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Introduction

The study of the topology of manifolds has turned out to be dependent
on dimension in a curious way. Manifolds of dimension 2 are a classical
subject, and have been largely understood for half a century. Historically
the next major progress was in dimension 3; Moise in 1952 reduced
the topological theory to the piecewise linear (or equivalently smooth)
category, and Papakyriakopoulos in 1957 established the beginnings of
embedded surface theory. But then dimension 4 was skipped over, and
higher dimensions (> 5) were developed next. The two key events were
the development of the methods of smooth and PL handlebody theory
by Smale in the late 1950s, and the extension to topological manifolds
by Kirby and Siebenmann in 1969. Dimension 4 was last, with the
corresponding results published by the authors in 1982.

From a technical point of view it is the behavior of 2-dimensional disks
which separates the dimensions in this way: the generic map of a 2-disk
in a 3~manifold has 1-dimensional selfintersections; in a 4-manifold the
intersections are isolated points; and in dimensions 5 and above 2-disks
are generically embedded. Progress in each realm has been based on
understanding and use of these disks. Papakyriakopoulos’ breakthrough
in dimension 3 was a proof of the “Dehn lemma” for embedding 2-disks in
3-manifolds. In dimension 5 and higher 2-disks are used in the “Whitney
trick,” a central ingredient of geometric topology. Also the embedability
of 2-disks is the key to a characterization of these manifoldst. Similarly
the major technical results presented here are embedding theorems for
2-disks in 4-manifolds.

New phenomena are also encountered in dimension 4, which is one rea-
son the development took a decade longer. In other dimensions the prin-
cipal methods (handlebody theory or embedded surface theory) proceed
uniformly in the smooth, PL or topological categories, once the basic ma-
chinery has been set up. Differences between the categories can for the
most part be understood in terms of the associated bundle theories. In

1If X x RF is a manifold for some k, then X itself is a manifold af
dimension 5 or greater if and only if maps of a 2-disk into X can be
arbitrarily closely approximated by embeddings; Quinn [2].
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dimension 4 qualitatively different—and more subtle—phenomena occur
in the smooth category, revealed particularly by the work of S. Donald-
son. Here we deal with the topological theory, where the results parallel
those of higher dimensions. The proofs however are substantially more
complicated: the smooth analogs are known to be false by Donaldson’s
work, so the proofs must require enough purely topological complication
to avoid proving these analogs.

Our objective is to present the topological theory of 4-manifolds. As
mentioned above this dimension has its own unique flavor and compli-
cation. However when possible, particularly in the structure theory of
Part II, comparisons are made with other dimensions. This material
should not be viewed as special and isolated, but as part of the general
development of manifold theory which is one of the major mathematical
achievements of our century.

The topics and proofs reflect the prejudices of the second author,
who did most of the writing. In particular in Part I the properties
of immersed surfaces are extensively developed, and the “calculus of
links”—devised by R. Kirby and decisively employed by the first au-
thor in many of the original proofs—is not used. In Part II we note
the omission of pseudoisotopies and isotopies, controlled ends, the more
detailed applications of surgery, and any substantial discussion of the
differential-geometric methods used in the smooth category.

We would like to express our appreciation to F. D. Ancel, R. Gompf,
Richard Stong, and M. Yamasaki for their comments on earlier versions.
We take this opportunity to acknowledge the many contributions (often
unpublished, but freely shared) that R. D. Edwards has made to this
subject. Finally, we have benefited from support from the National
Science Foundation and many other institutions.

Outline

The material divides naturally into two parts; embedding theorems,
and applications of these to the structure of manifolds.

The embedding theorems for the most part provide criteria for the
existence of topological locally flat embeddings of 2-disks in a 4-manifold.
These theorems are specialized to dimension 4, and presented in detail in
Part I {(Chapters 1-6). The development is detailed and elementary, and
should be accessible to most graduate students. Exercises are provided
since a hands-on approach is the best way to learn to see things in 4-
D. References and historical notes in this part are collected in the final
section of each chapter.

Much of the material of Part I is specialized to the proof of the em-
bedding theorems, and is not directly used in Part I1. For a first reading
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we suggest the general material of Chapter 1, the statement of theorem
5.1, and selections from Part II (eg. Chapters 10 and 11). For a thor-
ough understanding of Part II, in addition to Chapter 1 the first few
sections of Chapter 2 and the remaining statements in Chapter 5 seem
to be sufficient.

Applications to the structure of topological 4-manifolds are given in
Part 11, Chapters 7-12. This is less self-contained than Part I since some
of the results rely on machinery developed in high-dimensional topology.
Where feasible we have sketched this machinery, or given arguments
adapted to this dimension. We have also surveyed analogous material
from higher dimensions, to make plain the similarities and pecularities
of the 4-dimensional results.

The most important conclusion about embeddings of a single disk is:

Embedding theorem. Suppose A: D* — M* is an immersion with
boundary going to boundary, and B: S* — M is a framed immersion
with algebraic selfintersection u(B) = 0 and intersection A(A,B) = 1.

If the fundamental group of M is poly-(finite or cyclic) then there
is a topologically framed embedded disk in M with the same framed
boundary as A.

The hypothesis of the existence of the sphere B is purely algebraic-
topological (equivalent to a class in Ho(M;Z|m M]) with certain prop-
erties), and is satisfied in most cases of interest. The fundamental group
hypothesis is much more restrictive, and the principal open question in
the subject is whether the theorem holds without it (this seems unlikely).

A group is poly-(finite or cyclic) if there is a finite ascending sequence
of subgroups, each normal in the next, so that successive quotients are
either finite or infinite cyclic. In fact the proof and some simple obser-
vations show that the theorem is valid for fundamental groups in the
following class: the smallest class of groups containing finite and cyclic
groups, which is closed under direct limits, subgroups, quotients, and
group extensions. This class contains some groups which are not poly-
{finite or cyclic), but the more concrete term has been retained because
it is descriptive and seems to cover the interesting cases. “Large” groups,
for instance ones containing a free group with two generators, are not
included.

The other main result is the controlled embedding theorem, which gives
control over simultaneous embeddings of many disks. The setting is a
map M — X, from a 4-manifold to a metric space. Roughly speaking
we show that if € > 0 then there is § > 0 so that a collection of immersed
disks and dual spheres whose images in X have diameters less than 6,
can be replaced by embeddings whose images in X have diameter less
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than e. This refinement is used in the proof of the annulus theorem and
many results about local topological behavior.

The first chapter introduces the basic tools for manipulating maps of
surfaces to 4-manifolds, including immersed Whitney moves and trans-
verse spheres. Almost no background is assumed. The material in this
chapter is generally useful in studying 4-manifolds, while the later ma-
terial enters primarily in the proof of the disk embedding theorem.

The second chapter deals with capped gropes. These are the prin-
cipal technical innovation discovered since the original publications on
the subject. The idea is that “more subtle” types of selfintersections of
a disk can be obtained by constructing complicated 2-complexes which
have the same regular neighborhood as a disk, and restricting the in-
tersections permitted in this 2-complex. With the hypotheses of the
embedding theorem (but arbitrary fundamental group) a properly im-
mersed capped grope can be constructed. To find a disk we need an
immersed capped grope whose image has fundamental group mappirng
trivially to the fundamental group of the manifold. We are able to
reduce the fundamental group enough to avoid poly-(finite or cyclic)
groups, but not for example free groups. This is where the fundamental
group hypothesis enters in the main theorem.

The third chapter concerns capped towers. Like capped gropes these
are 2-complexes with the same regular neighborhood as a disk. They
have a more complex internal structure than a grope, exploiting the hy-
pothesis that the image maps trivially on fundamental group into the
whole manifold. A replication theorem allows an infinite construction,
of “convergent infinite towers” in a manifold. These are singular approx-
imations to neighborhoods of embedded disks.

Chapter four develops some decomposition space material, in the tra-
dition of M. Brown and R. H. Bing. The objective of these techniques is
to determine when a map can be approximated by a homeomorphism.
Here they are used to identify the singular objects constructed in Chap-
ter three as often being topological framed embedded disks.

The fifth chapter gives formal statements of the embedding theorem
and its variants, and assembles the proofs. In addition to the poly-(finite
or cyclic) and controlled results referred to above, there is a version in
which a m;-nullity hypothesis on the image of the data replaces the
condition on m; of the manifold.

The sixth chapter deals with an embedding theorem in which the
manifold is allowed to change slightly (by s-cobordism). This flexibil-
ity allows a slight weakening of the m;-null hypothesis in the general
embedding theorem.

Part II develops consequences of the embedding theorems for the
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structure of manifolds. Roughly, the first three chapters are devoted to
developing the basic machinery previously known to be available in other
dimensions. Chapters 10 and 11 then give specific structural results, and
Chapter 12 describes attempts to extend the class of fundamental groups
for which the theorem is known.

Chapter 7 gives variations on the 5-dimensional h-cobordism theorem.
The classical form, that an h-cobordism with good fundamental group
and vanishing torsion has a product structure, has the 4-dimensional
Poincaré conjecture as an immediate consequence. There is a controlled
version which is even more extensively used, and a proper version is
obtained as a corollary of this.

Smooth structures on 4-manifolds are studied in Chapter 8. The main
conclusions are existence and uniqueness theorems, though they are
weaker than results in other dimensioans because they are constrained
by Donaldson’s nonexistence results. Both Donaldson’s theory and the
higher dimensional situation are reviewed.

The ninth chapter is a technical one, establishing the existence of
handlebody structures, normal bundles, and transversal approximations.
In each case the result completes the picture, filling the gap left by
developments in other dimensions.

Chapter 10 addresses the classification of 4-manifolds. Closed mani-
folds with trivial or infinite cyclic fundamental groups are classified in
terms of bilinear forms over the group ring. The heart of the chapter is
an existence and uniqueness theorem for certain embeddings of bounded
4-manifolds, in 4-manifolds with good fundamental group.

In Chapter 11 “surgery” for 4-manifolds is developed and some of
the consequences are surveyed. Some of the classification theorems for
aspherical manifolds extend to this dimension. Trivial knots in S% and
certain slice knots in S are characterized. Tame ends (with good funda-
mental group) of 4-manifolds are classified. There are also applications
to the structure of isolated fixed points of actions of finite groups on
4-manifolds.

Finally in Chapter 12 we present some approaches to the “main prob-
lem”: is the embedding theorem valid without the poly-(finite or cyclic)
m; hypothesis? There are straightforward reformulations in terms of
slices for certain families of links, and less direct ones involving transver-
sality of Poincaré spaces, and actions of free groups on the 3-sphere.
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CHAPTER 1

Basic tools

In this chapter the principal methods for manipulation of immersions
of surfaces are described. The raw material is provided by the immersion
lemma 1.2, which is assumed as an axiom in Part 1. This and the twisting
operation of 1.3 are used to construct (immersed) Whitney disks in 1.4.
These disks are used to define Whitney moves, which are one of the
principal geometric operations in topology of any dimension. Finger
moves and connected sums are developed in sections 1.5 and 1.8 as
ways to remove intersections, especially with Whitney disks. Intersection
numbers, described in 1.7, give algebraic conditions under which the
geometric operations can be used. One of the central ingredients of later
constructions, transverse spheres, are introduced in 1.9. Finally section
1.10 describes “scorecards,” a bookkeeping device useful for recording
intersections among families of surfaces.

1.1 Pictures in 4-space

We picture 4-space as the familiar 3 space dimensions, and time. A
picture of a 3-dimensional object therefore represents something in a
slice (“the present”) of R*. The strategy will be to compress as much
as possible of the activity into this slice. Several conventions will be
used in the pictures. Solid lines will represent things in the present
time. Dotted lines represent things in the future, dashed lines are in the
past. We suggest that the reader draw over the dotted lines in color (eg.
blue = future, red = past). Color is much more effective in suggesting
another dimension, but we cannot print the pictures in color. A line
in the present which passes behind something is drawn thinner (since
we cannot use the standard ccnvention of drawing it dashed). Finally,
we sometimes use a convention to avoid drawing things in the past or
future. If a surface is drawn as a line, ii is understood that it extends
into the past and future simply as product with R.

In the first example a plane A is shown entirely in the present. B
starts in the past, intersects the present in a line, and extends into the
future. This is shown with and without the time extension convention.
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A
B B
Two planes intersecting Second plane drawn as a line,
in one point extended in time by convention

Since A lies entirely in the present the intersection with B is easy to
see: it is the single point of intersection with the line of B lying in the
present.

Exercise Suppose ¢ is an arc in a plane, and a neighborhood of the
plane is parameterized as R?2x {0} C RZxR2. The linking annulus of the
arc is the annulus ¢ x $* ¢ R? x R2. (1) Let c be the line of intersection
of the plane B with the present, and draw the linking annulus. (2) Draw
the linking torus of an intersection point; if a neighborhood of the point
is parameterized as R% x R2, then the torus is S* x S'. In the picture
above this torus intersects the present in two circles, and extends to a
copy of 1 x D! in both the past and the future. [

1.2 Framed .immersions

These provide models for images of surfaces mapped into 4-manifolds.
Suppose N is a surface, and let D, E be disjoint copies of R? in N.
Form N x RZ, and identify D x R? with E x R2? by the isomorphism
which switches the coordinates. This is a plumbing of N x R? with
itself. The identification space obtained by some finite number of disjoint
plumbings is a smooth manifold. The image of N in this is embedded
except at isolated double points, which have neighborhoods isomorphic
to the picture drawn in 1.1.

A framed immersion of N into M* is an isomorphism of an open set
in M with such a plumbing. A framed immersion defines a map N — M
with isolated double points, and to simplify notation we often refer to
this map as the framed immersion. It is quite important, however, that
a framed immersion specifies a neighborhood of the image as well as the
image itself. When it is necessary to be precise we say that the map
extends to a framed immersion. Note that the plumbing has boundary
(ON) x R?, and the boundary of an open set in M is the intersection
with M. Therefore immersions under this definition are automatically
“proper” in the sense that they take N to OM.
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Consider D? as the unit disk in the complex numbers. If r: N — §!
is 2 map we can define an automorphism of N x D? by multiplying by
r(n) in {n} x D%. Two framed immersions differ by rotations if one
is obtained from the other by composing with such an automorphism
of N x D?. Similarly we can let —1 € S° act on R? by [} %], so
amap r: N — S% = {£1} defines an automorphism of N x R%. Two
immersions differ by sign if they differ by an automorphism of this form.

Immersion lemma. Suppose f: N> - M* is a map.

(1) If N = D? or R x I and f extends to a framed immersion in a
neighborhood of ON then there is a homotopy of f rel dN to a
map which extends to a framed immersion, which near 9N differs
from the given one by rotations (N = D?) or sign (N =R x I).

(2) If N is the union of open sets U UV, and the restrictions of f
extend to framed immersions which agree on U NV x R?, then
f can be changed by isotopy on U rel U NV so that the result
extends to a framed immersion of the union.

Note that any surface can be decomposed into disks and ribbons, so
(1) can be used to build up immersions of arbitrary surfaces. The signs
and rotations in the normal direction define a normal vector bundle for
the image.

The point of (2) is that U and V might individually be good, but the
intersections between them not come from plumbings. When this is the
case (ie. f defines an immersion—in the sense above—of U U V) then
the pieces are then said to be “in general position,” or “transverse.”

This lemma provides the starting data for most of our constructions.
In the smooth and PL categories it is one of the simplest cases of
transversality and general position, and can be found in many text-
books. We will not give a proof here. The topological version is proved
in section 9.4C, as a consequence of the smoothing theorem proved in
chapter 8. It is a deep fact, and indeed depends on the whole develop-
ment in the smooth or PL case.

The image of N x D? in a plumbing of N xR? is a regular neighborhood
of the image of N. If each component of N has nonempty boundary then
this regular neighborhood is also a regular neighborhood of a graph;
choose a graph in N which has N as a regular neighborhood. At each
intersection point add two embedded arcs, one in each sheet, joining the
intersection point to the graph. Then the regular neighborhood of the
image is isotopic to a regular neighborhood of this enlarged graph.

As a consequence of this description of the regular neighborhood we
have a useful description of the fundamental group of the image: it is
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free, and if N is connected it is generated by loops passing through at
most one intersection point. This is based on the assumption that com-
ponents of N have nonempty boundary, but the 7; conclusion remains
true if the closed components are spheres.

1.3 Twisting

The twisting operation changes an immersion so as to change the
framing of the boundary. It can often be used to undo the rotations
encountered in the immersion lemma.

Consider a standard D? C D%. Cut out a square in the interior, and
replace it by two pieces; a strip twisted about one edge, and a piece
obtained by filling in straight lines between points on the opposite edge
and corresponding points on the twisted strip.

o twisted strip fill-in

cut Ve

out

/" line of

intersection

line of
intersection

P =
¢

As described, this object is completely in the present. Both the twisted
strip and the fill-in piece have a line of intersection with the D?. Perturb
the interior of the twisted strip into the past, and the interior of the fill-
in piece slightly into the future. The result is an immersion which has
a single selfintersection point. Near the boundary it differs from the
original by rotations, specifically two full twists; +2 in 7, S* ~ Z. This
can be seen directly—one twist is evident in the twisted strip, the other
comes from the shifting into the past and future—or it can be deduced
from the presence of the single selfintersection point using the formula
relating intersections and Euler numbers (1.7). :

There is a technically more important “boundary twist” operatlon,
but before considering that we give a corollary of interior twisting.

1.3A Corollary. A map f:S8% — M* is homotopic to a framed immer-
sion if and only if wa(f) =

Here the second Stiefel-Whitney class we € H?(M;Z/2) is thought
of as a homomorphism we: Ho(M;Z/2) — Z/2, and wo(f) denotes the
value of this on the image of the orientation class of

Proof: Arrange, by homotopy, that f intersects a ball in M in a stan-
dard disk D? ¢ D*. Let M, denote the manifold obtained by deleting
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the interior of the ball of radius 1/2, then f defines a map fo: D? — M
which is an immersion near the boundary. Apply the immersion lemma
to find a homotopic immersion fo’ which differs from the given one by
rotations near the boundary. The number of full twists in the rotation
function is equal mod 2 to we(f), so wa(f) = 0 if and only there are
an even number of full twists. In this case we can apply the twisting
operation in the interior of the disk to obtain an immersion with null-
homotopic rotation function. A nullhomotopy can be used to define a
framing of the union of the standard disk and the twisted fo', giving a
framed immersion.

To see the other direction (and the fact about wa(f)) requires some
background we will not review in detail. Briefly, when the rotations are
nontrivial the standard disk and fy’ fit together to define an “unframed”
immersion of S2. The normal bundle of this immersion has the rotation
function as clutching function, so the degree of the rotation function
determines the bundle as an element of m2(BO(2)) & Z. The degree mod
two therefore determines the stable class in m2(BO) = Z/2. But this
stable class depends only on the homotopy class of f (and the tangent
bundle of M) and is determined by wo(f). Therefore if wa(f) # 0, f
cannot be represented by an immersion with trivial normal bundie. §

Now we turn to “boundary twisting.” For this we need the notion of a
surface B being immersed with part of its boundary on another surface
A. The model for such a thing is built from two surfaces A and B,
an embedded collection of arcs and circles ¢ C 0B, and an embedding
¢ % [-1,1] — A. Locally the model looks like:

>,

A
Explicitly, choose a collar ¢ x [0, 1] C B, then there are subsets ¢ x [0, 1] X
[-1,1] ¢ B x [-1,1} and ¢ x [-1,1] x [-1,1] C A x [-1,1]. We identify
the first with the image in the second, by the map which switches the last
two coordinates. This defines a 3-manifold neighborhood of the union
B U, A, and a 4-manifold is obtained by product with J. Immersions of
this object are defined by open embeddings of plumbings disjoint from
the juncture c.

Now consider the model for a disk embedded in D* with part of its
boundary on the standard 2-disk (ie. the local model pictured above).



Cut out a square in B, with one edge on A. Replace this by a twisted
strip, twisted about the edge on A, and a fill-in piece as above:

A

\

Y e e ==

twisted
strip

1
i
|
]
t
|
1
t
1
1

line of intersection
with twisted strip

HTLVITTHINALEE

fillin L~

piece

4
1
|
1
1
|
1
4

J-

The result is a map B’ which is a framed immersion of D? —¢, and near A
can be parameterized as a standard immersion of a collar on ¢ attached
to A. The framings of these two immersions differ by rotation by one
full twist near c. Note that B’ has a new intersection point with A.

1.3B Corollary. Suppose ¢ C S? is nonempty, ¢ x [-1,1] — S is an
embedding in a surface, A: SU.(S* x[0,1)) — M* is a framed immersion,
and f: D> — M is a nullhomotopy of the restriction of A to S*. Then
there is a framed immersion of S U, D? which agrees with A on Su, St
and is homotopic rel boundary to f on D2,

Proof: Denote by My the complement of a small regular neighborhood
of the image of ¢. The immersion A defines an immersion Ag of the
complement of a neighborhood of ¢ in S, disjoint union with S x [0,1),
to Mg. f extends the latter to a map of a disk. Applying the immersion
lemma gives an immersion B: D? — My homotopic to f which near S?
differs from the given immersion by rotations. Replace ¢, and apply the
boundary twisting procedure near a point in ¢ to cancel the rotations.
The result is the desired framed immersion. I

Exercise Suppose T is a surface, ¢ C 9T, and ¢ x [-1,1] — S is an
embedding. Let A: SU, (8T x [0,1)) — M be a framed immersion which
extends to a map of S U, T to M. Give a criterion generalizing the two
corollaries for the existence of a framed immersion of SU.T which agrees
with A on S U, T and is homotopic rel boundary to the given map on
T'. For this use the fact that a map of a surface can be approximated by
an embedding on a neighborhood of an arc, with the image of the arc
disjoint from all other surfaces. Recall also that surfaces can be reduced
to disks by cutting along arcs and circles. 1



14 1: BASIC TOOLS 17

1.4 Whitney disks

Suppose immersed surfaces A, B intersect in two points, acd there is
an embedded 2-disk W with boundary on the union of the images, as
shown:

A

\

D
_\.,_ _

SN

i

This picture is the standard model for a neighborhood of a Whitney
disk. The boundary of this disk (a union of two arcs, one on each
surface) is called a Whitney circle for the intersection points. Finally
we say that a pair of intersection points have opposite sign if they have
a Whitney circle; if there are embedded arcs joining them on A and B
with a neighborhood isomorphic to a neighborhood in the model.

When A, B, and M have appropriate orientation data, and A and
B are connected, then this definition of “opposite sign” agrees with the
definition of signs for intersection numbers (see 1.7). If a half twist is
inserted in A or B in the picture above then the intersection points
have the “same sign,” and the circle cannot appear as the boundary of
a Whitney disk.

An application of Corollary 1.3B in the previous section yields:

Lemma. (Immersed Whitney disks) Suppose ¢ is a Whitney circle in
A U B which is contractible in M. Then there is an immersed Whitney
disk with boundary c.

As above “immersed” means a map whose image has a neighborhood
obtained by introducing plumbings into the standard model. W is al-
lowed to intersect A and B, as well as itself.

Let W denote the model Whitney disk for a pair of intersection points
AN B. There is an ambient isotopy (the Whitney move) supported in a
neighborhood of W which moves A to a surface A’ disjoint from B.
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e e

1 !

A’ can be described as constructed from A by cutting out a neighborhood
of the arc on A, glueing in two parallel copies of the Whitney disk, and
a parallel of a neighborhood of the arc on B.

Most often we will only be able to find an immersed Whitney disk
for a pair of intersections. In this case the Whitney move produces a
homotopy rather than an isotopy. The description of A’ as constructed
from parallel copies of W makes it clear that A’ will intersect everything
that intersects W.

Exercise (1) Suppose W is a framed immersed Whitney disk on ANB.
Count the number of new intersections of A’ with B and itself, in terms
of intersections and selfintersections of W. (2) Suppose A: §2 — M*
is an immersion with selfintersections arranged in pairs, with immersed
Whitney disks. Let A’ be a parallel copy of A. Find all intersections of
A and A’, and show that they can be arranged in pairs with immersed
Whitney disks (essentially parallel copies of the original ones). 1

1.5 Finger moves

Suppose there are surfaces A, B, and W in M, part of the boundary
of W lies on B, and there is an embedded arc from an intersection point
ANW to this boundary, as shown. Then we can push A off W through
B (along the arc). This gives a surface A’ with one fewer intersection
with W, but two new intersections with B.
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This is called a “finger move” because one imagines producing the de-
formation by poking a finger through A. Technically a disk in A around
the intersection point is replaced by the linking annulus of the arc, and
a disk at the other end which misses B. This can be thought of as the
inverse of a Whitney move, since the new pair of intersection points
AN B have a canonical Whitney disk, whose Whitney move pushes A’
back to A.

Exercise Draw this Whitney disk. [

An important use of finger moves is to push surfaces off Whitney disks.
This fits together with several other moves to give a unit we formalize
as a lemma.

Immersed Whitney move. Suppose A, B — M are framed immersed
surfaces,. with contractible Whitney circles for all intersections. Then
there are homotopic immersions A', B’ — M with the same framed
boundaries and A' N B! = ¢.

Proof: Apply the lemma of 1.4 to find immersed Whitney disks W;
with the given Whitney circles as boundaries. Choose disjoint embedded
paths from points of B N W; to the edge of W; lying on B. Do finger
moves, pushing B along these paths off W;, through B. This gives B’
disjoint from the interior of W;, but with more selfintersections. Now
use the Whitney move to push A across W;. The result is A’ such that
A'NB' =¢.

Notice that A’ also has new selfintersections, which arise during the
Whitney move from the intersections ANW; and selfintersections of W;.

Exercise Count the new selfintersections of A’ and B’, in terms of
intersections with W. {1

1.6 Regular homotopy

This is the analog of homotopy for immersions. A (general position,
rel boundary) regular homotopy between framed immersions is a series
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of modifications, each of which is either (1) an ambient isotopy of the
image rel boundary, or (2) a Whitney move, or (3) a finger move. The
usual definition of regular homotopy is somewhat weaker; a homotopy
through local embeddings. A generic smooth regular homotopy can
easily be seen to decompose into a sequence of moves as in the current
definition. The same is true of topological regular homotopies, but it is
much harder to show. We avoid the difficult theorem simply by using
the sequence-of-moves description as the definition.

For example the immersed Whitney move above gives regular ho-
motopies of A,B to A’,B’. In contrast, the twisting operation gives
homotopic immersions which are not regularly homotopic; the modifi-
cations permitted in a regular homotopy do not change the framing of
the boundary, whereas twisting does.

We formalize this example by defining a cusp homotopy of D* — D*.
Begin with the standard embedding, then perform a twist about some
arc. Use radial contraction to define a homotopy from the twisted im-
mersion to the original. Note the twisted immersion has a single self-
intersection point, which disappears during the homotopy. The picture
shows a cross-section which illustrates this.

/
There is an alternative description more directly based on the picture.
Begin with an immersion D' — D? with a single selfintersection, as on
the left in the picture. Define a homotopy to the standard embedding
by pulling out the kink. Cross with D' C D? to get a homotopy of D?
in D*. The problem with this is that where the D! has a selfintersection
point, the corresponding D? — D* has a line of selfintersections. Resolve
these lines to single points by perturbing part of the line into the past,
and part into the future.

Proposition. A homotopy between immersions of a surface in a 4-
maanifold is homotopic to a composition of homotopies, each of which is
a regular homotopy or a cusp homotopy in some ball, or the inverse of
a cusp homotopy.
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In the smooth and PL categories this is a simple consequence of sin-
gularity theory. The topological version—Iike the topological version
of 1.2—requires most of the theory we are developing,.

1.7 Intersection numbers

Intersection and selfintersection numbers give algebraic access to some
of the intersection structure of a framed immersion. In what follows A
and B are framed immersions of unions of disks or spheres, in a 4-
manifold M.

First we characterize certain important special values (0 or 1) for these
numbers. The statement that the intersection number A(A, B) is zero is
equivalent to saying that the intersections of A and B can be arranged
in pairs, with opposite signs and contractible Whitney circles. Vanishing
of the selfintersection number u(A) is equivalent to a similar pairing of
the selfintersections of A. Finally intersection 1 means that all but one
intersection can be so paired.

These special cases are sufficient for the development in Part 1. The
general situation is described for reference in Part II. See Wall [1, §5]
for more detail.

Generally intersection “numbers” lie in the group ring of the funda-
mental group Z[m M|, and require a little more data to define. Choose
paths from the basepoint of M to the images of A and B. Choose
orientations for A and B, and an orientation for M at the basepoint.
The intersection number A(A, B) is the element of Z[m; M] obtained by
adding up elements gg for each intersection point, where ¢ is 1 or —1,
and g € m;yM. The element g is represented by a loop going from the
basepoint to A, then in A to the intersection point, and back to the
basepoint through B. Since A and B are simply connected (D? or $?)
this does not depend on the choice of paths in A and B.

To define o for an intersection point, note that the orientations of A
and B define an orientation of M at the intersection point. The chosen
orentation at the basepoint can be transported along the path to A
and through A to the intersection point. If these two orientations agree
o =1, otherwise 0 = —1.

Note that interchanging A and B reverses the direction in the loop,
and changes the sign by w;(g), where wy: m M — Z/2 detects whether
or not a loop is orientable. Define an involution & on Z[m M] by

@D ng9) =) ngw(gdg™’,
g

then the relation is A{B, A) = @(A\(A4, B)).
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Selfintersection numbers p(A) are defined similarly, but lie in the quo-
tient Z[m;)/{a—a(a)}. The indeterminacy results from the fact that at a
selfintersection there is no natural way to choose a first and second sheet;
the quotient is obtained simply by dividing out differences between the
two choices.

Intersection and selfintersections of a framed immersion A are related
by the formula A(A, A’) = u(A) + @((A)). Here A’ is a parallel copy of
A, and the sum is well-defined in Z[m;] even though p lies in a quotient.
This is a generalization of the “evenness” of intersection numbers over
Z: if M is orientable the augmentation Z[m; M] — Z is invariant under
@, so the image in the integers satisfies A = 2.

In the non-framed case there is a correction to this formula. Suppose
A is an immersed sphere whose normal bundle has Euler number ¥, or
is an immersed disk with a fixed framing of the boundary which has
rotation number x with respect to the normal bundle of the immersion.
Let A’ be the image of a section of the normal bundle, which in the disk
case is parallel to the fixed framing on the boundary. Then the formula
is AM(A, A’) = p(A)+@(u(A))+x. Note the correction term is an integer,
considered as an element of Z[{1}] C Z[m].

In detail, the normal bundle F of such an immersion is obtained by
glueing together trivial bundles on the two hemispheres of S? by rota-
tions along the equatorial S!. The degree of the rotation map S — S!
is the Euler number x(E) of the bundle, and also appears as the inter-
section number of the 0-section of the bundle with any other section in
general position. Now suppose A is an unframed immersion of S? and
A’ is a “parallel copy;” the image of a section of the normal bundle.
Then A intersects A’ in two points for each selfintersection of A, and
additional points coming from the intersections in the bundle. Figuring
out the signs and loops associated to these points gives the formula.

Proposition. Intersection numbers, and reduced selfintersection num-
bers in Z[m]/({a — wa} + Z[{1}]) are invariant under homotopy rel
boundary. The Z[{1}] component of the selfintersection number is in-
variant under regular homotopy, and conversely two immersions of a
sphere or disk which are homotopic rel boundary, and have the same
framed boundary, are regularly homotopic rel boundary if and only if
the Z[{1}] component of the selfintersection numbers are equal.

Sketch of proof: To see the invariance of A(A, B) consider a homotopy
AxI — M. Make the homotopy transverse to the other surface, then the
inverse image is a collection of arcs and circles in A x I whose endpoints
are intersection points of A x {0,1} with B. An arc with both ends
on one end of A x I gives intersection points which cancel algebraically.
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An arc with ends on opposite ends gives the same contribution to each
intersection number. Since all intersection points occur as endpoints of
arcs, the intersection numbers must be equal.

For selfintersections note that a regular homotopy is a sequence of
isotopies, Whitney moves, and finger moves. Isotopies do not change in-
tersections. Finger moves introduce two intersection points which cancel
algebraically, so do not change the selfintersection number. Conversely
Whitney moves remove two such intersection points.

According to 1.6 essentially the only other things encountered in a
general homotopy are cusps and their inverses. These remove or intro-
duce a single selfintersection point with trivial associated loop, so can
change the number only by elements of Z[{1}].

For the converse suppose A and A’ are homotopic rel boundary and
have the same framed boundary. Passing through a cusp changes the
Euler number of the normal bundle (4 = S$?) or the rotation number at
the boundary relative to a fixed framing (A = D?), and these show up in
changes in the Z[{1}] component of the selfintersection number. If these
components are equal the number of cusps, counted with signs, must
be zero. Since two cusps with opposite sign can be cancelled to leave
a regular homotopy (see the picture below), all cusps can be cancelled
and A, A’ are regularly homotopic.

o=

1.8 Sumns

Suppose A, B, and C are immersed surfaces, and ¢ is an embedded
arc in C from a point A NC to a point BN C. Then the sum A# B
of A and B along ¢, is obtained by deleting disks in A and B about the
intersection points, and adding the linking annulus of the arc c.



|
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A#B

(Here we have omitted the extension of C to past and future, using the
product convention.)

If A and B are distinct, then A # B is also framed immersed. The
orientation of the framing on one of them may have to be changed,
however, in order to extend to a framing of the sum. If A = B, the
result is denoted by A#, and is also referred to as doing a 0-surgery on
A. If the intersection points have opposite sign (in the sense of 1.4) then
the framing of A extends to a framing of A#.

Exercise Suppose A — M is a framed immersed sphere with u(A) =
0. Show there is a framed embedded surface A’ € M representing the
same homology class, with 73 A’ — 71 M trivial. (Note A and any A#
represent the same homology class, since they differ only in a neighbor-
hood of a 1-complex.) 0

Intersection numbers behave nicely with respect to sums: suppose
A is an immersed sphere, B,C disks or spheres. Suppose there is an
embedded arc from A to B which represents g € m; M. Form the sum
along this path A # B in such a way that the orientations of the pieces
agree with an orientation of the result. Obtain a path to the basepoint
from the result by using the path originally chosen for B. Then A(A #
B,C) = XB,C) + g\A,C).

1.9 Transverse spheres

A transverse sphere for a connected surface A is a framed immersed
sphere whose image intersects A in exactly one point. If A is not con-
nected then transverse spheres for A are transverse spheres for each
component disjoint from the other components. We will use a super-
script £ to denote transverse spheres: A®.

Note that if there is one transverse sphere for A then we can get
arbitrarily many by taking parallel copies.
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Sums with transverse spheres will be used as a way to remove inter-
sections. As a typical application, suppose that AUB — M is a framed
immersion, and A has a transverse sphere A!. Then adding parallel
copies of A' to B at each intersection point A N B, along arcs in A,
yields a surface B’ disjoint from A.

Exercise Suppose A is a framed immersed disk in M, with an embed-
ded transverse sphere. Show that there is an embedded disk in M with
the same framed boundary. ]

As illustrated by the exercise, embedded transverse spheres are very
useful. They are also very rare. There is a “stabilized” version of 4-
dimensional topology which is much easier because one gets embedded
transverse spheres for free. Define M # (82 x S§?) by deleting small
open balls from M and S? x S? and identifying the resulting 3-sphere
boundaries. Note that there are two framed embedded S? in S§? x §2
which intersect in one point. If A’ is obtained by adding one of these
spheres to a surface A in M (along an arc) then A’ has an embedded
transverse sphere. Combining this observation with the exercise yields:
if A is an immersion of a union of disks in M then for some k there are
embedded disks in M # k(S? x S2) with the same framed boundaries.

Immersed transverse spheres are not much good for removing selfin-
tersections, but can be used to make two things disjoint. As with the
immersed Whitney move this disjointness comes at the expense of in-
creasing the number of selfintersections. The use of transverse spheres
is slightly more violent than immersed Whitney moves in that the latter
changes things by regular homotopy, whereas the former often does not.

An algebraically transverse sphere for a connected immersed surface
A is a framed immersed sphere B with algebraic intersection A(A, B) =
1. Generally if A has components A; then “algebraically transverse
spheres” for A is a framed immersion of a union of spheres UB; — M,
so that A\(A;,B;) = 1ifi = j, and = 0 if i # j. Existence of alge-
braically transverse spheres is a purely algebraic-topological condition,
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and occurs frequently. We note that such A and B can be changed by
regular homotopy rel boundary—using the immersed Whitney move—to
be transverse in the geometric sense.

The final topic in this section is a characterization of surfaces which
have transverse spheres. First, we say that an immersion A — M is
7r1-negligible provided the complement of the image has the same funda-
mental group; my (M — A) — 71 (M) is an isomorphism. We will see this
condition is equivalent to the existence of a possibly unframed immersed
sphere intersecting A in a single point.

To detect the framing, consider the second Stiefel-Whitney number
as a homomorphism ws: 73 — Z/2. An immersion is said to be dual
to wy on mo if the mod 2 intersection numbers with A define the same
homomorphism. Conversely, A is not dual to ws if these homomorphism
are different.

Proposition. A connected framed immersed surface in a 4-manifold
has a transverse sphere if and only if it is wy-negligible, and is not dual
to wo on ma.

Proof: Let Mg denote the complement of the interior of a regular neigh-
borhood of A. The boundary of a normal disk to A defines a framed
embedding of S! in dMy. This circle is nullhomotopic in M—it bounds
the normal disk—so if A is m;-negligible it is also nullhomotopic in Mg.
Apply the immersion lemma to replace the nullhomotopy by an immer-
sion of a disk, which on the boundary differs from the given immersion
by rotations. If the difference is an even number of rotations, twist in the
interior of the disk to match up the framings. The resulting immersion
fits together with the normal disk to give a transverse sphere for A.

If the immersions differ by an odd number of twists (which happens
when wy # 0, according to 1.3), the immersions fit together to give
a immersion with nontrivial normal bundle. An unframed transverse
sphere implies that A is m;-negligible, since sums with it move disks off
A. Note however that sums with an unframed sphere destroys framings.
This but is why a framing is included in the definition of transverse
spheres.

If the immersions differ by an odd number of twists, then since A is not
dual to ws there is an element f € oM with we(f) =1 but A(f,A) =0
mod 2. Represent f by an immersion in general position with respect
to A, and use sums with the unframed transverse sphere to obtain f’
disjoint from A. Since the intersection number is trivial mod 2, an even
number of copies of the sphere are added to f, so wa(f’) = 1. Adding f’
to the unframed transverse sphere gives a sphere intersecting A in one
point, but with ws = 0. According to the first part of the argument this
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sphere is homotopic to a framed immersed transverse sphere. I

1.10 Tracking intersections

Some of our constructions involve large numbers of surfaces, with
complicated intersections. The most common error is to think that two
surfaces are disjoint, when in fact they intersect. To avoid this we use
two conventions: the description of new surfaces as “constructed from”
parallel copies of old ones, and the use of “scorecards”.

In the construction descriptions we take advantage of the fact that
surfaces are generally disjoint from 1-complexes. Therefore modifica-
tions which take place in a neighborhood of 1-complex will not change
intersections (with certain obvious exceptions).

To illustrate this, suppose we have A, B, and an immersed Whitney
disk W for a pair of intersections AN B. Let A’ be the surface obtained
by an immersed Whitney move of A across W. A’ is described in 1.4 as
constructed from A and two parallel copies of W (by some cutting and
pasting in a neighborhood of the Whitney circle). The plumbings used
to define framed immersions do not allow for intersections of anything
else with a Whitney circle. Therefore manipulations near the Whitney
circle effect only the two intersection points which lie on the circle. All
other intersections of A’ come from the component surfaces.

Note that in sums and finger moves the entire modification takes place
in a neighborhood of an arc. Therefore these cause no change in inter-
sections other than the obvious ones.

A scorecard is a table in which the intersection data is recorded. For
example suppose we have disjoint immersed disks A, B, and a framed
immersed sphere C which is algebraically transverse to A. This data is
summarized by:

A B C
A ? ) alg. 1
B ¢ ? ?
C alg. 1 ? ?

Here a question mark indicates no restriction are known. We indicate a
sequence of moves which produces A’, B/, C' with A’ and B’ still disjoint
and with C’ a (geometrically) transverse sphere for A’. Choose immersed
Whitney disks W; for all but one of the intersections between A and C
(using 1.6). We then have intersections
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A B C W;
A ? ) alg. 1 ?
B ? ? ?
C ? ?
W; ?

(Duplicated entries have been omitted.) Obtain C’ by using finger moves
to pushing off of int(W;). Obtain A’ by immersed Whitney moves on
A, using the Whitney disks W;. Since A’ is constructed from A and
parallels of the W;, we have scorecard

A | B| ¢
A |7 | 7 | 1pt
B ? 7
c 7

C’ is now a transverse sphere for A’, (and usually would be renamed
(A")*). Add copies of C’ to B along arcs in A’ to remove intersections
with A’. This yields a disk B’ as required;

AI BI Cl
A [ 7 ¢ | 1pt
B 7 7
o 7

1.11 References

A general reference for elementary differential topology (eg. lemma
1.2) is Guillemin and Pollack [1]. For PL topology see Rourke and
Sanderson [1]. Wall [1, p.45] is a reference for intersection numbers in
nonsimply connected manifolds.

Twisting, to correct the framing of an immersion, was mtroduced in
Freedman and Kirby [1]. The picture of it used here comes from Quinn
[1]. The appearence of twisting, in the form of cusp homotopies, follows
from Whitney [2].

Whitney disks, which are generically embedded in dimensions greater
than 4, were introduced by H. Whitney [1] in 1944 to show n-manifolds
can be embedded in R?*. Their role as one of the workhorses of higher
dimensional topology has been clear since their use by Smale [1] in 1959
to prove the generalized Poincare conjecture. The role of immersed
Whitney disks in dimension 4 has emerged more slowly. . Early occur-
rences are in Casson [1] and Kobayashi [1]. Embedded Whitney disks in
a stable setting (mentioned after exercise 1.9) were developed by Quinn
[1] and by T. Lawson.
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The use of finger moves to make things disjoint is often called “pip-
ing” in higher dimensions, and was described by Penrose, Whitehead,
and Zeeman [1]. In dimension 4 it has been long known to imply that
homotopy implies isotopy for 1-complexes (eg. Andrews and Curtis [1]).
More sophisticated use of the technique was made by Casson [1], see the
appendex to Freedman [1].

Sums with a transverse sphere, as a method to remove intersections,
was pioneered by Norman [1], in 1969. This idea has figured in most of
the delicate work done since then, eg. Casson [1]. Many of the terms
and basic properties used here were set out in Quinn [1]. “Self-sums”,
or 1-surgeries, were used in Freedman and Quinn [1]. This technique
has had little use until recently because the utility of surfaces of higher
genus was not appreciated.



CHAPTER 2

Capped gropes

Capped gropes are 2-complexes with the same regular neighborhood
as a fixed surface, usually a disk. Intersections which are “more subtle”
than the standard plumbing points can be defined in terms of this more
complicated description of the neighborhood.

The first three sections describe capped surfaces, and this construction
is iterated in 2.4 to define capped gropes. The key property of gropes
is that once a certain height has been obtained they can “grow.” This
is proved in 2.7, and then exploited in the remainder of the chapter. It
is used to disengage the image of gropes from the fundamental group of
the manifold, and in a controlled setting to disengage images from each
other.

2.1 Capped surfaces

Consider a neighborhood of a framed disk. Other surfaces will usually
intersect it (according to the plumbing construction and lemma 1.3) in
normal 2-disks. A more subtle sort of intersection occurs when two
surfaces enter and leave the regular neighborhood in an inessential way,
but “link” each other.

B B
A
9 4 \
e } )
4 regular
neighborhood {
of A C

Generic intersection
(time suppressed) “More subtle” intersection

We formalize the “more subtle” intersection this way: Add A to itself to
obtain a surface with one handle, disjoint from B and C. (Push A below
B, and use 1.9 to remove AN C.) There are two canonical basis curves
on the surface which bound disks in the neighborhood, one intersecting
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B and one intersecting C. These curves intersect each other in exactly
one point.

basis curve

Now suppose S is a surface. An S-like capped surface is a surface in S X
R? obtained by replacing disks in S with copies of the picture. This gives
a surface—the body—obtained by doing some number of self-additions
on S x {0}, together with canonical disks spanning the canonical basis
curves. The disks are called the caps of the capped surface. Caps occur
in pairs with a point in common; the dual of a cap is the other member
of this pair. Caps have boundary on the body surface, in the sense of 1.3.

We will refer to the surface S as the “starting surface” to avoid con-
fusion between S and the body. For the most part S will be a disk, or
a union of disks.

There is another description of this construction in terms of han-
dlebodies. Consider the product structure on S x I as a handlebody
structure with no handles. Introduce some cancelling pairs of 1- and
2-handles. Then the “body” surface is the level surface between the lay-
ers of handles, and the caps are the cores of the 2-handles and the dual
cores of the 1-handles. The 4-dimensional model is obtained by product
with 1.

These definitions specify a regular neighborhood of a capped surface,
as well as the object itself. Note that the regular neighborhood is iso-
morphic with S x D2. Also note that capped surfaces have models in
S xR, and the 4-dimensional versions are obtained by a further product
with R. This fact will be very useful to us, since it means we can get
disjoint parallel copies in 4-space by product with different points in the
last coordinate.

An immersion of a capped surface in a 4-manifold is defined as in 1.2:
introduce plumbings into the 4-dimensional model, and fix an isomor-
phism of the result with an open set in the manifold. Note that—as
with surfaces—this definition of immersion requires that the boundary
of the body be taken to the boundary of the manifold.

Example 1. Suppose A, B are immersed surfaces with an algebraically
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cancelling pair of intersection points, with an immersed Whitney disk
W. Add A to itself along the boundary arc of W on B. Caps for the
resulting surface are obtained from W and a small disk cutting across
the sum tube. This gives an A-like capped surface whose body has two
fewer intersection points with B.

A"

/ A D'Aurfa.ce

1~ caps
14

X

Exercise An immersion of a disk-like capped surface gives a framed
immersion of the body surface which is trivial on the fundamental group
(the caps give nullhomotopies of the generators). Show that conversely
a framed immersion of a compact orientable surface with one boundary
component, trivial on fundamental group, extends to an immersion of a
disk-like capped surface. (See 1.4, and corollary 2 of 1.3.) 01

Example 2. A Whitney disk has a transverse sphere-like capped sur-
face; The linking torus of one of the intersection points is an embedded
torus intersecting only the Whitney disk, and in only one point, and
normal disks for the two intersecting surfaces provide caps. The inter-
sections between the caps and the surfaces are usually removed using
transverse spheres (see the proofs of 5.2, 5.3).

We explicitly describe this capped surface, continuing the description
of the torus in exercise 1.1. If a neighborhood of the intersection point
is parameterized as R? x R2, with the Whitney disk the quadrant R x
{0} x Ry x {0}, then the torus is S! x S! and the caps are D? x {p} and
{p} x D?. Here p € S' is some point with nonzero second coordinate.

2.2 Proper immersions

A proper immersion of a capped surface is an immersion in which the
body has no selfintersections or intersections with the caps. A proper
immersion can be thought of as an immersion of the starting surface in
which all the selfintersections are “more subtle,” in the sense discussed
in 2.1.
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If an immersion of a disk with boundary in M has algebraic selfin-
tersection 0 then we can use the method of the example in 2.1 to get
an immersed capped surface with body embedded. This is not proper
since the caps still intersect the body. Typically these intersections are
removed with a transverse sphere.

Exercise (1) Suppose A is a framed immersed disk with p(4) = 0,
and an immersed transverse sphere A*. Show there is a properly im-
mersed disk-like capped surface with the same framed boundary, and
a transverse sphere for the body. (2) Suppose the hypotheses of the
main embedding theorem: an immersed disk A, a sphere B algebraically
transverse to A, and p(B) = 0. Show that there is a properly immersed
capped surface with the specified framed boundary, and a transverse
sphere for the body which is disjoint from the caps (start with the ob-
servation at the end of 1.8). 1

The regular neighborhood of the image of a capped surface should be
thought of as a pair: the neighborhood itself, which is a 4-manifold, and
the regular neighborhood of the boundary of the surface, in the bound-
ary. The neighborhood of the boundary has a canonical description as
8! x D?. The structure of the pair is a bit complicated. However the
structure of the neighborhood by itself (forgetting the position of the
S x D?) is quite simple.

Suppose (as in 1.2) the starting surface has boundary in each compo-
nent, so is a regular neighborhood of a graph. At each intersection point
between caps add an arc in each sheet joining the intersection point to
the graph. Then the regular neighborhood of the image is also a regular
neighborhood of this 1-complex. To see this, note first that the image
collapses to the image of the caps, the graph in S and embedded arcs
joining them. Then apply the corresponding fact for the caps (1.2).

As in 1.2 this implies that the fundamental group of the image is free,
and is generated by loops passing through at most one intersection point
if the starting surface is connected.

2.3 Contraction

This essentially recovers S from an S-like capped surface, so provides
a converse to the construction in the example of 2.1.

Cut a capped surface open along the attaching curves of a dual pair
of caps. Fill in with two parallel copies of each cap, and a small central
square.
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Doing this to each pair of caps yields a surface, called the contraction
of the capped surface. The contraction is defined in a small neighbor-
hood of the model capped surface, so an immersion of a capped surface
defines—by restriction—an immersion of the contraction.

Notice in the first example in 2.1 the starting surface is exactly recov-
ered by cutting and adding copies of only half the caps. In the model
there is an isotopy from this “half contraction” to the contraction as
defined above. If an immersion is given then this isotopy defines an reg-
ular homotopy from the image of the “half contraction” to the image of
the contraction. Therefore contraction applied to the construction of 2.1
yields an immersion of the surface regularly homotopic to the original.
This is the sense in which contraction is inverse to this construction.

It also follows from this discussion that the regular homotopy class of
the contraction is independent of the caps: if two immersions of the caps
are given, form a “hybrid” with half the caps from one set, the other
half from the other. Since the regular homotopy class of the contraction
only depends on half the caps, each contraction is regularly homotopic
to the contraction of the hybrid.

Next suppose an immersion of a capped surface is given. Any surface
which intersects a cap will have two corresponding intersections with
the contraction. Further these two points have a Whitney disk. Choose
an arc on the cap from the original intersection point to the point of
intersection with the dual cap. This defines a ribbon between the parallel
copies of the cap, from the new pair of intersections to the central square.
This ribbon is the Whitney disk.
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Since this disk is defined in a neighborhood of an embedded arc, it will
be embedded disjointly from other surfaces in the manifold. If there
are many intersections with a single cap we can choose an arc for each
one, all disjoint except for the endpoint. These yield disjoint Whitney
disks. However arcs on dual caps give Whitney disks which intersect;
the Whitney circles intersect as they cross the central square.

Suppose A — M is an immersed capped surface, and B — M is a
surface in general position with respect to A and intersecting only the
caps. The phrase push B off the contraction of A means: contract A,
construct ribbon Whitney disks for the intersections of the contraction
with B, disjoint except for the necessary points on the central square,
and push B across these Whitney disks. This yields a surface B’ disjoint
from the contraction. The only new intersections of B’ with anything
are selfintersections from the intersections of the Whitney circles; when
B is pushed across a Whitney disk from an arc on one cap, it passes
through Whitney disks from the dual cap. Pushing across these then
give intersections. We depict these intersections schematically as follows:

caps contraction

XX //‘

new intersection

oints
<+— body P
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2.4 Capped gropes

Models for gropes are obtained by iterating the capped surface con-
struction. Consider a model S-like capped surface in S x I. Each cap
has a neighborhood D? x I, which we replace with a model disk-like
capped surface. These second stage capped surfaces likewise have caps,
which can be replaced by capped surfaces. We define capped gropes to
be objects obtained after a finite number of such steps.

second stage third stage

7~
first stay -
TS

There is some terminology similar to that used for capped surfaces. The
caps of the last step in the construction are the caps of the grope, the
union of all the surfaces constitutes the body. The body is divided into
stages: the original surface is the first stage, the surfaces replacing the
first stage caps are the second stage, etc. We say that a capped grope
has height at least n if the replacement has been done at least n — 1
times; the body has at least n stages. A capped surface, for example,
is a capped grope of height 1. Finally note that if the caps of a capped
grope are all replaced by disk-like capped gropes, the result is another
capped grope. The new one is called an extension of the original.

Immersions of capped gropes are defined as always, by introducing
plumbings into the model. A proper immersion is one in which plumb-
ings are allowed only among the caps. This restriction implies that the
body is embedded, disjointly from the interiors of the caps. As with
surfaces it is also a consequence of our definition of “immersion” that
the boundary of the first stage goes to the boundary of M.

We caution against a confusion which may occur in rare cases. Usually
the body and caps can be identified by topological properties; caps are
disks with nothing attached to them. This is the case when in the
model at each stage the caps are replaced by nontrivial capped surfaces.
However a disk is trivially a disk-like capped surface with no caps, and
if this is used as a replacement we get a disk as part of the body. For
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example we can think of a k-stage capped grope as a (k + 1)-stage grope
with trivial top stage. This makes a difference in what is allowed in a
proper immersion: as a (k + 1)-stage grope the previous caps are now
part of the body, so a proper immersion would have to be an embedding.

Contractions are defined for capped gropes. By contracting the top-
most capped surfaces in a capped grope of height at least n, we get a
capped grope of height at least n—1. Contracting stage by stage eventu-
ally yields the starting surface. An immersion of a capped grope defines
immersions of all its contractions. Note particularly that if the original
immersion is proper, the contractions are also properly immersed.

One benefit of having many stages in a grope is that we can get a little
extra disjointness when pushing off contractions. Suppose for example
that A is a properly immersed capped grope with at least n stages, and
suppose a surface B intersects A only in the caps. Suppose for each of
these intersections there is a designation of one of the upper n stages of
the grope. Contract the top stage and push off all intersections whose
designated stage is the top one. Then contract the next stage, and push
off all intersections which have that as their designated stage. Continue
contracting and pushing off a total of n times. At the end we have a
surface B’ disjoint from the n-fold contraction. The new intersections
in B’ come from intersections of B with A which were pushed off the
contraction at the same stage. Pieces pushed off at different stages are
disjoint. This operation will be used in 2.9.

Exercise Suppose A is a properly immersed capped grope of height
n. In a neighborhood of the image construct arbitrarily many disjoint
properly immersed capped gropes of height n — 1 with bodies parallel to
the lower n — 1 stages of A. (Push A off the contraction of a parallel.
These are called disjoint near parallels, of the contraction, since the
bodies are parallel to that of the contraction.) [I

2.5 Pushing intersections down

Suppose a surface B intersects a capped grope, say in stage n. We
can do a finger move to push B off stage n and through stage n — 1.
B will intersect stage n — 1 in two points. Now do two finger moves to
push these off through stage n — 2, and get 4 intersection points.
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Pushing down k stages produces a cascade of 2% little fingers. Notice that
there are disjoint paths to push down along, because the complement
of the attaching curves on each surface is connected. Pushing down is
contrary to the idea—which we have tried to encourage by our use of the
term “proper”—that we should only allow interscctions with the caps. It
is usually done only when the new intersections can be removed quickly,
for example with a transverse sphere for a lower stage.

Exercise Show that under the hypotheses of the main theorem there
is a properly immersed disk-like 3-stage capped grope with the specified
framed boundary, and with a transverse sphere for the bottom grope
stage disjoint from the rest of the capped grope. (Continue from exercise
(2) in 2.2. Review the proof of that result for hints, if necessary.) 0

2.6 Transverse gropes

Suppose A — M is an immersion of a connected capped grope. A
transverse grope for A is a properly immersed sphere-like capped grope
At 50 that there is a single point of intersection of the bottom stage of
A with the bottom stage of A, and all other intersections are between
caps. If A is not connected, a transverse grope is a properly immersed
(union of spheres)-like capped grope, with a component transverse to
each component of A, and (other than the transverse points) only inter-
sections between caps.

Notice that total contraction of transverse gropes gives transverse
spheres for the bottom stage surfaces, if the height of A is at least
one. These spheres may intersect the caps of A. If A has height 0 (ie.
is an immersed surface) then contractions yields algebraically transverse
spheres.

We construct transverse gropes inside models of capped gropes. Let
S be a surface, and consider a model S-like capped grope of height n
in N x I x [-2,2]. Collect the second stage surfaces into two “sides”,
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denoted E4 and E_, so that the surfaces on each side are disjoint from
one another. For example in the 3-dimensional model for a capped grope
we could choose the — surfaces to be the ones on the 0 side of the first
stage surface, and the + ones to be on the 1 side. The terminology
“side” comes from this picture. Let F' be the union of E_ and all higher
stages attached on it. Then F is a (union of disks)-like capped grope of
height at least n—1. 8F x [—1,1] is a collection of annuli which intersect
F x {0} in its boundary. Let G be an annulus obtained by perturbing
the interior of 8F x [—1, 1] to be disjoint from F. Finally define E% to
be Fx {1} UF x{-1}UG.
In a neighborhood of the intersection point E, N E_ this looks like

EY is a (union of sphere)-like grope which intersects E in exactly one
point in each component. In fact the intersection point with E is the
only intersection with the whole grope. When the model is immersed,
however, cap intersections lead to intersections between the caps of Ei
and the caps of the grope.

There is a transverse sphere-like grope Et for the other side defined
the same way. Unfortunately corresponding components of Ef and E*
intersect in two points in their bottom stages. This will usually prevent
us from using them both at once.

Exercise Draw both E% and E! in a neighborhood of the intersection
point, as above. Find the two points of intersection. [J

2.7 Raising grope height

The next proposition is the first of several “replication” results. These
state roughly that once the data has been refined to a certain point, it
can automatically be refined further.
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Proposition. Suppose there is a proper immersion of a capped grope
of height at least 3 in M. Then for any n there is an extension of the
body to a proper immersion of an n-stage capped grope.

We recall that an extension is obtained by replacing the caps by
capped gropes (2.4). Note the new grope has the same framed boundary
as the original, and up to regular homotopy the same starting surface,
because these are both determined by the first stage.

Proof: Divide the second stage surfaces into + and — “sides” as in 2.6.
We show how to raise the height of the + side. Proceeding in steps
alternately raising the height of the + and — sides will then prove the
proposition.

Form transverse gropes E for the second stage + side, as in 2.6.
These are constructed from parallel copies of the — side, so have height
at least 2. Contract the top stage of the transverse gropes, and push
the caps of the original grope off the contraction. The new transverse
gropes are disjoint from the caps.

Now at every intersection point of a + cap with any other cap, push
the other cap down to the second stage, and add parallel copies of the
transverse gropes. This converts the caps into capped gropes. Since
the transverse gropes are disjoint from the caps, these capped gropes
are properly immersed disjointly from the body of the original grope.
Therefore they give a proper extension with greater height on the +
side. §§

Exercise Weaken the hypothesis in the proposition to: the grope has
height at least 1 on the + side, at least 2 on the — side. (For this form
E% , push +, — cap intersections down the + side, and add copies of EY,.
This raises height on the — side, but the immersion is not proper since
the — caps may intersect the transverse grope caps. Contract the new
— grope stages and push off the + caps. This gives new caps with the +
side disjoint from the — side. Repeat the construction, and observe that
with this extra disjointness the immersion is proper. Use scorecards.) [

2.8 Speed, complexity, and size of height raising

We will need estimates on how various parameters of gropes change
in the proof in 2.7.

Speed. Begin with a grope of height 3, and proceed in steps; in step
n raise the height of the (—1)" side. Let a, denote the height of this
side after the step. The height after a step is the original height, plus
the height of the contracted transverse gropes. The transverse gropes
are constructed from all but the bottom stage of the opposite side, so
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we obtain the recurrence relation a, = a,_1 + an—o — 2. With initial
grope height 3 we have initial conditions a_; = 3,a9 = 3. These con-
ditions identify the heights as being essentially the Fibonacci numbers.
Explicitly we can work out

\/5+3<1+\/5 "+ \/5—3(1—\/5 "
2v5 2 25 2 ’
but we will only use the easy estimate /2 < g, < 2" Fibonacci

numbers are widely observed in the growth of plants, so their occurrence
here provides amusing evidence for the “organic” nature of gropes.

an =2+

Complexity. The complexity of an immersed grope is measured in
terms of words in the fundamental group of the image. For this estimate
we assume the grope is disk-like, though more general versions are easily
obtained.

Let G; denote a regular neighborhood of the image of the capped
grope produced in step i of the construction. Then mG; is a free
group with canonical generators given by loops passing through exactly
one intersection point. The estimate is that under the homomorphism
m1G;i41 — ™1 G; generators go to words of length at most 5 in generators
and their inverses. Thus after n steps 7, G, — 7, G takes generators to
words of length < 5™ in the original generators and their inverses.

The transverse gropes are parallel to one side of the grope, so gen-
erators in these go to original generators. Contracting the top stage
does not change the set of elements which occur as generators, although
it increases the number of intersections. Pushing the original caps off
the contraction introduces new intersections among the caps. Loops
for these intersections pass through 2 old intersection points, so these
generators go to words of length 2. (See the picture in the next section.)

In the final result the longest words occur as loops passing through
intersections in the new - side caps. Such a loop passes through an ++
or +— intersection point, through a pushdown finger, then out through
the transverse grope to the cap. It passes through the new intersection
point (between caps of transverse gropes) and finally back to the base-
point along a similar path. The loop passes through a total of three
intersection points. The first and last may contribute length 2 in the
original generators, the middle contributes 1. The maximum length in
terms of the original generators is therefore 5, as claimed.

Size. Sizes are measured in terms of diameters of images in a metric
space. Suppose X is metric, f : M — X is continuous, and § > 0.
Suppose that the image in X of each component of the grope has di-
ameter less than 6. The estimate is that each step in the height raising
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argument may increase diameters by a factor of 7. Thus after n steps in
the proof, component images have diameter less than 7"6.

This estimate is used in the controlled embedding theorem. In contrast
to the complexity estimate it is most useful when the grope has lots of
components.

The transverse gropes have the same initial diameter as the pieces from
which they are constructed. Contraction does not increase diameter.
Pushing off the contraction involves pushing across ribbon Whitney disks
which may have diameter 8, and so may increase the diameters of the
caps to 36. (Note changes get doubled: pushing across a Whitney disk
may move points as far as 6 from the original image. Applying the
triangle inequality shows that points moved by different Whitney disks
are within 38.) When pushing down and adding copies of the transverse
gropes., the pushdown fingers may have diameter 8, and the transverse
gropes have diameter 6. This may move points as far as 26, so final
diameter is bounded by 74, as claimed. il

Exercise (1) Estimate the height, complexity, and size growth rates
for the more complicated version of substep 1 used in the exercise in
2.7. (2) Construct disjoint near parallels for properly immersed capped
gropes of height at least 2, without loss of height. (See the exercise in
24). 0

2.9 Reducing the fundamental group

The fundamental group restriction in the main embedding theorem
comes from a step which requires finding an immersed capped grope
with the property that loops in the image are contractible in the ambient
manifold. The following is the best which can be done at the present
time in this direction.

Proposition. Suppose a : M — T' is a homomorphism, I' is a poly-
(finite or cyclic) group, and M contains a properly immersed disk-like
capped grope of height at least 3. Then there is a properly immersed
capped grope with the same body, so that the fundamental group of the
image is taken to {1} by a.

Proof: A poly-(finite or cyclic) group is one with a finite ascending
sequence of subgroups, each normal in the next, so that successive quo-
tients are either finite or infinite cyclic. It is sufficient to prove the result
when I itself is finite or infinite cyclic. The general case will follow by
induction on the number of subgroups in the sequence, applying the
special case to the quotients.
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I" finite. Let n be the order of I', and apply Proposition 2.7 to raise the
height of the grope by n. Choose a correspondence between elements
of I' and the new grope stages. We contract the new grope stages, and
push intersections among the caps off in a careful way.

At each intersection point choose a first and second sheet. This de-
fines an element in the fundamental group of the image: the loop going
through only this intersection point, passing from the first to the second
sheet. Then apply the correspondence of I' with the new grope stages.
This gives for each cap intersection a designation of one of the top n
grope stages. Now contract the top stage, and push off (first sheet off
second) all intersections whose designated stage is the top one.

When the caps are doubled in the contraction, intersection points
are multiplied by four. Replicate the data for these new intersections
by letting the first sheet be the parallel of the old first sheet and the
designated stage of the grope be that of the old intersection point.

Now repeat the construction: again contract the current top stage
and push off all intersections which have this as their designated stage.
Repeat this process n times. At the end the new grope stages have all
been contracted, so we have new caps for the original grope body. Since
we have “pushed off” all cap intersections during the construction, all
intersections among these new caps come from the pushing off process.
These arise when (decendents of) old intersections are pushed off dual
caps in a single stage of the contraction (2.3). If these intersections have
fundamental group elements g, i respectively, then the new intersection
points have group element gh—!.

caps /
grope
body

fomts (W (>
elements A .
[ h gh™!
We note that the doubling of intersections in contractions does not
change the associated group element. Therefore if two intersections are

pushed off the same stage of the contraction, their loops must have the
same image in I', say ¢. Since « is a homomorphism, the new intersection
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points have loops with image ii~! = 1. Since these loops are generators
for the fundamental group of the image of the grope with the new caps,
the entire fundamental group is taken to {1} by a.

[ infinite cyclic. We can no longer afford to have a separate grope
stage for each group element which may occur, so we describe a more
elaborate strategy. We use the additive notation for elements of the
infinite cyclic group Z.

Suppose that the the integer N is a bound for the absolute values of
the image in Z of the set of generators for the fundamental group of the
grope image. Contract the top stage, and push off all intersection points
with loop image between N/2 and N. Contract the next stage and push
off all between —N and —N/2. The generators in this new immersion
have image bounded by N/2: the old ones by choice and the new ones
since they are differences in one of the two cases.

Iterating this construction shows that 2i stages can be used to get
generators whose images in are bounded by (1/2)°N. In particular if ¢
is large enough so that (1/2)!N < 1, then the image is trivial.

Now recall the estimates given in 2.8. Suppose we start with a grope
of height 3 whose generators have images bounded by B. After 2k steps
we have words of length 52* in the original generators, so the image is
bounded by 52*B. The grope height is at least 2%. The strategy above
can therefore be used to give trivial image after 2k steps if

(57 *)B<1

But since 1o
. 2
kll.rgo(i) (szk) =0

there exists some k for which this will work. |

Exercise (1) Suppose the original grope has image in Z bounded by
B = 100. Determine how many steps in the height raising construction
are necessary to get a grope for which the image-killing strategy will
succeed. (2) See that the strategy fails for I a free group on r letters,
r > 2. (The number of group elements represented by words of length k
is nearly (2r)*, and the only strategy we see for getting rid of them is to
use a separate stage for each group element.) (3) Verify the remark in
the introduction that we can kill images in the following class of groups:
the class containing finite and cyclic groups, and closed under direct
limits, subgroups, quotients, group extensions, and passage to a larger
group in which the original has finite index. []
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2.10 Controlled separation

This material is required for the controlled embedding theorem, but
not for embedding a single disk.

Suppose X is a metric space, and f : M — X is a map from a 4-
manifold to X. We want to construct gropes, etc. in M and control
the size of the images in X. There are two main ways to do this. The
first is to show that the construction requires certain fixed number of
steps, each of which has a predictable effect on the size. The second is
to separate the data for the construction into small disjoint units. After
this arbitrarily many steps can be used, and the results will remain inside
regular neighborhoods of these units. The object of this section is to use
the first method to separate data into units, so that the second method
can be applied.

Lemma. Suppose X is a locally compact metric space, and : X —
(0,00) is given. Then there is §: X — (0,00) such that if M4 — X
is continuous, and A — M is a properly immersed (union of disk)-like
capped grope of height at least 3 such that the images of the components
of the grope in X have diameter less than §, then there are new caps for
the bodies such that distinct components of the grope are disjoint in M
and the images in X have diameter less than e.

When ¢ is a function what we mean by “diameter less than ¢” is that
the diameter is less than e(x) for all z in the set. Although control
functions are necessary when X is not compact, they cause a lot of
essentially irrelevant technical trouble. We will therefore begin with X
compact and € constant.

Proof, compact case: Suppose the components of the grope are di-
vided into two collections. Then we could separate these collections as
follows: raise height by 1. Contract all the new stages in the first col-
lection, and push off caps of the second collection. Then contract the
second collection.

If the images in X start out smaller than 8, then raising the height
gives diameter 72§ (by the size estimate in 2.8; 2 steps are required, one
on the + side one on the — ). Contracting does not increase diameter,
but pushing off may triple diameters in the second collection. The entire
construction therefore yields diameter less than 3(72)é.

More generally we could separate k collections by contracting the first
and pushing the others off, contracting the second and pushing the later
ones off, etc. The last collection would be pushed off k — 1 times, so
would have diameter less than 3F—1(72)§ < 3¥+35. Notice that we cannot
achieve the statement of the lemma by simply declaring each component
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to be a separate collection; this separates the components, but there is no
bound on the final size since there is no bound on how many components
can occur.

Cover X with open sets of diameter less than €, and suppose there are
k of them. Choose compact subsets which also cover, and then choose §
so small that the subsets still have diameter less than € when enlarged
by 3%+35. Here “enlarging” a set K by v means adding all points within
distance « of a point in K.

Now suppose we are given the data of the lemma, with § the number
obtained above. Divide the grope components into k collections, one
for each element of the compact cover: the first collection consists of all
components whose image intersects the first subset in the cover. The
second collection is all components not in the first which intersect the
second subset, and so on. If we separate these coliections as above, then
the choice of § ensures that the diameter of each entire collection remains
less than e.

Finally we separate within each collection. Choose a regular neigh-
borhood for the image of each collection so that the image in X has
diameter less than ¢, and so that distinct neighborhoods are disjoint.
Now separate the members of each collection inside the neighborhood
(by declaring each member to be a separate collection and using the
same procedure). The result satisfies the statement of the lemma.

Noncompact case: We may assume that balls of radius less than 1 in
X are compact, and that 3¢ < 1. Cover X locally finitely with compact
sets K; of diameter less than e. For each z in X let k(z) be the number of
these sets intersecting the ball of radius 2¢ about z. Then construct §(z)
so that for each of the compact sets Kj;, the enlargement by 3%+4§ has
diameter less than €. Here k;, §; denote the maximums of the functions
k(z),d(z) over the enlargement of K; by e.

Now divide grope components into collections and separate as above.
There may be infinitely many collections, but the choice of é§ prevents
any more than k; from intersecting the ones in collection ¢ during the
construction, and ensures the final diameter will be less than €.

Exercise Construct the data required for the lemma from the data of
the controiled embedding theorem, 5.4. (ie. construct a properly im-
mersed 3-stage grope of size § from small disks with transverse spheres,
etc. For this, estimate the size growth in the exercise in 2.5). {1

2.11 References

The first explicit use of capped surfaces occurs in Freedman and Quinn
[1]. There are many implicit occurrences, where they were constructed
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and then immediately contracted to give spheres, for example in Casson
[1] and Freedman [1, lemma 4.2]. The first systematic uses of the Whit-
ney disks arising in a contraction were in Quinn [3] and [5]. However the
there presentation was not explicitly in terms of gropes; this formulation
was pointed out by R. D. Edwards.

Gropes were introduced by Stan’ko [1], to use in taming wild embed-
dings in higher dimensions. They were further developed by R. D. Ed-
wards, and J. Cannon, among others (see Cannon [1]). The term “grope”
was introduced by Cannon.

The speed and complexity estimates for grope height raising, and
the application to killing fundmental group images in 2.9 come from
Freedman [4]. The size estimate and the controlled separation lemma
comes from Quinn [3].



CHAPTER 3

Capped towers

A capped grope is built of layers of surfaces, and a layer of disks (the
caps) at the top. We will need more complicated objects, “towers”,
whose building blocks are themselves capped gropes. These are defined -
in the first two sections, and constructed from more primitive data in 3.3.
The height of a tower is raised, finitely many times in 3.5 and infinitely
in 3.8. The convergent infinite towers of 3.8 provide the raw material
for the decomposition theory constructions of the next chapter.

The original proof used somewhat simpler towers, using only accessory
disks. Towers of gropes are used here because they allow substantial
simplifications in the decomposition arguments.

3.1 Accessory disks

Let D C D* be the standard 2-disk. Define D’ by doing a finger
move_of D through itself. D’ then has a pair of intersection points with
a canonical embedded Whitney disk W which undoes the finger move
(1.7). There is another embedded disk A with boundary on I, passing
through exactly one intersection point. This is the model accessory disk.

Note that a regular neighborhood of the union D'UAUW is isotopic rel
8D to a regular neighborhood of the original embedded disk. Therefore
we can think of intersections of things with A and W as representing
another sort of “more subtle” intersections with D, (different from those
in section 2.1).
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Exercise (Harder than usual) (1) Suppose a surface B intersects W
and A. Draw a picture of the corresponding “more subtle” intersections
with D, analogous to the picture in 1.2. (2) Find transverse spheres A!
disjoint from D' and W, and W! disjoint from D’ and A. (Hints: See
Chapter 12 for pictures. A* is constructed from 4 copies of W, and W*
from 4 copies of both W and A. Begin with the following picture. Note
there are 4 points of intersection Wt U A'.) O
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There are also useful transverse capped surfaces, although they require
a transverse sphere for D. Example 2 in section 2.1 explains how the
linking torus of an intersection point gives a transverse capped surface
for a Whitney disk passing through the point. The linking torus of the
intersection point not shared with A gives a transverse capped surface
disjoint from A. The linking torus of the shared point intersects both.
Obtain a transverse capped surface for A by adding a copy of the un-
shared torus to the shared one, to remove the intersection with W. Note
both of these have the defect that their caps intersect D. To be useful
these intersections must be removed, with a transverse sphere.

3.2 Capped towers of capped gropes

A tower has stories which are capped gropes. The word “story” is
used to refer to layers in a tower to avoid confusion with “stages” in the
component gropes. On top of these gropes there is a layer of caps. This
means there are two layers of disks at the top: first the caps of the top
story capped grope, and then the tower caps.

Formally we define a model for a capped tower with one story to be
obtained from a model capped grope by introducing standard finger
moves in each cap, with disjoint Whitney and accessory disks. The
tower caps in this case are the Whitney and accessory disks. The body
is the immersed capped grope (including intersections from the finger
moves). If S is a surface we get an S-like tower, by modifying an S-like

grope.
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Capped towers of more than one story are obtained by replacing the
tower caps by capped disk-like towers. As with gropes, a tower is said to
have at least k stories if such replacement has been done at least k — 1
times. (So there are at least k layers of gropes before the tower caps are
reached.) The body is then defined to be everything except the tower
caps on top of the top story.

As with gropes, immersions of towers are defined by introducing
plumbings in the model, and embedding the result. An immersion is
proper if the plumbings take place only among the tower caps, and the
boundary of the lowest surface is mapped to the boundary of the man-
ifold. Notice that the grope caps in a tower do have intersections in a
proper immersion, but only the ones already introduced in the model.

Exercise Suppose A — M is a properly immersed disk-like capped
grope, which extends to an immersed one-story tower. Show that every
loop in the image of A is contractible in M. []

3.3 Finding towers

An immersion A — M is said to be m;-null if every loop in the image
is contractible in M (ie. m; (imA) — m; M is trivial). Towers will be con-
structed from gropes with certain m;-nullity hypotheses. These results
are essentially converses to the previous exercise.

Lemma. Suppose A — M is a proper immersion of a (union of disk)-
like capped grope with height at least three, which is w-null and has
transverse spheres. Then the embedding of the body of A extends to a
proper immersijon of a capped tower with one story and arbitrarily many

grope stages.

Recall that A “has transverse spheres” if there is a transverse sphere
for each bottom stage component, disjoint from A except for the trans-
verse point.

Proof: The first step is to use the grope height raising proposition 2.7
to extend the body to “arbitrarily many” grope stages, plus one. This
modification takes place in a neighborhood of the upper stages, so the
new grope is also m;-null and still has transverse spheres.

Next we produce nice grope caps. Enumerate the components of the
top stage, and contract the first one. Push the caps of all the others off
the contraction. Then contract the second, and push caps of later ones
off. Continue until they are all contracted, to give new disjoint caps
for the grope body. Intersections in these new caps automatically come
with Whitney disks, since they come from contracting and pushing off.
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Choose accessory circles for these Whitney disks. Since these circles
are nullhomotopic there are framed immersed disks with them as bound-
aries. Twist if necessary (as in 1.5) to get the framings to agree with
those in the model for accessory disks. The grope together with these
Whitney and accessory disks is an immersed one-story tower. The im-
mersion fails to be proper only in that the top caps may intersect lower
things.

At each intersection point of a tower caps with either a grope cap or
the grope body, push down to the first stage. Add parallel copies of the
transverse spheres. Since the transverse spheres are disjoint from the
capped grope, except for the standard points, the resulting caps are also
disjoint. The immersion is now proper, and satisfies the conclusion of
the lemma. J

Exercise Weaken the m;-null hypothesis in the lemma to: the image
of m( imageA) — m M is poly-(finite or cyclic). Weaken the height
hypothesis to: height at least 2 on one side, 1 on the other. (See exercise
2.7) 0

The next proposition is the basis for our sharpest conclusion with
arbitrary fundamental group. It is also used in the tower height raising
procedure in 3.5, although a simpler version would suffice for that. (See
the exercise following the proof.)

Proposition. Suppose A is an immersion of a surface S in M*, and At
is a properly immersed y-null transverse capped surface for A. Then
there is a properly immersed S-like one-story capped tower with arbi-
trary grope height, transverse spheres, and the same framed boundary
as A.

Here “transverse capped surface” means “transverse l-stage capped
grope” in the sense of 2.6; the caps of A* may intersect A. Note the m;~
nullity hypothesis applies only to A%, not to any intersections between
A and the A? caps.

Proof: The plan is to convert A into a capped grope, raising height very
carefully. As an induction hypothesis suppose A is a properly immersed
capped grope of height at least k with m;-null transverse capped surface

(Recall from the definition in 2.6 that this means the caps of A*
intersect only the caps of A.) The data given in the proposition is the
case k = 0. We show how to raise height from k to k+1, replicating this
data. Then when k reaches 3 we make the upper stages of A mj-null.
The lemma applied to these upper stages then gives the second layer of
caps required for a tower.

We begin with an operation which generates transverse spheres. Let
B denote a parallel copy of Af, and contract to get a union of spheres
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B'. Define A’ and A’ by pushing intersections with the caps of B off
the contraction. B’ and A’ are m;-null since they are contained in a
regular neighborhood of A!, they are disjoint, and are both transverse
objects for A’. The body of A’ is the same as the body of A since the
caps of B intersect only the caps of A.

The first step is to get the caps of A! disjoint from A. Some notation
is required to see that this can be done preserving the 7;-nullity.

Assume the image of A' is connected, since components can be joined
by a finger move of one cap through another to arrange this. Choose
a basepoint in A’. For each intersection A N (caps of A') define an
element of m; M by: go from the basepoint through the image of A‘
to the transverse point of intersection with the appropriate component
of A. Go through A to the cap intersection with A!, and return to the
basepoint through A‘. This gives a well-defined element of 7; M because
At is m-null. We are concerned with the finite subset of 7, M obtained
this way.

Observe that the construction of A’, B’, A’ as described at the begin-
ning of the proof increases the number of A’ N (caps of A") intersection
points, but does not change the subset of 11 M. The new A/, A’* inter-
sections arise where they are pushed through each other while pushing
off the contraction of B. The group element associated with such an
intersection is the product of the one for the AB intersection, and the
inverse of the one for the BA! intersection (see 2.9). Since B is parallel
to A® the first element is already in the subset, and the second is trivial
by 7;-nullity.

Now we reduce the m;-subset by one element. Modify A, A! as above
to obtain transverse spheres B’. Choose an element of the m-subset
and construct new caps for A' by: at every point of A N (caps of A?)
with this group element, push the A cap down to the bottom stage of
A and add copies of B’. This eliminates these intersections, so removes
the chosen element from the subset.

To complete the step, observe that the new A? is still 7;-null. Inter-
sections between the new caps come from intersections in the old caps,
selfintersections of one copy of B’, and intersections between copies of
B'. The 7;-nullity of the original A and B’ implies that group elements
associated to the first two types are trivial. The fact that the curves
along which the sums are formed are homotopic (same element of the
w1 M subset) implies that the third type are trivial also.

Removing all elements of the m; subset this way yields A, A* with
disjoint caps. )

The next step is to construct A’ by: at each intersection point among
caps of A, push one down the other to the bottom stage, and add copies
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of A'. This raises height in A by 1, and gives a proper immersion of the
result since the caps of A! are disjoint from A. A! is a transverse capped
surface for A’, and is still m;-null since it is unchanged. Note however
that the caps of A! intersect the caps of A’.

Repeat these steps until the height of A reaches 3, and the caps of
Al are disjoint from those of A. Then, to reduce to a union-of-disks
situation, delete a regular neighborhood of a 1-skeleton of the bottom
stage. This gives a new manifold with a properly immersed (union of
disk)-like capped grope A', still with a 7-null transverse capped surface.
The next step is to modify A’ to be 7 -null.

Enumerate the intersection points between A’ caps, and suppose there
are n of them. Repeat the operation at the beginning of the proof n times
to obtain disjoint 7;-null collections of transverse spheres By,...,D,.
Now at the k** intersection point push one sheet down to the bottom
stage and add copies of the appropriate sphere in collection By. Note
that when a sheet is pushed down 3 stages, 8 fingers arrive at the bottom,
so 8 copies of the sphere are used. Intersections among these new caps
occur only among copies of By, used in removing a single intersection in
the original caps. Since each By is m;-null, and the 8 fingers generated
on the way down are homotopic, the intersections in the new caps have
trivial associated elements of w1 M. Consequently A’ with these new
caps is m;-null.

Finally apply the lemma to extend the body of A’ to a capped tower.
Replacing the regular neighborhood of the 1-skeleton of the bottom stage
gives the tower required for the proposition. i

Exercise Simplify this proof if the hypothesis is strengthened to: A®
is a m;-null transverse grope of height at least 4. (Contract one stage
of A' and push off A. Note height can be raised in A%, and recall the
“disjoint near parallels” of 2.4.) 0

3.4 Transverse gropes

In 2.6 transverse sphere-like capped gropes were constructed for the
second stages of a capped grope. The caps of these transverse gropes
intersect the caps of the original grope. If the original grope is a stage
in a tower this is bad, since the grope caps are part of the body of the
tower. The next construction gives transverse gropes which intersect
only the tower caps.

Suppose A — M is an n-story capped tower with grope height at least
one in the first story. As in 2.6 divide the second stage surfaces in the
first story into + and — sides, and consider the transverse grope E, for
the + side. This is constructed from parallel copies of the upper stages
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of the first story grope, so the caps of EX are paralle] to the first story
caps. The first story cap intersections have Whitney disk-like gropes;
parts of the second story. Each pair of these intersections gives rise to
two pairs of intersections between the E caps and the first story caps.
These pairs have Whitney disk-like gropes, parallel to the ones for the
original.

- parallel

|_ grope cap .—cap

— 2

\ - t
Whitney disk-like / parallels of

grope < Whitney gropes

Use these Whitney gropes to do a grope version of the Whitney move:
cut out a neighborhood of the Whitney arc on E, and glue in two copies
of the Whitney grope and a parallel of a neighborhood of the Whitney
arc on the first story cap. (See the description of the Whitney move in
1.4.)

This makes E* disjoint from the first story caps, but its caps are now
parallel copies of the second story caps, and so intersect them. Repeat
the process as many times as there are stories.

We draw two useful conclusions. By repeating until the transverse
gropes have caps parallel to the top story caps, we get transverse gropes
intersecting only the top story caps, and lying in a neighborhood of the
body of the tower. These transverse gropes are ;-null, since components
of the body above the first grope stage are r;-null.

A final application of the procedure—using parallels of the Whitney
tower caps—yields transverse gropes disjoint from the body of the tower
(except for the standard transverse points). These are not my-null.

3.5 Tower height raising

&

The next result is a “replication” theorem, foliowing the pattern of
2.7. Tt is stated in general since the proof works in general, but we will
only use the simplest case (going from height 1 to height 2).

Proposition. Suppose A — M is a proper immersion of an n-story
capped tower with grope height at least 4 in the first story. Then the
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top story grope caps can be changed so the body extends to a properly
immersed (n + 1)-story capped tower with arbitrarily grope height in
the top story.

Proof: The construction in broad outline is like that of 2.7: we push
intersections among the tower caps down and add copies of transverse
sphere gropes.

Begin by constructing transverse gropes E and E% as in 3.4 whose
caps intersect only the tower caps. Contract these and push off the tower
caps, to get transverse spheres disjoint from the tower except for the
standard points. Delete a neighborhood of the first stage, and denote the
resulting 4-manifold by M’. The higher stages now constitute a {union
of disk)-like capped tower A’ in M’, which has transverse spheres. These
transverse spheres will be used as in 3.3 to convert nullhomotopies into
tower caps.

Next construct transverse gropes E%. for surfaces in the second stage
of A’, which intersect only the top story grope caps on the — side, and
lie in a regular neighborhood of the body. Contract the top stage of EY,
and push the — side caps off. Both remain 7;-null since this takes place
in the neighborhood of the body. Note the + side is unchanged.

The next step is to raise height in E% to get “arbitrary” height, plus
1. We can construct many disjoint transverse gropes by repeatedly con-
tracting a parallel of E,, contracting the top stage, and pushing the caps
of EY off. (These are “disjoint near parallels” as in 2.4; see also the be-
ginning of the proof of proposition 3.3.) These gropes have “arbitrary”
height, and are all 7;-null.

Now push all intersections among the tower caps on the + side down to
the second stage, getting—as in 2.5—a cascade of fingers coming down.
Add a separate disjoint near parallel of EY to each one of these fingers,
to make it disjoint from the grope. This converts the + tower caps into
properly immersed capped gropes, which will be the body of the new
story.

We now have an uncapped tower, which we denote by T the original
— side with slightly modified top story caps, the + side, and the capped
gropes in the new story on the + side. T is 7;-null, on the — side because
that side is in a neighborhood of the original side, and on the + side
because top cap intersections come from single disjoint near parallels of
E!, and these are all 7;-null.

Different top story caps in T may intersect. To fix this raise grope
height in the top story by 1, contract the top surface components one
at a time and push the others off. The result is still 7;-null because this
operation takes place in a regular neighborhood.
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Next construct tower caps for 7', as in lemma 3.3. Since the top story
caps were obtained by contraction, there are Whitney disks for all the
intersections. Use the m-nullity to find accessory disks. Then push
intersections of these disks with the body down to the bottom stage
and add copies of the transverse spheres constructed at the beginning of
the proof. This yields tower caps disjoint from the body, so a properly
immersed capped tower.

This construction raises tower height on the + side. To complete the
proof raise height on the — side by switching + and — in the argument
above. |

3.6 Controlled towers

The next proposition continues the controlled material of 2.10, and is
required in the proof of the controlled embedding theorem. The objective
is to manipulate towers with control on their diameters. The main step
is to obtain 1-story towers with small disjoint components, since further
constructions take place inside regular neighborhoods of this data.

Proposition. Suppose X is a locally compact metric space, and € :
X — (0,00) is continuous. Then there is § : X — (0,00) such that
if M* — X is given, A — M is a (possibly infinite) §-m-null proper
(union of disk)-like grope with height at least 3 and transverse spheres
of diameter < 6, and the images in M are locally finite, then the body
extends to a 1-story capped tower with disjoint components of diameter
< €.

Here §-m-null means that loops in the image of the grope extend
to maps of 2-disks of diameter less than §. Note that it follows that
components of the image of A have diameter less than 4.

Proof: The first step is to get nice grope caps, as in the proof of 3.3.
Enumerate the caps, raise height to convert them into properly immersed
gropes, and contract them one at a time in order, pushing all others off.
This process takes place in (arbitrarily small) regular neighborhoods of
the image of A. Since the é-m -null condition implies that components
of the image of A have diameters less than §, this can be done without
increasing diameter.

Intersections in these caps have Whitney disks, inside the regular
neighborhocds so of diameter < 6. Choose accessory circles, and ex-
tend to immersed accessory disks of diameter < é using the §-m -null
condition. Push intersections of these disks with the grope down to
the first stage, and add copies of the transverse spheres. This yields a
properly immersed capped tower, and if y9 : X — (0, o) is given then
for small enough 6 each component of the tower will have image in X



of diameter < ~g. (If 6 is constant then the accessory disks may have
diameter 38, so component images will have diameter < 76. Therefore
6 = (1/7)v will work. Existence in the function case follows from the
constant case, but the relationship is not so tidy.)

The problem with these towers is that tower caps of distinct compo-
nents may intersect. To separate them we convert them into gropes and
use the controlled grope separation lemma 2.10.

Collect the second stage surfaces in the grope into + and — sides,
and construct transverse gropes E' as in 3.4 which are disjoint from
the grope but which may intersect the tower caps. Push tower cap
intersections with the + side caps down to the second stage and add
copies of the E%. This converts the caps into (second story) immersed
gropes; the + caps are proper but the — caps still have the original
intersections in the first stage. Contract the — side gropes completely,
and push off the + side. This increases diameter by a factor of 72 in the
constant case, and in general if 7; is given then the resulting diameters
are < 7 if 7y is small enough.

Now apply the separation lemma, to see that if v, is given then if v; is
small enough the caps of the + side second story gropes can be changed
to be mutually disjoint, and with diameter < v,.

Next reverse + and —. Construct transverse gropes E* from parallels
of the + side, intersecting only the caps of the + side second story gropes.
Completely contract the + side gropes and push off the E* . We are back
to tower caps on the + side, but they are mutually disjoint and disjoint
from the E* . Push down intersections among the — side tower caps and
add copies of the E? . This gives properly immersed second story gropes
on the — side. Apply the separation lemma in a neighborhood of the
image of these gropes to find new, disjoint, caps. Contract to get disjoint
tower caps on the — side. If 7, is small enough then the resulting towers
will have diameters < ¢, so satisfy the conclusions of the proposition. il

3.7 Squeezed towers

The tower height raising argument of 3.5 uses a great many parallel
copies of the first story, so produces a second story which winds tightly
around the first. The objective here, in preparation for the convergence
arguments of the next section, is to pull the second story away from the
first and reduce its size. Size conditions are used with rather different
intent and effect than the controlled material of 3.6; sizes are measured
in M itself.

Lemma. Suppose A — M is a proper immersion of a one-story capped
tower with grope height at least 4, and € > 0. Then the embedding of
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the grope body extends to a properly immersed two-story capped tower
with arbitrarily many stages in the second story, and such that distinct
components of the upper story tower lie in disjoint balls of radius less
than €.

Here “upper story tower” means the one-stage tower formed from the
second-story grope and the tower caps.

Proof: The first step is to extend the grope body to a 2-story tower
satisfying: there are “arbitrarily many” stages in the second story. dis-
tinct second story components have disjoint images, and the upper story
tower is m-null in the complement of the first story.

To achieve this, raise the tower height to 3 with two applications of 3.5.
Then discard the tower caps and totally contract the third story gropes.
The resulting disks are tower caps for the first two stories. Distinct
caps are disjoint because the third story grope components are. Finally
the original tower caps (above the third story) give nullhomotopies for
generating loops ior the fundamental group of the image (see exercise
3.2). The nullhomotopies are disjoint from the first story grope because
the tower caps are.

Next observe that a regular neighborhood of a tower is also a regular
neighborhood of a 1-complex. The lowest stage collapses to the attaching
curves of the next stage up, union with embedded arcs joining attaching
curves lying in the same component. Iterating this observation collapses
the tower to the top caps union trees. Then the top caps collapse to loops
passing through intersection points, and more arcs. The analogous fact
for capped surfaces is mentioned in 2.2.

The boundary of the regular neighborhood intersects the first story
tower caps in circles. As a pair the neighborhood with these circles is a
relative regular neighborhood of the mapping cylinder of the circles to
the 1-complex.

upper story
tower

neighborhood

intersection
. Y
circles, L

lower tower caps
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We fix some notation: let K denote the 1-complex, L the intersection
of the boundary of the neighborhood with the grope caps, and L x I
the mapping cylinder. C denotes the part of the grope caps outside the
neighborhood. So for example C U(L x I)U K has regular neighborhood
isotopic to a neighborhood of the grope caps union the upper story
towers. The end L x {1} of the mapping cylinder is identified with its
image in K, but the notation does not reflect this explicitly.

The next step is to move the upper story towers into small balls by
isotopy. Since these towers lie in a regular neighborhood of K we can
do this by moving K. This can be done because K is a nullhomotopic
1-complex, and homotopy implies isotopy for 1-complexes.

In more detail, choose balls disjoint from the tower and each other, of
radius less than ¢. Choose one for each component of the upper story
tower. The 7;-nullity of the tower implies that K is nullhomotopic in the
complement of the first story. Choose a homotopy of each component
of K to the center of the associated ball.

This defines a map K x I — M. Approximate it, rel K x {0} and
keeping K x {1} in the balls, to be an immersion in general position.
It intersects itself, the grope caps, and the mapping cylinder L x I in
points. Push all these surfaces off the K x {1} end of K x I, by disjoint
finger moves. This changes the tower by isotopy, and makes the map of
K x I an embedding disjoint from the grope body, the interior of L x I,
C, and with K x {1} still inside the small balls.

Use the embedding of K x {1} to define an ambient isotopy of a
neighborhood of K into the balls, by pushing in the I coordinate. We
may assume the neighborhood contains the upper story towers, and that
the isotopy is fixed on C and the bottom story grope body. The image
of the tower under this isotopy therefore satisfies the conclusions of the
lemma. J

3.8 Convergent infinite towers

Proper immersions of towers are embeddings except for intersections
among the tower caps. The idea here is that if we raise tower height
infinitely then there will be no tower caps, so no extra intersections. For
this to be useful the infinite constrnction must converge in an appropri-
ate sense, which is arranged with the tower squeezing lemma 3.7.

Model capped towers are described by an iterative construction. To be
precise, suppose we have a model capped tower with n stories. Choose
disjoint 4-balls in the model which intersect only the top caps, and these
in standard D? C D*. Replace these D?, D* pairs by model capped
towers. This gives a model capped tower with n + 1 stories. Finally
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we require that further modifications—introducing more stories—take
place inside the balls used for this step.

We say that an infinite sequence of such modifications converges pro-
vided for each ¢ > 0 there is n such that all the balls used to modify
story n have diameter less than e. The nesting condition ensures that
there is a well-defined image for a convergent sequence of modifications.
We refer to this image as a convergent infinite tower.

A convergent tower has a limit set; limit of the n!* story, as n — oco.
This is almost always a Cantor set.

Exercise Suppose at each step in the construction of a model infinite
tower each cap is replaced by a nontrivial (ie. # D?) capped tower.
Show that the limit set is a Cantor set, by showing that it is compact,
completely disconnected, and has no isolated points. [J

The next objective is to define pinched reqular neighborhoods of the
convergent tower, pinched at the limit set. The point here is that embed-
dings of towers, etc. have been defined as embeddings of neighborhoods
in the model rather than just the 2-complex spines. However we will not
be able to embed a full neighborhood of an infinite tower, so “embedded
convergent tower” will mean an embedding of a pinched neighborhood.

Suppose we have a regular neighborhood of a model n story tower.
Modify it so that it intersects the balls used to introduce the n + 1 story
in a standard regular neighborhood of D? ¢ D*. Then replace this by a
regular neighborhood of the new story inside the ball. We require future
modifications to the neighborhood to take place inside these balls. This
process also converges, and the result is a pinched neighborhood.

Abstractly we can recognize a convergent tower together with its limit
points as the endpoint, or Freudenthal, compactification of the tower.
The pinched regular neighborhood is similarly the endpoint compactifi-
cation of a regular neighborhood of the tower.

If X is a locally compact space the endpoint compactification E(X) is
defined as follows: E(X)— X consists of equivalence classes of decreasing
sequences of open sets U;. Each U; is a nonempty component of the
complement of some compact set in X. We require also that if K is
compact in X then for some ¢, X — K C U;. Two sequences U, U’ are
equivalent if for each 7 there is j such that U; D U] and U] D U;. Finally
the topology of E(X) is generated by open sets in X and sets V C E(X)
so that V N X is a component of the complement of a compact set, and
V N (E(X) — X) consists of all sequences which are eventually inside
VNnXx.

If X is hausdorff, connected, locally connected, and locally compact,
then F(X) is compact hausdorff. In particular this is the case with our
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infinite towers.

Proposition. Suppose A — M is a properly immersed 1-story capped
tower with grope height at least 4, and {n;} is a sequence of positive
integers. Then the embedding of the grope body extends to an em-
bedding of a pinched regular neighborhood of a convergent tower, with
grope height n; in story i.

Proof: This follows easily from the squeezing lemma, 3.7. Apply the
lemma to get a two-story tower with second story in balls of radius
< 1/2. Delete an open regular neighborhood of the first story, and take
regular neighborhoods of components of the upper story tower contained
in the given balls. These components inside their neighborhoods satisfy
all the hypotheses of the squeezing lemma, so this construction can be
repeated inside the neighborhood. Repeat infinitely many times, requir-
ing that in the i** repetition the balls all have radius less than 1/i. Then
regular neighborhoods chosen as in the construction of the model give
the required pinched regular neighborhood. §

Exercise Define a convergent infinite grope by iterating the operation
of 2.1. Show that in the situation of the proposition there is a convergent
infinite grope in M. [

3.9 References

Accessory disks, as companions to Whitney disks, were introduced in
Freedman and Quinn [2], and further developed in Quinn [4].

The basic idea of constructing towers, particularly infinite ones, is
due to A. Casson [1]. His towers were composed entirely of disks, all
“accessory” in the sense that the attaching circle goes through exactly
one intersection point in the previous stage. Framing conditions were
given in terms of link diagram descriptions of the boundary of a regular
neighborhood, rather than directly by a model as in 3.1. Finally there
was no convergence condition on his infinite towers. Other expositions
of height raising for Casson-type towers are given in Gompf and Singh
[1], and Quinn [5].

Convergence conditions were obtained by Freedman [1], [2] for Cas-
son’s towers, using an analog of 3.5. The derivation of the analog of 3.7
from 3.5 follows a suggestion of R. Edwards.

Towers of Whitney and accessory disks (towers of capped gropes of
height 0 in the terminology here) were developed by Quinn {5]. This
treatment also used models rather than link diagrams. Towers with
one story {“twice capped gropes”) were used in Freedman [4]. General
towers of capped gropes appear here for the first time.

The endpoint compactification was introduced by Freudenthal [1].



CHAPTER 4

Parameterization of convergent towers

It follows from section 3.8 that when the hypotheses of the main the-
orem are satisfied then the manifold has a subset homeomorphic to a
certain subset of D%, namely a pinched regular neighborhood of a con-
vergent infinite tower. The objective of this chapter is to show that this
pinched neighborhood contains a correctly framed embedded disk.

4.1. The parameterization theorem

We establish some notation to be used throughout this chapter. C C
D? x D? is a pinched regular neighborhood of a disk-like convergent
tower, as described in 3.8. CN&(D? x D?) is arranged to be S! x D?, and
is denoted 9,C. 8;C is the frontier of C; C N (closure of (D? x D% —C)).
In these terms we can be more precise about the objective.

Theorem. Suppose C is a pinched regular neighborhood of a connected
convergent infinite tower with grope height at least 3 in the first story.
Then there is another such neighborhood of a tower C' C C and a
homeomorphism D? x D?> — C' which is the identity on S' x D?.

The construction of such a homeomorphism is rather indirect. In 4.2
we construct a map D? x D? — C' which is not a homeomorphism.
This is used in 4.3 to construct a homeomorphism from a subset of
D? x D? into C'. In 4.4 maps to a common quotient a: D2 x D? — Q
and B:C’ — @ are defined, roughly by dividing out the complement
of the partial parameterizations of 4.3. These maps «a, § are shown
to be approximated by homeomorphisms in 4.5 and 4.6 respectively.
The composition of these homeomorphisms gives the homeomorphism
required for the theorem.

4.2. Singular parameterization

Proposition. Suppose C is a pinched regular neighborhood of a con-
vergent infinite tower with grope height at least 3 in the first story.
Then there is another such neighborhood of a tower C' and a map
D? x D? — C' which is onto, is the identity on S' x D?, and whose
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point inverses are points, and arcs which are fibers in a (“wild”) collar
of D? x S,

A collar here means a map D? x S! x I — D? x D? which is the
inclusion on D? x S x {1} and is 2 homeomorphism on its image. Such
a collar is wild if it cannot be extended to a collar which contains it in
the interior. Alternatively it is wild if the image of D? x S! x {0} is
not collared on the inside. This parameterization does not imply that
C' itself is a disk. For example the Alexander horned sphere divides the
3-sphere into a 3-disk and a nonsimply-connected object with boundary
S2. The nonsimply-connected object has a 3-dimensional analog of the
parameterization of 4.2.

Note that the map of 4.2 restricts to a homeomorphism D? x S! —

oC".
Proof of the Proposition: We need a dual view of the model for
a (disk-like) capped tower. The spine of the model is a 2-complex in
D? x D? which has all of D? x D? as a regular neighborhood. A regular
neighborhood of the body is therefore obtained by deleting certain 2-
handles, the duals of the caps, from D? x D?. By a 2-handle we mean
here an embedding (D? x D?,D? x §') — (D? x D?,D? x S1). If we
raise height in the model by replacing the caps by towers inside the dual
handles, then we get new 2-handles dual to the new caps, inside the
previous 2-handles.

Now consider regular neighborhoods of a model infinite tower. The
dual description of the finite stories gives a nested infinite sequence of
families of 2-handles in D? x D?, say (H; .). A regular neighborhood of
the body of stage i is the complement of the 2-handles in collection i;
D? x D? —J, H; .. Thus a regular neighborhood of the infinite tower
{not including limit points) is the complement of the intersection of the
sequence; D? x D? — N,(U, Hi)-

Next recall that a pinched regular neighborhood of a convergent tower
is homeomorphic to the endpoint compactification of a regular neigh-
borhood of the body (3.8). This compactification is just the quotient
of D? x D? obtained by identifying components of the intersection to
points. The quotient map therefore gives a map D? x D? — C which is
onto, the identity on S! x D?, and has point inverses points and com-
ponents of the intersection of the families of 2-handles. This is valid for
any convergent tower C. What we have to show is that a new tower
C’ can be constructed and dual 2-handles in the model chosen so that
components of the intersection are arcs as described in 4.2.

Let d: D?* x S' x I — D? x D? be the collar of D? x S! which is
radial in the second coordinate and has radius 1/2 (so the image is the
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complement of D? x (intd D?)). We construct a convergent tower C' C C
with sequence of dual 2-handles H; , in the model which satisfy:

(1) there are collars ¢;: D? x S! x I — D? x D? taking D? x S! x {1}
to D? x S!, such that H;,, intersected with ¢; is the standard
collar d on 9o H; m,

(2) ciy1 = ci except on | J,(8H;4) x [0, (3)?], and ciy1 (8o Him X I) C
Hi,m; and

(3) the diameters of oH;m and H;m(D? x (§ + (3)')D?) are less
than (1/2)".

Such a tower has the desired properties. Define K to be ), H; ., and
0o K to be the intersection with D2 x S1. The size condition (3) implies
that components of 9K are points, each given by the intersection of a
nested sequence JoH; ,(iy. Condition (2) defines a limit collar c, except
on 9y K x {1}. The size and containment conditions in (2) and (3) imply
that c is defined at least as a map on these points also. The map is
an embedding because the point ¢((; o H;m(;) % {0}) is contained in
the set ; Hi m(:)(D? % (3 + (3)?)D?), and for different sequences these
sets are disjoint from each other and the rest of the image of ¢. Finally
condition (1) and the size conditions imply that the intersection of a
nested sequence (); H; ;) is the fiber arc c¢(("); GoH; m) % I).

Towers satisfying conditions (1)-(3) are constructed by induction, us-
ing the following lemma.

Lemma. If ¢ > 0O then there is k such that the model for any one-
story capped tower with grope height at least k is isotopic to one with
dual 2-handles whose boundary solid tori lie in € balls about points in
{0} x St.

Proof of the lemma: If a capped surface is obtained by one 0-surgery
on D? (see 2.1) then the dual 2-handles consist of (regular neighborhoods
of) the following pair of disks.
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N st

in future

These disks were described in 2.1 as the “more subtle” intersections of
surfaces with D? x D?. A capped surface obtained by j O-surgeries has
dual 2-handles obtained by simply stacking up j copies of this picture.

A grope of height 2 is obtained by replacing each cap with a capped
surface inside the dual 2-handle. Dually each 2-handle is replaced by a
stack of “linking” subdisks, in copies of the same picture. For an k-stage
grope make such replacements k times.

The picture in the boundary is to pass from a solid torus D? x S! to
two linked solid tori inside it (or a stack of copies of this). This process

is called Bing doubling.

solid torus Bing double

Since these solid tori can be compressed arbitrarily closely to {0} x S,
to get them within € of points of the form {0, 8) it is sufficient to arrange
the projections to S* to have diameter less than e.

Claim: Suppose i:S* — D? x S' is a smooth embedding which on
half the circle is a monotone loop of length less than » > ¢, and on
the other half has diameter less than ¢, measured in the S coordinate.
Then a Bing doubling in a small neighborhood can be arranged to have
components which are monotone loops of length less than 7 — € on half
the circle and have diameter less than € on the other half.
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By a “monotone loop” we mean that the projection to S* goes mono-
tonically a distance r, and then goes monotonically back.

@ circle with
l» j , monotone loop

GT r r‘[

(monotone loop)

f\\_;

f—SS—————
components
@ of the double
ks p—

(monotone loops)

The pictures indicate the proof of the claim. Now note that the first
doubling of the center circle of D? x S yields circles which have a piece
of diameter € and a monotone loop of length less than # (1/2 of the
length of S'). Therefore Bing doubling and applying the claim k more
times, where ke > 7, gives circles of diameter less than e.

Regular neighborhoods of these circles are the boundary solid tori of
the dual 2-handles to the grope caps of a capped grope of height k. To
complete the lemma we must introduce finger moves in these, and pass
to the duals to the tower caps. As with adding a grope stage, these
duals are inside the previous ones. But these automatically satisfy the
size conditions since the previous ones already do. §

Completion of the Proposition: Suppose as induction hypothesis
we have a capped tower in C with n + 1 stories, grope height at least
3 in the top story, and such that components of story 7 have diameter
less than 1/i. Let J; € D? x D? be a model for the first i stories
(i € n), with 2-handles H; . dual to the tower caps. J;;1 is obtained
by replacing the tower caps of J; by one-story capped towers inside the
dual handles. Suppose further that the dual handles satisfy conditions
(1)-(3) for i < m.

Consider one of the dual handles to story n; Hy, m: D?xD? — D?x D2
By uniform continuity there is § > 0 so that a set of diameter less than
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6 has image of diameter less than (1/2)"*!. According to the lemma
there is k so that if the tower caps in J,, are replaced by any capped
tower of grope height at least k then there are duals to the caps which
have boundary solid tori of diameter less than §. Since there are finitely
many of these handles we conclude that there is a k which works for all
of them.

In C we have a tower with n + 1 stories. Apply 3.5 and 3.7 to replace
the top story by a 2-story capped tower with at least k stages in the first
story, at least four in the second, and so that the image of components
are appropriately small. Define J,; to be the model for the first n +
1 stories. Then by choice of £ we can find dual handles with small
boundary tori. Denote these by Hy4,..

We can arrange that the collars on dy match up in H, and H, .1,
on [(1)",1]. Specifically, Hoy1,o(d(y,8)) = Hao(d(BoHns1(y), 1)) for
y € D? x S' and ¢ € [(3)" 1]. By compressing toward the centers
of H,,. we can arrange that each Hni1.(D? x (3 + (3)"7")D?) has
diameter less than 6. Finally we can modify the standard collar on
(BoHn,s) x [0,(3)™] to agree with the collars in Hypq ..

/Wdiameteré
Hn+1
Y

a MH,

Cn. Cﬂ-+ 1

1 gt A

The modified collar is ¢,+1, and it together with the handles Hpy i .
satisfy conditions (1)-(3) for ¢ < n + 1. This completes the induction
step. 1

Exercise Show that the boundary solid tori of the dual handles of
tower caps are regular neighborhoods of boundary circles of immersed
2-disks in D? x S!. These disks lie inside the boundary solid tori of the
dual handles of the top grope stage, and intersect in disjoint arcs (there
are no triple points). This can be done two ways: (1a) Note the duals of
caps for D? with one finger move are regular neighborhoods of the disks
in the following picture:
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This picture is the solution to exercise (1) in 3.1. To get the immersed
2-disks deform the disks shown rel boundary into 8D? x I.

(1b) Show that the core circles of the solid tori are nullhomotopic, in the
tori for the top grope stage. Then show that nullhomotopic embedded
circles in a 3-manifold bound immersed disks whose intersections and
self-intersections are disjoint arcs. [J

Exercise Show that any convergent infinite grope has a singular pa-
rameterization as in 4.2. (In particular it is unnecessary to pass to
another convergent grope inside the first. See the exercise in 3.8.) ]

4.3. Partial parameterization

We avoid the singular arcs in 4.2, but at the expense of having the
parameterization only partially defined. Subsets of D? x D? are deleted
to cut the arcs down to Cantor sets, and then (roughly speaking) we
spread out the points in the Cantor sets. This gives a homeomorphism
of a subset of D? x D? into a pinched neighborhood of a tower. To
describe the subset we need some notation.

Lét ¥ denote the set of finite sequences with entries “0” or “2”. If
s € W then ds is the sequence obtained by deleting the last entry (if
there is one; for the empty sequence define d¢ = ¢). The length of the
sequence is denoted £(s). A sequence of length ¢ with all entries “2” is
denoted 2 : 2.

We will need a description of the standard Cantor set in terms of V.
If s € ¥ then .s specifies the base 3 expansion of a number in [0, 1]; first
a decimal point, then the sequence of “0” and "2” specified by s. Define
Js to be the closed interval [.s1,.s2], were .s1 means the base 3 expansion
specified by s, followed by a “1”. The complement [0, 1] —{J,y intJs is
then exactly the usual middle thirds description of the Cantor set; the
points in I with a base 3 expansion which does not contain a “1”.
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In the proposition D? x S! x [0, 1] denotes a radial collar of D? x S* C
D? x D?. B denotes an open ball in the interior of D? x D? obtained
as the complement of this collar and a thin collar on S x D2,

Proposition. Suppose C' has a singular parameterization as con-
structed in 4.2. Then there are finite collccrions T . for each s € ¥
of disjoint solid tori in D? x S satisfying:

(1) Ty, = S? x 8, and if s # ¢, T,., are regular neighborhoods
of boundaries of immersed 2-disks in intTys ., which intersect in
disjoint arcs (no triple points),

(2) each component of Ts,, has diamcter loss than (1/2)49), and

(3) there is a map D* x D? — B —|Jint(1.,, x .J,) — C’' whicl is the
identity on S' x D?, takes D* x S! to 0,(’, is a homeomorphism
onto its image, and Tys . x J; has image in C' of diameter less
than (1/2)%(ds),

Proof: We denote the set D? x D? —Jint(Ts,. > Js) by E, and begin by
giving a union description of £. The interval J, is the middle third of a
larger interval. Denote the upper and lower thirds of this interval by JF
and J; respectively. Explicitly, J; = [.s,.51] and JF = [.s2,.s(0: 2)]
In constructing E by deleting mlddle thlrdb note that the upper and
lower thirds are left in £. Therefore E is the closure of 3((TS', -
Tuzn) X JF U (Tan — Tuo,s) X 7).

The limit points in the closure are intersections of nested sets T;.(j) w(;)%
Jr.j. Here r is an infinite sequence of “0” and “2”, r(j) € ¥ denotes the
first j terms, Tr(]) w(j) is a nested sequence of the solid tori, and J; ;
denotes JT_(].) or JI ) if the 7 + 1 entry of r is “0” or “2” respectively.

The picture shows a cross section of E from Jy to one of the singular
arcs {y} x [0,1], where y € (), T,

I“T222’
!‘—Tzz
5 —=
2 —_— singular
.~ arc
2] r ==
01 1 =

(TO — Toz) X J(-)F (left 1n) T() x JO (deleted)
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Notice that if tori T . are defined for some subset ® C ¥ which is closed
under d, then we can define a subset E(®) by taking the union over ®
and taking the closure.

As a first approximation we see how close we can come to proving
the proposition using 4.2 directly. Recall that there are nested families
of dual 2-handles H, , (duals to caps for story m) with the property
that they intersect the collar in products, diameters of the boundary
solid tori go to zero, and diameters of the images in C' go to zero.
Choose n(i) such that each component of H,; . has image in C' and
boundary solid torus both of diameter less than (1/2)!. Require also
that n(i + 1) > n(i) + 2. For s € ¥ define T . to be the boundary tori
of the handles Hyg(s)),.- (So the collections depend only on the length
of the sequences).

These tori satisfy (2) by choice of n(#). The first exercise in 4.2 gives
the 2-disks needed for (1). The map in 4.2 defines a map as in (3) which
fails only to be one-to-one. It is not one-to-one on the intersection of
E with fibers of the collar which correspond to intersections of all the
families of solid tori. At these fibers we have deleted all the middle
thirds from E, so these give point inverses in E which are Cantor sets.
The problem is to separate the points in these Cantor sets.

We now start assembling the pieces of the proposition. Let ®,, denote
the subset of ¥ of sequences with exactly m “0” entries. We will define
subsets E{®,,) and maps ¢,,: E(®,,) — C' by induction on m.

Let po: D? x D? — C’ denote the singular parameterization of 4.2. For
s =1:2in @ let T . be the boundary tori of handles H,;) . chosen
as above. This defines F(®¢) and we define go: E(®9) — C’ to be the
restriction of pg. Since the intervals used are the upper thirds [.s2,1]
this subset contains D? x §* x {1} and its closure intersects each singular
arc in only one point. Therefore ¢y is one-to-one.

We set up some notation in preparation for the next step in the con-
struction. Certain dual handles H,(;) . were chosen above, and for
s = i : 2, Ts, was defined to be the intersection of these with the
boundary. Define H;, to be Hy(iy« ~ Ts« X (.51,1]. This is a union of
copies of D? x D? with collars on 8, given by T . x J; . The picture
shows a cross section of E(®¢) and one of the H’, similar to the section
of E above.
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E(®q)

Now (still with 5 = i : 2) note that the difference Hj , — H;, is a
neighborhood of an uncapped, unconnected tower with n(i)—n(i—1) > 2
stories and dp equal to GoHy, ,. The map pg is a homeomorphism on
this difference, so we get a copy of this tower in C’. By contracting the
upper stories we get a capped tower with one story in C’.

Apply 3.8 and 4.2 to see that each component of the one-story tower
contains a convergent infinite tower parameterized as in 4.2. More pre-
cisely there are maps py s: H;, — C’ which extend py on GpH ,, and
are singular parameterizations of their images. Repeat the construction
above in the components of this parameterization: choose integers so
that boundaries and p; images of the dual handles are appropriately
small, and define these boundaries to be the T; , for t € ®,.

We describe the indexing more precisely. Suppose T is a torus bound-
ary of a handle I:Im(j),,, in the tower constructed inside H},5 ,—H(; 1), ,-
Then the index on T'is (i : 2)0(j : 2). Tori are now defined for sequences
with a single “0” entry, so the subset F(®;) is defined. The map gq is
extended to g; on E(®;) by the singular parameterizations p; ;.

E(®)

{ new pieces

of E(®,)
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Repeat this construction inside the segments of the inner towers. This
gives solid tori with indices which contain two “0” entries, and defines
g2 on E(®2). Persistent repetition gives tori satisfying (1) and (2),
for all indices ®,,, and a map goo:J,, E(P1) — C’ satisfying the size
restrictions of (3). The size restrictions imply that this extends to a map
of the closure ¢: E — C’. It remains to see that ¢ is one-to-omne.

First we see that go, is one-to-one. Recall that the s,w component
of the image of E(®1) — E(®g) (for s € ®g) was constructed inside
p1,s(Hj ) which is in po(Hy ., —Uoyse(s) (Hi..))- These sets are mutu-
ally disjoint, and are disjoint from go( E(®Po)), so images of components
of E(®1) — E(®y) are disjoint from each other and the image of E(®Pg).
Since go was observed to be one-to-one on E(®y), and similarly ¢; on
components of E(®1) — E(Pg), this implies that g, is one-to-one on
E(®,). Since later stages were constructed in the same manner, the same
argument shows that for all m, ¢, is one-to-one on E(®,,41) — E(®r.),
and that this has image disjoint from that of E(®,,). Therefore g is
one-to-one on the infinite union.

This leaves the additional points in the closure, E —|J,, E(®m), to
be considered. As observed at the beginning of the proof, these are
intersections of sets Tr.(jy,w(j) X Jrj- Such a limit point is really new (ie.
not contained in some E(®,,)) if the sequence r contains infinitely many
“0” entries.

Suppose the j** entry is the first “0” in a sequence r. Then Tr(), w(J) X
Jr,; has image in the interior of the image of H{; ), , — Hi,,. The
intersection therefore cannot be a point in E(®yp). Since there are in-
finitely many “0” entries, this argument can be repeated to show that
the image of the intersection is not in the image of any F(®,,).

Finally we show that two different limit points must have different
images. Again suppose the j** entry is the first “0” in r. If another
sequence has j** torus different from T, (j)w(s) then the images of the
tori crossed with Jy.; lie in distinct components of H;_,), , — Hj. ., s0
the image of the intersections cannot be the same point. Similarly if the
solid tori in the two sequences differ after n “0” entries then they have
distinct images under the singular parameterization constructed in step
n, so the images of the intersections must be distinct. Again since there
are infinitely many “0” entries then sequences of tori which ever differ
must have distinct images. Therefore g is one-to-one on E —|J,,, E(®r,).
This completes the proof of the proposition. |

Exercise Locate the step where the fact is used that C’ is an infi-
nite tower rather than just an infinite grope. This is the step which
necessitates the development of towers of more than one story. ]
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4.4. The common quotient

In this section we construct maps a: D? x D? — Q and 8:C' — Q,
which will be approximated by homeomorphisms in the next two sec-
tions. Composing these approximations will then give the homeomor-
phism required for 4.1.

A collection of subsets of a metric space is called null if for every
€ > 0 there are only finitely many of the subsets which have diameter
larger than €. Notice that only countably many of the subsets in a null
collection can be bigger than a single point.

Lemma. Suppose C' is a pinched regular neighborhood of a convergent
tower, which can be parameterized as in 4.2. Then there are maps
a:D? x D? - Q and 3:C’' — Q such that

(1) Q is a compact metric space,

(2) both « and B are onto, their collections of point inverses are null,
points with nontrivial inverses are nowhere dense in @ and

(3) each nontrivial point inverse of « is either a regular neighborhood
of a point (ie. a ball), or the union of an embedded 2-disk and a
regular neighborhood of its boundary circle.

Proof: Q will be defined as a quotient of D? x D?, with a the quotient
map. Most of the proof is therefore involved with construction of subsets
as described in (3), to be identified to points.

A D? union with a regular neighborhood of the boundary circle is
S' x D3 U D?, the union being over S! x {y} for some y € 8D3:

s

E=S!'%x D3UD? cross section of E

neighborhood of 8D?

According to 4.3 the solid tori T . are regular neighborhoods of bound-
ary circles of framed immersed 2-disks in S! x D?. Denote these 2-disks
by Ds . Then the sets T, x [.51,.52] U D, x {.s11} are the sorts of
sets we want as inverse images of a. They cannot actually be inverse
images because there are intersections and selfintersections. The first
step is therefore to make them disjoint.
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Choose continuous functions e, .: Ds . — (.50, .522) satisfying the con-

ditions
(i) esm = .11 on Dy NTs 1, and is a constant non-endpoint ele-
ment of the Cantor set on D, NT; 4, for m # w, and

(ii) the graphs of the e, are all disjoint.

These functions are constructed by induction on the length of s. Sup-
pose they are chosen for sequences of length n, and consider a torus T ,,
where ¢s = n. If t is a sequence with dt = s, we show how to choose e
for the D, . inside T ,,.

By condition (i) the previous functions are constant on the intersection
with T, and have values non-endpoints in the Cantor set. Therefore
there are nuinbers .s01 < a < .sl and .s2 < b < .522 such that none
of these previous functions take values in (a,b). By condition (1) of 4.3
the disks D, , are contained in Ty ,,,. Therefore if the functions e, ., are
constructed with values in (a,b) the graphs will be disjoint from graphs
of the previous {unctions.

We are reduced to finding functions e .: Dy . — (a,b) which satisfy
condition (i) above, and whose graphs are disjoint from each other.

According to 4.3 the disks D, . intersect each other in disjoint arcs.
Choose neighborhoods of segments of these arcs disjoint from the bound-
ary, so that the complements of the neighborhoods are disjoint. Begin
with e = .sll, and in these neighborhoods perturb e. On one disk
perturb e into the future, the other into the past.

into past

o Y
.~

arc of intersection or selfintersection into future

This is easily done to satisfy (i). The graphs are disjoint from each other,
so as remarked above also satisfy (ii). Therefore the induction step in
the construction of the e, . is complete.

Now define @ as the quotient of D? x D? obtained by identifying to
distinct points the closure of the ball B, and each T ,, x Js U (graph of
es,m). The map « is the quotient map. The map £ is the inverse of the
partial parameterization, composed with «. This extends to a map of
C’ by mapping each component of the complement of the parameterized
region to a point. This is possible since the frontier of the component is
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mapped to the frontier of B, or of some T} ,,, x J,, which is mapped to
a point in Q.

It is clear from the construction that Q satisfies all the conditions of
the lemma, except possibly the nowhere density hypothesis and that it is
a metric space. To prove Q) is a metric space we will show it is Hausdorft,
and appeal to the metrization theorem for compact Hausdorff spaces. It
would be more in keeping with our explicit approach to directly construct
a metric on @, but this seems to be substantially harder.

QQ is Hausdorff if distinct points have disjoint neighborhoods. Since
distinct point inverses in D* have disjoint neighborhoods, it is sufficient
to show that if U is a neighborhood of a~!(gq)} in D*, there is a neigh-
borhood V' C U such that if a~!(p) intersects V then it is contained
in V. Let {E;} denote the point inverses which intersect U but are not
contained in it (recall the nontrivial point inverses are countable). De-
fine V to be U —J, E;. If V is open it is the required neighborhood. It
can fail to be open only by containing a limit point of the F;. Since the
diameters of the point inverses go to 0, and since E; intersects D* — U,
distances of points in E; to D* — U goes to 0 as i goes to co. Therefore
lim; ., E; ¢ D* —U, and V is open.

To show nowhere density, suppose U is an open set in ¢ which contains
a limit point of images of nontrivial point inverses. Since U contains one
image, a~'(U) is an open set containing one of the T ,,, x J; U (graph of
€s,m). Let Tys . be the torus which contains T m, then int(Tys . % Jo) —
U. ((Ts,« UD; .} x J5) —(graphs of e,..; €(r) < {(s)) is an open set disjoint
from all nontrivial point inverses, and with nonempty intersection with
o~ 1(U). Its image in U contains no nontrivial images, so these are not
dense in U. |

4.5 Approximation of a

Proposition. Let a: D* — Q be as specified in 4.4. Then there is a
homeomorphism h: D* — Q which agrees with o on 8D*.

Proof: The basic idea is io find a map fe,: D* — D* which has the
same point inverses as «, and is the identity on the boundary. Then
h = a(fy}!) is a homeomorphism with the desired properties. The func-
tion fo will be obtained as a limit of functions. We will reduce the
construction of these functions to the careful construction of functions
which have a single nontrivial point inverse. The key step is the following
lemma,

Lemma. Suppose E C D* is closed and starlike, or a flat 2-disk union a
regular neighborhood of the boundary circle, {T,} is a null collection of
closed sets disjoint from E, and § > 0. Then there is a map k: D* — D4



76 FREEDMAN AND QUINN 4.5

which is the identity on the boundary, k(FE) = 0, k is 2 homeomorphism
on D* — E, and for each i either k moves points in T; less than §, or
k(T;) has diameter less than 6.

Proof of the lemma: Suppose first that E is starlike. By starlike we
mean that each ray from 0 intersects E in a closed interval containing
0. For a starlike set E there is a radius function e: $* — [0, 1] defined
by e(y) = max{t;ty € E}. E is closed if and only if e is upper semicon-
tinuous (e~}[0, s) is open, for all s). If e is continuous and nonvanishing
then E is homeomorphic to D*; the map z + e(z/|z|)z, for z # 0, is a
homeomorphism.

Note that if E is closed and starlike, and U is a neighborhood of E,
then there is a starlike V' with continuous nonvanishing radius function
such that F C intV C U. Such a V can be found by approximating the
radius function e from above.

The map k in the lemma will be obtained by the following construc-
tion. Suppose W, are starlike sets with continuous radius functions,
intW; D Wy;,, and Wy = D*. Suppose B; are round balls centered at 0,
with radii decreasing to 0, and By = D*. Then define k: D* — D* by:
for each ray from 0, map the intersection with W; — W, affinely to the
intersection with B; —B;;,, and map (), W; to 0. These intersections are
intervals of nonzero length, so k is one-to-one except on | W;. Finally
k is continuous because the radius functions of the W; are.

Now we choose the B; and W; so that k will have the required prop-
erties with respect to the T,.

Choose B; to be the round ball of radius b; centered at 0, where by = 1,
b; — bir1 < 6/8, and the b; decrease monotonically to 0.

Choose Vj containing F in its interior, and such that if some T; in-
tersects Vg then it has diameter less than §/2. Since the T, are a null
collection there is some neighborhood of E disjoint from the finitely
many which have diameter at least §/2, and as remarked above this
neighborhood contains a starlike subneighborhood with continuous ra-
dius function. Therefore such a Vj exists. For 1 > 0 choose V; inside the
interior of V;_;, containing E in its interior and within (1/2)¢ of E, and
such that any T; which intersects D* — V,_, is disjoint from V;.. Again
the nullity of the T, implies that there is a neighborhood of FE with these
properties, and we take a continuous starlike subneighborhood.

Define k as above taking the sets V; U B; to the sets B;. (In the
notation above V; U B; is W;.)

The first observation is that if z € B; — V; for some 7, then k moves
z a distance less than §/8. Suppose 4 is the maximal such index for z,
so z is not in B;;;. Let Rx denote the ray through z, and consider the
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interval Rz N (V; U B; — Vi1 U B;y)). The conditions on z imply that
the upper endpoint of this interval lies on B;, so it is a subinterval of
Rz N (B; — Biy)). Since k maps the smaller interval to the larger, and
since the diameter of the larger is less than §/8, x is moved by less than
6/8.

Since all of the T, of diameter at least §/2 are in By — Vp, it follows
that points in these are moved less than §. To prove the lemma it is
therefore sufficient to show that if 7; has diameter less than /2 then
k(T;) has diameter less than 6.

Suppose then that z and y are points in 7; which has diameter less
than §/2. If both are contained in sets of the form B; — Vj;, then by
the above they are moved less than §/8, so d(k(z), k(y)) < d(k(z),z) +
d(z,y) + d(y, k(y)) < 6. If one point, say z, is not in such a set then
T; C V; — Vj42 for some j (where possibly j = —1, in which case we
set V; = D*). Note z is not in Bjt2. There are two cases to consider;
either y is, or is not, in Bj2.

Let 2’, 3/ denote the intersection of the rays Rx and Ry with the
sphere 0B;2. If y is not in B, then since z’ and y’ are closer to
the origin and lie on a round sphere, d(z’,y’) < d(z,y). But k(z) and
k(y) lie on intervals of length less than 2(§/8) with z’, ¥’ as endpoints
(eg. Rz N B_Bj;2). Therefore d(k(x),z') < §/4 and d(k(y),y’) < §/4.
Putting these together we get d(k(z), k(y)) < é.

If y is in Bj12 then d(z, k(y)) < d(z,y) + d(y, k(y)) < 56/8. But k(z)
is closer to k(y) than x is. This is because k(z) is closer to the origin
than z, but still outside the round ball B2, and k(y) is inside the ball.

This completes the proof of the lemma if E is starlike. If E is a disk
union a regular neighborhood of its boundary then we apply the starlike
case twice: the 2-disk is starlike, and E with the 2-disk identified to a
point is ambiently homeomorphic to a starlike set. This latter fact can
be seen using a mapping cylinder neighborhood of E in D*.

DZ
neighborhood E/D?
d of 8D?

mapping cylinder
fibers
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Exercise A subset K C M" is “starlike equivalent” if there is a home-
omorphism of a neighborhood to D,, which carries K to a starlike set.
It is “eventually starlike equivalent” if there is a finite closed filtration
K; so that K;/Kiyy C M/K;4, is starlike equivalent, for each i. Sup-
pose K has a neighborhood which is the mapping cylinder of a map
m:S"! — K. Give a criterion for K to be eventually starlike equiv-
alent, in terms of the map m and homeomorphisms of K,/ K, ,; with
starlike sets. Find such a criterion which applies to the non-starlike £
in the lemma. 1

Proof of the Proposition: To control the inverses of functions, which
are only relations, we introduce some terminology. If R, S are relations
from X to Y (ie. closed subsets of X x Y), then d(R, S) < € means that
given y in one of R(z) or S(z) there is y’ in the other so that d(y,y') < e.
Here R(z) is the intersection RN {z} x Y, and d is the metricin Y.
Suppose there are functions f,,: D* — D* which satisfy
(1) d(fas far1) < (1/2)7, d(f71, fai1) < (1/2)%, and f is the iden-
tity on 0D*,
(2) fa(a~'(q)) has diameter less than (1/2)"t! for all ¢ € Q, and
(3) fr has finitely many nontrivial point inverses, each equal to a
point inverse of ¢, and all point inverses of & which have diameter
at least (1/2)"*! occur this way.

Condition (3) implies that a(f;!) is a well-defined function, equal to «
on 8D*. Q is a compact metric space so uniform continuity of a and
condition (1) implies that {a(f; ')} is a Cauchy sequence, so converges
to a function h: D* — Q. Conditions (1) and (2) imply that the sequence
of relations {f,(a™!)} is a Cauchy sequence of relations, and converges
to a function. This function is an inverse for h, so we conclude that h is
a homeomorphism. The proposition will therefore be proved if we can
find such functions fj,.

The f, are constructed by induction. If f,_, is given then we define
fn = gfn—1, where g satisfies:

(a) g is the identity except on finitely many sets B; disjoint from D4
and each other, and such that the diameters of B; and f,,,(B;)
are less than (1/2)%,

(b) g(fn-107"1(q)) has diameter less than (1/2)"*! for all ¢ € Q, and

(c) there is exactly one nontrivial g point inverse in each B;, each
one equal to some f,_ja~!(g), and if the diameter of a=1(q) is
at least (1/2)"*! and f,_1a7!(q) is not already a point, then it
occurs as one of the g point inverses.

Then it is easily seen that f,, satisfies properties (1)—(3).
Let E; denote the nontrivial sets f,,_;(a~!(g)) such that either it or
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o~ 1(g) has diameter at least (1/2)"+!. By condition (2) E; has diameter
less than (1/2)", so it has a neighborhood U; which also has diameter less
than (1/2)*. By condition (3) £} (E:) has diameter less than (1/2)",
so we can choose U; so that f,!,(U;) also has this property. There are
finitely many of the F;, and they are closed and disjoint. There are also
finitely many points whose f,,, inverses are nontrivial, and these are
disjoint from the E;. Therefore we can choose the U; to be mutually
disjoint, and such that f,,_; is a homeomorphism on the preimages.
Finally since the sets fn—1(a~*(g)) form a null collection, we can choose
the U; so that each set f,_1(a"!(g)) intersects at most one of the U;,
and the ones which do intersect have diameter less than (1/2)7*2.

According to 4.4 the nontrivial «!(q) are either regular neighbor-
hoods of points, or embedded 2-disks union a regular neighborhood of
the boundary circle. Since f,,_; is a homeomorphism on a neighborhood
of the ones not taken to points, the same is true of the E;. Therefore
there is a closed neighborhood B; of E; inside U; with a homeomorphism
e: B; — D4, such that e(E;) is a standard model E C D*. (B; is just a
slightly larger regular neighborhood of the point or embedded 2-disk.)

Choose § > 0 such that points within § in D? have preimages within
(1/2)"*+3. Define a null collection in D? by T, = e(f,-1(a"!(gq)), and
let k: D* — D* be a map as in the lemma which kills E and satisfies the
conclusions about T, and 8. Then g;, defined to be the identity off B;
and e 'ke on Bj, kills F; and does not enlarge any e(f,—1(a"1(q)) to
have diameter greater than (1/2)"+2.

Finally if g is defined to be the composition of these g;, it satisfies
conditions (a)—(c). This completes the proof of 4.5. I

Exercise (1) Modify the proof to apply to manifolds of arbitrary di-
mension. (2) Show that if a: M — @ is a map whose point inverses
are null and eventually starlike equivalent, then o can be replaced by a
homeomorphism. [J

4.6. Approximation of

Since @ is homeomorphic to D* (by 4.5), 3 is a map C’' — D* which
restricts to a homeomorphism 8C’ — S§3. In this section we see that
there is a homeomorphism h: C’ — D* which agrees with 5 on C’. The
situation is quite different from the previous section in that there we
understood the point inverses very well, and needed information about
the image space. Here we know the image, but the point inverses are
mysterious.

The general case will be reduced to a D* — D* situation:
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Proposition. Suppose f: D' — D% is onto, has null point inverses,
points with nontrivial inverses are nowhere dense, and E D S3 is a
closed set such that f: f~!(E) — E is a homeomorphism. Then there is
a homeomorphism h: D* — D* which agrees with f on E.

Before we prove this we indicate how it can be used to find an ap-
proximation for 3. Define f:C' U(8C’ x I) — D*U(S3 xI) = D to
be 8 on C’ and 98 x 1 on the product. Since 8 is a homeomorphism
on 0C’, f is a homeomorphism over the set 0F = C’ x I. If there is a
homeomorphism h: C'U(8C’ x I) — D* which agrees with f on f~1(E),
then the restriction to C’ gives a homeomorphism C’ — D* which re-
stricts to 88 on the boundary. Therefore it is sufficient to show that
C'U(8C’ x I) is homeomorphic to D?, so that we can obtain such an h
from the proposition.

According to 4.3 C' is obtained from D* by dividing out arcs in a wild
collar on S3. Let ¢: §3 x [0, 1] — D* be the collar, with ¢(S° x {1}) = S8,
and let K C S3 be the closed set so that C” is obtained by identifying
to points the arcs of the form ¢((k) x [0,1]) for k € K. Extend c to the
collar ¢: S® x [0,2] — D* U (83 x [1,2]), then C" U (8C’ x I) is obtained
by dividing out arcs ¢({k} x [0,1]). As in the proof of 4.5, we get the
required homeomorphism by constructing a map of D4 U (S x [1,2]) to
itself with these arcs as nontrivial point inverses.

Let j: S% — [0,1] have j71(0) = K (recall K is a closed set). Define
a map of §3 x [0,2] to itself by taking the interval {s} x [0,1] linearly
to {s} x [0,7(s)], and {s} x [1,2] linearly to {s} x [j(s),2]. The desired
map on D* U(S® x [1,2]) is this map on ¢(S3 x [0,1]) U (§2 x [1, 2]), and
the identity on the complement.

This completes the demonstration that the proposition implies that 3
can be replaced by a homeomorphism. i

Proof of the proposition: We begin with some terminology;

Two subsets of X are well separated if the closure of each is disjoint
from the other. Note however that if we take the closure of both then
intersections may occur.

The singular image X f of a map f is the set of y such that f~!(y) is
different from a point.

A diagram

together with a closed subset £ C D* containing S3 is called admissible
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if the point inverses of ge and gf are null collections, the singular im-
ages Lg, g(Xe) and g(TLf) are nowhere dense, disjoint from E, and well
separated from one another, and on S both ge and gf are the identity.

The plan is to perform modifications which make e and f converge to
homeomorphisms. The role of g is to measure the progress toward this
goal.

The point of the separation requirement is that if w € W is a singular
point of e, then g and f~! are homeomorphisms near w. The key step
in the proposition is a lemma which eliminates some point inverses of e,
at the expense of complicating f.

Lemma. Suppose (W,e, f,g, E) form an admissible diagram, B ¢ D*
is a ball disjoint from E, ¥g and g(Xf), and By is a ball inside B such
that e: (ge)~1(8By) — g~ 1(8By) is a homeomorphism. Then there is an
admissible diagram (W', ¢, f', ¢', E) with an identification of g~1(D* —
intBy) ¢ W with (¢')"Y(D* — intBy) C W’ such that e = €' on
(ge) "1 (D*~intBy), g = ¢’ on (¢') "' (D* ~intBo), f = f' on (¢.f) " (D*~
intB), and e’ is a homeomorphism on (ge')~!(By).

Proof of the lemmma: Since we can change W it is easy to change e
to be a homeomorphism on the inverse of By by redefining it to be the
identity there. Precisely, we let W/ = [W — g™ !(intBy)] U [(ge) ~! By],
with y € (ge) "'8By identified with e(y) € g~ 18By. Then e factors as

DA eU(id) W (id)Ue‘

Define €' to be eU ( id), and ¢’ to be gU (ge), then we get a diagram

e

Dy — W

J'= J'(id)Ue

ot w L ps
|
D4

An appropriate f': D* — W’ will be constructed by composing f with
amap W — W'.

Suppose w: B — D* be a homeomorphism which is the identity on
By. Define h: W — W to be the identity on g~'(D* — intB), and
h =g 'w~lgewg on g71(B). (To check that these match up on overlaps
recall that ge is the identity on S? and that e is a homeomorphism on
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(9€)7'(8Bo).) In the part which maps into g7!(Bo) the w~! in the
9 1w lg factor is the identity, so this piece cancels out. This leaves ewg,
which has the lift wg into (ge)~!By. This defines a lift h': W — W7,
and we define f' = h'f.

We must check (or arrange) the nullity and well separation hypotheses
for f’. Note that ¢'¢’ = ge, and g’ U ¢'(Xe’) = Xg'e’ = Lge, so for
the separation hypothesis we want ¢'(3f’) well separated from Xge. On
the domain mapping into (¢’)~!(D* — intB), f' = f and the original
hypotheses apply. On the domain mapping into (¢')"!(intBy), f' =
wgf, which is a homeomorphism there.

Consider therefore the region mapping into g~ ! B — g~ !(intBy), where
f' = g7 'w'gewgf. On this domain wgf is a homeomorphism, as is
9:9”'B — B, so it is sufficient to consider w™!ge: D* — By — B — By.
This has the same point inverses as ge, so they are null. Since w is a
homeomorphism the singular image is w™'¥ge = w~!gXe, and we want
this well separated from (g9¥e) N (B — By). We claim that w can be
chosen so this holds.

The set of possible w (homeomorphisms B — D* which are the iden-
tity on By) is a complete metric space. A metric is given by: the distance
from V to w is max(d(w, v),d(w™!,v1)). Since gXe is nowhere dense, if
p € (B—Bg) then the set of w such that w(p) € cl(g3e) is open and dense
in the space. Similarly given g, the w with w™(q) ¢ cl(gXe) is open and
dense. Since gXie is countable, the set of w with g¥e Ncl(w™1gXe) =
cl(gXe) Nw~'g¥e = ¢ is a countable intersection of open dense sets,
hence dense by the Baire category theorem. Therefore w can be chosen
so that f’ satisfies the well separation hypothesis. This completes the
proof of the lemma. §i

Proof of the Proposition, continued: We set up an admissible con-
figuration as the starting point for an inductive construction. Let Wy =
D4, fo = f (the f given in the proposition), eq = c(df), 90 = ¢(0f)7!,
and Eg = c(8f)~! f(E). Here c(df) is the cone on f: 5 — S, which is a
homeomorphism, and ¢(8f)~! is the inverse.

Suppose there are admissible configurations (W;, €;, fi, g;, Fo) which
satisfy

(1) d(fes, fenn) < (1/2)% dle; fi, e firn) < (1/2),

(2) diam(e; 1 (w)) < (1/2)?, dlam(fi_l(w)) < (1/2)* for w € W;, and
(3) (9:fi)"HEo) = (90fo) " (Eo), and €] ' f; = e5 ' fo on this set.
Note that f e, e~1f are relations. The distance between relations used
in (1) is defined in 4.5. Condition (1) implies that the relations e; ! f; con-
verge to a relation A’. Condition (2) implies that kA’ is a homeomorphism.
Finally (3) implies that h = e; ' f = ¢(8f)~'f on E (= (gofo) ' (Fo)).
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Therefore if we define h = ¢(9f )R’ then h satisfies the conclusions of the
proposition.

Suppose that configurations satisfying the conditions are defined for
1 < n. We construct the n + 1 configuration by applying the lemma.

Let z;,y; be the points not in Zg,, such that one of (g, f,) !(z;) or
(gnen)~(y:) has diameter at least (1/2)**!. By the separation hypoth-
esis all point inverses of e, or f, with diameter at least (1/2)"+! occur
as the inverse image of (g,)~(z;) or (g»)~'(3:). The nullity hypothesis
implies that there are only finitely many of them.

Suppose 6 > 0, and let Bz;, By; denote the balls of radius §. There
is a § > 0 small enough so that these balls are disjoint from each other,
Ey, Xgr, and intersect only one of gXe, and ¢gXf,. Since (gnen)~'(x;)
has diameter less than (1/2)", we can choose § small enough so that
(gnen) "1 (Bz;) has diameter less than (1/2)". Since (gnen) !(y:) is a
point, we can arrange (gne,) "' (By;) to have diameter less than (1/2)"*1.
Similarly we can arrange (g, f.) ™! (By:) and (gn fn)~1(Bz;) to have di-
ameters less than (1/2)" and (1/2)™*! respectively.

Finally choose § > & > 0 so that the boundaries of the balls of radius
é' are disjoint from g,%e, and g,Xf,. This is possible since these sets
are countable, and there are uncountably many 6’ in (0, §).

The balls of radius § and § about z; satisfy the hypotheses of the
lemma. Therefore there is an admissible configuration (W', ¢, f', ¢, Ep)
in which €’ is a homeomorphism where e, had large point inverses.
Interchange ¢’ and f’ to get another admissible configuration. Now
the balls of radius § and & about y; satisfy the hypotheses of the
lemma for (W', f',e’,q’, Ep). Apply the lemma to give a configura-
tion in which f’ has been changed to be a homeomorphism where it
had large point inverses. Switch the e and f back and call the result
(Wrt1,€n+1s frnt1,9ns1, Eo). The restrictions on the size of inverses of
the balls (where the maps have been changed) easily imply that this
configuration satisfies the conditions (1)-(3).

By induction an entire sequence of admissible configurations exists. As
indicated above this implies the truth of the proposition, and completes
the approximation of 5. I

Exercise (1) Show that the A in the proposition can be chosen to
approximate f within any given € > 0. (2) Modify the proof to apply to
disks of arbitrary dimension. []

4.7. References

The general outline of section 4 is that of the original proof in Freed-
man [2]. The singular parameterizations of 4.2 are less singular than
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the original in that they are homeomorphisms on the boundary. This
improvement is a result of the use of towers of gropes rather than towers
consisting only of disks. In the original the partial parameterizations
analogous to 4.3 are still singular, which forces the analogs of 4.4-4.6 to
be considerably more complicated. The decomposition parts of Freed-
man [2] are done in the context of the Bing Shrinking Theorem, and
many abstract results. The simplifications here have permitted a more
direct and concrete approach.

Ancel and Starbird [1] have characterized the number of grope stages
needed in a tower for the parameterization to be nonsingular on the
boundary.

The singular parameterizations of 4.2 identify the sets C’ as crumpled
cubes in the terminology of Davermann [1]. See Cannon, Bryant, and
Lacher [1] for crumpled cubes arising as pinched neighborhoods of con-
vergent gropes in higher dimensional manifolds. Cannon [1] has some
related expository material. The lemma on Bing doubles comes from
one of the first papers on what has come to be known as Bing topology,
Bing [1].

The material on “starlike” decompositions in 4.5 is decended from
Bing [2] and Bean [1]. The idea behind the disk-to-disk proposition
in 4.6 comes from Freedman [2, §8|, see also Ancel [1] for a detailed
treatment. This result is a very special case of the cell-like approximation
theorem of Quinn [4, 2.6.2], but in dimension 4 the general theorem
depends on the special case.

We note the use of towers and much of the decomposition material
might conceivably be avoided. Convergent infinite gropes (see the ex-
ercise in 3.8) are more easily constructed, and have frontiers which are
properly parameterized (see the last exercise in 4.2). These objects have
“small transverse spheres” near the limit points, which implies they are
1-LC embedded. According to the flattening theorem 9.3B this implies
the frontier is collared in the complement. A correctly framed embedded
disk is easily found inside such a collar, so this implies the embedding
theorem.

The difficulty with this sketch is that the proof given for the flattening
theorem depends heavily on the embedding theorem. There are weaker
flattening theorems independent of the embedding theorem, eg. Kirby
[3], but they do not produce the required collars. To get a proof from
this approach, the problem is therefore to find a proof of a sufficiently
strong flattening theorem which does not use the embedding theorem.

This simplification would only be a pedagogical improvement: the
construction of convergent infinite gropes still requires the poly-(finite
or cyclic) fundamental group hypothesis.



CHAPTER 5

The Embedding Theorems

The keys to the study of 4-manifolds are embedding theorems for
2-disks, as explained in the introduction. In this chapter precise state-
ments of the embedding results are given, and proofs assembled from
the rest of Part 1. In all cases the goal is to find a collection of disjointly
embedded disks. Some statements can be extended to other surfaces,
but because of their crucial importance we focus on disks.

The technically important results are the poly-(finite or cyclic) embed-
dings of section 5.1, and the controlled embeddings of 5.4. The results
of 5.2 and 5.3, in which hypotheses are imposed on images in the funda-
mental groups, have had some application. However their main interest
is that they seem to represent the limits of what can be achieved with
these techniques.

The proofs depend on the immersion lemma 1.2. The resulis are there-
fore unconditionally valid for embeddings in PL or smooth manifolds.
For topological manifolds this lemma is proved in Chapter 9, using the
embedding theorems for smooth or PL manifolds. The topological case
is therefore logically dependent on this material (and should not be used
in the proofs of it).

5.1. Poly-(finite or cyclic) fundamental groups

We recall that a group is poly-(finite or cyclic) if there is a finite
ascending sequence of subgroups, each normal in the next, and with
adjacent quotients either finite or cyclic.

5.1A Theorem. Suppose A — M* is an immersion of a union of disks,
with algebraically transverse spheres whose algebraic intersections and
selfintersection numbers are 0 in Z[my M]. If 71 M is poly-(finite or cyclic)
then there is a topologically embedded union of disks with the same
framed boundary as A, and with transverse spheres.

We spell out the hypotheses of 5.1: Index the components of A as
A;, i =1...n. The algebraic transverse sphere hypothesis is equivalent
(by 1.9) to the existence of elements a; € ma M such that A(A;,a;) =0
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if i # j, and = 11if 2 = 7, AMay,05) = 0, and p(a;) = 0. These are
purely algebraic-topological conditions, and amenable to manipulation.
For example this statement for many disks can be deduced from the
statement for a single disk, as given in the introduction. We have stated
it here for many disks because it is used in that form, and for uniformity
with results which cannot be reduced.

A useful modification of the m; M hypothesis is described in the exer-
cise at the end of the proof.

Proof: We work backwards through the logical structure of the proof.
Theorem 4.1 gives correctly framed topologically embedded disks in a
pinched regular neighborhood of a convergent tower. Proposition 3.8
gives convergent towers from properly immersed 1-story capped tow-
ers. Lemma 3.3 gives a l-story capped tower from a m;-null 3-stage
capped grope with transverse spheres. Since the fundamental group of
M is poly-(finite or cyclic), proposition 2.9 shows that a 3-stage capped
grope can be changed to be 7;-null. It remains to show that under
the hypotheses of the theorem there is a properly immersed (union of
disks)-like capped grope with 3 stages, transverse spheres, and the same
framed boundary as A. This is assigned as an exercise in 2.5, but we
sketch the construction.

At each intersection point of A add a copy of the algebraically trans-
verse sphere to one sheet. The resulting disks have trivial intersec-
tion and selfintersection numbers, the same framed boundary, and the
spheres are still algebraically transverse to them. Construct immersed
Whitney disks for the extra intersections between the disks and spheres,
and uce the immersed Whitney move to remove these intersections. The
resulting spheres are (geometrically) transverse spheres for the disks,
so will be denoted A*. Next choose Whitney disks for all intersections
among the A, and use these to do 1-surgeries to convert A into a capped
surface, as in 2.1. Use sums with A! to get caps disjoint from the body
surface.

Essentially we repeat the argument for the caps, and convert them
into capped surfaces. The first step is to get the spheres A® disjoint
from the caps. At each intersection of A® with a cap, push down to the
first stage and add parallel copies of A'. Each intersection leads to the
addition of two copies of a sphere (see 2.5) so all intersections introduced
this way occur in pairs with a Whitney disk. The resulting transverse
spheres thus still satisfy the selfintersection conditions and additionally
have algebraically trivial intersection with the caps. Next change the
caps by pushing down intersections and adding copies of these new A*
to get caps with trivial algebraic selfintersections. Use the Whitney
move to separate the caps from the transverse spheres. Choose Whitney
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disks for selfintersections of the caps, and do l-surgeries as in 2.1 to
convert the caps to capped surfaces. Finally move the new caps off the
surfaces by adding copies of A!.

At this point we have a properly immersed 2-stage capped grope, with
transverse spheres which may intersect the caps. Repeat the argument
above to get height 3 with disjoint transverse spheres, which completes
the proof.

Exercise An enlargement of a 4-manifold M is an inclusion as an open
set in another 4-manifold, M’ D> M. Note 8M = M N&M’. Show that
if the data of 5.1A is given in M, and M’ is an enlargement such that
the image of m;M — m; M’ is poly-(finite or cyclic) then the conclusion
of 5.1A holds in M’. 1

In the theorem, all the algebraic intersection hypotheses apply to the
transverse spheres. Some of these can be shifted to A;

5.1B Corollary. Suppose A — M* is an immersion of a union of disks,
whose algebraic intersections and selfintersection numbers are 0, and
with algebraically transverse spheres. If myM is poly-(finite or cyclic)
then A is regularly homotopic rel boundary to a topologically embedded
union of disks with transverse spheres.

Proof: Use immersed Whitney moves to remove extra intersections of
A and the algebraically transverse spheres. This changes A by regular
homotopy, and the result has transverse spheres A'. The algebraic in-
tersection hypotheses imply that there are immersed Whitney disks for
all intersections of A, and the interiors of these can be made disjoint
from A by sums with the A*. For each such Whitney disk consider the
linking torus of an intersection point as a transverse capped surface (see
2.1). Use the A’ to get caps for these disjoint from A, and contract
to get algebraically transverse spheres for the Whitney disks, with al-
gebraically trivial intersections and selfintersections. Denote by My the
complement of an open regular neighborhood of A in M. Then the
Whitney disks and the algebraically transverse spheres give an immer-
sion in My satisfying the hypotheses of 5.1. The conclusion of 5.1 is that
there are topologically embedded Whitney disks for the A intersections.
Use these for Whitney moves to produce a regular homotopy of A to an
embedding.

5.2. m-null conditions

We expect the statements above to be false without the restriction
on fundamental group, although this remains unsettled at the time of
writing. In this section we give results in which the fundamental group
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is arbitrary, but conditions are placed on the image in the fundamental
group of various parts of the data.

5.2A Theorem. Suppose A — M?* is an immersion of a union of disks,
with my-null transverse capped surfaces. Then there is a topologically
embedded union of disks with the same framed boundary as A, and with
transverse spheres.

Recall (see 3.3) that transverse capped surfaces have body surfaces
which are disjointly embedded and intersect A in single points. Caps
for these surfaces must have interiors disjoint from the bodies, but are
allowed to intersect A. 7-null means loops in the image are contractible
in M. This is a very strong assumption.

Proof: Proposition 3.3 gives a properly immersed capped tower with
transverse spheres, and as in the proof of 5.1 this implies there are framed
embedded disks. i

As in the corollary to the poly-(finite or cyclic) theorem, we can shift
some of the hypotheses from the transverse object to A.

5.2B Corollary. Suppose A — M?* is an immersion of a union of disks,
whose algebraic intersections and selfintersection numbers are 0, and A
are transverse spheres such that AU A' is my-null. Then A is regularly
homotopic rel boundary to a topologically embedded union of disks with
transverse spheres.

Proof: Choose Whitney disks for the A intersections, and make the in-
teriors disjoint from A by adding copies of the transverse spheres. These
have transverse capped surfaces with bodies linking tori of intersection
points, and caps normal disks to A, as in 3.1. Add copies of the trans-
verse spheres A! to get caps for these surfaces disjoint from A. Denote
by Mp the complement of an open regular neighborhood of A in M,
then the Whitney disks and the transverse capped surfaces satisfy the
hypotheses of 5.2. The m;-nullity hypothesis applies since the transverse
capped surfaces are contained in a neighborhood of A U A%, which is
m-null, and My — M is an isomorphism on ;.

Applying theorem 5.2 yields embedded Whitney disks for A, with
transverse spheres disjoint from A. Use these transverse spheres to alter
A! to be disjoint from the Whitney disks. Whitney moves across the
disks give a regular homotopy of A to an embedding, with transverse
spheres. |

5.3. Embedding up to s-cobordism

The next result weakens the hypotheses of Corollary 5.2B a little
further, at the expense of weakening the conclusion.
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An s-cobordism (rel boundary) is a compact manifold N with bound-
ary in three pieces ON = N U N UP x I such that NNP x I =
P x {i}, and each inclusion 0; N — N is a simple homotopy equivalence.
If M* is not compact then an s-cobordism of M with compact support
is an s-cobordism (N; 9N, N, P x I) where g N a compact submani-
fold of M, union with (M —dyN) x I. An s-cobordism of an immersion
A — Gy N is an s-cobordism N and an immersion A x I — N which is
a product on A x I — P x I.

A major potential application of disk embedding theorems is to show
that s-cobordisms are products. Allowing the manifold to change by
s-cobordism rules out this use, but there are other important potential
uses (“surgery”).

Theorem (Embedding up to s-cobordism). Suppose A — M* is
an immersion of a finite union of disks, whose algebraic intersections
and selfintersection numbers are 0, and A® are algebraically transverse
spheres such that AUA! is mi-null. Then there is a compactly supported
s-cobordism rel boundary of A to a topologically embedded union of
disks with transverse spheres.

The advantage of this statement over corollary 5.2B is that A* need
only be algebraically rather than geometrically transverse to A. The
wi-null hypothesis is too restrictive for the theorem as stated to go very
far, though it will be used in section 12.4 to show a particular case of
Poincaré transversality is equivalent to “surgery.”

The proof of 5.3 is postponed to the next chapter, since it is a sub-
stantial diversion from the main line of argument.

5.4. Controlled embeddings

Suppose X is a metric space, and a function e: X — (0, 00) is given.
We want to show that for certain 4-manifolds M — X there are em-
bedded disks in M whose images in X have diameter less than e. By
“diameter less than €” for a subset Y € X we mean that Y has diameter
less than e(y) forally €Y.

Fundamental groups play an important role, and to control this a
reference space p: F — X is introduced. The map p is said to have
“local fundamental groups in a certain class” if for every point and
neighborhood £ € U C X there is a neighborhood £ € V' C U such
that the image of m;p~1(V) — m1p~!(U) is in the class. (If the inverse
images are not connected we require this for each component.)

This control in F is related to a particular manifold M by specifying
a map M — FE which is “(§,1)-connected” over X. This means that
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given a relative 2-complex (K, L) and a commutative diagram

L — M

[

K — F

then there is a map K — M which extends the given map on L and
such that the composition K — M — E is within é of the original.

We also have to specify some algebraic intersection information. We
will not define “4 intersection numbers” in general, but will say that
two surfaces have “8-algebraically trivial” intersections if all intersection
points can be arranged in pairs with immersed Whitney disks each of
diameter less than §. Similarly “é-algebraically transverse spheres” for
a surface is a collection of framed immersed spheres with a distinguished
intersection point in each component, and immersed Whitney disks of
diameter less than §é for all other intersections.

Theorem (Controlled embeddings). Suppose X is a locally com-
pact metric space, p: E — X has poly-(finite or cyclic) local fundamen-
tal groups, and e: X — (0,00) is given. Then there is §: X — (0,00)
such that if M* — E is (8,1)-connected over X, A — M* is a locally
finite immersion of a union of disks, with diameters less than 6 and
b-algebraically transverse spheres with §-algebraically trivial intersec-
tions, then there is a topologically embedded union of disks with the
same framed boundary as A, and with transverse spheres, of diameter
less than e.

Proof: As in 5.1 we work back from the conclusion to the initial hy-
potheses. If we can find 1-stage capped towers with height 4, disjoint
components of diameter less than ¢ and the right framed boundaries,
then there are disjointly embedded disks of diameter less than e. This
is because 4.1 and 3.8 provide embedded disks inside regular neighbor-
hoods of the components of the capped tower. Proposition 3.6 shows
that there is v1: X — (0,00) so that the existence of y-m;-null capped
gropes of height 4 with transverse spheres implies the existence of such
towers.

Now the local fundamental group hypothesis is used. There is a
¥2: X — (0,00) so that if Y C X has diameter less than v then the
image of m1p~1(Y) in the fundamental group of the inverse of some set
of diameter less than 7, is poly-(finite or cyclic). If we can find capped
gropes with disjoint components, of diameter less than -, then we can
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apply the fundamental group reduction proposition 2.9 in a small neigh-
borhood of each component to get a «y-m-null capped grope. Further,
this can be done to preserve small transverse spheres.

The controlled separation lemma 2.10 implies that there is <3 so that
if we can find a properly immersed capped grope of height 3 with compo-
nent images of diameter less than -3, then we can find one with disjoint
components of diameter less than ;. Again this can be done to preserve
transverse spheres.

We are reduced to showing that there is §: X — (0,00) so that data
as given in the theorem yield a 3-stage properly immersed grope with
component images of diameter less than «3. This is not difficult, and
is assigned as an exercise in 2.10. This proof is the same as the corre-
sponding construction in the proof of 5.1, noting that there are a limited
number of steps—we count about 15—and each increases diameter in a
predictable way. See section 2.10 for examples of such estimates. |

5.5. References

The embedding theorem for disks in a simply connected manifold ap-
pears in Freedman [2], and the poly-(finite or cyclic) case is sketched in
Freedman [4]. The 7;-null theorem has several antecedents, eg. Freed-
man [4], theorem 5. The statement given—which we suspect to be the
best possible without fundamental group restrictions—is new here.

Embedding up to s-cobordism is also considered here for the first time,
but the result is essentially equivalent to theorem 1 of Freedman [6]. The
controlled embedding theorem comes from Quinn [3].



CHAPTER 6

Embedding up to s-Cobordism

In this chapter we prove theorem 5.3, which asserts that a ;-null
collection of immersed disks and algebraically transverse spheres, with
algebraically trivial intersections, is s-cobordant to an embedding. Some
comments are given in 6.4 to explain how the proof breaks down without
the m;-null hypothesis.

6.1 Embeddings of transverse pairs

The model for a transverse pair is two copies of §% x D? plumbed
together at one point. Note each sphere is a transverse sphere for the
other. This model is also a neighborhood of the pair of spheres 52 x
{pt} U {pt} x §? c §% x $?, which demonstrates that the boundary of
the regular neighborhood of a transverse pair is S3.

A “union of transverse pairs” is a disjoint union of copies of this model,
and an immersed union of transverse pairs is obtained by introducing
further plumbings. We say that an immersed union of transverse pairs
has algebraically trivial intersections if the further plumbings can be ar-
ranged in pairs with Whitney disks. Note that this can also be described
as two collections of immersed spheres with particular intersection and
selfintersection numbers. The “transverse pair” terminology is intro-
duced to avoid having to repeat the intersection number description.

Theorem. A m;-null immersion of a union of transverse pairs, with
algebraically trivial intersections, is s-cobordant to an embedding.

The proof is given after some general material on s-cobordisms.

6.2 Construction of s-cobordisms

Suppose (N%; My, My, PxI) is an s-cobordism. There is a handlebody
structure for the pair (N, My) with 2- and 3-handles, which can be in-
dexed so that the boundary homomorphism in the cellular chain complex
C§(N, My) — C5(N, My) (with Z[m N] coeflicients) is the identity ma-
trix. This is part of the proof of the high-dimensional theorem, and this
much of it works in this dimension. Here we use the (much easier) con-
verse; a manifold with such a handle decomposition is an s-cobordism.
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It is easy to show that the fundamental groups and Z|m; N] homology
groups of M; and N are the same, so the inclusions are homotopy equiv-
alences. The Whitehead torsion of these inclusions is represented by the
boundary homomorphism in the relative chain complex, so is trivial.

We set up some notation for handlebody structures on s-cobordisms.
Begin with a 4-manifold My, with boundary P. Attach 2-handles D? x
D?® on embeddings S x D3 C My x {1} C My x I. This yields a 5-
manifold N/, with boundary MoUM,; /o UP x I. Next attach 3-handles
D3 x D? on embeddings S? x D? C My, to get N with boundary
Mo U M, UP xI. In the intermediate manifold M)/, there are two
sets of embedded 2-spheres; the attaching spheres for the 3-handles, and
the dual spheres of the 2-handles. The matrix of intersection numbers
between these two sets represents the boundary homomorphism in the
relative chain complex, so we want it to be the identity.

To be more specific about the 2-handles, suppose My is a union of
two 4-manifolds V U W intersecting in a 3-manifold in their boundaries.
Suppose there are framed embeddings of circles in the common bound-
ary, denoted by S} x D* — VNW. Collars on the boundaries in V
and W extend this to an embedding | J; S} x D® — Mo, which intersects
Vin {J; S} x D%, where D? denotes the lower half disk. Similarly the
intersection with W is the product with the upper half disk D3. Use
these embeddings to attach 2-handles, written as D? x (D2 U D? ). This
gives a description of M) /5 as (VU(; D} xS2)) Uu(WU(U; D} x 5%)).

D? x §%—/1 )&~ dual sphere

— 2
- Djxsi\@ .
MxI ‘

The dual spheres for the handles are {0}; x S2, as shown. i

Proof of 6.1: Suppose A — M, is an immersion of a union of transverse
pairs, as described in the theorem. Define V to be a union of balls in
M), one about the distinguished intersection point in the image of each
transverse pair. W is the complement of the interior of V, and denote
by A9 — W the immersion of a union of disks defined by the part of A
which lies in W.
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M D_/} A @\‘
In a model for a transverse pair take parallel copies of the spheres. Push
a piece of each parallel outside a neighborhood of the original, so it
intersects the boundary of V in a circle. These circles divide the spheres
into disks F' and FE, which can be chosen so that the F' are disjointly
embedded in the model, and the F intersect V only in the boundary,
and each component of F intersects one of the original spheres in a

single point. Note that the components of E are embedded, but there
are intersections between them.

m] ;\/jzrallels ‘7/13
SZANSTERS

The immersion A carries these disks E to disks (also denoted E) in W,
with boundaries denoted by {S}}. Attach 2-handles on them as above,
to get a handlebody with top M2 = (VU(U; D3 x 52))U(WU(U; D3 x
Si)) Ag defines an immersion of a union of disks into the second piece,
and the disks E fit together with the core disks D? x {+} C D? x (§3)
to give transverse spheres Af.

Now recall that according to the algebraic intersection hypothesis on A
there are Whitney disks in My for all intersections except the canonical
transverse ones. Since m Mo ~ m (WU(J,; D?x5%)), there are Whitney
disks for all intersections of Ag in this latter manifold. Use the transverse
spheres Aj to get disks disjoint from Ay.
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Next construct transverse capped surfaces for the Whitney disks. Be-
gin with the linking tori of intersection points, with normal disks as caps
as in example 2 of 2.1, and use the transverse spheres Af to get caps
disjoint from Ag. We claim the resulting immersion of the capped sur-
faces is m;-null in the complement of Ag. It lies in a neighborhood of
A and the new 2-handles, which by hypothesis is 7;-null in M. It was
observed above that WuU(U, DJ2- x 52 ) has the same fundamental group,
and since Ag has transverse spheres in this manifold, the complement of
this again has the same fundamental group.

Since the Whitney disks have m)-null transverse capped surfaces in
the complement of Ay, theorem 5.2 applies to show there are disjointly
embedded Whitney disks.

Use the embedded Whitney disks to construct a regular homotopy
(rel boundary) of Ao to an embedding in W U (UJ; Df x §3). Putting
back V U (U; DJ2~ x S2) gives a regular homotopy of 4 in Mj/; to an
embedding A’. The final step is to add 3-handles in the complement of
A’ to finish construction of the s-cobordism.

The disks F in the model transverse pairs are now carried to embedded
disks in M, /3, which we will denote by A’(F). These fit together with
the disks Djz- x {-} C DJ2~ x S% to give framed embedded 2-spheres,
disjoint from A’. Attach 3-handles on these to construct N. There
is an immersion in N of the union of transverse pairs, crossed with I,
constructed from A x I and the regular homotopy. The immersion in
M, is A’, an embedding, so the only thing left is to verify that N is an
s-cobordism.

The spheres A’(F) UD? x {—} are regularly homotopic to the spheres
A(F)UD?x{—}, since A’ is regularly homotopic to A. Since 4 is disjoint
from the dual spheres of the 2-handles {0}, x 2, and regular homotopy
does not change intersection numbers, the algebraic intersections are the
same as those of DJ2- x {—} with {0}; x S2, namely the identity matrix.
This implies NV is an s-cobordism, so completes the proof. |

6.3 Proof of 5.3

The objective here is to convert a disk embedding problem into one
for transverse pairs. Suppose A:(U; DJ2) — Mp is an immersion with
algebraically transverse spheres A!, as in 5.3.

Let V be a collar of the boundary of My, and W the complement of
the interior of this collar. Arrange for A to intersect V in a collar on
its boundary, then it defines an immersion—denoted A¢g—in W. Denote
the boundary circles of Ag by S} x D* —» V NW. Attach 2-handles on
these as in 6.2, to get a handlebody with top (V U(UJ, D? x S2)) U(W U
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(U, D? x 8%)). The disks D% x {—} fit together with the collar on A to
give embedded disks in the first piece with the same framed boundary
as A. The disks D? x {+} fit together with Aq in the second piece to
give framed immersed spheres.

2

A (D 7 x {+} A

LS80 >0
The spheres A* and Ag UJ; D? x {+} give an immersion of a union
of transverse pairs in (W U (|J; D} x §%) which satisfies theorem 6.1.
Therefore there is an s-cobordism of this immersion to an embedding.
Construct N by attachning this s-cobordism to the handlebody via (WU
U; D]z x S2), and then attaching 3-handles on the embedded spheres

s-cobordant to Ao UJ; D7 x {+}.

First observe that IV is an s-cobordism. For the purposes of simple
homotopy the s-cobordism in the construction can be omitted, so N
is equivalent to the original handlebody with 3-cells attached to Ag U
U; D3 x {+}. The boundary homomorphism in the chain complex is the
identity, so Mg — N is a simple homotopy equivalence as required.

Next observe that this gives an s-cobordism from the immersion A
to the embedding (J; D? x {~}. For this we need an immersion of
U; DJ2-) x I — N with these immersions on the ends. There is an
immersion of (Uj DJ2) x I minus some balls, in the first handlebody,
which is 4 on the bottom and {J; D x {—}U(4oUUJ; D? x {+}) on the
top. The immersion in the s-cobordism, and the cores of the 3-handles
Gt together to fill in the missing balls.

The final ingredient needed is transverse spheres for the embeddings.

For this we observe that the embeddings are 7;-negligible, and apply
the criterion of 1.10.

Exercise (1) Show that the two s-cobordism results are equivalent, by
deducing 6.1 from 5.3, at least in the weakened form that half the spheres
(one from each pair) are s-cobordant to m-negligible embeddings. (2)
It is easy to see, using higher-dimensional methods, that an immersion
in one end of an s-cobordism is s-cobordant to some immersion in the
other end. Use this to deduce the full strength of 6.2 from the weakened
version in the first exercise. (]
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6.4. Comments

The key step in the proof of 6.2 is the construction of the m;-null
transverse capped surface. The starting point—the linking torus and
normal disks—is certainly m;-null since it is constructed in a neighbor-
hood of the intersection point. We then remove intersections with A,
by adding copies of transverse spheres. Two spheres are required; one
for the intersection point with each sheet. The result will be 7r;-null if
each sphere is, and either the spheres are disjoint, or loops through the
intersection points are contractible.

In the proof given, some of the transverse spheres do intersect (see the
picture in 6.3). The resulting loop in the transverse surface is homotopic
to the loop through the original A intersection, so the transverse surface
will be w;-null if and only if the original immersion of A is. This is why
we need the 7;-null hypothesis in 5.3 and 6.1.

To relax the m)-null hypothesis on A seems therefore to require sepa-
rating transverse spheres for A. The spheres occuring in 6.3 (for trans-
verse pairs) have nontrivial algebraic intersection, so cannot be sepa-
rated. Instead consider trying to use the technique to find Whitney
disks for intersections between caps of a grope. In this case the trans-
verse gropes for second stage surfaces can be used to get the normal
disks disjoint from A. Disks from 2-handles in the s-cobordism can be
used to get caps for these transverse gropes which are in a neighborhood
of the body union handles |J; D x (82), hence m;-null. The problem
is that the bottom stages of these transverse gropes intersect (see the
exercise in 2.6).

The situation here is a little better than before, because the inter-
section is algebraically trivial. By changing one tranverse grope by 0-
surgery (see the example in 2.1) we can obtain capped surfaces with
disjoint bodies, but with caps of one intersecting the body of the other.
This is not quite enough to separate them. In fact in this situation
(second stages in a grope) it is not possible to get properly immersed
transverse surfaces. This can be seen by interpreting the problem as
finding surfaces in $° bounding links obtained by Bing doubling (see
Chapter 12). It is classically known that Bing links are not boundary
links.

These difficulties lead us to expect these embedding statements to
be false without a m;-null or poly-(finite or cyclic) hypothesis. Other
approaches to the problem are described in Chapter 12.

The embedding up te s-cobordism results are sharpened forms of the
surgery theorem of Freedman [6].
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PART 11

Applications to the Structure of Manifolds

The remainder of this book is devoted to consequences of the embed-
ding theorem. Chapter topics are described briefly in the introduction,
and in detail at the beginnings of the chapters. Here we introduce the
term “good” for fundamental groups, and comment on the logic and
significance of the material.

In Part II “good” is used to refer to fundamental groups for which the
embedding theorem is known. In these terms the main theorem asserts
that poly-(finite or cyclic) groups are “good.” The intent is to allow easy
identification of constraints imposed by the 4-dimensional topology, as
distinct for example from special facts about the algebraic K-theory of
poly-(finite or cyclic) groups. This terminology will also permit easy
revision if the class of good groups is expanded.

The first three chapters (7-9) are concerned with basic technical re-
sults, whose analogs in other dimensions predate this development. We
begin with several versions of the h-cobordism theorem in Chapter 7,
and use this to establish existence and uniqueness results for smooth
structures in Chapter 8. The smoothing theory (among other things) is
applied in Chapter 9 to deduce topological transversality, handlebody
structures, and existence and uniqueness of normal bundles.

There is a logical quirk in this development. The embedding the-
orem relies on a transversality result (the “immersion lemma” 1.2) to
provide starting data. There is no independent proof of this for topo-
logical manifolds, so initially the theorem applies to give embeddings
only in smooth manifolds. Embeddings in smooth manifolds are applied
in Chapter 9 to prove the topological immersion lemma. After this the
entire development of Part I also applies to topological manifolds. To
avoid a logical circularity we indicate carefully which results are used in
the proof of the immersion lemma, and verify that the manifolds can be
given smooth structures.

Chapters 10 and 11 directly address classification questions for 4-
manifolds. The reader with some background in high-dimensional man-
ifold theory may want to begin with this material, and refer to earlier
sections for technical details as needed.
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The final Chapter, 12, describes some approaches to the question of
whether the fundamental group hypothesis is necessary for the embed-
ding theorem. At the time of writing this issue is unresolved, so the
chapter serves as an introduction to current research on the subject.



CHAPTER 7

h-Cobordisms

The basic result is that certain 5-dimensional s-cobordisms are prod-
ucts. Section 7.1 concerns the classical case of compact h-cobordisins,
while 7.2 and 7.3 deal with controlled and proper h-cobordisms respec-
tively. There are refinements which give more information on the singu-
larities of the product structures. These are used in the next chapter,
in studying smooth and handlebody structures, while later chapters will
primarily use the basic product result.

7.1. Compact s-cobordisms

Recall that an h-cobordism (rel boundary) is a manifold W with
OW = My U M; a union of submanifolds, such that W deformation
retracts to each M;. A compact h-cobordism has a Whitehead torsion
7(W, My) € Wh(m W) defined (see Cohen [1), Milnor [2]), and an s-
cobordism is defined to be an h-cobordism with vanishing torsion. In
the controlled and proper cases more elaborate “torsions” are defined,
and the vanishing of these is used to define s-cobordisms.

The product s-cobordism beginning with a manifold M is M x I with
So(MxI) = Mx{0} and (M xI) = (OM xI)U(M x{1}). The classical
s-cobordism theorem asserts this is the only one: if the dimension of
an s-cobordisin W is at least 6 then it is isomorphic to the product
My x I. This theorem is “category independent” in the sense that if W
is smooth, or PL, then the isomorphism with is also smooth or PL. The
5-dimensional version is weaker in two regards; there is a fundamental
group restriction, and it only works topologically.

7.1A Theorem. A compact s-cobordism of dimension 5 with good fun-
damental group has a topological product structure.

Whitehead groups of poly-(finite or cyclic) groups are known to be
primarily determined by finite subgroups (Quinn [9]). In particular if
the group is torsion free the Whitehead group vanishes (Farrell and
Hsiang [1]), and every h-cobordism is a product.

It is a standard observation that the theorem implies a characteriza-
tion of h-cobordisms: fix a 4-manifold M, then homeomorphism classes
(rel M) of h-cobordisms (W, M) correspond bijectively to the Whitehead
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group of m; M. The standard construction of h-cobordisms (Rourke and
Sanderson [1, p.90]) works in this dimension, and shows there is an
h-cobordism with any given torsion. The invariant is therefore onto
Wh(m M). Conversely if the fundamental group is good then this to-
gether with the theorem implies that h-cobordisms with the same torsion
are homeomorphic.

As an application we give a proof of the 4-dimensional version of the
“Poincaré conjecture.”

7.1B Corollary. (Freedman [2]) A 4-manifold homotopy equivalent to
S4 is homeomorphic to S*.

Proof: Let M denote the homotopy sphere, then the cone cM is a 5-
manifold except possibly at the cone point. At the cone point it is a
homology manifold, and this point is 1-LC embedded (see 9.3B). The
flattening theorem for points (the high-dimensional analog of 9.3B, due
originally to Bryant and Lacher [1]) implies that the cone is in fact a
manifold at this point also. Delete an open ball from the cone to get a
topological h-cobordism from M to $*, and apply the theorem. J

We caution that the h-cobordism is not known a prori to have a
smooth structure, so this requires the topological version of the theo-
rem. This version depends logically on the developments of the next
two chapters. The original proof (Freedman [2]) is longer, but avoids
this dependence: delete a point from the 4-manifold and find a smooth
proper h-cobordism of the result to R. Then apply the smooth version
of the proper h-cobordism theorem (7.3), which is immediately available.

The following slight extension of 7.1A is used in circumstances where
fundamental group images can be arranged to be good, but the groups
are not good, or the manifold is not compact.

An h-cobordism (W, W) is said to “have a product structure on
the complement” of V' C W if there is an isomorphism ci(W — V) ~
cl(BpW — V) x I, and V intersects this in (cl(GoW — V)N V) x I.
We think of W as an “enlargement” of V, in a sense similar to the
definition in the exercise after 5.1A.

7.1C Proposition. Suppose W is a 5-dimensional h-cobordism which
has a product structure in the complement of a compact s-cobordism V,
and mV — m W has good image. Then there is a topological product
structure on W which agrees with the given one off some compact set.

The final statement in the section is the technical version which will ac-
tually be proved. The hypotheses are more complicated because initially
we lack several basic facts about topological manifolds (eg. handlebody
structures). The conclusions are more complicated because we detail
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how close we can come to getting a smooth product structure. Let M
denote one of the categories of manifolds; DIFF, PL, or TOP.

7.1D Theorem (Technical version). Suppose the immersion lemma
is valid in M, and (W, M) is a compact 5-dimensional s-cobordism with
good fundamental group and an M-handlebody structure rel M. Then
there is a homeomorphism M x I — W, which is an M isomorphism
except on a set U x I, where U may be taken to be either a topological
regular neighborhood of a 1-complex, or an M-regular neighborhood
of an M 2-complex K with the following negligibility property: any
M immersed surface with boundary disjoint from K is M regularly
homotopic rel boundary to an immersion disjoint from K.

The proof is long, so before beginning it we explain the relation to
7.1A and 7.1C. In the categories M= DIFF, PL, the immersion lemma
and existence of handlebody structures are known independently of the
present development. This implies there are topological product struc-
tures on smooth or PL s-cobordisms. This fact {or rather the controlled
version 7.2) is used in Chapter 9 to prove the immersion and handlebody
lemmas in the topological category. These then imply that 7.1D applies
to M = TOP, proving 7.1A.

Proposition 1.7C requires a slight extension of the proof. To get begin
with the s-cobordism V and follow the proof to the point where the em-
bedding theorem is used. The theorem is applied to find Whitney disks
for intersections between boundary spheres of handles, in a level set M
in a handlebody structure on V. The handlebody structure on (V, 9,V
extends to one on (W, 9,W) with the same handles. This therefore gives
an enlargement of M, in the sense of the exercise after 5.1A, but intro-
duces no new spheres and no new intersections. The fundamental groups
of the level sets are the same as those of V and W, so by hypothesis
the image of m M in the enlargement is good. Exercise 5.1A therefore
applies to give embedded disks in the larger manifold. The proof now
continues as before, in the larger h-cobordism W.

Proof of 7.1D: Begin with an M handlebody structure on (W?, M).
The standard proof of the high dimensional result (Rourke-Sanderson [1,
§6], Milnor [3, §8]) shows that the handlebody structure can be deformed
to one with no 0- or 1-handles, and dually no 4- and 5-handles. This
leaves handles only in dimensions 2 and 3. The cellular chain complex
based on this, with Z[m W] coefficients, therefore has chains only in
dimension 2 and 3. Further, the 2- and 3-handles can be arranged and
enumerated so that the boundary homomorphism in the chain complex
is the identity matrix.

We interpret this geometrically. W is M-isomorphic to M x IU(H?U
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--UH2)U(H} U---UH3). Let N denote the level between the 2- and
3-handles, then there are two collections of framed embedded 2-spheres;
the attaching maps of the 3-handles Aj,... A4, and the dual spheres
of the 2-handles B,,...B,. The chain complex condition is that the
algebraic intersection number A(4;, B;) =0if ¢ # j, and = 1 if i = j.

The dimension restriction in the standard proof occurs in the next
step; general position is used to find embedded Whitney disks for the
algebraically cancelling intersections between A and B. The isotopy of A
obtained by pushing across these disks gives a further deformation of the
handle structure to one whose handles can be cancelled. Cancellation
leaves only the product M x I, as required for the theorem.

In dimension 5 the following modifications are required: first an iso-
topy of A which ensures that the total collection of spheres AU B has
transverse spheres. These are used to find immersed Whitney disks for
the extra intersections, with interiors disjoint from AUB. The main em-
bedding theorem is used to replace these with topologically embedded
disks. Pushing across these disks gives a handle structure whose 3-
handles are attached topologically, and cancelling handles yields a topo-
logical product structure on W. The proof is completed by analysing
the damage the topological move does to the product structure.

Suppose, then, that W has dimension 5. The first step is to observe
that the collections A, B separately have transverse spheres in N. N can
be described as obtained from M by deleting the interiors of the attach-
ing maps of the 2-handles H;(S! x D?), and adding H;(D? x §?). B; is
the sphere H;({point} x $?), which intersects the disk H;(D? x {point})
in a single point. Transverse spheres can therefore be constructed from
these disks and immersed disks in M — int H;(S' x D3) intersecting the
boundary in H;(S' x {point}).

H;(S* x {point}) is nullhomotopic in M x JU(H,U---UH,), and the
composition M - M x TU(H,U---U H,) — W is an isomorphism on
71, 50 H;(S' x {point}) is nullhomotopic in M. By general position it is
also nullhomotopic in the complement of the attaching circles of the 2-
handles. Applying the immersion lemma (in M) to such nullhomotopies
yields the desired immersed disks in M — intH;(S! x D3).

The spheres produced in this way intersect the B spheres in single
points, but may not be framed (see 1.3). A little more care in choosing
the nullliomotopy gives spheres which can be framed after twisting (again
see 1.3), but unframed spheres will be adequate here. (Ezercise: show
in fact that B has framed embedded transverse spheres in N.)

Applying the same argument to the dual handlebody produces un-
framed transverse spheres for the spheres A.

The next step is to show that A can be changed by M isotopy—in fact
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finger moves through B—so that the new A U B has transverse spheres
(framed ones this time). Begin by applying isotopies from part (2) of
the immersion lemma to make the A N B intersections standard. Let
A’, B’ denote parallel copies of A, B, then according to the algebraic
intersection hypotheses these are algebraically transverse spheres for AU
B. Choose (again using the immersion lemma) immersed Whitney disks
V. for the extra A’ N B intersections, and W, for the extra B’ N A
intersections.

Make the interior of V' disjoint from B by sums with the unframed
transverse spheres for B, and correct the framing (if necessary) by spin-
ning about the edge on A’. Similarly make the interior of W disjoint
from A by sums with the unframed transverse spheres, and correct the
framing by spinning about the edge on B’. Next push A off V by finger
moves through B, and B off W by finger moves through A. These finger
moves can all be done disjointly (and in the category M). Also the
inverse of a finger move of B through A is a finger move of A, so we may
consider these as an isotopy of A alone. Finally since these take place
in neighborhoods of arcs, they can be done disjointly from A’ and B’.

The result is a collection of immersed Whitney disks with interiors
disjoint from A U B. Pushing A’ U B’ across these eliminates the extra
intersections, and gives transverse spheres for A U B.

We now construct Whitney disks for the extra intersections of AN B.
Begin with immersed ones of category M (using the immersion lemma),
and use sums with the transverse spheres to make the interiors disjoint
from AU B. There are algebraically transverse spheres for these disjoint
from AUB; use the transverse spheres to move the caps of linking tori off
AUB, and contract (see example 2 of 2.1). Finally the transverse spheres
imply the complement of AU B has the same fundamental group as M,
which is assumed to be good. Therefore the main embedding theorem
5.1 implies that there are topologically embedded Whitney disks.

More precisely, the first part of the proof of 5.1 replaces the immersed
Whitney disks by properly immersed capped towers T, of category M,
and with transverse spheres disjoint from A U B. The second part pro-
duces, inside an M regular neighborhood of T, topologically embedded
disks W,.

The product structure on the s-cobordism is obtained by pushing A
across the W, and cancelling the handles, as indicated above. This
structure can fail to be of category M only on the attaching region of
the handles in M, union with the neighborhood of the W, in which the
pushing isotopy takes place. This is contained in the attaching region
union with an M-regular neighborhood of the 2-complex T. The next
step is to analyse these sets.



106 FREEDMAN AND QUINN 7.1

By the “attaching region in M” we mean the intersection of M x {1}
and U; H? UU; H} in the handlebody. This can be pictured as obtained
from a neighborhood of AUB in N by “undoing” the 2-handles; removing
the B spheres S? x D? and replacing them by neighborhoods of circles
D? x S!. The A spheres get holes cut in them at intersections with B,
and the edges of these holes are parallel to the new circles. The attaching
region is therefore a regular neighborhood of a 2-complex obtained by
puncturing spheres and identifying the edges to circles. We will denote
this 2-complex by Kj.

A three sheets
2\ meet at circle

For the topological analysis we are interested in a neighborhood of
AUBUW,. Let A’ denote the spheres obtained by pushing A across
V.. A can be recovered from A’ (up to isotopy rel B) by finger moves
along certain arcs c.. A regular neighborhood of AUBUW, in N can
therefore also be described as a regular neighborhood of A’ U B Ue.,.

Now pass to M by replacing B by circles. The A’ have the prop-
erty that A; intersects only B;, and in only one point. The 2-complex
obtained by cutting holes at the intersections and identifying edges cor-
responding to each B; is therefore a disjoint union of disks. A regular
neighborhood of a union of disks and arcs is a regular neighborhood
of a 1-complex. This verifies the assertion that the non-M behavior is
confined to a topological regular neighborhood of a 1-complex in M.

We now get an M description of the problem region. Note that since
the original handles are M, the attaching region in M is an M-regular
neighborhood of the 2-complex Ky defined above. The Whitney disks
lie in an M-regular neighborhood of the M-capped tower T, so the
problem region is contained in an M-regular neighborhood of the 2-
complex KogUT C M. We show that this 2-complex has the regular
homotopy property described in the theorem.

Suppose § — M is an M immersion of a surface, with boundary
disjoint from Ky UT. By general position we can change S by isotopy
to be disjoint from the circles in Ky, and then can think of it as a map
S — N disjoint from B. If we change S — M by an isotopy which passes
through the circle corresponding to B;, then Ry changes by connected sum
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with a parallel of B;.

The next step is to arrange that the intersections SN A occur in pairs
with Whitney disks (immersed, in N). Suppose some intersections have
Whitney disks chosen, but there is an intersection S N A; which does
not have one. Push S through the circle corresponding to B;, then §
changes by connected sum with a parallel of B;. All but one of the
B; N A intersections are in pairs with Whitney disks (in fact Whitney
towers T.), so parallels of these provide Whitney disks for all but one of
the new SN A intersections. The remaining new intersection is in S'ﬁAi.
If the push of S through the circle takes place along an appropriate arc,
and with proper orientation, then this new intersection can be paired
with the old $N A; intersection, with a Whitney disk. This construction
reduces the number of unpaired intersections, so repetition leads to the
desired conclusion.

S can be made disjoint from the towers T by pushing down and off
across the edge on A. This introduces new SN A intersections, but since
they arise from finger moves they are arranged in pairs with Whitney
disks.

Use sums with the transverse spheres for AU B to get Whitney disks
with interiors disjoint from A U B. Similarly, since the towers T, have
transverse spheres disjoint from AUB we can get Whitney disks disjoint
from T.

Now define a regular homotopy of S by immersed Whitney moves
across these Whitney disks. This takes place in the complement of B,
so defines a regular homotopy of S in M. The new $ is disjoint from
AUBUT in N, so the new § is disjoint from the 2-complex K = KoUT
in M.

This completes the verification that Ko UT has the regular homotopy
property, and completes the proof of 7.1D.

Exercise Suppose W is a compact 5-dimensional s-cobordism of cate-
gory M and arbitrary fundamental group. Define a sum stabilization to
be the s-cobordism obtained by deleting a regular neighborhood of an
arc from My to Mi, and subsituting (S2 x S2 — ball) x I. Denote this
by W #; (S? x §2 x I), and note it changes My and M; by connected
sum with S2 x §2. If W has a handlebody structure, and the arc is
chosen to be a collar arc which misses the handles, then this operation
also changes intermediate levels by connected sum. Prove: there is an
M product structure on W #; k(S? x §2 x I), for some k. (See the
exercise in 1.9, and the comments following.) [
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7.2. Controlled h-cobordisms

The objective here is to get information about the size of product
structures on an s-cobordism, as measured in a control space. An in-
troduction to the high-dimensional theory is given in Quinn [7], see also
Quinn (3] and Chapman [1].

Suppose X is a metric space, and §: X — (0, 00) is continuous. An é-
h-cobordism is, as before, a manifold W with W = My U M,, such that
W deformation retracts to each M;. Further there is a map W — X,
and the images of the deformation retractions have radius less than é
in X. Generally, a homotopy F: W x I — X has radius < § if the arc
F({w} xI) lies in the ball of radius 6( F(w, 0)) about F(w, 0). Finally, we
require W — X to be proper (preimages of compact sets are compact;
W itself is not required to be compact).

A product structure My x I ~ W defines—by composition—a homo-
topy in X. We say the product structure has radius less than ¢4 if both
this homotopy and the one obtained by reversing the I coordinate have
radius less than 4.

As in section 5.5 we use a reference map p: E — X to specify local
fundamental groups. Here we will also need to insure these local groups
do not change too wildly, by requiring p to be a simplicial neighborhood
deformation retract (NDR). This means there is a commutative diagram

E S K

bl

X » L

with K — L simplicial, and deformation retractions of neighborhoods
to the images of E, X so that the deformation in K covers the one in L.
The definition of W — FE being é-1-connected (over X) is given in 5.4.

7.2A Theorem (Controlled h-cobordism). Suppose p: E — X Is
a simplicial NDR with good local fundamental groups. Given e: X —
(0,00) there is §: X — (0,00) so that if (WS5; My, M,) — E is a §-
I-connected §-h-cobordism over X then there is a topological product
structure of diameter less than ¢ on W if and only if the controlled
torsion g, (W, M) € H{f(X;S(p)) vanishes.

We discuss the obstruction, and begin by assuring the reader that
it is not necessary to understand it in any detail in order to use the
theorem effectively. In fact in nearly every application we make of it the
obstruction group is trivial (see the corollary below).
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The obstruction group is a locally finite homology group with coeffi-
cients in a “cosheaf of spectra.” This and the invariant gy are defined in
Quinn [3], where the high-dimensional analog of the theorem is proved.
These homology groups have many useful formal properties, and in fa-
vorable cases can be computed using a spectral sequence. This spectral
sequence has as input homology with coefficients in Whitehead groups
and lower algebraic K-theory groups of local fundamental groups, see
Quinn [3, §1, 8] for details and examples. In particular if the K and
Whitehead groups vanish for all fundamental groups 7, (p~!(z)), where
x € X, then the spectral sequence disappears, and the obstruction group
is trivial.

The class of poly-(finite or cyclic) groups (for whizh the 4-dimensional
topology is known to work) is somewhat favorable here since quite a bit
is known about the K-theory (Farrell-Hsiang [1], Quinn [9]). In par-
ticular the appropriate K and Whitehead groups vanish if the funda-
mental groups are torsion free. This implies vanishing of the controlled
h-cobordism obstruction groups, and yields the following corollary:

7.2B Corollary. Suppose p: E — X is as above, with torsion free
poly-(finite or cyclic) local fundamental groups, and ¢ is given. Then
there is & such that every 5-dimensional -1-connected 8-h-cobordism
(W5; My, M) — E has an ¢ product structure.

As in the compact case we prove a technical refinement, which is
primarily needed in the next chapter. This includes information about
non-differentiability and is also relative with respect to subsets of X. By
“relative” we mean that open sets V € U C X are given, we consider
(W, M) — X with product structure already given “over V”, and want
to extend this to a product structure “over U”.

A product structure “over U” on r: (W, Mp) — X is an open set
My O N O (r~*U) N My and an open embedding N x I — W which is
the identity on N x {0} and contains 7~'U. In trying to construct these,.
it is appropriate only to impose hypotheses over U. Accordingly, we say
r is an 6-h-cobordism “over U” if r~'(U) has deformation retractions
rel M; in W into M;, of radius less than § in X.

There is a little slippage which we allow for as follows: define V¢ to be
the set of points {y : d(y,v) < é(y)}. Then we will be given a product
structure over V9, will restrict it to V, and then extend this restriction
to a product structure over U. More precisely, the statement is in terms
of handlebody structures, the connection with products being that a
handle structure with no handles is a product.

As in 7.1D, let M denote one of the categories of manifolds; DIFF,
PL, or TOP.
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7.2C Theorem (technical controlled h-cobordism). Suppose the
immersion lemma is valid in M, and p: E — X is a simplicial NDR,
with good local fundamental groups. Suppose V C U C X are open
and e X — (0,00) is given. Then there is §: X — (0,00) so that if
(W3; My, M,) — E is a §-1-connected 6-h-cobordism over U%¢ with a
M-handlebody structure rel M of diameter less than 6 and no handles
over V¢, then there is an obstruction q, (W, Mp) € Hif(U‘ -V 8S(p))-
If this vanishes there is a topological handlebody structure of diameter
less than € with no handles over U, which agrees with the given structure
except over U%¢ — V. Further, the resulting product structure over U
is an M isomorphism except on a set W x I, where W may be taken
to be either an ¢ topological regular neighborhood of a 1-complex, or
an e-M-regular neighborhood of an M 2-complex K with the following
negligibility property: any M immersed surface with boundary disjoint
from K is ¢, M regularly homotopic rel boundary to an immersion
disjoint from K.

By “e regular neighborhood” we mean one with a mapping cylinder
structure such that the images of the mapping cylinder arcs in X have
diameters less than €. The point is that if something is disjoint from
K, then it can be made disjoint from a regular neighborhood of K by
isotopy pushing along mapping cylinder arcs. If these arcs have diameter
less than € then this isotopy also has diameter less than e.

Proof: Asin 7.1 the proof is sketched, indicating the modifications re-
quired in dimension 4. We also subsitute the word “control” for phrases
like “given 8, > 0 there is 6,41 > 0...,” and “small” for “diameter less
than é,,, appropriate n.” Little is lost, since it is usually a routine matter
to reconstruct the more complicated statement, and the brief versions
are much clearer. (See for example the proof of Theorem 5.4).

Begin with a small M handlebody structure on (W, Mp). Since it is
a controlled h-cobordism over U?% this structure can be manipulated
with control to have only 2- and 3-handles over U¢ (Quinn [2, 6.3]).
The obstruction homology class is identified in Quinn [3, 6.2 and §3] as
an equivalence class of the intersection matrix between these handles.
Therefore the vanishing of the obstruction implies that the handlebody
can be further manipulated (with control) so that the algebraic inter-
sections are the identity matrix.

As in the proof of 7.1C the intersection matrix is interpreted as inter-
sections between attaching spheres A; and dual spheres B; in an inter-
mediate level. The spheres A can be moved as in 7.1D (with control) so
that the collection A U B has small transverse spheres. These are used
as in 7.1D to construct small immersed Whitney disks for the extra
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intersections A N B. Since we have assumed that the local fundamen-
tal groups are good, the controlled embedding theorem 5.4 gives small
disjoint topologically embedded Whitney disks for these extra intersec-
tions.

Pushing the attaching maps A across these Whitney disks gives a small
topological handlebody structure such that all the handles over U can
be cancelled. Cancelling them leaves a handlebody structure satisfying
the conclusions of the theorem.

The singularities introduced into the M structure by the topological
move are analysed in exactly the same fashion as in the proof of 7.1D. I

7.3. Proper h-cobordisms

A proper h-cobordism is a triple (W; Mp, M;) which deformation re-
tracts to both My and M, as above. W is not required to be compact,
but the deformations are required to be proper. We will recognize some
proper h-cobordisms as controlled h-cobordisms over a graph, so 7.2A
and 7.2B give criteria for product structures.

If W is locally compact we can define a “component of the end” of W
to be an equivalence class of a decreasing sequence of open sets U;. Each
U; is a nonempty component of the complement of some compact set,
and if K C W is compact then for some i, KNU; = ¢. Two sequences U,
U’ are equivalent if for each i there is j such that U; D UJ’- and U] D Uj.
We denote the set of components of ends of W by eW. In the endpoint
compactification notation of section 3.8 this is E(W) — W.

Let opencone(eW) denote the open cone [0, 00) x (eW)/{0} x (eW),
with vertex denoted by 0. If W has only finitely many ends then there
are proper maps W — opencone(eW) obtained by choosing a sequence
U# for each component «, and mapping U to {a} x (i, 00). Further, if
W is'a proper h-cobordism and é: opencone(eW) — (0, 00) is continuous,
then there is such a map which makes W a é-h-cobordism. Roughly this
is obtained by using compactness and properness to choose sequences so
that the deformations keep UZ, ; in U, and W —U in W —UZ, ;. Then
map U to {a} x (n;,00), where the n; are within é of each other. Details
for this argument appear in the proof of 9.3B: the [0, 0c0) coordinate part
of the demonstration that the W there can be made a §-h-cobordism over
N x [0, 00).

The next objective is a condition which allows control of the local
fundamental groups in such a 6-h-cobordism. We say that fundamental
groups are stable at an end « if there is a defining sequence such that
the image of mU;+1 — mU; does not depend on i. (By this we mean
that if ¢ < j then (image); — (image); is an isomorphism.) Denote this
image by m a.
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The inclusions U; ¢ W define a homomorphism ma — mW. Let
E denote the open mapping cylinder of the corresponding maps of
Eilenberg-MacLane spaces K{m a,1) — K(m W, 1), and let p denote the
natural projection E — opencone(eW ). The map of W to opencone(eW)
factors through p, and W — F can be arranged to be 6-1-connected for
any given 6 (still presuming the ends of W have stable fundamental
groups).

Summing up, we have:

7.3A Lemma. Suppose (W; My, M) is a proper h-cobordism with
finitely many ends, with stable fundamental groups, and suppose a func-
tion é: opencone{eW) — (0, 00) is given. Then there is a (8,1)-connected
map W — E which makes W a (8, h)-cobordism over opencone{eW).

Combining this lemma with 7.2 gives proper h-cobordism theorems
for h-cobordisms with finitely many stable ends. A more elaborate ap-
proach, developed by L. Siebenmann [1] in higher dimensions and imple-
mented in dimension 4 in Freedman [2], applies when there are infinitely
many ends, possibly not stable.

Combining the lemma with 7.2B yields:

7.3B Corollary. Suppose (W; My, M1) is a 5-dimensional proper h-
cobordism with finitely many ends, with stable fundamental groups, and
the fundamental groups of W and each end are torsion-free poly-(finite
or cyclic). Then W has a topological product structure.

Combining the lemma with the relative version of the controlled the-
orem, in a neighborhood of a single end, gives:

7.3C Corollary. Suppose (W; My, M;) is a 5-dimensional proper h-
cobordism in a neighborhood of a single end o, which has stable funda-
mental group which is good. Then there is an obstruction in Ko(Z[r;a])
whose vanishing is equivalent to the existence of a product structure on
W in a neighborhood of o

Proof: According to the lemma we can find a map of a neighborhood
of the end to [0,00) which makes it a é-h-cobordism over some neigh-
borhood of the end. Let U = (1, 00), then 7.2C gives an obstruction in
H{f ((1,00) xeW; S(p)). This locally finite homology group is isomorphic
to Ho(pt; S(p)) = Ko(Z[m 0]), as required. |

7.4. References

The simply-connected version of 7.1 appeared in Freedman [2], and
was extended to poly-(finite or cyclic) fundamental groups in Freedman
[4]. More precisely, these give a proof of 7.1D, with the immersion lemma
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and handlebody hypotheses avoided by assuming W has a smooth struc-
ture. The proof of 7.1A was completed by the proofs of the handlebody
and immersion hypotheses in Quinn [4]. The sum-stable product theo-
rem in the exercise in 7.1 comes from Quinn [1].

In higher dimensions the h-cobordism theorem applies without regard
to category; a smooth, etc. s-cobordism has a smooth, etc. product struc-
ture. The nonexistence of smooth product structures on some simply-
connected 5-dimensional s-cobordisms follows from Donaldson [2]; see
the next chapter. Cappell and Shaneson [2], [3], have shown that there
are 4-dimensional s-cobordisms (so the ends are 3-dimensional) which
do not have topological product structures.

The simply-connected version of 7.2 appeared in Quinn [4]. Quinn
[7] provides some introductory material on controlled h-cobordisms. A
somewhat different approach to controlled h-cobordisms, which can also
be modified to apply in dimension 5, is given in Chapman [1]. A spe-
cial case in dimension 5, sufficient to prove the 4-dimensional annulus
conjecture, is discussed in Edwards [1].



CHAPTER 8

Smooth structures

The main results of this chapter are partia! existence and unique-
ness results for smooth structures on 4-manifolds. These are limited by
smooth nonexistence results obtained from differential geometry, so in
fact their main use (in the next Chapter) is to obtain further informa-
tion about the topological category. We have included discussions of the
4-dimensional smooth nonexistence results, and—to make the idiosyn-
crasies of this dimension clear—a description of the smoothing theory
in other dimensions. In 8.6 and 8.7 appropriate sum-stable and bundle
versions are shown to follow the high dimensional pattern. Finally in
8.8 smooth structures in the complement of points are considered.

8.1 Uniqueness of smoothings

The first question considered is uniqueness; if M — N is a homeomor-
phism of smooth 4-manifolds, is it isotopic to a diffeomorphism? The
answer is usually “no”, so a more limited question is necessary for posi-
tive results. We suppose K C M is a smooth subcomplex of M, and ask
if there is an isotopy to a homeomorphism which is a diffeomorphism on
a neighborhood of K. The answer is still usually “no”, but the following
is true:

8.1A Theorem. (The “Hauptvermutung,” or “annulus conjecture”)
Suppose h: M — N is a homeomorphism of smooth 4-manifolds which is
a diffeomorphism on the boundary, and K C M is a smooth subcomplex.

(1) If dimK < 1 then h is isotopic rel boundary to a homeomorphism
which is a diffeomorphism on a neighborhood of K, and

(2) if dimK = 2 then K can be changed rel boundary by either
topological isotopy or smooth regular homotopy to K’ so that h
is isotopic to a homeomorphism which is a diffeomorphism on a
neighborhood of K'.

Further, if & N — (0,00) and a neighborhood U of K are given, then
there is such an isotopy which is constant off U and has diameter less
than e.

This theorem, and the proof given, are from Quinn [4], [6].
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We will see in 8.4D that the hypotheses given are necessary; it is gen-
erally impossible to smooth h near a 2-dimensional K without changing
it as in (2), and impossible to smooth near a 3-dimensional K even
allowing such changes. A notation will be convenient: we define a dis-
placement of K to be the image of K under a homeomorphism of M
topologically isotopic to the identity. In these terms statement (2) as-
serts that a homeomorphism can be smoothed in a neighborhood of a
displacement of a 2-complex.

In (2), recall that a regular homotopy is a sequence of Whitney moves,
finger moves, or ambient isotopies. In fact the regular homotopy pro-
duced in the proof requires only finger moves and isotopies.

Proof: Two results from outside our development will be used: the 5-
dimensional case of a high-dimensional smoothing theorem, which will
be described in 8.3B, and the following “approximation implies isotopy”
theorem:

8.1B Lemma. (A. V. Cernavskii; Kirby and Edwards [1]) Suppose
h:M — N is a homeomorphism of manifolds (of any dimension), and
K C M is closed, U is a neighborhood of K, and e: N — (0, c0) is given.
Then there is 6 > 0 so that if g:U — N is a homeomorphism on its
image, and is within 6 of h on U, then there is an isotopy constant off
U and of diameter less than €, of h to b’/ so that h’ = g on K.

This reduces the proof of the theorem to the construction of a good
approximation g; the isotopy to h is automatic.

Suppose K is a smooth subcomplex, and let Uy be a regular neighbor-
hood. Let U; be the image h(Up) C N, and define W to be the mapping
cylinder of h: Uy — U;. W is a topological 5-manifold with a smooth
structure on its boundary Uy U U;. The obstruction to extending the
smooth structure to one on W lies in Hy(W,Up U Uy;Z/2) (see 8.3B).
Since h is a homeomorphism, W is topologically a product U x I. Con-
sequently this group is isomorphic to H3(Up; Z/2) = H3(K; Z/2), which
vanishes since K is at most 2-dimensional. Therefore there is such a
smooth structure on W.

Consider the projection W — U;. Topologically this is a projection of
a product Uy x I to the I coordinate, so in particular is a §-1-connected
6-h-cobordism over Uy for every 6:U; — (0,00). Since it has a smooth
structure the controlled h-cobordism theorem 7.2C applies to give a
new product structure, and in particular a homeomorphism Uy — Uy,
within any given € of the original. Further this homeomorphism is a
diffeomorphism except on a set W C Ug.

According to 7.2C, the singular set W can be chosen to lie in a small
smooth regular neighborhood of a smooth 2-complex with a certain



116 FREEDMAN AND QUINN 8.2

regular homotopy property. If the complex K of 8.1 has dimension 1,
then by general position there is a small smooth isotopy which moves it
disjoint from this 2-complex and its regular neighborhood, and therefore
the singular set. Or, composing the homeomorphism Uy — U; with the
inverse of this isotopy yields a homeomorphism smooth near K. Since
this can be done arbitrarily close to the original homeomorphism, the
lemma provides the isotopy required to complete case (1) of the theorem.

When the dimension of K is 2, the regular homotopy property of the
singular set described in 7.2C yields the smooth regular homotopy con-
clusion of statement (2). Alternatively, 7.2C asserts that the singular set
is contained in a small topological regular neighborhood of a topologi-
cal 1-complex. By general position again, K can be made disjoint from
such a 1-complex, and then its regular neighborhood, by a topological
ambient isotopy. In either case the homeomorphism is smooth near the
modification of K, as required for statement (2). I

8.2 Smoothing open 4-manifolds

The uniqueness result implies an existence theorem for smooth struc-
tures on open manifolds. The most precise version (a classification up
to concordance) is obtained using immersion theory, in 8.6B. Here we
give a direct proof of existence which avoids the abstract machinery.

Theorem. A 4-manifold has a smooth structure in the complement of
any closed set with at least one point in each compact component. In
particular a connected noncompact manifold is smoothable.

In 8.8 some refinements are given which are more specific about the
smooth structure near the singular points.

Proof: First we observe it is sufficient to show that there is a smooth
structure on the complement of a discrete set in M. In a connected
noncompact 4-manifold there is a locally finite collection of proper flat
embeddings of half-open intervals [0, 00) — M with a given discrete set
as endpoints. A smooth structure on the complement of the set gives a
structure on the complement of the arcs, but this complement is homeo-
morphic to the original manifold. Therefore the noncompact statement
follows from the discrete statement. In a compact component a discrete
subset is finite, and therefore lies on a flatly embedded closed interval.
The complement of such an interval is homeomorphic to the complement
of a single point, so we get a smooth structure on the complement of a
point. This gives smooth structures on the complement of any nonempty
closed set.

The boundary of M is a 3-manifold, so has a smooth structure. Let Ny
be an open collar of the boundary, with the product smooth structure,
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and let 6;:U; — M, for ¢ > 1 be a locally finite open cover of M — Ny
by smooth manifolds (eg. coordinate charts). We inductively construct
a discrete set S; in N; = Ny U Ujg U; and a smooth structure on
N; — S;. The construction will have the property that the intersections
of S; and Si;1 with N; — U; are equal, and the smocth structures agree
on N; —U; — §;. Consequently the limit yields a smooth structure in the
complement of the discrete set lim; o, S;, proving the theorem.

Suppose that S; is discrete in N;, and there is a smooth structure on
N; — S;. Choose a smooth codimension 1 submanifold V C U; so that
8(V) separates N; — 0(U;) and 8(U;) — N; in N; U6(U;). For example V
can be constructed as the inverse of a regular value near 0 of a function
f:N; U6(U;) — (—1,1) so that f@; is smooth, and which takes value 1
on N; — 6(U;) and —1 on 8(U;) — N;.

Since S; is discrete we may assume that 8(V) is disjoint from it. By
theorem 8.1 there is an arbitrarily small isotopy of §; to 6; which is
fixed off ~1(N;), so that 6; is smooth near the 2-skeleton of a small
displacement of V. Specifically there is a small isotopy of V' to V with
6; smooth on a neighborhood of V2.

A neighborhood of the 2-skeleton of a 3-manifold is the complement
of a union of balls. Therefore there are balls B, C V and an open collar
V x J C U; so that 8 is smooth on (V — B.) x J. Also, if these isotopies
and collars are chosen sufficiently small then §(V x J) will be disjoint
from S;, and will still separate N; — 8(U;) and 8(U;) — N;.

Define N/ to be N; minus components of N; —0(V x J) which lie inside
6:(U;), and similarly U/ to be U; minus components of U; —(V x J) whose
images lie inside N/. Then N; U 6(U;) = N/ U8(U}), and N} N(U!) =
6(V x J). The transition function 8 is smooth on this intersection, except
on the balls (B, x J). consequently this defines a smooth structure
on N; U8(U;) in the complement of S; N N! and the balls (B, x J).
Shrinking the balls to their center points gives a smooth structure on
the complement of the discrete set (S; N N]) U(centers), so defining this
to be S;+1 completes the induction step. i
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8.3 Structures in other dimensions

In dimensions less than 4 the categories DIFF, PL, TOP are equiva-
lent. The hardest—and most important to us—is the three-dimensional
case:

8.3A Theorem. (E. Moise; Bing [3]) A topological 3-manifold has a
PL structure, which is unique up to isotopy.

By unique we mean that the analog of 8.1 always holds; any homeo-
morphism is isotopic to a PL isomorphism. The theorem also holds with
“PL” replaced by “smooth,” as a consequence of the next theorem.

An n-manifold has an n-dimensional tangent bundle, which is smooth,
PL or topological depending on the structure of the manifold. (The
discussion here will not depend on the details of how “bundles” are
defined, but only on formal properties. The microbundles of Milnor [1]
provide a simple and uniform setting which is satisfactory.) This bundle
can be thought of as an infinitesimal version of the structure on the
manifold, and therefore provides a way to study the structure.

Suppose M is a manifold with an M structure (M= DIFF, PL, or
TOP), then there is a classifying map for the tangent bundle, 7M: M —
BM(n). Here we are using BM(n) to denote the classifying space
of the monoid of M isomorphisms of R™ fixing the origin. We will
use only simple formal properties of this construction; details may be
found in Kirby-Siebenmann [1, V]. We also note that the inclusion of
the orthogonal group O(n) C DIFF(n) is a homotopy equivalence. This
means BDIFF(n) may be replaced by BO(n), and smooth bundles are
equivalent to vector bundles.

If M C N is one of the natural inclusions of categories then there is a
map of classifying spaces BM(n) — BN (n). (DIFF is not a subcategory
of PL, so technically they are compared via the piecewise differentiable
category, which is equivalent to PL in all dimensions. We will disregard
this complication here, and pretend DIFFCPL.) If M is a manifold with
an M structure, the classifying map for the A tangent bundle is obtained
(up to homotopy) by composing this with the M tangent bundle map;

M

M —~— BM(n)

N

M - BN(n)

There is a fibration M(n)/N(n) — BM(n) — BN (n). Therefore
given an N bundle there are obstructions in H**(M;mM(n)/N(n))
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to the existence of a refinement to a M structure. If a refinement to
a M structure is already given on an open set U, then this structure
defines a lift there and obstructions to extending it lie in the relative
cohomology groups Hi+ (M, U; m;(%)).

There is also a stabilization BM(n) — BM(n+1) obtained by adding
a trivial bundle, and the limit of these is denoted by BM. The compo-
sition of the tangent map of M with a single stabilization is the tangent
map of M x R. Therefore existence of a stable factorization of M — BN
through BM is a necessary condition for an M structure on M x R¥,
for some k. In fact it is easy to show that this is sufficient as well as
necessary (see Milnor [2]).

The next theorem asserts that the “infinitesimal” information in the
bundie can be “integrated” to solve the manifold problem, except in one
case.

8.3B Theorem. Suppose M C N is one of the natural inclusions, and
if N =TOP then n > 5. If M is an N'-n-manifold with an M structure
on its boundary then isotopy classes of M structures extending the given
one correspond bijectively to homotopy classes of liftings (rel boundary)
of the stable tangent bundle to BM. Further, PL/DIFF is 6-connected,
its homotopy groups are finite, and TOP/PL is an Eilenberg-MacLane
space K(Z/2,3).

The PL/DIFF results imply that these two categories are the same up
to isotopy, for manifolds of dimension less than 6. Since dimension 3 is
covered in 8.3A, the only case not completely understood in these terms
is the topic of this chapter; smooth structures on topological 4-manifolds.

The PL/DIFF case is a consequence of the “Cairns-Hirsh” theorem,
see Hirsh and Mazur [1]. The TOP/M case in dimensions at least
5 are due to Kirby and Siebenmann [1]. These can also be proved
using the controlled h-cobordism theorem as in 8.1. Homotopy groups
of the classifying spaces are calculated by classifying manifolds homotopy
equivalent to spheres, see eg. Browder [1].

This result uses only the stable tangent bundle. Essentially this im-
plies there is no difference between the stable and unstable bundles.
Precisely, we have:

8.3C Theorem. Suppose M C N is one of the natural inclusions
DIFF Cc PL c TOP, and if N = TOP then n > 5. Then stabiliza-
tion M(n)/N(n) = M/N is (n + 1)-connected.

We recall a map is (n + 1)-connected if the relative homotopy groups
vanish up to and including dimension n+ 1. This result will be extended
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to TOP in dimension 4 in 8.6. There is a rather formal procedure (“im-
mersion theory”) which classifies structures up to “sliced concordance”
on open manifolds, with no category or dimension restriction, in terms
of liftings of the unstable tangent bundle (see eg. Kirby-Siebenmann [1,
essay V]). Theorem 8.3B is a powerful extension of this in almost all
ways: it includes compact manifolds, sharpens concordance to isotopy,
and includes the stability theorem. However it is weaker in one way; it
does not apply to 4-dimensional topological manifolds.

The bundle theory does give invariants in dimension 4, and we sum-
marize this in the next statement. However their vanishing no longer
implies the geometric conclusion; the next section shows how far these
obstructions are from being sufficient.

8.3D Corollary. If M is a 4-manifold there is an invariant ks(M) €
H*(M,8M;Z/2) which vanishes if M has a smooth (or PL) structure.
If h: M — N is a homeomorphism of smooth 4-manifolds there is an
invariant ks(h) € H3(M,0M;Z/2) which vanishes if h is isotopic to a
diffeomorphism.

Some properties of this invariant are described in 10.2B.

8.4 Differential geometric results

The study of solutions to certain geometric differential equations on
smooth 4-manifolds has provided remarkable insights into the smooth
structures themselves. Before stating the results we roughly outline the
approach. -

A “bundle” over a manifold is a projection which is locally trivial in an
appropriate sense. A connection on a bundle is essentially a continuous
choice of local trivializations at each point. These can be integrated
along a path in the manifold to obtain a trivialization of the bundle over
the path. In particular it specifies an isomorphism between the fibers
of the bundle over the beginning and end points. If this isomorphism is
independent of the choice of path between the points, then this process
defines a trivialization of the entire bundle.

The curvature of a connection gives a measure of the dependence of
these isomorphisms on the choice of path. It is a function of 2-planes in
the tangent space: roughly one projects the plane into the manifold, use
the connection to trivialize the bundle over a small closed loop in the
plane, and consider the deviation of the resulting automorphism of the
fiber from the identity. Nontriviality of the curvature gives a measure of
the nontriviality of the bundle—or at least the failure of the particular
connection to give a trivialization.
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The special feature of dimension 4 is that the subspace perpendicular
to a 2-plane is again a 2-plane. This makes it possible to consider a
weaker property than vanishing of the curvature; one can ask if the cur-
vature on a 2-plane is equal to the curvature on the perpendicular 2-plane
(or the negative of this). Such connections are called self-dual (respec-
tively anti-self-dual). The smooth results come from the study of the
spaces of these special connections on various bundles over 4-manifolds.
Note that it is spaces of connections, rather than any particular connec-
tion, which contains the information

For further information see Lawson [1], Freed and Uhlenbeck [1], and
the papers of Donaldson, Fintushel and Stern, and Friedman and Mor-
gan listed in the bibliography.

The results give conditions on the quadratic form on the middle di-
mensional homology H2(M;Z) of a smooth 4-manifold. Forms, and
in particular the invariants “rank” and “signature,” and the properties
“definite” and “even” are discussed in Chapter 10. We will see there that
every form occurs as the form of a topological manifold. In contrast, the
smooth result is:

8.4A Theorem. Suppose M is a closed orientable smooth 4-manifold,
with quadratic form .

(1) (Donaldson [1], [3]) If X is definite, (ie. rank = |signature|) then
A==kl

(2) (Donaldson [2]) If M is simply-connected, the form is even, and
(rank — [signature|) < 4, then A = +k[J ] (with0 < k < 2).

This comes close to completely describing the forms which can be
realized by closed 1-connected smooth manifolds. The form jI @ k(—1I)
is realized by the smooth manifolds jC P2 # k(—CP?2), so this gives the
definite forms allowed by (1) and indefinite forms which are not even.
An even indefinite form is isomorphic to jEg © k[? (l)] The signature 0
ones have j = 0, and are realized by kS? x S2. The high dimensional
smoothing obstruction in H4(M;Z/2) = Z/2 is equal to j mod 2, so j
must be even. The Kummer surface Z; (see 10.2A) has form —2Fg @
3[94] with (rank — [signature]) = 6, so the inequality in (2) is best
possible. It is not yet known what the minimum value of k is for which
2jEs @ k[? (l)] can be realized, when |j]| > 2.

In chapter 10 we will see that a direct sum decomposition of the
form corresponds to a topological connected sum decomposition of the
manifold. In contrast, the smooth result is:

8.4B Theorem. (Donaldson [2]) Suppose M is a simply-connected
complex algebraic surface with its natural orientation, and is diffeomor-



phic to a connected sum Ny # N,. Then one of Ny, N, has negative
definite intersection form.

The algebraic process of “blowing up” changes a surface by connected
sum with —CP?, so connected sums in which one component has form
—kI do occur. The quintic surface Zs (locus of £,z = 0 in CP3) has
form 91 @ 44(—1I) = 9[% ;] @ 35(—1I), which has many decompositions
in which neither component is negative definite. None of these can be
realized by smooth connected sum decompositions of Zs.

Next some restrictions on diffeomorphisms;

8.4C Theorem.

(1) (Donaldson [4], Friedinan and Morgan [1], [2]) There are in-
finitely many smoothly distinct simply connected complex sur-
faces (“Dolgachev” surfaces) with form I & 9(—1I),

(2) (Donaldson [4]) if M is smooth with form I ®k(—I), with k > 10
then there are automorphisms of the form which are not induced
by diffeomorphisms of M, and

(3) (Taubes [1]) there is a family of smooth structures on R* indexed
by R? which are all smoothly distinct.

In chapter 10 it is shown that all the manifolds in (1) are homeo-
morphic to CP? # 9(—CP?). Since H® = 0 the bundle theory obstruc-
tion cannot detect the fact that these homeomorphisms are not isotopic
to diffeomorphisms. Similarly, all automorphisms of the form are in-
duced by homeomorphisms, but according to (2) some of these cannot
be smoothed.

We briefly discuss smooth structures on R*, expanding on statement
(3). In every other dimension smooth structures are distinguished by the
corresponding smooth structure on the tangent bundle, so a manifold
with finitely generated homology has only finitely many structures, and
a contractible manifold has a unique structure. In particular in every
other dimension every smooth structure on R™ is isotopic to the standard
one.

Shortly after Freedman [2] and Donaldson [1] it was observed by sev-
eral people that these results implied the existence of exotic structures
on R%. Gompf [1], [2] showed there are more than one, then at least
countably many. Taubes [1], as quoted in (3) above, showed there are
uncountably many. Gompf [3] has found a topology on a quotient of
the set of all structures. Freedman and Taylor [1] found a “universally
bad” structure which contains all others. Some of the properties of the
Freedman-Taylor structure are discussed in section 8.8.
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8.5 Comparisons

The main theorems of this chapter can be considered partial versions
of 8.3B, in dimension 4. A connected noncompact 4-manifold has H4 =
0, so 8.3D “predicts” existence of a smooth structure, and this is the
conclusion of 8.2. However 8.4A shows that extending across the last
point in a compact manifold is quite a different problem. Similarly, since
a 2-complex has a neighborhood with H3 = 0, 8.3D “predicts” that a
homeomorphism should be smoothable in a neighborhood of one. The
smoothing theorem 8.1 falls short of showing this, in that 2-cells of the
complex must be modified. However the next statement implies this
theorem is sharp, and cannot be improved in any straightforward way.

Proposition.

(1) There are homeomorphisms h: M - N of closed 1-connected
smooth 4-manifolds, and smooth embeddings of K = S? and
S3 in M so that the bundle obstruction of h on K is trivial, but
h is not homotopic to a map which is a diffeomorphism near K.

(2) There are homeomorphisms of S® x R into closed 1-connected
smooth 4-manifolds, with trivial bundle obstruction but not ho-
motopic to maps which are diffeomorphisms near any displace-
ment of S3.

The conclusion is that 8.1 and 8.2 come as close as possible to the
high-dimensional versions without contradicting the differential geomet-
ric results. We will see in the rest of the chapter that several weakened
versions of the problem also follow the high-dimensional pattern. The
4-dimensional pecularities are therefore quite localized.

Proof: Let k be a homeomorphism between 9C P? #44(—C P?) and the
quintic surface Z5 described after 8.4B (we will see in chapter 10 that
such a homeomorphism exists). Let K be the 2-sphere CP? in one of
the CP? summands, or the 3-sphere corresponding to a connected sum
decomposition forbidden by 8.4B. If k is homotopic to a map which is
a diffeomorphism near either of these then Zy is smoothly a connected
sum, with CP? in the first case, and along the image of K in the second
case. In either case this decomposition violates 8.4B.

For the second part of the statement, consider a topological decom-
position of the Kummer surface Z4 as M # S? x §2. The 3-sphere along
which the connected sum is formed gives a homeomorphism of 3 x R
into Z4. Suppose this is homotopic to a map which is a diffeomorphism
on a neighborhood V of a displacement. The image of V must sepa-
rate Z4, so write Z4 as a union K; U Ks of open sets which intersect
in the image of V. Similarly, considering V as a subset of S* we can
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write S* as a union L; UL, with intersection V. The unions K; UL+ and
K,UL; are smooth manifolds, and topologically Z; is the connected sum
(K1 UL2)#(K5UL;). The forms of the pieces add to give the form of Zj.
Since these forms are nontrivial, one of them violates the conclusion of
8.4A(2). therefore the homeomorphism cannot be diffeomorphism near
a displacement of S3. §

8.6 Smoothings of sum-stabilizations

In this section we see that when the manifold can be changed by con-
nected sums with $? x S?, the results predicted by the high-dimensional
theory become valid.

Define a sum-stabilization of a 4-manifold M to be a connected sum
of M with copies of S? x S? at some discrete subset T C M. Denote this
by M #T(S? x §%). Similarly a sum-stable isotopy of a homeomorphism
is an isotopy of the induced homeomorphism of some sum-stabilizations.

Technically a connected sum M # N requires choices of embeddings
of D* in each, and is defined by deleting the interiors of the embeddings
and identifying the boundaries via the homeomorphisms with S3. An
embedding D* — M which takes 0 to a point £ is determined up to
isotopy (keeping 0 at t) by choice of an orientation at ¢. In the topological
category this is a consequence of the (elementary) analogous fact in the
smooth category, and the smoothing theorem 8.1(1). In the particular
case of sums with §2 x S? the sum is independent of orientations as well,
because S? x S? has an orientation reversing diffeomorphism. Therefore
a connected sum of M with copies of §? x §2, one at each point of a
discrete subset T, is well-defined up to isomorphism by T'. This justifies
the notation M # T(S? x S?).

If h: M — N is a homeomorphism and 7' C M is a discrete set, then
images of disks in M about T are disks in NV about A(T"). The “induced”
homeomorphism h#id: M #T(5% x §%) — N #h(T)(S? x §?) is defined
to be h on the complement of these disks, and the identity on the copies
of §%? x §2.

We will take advantage of the structure of the classifying space to be
somewhat casual about bundles on sum-stabilizations. Let p denote the
projection M # T(S? x §%) — M. The pullback of the stable tangent
bundle of M is the stable tangent bundle of the connected sum, because
the tangent bundle of §2 x §? is stably trivial. Obstructions to exis-
tence and uniqueness of smooth structures on these bundles are natural,
and lie in H*(—; Z/2), H3(—; Z/2) respectively (see 8.3B, C). p induces
isomorphism of these groups, so we see that homotopy classes of stable
bundle smoothings on M and on the the connected sum are in natural
one-to-one correspondence. Therefore we can speak unambiguously of
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a smooth structure on the connected sum “corresponding” to a smooth
structure on the stable tangent bundle of M.

Sum-stable smoothing theorem.

(1) Any smooth structure on the stable tangent bundle of a 4-manifold
corresponds to the stabilization of the tangent bundle of a smooth-
ing of a sum-stabilization.

(2) Suppose h: M — N is a homeomorphism of smooth 4-manifolds,
with a homotopy of the stable tangent bundle map to a smooth
bundle map. Then there is a concordance, and if M is compact
and l-connected there is an isotopy, of a sum-stabilization to a
diffeomorphism, so that the induced stable bundle homotopy is
homotopic to the given one.

A concordance is a homeomorphism M x I — N x I, which preserves
the 0 and 1 levels. An isotopy is stronger in that it commutes with the
projections to I. Since the tangent bundle of M x I is stably the bundle
of M, product with I, a concordance defines a homotopy of stable bundle
maps between the tangent maps on the two ends. Part (2) asserts that
an arbitrary bundle homotopy can be realized geometrically in this way,
after sum-stabilizatior.

There is also a relative version of this, in which a smooth structure
is given over an open set, and extensions of the bundle smoothing cor-
respond to extensions of the smooth structure, after stabilization in the
complement of the given set.

The realization of smooth structures on unstable tangent bundles by
sum-stabilizations was proved by Cappell, Lashoff, and Shaneson [1].
This result can be thought of as a compact version of immersion theory,
and predates the stability theorem for bundles. The isotopy part of the
theorem comes from Quinn (8].

Proof: We will modify the proofs of 8.1 and 8.2 to prove (1) and the
concordance part of {2). The refinement of concordance to isotopy in
the compact 1-connected case is done in Quinn [8]. It requires an inves-
tigation of “pseudoisotopies,” and will not be reproduced here.

Suppose a DIFF bundle structure is given on the stable tangent bundle
of M. Since M x R is 5-dimensional, the high dimensional theorem
8.3B applies to show there is a homeomorphism h: W — M x R with W
smooth, and the DIFF bundle 7w stably equivalent to the given DIFF
structure. The first part of the proof is to realize as much as possible of
this structure as a product with a structure on M.

We will find a locally finite collection of disjoint flat balls B; C M,
a smooth structure on M — U; B;, and an isotopy of h to A’ which is a
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diffeomorphism over some neighborhood of (M — 1U;B;) x {0}. These
will be found by induction, fitting together pieces as in 8.2.

Since M has a smooth structure (8.3A), let Ny be the product struc-
ture on an open collar of IM. Let U;, for i > 0 be a locally finite open
cover of M — Ny C M such that there is a smooth structure on U; and
the induced DIFF structure on the tangent bundle of U; xR is equivalent
to the one on h~}(U; x R) C W. For example, subsets of contractible
coordinate charts will have these properties. Define N; = No U U;«;Uj.
We will inductively find balls B; . C N; disjoint, flat, and locally fi-
nite in NN;, smooth structures on N; — U;B; ;, and isotopies of h; to
hiy1 so that hg = h and h;y1 is smooth over some neighborhood of
(Ni - UjBi_j) Pl {0} C M xR.

These will also satisfy: the intersections of B; . and B;; « with N;-U;
are equal, as are the smooth structures, and the isotopy of h; to h;y 1
is constant off U; x R. These properties imply the collections B; . and
isotopies h to h; converge to a collection of balls, a smooth structure,
and an isotopy satisfying the conditions above.

Suppose the data for N; has been constructed. The bundle hypothesis
on U;, and 8.3B, imply that h; can be changed over a neighborhood of
U; x {1} to be smooth on a small product neighborhood of this set.
Denote by X the set (N; N U;) x [0,1].

U,;X{l} 1

[X R

Ni X {0} l
~—M—

Since h; is smooth in neighborhoods of both ends of this product, h; (X)
is a smooth structure on X agreeing with the given structures on the
ends. Projecting to N; N U; gives a smooth (4, 1)-connected (6, h)-
cobordism for every 6: N; N U; — (0, 00), as in the proof of 8.1. Choose
e M — [0,00) which is nonzero exactly on N; N U;, and such that for
z € N; NU;, points within e(z) of x are also in N; N U;. According to
8.1 there is an ¢ isotopy of the given product structure to one which is
smooth with respect to the structure on W, except on Y C N; NU;.
Reversing this isotopy gives an isotopy of h;: W — M x R (rel M x {0},
and preserving the 1 level) to h which is a diffeomorphism with respect
to the product structure on X, except onY. Y can be chosen to be an
€ regular neighborhood of a topological 1-complex.
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Choose, as in 8.2, a proper codimension 1 submanifold V C N; NU;
which separates N; —U; and U; — N;, in N; UU;, and is disjoint from the
balls B;,. Since Y is a neighborhood of a 1-complex we may assume
there are 3-balls A;, 1 ; C V so that the intersection of Y with a collar
V x [—1,1] is contained in the collar U;A;41,; x [—1,1]. (For this make
the 1-complex disjoint from the 2-skeleton of V.) Define the collection
of balls {B;+1,;} to be balls B; , in the N; — U, side of V, together with
the A;11. x [-1,1].

Choose a function 8 on M which is 0 on the N; —U; side of (N; UU;) —
V x[-1,1], and is 1 on the U; — N; side. In V x [—1, 1] require § to be
smooth with respect to the structure on N;. The graph of § over N; UU;
is a submanifold of M x R which is smooth with respect to the smooth
structure A, except on the balls B;;; .. Compose this with the linear
second coordinate isotopy of M x R which takes the graph to M x {0}.
This yields h;y; which satisfies the induction hypotheses.

We now work on the missing balls. We have a smooth structure on
M — U;B;, so that h: W — M x R is a diffeomorphism over a neigh-
borhood of (M —U;B;) x {0}. Let W — R denote the composition
of h with the projection to R. Smoothness with respect to the prod-
uct structure implies that the restriction of r to W — h~1(U;B;) x R is
smooth near the inverse of 0, and has 0 as a regular value. The next
step is to make 0 a regular value of the entire map.

Let R; C M denote disjoint copies of R* containing the balls B;.
Change r on a compact neighborhood of B; x {0} to ¥ which is smooth
over some neighborhood of 0 € R, and has 0 as a regular value. The
inverse image is unchanged outside some large topological S3 C R;, so
topologically 7~1(0) is a connected sum M # N;, with one compact N; for
each ball B;. (Note however this sphere will usually not be smoothable,
so this does not give a smooth decomposition.)

The map 7 can be changed by homotopy constant outside compact sets
in the R; x R so that each inverse image 7~1(0) N R; x R is connected
and simply connected. This is done by “ambient surgery” on embedded
0-, 1-, and 2-handles. This process was developed by Browder [2], who
provides an elementary description of it. The same technique is also used
in the proof of the “end theorem”, see eg. Quinn [2, §7]. We will not
review this here, although it would not be out of place; the end theorem
can be modified as in chapter 7 to give a 5-dimensional version which is
a useful companion to the h-cobordism theorem. See Quinn [4].

This simplc connectivity implies that the manifolds N; in the con-
nected sum decomposition are simply connected. They embed as codi-
mension 1 submanifolds of S% (thought of as the 1-point compactifica-
tion of R; x R.) This implies the second Stiefel-Whitney class w; is 0,
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as is the signature. This identifies the quadratic form on Ha(N;; Z) as
asum k[9 ] for some k, which implies that there is a homeomorphism
N; ~ k(S? x §2). (There is a simple proof of this in 10.6 using the main
embedding theorem; we will not reproduce it here.)

We now have a smooth manifold #~!(0) homeomorphic to M #T'(5? x
5?%), for some T. This is a codimension 1 submanifold of W so its
smooth tangent bundle stabilizes to give the tangent bundle of W. By
construction this is the desired smooth structure on the stable tangent
bundle of M, so part (1) of the theorem is complete.

For the concordance part of (2), we suppose h: M — N is a homeo-
morphism of smooth manifolds with a stable “smoothing” of the tangent
bundle map. Denote the mapping cylinder of A by W, then the high di-
mensional theorem 8.3B applies to realize the bundle data by a smooth
structure on W extending the given one on the boundary. Now consider
W as a smooth (8, h)-cobordism over N. A smooth product structure
after sum stabilization is provided by the exercise in 7.2.

As mentioned at the beginning, we do not give a proof of the isotopy
part of (2). i

8.7 Smoothings of bundles

This section begins with the statement of the stability theorem for
4-dimensional microbundles. Several applications of this to smoothing
4- and 5-manifolds are given, then the bundle theorem is proved using
the sum-stability theorem of the previous section.

The main result is an extension of 8.3C to dimension 4;

8.7A Theorem. The stabilization TOP(4)/DIFF(4) — TOP/DIFF is
5-connected.

5-connected means that the relative homotopy groups =; of the pair
(TOP/DIFF, TOP(4)/DIFF(4)) are trivial for ¢ < 5. The vanishing for
¢ < 3 is from Quinn [4], for ¢ = 3, 4 from Lashof and Taylor [1], and for
i =>5 from Quinn [8].

The immersion theorem described in 8.3 immediately gives:
8.7B Concordance classification. Concordance classes of smooth
structures on a connected noncompact 4-manifold correspond bijectively

with homotopy classes of liftings of the stable tangent bundle to BDIFF.
These are classified by [M,8M; TOP/DIFF, x| ~ H3(M,0M;Z/2).

As a consequence of this we can smooth 4-dimensional submanifolds:

8.7C Submanifold smoothing. Suppose M is a smooth manifold, N
is a 4-dimensional topological manifold without compact components,



8.7 8: SMOOTH STRUCTURES 129

and N — M is a proper locally flat embedding which is smooth near
JN. Then there is an ambient isotopy of N rel 3N which takes N to a
smooth submanifold.

The most important case of this is the “product structure theorem”
where M = N x R, and the statement is that a smooth structure on
N x R is isotopic to the product of R with a smooth structure on N.
The theorem is also true for N a 3-manifold, but both the 3- and 4-
dimensional statements are false if N is allowed to be compact.

Proof: The first step is to see that N has a normal vector bundle. If the
codimension is 1 then this follows from Brown’s collaring theorem (see
Connelly [1]). In codimension 2 this is given by Kirby-Siebenmann [2].

When the codimension is k > 2 then N has a normal structure clas-
sified by BTOP(k). Here TOP(k) denotes the (A-set) monoid of block
homeomorphisms of $¥~1. If by “normal structure” we mean open reg-
ular neighborhood, then this comes from Siebenmann [2]. Or, since N
is triaugulable, we could use topological block bundles as in Quinn [2,
3.3.2 variation 4]. Stabilized microbundles, as in Marin [1] also work.
In any case to get a vector bundle it is sufficient to lift the classifying
map from BTOP(k) to BO(k).

A lifting is specified on &N since it is already smoothly embedded.
There are obstructions in H7(N, 8N;wj_lﬁP(k)/O(k)) to extending
this lift over all of N. Since N has no compact components the coho-
mology vanishes above dimension 3. Therefore for the obstruction group
to vanish it is sufficient for 'I"(\)/P(k) /O(k) to be 2-connected. This is the
case because the stabilization TOP(k)/O(k) — TOP/O is k-connected,
and TOP/O is 2-connected. (The first nontrivial group is 73 ~ Z/2,
which can be identified with the Kirby-Siebenmann invariant.)

Let v denote the normal bundle of N, then the tangent bundle of
M restricted to N is given by 7|N = v @ 7. The stable equation
7~ = (rm|N) @ v~! defines a smooth structure on the stable tangent
bundle. According to the previous theorem this structure comes from a
smooth structure on /V. This structure on /N induces a smooth structure
on the total space of v, since v is a vector bundle. This total space also
has a smooth structure as an open set in M, and by construction these
two smooth stiuctures induce the same smooth structure on the stable
tangent bundle. According to the higher-dimensional result 8.3B, there
is an isotopy (rel M) which matches up the two structures. This isotopy
takes N to a smooth subinanifold of M, as required. §

As a final application of these methods we give a 5-dimensional analog
of 8.2, which gives smooth structures on 4-manifolds in the complement
of a discrete set.
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8.7D Corollary. A 5-manifold triad (W; 9qW, 0, W) contains a proper
1-dimensional submanifold (with normal bundle) T < W so that the
complement (W — T; 06W — 8T, W — 8, T) has a smooth structure.

Proof: First we show it is sufficient to find T such that O;W — §;T
has no compact components (¢ = 0, 1), and the stable tangent bundle
(W-T) — BTOP lifts to BO. Such a lift restricts to a lift of the tangent
bundle of (W — T'), so according to the classification theorem 8.7B
there is a corresponding smooth structure on (W — T') which extends
the unique structure on oW N W. A collar on (W —T') extends this
structure to a neighborhood in W — 7. Now we have a vector bundle
structure on the stable tangent bundle of a 5-manifold, which comes
from a smooth structure in a neighborhood of the boundary. According
to the high-dimensional theorem this implies there is a smooth structure
on the manifold.

Now T and the lift are constructed. There is a fibration BO —
BTOP — BTOP/O, so the existence of a lift is equivalent to nullho-
motopy of the composition W — T — BTOP/O.

Up through dimension 5 BTOP/O is equivalent to an Eilenberg-
MacLane space K (Z/2,4), so it has a 5-skeleton S?U, D%. Here 2: S —
S4 denotes the third suspension of multiplication by 2, 2: §! — S1.
Choose a point in S* with a neighborhood over which this map is a
2-fold covering space. Join the preimages in D® by a smooth arc. The
result is S € §% Uy D® with a (nontrivial) normal vector bundle, and
such that the complement is contractible in 5% Uy D5.

Make the map W — S U, D% transverse to this S!, using the high-
dimensional transversality theorem (Kirby-Siebenmann [1, 111 Theorem
1.1]. Denote the preimage by T, then W — T — S* U, D> ¢ BTOP/O
is nullhomotopic, as required. The map is easily perturbed so that T
intersects each compact component of ;W, so the complement has no
compact components. |

Proof of 8.7A: We want to show that a map from (D7,577!) to
(TOP/DIFF, TOP(4)/DIFF(4)) deforms into TOP(4)/DIFF(4). First
suppose j < 4, then this can be represented by a map from (R x R4,
(R? — B%) x R*77). These classifying spaces classify DIFF structures on
trivialzed TOP bundles, which we can think of as the tangent bundle of
the manifold.

According to the immersion theory result mentioned after 8.3C, there
is a smooth manifold and a homeomorphism M — (R? — B7) x R*™J
so that the induced smooth structure on the unstable tangent bundle is
classified by the given map to TOP(4)/DIFF(4). The sum-stabilization
theorem 8.6 (the relative version) implies that this smooth manifold
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extends to N — R* # T(5? x S?) so that the stable smooth tangent
bundle of N is the structure classified by the map to DIFF/TOP. Unsta-
bly this tangent bundle gives a smooth structure on the tangent bundle
of R* #T(5? x §?). The difference between this structure and the stan-
dard one therefore defines a map R* # T(5? x $%) —DIFF/TOP to
DIFF(4)/TOP(4). The composition of this into DIFF/TOP is homo-
topic to the sum-stabilization of the original map.

If j < 3 then we can approximate D/ — R* to miss the points T
at which the stabilization takes place, and therefore get a deformation
of the bundle over D7 (rel $7~!) into DIFF(4)/TOP(4). Therefore the
map is 3-connected. When j = 4 we get a factorization

D1 # T(S? x $2) — DIFF(4)/TOP(4)

l !

D ——  DIFF/TOP.

Obstructions to lifting the map of D* (rel $3) to DIFF(4)/TOP(4) lie
in relative cohomology of the left vertical map, with coefficients in the
relative homotopy of the right vertical. The cohomology vanishes above
dimension 3, while we now know the stabilization map is 3-connected.
Therefore all obstruction groups vanish, and the lifting exists. The sta-
bilization is therefore 4-connected.

To see it is 5-connected we use the uniqueness part of the sum-
stabilization theorem. Think of a map of D> as a homotopy D* x I —
TOP/DIFF from the identity map to itself. Regard this as a homotopy
from the tangent map of the identity, to itself. Part (2) of 8.6 asserts
this bundle homotopy is induced by an isotopy of a sum-stabilization.
An isotopy of 4-manifolds, however, gives a homotopy of the tangent
map through 4-dimensional bundle maps. Therefore the homotopy on
(D* # T(S? x S?)) x I -TOP/DIFF factors through TOP (4) /DIFF(4).
As above the fact that stabilization is already known to be 4-connected
implies that this gives a factorization on D®. Therefore stabilization is
5-connected. J

8.8 Almost smoothings

An almost smoothing of a 4-manifold is a smooth structure on the
complement of a discrete subset T € M. The subset is called the singuler
set of the almost smoothing. The existence of almost smoothings is
asserted by 8.2; here we give some information about what can happen
near singularities. First, almost smoothings are obtained whose singular
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points have particularly nice models. Then “universally bad” singular
points are described which overwhelm the smooth phenomena of 8.4.

Two almost smoothings are said to be diffeomorphic if there is a home-
omorphism which is a diffeomorphism except at the singular points. Sim-
ilarly we say two singular points are diffeomorphic if they have neigh-
borhoods which are diffeomorphic in this sense.

Examples of almost smoothings of §* can be obtained from displace-
ments of the 2-skeleton S$? v $? C §2 x §%. If X is such a displace-
ment (ie. obtained by topological ambient isotopy) then topologically
5?2 x §?2/X ~ 54, because this is true of the standard embedding and is
preserved by ambient isotopy. There is a smooth structure on the com-
plement of the nontrivial identification point in $4, since this is the same
as the complement of X in $2? x $2. This defines an almost smoothing
of §4.

8.8A Proposition. (Quinn [6]) Suppose M is a compact 4-manifold
with trivial high-dimensional smoothing obstruction; ks(M) = 0. Then
there is an almost smoothing so that each singular point is diffeomorphic
to the singular point in an almost smoothing of §* obtained by dividing
S? x §? by a displacement of S% v S2.

Proof: According to 8.6 there is a smoothing of M # T(5? x S?) for
some finite T C M. Apply 8.1 to smooth the inclusion T'(5? x §% —
ball) — M # T(5? x S?) near a displacement of T(S5? v $?). M can
be recovered by identifying components of this displacement to points.
The smooth structure on the sum gives a smoothing in the complement
of the identification points, with diffeomorphisms of singular points as
required. i

Exercise (1) Show that if M is connected and ks(M) = 0 then there
is an almost smoothing with singular points diffeomorphic to ones of the
form +CP?/X, where X is a displacement of CP! ¢ CP2. (Use the
fact that S% x S% # CP? ~ 2CP? # (—CP?).) (2) Show that if M is
connected and ks(M) = O then there is an almost smoothing with one
singular point, diffeomorphic to the one in some almost smoothing of $4
with a single singular point. (]

The first exercise is inspired by the “blowing up” operation of al-
gebraic geometry. This gives maps between complex surfaces, whose
nontrivial point inverses are copies of $? with neighborhoods diffeomor-
phic to neighborhoods of CP! ¢ —CP2. The second exercise makes it
clear that the local structure of singular points in almost smoothings
gives no information about global smoothings of M.

For the next exercise we note that the smoothing near a singular point
gives a smoothing of R* — 0 >~ §3 x R. There is therefore a uniqueness
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invariant in H3(83;Z/2) ~ Z/2 comparing the two structures. If ¢ is a
singular point, denote this invariant by ks(t).

Exercise Suppose M is a compact connected 4-manifold. (3) Sup-
pose an almost smoothing of M is given, with singular set 7. Show
ks(M) = Xierks(t). (4) Fix a singular point s in some almost smooth-
ing, with ks(s) # 0. Show that if ks(M) # 0 there is an almost smooth-
ing of M with one singular point diffeomorphic to s and all others as in
proposition 8.8A. []

In the opposite direction, we describe some particularly bad singular
points. Freedman and Taylor [1] show there is a smooth structure on
the half-space R3 x [0, 00) in which all other smooth structures embed.
This structure is determined up to isotopy by this property; denote it
by H. The 1-point compactification H* is an almost smooth structure
on D* with singular set the compactification point co € S3. We say a
singular point in an almost smoothing is universal if there is an embed-
ding H>® — M which takes oo to the singular point and is smooth on
the complement.

There are exactly two diffeomorphism classes of universal singularities,
distinguished by the invariant ks defined above. Freedman and Taylor
shiow that the complications in the structure of H can be used to absorb
smooth embedding problems, so smoothly embedded 2-disks can very
often be found. Here we give only the analog of the high-dimensional
structure theorem given in 8.4B.

8.8B Proposition. (Freedman-Taylor [1]) Suppose f: M — N is a
homeomorphism of compact connected almost smooth 4-manifolds. Sup-
pose all singularities are universal, and M, N have the same number of
ks = 0 points, the same number of ks = 1 points, and at least one sin-
gular point. Then f Is isotopic to a diffeomorphism (of almost smooth
structures) if and only if ks(f) = 0.



CHAPTER 9

Handlebodies, Normal Bundles, and
Transversality

The principal conclusions of this chapter are that 5-dimensional topo-
logical manifolds have handlebody structures; that submanifolds of 4-
manifolds have normal bundles; and that such submanifolds can be made
transverse by isotopy. Roughly these mean the basic tools of manifold
topology are available for use in 4-manifolds, and we can proceed as in
other dimensions.

These results also tie up some loose ends. Transversality implies the
topological version of the immersion lemma 1.2. Part I is contingent
only on this lemma, so the disk embedding theorems apply to topologi-
cal manifolds. The technical forms of the h-cobordism theorems (7.1D,
7.2C) require both the immersion lemma and handlebody structures.
Therefore the chapter also makes available the h-cobordism theorems
for topological manifolds. Finally we note that in each topic treated the
results presented here finish the problem; the analogs in other dimen-
sions were settled earlier using other techniques.

The handlebody result is proved in 9.1, and handlebodies in other
dimensions are described in 9.2. Similarly the normal bundle results are
given in 9.3, and the general situation discussed in 9.4. Normal bundles
are obtained as a special case of a powerful flattening theorem. In this
context even the assertion that a point has a normal bundle is nontrivial;
we apply it to show homology 3-spheres bound contractible 4-manifolds.

The transversality theorem is proved in 9.4, and applied to the im-
mersion lemma in 9.4C. A discussion of transversality in other categories
and dimensions is included in 9.5.

9.1 Handlebodies

Suppose W is a manifold, and N C 8W is a codimension 0 subman-
ifold of its boundary. A relative handlebody structure on (W,N) is a
filtration Wy C Wy C -+ C W so that

(1) Wy is a collar N x I,
(2) Wi, is obtained from W; by attaching a handle to 8W; — N, and
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(3) the handles are locally finite; each £ € W has a neighborhood
which intersects only finitely many of the sets W; — W;_,.

If the dimension of W is n and k& < n, then W’ is obtained from W by
attaching a k-handle if W/ = (WUD* x D"~*)/ ~, where the equivalence
relation ~ is defined by identifying points in ¥~ x D*=* with their
images under some embedding in 9W; see Rourke and Sanderson [1, ch.
6], Kirby and Siebenmann [1, II1.2].

The main result is:

Theorem. Any 5-dimensional manifold pair W3, N C 8W has a rela-
tive topological handlebody structure.

Proof: This theorem, and the proof given, come from Quinn [4, 2.4].
A slightly weaker result is given by Lashoff and Taylor [1]. In outline,
we smooth W in the complement of a 1-manifold, and use the smooth
structure to get a handlebody structure on this complement. Then we
cancel the handles near the 1-manifold, and replace it to get a structure
on W.

According to Corollary 8.6D there is a 1-dimensional submanifold T" ¢
W such that (W — T, N — 8T') has a smooth structure. The first step
is to arrange that T consists of a collection of arcs, with one end on N
and the other on 9W — N. This is accomplished by deleting interiors
of balls centered at points on T', and adding the boundary to either N
or W — N. A handlebody structure on this complement gives one on
W by considering balls added to N as 0-handles, and balls added to
OW — N as 5-handles.

These arcs have disjoint neighborhood homeomorphic to R4 xI. Delet-
ing these arcs introduces new ends into the manifold, and each of these
has neighborhood homeomorphic to (R* — {0}) x I, which intersects N
in (R*— {0}) x {0}. Projecting to R* — {0} gives this neighborhood the
structure of a §-h-cobordism, any § > 0. We will apply the technical ver-
sion of the controlled h-cobordism theorem, 7.2C, to these h-cobordisms.
For this let M = DIFF, X = R* — {0}, V be empty, and U = D* — {0},
the punctured unit ball. Choose the control function €: X — (0, 00) to
be e(z) = |z|/9 (the exact form is unimportant as long as it goes to 0 as
z goes to 0, and is less than about 1/4 on 2D%).

The local fundamental group of (R* —{0}) x I over X is trivial, so the
the K-theory and Whitehead groups of the group ring vanish. Therefore
the controlled h-cobordism obstruction group Hif (U¢; 8(p)) is trivial, as
in 7.2B. Theorem 7.2C implies there is a 6 so that if there is a smooth
handlebody structure of diameter less than é on a neighborhood of the
inverse image of some large ball, then there is a topological handlebody
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structure which agrees with the given one outside /2¢ and has no handles
over U.

Since (W —T, N —9T) has a smooth structure, it has a smooth handle-
body structure. Choose one, and subdivide it near T so that the projec-
tions have diameter less than 6. This provides input to the h-cobordism
theorem, so the conclusion is that there is a handlebody structure on
(W —T, N —8T) which has no handles near T'. We claimn that replacing
T gives a handlebody structure on (W, N).

To see how to replace T, note that W ~ (W/ ~) U (8W x I), where
W/ ~ is obtained by identifying components of T to points. The han-
dlebody structure on W — T is obtained by adding handles to a collar
on N — 9T, so by adding limit points as in the endpoint compactifi-
cation (3.8) we get a pinched collar of N, with handles added outside
some neighborhood of the pinched points. But the union of a collar and
a pinched collar is a collar on N, so adding N x I gives. the desired
handlebody structure on (W, N).

9.2 Handlebody structures in other dimensions

Smooth manifolds all have handlebody structures, obtained from the
flow of the gradient vectorfield of a Morse function. PL manifolds
have handlebody structures obtained by taking relative regular neigh-
borhoods of simplices in a triangulation. By contrast not all topological
manifolds have handlebody structures, and they are difficult to construct
when they do exist.

Manifolds of dimension less than 4 have smooth structures (see 8.3A)
and therefore handlebody structures. A 4-manifold with a handlebody
structure also has a smooth structure: handles are attached by homeo-
morphisms of 3-manifolds, and according to the 3-dimensional smooth-
ing theorem 8.3A these are isotopic to diffeomorphisms. It follows that
the 4-manifolds without handlebody structures are exactly the nons-
moothable ones. According to Donaldson [1], and chapter 10, there are
plenty of these.

Manifolds of dimension 6 and greater are shown to have handlebody
structures in Kirby and Siebenmann [1, IT1.2]. The 5-dimensional case
covered by 9.4 therefore completes the solution of the problem:

Theorem. A manifold pair (W, N) fails to have a topological relative
handlebody structure if and only if W is an unsmoothable 4-manifold.

9.3 Normal bundles

The main theorem asserts the existence and uniqueness of normal
vector bundles, for submanifolds of 4-manifolds. The existence part is
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a consequence of 9.3A, which includes a homotopy criterion for local
flatness, for the ambient space to be a manifold, and even gives nor-
mal bundles for some 3-dimensional homology manifolds which are not
manifolds. Uniqueness is proved in 9.3C.

The flattening theorem for points is used to show (in 9.3B) that 3-
dimensional homolgy spheres bound contractible 4-manifolds. This is
derived here to illustrate the power of the theorem, and for use in the
next section; there is a more routine derivation using surgery in 11.4.

A normal bundle for a subspace N ¢ M is a vector bundle £ — N
together with an embedding £ — M which on the O-section of F is
the inclusion of N. To avoid inessential problems with uniqueness we
also require normal bundles to be ezxtendable. This means if E — F'is
a radial homeomorphism of E with an open convex disk bundle’in the
vector bundle F, then the embedding of F extends to an embedding of
F. For example the identity E = E is a nonextendable normal bundle
for the O-section in E. A radial homeomorphism with the unit disk
bundle (with respect to some Riemannian metric) gives an extendable
normal bundle, and these two emnbeddings are not ambient isotopic.

Theorem. A locally flat submanifold of a 4-manifold has a normal bun-
dle, which is unique up to ambient isotopy.

The technical versions below are also relative: if a bundle is given
over a neighborhood of a closed subsed K ¢ N then there is a normal
bundle which agrees with the given one on a (smaller) neighborhood
of K. Similarly two bundles which agree near K are isotopic rel the
restriction to K.

9.3A Theorem. Suppose N C M is a closed subspace with a normal
bundle over a neighborhood of a closed set N D> K O 0N,

(1) M is an ANR homology 4-manifold and M — N is a manifold,
(2) N xR is a manifold, and
(3) the local fundamental groups of the complement of N are trivial
if dimN # 2, and infinite cyclic if dimN = 2.
Then there is a normal bundle for N in M which agrees with the given
one on some neighborhood of K.

We explain the conditions in (1)-(3). A homology n-manifold (without
boundary) is a space which satisfies H;(X, X —x;Z) = Z when ¢ = n, and
= 0 otherwise, at each point z € X. A manifold is an ANR homology
manifold, so the first hypothesis in (1) follows from the second except
at points in N.

In (2), we note that if N X R is a manifold and dimN < 2 then N is
a manifold. However there are examples of 3-dimensional nonmanifolds
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such that N x R is a 4-manifold (Bing [2], Andrews-Rubin [1]), and
in fact as far as is known at the time of writing every 3-dimensional
ANR homology manifold may have this property (see Cannon [1]). The
theorem applies to give normal bundles for these spaces.

The local fundamental group condition in (3) holds for locally flat
submanifolds, so the conclusion is that correct local fundamental groups
implies correct geometry. If the codimension is not 2 then the condition
is formally defined by: given z € N and a neighborhood U in M there is
another neighborhood V C U so that a loop in V — N is nullhomotopic
in U — N. Note that if the codimension is 1 then the complement
is not locally connected; the condition requires each local complement
component to be 1-connected near N.

If the codimension of N is 2 then the condition is: given U as above
there is V so that the image of m;(V — N) — m(U — N) is infinite
cyclic. The image must be at least this big because this can be detected
homologically. If U is sufficiently small then Lefschetz duality gives
a surjective homomorphism Hy(U — N;Z) — Z. In these terms the
condition is that there is V so that a loop in V' — N is contractible in
U — N if its image in Z is trivial.

Finally we observe that a collaring theorem for boundaries of homol-
ogy manifolds can be obtained from this by applying the theorem to the
double along the boundary.

Proof: The proof given basically comes from Quinn [4], and deduces
the result from the analogous theorem in dimension § and the controlled
h-cobordism theorem. The higher dimensional (> 5) version as stated
comes from Quinn [2, 3.4]. With the additional asumptions that M
and N are manifolds, it was proved by Bryant and Seebeck [1] in codi-
mension > 3, Chapman [2] and Seebeck (unpublished) in codimension
2, and Ferry [1], and Cernavskii, and Seebeck (unpublished) in codi-
mension 1. In codimension 2 the high-dimensional result requires the
stronger hypothesis of “locally homotopically unknottedness.” We show
in lemma, 9.3B that in dimension 4 this is implied by the fundamental
group condition.

According to the higher-dimensional result (using 9.3B when the codi-
mension is 2), N x R has a normal bundle in M x R. A vector bundle
over N x R splits as a product of R and a bundle over N; let £ — N
denote this bundle, and let f: £ x R — M x R denote the embedding.
Choose a Riemannian metric on E, and let 1E denote the unit disk
bundle. Define W to be (M x [0,00)) N (f(1E x (—o0,1])).
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/NxR
M x [0, 00)
T
-0 R
l
f(1E x (o0, 1])

Define p: W — N x [0,00) to be given by the norm in each fiber
of E. Note that p~!(N x {0}) = N x [0,1]. We claim that given
§: N x (0,00) — (0, 00) there is a self-homeomorphism A of N x [0, c0)
which commutes with projection to N such that Ap: (W — N x[0,1]) —
N x (0,00) is a é-h-cobordism over N x (0,1).

The theorem follows from this claim: this is an h-cobordism between
neighborhoods of N in f((1E— N) x {1}) and (M —N) x {0}. The local
findamental group is that of S¥~1, where k is the codimension of N, so
it is locally constant and either 0 or Z. In either case it is good, and
the h-cobordism obstruction group is trivial. Choose €: N x (0,00) —
(0, 00) to be 1/10 times projection on the second factor. The controlled
h-cobordism theorem 7.2C implies that we can find h so that the h-
cobordism has an € product structure over N x (0,9/10). In particular
this gives a homeomorphism of the ends of the h-cobordism, which by
choice of ¢ extends by the identity on N. Since any neighborhood of
the O-section of F contains a copy of F, this gives an embedding £ —
M which is the identity on the O-section. This is the required normal
bundle.

A little more is required for the application of 7.2C: this applies to
h-cobordisms in a category of manifolds which satisfies the immersion
lemma, and the immersion lemma in the topological category will not
be established until 9.5C. Therefore we show that a neighborhood of
the O-section in W can be smoothed, and apply the theorem in the
category M = DIFF. The top of W is an open 4-manifold, so has a
smooth structure by 8.2. The proof below shows a neighborhood of the
0-section deformation retracts in W into this, so the smooth structure on
the stable tangent bundle of the top extends to a smooth structure on the
stable tangent bundle of the neighborhood. Since the neighborhood is
noncompact, the high-dimensional structure theorem 8.3B implies there
is a corresponding smooth structure on the neighborhood.
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We now verify the claim that W can be made a §-h-cobordism. This
is rather technical, and can safely be skipped.

The first step is to define deformation retractions of W near N x [0, 1]
to the two ends. M x [0,00) deforms to M x {0} (push in the [0, c0)
coordinate, straight down in the picture above). Restricting to W gives
a deformation of W in M X [0, 00) to one end, but this does not keep
W in itself. There is also a deformation of the image f(EF x R) to
Sf(E x (—o00,1]) defined by pushing down in the R coordinate. Restrict
the first deformation to a neighborhood of N X [0, 1] which stays in the
image of f, then use the second deformation to push the track of the
first into W. This gives a deformation of a neighborhood of N x [0, 1] in
W to one end. Similarly pushing up in the two coordinate systems can
be used to define a deformation to the other end.

The situation is now that there is a neighborhood Wy of N x [0,1] in
W, with deformation retractions Rg, Ry;: Wy x I — W in W to oW
(= WnM x{0}), and to W (= W N f(E x {1})). Further, these
deformations preserve the complement of N x [0,1], and on N x [0,1]
are the standard deformations to the ends. Finally, the control map
p: W — N x [0,00) is proper, the compositions of the deformations
with this are proper, and p~!(N x {0}) = N x [0, 1].

At this point we restrict to a compact situation, to avoid some of the
idiosyncracies of estimation with control functions. Specifically we show
that if K C N is compact then there is a homeomorphism h: [0, c0) —
[0, 00) so that (1 xh)p: W—(N x[0,1]) — N x (0, co) is a 6-h-cobordism
over K x (0,1). To get the general result from this choose an increasing
sequence of compacts sets K; with | JK; = N. Then either use h; on
each K; to construct a global h, or use the relative form of the controlled
h-cobordism theorem to extend product structures over K; to structures
over K;,1, and inductively over all of N.

The compactness is used to eliminate the N coordinate. Denote
by dn the metric on N, and use the metric on N x [0,00) given by
d((z,r),(y,s)) = sup{dn(z,y),|r —s|}. Denote the N and (0, o0) coor-
dinates of the control function p by p, and ps respectively. Then there
are functions a, b, ¢, d: (0,00) — (0, 00) continuous monotone with limit
0 at 0, such that

(1) dn(pi(Ri(z, ), p1(2)) < alp2(2)), if pi(z) € K

(2) b(p2(.’1,‘)) < p2(Ri(Ias)) < c(m(x))y ifpl(x) € K., and

(3) d{t) < é(y,t) for y € K.
To define b(t), for example, simply begin with inf{pe(R:(z,s)) | p(z) €
K x {t}}. Because K is compact this defines a continuous function of
t. It is positive because R preserves p;'((0,00)) (the complement of
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N x I). It has the right limit at 0 because R preserves N x I. Bound it
below by a monotone function to get b.
In order for (1 x h)p to be a 6-h-cobordism over K x (0,1) we need

sup{dn (p1 R(z, ), p1(2)), |hp2 R(z, 5) — hp2(z)[} < 6(pr(2), hpa(2)),

when (p; (), p2(z)) € K% (0,1). Using the estimates above it is sufficient
to find A such that

sup{a(t), [hc(t) — hb(t)[} < d(h(t)),

for t € (0,1).
Choose numbers v,, > 0 monotone decreasing to 0 such that

(i) a(m) < Tlla

(i) ¥ < b(¥n-1), and

(iii) c(m) < Yn—1-

These are obtained by induction; given v;, for j < n satisfying these
conditions it is possible to choose 7,, and therefore inductively an entire
sequence.

Now defire h(7y.) inductively by setting h(v) = 2 and h(yn41) =
max{d~' (%), h(mm) — 3(—nl+—27} These values are strictly decreasing, so
this can be extended to a homeomorphism h: [0,00) — [0,00) by ex-
tending linearly between these values. We verify that h satisfies the
estimates above, so yields a é-h-cobordism over K.

Suppose t € (0,1), and let n be such that ¢ € [y,41,7,]- Then
a(t) < a(va) < %, by (i). On the other hand d(h(t)) > d(h(Yn41)) >
d(d™'(L) =1, s0a(t) < d(h(t)).

For the second inequality note |hc(t) — hb(t)| < he(n) — hb(Yne1) <
h(Yn—1) — M{yn+2), using (ii) and (iii). In the definition of h it was
required that h(yj11) > h(7;) — 35553y, 50 A(Tnt2) > h(n) — )

- > h(yno1) — 3(nl+l) — 3(n1+2) - 3(n1+3) > h(yn-1) — . Therefore
h(¥n-1) — h(¥n+2) is less than 1. We saw above that 1 < d(h(%)), so
|he(t) — hb(t)| < d(h(t)), as required NI

This completes the proof of 9.3A, except for the following lemma:

9.3B Lemma. Suppose N2 ¢ M* is a closed embedding such that the
local fundamental groups of the complement are infinite cyclic. Then N
is locally homotopically unknotted.

Proof: In this proof we denote the infinite cyclic group by J, to avoid
confusion with the coefficient ring Z. Homology groups are understood
to have Z coefficients unless Z[J] coefficients are specified.
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There are three steps; first a reduction showing it is sufficient to find
certain sets satisfying a condition on Z[J| coeflicient homology. Then
sets are constructed satisfying the analogous condition on Z coefficient
homology. Finally—and this is the step special to dimension 4—we show
that the Z coefficient condition implies the Z[J] condition.

Suppose U is a neighborhood in M of a point x € N. Local homotopy
unknottedness at z is the condition that there is a smaller neighborhood
V such that the image of m;(V — N) — @ (U — N) is infinite cyclic, and
any map S* — V — N with k > 1 is nullhomotopic in U — N.

We begin by identifying the fundamental group more invariantly. Sup-
pose U is a closed ball in M, whose intersection with N lies inside a
compact orientable submanifold (eg. a ball). Then Lefschetz duality,
the coboundary in cohomolgy, and excision give a canonical homomor-
phism

Hy(U = N) ~ H3U,NUdU) < H*(NNU,NndU) — HA(NON) = J.

Composition with the Hurewucz homomorphism gives a homomorphism
m (U—N) — J. For any subset of U — N, homology with Z[J] coefficients
will mean with respect to this particular homomorphism from =; to J.

For the first step we show that given U it is sufficient to find 64
smaller neighborhoods of z, U D> U; D --- D Us4, and a sequence of
neighborhoods of N, W} D --- D W,, D --- so that for 1 < i < 64 and
all n the following conditions are satisfied:

(1) N Wa =N,

(2) U; — W, is connected,

(3) the image of m; (U; — Wy,) — w1 (Ui—1 — Why) is taken isomor-
phically to J by the canonical homomorphism, and

(4) for each j >0 the homomorphism H;(U; —Whp; Z[J]) — H; (U —
Woy1; Z[J]) is trivial.

T @I‘
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According to the “eventual Hurewicz theorem,” Ferry [1, lemma 3.1] the
composition of sufficiently many homologically trivial maps is homotopi-
cally trivial. Specifically, given n there are 64 maps, Ugy — W, — --- —
Uy — Whies — U — W, 64 whose J-covers are trivial on 7; and homol-
ogy. The conclusion is that the composition Ugy — W,, — U — Wy 164
is nullhomotopic when composed with any 4-complex K — Ugy — W,,.
(The proof that 64 is sufficient is explicit in Quinn [2, 5.2], but easily
obtained from Ferry's argument). Since Uy — W, itself is a 4-complex,
this means the map is rullhomotopic.

We verify that V' = Uy, satisfies the conditions in the definition of local
homotopy unknottedness (with respect to U). Suppose S¥ — V — N is
a map, which has trivial image in J if k = 1. Since S* is compact the
image lies in some Ugq — W,, for some n. The map lifts into the J-cover,
so by the previous paragraph the composition into U — W, .64 CU — N
is nullhomotopic, as required.

For the second step we construct U; and W; satisfying somewhat
weaker hypotheses. Suppose U is contained in a ball in M, and is
a compact smooth submanifold with respect to the smooth structure
on the ball. Choose compact smooth manifold neighborhoods U; of z,
1 <1 <192 so that U;y; is centained in the interior of U;. (We need
192 = 3(64) since 2/3 of them will be lost in the next step.) Using
the local fundamental group hypothesis we can arrange the inclusions
U; — N c U;_, — N to have fundamental group image J. Further, us-
ing Lefschetz duality as in the construction of the homomorphism to J,
we can arrange them to be trivial on higher homology with Z coeffi-
cients. Finally, arrange them to be connected by deleting components
not containing z.

The sets W,, are to be chosen to be compact smooth submanifolds
whose interiors contain N N U, dW,, is transverse to dU;, all n, i, and
satisfying

(l) ﬂn W"' - N’

(ii) U; — W, is connected,

(iii) the image of 7 (U; — Wy} — m(Ui—y — Wr41) is taken isomor-

phically to J by the canonical homomorphism, and

(iv) for each j the homomorphism H;(U; — Wy, 2Z) — H;(U;—, —

Whg1; 2) is trivial.
Note these are the same as (1)—(4) in step 1, except for the coefficients
in (iv).
We begin the construction of the W,, with a technique for making sets

of the form U; — W connected. Suppose this is the case for ¢ > k, and
consider components of Uy — W. Each of these must intersect Up_; —
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(intUx U N), which is connected. Join components by smooth arcs in
this set, and form W’ by deleteing open smooth tubular neighborhoods
of these arcs from W. This does not change the intersections with U; for
i > k, and enlarges Uy — W to make it connected. By induction there is
W C W so that each U; — W is connected.

Now construct Wy: Begin with some smooth manifold neighborhood
of NN U with boundary transverse to 3U; and disjoint from the image
of some S' — Ujygo — N representing a generator of J. Then make
complements connected as above.

Proceeding by induction, we presume W}, is defined for k£ < n, and
construct W,. Note the conditions only concern the inclusion U; —
intW, .1 — U;_; — W,. The set U; — intW,,_; is a compact smooth
manifold, so has finitely presented m; and finitely generated homol-
ogy. Choose finitely many elements of m; which normally generate
the kernel of =y (U; — intW,,_;) — J, and finitely many generators for
H;(U; — intW,_,; Z), for j > 1. These are trivial in 7,(U;_1 — N) and
H;(U;_1 — N; Z) respectively, by choice of U,. Therefore they are trivial
in some compact subset of U;_; — N, so there is a neighborhood W/, of
N N U disjoint from this compact subset. Choosing W, to be a com-
pact manifold, etc. gives a set satisfying all the conditions except the
connectedness in (ii). Modify this by the procedure above to obtain W,
satisfying all the conditions.

By induction a sequence {W,} satisfying conditions (i)—(iv) can be
constructed, so the second step is complete.

The final step is to show that the sets Us,, W3, constructed in the
second step, satisfy the conditions of the first step. Denote three of the
inclusions U;43 — intW,, C --- C U; — intW,43 by Ps C Po C P, C Fy.
Then it is sufficient to show H;(Ps;Z[J]) — H;(Py; Z[J]) is trivial for
j>0.

The first ingredient is to show the restriction Hi(Po,dPy;Z[J]) —
H\(Py,dPy; Z[J)) is trivial. Let P, denote the covering spaces associated
to the homomorphisms m;(P,) — J, then it is sufficient to show that
any two points in &P, can be joined by an arc in P, — P, and this will
be done in the next paragraph. Given an arc in (P, 8P,) representing
an element in H,(Fy, 8Fy; Z[J]) consider an entry point of this arc into
P, and the next exit point. Construct a new arc by replacing the
segment between these points by an arc in the complement of P,. These
differ by a loop in Py, which by condition (iii) is nullhomotopic in B.
Therefore the new arc represents the same class in Hy (P, 8Fy; Z[J]) as
the original. But the new arc has fewer components of intersection with
P,. By induction the class can be represented by an arc disjoint from
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Py, so restricts to the trivial element in H, (P2, 0Py; Z[J]), as required.

The fact that any two points in 8P, can be joined by an arc in P, — P,
follows from the corresponding fact in the quotients P,, and the fact that
at least one boundary component has connected preimage in Py. The
boundary component fact follows from the Van Kampen theorem and
the assumption made at the beginning of the proof that all these sets
are contained in a ball in M. The arc fact follows from the triviality on
Hj in condition (iv). To see this, begin with an arbitrary arc joining the
two points, and consider the first and last points of intersection with a
component of dP;. Replace the segment between these by an arc lying
in OP;. If the signs of the intersection points are opposite then this
new arc can be pushed off the component to eliminate all intersections
with it. If the signs are the same then the new arc can be arranged to
have exactly one point of transverse intersection with the component.
But one point means the intersection number between the homology
class of the arc and the class of the component, in H3(P,) is nontrivial.
This cannot occur, since the class of the component lies in the image of
H3(P), which is trivial.

We can now deduce that the inclusion P, — Py induces the trivial
homomorphism on Hy(x;Z[J]) for k # 2, and on H3(x; A), for any Z[J]-
module A. For H, this follows from the fundamental group condition
(iii). The homomorphism on Hj is dual to the cohomology restriction
HY(Py,8Py;Z[J])) — H' (P, 8Py; Z[J]), which must vanish because the
H, restriction is trivial. Higher homology is dual to cohomology in di-
mensions 0 and below, so also must be trivial. Similarly the homomor-
phism on H3(%; A) is trivial since it is dual to the H;(*; A) restriction,
which is trivial because the Hy and H; restrictions with Z[J] coefficients
are trivial.

The vanishing on H* implies that Ho(Py;Z[J]) — Ha(Po;Z[J)) fac-
tors through a submodule of a free Z[J] module. To see this we intro-
duce some notation: let C",’c denote the chain group Ci(P;;Z[J]), and
let 6;7c C’i — Ci_l denote the boundary homomorphism. The homo-
morphism 8: C§ — imdY defines a class (8] € H3(Py;imd), which
according to the above goes to 0 in H3(P,;imd?). This means there is
a homomorphism 4 making the diagram commute

i3
¢} — O3

b

o
C? — imd}.
Here i, denotes the chain map induced by the inclusion i: P, C Py. The
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difference i, — §: C2 — C9 vanishes on the image of 3, and preserves
kernels of d2. It therefore defines a homomorphism (kerd?/imd2) =
Hy(Py; Z[J]) — kerd). The composition with the quotient kerdd —
Hy(Py; Z|J]) is the inclusion. This therefore defines a factorization of
Hj of the inclusion through the module kerdd < CY.

We now complete the proof, by showing Ha(Ps; Z[J]) — H2(Po; Z[J])
is trivial. Let S! ¢ P4 be an inclusion which goes to a generator of
J. Then these homology groups are the same as the relative homol-
ogy groups Hy(P,,S';Z[J]). The homomorphisms Hy(Ps,SY;Z[J]) —
Hi(P,, SY;Z]J]) vanish for k < 2, so the integer coefficient homomor-
phism Hy(P3; Z) — H2(P2;Z) is obtained from the Z[J] coefficient one
by applving ®z()Z. Therefore condition (iv) is equivalent to the image
of Hy(Ps;Z[J]) — Ha(Py;Z[J]) having the property that I(image) =
image, where I C Z[J] denotes the augmentation ideal. A homomor-
phism from a module with this property to a free module must be trivial,
since (), I"Z[J] = 0. Therefore since Hy(Py; Z[J]) — Ha(Fo; Z[J]) fac-
tors through a free module, the composition Ho(Ps; Z[J]) — Ha(Po; Z[J])
must be trivial.

This completes the proof of lemma 9.3B. i

The flattening theorem in the simplest case (N a point) implies the
following:

9.3C Corollary. A 3-manifold with the homology of S® is the bound-
ary of a contractible topological 4-manifold.

Proof: Let N denote the hotnology 3-sphere. The first step is to modify
N x I by “surgery” to get a 1-connected manifold M with the same
boundary and homology. This is the “plus construction,” and will only
be sketched here since it is presented in greater generality and detail
in 11.1.

Choose generators for 7y N. Since H) N =0 there are disjoint smoothly
embedded surfaces with trivial normal bundles, S;,...,5, ¢ N x [
each with a single boundary circle, so that the boundaries represent
the chosen generators. These surfaces define a framing of the normal
bundles of the boundary circles, so give embeddings S! x D® — N x I.
Do “surgery” on these by deleting the interiors, and replacing with copies
of D? x §2. Denote the new manifold by My, then My is 1-connected
and has Ho(M;Z) =2 Z?". Generators of H» are represented by surfaces
S; UD? x {x} and 2-spheres {*} x 52, and with respect to this basis the
intersection form on Hy is given by [97].

According to the main embedding theorem there are disjoint topolog-
ically framed embedded 2-spheres, with 1-connected complement, rep-
resenting the same homology classes as the surfaces S; U D? x {*}. Do
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“surgery” on these, replacing the interior of copies of D? x §? with
copies of S* x D3, to define M. Homologically this undoes the earlier
surgery, so gives a manifold with the same homology as N x I. However
since the new embeddings had 1-connected complement, this manifold
is 1-connected.

Now construct a space W by stringing together countably many of
these, and taking the 1-point compactification.

/
00
N N

Note that M, and any linear union of copies of it, is homotopy equivalent
to S3. This implies such a union retracts into a single copy, which in turn
implies W is contractible. The corollary will be completed by showing
W is a manifold. This is the case except possibly at the compactification
point, oo, so we apply 9.3A to this point. Since M is 1-connected, oc
has locally 1-connected complement. Further, since M is a homology
sphere W is a homology manifold at oco. Finally the proof that it is
contractible also shows it is locally contractible at oo, and for finite
dimensional spaces local contractibility is equivalent to being an ANR.
Therefore 9.3A applies to show the point has a normal bundle, and W
is a manifold. B

9.3D Uniqueness of normal bundles. Suppose f;: E; — M, for
i1 =0, 1 are normal bundles for N, which agree over a neighborhood of a
closed set K ¢ N. Then there is a bundle isomorphism b: E, ~ Ey and
an ambient isotopy, rel N and some neighborhood of K, of f) to fob.

Proof: As with existence we use a 5-dimensional result and the con-
trolled h-cobordism theorem. Denote the neighborhood of K over which
the bundles agree by U. Choose Riemannian metrics for these bundl%,
which agree over U.

The first step is to use the extendability hypothesis to obtain embed-
dings in which the originals occur as restrictions to the interiors of the
unit disk bundles. The hypotheses are now that the embeddings agree
on the disk bundle over U, and the goal is to extend this agreement
over the rest of N. Further, since disk bundles of different radii are
canonically isotopic, we may restrict to a disk bundle in E; of small
enough radius that it lies in the image of Ey. Therefore we may replace
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M by Ey, and consider E; as a second normal bundle for the 0-section
N C Ey.

Next consider the 5-manifold Eg x I, with submanifold N xI. Eyx {0}
is a normal bundle for N x {0} C Ey x {0}, and E; x {1} is a normal
bundle for N x {1} ¢ Eyp x {1}. Extend these a short way into the
interior of the product by products with [0, ¢) and (1 — ¢, 1] respectively,
then the relative existence theorem for normal bundles in 5-manifolds
gives an extension to a normal bundle ' — Fy x I for NV x I.

{/ — f(rE; x {1})

rEy X {O}T(Ejm\\

Eyx1I f(rE x I)

Since F' is a bundle over the product N x I, there is a product structure
F ~ FEg x I. In particular this gives an isomorphism Ey ~ E;. Use
this to identify these bundles, and denote them by F, then we have an
embedding f: E x I — E x I which is the identity on £ x {0} and on
the restriction E|U x I. The goal is to find an isotopy of f on E x {1}
(rel E|U x {1} and N x {1}) to an embedding which is the identity on
the unit disk bundle.

Suppose r: N — (0,1), and denote the disk bundle of radius r by
rFE. Suppose r is small enough that the image f(rE x I) is contained
in the unit disk bundle 1E x I, and denote the region between these
(=1ExI—- fmt'r)xl))byW

The next step is to show that for any § > 0 there is an r so that W, is
a 6-h-cobordism rel boundary from (1E —int(rE)) x {0} to 1E x {1} —
f(int 7E x {1}). The control map is the restriction of the projection
p: £ xI — N, so sizes are measured in N. So we need deformation
retractions of W, to the two ends so the compositions with p have radius
less than é.

‘We construct the deformation to the E'x {0} end; the other differs only
in notation. Define R: (E x I) x I — E x I by R(z,s,t) = (z, st), then
R is a deformation retraction to E x {0}. fRf™! defines a deformation
of the image f(E x I). Since pfRf~! has radius 0 on N x I there is
r1: N — (0,1) so that pfRf~! has radius less than § on f(rE x I).
Choose 1 > s; > s2 > 0 so that §;E x I C f(r,E x I). Finally choose
r >0so that f(rE x I) C soFE x I.
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f(r1E)
B \@4 (TE)

f
SZE/\/ N

We use this data to blend together the retractions R and fRf~!. Choose
a function ¢: N x I — I so that ¢(y,s) = 0if s > s(y), and =
1if s < so(y). Define Ry: Ex I xI — E x1I by Ry(z,s,t) =
R(x,s, max{t,$(x,s)}). Since this is the identity on s2E x I this in-
duces a deformation of W,., which is the identity on W,. N E x {0}. It is
the identity for ¢ = 1, and for ¢ = 0 has image in W,.N(E x {0}Us; EX ).
This deformation has radius 0 in N.

Since sy ExI C f(r1ExI), the homotopy fRf~! restricted to f(r; E'x
I) is defined on the image of R, (E x I x {0}). Composing these two
homotopies gives a deformation of W, to W, N E x {0}, and this has
radius less than é by choice of r;.

The main geometric step is to apply the controlled h-cobordism the-
orem to W,. Note the h-cobordism of the boundary is (91F) x I U
f(OrE x I), which has a canonical product structure. Also since f is
the identity on E|U x I, W, has a product structure over U. The lo-
cal fundamental group of p: W, — N is Z if N has codimension 2,
and is trivial otherwise, so in any case it is good and the controlled h-
cobordism obstruction group is trivial. Therefore Theorem 7.2C finplies
there is a product structure on W, extending the one given over some
neighborhood of K and on the boundary.

We are using the topological case of theorem 7.2C, which depends
on the topological immersion lemma. Although this will not be estab-
lished until 9.5C, the proof does not depend-on the uniqueness of normal
bundles, so there is no logical conflict.

This product structure gives in particular a homeomorphism of the
ends, (1E —int rE) x {0} ~ 1E x {1} — f(int(rE x {1}), which is the
identity on 01F and f on 0rE — f(OrE). Conjugate the canonical
radial isotopy of OrE to 01FE by this homeomorphism, to obtain an
isotopy of f to an embedding which on OrE x {1} — 91E x {1} is
multiplication by % Finally compose with the radial isotopy of 1E to
rE.

On the E x {1} end we now have f: E — E which preserves the
unit disk bundle, and is the identity on 31F, on the 0-section N, and



150 FREEDMAN AND QUINN 9.4

over some neighborhood of K € N. The proof will be completed by
construction of an isotopy of f to an embedding which is the identity on
1FE.

Define a family of automorphisms A;: E — E by A.(z) = |lz||* 1z,
for ¢ € (0,00). Define F: 1IEx I — 1E by

Ay fotfA(z), fort >0
F(z,t) = { Hlo" hdda), for

z, for t =0.
Since f5! f1 is the identity on N U(1E), this is continuous, so defines
the required isotopy from f; ! f, to the identity. This is a parameterized
form of the Alexander isotopy.

9.4 Normal bundles in other dimensions

Every topological submanifold has some sort of normal structure, but
the best description of this structure is not yet clear. Vector bundles,
and even microbundles, are too rigid. Topological block bundles give
the “right theory” and are easy to use, but require a triangulation of
the submanifold. Stabilized microbundles (Marin [1]) and approximate
fibrations (Quinn [2, §3.3]) both “work,” but are not straightforward to
work with. See 9.6 for further discussion. However in low dimensions and
codimensions vector bundles can be used, and we review this situation.

In codimension 1, the fact that local collaring implies collaring was
proved in considerable generality by M. Brown (see Connelly [1]). The
existence and uniqueness of normal bundles for locally flat codimension
2 embeddings when the ambient dimension is greater than 4 is due to
Kirby and Siebenmann [2].

Low dimensional submanifolds also have normal vector bundles. The
map of stable classifying spaces Bo — Brop is 3-connected. Therefore a
map of a manifold with the homotopy type of a 3-complex, into Brop,
lifts to Bo. This, together with stability theorems and the fact that
submanifolds have normal structures stabily classified by Brop, implies
that a submanifold of dimension at most 3, in a manifold of dimension at
least 5, has a normal vector bundle. This fact is used in the submanifold
smoothing theorem, 8.7C.

The cases left unsettled by these results are exactly those covered by
9.3; submanifolds of codimension greater than 1, in a 4-manifold.

The flattening results similarly were known in all other dimensions be-
fore the 4-dimensional developments. In higher dimensions the flattening
theorem for codimension 2 requires “local homotopy unknottedness,” es-
sentially requiring the vanishing of higher local homotopy groups. This



9.5 HANDLEBODIES, BUNDLES, TRANSVERSALITY 151

is in fact necessary: let V < S* be an embedded S$*~2 with complemen-
tary fundamental group Z, but whose complement does not have the
homotopy of S!. These exist for k > 4. Then the cone on (S*, V) gives
a codimension 2 embedding of D*~! in D¥*1 with infinite cyclic com-
plementary local fundamental groups, but which is not locally flat. The
fact that in dimension 4 the fundamental group condition is sufficient,
is new here.

8.5 Transversality

The general setting is a pair of proper submanifolds U, V — M of
a 4-manifold, and the objective is to find an isotopy which moves U to
a submanifold transverse to V. Here “transverse” means that points
of intersection have coordinate neighborhoods which the submanifolds
appear as transverse linear subspaces. At boundary points transverse
half-spaces are used as models.

There is also a global version of transversality: U has a normal bundle
E — M so that ENV = E|(UNV). The existence and uniqueness of
normal bundles in this dimension implies the local and global versions
agree. In higher dimensions the global approach is required; it is neces-
sary to define transversality with respect to a given normal structure.

The boundary of a manifold has only a collar rather than a full normal
bundle, but it is reasonable to define “transverse to the boundary” in
the same way: V is transverse if there is a collar OM x I — M so that
VNOM x I =(VNAOM) x I. With this terminology V is a “proper”
submanifold if it is closed, V NOM = 9V, and V is transverse to OM.

9.5A Theorem. Suppose U, V are proper topological submanifolds of
a 4-manifold M, K C UNYV is closed, and U, V are transverse in a
neighborhood of K. Then there is an isotopy of M fixed near K and
off any given neighborhood of U NV, so that the final image of U is
transverse to V.

Proof: When U and V have dimension at most 2 this comes from Quinn
[4], the other cases are from Quinn [9]. The most difficult case is when
U and V both surfaces; lower dimensional cases follow from the smooth-
ing theorems and higher ones by an induction on handles. As usual
the difficult case is the most useful, being a principal ingredient of the
immersion lemma.

First we eliminate the boundary. The boundary is 3-dimensional,
so submanifolds of it can be smoothed and made transverse. Extend
the transversality to a neighborhood of the boundary using the collar
structures, and add this neighborhood to K. The boundary can now be
deleted without changing the problem.
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Next, we may assume that M is a smooth manifold and V a smooth
submanifold. For this note V has a smooth structure since it has dimen-
sion less than 4, and it has a normal vector bundle. The total space of a
vector bundle over a smooth manifold has a natural smooth structure.
Replace M by this total space, and U by the intersection with the total
space.

At this point the argument separates into cases depending on dimen-
sions.

Case 1; dimU < 1. The transverse set is empty if dimU + dimV < 3,
and is discrete if dimU 4 dimV = 4. In the latter case U NV — K is
also closed, so restricting to a neighborhood disjoint from K gives an
equivalent situation where again K is empty.

Since dimU < 1 the smoothing theorem 8.1(1) implies that U is iso-
topic to a smooth submanifold. More precisely, there is a isotopy sup-
ported in a neighborhood of U NV which makes the intersection of U
with some smaller neighborhood smooth. The smooth transversality
theorem then gives a further isotopy to a submanifold transverse to V.

Case 2; dimU = dimV = 2. The transverse region K is again a
discrete set of points, so as above restriction to a neighborhood of U N
V — K gives an equivalent situation with K empty.

According to theorem 8.1(2), there is a regular homotopy of U sup-
ported in a neighborhood of V to an immersion U’ whose intersection
with a smaller neighborhood is smooth. According to the smooth ver-
sion of the theorem there is then a isotopy which makes U’ transverse
to V. The plan is to work back past the singularities in the regular
homotopy to obtain an isotopy making U transverse to V.

A regular homotopy is a composition of a sequence of isotopies, finger
moves, and Whitney moves. According to the remark after 8.1, only
isotopy and a locally finite collection of finger moves are needed to get
a smooth, and therefore a transverse U’. However if a Whitney move
were encountered it could easily be replaced by an isotopy; reversing
direction, U is obtained from a transverse object by a finger move. A
finger move takes place in a neighborhood of an arc, which (according
to case 1) can be made disjoint from V by an isotopy. A finger move
disjoint from V does not change intersections with V', so this isotopy
also makes U transverse to V.

After isotopy we can arrange that the finger moves all occur at once,
disjointly. Considering them separately, and reversing direction in the
regular homotopy, we have reduced the proof to the case where U is
obtained from U’ by a single Whitney move.

We cannot at this point make V transverse to the Whitney disk; since

-
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it is only topologically embedded this would require the transversality
result we are trying to prove. However to illustrate the idea of the proof
we indicate what to do if it were transverse.

Suppose V is transverse to the Whitney disk. Push V' off the disk
through U’ by finger moves (see 1.5). This gives an isotopy to a surface
V' disjoint from the disk and with new transverse intersections with U’.
Now use the Whitney isotopy across the disk to move U’ back to U.
Since this isotopy takes place in a neighborhood of the disk, which is
disjoint from V', it does not change the intersections with V. Therefore
U is transverse to V’. The inverse of the finger move isotopy thus gives
an isotopy of U to a surface transverse to V, as desired.

Since we cannot directly make V transverse to the Whitney disk, we
replace it with a smooth tower and make V transverse to that. It can
then be push it off the tower by finger moves. The embedding theorem
can be used to recover a topologically embedded disk in a neighborhood
of the tower, and this new disk used to recover U from U’.

Denote the Whitney disk by A. Using the lower dimensional case of
the theorem we may assume V is disjoint from the boundary of A. The
intersection A NV is therefore compact. Since it is topologically flatly
embedded, there is a neighborhood of the interior of A disjoint from U’
and homeomorphic to R*. Denote this by N. As an open subset of M
it has a smooth structure about which we know nothing.

Apply the smoothing theorem once again, to A in a coinpact neighbor-
hood of the intersection ANV. This yields a regular homotopy consisting
of a finite number of isotopies and finger moves, to a surface A’ which
is smooth near its intersection with V. Arrange the finger moves to
take place all at once, disjointly, and denove by W; the resulting (dis-
Jjoint) Whitney disks for the intersections of A’. Again these are only
topological, although the part of A where they are attached is smooth.

We begin setting up the data to apply the embedding theorem to the
W;. Let X denote the complement of the interior of a closed smooth
regular neighborhood of A’. X is a smooth manifold with boundary,
namely the boundary of the regular neighborhood. The Whitney disks
intersect this boundary in smooth circles.
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The next step is to observe that 71(X) is infinite cyclic. X has the
same fundamental group as its interior, which is diffeomorphic to N — A’.
Therefore we show 7, (N — A’) ~ Z. N — A is homeomorphic to R* — R?
so has m; ~ Z. Adding the (locally flat) finger arcs to A does not change
the fundamental group of the complement. But A union finger arcs has
complement homeomorphic with the complement of A’U|J; W;. Finally,
adding the Whitney disks back in has the effect of killing the image
of the linking circle in the complement. The linking circle bounds the
punctured linking torus, so this element is a commutator. Since the
fundamental group is cyclic, commutators are already trivial, and the
group is not changed by this.

The last part of this argument shows the linking circles of the W; are
nullhomotopic in X. Since N is homeomorphic to R", wp = 0 and so
there are (smooth) framed immersed transverse spheres for the W; (see
1.3, corollary 1). The W; are homotopic to smooth immersions, by the
(smooth) immersion lemma. Since the original W; are embedded, and
intersection numbers are homotopy invariants, these smooth immersions
satisfy the hypotheses of the corollary of the embedding theorem 5.1.

The proof of the embedding theorem begins by replacing the immer-
sions with capped towers, which are smooth since we are working in
a smooth manifold with smooth data. Smooth transversality gives an
isotopy which makes V' transverse to these towers, i.e. transverse to the
component surfaces. Push these intersections down (see 2.5) off the
tower to give new transverse intersections of V with A’. Push these off
through U’. Reversing this isotopy gives an isotopy which moves the
towers and A’ disjoint from V, and introduces transverse intersection
points between U’ and V.

The embedding theorem is completed by finding locally flat disks in
a neighborhood of the capped tower. These give new Whitney disks W’
for the selfintersections of A’. Using these gives a new embedding A”,
which is itself a new Whitney disk for intersections in the immersion
U’. A Whitney move across A” gives a new embedding U”. Since A” is
disjoint from V, such moves do not change intersections with V. Since
U’ had been arranged to be transverse to V, U” is also transverse.

The proof will be completed by showing that U is isotopic to U”, which
is the effect of the next lemma. For this we need a notation; suppose an
open neighborhood of a Whitney disk is parameterized in the standard
way as R? x R?, with the disk appearing as D? x 0 and the base surface
inside S x R%. Then intD? x R? is a “standard neighborhood of the
interior” of the disk.

9.5B Lemma. Suppose U and U” are immersed surfaces obtained from
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an immersion U’ by Whitney moves across disks A, A" respectively,
which are equal near U’. If the interior of A” is contained in a standard
neighborhood of the interior of A, then U” is isotopic to U.

Proof of the lemma: The isotopy across A takes place in a standard
neighborhood of A, which we denote by N. This neighborhood intersects
U’ in two pieces, say Uj and Uj. Denote the isotopy itself by h; with
0 <t <1, so hy is the identity and h; takes U] disjoint from Uj. The
picture shows a cross-section.

A - °
U
g
Ul N Iy

Similarly the move across A” takes place in N”. Since the interior of A”
is in a standard neighborhood of the interior of A, and h;(U}) is near
the frontier, we may arrange that N” is disjoint from it. Further, since
the disks agree near the boundary we can arrange that N” extends out
beyond N near U] This extension can be chosen so that the associated
Whitney isotopy h; moves N as well as U] off A’ and Uj.

. image of h{(N)

We claim that the Whitney isotopy in the image h{ (V) gives an isotopy
of U” to U. Precisely, consider the isotopy h{h,(hY)™1, with 0 <¢ < 1.
When t = 0 it is the identity, and when ¢ = 1 it takes Uy’ to h{(U;).
Since h” is supported in N*’ which is disjoint from U, this image is U,
as desired. Similarly, since A{(N} is disjoint from Uj, this is also left
fixed. The result is therefore an isotopy of U” to U. B

This completes the proof of the lemma, and therefore case 2 of the
theorem.
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9.5C Corollary. The immersion lemma 1.2 is valid in the topological
category.

Proof: The first part of the lemma asserts existence of immersions of
ribbons and disks, agreeing up to sign or rotations with ones specified
on the boundary. This is now easy to deduce from the smooth version.
Suppose f: N — M is a map of a surface, which restricts to a framed
embedding N — M. Let My denote the complement of an appropri-
ate discrete set disjoint from the image of IV, so that by theorem 8.2
the result has a smooth structure. According to the smoothing theorem
for 3-manifolds, 8.3A, df is isotopic to a smooth framed embedding.
(More precisely we should say the smooth structure is isotopic to one in
which df is smooth.) Applying the smooth version of the theorem to
f: N — M, gives immersions in My, and thus M.

The second part of the lemma concerns the general position condition
built into the definition of immersion we are using (see 1.2). Suppose,
as in the lemma, that f: N — M is an immersion on U and on V, where
UUV = N, and we want to change f by isotopy on U to intersect
V transversally in points. Let K be the selfintersection points lying
in U NV; these are already transverse. The selfintersections of U — V
are points, so we may arrange them to be disjoint from the image of
V. Similarly arrange the selfintersections of V' — U to be disjoint from
the image of U. Then in a neighborhood of U NV both are embedded.
Restricting to this neighborhood gives submanifolds to which theorem
9.5A applies. This theorem yields an isotopy fixed off a neighborhood
of (UNV) - K, which makes U transverse to V. The resulting map of
U UV is the immersion required for the lemma. i
Proof of 9.5A, case 3; dimU = 3: In situations not covered by the
previous cases one of the submanifolds must have dimension 3. Since
the statement is symmetric we may assume diml/ = 3. The dimension
of V is either 2 or 3; the proof proceeds by “induction,” proving the first
case and then using it to prove the second.

The first step is a lemma which is used to get transversality from lower
dimensional cases.

9.5D Lemma. Suppose M DV is a proper submanifold of a 4-manifold.
Let Y be a manifold of dimension < 3, let p: F — Y be a vector bun-
dle and f: FF — M a locally flat embedding which on Y is proper and
transverse to V, and is transverse to OM. Then there is an ambient
isotopy of f rel Y to an embedding f' so that f' and its restriction to
the sphere bundle of F are transverse to V.

Proof: Choose a normal bundle for image of the total space f(F) in
M, and denote the restriction to Y by F’. The normal bundle can be
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identified with the pullback p*F’. The total space of p*F”’ is homeomor-
phic to that of the sum F' @ F’, and the embedding F @ F' — M is a
normal bundle for Y.

Since Y is transverse to V there is a normal bundle for Y with good
intersection with V. By uniqueness of normal bundles we may assume
(after isotopy rel Y) that F' & F” has this property, namely F @ F' N
V = (F & F)(Y nV). This implies that F and V are transverse:
prEFNV=FaeFnV=FaeF)|(YNnV)y=pF|(FnV).

A similar identity shows transversality of the sphere bundle. Denote
this by SF, with projection sp: SF' — Y, then SF has normal bundle
sp*F" ® R = F @ F’ — Y. The intersection is (sp*F" @ R) NV =
(FoF -Y)NV=(FaoF|VAY)-Y =(spFF®R)|(SFNV). 11

The first application of the lemma to the proof of case 3 is to arrange
U to have trivial normal bundle. U has codimension 1 so the normal
bundle is a line bundle classified by a map e: U — RP™, some n. Since
dimU = 3 this map may be made transverse to RP*~! ¢ RP™. The
submanifold e~ (RP™~1) C M is lower dimensional than U, so an earlier
case of the transversality theorem applies to give an isotopy making it
transverse to V. The lemma makes U transverse to V in a neighborhood
of e7! (RP"~'). Add a closed subneighborhood to the set K to be held
fixed, then e~!(RP™"!) can be deleted without changing the problem.
The normal bundle of the remainder of U is pulled back from RP™ -
RP™~1. This is contractible so the normal bundle is trivial.

We also arrange that the complement of a small open neighborhood of
K in U in which it is transverse has no compact components. Choose a
point in each such component and make it transverse to (disjoint from)
V. These points are not in V NU, so if we restrict future isotopies to
lie in a neighborhood of V NU not containing them they can be deleted
from M without changing the problem.

The next step is to make the embedding of U smooth in a neighbor-
hood of K. A neighborhood of K in U NV is a submanifold of V, which
is isotopic to a smooth submanifold since dimV < 3. Since this subman-
ifold is a transverse intersection, a neighborhood of it in U is given by
the restriction of some normal bundle for V. At the beginning of the
proof V was arranged to be a smooth submanifold of M, so there is a
smooth normal bundle. Using the uniqueness of normal bundles we may
assume this is the bundle intersecting U nicely. But the restriction of
a smooth bundle to a smooth submanifold is smooth, so this makes U
smooth near K.

Use the triviality of the normal bundle of U to find a collar on one side:
an embedding U x I — M which restricts to the original embedding on
U x {0}, and which is smooth in a neighborhood of K x I.
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The interior of the collar U x (0, 1) has a smooth structure as an open
set in M, and this agrees with the product structure in a neighborhood
of K x I. Approximate the projection U x I — I rel this neighborhood
and U x {0,1} by a map g which is smooth on U x (0,1). Let ¢t be a
regular value of g, then g~!(t) is a smooth proper submanifold of M.
Arrange by small smooth isotopy rel a neighborhood of K x {t} that it
is transverse to V.

Construct W from g~!([t,1]) by deleting components disjoint from
U x {1}. Denote U x {1} by &1 W, and define oW (a subset of g~1(t))
to be the rest of OW.

el B—
. =z 7 w
U x Ii:/ I@WM%W C g7 ([t,1])
L—/"_‘_’/

component of g~*([¢, 1]) deleted from W

Next note that W is smoothable. By construction it has a smooth
structure on the complement of part of ,W: the complement in U x
{1} of a neighborhood of K x {1}. But we have arranged that for an
appropriate neighborhood of K x {1} this complement has no compact
components, so smoothability follows from the submanifold smoothing
theorem 8.7C.

Since W is smoothable there is a relative handlebody structure on the
pair (W, 8, W). More precisely, since W is already a smooth collar in a
neighborhood of K x [t, 1] there is a handlebody structure obtaired from
a collar on | W by attaching handles outside a neighborhood of K.

We now eliminate handles from W. The deletions from g~!([¢,1])
made in the definition of W make the pair (W, 8, W) connected. There-
fore all 0-handles can be cancelled by 1-handles (this is the easiest case
of “geometrical connectivity,” see Wall [2]).

Let (D¥,S8%=1) — (W, 3, W) be the dual core of a topmost handle in
W. Since oW is transverse to V the intersection VN (W — W) is a
proper submanifold. If £ < 3 then an earlier case of the transversality
theorem can be used to make the core transverse to the intersection.
Since the handle itself can be considered as the disk bundie of the normal
bundle of the core, Lemma 9.5D implies that the boundary of the handle
can be made transverse to V by a further isotopy. But this implies
that dy of the handlebody obtained by deleting the handle from W is
transverse to V. Replace W by this smaller handlebody.
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Since all but the 1-handles of W have duals with core dimension less
than 3, this operation can be repeated to obtain a handlebody with only
1-handles and with Jy transverse to V.

Now consider the 1-handles. Since W € ;W x I the core arcs are ho-
motopic rel ends into 8y W. Replace the homotopies by immersed disks,
and then use finger moves across the boundary to remove intersections.
This gives disjointly embedded 2-disks whose boundaries are the core
arcs and arcs on &;W. These 2-disks define 2-handles which cancel the
1-handles. In particular the complement W’/ = (U x I — intW) has a
handlebody structure with only 2-handles. (The embedded disks are the
cores of the duals of these handles.)

Since the upper boundary of W’ is W, which is transverse to V,
we can repeat the argument above: make the 2-handles transverse to V
using an earlier case of the theorem and Lemma 9.5D, and delete. The
result is a collar on U with one boundary transverse to V. Therefore U
is isotopic to a manifold transverse to V, as required for the theorem. I

9.6 Transversality in other categories and dimensions

There are two important settings for transversality; submanifolds, and
maps. In the first, two submanifolds of a manifold are given, and the
desired conclusion is that one can be moved by isotopy to be transverse
to the other. In the map case a map f: M — X is given, with M a
manifold and X a space containing as an open set the total space of
an appropriate type of bundle, over a subspace Y. The objective is to
change the map by homotopy so that f~1(Y) is a submanifold, whose
normal bundle is the pullback of the given bundle.

Map transversality can be deduced from submanifold transversality.
For this replace Y by a manifold (by taking a regular neighborhood of
an appropriate subcomplex, for example). The total space of the bundle
is then a manifold with Y as submanifold. Then change f so that the
part of M mapping to the total space is embedded (by crossing Y with
some R"™ in which M embeds, for example). Change this embedding
of M by isotopy to be transverse to the new Y. Project back to the
original Y to obtain a homotopy to a transverse map.

To be more specific we consider the various categories of manifolds
separately.

9.6A Smooth manifolds. Vector bundles are used, since all smooth
submanifolds have normal vector bundles. Smooth submanifold and
(therefore) map transversality hold in all dimensions, and are simple
consequences of the Morse-Sard-Brown theorem on critical images. See
Guillemin and Pollack [1].
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9.6B PL manifolds. In the PL category the appropriate bundles are
the “block bundles” developed by Rourke and Sanderson [1; 2]. Sub-
manifold and map transversality hold in all dimensions, and with the
correct definitions the proofs are even simpler than the smooth cate-
gory.

The development in this category had an awkward beginning, using
“microbundles.” These are easy to define, but normal microbundles for
submanifolds do not always exist and are not unique, and this leads
inevitably to technical problems. See Kirby and Siebenmann [1, III] for
a discussion.

9.6C Topological manifolds. The best description of “bundles” in
topological category is still not completely settled. Topological mi-
crobundles have the same nonexistence drawbacks that PL microbun-
dles do. Marin [1] has a variation on microbundles which does have
the correct technical properties. If the base of the bundle is triangula-
ble as a simplicial complex then topological block bundles can be used.
However not all topological manifolds can be so triangulated. Approx-
imate fibrations are sinple and attractive, but proofs of existence and
transversality (when known) are so far quite complicated. See eg. Quinn
[2, section 3.3].

Kirby and Siebenmann (1, III] give submanifold and map transver-
sality theorems using topological microbundles, when nothing of dimen-
sion 4 is involved. Marin [1] uses this to give a stablized microbundle
transversality, which is the “categorically correct” result because sub-
manifolds have unique normal stabilized microbundles. These theorems
arply except when the dimension of the ambient manifold is 4, or when
one of the submanifolds has dimension 4 and the other has codimension
1 or 2, or when the expected dimension of the intersection is 4. This
implies map transversality except when domain or preimage dimensions
are 4.

A version of TOP map transversality with preimage dimension 4 was
developed by Scharlemann (1].

The effect of the 4-dimensional development is to show TOP mi-
crobundle transversality holds in all dimensions and codimensions. Ac-
cordingly so do Marin’s stabilized version, and map transversality. The
previously excluded cases with ambient dimension different from 4 fol-
low from the Kirby-Siebenmann proof and the submanifold smoothing
theorem 8.7C ( a sharpened version of the product structure theorem);
see Quinn [9]. The ambient dimension 4 cases are given in 9.5.



CHAPTER 10

Classifications and Embeddings

Technically, the main result of the section is the 7;-negligible einbed-
ding theorem 10.6, which gives existence and uniqueness criteria for codi-
mension zero embeddings of 4-manifolds with boundary. From this we
deduce a criterion for a manifold to decompose as a connected sumn. Per-
haps the most basic result, the classification of closed simply-connected
4-manifolds, is obtained as a corollary of the sum theorem.

These results are presented in the reverse of the logical order because
the more general ones are more complicated and technical. The chap-
ter begins, then, with the classification theorem in 10.1. The invariants
used in the classification are discussed in 10.2. Connected sums are de-
scribed in 10.3, and the characterization theorem is deduced from this.
m1-negligible embeddings are discussed in 10.5, and using this the con-
nected sum theorem is deduced in 10.6. A classification of manifolds
with infinite cyclic fundamental group is given as an exercise in sec-
tion 10.7. Finally the embedding theorem is proved; the existence part
in 10.8, and the uniqueness using embeddings in 5-manifolds in 10.9.
The technically inclined reader may prefer to see these in logical order,
beginning with 10.5.

10.1 Classification of closed 1-connected 4-manifolds

For the classification theorem we recall that if M is a compact oriented
manifold then intersection numbers define a bilinear form A: HoM ®
HaM — Z. This is symmetric, and if M is empty it is nonsingular
(the adjoint HoM — (HaM)* is the Poincaré duality isomorphism).
The Kirby-Siebenmann invariant ksM € Z/2 is the obstruction to the
existence of a smooth structure on M x R; see 8.3D and10.2B below.

Theorem.

(1) Existence: Suppose (H, ) is a nonsingular symmetric form on
a finitely generated free Z-module, k € Z/2, and if X is even then
we assume k = (signature))/8, mod 2. Then there is a closed ori-
ented 1-connected manifold with form A and Kirby-Siebenmann
invariant k.
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(2) Uniqueness: Suppose M, N are closed and 1-connected, h: Hy
— HyN is an isomorphism which preserves intersection forms,
and ksM = ksN. Then there is a homeomorphism f:M — N,
unique up to isotopy, such that f. = h.

For example, S* and S? x S? have even forms, so are uniquely de-
termined by their forms. CP? has an odd form, so there is another
manifold with this form but which is not stably smoothable.

Note that by setting M = N in the uniqueness statement we see that
taking a homeomorphism to its induced isometry of the form gives an
isomorphism mTOP(M) — ISO(H2M, A). mgTOP(M) is the group of
path components of the homeomorphism group of M, which is the same
as isotopy classes of homeomorphisms. A homotopy equivalence also
induces an isometry of the form, but the analogous siatement for these
is false; there are often many non-homotopic homotopy equivalences
inducing each isometry (see Wall [1, §16], Quinn [8], and Cochran and
Habegger [1]).

Some notation, suggested by the theorem, will be useful. If A is a
nonsingular form, denote by [|A|| the manifold with this form, and such
that ks(||A||) = O if the form is not even. So for example CP? = ||[1]|,
and $% x §2 = ||[9,]ll. Part (1) of the theorem implies || A| exists, and
(2) implies it is well-defined up to homeomorphism.

Suppose M is closed and 1-connected. Define *M to be M if the
form is even, and the manifold with the same form and opposite Kirby-
Siebenmann invariant if the form is odd. Again the theorem implies
this exists and is well-defined, and every closed 1-connected manifold
is either ||A| or *||A|| for some appropriate A. This operation will be
defined (independently of the classification theorem) for a wider class of
manifolds in 10.4.

10.2 The invariants

‘We briefly describe the invariants used in the theorem. For further in-
formation about forms over the integers see Milnor-Husemoller [1, Chap-
ter II]. Hirzebruch and Neumann [1] describe relations between these
invariants and the topology of manifolds. For information about the
Kirby-Siebenmann invariant see Kirby-Siebenmann [1]. For a geometric
point of view on the algebraic invariants of 4-manifolds see Kirby [2].

10.2A Symmetric forms over the integers. Important invariants
of these are rank, signature {or “index”), type, and whether or not the
form is definite.

The rank is the rank of the group on which the form is defined. The
type is “even” if \(z,z) is even for all z, and is “odd” otherwise. The
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form is definite if A(x,z) is always nonnegative, or always nonpositive
(and then is positive definite, or negative definite). Finally when the
form is tensored with the real numbers it can be divided into positive
and negative eigenspaces. The signature of the form is the dimension of
the positive eigenspace minus the dimension of the negative eigenspace.

For example [? é] , the form of S2x S?, has rank 2, is even, is indefinite,
and has signature 0. The form of C'P? is [1], which has rank 1, is odd,
positive definite, and has signature 1.

There are some simple relations among these invariants. The sum of
the dimensions used to define the signature gives the rank. Therefore
|signature(A)| < rank(A), and signature(A) = rank(A) mod 2. Similarly
the form is definite if and only if the real form is definite, so if and only
if [signature(A)| = rank(A). A deeper fact is that if the form is even then
the signature is divisible by 8.

Indefinite forms are determined up to isometry by the rank, signature,
and type. If the form is odd, then it is isomorphic to j[1] & k[—1], where
j +k = rank and j — k = signature. If the form is even then it is
isomorphic to j(+FE3) & k[? (1)], where 85 + 2k = rank, 8j = |signature],
and Fjy is the even definite form of rank 8 represented by the following
matrix (blank entries are 0);

/2
1

—_— N =
- A
(S R

1

1
e
\ 1 2

An interesting family of examples is provided by the algebraic surfaces
Z4 C CP? obtained from the zeros of a generic homogeneous complex
polynomial of degree d. Ha(Z,) has rank d® —4d? + 6d —2, the form has
signature —3 (d® —4d), and is even if and only if d is even. According to
the classification described above, this information is sufficient to iden-
tify these forms up to isomorphism. For example the Kummer surface
(d = 4) has rank 22, and even form with signature —16. Therefore the
form is 2(—F}s) @3[?3 .

Definite forms are much more complicated. Unlike the indefinite forms
they have unique decompositions into sums of indecomposibies (Eichler’s
theorem, Milnor-Husemoller [1, Theorem I16.4]). Unfortunately there
are over 10°! different indecomposable even definite forms of rank 40,

— pD
— N k=
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and this number grows rapidly with increasing rank. We know nothing
useful about them. None of this host of indecomposible definite forms
occurs as the form of a smooth 4-manifold, however (see 8.4A).

If A is the intersection form of a 4-manifold, then wy(z) = Az, z),
mod 2. Therefore evenness of the form is equivalent to vanishing of wo
on the integral homology H2(M;Z). If there is no 2-torsion in Hy(M;Z)
then this also implies ws vanishes on mod 2 homology Hy(M; Z/2), which
is equivalent to the existence of a spin structure. (For the significance of
spin structures, see below.) We caution that without the H; condition
the connection with spin structures can fail: there are non-spin manifolds
with even forms on integral homology (Habegger [1]).

The form of a connected sum is the direct sum of the forms; (Ho(M;#
M;),A) = (Ho(My), M) @ (H2(M2), X2). The characterization theorem
implies a converse; a direct sum decomposition of the form comes from a
(topological) connected sum decomposition of the manifold. For example
the Kummer surface decomposes as 2| — Eg| # 352 x S2. It does not
decompose smoothly, however (see 8.4A).

If M is a compact manifold with boundary there is still an intersec-
tion form defined on Ho(M;Z), but it usually is singular. All the in-
variants can be defined for singular forms, but only the signature seems
to be useful. If there is an isomorphism of boundaries 9M ~ 8N then
“Novikov additivity” asserts that signature(M Uy N) = signature(M) +
signature(N'), where the right side of the equation uses the signature of
the singular forms. This generalizes the additivity for connected sums,
where the boundary is S3.

10.2B The Kirby-Siebenmann invariant. Suppose M is a compact
tepological 4-manifold. The boundary has a unique smooth structure,
and there is an obstruction in H4(M, dM;Z/2) to extension of this to a
smooth structure on M x R, or M # kS? x §? (see 8.3D and 8.7). Each
component of M has H4(—,8;Z/2) ~ Z/2. Define ks(M) to be the sum
over all components, of these invariants in Z/2.

If M is connected then ks(M) is the stable smoothing obstruction.
In general it is the number of components mod 2 which are not stably
smoothable.

This number is an unoriented bordism invariant (i.e. if M UN =W
then ks(M) = ks(N)), and is additive in a very strong sense. If M is a
union of manifolds Ny U N} with Np N N; in the boundary of each N;,
then ks(M) = ks(Ng) + ks(N,). This is a consequence of the uniqueness
of smooth structures on 3-manifolds.

In general this invariant is somewhat distantly related to other char-
acteristic classes, but there is a direct relation for spin manifolds. Let
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SPTOP denote the universal cover of the identity component of the sta-
ble homeomorphism group TOP. (This is a 2-fold cover; mg and 7, of
TOP are the same as those of the orthogonal group O, and are both
Z/2). A spin structure is a lifting of the classifying map for the sta-
ble tangent bundle from Brop to Bsprop. A spin structure exists if
wiM = waM = 0 on Ho(M;Z/2). When one such structure exists
others are classified by H!(M;Z/2).

The basis for the relation is the theorem of Rochlin that a closed
smooth spin 4-manifold has signature divisible by 16. Divisibility by 8
follows from the evenness of the form, so the force of the theorem is that
there is another factor of 2. For closed topological spin manifolds the
result is that signature(M)/8 = ks(M) mod 2. Note this requires only
the existence of a spin structure, not a particular choice.

Now we consider manifolds with boundary. Suppose N is a closed 3-
manifold, with a spin structure denoted by 7. The 3-dimensional smooth
spin bordism group is trivial, so (N, 7) is the boundary of a smooth spin
4-manifold (W,7n). The Rochlin invariant roc(N,7) is defined to be
the signature of W, mod 16. This is well defined: Two such bounding
manifolds glue together to give a closed smooth spin 4-manifold, whose
signature is the difference of the signatures of the pieces. According to
Rochlin’s theorem for closed manifolds this difference is divisible by 16.

This invariant may depend on the spin structure. For example the
3-torus has H'(M;Z/2) of order 8, so has 8 spin structures. 7 of these
have invariant 0, and one (corresponding to the Lie group framing) has
invariant 8 (see Kirby [2]). When there is a unique spin structure then
of course the invariant is well defined.

This occurs when H!(N;Z/2) = 0, i.e. exactly when components of
N are Z/2 homology spheres.

Proposition. Suppose (M, n) is a compact oriented 4-dimensional topo-
logical spin manifold. Then 8ks(M) = signature(M )+roc(8M, 8n), mod
16.

This follows easily from the additivity of the signature and ks, and the
closed case. When M is not spin there is a more complicated formula
involving the Brown invariant of a linking form on a surface dual to w»,
see Guillou and Marin [1], and Kirby [2].

10.3 Connected sum decompositions

The objective is to determine when a manifold W can be expressed
as a connected sum M # W;, where M is a closed simply connected
4-manifold. The hypotheses are in terms of intersection and selfintersec-
tion forms on mW.
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If W is a connected sum M # W), with M closed and 1l-connected,
then MW ~ (maM ® Zm, W) & maW,. Intersection numbers on the M
summand are given by: if z®a, y®F € maM QZmW, then Mz @,y ®
B) = Mz, y)aw(s). Similarly fi(z ® o) = g(z)aw(a).

Abstracting this, we say a Zm; W homomorphism (moM & Zm, W) —
woW “preserves A and " if intersection numbers of images are given by
these expressions. Since A in M is nonsingular this implies the homo-
morphism is an injection onto a direct summand of myW.

Theorem. Suppose M is a closed 1-connected 4-manifold, ard W has
good fundamental group.

(1) Let (moM) ® ZmyW — mW be a mW monomorphism which
preserves A and 1. If either wy = 0 on meW or wy does not vanish
on the subspace of moW perpendicular to the image, then there is
a decomposition W ~ M # W' inducing the given decomposition
of ma. If wy # 0 does vanish on the perpendicular then exactly
one of W or *W decomposes (see 10.4 below for xW ).

(2) Suppose hy: W ~ M#Wj and hy: W ~ M #W, are two decom-
positions inducing the same decomposition of my. If wy: MW —
Z /2 is injective on elements of order 2, then the decompositions
are pseudoisotopic. If the form of M is even the canonical hom« -
topy equivalence W1 — W, is homotopic to a homeomorphism
(regardless of wn ).

Two decompositions are isotopic if there is an isotopy from the identity
to a homeomorphism g: W — W so that hpg(hi)™! is the identity on
M. Similarly they are pseudoisotopic if there is a pseudoisotopy to such
a g; a homeomorphism W x I ~ W x I which is the identity on one end
and g on the other. Pseudoisotopy implies isotopy if myW = 0 (Quinn
8)).

We remark on the ws hypothesis. If J C mW is a subgroup then
a is “perpendicular” to J if A(a,b) = 0 for all b € J. Therefore the
phrase “ws vanishes on the subspace perpendicular to J” means that if
A a,b) =0 for all b € J then wy(a) = 0. If the form A is nonsingular on
7o, for example if W is closed, then this condition is equivalent to the
existence of an element b € J dual to w; in the sense that A(a, b) = wa(a),
mod 2.

To complete the statement a definition of the x operation used in the
second part of (1) is needed. This was described in a special case in the
discussion after the characterization theorem.

10.4 Definition of xW
Suppose W is a 4-manifold. If wy: moW — Z/2 is trivial, define «+W =
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W. If ws is nontrivial define *W to be a manifold with a homeomorphism
(W) # CP? ~ W # (xCP?) which preserves the decompositions of 7,
where *CP? is a manifold with form [1] and ks = 1.

Note that if *W is defined and different from W, then it has the op-
posite Kirby-Siebenmann invariant. Also there is a canonical homotopy
equivalence *W — W which is an isomorphism on the boundary.

The manifold *CP? is shown to exist and be unique in the begin-
ning of the proof of 10.1, below. If the fundamental group of W is
good then the first part of 10.3(1) implies that a manifold *M exists:
first note that m,W is the subspace of m(W # xCP?) perpendicular to
7o(*C P?)® ZmyW. Therefore if wp # 0 on moW, part (1) of the theorem
implies the injection of my(*CP?) ® Zm; W corresponds to a decompo-
sition as a connected sum with CP?. The complementary piece of the
decomposition is—by definition—+W.

Similarly (2) shows that if m; W is good and w;: ;W — Z/2 is injec-
tive on elements of order 2, then *W is well-defined up to homeomor-
phism. This applies for example when 7, W has no 2-torsion, or is RP?.
We do not know if *W is well-defined when the w; condition fails, for
example if W is RP3 x S or RP? x RP?.

Proof of 10.1: We deduce the Characterization Theorem from the sum
theorem, and the fact that a homology 3-sphere bounds a contractible
topological 4-manifold.

The first step is to realize the matrix Eg. This can be realized as the
intersection matrix of a simply connected manifold with boundary, by
plumbing together 8 copies of the D? bundle over S? whose core 2-sphere
has selfintersection 2 (this is the tangent disk bundle of $?). Specifically,
form a linear chain of 7 copies by introducing single intersection points
between their core spheres. Then introduce an intersection between the
remaining one, and the third from one end in the chain.

It follows from the fact that the intersection matrix is nonsingular
that the boundary of this manifold is a homology sphere (see Browder
[1, V.2.6]; in fact it is the famous Poincaré homology sphere). According
to 9.3C a homology sphere bounds a contractible manifold. The union
of the plumbing manifold and the contractible one gives a closed 1-
connected manifold which we denote by || Eg||.

Next we construct *CP2, with form [1] but ks = 1. According
to 10.2B, since Ejg is even ks| Eg|| = 1, and by additivity ks(|| Es| #
(—=CP?)) = 1. However according to the classification of indefinite
forms, the form of this manifold is isomorphic to 8[1]@®[—1], which is the
form of 8CP?# (—C P?). Restrict the isomorphism to get an injection of
the form of 7TCP? # (—CP?) to a direct summand. The perpendicular
subspace is the homology of the remaining copy of CP?, so the form
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is not even on it, and ws does not vanish on it. The existence part of
the decomposition theorem therefore applies to show there is a decom-
position (|| Eg|| # (—CP?)) ~ 7CP? # (—CP?) # N, for some manifold
N. This manifold has form [1], and additivity of ks shows ksN = 1. It
therefore satisfies the conditions required of *C P2.

Next we show there is a manifold realizing an arbitrary form A. Since
[5 %] is indefinite and odd, A @ [; %] is also. By the classification
of forms it is isomorphic to j[1] @ k[—1] for some j, k. This can be
realized as the form of the manifold jCP? #k(—CP?). The isomorphism
gives an injection of [§ ° ] into this form. Since [} %] is the form of
CP? # (—CP?), part (1) of the theorem gives a decomposition jC P? #
k(—CP?) ~ CP? # (~CP?)# N, for some manifold N with form .

We now have all the manifolds required for the existence part of the
characterization theorem; the paragraph above gives at least one with
any given form, and the operation * defined in 10.4 reverses the Kirby-
Siebenmann invariant when the form is not even.

For the uniqueness part suppose M and N are closed and 1-connected,
have the same Kirby-Siebenmann invariant, and h: HoM — HoN is
an isomorphism which preserves forms. Regarding an isomorphism as
an injection, the theorem asserts that there is a decomposition, either
N ~ M # P, or xN ~ M # P, realizing this injection. However P
must be a simply connected homology sphere, so is homeomorphic to
S4, by the Poincaré conjecture Corollary 7.1B. This means N ~ M or
*N =~ M. Since * changes the Kirby-Siebenmann invariant if it changes
the manifold, we conclude there is a homeomorphism N ~ N realizing
the isomorphism of forms.

Finally we show that the homeomorphism is determined up to isotopy.
Suppose h;: M — N are homeomorphisms, i = 1,2, which induce the
same homomorphism on Hy. Regard N as N # 54, then according to the
uniqueness part of the decomposition theorem there is a pseudoisotopy
of the identity of M to a homeomorphism g so that (h;g)(h;') is the
identity on Ny. Since M is 1-connected, pseudoisotopy implies isotopy
(Quinn, [8]). The complement of Ny is a disk, and hig(h; ') is the iden-
tity on the boundary. Therefore Alexander’s isotopy (“squeeze toward
the middle”) on the disk gives an isotopy of (h1g)(hs') to the identity.
The Alexander isotopy and the isotopy of g therefore give an isotopy of
hy to a map which when composed with (h;!) gives the identity. This
characterizes ha, so hj is isotopic to hs, as required for the theorem. i

10.5 m-negligible embeddings

An embedding (V,3,V) — (W, W) is m1-negligible if m;(W - V) —
m1(W) is an isomorphism. We also assume it is proper in the sense that
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there is a collar on W which intersects V in a collar on V. The disk
embedding theorems of chapter 5 provide m,-negligible embeddings of
unions of 2-handles (D? x D? S' x D?) extending a given embedding
of 8! x D? in the boundary. Here this is generalized to embeddings of
4-manifold pairs (V,3yV), extending given embeddings of 9gV in dW.

10.5A Embedding theorem. Let (V;0,V,0,V) be a compact 4-man-
ifold triad so that w (V,8V) = {1} = m1(V,0,V) (all basepoints), each
component has nonempty intersection with 01V, and components dis-
Jjoint from 0gV are l-connected. Suppose h: V — W is a map which
restricts to an embedding of O,V in OW.

(1) Existence: Suppose mW is good, H}(Wy,VUOW, Zm, W) = 0,
and h “preserves relative intersection and selfintersection num-
bers.” If ws is trivial on ma W, or does not vanish on the subspace
of myW perpendicular to Ha(V,0,V; Zm W), then h is homotopic
rel BV to a my-negligible embedding. If we # 0 does vanish on
the perpendicular, then h is homotopic to such an embedding in
exactly one of W or xW.

(2) Uniqueness: Suppose hg,h1: V x I — W are m;-negligible
embeddings, homotopic rel 3gV. Then there is an obstruction
in H3(V,8,V;(Z/2)[Ty]), where T, is the set of elements in
kerwe C mW of order exactly two. If this vanishes then hg
is m1-negligibly concordant to h;.

A concordance of embeddings, as in (2), is an embedding V x I —
W x I which restricts to the given embeddings on V x {i} — W x {i},
1 = 0,1. The m;-negligibility and duality imply that the complement of
the interior of F(V x I) is an s-cobordism. If the fundamental group
of W is good then the s-cobordism theorem implies this has a product
structure, so the two embeddings are “pseudoisotopic.” Finally if W is
1-connected the pseudoisotopy theorem of Quinn [8] implies the embed-
dings are isotopic. We caution that the concordance produced by the
theorem may not be homotopic to the original homotopy.

The proof of the existence part of the theorem is given in 10.8, and
the uniqueness in 10.9.

We now discuss the hypotheses. H}’ denotes the finite cochain coho-
mology, which on compact spaces is the same as ordinary cohomology.
For manifolds it is Poincaré dual to ordinary homology even when the
manifold is noncompact. W}, denotes the mapping cylinder of h. As in
10.3 above, the subspace of moW perpendicular to Hao(V,3pV) is the set
of elements a € moW with A(a,b) =0 for all b € Ho(V, 8V ; ZmW).

Next “preserves relative intersection numbers” will be defined. The
term is supposed to suggest that relative classes in {(V,8pV) have the
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same algebraic intersection structure as the images in (W, 9yW). This
cannot be defined the way it sounds because intersection numbers are not
well defined for relative classes. Instead we form absolute classes from
the differences a — h.a in V.U W, and say that “relative intersections”
are the same if the absolute intersections of these differences are trivial.

Let dy: Hi(V,0,V; Z7) — H;(VUs,v W; Z7) be induced by the chain
map which takes a relative chain z to z — h,z. Define A,(z,y) to be
the intersection number A(dp(z),dn(y)) € Zw, and similarly fin(z) =
fi(dr(z)). Then “h preserves relative intersection numbers” if A, and gy
vanish on H;(V,8,V; Z).

Sometimes the selfintersection part of this definition can be omitted.
Recall that intersection numbers (in 4n-manifolds) determine selfinter-
sections except for coefficients of elements g € m,W with ¢ = g~! and
wi(g) = 1. Therefore the selfintersection condition is unnecessary if w,
is trivial on 2-torsion in m; W. In general if the selfintersection hypoth-
esis is dropped then the undetermined part can be organized to give an
obstruction: denote the elements of order 2 and w; =1 by T_, then we
get an obstruction in H2(V,80V;Z/2[T-)).

Analogously to this the Z/2[T ] obstruction encountered in the unique-
ness part of the theorem also comes from a selfintersection problem. The
signs change because this problem occurs in a 6-manifold.

Next we show that many of the hypotheses are necessary as well as
sufficient.

10.5B Proposition. Suppose h: V — W, as above, is homotopic rel
doV to amy-negligible embedding, either in W or *W. Then m(V,0,V) =
{1} (for all basepoints), h “preserves relative intersection and selfinter-
section numbers,” and H}(Wh,V UW; Zm W) = 0.

Basically, the only condition in 10.5A that is not always necessary is

the requirement that m;(V,8,V) = {1}
Proof: If V is embedded, the Seifert-Van Kampen theorem identifies
the fundamental group of W as the free product of mV and m; of the
complement, amalgamated over 7;8,V. If the complement has the same
fundamental group as W then 8,V must be connected and my3,V — mV
must be onto. The long exact sequence of the pair shows these to be
equivalent to the vanishing of = (V,0;V).

An embedding does not change intersections, so preserves intersection
numbers. Finally if A is an embedding then by excision H?(Wh, Vu
W, ZmW) = H’}(W — int A(V),8(W — inth(V))). This is dual to
H,(W — inth(V); Zm; W), which is H; of the covering space associated
to the homomorphism to 7; W. The m-negligible condition implies this
covering space is 1-connected, so H; vanishes. i
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10.6 Proof of 10.3

We show that the connected sum decomposition theorem follows from
the m-negligible embedding theorem.

Let M be a closed simply-connected manifold, and denote—as above—
the complement of a flat open 4-ball by Mg. Consider this as a triad
with dy Mp empty, then a decompostion of W as a connected sum with
M corresponds exactly to an embedding of this triad in W.

M, is homotopy equivalent to a wedge of 2-spheres, so oM @ Zm W is
a free Zm, W-module. Given a Zm W homomorphism (7o M @ Zm; W) —
ma W there is a map (unique up to homotopy) My — W inducing it. This
map preserves intersection and selfintersection numbers in the sense of
10.5 if and only if the homomorphism preserves A and u in the sense of
10.3. Finally the w> on perpendicular subspaces is the same in the two
statements. Thus 10.5(1) implies 10.3(1).

For the uniqueness part, assume that two connected sum decomposi-
tions of W are given. Since the homomorphism on m; determines the
map Mg — W up to homotopy, if the decompositions induce the same
decomposition of 7o W the embeddings are homotopic. Therefore 10.5(2)
provides an obstruction in Z/2[T;] whose vanishing implies pseudoiso-
topy of the embeddings. But 7. is the set of elements in the kernel of
wi: mW — Z/2 of exponent exactly 2, so the injectivity assumption
in 10.3(2) is equivalent to 7'y being empty. Thus 10.5(2) implies the
pseudoisotopy part of 10.3(2).

To complete the proof of 10.3 we need uniqueness of the complement
when the form of M is even. This is proved independently of 10.5, and
in fact will be used in its proof.

We suppose W ~ M # W, ~ M # W,. Define W by connected sum of
with a copy of —M, so W~ M#Wl ~ M#Wg, with M = M+#(—M).
The form of M is even, indefinite, and has signature 0, so it is isomorphic
to k[9}] for some k. According to the characterization theorem the
manifold is supposed to be kS? x §%. We give a direct proof of this by
finding the core spheres using the disk embedding theorem.

Choose a basis for M, {a;,b;} for i = 1,... ,n so that all inter-
sections and selfintersections are trivial except A(a;, b;) = 1. Represent
the {a;} by framed immersions A;: $2 — M, and choose a 4-ball D
which intersects the A; in mutually disjoint embedded disks. Delete the
interior of D, then the result is a collection of framed immersed disks
with algebraically transverse spheres (the b;). M is simply connected,
so the corollary to 5.1 applies to give a regular homotopy rel boundary
of | J; Ai to an embedding. Replacing D gives disjoint framed embedded
spheres representing {a;}.
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Next find disjoint framed embedded spheres {B;} representing {b;},
and so that the only intersections with the A, is a single point in each
A; N B;. This is done either by deleting a neighborhood of  J, A: and
applying corollary 5.1 again, or much more directly by using the spheres
A; as in the exercise in 1.9.

Now let h;: W~ M# W; denote the given homeomorphism for j =
1,2, so that hihy ! preserves the decompositions of the forms and is
the identity on the part coming from M. Construct a 5-manifold Z by
starting with W x I, adding 3-handles on the spheres h7 1 A; ¢ W x {0},
and 3-handles on the spheres h;!B; € W x {1}. The boundary of Z
is the union of three pieces; W; connected sum the manifold obtained
by surgery on | J, A; C M, W, connected sum the manifold obtained by
surgery on | J; B; C M, and (8W) x 1. Since M is reduced to a homotopy
sphere (thus a sphere) by surgery on either the A; or the B;, the first
two pieces are W, and Ws.

The basic idea is that Z is an s-cobordism rel boundary from W, to
Wa, so since the fundamental group is good the s-cobordism theorem im-
plies the ends are homeomorphic. We have not assumed W is compact,
so we use the “enlargement” version 7.1C of the s-cobordism theorem
rather than 7.1A. There is a handlebody structure for (Z, W;) with 2-
handles the duals of the handles added to the h; ! A;, and with 3-handles
the handles added to the h; 1B.. W is the level manifold between the
2- and 3-handles. Since hyh; ! is the identity on the part of the forms
coming from M , the matrix of intersection between the hl_lA. and the
h5 ' B, is the identity.

Choose nullhomotopies for Whitney circles for all excess intersections
and intersections, and let X be a compact submanifold of 174 containing
all the spheres and nullhomotopies. Let Y be the submanifold of Z
obtained by attaching the handles, then (Y,Y NW)) is an s-cobordism
and Z has a product structure in the complement of Y. Since m, 2 =
7, W is good, version 7.1C of the h-cobordism theorem implies that Z has
a product structure. In particular there is a homeomorphism W; ~ W5,
as required. i

10.7 Manifolds with infinite cyclic fundamental group

Analogs of the characterization and connected sum theorems are stated
without formal proof, basically as an extended exercise. We denote the
infinite cyclic group by J, to distinguish it from the coefficient ring Z.

Suppose M is a closed manifold with m;M ~ J. Then Hy(M;Z[J])
is a free Z[J] module; the fact that it is stably free is a byproduct of
the proofs of the results below, and for this ring stably free implies free.
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When M is orientable the intersection form is a nonsingular hermitian
form on this free module. Generally the form is defined using an orien-
tation at the basepoint, and is @;-hermitian.

10.7A Classification Theorem.

(1) Existence: Suppose (H, ) is a nonsingular hermitian form on
a finitely generated free Z|J]-module, k € Z/2, and if X is even
then we assume k = (signaturel)/8, mod 2. Then there is a
oriented closed manifold with =, = J, intersection form A\ and
Kirby-Siebenmann invariant k.

(2) Uniqueness: Suppose M, N are closed and oriented with 7; =
J, hi Hy(M;Z[J]) — Hy(N;Z[J]) is a Z[J] isomorphism which
preserves intersection forms, and ksM = ksN. Then there is a
homeomorphism f: M — N, unique up to pseudoisotopy, which
induces the given identification of fundamental groups, preserves
orientation and such that f, = h.

This is the analog of 10.1, except the uniqueness is only up to pseu-
doisotopy. We caution that the situation with other fundamental groups
is much more complicated (see 10.10).

To state the analog of the sum theorem we need an S! analog of
connected sums. A map S! — M? is homotopic to an embedding with
neighborhood a D3 bundle over S!. This bundle is either S* x D3 or a
Mobius band times D?, depending on the value of w; on the homology
class. Now suppose there are embeddings of S! in both M and W,
on which the respective w; take the same value. Define M #g W by
deleting the interiors of disk bundle neighborhoods and identifying the
boundaries. More precisely if local orientations are given then this can
be done so the result has a local orientation compatible with those of the
pieces, and when normalized in this way the operation is well-defined.

Continuing with the same notation, suppose M has fundamental group
J and S* C M represents the generator. Suppose also

the inclusion S! C N is injective on 7;. Then 71 (M #g N) ~m N.
Denoting this group by m, it is also true that Ho(M #g1 N;Z[n]) =
(Ho(M;Z[J]) ®zy Z[r]) ® Ho(N; Z[r]). Similarly the intersection form
of the sum is the form on M tensored up to Z[x], plus the form on N.

10.7B Theorem. Suppose M is a closed locally oriented 4-manifold

with fundamental group J, W has good fundamental group n, J — 7
is injective, and w; of the two manifolds agree on J.

(1) Suppose Hy(M;Z[J]) ®zy Z[n) — HW is a Zn homomorphism

which preserves A and ji, and either wy = 0 on W, or w, does

not vanish on the subspace perpendicular to the image. Then
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there is a decomposition W ~ M #s1 W’ inducing the given
homomorphism to moW. If wy # 0 does vanish on the perpen-
dicular, then exactly one of W or *W decomposes.

(2) Suppose hy: W =~ M #5 W) and hy: W ~ M #5 W, are
two decompositions inducing the same decomposition of wa. If
wy: mW — Z/2 is injective on elements of order 2, then the
decompositions are pseudoisctopic.

Note that, unlike the previous theorem, the manifolds are not assumed
orientable.

This result is proved from the m;-negligible embedding theorem. De-
note by Mg the complement of the open disk bundle of the embedding
S1 ¢ M, then the data of (1) defines a map Mg — W. Let S' C Mg
be another generating circle, with disk bundle neighborhood E. Show
that the map Mg — W is homotopic to one which is a homeomorphism
on FE and takes Mg — E into the complement of the image of E. Then
10.5 applies to the map (Mg — intE, dE) — (W —imE,imdE).

It may be helpful to note that after addition of a closed 1-connected
manifold with even form, (Mg — intE, OF) has a handlebody structure
with only 2-handles (see the next section).

The characterization theorem is proved, as in the 1-connected case,
from the sum theorem and a few additional facts. The first fact is a
stable classification of nonsingular hermitian forms over Z[J]. Given
(H,A) there is an n x n hermitian Z[J]-matrix A (possibly singular)
such that (H,A) @ (Z[J]*",[$ 4]) is isomorphic to a sum of copies of
[1] and [—1]. This is the statement that the group of stable equivalence
classes of such forms is generated by the form [1], see Ranicki [1, §10].

To remove summands [(1) /1‘] as in the proof of the 1-connected version,
we need to construct manifolds with these forms. Begin with E = S! x
D3. Choose n pairs of embedded disks B;, C; in OF which are mutually
disjoint except for a clasp of intersections in B; N C;. Adding 2-handles
to E on the standard framings of 8B;, OC; gives E # n(S? x §2), with
form [? (l)] Now modify the C;: push a piece of C; around a loop ¢ and
introduce a clasp with Cj.
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This changes the intersection matrix by the symmetrization of the ma-
trix with +g in the ¢, j place. Any symmetric matrix A over Z[J] can be
realized by this operation and changing the framing on the dC;. Attach-
ing handles to these new framed circles gives a manifold with boundary,
and form [§}].

The nonsingularity of the form implies the boundary of this manifold
has the Z[J] homology of OF. However (accerding to surgery, in 11.6)
any such manifold bounds a topological manifold with the homotopy
type of S'. Attach such a bounding manifold to the construction to
obtain a closed manifold with the desired form.

The uniqueness statements require an additional fact from surgery.
Let E be a D’ bundle over S!. If N — FE is a homotopy equivalence
which is a homeomorphism on the boundary, then it is homotopic rel
boundary to a homeomorphism (see 11.5). This is used in the cases
j=3and j=4.

10.8 Proof of 10.5(1)

In outline, the theorem is first reduced to the case where (V,3V) is
a handlebody with only 2-handles. The 2-handles are then embedded
using the embedding theorem for disks. When wy # 0 on w3 but vanishes
on the subspace perpendicular to Hy(V, 9oV; Zm W) then complications
arise because we cannot always find framed immersed dual classes for
the 2-handles.

Much of the chapter to this point has consisted of deductions from
the result now being proved. However the uniqueness of cancellation for
manifolds with even forms, and the existence of the manifold || Eg|| were
established independently, in 10.6 and the proof of 10.1, respectively.
We will use these facts here.

Suppose M is a clesed 1-connected manifold with even form, and
suppose the map obtained by connected sum with the identity M #V —
M #W is homotopic rel 3y V to a m;-null embedding. This gives a second
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embedding of My in M # W, and therefore a decomposition M # W ~
M # W' with the two copies of M representing the same summand of
the form. The uniqueness of cancellation shows the canonical homotopy
equivalence W ~ W’ is homotopic rel 8W to a homeomorphism. But
W' has V embedded m-negligibly in it. Therefore we get an embedding
of Vin W.

This shows it is sufficient to embed M # V in M # W, where M is
any closed manifold with even form and 1-connected components.

As a first consequence we note we can assume V' is smoothable. Add
a copy of the Eg manifold to each component with nontrivial Kirby-
Siebenmann invariant to change it to be zero. According to 8.7(1), a
manifold with vanishing Kirby-Siebenmann invariant can be smoothed
after connected sum with some number of copies of S x §2. Therefore
V # j|| Es|| # k(S? x S?%) is smoothable, and to embed V it is sufficient
to embed this.

The second consequence of cancellation is that we can assume (V, 9o V')
has a handlebody structure with only 2-handles. We first arrange that
8yV intersects each component nontrivially; in each component where
this fails make A a homeomorphism on a ball, delete the interior from
both V and W, and add the boundary to 9V. Now since V' is smooth-
able it has some handlebody structure. Each component intersects 95V
and 8,V nontrivially, so there is a handlebody structure with no 0- or
4-handles. 1- and 3-handles will be eliminated by showing they can be
changed into 2-handles by connected sums with S2 x S2.

Consider a 1-handle, attached to 9yV. The connectivity assumptions
imply that =;(V,8V) = 0, so the core of this 1-handle is homotopic
relative to the ends into dgV.

Approximate the homotopy by a framed immersed 2-disk which is
standard near the core of the handle, and push selfintersections off by
finger moves (see 1.5). This gives a framed embedded disk whose bound-
ary is the union of the handle core and an arc on 9;V. Let B denote
a 3-ball neighborhood of the arc in 9yV, then a collar on B union with
the 1-handle is isomorphic to S! x D3.

The connected sum operation #52 x §? removes a 4-ball and replaces
it with S2? x §2 — D2 x D2, where §? = D? U D%. Identify D? x D?
in this with a 1-handle in the original 4-ball. The complement of this
1-handle is isomorphic to S! x D3, so the operation becomes: remove
a copy of S x D3 (whose core bounds an embedded D?), and replace
it with D? x §%2. (This is a “surgery” on the S'.) Therefore by such
a connected sum we can replace the 1-handle on B x I with a copy of
D? x S§?. This can be regarded as a 2-handle added on B x I, so the
original 1-handle has been replaced by a 2-handle.
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A 3-handle can be considered dually as a 1-handle attached to 8,V so
the same argument can be used to convert all 3-handles into 2-handles.
We now assume (V,3;V') has only 2-handles. Denote the core 2-disks
of these handles by {D;}. The first step toward applying the disk em-
bedding theorems is to find an appropriate immersion homotopic to h.

According to the immersion lemma h is homotopic to an immersion
which differs by rotations from the given one on the attaching region
of the handles. Let x; denote the rotation on 9yD;. A; = D; U h(D;)
defines immersed 2-spheres with possibly nontrivial normal bundles. The
1 coefficient (in Zm; W) of the selfintersection forms of these immersions
satisfy 2u; (A;) + xi = M(4s, Aj)-

The hypothesis that h “preserves relative intersection numbers” im-
plies A1(A;, A;) = 0, so x; is even. According to 1.3 it can be changed
by any even number by twisting inside h(D;), so we can arrange for it
to be zero. This gives an immersion of V extending the embedding of
dyV, and the intersection and selfintersection forms of the core disks are
trivial. Note that according to Proposition 1.7 this immersion is well-
defined up to regular homotopy; different regular homotopy classes rel
boundary of immersions of disks can be distinguished by selfintersection
numbers.

Next we locate homologically transverse elements for the h(D;), in
K] w.

Since the cohomology group H} (W, W U V) (ZmW coefficients)
is assumed trivial, the long exact sequence of the triple (Wy,0W U
V,0W) shows that H}(W,0W) — H*(V,8,V) is onto. The first group
is Poincaré dual to Ho(W;Zm W) ~ mW. Since (V,8,V) has only
2-handles the cohomology group is isomorphic to the dual of the ho-
mology; (Ha(V, 9gV))*. The resulting homomorphism Ho(W;Zm W) —
(H2(V,0V))* is the adjoint of the intersection form A: Ho(W; Zm W) x
Hy(V,00V) — Zm;W. Since the homomorphism is onto we conclude
that there are elements a; € mW such that A(D;, ;) =0if ¢ # j, and
=1ifi=j.

To apply the embedding theorem we need such classes «; represented
by framed immersions. According to 1.3 this will be the case if wa(a;) =
0. If ws = 0 on mW this holds automatically. If there is an element
v € maW so that A(D;,v) = 0 for all i and wa(7y) # 0, then we can add
~ to the a; with nontrivial ws, to obtain new o; on which ws vanishes.
Therefore framed immersions can be obtained unless wy is nontrivial on
w2 W, but vanishes on the subspace perpendicular to H2(V,8pV).

When there are framed immersed «;, Corollary 5.1B implies that A is
_ regularly homotopic rel dyV to a 7 -negligible embedding. This proves
theorem 10.5(1) unless w2 # 0 on moW, but vanishes on the perpendic-
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ular to Hy(V,0pV').

To analyse the situation when the ¢; cannot be chosen to be framed,
we recall the proof of the appropriate embedding theorem (the proof
of Corollary 5.1B from Theorem 5.1A). First immersed Whitney moves
are used to change h by regular homotopy so that the «; are repre-
sented by framed immersions which are transverse spheres for the h(D;).
Then immersed Whitney disks are chosen for all intersections among the
h(D;). These are made disjoint from the h(D;) by adding copies of the
o;. Framed immersed transverse spheres for the Whitney disks are con-
structed by contraction from the linking tori and caps, after the caps
are made disjoint from A(D,) using the a;. Theorem 5.1 then applies to
the Whitney disks; they can be replaced by embeddings with the same
framed boundaries. Whitney isotopies using these embedded disks give
a regular homotopy of k to the desired embedding.

The only step which requires the framing is the use of sums with
the a; to make the Whitney disks disjoint from h(D;). For example,
in the last step (constructing transverse spheres for the Whitney disks)
each «; enters algebraically zero times, because it is added to caps in
a capped surface which is then contracted. This implies twists in the
normal bundle cancel out. Since the problem comes from these Whitney
disk—h(D;) intersections, we use them to define an invariant.

10.8A Definition. In the situation above suppose B is an immersed
Whitney disk for intersections among the h(D,), with boundary arcs on

h(D;) and h(D;). Define km(B) = wa(as)wa(a) >, |[BNA(Dy)w2(ak),
in Z/2. Here |B N h(D;)| denotes the number of intersection points, in
general position, mod 2. If {B;} is a complete set of Whitney disks (with
disjoint boundaries) for all the intersections, define km(k) = 3, km(B
Finally if kg is a map as originally specified in the theorem, and h 1s a
map of a 2-handlebody obtained from it as above, then define km(hg) =
km(h).

This invariant extends an embedding obstruction for 2-spheres dis-
covered by Kervaire and Milnor [1], and the notation is intended to
reflect this. The following lemma completes the proof of part (1) of the
theorem.

10.8B Lemma. Suppose h satisfies the hypotheses of 10.5(1), and de-
termines wp on maW. Then km(h) is well defined, and h is homotopic
rel 8V to an embedding in W, or xW | if and only if km(h) = 0, or
km(h) = 1 respectively.

Proof: We claim it is sufficient to show the invariant is well-defined,
and that if it vanishes then h is homotopic to an embedding. Since
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an embedding trivially has vanishing invariant these assertions directly
imply that % is homotopic to an embedding if and only if the invariant
vanishes. We show next the assertions also imply that if km(k) = 1
then A is homotopic to an embedding in xW. Together these statements
imply the lemma.

Let f: CP? — xCP? denote the canonical homotopy equivalence,
then fo: CP¢ — xCP? satisfies the hypotheses of the theorem, but
cannot be homotopic to an embedding. Therefore km(fy) = 1. Consider
hU fo: VUCP} — W # (xCP?). If km(h) = 1 then km(h U fp) = 0,
so is homotopic to an embedding. This gives an embedding of V in
the complement of CP? C W # (xCP?), which is by definition (*W ).
Therefore h is homotopic to an embedding in *W.

We now show that if V has a handlebody structure with only 2-handles
such that km(h) (defined with respect to this structure) vanishes, then
h is homotopic to an embedding.

The first step is an operation which changes intersections of Whitney
disks. Suppose D is an immersed disk, and B, C are Whitney disks
with disjoint boundaries, for intersections of D with a surface D’. Push
a piece of the boundary arc of B through one of the C intersection points,
to introduce a new BD' intersection and a point of intersection of the
Whitney arcs.

D new BD/
- intersection

i g
Sl any/ g dany

Now push the C boundary arc along the B arc through one of the B
intersection points.
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This makes the boundary arcs disjoint once again, and introduces a
CD' intersection. If km is defined using intersections with D’ then this
procedure changes both km(B) and km(C).

Now suppose & is an immersion of a 2-handlebody, with Whitney disks
{B;} and km(h) = 0. We change this so that each Whitney disk has
km = 0. If there is a Whitney disk with km 5 0 then there must be two
since the total is 0 mod 2. Suppose they are B} and B;, with a boundary
arc on h{D;), h{D;) respectively. Use a finger move to introduce a
new pair of intersections between h(D;) and h(D3), with embedded
Whitney disk C with boundary arcs on both h(D,) and h(D;). Apply
the procedure above to the pair C, B;, and to C, B;. A single new
BN h(D) intersection is introduced into each of B; and B, so they now
have km = 0. Two intersection points are introduced into C, so it also
has km = 0. This reduces the number of km 7# 0 Whitney disks by 2,
so by induction they can all be converted.

Thus we may assume all Whitney disks have km = 0. Use connected
sums with the (possibly unframed) transverse spheres to make them
disjoint from the h(D,). If a disk B, is changed by an even number of
sums with spheres with wy # 0 then the normal bundle of the result
differs on the boundary by an even number of twists from the Whitney
framing. Interior twists as in 1.3 can be used to correct this. If there
are an odd number of such spheres then by definition of km(B,) one
of the boundary arcs must be on a disk with framed transverse sphere,
say h(D;). A boundary twist about this arc corrects the framing on the
Whitney disk, but introduces a new intersection with h(D;). Since h(D;)
has framed transverse sphere this intersection can be removed without
disturbing the framing.

Therefore we can arrange that there are Whitney disks with interiors
disjoint from the h(D.). As noted above the rest of the proof of the
embedding theorem does not require framings on the transverse spherse
of the h(D,), so (if the fundamental group is good) there are embedded
Whitney disks, and A is homotopic to an embedding.

The lemma will be completed by showing that km(h) is well-defined.
Note that if it is well-defined with respect to a fixed handlebody struc-
ture then its vanishing is equivalent to embedibility of the manifold. But
embedibility is independent of the handlebody structure, and indepen-
dent of the connected sums used to get such a structure. Therefore it is
a well-defined invariant of the original map. This reduces the problem to
showing it is well defined with respect to a fixed handlebody structure.

Fix a handlebody structure for (V,8,V) with only 2-handles. Recall
that the immersion homotopic to 4 is well-defined up to regular homo-
topy by the intersection number conditions. A regular homotopy is a
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sequence of Whitney moves, finger moves, and isotopies. Since a Whit-
ney move is inverse to a finger move, it is sufficient to see that km is
invariant under finger moves.

A finger move introduces a single embedded Whitney disk disjoint
from everything else, so adding it to a collection of Whitney disks gives
a new collection with the same invariant. This reduces the proof of the
lemma to showing the invariant is independent of the choice of Whitney
disks, for a fixed immersion in general position.

The first step is to generalize the definition. Define “weak” Whitney
disks to be disks satisfying all the conditions on Whitney disks, except
the boundary circles are allowed to be immersed arcs in A(D.). (Usually
they are required to be disjointly embedded.) Now suppose {B} is
a complete collection of weak Whitney disks for the intersections of
h(D.). Define km(B,) to be the sum over all intersections intB, N
h(D,) and selfintersections of §B, of products wo(a;)wa(o;)wa(ak) in
Z/2. For a BD intersection, i is the index of the D,, and j, k are the
indices of the h(D.,) containing the boundary of B. For a 0B intersection
between boundaries of distince B, 1 is the index of the D, on which the
intersection takes place, and j, k are the indices of D, containing the
other boundary arcs of the Bs. For a B selfintersection, i is the index
of the D, on which the intersection takes place, and j = k is the index
of the D, containing the other boundary arc of B.

If the Whitney disks are standard, so there are no boundary intersec-
tions, this reduces to the previous definition.

The new definition of km is invariant under regular homotopy of the
Whitney disks. During a regular homotopy intersection points appear
and disappear in pairs, leaving the sum in Z/2 unchanged, except when
one boundary arc of a Whitney disk passes over an endpoint of another
boundary arc. This changes the number of boundary intersections by
one. Since endpoints are h(D,) intersection points, it also changes the
interior intersections by one, as in the pictures above. The Z/2 elements
assigned to the two types of intersections are the same, so the sum is
invariant in this case also.

Next we show the invariant depends only on the Whitney circles,
not on the choice of disks. Suppose B and B’ are Whitney disks with
the same boundary circle, on disks h(D;) U h(D;). Both B and B’
define framings of the wormal bundle of the boundary circle. Using
the uniqueness of the normal bundle of the circle, we may assume after
isotopy that B’ intersects the B framing in a subbundle, which may be
twisted. Suppose there are r twists along the arc on h(D;) and s twists
on h(D;).

Applying the boundary twisting operation of 1.3 to B’ straightens out
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B’, but introduces rotations in its normal bundle. Once B and B’ are
aligned near the boundary they can be glued together a short distance
out from the boundary curve to give an immersed sphere, C. Because of
the rotations introduced by the twisting operation wy(C) = 7 + s mod
2.

Note that wz(C) is also given by 3>, |C N h(Dg)|wz(ax). This is be-
cause C can be expressed (in moW) as a linear combination of the «.,
plus an element perpendicular to h(D,). Since w, vanishes on the per-
pendicular subspace, this last has ws = 0. The number of copies of aj
in the sum is |C N h(Dy)|, so the formula follows from additivity of ws.

This expression for we(C) can be related to the km contributions of
B and B’. C has the same intersections with the h(D,) as intBUintB’,
plus some introduced by the twisting operation; r with h(D;) and s
with h(D;). Since we have assumed wq(a;) and ws(a;) are nontrivial,
the intersection expression gives wo(C) = >_, |(intB) N h(Dy)|wa (o) +
>k |(intB') N h(D)|wa(ax) + 7 + s.

Subtracting w2(C) = r + s and multiplying by wa(c;)w2(a;) shows
that the interior contributions of B and B’ to km are equal. Therefore
km(B,) depends only on 9B,.

Now we show it does not depend on 9B either. Note that two collec-
tions of immersed arcs in a 2-disk, with the same endpoints, are regularly
homotopic rel endpoints. Regular homotopies of the boundary curves
can be extended to Whitney disks, and km is invariant under regular
homotopy. Therefore km depends only on the pairing of intersection
points, not on the choice of arcs.

A pairing of intersection points can be deformed to any other pairing
by a sequence of moves, each of which changes two pairs. It is therefore
sufficient to see that such a move does not change the invariant.

Suppose a;, ag are positive and by, be are negative intersection points
between h(D;) and h(Dj), all with the same associated element of the
fundamental group. Let By, By be (weak) Whitney disks for the pairs
{a1,b:1} and {a2,b;}. Suppose C; is a Whitney disk for {a1,b;}. Then
a Whitney disk C, for {az,b,} can be constructed from parallel copies
of B1, By, and C', and small twists near {a1,b2}.

B, @ (\,/Cz\{\
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C> has the same intersections as the union of the other disks, so C, UC»
has the same intersections mod 2 as B; U B,. Therefore km is invariant
under replacement of C, U C> by B, U Bs.

This completes the proof of the lemma, and therefore of the existence
part of the m,-null embedding theorem. i

10.9 5-dimensional embeddings

The uniqueness part of the embedding theorem will be deduced from
an analogous embedding theorem for 5-manifolds. Specifically, suppose
g: (VxI,Vx{0,1} UV xI) > W x I is a homotopy rel boundary
between embeddings of V. Set (X,80X) = (V x I,V x{0,1}UdV xI),
and Y = W x I, then g is a map which is an embedding on 9yX.
A m-negligible emnbedding which agrees with g on dy X is exactly the
“concordance” required for the uniqueness statement.

Theorem. Suppose (X; %X, X) is a compact 5-manifold triad with
(X,8,X) 2-connected and (X, 8,X) 1-connected. Suppose g: X% — Y?®
is a map which embeds 9y X in 8Y , and H}‘(Yg, XUBY;Zm,Y) =0. Then
there is an obstruction fid, € H3(X,8,X;(Z/2)[Ty]) which vanishes if
and only if there is a m-negligible embedding ¢': X — Y equal to g
on 8y X and inducing the same homomorphism H3(X,5X;ZmY) —
H3()/, 60X; Zﬂ'] Y)

H; denotes, as in 10.5, the finite cocycle cohomology, and Y, the
mapping cylinder of g. T is the subset of m Y of elements of exponent
exactly 2 on which w; is trivial, as in 10.5. In particular if w;: mY —
Z/2 is injective on elements of order 2 then the obstruction group is
trivial, and embeddings exist.

As explained above, the uniqueness in 10.5 follows by applying this
to a homotopy ¢g: (V x I,V x {0,1} UGV x I) — W x I. Delete a
ball from each component of V which does not intersect 9oV, to get the
proper connectivity.

Proof: The proof is rather lengthy, so we begin with an outline. The
first step is the definition of the obstruction, in terms of selfintersections
in a 6-manifold. Then there is a reduction to the case where (X, 99 X ) has
a handlebody structure with only 3-handles. The images of these handles
have 1-dimensional intersections and selfintersections. The invariant is
described in terms of these intersections, and in fact only involves circles
with connected preimages. Then the process of simplifying intersections
begins, with the elimination of arcs joining singular points. Next is a
version of the Whitney move, which joins intersection circles. When
the invariant vanishes this is used to eliminate intersection circles with
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connected preimage. This leaves circles of intersection whose preimages
are two circles. These are eliminated (after some preparation) by a
surgery procedure, which may change the homotopy class of the map.
The result is a map with no intersections or selfintersections among the
handles, so an embedding.

We begin by describing the obstruction. The connectivity hypotheses
imply that the relative homology and cohomology of (X, 8,X) is trivial
except in dimension 3. Therefore the obstruction group is given by
H3(X,5X;(Z/2)[Ty]) = homg(H3(X,8X;Zn),(Z/2)[Ty]), where =
denotes m1Y. The obstruction will be described as a homomorphism on
Hj.

The homomorphism dg: H3(X,00X) — H3(X UY) is induced by
the chain map 1 — g., as in 10.5. Multiplying by R takes this to
H3(X UY x R), where intersection and selfintersection forms are de-
fined. The intersection form vanishes since homotopy classes can be
separated using the R coordinate. The selfintersection form takes val-
ues in Zw /((1+@)Zm). Recall that in an 2n-manifold A satisfies A(z,y) =
(=1)"®A(y, z), and p(z) is defined modulo ((1 + (=1)**1@w)Zx). Before
now we have been working in dimension 4. Here the dimension is 6,
so the signs have changed. Except for the coefficient on the identity
element in Z7 these satisfy Az, z) = p(z) — ou(x) (see 1.7), so the re-
duced selfintersection takes values in the kernel of this symmetrization
homomorphism. This kernel can be naturally identified with (Z/2)[T%].

Assembling these gives fi(dg x R): H3(X,80X) — (Z/2)[T4], which
will be the obstruction to embedding.

The first objective in the proof is to arrange (X, §3X) to have a han-
dlebody structure with only 3-handles. This is done in several steps,
each of which involves “stabilizing” the problem. To stabilize, suppose
¢ is an embedding on a collar of 35X, and consider the collar as a han-
dlebody with a cancelling pair of 2- and 3-handles. Delete the 2-handle
from both X and Y to obtain ¢’: X’ — Y’. This map also satisfies the
connectivity and homological hypotheses of the theorem. If ¢’ can be
replaced by an embedding agreeing with ¢’ on 8y X’, then an embedding
of X is obtained by replacing the 2-handle. It is therefore sufficient to
consider the stabilized problem.

X is changed by the addition of the 3-handle. Specifically X’ is the
boundary connected sum X #4, 5% x D3. This new 3-handle is embedded
in both X’ and Y’, so the obstruction homomorphism vanishes on it.
This shows the obstruction for ¢’ is the image of the obstruction for g.
8o X is changed by connected sum with S? x §2, and 8, X is unchanged.
The homotopy type of X’ is the 1-point union X v S2.

Choose a handlebody structure on (X, 9,X) (one exists since X is a
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5-manifold; see 9.1). According to the “geometrical connectivity” the-
orem (Wall [2]) a 1-connected 5-manifold pair has a handlebody struc-
ture without 0- and 1-handles. More precisely these handles can be
eliminated from a given structure at the expense of introduction of 2-
and 3-handles. Applying this to both (X,8,X) and (X, X) gives a
structure with only 2- and 3-handles. Basically we would like to make
g an embedding on the 2-handles, delete them as in stabilization, and
concentrate on the 3-handles. It is a bit difficult to get the 3-handles
disjoint from the 2-handles, and to relate the properties of the result-
ing ¢’ to those of the original g, so we use a less direct approach. We
show that after a suitable number of stabilizations the resulting X’ has
a handlebody structure with only 3-handles.

(X,81X) has a handle structure dual to the one on (X, 99 X); let Z de-
note 81 X union with the 2-handles in this dual structure. Obstructions
to factoring the identity of X (up to homotopy, rel 8,X) through the
inclusion i: Z — X lie in H*(X,61X;m;(X, Z)). These groups vanish,
since Z is a 2-skeleton if 7 < 2, and by duality using the 2-connectivity
of (X,0pX), if ¢ > 2. Therefore there is j: X — Z, with ¢j homotopic
to the identity.

This factorization gives a decomposition H;(Z) = H;(X)®H;+1(X,Z)
(Zm X coefficients). But H;,1(X,Z) is concentrated in dimension 3,
and is free (generated by the 3-handles). H2(Z) = m2(Z), so choose
maps S? — Z representing the generators of H3(X, Z). Together with
j these define X v kS? — Z which induces a simple equivalence of
chain complexes with Zm; X coeflicients. Since both complexes have
fundamental group m; X, the map is a simple homotopy equivalence.

The conclusion is that the manifold X’ obtained by k-fold stabiliza-
tion is simple homotopy equivalent rel 8; X to a handlebody Z (on 81 X)
with only 2-handles. Approximate the equivalence rel 8; X by an em-
bedding Z — X. This is be done using the 5-dimensional analog of the
immersion lemma, and might involve changing the attaching maps of
the 2-handles by rotations. (Although it is easy to see that for the par-
ticular Z constructed above no rotations are necessary.) Let W denote
the closure of the complement of Z in X.

W is an s-cobordism from 9pX to the rest of its boundary. The
fact that the inclusion is a simple equivalence implies by excision and
duality that W is a simple Zm X coefficient homology H-cobordism,
so it is sufficient to see the boundary pieces and W all have the same
fundamental group as X. 83X does by the 2-connected hypothesis. W
does since it is obtained by deleting 2-handles from X, and X is 5-
dimensional. Similarly 8;W is obtained by deleting 2-handles from Z,
so has the same fundamental group as Z.
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Further stabilization of the problem can be arranged to change W
by connected sum along an arc with §2 x §2 x I, as in the exercise
preceeding 7.3. To see this choose the cancelling 2- and 3-handle pair
to lie in a neighborhood of a collar arc going from 99X to 8; X (missing
the handles). Delete a neighborhood of the 2-handle to get X', and add
the dual of the 3-handle to Z. Then the dual also gets deleted to form
W', leaving the desired arc sum.

Finally apply the stable 5-dimensional s-cobordism theorem (in the
exercise preceeding 7.3) to conclude that after some number of stabi-
lizations the associated manifold W is a product. This means X is
homeomorphic to Z, so (X,8; X) has only 2-handles. Dually (X, 3,X)
has only 3-handles, as desired.

Now we construct “transverse spheres” for the images of the 3-handles
in Y. If the core disks of the handles are denoted D;, then the objective
is a collection of embeddings o;: S — Y so that g(D;) N ¢; is empty
unless ¢ = j, and then is a single (transverse) point. These embeddings
are not required to be framed.

As in the proof of 10.5(1) in 10.8 the vanishing of the cohomology
group H‘}(Yg,X U 8Y;ZmY) implies there are elements a; € m(Y)
with intersection numbers A(g(D;),0;) = 0if ¢ # j, and = 1 if ¢ = j.
Since dim(Y) = 5 these can be approximated by embeddings. The extra
intersections between these and the g(D;) can be arranged in pairs with
Whitney disks. Again since dim(Y) = 5 the Whitney disks can be
chosen to be embedded, although their interiors may intersect the g(D;).
Push the g(D;) across these Whitney disks. This may introduce new
intersections among the g(D;), but reduces intersections with the a; to
single points.

The rest of the proof involves studying the intersections among the
images of the 3-disks g(D;). Approximate them to be in general position
and transverse to each other, then the intersections are circles and arcs of
double points. These are disjoint from the boundaries of the disks since
g is an embedding there. g is an immersion except at isolated “cusps”
ocurring at the ends of arcs of double points. The preimage in UD; is
a union of circles. Over a circle of intersections the preimage is a 2-
fold covering space, so either two circles each going by homeomorphism,
or a single circle going around twice. There is a single circle over an
intersection arc, a 2-fold “branched cover” branched over the endpoints.

We describe the obstruction in terms of these intersections. For this
it is sufficient to determine the value of fi(d;, x R) on generators; the
classes represented by the handle cores D;. The images in H3(X UY')
are represented by D; U g(D;). Let f;: S — R, then the graphs of
these in (X UY') x R represent (d, x R)([D;]).
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Intersections among these occur at points identified both by g and f;.
Consider a circle of intersections of g which is covered by two circles in
D.. The function f can be arranged to have values on one component
strictly greater than on the other, so this circle produces no intersections
in (XUY) x R. The intermediate value theorem implies that arcs, and
circles covered by a single circle, must have points for which the two
points in the preimage are taken to the same value by f. But f can be
arranged so there is exactly one such point on each such arc or circle,
so these produce exactly one selfintersection point each. i € (Z/2)[T4])
therefore counts these mod 2; if v € T, then the coefficient on ~ in
2(D; Ug(D;)) is the number mod 2 of intersection circles covered by a
single circle, and with associated 7 element «. The arcs do not show
up since they have associated element 1 € 7, and 1 is omitted from j
and T.

A selfintersection circle covered by a single circle is itself a repre-
sentative for its associated element in m;Y. Since the double cover is
nullhomotopic, it follows that it is an element of exponent 2. The fact
that D is self-transverse at this circle divides the normal bundle of the
circle locally into two 2-dimensional subbundles. The double cover splits
globally as a sum of orientable subbundles. This identifies the normal
bundle of the circle in Y as being obtained from the bundle R? x R? x I
over I by identifying the ends via the matrix [9 /] This is orientable, so
as a 7, element it lies in the kernel of w;. Therefore the elements which
can occur this way are T, U {1}. We conclude that the obstruction
ft(dg x R) vanishes if and only if: for each j and v # 1 in m Y there are
an even number of selfintersection circles of g(D;) covered by a single
circle and with associated group element 4.

We begin the modification of intersections by first eliminating arcs.
The map has no arcs if and only it is an immersion, so the fastest way to
do this is to use the immersion theorem and the fact that n3(Brop) = 0.
A geometric argument will be given because it gives additional informa-
tion about circles double covered by a circle.

At each end of an arc of intersections is a “cusp” as pictured in 1.6
(but multiplied by (R?,R) to make it 5-dimensional; see Whitney [2]).
The basic idea is that the cusps on the ends of an arc can be joined
together to give an intersection circle. After this is done the map is an
immersion.

In detail, a small ball about the singular point intersects the image
g(D;) in the cone on a standard immersion of $% in $*, with a single
selfintersection. This immersion is obtained from a 2-sphere in 3-space
with a line of intersections by pushing one sheet into the future on one
side of the midpoint of this line, and into the past on the other side.
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There are two of these, depending on which side of the midpoint is
pushed into the future, and these are distinguished by the sign of the in-
tersection point. In a 5-manifold these signs depend—as do intersection
numbers—on choices of paths from the handle images to the basepoint,
and an orientation at the basepoint. Transport the orientation along the
path to get an orientation at the singular point, and use the induced ori-
entation on the boundary of a ball about that point. Cusps on opposite
ends of an arc of intersections have opposite signs.

Cusps of opposite sign can be “cancelled.” Choose an arc between
them disjoint from the double curves. A neighborhood of this arc can
be thought of as a boundary connected sum of ball neighborhoods of
the endpoints. The intersection of the handle image with the boundary
of this neighborhood is the connected sum of two standard immersed
spheres. If the intersection points have opposite sign then this is also
the boundary of the product with I of a standard immersion of D? in
D* with a single selfintersection. Replacing the original intersection with
this product removes the cusps and joins the ends of the original double
point arcs. As observed above joining the ends of all double arcs in this
way gives an immersion with only double circles.

When ends of a double arc are joined in this way there is a choice which
determines whether the resulting circle is covered by a single circle or
by two circles. As above consider the intersection of the handle image
with the boundary of the arc neighborhood as a sum of two immersed
2-spheres. The resulting sphere has two intersections of opposite sign,
and there are two Whitney disks, differing by a twist, which can be used
to remove the intersections leaving a standard (unknotted) 2-sphere.

twist here /‘ Whitney disk
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Put the trace of the Whitney move in a collar of the boundary $4,
and then fill in with a standard embedded D3 C D®. The track of
the intersection points in the Whitney move is the new double arc. By
following sheets near this arc the structure of the double cover can be
deduced, and in particular single twists in the sum tube switch the
double cover between a single circle and two circles.

The intersection points in circles generated from arcs have trivial as-
sociated element in the fundamental group. This is because near the
singularity there are loops going from one sheet to the other inside a
ball. The discussion above implies that we can introduce an arbitrary
number of circles doubly covered by a single circle, and with trivial as-
sociated element in ;. To do this introduce folds with arcs of double
points, then join the ends in such a way to get a connected double cover.

We now describe a version of the Whitney isotopy, which will be used
to eliminate circles with connected double covers.

Suppose z and y are points of intersection between g(D;) and g(D;),
whose associated group elements are equal. Join the preimages by em-
bedded arcs in both D; and D;, then the resulting loop in Y is con-
tractible. Approximate a nullhomotopy by an embedded disk. The
interior of this disk may have point intersections with the g{D.), which
can be removed using connected sums with the transverse spheres ..
A neighborhood of this disk can be parameterized by the model shown
below, modified to be 5-dimensional; multiply by I x I, and multiply
D;, D; by the first and second coordinates respectively.

Whitney disk push across disk
’ 7
| 7

Z 7

L
D;
the model after the move

—

The reason this is always possible, and there is not an “opposite sign”
condition as with isolated intersection points is that there is an addi-
tional degree of freedom: the orientations of the intersection curves can
be changed. The picture on the right shows D;, D, after a Whitney
isotopy across the disk. The two intersections circles-are modified by a
connected sum operation at the points z and y.

For the first application of this Whitney move we observe that if x



and y lie on different circles, both covered by a single circle, then the
operation combines the circles to give a single circle covered by two
circles. This implies that if there are an even number of circles with
connected double cover and some fixed associated v € 7; then they can
be joined in pairs and all converted to trivially covered circles.

We conclude from this that if the obstruction fi(d,) vanishes g can be
modified to have no circles with connected double cover. First, vanishing
means that for any nontrivial element in 7;Y there are an even number
of circles in each D; with connected cover and that particular element.
Thus all these can be combined, leaving only circles with trivial associ-
ated m; element (or disconnected cover). If the number of these in some
Dj is not even then according to the analysis of arcs we can introduce a
single new one, and then eliminate these also.

Now we describe a type of “surgery” on g(D.), which will be the
main technique for removing intersection circles. Suppose a circle of
intersections has preimage two circles 7 C D; and 7' C D;. Begin with
the simplest case where r is unknotted and unlinked, so suppose C C D;
is an embedded 2-disk with boundary r and interior disjoint from the
double points of g. This data will be used to construct a 4-dimensional
handlebody with D; at one end, and a map into Y extending g.

Start with D; x I, and add a 2-handle on 7' x {1} C D; x {1}. Map
this to the normal disk bundle of the image of D;, restricted to the 2-
disk C (note that requiring this map to be defined singles out a specific
framing of 7' x {1} on which to attach the handle). To construct a
second 2-handle begin with the core of the dual of the first handle (a
fiber of the disk bundle over C). Perturb the interior to be disjoint from
the construction to date. There is a single intersection point of this disk
with D;, remove this by connected sum with a copy of the transverse
2-sphere ;. This gives an embedded 2-disk in Y. To get a 2-handle
we need a 2-disk bundle over this extending the normal bundle of the
boundary circle in the boundary of the handlebody. The normal bundle
in Y is 3-dimensional, and the complement of the 2-dimensional bundle
over the boundary is trivial, so according to the stability of bundles it
is possible to extend the splitting over the 2-disk. This splitting is not
unique, and we discuss the effect of different choices below.
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The handlebody gives a bordism from g on D; to a map on some 3-
manifold, which has the same selfintersections and intersections with
the other D, as Dj, except that the image of 7 U7’ has been eliminated.
The bordism shows that this manifold and D; represent the same rela-
tive homology class, so we can replace D; with it (thereby simplifying
the situation) provided the new manifold is a 3-disk. We describe two
situations in which this is the case.

First, if the sphere o; can be framed then the manifold can be arranged
to be a disk. If o; can be framed (which is equivalent to wo(a;) = 0)
then there is a trivial 2-disk subbundle of its normal bundle. Connect
sum with the trivial bundle does not change framings on the boundary,
so in this case the second 2-handle is attached on the same framing
of the boundary S! as the framing coming from the dual disk of the
first 2-handle. The effect on the boundary is the same as deleting a
neighborhood of the dual disk. However this operation undoes the first
handle attachment, and gives D3.

For the other case suppose that the circle 7 C D; bounds an embed-
ded disk (not necessarily disjoint from the other double points). This
disk defines a trivialization of the normal bundle, which differs by ro-
tations (ie. by an element of 71(0(2)) ~ Z) from the framing used to
attach the first 2-handle. If these framings agree then the new manifold
is a 3-disk. This is because the disk and the core of the first 2-handle fit
together to give an embedding of §2 x D? in the handiebody. Replac-
ing this with D3 x S! gives a new handlebody with a 1-handle and a
2-handle (the second 2-handle in the original). The 2-handle is attached
on a circle which intersects the dual sphere of the 1-handle in exactly
one point, so the two handles can be cancelled. Again the modified han-
dlebody is a collar on D; and the complementary piece of the boundary
is a 3-disk.

The next step is to obtain embedded disks bounding preimage cir-
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cles, so the surgery procedure above can be applied. To begin with
there are immersed disks bounding the circles, whose intersections are
all “clasps.” To get these choose nullhomotopies in general position, so
immersed except at isolated cusps. Push cusps across the boundary (this
introduces twists about the boundary circle which change the framing).
If there are circles of intersection, push one disk across the edge of the
other to convert them to arcs. Then triple points can be pushed along
a double arc across the boundary, and eliminated. Finally if there is an
arc lying entirely in the interior of a disk, a piece of its interior can be
pushed across the boundary to convert it into two clasps. None of these
modifications involve changing the boundary circles.

We now associate a “rotation number” to preimage circles. If » C
D; is the preimage of g(D;) then the normal bundle of r in D; is (by
transversality) the restriction of the normal bundle of g(D;) in Y. The
contractibility of D; defines a trivialization of this bundle. But r is also
the boundary of an immersed disk in D;, which also gives a trivialization
of the bundle. These trivializations differ by a rotation in 7; (0(2)) ~ Z,
and this is defined to be the rotation number of r.

Now clasps will be removed. Suppose C; and C; are disks in D; with
boundaries preimages of D; and Dy respectively. Suppose these intersect
in a clasp arc. A finger move of D; along this arc gives an immersion in
which the clasp is removed, but introduces a new circle of intersections
between D; and Dg. There are standard embedded 2-disks, say E and
E’, bounding the preimage circles, and there are clasps between these
and disks in D, and Dy.

El

D; n Dj
in DJ' in D,’ n Dk

D; n D,

These new intersection circles have rotation number 0 since they arise
from finger moves. We repeat the move, pushing D; along the clasp in E.
This introduces new D;, Dy intersections with disks F', F’ which clasp
E’ and C; respectively. But F is now embedded disjointly from other
double points, and has rotation number 0, so the surgery procedure can
be used to change the immersion to eliminate it. The disk E’ is also
removed, so after this the disk F' is disjointly embedded. It also has
rotation number 0, so can be removed by surgery. After doing this we
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have an immersion with all the same data as the original except that
the clasp in C; N Cs has been removed.

Applying this operation at each clasp yields an immersion whose
preimage circles bound disjointly embedded disks.

At this point we can use the surgery procedure to eliminate a great
many circles: any (trivially covered) circle involving a D; with ws(e;) =
0, or with trivial rotation number. In fact we can complete the proof of
the theorem if wy does not vanish on the subspace of 73Y perpendicular
to the image of H3(X,80X;ZmY ) in a sense analogous to the condition
in 10.5. This condition is equivalent to the existence of a 2-sphere disjoint
from the image of g, with nontrivial w,. Using connected sums with
this sphere we can arrange that all ; can be framed. This means all
trivially covered circles can be eliminated. Since vanishing of the fi(d,)
obstruction implies the nontrivially covered circles can be eliminated,
we can get an embedding.

To complete the proof in the remaining cases we show how to change
the rotation numbers of circles in D; when wo(a;) # 0. If g can be mod-
ified so all the rotation numbers are zero, then circles can be eliminated
using the surgery procedure independently of wa(c.).

Suppose wa(a;) # 0. Then the normal bundle of a; in Y is the sum
of the 2-dimensional bundle with Euler number 1 (see 1.7) and a trivial
line bundle. The sphere bundle of this bundle is the Hopf fibration
§% - 82 Let E: §2 — Y denote the embedding of this sphere bundle,
then ENg(D;) is a circle; a fiber of the Hopf fibration.

ay

o Hopf bundle
over oy

The preimages of this circle bound embedded disks in both $3 and D;.
The rotation number of the circle in S2 is 1: the preimage of the normal
bundle of g(D;) is the same as the preimage under the Hopf map of the
normal bundle of a point in §2. That this bundle has rotation number
1 can be seen from the fact that distinct fibers of the Hopf map have
linking number 1: linking numbers are defined in terms of intersections
with bounding disks, so in the case of images of standard sections of a
framing linking is the same as the rotation number.

Now suppose z € g(D;) N g(D;). Choose an arc in D; from the
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preimage of = to a point in £ N g(D;). Denote by ¢’ the map of D; =
D; # S3 obtained by connected sum of g(D;) with E. This map induces
the same homomorphism on homology as g because E bounds the disk
bundle, so is trivial in H3(Y). All intersection structure is the same
except that the circle containing z is replaced by its connected sum
with £ N g(D;). Rotation numbers are additive under connected sum,
so the rotation number of the new circle is greater by 1 than that of
the old. Alternatively, reversing the orientation of E gives a sphere with
intersection circle with rotation number —1, and connected sum with
this reduces rotation numbers by 1.

All rotation numbers can be changed to be 0 by adding such spheres
repeatedly. This gives intersection circles which can be eliminated by
surgery, so completes the proof of 10.9. 1

10.10 References

The classification theorem 10.1 comes from Freedman [2]. The char-
acterization of connected sums in 10.3, the definition of *W in 10.4, and
the 7;-negligible embedding theorem of 10.5 all appear here for the first
time.

The characterization theorem has been extended in several ways. Sim-
ply connected 4-manifolds with boundary have been described by Vogel
[1], and Boyer [1]. The surgery approach to classification has been
pushed through for certain classes of finite fundamental groups by Ham-
bleton and Kreck [1]. The results are quite a bit more complicated than
the trivial and infinite cyclic cases treated here.



CHAPTER 11

Surgery

“Surgery” refers to a collection of techniques for manipulating man-
ifolds. The brief conclusion is that “surgery works” for topological 4-
manifolds, provided the fundamental groups are good. In this chapter
we survey some of the main developments with interesting 4-dimensional
applications, but do not attempt a comprehensive treatment.

The chapter begins with the “plus construction,” which illustrates
the basic technique without a lot of machinery. This is used to con-
struct group actions on contractible 4-manifolds in 11.1C. The surgery
sequence is described and the new cases of exactness are proved in 11.3.
The “surgery program” for classifying manifolds using this sequence is
also discussed. This program is applied to the classification of simply-
connected manifolds in 11.4 and certain aspherical manifolds in 11.5.

The surgery program is worked out in detail (modulo “goodness” prob-
lems with fundamental groups) for 4-manifolds homotopy equivalent to
1-complexes. Section 11.7 concerns knots, giving characterizations of
unknotted 2-spheres in the 4-sphere and Z-slice knots in homology 3-
spheres. There is a version of surgery which gives homology equivalence
with general coefficients. This does not extend to dimension 4, and this
failure is discussed in 11.8. Section 11.9 gives a weak version of the end
theorem for tame ends of 4-manifolds, and describes the use of surgery to
classify tame ends. Finally in section 11.10 we consider the classification
of neighborhoods of fixed points of group actions on 4-manifolds.

11.1 The plus construction

This is adapted from a homotopy theory technique. Versions for CW
complexes and higher dimensional manifolds will be described in the
next section.

11.1A Theorem. Suppose M is a compact 4-manifold, = a finitely
presented good group, and f,: myM — 7 is onto and has perfect kernel.
Then there is a compact bordism rel boundary W from M to a manifold
MY so that myW = m, the inclusion M — W is a simple Zn homology
equivalence, and Mt — W is a simple homotopy equivalence. These
properties specify W uniquely up to homeomorphism rel M.
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W is a bordism “rel boundary” if W = M UMt UM x I. Note W
is a simple Zm-homology s-cobordism.

Proof: Denote the kernel of f,: 1;M — « by A. Since f, is onto and
the two groups are finitely presented, A is finitely normally generated.
This means there is a finite set g1,...,g, € A so that A is the smallest
normal subgroup of m; M containing them. Let M be the cover of M
with fundamental group A. Choose lifts §,: S' — M. The homology
H, (M ; Z) is the abelianization of A, so is trivial since A was presumed
to be perfect. Therefore the §, extend to maps of compact cornected
oriented surfaces bounding the circles; G;: 4; — M. Let G, denote the
compositions into M.

The maps G, are homotopic to disjoint framed embeddings. The
immersion lemma gives immersions with isolated intersections, which
can then be removed by finger moves of one surface across the boundary
of the other. The normal bundle can be framed because it is determined
by wi, which must vanish because H,(M;Z/2) = 0.

Construct a 5-dimensional handlebody W) by attaching 2-handles to
the framed curves g, x {1} C M x I. Denote the closure of the comple-
ment of M x {0} in 8W; by M,. The fundamental group of W; is that
of M divided by the normal closure of the g., so is mM/A = n. W)
is obtained from M’ by adding 3-handles, which do not change 71, so
7T1M1 is also 7.

There are disjoint framed embedded closed surfaces G; U D; in M;
formed by adding copies of the cores of the handles to the surfaces
G;. These surfaces have disjointly embedded transverse spheres, namely
the boundary spheres of the dual handles. Finally we observe that the
G; U D; are homologous to maps of spheres. This is because they have
been constructed to lift to the cover corresponding to the homomorphism
w1 M, — m, which is the universal cover.

Since 7 has been assumed to be good, corollary 5.1B applies to the
homology classes represented by the G; U D;. We conclude that they are
represented by framed m;-negligibly embedded 2-spheres in M,. Define
W to be the handlebody obtained by attaching 3-handles to W) on these
framed embeddings.

This W satisfies the conclusions of the theorem. The fundamental
group is still 7 because adding 3-handles does not change 7;. Denote by
M the closure of the complement of M UM x I in 8W, then this also
has m; M+ = m, because of the 7;-negligibility of the embeddings. The
pair (W, M) is a handlebody with only 2- and 3-handles, with boundary
homomorphism in the Zn chain complex given by the identity matrix.
Therefore the inclusion M — W is a simple Zr-coefficient homology
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isomorphism, and by duality so is M+ — W.

To complete the proof we show that W is unique. Suppose W' is
another such bordism. Consider V = (W Up W’) x I as an s-cobordism
with boundary, from W x {0} to W’ x {0}. The boundary s-cobordism is
(Wupm W) x {1}, which is 5-dimensional with good fundamental group.
According to 7.1 this is homeomorphic to M+ x I. Then according to the
higher-dimensional s-cobordism theorem this product structure extends
to a product structure on V. In particular there is a homeomorphism
W ~ W', which is the identity on M. |}

Exercise (1) Show that if M is a 4-manifold (possibly noncompact),
A C m; M is a normally finitely generated perfect subgroup and =; M/A
is good, then there is a compactly supported Z[m; M/A] homology s-
cobordism rel boundary W from M to M* such that m, M+ = mW =
m M/A. (A bordism is “compactly supported” if it is a product in the
complement of a compact set disjoint from dM.) Show also that such a
cobordism is unique up to homeomorphism fixing M and some U x I,
where U x I is the given product structure and W — U x I is compact.

Corollary. A 4-manifold M bounds a compact contractible (topologi-
cal) 5-manifold if and only if it is a closed Z homology sphere.

Proof: This is the 4-dimensional analog of corollary 9.3C. The only if
direction is a straightforward homology calculation. For the other direc-
tion note that m; M — {1} has perfect kernel. The trivial group is good,
so the theorem applies to give a 1-connected homology h-cobordism W
to a 1-connected manifold Mt with the same homology. According to
the Poincaré conjecture (7.1B) M™ is the 4-sphere, so W U cone M’ is
the required contractible manifold. i

There are proofs of this which do not use the 4-dimensional embedding
theorem, so in a sense are more elementary. This proof also works in
higher dimensions.

A special case of the plus construction was used in the proof of 9.3C
to show that a 3-dimensional homology sphere bounds a contractible
manifold. The next result is an equivariant version of this.

11.1C Proposition. A free action of a finite group on a 3-dimensional
homology sphere extends, uniquely up to equivariant homeomorphism,
to an action on a contractible manifold which is free except at one fixed
point.

Proof: Suppose G acts freely on the homology sphere M. The kernel
of m(M/G) — G is m1 M, so is perfect. Since finite groups are good,
theorem 11.1A applies to (M/G) X [i,i + 1] to give bordisms W; (rel
boundary) to manifolds N; with fundamental groups G. G then acts
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on the universal cover Ni. Let V be the 1-point compactification of
Ui>o Vi, then as in 9.3C V is a contractible manifold with boundary
M. The covering transformations give an action of G on V which is free
except at the compactification point, so this is an extension of the type

required for the proposition.

For the uniqueness, suppose that U is a contractible manifold with
boundary M, on which G acts fixing only a point p. We can regard
(U - p)/G x [0,00) as a proper ZG homology s-cobordism from (U —
p)/G x {0} to M x [0,00). The union of the bordisms constructed
above, (J;»o Wi is a proper homology s-cobordism from M X [0, 00) to
Uiso Ni- Putting these together gives a ZG homology h-cobordism from
(U—p)/G x{0} to ;5o Ni- But this also has stable fundamental group
G in a neighborhood of the end, so is a proper s-cobordism. According
to the proper h-cobordism theorem 7.3 this has a product structure. In
particular there is a homeomorphism rel M from (U —p)/G to | J;~q Ni.
Taking universal covers and 1-point compactifications gives an equivari-
ant homeomorphism from U to the manifold V constructed above, so V
is unique.

Exercise Extend 11.1C to some actions which are not free: call an
action on a contractible manifold weakly conelike if there is an open
invariant subset U C OM which extends to an equivariant embedding
conell' = M such that G acts freely on the complement. (1) Suppose
there is a PL action of G on a homology sphere N which is free in
the complement of a subcomplex X, so that =) (N — X, z) has perfect
commutator subgroup, for each basepoint z. Show the action extends
uniquely up to equivariant homeomorphism to a weakly conelike action
on a contractible manifold. (See the exercise after 11.1B)

The next exercise develops examples of X as above. Non-free points
of linear actions are unions of linear subspaces. Therefore actions on §°
coming from orthogonal actions on R* are unions of “linear spheres,”
these being intersections of S% with linear subspaces. (2) Show that a
union of a finite collection of linear subspheres in S3 satisfies the m;
condition in the exercise above, if there is at most one 1-sphere, or two
disjoint 1-spheres and no 2-spheres. (This last is the Hopf link.) The
result applies to situations homologically similar to these, for example
the Z-slice circles in homology spheres considered in 11.7B. (3) Show
that if a locally flat S7 C N satisfies the condition in (1) then the
resulting embedding of coneS? = D7+! in the contractible manifold is
locally flat. (See 9.3A.) O
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11.2 Plus in other categories and dimensions

For manifolds of dimension 5 or greater the statement of 11.1 is true,
without the restriction that 7, X be good. The proof is the same except
that the 2-spheres on which the 3-handles are attached are embedded
simply by general position, not with any sophisticated theorem. The
theorem is false for 3-manifolds; we observe in 11.9B that there are
many homology lens spaces not homology h-cobordant to homotopy lens
spaces.

The version for CW complexes gives a way to kill subgroups of the
fundamental group, and is due to Quillen [1].

Proposition. Suppose that X is a CW complex, and m; X — 7 is onto
and has perfect kernel. Then there is a map f: X — Y, unique up to
homotopy equivalence, which on 7, is m1X — m, and is a Z[r| homology
equivalence.

Proof: Let A denote the kernel. Attach 2-cells to X on a set of gen-
erators of A and denote the result by X;. Homologically (Zrn coeffi-
cients) the attaching maps are trivial, so X; looks homologically like a
1-point union of X and some 2-spheres. Since m1 X, =, Hao(X1;Zn) =
w9 X1. Therefore the new homology classes are represented by maps of
2-spheres, and we denote by X the space obtained by attaching 3-cells
to X; by these maps. The result is a map X — X7 which on 7, is the
quotient m; X — 7, and is a Z[n] homology equivalence.

This construction is well-defined up to homotopy equivalence. If
X — Y is any map inducing the quotient on 7, and an isomorphism on
Z|r] homology, then there is a canonical homotopy class of homotopy
equivalences X+ — Y which homotopy commute with the given maps.
To see this use the images of the attaching maps in Y to construct Y+
and a commutative diagram

X —— Y

I I

Xt —— Y+

The maps X* — Y+ «— Y are all isomorphisms on m; = w, and Z[n]
homology. The Whitehead and Hurewicz theorems imply they are ho-
motopy equivalences. A homotopy inverse for the second map gives a
homotopy equivalence X* — Y as required. §

11.3 The surgery sequence

A central result of surgery is an exact sequence describing a set of
homology equivalences of manifolds. If X is a space, the structure set
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Sk op(X) is defined to be the set of equivalence classes of Zmr; X homol-
ogy equivalences M — X, where M is a closed topological manifold.
Two such are equivalent if there is a Zm X homology h-cobordism W
between them, with a map W — X extending the ones given on the
boundary.

In order for S%4p(X) to be nonempty it is at least necessary that X
be a Poincaré space (satisfy Poincaré duality with Z[r; X] coefficients),
and we will generally assume this. (See Wall [1, §2], Browder [1].)

This set is usually defined using homotopy, not just homology, equiv-
alences. If the dimension is at least 5, or is 4 and 7 X is good, then
the plus construction shows that homology and homotopy equivalence
give the same set of equivalence classes. We use homology equivalence
here because the statement in 11.3A remains true in dimension 3 (and
below) with this definition.

Variations: If X is a finite complex then the “simple” structure set
S3op (X)) has objects simple homology equivalences, and s-cobordisms in
the equivalence relation. If N C X is a closed manifold then Stop(X, N)
has objects M — X with M compact and with boundary taken by
homeomorphism to N. Other variations permit objects with boundary
which is not held fixed and PL or differentiable manifolds. Homology
equivalence with respect to other coeflicients is discussed in 11.6D, and
a noncompact version is used in 11.7C.

11.3A Theorem. Suppose (X, N) is a Poincaré pair, with N a closed
manifold. Then the surgery sequence

Lt (mX,w) — Shop(X,N) — NMrop(X,N) — L (1 X,w)

is “exact,” provided my X is good if n = 4.

The new case is the 4-dimensional one. If X is a finite complex then
there is a version for simple structures obtained by replacing L" and S"
with L® and S°. The w in the notation is the first Stiefel-Whitney class
wi - 7l'1X — Z/2

We begin with a formal proof, consisting of modifications required to
make the high-dimensional proof work. The high dimensional proof is
then sketched, for the benefit of readers unfamiliar with it. Explanations
of the terms used in the theorem, and the meaning of “exactness,” are
given in 11.3B.

Proof: The proof in higher dimensions is given in Wall [1, Theorems
10.3 and 10.5]. The proof given there also works when n = 3, but
was not mentioned because it produces Zm; X-homology equivalences
rather than homotopy equivalences. This is satisfactory and useful to
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us here. In dimension 2 the sequence is essentially trivial. Exactness
is an easy consequence of the result of Eckmann and Linnell [1] that
a 2-dimensional Poincaré space is homotopy equivalent to a manifold,
together with the calculations of the surgery groups.

The 4-dimensional case is reduced in Wall [1, §5] to finding embedded
2-spheres representing a hyperbolic basis for a summand of 75 of a 4-
manifold. Explicitly this means: if A;, B; are framed immersed 2-spheres
in a 4-manifold, 1 < ¢ < n, and all intersection and selfintersection
numbers among them are zero except A(A4;, B;) = 1, then the A; are
regularly homotopic to disjoint embeddings. If the fundamental group
is good, and balls intersecting the A; are deleted to leave immersed 2-
disks with algebraic transverse spheres B;, then corollary 5.1B applies
to give regular homotopies to the desired embeddings. i

Note that the conclusion is unaffected by changing the manifold up
to s-cobordism. Therefore a solution to the embedding problem up to
s-cobordism would imply validity of the surgery sequence for all funda-
mental groups. In the next chapter we will see these two problems are
equivalent.

The proof given describes how to fill the gap left in Wall’s procedure
when n = 4 and fundamental groups are good. We briefly outline this
procedure for even-dimensional manifolds, to explain how the embedding
result is used. Suppose n = 2k. Begin with a normal map M — X, and
construct bordisms of this by attaching handles to M x I. If { < k then
handles of index < i +1 can be used to construct a bordism to M’ — X
which is 7 4+ 1-connected. If M’ — X can be made k + l-connected
then it is a homotopy equivalence, by Poincaré duality. The tricky step
is therefore going from k-connectivity to k + 1-connectivity, which re-
quires addition of k+ 1-handles to the bordism. These handles are to be
added to framed k-spheres embedded in an 2k-manifold. Two problems
occur; locating a collection of homotopy classes with the property that
attaching handles to them will yield a homotopy equivalence, and then
representing these homotopy classes by embeddings.

Wall shows that if the intersection and selfintersection forms on the
relative homology Hy,1(X, M) are “hyperbolic,” then attaching han-
dles on half the basis will give an equivalence. Hyperbolic means there
is a basis in which the intersection form has matrix [(_?)” {)], and the

selfintersection form vanishes on the basis. The group L%, is defined es-
sentially to be all forms (with appropriate symmetry) divided by these
“hyperbolic” ones. Therefore if the equivalence class of the relative ho-
mology form is trivial in Lgk, it is equivalent to a hyperbolic form and
the algebraic problem can be solved.
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Supposing the algebraic obstruction is trivial leads to the embedding
problem: given a hyperbolic summand of the middle dimensional ho-
mology, with basis represented by immersed spheres, find half a basis
represented by disjoint embedded spheres. In higher dimensions the in-
tersection and selfintersection conditions allow the use of Whitney moves
to get framed embedded spheres. In dimension 4 the main embedding
theorem (at least up to s-cobordism) is required.

11.3B Explanations: L.(m X,w) are groups of forms or automor-
phisms of forms (Wall [1]), with variations L® or L* depending on the
structure set S* or S being studied. These groups are rather compli-
cated, and have been the object of much study.

“Exactness” at Stop(X, N) means the group L, acts on the struc-
ture set, and the orbits of this action are exactly point inverses of the
function Stop(X,N) — NMrop(X,N). NMyop denotes the set of
normal maps, and exactness here means that the image of Stop(X,N)
is exactly the preimage of 0 € L,(m X).

Suppose (X, N) is a Poincaré pair. A normal map is a map from a
manifold (M,0M) — (X, N) together with a topological bundle over
X, and an isomorphism of the pullback of this bundle to M with the
stable normal bundle of M. The normal map is “relative” if N is a
manifold, the map M — N is a homeomorphism, and the bundle map
over OM is induced from this. If NV is a manifold we define NM(X, N)
to be the set of normal bordism classes of degree 1 relative normal maps.
This can also be described as the set of topological bundle structures on
the normal spherical fibration of X, extending the given structure on N
(Browder [1, §2]). These correspond to homotopy classes of lifts of the
classifying map X — Bg into Brop. The fiber of this is G/TOP, which
has low homotopy groups ma = Z/2, w4 = Z, and trivial first k-invariant.

From this we conclude: if X is 4-dimensional the obstruction to
nonemptyness of NM(X,N) is an element of H3(X, N;Z/2). If the
set is nonempty then choosing an element as basepoint gives an identi-
fication with a set of homotopy classes NM (X, N) ~ [X, N;G/TOP, ¥|.
This is H*(X, N;Z/2) @ H*(X, N;Z) when X is 4-dimensional.

If X is orientable (w = 0) then the sequence can be simplified some-
what. There is an action of the group Z on both the normal map set
and the surgery group, and the surgery obstruction is equivariant with
respect to this action. On NMrop(X, N) the action is given by con-
nected sum with a standard normal map || Eg|| — S%, whose surgery
obstruction is a generator in L4({1}). Dividing by this action gives
the reduced surgery sequence. In the surgery group the homomorphisms
1 — mX — 1 induce a splitting Ly (m X,0) = Ls(m X,0) & Ly({1}).
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The action of Z is given by the standard group structure and the in-
clusion of Z ~ L4({1}). In the normal map set dividing by Z kills the
H*(X,N;Z) summand. Therefore there is an “exact” sequence

L (1 X,0) — Stop(X,N) — H?(X,N;Z/2) — L4(m1 X,0)

for an orientable 4-dimensional Poincaré complex with a distinguished
topological bundle structure on the normal fibration, and good funda-
mental group.

Finally we note that if X is a manifold then the exact sequence extends
to the left by the exact sequence for X x I;

- — SRop(X x I,3(X x I)) = NMrop(X x I)) — LE | (m X,w) —

— Stop(X,N) = NMrop(X,N) — - --

The sets for X x I have natural group structures obtained by glueing in
the I coordinate. With respect to these the left part of the sequence is
exact as a sequence of groups.

11.3C The Surgery Program: Exactness of the surgery sequence
suggests an approach to the classification of manifolds, namely

(1) Classify Poincaré complexes,

(2) determine which of these have a topological reduction of the nor-
mal fibration, and which reductions have trivial surgery obstruc-
tion in L,(m X), and

(3) determine the action of L1 on Stop(X).

Actually this program leads to Stop(X), which describes manifolds with
given maps to reference spaces X. If manifolds without reference maps
are the objective, then it is also necessary to understand the effect of
homotopy self-equivalences of X on Stop(X).

Closed simply-connected 4-manifolds were first classified using this
program (Freedman [2, Theorem 1.5]), and we will discuss this further
in the next section. Simply-connected 4-manifolds with boundary have
been classified this way by Vogel [1], and certain restricted classes of
nonsimply connected 4-manifolds with finite fundamental group have
been studied by Hambleton and Kreck [1]. The program works well
for some classes of aspherical manifolds (see 11.5). We carry out most
of the program for 4-manifolds homotopy equivalent to 1-complexes in
11.6. Generally the homotopy theory and algebraic problems are quite
complicated, and the program is difficult to implement.
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11.3D Relative surgery. There is a relative version of surgery in
which part of the boundary is allowed to vary (see Wall [1, §3]). This
also extends to low dimensions, as long as the 4-dimensional ones have
good fundamental groups. The most basic case is the “r — 7 theorem”
in which the boundary fundamental group is isomorphic to that of the
interior. In this case there are no obstructions (Wall [1, §4]). A low-
dimensional version of this is given in section 11.9B.

11.4 Simply connected 4-manifolds

Suppose (X, N) is a simply-connected 4-dimensional Poincaré pair,
with N a 3-manifold. There is a topological reduction for the normal
fibration because the obstruction lies in the trivial group; H3(X, M;Z/2)
is dual to H,(X;Z/2) = 0. The surgery groups are Ls({1}) ~ Ly ({1}) =
0, so the reduced surgery sequence gives a bijection

Stop(X,N) ~ H*(X,N;Z/2).

The conclusion is that simply-connected manifolds can be classified by
classifying simply-connected Poincaré spaces with 3-manifold boundary.

If the boundary is empty, Poincaré spaces are characterized by the
form on the middle homology. Therefore if (H, A) is a form there is X
with this form and Stop(X,N) ~ H ® (Z/2).

This calculation determines the set of homotopy equivalences M —
X, with two identified if there is a homeomorphism between the domain
manifolds which homotopy commutes with the maps to X. Note this is a
bit different than the conclusion of the classification theorem 10.1, which
asserts that there are at most two manifolds with a given intersection
form. The equivalence relation used there is homeomorphism, with no
homotopy commutativity requirement. The classification theorem was
first proved by starting with this calculation of Stop(X), and then con-
structing self-equivalences of X to realize at least half of the invariants
in H?(X;Z/2). The construction of self-equivalences was first indicated
by Wall [1, p. 237]; see Cochran and Habegger [1] for a corrected and
expanded version.

Simply-connected 4-manifolds with (fixed) nonempty boundary have
been classified by Vogel [1], using the same techniques.

Contractible manifolds, which we have obtained from plus construc-
tions, can also be found with the surgery sequence. Suppose N is a
homology sphere, then (coneN,N) is a Poincaré pair. Since the co-
homology H?(coneN, N;Z/2) is trivial, the bijection established above
shows that Stop(coneN, N;Z/2) is a single point. Therefore there is a
contractible manifold with boundary N, and this manifold is unique up
to homeomorphism.
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11.5 Aspherical 4-manifolds

A manifold is aspherical if m;M = 0 for ¢ > 1. Homotopically the only
invariant of such a manifold is its fundamental group. Often the same
is true topologically;

Theorem. Suppose f: M — N is a homotopy equivalence of compact
aspherical 4-manifolds with poly-(finite or cyclic) fundamental groups,
which restricts to a homeomorphism of boundaries. Then f is homotopic
rel OM to a homeomorphism.

This is proved for higher dimensions by Farrell and Jones [1], extend-
ing earlier work of Farrell and Hsiang [1]. They show that the surgery
obstruction N Mrop(N,0N) — L,(Zm, N,w) is an isomorphism, so the
surgery exact sequence shows Stop(/N,0N) consists of one element.
Since the exact sequence is valid in dimension 4 when fundamental
groups are good, and poly-(finite or cyclic) groups are good, this ar-
gument extends to dimension 4. J

Tori are particularly useful cases: T4, T3 x I, T? x D?, and S! x D3
are all topologically unique (rel boundary).

We note that Farrell and Jones [2] have proved the analogous unique-
ness result for hyperbolic manifolds, another aspherical class, in dimen-
sions > 5. However hyperbolic groups are not known to be good, so
we can draw no conclusions about uniqueness of hyperbolic 4-manifolds.
There is a similar problem with Poincaré spaces with the homotopy type
of a 1-complex, described in the next section.

11.6 Homotopy 1-complexes

In this section we take as far as possible the surgery program for
Poincaré pairs (X,Y) with X homotopy equivalent to a 1-complex; the
complexes are characterized and the obstructions described. These have
free fundamental groups, which are “good” only when rank 1, so we
only obtain manifold results for complexes homotopic to S!. These are
applied to knots in the next section. The rank greater than one cases will
be used in Chapter 12 to give reformulations of the embedding problems
in terms of links, and Poincaré transversality.

11.6 A Proposition. Suppose (X, N) is Poincaré, N is an orientable
3-manifold, and X is equivalent to a 1-complex. Then manifolds with
boundary N and Z|m X]-homology equivalent to X are unique up to
homology s-cobordism rel boundary. If m; X is good then there is a
manifold homotopy equivalent to X, and it is unique up to homeomor-
phism rel boundary.
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The s-cobordism statement and the plus construction implies that the
structure set Stop(X, N) consists of at most one point, with either the
homology or homotopy definitions. As mentioned above, m; X is only
known to be good if X is contractible or equivalent to S'. In these cases
the structure set will be shown to be nonempty, so is exactly one point.
Existence in the other cases will be analysed further in 12.3.

Proof: The Whitehead group of a free group is trivial, so there is no
distinction between L® and L*, h- and s-cobordisms, etc.

Suppose M and M’ are manifolds with boundary N and Z[mr; X | equiv-
alent to X. The reduced normal map set is H3(X,N;Z/2) = 0so M
and M’ are normally bordant. Denote by Y the union of mapping cylin-
ders of the maps to X, then the normal bordism defines a normal map
to (Y, M UM’ UN x I). This is a 5-dimensional surgery problem, with
obstruction in L§(m; X). We claim it can be modified to give a surgery
problem with trivial obstruction.

If 7 is a free group of rank k then there is an isomorphism (L4(1))* —
Ls(m) given by taking a 4-dimensional problem in the i** factor, multi-
plying by S1, and mapping to the i** generator in 7. In particular gener-
ators are obtained by S! x (|| Eg|| — S*). Consequently there is an action
of Lg(w) on the surgery obstruction function N Mtop(Y,8Y) — Lg(w),
defined on generators by connected sum along loops. As with the re-
duced surgery sequence in the 1-connected case (11.4) this implies nor-
mal maps can be modified on the interior to have trivial obstruction.

Applying the (5-dimensional) surgery theorem to a normal map with
trivial obstruction produces an s-cobordism from M to M’. This proves
uniqueness up to s-cobordism. Now consider the 4-dimensional cases of
the theorem.

We will show in Lemma 11.6B that there is always a normal map to
(X,N). H*(X,N;Z/2) ~ Hy(X;Z/2) = 0, and the reduced surgery
group L4(m X) is also trivial. The reduced surgery sequence therefore
implies that there is a unique normal map (up to bordism) with trivial
surgery obstruction. If m; X is good, so the surgery sequence is exact, this
implies the structure set Stop(X, N) is nonempty; there is a manifold
equivalent to X with boundary N.

We have already seen that manifolds equivalent to X are unique up
to s-cobordism. If m; X is good the s-cobordism theorem is valid, so
s-cobordant manifolds are homeomorphic. §i

We tie up the loose end left hanging above:

11.6B Lemma. Suppose (X, N) is Poincaré, X is equivalent to a 1-
complex, and N is an orientable 3-manifold. Then there is a (smooth)
normal map (M,N) — (X, N).
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Proof: Thinking of X as coming from a link complement (as in 11.7) the
proof corresponds to identifying the normal map obstruction with the
Arf invariants of the component knots. These invariants vanish because
the knots are algebraically slice.

Every orientable 3-manifold has a framing with respect to which it is
a framed boundary (since the J-homomorphism 73(S0O) — 7§ is onto,
see Kirby [2]). Let # be such a framing for N, and consider the bordism
class[N, 6] € Qf7(X) = H,(X;Z/2). The lemma is proved by showing
this is trivial; a framed bounding manifold (M, N) — (X, N) gives the
required normal map.

Let X — V*S! be a homotopy equivalence. Then there is an iso-
morphism Q4" (X) — Q" (x) ® (sz,r(*))lc given by the point map in the
first factor, and bordism classes of transverse inverse images of points
in the circles in the other factors. The image of [N, 6] in the first factor
is trivial by choice of 8, so it is sufficient to show the inverse images are
framed boundaries.

Let S; denote the inverse image of a point in the j* circle, and ar-
range it to be connected. Let N denote the covering space of N pulled
back from the universal cover of V¥S. S; lifts to N and splits it into
two pieces, say N_,. U N_. The perfect kernel hypothesis implies that
H1(1\7) =0, and dually Hg(N) = 0, so the Mayer-Vietoris sequence for
the splitting gives an isomorphism H;(S;) ~ Hy(Ny) & Hy(N_).

The intersection form is trivial on the kernels of H,(S;) — H;(N)
so each of these kernels is half the rank of H;(S;) and bases can be
represented by disjoint embedded loops in S;. Choose embedded loops
representing a basis for the kernel of H(S;) — Hj(N4). These bound
orientable surfaces mapping to N.,. Since the framing of S; extends over
1\7.,., this implies the framings of the boundary loops is compatible with
the framing of S;. This means we can construct a framed bordism of S;
by attaching 2-handles to S; x I on these framed loops in S; x {1}. Since
the loops are half a basis for H;(S;), this gives a bordism to S2. Since
m2(SO) = 0 the framing extends over the bordism obtained by adding
D3 to this S2. The result is a framed null bordism of S;, as required. §

The last topic of the section is a structure theorem for such Poincaré
pairs.

11.6C Proposition. SupposeY is a connected orientable 3-dimensional
Poincaré space.
(1) Recognition: If (X,Y) is Poincaré, then X is a homotopy 1-
complex if and only if m X is free, m(X,Y) =0, and H;(X;Z) =
0 fori>1.
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(2) Existence: There is a Poincaré pair (X,Y) with X a homotopy
1-complex if and only if there is a homomorphism with perfect
kernel of mY onto a free group, and then mY — m X is such a
homomorphism.

(3) Uniqueness: Poincaré pairs (X,Y') with X a homotopy 1-complex
are determined up to homotopy by Y.

Proof: Suppose (X,Y) is Poincaré, asin (1). Let 7 denote 71 X, and let
f: vk 8! — X induce an isomorphism on 7;. We show f is a homotopy
equivalence by showing that H;(f;Z[n]) = 0 for all 7, or equivalently
Hi(X;Z[r])=0ifi>0.

The first step is to show that H;(X; Z[n]) = 0ifi > 2, and H3(X; A) =
0 for any Zm-module A. H;(X;Z[n]) is dual to H*~#(X,Y; Z[r]), which
vanishes for 7 > 4 for dimension reasons, and for ¢ = 4 by connectivity.
H3(X; A) and H3(X; Z[n]) are dual to H;(X,Y;A) and H'(X,Y; Z[r])
respectively. Since m;(X,Y) is trivial the chain complex C,(X,Y; Zr)
is contractible up through dimension 1, which implies the 1-dimensional
homology and cohomology with any coeflicients vanishes. (It should also
be clear that similar duality considerations show the conditions of (1)
are necessary.)

This shows the only possibly nontrivial relative group of f is Hsy. Let
C. denote the relative chain complex of f, with Z[x] coeflicients. Accord-
ing to Wall [3] the vanishing of the other homology, and of H3(C.,; A)
for any A, implies Ha(C.) is stably free as a Z[n] module. The tensor
product Hy(f;Z{r]) ®z(x) Z is the integral homology Ha(f;Z), which is
assumed to vanish. For stably free modules this implies vanishing, so
Hy(f;Z[r]) =0, and f is a homotopy equivalence.

We extract the relevant part of Wall’s argument. The boundary ho-
momorphism d3: C3 — imd; defines a homology class in H3(C,;imd3),
which has been shown to vanish. Therefore d3 is a coboundary; there is
a homomorphism 6: Cy — imdj so that 8ds = d3. This implies Cy splits
as imd; @ B, and C, has the same homology as the projective complex

da d
0—-B—C — Cy.

Hg and H, also vanish, which implies the image of ds is projective. This
implies B = Hs @ imds, and therefore H, is projective. A little more
care shows additionally that it is stably free, but in fact projective is
sufficient in the argument above. Indeed, for 7w a free group finitely
generated projective Zw modules are free (P. M. Cohen [1]).

Now consider (2). If (X,Y) is Poincaré then we saw above that ;Y —
m X is onto. m X (= =) is free, so it is sufficient to see the kernel
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of this is perfect. The abelianization of the kernel is H;(Y;Z[r]) =
Hy(X,Y;Z[r]) ~ H?(X;Z[r]). But since X is a homotopy 1-complex
H? vanishes, so the kernel is perfect.

For the converse, suppose mY — 7 is a homomorphism onto a free
group. Realize this by a map ¥ — VS, and let X denote the mapping
cylinder. Choose as a fundamental class [X,Y] € H4(X,Y;Z) whose
boundary is [Y], then we want to show

X, Y]: Hi(X;Z[W]) — Hy_(X,Y; Z[7])

is an isomorphism. This is the case when ¢ = 0 since it is taken by the
boundary to the isomorphism H%(Y) ~ H3(Y'). For other values of 4 the
group on the left vanishes, so the object is to show that H;(X,Y; Z(n]) =
0 when j < 4. When j = 0, 1, this is the case because ; is onto. For j =
2, 3, the boundary homomorphism to H;_1(Y’; Z[x]) is an isomorphism.
H,(Y;Zx]) is the abelianization of the kernel of mY — m X, so is
trivial. This also implies H'(Y; Z[x]) = 0. This cohomology is dual to
the other homology group required to vanish, so the proof is complete.

Finally we prove the uniqueness statement (3). A map to a l-complex
is determined up to homotopy by the homomorphism on ), so the ob-
jective is to show that if X, X’ are two such Poincaré spaces that there
is an isomorphism 7 X — 7, X’ which commutes with the homomor-
phism from m,Y. Since mY is onto, this is equivalent to the kernels
being equal. We claim that in each case the kernel is the intersection of
the lower central series of mY.

Any perfect subgroup lies in the intersection of the lower central series,
so the kernel is contained in the intersection. On the other hand the
intersection of the lower central series of a free group is trivial, and
homomorphisms preserve these intersections, so the kernel must contain
the intersection. This shows they are equal, and completes the proof. i

11.7 Knots and links

Surgery can be used to study knots. In higher dimensions this is done
with the homology surgery of Cappell and Shaneson [1], which does not
extend to dimension 4 (see 11.8 below). However we can use the material
developed above to identify “trivial” knots in $® and S$4.

11.7A Theorem. A locally flat embedding f: S? — S* is unknotted
(isotopic to the standard embedding) if and only if 7 (S — f(S?)) ~ Z.

Proof: Since the embedding is locally flat it has a normal vector bundie
(9.3). Such bundles over S? are determined by the Euler number, which
is the algebraic intersection between the 0-section and any other section
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transverse to it. Since intersection numbers are defined on homology
classes, and H2(S*) = 0, this number (therefore the bundle) is trivial.
Thus there is a neighborhood homeomorphic to $2 x D2. Let M denote
the complement of the interior of this neighborhood. Alexander duality
shows H*(M;Z) = 0 for i > 1, so the assumption that m; M ~ Z implies,
by 11.6C(1) that M is homotopy equivalent to S!. According to 11.6A
such manifolds are uniquely determined by their boundaries. M =
5?2 x 8! so M ~ D?® x S!. Fitting this together with §2 x D? gives a
homeomorphism $% = §2 x D2UM — §% x D2 U D3 x §! = §4, which
takes f(S?) to the standard S2.

This homeomorphism is isotopic to the identity, proving the corollary.
To get an isotopy arrange f to coincide with the standard embedding
on a small disk, so the resulting §* — S is the identity on a ball. The
Alexander isotopy can then be applied to the homeomorphism on the
complementary ball. §

The part specific to dimension 4 is the application of 11.6C. The same
proof shows for arbitrary n > 2 that an embedding f: S* — S™t? is
unknotted if and only if the complement is homotopy equivalent to S*.
However in higher dimensions there are many knots whose complements
have fundamental group Z, but not the homotopy type of S'.

We call an embedding of S! in a homology 3-sphere N “Z-slice” if it
extends to a (locally flat) embedding of D? in the contractible 4-manifold
bounding N, so that the complement has fundamental group Z. We
note that a general slice complement has a homomorphism =, — Z
whose kernel is the commutator subgroup, since H;(complement) ~ Z
by Alexander duality. If the kernel is perfect we can get a Z-slice using
the plus construction, but usually the kernel will not be perfect.

11.7B Theorem. An embedding f: S* — N, N a 3-dimensional man-
ifold homology sphere, is Z-slice if and only if the the natural homo-
morphism m (N — f(S')) — Z has perfect kernel, or equivalently, the
Alexander polynomial of the knot is 1.

Proof: We frame the normal bundle of f by: represent the generator of
HY(N—f(S');Z) by amap N — f(S*) — S!. This is a homotopy equiv-
alence on the linking circle of f, so determines a fiber homotopy trivial-
ization of the normal circle bundle. This determines a framing, because
the classifying space for homotopy S! fibrations is homotopy equivalent
to the classifying space for 2-dimensional vector bundles. Note this also
implies we can assume that near f(S!) the map N — f(S!) — S! comes
from the framing.

This framing is related to a “Seifert surface” for the knot. Make the
map N — f(§') — S! transverse to a point, then the preimage is an



orientable surface. This surface intersects spheres in the normal bundle
in a section of the framing, so adding f(S') makes it a compact surface
with f(S!) as boundary. Conversely such a surface splits the normal
bundle of f(S') into a sum of orientable line bundles, which determines
the framing.

Now suppose f is Z-slice, with slice F': D? — M. Denote the kernel
of m (N — f(S8')) — Z by K. The complement of an open regular
neighborhood of F is a compact manifold, with 7; ~ Z. Excision shows
that the Z homology vanishes above dimension 1, so by 11.6C(1) it is
homotopy equivalent to S!. But then by 11.6C(2) the homomorphism
from m; of the boundary to Z has perfect kernel. This boundary is
obtained from the complement of an open regular neighborhood of f
in N by attaching D? x S!, with the D? attached on the boundary of
the Seifert surface. Therefore K /() is perfect, where () denotes the
normal closure of the boundary of the Seifert surface. But this surface
lifts into the cover corresponding to K, which implies «a is a commutator
in K. This implies K is perfect, as required for the theorem.

For the converse, suppose the kernel is perfect. Define N; to be ob-
tained from the complement of an open regular neighborhood of f in
N by attaching D? x S!, with the D? attached on the boundary of the
Seifert surface (in the above this gives the boundary of the complement
of the slice). The map extends to N; — S, and since the kernel of this
is obtained from K by adding a relation, it is also perfect. According
to 11.6C(2) this implies that the mapping cylinder is a Poincaré pair.
Then by 11.6A this is homotopy equivalent to a manifold, since Z is
good. Denote this manifold by M.

Attach a 2-handle to M on D? x §' ¢ N;. This gives a contractible
manifold with boundary N. The knot f is the boundary of the dual of
this 2-handle, so it is Z-slice.

The equivalence of perfectness of the kernel with the Alexander poly-
nomial being 1 is a result of Crowell [1]. Basically, the Alexander poly-
nomial is the determinant of a relation matrix for H;(M;;Z[Z]) (the
abelianization of the kernel) as a module over Z[Z]. The determinant
is 1 (after normalization) if and only if the relations generate the entire
module. This means the kernel abelianizes to give the trivial group, so
is perfect. §

This result can also be proved by applying the compactly supported
plus construction to complements product with I, as in 11.1C. The com-
pactly supported plus construction is given in the exercise after 11.1A.
An equivariant version of 11.7B is contained in the exercise after 11.1C.

11.7C Links. The same arguments apply to links, except the funda-
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mental groups are free (nonabelian) groups, which are not known to be
“good.”

Define a good boundary link to be a collection of locally flat circles
embedded in a 3-manifold, with a homomorphism with perfect kernel of
m of the complement to a free group, so that the images of linking circles
form a set of generators. The term “boundary link” comes from the fact
that such a homomorphism to a free group (with no kernel condition) is
equivalent to the existence of a collection of disjoint orientable surfaces
with the link as boundary. A link is free-slice (extending “Z-slice”) if
it extends to disjoint embedded disks in a contractible 4-manifold, with
free complementary ;.

Corollary. Suppose “surgery works” (the sequence is exact) for 4-
dimensional Poincaré pairs (X,Y) with X a homotopy 1-complex. Then
a link in a 3-manifold is free-slice if and only if it is a good boundary
link. Suppose “the s-cobordism theorem works” (rel boundary) for 4-
manifolds equivalent to I-complexes. Then a link in S* is standard if
and only if the complementary fundamental group is free.

Proof: For the first part, the proof of 11.73 works after subsitut-
ing VkS! for §'. The second part similarly follows from the proof of
11.7A, with the observation that the construction of an s-cobordism
from the link complement to the standard complement is obtained by
5-dimensional surgery, without any “goodness” problems. “Goodness”
of the group was used to find a product structure on this s-cobordism,
and therefore a homeomorphism between the ends. |

The surgery data for good boundary links comes from Freedman [3],
which also gives singular slices. See section 12.3 for examples of good
boundary links, and a converse to the corollary.

11.8 Homology equivalence

Suppose F: Z[m; X] — A is a ring homomorphism. Cappell and
Shaneson [1] have developed a surgery theory to study M — X which
are homology equivalences with A coefficients. The motivating example
comes from knot theory: if f: S® — S™*2 is an embedding then there
is a map (S"*2 — f(S™)) — S' which is a Z homology equivalence,
but (when n > 4) usually is not a Z[Z] homology equivalence even if
1 (STH2 = f(S™)) ~ Z.

This theory does not extend to dimension 4, even for good fundamen-
tal groups. We describe a counterexample, and discuss the technical
obstacles to the construction.

The counterexample comes from knot theory. If homology surgery
for m; ~ Z and coefficients Z[Z] — Z were to work, then it could be
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applied to study slices for knots in S3. The techniques used in higher
dimensions would show that if a knot is “algebraically slice” (see Casson
and Gordon [1]) then it is at least weakly slice in the sense that it bounds
a disk embedded in a manifold with the homology of D*. In higher
dimensions one would perform a plus construction on the complement
to make the manifold simply connected, therefore homeomorphic to the
ball. Here it might not be possible to use the plus construction because
the fundamental group of the complement may not be good. But in fact
Casson and Gordon [1] show there are algebraically slice knots in S3
which are not even weakly slice. Therefore the homology surgery theory
cannot be valid in dimension 4.

We explain the difficulty in the proof of the homology surgery theorem,
and pose the problem of finding a version which works. In the proof
of theorem 1.7 of Cappell-Shaneson [1, p.293] they show vanishing of
the obstruction gives a collection of immersed spheres S* — M?* with
trivial (in Z[m, M]) algebraic intersections and selfintersections. The
theorem is proved by finding a regular homotopy to disjoint embeddings,
using the Whitney procedure when k£ > 2. The embedding theorems in
dimension 4 require algebraic dual classes, as well as algebraically trivial
intersections. In ordinary (Z[m;] coefficient) surgery the nonsingularity
of the intersection form implies the existence of dual classes. In the
homological situation the intersection form only becomes nonsingular
over the ring A, so only A coefficient dual classes can be found. Only
rarely can these be arranged to be Z[r] coefficient duals.

Homology surgery does work “stably” (after connected sums with §2 x
S?), because there is a stable embedding theorem which does not require
duals.

11.9 Ends of 4-manifolds

A manifold has “ends” if it is not compact. In higher dimensions the
principal result identified ends which have open collar neighborhoods.
This result and the definitions are reviewed in 11.9A. The 4-dimensional
analog, given in 11.9B, characterizes the existence of “weak collars.”
Weak collars themselves are characterized in 11.9C, and this result re-
formulates the classification problem for weakly collared ends in surgery
terms. General tame ends (without weak collars) are shown to have peri-
odic neighborhoods in 11.9F. This allows expression of the classification
problem for these in terms of “proper surgery,” in 11.9F. The surgery
classification of ends is applied in the next section to the study of fixed
points of group actions on 4-manifolds.

11.9A Background. Suppose X is a locally compact space, then a
“neighborhood of the end” of X is a set whose complement has compact
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closure. We restrict to ends which are connected, in the sense that every
neighborhood of the end contains a connected neighborhood. The results
developed presented here extend in a formal manner to manifolds with
finitely many ends. Further extensions, for example to “controlled” ends
as in Quinn [2-4] will not be discussed.

The nicest ends are the ones with collars: neighborhoods of the form
N x (0,1] with N compact. The basic results involve comparison of
coliared ends with ones satisfying a homotopy condition.

The end of X is tame if there is a closed neighborhood U of the end,
and a proper map U x (0,1] — X which is the inclusion on U x {1}.

There is a lot packed into the properness requirement in this definition;
each U x {t} — X preserves ends, and given any neighborhood V' of the
end there is ¢ > 0 such that the image of U x (0, ¢] is inside V. Note that
an open collar is trivially tame: multiplication in the (0, 1] coordinates
provides the required map N x (0,1] x (0,1] — N x (0,1].

This definition is different from (and much simpler than) that used in
the original treatment in Siebenmann’s thesis. That definition involved
maps pulling neighberhoods away from the end rather than toward it.
This version is taken from Quinn [11, 2.1], where the older notion is
called “reverse tameness.” An end of a manifold is tame and has stable
m in the sense of Siebenmann, if and only if it is tame in the sense
above and has neighborhoods with finitely presented m (Quinn [11,
prop. 2.14]).

Suppose M is a manifold with a tame connected end with finitely
presented fundamental group . Siebenmann associates to this an in-
variant o(endM) € Ko(Zr). Specifically, if U is a closed manifold
neighborhood of the end which has a map as in the definition of tame-
ness, then U is dominated by a finite complex and has a homomorphism
m1(U) — w. Then o(end M) is the image of the Wall finiteness obstruc-
tion a(U) € Ko(ZmU), see Wall [3]. Seibenmann’s result (extended to
dimension 5 as in Quinn [4]) is:

End theorem. Suppose M has a tame connected end with finitely
presented fundamental group =. If dimM > 6, or dimM = 5 and 7 is
good, then o(endM) € Ko(Zn) vanishes if and only if there is a collar
neighborhood of the end.

Partial extensions to dimension 4 and 3 are given in 11.9B. Before
considering this we discuss the homotopy structure of tame ends.

Suppose X is locally compact, and denote by E the space of continuous
proper maps (0,1] — X. The homotopy collar of the end is this space
together with the evaluation map e: E x (0,1] — X. (This is called the
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“homotopy completion” in Quinn [3, §7.8], and is the “homotopy link”
of 0o in the one-point compactification X in Quinn [11]).

It is simple to see that a closed neighborhood of the end has homotopy
equivalent homotopy collar. Note the proper map N x (0,1] — X in
the definition of tameness defines a map into the homotopy collar U —
E. Up to homotopy this gives a factorization of the inclusion U ¢ X
through e. Among other things this implies the fundamental group of
the homotopy collar is the same as the “fundamental group of the end.”

If an end has a geometric collar then the homotopy collar is homotopy
equivalent to it. Since the complement of the interior of a geometric
collar is a compact manifold, Poincaré duality is satisfied. The next
proposition, from Quinn {3, §7.8], shows this is true even when there is
no geometric collar.

Proposition. Suppose M is a manifold with compact boundary and
connected tame end, with finitely presented fundamental group. Let
e: E — M denote the homotopy collar of the end, then the mapping
cylinder (M, 8M U E) is a Poincaré space.

It follows from this (or can be easily shown directly) that E is also
dominated by finite complexes. We caution that the finiteness obstruc-
tion of the homotopy collar is not the same as the end obstruction,
but the two are related. Let U be a closed manifold neighborhood of the
end which satisfies the condition in the definition of tameness (so factors
through E). The end obstruction is the finiteness obstruction of U, or
equivalently the mapping cylinder U,. If (X,Y) is a dominated Poincaré
pair of dimension n then oY = oX + (=1)*"1&(¢.X), in Ko(Z[r, X]).
Applying this to (U, BUUE), and noting that U makes no contribution
since it is a manifold, we get o E = o(endM) + (—1)""1@(c(end M)).

11.9B Weak collars. Suppose M is a manifold with compact bound-
ary. A weak collar for the end of M is a closed manifold neighborhood
U of the end, which has a proper map U x (0,1] — U. The definition is
like that of tameness, except that the map stays in U, not just in M.
The structure of weak collars will be investigated in the next section.
" Here we note only that the inclusion 8U — U is a Zn; U-homology equiv-
alence, so these are homologically like collars. Also in higher dimensions
existence of a weak collar implies existence of a genuine collar.

Weak end theorem. Suppose M is a 4-manifold with compact bound-
ary and a tame connected end with finitely presented good fundamental
group. Then there is a weak collar of the end if and only if the obstruc-
tion a(endM) € Ko(Zw,(endM)) is trivial.
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We discuss the 3-dimensional situation before beginning the proof of
the theorem (see also Hush and Price [1], Kalimizu [1]). A tame con-
nected end of a 3-manifold has a weak collar. This follows from standard
embedded surface theory and the result of Eckmann and Linnell [1] that
a 2-dimensional Poincaré space has the homotopy type of a surface. The
lack of an obstruction is consistent with the fact that Ko(Zn) = 0 for
7 the fundamental group of a surface, but this fact is not used in the
proof.

If U is a 3-dimensional weak collar then U — U is a homotopy
equivalence (because there are no nontrivial perfect subgroups of m;,0U).
In fact U is obtained from a genuine collar U x (0,1] by connected
sum at some discrete set with a collection of counterexamples to the
3-dimensional Poincaré conjecture. So if the Poincaré conjecture is true
then the strong form of the end theorem is true for 3-manifolds.

Proof of the theorem: In higher dimensions the proof begins with a
closed manifold neighborhood U of the end which maps to the homotopy
collar. Then AU is modified inside M to make the inclusion U — U a
homotopy equivalence. In 4-manifolds there is not enough maneuvering
room to use this approach. Instead we construct a compactly supported
s-cobordism from M to a manifold containing a weak collar. The s-
cobordism theorem implies the manifolds are homeomorphic, so M itself
has a weak collar.

The construction is based on a version of the “n —x lemma,” which as-
serts there are no obstructions to surgery in certain relative situations.
The basic statement is: suppose (M;HM,0:M) — (X;hX,0:X) is
a degree 1 normal map, from a manifcld to a finite Poincaré triad,
such that oM — 8, X is a homotopy equivalence. Suppose also that
7101 X — m X is an isomorphism. Then M is normally bordant rel
92 M to a homotopy equivalence of triads. (This is valid for dimX > 6,
or =5 if mX is good.)

This basic statement will be modified in several ways. First since
02 M i5 held fixed it is sufficient for it to be a Poincaré space rather than
a manifold. Specifically we work with an open manifold analogous to
M — 8, M in the above statement, and suppose there is a map (X — M
so that the mapping cylinder (M;0M,3d:X) is a Poincaré triad. In the
applications 9, X will be the homotopy collar of the end of M. The
second modification involves enlarging the manifold to slightly weaken
the “good” hypothesis on ;. This is explained after the statement.

The 7 — n lemma. Suppose (X;0,X,8:X) is a Poincaré triad, M
is a (noncompact) manifold, (M,0M) — (X,0,X) is a normal map
and e: (0:X,00:.X) — (M,0M) is a homotopy lift of the inclusion in
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(X,01X) so that the mapping cylinder (M.;0Mp.,3:X) is Poincaré.
Suppose M, 3M, X, and 0; X are all homotopic to finite complexes and
m X — mX is an isomorphism. Finally suppose that dimX > 4, and
if dimX = 4, or 5, then either m;X is good or there is an “enlarge-
ment” of M,X so the image of mX — mX' is good. Then there is
a compactly supported normal bordism from M (or its enlargement) to
(M',8M') so that M’ — X' is a homotopy equivalence.

The conclusion does not assert that dM’ — 8, X’ is a homotopy
equivalence, although it does follow from the other conditions that the
map is a Zm X’ homology equivalence. Homotopy equivalence can be
arranged via a plus construction if dimX > 5.

A “compactly supported” bordism is one with a product structure
outside a compact set. This is equivalent to having a handlebody struc-
ture with only finitely many handles.

An “enlargement” is obtained by glueing a manifold onto both M and
X. To define this precisely we need a further subdivision of the bound-
ary. Suppose (X,0, X,0:X,03X) is a Poincaré 4-ad, (M;0, M,0; M) —
(X;0:X,0:X) is normal, and

€: (63X;63X061X,63X062X) — (M,61M,62M)

is a factorization of the inclusion which has Poincaré mapping cylinder.
Suppose 9: M — 92X is a homotopy equivalence, and there is a compact
manifold V given with boundary 9V = 8,V Ud, M. Then the “enlarge-
ment” of the data using V is obtained by adding V' to both M and X
(M Ug,m V — 01V, M) — (X Ug,x V;01X,0:X U V). The map
XUV — MU(V -8, V) is given by e on 93X and inclusion inside
a collar on 8,V — V — 9, V. The enlargement hypothesis in the lemma
is that the image of mX — m (X UV) is good. The conclusion is that
there is a compactly supported normal bordism of M U(V — 9;V) to a
manifold homotopy equivalent to X UV.

Proof of the m — 7 lemma: This is based on the proof of the manifold
version given in Wall [1, §4]. We indicate modifications required in
this proof by low dimensions and the Poincaré hypotheses. The map
(M,0M) — (X,8, X) will be denoted by f.

First suppose dimX = 4, so we are in Wall’s even dimensional case
with k = 2. Using the hypothesis that M, X, etc. are equivalent to finite
complexes, surgery can be done on M, M to make 8f 1-connected and
f 2-connected. M now has the right 7y, but M may not.

The hypothesis that the mapping cylinder of the factorization e is
Poincaré can be used to define kernel groups K.(M,0M), etc. as in
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Wall. Further Wall’s argument (using the finiteness of M, X etc.) shows
that Ko(M,d0M) is stably free. Stabilize and choose a basis {e;}. Since
1M — w1 X is an isomorphism this basis can be represented by maps
(D?,8') — (M,8M) nullhomologous in X, 8, X). The nullhomology
together with the isomorphism 78X — m; X implies the maps are
nullhomotopic in (X,8;X). As in Wall this specifies regular homotopy
classes of framed immersions f;: (D?,S!) — (M,8M), homotopic to
the {ei}.

It is sufficient to show the {f;} are regularly homotopic to a m;-null
family of disjoint framed embeddings. The same homology calculations
used by Wall but in the Poincaré triad (M.;3M,8,X) shows that the
complement of these handles gives a manifold satisfying the conclusions
of the lemma.

Since m;0M — 7, M is onto we can push boundaries of the f; through
each other, as in Wall [1, p. 53], to arbitrarily change intersection num-
bers among the f;. Arrange in this way that the intersection numbers all
vanish. We show that these immersions have framed immersed homo-
logically dual spheres, so the embedding theorem 5.1B can be applied.

Since Ko(M,O0M) is free it is isomorphic to the dual (K2(M,0M))*,
which is Poincaré dual to Ko(M, 82X) ~ Ko(M). Since ;M = m X,
Ha(M;Zm X) = mo(M) and so the basis for Ko(M) C Ho(M;Zm X) is
represented by maps S2 — M. Also these maps are nullhomotopic in
X, so since M — X is normal these maps are represented by framed
immersions. The isomorphism KoM ~ (K?(M,0M))* ~ Ko(M,0M)
is adjoint to the intersection form A: Ko(M) ® Ko(M,0M) — Z7, so
these framed immersed spheres are algebraically dual to the immersions
{fi}-

If 711 X is good, then theorem 5.1B implies that the {f;} are regularly
homotopic to m;-null embeddings. As explained above these embed-
dings yield the desired manifold. If m X is not good, but there is an
enlargement in which the image is good, then the embedding theorem
gives embeddings in the larger manifold (see the exercise after 5.1A).
Since enlargement involves adding homotopy equivalences the kernel
Ko(M,0M) does not change. Therefore the framed immersions in the
enlarged manifold yield a modification of it which satisfies the conclusion
of the lemma.

Now suppose dimX = 5. This is the odd dimensional case of Wall
[1, p. 41] with Kk = 2. Both M — X and 8M — 3 X can.be
made 2-connected, and K3(M, 8, M) can be made free and based. Let
fi: (D?,8%) — (M,0M) denote immersions representing a basis. Wall
shows that if the boundaries 9f;: S? — M are regularly homotopic
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to disjoint framed embeddings, then the construction can be completed.
(As above, Wall’s homology calculations can be done using the hypoth-
esis of duality in the triad (Me; My, 32X).)

As observed by Wall at the bottom of his page 41, the image of
0: K3(M,0M) — K3(0M) is a subkernel. This means all intersection
numbers among the {3 f;} are trivial. Also there is a complementary sub-
kernel, and in particular elements A; € K2(OM) so that A(0f;, A;) =0
ifi # j, and = 1 if i = j. Since the A; can be represented by framed
immersed 2-spheres, if 1y M = m; X is good then corollary 5.1B implies
that the {f;} are regularly homotopic to disjoint framed embeddings.
As observed above this completes the argument.

If m; X is not good, but has good image in an enlargement, then
the corollary applies to give embeddings in the enlargement. As in the
even-dimensional case we observe that passing to the enlargement does
not change the K groups. Therefore the embeddings in the enlargement
yield a normal bordism of the enlargement to a homotopy equivalence. |

We now return to the proof of the weak end theorem.

The objective is to construct a compactly supported s-cobordism of
M to a manifold whose end has a weak collar. This will be done with
two applications of the m — wlemma; one 4-dimensional to construct the
weak collar, and one 5-dimensional to construct the bordism.

Choose a closed connected manifold neighborhood of the end, V,
which has a proper retraction to the end as in the definition of tameness.
The inclusion V' C M factors up to homotopy through the homotopy
collar E — M. Let U C V be another such neighborhood which retracts
inside V. The inclusion U C V also factors through E, so the image
of ;U — mV is the good group m E. We will work primarily in U,
reserving V to use as an enlargement.

Let e: E x (0,1] — U denote the homotopy collar, and let U, =
UUgx (1} E x [0, 1] denote the mapping cylinder of e|E x {1}. Note idUe
defines a map U, — E x {0} — U. Since the end is tame, there is a
neighborhood of the end whose inclusion into U factors through E up to
homotopy. This and a proper map U — (0, 1] can be used to construct
a homotopy from the inclusion U C U, rel 8U to f: U — U, with image
in U, — E x {0}, so that composition with projection to (0, 1] is proper.
Roughly, f is a “proper over (0, 1]” homotopy inverse for idUe.

Assume f is transverse to £ x {3}, then f~1((0, §] is a closed manifold
neighborhood of the end. We set up the data for application of the 7 —n
lemma to (f~1(0, 2], f~1(3) — (E x [0, 4 E x {3}, E x {0}).

This map is a normal map since the inclusion in M factors through
E up to homotopy. Restricting the evaluation map gives a factoriza-~
tion é: E — f~1(0, %] homotopic to the homotopy collar of the end of
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f71(0,3]. According to the proposition in 11.9A the mapping cylinder
(f71(0,3]s;0f71(0, 3], E) is Poincaré, so é is the lift required for the
lemma.

These spaces are all homotopy equivalent to finite complexes: the
finiteness obstruction of f~1(0, 3] is the end obstruction, which is as-
sumed to vanish. According to the discussion at the end of 11.9A, the
finiteness obstruction of F is obtained by symmetrization from this, so
also vanishes.

Finally m(E x {}) — m(E x [0, 1]) is an isomorphism, and has been
assumed to be good. Therefore the lemma implies there is a compactly
supported normal bordism W, from f=1(0, %] to a manifold homotopy
equivalent to E.

We fix some notation for the normal bordism W. There is a division of
the boundary into oW U8 W U&W and a map g: W — (E x (0, 3]) x
[0,1] which takes 9;W to (E x (0,1]) x {5} for j = 0,1, and &W to
(E x {1}) x [0,1]. Further the composition of this with the projection
to (0,1] is proper. oW = f~1(0,1], the map &/ W — E x (0,4] is a
homotopy equivalence, and outside some compact set W is a product
O;W x I, where j =0 or 1. Note that 0, W is a weak collar.

Next the data for a 5-dimensional application of the lemma will be
set up. Define a Poincaré triad (X; 3 X,bX)by X =U, x I, 8, X =
UUgx(} E x[3,1] x {1}, and ;X = 8U x IUU, x {0} U (E x {0}) x
TU(E x[4,1]) x {1}. These are all equivalent to finite complexes.

x [0,1] l m/

Ue UexI

= N

0
{
U U E

Let N be the union U x TUW, where W = f~1(0, 1] is identified with
F710, 1] x {1}. Let &, N = (U — f~1(0,1)) x {1} U W, and &N the
rest of ON.



Then f and g define a map (N;0;N,0:N) — (X,0,X,0:X). Near
the end of N it is a product {(endM) x I, so the lifting E — U used
above gives F x {0} x I — N so that the mapping cylinder in Poincaré.
To get the situation of the # — n lemma delete 92N, and restrict to
(N —3N,01N) — (X,0, X).

Note 7191 X and m; X are both m;U, so all hypotheses of the lemma, are
satisfied except for the “goodness” of m; X. To fix this we enlarge. Recall
there is a neighborhood of the end V O U so that the image m;U — m;V
is the good group n;(endM). Enlarge both N and X by adding (V —
intU)x I on U xIin N and 8, X. Since N — X is a homeomorphism
on this part of the boundary, this gives an enlargement in the sense
explained after the lemma. We still denote these enlargements by NV,
X, to avoid more notation.

The lemma produces a compactly supported normal bordism of NV —
02N to a manifold Z homotopy equivalent to X. Here we are not inter-
ested in the bordism itself, only Z. Adding 0N back to Z (using the
compactly supported hypothesis) gives a manifold N. This is a com-
pactly supported h-cobordism rel U from U x {0} to 8Z U d;W. Note
that 8Z Ud; W contains the weak collar &; W of its end, so the theorem
will be complete if we show this h-cobordism is a product.

At this point an adjustment is required to make the h-cobordism an
s-cobordism. Since m10Z — m U is an isomorphism, we can attach to
0Z an h-cobordism with appropriate torsion to cancel the torsion of
(N,U x {0}). Continue to denote this by N.

Finally we apply the s-cobordism theorem. Nis a compactly sup-
ported s-cobordism (rel boundary), but its fundamental group is that
of U, which may not be good. However U C M factors through the
homotopy collar which does have good fundamental group. Therefore
extending N by the product cobordism on M —U gives an s-cobordism of
M with proper support, whose image in m; M is good. The h-cobordism
theorem 7.1C applies to this to give a product structure. In particu-
lar M is homeomorphic to a manifold with a weak collar, proving the
theorem. J

Exercise Extend the weak end theorem to include boundary: suppose
M is a 4-manifold with a tame connected end with good fundamental
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group. Suppose M has a relative weak collar for its end (rather than
being compact). Then show M has a weak collar if and only if the end
obstruction vanishes. Here a “relative” weak collar is defined as before,
and U NOM is also required to be a weak collar. ]

11.9C Classification of weak collars. By the “data” of a weak collar
U we will mean the compact manifold U together with the homomor-
phism 70U — mU. The substance of the next result is that this data
characterizes weak collars.

Theorem. Suppose 7 is a finitely presented good group.

(1) Suppose N is a compact 3-manifold. Then (N, 7N — =) is the
data for a weak collar if and only if the homomorphism is onto
and has perfect kernel.

(2) Any isomorphism of data associated to weak collars with funda-
mental group 7 is induced by a homeomorphism.

(3) Any Zn-homology h-cobordism of data associated to weak col-
lars with fundamental group w is (up to homology h-cobordism
rel boundary) induced by a homeomorphisim of neighborhoods of
ends.

In (2) a homeomorphism U ~ V gives a homeomorphism 90U ~ oV
together with a commutative diagram

m0U -, oV

! !

mU —— mV,

which is the “isomorphism of data” associated to the homeomorphism.

It will follow from the construction in (1) (or 11.9E below) that any
neighborhood of the end of a weak collar U, contains a copy of U. There-
fore homeomorphism of neighborhoods of ends of U and V, as in (3),
gives an embedding U C V whose complement has compact closure.
This closure is a Zx-homology h-cobordism from QU to dV. The point of
(3) is that an arbitrary homology h-cobordism is homology h-cobordant
rel boundary to one which arises in this way.

Recall that the structure set S&,p(X) is defined to be homology h-
cobordism classes of manifolds homology equivalent to X. Parts (1) and
(3) of the theorem therefore immediately give:

11.9D Corollary. Suppose X is a 3-dimensional Poincaré space with
good fundamental group. Then the structure set Skop(X) is in one-to-
one correspondence with ends of 4-manfolds with trivial end obstruction,
together with homotopy equivalence of the homotopy collar with X.
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Note the equivalence relation on the set of ends is homeomorphism of
neighborhoods of the end, so that the resulting homotopy equivalence
of homotopy collars homotopy commutes with the given equivalences to
X. 1

This result shows ends can be studied using the surgery machinery of
11.3. A special case will be applied in 11.10.

Proof of the theorem: We begin with (1). The proper deformation
of a weak collar defines a map U — E, where E' is the homotopy collar,
which is a homotopy inverse for e: E — U. Applying duality, using the
duality proposition for homotopy collars in 11.9A, this implies OU —
U is a ZmU-homology equivalence. This can also be seen directly:
the proper deformation implies the locally finite cohomology H [‘f(U s Zm)
vanishes. But this is dual to the relative homology H,.(U,8U; Zr). In
any case this identifies U up to homotopy as a plus construction (11.2)
on QU. In particular the homomorphism 73U — m U is onto and has
perfect kernel.

Conversely suppose myN — m is onto and has perfect kernel. The
manifold plus construction can be applied to N x [1,1+ 1] for all7 >0
to give 4-manifolds M;. Let U = | J; M; (where boundaries N x {i} in
M;_, and M; are identified). This gives a manifold with boundary N.
Each M; is homotopic to the homotopy plus construction, as are the
unions M; U Miy,. Therefore M; U M;,, deforms rel N x {i + 2} into
M;.,. Composing all such deformations gives a proper deformation to
the end; the proper map U x {0,1] — U required for the definition of a
weak collar. Therefore U is a weak collar which realizes the given data.

We give some detail on the construction of this proper deformation.
Define d;: (Uy>; Mk) x [0,1] — U by extending the deformation of
M; U M,y into M, by the identity on {Ji.;.) Mk. Let D;: U — U
denote the composition

U=UMkMUMk_....f‘_(lﬂ, U M.

k>0 k>1 k2141

Then d;11(D; x 1) is a homotopy from D; to D;;,. Putting this homo-
topy on the interval [, {] defines the required map U x (0,1] — U.

Now consider (2). Suppose U is a weak collar. Then according to (1),
OU together with m;8U — m U is the data for a standard weak collar
Up constructed as above. We show there is a homeomorphism U — Uy
which is the identity on the boundary. This proves (2), since two collars
with the same data will both be homeomorphic to the standard one,
therefore homeomorphic to each other.
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Since m; is good, the proper h-cobordism theorem implies it is suffi-
cient to find a proper s-cobordism from U to Up. Begin with U x [0, co0),
and think of it as a proper cobordism from U x {0} to U x [0, 00). Let
W; denote the Zr-homology s-cobordism from dU x [¢,7+ 1] to M; (nota-
tion as in the proof of (1)). Then |J,-, W; gives a proper Zm-homology
h-cobordism from 8U x [0, 00) to Up. The union U x [0, 00) U |J;5 Wi

is the desired proper s-cobordism.
v [
~,

v
N
_______ e - — ___—_—-_—--——--——l

[
uw;

U x {0}

dU x [0, 00) , U % [0,00)

<
X
=
g

It is a straight-forward matter to verify this is a proper h-cobordism.
To show it is an s-cobordism we actually show the obstruction group is
trivial.

Recall that the proper s-cobordism theorem is derived in 7.3 from
the controlled h-cobordism theorem; a proper h-cobordism with a con-
nected end can be given the structure of a controlled h-cobordism over
[0, 00). The obstruction group for this is a locally finite homology group
H if ([0,00); S(p)). S(p) is the coefficient system resulting from the sys-
tem of groups with m;U over {0} and 7;(endU) over the rest of [0, c0).
Since U is a weak collar these groups are the same, and the coefficient
system is constant over [0,00). But locally finite homology of [0, co)
with any constant coefficients is trivial. Thus the obstruction group is
trivial.

We conclude from the proper (or controlled) s-cobordism theorem that
U is homeomorphic to Uy, as required.

Finally consider (3). Suppose U, V are weak collars, m;U ~mV ~«
are isomorphisms, and W is a Zw-homology h-cobordism from 3U to
dV. Specifically this means OW = gU U 3V, there is 1iW — 7 com-
muting with the homomorphisms on 73U and 713V, and with respect
to this homomorphism the relative Zm-homology groups of (W, 9U) and
(W, 9V) are trivial.

Since 7 is good and dimW = 4 we can apply the plus construction
to obtain a Zm-homology h-cobordism rel boundary of W to W, with
mW = n. Then W Usy U is a weak collar with the same data as V.
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According to (2) this means there is a homeomorphism V ~ WUU. This
restricts to a homeomorphism of ends, which has associated h-cobordism
W, as required for the theorem. I

11.9E General tame ends. Here we consider the structure and clas-
sification of ends which do not have weak collars. The first result is that
such ends have a “periodic” structure.

Theorem. Suppose M is a 4-manifold with compact boundary and
connected tame end with homotopy collar E. If m\ E is finitely presented
and good, then

(1) there is a compact manifold N homotopy equivalent to E x S?
whose infinite cyclic cover N is homeomorphic with a neighbor-
hood of the end of M,

(2) there is a homeomorphism NxS' ~NxR commuting up to
homotopy with the maps to E, and

(3) if N’ is a manifold satisfying (1) and (2) for an end proper h-
cobordant to the end of M, then N is h-cobordant to N'.

Before discussing the proof we indicate the connections with “proper
surgery.” Given an n-dimensional Poincaré space F define the “proper
structure set” Sk, (E) to be the subset of S%,p(E x S!) represented by
N with property (2) in the theorem. Then there is a “proper surgery”
sequence

L? . ((Zn) — SEop(E) — NMrop(E) — LE(Zm)

which is exact in the same sense as the ordinary surgery sequences in
11.3. This is essentially the result of Pedersen and Ranicki [1]. With
this definition we get an analog of 11.9D:

11.9F Corollary. Suppose E is a 3-dimensional Poincaré space with
good fundamental group. Then the proper structure set Stop(E) is
in one-to-one correspondence with proper h-cobordism classes of tame
ends of 4-manifolds with a homotopy equivalence of the homotopy collar
to E.

Proof of the theorem: In higher dimensions this is called “furling,”
and was developed by M. Brown, and L. Siebenmann, using engulfing.
In this dimension a different proof is necessary; we use the 5-dimensional
end theorem and the proper h-cobordism theorem.

The product M x S! has a tame end with vanishing K obstruction.
Since the fundamental group is good the 5-dimensional version of the
collaring theorem (11.9A; Quinn [4]) shows that there is a collar N x R
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of the end of M x S!. This can be used to identify M x S as the interior
of a compact manifold M x RUN x {oo}. This identifies the infinite
cyclic cover N x R as part of a collar for the end of M x R.. Use this to
add some boundary to M x R. Another piece of boundary is obtained
by identifying M x R with M x (0, 1) and adding M x {0,1}. There are
still “corners” missing.

M x St M x {1}

“corner”
missing

The result can be considered a proper h-cobordism from M x {0} to the
cover N.

According to the proper h-cobordism theorem 9.6 (since 7 is good)
there is an obstruction in ko(Zw) to the existence orf a product structure
on this h-cobordism in a neighborhood of the given end of M. We
can change this obstruction by attaching an h-cobordism of N to the
completion of M x.S'. These h-cobordisms are classified by Wh(w xZ) ~
Wh(n) @ Ko(Zn) ® NIL, and the Ky summand matches the proper h-
cobordism obstruction. Thus there are choices of h-cobordism whose
covers yield a proper h-cobordism with trivial invariant. (Note that
this modification changes N .) The resulting product structure gives a
homeomorphism of the end of M with a cyclic cover, as required.

For property (2), note the end of M x S? has collars N x R by choice
of N, and N x St by the proof above. These 5-dimensional collars are
unique up to homeomorphism, so N x R ~ N x S1.

Finally (3) is proved by applying a relative 5-dimensional version of
the proof above to the h-cobordism; we omit details. i

11.10 Neighborhoods of fixed points

We discuss the structure of neighborhoods of fixed points in actions on
4-manifolds. In most cases this can be shown to be the same as actions
on R* which fix the origin, though we will not use this. The emphasis
is on actions which are free in the complement of isolated fixed points.
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Fixed points will be divided into four classes of increasing generality;
linear, conelike, weakly conelike (which have compact contractible invari-
ant manifold neighborhoods), and the general case. In higher dimensions
the conelike and weakly conelike cases coincide, essentially because the
plus construction can be applied to the boundary of the neighborhood.
They separate in this dimension because the boundary is 3-dimensional.
However a different coincidence occurs; in this dimension conelike and
linear are expected to be the same, whereas they differ considerably in
higher dimensions. This is discussed in 11.9A. The analysis of ends using
surgery in the last section gives “programs” for classifying fixed points
in the other two cases.

11.10A Conelike actions. A fixed point is conelike if a neighborhood
is equivariantly homeomorphic to the cone on an action on a 3-manifold.
The action on the 3-manifold is also required to be locally conelike,
which in this dimension is equivalent to smoothness. Briefly, most—and
probably all—such actions are linear; a neighborhood of the fixed point
is homeomorphic to a real 4-dimensional representation of the group.

Note that the 3-manifold in the cone must be a homotopy sphere. It
is conjectured that every smooth action of a finite group on a homotopy
3-sphere is “essentially linear” in the sense that the action is obtained
from a linear action on S* by adding copies of a homotopy sphere at
points in a free orbit, and extending the action to permute these. This
has been announced to be true for actions which are not free by Thurston
[1], extending earlier work by many people which established the cyclic
case (the Smith conjecture; Morgan and Bass [1]). For free actions it is
known when the order of the group is divisible only by the primes 2 and
3, and there are encouraging signs in other cases (Thomas [1]).

The next result shows the 3-dimensional conjecture implies that cone-
like fixed points are linear.

Lemma. The open cone on an essentially linear action on a homotopy
3-sphere is homeomorphic to the open cone on a linear action.

Proof: Suppose an action of G on M3 is essentially linear. Identifying
the homotopy cells to points gives an equivariant map to the linear action
on 5%, This map is cell-like and a homeomorphism in the complement of
the preimage of the free orbit where the homotopy spheres were added.
Multiply by R to get a cell-like map of 4-manifolds. The quotient (M x
R)/G — (83 x R)/G is a homeomorphism in the complement of the
preimage of an arc {x} x R which has a manifold neighborhood.

Since cell-like maps between 4-manifolds can be approximated by
homeomorphisms, holding fixed closed sets where they are already home-
omorphisms (Quinn [4]) the quotient map can be approximated rel a
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neighborhood of the singular set by a homeomorphism. Using the G
cover of this approximation to modify the free part of the product map
gives an equivariant homeomorphism (M xR)/G ~ (§3xR)/G. Adding
a point at one end gives a homeomorphism of open cones, as required. §

11.10B The relation to ends. We now restrict to actions free in the
complement of the fixed point. Some of what follows can be extended to
more general actions (along the lines of the exercises in 11.1), but this
will not be done here.

The significance of the freeness assumption is that M/G — z is a
manifold, with an end where = used to be. There is a homomorphism
m(M/G —z) — G, and M with its action can be recovered from this
by taking the G covering space and compactifying by adding a point.

ASwan space for a group G is a space with the homotopy type of a
CW complex, fundamental group G, and universal cover the homotopy
type of some sphere S*. Since Poincaré duality is preserved by finite
coverings, X is a k-dimensional Poincaré space.

Lemma. Let G be a finite group acting on a manifold M freely in the
complement of a point x.

(1) The end of M/G — x is tame, and the homotopy collar is a Swan
G-space.

(2) Conversely, if N is a manifold with a tame end whose homotopy
collar is a Swan G-space, then the 1-point compactification of
the G-cover of a compact invariant neighborhood of the end, is a
manifold.

(3) W C M is a contractible invariant closed manifold neighborhood
of the fixed point if and only if W/G — z is a weak collar for the
end of M/G — .

So, for example, we see that a fixed point has a compact invariant
contractible neighborhood if an end obstruction in Ko(ZG) vanishes.

Proof: The end of M~z is S" ! xR, sois tame. This is a covering space
over the end of M/G — x, so since tameness is preserved by coverings
this end is also tame. The homotopy collar of the end of M/G —« has as
G cover the homotopy collar of the end of M — x, so is a Swan G-space.

for (2) we need only verify that the 1-point compactification is a man-
ifold in a neighborhood of the compactification point. The homotopy
collar of the complement of this point is $*~! so the space is a homology
manifold, and the local fundamental group of the complement is trivial.
Therefore the space is a manifold by the flattening theorem for points
(9.3A for dimension 4).



11.10 SURGERY 229

Finally consider weak collars. The map in the definition of a weak col-
lar lifts to the covering space to give a contraction of the corresponding
neighborhood of z. Conversely suppose W is an invariant contractible
manifold neighborhood in M. Since the end of W/G — z is tame there
is a proper deformation of some neighborhood to the end. Therefore it
is sufficient to find a deformation of W/G — z into an arbitrary neigh-
borhood of the end. For this it is sufficient to show that the homotopy
collar E — (W/G — z) is a homotopy equivalence. The G cover of this
is S»"! — W — z. The contractibility of W implies this is a homo-
topy equivalence, and equivalences are preserved by covering spaces so
E — (W/G — z) is also. Therefore W/G — z is a weak collar. I

11.10C Weakly conelike actions. Recall we say a fixed point is
“weakly conelike” if it has a compact invariant contractible manifold
neighborhood.

According to the lemma above, equivariant homeomorphism classes
of neighborhoods of such fixed points correspond exactly to homeomor-
phism classes of tame weakly collared ends whose homotopy collars are
G Swan spaces. For actions on 4-manifolds corollary 11.9C further de-
scribes these in terms of surgery: they are determined by homotopy
h-cobordism classes of boundaries of weak collars.

Proposition. There is a one-to-one correspondence bhetween homeo-
morphism classes of neighborhoods of isolated weakly conelike G fixed
points, and | J Stop(X)/ ~.

Here X ranges over the G Swan spaces, and the equivalence relation ~
is generated by homotopy self-equivalences of X. Using the the surgery
sequence therefore gives a “surgery program,” as in 11.3B, for classifying
such fixed points:

(1) classify the 3-dimensional Swan complexes X for G, if any,

(2) determine which of these have topological reductions of the nor-
mal fibration, and which reductions (if any) have trivial surgery
obstruction in L%(G), and

(3) determine the action of LXG), and the homotopy self-equivalences
of X, on SEop(X).

This is a large and complex undertaking, with contributions to the
higher dimensional analog made by J. Milnor, R. Swan, R. Lee, C. T. C.
Wall, C. B. Thomas, 1. Madsen, I. Hambleton, R. J. Milgram, and many
others. The answers which come out are complicated. At the time of
writing the most complete account is Hambleton and Madsen [1], which
comes close to settling (1) and (2), in terms of number-theoretic condi-
tions on G. (Their calculations for the surgery obstruction NM — L
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apply to dimension 3. This dimension is excluded in the final statements
because the surgery sequence was not known to be exact, but section 11.3
repairs this deficiency). We will not describe the conclusions except to
say that there are groups which have weakly conelike fixed points which
do not have linear ones. Also, there are usually many weakly conelike
fixed points not equivalent to linear ones, even when linear ones exist.

We very sketchily illustrate this last point in the case of cyclic groups.
Suppose G is cyclic of odd order, and N = §2/G is a lens space (quotient
of a free linear action). Then in the surgery sequence the normal map
set is a single point, and Sk op(N) is nonempty since it contains N. The
reduced group L (G) acts freely on S* so gives a bijection L} (G) =~
Skop(N). If G is not trivial then this is an infinite set. But it is
a classical result that there are only finitely many lens spaces with a
given fundamental group, and there are only finitely many homotopy
self-equivalences of each of these. Therefore there are infinitely many
nonlinear weakly conelike fixed points for G.

11.10D General actions. As observed above, lemma 11.10B shows
the end obstruction of the quotient in I~{0(Z7r) vanishes if and only if the
fixed point is weakly conelike. Theorem 11.9E shows there are equivari-
antly periodic neighborhoods of the fixad point. Corollary 11.9F gives
a surgery formulation of a classification of these fixed points, which we
discuss next.

Say that isolated fixed points of G actions on M and M’ are concordant
if there is a G action on a manifold with boundary W which is free
in the compiement of a locally flat fixed arc, and OW is the union of
neighborhoods cf the fixed points in M and M’. It is easily seen as in
11.10B that concordances W correspond exactly to proper h-cobordisms
of the ends of M/G ~ = and M'/G — z. Therefore 11.9F gives:

Proposition. There is a one-to-one correspondence between concor-
dance classes of neighborhoods of isolated G fixed points, and

| SEop(X)/ ~.
X

Here, as in 11.10C, X varies over the G Swan spaces and the equiva-
lence relation ~ is generated by self-equivalences of the X. Again this
gives a “surgery program” for approaching the classifcation of such fixed
points:

(1) classify the 3-dimensional Swan complexes X for G, if any,

(2) determine which of these have topological reductions of the nor-

mal fibration, and which reductions (if any) have trivial surgery
obstruction in L{(G), and
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(3) determine the action of Ly(G) on S§op(X), etc.

Some of this program has been carried out in higher dimensions by
Hambleton and Madsen [2]. As above the methods now apply to the
4-dimensional case. The results themselves are rather complicated, so
we only remark that there are groups G which have isolated semifree
fixed points, but cannot have compact neighborhoods as in the previous
section.



CHAPTER 12

Links, and Reformulations of the
Embedding Problem

The embedding problem concerns the necessity of fundamental group
restrictions in the disk embedding theorem. The reformulations given in
this chapter were developed to explore the problem; either suggest new
approaches or bring invariants to bear which would detect counterexam-
ples.

The first section restates the problem in terms of embedding disks
in neighborhoods of properly immersed capped gropes. These neigh-
borhoods (when orientable) occur as subsets of D*; the second section
describes these subsets explicitly as complements of certain link slices.
The embedding problem is therefore equivalent to a link slice problem.

The third section concerns slices for links in S3. The links arising
in the embedding problem are shown to be “good boundary links,” so
surgery predicts the existence of slices. In fact, surgery is equivalent to
the link slice problems, and a weak form of the embedding problem. Spe-
cial subclasses of links which have been shown to be slice are described
in 12.3D.

Section 12.4 gives a Poincaré transversality criterion for the existence
of manifolds equivalent to Poincaré complexes with free fundamental
group. Since these can be used to construct slices for links, this gives
another form of the embedding problem.

The final section describes a reformulation in terms of actions of free
groups on S3.

12.1 The embedding problem

The main embedding result for 2-disks is stated in the introduction,
and in Theorem 5.1. The data are an immersed 2-disk, and a framed im-
mersed 2-sphere with algebraically trivial selfintersections and algebraic
intersection 1 with the disk. The conclusion is that if the fundamen-
tal group is poly-(finite or cyclic) then there is an embedded disk with
the same framed boundary. The embedding “probiem” is to decide if
the statement is true without the fundamental group hypothesis. The
embedding problem “up to s-cobordism” asks if there is a disk embed-
ded in a manifold s-cobordant (rel boundary) to the original. The most
interesting results concern this weaker problem.
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Note if we take a regular neighborhood of the data then we get an
embedding problem in a much more specific manifold, and the general
problem is equivalent to such restricted ones. Capped gropes will be used
for this rather than a disk and transverse sphere, because the regular
neighborhoods are simpler.

Lemma. The embedding problem is equivalent to the existence of em-
bedded disks with the given framed boundary in (orientable) neighbor-
hoods of properly immersed 2-stage capped gropes. The embedding
problem up to s-cobordism is equivalent to embedding in grope neigh-
borhoods up to s-cobordism.

Proof: The proof of the embedding theorem produces properly im-
mersed capped gropes from the immersed disk and sphere data, so the
grope version implies the general case. Conversely, a new capped grope
can be found in a neighborhood of a given one so that the cap intersec-
tions appear in pairs with immersed Whitney disks which have immersed
transverse spheres. Applying the disk-and-sphere version to the Whit-
ney disks gives embedded Whitney disks. These can be used to get
embedded caps for the grope. But then the disk embedded in a neigh-
borhood of the model capped grope has image an embedded disk in in
the manifold.

These capped gropes can be arranged to have orientable neighbor-
hoods even if the manifold is not orientable; use 2.9 to get a grope with
the property that the image has fundamental group in the kernel of
wh 71'1M — Z/2 R

We remark that this approach to the problem looses contact with the
fundamental group of the manifold. Thus it does not give a way to
expand the class of “good” groups without solving the whole problem.
Also we expect embeddings near gropes of height 1.5, since the heights
of these can be raised arbitrarily (see the exercise in 2.7).

12.2 Link pictures

The objective is to draw link pictures describing neighborhoods of
properly immersed capped gropes and towers. As in Part I the approach
is to squeeze as much as possible of a 4-dimensional situation into a 3-
dimensional slice (the “present”). This method, developed by the second
author, is complementary to the “moving picture” descriptions used by
R. Kirby and his school. The basic data for such a picture is a link
bUL C 83 such that b is a single unknotted circle, and L is a trivial link
(bounds disjointly embedded disks). To this data we associate a manifold
M, c D* by pushing the interiors of 2-disks spanning L radially a short
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way into the interior of D*, and deleting open tubular neighborhoods
from D“. The circle b determines a framed embedded loop in M.

The first point is that these manifolds are well defined. The disks
spanning L are not included in the data, but a standard 3-manifold
theorem asserts they are nearly well-defined up to isotopy rel boundary.
Different collections of disks differ by sums with boundaries of 3-cells
containing the components of L. When radially deformation into the
interior these become isotopic, so the complement is well defined up to
isotopy.

The next point is that these manifolds have standard handlebody
structures, with one 0-handle and some orientable 1-handles. Deletion
of the tubular neighborhoods is the same as addition of a 1-handle; the
radial deformation applied to D? gives a copy of D? x I in M, which
is a 3-handle in (Mp,0M}) dual to a 1-handle.

dual handle\ deleted
a /[

S

1-handle added 2-handle deleted

Replacing the tubular neighborhoods to get D* back corresponds to
adding 2-handles to cancel the new 1-handles. The 2-disks in the tubular
neighborhood are dual to these cancelling 2-handles. In particular L
itself consists of boundaries of duals of 2-handles used to cancel the new
1-handles.

This notation can be extended to describe handlebodies which also
have 2-handles and—with some difficulty—3-handles; see Kirby, Kas,
and Harer [1], and Kirby [1], [2]. This extension will not be needed
here.

12.2A Neighborhoods of surfaces. We give link descriptions of
neighborhoods of bodies of capped surfaces. Following the conventions
of Part I (see section 2.1) a capped surface with genus 1 is drawn in the
“present” D3 x {0} ¢ D3 x [~1,1]. The body is obtained by deleting
the 2-handle caps, so the link picture will consist of b, the boundary of
the surface, and L the boundaries of 2-disks dual to the caps. These
duals are drawn as arcs, using the convention that arcs are extended to
surfaces by crossing with the [—1, 1] factor.

»
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duals of caps
AN

/‘

Regard S° as the double of D3, one copy representing the “past,” the
other the “future.” To facilitate drawing this double, we draw the picture
so that the present intersections with the boundary lie in a flat 2-disk,
then double along this 2-disk.

past future

Isotoping the boundaries of the cap duals into a standard solid torus
linking b shows they are obtained by replacing a linking circle for b with
the Bing link.

\ ¢/ ==
b b

A capped surface with several handles can be obtained by boundary
connected sum of several copies of the single-handle case. The link pic-
ture is therefore obtained by Bing doubling several copies of the linking
circle of b. Generally we define a ramified Bing double of a framed link
to be obtained by taking parallel copies of each component, and then
replacing each of these by the Bing link. Note this denotes a class of
links rather than a specific one because we have not specified how many
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parallel copies of each component to use. Using this terminology a neigh-
borhood of the body of a capped surface is M}, where L is a ramified
Bing double of the linking circle of the boundary curve b.

12.2B Composition of link pictures. Suppose bU L and b’ U L’ are
links as above, and ¢ € L is a component. Compose by compressing
L’ into a solid torus linking &', and then applying an isomorphism of
this solid torus with a neighborhood of ¢. There is a unique way (up
to isotopy) to do this so that the boundary of the normal disk of b’ is
identified with the boundary of the disk bounding c¢. Note the link L—cU
L' is trivial; disks bounding L’ can be compressed into a neighborhood
of the normal disk to ¥, so the images in the composed link bound
disks in a neighborhood of the disk bounding ¢. Since L is trivial, such
a neighborhood can be chosen disjoint from disks bounding the other
components of L.

Geometrically this corresponds to taking a union My U Mj, and iden-
tifying a neighborhood of  C dMj, with the S! x D? C My, used to
attach the 2-handle to cancel c. In other words, we replace the 2-handle
with Mp..

Capped gropes provide the first examples. A capped grope is defined
by replacing the caps of a capped surface with other capped surfaces.
The link picture for the body of the result is therefore obtained by
composing the picture for the original surface with pictures for the cap
replacements. Note this gives a ramified Bing double of the original link.

Define a j-fold iterated (ramified) Bing double of a framed link to be
a link obtained by performing j ramified Bing doublings. With this
notation, we see that neighborhoods of bodies of capped gropes with
7 stages are represented by j-fold iterated Bing doubles of the linking
circle of the boundary curve b.

12.2C Disks with intersections. Consider a disk with a single (ori-
entable) selfintersection. Adding an accessory disk (see 3.1) gives a 2-
complex with neighborhood D*, so a neighborhood of the disk with
selfintersection is obtained by deleting the accessory disk. As above the
link we want is the boundary of the dual of the accessory disk.
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self-
intersecting K
disk

accessory K R (,_.

w7 &2

4 Sui
dual / b
b

The picture identifies L as obtained by replacing the linking circle of b
with a Whitehead link. Note there are two of these, with clasps differing
by rotation by 1/2 turn, corresponding to selfintersections with sign +1
or —1. Again disks with multiple selfintersections can be obtained by
connected sum of multiple copies of single ones, so have links obtained
by replacing multiple copies of the linking circle of & with Whitehead
links.

Define a ramified Whitehead double of a framed link to be obtained by
taking multiple copies of each component, then replacing each of these
by a Whitehead link. In this notation, ramified Whitehead doubles of
the linking circle of b give link pictures for neighborhoods of disks with
multiple selfintersections.

Now we compose this with the picture for grope bodies to get link
pictures of immersed capped gropes. Suppose a capped grope with j
stages is immersed in an orientable 4-manifold so that the only intersec-
tions are selfintersections in individual caps. Then a neighborhood of
the image is My, where L is obtained by a ramified Whitehead doubling
of a j-fold iterated Bing doubling of the linking circle of the boundary
curve b.

12.2D Whitney disks. The final ingredient for pictures of neighbor-
hoods of capped towers is a picture of a Whitney, accessory disk pair
(see 3.1). proceeding as above we get
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Whitney :
disk '
< 7?)
accessory e
disk b

which when compressed into a linking solid torus gives a 2-component
link we call the Whitney link;

Define a ramified Whitney double of a framed link to be a link obtained
by replacing parallel copies of the link by copies of the Whitney link.
A neighborhood of a disk with several pairs of intersection points is
therefore represented by M, where L is obtained by a ramified Whitney
double of a linking circle of the boundary curve b.

We recall that a 1-story capped tower (with grope height j) is obtained
by replacing the caps of a capped grope of height j with selfintersect-
ing disks with Whitney and accessory disks. Suppose such a tower is
immersed in an orientable 4-manifold so that the only intersections are
selfintersections of the Whitney and accessory disks. Then a neighbor-
hood of the image is given by My, where L is a ramified Whitehead
double, of a ramified Whitney double, of a j-fold Bing double, of the
linking circle of b.

We have found Whitney disks convenient in the manipulation of tow-
ers, but it is possible to use two accessory disks in place of a Whitney,
accessory pair. This simplifies the link picture a little, by replacing the
Whitney double with a Whitehead double. With this modification a
neighborhood of a tower is obtained by a 2-fold Whitehead double of a
j-fold Bing double of the linking cizcle.

Exercise Draw an example of a link describing a neighborhood of a
properly immersed capped tower. (These are complicated enough that



12.3 LINKS AND THE EMBEDDING PROBLEM 239

drawing one is more informative than trying to decipher a picture.) {J

12.3 Link slice problems

The link description of gropes gives a reformulation of the embedding
problems in terms of link slicing. A slice for a framed link in S? is used
here to mean an extension to a topological locally flat embedding of a
collection of 2-disks in D*. If L is the trivial link (bounds 2-disks in
S3), then the “standard slice” for L is obtained by radially deforming
the interiors of bounding 2-disks into the interior of D*.

12.3A Proposition. Consider the class of links bU L, where b is an un-
knotted circle and L is a ramified Whitehead double of a j-fold iterated
Bing double of the linking circle of b, j > 2.

(1) The existence of slices for b U L whose restriction to L is the
standard slice, is equivalent to the embedding problem for disks
in manifolds with arbitrary fundamental group.

(2) The existence of slices for b U L whose restriction to L has free
complementary fundamental group, is equivalent to the embed-
ding problem up to s-cobordism for arbitrary fundamental groups.

This type of formulation was pioneered by Casson [1], and predates
any solutions to the embedding problem. A significant amount of the
material of Part I was discovered by studying these links; see eg. Freed-
man [2], [4]. There is also a well-developed theory of link invariants
showing some links to be unsliceable, which may provide an approach
to a negative solution to the embedding problems. The links in the
proposition are immune to all invariants discovered to date.

Proof: We use the grope formulation given in 12.1. According to the
previous section a neighborhood of the image of a properly immersed
2-stage capped grope is isomorphic to My, where L is a link in the
specified class. A slice for b in the complement of the standard slices for
L is exactly an embedded disk in My, so a solution to the embedding
problem.

Conversely, we have constructed 2-stage properly immersed capped
gropes in the complement of the standard slice for L, with b as framed
boundary. If the embedding problem has an affirmative solution then
there is an embedded disk in a neighborhood of this grope, therefore a
slice for bu L.

Now we consider the s-cobordism statement. A slice for L with free
complementary fundamental group has complement homotopy equiva-
lent to a 1l-complex, by 11.6C(1). This means the complement is s-
cobordant to the standard slice complement, by 11.6A. Therefore a slice
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for b in this complement is an embedding up to s-cobordism in the stan-
dard complement.

Conversely, suppose there is an embedding up to s-cobordism in the
standard complement. Attaching 2-handles to fill in where the slices were
removed gives a slice for bU L, in a contractible manifold with boundary
53, so that the slice for L has free complementary fundamental group.
The implication is completed by observing the contractible manifold
must be D*#, by the Poincaré conjecture. J

12.3B Good boundary links. In this section the links encountered
above are shown to be good boundary links, which means there is a
homomorphism of the complement to a free group, which takes linking
circles to generators and which has perfect kernel (see 11.7C).

Lemma. Suppose Lg is a link with all linking numbers trivial, F is
an orientable surface with a single boundary component b, and F is
embedded disjoint from Lg. Suppose there is another embedding F' of
the surface so that linking numbers between elements of Lo and curves
on F are the same as with the corresponding curves on F’. Suppose
also that b = AF’ bounds a disk disjoint from Lg. If L is a ramified
Whitehead double of Lo then bU L is a good boundary link.

The “good boundary” condition is equivalent to a condition on linking
numbers of curves on Seifert surfaces. Comparison with a trivial link
avoids the need to spell the condition out, or to calculate to verify it.

Proof: Suppose Fi,... ,F, are disjoint oriented surfaces in S3, each
with a single boundary component f;. (In the application of this dis-
cussion these will be Seifert surfaces for the Whitehead double of Ly.)
The orientations determine an orientation of the normal line bundles of
these surfaces, so give parallel copies lying in the complement. Define
p;, pj: F; — S$3 —UF; to be parallels on the positive and negative sides
respectively.

Alexander duality gives an isomorphism between H;(S3—Uf;) and the
dual (3, HI(F,-))*. The Seifert linking form is the composition of this
with the positive parallel p*: 3", Hi(F;) — H1(S® — UF;). Explicitly
this is given by linking numbers; a curve ¢ on the surface f; is taken
to the homomorphism which assigns to a curve d the linking number of
pj(c) and d. Choosing curves representing a basis for ), H;(F;) gives
a representation of this form by a matrix of such linking numbers.

Using the negative parallels of the surfaces gives the dual of this form,
which is represented by the transpose matrix.

Denote the free group on n generators zy, ... ,z, by F*. A homomor-
phism 71 (§3 —Uf;) — F™ can be defined by intersections with the F;. If
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a loop is transverse to the surfaces then at an intersection point with F}
associate x; or xj_l depending on the sign of the intersection. Associate
a word in the free group by forming the product of elements encountered
traveling around the loop. The kernel of this homomorphism is perfect
if the first homology of the corresponding cover of S — Uf; is trivial.
We therefore describe this cover.

Let M denote S3 —Uf; cut open along the surfaces. This has boundary
two copies of the interior of each surface, which we identify with the pos-
itive and negative parallels; M = |, (pf (intF;) Up; (intF;)). The cover
is given by |, » M, with identifications gp; (intF;) ~ (9:)p; (intF;).
The Mayer-Vietoris sequence for the homology of this cover shows H;
depends only on the homomorphisms H;(pZ*). These in turn are deter-
mined by the linking form.

The conclusion is that if two embeddings of the surfaces F, in S3
have the same linking forms, then the kernels of m;(S3 — Uf;) — F»
have isomorphic abelianizations. In particular if the boundary of one of
the embeddings is the trivial link, then the boundary of the other is a
good boundary link.

Now let bU Lg be the link of the lemma, and L a ramified Whitehead
double of Ly. We reduce first to the case where each component of Ly is
replaced by a single Whitehead link: the hypotheses on Lg are preserved
if parallel copies of components are added, so replace Lg by the multiple
used in the ramified double. The next picture shows a Seifert surface
for the Whitehead link, with curves x, y which give a basis for H;.

T

SN

A

Now replace each component ¢; of Lo with a Whitehead link, with Seifert
surface F; containing curves z;, y;. The key point is to note that the
linking numbers of z; and y; with any curve disjoint from the original ¢;
is the same as the linking number of that curve with ¢;. This means the
linking form on the UF; is determined by the linking numbers with Lg.

The first application of this is to discard b. Since the two surfaces F
and F’ have the same linking numbers with Lg, the surfaces F UJ; F;
and F' U J; F; have the same linking forms. Therefore it is sufficient to
verify & U L is a good boundary link. But & was presumed to bound
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a disk disjoint from L, so since the condition depends on the link and
not on the surfaces chosen, we can replace F' by a disk. It follows it is
sufficient to verify L is a good boundary link.

Next, since the linking numbers between components of Ly are the
same as the trivial link, the Whitehead double of Ly has the same linking
form as the Whitehead double of the trivial link. But the double of the
trivial link is trivial, so is a good boundary link. Therefore soisbUL. 1

12.3C Examples of good boundary links. Suppose Ly is any link
with trivial linking numbers. Then a Whitehead double of Ly is a good
boundary link. This follows from the lemma by letting b be the boundary
of a disk disjoint form Ly. The simplest example is a Whitehead double
of the Borromean rings:

A
A%
—

It seems likely that the slice problem for this link is the crucial test case
for the entire problem.

Now suppose b is unknotted, and I, is any link disjoint from b. Con-
struct Lo by (ramified) Bing doubling L;, and then further Bing dou-
bling one component of each Bing pair (a 1.5-fold Bing double). We
claim this L satisfies the hypotheses of the lemma. To see this, arrange
after the first Bing double that only one of each Bing pair intersects
the disk bounding b. A Seifert surface for b disjoint from this link can
be constructed by surgery on the disk, along the link. Bing double the
components which intersected the disk, then the components of the re-
sult all have trivial linking numbers with curves in the Seifert surface.
These are the same linking numbers as would have been obtained if the
curves had been pushed through the Seifert surface (and the disk) to
remove the linking with b, before doubling. Thinking of this as giving
a different embedding of the Seifert surface gives a situation satisfying
the hypothesis of the lemma.
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disk, modified to miss second Bing double, made disjoint
first Bing double from surface and disk

We note that Whitehead doubling a 1.5-fold iterated Bing double of the
linking circle of b gives the picture of a properly immersed capped grope
of height 1.5. According to the exercise in 2.7 this height is exactly what
is needed to raise the height of the grope, so the problem in some sense
is already in a “stable range.”

Combining this with 11.7C and 12.3A shows:

Corollary. “Surgery” is equivalent to embedding up to s-cobordism,
and to the existence of “free slices” for good boundary links.

We note that surgery and the s-cobordism theorems together are
equivalent to the full embedding problem, and to existence and unique-
ness of free slices. (Compare the second part of corollary 11.7C with the
role of the standard slices in 12.3A(1).)

12.3D Links known to be slice. Good boundary links with one com-
ponent (ie. knots with Alexander polynomial 1) are slice, according to
theorem 11.6C. A Whitehead double of a 2 component link with triv-
ial linking numbers is slice, by Freedman [9]. As suggested above, the
3-component case is likely to be equivalent to the general problem.

A boundary link has all linking numbers trivial, so Whitehead doubles
of these are good boundary links. These also have been shown to be
slice, by Freedman [5]. Unfortunately Bing doubles are not boundary
links, so this does not apply to the embedding problem. Note that the
embedding theorem for disks in a capped tower (or the m-null theorem
5.2) asserts the existence of slices after two Whitehead doublings. Since
a Whitehead double is a boundary link, this is a special case of the
boundary link result.

12.3E The A-B slice problem. In Freedman [8] the “A-B slice” con-
dition is defined. Roughly, a link Lg is A-B slice if and only if Whitehead
doubles of it are free-slice. The problem thus becomes to determine if the
Borromean rings, for example, are A-B slice. Calculations of Freedman
and Lin [1] show that manifolds appearing in an A-B slice structure must
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have a certain minimum homological complexity, but as yet no general
results have been obtained.

12.4 Poincaré transversality

In this section the link slice problem, therefore the embedding problem
up to s-cobordism, is shown to be equivalent to a “homotopy theoretic
problem” of dividing up CW complexes satisfying Poincaré duality. The
result comes from Freedman [6], and uses the m;-null criterion for embed-
ding up to s-cobordism derived in Chapter 6. Comments and definitions
follow the statement.

Theorem. Suppose (X, N) is a Poincaré pair with N a 3-manifold,
and f: X — V*S! an isomorphism on m, whose restriction to N is
transverse to k C VkS'. Then X is homotopy equivalent to a manifold
with boundary N if and only if there is a manifold normal map rel N to
(X, N), and f can be made Z-Poincaré transverse to k, rel N.

In the context of slices for good boundary links the normal maps exist
(11.6B, 11.7C). Therefore the existence of slices (and so the embedding
problem up to s-cobordism) is equivalent to the Poincaré transversality
problem. None of the current techniques for proving Poincaré transver-
sality apply in this dimension (Jones [1], Quinn [10], Hausmann and
Vogel [1]), nor have any obstructions been identified which might show
transversality fails.

in the link slice situation the transversality corresponds to Poincaré
“Seifert surfaces” for slices. A good boundary link L ¢ S® is the bound-
ary of a collection of Seifert surfaces S ¢ S obtained as the transverse
inverse image f~!(k), where f: (8% — L) — VkS1. If L extends to “free
slices” K  D* then the map extends to F: (D* — K) — V*S'. The in-
verse image F~!(k) then is a collection of 3-manifolds which are “Seifert
surfaces” for the slices; these have boundary S U K. For a general good
boundary link we can construct a Poincaré slice: a Poincaré embedding
of 2-disks in a space homotopy equivalent to D* whose boundaries are
the given link (11.7C). The theorem implies that if we can make the
complement of this Poincaré embedding transverse to k C VES?, to ob-
tain “Poincaré Seifert surfaces” for these slices, then we can find genuine
topological slices.

Definition. We define “Z-Poincaré transverse.” k C V*¥S! denotes a
collection of points, one in each circle, with collar neighborhood & x
[~1,1]. The manifold N is transverse to k if N N f~1(k x [-1,1]) is
of the form (N N f~!(k x {0})) x [—1,1], and the [-1, 1] coordinate of
f on this is the projection. Poincaré transversality is defined similarly,
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except that X is allowed to change up to homotopy. Thus f is Poincaré
transverse rel N if there is a homotopic pair (X, N) and homotopic
map f which is equal to f on N, so that f~'(k x [=1,1]) is of the
form f~'(k x {0}) x [-1,1], the [~1, 1] coordinate of the map is the
projection, and f ~!(k x {0}) is a Z-Poincaré pair. We also require
that the inverse image of k£ and its complement have finitely presented
fundamental groups.

For the purposes here we define a pair (X,Y) to be n-dimensional
Z-Poincaré if there is a “fundamental class” [X] € H,(X,Y;Z) so that
the cap products N[X]: H*(X) — H,,-;(X,Y) and N[X]: H{(X,Y) —
H, _;(X) are isomorphisms. It follows from this and the exact sequences
of the pair that 9[X] € H,_1(Y) is a fundamental class, so Y is Z-
Poincaré of dimension n — 1. Similarly exact sequences show that the

complement” in the definition of transversalityAis Z Poincaré, namely
(X = f1(k x (=1,1)), (N = f= (k x (=1, 1)) U f}(k x {~1,1})) . See
Browder [1 §1] for results of this sort.

The fundamental group of a Z-Poincaré space is automatically finitely
generated; it seems to be an additional hypothesis to require it to be
finitely presented.

Proof of the theorem: First note that if (X, N) is equivalent rel N
to a manifold, then this manifold provides a normal map. Also the
manifold transversality theorem implies it can be made topologically,
thus Poincaré, transverse to k C V¥S!.

For the other implication we suppose (by changing it up to homotopy)
that f: X — Vv¥S! splits in the manner described in the definition. Let
g: M — X be the normal map. Modify this to have trivial surgery
obstruction using the action of L4(free) = L4({1}) on the normal map
set (see the reduced surgery sequence in 11.3B, or the proof of 11.6A).

Make g transverse to f~(k), and arrange g~ !(f~(k)) — f~!(k)
to be a Z-homology isomorphism. For this it is sufficient to show the
map restricted to the inverse image is normally bordant to a homology
equivalence, since such a restricted normal bordism can be extended
to a normal bordism of g. However the existence of such a normal
bordism of the inverse image follows from a slight modification of the
proof that simply-connected surgery is unobstructed in odd dimensions
(Browder [1, IV.3]). Make the map an isomorphism on g, then the fact
that 71(x) — H;(x;2) is onto replaces all references to the Hurewicz
theorem, and avoids the need for simple connectivity. The homology
computations go through without change.

Let (Y, 8Y') denote the complement X — f (k) x (-1, 1), as a Poincaré
pair. Let (W,0W) — (Y,8Y) denote the corresponding complement in
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M. Using the finite presentability of the fundamental group of Y we can
do 0- and 1-surgeries on W so that W — Y induces an isomorphism on
my.

Since ¢ has been arranged to be a homology equivalence over f~!(k),
the map of boundaries W — dY is a homology equivalence. This,
and the vanishing of the surgery obstruction of g imply that the relative
homology H;(Y,W;Z) vanishes for i # 3, and in that dimension is free
with a basis {a;, b;} so that the intersection form on the image in Ho(W)
is represented by a hyperbolic matrix [(I’ (I)] . The next step is to represent
the images of this basis in Hy(W) by maps of 2-spheres into W.

The exact sequence of Whitehead [1] for W and Y gives a diagram

oW ——— HoW » ToW y mW —— HW
l l l | l
1Y ——— H,Y r,Y y 1Y —— HY

The two right vertical homomorphisms have been arranged to be isomor-
phisms. Whitehead shows I'y ~ Ha(7); Z) and therefore depends only
on 73. Thus the middle vertical is also an isomorphism. This implies
the kernel of HoW — H,Y is in the image of moW. Let é;,b;: $2 — W
be maps representing the classes a;, b; obtained above.

Now we return to M — X. This map is 2-connected, and

H3(X,M; Z[n X]) ~ H3(Y,W;2) ®z Z[m X]

is an isomorphism of Z[m; X|-modules. Further, the intersection form
is induced from the one on Hs(Y,W;Z). This implies that if we can
represent the maps a;: $2 — M by disjoint m;-negligible embeddings,
then surgery on them will produce a manifold homotopy equivalent to
X.

The union of the images of the a; and b; lie in W, which goes trivially
into m; X =~ m; VF §1. These spheres therefore satisfy the hypotheses
of Theorem 5.3, which asserts that M is s-cobordant to a manifold in
which they can be embedded. Specifically, the a, are homotopic in the
new manifold to disjoint framed embeddings, with embedded transverse
spheres homotopic to the b,. The conditions for successful surgery are
homotopy invariant, so surgery on these embeddings yields the manifold
equivalent to X, as required. B

12.5 Actions of free groups

Let L c S% denote a ramified Whitehead double of a j-fold Bing
double of the Hopf link, and suppose it has ¥ components. According
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to 12.3B this is a good boundary link; let 7;(S® — L) — F* be the
homomorphism to the free group. Then F* acts freely on the associated
cover of S — L. In Freedman [7] the endpoint compactification (see
3.8) of this cover is shown to be S3. Since endpoint compactification is
functorial, the action of the free group extends to an action on S%. The
limit set (where the action is not free) is the set of endpoints, thus a
Cantor set.

If L is free-slice then the endpoint compactification of the free cover
of closed complement of the slices is D. The action of the free group
on S therefore extends to an action on D3, still free in the complement
of the Cantor set in the boundary. The theorem is that this process
is reversible: slices can be reconstructed from appropriate extensions of
the F* action on S? to an action on D*. Consequently this extension
problem is equivalent to the embedding problem up to s-cobordism. We
refer to Freedman (7] for the proof, and precise definitions of the classes
of actions considered.

These actions are analogous to “Schottky group” actions on {n —
1)-spheres. Extensions for these aciions arise naturally by considering
the conformal geometry on S™~! as the “boundary” of the hyperbolic
geometry on R™. This analogy has been studied by Freedman and Skora
[1], [2], but the extension problem equivalent to the embedding problem
remains unresolved.
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Index of Notation

Notations are listed in order of occurrence. References are given by section or
subsection rather than page number. Section numbers are printed in the heading on

the inside of each page.

w2(—); second Stiefel-Whitney class,
1.3, 1.9.
A(—, —); intersection number, 1.7.
p(—); selfintersection number, 1.7.
x(v); Euler number of v, 1.7
@; involution on group ring 1.7
#; connected sum
of surfaces, 1.8.
of 4-manifolds, 1.9.
(—)*; transverse sphere, 1.9.

‘E(-); endpoint compactification, 3.8.

d(—, —); distance between relations,
4.5.

cl(—); closure.

2(-); singular image of a map, 4.6.

«M; M a 4-manifold, 10.1, 10.4.

e(—); ends of (—), 7.3.

ks(—); Kirby-Siebenmann invariant
8.3D, 10.2B.

rE, r-disk bundle of vector bundle F.

| Al, 4-manifold with form A, 10.1.

roc(—); Rochlin invariant of spin 3-
manifolds, 10.2B.

(=)n; mapping cylinder of h.

T4+, T-, 10.5A.

#g1; S'-connected sum, 10.7A.

km(-); Kerviare-Milnor invariant,
10.8A.

Stop; manifold structure set, 11.3.

N Mtop; normal map set, 11.3.

Lp; Wall surgery group, 11.3.

Index of Terminology

Accessory disks, 3.1.

Alexander isotopy, 9.3B.
Algebraic transverse sphere, 1.9.
Almost smoothing, 8.8.
Annulus conjecture, 8.1.
Aspherical, 11.5.

Bing double, 4.2, 12.2A.
Body,
of a capped surface, 2.1.
of a capped grope, 2.4.
of a capped tower, 3.2.

Capped
surface, 2.1.
grope, 2.4.
tower, 3.2.

Compactly supported
bordism, 11.9B.
s-cobordism, 5.3, 11.1.

Concordance
of embeddings, 10.5A
of group actions, 11.10D.

Conelike (fixed point), 11.10A.

Connected (n-), 8.3C.
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Connection, 8.4.
Constructed from, 1.10.
Contraction, 2.3, 3.2.
of a capped surface, 2.3.
of a capped grope, 2.4.
Controlled
embeddings, 5.4.
h-cobordisms, 7.2.
Convergent infinite tower, 3.8.
Crumpled cube, 4.7.
Curvature, 8.4.
Cusp homotopy, 1.6

Definite form, 10.2A.

DIFF, 8.3A.

Differ (immersions which ... )
by rotations, 1.2
by sign, 1.2

Disk-like, 2.4.

Displacement, 8.1.

Dual cap, 2.1.

Dual to w2, 1.9.

Endpoint compactification, 3.8.
Ends, of manifolds, 11.9.
Enlargement, 5.1A, 7.1C, 11.9B.
Euler number, 1.7.

Even form, 10.2A.

Eventually starlike equivalent, 4.4.
Extension, of a grope, 2.4.

Finger move, 1.5.
Framed immersion, 1.2.
Future, 1.1.

General position, 1.2.
Good boundary links, 11.7C, 12.3B.

Good groups, introduction to Part II.

Grope, 2.4.

h-cobordism, 7.1.

Handlebody, 9.1.

Hauptvermutung, 8.1.

Height, of a grope, 2.4.

Homology manifold, 9.2.

Homotopy collar (of an end), 11.9A.
Hyperbolic (form) 11.3A.

Immersed Whitney move, 1.5.

Immersion (see also proper immer-
sion), 1.2

Indefinite form, 10.2A.

Intersection numbers, 1.7.

Kummer surface, 10.2A.

Limit set of a convergent tower, 3.8.

Linking annulus, 1.1.

Linking torus, 1.1, 2.1.

Local fundamental group, 5.4

Locally homotopically unknotted,
9.3B.

Near parallels, 2.4, 3.4.
Negligible (7;- ), 1.9.
Nonsingular (form), 10.1.
Normal bundle, 9.2.
Normal map, 11.3B.
Novikov additivity, 10.2A.
Nulj,

(71-), 3.3

sequence, 4.4.

Odd form, 10.2A.
Opposite sign, 1.4.

Parallel, 2.1.
Past, 1.1.
Perpendicular, 10.3.
Pinched regular neighborhood, 3.8.
Piping, 1.11.
PL, 8.3A.
Plumbing, 1.2.
Plus construction, 11.1, 11.2.
Poincaré

conjecture, 7.1B.

space, 11.3.
Poly-(finite or cyclic) group, 2.9.
Preserve intersection numbers, 10.5A.
Proper h-cobordism, 7.3.
Proper immersion,

of a capped surface, 2.3.

of a capped grope, 2.4.

of a capped tower, 3.2.
Pseudoisotopoic, 10.5A.
Pushing intersections down, 2.5.
Push off a contraction, 2.3, 2.4.
Push one surface off another, 1.5.

Raising height

of a capped grope, 2.7.

of a capped tower, 3.5.
Ramified double (of links), 12.2A.
Rank, 10.2A.
Reduced surgery sequence, 11.3B.
Regular homotopy, 1.6.
Regular neigborhood, 1.2.
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Ribbon Whitney disk, 2.3.
Rochlin invariant, 10.2B.
Rotations, 1.2.

S-like, 2.1, 2.4
S-cobordism, 5.3, 7.1.
with compact support, 5.3.
of an immersion, 5.3.
Scorecard, 1.10.
Self-dual (connection), 8.4.
Side (of a grope), 2.6.
Sign, 1.2.
Signature, 10.2A.
Singular set (of an almost smoothing),
8.8.
Slice (knot), 11.7B.
Sphere-like, 2.1.
Spin structure, 10.2B.
Squeezing (towers), 3.7.
Stable topology, 1.9, 1.11.
Starlike, 4.5.
Starting surface (of a grope), 2.1.
Stage, of a capped grope, 2.4.
Stiefel-Whitney class, 1.3, 1.9.
Story, of a capped tower, 3.2.
Structure set, 11.3.
Sum, 1.8.
Sum-stabilization, 8.6.
Surgery,
on surfaces, 1.8.
on manifolds, 11.3.
sequence, 11.3.
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Swan space, 11.10B.

Tame (end), 11.9A.
'I"_(\)’P, 8.3A.
TOP, 8.7
Type (of a form), 10.2A.
Tower, 3.2.
Transverse,
immersions, 1.2.
sphere, 1.10.
sphere-like grope, 2.6, 3.4.
pair, 6.1.
Transversality,
of submanifolds, 9.5
of maps, 9.6.
of Poincaré spaces, 12.4.
Twisting, 1.3.

Unknotted, 11.7A.

Unframed immersion, 1.3.

Universal singularity (in an almost
smoothing), 8.8.

Well separated, 4.6.
Weak collar (of an end), 11.9B.
Weakly conelike (fixed point), 11.10C.
Whitehead double (of a link), 12.2C.
Whitney,

circle, 1.4.

disk, 1.4.

move, 1.4.

double (of a link), 12.2D.



