Free Differential Calculus. I1: The lsomor phism Problem of Groups
Ralph H. Fox

The Annals of Mathematics, 2nd Ser., Vol. 59, No. 2. (Mar., 1954), pp. 196-210.

Stable URL:
http://links.jstor.org/sici ?sici=0003-486X %28195403%292%3A 59%3A 2%3C196%3A EDCIT1%3E2.0.CO%3B2-Y

The Annals of Mathematicsis currently published by Annals of Mathematics.

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journal s/annals.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archiveisatrusted digita repository providing for long-term preservation and access to |eading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It isan initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Fri Oct 19 02:22:24 2007


http://links.jstor.org/sici?sici=0003-486X%28195403%292%3A59%3A2%3C196%3AFDCITI%3E2.0.CO%3B2-Y
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/annals.html

ANNALS OF MATHEMATICS
Vol. 59, No. 2, March, 1954
Printed in U.S.A.

FREE DIFFERENTIAL CALCULUS. II

The isomorphism problem of groups
By Ravren H. Fox

(Received March 18, 1953)

1. Group presentations

Consider the free group X generated by x = (21, 22, ---), and let r =
(r1,r2, - - -) be any set of elements of X. The smallest normal subgroup of X that
contains all of the elements r,, ., - -+ is the intersection R of all the normal
subgroups of X that contain these elements; R consists precisely of those ele-
ments of X that are of the form | ] %—juri*uz", where w; ¢ X and &x = +1. The
elements of R are consequences of r, and R itself is the consequence of r.

The set x of generators and the set r of elements of X determine uniquely
the quotient group G = X/R. The associated homomorphism ¢ of X on G
carries x into a set x* = (zf, 2%, - - -) of generators of G. Conventionally the set
x itself may be called a set of generators for G. The set r is called a set of rela-
tors," and the equations 7; = 1 are called defining relations for G. This somewhat
awkward terminology has been inherited from former times when elements of
G were not clearly distinguished from elements of X. To abbreviate the termi-
nology the whole situation may be summarized symbolically

G = (x:r1).

The symbol on the right I call a presentation of G; it consists of a set of gener-
ators x and a set of relators r. The name ‘presentation’ was chosen because the
situation is, in a sense, dual to that of group representation.

That every group has a presentation is simply a restatement of a well-known
fact; however it may be very difficult to decide whether two given presenta-
tions define the same group or not. This is the ssomorphism problem.

The cardinal number of the set x is the rank of the presentation (x: r). The
rank of a group G is the minimum of the ranks of its presentations, i.e., the rank
of G is the smallest n such that G may be generated by = of its elements. It is
well-known that the free group X generated by (z:, ---, x,) is of rank n. A
group (or a presentation) is said to be finitely generated if it is of finite rank.
In this paper the group G under consideration is assumed to be finitely gen-
erated, and only its finitely generated presentations will be considered. It will
be sufficiently obvious where this restriction could be removed if desired; the
theory to be developed is more or less ineffective on groups that are not finitely
generated. Since a finitely generated group is necessarily countable the set of
relators may be assumed enumerable.

A presentation (x: r) is finite if both of the sets x and r are finite; a group is

! Terminology suggested by H. Freudenthal.
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Jinitely presented if it has a finite presentation. A finitely generated group need
not be finitely presented [28].

It is convenient to generalize slightly the concept of a presentation of a group.
Consider the free group X generated by x = (x1, 2, - -+) and the free group
A = (a1, a2, --+). The free product X * A is just the free group generated by
(x;a) = (@1, 22, - ;a1,0, ). Letr = (r1, r, --+) be any set of ele-
ments of X x A and R the consequence of r in X * A. In this situation there
is uniquely determined not only the group G = X x A/R but also the subgroup
F = RA/R =~ A/R n A of G. The associated homomorphism ¢ of X * A on
G maps A on F. The generators a;, az, --- are called distinguished generators.
I write

(G, F) = (x;a:1)

and call the symbol on the right a presentation of the pair (G, F). A presenta-
tion of the pair (G, 1) consisting of G and the trivial subgroup 1 is nothing else
than a presentation of G. The isomorphism problem of groups may be extended
to the isomorphism problem of pairs: given presentations (x; a: r) and (y; b: s),
does there exist an isomorphism of X * A/R on Y % B/S that maps RA/R on
SB/S?

The cardinal number of the set x of non-distinguished generators is the rank
of the presentation. The rank of a pair (G, F) is the minimum of the ranks of its
presentations, i.e., the rank of (G, F) is the smallest n such that G may be gen-
erated by F and n other elements of G. It is a trivial exercise to show that every
pair has a presentation and that, moreover, a pair consisting of a finitely gen-
erated group and a finitely generated subgroup has a finitely generated presenta-
tion, i.e., one in which the sets x and a are finite. From now on we assume that
F as well as G is finitely generated.

A presentation may be altered in several ways without changing the iso-
morphism type of group, or pair, presented. The basic alterations are the Tietze
transformations (I), (II) of first and second kind [26, 27], whose definitions I
generalize here to presentations of pairs. In a Tietze transformation of first
kind (I) = (I)™" one adjoins to the set of relators r of a presentation (x; a: r)
any set of consequences of r. The inverse operation (I)™' deletes from the set
of relators r any set of relators that are consequences of the remaining set. In a
Tietze transformation of second kind one either (II') adjoins to the set a of
distinguished generators a new generator b and simultaneously adjoins to the
set of relators r a new relator s of the form s = b-f~' with f € 4, or (II) adjoins
to the set of non-distinguished generators a new generator y and simultaneously
adjoins to the set of relators a new relator of the form s = y-f with f ¢ X = A.

It is easily verified that the pair presented is unaltered in isomorphism type
by the Tietze operations (I), (IT), (II’); of course the inverse Tietze operations
(D7, AD™, AT)™", when applicable, also do not change the isomorphism type
of pair presented. The basic fact about groups and their presentations is the
well-known Tietze theorem, which I generalize slightly to a theorem about
pairs and their presentations.
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(1.1) TiETZE THEOREM [26, 27]. If presentations
@1, Tm A, -, 0 1,72, ) and

(yla"')yp; bl)"')bq: 81)827"')

define isomorphic pairs then it is possible to pass from one to the other by a finite
sequence of Tietze transformations.

Proor. By hypothesis there are given homomorphisms ¢ of X * A upon G
and ¥ of ¥ x B upon G such that R is the kernel of ¢ and S is the kernel of ¢
and ¢(4) = Y(B) = F. Let &, ---, &, be elements of ¥ « Band 71, -+, 1,
elements of X A such that 2? = £ and n¢ = yY. Similarly let oy, - - - , a, be
elements of B and 8, - - -, 8, elements of A such that a? = of and 8¢ = b’.
Determine homomorphisms (actually retractions) p and ¢ of X * A « ¥ x B
upon X * A and B x A respectively by defining

=2 2i=&
af = a; a; = a;
Yvi=mi  Yi=y;
by =85 b=y
It is obvious that ¢p = Yo. The kernel of p is the consequence of yq * and bs~;

it follows that the kernel T of ¢p is the consequence of yn ', b and r. Simi-
larly T, as kernel of Yo, is found to be the consequence of x¢ ', aa~ " and s. Thus

(G, F) = (x, Y; a, b: xE—l, yn-l, aa.17 bB_l, r, S)'

But
(x;a:1) = (x,y;8,b:yn ', b7, 1, 5) by (IT)”(II')7,
— (x,y;8 b:xt , yn ", aa ', b8, 1, 8) by (I),
— (x,y;a b:xt", aa™, s) by (D)7,
— (y; b:s) by (II)"™(I1")~".

The importance of this theorem is that it reduces the problem of showing that
a given function of presentations is an invariant of the isomorphism type (of
group or pair) presented to checking that it is unaltered by the Tietze transforma-
tions.

2. Jacobians

Let (x; a: r) be a presentation of a pair (G, F) and let ¢ be the associated
homomorphism of X upon G. For each non-distinguished generator z; and
relator r; the ¢-image (9r;/dx;)® of (9r;/dx;) is an element of the group ring
JG of G. The matrix (9r/9x)° = (A(r, ra, ---)/0(@1, T2, -+ , Zm)® =
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|| (@r:i/8x;)® || of elements of J@, whose rows (9r;/9x)® correspond to the relators
r; , and whose columns (dr/dx;)® correspond to the non-distinguished generators
x;, is called the Jacobian matrix of the presentation [13].

The Jacobians of the various presentations of (G, F) are called the Jacobians
of (G, F). In particular the Jacobians of (G, 1) are called the Jacobians of G.
Let us examine the effect of the Tietze transformations on the Jacobian of a
presentation.

(I): If a new relator s is adjoined to the set of relators r, the Jacobian matrix
acquires a new row (9s/8z,, --- , 3s/0x,)*. If s is a consequence of T this new
row is a left-linear combination of the rows (9r:/dxy , -+ , 9r:/d2,)°.

ProoF. A consequence s of r is an element of X of the form s =
TIL w ruz', where ux ¢ X and & = =£1. I claim that (3s/dx;)® =
> b1 evuf (ars,/0x;)®; this caleulation may be made directly, but it is enlightening
to do it piecewise as follows.

(1) Ifr1, 75 € R then (3(rirs)/ (3z,)* = (8r1/02,)* + 1% (3ro/02,)* = (8r1/825)° +
(0re/8z5)°;

(2) If 1 € R then (9r1'/9z,)* = —r1*(9n/0z,)* = —(9r/d2,)*;

() If e R and u ¢ X then Q(urw™)/dz,)® = (1 — uru ) (0u/dz,)® +
u?(9r1/9z;)* = ub(or/oz;)*.

This shows, more explicitly, that

(1) when two relators are multiplied together the corresponding rows are added
together;

(2) when a relator is replaced by its inverse the corresponding row changes sign;

(3) when a relator is transformed the corresponding row is multiplied on the left
by a group element.

(AI): If a new generator y is adjoined to the mon-distinguished generators
Ti, - -, Tm and a new relator y-f~, where f € X % A, is simultaneously adjoined
to the relators r1, rz , - - - the Jacobian matriz acquires a new row and a new column.
The entry in the intersection of the new row and column is (3(yf™")/0y)® = 1, the
other elements of the new column are (9r;/dy)® = 0. The other elements of the
new row are (3(yf ')/ox;)® = —(8f/9z;)*; the fact that these elements are not
quite arbitrary might conceivably be useful but I know of no way to make use
of it.

(I1"): If a new distinguished generator b and a new relator b-f~", where f ¢ A,
are simultaneously adjoined, the Jacobian matriz acquires a new row whose entries
are (3(bf ") /dz;)® = 0.

With the above calculations in mind we define two matrices over a ring to be
equivalent if one can be obtained from the other by a finite number of elementary
transformations (0), (I), (II), (I)™", (A1), where these are defined as follows:

(0) Permute the rows in any way or permute the columns in any way;

(I) Adjoin to the matrix A = || a} || any (countable) number of rows, each
new row being a left-linear combination of the rows of A;

(IT) Adjoin to the matrix A a new row and a new column such that the entry
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in the intersection of the new row and column is 1 and the remaining entries
|A
|+ 1

Clearly the Tietze operations (I) and (II) induce in the Jacobian matrix the
elementary transformations of the same designation. The Tietze operation
(IT") induces a very special kind of elementary transformation (I), that is
designated below by (I;). Thus

(2.1) TueoreM. The Jacobian matrices of the finitely generated presentations
of a finitely generated group @ all belong to a single equivalence class over JG.
More generally, the Jacobian matrices of the finitely generated presentations of a
pair (G, F) consisting of a finitely generated group G and a finitely generated sub-
group F, all belong to a single equivalence class over JG.

Among the Tietze transformations of first kind a special role is played by the
transformation (I,) that adjoins to the set of relations a number of empty
relations 1 = 1. The corresponding elementary transformation is (Io): Adjoin
to the matrix A a number of 0-rows (0, --- , 0). [In order to avoid a certain type
of mistake at a later stage of the development I have found it advisable to
adjoin mentally a sufficient number of 0-rows to every Jacobian matrix.]

To adjoin a 0-column is nof an elementary transformation; it would correspond
to adjoining a new free generator (which would obviously change the isomorphism
type presented). Thus the roles of row and column are not completely inter-
changeable; nevertheless, as will be shown below, they are almost interchangeable.

By compounding several Tietze transformations of the first kind one may
obtain the transformation (III) that multiplies each relator of a given subset
of r by an appropriate consequence of the relators in the complementary set.
The corresponding elementary transformation is

(IIT) Add to each row of a given subset of the rows an appropriate left-linear

A
B+ PA

in the new column are all 0; A —

combination of the rows in the complementary set; , where

B

-|
P is an arbitrary matrix of the proper size.

Surprisingly, the “analogous” transformation of columns is also an elementary
transformation.

(II1*) Add to a column a right-linear combination of other columns. This is
done as follows:

1 1
ar G **° Qn 0...0
2 2
ai Qs **° Qn

1.1 1
ai1@s **° Gn

— by (II)

afa}...a
: " e —1 0|1 0

¢e 0 —-1]0 1
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d+Sde 0 0 alal
af-{-ga?cj 0 --- 0 |ai---ah
- . C e . -+ |l by (1)
c2 -1 0 |1 0
Cn 0 —-1|0 1
ai+§a}c,~ ai---ai
N a¥+§a§cj g by (0) and (II).

[(IIT*) need not correspond to any Tietze transformation of group presentations
because the elementary transformations (II) used might not correspond to
Tietze transformations (II).]

In the presence of (ITI*) we see that (II) can be replaced by the special case

A O
(ITo) A— ” || .
0 1

Thus the definition of equivalence may be given by the more nearly ‘“‘symmetric”
set of elementary transformations (0), (L), (IL,), (III), (IIT*) in place of the
“unsymmetric”’ set (0), (I), (I).

In practice a useful elementary transformation is

(IV) Left-multiply a row by a unit e of the ring. [If ¢ = —1 this corresponds
to replacing a relator by its inverse; if e is a group element it corresponds to
replacing a relator by one of its conjugates.]

In general it may be done as follows:

a;’:...a;
— | 0 --- 0 | by (1D

by (D7

eai -+ - ean
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The “analogous” transformation of columns is also an elementary transformation
[although it is harder to prove because there need not be any convenient
0-columns.]

(IV*) Right-multiply any column by a unit e of the ring

1 1 1
a1 az :-- Qq Oi‘
1 1 1
ay Qa2 *°* Qn 2 2 2
ai s **° Gn
2 2 2
a; Qaz -+ An g . . cee . by (IIO)

1 1 1 1
ay Qg2 *-° Qn aie
2 2 2 2
ay Gz *°° Qn ae
— by (II1%*)

0 ai -+ an | ate
0 a3 --- ai | aie !
— . by (I1I%*)
|
0 -0 | 1]
0| a3 - - ar alell
0|a--- ai ale
- by (IV)

110 ---0 —e|

1 1
aie az * - Gy

— |lale a3 -+ ak|| by (D)™ and (0).

It may be convenient, in practice, to deal directly with the group ring JG.
Instead of group-homomorphism ¢ of X on G with kernel R associated with a
presentation (x: r) we consider the ring-homomorphism of JX on JG. Its
kernel is the ideal R generated by the elements r; — 1. Thus we are led to
consider a presentation (x: 'r) of a ring JG where 'r; = r; — 1 (or more generally
(x: q) where g¢; is an element of the fundamental ideal ¥) and R is the consequence
of 'r, i.e. the ideal generated by the elements 'r; . It is easily verified that Tietze’s
theorem holds for ring-presentations with the following modifications: the
consequences of r, i.e. the elements of R, are the elements of the form
Z;Ll a1y, b , where ai , by ¢ JX; the new ring-relator in Tietze (II) is y — f
where y is the new generator and f ¢ X (or more generally f ¢ JX such that




FREE DIFFERENTIAL CALCULUS. II 203

f° = 1). Since 'r¢{ = 0, it is especially easy to verify that Tietze (I) in its ring
form adjoins new rows that are left-linear combinations of the old rows. For
(3> a’rb/dz;)® = D {(0a/ox,;)* r°b° + a®(d'r/dx,)*b° + o 1*(9b/dz;)*} =
> a® (3" r/0x,)*".

3. Homomorphs of the Jacobians

A homomorphism® ¢ of the ring JG maps the Jacobians (dr/dx)® of (G, F)
into matrices (9r/dx)*® whose entries belong to the ring (J@). I call (or/9x)*
the Jacobian of (x; a:r) at ¢, or a Jacobian of (G, F) at . Clearly

(8.1) The Jacobians of (G, F) at ¢ belong to a single equivalence class over the
ring (JGY.

Suppose that for every group G of a certain type there is assigned a homo-
morphism ¢ = ¢ of the group ring JG; the group rings JG of these groups are
then said to have a generic homomorphism ¢. Let G = (x: 1) and G¥ = (y: s)
be groups of the type considered. Then

(3.2) In order that G° ~ G® it is necessary that (JGV)*' ~ (JG®)*. If this
condition is satisfied it is then further necessary that the matrices (9r/0x)**" and
(9s/3y)**** should be equivalent over (JG®)** for some isomorphism 6 of (JGO)¥*
upon (JGP).

In applications to knot theory the following sharper statement is required:

(3.3) Suppose that the group rings JG of the group G of a certain type have a
generic homomorphism ¥ into a given ring (JG)¥. Then two groups, G = (x: 1)
and G® = (y: s), of this type can be isomorphic only if the matrices (9r/ox)****
and (9s/9y)**** are equivalent over (JG.

A simple example of a generic homomorphism is the endomorphism o: JG — J.
Another generic homomorphism is the abelianizing homomorphism ¢: JG — JH,
where H denotes the commutator quotient group G/G,. These and various
intermediate possibilities have the practical advantage that the image rings
are commutative. In a later part of this paper representations of JG by matrices
over a ring will be considered; generally speaking, these will not be generic.

Of all the choices for ¢ certainly the least prepossessing is the endomorphism
o. It is therefore very auspicious that

(3.4) The commutator quotient group H = G/G; is determined by the Jacobian
class of G at o.

This follows from the noteworthy fact that

(3.5) The Jacobians of G at o are relation matrices for H, which follows tm-
mediately from the observation [FDCI §2] that (9r:/dx;)° is the exponent sum of
x;in r;. Thus

(8.6) The torsion numbers of H are the invariant factors of (0r/0x)° and the
betti number of H is the nullity (the number of columns minus the rank) of
(or/9x)°.

2 Usually ¢ will be the extension to JG of a group-homomorphism ¢ of G (so that (J' )Y
would be the group ring of G¥). However this need not be the case. For instance a homo-
morphism of JG into the ring of integers of an algebraic number field may be useful.
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Similarly it may be shown that the Jacobians of (G, F) at o are relation
matrices for G divided by its smallest normal subgroup that contains G, and F.
(Notice that (dr/9x)° is unaltered if we set equal to 1 the distinguished generators
ay,a, * - )

The above indicates that the Jacobian class of G at a homomorphism y
contains information about the structure of G that is destroyed by ¢ itself.
Roughly speaking, the Jacobian class of G at ¢ determines the structure of G
modulo the commutator subgroup of the kernel of ¢; the exact statement may
be found in [10].

4. The Alexander matrices

Consider a matrix A over an arbitrary commutative ring and an arbitrary
non-negative integer d. The ideal generated by the minor determinants of A of
order n — d, where n is the number of columns, is called the ™ elementary
ideal G4(A) of A. It is to be understood that G;(A) = (1) for d = n, and that
G4(A) = (0) if A has fewer than n — d rows. Clearly G;(A) C G;.1(A); thus to
each matrix A there is associated its chain of elementary ideals

G(A) c Gi(A) C -

By the length of this chain is meant the smallest integer d for which G;(A) = (1).
The smallest integer d for which G;(A) = (0) is the nullity of A.

(4.1) Equivalent matrices have the same chain of elementary ideals.

This is most easily checked by showing that &, is unaltered by the elementary
transformations (Ip), (III), (III*) and (IL). For (I,), (III) and (III*) this is
immediate. (Note that the fact that € = (0) if A has fewer than n — d rows
enters into the consideration of (I;).) The elementary transformation (II,)
A
0 1
matrix A appears as a minor determinant of order n + 1 — d of the matrix

A O A O
HO 1 0 1 of order n + 1

— d is a linear combination of minor determinants of A of order n — d. Thus

o (o 9

replaces A by . Clearly every minor determinant of order n — d of the

, and conversely every minor determinant of

) = §4(A) for every d < n. Furthermore

o

The theory of the Jacobians at a homomorphism into a commutative ring is
dominated by the theory of the Jacobians at the abelianizing homomorphism
¥: JG — JH. I call a Jacobian matrix at ¢ an Alezander matriz.® By the d*
elementary ideal of (G, F) will be meant the ™ elementary ideal of an Alexander
matrix of (G, F). It follows from (3.1) and (4.1) that this ideal of the ring JH

tg ?“) = (€.u(A), 1) = (1) = C.(A).

3 Such matrices generalize the matrices introduced by Alexander in [1].
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does not depend on the presentation of (G, F) used; it will be denoted by C4(G, F).
By the d™ elementary ideal G4(@) of G will be meant G4(G, 1). The elementary
ideals of (G, F) form the chain of elementary ideals of (G, F)

GG, F) &G, F) -,

From (3.2) it follows that

(4.2) GV ~ G? only if H® ~ H® and some isomorphism of H" upon H®
trans({)orms the chain of elementary ideals of G into the chain of elementary ideals
of G,

Let us consider now two subgroups F and E of G, where E C F. Let the
rank of (F, E) be c and consider a presentation (z1, +** , Tn; @, *** , Qm : T)
of (G, E) which is such that (1, -+« , Tnv ; Tnct1, **" » Tn, G,y *** , Om I T)
is a presentation of (G, F). (It is easily seen that such a one always exists.)
Consider a minor determinant of order n — d of the Alexander matrix
or/o(xy, -~ -, z.))¥* of the given presentation of (G, E). Its Laplace expansion
according to those of the columns (0r/92,_c41)*, - - - , (8r/dz,)* that are present
shows that it belongs to one of the ideals G;_.(G, F) for somee = 0, 1, --- , ¢,
hence to the ideal G4(G, F). Thus G«(G, E) < Gu(G, F). On the other hand a
minor determinant of order (n — ¢) — d of the Alexander matrix
(0r/a(z1, - - , Ta_c))*® of the given presentation of (G, F) is a minor determinant
of order n — (¢ + d) of the Alexander matrix (or/d(z1, - - - , z.))** of (G, E).
Thus Gi(G, F) C G4ye(G, E). Summarizing:

(43) If E C F C G then Gy(G, E) < Gu(G, F) < Cu,4(G, E), where c is the
rank of (F, E).

In order to compare the elementary ideals of G and a homomorph G/N of G
it must be assumed that (G/N)/(G/N). ~ G/G:, i.e. that N D G, . It is also
only reasonable to assume F D N. If (G, F) = (x; a: r) then (G/N, F/F ~ N)
has a presentation (x; a: r, s), where each s; belongs to A.

Then o(r, s)/ox = || ®/%% ||, so that, for each d, Ga(G/N, F/F ~ N) =

0
G4(G, F). Thus we get

(4.4) G«(G/N, F/F ~ N) = G4(@, F), whenever N is a normal subgroup of G
such that G € N C F. In particular, €;(G/N) = GG, N) if G: C N.

If, in an Alexander matrix of (G, E), ¢ columns are deleted, the result is an
Alexander matrix of a pair (G, F) where F D E and is such that the rank of
(F, E) is < c. Thus Guyo(G, E) = 2. Gu(G, F), where the summation is ex-
tended over certain subgroups F for which the rank of (F, E) is £ c¢. On the
other hand if F is any such subgroup there can be found a presentation of
(G, E) such that an Alexander matrix for (G, F) is obtained from the Alexander
matrix of this presentation of (G, E) by deleting ¢ properly chosen columns.
Hence

(4.5) Gy oG, E) = > Gy(G, F), summed over those subgroups F that are of
rank ¢ over E. In particular G4(@) = > Go(@, F), summed over the subgroups F
of rank d.
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Now let us consider the free product @ = G® x G® of groups G and G*.
The commutator quotient group of G x G® is the direct product H = H® - H®
of the commutator quotient groups H” and H® of G® and G®. Thus the
rings JH® and JH® are imbedded in JH in a natural way, so that Alexander
matrices of @, G® and @ can be compared. If G = (x;1) and G® = (y: s)
A, O

then G = (x, y: 1, s); hence an Alexander matrix of G is o A
2

, where

A; and A, are Alexander matrices of G¥ and G*”. Hence
(4.6) GG * G®) = Zd1+d2=d @dl(G(l))'@dz(G(2)).

Since the free group of rank n is the free product of n infinite cyclic groups it
follows that
(4.7) The d™ elementary ideal of the free group of rank n is

Cs = (0)ifd < m,
= (1)ifd = n.

Next we consider abelian groups.
(4.8) The d™ elementary ideal of the free abelian group H of rank n = 1 s

G = (0)ifd=0,
=9""ifl1<d=n-1,
=) ifd = n,

where $ denotes the fundamental ideal of JH.
Proor. That G = (0) is proved in §5 below. That G, = (1) follows from
(4.7), (4.4) and (4.3). This proves (4.8) for n = 1. If n > 1 the group H = H™

has the presentation (x1, -+ , T, : [#1, o], -+, [Tn—2, Zn), [Ta_1, 2.]). Denote
its Alexander matrix by A, . We have
A, 0
1 — 2, xn— 1
A, =

1—13,,, 1,‘,,_1—1

Since each entry of A, is an element of § we have G4(A,) € $" . On the other
hand it may be seen that if d = 1 any minor determinant D of A,_; of order
(n — 1) — d may be enlarged to a minor determinant of A, of order n — d
whose value is (x; — 1)D where j is any of the indices 1, - , n. Thus G;(A,) D

(xn — 1, --- , z, — 1)Gus(A,_1). Repetition of this argument shows that
GiA) D (1 — 1, o, 2, — D)o@ — 1, -0 ) Ty — 1)
(xp — 1,22 — 1, -+, Zgy1 — 1). But the same formula must hold with the

indices (1, - -- ,n) permuted in any way. Hence Ga(A,) D $" .
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In the same way it may be shown that
(4.9) Thed™ elementary ideal of the direct product H = H® X H @5 ... x H™

of cyclic groups of respective orders py, Pz, -+ , Pn, Where pr = 0, ist
Cs = (0102 + -+ on) ifd =0,
= D hichace < Dby Dby 0 Db if1 S d Em — 1,
= (1) ifd = n,

where o, denotes the sum of the elements of the group H® if pr > 0, and o1, = 0
if pr = 0, and Oy, denotes the ideal (H, or) consisting of those elements w for which
u’ = 0 (mod px).

6. The order ideal

The 0™ elementary ideal is called the order ideal.
(5.1) The order ideal of a group G depends only on its commutator quotient

group H. In fact G(G) = (o), where
o = Dnen hif H is finite
= 0 ¢f H is infinite.
Proor. Since H is a finitely generated abelian group, H = H W % H® x
«oo X H" where H” = (t;: t?%) and p; = 0. Choose a presentation (x: r) of

G such that z¥® = ¢;forj=1, -+ ,pand a¥* = 1forj=p+ 1, -, n (cf.
[1]). Let

Pi __
R S R RTIE it >0,
¢

It is easily verified by direct calculation that, u(t; — 1) = 0 for every j if and
only if = 0 (mod o, ‘- ¢,). By the fundamental formula [FDCI (2.3)],
(or/dz;)**(x¥* — 1) = 0. Hence, for any subset r’ = (r;,, - -, 7,) of the relators,
and any index k = 1, --- , n, we find
INZ) , / I\ ¥é
det(i—f—(—) @t -1 = det(a—r L or (@r—1), - 6r>

oz’ ? dxy, ? 0xn

/ NG
—Zdet(—a—i e =, 61')

ixk 0y ’ ’ ax,- ’ 0%n

= 0.
Consequently

I\ Vo
det (@_r_) = 0(mod o).
ax

4 The case d = 0 is proved in the next section.
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Thus &(G) < (o). Since uec = u’s for any u & JH, the ideal (¢) consists of the
integral multiples of o. Hence there is a non-negative integer @ such that
&(G) = (as). Hence (& (G))° = (ap), where p = pip: --- p,. On the other
hand (dr/9x)° is a relation matrix for H, according to (3.5), so that (&(G))°,
the order ideal of (3r/9x)°, must be the ideal (p), since p is the order of H.
Thus a = 1, and, consequently, &(G@) = (o).

6. The 1°° elementary ideal

Given any two elements g, and g, of G there may be found a presentation
(@1, -+, 2, : 1) of G such that 2{ = g, and z§ = g, . Then, by the fundamental
formula [FDCI (2.3)], for any set ' = (rj,, -+, 74,_,) of n — 1 relators, we
find

d ari '//¢ ¢¢
et -1
<a(x1 y X3yt xn)) (xl )
or’ or’ ar')‘“’
<axl )ﬁa‘;
d

-—r— (xl 1
ar ar'\"*
Lom-nZ, X
]=2
__I‘ (xz 1
’

det
det

( ’ax > 0z,
(3' y o _31)“'
9z, " 9z’ " 9z,

= or ¥ e
= det (m) * (xz 1).

Thus, denoting by F and F® the subgroups of G generated by ¢; and g.
respectively,

= —det

(6.1) Ey(G, F?)-(gf — 1) = E(G, F)-(g¥ — 1).
Since ng (9¥ — 1) is the fundamental ideal § of H, it follows from (4.5) that
(6.2) (@) (gf — 1) = Go(G, FP)- .

From this we derive

(6.3) If H 1is the infinite cyclic group generated by t and if F 1s the
subgroup of G generated by an element g for which g = t', then G(G, F) =
G(@)- (¢ — 1)/ — 1).

(6.4) If H s the free abelian group of rank u = 2 then C(G) = D where D
1s a certain ideal, and if F is the subgroup of G generated by an element g then
Co(G, F) = fD-(g¢ - 1).

Proor. Let (w3, --- , u,) be a basis for the ideal Gi(G) and let (w1, --- , vg)
be a basis for the ideal G (G, F). A basis for the fundamental ideal § of JH is
(b — 1, - ,t, — 1) where t;, --- , t, is a basis for H. By (6.2) we must have

(6.5) wig' — 1) = D ik @il — 1) G=1,-,a)
(66) Zl biklul(gw - 1) = Uj(tk - 1) (] = 1; Tty B; k= 1’ )”’)-
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Suppose first that H is infinite cyclic. Then p = 1 and ¢¥ = ¢* for some integer
A, so that (6.6) becomes

2. Jlul (t—1) = 0;t = 1).

It follows that >, bju;- (& — 1)/(t — 1) = v;,since t — 1 is not a divisor
of zero in JH. Thus Gy(@, F) < G(G)- @ — 1)/t — 1). On the other hand,
using again the fact that ¢ — 1 is not a zero-divisor, we get from (6.5) that
u- (@ — 1)/t — 1) = 2 jaiw;, so that G(@)- @ — 1)/t — 1) © @o(G F)

Suppose next that H is free abehan of rank x = 2 and let ¢ = Ly - t k.
If A, # 0, say, the polynomials ¢ — 1 and t, — 1 are relatively prime. Smce
by (6.6) with k = 2, ¢* — 1 divides v,(t, — 1), it follows that

(6.7) v; = wi(g’ — 1) i=1 -,

Denote by © the ideal (wy, --- , ws), so that (6.7) says that G (G, F) =
D-(¢¥ — 1). Substituting from (6.7) into (6.5) and (6.6) and dividing out by
the non-zero-divisor ¢ — 1 yields

U; = Ei" aijpwi(te — 1) G=1-,a)
b = wilte — 1) G=1, Bk =1, ,n)

which say that G(G) € D-9 and Gi(G) D D-$ respectively. If ¢ = 1 it
follows from (6.6) that Gy(@, F) = (0). _

Theorems (6.3) and (6.4) are handy for calculating G;(G) when H is torsion-
free. Theorem (6.3) goes back to Alexander [1].

Of special interest are those groups G that have presentations in which there
are more generators than relations. For instance the group of a knot of multi-
plicity ¢ 2 1 has this property. If x = 1 the ideal & (@) is a principal ideal;
the generator of G;(@) is the polynomial A(t), determined of course only up to a
factor ¢', that was defined by Alexander [1] for the group of a single knot. If
p = 2, the ideal D is a principal ideal; its generator is a polynomial A(t;, -« , ¢,)
that is determined only up to a factor =££' - - - £3*. For any value of u = 1,2, - -
I have called A(t;, --- , t,) the Alexander polynomial of G. Thus G has an
Alexander polynomial A = Ay whenever G/G: is torsion-free and G can be
presented with more generators than relations. If this last condition is not
fulfilled we may speak of the Alexander ideal,—G,(G) if p = 1, and D if u = 2
Recent investigations of the Alexander polynomial may be found in [12], [16],
[18] and [29].

If H is not torsion-free the ring JH has divisors of zero and the situation
becomes more complicated. This case may occur in important applications, but
I am, at the moment, uncertain as to the proper way to treat it.

It may be observed from (4.3), (4.4) and (4.8) that, G.;(@) is contained in
©*~* whenever H is free abelian of rank u and 1 < d £ u — 1. Hence, in par-
ticular, G(@) < $*7'. Thus, if » = 3, the Alexander polynomial A(t;, - -- , t,)
must be of the form 2 ai, ...k, (t;cl — 1) -+ (&,_, — 1). Furthermore if
u = 1, the fact that (G(@))° is the 1* elementary ideal of (dr/9x)°, which is a
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relation matrix for H, shows that (&;(G))° = (1), hence that A(1) = =1 (cf.
[1]).

7. The cohomology groups of a group

Recently Eilenberg and MacLane [9] have associated with an arbitrary group
G and an arbitrary right JG-module A groups H,.(G, A) and H"(G, A), called,
respectively, the homology and cohomology groups of G over .

(7.1) The groups H,.(G, A) and H"(G, A) are determined, for every n and ¥,
by an arbitrary Jacobian matriz (9r/dx)® of G.

To calculate these groups one first constructs a sequence of “incidence
matrices” M, (n = 1, 2, ---) over JG as follows:

xl—-l"’ arl.”arl ¢
. or1 0%

M, = . M, = e ,
. arm_”ar,,.
xn_l 6—1171 b;:u

M, is a matrix of a,41 rows and a, columns whose row space contains exactly
those vectors v .= (v1, - -+, v,,) suchthat v-M,; = 0; 0 = 1,01 = n, @y = m.
If n > 2, there is no guarantee that «, is finite; in fact it is an interesting question
as to when M; can be chosen to be a finite matrix. We consider the additive
group Z,.(@G, A) whose elements are the vectors v = (v, -+ , v,,) over A which
have the property v-M,_; = 0, and the additive group Z"(G, %) whose elements
are the vectors v = (v, - -+ , v,,) over ¥ which have the property’ v-M, = 0.
The vectors w-M,_; form a subgroup B, (G, A) of Z,1(G, A), and the vectors
w-M/, form a subgroup B"*}(@, %) of Z"*'(G, ). The homology and cohomology
groups are H,(G, A) = Z,(G, N)/B.(G, A) and H*(G, A) = Z"(G, A)/B"(@G, A).
For details and proof see [11].

In the so-called case of “simple operation” the multiplication of an element
a of A by an element u of J@ is defined to be a-u = au’. In this case v-M, =
v-M;,, sothat the groups H,.(G, A) and H*(G, A) are determined by the sequence
M;, M1, M3, --- of integral matrices.
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