EXACTNESS OF THE NOVIKOV INEQUALITIES

M. Sh. Farber UDC 517.9+513.83

1. t.1. 1In his investigation of periodic solutions of certain classical problems of
mechanics, Novikov [8] constructed and applied an analog of Morse theory, in which, instead
of functionals appear multivalued functionals, given through closed 1-forms. The following
problem serves as a finite~dimensional topological model of the considerations of Novikov
[7, 8]: what is the minimal number of crltlcal points that a Morse map of a finite-dimen-
sional smooth manifold M in the circle S*, which realizes a given cohomology class &&= H' (M
Z), may have? 1In the case & = U this question is equivalent to the classical problem of the
.critical points of smooth functions; as is known, the answer in this case is given, on one

“hand, by the Morse inequalities, and on the other, by Smale's theorem [9] asserting that on
every simply connected manifold there exists an exact function, i.e., a function with the
-smallest possible number of critical points of each index. 1In the general case, where & is an
arbitrary one—dimensional cohomology class, Novikov derived [7, 8] inequalities that estimate
-from below the number of critical points. The aim of this paper is to prove the analog of
Smale's theorem for & sz=0.

1.2. Novikov Numbers. Let A = Z[t, t™'] be the ring of Laurent polynomials over the
integers. Consider the multlpllcatlve subset S(:jZ U]C: A consisting of polynomials in t
with free term 1. The ring of fractions T = A is a pr1n01pa1 ideal ring (see Corollary
2.4 below), and hence every finitely generated I-module A is isomorphic to a direct sum of
monogenic modules I'/og, where @3 C @ C ... Ca, % I' are ideals of the ring I', uniquely deter-—
mined by A. As is known, the number of zero ideals ak is called the rank of the T'-module A.
The number of nonzero ideals oy equals the minimal number of generators of the torsion sub-
module Torsp A.

For every connected cellular space X and the one-dimensional class E&& H*(X;Z) there
is defined a coverlng pg'Xg + X induced by any mapping f:X - st realizing & from the universal
covering R S', a > exp (Znia). Space Xy is, by definition, {(z,a) & X X R; f (z) = exp (2nia)}.
Let t: Xg -+ X be the generator of the infinite cyclic group of coverlng transformations of
covering Pt acting by the formula t(x, a) = (x, a — 1), (x, @) & Xg. Thanks to the action
of t, the homology groups H*Xg are endowed with structures of A-modules. Since A is Noether-
ian, the A-modules Hng are finitely generated, provlded that X has finitely many cells for
each dimension. Assuming that the last condition is satisfied, we denote by b{(X, &) and
ql(X g£) the rank of the I'-module I‘é@AfY?Yb and, respectively, the minimal number of genera-
tors of its torsion I'-module Torsp:(I' ® \H Xy).

Also, let ci(f) denote the number of critical points of index i of the Morse map f of a
given manifold into S'.

The next theorem is the main result of the paper.

1.3. THEOREM. Let M! be a smooth connected closed manifold of dimension n 2 6, with
infinite cyclic fundamental group, and let § & H'(M;Z) be a nonzero cohomology class. Then
there exists a Morse map £:M - S! realizing &, such that ci(f) =bj(M, &) + qi(M, &) + qi-1(M,
g) for all 1 = 0, 1,...,n.

As Novikov showed [7, 8], the number of critical points of index i of any Morse map M-
S! realizing £ cannot be smaller than bi(M, £) + qi(M, &) + qj-;(M, &). Thus, the map f whose
existence is asserted by Theorem 1.3 has the smallest possible number of critical points of
each index.

The proof of Theorem 1.3 is given in Sec. 4. The necessary auxiliary assertions are
proved in Secs. 2 and 3.
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1.4, The definitions of numbers bi(X, &) and ¢;(X, &) given in Subsec. 1.2 differ some-
what from those given in Novikov's works [7, 8], and we presently show that actually the num-
bers defined here coincide with his. Another definition of the numbers bi(X, &), more suit-
able for their calculation, is given in the Appendix.

We remark that the rlng A= Z[[t]1[t™Y] is a flat A-module. In fact, on the category
of A-modules the functor A @A can be identified with L ®p, and the latter factorizes as the
composition of the three functors K ®p, P ®x, and A®sp, where P = Z[t], K = S”'p, P =
Z[[t]]l. The first and third functors in this factorization are exact, by Theorem ! of Sec. 2,
Chap. IL of [3], while the second is exact because K is a Zarisski ring in the tK-adic topol-
ogy and P is its tK-adic completion (see Proposition 9 in [3, Chap. III, Sec. 3]).

If X is a cellular space, E & H'(X;Z) and Xg + X is the corresponding covering, then

the A-module H (A ®aCy (X)) is isomorphic to A@AH X: (by the assertion of the preceding
paragraph), and its rank and minimal number of generators of its torsion submodule are iden-—
tical to the rank and, respectively, the minimal number of generators of the torsion submodule
of the I'~module T®@sH;X: . The last assertion follows from the fact that T and i are pr1n01pa7
ideal rings, I' is naturally embedded in A, and an arbitrary element Y& I is invertible in A

-1if and only if it is invertible in T. But the rank of the A-module H; (A®AC* (X)) and the
minimal number of generators of its torsion submodule are exactly the pumbers bj(X, &) and,
respectively, qi(X, &), according to Novikov's definition {7, 8].

1.5. We remark that Theorem 1.3 yields immediately a theorem of Browder and Lev1ne [11,
asserting that under the assumptions of Theorem 1.3 the manifold M is fibered over s' if and
only if the homologies HyMz are finitely generated over Z, where E= H'(M;Z) is a generator.
In fact, if the module HijMy is finitely generated over Z, then r'® AHMg =0 (this follows,
for example, from Lemma 2.1 below), and by Theorem 1.3 class £ can be realized by a smooth
map with no critical points, i.e., by a bundle. The converse is obvious.

2. Algebraic Lemmas

Let P = Z{t], A = Z[t, t™%], K = S™*P, and T = S™'A, where SC P is the multiplicative
subset consisting of the polynomials p () &P with p(0) = 1. The present section is devoted
to the following question: what is the relationship between the minimal number of generators
of the I'—module I' ®pA and the minimal numbers of generators of the Abelian group A/tA, where
A is a finitely generated P-module? To simplify formulations we denote by pp(X) the minimal
number of generators of the module X over the ring R. If A is a P- or a K-module, then At
and TA will designate, respectively, A/tA and the set of all elements & & 4, such that ta =
0. Finally, rv(A) designates the rank of the Abelian group A.

2.1. LEMMA. 1If A is a finitely generated P-module, then

uz (4y) = px (K Qp A).

Proof. Let 4"=K ®pA. Since the P-modules P/tP and K/tK are canonically isomorphic,
the module A;= P/tP ®p A can be identified with

KItE @p A ~ KItK ®x (K Qp A) =~ A1

Therefore, it suffices to show that pz(A{) = pg(A"). Obviously, the cosets of the elements

Qys -« o Gm ©E A°, which generate A' over K, generate At over Z = K/tK. Conversely, suppose
that the cosets of elements a;,...,an & 4’ generate At over Z, and consider the K-submodule
N C A’', generated by a1,...,an. Then N + tA' = A', and since t is contained in the radical
of the ring K, Nakayama's lemma (see [2, Chap. VIII, Sec. 6, Corollary 2 of Proposition 6])
implies that N coincides with A'. The lemma is proved.

2.2. LEMMA. Let A be a P-module of finite type. Then the number ur (I' ®p 4) coincides
with the infimum of the numbers pg(Bt), where B runs through those submodules B 4 which
contain tTA for some r 2 0 (which depends on B).

Proof. If FACBC A , then clearly ' ®p A ~T ®p B and hence, by the preceding lem-

ma, pz By) = px (K ®p B) > ur (T ®p B) = pp (" ®p A). Therefore, it suffices to show that there
is a submodule B (C A4, which contains tTA for some integer r 2 0 and has the property that

g (K ®p B) < pr (T ®p 4).

Recall that the P-submodule B C 4 is called saturated with respect to the multiplica-
tive subset SC P if sae B, with s& S , implies a & B . We denote by [Blg the smallest
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saturated submodule containing a given submodule B A . From the results of part 4, Sec. 2,
Chap. II of [3] it follows that Mk (K ®pA) 1is the infimum of all numbers pp(B), where B runs
through all submodules B A with [B]lg = A. In a similar manner, the ring I is equal to
S1'P, where §; C P is the multiplicative subset of polynomials of the form t¥p(t) with p(0) =
1, and pr (T ®p 4) = min pp (B) , where B runs through all submodules B C A with [Blg, = A.

Let m = pr (T ®P A4) and let @, - - 18n & A be elements with the property that the P-
submodule X that they generate is such that [X]g; = A. Set B = [X]g. Then WPx KQpB)<m,
and since [X]Sl = A, we conclude that B contains tTA for some r 2 0. The lemma is proved.

2.3. LEMMA. If A is a P-module of finite type such that 'A = 0 and the group A; is

free, then
pz (A;) = px (K ®p 4) = pr (T @p 4).

Proof. Suppose that the cosets of the elements @i, ..., a8, & A generate freely Ar. Con-
struct a homomorphism of the free P-module PM of rank m into A by sending its generators into
@1y++.,0m. Since At is free and tA = 0, this homomorphism is monomorphic. Upon tensoring it
by K ®p, we obtain, in view of Nakayama's lemma and Theorem 1 {3, Chap. II, Sec. 2], an iso-
morphism. Thus, the K-module K ®p A is free and has rank m, which proves the lemma.

. 2.4, COROLLARY. T is a principal ideal ring.

Proof. Suppose J is an ideal in I'. The set I =J [} K is an ideal in K; moreover, if
a &I and ae=tK , thenas ¢l . Consequently, the embedding I + K induces a monomorphism
I >~ K¢ & Z, and hence Iy either reduces to zero or is isomorphic to Z. By Nakayama's lemma
and arguments analogous to those used in the proof of Lemma 2.3, either I = 0 or I & K. Con-
sequently, I = ¢K for some a& K , and hence J = al' is a principal ideal ring.

2.5. LEMMA. 1If A is a finitely generated P-module, then
pz (Torsz4,;) = pr (Torsp (T ®p 4)) + [ux (K ®p4) — pr (TQp4) —r(4))
Proof. Let
0> Fams> Fy—> Foms A — 0

be a free resolvent of the P-module A. Consider the following complex C of free Abelian
groups :
0 — (Fa)t — (Fp)t = (Fo)t — 0.

It has the cohomologies: Hy = At, H; = tA, H; = 0. For a prime number q we consider the com-—
plex C ® Zg of vector spaces over Zg. By the universal coefficient formulas

H(C® Zq) =4: R qu H (C® Zq) = (tA & Zq) D (As * Zq),
Hy (C® Zg) ="A xZy,

and the Euler—Poincaré theorem gives the equality
#p (Fo) —pp (F1) + pp(Fy) = vz, (4 ® Zo) — [pz, (AR Z,)+ vz, (AsZo)] + bz, (AxZ,).

Suppose now that q is selected so .that Pz, (4d: ® Zg) = pz (4;). Then Mz, (A: * Zg) = pz (Torsz4,)
and pz, (A ®Z)— bz, (A * Z;) =71 (A), and we obtain the equality

uz (Torsz Ap) = px (K ®pA4) — pp(Fo) + pp(Fy) — pe(Fo) —r (4).

Since T is a principal ideal ring,

b (T ®p4) — pp(Fo) -+ pp(F1) — pp(Fe) = pir (Torsy (T @ p.A)).

The last two relations prove the lemma.

3. Geometric Lemma

Suppose MM is a closed manifold, ESH' (M;2) is a cohomology class, and V" 'C M is a
closed submanifold with oriented normal bundle. We say that V realizes the class £ if for
every class o & H;V the intersection index V.a equals <&, a>. It is well known that
every indivisible class £ on a connected manifold M can be realized by a connected framed
submanifold.
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If the connected manifold V realizes the indivisible class §EH'(M; Z) , then V can be
lifted to the covering Mg -+ M defined by the class &, and the complement Mg —~V has two com—
ponents. Let Xy denote the closure of the component with the property that the positive nor-
mal to V points towards its exterior. Then tXy CC int Xy , where t:Mg - Mg is a generator of
the group of covering transformations, selected as in Subsec. 1.2. The homologies HyXy are
P-modules.

The next two lemmas describe variations of the manifold V which lead to simpler P-modules
HyXy-

3.1. LEMMA. Suppose that miM! =2, n 2 6, and let V"1 M be a connected, simply
connected submanifold which realizes the generator § & H' (M, Z) If tHiXy = 0 for j < i,
where 2 < i € n — 3, there exists a connected, simply connected submanifold wr-1 C:ﬂJ which
realizes &, such that the P-module HjiXy is isomorphic to HjXy for all j < i, and there is a
P-epimorphism HiXy » HiXy, whose kernel coincides with the set of all classes v &= H;Xy, such
that tTv = 0 for some r 2 U.

Proof. Consider the manifold Ny = Xy — int (tXy); it is a cobordism with boundaries tV
and V. According to Smale's theorem [9], on Ny there exists an "exact" Morse function f:

- [0, 1], equal to zero on tV and to one on V, and such that the number of its critical
p01nts of index j equals by + qj + g4j-1>» where b is the rank of the group Hj(Nv, tV), and qj
is the minimal number of generators of its tor81on subgroup. Function f yields a decomposi-
tion of manifold Ny into handles that are attached successively to some collar of tV in Ny.
Let Y' denote the manifold obtained by attaching all handles of indices €i — 1. 1In the group
C; of i-dimensional chains of the chain complex generated by f, ome can choose the following
basis

zt i i i ai i
R IR Zbi+qi’ ﬁlv ﬁ?v s e ey 5qi_11

in which the first bj + q;j elements form a basis in the group Zj of i-dimensional cycles, and
the boundaries of the last gj-1 elements form a basis in the group Bi-1 of (i — 1)-dimensional
boundaries. By Theorem 7.6 of [5], we can assume that this is precisely the basis realized
by the i-dimensional handles of the decomposition of Ny. The handles realizing the first

bi + qj (last qj-1) elements will be denoted by HI, Hz,...,Hgi+qi (respectively, hi, hi,...,

ni o).
di-1 it1 i+
An analogous choice of basis in the group Cj4: yields the handles Hy , Hy ,.:.,
i + + .
§111+Qi+1 hi+1, h% 1,...,héil. Now notice that, since the handles Hi+l realize cycles, the

intersection indices of the i-dimensional spheres, lying at their bases, with the boundaries
of all comiddle disks of all handles of index i vanish. Therefore, by Whitney's theorem,
one can modify the handles Hi*l by isotopies so that they will not intersect the handles of
index i. (Notice that since V is simply connected, so are Xy and Ny. Consequently, by =

q1 = 0 and, by duality, bp-1 = qp-1 = qp-2 = 0. Therefore, in the decomposition of Ny there
appear only handles of indices in the range from 2 through n — 2; hence, all noncritical level
manifolds of function f are simply connected, and Whitney's lemma applies for i 2 3, n — i —
12 3. If i =2, Whitney's lemma applies (see [5], Theorem 6.6) if the complements of the
boundaries of the comiddle disks of handles of index i in the level manifold are simply con-
nected; but this follows from general position considerations and the assumption that n 2 6.
The case i = n — 3 is dealt with by analogous arguments.)

Assuming that the bundles H%+1 do not intersect the handles of index i, we consider the
submanifold }’C:.XV described as the union

Xy UY UBURBU - Uhin, UHTU - o U B

Then the homomorphism HJ(Y tXy) > Hj (XV, tXy) induced by the embeddlng is an isomorphism for
3 < 1—1 and an epimorphism for j - i + 1. Moreover, Hi(Y, tXy) = 0. From the exact homol-
ogy sequence

.= H; (Y, tXy) — H; (Xv, tXv) — H; (Xv, ¥) —

we get Hj(Xy, Y) =0 for €1 —1and for ] =i + 1, and Hi Xy, tXy) % H{i(Xy, Y). This im-
plies 1mmedlately that the 1mbedd1ng Y + Xy induces an isomorphism HjY = HjXy for j <1~ 2,
Let us show that this is true for j = 1 — 1 too. To this end, we consider the commutative
diagram '
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H,(Xv, Y) s H, Y

H, (Xv» tXv) 2 Hiy (EXy).

As we have already remarked, the left vertical homomorphism is an isomorphism, whereas 31 1is
the null homomorphism, because 'H{_1Xy = 0. Therefore, 3 = 0, and since, in addition, Hj—;
(Xy, Y) = 0, the embedding Y > Xy induces an isomorphism of (i — 1)-dimensional homologies.
Thus, HjXy & HjY for all j < i — 1.

The homology sequence of the pairs (Y, tXy) and (Xy, tXy) yield the following commutative
diagram with exact rows:

Hiw (Y, tXy) —> H; ((Xy) —> HY —0
o =

Hin Xy, tXv) > H, (tXy) —> H,Xv.

Since o is an epimorphism,
kero=imB=imp o oa_lmu_kerv.

On the other hand, if we identify Hl(tXV) with H1XV, then kero = CH;Xy. Obviously, Y = Xy,
for some connected, 51mp1y connected submanifold Vi M , which realizes £. As have al-
ready showed, Hj (le) ~ HjXy for j < i, and there is an eplmorphlsm y:HiXy - HiXy,, whose
kernel equals tHiXy.

Applying the same procedure toV,, we obtain a submanifold V,, then applying it to V. we
obtain V3, and so on. It is clear that, for m large enough, submanifold Vy, will possess the
property that Hl(XVm) = 0, and we can set W = V. The lemma is proved.

3.2. LEMMA. Suppose that wiM® =Z, n > 6, and V*'(C M is a connected, simply con-
nected, closed submanifold which realizes the generator E H*(M;Z). If i < n— 3 and
tHi_l(Xv) = tHi(XV) = 0, then for every P-submodule B 4 = H;Xv containing tYA for some
r 2 0 one can find a connected, simply connected, closed submanifold W*'C M which real-
izes € and is such that the P—module HiXy is isomorphic to HiXy for all j <i, and the P-module
HiXy 1s isomorphic to B.

Proof. It suffices to examine the case where (4 CBC A and the quotient group B/tA
is cyclic; the general case follows from this one by induction.

Thus, suppose that.tA C B C 4 and the quotient group B/tA is cyclic, generated by some
element b= A/fA. As in the proof of the preceding lemma, we consider the cobordism (Ny; tv,
V) and its minimal handle decomposn:lon Let Y' denote the union of tXy, all handles of in-
dices €1 — 1, and the handles hl hi,. _, (we follow the notations used in the proof of
the preceding lemma). Then Hj (Y tXV) = 8lfor j 2 i, whereas for j € i — 1 we have the iso-
morphism Hj(Y', tXy) ~ Hjy (Xy, th) induced by embedding. From the exact homology sequence

> H; (Y, tXy)—> H; Xv, i Xv) > H; Xv,Y) > ...

we find that Hj(Xy, Y') = 0 for j <i —1, and A/tA } Hj(Xy, tXy) % Hl(XV, Y'). Let Q = Xy —
‘int Y'. Then Q and 3Q are simply connected, Y’ C(’)Q , and the pair (Q, 3Y') is (i — 1)-con-
nected. The element b & A/tA determines a class b & n; (Q, 0Y') = H; (Q, 0Y') =~ A/tA. Since
i < n~— 3, Corollary 1.1 of Hudson's work [4] shows that class b' can be realized by a smoothly
embedded disk D'C Q with D' 8Q=S"*C dY'. Let Y denote the union of Y' and a small tu-
bular neighborhood of pl in q.

Calculations, analogous to those carried out above, show that Hj Xy, ¥) =0 for j S i~

s Hj (Y, tXy) = 0 for j 2 i+ 1, and there is the exact sequence

H; (Y th)——>H- (Xv, tXV)-—%H- (Xv, Y)-—»O.

This shows that the embedding Y » Xy induces an isomorphism HiY + HjXy for j £ 1i—2. 1In the
commutative diagram

H,(Xv» V)2 H Y — H; 1 Xy — 0

o

H;(Xy, tXvy) N Hi,y (tXv)
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the row is exact, while 31 = 0 because 'Hi-;Xy = G. Moreover, a is an epimorphism. Conse-.
quently, 8 = 0 and hence Hj_;Y & Hi-;Xy.

Now consider the homomorphism ¢ HY — H:Xy= 4 induced by embedding. An analysis of
the commutative diagram

0 — H; (tXy) —> HY —> Hy (Y, tXy)—0
= w
0 — H; (tXy) — H, Xy — H; (Xy, tXy) =0

H, (Xv, ¥) = H;(Xv, )

with exact rows and columns shows that im ¢ =F C 4, ker ¢ = ‘H,;Y.

We nmotice that Y = Xy, for a connected simply connected submanifold Vit T M™ which
realizes the class &. The manifold V; has the property that there is a homomorphism ¢:
HiXy, > A with'im ¢ =B and ker ¢ = 'H;Xv, . Applying to Vi the reduction procedure described
in Lemma 3.1 we obtain the desired manifold W.

The lemma is proved.

4, Proof of Theorem 1.3

4.1. If £ = An, where A=Z,0 >0, and nEZ.Hj(ﬁ! Z) is an indivisible cohomology class,
then the covering space M{ has A components M1,~--,MA, all homeomorphic to Mn. Moreover, the
generator of the group of covering transformations acts as follows: it maps the first compo-
nent onto the second, the second onto the third, and so on, and the last components M, onto
M;. The composite mapping M; - Mz >...+> M > M is identical with the generator of the group
of covering transformations, t: Mh > M This readily implies that for all i

bz (M, g) - bi (M,"]), q; (M5 g) = g (M 71)'

If there is a Morse map g:M ~ S' that realizes n and has exactly b; s M, M + qi(M, n) + qj-1 X
(M, n) critical points of index i for all i, then one can take as f M + S' the composition

A{—»—S1—+ S§', where )\ is the canonical A-sheeted covering. Then f is a Morse map which real-~
izes £ and satisfies the condition of Theorem 1.3.

4.2. Thus, it suffices to prove Theorem 1.3 under the supplementary assumption that &
is a generator. As it is shown in [1], class & can be realized by a connected, simply con-
nected, framed submanifold V*1 M™. Successive application of Lemmas 2.2, 3.1, and 3.2
yields a connected, simply connected, framed submanifold W* (M which realizes £ and, in
addition, enjoys the following properties for i = 2, 3,...,n — 3:

H, (Xw)=0, pr (T Qpr H; (Xw)) = pz (H; (Xw),). (0

For i = 0, 1, n — 1, n, these relations are clearly satisfied. Let us show that they are
satisfied for i = n — 2 too. In fact, in the exact homology sequence
- . t N
Hy,4 (XW1 tXW) — Hn-—z (XW) —> Hn—z (XW) — Hn—z(XW, tXW)

the group Hy_,(Xy, tXy) vanishes, because it is isomorphic to Hp-y (N, tW) § H' (Nw, W) =0,
where Ny = Xy — int (tXy) . Slmllarly, the group Hp-, (Xy, tXy) is 1somorph1c to H?(Ny, W) and
hence torsion-free. Now it follows from Lemma 2.3 that relations (1) are true also for i =
n— 2.

Notice that for every closed submanifold V™1 M" which realizes &, the A-module HlMg
is isomorphic to A ®p H;Xy.. Consequently, the TI'-modules I' ®x H;M; and I‘@pHXV are iso-
morphic.

For the manifold W constructed above we have

uz (H; (Nw, tW)) = pp (T ® 5 HiTy), (2)
because

H; (Nw, tW) =~ H; (Xw, tXw) =~ (H;Xw).
Similarly, using Lemma 2.5, we get

w2 (Torsy H, (Nyw, tW)) = g (Torsy (T @ H,HT). (3
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If Ei and c—{i designate, respectively, the rank of the group H;(My, tW) and the minimal number
of its torsion submodule, then it follows from (2) and (3) that for i = 0, 1,...,n

b; = b; (M, §)1' g:=q: (M, E). (4)

According to Smale's theorem [9] there_is a;_Morse function ¢: Nw — 10, 1], which equals zero
on tW, one on W, and has exactly bj + qij + q{-; critical points of index i for all i =0,
1,...,0. Since [J#Nw = M., we can define a function §: My — R, by the rule § (2) = ¢ (%z) —
J=ro0

j, where ze& t7/Ny. Function @ defined in this manner is continuous but not necessarily
smooth. However, it is clear that upon modifying ¢ , if necessary, in a neighborhood of W U
tW, we obtain a function ¥ with exactly the same number of critical points for all indexes,
and such that the analogous function ¢: NE + R is smooth. We can now build the desired map
f:M > Sl, setting .
f (@) = exp @i (3" @) = S,

where pg:f’[g + M is the covering projeétion. By construction,

¢ (l=c; (@) =b; + §; + G-y = b: (M, &) + q; (M, &) + qi(M, E).

The theorem is proved.

Appendix
A, Here we make several remarks on the Novikov numbers .

1. 1If X is a finite cellular space and § & H*(X;Z) is a nonzero cohomology class, then
b;(X, &) equals the i-dimensional Betti number of X and qj(X, &) equals the minimal number of
generators of the torsion subgroup of HiX.

In fact, the covering space }N(g is homeomorphic to Z x X, and hence H;X; = A Qz H;X .
Consequently, I ®a HXy =T QzHX. To every decomposition of the group H;X into a direct
sum of cyclic components there corresponds a decomposition of the module I' ®z H;X into a
direct sum of monogenic modules. This proves our assertion.

2. Suppose now that g H*(X;Z) is an arbitrary cohomology class. Milnor showed [6]
that there is an exact sequence

> 1+1X——>H Xgi HiX;—%HiX——)...

Letting

@HXE’ E0—®HX’

i=0

we obtain the following exact Massey pair
o\~—-—-——>/ﬂ
which, as is known, generates a sequence of derived pairs. For sufficiently large n the dif-

ferential of the n~th pair
\ /”

vanishes, and hence Eﬂ = E®. We presently show that the Novikov number bj(X, &) equals the
rank of the group El

In fact, since the submodule B D°, consisting of the elements which are annihilated
by some power {(t — 1)®, is finitely generated, one can find n such that ¢ & %8 implies (t —
1)0g = 0. Next, since DR = (t — 1)™°, multiplication by t — 1 is a monomorphism D® - D7,
and hence ER = E®. Consider the exact sequence
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n t-1

0 — D — D} — Ei —~0.

Let T A Dbe the multlpllcatlve subset consisting of the Laurent polynomlals p)E A with
p(1) # 0. From Nakayama's lemma it follows that the rank of the group E1 equals the minimal
number of generators of the T~ A-module T~ 1D (see the analogous reasoning in Sec. 2). Now
'1A is a discrete valuation ring, and the T~ 1A—module T lDl is torsion-free. Consequently,
T D is free and its rank equals the dimension of the vector space F ®, D7 over the field
of fractions F of the ring A. But F@RaDi TF®s (¢ —~1)"D} ~ F ®s H;Xz, and the dimension
of the last vector space is bj(X, &) according to the definition in Subsec. 1.2.

The assertion we have just proved has as a corollary the relation

X, &=y (X).

e

1=0

3. The Novikov numbers qi (X, £) with £ = 0 do not admit such a simple interpretation
in terms of the homology structure of X.

To see this, we construct for arbitrary n, i, and N, with 1 < i < n/ 2, an n-dimensional
smooth closed manifold M® with miM = Z and MgM & He(S! x $271) | such that qj M, £) =0 for
j < i, and g3 M, &) = N, where Ee= H' (M;Z) is a generator. Let the A—module A be the direct
sum of N copies of A/(t — 2)A. By a theorem of Kervaire [10] there is an embedding S§™2(C §%,
with the following properties: E X ™3 s! for j < i, and the A = Z[w;E]-module w{E is iso-
morphic to A, where E = g% — g0~ % Let the closed manlfold MDbe obtained from S® by a spheri-
cal modification along sn—2, Then 1M = Z, and for the generator § &= H* (M; Z) we have
H; Mg =0 for j < i, and HlMg = A. This implies that qj(M, £) =0 for j < i and q;(M, &) =

B. Here we give a new proof of Novikov's inequalities [7, 8], which rests on the argu-
ments used in the proof of Theorem 1.3.

THEOREM [7, 8]. Letf: M~ s! be a Morse map of the smooth connected closed manifold
M into the circle ST C € (oriented counterclockwise). Then

Ci (f)> bi (M, g) +QL (M: g) + i1 (M1 E)’
where £ &< HY(M;Z) 1is the cohomology class realized by f. \

Proof. Consider the space M= {(z,a) &M X R; f (z) = exp (2mia)} and the commutative
diagram

o S

ul o,

/N AL
where pg (x, a) =x, f(x, a) = a for (z,a) & My , and (a) = exp (2nia) forae R . Then Pg is
a covering projection, and hence Mg is a smooth manlfold, and f is a Morse map. Let ea=R

be a regular value of f. Set X = £~ ((—=, al), = £~ ), N = £ ([a — 1, a]). The genera-
tor t:Mg > Mg of the group of covering transformatlons (see Subsec 1.2) maps X into itself.
Moreover, X =V, dN =V {JtV, and N = X — int (tX). The restriction of f to N is a Morse
map N > [a — 1, a], and it is clear that for all i:

e (f)y = ¢ (f In). (5)
On the other hand, Morse's theory yields the inequality

e: (F In) = p (H: (N, tV)) + p (Tors Hyy (N, V), (6)

where, for brevity, we write y instead of ug (see the beginning of Sec. 2). By the excision
axiom, Hj (N, tV) & Hj (X, tX) and the last group appears in the short exact sequence

0 — (H; (X)) — H; (X, 1X) — ‘(H, (X)) =0
[which is obtained from the homology sequence of the pair (X, tX)]. Consequently,
p(H; (X, X)) = p (H; (X)) + 1 (H g (X)), (7)

u (Tors H; (X, tX)) > p (Tors (H; (X)),)). (@)
Using Lemmas 2.1 and 2.5 and the fact that the I'-modules I ®p H; (X) and T ®a H; (M) are
isomorphic (see Subsec. 4.2), we get from (7) and (8) that '
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b (H; (X, 1X)) + n (Tors Hyy (X, X)) > p (H; (X)) + 1 (Himy (X)) + p (Tors (Hiey (X))e)) =
= B (K Qp H; (X)) + pr (Torsp (T ®p Hi~y (X)) +px (K QpHi1 (X)) — pp [ ® pH;y (X)) =
=y (T ®A H, (Mg)) + pr (Torsp (T ®a Hiey (1)) + lnx (K ®p H; (X)) — pr € ®p H; XN+
+ [px (K ®p Hiy(X)) — pr (T @p Hi-y X))
By the definitions of Subsec. 1.2, the first and second terms of the last sum equal bj(M,
g) + q;(M, &) and q3-,(M, &), respectively, whereas the terms in brackets are both nonnega-

tive (for obvious reasons). In conjunction with relations (5) and (6) obtained above, this
vields the asserted inequality

c; ()2 b M, E) + ¢ (M, &) + ¢y (M, E).

Remark Added in Proofs. One can show that under the assumptions of the theorem given in
addendum B one has the inequalities

Z (=)™, (1) >0, (M, E) + 2 (—1)™b, (M, £), where 'm =0, 1, .

=0 . =0

which have as consequences the inequalities of Novikov.

The results of this paper and some of their applications were ammounced in [11].
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