk2 , which happens
(n12 − n0) + (n23 − n0) + (n31 − n0) times, then τk = 0 and 0 < δk = αk + ζk + ξk < 2π (since one of
these numbers is 0 and since all of them are < π and two of them are non-zero), but δk ≡ 0 mod π so
δk = π. If dk1 6= dk2 6= dk3 6= dk1 , which happens n+ 2n0 − (n12 + n23 + n31) times, then either τk = 1 and
δk = π or τk = −1 and δk = 2π, so that τk = 3 − 2δk

π (see figure 7).

d1

d2

d3

τ = 1 and δ = π

d1

d2

d3

τ = −1 and δ = 2π

Figure 7: Relation between δ and τ for exceptional triples of Lagrangians

Since (L1, L2, L3) is an exceptional triple, we have, by proposition 4.7, δ =
∑n

k=1 δk. Likewise, τ =∑n
k=1 τk, so that we have:

τ =
∑n+2n0−(n12+n23+n31)

k=1 (3 − 2δk

π )
= 3(n+ 2n0 − (n12 + n23 + n31)) − 2

π (δ − π((n12 − n0) + (n23 − n0) + (n31 − n0)))
= 3n− 2δ

π − (n12 + n23 + n31)

4.2 Two-dimensional unitary representations of π1(S
2\{s1, s2, s3})

Let s1, . . ., sn be n distinct points of the Euclidean sphere S2. Then, for any z ∈ S2\{s1, . . ., sn}, the
fundamental group of the sphere minus these n points has finite presentation

π1(S2\{s1, . . ., sn}, z) =< g1, . . ., gn | gn. . .g1 = 1 >

where gk is the homotopy class of a loop around sk for k = 1, . . ., n. Giving a two-dimensional unitary
representation ρ : π1(S2\{s1, . . ., sn}) → U(2) of this group is therefore equivalent to giving n unitary
matrices U1, . . ., Un ∈ U(2) satisfying Un. . .U1 = Id and setting ρ(gk) = Uk for all k. Two such rep-
resentations ρ and ρ′ are equivalent if there exists a unitary transformation ϕ ∈ U(2) of C2 such that
U ′
k ◦ ϕ = ϕ ◦ Uk, or equivalently U ′

k = ϕ ◦ Uk ◦ ϕ−1 for k = 1, . . ., n. Determining and classifying two-
dimensional unitary representations of π1(S2\{s1, . . ., sn)} up to equivalence therefore is equivalent to
finding, given conjugacy classes C1, . . ., Cn in the unitary group U(2), necessary and sufficient conditions
for the existence of unitary matrices Uk ∈ Ck verifying Un. . .U1 = Id.
These conditions have been determined by Biswas in [2] after reformulating the question in terms of
parabolic vector bundles of rank two over the projective line CP1. The methods presented in section
3 above provide an elementary proof of the same result in the case n = 3. The relation between the
result of existence obtained by Biswas ([2], p.524) and the result of existence of theorem 3.5 above is a
consequence of the following proposition.

Proposition 4.8. Given three unitary matrices U12, U23, U31 ∈ U(2) verifying U31U23U12 = Id, there
exists a triple (L1, L2, L3) of Lagrangian subspaces of C2 such that σLk

◦ σLj = Ujk for all j, k. If
(L1, L2, L3) and (L′

1, L
′
2, L

′
3) are two such triples, then there exists a unitary map ϕ ∈ U(2) such that

ϕ(Lj) = L′
j for j = 1, 2, 3.
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Lemma 4.9. Let A ∈ U(2) be a unitary matrix and let (ei2λ, ei2µ) be the eigenvalues of A, where
π > λ ≥ µ ≥ 0. Let v ∈ C2 be an eigenvector of A with respect to the eigenvalue ei2µ and such that
h(v, v) = 1. Let l1 be a projective Lagrangian of CP1 containing [v] ∈ CP1 ' S2, and let l2 be the
projective Lagrangian image of l1 by the rotation of angle (λ − µ) ∈ [0, π[ around [v]. Then, given a
Lagrangian L1 ∈ p−1(l1), there exists a Lagrangian L2 ∈ p−1(l2) such that σL2 ◦ σL1 = A.

Proof of lemma 4.9. Let u be an eigenvector of A with respect to the eigenvalue ei2λ and such that
h(u, u) = 1. Set L0 = Ru ⊕ Rv. Then (u, v) is a unitary basis of C2 and therefore L0 is Lagrangian.
Furthermore, [v] ∈ l0 ∩ l1, where l0 = p(L0). Therefore, l1 is the image of l0 by a rotation ψ̂ ∈ SO(3)
around [v] ∈ S2, where ψ ∈ SU(2) is a special unitary map having u and v as eigenvectors (since ψ̂ is
a rotation around [v] = −[u] ∈ R3): ψ(u) = αu and ψ(v) = βv, where α, β ∈ C. Set L = ψ(L0). Then
L is a Lagrangian subspace of C2 and p(L) = ψ̂(l0) = l1. Then, by proposition 3.2, L1 = eiθL for some
θ ∈ [0, π[. Set u12 = eiθψ(u) and v12 = eiθψ(v). Then (u12, v12) is an orthonormal basis for L1. Set
L2 = Reiλu12 ⊕Reiµv12. Then L2 is Lagrangian and, by proposition 3.2, p(L2) is the image of p(L1) = l1
by the rotation of angle (λ− µ) arouns [v12] = [v], so p(L2) = l2. At last

σL2 ◦ σL1(u12) = σL2(u12) = σL2(e
−iλeiλu12) = eiλσL2(e

iλu12) = eiλeiλu12 = ei2λu12

so that σL2 ◦ σL1(eiθαu) = ei2λeiθαu hence, since σL2 ◦ σL1 is holomorphic, σL2 ◦ σL1(u) = Au. For the
same reasons, σL2 ◦ σL1(v) = Av, and therefore σL2 ◦ σL1 = A.

Proof of proposition 4.8. For fixed j, k, let (ujk, vjk) be a unitary basis of C2 formed of eigenvectors of
Ujk:Ujkujk = ei2λjkujk and Ujkvjk = ei2µjkvjk, where π > λjk ≥ µjk ≥ 0.There exists a great circle
l2 of S2 containing both [v23] ∈ CP1 ' S2 and [v12] ∈ CP1 ' S2. Let l1 be the great circle of S2

containing [v12] and such that l2 be the image of l1 by the rotation of angle (λ12 − µ12) around v12.
Fix a Lagrangian L1 ∈ p−1(l1) arbitrarily. By the lemma above, there exists a Lagrangian L2 ∈ p−1(l2)
such that σL2 ◦ σL1 = U12. Now let l3 be the image of l2 by the rotation of angle (λ23 − µ23) around
[v23]. By the lemma above, there exists a Lagrangian L3 ∈ p−1(l3) such that σL3 ◦ σL2 = U23. Then
σL1 ◦ σL3 = (σL3 ◦ σL1)−1 = (σL3 ◦ σL2 ◦ σL2 ◦ σL1)−1 = (U23 ◦ U12)−1 = U31. At last, if (L1, L2, L3)
and (L′

1, L
′
2, L

′
3) are two Lagrangian triples verifying σLk

◦ σLj = Ujk = σL′
k
◦ σL′

j
for all j, k, then

meas(Lj , Lk) = meas(L′
j , L

′
k) for all j, k, hence, by theorem 3.6, there exists a unitary map ϕ ∈ U(2)

such that ϕ(Lj) = L′
j for j = 1, 2, 3.

Corollary 4.10. Given three conjugacy clases C12, C23, C31 in the unitary group U(2) (that is, given
eigenvalues [ei2λ12 , ei2µ12 ], [ei2λ23 , ei2µ23 ] and [ei2λ31 , ei2µ31 ], where π > λjk ≥ µjk ≥ 0), there exists
unitary matrices Ujk ∈ Cjk verifying U31U23U12 = Id if and only if there exists a triple (L1, L2, L3)
of Lagrangian subspaces of C

2 such that meas(Lj, Lk) = [ei2λjk , ei2µjk ] for all j, k, that is, setting δ =∑
j,k(λjk + µjk), αjk = λjk − µjk and βjk = π − αjk, if and only if

δ ≡ π (mod 2π) and (α12, α23, α31) ∈ ∆
or

δ ≡ 0 (mod 2π) and (β12, β23, β31) ∈ ∆

Proof. Given such a triple (L1, L2, L3), the maps σL2 ◦σL1 , σL3 ◦σL2 and σL1 ◦σL3 are unitary, have the
prescribed eigenvalues, and verify (σL1 ◦ σL3) ◦ (σL3 ◦ σL2) ◦ (σL2 ◦ σL1) = Id.
Conversely, given three unitary matrices U12, U23, U31 verifying U31U23U12 = Id, there exists , by the
above proposition, a triple (L1, L2, L3) of Lagrangian subspaces of C

2 such that σLk
◦ σLj = Ujk for all

j, k, so that meas(Lj , Lk) = [ei2λjk , ei2µjk ].
The conditions on δ, the αjk’s and the βjk’s then follow from theorem 3.5.
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