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�� Introduction

In classical Morse theory ����� one begins with a smooth manifoldM and a smooth

function on M� The main point is a very precise relationship between the critical

points of the function and the topology of M� In ���� ���� Novikov introduced a

generalization of this theory� Novikov	s theory begins with a closed 
�form � on M�

Locally we can write � � df for some function f which is well�dened up to the

addition of a constant� In particular the critical points of f� and their indexes� are

well�dened� Classical Morse theory appears as the case when � is exact� that is when

� � df globally� In the generalized setting� Novikov found the appropriate topological

data so that the corresponding Morse theorems remain true� We will say more about

this later� The investigation of this theory has continued in a variety of directions

�e�g ��� �������
�� ������������������������������

In ��� �� �� we presented a combinatorial Morse theory which can be applied to any

to any CW complex� in particular the underlying topological space need not be a

manifold� See �
�� ������
�� �

� for some applications of this theory� In this paper we

extend the theory to include a combinatorial analog of Novikov	s theory�

We begin in x
 by dening� and beginning the investigation of� the appropriate

notion of a combinatorial di�erential form� In x� we restrict attention to those com�

binatorial 
�forms which play a role in the combinatorial Novikov�Morse theory� We

then show in x� that the Novikov�Morse inequalities are true in this setting�

This work was partially supported by the National Science Foundation and the National Security
Agency�

�
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Another facet of Morse	s theory is the Morse complex� a di�erential complex� which

we denote by M� which is constructed from the critical points and has the same

homology as the underlying manifold� In the case of classical Morse theory� Milnor

showed in ���� that

Tor �M� � Tor �M����
�

where Tor �M� denotes the Reidemeister torsion of M� and Tor �M� denotes the

corresponding torsion of the Morse complex� Actually� both sides of ��
 depend on

the choice of a representation of ���M�� but we will be much more precise about all

this shortly�

In �
�� formula ��
 was investigated for closed 
�forms with integral periods �or

equivalently� for � � df where f is a S��valued function�� They found that in this

case there is a correction term� Namely�

Tor �M� � Tor �M� ��
� �������

where ��z� �� is a zeta�function built from the closed orbits of the �ow along the

vector eld dual to �� See ���� for more recent work in this direction�

It should be noted that formula ��� had previously been established for many vector

elds with no zeros in �
�� 
��� In the case of an S��valued function with no critical

points� ����� is contained implicitly in ��
� �as was pointed out by Fried�� In fact� it

seems likely that formula ����� holds for a generic vector eld on M� Such a formula

cannot hold for all vector elds since every manifold of dimension � � with Euler

characteristic � has a vector eld with no zeroes and no closed orbits��
�� ����� The

determination of the precise set of vector elds for which ����� holds remains an

important question�

In x� of this paper we present a proof of this formula in the combinatorial setting�

Actually� we only outline the proof� as the major steps have already appeared in

��� and �
��� In �
��� formula ����� is conjectured to be the value of a Seiberg�Witten

invariant if dim�M� � �� The idea is that closed orbits of � on a ��manifold correspond

to pseudo�holomorphic curves on a symplectic ��manifold� Taubes has shown in
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���� that the Seiberg�Witten invariant counts such curves� We hope that this paper

may ultimately play a role in a combinatorial understanding of the Seiberg�Witten

invariants�

Now let us describe the contents of this paper in more detail� Let M be a nite

regular CW complex� Let K denote the set of open cells of M � We write ��p� if �

is a cell of dimension p� and � � � �or � � �� if � lies in the boundary of � �and

we say � is a face of ��� In ��� �� �� we introduced the idea of a combinatorial Morse

function� Let us quickly review this notion�

Let ���M� denote the set of functions

f � K � R �

We emphasize that f � ���M� assigns a single real number to each cell of M� Say f

is a Morse function if for each p�cell �

�f��p��� � � j f��� � f���g � 
�

and

�f	�p��� � � j f�	� � f���g � 
�

Say ��p� is critical �of index p� if

�f��p��� � � j f��� � f���g � ��

and

�f	�p��� � � j f�	� � f���g � ��

Let mp�f� denote the number of critical cells of dimension p� Let bp � dimHp�M�R�

denote the pth Betti number of M �

Theorem ���� �Corollaries ��� and ��� of ���� Theorem ��� of ����

�i� The Strong Morse Inequalities

For each k � �� 
� ��

mk�f��mk���f� � � � � �m��f� � bk � bk�� � � � � � b��

�ii� The Weak Morse Inequalities
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For all k � �� 
� �

mk�f� � bk�

Moreover�

m��f��m��f� � � � �� ��
�
nmn�f� � b� � b� � � � �� ��
��

nbn

where n � dimM�

In fact the weak Morse Inequalities easily follow from the strong Morse inequalities�

See ��� �� �� for a more complete development of this combinatorial Morse theory�

In order to present a combinatorial version of Novikov�Morse theory� we need the

idea of a combinatorial 
�form� Let F denote the set of all pairs f��p��� � ��p�g as p

ranges from � to dimM� A combinatorial �	form is a function

� � F � R

Let ���M� denote the set of all combinatorial 
�forms on M� There is a natural

di�erential

D � ���M�� ���M��

Namely� if f � K � R is a function� dene Df � ���M� by

Df���p��� � ��p�� � f���� f����

Note that Df � � if and only if f is constant on each connected component of M�

Let � be a combinatorial 
�form� Suppose we have a pair of cells ��p� � 	�p����

Then there are exactly � �p� 
��cells �� and �� such that

� � �i � 	 i � 
� ��

Say � is closed if for all such � � 	�

��� � ��� � ���� � 	� � ��� � ��� � ���� � 	�������

In x
 of this paper we show that there is a natural combinatorial deRham complex

for which ���M� and ���M� are the �� and 
�cochains� That is� for each p we

dene a space �p�M� of combinatorial p�forms� and a di�erential

D � �p�M�� �p���M�
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such that D� � �� If � is a combinatorial 
�form� then D� � � if and only if �

satises ������ Lastly� we show that the cohomology of this complex is isomorphic to

the cohomology of M

H����� D� �� H��M��

Let � be a combinatorial 
�form� We say � is a Morse �	form if � is closed and if

for all p�cells �

�f��p��� � � j ��� � �� � �g � 
�

and

�f	�p��� � � j ��� � 	� � �g � 
�

We begin our investigation of such forms in x�� The main point is that there is a

well�dened notion of a critical cell� Let � be a Morse 
�form� Say ��p� is critical �of

index p� if

�f��p��� � � j ��� � �� � �g � ��

and

�f	�p��� � � j ��	 � �� � �g � ��

Let mp��� denote the number of critical p�cells of �� From our work in x
� we

know that � represents a class ��� � H��M�R�� We show in x� that one can dene

invariants Bp������ which depend on the pair �M� ���� only up to homotopy� such that

the Morse inequalities are true�

Theorem ���� �i� The Strong Novikov	Morse Inequalities
 For all k � �� 
� �� � � �

mk����mk����� � � � � �m���� � Bk������Bk������� � � � � � B�������

�ii� The Weak Novikov	Morse Inequalities
 For each k � �� 
� �� � � �

mk��� � Bk������

Moreover�

m�����m���� � � � �� ��
�
nmn��� � B�������B������ � � � �� ��
�

nBn������
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If � is exact� then Bk����� � bk as dened earlier� so these inequalities are� in fact�

a generalization of the classical Morse inequalities� The topological invariants Bk�����

are the same as these introduced in ���� ��� and ����� They show� in some cases� how

to dene these invariants in terms of ingredients from classical algebraic topology�

Our presentation follows that of ����� modied for our setting� which in turn is

based on the ideas of ����� That is� we begin with the standard cellular chain complex

of M

�� Cn�M�R�
�
� Cn���M�R�

�
� � � � �

Given a combinatorial 
�form � satisfying D� � �� we dene a 
�parameter family of

di�erentials 
t be setting� for any oriented cells �
�p��� � ��p�

h
t�� �i � et������h
�� �i�

where h� i denotes the canonical inner product on Cp�M�R� with respect to which the

cells form an orthonormal basis� One can check directly that 
�t � � if and only if �

is closed in the sense of ������ In the case that � � Df for some f � ���M�� this

di�erential can equivalently be dened as


t � e�tf 
 etf �

This is the form in which it appeared in ����

The analysis of this di�erential is much easier if � is �at� that is�

��� � �� � �

for every � � �� This idea was introduced in ���� We also show in x� that every Morse


�form is equivalent to a �at Morse 
�form� in the sense that they have identical critical

cells and gradient paths �we will dene these shortly�� Therefore� when proving the

Novikov�Morse inequalities� it is su�cient to assume � is �at�

We now consider the operator

�p�t� � 
t

�
t � 
�t 
t � Cp�M�R�� Cp�M�R��
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We prove that as t � �� this operator has a limits �p���� �the �atness of � is

required for this�� Moreover�

dim Ker �p���� � mp����

It is easy to see that dim Ker �p�t� has a generic dimension for t � R � That is� there

is a countable set S 	 R such that dim Ker �p�t� is constant on R � S� Standard

theory implies that this generic dimension is a homotopy invariant of �M� ����� We

denote this invariant by Bp������ The Novikov�Morse inequalities easily follow�

In x� we investigate the Reidemeister torsion of M� Let

� � ���M�� O�k�

be an orthogonal representation� Let �M denote the universal cover of M� endowed

with the cell structure induced from that of M� and let

Cp�M��� 	 Cp� �M�Rk�

denote those chains on �M which transform under ���M� via �� �This is all done more

explicitly in x���

The di�erential 
 preserves these spaces� and we let H��M��� denote the homology

of the resulting complex� We assume that � is acyclic� that is� H��M��� � �� The

spaces Cp�M��� inherit natural inner products� so we can consider

�p��� � 

� � 
�
 � Cp�M���� Cp�M����

If � is acyclic� then each �p��� is invertible� Dene the Reidemeister torsion of

�M��� by

Tor �M��� � �n
p��� Det �p����

p��
�

����p �

This is a topological invariant of the pair �M��� �
��� This formula for torsion rst

appeared in ����� The same formula can be used to dene the torsion of any exact

sequence endowed with an inner product�

Let

Mp����� 	 Cp�M��� � Cp� �M�Rk�
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denote those chains which transform via � and are supported on the lifts of the

critical cells of �� The next step is to dene a di�erential

�
 �Mp������Mp��������

This requires the notion of a gradient path for � �or �	path� for short��

Say a sequence of cells of �M

c � �
�p�
� � �

�p�
� � 	

�p���
� � �

�p�
� � 	

�p���
� � � � � � 	�p���k�� � �

�p�
k � �

�p�
�

is a ��path from �� to �� �or index p and length k� if for each i � �� 
� � � � � k � 



� �i � 	i� �i�� � 	i and �i 
� �i��

and

�� ��	i � �i� � ��

Note that it follows from the denitions that ��	i � �i��� � ��

Similarly� dene an ��path on �M to be a sequence of cells of �M satisfying the same

conditions� except that condition �� should now read

��� ����	i� � ���i�� � ��

We now dene an operator

�
 � Cp��� �M�Rk�� Cp� �M�Rk�

by setting� for any oriented cells ��p��� and ��p� of �M�

h�
�� �i �
X
��p���

h
�� 	i
X

c��������

��c�

�where we have assigned orientations arbitrarily to the 	 � ��� In this formula

���	� �� is the set of ��paths from 	 to �� and ��c� � �
 is the algebraic multiplicity of

c� The orientation on 	 combined with an ��path c from 	 to �� induces an orientation

on �� Set ��c� � 
 if this orientation agrees with the given orientation on �� and

��c� � �
 otherwise� Note that if we reverse the orientation on 	� the signs of

h
�� 	i and ��c� both switch� so the operator �
 depends only on the orientations of

� and ��

The operator �
 maps Mp����� to Mp�������� and� restricted to these Morse

spaces� satises �
� � �� �This was established in ����� Thus we can consider the
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Morse complex

M��� � ��Mn�����
��
�Mn�������

��
� � � �

For any representation �

H��M���� �� H��M���

�see ����� Therefore� if � is acyclic�M��� is exact� and we can consider Tor �M�����

Theorem ���� If there are no closed �� periodic� �	paths on M� then

Tor �M��� � Tor �M�����

This is essentially Theorem ��� of ��� combined with Theorem ��
 of ����

We now dene the correction factor if periodic ��paths do exist� Dene a zeta

function

��z� ���� � exp

�
� �X
r��

zr

r

nX
k��

��
�k
X

c�Pr
k
���

��c� tr���c��

�
�

where Pr
k��� denotes the periodic ��paths on M of length r and index k�

In �
�� we studied the dynamics of such paths� and showed that one could recreate

much of the theory of smooth dynamical systems� In particular� one can dene the

notion of a basic set� Suppose � is contained in a closed ��path� Let  be the set of

all cells � for which there is a closed ��path continuing both � and �� We call  a

non�trivial basic set� We proved in �
���

Theorem ���� �� If� for each non	trivial basic set  � H��! � " ��� � � �where " �

! �  �� then ��z� ���� is regular at z � 
�

�� If � for each non	trivial basic set  � H��! � " ��� � �� and � has no critical cells�

then � is acyclic and

Tor �M��� � ��
� �����

It is somewhat to our embarrassment that we did not earlier put Theorem ��� and

Theorem ��� together to get the general statement� This is the main result of x��
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Theorem ���� If � � ���M� � O�k� is acyclic and H��! � " ��� � � for each non	

trivial basic set  � then

Tor �M��� � Tor �M���� ��
� �����

The proof involves nding a Lyapunov function for the ��paths� and using this

function to deform the boundary operator 
� We see that this separates the torsion

into � terms� one involving the non�trivial basic sets� and the other involving the

critical cells� The theorem then follows by applying the earlier theorems separately

to the two terms�

It is interesting to note that in x� we prove this formula for the �ow along any

combinatorial vector eld �as dened in �
���� not just for the gradient paths of a

Morse form�

The author would like to thank M� Hutchings for some very interesting conver�

staions on this these topics�
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� Combinatorial Differential Forms

In this section� we present a di�erential complex which seems to provide the ap�

propriate context for our work on this subject� There is nothing really new here� but

his complex does not seem to have been explicitly studied earlier�

Let M be a regular cell complex of dimension n� and

�� Cn�M�
�
� Cn���M�

�
� � � �

�
� C��M�� �

the real cellular chain complex of M � with respect to any coe�cient eld� Let

C��M� � �pCp�M��

A linear map

� � C��M�� C��M�

is said to be of degree d if for all p � 
� �� � � � � n

��Cp�M�� � Cp�d�M�

�if p � � or p � n we interpret Cp�M� to mean f�g��

We will be primarily interested in maps of nonpositive degree� Say a linear map

� of degree �d � � is local if� for each p and each oriented p�cell �� ���� is a linear

combination of oriented �p� d��cells which lie in the closure of ��

We are now ready for the main denition for this section�

De�nition �� For d � �� we dene the space of combinatorial di�erential d	forms

�d�M� by

�d�M� � flocal linear maps � � C��M�� C��M� of degree � dg�

We pause here to make a few remarks�


� In the following sections in which we must work with real coe�cients� However�

the denitions and the main theorem of this section hold for any coe�cient ring�

�� For each d � �� �d�M� is a module over the coe�cient ring�
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�� The denitions lead to the �perhaps unsettling� result that the boundary opera�

tor 
 is a combinatorial di�erential 
�form �we will have more to say about this

later��

�� Composition induces a map

�d��M�� �d��M�� �d��d��M��

The next step is to dene a di�erential

D � �d�M�� �d���M��

We do this via Leibniz	s rule� That is� for any � � �d�M� and any p�chain c� dene

�D���c� � Cp��d����M�

by

�D���c� � 
���c��� ��
�d��
c�

�i�e�� D� � 
 �� ��
�d�  
�� This formula is perhaps more suggestively written as


���c�� � �D���c� � ��
�d��
c��

In Lemma 
�
� we summarize some relevant facts about D� which follow immediately

from the denitions�

Lemma ���� �� D��d�M�� 	 �d���M��

�� D� � ��

This leads us to consider the di�erential complex

���M� � �� ���M�
D
� ���M�

D
� � � �

D
� �n�M��� ��

Theorem ���� The cohomology of this complex is precisely the cohomology of M�

That is�

H�����M�� �� H��M��

Proof� One way to prove this theorem is to observe that ���M� is the cellular cochain

complex associated to a subdivision of M� Namely� place a vertex in each cell of M�

Draw an edge between the vertices corresponding to each pair of cells of the form
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��p� � ��p���� For any pair of cells ��p� � 	�p��� there are precisely two �p � 
��cells

�� and �� with � � �i � 	� Draw a ��cell in 	 bounded by the � edges corresponding

to the pairs � � ��� � � ��� �� � 	 and �� � 	� etc� See Figure 
�
�

Figure 


Instead� we will provide a direct algebraic proof which will also serve to illuminate

some of the structure of the objects we have introduced� Let �a�b�M� be the set of local

linear maps from Ca�M� to Cb�M�� Extending such a map to be � on Cp�M�� p 
� a�

we can think of �a�b�M� as a subspace of �b�a�M�� In this way we have

�d �
nM

a�d

�a�a�d�

For any d�form �� we can write

D��� � D���� � ��
�
d��D����
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where

D���� � 
  �

D���� � �  
�

It follows that

D���
a�b� � �a�b��

D���
a�b� � �a���b�

We can piece all of this together in a double complex�

���� ���� � � ���yD�

���� D����� ���� ���� � � ���yD�

��yD�

� ���� ���� D����� ���� D����� ���� ���� � � ���y ��y
� �

To calculate the cohomology of the total complex ���� D� we apply the general

method of spectral sequences �see �
���� We rst calculate the cohomology of the

columns� that is� the D� cohomology� It follows immediately from the denitions that

Ker�D� � �
a�b � �a�b���

is the space of linear maps

� � Ca � Cb

which maps each a�cell � to a closed b�chain in !�� Similarly�

Im�D� � �
a�b�� � �a�b�

is the space of linear maps

� � Ca � Cb
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which maps each a�cell � to an exact b�chain in !�� If we dene

Ha�b �
Ker �D� � �

a�b � �a�b���

Im�D� � �a�b�� � �a�b�

then we see that Ha�b is isomorphic to the space of functions which assigns to each

a�cell � an element of Hb�!��� Since� for each �� !� is contractible� we see that

Ha�b ��

�
� if b 
� �

Ca�M� if b � �

Therefore� the D�cohomology of the original complex is isomorphic to the coho�

mology of the complex

� ���� H���
	D����� H���

	D����� H��� ���� � � ���� ��� ���
C��M� C��M� C��M�

where !D� is the di�erential induced by theD� operator� To prove that the cohomology

of this complex is isomorphic to the usual simplicial cohomology� we will show that�

under the association of Hp�� with Cp�M�R�� the operator !D� corresponds to the

usual coboundary operator ��

Let � be an oriented p�cell of M� and �� � Cp�M�R� the element which maps � to


� and all other p�cells to �� Choose a vertex v � !�� The p�form � which maps � to v

and all other cells to � is a representative of the element ��� � Hp�� which is identied

with �� � Cp�M�� For any �p� 
��cell ��

�D���� � h
�� �iv�

We can see that �D���� � Hp���� is identied with the element of Cp���M�R� which

maps each �p� 
��cell � to h
�� �i� This element is precisely ����

We end this section by presenting some examples of the ingredients we have just

introduced�


�
� Combinatorial Di	erential ��forms
 A combinatorial di�erential ��form �

must map each oriented cell � to c�� for some constant c�� In this way we can identify
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� with a function F � K � R� where R is the coe�cient ring� by setting

F ��� � c��

Every function fromK toR arises in this fashion� We will identify � with the function

F � and use the � notions interchangeably�

Given a ��form � corresponding to a function F� we can express its di�erential as

follows� For any p�cell �

�Dw���� � 
������� ��
��

� 
�F ��������
X

��p�����

F �	�h
�� 	i	

�
X

��p�����

�F ���� F �	��h
�� 	i	�

From this we see

Theorem ���� Let F be a combinatorial di�erential �	form� Then DF � � if and

only if for each pair of cells 	�p��� � ��p�

F ��� � F �	��

It easily follows that DF � � if and only if F is constant on each connected

component of M �that is� F takes on the same value on all cells in a connected

component of M��


��� Combinatorial Di	erential 
�forms
 Choose an orientation for each cell of

M� A combinatorial 
�form � must map each oriented p�cell ��p� to a linear combi�

nation of the form
P

��p����� c���	� We can write this as

���� �
X

��p�����

c���h
�� 	i�h
�� 	i	��

We note that

c���� � c���� � �c���
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where �� and �	 refer to the cells � and 	 endowed with the opposite orientation�

It follows that for each ��p� � 	�p���� the quantity

c���h
�� 	i

is independent of the chosen orientations on � and 	� Let F denote the set of pairs

f��p� � 	�p���g as p ranges from � to dimM � We can identify � canonically with a

map

G � F � R

where

G���p�� 	�p���� � c���h
�� 	i

Every such function arises from a combinatorial 
�form� From now on� for each pair

of cells ��p� � 	�p���� we will write ��� � 	� for G��� 	�� We hope this will not cause

undue confusion�

For example� from �
�
� it follows that for ant F � ���M�� and any ��p��� � �p�

DF ���p��� � �p� � F ���� F ����

Let � be a combinatorial di�erential 
�form� We now derive an explicit represen�

tation of D�� For each p�cell �

�D����� � 
������ � ��
��

� 
�
X

��p�����

��� � ��h
�� �i��

� ��
X

��p�����

h
�� �i��

�
X

��p�������

��� � ��h
�� �ih
�� 	i	

�
X

��p�������

��� � 	�h
�� �ih
�� 	i	

�
X

�����

���� � �� � ��� � ���h
�� �ih
�� 	i	�
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Fix a pair of cells 	�p��� � ��p�� Then there are precisely two �p�
��cells ��p���
� � �

�p���
�

with

	 � �� � �� 	 � �� � ��

The coe�cient of 	 in �D����� is

� ����� � ��� � ���� � 	��� ���� � ��� � ���� � 	��� �

From this we see

Theorem ���� Let � be a combinatorial di�erential �	form� Then D� � � if and

only if for all cells

	�p��� � �
�p���
� � ��p�� 	 � �

p��
� � � �� 
� ��

we have

��� � ��� � ���� � 	� � ��� � ��� � ���� � 	���
�
�

Let � be a closed 
�form� and F a ��form� Then � � DF if and only if for each

pair of cells ��p��� � ��p�

��� � �� � F ���� F ����

We can try to nd F by #integrating$ �� This is� x a cell ��p� and assign F ���

arbitrarily� For any ��p��� � �� dene F ��� by

F ��� � F ��� � ��� � ���

Similarly� if 	�p��� � �� dene F �	� by

F �	� � F ���� ��� � 	��

continuing in this fashion� the identity �
�
� implies that the function F so constructed

is well�dened on any simply�connected subcomplex of M which contains ��

Before leaving this section� we return to our earlier remark that for any regular

cell complex M� the coboundary operator � is a combinatorial di�erential 
�form� In

fact� � is closed� Therefore� from Theorem 
��� � represents a cohomology class of M �
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This leads to the possibly surprising conclusion that for every regular cell complex

M there is a canonical cohomology class

��� � H��M�R��

In fact� this cohomology class is trivial� Namely� dene a ��form F by setting� for any

cell �

F ��� � dimension ����

Then DF � ��
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�� Morse One�Forms

In this section we dene� and investigate� the class of combinatorial one�forms to

which our theory will apply� Let M be a compact regular CW complex� and � �

���M�R� a 
�form satisfying D� � �� Then� restricted to a contractible subcomplex

N of M� we can write � � Df for some f � ���N�R�� We say that � is Morse� if f

is a Morse function on N �as dened in ��� ��� for all such N and f� We can dene

this notion in a more direct fashion as follows�

De�nition �� Say a closed �	form � on M is a Morse form if for all p� and all

p	cells � of M

��� �f��p��� � � j ��� � �� � �g � 


and

�� �f	�p��� � � j ��� � 	� � �g � 
�

This concept can also be dened via #multi�valued functions�$ Let �M
�
�M be any

cover of M satisfying H�� �M�R� � �� Let � be a closed 
�form on M� Then �� � ���

is an exact 
�form on �M so �� � D �f for some �f � ��� �M�R�� Then � is a Morse form

on M if and only if �f is a Morse function on �M �as dened in ��� ���� We can think

of �f as a multi�valued function on M�

De�nition �� Let � be a Morse form on M� Say ��p� is a critical cell if

��� �f��p��� � � j ��� � �� � �g � �

and

��� �f	�p��� � � j ��� � 	� � �g � ��

To be consistent with the standard terminology� if � is critical� we dene the index

of � to be the dimension of ��

In fact� Morse 
�forms have a bit more structure than may at rst be apparent�

Theorem ���� Let � be a Morse �	form on M� and ��p� a p	cell� then either

�f��p��� � � j ��� � �� � �g � �
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or

�f	�p��� � � j ��� � 	� � �g � �

This is Theorem 
�
 of ����

Corollary ���� The cells of M can be partitioned into the critical cells� and pairs

f��p��� � �pg where ��� � �� � ��

We pause here to note the simple fact that every cohomology class can be repre�

sented by a Morse form�

Theorem ���� Let h � H��M�R�� Then there is a Morse �	form � with

��� � h�

Proof� Let �� be any closed 
�form with ���� � h� Choose c � � so that for all p and

all ��p��� � ��p�

��� � �� � �c�

Now dene a function F � ���M�R� by setting for each cell ��p�

F ��� � pc�

Let � � �� �DF� Then clearly � is closed and

��� � ���� � h�

For any ��p��� � ��p�

��� � �� � ���� � �� �DF �� � ��

� ���� � �� � F ���� F ���

� ���� � �� � �p� 
�c� pc

� �

which implies that � is a Morse form�
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Observe that the form � constructed in this proof is trivial� in the sense that every

cell is critical�

In our proofs� it will be convenient to restrict attention to Morse forms which satisfy

an additional hypothesis�

De�nition �� Let � � ���M�R� be a Morse �	form� Say � is �at if for all p and all

pairs ��p��� � ��p�

��� � �� � ��

The main goal of this section is to prove that nothing is lost by restricting attention

to �at Morse 
�forms� as any Morse 
�form is equivalent� in a precise sense� to a �at

Morse form�

De�nition �� Say two closed �	forms �� and �� are equivalent if

�� ���� � ����

where ��i� � H��M�R� is the cohomology class represented by �i�

�� For all p� and all pairs ��p��� � ��p�

���� � �� � �� ���� � �� � �

Note that if �� and �� are equivalent� then

�� is a Morse form � �� is a Morse form�

We are now ready to state and prove the main theorem of this section�

Theorem ���� Every Morse �	form is equivalent to a �at Morse �	form�

Proof� Let � be a Morse 
�form� Choose c � � so that for every p and every ��p��� �

��p�

��� � �� � �c�

Recall that the cells of M can be partitioned into those that are critical� and the

disjoint pairs f��p���� ��p�g where

� � �
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and

��� � �� � ��

Dene a function F � ���M� as follows� For each critical cell ��p� set

F ��� � pc�

For each non�critical pair f��p���� ��p�g set

F ��� � pc

F ��� � pc� ��� � ���

Note that for any ��p�

�p� 
�c � F ��� � pc

which implies� in particular� that for any ��p��� and ��p�

F ���� F ��� � ��

Let

�� � � �DF�

We will see that �� is �at and equivalent to �� We rst observe that �� is clearly

closed� and

���� � ��� � H��M�R��

For each ��p��� � ��p� we have

���� � �� � ��� � �� �DF �� � ��

� ��� � �� � F ���� F ���

� ��� � ���

Therefore�

��� � �� � �� ���� � �� � ��

Conversely� suppose ��p��� � ��p� satisfy

��� � �� � ��
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Then

���� � �� � ��� � �� � F ���� F ���

� ��� � �� � �pc� ��� � ���� �pc�

� ��

It follows that for all ��p��� � ��p�

���� � �� � �

and

��� � �� � �� ���� � �� � �

as desired�
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�� The Morse Inequalities

Let � be a Morse 
�form� and

h � ��� � H��M�R��

Let mp��� denote the number of critical cells of � of dimension p� In ��� �� �� we

considered the case h � �� the setting for classical Morse theory� We proved the

Strong Morse Inequalities

mp����mp����� � � � � �m���� � bp � bp�� � � � � � b�� �p � �� 
� �� � � �

where

bp � dimHp�M�R��

These inequalities imply the Weak Morse Inequalities

mp��� � bp �p � �� 
� �� � � �

m�����m���� � � � �� ��
�
nmn��� � b� � b� � � � �� ��
�

nbn�

Our goal in this section is to nd analogous inequalities when h 
� ��More precisely�

for h � H��M�R� we wish to nd topological invariants Bp�h� so that if ��� � h

the corresponding Morse inequalities are true� In this section we will essentially be

following the ideas of ����� see also ��� and �����

We begin with a little of the standard theory of covering spaces� expressed in the

language of this paper� Let

� � �M �M

denote the universal cover of M� with �M given the cell structure induced from M�

Let �� � ���� Then �� is exact� so we can nd a function �F � ��� �M�R� satisfying

D �F � ��� � �F is dened up to an additive constant��

The rst step is to observe that for any covering transformation

g � �M � �M

�i�e�� so that � � �  g� the function �F  g � �F is constant� That is�

�F �g����� �F ���
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is independent of the cell �� This can be seen as follows

D� �F  g � �F � � D�g� �F ��D �F

� g�D �F �D �F

� g��� � ��

� g���� � ���

� ��  g��� � ���

� ��� � ���

� �

Let ��g� � R denote this constant� If g� and g� are any � covering transformations

��g� g�� � �g� g��
� �F � �F

� g��g
�
�
�F � �F

� g���g
�
�
�F � �F � � �g�� �F � �F �

Since g�� �F � �F is constant� it is left invariant by g��� Therefore�

��g�  g�� � �g�� �F � �F � � �g�� �F � �F �

� ��g�� � ��g���

Therefore� in this way � denes a representation

� � ���M�� �R ����

In fact� it can easily be seen that � depends only on h � ���� Namely� if �� is another


�form with ���� � h then

�� � � �Df
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for some f � ���M�R�� Thus

��� � ���� � ��� � ��Df

� �� �D��f

� D �F �D��f

� D� �F � ��f�

and for g � ���M�

���g� � g�� �F � ��f�� � �F � ��f��

Since

g���f � ��f

we have

���g� � g� �F � �F � ��g��

We now denote the representation � by h� For every t � R we can dene a multi�

plicative representation

�t � ���M�� R
�

by

�t�g� � et�h�g��

For any representation

� � ���M�� R
�

we denote by

Cp�M� �� � Cp� �M�R�

the p�chains of �M which transforms via �� That is�

Cp�M� �� � fc � Cp� �M�R� j g�c � ��g�c �g � ���M�g�

We note that for each g � ���M�� the boundary operator 
 commutes with g� and

multiplication by ��g�� This implies that


�Cp�M� ��� 	 Cp���M� ���
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We can now consider the di�erential complex

C��M� �� � �� Cn�M� ��
�
� Cn���M� ��

�
� � � �

�
� �C��M� ��� ��

Let Hp�M� �� denote the homology of this complex� Observe that if � denotes the

trivial representation �so that ��g� � 
 for all g � ���M�� then we have a canonical

isomorphism

Cp�M� �� �� Cp�M�R�

which is consistent with the boundary operators� so

Hp�M� �� �� Hp�M�R��

Let

bp��� � dimHp�M� ���

We will later prove

Theorem ���� There is a set S 	 R � at most countably innite� such that bp��t� is

constant on R � S� Denote this constant by Bp�h�� For t � S

bp��t� � Bp�h��

In the statement of Theorem ��
 we have dened the desired topological invariants

Bp�h�� We are now ready to state the main theorem of this section�

Theorem ���� Let � be a Morse �	form with h � ��� � H��M�R�� Then with all

notation as above we have

�i� Strong Morse Inequalities


mp����mp������� � ��m���� � Bp�h��Bp���h��� � ��B��h� for all p � �� 
� �� � � �

�ii� Weak More Inequalities


mp��� � Bp�h� for all p � �� 
� �� � � �

m�����m���� � � � �� ��
�
nmn��� � B��h��B��h� � � � �� ��
�

nBn�h��
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The rest of this section is devoted to proving Theorem ���� Along the way we will

prove Theorem ��
�

Out goal is to investigate the homology of the sequences

C��M� �t� � �� Cn�M� �t�
�
� Cn���M� �t�

�
� � � �

�
� C��M� �t�� ��

Rather than considering these varying spaces of chains� it is convenient to change

variables so that the spaces remain constant� but the di�erential varies� Recall that

Cp�M� �� is canonically isomorphic to Cp�M�R�� Namely� if � is an oriented p�cell in

M� choose a lift �� of � �that is� a p�cell �� of �M with ����� � ��� Dene a p�chain

c� � Cp� �M�R� by

c� �
X

g����M�

g�����

It is easy to see that c� is independent of the choice of ��� and that c� � Cp�M� ���

The map � �� c� extends linearly to an isomorphism

i � Cp�M�R�� Cp�M� ���

and the fc�g form a convenient basis for Cp�M� ���

For each t � R � dene a function

et
�F � ��� �M�R�

by setting� for each cell � of �M

et
�F ��� � et

�F �����

The key point is that et
�F maps Cp�M� �� isomorphically onto Cp�M� �t�� For example�

for each c� � Cp�M� �� and g � ���M�

g��et
�F c�� � g��et

�F �g�c�

� etg
�� �F �c�

� et��h�g��
�F �c�

� et�h�g��et
�F c��

� �t�g��e
t �F c��
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so that

et
�F c� � Cp�M� �t��

Now consider the complexes

�� Cn�M�R�
�t� Cn���M�R�

�t� � � �
�t� C��M�R�� �

where


t � i�� e�t
�F 
 et

�F i�

For each t � R the homology of this complex is isomorphic to H��M� �t�� To proceed

further� we will nd a more explicit representation of the operator 
t�

Lemma ���� For any p	cell � of M


t� �
X

��p�����

et���	��h
�� �i�

�where ��� denotes the canonical inner product with respect to which the cells are

orthonormal��

Proof� Let � be a p�cell of M and choose a lift ���p� in �M� For each ��p��� � �� choose

the lift �� such that �� � ��� Then


t� � �i�� e�t
�F 
 et

�F i��

� �i�� e�t
�F 
 et

�F �
X

g����M�

g����

� �i�� e�t
�F 
�

X
g����M�

et
�F �g�����g����

� �i�� e�t
�F �
X

g����M�

et
�F �g�����
�g�����

� �i�� e�t
�F �
X

g����M�

et
�F �g�����g�
 ���

� �i�� e�t
�F �
X

g����M�

X
���p�����

et
�F �g�����h
 ��� ��ig� ���

� i��
X

g����M�

X
�����

et�
�F �g������ �F �g� �����h
 ��� ��ig� ������
�
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We now observe that

h
 ��� ��i � h
�� �i

and

�F �g������ �F �g� ���� � �F ����� �F � ���

� D �F ��� � ���

� ����� � ���

� ������ � ���

� ��� � ���

Substituting� we see that ���
� is equal to

i��
X
���

et���	��h
�� �i
X

g����M�

g� ���

� i��
X
���

et���	��h
�� �ic�

�
X
���

et���	��h
�� �i�

Using the canonical inner product ���� we can dene


�t � Cp�M�R�� Cp���M�R�

to be the adjoint of the operator 
t� so that


�t �
�p� �

X
��p���	�

et���	��h
�� �i��

Now dene the Laplace operator

��t�
p � 
t


�
t � 
�t 
t � Cp�M�R�� Cp�M�R��
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More explicitly� for each p�cell ��

�p�t��� �
X
�
�p�
�

�
�
�
� X
��p���	����	��

et����	�������	����h
�� ��ih
�� ��i

�
�

�

�
� X
��p�����������

et�����	�������	���h
��� 	ih
��� 	i

�
�
	
A�������

The key point is that simple linear algebra implies that for each t � R

Ker �p�t� �� Hp�M� �t��

We are now ready to prove the main results of this section�

Proof of Theorem ��� As the above formula makes clear� the self�adjoint opera�

tors

�p�t� � Cp�M�R�� Cp�M�R�

depend analytically on t� It follows from Rellich	s Theorem ���� that the eigenvalues

of �p�t� depend analytically on t� More precisely� for each t
� � R there is an interval

I containing t�� and dp analytic functions

�i � I � R i � 
� �� � � � � dp

�where dp is the number of p�cells in M� such that for each t � I

spectrum ��p�t�� � f���t�� ���t�� � � � � �dp�t�g�

Let Bp�h� denote the number of �i	s which are equal to � on all of I� Each of these

eigenvalues must be � on all of R � Each of the other �i	s is � for at most nitely many

values of t � I� This implies the theorem�

Proof of Theorem ���� Let � be a Morse 
�form� By Theorem ��� � is equivalent

to a �at Morse 
�form� so we will now assume that � is �at� Our main idea is to

investigate the behavior of �p�t� as t � ��� We think of �p�t� as a matrix with

respect to the basis of Cp�M�R� consisting of the p�cells� so that the matrix elements

are given by ������

Suppose �� 
� �� are two p�cells of m� and ��p��� satises � � �� and � � ��� Since

� is a �at Morse form� ��� � ��� and ��� � ��� are both non�negative� and at least
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one is positive� Thus

��� � ��� � ��� � ��� � ��

Similarly� if 	�p��� satises 	 � �� and 	 � �� then

���� � 	� � ���� � 	� � ��

This implies that the o��diagonal terms of �p�t� vanish exponentially fast as t� ���

Now we consider the diagonal entries

h�p�t��� �i �
X

��p���	�

e�t���	�� �
X

��p�����

e�t���	���

If � is critical� then for each ��p��� � �� ��� � �� � �� and for each 	�p��� �

�� ��� � 	� � �� so the corresponding diagonal entry vanishes exponentially fast

as t � ��� If � is not critical then either there is precisely one ��p��� � � with

��� � �� � � or there is precisely one 	�p��� � � with ��� � 	� � �� but not both�

and all other exponents are positive� This implies that the corresponding diagonal

entry approaches 
 exponentially fast as t� ��� Summarizing

�p�t�
t���
�



� �
� I

�
� ��e
t�

where the �x� black matrix is with respect to the slitting

Cp�M�R� �Mp �M
�
p �

WhereMp denotes the span of the critical p�cells�

This implies that as t � ��� mp��� eigenvalues of �p�t� approach �� and all

of the remaining eigenvalues approach 
� Choose a T � � so that for all p and all

t � �T� �
�
is not an eigenvalue of �p�t�� For t � �T let Wp�t� 	 Cp�M�R� denote

the span of the eigenvectors corresponding to eigenvalues less that �
�
� Then


t�Wp�t�� � Wp���t�

so we can form the Witten complex

W�t� � ��Wn�t�
�t�Wn���t�

�t� � � �
�t�W��t�� ��
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It is easy to see that

H��W�t�� �� H��M� �t��

Choose a t � T so that

dimHp�M� �t� � Bp�h��

Consider the complex W�t� for this t� The equalities

dimWp�t� � mp���

dimHp�W�t�� � Bp�h�

along with some simple linear algebra� imply the desired Morse inequalities�
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�� Reidemeister Torsion

In this section we use the techniques of ��� and �
�� to prove a formula for Rei�

demeister torsion in terms of the dynamics of the gradient vector eld of a Morse


�form� In the case of the di�erential of a smooth S��valued function on a smooth

manifold� this formula recently appeared in �
��� Earlier� special cases appeared in

���� and �
�� 
���

To explain the desired formula� we begin with a review of Reidemeister torsion�

�See �
��� ����� ��� for more details�� Let

� � ���M�� O�k�

be a representation �where O�k� denotes the space of n�n real orthogonal matrices��

Consider the complex of Rk�valued chains on �M�

�� Cn� �M�Rk�
�
� Cn��� �M�Rk�

�
� � � � �

Dene

Cp�M��� 	 Cp� �M�Rk�

to be the chains which transform via ��More precisely� choose an orientation for each

cell of �M such that for each cell � of �M and each g � ������� the map g � � � g���

is orientation preserving� Then every Rk�valued p�chain c of �M can be expressed as

c �
P

��p� c�� for some c� � R
k� Then c � Cp�M��� if for each g � ���M�

g�c� � ��g�c�

That is� if X
��p�

c�g��� �
X
��p�

f���g���c��g��

or� equivalently� if for each p�cell � of �M and each g � ���M�

cg����� � ���g���c���

Note that

dimCp�M��� � k ��fp�cells of Mg�



�� ROBIN FORMAN

The boundary operator 
 maps Cp�M��� to Cp���M���� so we can consider the

complex

�� Cn�M���
�
� Cn���M���

�
� � � � �

Denote the homology of this complex by H��M���� We assume that the represen�

tation is acyclic� that is� H��M��� � ��

We now observe that there is a standard L� inner product on Cp�M���� Namely�

for each cell � of M choose a lift ��� Then� for every c�� c� � Cp�M���� set

hc�� c�i �
X

��Cp�M�

�c������ c�������

where � � � denotes the standard inner product on Rk� Because � is an orthogonal

representation� the inner product h � i is independent of the chosen lifts�

Let 
� � Cp�M���� Cp���M��� denote the adjoint of 
 with respect to this inner

product� and

�p��� � 

� � 
�
 � Cp�M���� Cp�M���

the corresponding Laplace operator� For every representation �

Ker �p��� �� Hp�M����

In particular� if � is acyclic then for each p� �p��� is a strictly positive operator�

With these denitions in hand� we are now ready to dene the Reidemeister Torsion

of M with respect to the representation �� T �M���� by

Tor�M��� �
dimMY
p��

� Det �p����
p��
�

����p �

This formula for Tor�M��� rst appeared in �����

Let � be a Morse 
�form� The goal of this section is to prove a formula for T �M���

in terms of the dynamics of �� This formula will have two types of contributions� One

from the Morse complex of � which is built from the critical points� The other is

a zeta function built from the periodic orbits� We now describe these ingredients

more precisely� Our presentation will be very brief� For a complete treatment of the
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combinatorial Morse complex see ���� For a complete treatment of the combinatorial

zeta functions see �
���

Let �� denote the lift of � to �M� and �f a function �M such that D �f � ��� For each

p� let

Mp����� 	 Cp�M���

denote those chains which are supported on the critical simplices of ��� and transform

via �� We will now dene a di�erential

�
 �Mp������Mp��������

This requires the introduction of the notion of a gradient path of �f� For p�cells ��� �� of

�M� a gradient path of �f �of dimension p and length k � from �� to �� � or equivalently

an ���path from �� to ��� is a sequence of cells of �M

c � �� � �
�p�
� � 	

�p���
� � �

�p�
� � 	

�p���
� � � � � � 	�p���k�� � �

�p�
k � ��

such that for every i � �� 
� � � � � k � 



� �i � 	i and �i�� � 	i

�� �f��i� � �f�	i� � �f��i��� �� ���	i � �i� � � and ���	i � �i��� � ��

Let c be such a gradient path� and suppose �� and �� have been endowed with an

orientation� Choose an orientation for each of the other �i	s and 	i	s� We dene the

�algebraic� multiplicity of c by

��c� �
k��Y
i��

�h
	i� ��ih
	i� �i��i�

Note that ��c� is independent of the chosen orientations on the 	i	s� and the �i	s other

than �� � �� and �k � ����

For any oriented critical cells ��p� and ��p��� of �M� set

h�
�� �i �
X

�
�p���
� ��

h
�� ��i
X

c��������

��c�
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where ����� �� denotes the set of all gradient paths from �� to �� This operator �


extends linearly to a map

�
 �Mp� �M�Rk��Mp��� �M�Rk��

and� in fact� preserves those chains which transform via �� Thus we can consider

M����� � ��Mn�����
��
�Mn�������

��
� � � � �

It is not at all obvious� but true nonetheless� that �
� � �� so M����� forms a

di�erential complex which we call the Morse complex �see ��� for the basic properties

of the operator �
�� The crucial fact is that

H��M������ �� H��M����

We have assumed that � is acyclic soM����� is exact� Note that eachMp�����

inherits an inner product from Cp�M����We can now dene the adjoint operator �
��

the corresponding Laplace operators ��� and thus� using the formula ���� the torsion

T �M������ of this complex�

In ��� we proved that if � is exact� then

Tor�M��� � Tor�M�������

Our goal now is to nd the appropriate correction factor if ��� � H��M�R� is not ��

It is now better to work on M rather than �M� Dene a �	path of dimension p and

length k to be a sequence of cells of M

	 � �
�p�
� � 	

�p���
� � �

�p�
� � 	

�p���
� � � � � � 	

�p���
k�� � �

�p�
k

such that for all i � �� 
� � � � � k � 



� �i � 	i and �i�� � 	i

�� ��	i � �i� � � and ��	i � �i��� � ��

Say 	 is closed �or periodic� if �� � �k�

The dynamics of such paths was studied extensively in �
��� Dene the chain

recurrent set R of � to be the set of cells which are either critical cells of �� or
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which are contained in some non�trivial closed path� The chain recurrent set can be

decomposed into a disjoint union of basic sets

R �
�
i

 i

where two cells � and � in R belong to the same basic set if and only if there is a

closed ��path which contains � and ��

The next step is to introduce a zeta function which keeps track of the closed ��

paths� First note that if c � �
�p�
� � 	

�p���
� � � � � � �

�p�
� is a closed ��path then we can dene

the multiplicity of c� ��c�� as in ������ For a closed path� ��c� is independent of all

choices of orientations� Let ��� be a p�cell of �M which is a lift ��� Then we can lift c

to an ���path �c of �f beginning with ���� Then �c need not be closed� but must end at

g� ���� for some g � ���M�� The element g is not quite well�dened� because replacing

��� by another lift of �� has the e�ect of conjugating g by some element of ���M��

Associating c with this conjugacy class in ���M� we can dene trace���c��� which we

denote by tr��c�� With these denitions in mind� we dene the desired zeta function

by

��z� ���� � exp

�
� �X
k��

zk

k

nX
p��

��
�p
X
c�P

�p�
k

��c� tr��c�

�
��

where P�p�
k denotes the closed ��paths of dimension p and length k� From Theorem

��
� of �
�� we learn the following theorem�

Theorem ���� The power series ��z� ���� has a positive radius of convergence�

Moreover� ��z� ���� can be analytically continued to a meromorphic function on the

entire complex plane�

Say a basic set  is non	trivial if  contains a non�trivial closed path �otherwise

 consists of a critical cell of ��� The following theorem is proved in x� of �
��� �See

Theorem ��
 of �
��� There it is required that � has no critical points� but that

hypothesis is unnecessary if all we care about is the following theorem��
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Theorem ���� Suppose H��! � " ��� � � for each non	trivial basic set  � Then the

zeta function ��z� ���� is analytic at z � 
�

We can now state the main theorem of this section�

Theorem ���� Suppose H��! � " ��� � � for each non	trivial basic set  � Then

Tor�M��� � Tor �M������ ��
� �����

Before� beginning the proof� we will rewrite this theorem in the language of com�

binatorial vector elds� as introduced in ��� 
�� �see also ���������

A combinatorial vector eld V onM is simply a disjoint collection of pairs f��p��� �

��p�g of cells of M� This is equivalent to the denition which we used in ��� and ����

but is closer to the notion as it appeared earlier� in another language in ��� and �����

Let V be a combinatorial vector eld on M� A rest point of V is a cell which is not

contained in any pair in V� A V �path of index p and length k is any sequence of cells

	 � �
�p�
� � �

�p���
� � �

�p�
� � �

�p���
� � � � � � �

�p�
k��� �

�p�
k

such that for each i � �� 
� � � � � k � 



� �i � �i and �i�� � �i

�� �i 
� �i��

�� f�i � �ig � V

A Morse 
�form � gives rise to a vector eld V� which we call the dual vector eld�

by declaring

f��p��� � ��p�g � V � ��� � �� � ��

Then V �paths� as dened above� are precisely the same as ��paths as dened earlier�

The rest points of V correspond to the critical points of �� For any combinatorial

vector eld V� one can dene the chain recurrent set� basic sets� and� given a repre�

sentation � of ���M�� the corresponding Morse complexM�V��� and zeta function

��z� V���� Theorem ��� can now be stated in terms of combinatorial vector elds�
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Theorem ���� Let V be a combinatorial vector eld on M� and � � ���M� � O�k�

a representation� Suppose H��! � " ��� � � for each non	trivial basic set  � Then

T �M��� � Tor �M�V���� ��
� V����

Theorem ��� clearly implies Theorem ���� It is not yet clear to the author� how�

ever� if Theorem ��� is more general than the previous theorem� That is� if V is a

combinatorial vector eld such that H��! � " ��� � � for each non�trivial basic set  

�so that� in particular� V has no homotopically trivial closed paths�� Then is there a

Morse 
�form � such that V is dual to �%

The remainder of this section is devoted to a proof of Theorem ���� Our presen�

tation will be rather sketchy� as the main steps have already been proved in ��� and

�
���

The rst step is the introduction of a Lyapunov function for V� A Lyapunov function

is function g � ���M� such that for all ��p��� � ��p�


� g��� � g����

�� g��� � g��� if and only if f� � �g � V or � and � are elements of the same

basic set�

The existence of such a function is established in Theorem ��� of �
���

Note that for any representation � and any g � ���M�� there is a natural action

of g on C��M���� Namely� g acts on C�� �M�Rk� by multiplying any cell � of �M by

g������� It is easy to see that this preserves C��M����

We now x an acyclic representation � � ���M� � O�k�� a combinatorial vec�

tor eld V� and a Lyapunov function g for V� Consider the one�parameter family of

di�erential complexes

�� Cn�M���
�t� Cn���M���

�t� � � �

where


t � etg
e�tg�
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�etg � ���M� is the function which maps a cell � to etg�������� The homology of these

complexes is constant in t� Let

�p�t��� � 
�t 
t � 
�t 
t � Cp�M���� Cp�M���

denote the corresponding Laplace operator� For every t � R we have

Ker �p�t��� �� Hp�M����

These operators were introduced �in the smooth setting� in ����� and previously stud�

ied in the combinatorial setting in ��� and �
���

The main idea of the proof is to consider the torsion of the 
t�complexes� and to

let t��� That is� dene

T �t� �
nX

p��

� Det �p�t����
p��
�

����p �

Then

T ��� � Tor �M����

We showed in Lemma ��� of ��� �see also ����� of ���� that

d

dt
logT �t� � k

nX
p��

X
critical ��p�

g���

so that e��tT �t� is constant� where

� � k

nX
p��

X
critical ��p�

g����

Now let us take a closer look at the operator 
t� Let e�� � � � � ek denote the standard

basis for Rk� For each p�cell � of �M� and i � f
� � � � � kg let

c��i �
X

g����M�

���g���ei�g
������

Then

c��i � Cp�M����

For any cell � of �M


t� �
X

��p�����

et�g����g����h
�� �i�
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where we have written g��� for g������� It follows that for each i


tc��i �
X

��p�����

et�g����g����h
�� �ic��i�

Since g��� � g��� � � for each ��p��� � �p� 
t converges exponentially fast to an

operator 
�� The corresponding Laplace operator �t converges exponentially fast to

����� where

����c��i � 
�

�
� � 
��
�c��i

�
X
�
�p�
�

�
X

��p����������

h
�� �ih
�� ��i�
X

��p����������

h
�� 	ih
�� 	i�c���i

For each p�cell � of M� choose a lift �� in �M� Then fc���ig� as � ranges over the

p�cells of M and i ranges from 
 to k� forms a basis for Cp�M����

Suppose � is critical� Then for all ��p��� � �� g��� � g��� so that � 
� �� and for

all 	�p��� � �� g�	� � g���� so that � 
� 	� This implies that for all i

������c���i � ��

Suppose ��p� is not in the chain recurrent set� Then either

i� There exists exactly one �p � 
��cell � with � � � and � � �� Moreover� for all

�
�p�
� 
� � with � � � then g��� � g����� so that �� 
� ��

or�

ii� There exists exactly one �p� 
��cell 	 with 	 � � and � � 	� Moreover� for all

�
�p�
� 
� � with �� � 	 then g��� � g�	�� so that �� 
� 	

but not both� Therefore� if � 
� R then for all i

������c���i � c���i

�see the proof of Lemma ��� in �
�� for a more complete discussion��

Suppose � �  for some non�trivial basic set  � Then for any �p�
� or �p� 
��cell

��

� � � � � �  �
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This implies that for any p�cells � and �� ofM� if the coe�cient of c���i in ������c���j

is non�zero� then �� �  � �see the paragraph following the proof of Lemma ��� in �
��

for a more complete discussion��

Let  �� � � � � � denote the non�trivial basic sets� Let Mp��� 	 Cp�M��� denote

the span of the critical p�cells� Np��� 	 Cp�M��� the span of the non�recurrent p�

cells� and Cp� i��� 	 Cp�M��� the span of the p�cells in  i� Expressing �p��� �

Cp�M���� Cp�M��� as a block matrix with respect to the decomposition

Cp�M��� �Mp����Np�����
�
i��Cp� i����

we see that it has the block diagonal form�
BBBB�
�


��

p

� � �
��

p

	
CCCCA���
�

where

�i
p � �p��� jCp�
i��� �

We take a moment to consider the operator �i
p� Extend the cell structure of  i to

a cell structure on ! i �this is not necessary if ! i is a subcomplex of M�� Then there

is a canonical isomorphism between Cp� ! i� " i��� and Cp� i���� where " i � ! �  �

Namely� if c �
P

�p� 	
i
c�� represents an element of Cp� ! i� " i���� then identify c withP

�p�
i
c��� With this identication the operator


 � Cp�! i� " ���� Cp���! i� " ���

corresponds to the operator


� � Cp� i���� Cp��� i����

so that

Ker �i
p
�� Hp� ! i

" i����

It follows that if� for each i� H�� ! i� " i��� � �� then for each i and p

det�i
p 
� ��
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Let

�
i
�z� V��� � exp

�
� �X
r��

zr

r

nX
p��

��
�p
X

��P
�p�
r �
i�

m�	�tr������

�
�

where P
�k�
r � i� denotes the closed paths of index p and length r consisting of cells

in  i� �Recall that by the denition of a basic set� each closed path is a subset of a

single basic set�� Then �
i
�z� V��� can be analytically continued to a meromorphic

function on the entire complex plane� The following is Theorem ��� of �
���

Theorem ���� Suppose H�� ! i� " i��� � �� Then �
i
�z��� is analytic at z � 
� and

Tor � ! i� " i��� �
Y
p

� Det �i
p�

p��
�

����p

� �
i
�
� V����

Let Det ��p��� denote the product of the non�zero eigenvalues of �p���� Then

Theorem ��� has the following implication�

Corollary ���� Suppose that H��! � " ��� � � for each non	trivial basic set  � Then

��z� V��� is analytic at z � 
� andY
p

� Det ��p����
p��
�

����p �
Y
p

�
Y
i

Det �i
p�

p��
�

����p

�
Y
i

�
i
�
� V��� � ��
� V����

It remains to understand the behavior of the eigenvalues of �p�t� which tend to �

as t��� From ���
� we see that the number of such eigenvalues is

k ��fcritical p�cellsg�

Since the eigenvalues vary continuously with t� there are T �� � � � such that for all

t � T �

�feigenvalues of �p�t� � �g � k ��fcritical p�cellsg�

For t � T �� dene the Witten space

Wp�t� V��� 	 Cp�M���
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to be the span of the eigenfunctions corresponding to eigenvalues less than ��

The operator 
t commutes with �p�t�� so 
t preserves W��t� V���� Thus we can

consider the complex

W�t� V��� � ��Wn�t� V���
�t�Wn���t� V���

�t� � � � �

It follows that for all t

H��W�t� V���� �� H��M����

Since � is acyclic� W�t� V��� is exact� and we can consider� for each t�

Tor �W�t� V���� �
Y
p

� Det �p�t� jWp�t�V����
p��
�

����p �

Summarizing what we know so far� we see that for each t

Tor �M��� � e��tT �t� � e��t Tor �W�t� V���� ��
� V��� �O�e�
t�������

From ���
� we learn that

lim
t��

Wp�t� V��� �Mp�V��� 	 Cp�M��������

whereMp�V��� is the Morse space of p�chains supported on the rest points of V� Let

��t� � Cp�M����W�t� V���

be the orthogonal projection� For each critical p�cell �� and for each i � f
� � � � � kg�

let ���i�t� � ��t�c��i� Then for t large enough f���i�t�g forms a basis for Wp�t� V����

Let I�t� denote the square matrix with rows and columns indexed by pairs f�� ig

with � a critical p�cell and i � f
� � � � � kg� and

If���i�gf���i�g�t� � h����i��t�� ����i��t�i

t��
� �f���i�gf���i�g

Let

����i�t� � I�
�
� �t����i�t��

Then f����i�t�g forms an orthonormal basis of Wp�t� V����

The following is Theorem ��
 of ����
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Theorem ���� For any critical cells ��p��� and ��p�� and any i� j � f
� � � � � kg� as

t��

h
t�
�
��i� �

�
��ji � et�g����g�����h�
c��i� c��ji� ��e

�t
��

for some � � ��

Let

G �Wp�t� V����Wp�t� V���

denote the linear map which satises

G�����i� � g�������i�

Let

�
t � e�tG
te
tG

Then Theorem ��� implies that

lim
t��

�
t � �
�����

Denote by �W�t� V��� the complex

��Wn�t� V���
��
�t Wn���t� V���

��
�t � � � �

Of course�

H��W�t� V���� �� H��W�t� V���� � �

so we can consider the torsion of �W � From ����� and ����� we see that

lim
t��

Tor � �W�t� V���� � Tor �M�V�����

It follows form Lemma ��� of ��� that

Tor � �W�t� V���� � e�t Tor �W�t� V�����

Substituting into ���
� we learn

Tor �M��� � Tor � �W�t� V���� ��
� V��� �O�e�
t��

Letting t�� yields

Tor �M��� � Tor �M�V���� ��
� V���

as desired�
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