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1. Introduction. The system of orthogonal functions introduced by Rade-
macher [6](?) has been the subject of a great deal of study. This system is not
a complete one. Its completion was effected by Walsh [7], who studied some
of its Fourier properties, such as convergence, summability, and so on.
Others, notably Kaczmarz [3], Steinhaus [4], Paley [5], have studied various
aspects of the Walsh system. Walsh has pointed out the great similarity be-
tween this system and the trigonometric system.

It is convenient, in defining the functions of the Walsh system, to follow
Paley’s modification. The Rademacher functions are defined by

1.1) do(x) =1 (0= x<1/2), ¢o(2) =—1 (1/2=22<1),
do(x + 1) = ¢o(), n(x) = ¢o(271) n=1,2,---).
The Walsh functions are then given by
(1.2) Yo(2) =1, ¥ul(®) = ¢u,(2)9ny(2) - - - ()
for n=2m+42m24 . .. 427 where the integers #; are uniquely determined

by niy1<nm; Walsh proves that {¢n(x)} form a complete orthonormal set.
Every periodic function f(x) which is integrable in the sense of Lebesgue on
(0, 1) will have associated with it a (Walsh-) Fourier series

(1.3) f(x) ~co + cpr(x) + capa(x) + - - -,
where the coefficients are given by

Presented to the Society, August 23, 1946; received by the editors February 13, 1948.

(%) Presented to the Faculty of the Graduate School of the University of Pennsylvania in
partial fulfillment of the requirements for the degree of Doctor of Philosophy, 1946.

(2) Numbers in brackets refer to the bibliography at the end of this paper.
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ON THE WALSH FUNCTIONS 373

(1.4) o = fi () f(2)dx (n=01,2--)
We shall set
(1.5) 52(2) = 5a53 f) = 2 ().

For every real number x and for every non-negative integer n we define
an=a,(x) and B, =8.(x) by

(1.6) ap=m-2"=S x < (m—+ 1)27" = B,
Following Paley we may write
2n—1 1 2n—1
(1.7 so(®) = 2 en(®) = | F(t) 20 wr(¥u(x)dt.
k=0 0 k=0
It is easily verified that the kernel is identically
2n—1 n—1
(1.8) Dyp(x, 1) = 2 ¢ud¥u(a) = J1 (1 + ¢ (De()).
k=0 r=0

The expression (1.8) vanishes except on the interval a,<¢{<@, (mod 1)(%).
On this interval it has the value 2». Hence (1.7) becomes

@9 () = 20 [T jtpar = LD = L)

an n — Qn

)

where F(x) is an integral of f(x). From (1.9) follows a result of Kaczmarz (3],
namely, that s;*(x)—f(x) almost everywhere. In particular, we have Walsh’s
result that s»»(x)—f(x) at every point of continuity of f(x). Other theorems,
such as the uniform convergence of sy(x) in an interval of continuity of f(x),
follow readily from (1.9). We shall omit the statement of other modifications.

Coming now to the question of convergence of the full sequence of partial
sums, Walsh proves several theorems in which bounded variation is assumed
of the given function f(x). The two main results are:

(A) If f(x) is of bounded variation, and if xo is a point of continuity or a
dyadic rational, then su(xo) converges.

(B) If f(x) is of bounded variation, and if x, is neither a dyadic rational
nor a point of continuity, then s,(x) diverges.

(It is assumed, of course, that f(x) has been redefined properly at removable
discontinuities.) Modifications of (A) and (B) are obtained by Walsh by
means of the localization theorem for Walsh-Fourier series. The failure of the
analogue of Dirichlet’s Theorem, as evidenced by (B), is one of the striking

(3) In the future we shall omit the obvious qualification of periodicity when there is no
risk of confusion.
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differences between the {y»} and the trigonometric functions.

With regard to summability, Walsh treats only the (C, 1) case, for which
he establishes continuity of f(x) at a point %, as a sufficient condition for the
Walsh-Fourier series of f(x) to be summable to f(x,) at xo. He points out that
summability may fail for functions of bounded variation at points of jump.

Using a theorem of Haar’s, and the fact that the Lebesgue constants
L.=/3 | Du(x, t)| dt are unbounded, Walsh proves that for any given o, there
exists a continuous function whose Fourier(%) series diverges at x,.

Walsh’s final theorem concerns itself with the uniqueness of Walsh (not
necessarily Fourier) expansions:

If S(x)=aot+aw(x)+anpe(x) 4 - - - converges to sero uniformly except in
the neighborhood of a finite number of points, then a,=0 for all n.

The preceding has been a summary of most of the known results relevant
to this paper, to the best of our knowledge. It is our purpose here to extend
these results in various directions. We now give a brief résumé of the con-
tents of the sections which follow.

In §2 we define the dyadic group G and discuss its connection with the
Walsh system. A correspondence between G and the reals is set up, under
which the Walsh functions may be considered the character group of G. The
properties of this correspondence are studied, and it is prove that the Le-
besgue integral is invariant under the transform of the group operation by the
correspondence. More precisely, if + denotes the group operation, u the map-
ping of the reals into G, and N the inverse mapping, then for every integrable
function f(x) we have :

) | ITNu) + o)) b = f f(2)ds.

One application of this theorem is given in §2 (Theorem II), and many
others in the later sections.

In §3 we develop the expansion of the functions x—[x] and Ji(x)
=[5 (u)du. We show that the latter have a restricted orthogonality (Theorem
I1I).

The next section deals with the analogues of certain theorems in TFS(¥),
concerning the order of the Fourier coefficients. An important difference ap-
pears at this point. We prove (Theorem VIII) that for every nonconstant
absolutely continuous function, ¢y>%0(1/k).

A fairly complete discussion of the Lebesgue constants is given in §5. It is
proved that L,=0(log k) and that (1/n) > s, Ly=(4 log 2)~! log n+0(1).
An explicit formula for Ly is given, as well as recursion formulas ard a rather
interesting generating function.

(*) Unless otherwise stated, by “Fourier series,” “Fourier coefficients,” and so on, we shall

mean “Walsh-Fourier.” We shall abbreviate “Walsh-Fourier series” as WFS and “trigonometric
Fourier series” as TFS.

v
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In §6 and §7 we develop some of the theory of convergence and sum-
mability; we also give another proof that the WFS of a continuous function
f(x) is (C, 1) summable to f(x) uniformly (Theorem XVII).

In §8 we consider a theorem due to Kac [1] concerning the set of func-
tions

pa(t) = 27 — [27] — 1/2,

and compare this theorem with one we obtain concerning the functions
Aa(f) = 27 — [27 4+ 1/2].

Since un(t) =uo(27) and Na(t) =po(27t+1/2), one might expect the sums

N N
Sy= 2w, Sv= > M)
n=0 n=0

to behave somewhat alike, but this is not the case. Kac’s theorem states that
the measure of the set of ¢ such that o <(1/N'2)Sy < tends to the Gaussian
integral

1

0(271'—)‘—/2

8
f 212"y, d=1/2,

whereas we prove that Sy is uniformly bounded.
The subjects of uniqueness and localization for general Walsh series are

taken up in §9. The methods are similar to those of Riemann in trigonometric

series, with the important difference that all of our results can be obtained
without the use of the second formal integral. Among the main results are the
following:

THEOREM XXIX. If

0

S(x) = 2. au(%)

k=0

converges to zero except perhaps on a denumerable set, then for all k=0, a;=0.

THEOREM XXVIII. If S(x) converges everywhere, and if the limit f(x) is
integrable, then S(x) is the WFES of f(x).

The unwelcome “everywhere” condition can be somewhat weakened, but
we have not been able to prove that an arbitrary denumerable set can be
neglected.

We have also arrived at these results via the second integral, but here too
the methods used do not suffice to prove much more than Theorem XXVIII.
For this reason we shall present only the development by means of the first
integral.

érsomy
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We wish to express our deep appreciation to Professor A. Zygmund for
his kind encouragement and many helpful suggestions during the course of
this work.

2. The dyadic group. G may be defined as the infinite direct product(®)
of the group with elements 0 and 1, in which the group operation is addition
modulo 2. Thus the dyadic group G is the set of all 0, 1 sequences, I= {t,.},
= {u,.}, and so on, in which the group operation, which we shall denote by
4, is addition modulo 2 for each element. Corresponding to each element
{t.} of G there is a real number

t 123
= — 4 ...
STt

lying in the closed interval [0, 1]. This correspondence is not one-to-one,
since the dyadic rationals have two representations in the dyadic scale.
Even if we agree to use only the finite representation for the dyadic rationals,
the ambiguity cannot be dispensed with entirely; for example,

{Oylroylvoyly"'}+{1101110v1707"'}={11111v1v"'}7

and the undesired representations intrude anyway. Nevertheless, the connec-
tion between the elements of G and the real numbers modulo 1 has heuristic
importance; it may be made exact enough for many purposes.

It will be recalled that a representation of a group G is a homomorphic
mapping of G onto a group of matrices M: the group operation is carried over
into multiplication in M. The character of a representation is the trace of the
matrix into which a variable element of G is carried. Thus a character isa
complex-valued function defined on G. Since the dyadic group G which we
consider here is commutative, and each element is of order two, the char-
acters reduce to functions on G taking only the values 1, —1. The simplest
characters that come to mind immediately may be defined by singling out a

particular index # and defining x"{tl, by + ¢+ - } as +1 if 4,=0, —1if £,=1.
Clearly Xn(i+%) =x(f)x»(%), so x. is a character. Since the product of a
finite number of characters is also a character, we have the set Xn;* Xn, * * * Xn,

to consider. We shall now show that every character x may be represented in
this way. Let x(f) be any character. Then

x(©0) =1 and x(I+ ) = x(?) x(%).

Write f= {Ifl, t2, ts, s } as {0, to, If3, L }+{If1, 0, O, L }=g1—i-]:11: Then
x(5) =x(21) -x (k). Continuing in this way, we have x()=x(h) -x(k2) - - -
X (n) - X(&m) where g, = {0, 0, -, 0, bmi1, bty = * } The sequence g, con-

verges to the identity in the topology of G, and x is continuous. Hence, from

(5) See L. Pontrjagin, Topological groups, Princeton University Press, 1939, for the theory
discussed in this section.
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some point on, x(g.») must be identically 1. Thus we have achieved a factoriza-
tion

x(D) = x(b) « - - x(hm).

Now x(k,), considered as a function of £, say x™(f), is also a character, and is
easily identified with either the identity or x.(f). Hence, every character
may be written, by suppressing those which are identically 1, as

xX(D) = Xny (D) Xma(B) -+ - X, (D).

Thus we have obtained all the characters of G. These characters form a group
X, in which the group operation is ordinary multiplication. It is well known
that G is also the character group of X.

Suppose that we define a real-valued function 7,(¢) on the reals as follows:
Wirite:

b
t=14+>, 7 I an integer, t, =0, 1.

If there is any ambiguity, choose the finite dyadic expansion of . Now ¢ cor-
responds to = {t;, t;, - - - } EG, and we write 7,(t) =xa(f). It is easily seen
that 7,(¢) is identical with the Rademacher function ¢,_;(t) defined in §1. Fi-
nally, the Walsh system may be associated, in like manner, with the full set.
of characters of G.

Just as the additive group of real numbers modulo 27 is fundamental in
the theory of trigonometric series and classical Fourier series, so the group G
is the underlying basis in the study of Walsh series and Walsh-Fourier series.
We believe the analogy to be a very far-reaching one and worthy of further
consideration. For the immediate purpose, however, we shall limit ourselves
to a discussion of the relationships which exist between the group operation
in G and the ordinary processes of analysis.

Let % be an element of G, &= {xl, Xgy + v o }, x,=0, 1. We define the
function
(2.1) ANE) = 2 27,
n=1

The function N\, which maps G onto the closed interval [0, 1], does not have
a single-valued inverse on the dyadic rationals; we shall agree to take the
finite expansion in that case. Thus for all real x, if we write the inverse as u,

(2.2) Mu(2)) = = — [#],

[*] denoting the greatest integer in x. It is not necessarily true that
u(N(%)) =% for all £EG. It is true, however, provided that A(%) is not a dyadic
rational (D.R.).
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The func'gion A(%) is non-negative and vanishes only for the identity O.
Since 5+2=0 is true if and only if =2, we have

(2.3) NG +2) =0 ifandonlyif 5 =2z

Since [y,,—z,,l =v,+32, (mod 2) for y,, 2,=0 or 1 independently,
(2.4) g+z={]y—zl}

Hence

(2.5) NG+ 2) SN+ ») + M@+ 2).

Trivially N(5+2) =X(z+%). This, together with (2.3) and (2.5), shows that
A may be used to define a metric on G. Now if y, =y, and 3, =3, for n <N,

ING +2) = NF+3)| =27V ... 27V,

so the metric thus established is continuous on G. Conversely, if ¥ and 2
are close in the metric, say AN(9+42) <2-V, then they cannot differ in the nth
place for =< N, so they are close in G. Hence the topology induced on G by
the metric is equivalent to the original topology.

An important property of the function N is the following:

(2.6) NG =A@ | =A@+ 2).
This follows from the fact that the left-hand member is
| 22 (yn — 2027

and the right-hand member, from (2.4), is

2l =z 27

We have proved above that ¢,—1(x) =x.(u(x)), n=1. We shall abbreviate
Nu(y)+u(2)) as y+3z; there should be no confusion between the operation +4
in G and in the reals. Using this notation, it is possible to put (2.6) in a some-
what more convenient form. Let x and % be any two real numbers, and
write u(x) =7, u(x) +u(k) =2 (2.6) then becomes

| (x4 1) — \3) | = NG+ 8) = Nuh)).

Taking (2.2) into account, we have

(2.7) | (x4 ) = (x— [«])| = & — [A].
In particular, if 0=x<1, 0=k <1,
(2.8) | (x4 1) — x| < &

Now suppose that f(x) is a continuous periodic function, with modulus of
continuity w(8;f), that is,
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(2.9) | f(22) — f(ma) | S 05 1) for |m— m| <6
Then if 02 <Z6<1,
(2.10) | f(x 4 1) — f(x) | £ w(3; ).

We shall next show that for each fixed y and for all z outside a certain de-
numerable set (depending on y), the equation

(2.11) $n-1(y + 2) = $u-1(9)$n-112)
is valid. The right-hand side of (2.11) is equal to

Xn(1(9)) - xa(1(2)) = xa(p(y) + 0(2));
the left-hand side is

xn(u(y + 2)) = xa(A (7)), & = p(y) + w(2).

Now p(A(%)) =% provided that N(€) is not a dyadic rational. Hence, if y+2
is not a dyadic rational, (2.11) holds. For fixed v, the exceptional set of 2’s
consists of those whose dyadic expansions agree with that of ¥ from some
point on, or differ from some point on, and this set is clearly denumerable.
From the definition of ¥,, we have also (with the same restriction)

(2.12) ¥y + 2) = ¥a()¥a(2).

We turn now to considerations of measure. Let y be a fixed real number,
and let z belong to a measurable set 4 lying in the unit interval. By T,(4)
we shall mean the set y+43, 3&A4. We propose to prove that T}, is a measure-
preserving transformation, that is, | 7,(4)| =|4|. Consider the intervals

I(k,n): k-2 £ 3 < (k4 1)277, n =0, kE=0,1,--.,2"— 1,

Clearly, except possibly for a denumerable set, T, carries I(k, ) into some
I(k*, n), where k* may be identical with k. Thus our statement is true for
all dyadic intervals I(k, n). It follows that it is true for all intervals, for we
can cover any interval J with a sum Z of non-overlapping dyadic intervals
such that |Z| <|J|+e€ then |T,(N)| S| TW(Z)| =| 2| <|J|+¢ so that
| T,(1)| £|J]; hence | T,(J)| =|J|. The truth of our statement now follows
for any measurable set 4.

As a consequence, the function f(y+3z) (y fixed) is equimeasurable with
f(z). We have therefore proved the following theorem:

TueoreM L. If f(3) is integrable, then for every fixed v,

1] olf(y + 5 = olf(Z)dz-

An example of the usefulness of this result is the following theorem, which

R



380 N. J. FINE [May

we shall need later:

THEOREM I1. If f(x) has the Fourier coefficients {cn}, and if h is any fixed
number, then the Fourier coefficients of f(x-+h) are {cbn(h)}.

By (2.12), Yu(x) =¢u(R)¥u(x+h) a.e., so

f V(@) f(x + Bydx = pulh) f Yale + W)f(x + h)da

= Cn'l’n(h)'

3. Expansions of certain functions. This section will deal with the prop-
erties of the integrals

(3.1) Tul() =f Vi) dt, E=0,1,2,---
0
We have Jo(x) =x. We may write, using the finite expansion in case of doubt,
(3.2) x— [2] = D 2,
n=1
It is easy to see that
1 — ¢u(x
(3.3) x,,+1=——j(); n=20,12,-.-
Hence
1 1 &
v — [a] = — = — 20 27"¢u(w)
2 4 n=0
(3.4)
- i 27"n(x)
=—— — —hon ().
2 4 n=0 :

Since the last series converges uniformly, it is the Fourier series of the function
x—[x].

For k=1, write k=27+Fk’, where 0<k’<2" Let I(p, n) denote the in-
terval p-2"Zx<(p+1)2—". The function ¥;(x) is constant on each interval
I(p, n+1), and Y (x) on each I(p, n). Since Yi(x) =ya(x)Yi (x) and Pan(x)
changes sign between I(2p, n+1) and I(2p+1, n+1), so does ¢ (x). It follows
that Ji(p-2—") =0; furthermore, on each I(p, n), Ji(x) is a reproduction of
J1 with reduced scale and a possible change of sign. It is easily verified that

(35) ]k(x) = 2“"1//k/(x)J1(2"x) = ¢/kr(x).’2"(x)
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Now Ji(x) =1/24+¢1(x) - (x— [x] —1/2). Using (3.4), we have

1 0
M@=§+mm(—12r%mﬁ

r=0

1 1

=——=—2 27Yy(x).
1 4r=21 Yoria(x)

From (3.5), with k=27 k'=0,

Tp(x) = 2—<n+2>{1 - 2"1//2r+1(2"x)}

r=1

= 2—(nt2) {1 - > 2—r¢2,.+r+2,.(x)} )

r=1

In general, therefore,

.M@=rW%QM@—irwwmeﬁ
(3.6) =t ’

= 2—(n+2) {l/’k'(x) -2 2_r¢2"+’+k(x)} :
r=1

We shall now obtain another useful formula for J;(x). Let us define a,,
B. by (1.6), and let v, =+.(x) be that one of «,, 8, which is nearer to x; if x
is the midpoint of (o, Bx), set ¥, =B,. With this definition we find that

J2"(x) ==+ (v — 'Yn)»

and the sign is determined as + if x lies in the left half of (an, 3,), — if x lies
in the right half. Hence

3.7) T (x) = () (x — va),
(3.8) Ju(x%) = gr(2) (% — vn).

It may be of interest to note that the Jx(x) exhibit a restricted orthogonal-
ity, as shown by Theorem III. We shall not give the proof of this theorem
here, since it is somewhat involved, but shall merely remark that it depends
on the Fourier expansion of Jy(x) given by (3.6). In order to avoid a discussion
of cases, we shall adopt the following definitions:

DerFINITIONS. If % is a non-negative integer, we define the set of integers
(kl, k”, ni, nz) by

(i) [2m]=k<[2m41],

(i) k'=k—[2m],

(iii) [2m] Sk’ < [2mt],

(iv) k"' =k'—[2m2] =k —[2m]—[2%].

Let the set (s, s/, m1, ms) correspond to s, and let §(a, b) =0 if a b, 6(a, b) =1
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if a=0. With these conventions we may now state our theorem.

THEOREM I11. If k and s are any non-negative integers, then
1 1 1
[ a@nan = (14 o 9) oK, ) = DGR )
0

where
F(k, s) = 2~ (utnd§(k", s')o(k", s)
+ 2=CutmOg(E' s"Yo(k, s")(1 — 8(k', 5))
+ 2= Cmtmg(k, ") (1 — 5(k, ')).
4. Fourier coefficients. Walsh has proved that the Fourier coefficients of
an integrable function converge to zero. In this section we shall discuss the
rapidity of convergence for several classes of functions. For all theorems in

this section we shall assume that f(x) is periodic, integrable, and has the
Fourier expansion

f(x) ~ co + crpr(x) + capa(x) + - - - .
THEOREM IV. Let

w@;f) = lub. |flx+ k) — f(x)],

|kl <8, 0=2<1

w1(8; f) = Lub. | f(x + k) — f(x)]| da.

|kl =5

Then for k>0,
(i) |t w(1/k;0)/2,
(i) |ex| Swr(1/k;f).
Suppose that 2» <k <27+, Then, by Theorem I1I,

0

f(x 4 2-0HD) ~ 37 (2= D) (2).

k=0

Hence the kth Fourier coefficient of f(x) —f(x+42-*D) is ¢x(1 —¢; (2~ D).
Now

P(2= (D) = P (2= (D), (2- (D)

where k' <27 For m <m, Yym(2=+D) =y (27m=1) =1, s0 ¢y (2=+V) =1, But
Yo (2—(D) =y (1/2) = —1. Hence ¢;,(2—**+D) = —1. Thus

204 = f (@) {f(2) — fla + 2-0) }da,

Using (2.10), we find
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| o] = %i f Olamx) {f(2) — f(x 4 2= }du

< w2005 £)/2 < w(1/k; )/2.

To prove (i), we observe that x+42-(+D) takes the values x-+2-"*D,
x—2-+D on two mutually disjoint sets E, and E_, each of measure 1/2.
Hence

1 1 .
5[ 1@ = s e o

1

9 |f(x) — f(x + 2=(FD) | dx _|_% lf(x) — f(x — 2-(+D) | dx

= f l | f() = f(x + 2704) | dor £ @1(270D5 )

< wi(1/k; ).
As an immediate corollary, we obtain the following theorem:

THEOREM V. If f(x) satisfies a Lipschitz condition of order o, 0<a =1,
then c,=0(k™9).

Our next theorem, dealing with functions of bounded variation, has an
exact analogue in the classical theory of Fourier series.

THEOREM VI. If f(x) is of bounded variation, and V is its total variation
over (0, 1), then | ci| < V/k for k>0.

Write
f(x) = P(x) — N(x) + f(0),

where P(x) and N(x) are the positive and negative variations of f(x); each is
non-negative and nondecreasing. Applying the second mean-value theorem,

f Yi(2)P(x)dx = P(1 — 0) f u(@)dx = — P(1 — 0)Ju(®);
0 £
similarly,

f V(DN (@)dx = — N(1 — O)Ju(&).

Now by (3.8),
| 7u(@) | = | vu(@) (v — 7.) | £ 27040 < 1/k;
it follows that
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P(1—0) 4+ N(1 —0)

[6k|§ ;

v
Tk

We now come to an important difference between trigonometric Fourier
series and Walsh-Fourier series. Let f(x) have mean-value zero over (0, 27).
Then the periodic function

) = [ s
0
has (trigonometric) Fourier coefficients B, satisfying
Bk = O(I/k).

If F(x) is a pth integral, then By=o0(k~?). We shall now show that the order
of the coefficients of a WFS cannot be improved by smoothness conditions.

THEOREM VII. Let
f(x) ~ cpr(x) + cpa(x) + - - -,

P = | " J0)dt ~ by + bega(®) + bapa(e) + - - - .

Then for fixed k' =0 and n—
() borypr = — 27Dy, 4 0(277).
Write k=2"+k’, and take 2">k’. Then, integrating by parts,

brsr = [ G@P@Ex = D@~ [ @@

The first term on the right vanishes; using the Fourier expansion obtained in
(3.6), we have

1 [ 1
by = — 2_("+2)f Vi () f(x)dx 4 2= 37 Z_Tf Yot i(2) f(2) da
0 r=1 0

o
— 2=y, 4 = (nt2) E 2=TCantr g

r=1
The series is dominated by

max | ¢,
p>2"

which tends to zero as n— . This proves (i).

THEOREM VIII. The only absolutely continuous functions whose Fourier
coefficients satisfy br=0(1/k) are the constants.
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If there is one &’ for which ¢ %0, then
— 2"y = ¢ /4 + o(1) # o(1).

But if all ¢ vanish, f(x)=0.

The theorem just proved is heuristically reasonable: if the coefficients
converge to zero too rapidly, then the jumps of the functions ¥x(x) cannot be
smoothed out in time. We might suspect, then, the existence of restrictions
on the order of Fourier coefficients for arbitrary continuous functions. For
example, if D s, |bi| <|bi|, the discontinuity at the point x=1/2 must
remain. The question seems worthy of further study, although we shall not
pursue it here.

5. The Lebesgue constants. Let {fi(x)}, =0, be an arbitrary ortho-
normal system on an interval (a, ). By analogy with TFS, we may define the
“Dirichlet kernel”

(5.1) Dy(x, u) = fo(x)fo(w) + -+ + fr-a(2)fr-1(n).

The Lebesgue functions of the system are then given by

(5.2) Li(x) = f b | Di(x, u) l du.

If, as in TFS, the functions L(x) are independent of x, we speak of the
Lebesgue constants L. It is clear that the expressions (5.1) and (5.2) must
play an important part in the theory of the system {fi}. For example, the
partial sums of the Fourier development of a given function g(x) are

583 8) = su(x) = fo() f g()fo()du + - - -
(5.3) +fk_1(x)f g(u) fr—1(u)du

=fbg(u)Dk(x, u)du.

In this section we shall prove that the Li(x) for the system {¢s} are inde-
pendent of x; we shall evaluate the L explicitly and obtain recursion formu-
las for them; we shall determine their average order as well as their maxi-
mum order; finally, we shall derive a generating function for the L;. It might
be well to recall at this time the fact that in the trigonometric system we have

4
Ly=—log k+ 0(1).
s

By (2.12), we have for fixed x and almost all %,
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Hence, setting Dx(0, u) =Dy (u),

k-1
Di(x, u) = 2 Yu(x)¥n(t) = Di(x + u), (« fixed, a.a.u).
n=0

Lk(x)=fl|Dk(x—i—u)[du=flle(u)|du.

Thus the Li(x) are in fact independent of x. Now let k=2"+%’, 0<k’ <27,
n=0. If we agree to set Do(u) equal to zero, we have

k'—1

Di(u) = Dr(u) + 22 ¥orsr(w)

r=0
k'—1

= Dy(u) + ¥ (u) ; ¥r(u)

= Dy (u) + Yo (u) Dy (1).

On the interval (0, 2=®+V), Dan(u) =27, Yon(u) =1, and D;.(u) =Fk’; on the
interval (2=, 2=7) Dyn(t) =2", Yon(u) = —1, and Dy (u) =k'; on (27", 1),
Dyn(u) =0. Hence

le(u)l =27+ R/ (0 £ u < 2-(ntD)
= 27 — k’ (2—(n+1) é u < Z_n)
= D (u) 2" =2u<l).

We find, therefore, that

L
0

2= (27 + B) 4 (27 — F)) +f~l | Du () | du

9—(n+1)

2-n 1
+ + f | Di(w) | du
9—(n+1) 9—n

(5.4)

g—n
0

=1+ Ly — k/2m.
If k=2m42m24 - .« 42% p;>ny> - - ->n,, and kP =k»D —2% succes-
sive applications of (5.4) yield
v r—1 v
(5.5) Li=2 (1 —2mk®) =p— > 27" 3 2mr=p— . 2,
=1 p=1 r=p+1 1S p<rsw

The effect of replacing & by 2k is to leave v unaltered and to increase each
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n, by 1, thus leaving #,—#n, unchanged. Hence
(5.6) Loy = L.
If, however, we consider 2k+1, we have 7,,,=0, so

v
Logyi=v+1— 2 20rD=(upt) — 3= mar—(np+l)

1S p<r=v p=1
S L1 m a4 2))2
=Li+1—g(k)/2.

We observe that g(2k) =g(k)/2, g(2k+1)=14g(2k). It is not difficult to
prove, now, that

(5.8) Lowir = (1 + Ly + Liya)/2.

Let us define, for real x, the function

(5.7)

]
T(x) = 3, Ly; ifa<1l, T(x)=0.
k=1

We now need an estimate for L; from (5.5):

Ly Z .
Since #,=0, n,,2=1,---,m=v—1, we have E=1+244+4 ... +2>1!
=2"—1, so
)< log (E+ 1) ’
log 2
(5.9) L = O(log k).

Now if x=2m+1, m a positive integer, we find

T(x) =Li+ {Lo+ L+ + Lom} + {La+ Ly + - -+ + Lomy1}
1 .
~ L T(5)F S G Lt O Tt Lk D

+ (L + Lnys + 1)}

x 1 x 1 m
=L+ T<7>+7T<?>+?{L2+La+ e +Lm+1} +—2‘
x 1« 1
= 2T(7> +—2‘|:3‘:| + P} (L1 + L)

X X
(5.10) T(x) = 2T<7> + -+ 0log 2).
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It is easy to see that (5.10) is valid for all x>1. If we set A(x) =T(x)/x and
apply (5.10) repeatedly, we obtain

A(x) = A(%) +%+ o(loix>,

(5.11) 4 (%) =4 (%) n % ‘o <loi/x2/2>’

A( x)_A<x>+ 1 +O<1og x/2"l>
1) “\2r) 4 x/2r1 )

Summing (5.11), we have

x 7 log « log x/27-1
(5.12) A(x)=A?r+Z+O 4+ ... 4+

x x/2r1

Choose 7 so that 2! <x <2r. Then (5.12) becomes

r log x
(5.13) A(x) = T +0(1) = s + 0(1).

4 1o

At this point we should like to present a short proof of a theorem com-
municated to us by Professor Rademacher. This theorem was proved by him
in an unpublished paper written in 1921, in which he effected the completion
of the Rademacher functions. The theorem deals not with the average value
of the Lebesgue constants but with their maximal value. We present our proof
rather than Professor Rademacher’s because of the simplification resulting
from the use of the recurrence formulas for L(k). (Throughout this proof
we shall write L(k) for Ly.)

THEOREM. Lim supi.., {L(k)—(4/9+(1/3)logs 3k)} =0.
Proof. Define the sequence of integers
(5.14) to=1,81=3, ++ , tp1 = 2t, + (—1)™
Using the recurrence formulas
L(2k) = L(k),
L2k + 1) = (1 4+ L(k) + L(k + 1)) /2,

it is easy to prove by induction (considering separately the cases # even and
n odd) that

(5.15)

L(tn+l) = (1 + L(tn) + L(tn—l))/zy

from which it follows readily that
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L(t.) = L(k) for 2» £ k < 27t
and that
L) =242 - (=)
9 9
Therefore

(5.16) lim {L(tn) _ <1—90 + 13”-)} —o.

Now from (5.14),
¢ : 27 ! (-1)
"3 3 ’

and therefore
(5.17) n = logs (3t,) — 2 4+ o(1).
Combining (5.16) and (5.17), and defining

4 1
(5.18) e(k) = L(k) — (? + - logs 3k>,

we see that

(5.19) lim sup e(k) = 0.

k— o0

From (5.15) and (5.18),

(5.20) e(2k) = e(k) — 1/3.
Also
1 1 2k + 1)?
2k +1) = - (L elB) ek + 1) = glogz{m}
< —;—(e(k) toe(k4 1) + ;—.

Considering the two cases separately,

e(4k + 1) < —;- (e(2k) + e(2k + 1)) +%
(5.21)

= (B + 2k + 1),
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d%+ﬁ)<%@&h+n+d%+0»+%
(5.22) ;
= - (e(2k + 1) + el + D)

By direct computation we find that for 2<k <8,
(5.23) e(k) < 0.

Assuming that (5.23) is true for 2»2<k <27, (5.20), (5.21), and (5.22) assure
us that it is true for 2 <k <27+2 also. Hence e(k) <0 for all #>1 and
(5.24) lim supe(k) =< 0.
k>
Taking (5.19) and (5.24) together, and recalling (5.18), we see that the
theorem is proved.
We shall now turn our attention to the generating function

(5.25) F(z) = D Lig* (|z] < 1).
k=1
Equations (5.6), (5.8), and (5.25) yield the functional equation
14 2)? 1 3
5.26 F(z) = F(z? — .
(5.26) 0 = FG) + 5
Writing Fo= F(z), F,= F(3%"), we have, for n=0,
1 + 22 1 2
5.27 F,=———F, — .
5.27) e Tty T
Now set
R (D RN (e 1 Hi— % .
2ng? 2 1—3?

We shall define H, recursively so that the following equation, which is true
for n=1, shall hold for n=1:

(5.28) Fy= P,F,+ H,.
If we substitute for F, in (5.28) its value in (5.27), we obtain
14 27)2 1 22
F0='(— ) PnFn+I+_——_q'Pn+Hn
2z 2 1—3"
(5.29)
27

1
= PoyiFup1 + Ha +7 ?:zzn—ﬂ—
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Comparing (5.28) and (5.29), we see that the desired recursion is

1 2%
(5.30) H,,.;.l H +—2— T——zz;’TPm ng 1.
Summing (5.30) for n=1, 2, - - -, N, we have

1 : (1+429)2
[z z'( z)+

H = —
R 1 — 32 1 — 24 2z

72V {(1 +2) -1+ Z2N—1)}2]

+ 1 — 2% ' 2N g2N—1
1 P |:1—z+1 1—z2+ . l—zzN]
2 (1-2l142 2 1422 W14 g2

Now F(3) =0(z) for |z| small, and F.(z) =0(3?"); the numerator of P, is
bounded and the denominator exceeds 2%|z|2" in absolute value. Therefore
lim P,F,=0, and

1 — g2

1+ 2%

1
(5.31) F() = — i z)

© 1
2o 1
We collect the results of this section:

TuEOREM IX. The Lebesgue constants Ly of the Walsh system satisfy

() Li=v— D, 2mm,
1= p<r=v
where
k=2n1+2n2+...+2n” (nl>n2>‘..>n'go)‘
(i) Loy = Ly;  Logyr = (1 + Ly + Lry) /2.
(iii) L = O(log k).
1 2 n
(iv) — Y L. =—2" 4 oq).
- 4 log 2
4 1
(v) lim sup {Lk - (— + — log; 3k>} =0
k—o0 9 3
ud 1 ©» 11—z
i F(z) = 2 Liz* = — — <1).
(vD) () = 2Lt = (1—2)25 2% 1+ 2 (sl <

6. Convergence. We first prove a lemma concerning the size of Dy(u).
LemMA 1. For all u such that 0<u <1, IDk(u)l <2/u.
Suppose that 2-* <% <2-**+!, and write k in the form k=p-2"4¢,0=5¢=2n

-
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We assert that for all «,
(6.1) Di(u) = Dx(4)Dp(2"u) + ¥5(2"u) Dy(u).

For ¢, (u)Ys(u) =¥,4s (u) provided that r and s have dyadic expansions without
any exponents common to both; hence

p—1 2n—1
Di(u) = Z () = Z Z Yr.onpo(0) + Zw (1)
- i i: Yo V) + 3 e (W) 1(0)

p—1
= D (u) Z ¥r(2mu) + ¥, (2"u) Dy(u)

— D (W)D,(2%) + ¥,(2")Dy(w).
Since Dayn(u) contains 14yen—1(u) =14¢1(27u) as a factor, and 1/2=271y
<1, Ds(u) =0; hence
| Di(w) | = | Dy(w) | < ¢ < 27 < 2/m.
An immediate consequence of Lemma 1 is the following theorem.

THEOREM X. Let {a.} be of bounded variation, that is,

Zl ap — ak+1] < o,

k=0
Furthermore, let ay—0. Then 2 s abie(u) converges uniformly in §<u <1,
6>0.

“To prove this theorem we need only apply Abel’s summation formula
and observe that 14+y1(#) +y2(u)+ - - - has partial sums uniformly bounded
in 6su<l1.

We are now in a position to give an easy proof of the localization theorem
for Fourier series. (Cf. Walsh [7].)

THEOREM XI. Let f(x) and h(x) coincide in some neighborhood of the point
xo. Then the Fourier series of these functions are equi-convergent at the point x.

Let g(x) =f(x) —k(x). The partial sums of the WFS for g(x) at the point
x¢ are, by (5.3), (2.12), and Theorem I,

si(wo) =f1 g(#) Dy (%0, w)du = f 1g(u)Dk(xo + w)du
(6.2) ’ . ’
=f g(x0 + 4)Dy(u)du.
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We are assuming that g(x) =0 for |xo—u| <8, §>0. Since | (xo+u) —xo| Su
by (2.8), g(xe+u) =0 for Iul <8. Hence

(6.3) ED) =f5 g(x0 + w)Dy(u)du.

Choose 7n so that 2—"=<4. By (6.1), Di(u)=yp.on(u)+¥p.onsa(u)+ -« - ¢
Y, .omp g1 () in § Su <1, so that (6.3) reduces to a sum of a bounded num-
ber of Fourier coefficients for the function g(xo-+u); these coefficients tend to
zero as p— =, hence as k— . Thus s;(x9) —0 and the theorem is established.

REMARK. If x, is a dyadic rational, the point x,-+u lies to the right of xo
for u sufficiently small. Thus Theorem XI is still valid if we restrict ourselves
to a right-hand neighborhood of a dyadic rational. This reflects clearly the
topology of the group G, in which the two representatives of a dyadic rational
are distinct. Unless there is an essential point involved, we shall not call at-
tention to the special character of the dyadic rationals in the future theorems.

Our next two theorems also have their counterparts in the theory of TFS.

TueoreM XI11. Let (f(u) —c)/(u—x0) be absolutely integrable in [ u —xo] <o
for some 6>0; then the WES of f(u) converges to c at the point x,.

We may write

ss(eri ) = e = [ (5) = ODuteo + wyin

- f (f(#) — ¢)Dalo + u)du +
lu—=p <8

|u—zg |>8

By Lemma 1 and (2.6),

| Dl + )| < — 2
Ko T o 2ot u |uw— x|’
therefore
|5k(x0;f)_0l§2f _f(u)_—cdu
Ju—zgl<d | U — Xo

* ;fu—a;0]>5 (f(u) - C)Dk(xo + u)du

Given €>0, we can choose 8 small enough so that the first integral does not
exceed €/2; with & thus chosen and fixed, the second integral can be made less
than ¢/2 for k> ko(8, €) =kq(€). This completes the proof of Theorem XII.

TrEoOREM XIII (DiNt-LipscHitz ). If f(x) is continuous, and if its modulus
of continuity satisfies w(8; f) =o(log 6=1)~' as 6—0, then its WFS converges to
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f(x) uniformly.

Since sa(x)—f(x) uniformly (see §1), it is sufficient to consider, for any
given k=2"+k’ (0<%’ <2"), the difference

1
6.4 seaw(s) = se(@) = [ Vr(r)De (s + wfwan.

0
We recall that for p <27, Y,(2-+D) =1, so that Dy (z-+2-?+D) =Dy.(3); also
Yon(u2-+D) = —You(u). Hence, using the invariance of integration, we may
write

1
(6.5) sgyw(x) — sp(x) = —f Yor ()W () Dy (2 + u) f(u + 2-D)du,
0

Let us add (6.4) and (6.5):

2w (2) — s21(x)) = f Yor(x + w)Du(x + 0) {fw) — f(u + 2-+0) }du;

lIA

2 l sopp(2) — s(2) |

max | fw) — f(u + 220w | [ | Due + )| du
0=u<1 0

< w(27HD; f)Ly
< w(27m; f) log (27)
= o(1),

by virtue of (2.10) and Theorem IX (iii).
As immediate corollaries, we have

TrEOREM XIV. If f(x) ELip @, 0<a =1, its WFES converges to f(x) uni-
formly.

THEOREM XV. If f(x) is continuous, si(x; f) =0 (log k) uniformly in x.

Our next theorem gives a sufficient condition for the absolute convergence
of a WFS. The analogue for TFS was proved by S. Bernstein ().

Tueorem XVI. If f(x)ELip o, a>1/2, then the WFS of f(x) converges
absolutely.

By Theorem II, if

0

J(®) ~ 22 eadel(®),

k=0

then

(6) Sur la convergence absolue des series trigonometrigues, C. R. Acad. Sci. Paris. vol. 158
(1914) pp. 1661-1664. Cf. also Zygmund, Trigonometrical series, pp. 135-136.
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0

flx+ k) ~ 2 capu(x)¥u(h).

k=0
By Parseval’s equality,
1 2 ©
J Ui —s@lis = X aa - won'.
k=0

Set h=2-0+D_ Then ¢, (2—®+D) = —1 for 2" <k <21, Hence
ontl__y

> éf [f(x 4 2-¢D) — f(x)]2da.

k=2"

Again using (2.10), we have

ontl_q

Z 6: é [w(Z"(”ﬂ);f)]z é AZ—"O‘,

k=2"

where 4 is a constant. By Schwarz’s inequality,

ontl_1 ontl_q 2\ 1/2 ontl_y 1/2
(6.6) > lckl §( > (;k) ( > 12) < Al2)-nla-1/2),

k=2" k=2" k=2"

Since a>1/2, the right-hand side of (6.6) is the nth term of a convergent
series, so Theorem XVI is established.

It is possible to generalize Theorem X VI, but we shall not do so here.

7. Summability. The kernel for (C, 1) summation (Fejér's kernel) is de-
fined by

(7.1) Ki(x, u) = %gDr(x, u),

which may be written, setting Kj(u) = K;(0, u), as

(7.2) Ki(x, u) = Ki(x + u) = %T:ZIDT(x + u) (x + » = D.R.).
The (C, 1) mean of order k for the WFS of a function f(x) is then

(7.3) ou(x; f) = au(z) = f 01 Kz + w)f(u)du.

Similarly we define the Abel kernel by

(7.4) Pla, 4 7) = 3 du(@)a(u)r® 0=r<1).

Setting P(u; r)=P(0, u; ) and making the usual factorization, we obtain
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P(x, u;7) = P(x + u;7)
(7.5) e o |
=1+ ¢o(x + w)r?) (# + u = D.R.).
The Abel mean of f(x) is then
(7.6) (s 7) =f1P(x + s 7)f(w)du.

Walsh has given a proof of the theorem that ox(x; f) tends to f(x) uni-
formly if f(x) is continuous. We shall offer a different proof, in the course of
which some of the properties of the (C, 1) kernels will be brought to light.
These properties we now state as a sequence of lemmas.

LEMMA 2. For n=0, 0k’ <27,
(2" + KKy (u) = 2"Ko(u) + F'Dyr(u) + Yo (u) ' Ko ().
By definition, and by (6.1),

on k’
2"+ B)Kpywo(u) = 2 Do(u) +2. Dorig(w)
r=1 g=1

= 27Kop(u) + 2 {Dp(u) + Yo () Dy(u) |

g=1

= 2"Kyp (1) + K’ Dar(u) + $or(u) D, Dy(u)

=1
= 2°K() + KDy (u) + ¥ () ¥ Kuo (1),
LemMA 3. Kon(u) 20 for n=0.
Take k’=2" in the preceding lemma:
201K () = (1 4 Yo (u)) 27K (1) + 27Dan(us).

Since Dan(u) 20, 14y 20, Ki(u)=1, induction shows that Lemma 3 is
true for all z.

LEMMA 4. Let kB=2m42724 o oo 2%, m>us> - - ->n,20; let k'
=p—2m kWD =k 27 §=2 3, ..., p. Then
EKw(u) = 2 2% () Kyi(u) + 20 B9 Dyra(u).
=1 =1

Lemma 4 follows immediately by iteration of Lemma 2.
LEMMA 5. If u is not a dyadic rational, limy..., Ki(u) =0.

We may assume that 2-* <u <21 Write k=p-2"+¢, 0=¢ <2~ For all
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u, by (6.1), we have
Dy, 34q,() = Dyr(4)Dp,(2"u) + V,(2"u) Dy, (u).
Using the fact that 27" <#u <2771, Dau(u) =0; so
(7.7 Dy, .oniq, () = ¥,,(27u) Dy, (u).
Summing (7.7),
p—1 2" q
kK () = Z Z ¥, (2"u) Dy, (u) + Z ¥o(2"u) Dy, ()

p1=0 g¢;=1 q1=1
= 2Ky (u)Dy(2"u) + ¢ (2 u)qK (u).
Now | K. (u)| <2/u for all r; | Do(2"u)| <2/(2"u—1); <2 <2/u. Hence

4 4 -

(7.8) | kK w(u) | < +—
u U

(u—277)

from which the lemma follows. We observe that we cannot obtain an
estimate of the form K;(#) = O(k~'u~2) such as holds in the trigonometric case.
REMARK. The failure of the estimate for Fejér's kernel just mentioned
leads to an interesting question. In the theory of TFS, one has the following
theorems (cf. Zygmund [8, pp. 61-62]):
(7.9) If f(x)ELip o, 0<a =1, then

se(@; f) — f(x) = O(k~=log k).
(7.10) If f(x) ELip a, 0<a <1, then
ox(; f) — f(x) = O(k*).
(7.11) There exists a function f(x) ELip 1, such that
ox(x; f) — f(x) #= o(1/k);
in fact
a1(0; f) — f(0) == 6(10—g—k->.
k

For the Walsh functions, it is easy to establish (7.9), and (7.11) is true for the
function

J1(x) =fx¢1(u)du.

Whether (7.10) holds for WFS is still an open question. One method of proof
in the trigonometric case depends strongly on the estimate for Fejér’s kernel
mentioned above.

- R
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LEMMA 6. If f(x) is continuous, am(x; f)—f(x) uniformly.

The argument is of standard type:

on(z; f) — f(x) = f | Kol {00 — /) o
- Kl f(+ ) ~ f()}au
1} . 1
=f0 Ko(w) {f(z + u) —f(x)}du+f8 ,
8 1
| own(z: ) — f(x)| < f |7 + ) — f(x) | Kor(w)du + f 6

1
< (8 ) + M f Ky (w)du,
5
where M =2 max lf(u) I . Fix 6 such that w(8; f) <e/2. Kan(u)—0 almost every-

where and is majorized by 2/8, so the integral can be made less than €¢/2 by
choosing # sufficiently large.

TrEOREM XVIL. If f(x) is continuous, ar(x; f) —f(x) uniformly.
Let g(u) =f(x~+u) —f(x). Then

ou(w; f) — J(2) = o103 8) = f | Ki()gwin

By Lemma 4,

| 04(0; 9) | = (——) f Kai(u) | g(u) | du

(k“ ) [} P et | .

By definition, £ <2#i; and 2" <2"-1. Denote by e, the greater of the two
integrals,

Ko (u) | g(u) | du, fo Dy (u) | g(u) | du.

0

By Lemma 6 and the fact that the second integral is

Z"f - | g(u) | du < w(277; 1),

we see that €,—0 as #—> . Therefore
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v

1
- [0 0] = 2 /be

=1

The right-hand side is a weighted average of a null-sequence; it is easy
to see that the weights are distributed in such a manner as to make the
average converge to zero with increasing k. This proves the theorem.

When we come to functions of bounded variation, the results are of a
highly negative nature, just as in the case of convergence. Walsh has proved
that convergence cannot take place at a point of discontinuity which is not a
dyadic rational (§1). Since the Fourier coefficients are O(1/k), Littlewood's
theorem shows that the series cannot be Cesiro summable to any order; the
same remark also applies to Abel summability.

We end this section by stating without proof a few results concerning the
Abel kernel P(u; r) and its partial sums.

Puusr) = X hu(ar.

8=0

TaEOREM XVIII.

(1) P(u;r) 2 0, 0=r<1.
(i) Py(u;r) 2 0, 0=r<1,n=0.
(iii) Pi(u;7) = 0, 0Sr<r=(52—1)/2 k0.
(iv) Pi(u;7) = 0, 0Su<1,0<7Saa=1/2), k0.
) Plu;r) < 2/u, 0<u<1,0=r<1.

We remark that the constant (5'/2—1)/2 in (iii) is best possible. The constant
a=1/2in (iv) is not known to be best possible; the problem of determining
the exact region of positivity for all Py(u; ) is open.

8. On certain sums. Let g,(x) be the periodic function of x defined by

1 for 0=x<¢

(8.1 8:l#) = {O for t=2x<1

and let A, (¢) be the 27th partial sum of the WFS of g,(x) evaluated at the
point x=¢. In other words, if

(8.2) ge(x) ~ co() + cr(P1(x) + ca(Ba(x) + - - -,
then
(8.3) M@ =3 v,

k=0

Appealing to (1.9), we have
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Ba(t) ¢
(8.4) M) = 2"f gi(x)dx = Z"f dx = 2%t — an(l)).

(1) n ()
Since Oét'—an(t) <2_'"1
(8.5) 0=N ()< 1.

Now we have

(8.6) o) = [ gomin = [ ‘@)z = 1,00,

If k=2m4r, 0=57r<2m, (3.5) yields
Vi) k(t) = Yam ()T m ().
Hence, from (8.3),

M@ =t+ "i: i Yam (8)J o (£)
8.7) -
=t+ 2 27 ()T (D).
Now 2mJm(t) =J1(2™) and ye»(t) =y¢1(27f). Furthermore ¥(x)J1i(x)=x
— [x+1/2], so that

M) = L+ 3 a(2m)T2(2m)
=t+ S(Z"‘t - [m + %])

wo(t) =t — [t] = 1/2,

pa(t) = po(278),

M(f) = mo(27 + 1/2),
equation (8.8) becomes, by virtue of (8.4),

(8.8)

If we define

n—1
(8.9) D) =N (@) —t =27t — an) — ¢,
m=0
and using (8.5) and the fact that 0=t <1,
n—1
2 ()
m=0

We have therefore proved the following theorem:

(8.10) < 1.
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TueEOREM XIX. For all t, and for all n 21,
n—1 1
Z#o(Z"‘t+7>' <1
m=0

Now it is easy to see that

po(x + 1/2) = uo(x) + 1/2 (for0 = ¢ < 1/2)
= po(x) — 1/2 (for1/2=2x< 1)
po(x + 1/2) = po(x — 1/2) (for all x).

Hence wo(x+1/2) =po(x) +¢1(x)/2, and

"iuo<2mt+%) = 5 w2+~ 3 gamy

m=0

(8.11) - _'""°
= ;0 wm() + ‘2— Z_ Yan(f).

If we define the random variables X,, by

Prob {Xn < a} =| E {ym() < x}|,

¢, 0=t<1

it is easy to see that X, X, - - - are mutually independent and identically
distributed, with mean value 0 and standard deviation 1. By the central limit
theorem the variable
Xo+ X1+ -+ Xna
nl/2

Z, =

has a distribution which tends to the normal. In other words

1 1 1 I
Ez {«x < n—l/—z_mzao Yo (f) < IS}I = (Zr)llzfa e 12y,

It follows readily from (8.11) and Theorem XIX that

(8.13) hm{ {a <—1/—2§ an() < ,s}l (2;)1/2 f a"e_,zndx,

n—o

(8.12)  lim

n—oo

and finally, by an elementary transformation, we arrive at a theorem of Kac

[1]:
E {a < g.lf f_j pm(l) < ,s}] 11/2 f : dy,

In another paper [2] Kac points out that the set of functions f(2™) may

lim

n—o
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in some cases (for example, f(t) =t— [t]—1/2) exhibit a certain degree of
statistical dependence. In the case of complete independence one would expect

1 1 L
E%<ﬂ2mm<@% ‘fwww
¢ nll2 = a

;_(zﬂ.)l/z

(8.14) lim

n—o0

where

(8.15) o =f01f?(t)dt — (folf(t)dt)z.

Kac’s theorem shows that (8.14) is valid for f(¢f) =t— [t] —1/2 but o2 is not
given by (8.15). To show that this discrepancy is not easily remedied,
Theorem XIX indicates that even a simple translate of f(¢), for which the
corresponding random variable is identically distributed with that of f(z),
need not behave like f(f) with respect to sums of the type considered here.
We may still think of (8.15) as being valid for f(£) =ue(t+1/2) =t— [t+1/2]
if we interpret the right side as the singular normal distribution with ¢=0.
It might be of interest to determine the behavior of the sums

n—1
2 (27t + §)
m=0
for values of £ other than 0 and 1/2.
9. Uniqueness and localization theorems. Let us consider a series

(9.1) S(x) = ao + apr(x) + aspa(x) + - -+,

not necessarily a Walsh-Fourier series. We shall be concerned with finding
conditions under which S(x) is actually a WFS. The analogous problem in the
theory of trigonometric series has long been a part of classical mathematics.
(Cf. Zgymund [8, chap. 11].) Riemann employed the device of twice inte-
grating a given trigonometrical series (formally) and studying the properties
of the resulting function, relating it to the original series by means of a
generalized second derivative. In attacking the problem for Walsh series, we
find a rather surprising state of affairs. It turns out that the first integral is
the natural weapon to use; we shall show (Theorem XX) that the first
integral converges wherever S(x) does. That this is not necessarily true of
trigonometric series is seen from the example . (sin #x)/log #.

THEOREM XX. Let S(x)= D 1o ai¥s(x) converge at the point x, and let
(9.2) L(x) = aox + 2, auJ ().
k=1
Then the series (9.2) also converges at the point x.

Consider the partial sums of order 2%, N=0:
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oN—1

Lov(x) = aox + 2 arJ (%)

2n—1

N—1
a0 + 25 2 et ()
r=0

n=0

2n—1

N—-1
ax + 25 20 arinbn(x)T ()
n=0

r=0

2r—1

N—1
= aox + Z Yo (2)J () Z A (X)

n=0 r=0

N—1
= aox + D, Yo (0)T () (s21(x) — 52(2)),

n=0
where sim(x) = D 2" ai(x). Since S(x) converges the terms of the last series
are 0(27"). (We recall, from §3, that |]2n(x)| = Jan(x) <2~.) Now the partial
sum of order 2¥+4g¢, 0 =¢<2¥, may be written

q—1

Lovyq(%) = Lov(x) 4 27 aav i ovir ().
=0

The convergence of S(x) implies that ax—0, so the last sum is o(g-27%) =0(1)
and the theorem is proved.

It will be observed that the convergence of (9.2) can be established under
much weaker assumptions. For example, if a,—0 and ZZ‘”I son(x) I converges
the theorem is still true.

If S(x) is the WFS of f(x), then sy(x)—f(x) almost everywhere, so L(x)
converges almost everywhere. But much more than this can be said.

TueEorREM XXI. Let

0

S(x) = Y awi(x) ~ f(=).

k=0

Then
(9.3) L(x) = f " fw)du.

Let g(u) =g,(u) be the characteristic function of the interval (0, x), mod 1,
and let

g(u; ) =f0 P(t 4 u; r)g(t)dt

be its Abel mean. We have
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50| s max | g [ 20+ )| du = 1.
Also g(u; )—g(u) almost everywhere. Hence

[ gt nin— s = [ san
But
9.4) §(057) = S VT

By the uniform convergence of (9.4),

o]

1
[ st nan = T arayr
0 k=0
Hence the series for L(x) is Abel summable to [5f(u)du. But the terms of that
series are o(1/k), from which follows ordinary convergence, and (9.3) is
established.
Our next theorem shows that L(x), when it exists almost everywhere, be-
haves very much like an integral (see Theorem VII).

TreoreM XXII. If S(x) converges almost everywhere, L(x)—ao[x] is
integrable and has Fourier coefficients

1 )
(9.5) Co = — Z Z_ngr,
4 r=0
(9.6) cx = corypr = — 270D {ak: - 2“’a2n+r+k} (n=0,0=Fk <2m).
r=1

The function L(x) —ao [x] exists almost everywhere, by Theorem XX, and
is periodic. From §3, we have

2 — [2] = 2 uo " ¥m(a),

m=0
© m)
Ti(®) = 2 pi" () (k> 0),
m=0
where
(m) .
po =1/2 if m =0,
9.7) p = =T i m=2",

o = otherwise,
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p = 27 fh=2"4+m0=m<2"
(9.8) p = =27 itm=2"+k0<Ek<2,
;u;(bm) =0 otherwise.
It follows that
N
Fy(x) = ao(x — [2]) + 20 ari(x)
k=1
N 0 (m)
=D ar), pr Ym(®)
k=0 m=0
0 N (m)
= Z ‘l’m(x) Z (127773
m=0 k=0
(W)
= Cm Ym(%),
m=0
where
N
(N) ‘m)
Cm = Z akﬂ';c .
k=0
From (9.7) and (9.8), we have
% 1 ©
9.9 Xlwl=o+X2""=1,
k=0 2 n=0
| (m —(p+2) =\ —(n2)
Sl =27+ X2
(9 . 10) k=0 I I n=p+1
=27 < /m, tm=2"+F 0=k <2

If max |ar| =4, we deduce that ¢’—¢, uniformly, and that || <4 /m
for m>0; also Ic,,,l <A/m for m>0. By the Riesz-Fischer theorem, there
exists a function F(x) €L? with Fourier coefficients {c.}. The series

o0

1
(e’ = e’ = [ Ens) = Pt
m=0 0
converges uniformly in N, and the terms tend to zero. Hence Fn(x) con-
verges to F(x) in the mean of L2 But Fy(x) converges to L(x) —ao[x] almost
everywhere, so L(x) —ao[x] = F(x)~{cn} almost everywhere.

The theorem just proved enables us to deduce properties of the coefficients
ax from those of the function L(x).

THEOREM XXIII. If a;—0 and L(x) =Y 5 arJr(x) is absolutely continu-
ous, then Y po abi(x) is the Fourier series of L'(x).
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In establishing (9.5) and (9.6) it was necessary merely to ensure the
existence of L(x) and the boundedness of the ax, and these are supplied by our
hypotheses. Hence if L(x) —ao[x]~{cn}, for each fixed k20,

(911) ay = — 2"+262"+k + 0(1)

If L'(x)~bo+bpi(x)+ - - -, Theorem VII assures us that b; also satisfies
(9.11), so ax="by.
For our next theorem we recall the definitions of o, =a,(x) and 8,=8.(x):

(9.12) an=1p2"=x<(p+ 127" = B..

TueorREM XXIV. If a;—0, then for every x and for every n=0, L(a,) and
L(B,) exist and

(9.13) L(Ba) — L(an) = (Bn — an)sr(x) = 2750 (1),
(9.14) L(B,) — L(as) =0(1) uniformly in x.
For k=2", Ji(as)=Ji(B.) =0. Hence
L) = Liaw) = X ax7(Ba) = Jilaw)
-1 Ba
k=0 a,
8. =1
= [ T ety
i
=f s (w)du.

But ss(u) is constant for a, <u# <f., and the point x lies in this interval.
(9.14) follows from (9.13) and the fact that sa(x) =0(2") uniformly, since
a;—0.
Let us now define o) =a, (x):
o) = an if a, < 1z,
(9.15)

o) = a, — 27" if a, = x.

THEOREM XXV. If ar—0 and L(x) exists at the point xo, then L(a, ) —L(x0),
L(B#)—L(x0).

If x, is a dyadic rational the results follow from (9.14); otherwise, we have

L2”(xo) bl Lgn(a,.') = Lz"(xo) - L(an,)

(9.16) =f:CO sor(u)du = (o — an)s(x0).

n
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But Lan(x0)—L(x0) and (xo—atn)san(x0)—0, and the first result follows; (9.14)
establishes the second.
The following lemma is well known (7).

LeEMMA 7. Let f(x), a<x<b, be an integrable function, F(x) the indefinite
integral of f(x), and €>0 an arbitrary number. Then there exist two functions
o(x) and Y(x) such that

(1) ¢(x) and Y(x) are continuous,

(i) |¢(x) = Fx)| <e, |¥(x) — F@)| <e,

(iii) At every point where f(x)5= + «, all the derivates of ¥(x) exceed f(x);
at every point where f(x) % — =, all the derivates of ¢(x) are less than f(x).

Our next lemma (or even a weaker form of it) enables us to deduce the
main theorem for a Walsh series which converges everywhere to an integrable
function.

LeEmMA 8. Let G(x), a <x<b, satisfy
() Glad)—G(x);
(ii) For all x in (a, ),
lim inf 27(G(B.) — G(a.)) =< B(x) < + «;

(iii) For all x in (a, b), except perhaps for a denumerable set E,

lim inf 2*(G(B,) — G(an)) = 0.

n— oo
Then G(x) is monotone non-increasing in (@, b).

We shall first make some definitions. By I, we shall mean an interval of
the form £-2"<x<(k+1)2-", and by a small Greek letter with a subscript,
such as &,, we shall mean a number of the form k-2 Let

8(I,) = 2"G(k + 1-27) — G(k-27)).

We shall say that I, is properly nested in I,, written I,<I,, m>n, if I,,CI,
and if the right-hand end point of I, is to the left of the right-hand end point
of I,. By a properly nested sequence of intervals we shall mean a nested se-
quence in which infinitely many of the intervals are properly nested in the
preceding ones. Every properly nested sequence {Iyii}, 2=0,1,2, - - -, de-
fines a unique number x such that awy,x(x), By+x(x) are the end points of
Iy.s.

Now suppose that G(w) <G(z) for some pair of points w, 3, with w<sz."
By (i), we can find £,<%, such that G(£,) <G(9.). Hence we can find an
I,= (s, Bn) such that §(I,) =c,>0. We shall now prove that given any v,
0<v<1, we can find I,y1, Tnys, * * *, Inyp, satisfying

(") Saks, Théorie de V'integrale, pp. 132-133.
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(9.17) InDIn+lD c e :)In+p—l> In+pv
(9.18) 8(Insr) = (1 — v)can, r=20,12,---,p.
Draw a line N(x)=G(az)+(1—v)ca(x —an), and consider the sequence of
pOintS £n=any £n+r=(£n+r—1+ﬁn)/2y 7=17 27 AR By (i)y G(En-&-r)'_)G(ﬁn)y SO
there is a first element, say £n.p, such that G(&.1p) >N (£nsp); clearly p=1.
The intervals
I, = (Em 6n)y
In+1 = (Eﬂ+1’ Bn)r
In+p—-1 = (€n+p—1: ﬁn)y
In+p = (£n+p—1v Enﬂ’)

then satisfy (9.17) and (9.18).
Now if 8(£ssp, Br)=(1—v)c,, we can apply the method just used and
obtain a sequence I, = (§nipy Bn)y Lntpr1, * * * Inyy satisfying

(9.19) Iip D v+ D Inter > Tniay

(9.20) 8(Insr) Z (1 = v)%n, r=p0+1,-,q
Since [},,CIntp-1, we have obtained two sequences s, r=1, 2, -, p,
and I, r=1, 2, - - -, g, with the properties

(9.21) I. D@D+ DIpps > Intp

(9.22) LD LD Dlnigr > Inie

(9.23) 3(Intr) = (1 — v)%s, r=01,---,p,
(9.24) §(Insr) Z (1 — 0)%c, r=01,---,g
(9.25) Inip-Tnig=0.

If (9.21)-(9.25) are satisfied for some p and ¢ for an interval I, with §(Z,)
=¢,>0 and for some v, 0 <v<1, we shall say that I, is of type D(ca, v).

Now suppose that 8(£n1p, 8n) <(1 —v)c,; in this case it can be shown that
8(Inyp) > (14v)c,. Applying our method once again, this time to Inq, with
8(Inip) = Cnyp and parameter v, we find that either I.i, is of type D(catp ¥)
(from which follows that I, is of type D(ca, v)) or I.i, contains a nested
sequence

Ltp D Inipr1 D * + * D Inypim1 > Inyp,
such that
() Z A =2 M —0)(1+0)en  (r=pp+1,---,p1— 1),
3(Intp) > (1 + 2)nsp = (1 + 1)%n
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Continuing in this way, we obtain the sequence

InD DIn+p—1> In+p3“’ DIn+p1—l
>In+plD"'D"'Dln+pk—1>In+p],D"' )

with
8(Ia) = cu,
3(ITnsr) = (1 — v)cn, 0<7r<p,
8(Intp) Z (1 + 0)Cn,
(Intr) 2 (1 — 0)(1 + v)cy, p<r<py

6(In+131) % (1 + v)zcm
6(In+r) = (1 - 'I))(l + ‘l})kC", Pr-1 <7 < pu,
8(Intpy) Z (1 + 0)* 6

If this sequence does not break off, it defines a number x such that
2Y(G(Br(x)) — Glan(x))) = 6(Iw), Nz n.

But limy., 6(Iy) =+, contradicting (ii). Hence the sequence does end,
and we find that I, is of type D(caip, v) for some k; therefore I, is of type
D(c,, v).

We have just proved that every interval I, with §(I,) =c¢.>0 is of type
D(cn, v) for every v such that 0 <v<1. Now order the elements of the set E,

say xV, x® ... x® ... Letuw,v,, - - be chosen so that 0<w;,<1 and
I (1 — o = -
p— vk = — .
k=1 2

Since I, is of type D(c., v1), we can find two disjoint sub-intervals I,,, and
I, such that cnyp=0(Tnip) = (1 —v1)%, and ¢, =08(1}, ) = (1 —21)%,. Now
choose that interval which does not contain x® and continue the process with
vy, avoiding the point x®, and so on. In this way we obtain a properly nested
sequence of intervals which define a point x that cannot belong to the set E.
But for this point x,

o

: 1
liIIVn inf 2¥(G(By) — Glaw)) 2 ¢ [ (1 — v)? = 5 o > 0,

k=1
which contradicts (iii). Our lemma is therefore established.

THEOREM XXVI. Let S(x) converge in a <x <b except perhaps on a denumer-
able set E, where, however, |32n(x)] =B(x) <w; if the limit-function f(x) is
integrable, then
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Lx)=C +fzf(u)du

for some constant C and all x in (@, b).

Define f(x) to be 0 on E, and apply Lemma 7 for an arbitrary ¢>0. Let
G(x) =¢(x) —L(x), H(x)=L(x)—y(x). It is easy to see that part (iii) of
Lemma 7 implies

(9.26)  liminf 27(¢(8x) — é(n)) = f(x) = lim sup 2*(Y(Ba) — Y(an))

for all x in (a, b). By (9.13), for x&E,

(9.27) lim 27(L(B,) — L{a.)) = lim sy(x) = f(x).
For all x in (e, b), by Theorem XXIV,

(9.28) lim sup | 2*(L(8,) — L(aw)) | £ B(x) < =.

From (9.26), (9.27), and (9.28), we find that G(x) and H(x) satisfy con-
ditions (ii) and (iii) of Lemma 8.

Condition (i) follows from the continuity of ¢ and ¢ and from the exist-
ence of L(x) (Theorem XX, remark) together with Theorem XXV. Applying
Lemma 8, therefore, we find that G(x) and H(x) are nonincreasing. Letting
€—0, their limits, + (L(x) — F(x)) are also non-increasing, hence constant.
Since F(x) is an integral of f(x), Theorem XXVT is established.

It is possible to modify Lemma 8 as follows:

LEMMA 9. Let G(x) be defined in a <x <b and satisfy:

(i) Except perhaps on a denumerable set E,

lim sup 2"(G(B.) — G(ax)) = 0.

(ii) For all x in (a, b), G(a, )—G(x), G(8,)—G(x). Then G(x) is monotone
nonincreasing in (a, b).

The proof is not too different from that of Lemma 8 and will be omitted.
Since condition (ii) of Lemma 9 is satisfied for L(x) wherever it exists, the
proof of Theorem XXVI carries over almost word for word to the following
slightly stronger result.

THEOREM XXVII. Let S(x) converge in a<x<b except perhaps on a de-
numerable set E, where however L(x) exists; if the limit-function f(x) is inte-
grable, then

L(x) =C +fzf(u)du
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Jor some constant C and all x in (a, b).

If we take the interval (a, b) in Theorem XXVII to be (0, 1), and apply
Theorem XXIII, we obtain our next theorems.

THEOREM XXVIII. Let S(x) converge to an integrable function f(x) except
perhaps on a denumerable set E, where however L(x) exists. Then f(x)~S(x).

CoroLLARY. If S(x) converges to zero everywhere, then ar=0, k=0.

In order to weaken the “everywhere” condition in the corollary to
Theorem XXVIII, let us assume that S(x) converges to zero except perhaps
on a denumerable set E. We shall examine the structure of the subset DCE
consisting of points x for which the partial sums sy(x) are unbounded. Here
again we find the concept of the group G (§2) an extremely useful one.

Let u(x) be the function which maps the reals into G, and let g(x) be an
arbitrary real-valued function of period 1. We define the corresponding func-
tion on G by

(9.29) (%) = g(x) if u(x) = & for some x,

(9.30) 2(%) = lim sup g(%) if w(x) # % for any x.
5%

In (9.30) the lim sup is taken over those 3 which correspond to dyadic

irrationals.

We recall that G is a complete metric space. The neighborhoods in G may
be taken as the sets of points

{tly by =y bny Ungl, Unyo, - 0 }
in which #, - - -, ¢, are fixed and .41, %nie, - - - vary independently. These
neighborhoods N(t, #3, - - -, t:), =1, 2, - - -, form a complete system for

G. The characteristic function of any neighborhood is continuous, since N is
both open and closed. Any finite linear combination of such characteristic
functions is also continuous. It is not too difficult to see that such linear com-
binations are precisely the images by (9.29) and (9.30) of all finite sums
> ai(x). Hence the partial sums of an arbitrary Walsh series are continuous
in the topology of G.

Now let D be the set of & in G for which the sequence of continuous func-
tions 5;»(%) is unbounded. Then D is a G, that is, a denumerable product of
open sets(®). By a theorem of W. H. Young(®), in a complete space, every Gs
which contains a self-dense non-null subset has the power of the continuum. It is
clear that the set of Z in G for which u(x) =& has no solution is denumerable,
and that if this set is removed from D we have left precisely the image of D

(®) See F. Hausdorff, Mengenlehre, pp. 270-271.
() 1bid. pp. 136-137.
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under . It will therefore be sufficient for our purpose to show that this image
contains no isolated points. If #y=pu(xo) is such a point, there must be a
neighborhood N containing # but no other images of points of D. N is there-
fore the image under u of a dyadic interval k-27? <x <(k41)2~? which con-
tains x, but no other points of D.

Two cases now arise. If xp=%-2"?, we have the conditions of Theorem
XXVI satisfied in k-277<x<(k+1)27?, so that L(x) is constant in that
interval. Since x, is a dyadic rational, L(x,) exists; since L(B.(x0))—L(%0),
we find that L(x) isconstant in k-2 ?<x < (k+1)277. If k- 277 <xo < (k+1)277
and %, is a dyadic rational, a similar argument shows that the same resultis
valid. If, however, x, is not a dyadic rational, we find that L(x) is constant in
two intervals abutting on xo. Since L(B.(x0)) —L(aa(x0))—0, the two con-
stants must be equal. In both cases, then, for #>n,,

(9.31) san(%0) = 2"(L(Bn(w0)) — L(eta(0))) = 0.

This contradicts the assumption that x¢ belongs to D. Thus the image of D
is self-dense and Young's theorem assures us that D has the power of the
continuum unless D is vacuous. Since u(D) and D differ by a denumerable
set at most, and D is denumerable, D is the null-set. Another application of
Theorem XXVI shows that L(x) is constant, hence all the coefficients a; of
S(x) vanish.

TaEOREM XXIX. If S(x) converges to zero except perhaps on a denumer-
able set E, then ar=0 for all k.

We remark that the same method of proof is not effective in the case of
an arbitrary integrable limit-function f(x), although we feel quite sure that
the theorem is true. It is possible to construct a series S(x) whose partial
sums of order 2" are bounded at every point but one. To do this, consider
the Fourier series of the function f(x) defined as follows:

flx) = 27/n? for 27" < x <27, n=1,2---.

Clearly f(x) is integrable, and
1 © 1
[ rwia=% -
0 n=1 N~

It is easy to see that
sw(x) = f(x) for 277 £ x < 27", p=n

On the other hand,

0 2 - f(x)d 2 i ! > 27
»(0) = 27 = 2° —_> —————— ®
s(0) fo e wept1 k2 (p+ 1)°
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If, however, we try to study the set C where L(x) fails to exist, we can prove
that u(C) is self-dense. The difficulty here is that the set of points where a
sequence of continuous functions fails to converge need not be a Gj; it is
known to be an F,; but this is not sufficient to draw the desired conclusion.

We come now to questions of localization. If a;—0, then L(x) is com-
pletely determined by the partial sums of order 2». Conversely, if L(x) is
given in a <x <), the formula

(9.32) L(Bn(2)) — Lan(x)) = 27"s»(2)

shows that sem(x) is determined for #=n¢(x), a <x<b. Even more is true,
however.

TreEOREM XXX. If at—0 and if L(x) is constant in a <x<b, then S(x)
converges to zero uniformly in any sub-interval (o, B), a <a=<x<B<b.

It is sufficient to take (e, B) of the form I,: p-2?<x <(p+1)2-7. By (9.32)
the partial sums of order 2**?, #=0, are all zero in I,. We shall prove that
those of order 7-27, =0, also vanish. We have

r—1 2P—1

Spor(x) = Z Z Qg2 mq.-27m(%)

q=0 m=0

(9.33) o
= ; ¥o(27%)

2P—

1
aq -2"+m¢7n(x)'
m=0

Since ¥m(x) is constant on I, for m <27, we are led to consider the series

S*(y) = § Baba(y),

2P—1

B, = E aq-224m¥m(p-277).

m=0

(9.34)

For p=y<p+1, we may write y=2%x, x&I,. Hence in that interval of ¥,
(9.35) so(y) =spm(n) =0,  x=27yE 1, nz0,

where, of course, s§(y) is the Nth partial sum of series (9.34). If L*(y) is the
formal integral of S*(y), it follows from (9.35) that L*(y) =0 in p<y<p+1.
Since Bo=sy(y) =0, L*(y) vanishes identically. But B,—0, since ax—0. Ap-
plying Theorem XXIII, we find that B,=0, ¢=0. By (9.35), for x&1I,,

2r—1

0 =ygy.2(x) B, = Z Qg 1mfq .21 m(%)
m=0
= St (%) — sq.2(%) (g 2 0).

Hence s,.22(x) =0 for ¢=0, x&EI,. If N=q-2°+M, 0 M <27,



414 N. J. FINE

sn(x) = sq.2(x) + o(M) = 0(1)
uniformly for x & I,.

COROLLARY A. If S(x) = D s o ah(x), S¥(x) = X 1o aii(x), axr—af—o0,
and if L(x) =L*(x)+C in a <x <b, then S(x) and S*(x) are uniformly equicon-
vergent in any subinterval (o, ), ¢ <a=x <B<b.

CorOLLARY B. If a;—0, if L(x)=C+/af(u)du in a <x<b, and if f*(x) is
defined as f(x) in a <x<b (mod 1), zero otherwise, then S(x) and the WFS of
f*(x) are uniformly equiconvergent in any sub-interval (e, 8), a <a=x <B<b.

It is quite likely that Theorem XXX could be proved by means of a theory
of formal multiplication analogous to that of Rajchman in trigonometric
series(1?). The task would be greatly facilitated by the fact that the char-
acteristic function of an interval I, is a finite linear combination of Walsh
functions.
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