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Foreword

The present book brings a selection of papers of Hans Freudenthal. His interests
ranged widely and this is reflected in his many publications (more than 700). The
emphasis of our selection is on technical mathematical papers. In particular, we left
aside Freudenthal’s many writings on didactical matters; they would require a separate
volume.

The selection of the papers is necessarily somewhat arbitrary. But we believe to
have included Freudenthal’s best mathematical work.

Most – but not all – of the selected papers are accompanied by brief comments and
references to the literature.

We are grateful to Mirjam Freudenthal for her interest and support and to the late
B. Eckmann and W. Luxemburg for advice. Finally, we thank the Publishing House of
the European Mathematical Society, in particular Dr. Manfred Karbe, for the interest
in the production of these Selecta and for help in editorial matters.

Utrecht, September 2009 T. A. Springer
D. van Dalen
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Biographical Note

Hans Freudenthal was born in Luckenwalde (about 50 km south of Berlin) on 17 Sep-
tember 1905 as the first child of Joseph Freudenthal and Elsbeth Ehmann. The father
was teacher and cantor of Luckenwalde’s small Jewish community.

Freudenthal grew up in a liberal Jewish atmosphere. He was a precocious child.
Being of a delicate health (he suffered from asthma until his fifties) he had to spend much
time at home, where he read voraciously. He immersed himself in German literature,
history, philosophy. But the sciences, in particular mathematics, equally attracted him.
At the age of twelve he had already familiarized himself with differential and integral
calculus.

At the local Gymnasium he absorbed what the Wilhelmian education system could
offer.

Eighteen years old, he enrolled at the Berlin University, majoring in mathematics
(but he also attended courses in several other areas). At that time several distinguished
mathematicians taught in Berlin: Ludwig Bieberbach, Erhard Schmidt, Issai Schur.
Mathematicians of a younger generation with whom Freudenthal came into contact in
Berlin were Georg Feigl (who taught courses for beginners) and in later years Heinz
Hopf, Karl Löwner (later: Charles Loewner) and Johann (later: John) von Neumann.

Courses by Hopf on algebraic topology (1926/27) and by Löwner on continuous
groups (nowadays: Lie groups) stimulated Freudenthal’s interest in these subjects.
Hopf was to be Freudenthal’s thesis adviser (‘Doktorvater’), with Bieberbach as second
examiner. The thesis dealt with a topic in topology (the theory of ends). In the
meantime, following a time-honored tradition, Freudenthal made a tour of German
Universities, hearing a variety of authorities on a wide range of subjects.

In 1927 the Amsterdam celebrity L. E. J. Brouwer lectured in Berlin on his intui-
tionism. Freudenthal, having been prepared by a course by Löwner on constructive
analysis, was one of the few members of Brouwer’s audience who could pose sensible
questions and carry on a discussion with the lecturer. Brouwer was favorably impressed
by this young German, who knew both topology and intuitionism. And so, when in
1930 Freudenthal had written his doctoral dissertation, Brouwer offered him a position
as assistant at the University of Amsterdam. Freudenthal accepted the offer and left
Berlin for Amsterdam in October of 1930.

His duties at the University of Amsterdam were modest. He lectured on various
topics, but mostly on analysis for undergraduates. Originally, Brouwer intended to
engage Freudenthal as a collaborator in carrying forward the intuitionistic program.
Indeed, Freudenthal published a few contributions to that program. But in most of the
research of his – very productive – Amsterdam years in the 1930s he went his own way.
The subjects of his publications range widely, but topological themes dominate.

The mathematical atmosphere in Berlin and that in Amsterdam were quite different
from each other. Freudenthal was fortunate to find in Amsterdam a very stimulating



2

2 Biographical Note

colleague, namely the topologist Witold Hurewicz, who around 1935 was engaged in
his seminal work on the theory of homotopy groups. A little later Freudenthal also
made a fundamental contribution to that theory.

After Hurewicz’s departure to the United States in 1936, Freudenthal remained the
sole representative of ‘modern’ mathematics in Amsterdam.

Meanwhile, Freudenthal had settled in the Netherlands. In 1932 he married Susanna
J. C. Lutter. They had four children.

In World War II, after the German occupation of the Netherlands in 1940, Freuden-
thal’s situation changed dramatically. All Jewish members of the University staff
were dismissed. Freudenthal escaped deportation because his wife was non-Jewish,
but nonetheless harassment and even danger were always lurking. He was in prison
once, and at another time he found himself a forced laborer at a military airfield under
construction.

Most of the time he was able to stay at home, where he pursued in isolation his
mathematical, didactical and literary interests. This led to various later publications
(a prize-winning novel was even, under pseudonym, published during the war).

In 1946, shortly after the end of the war Freudenthal was appointed to a full pro-
fessorship at the University of Utrecht. In this position he displayed the many sides of
his talents. He took pains to modernize teaching and research, establishing a first class
mathematics department. He became a respected member of the academic community,
serving the University as its rector in the academic year 1963–1964.

The academic year 1960–1961 he spent in the United States as a Visiting Professor
at Yale University.

In 1975 Freudenthal had reached the age of mandatory retirement from his position
in Utrecht. Nonetheless he remained vigorous and active; he was productive until the
end of his life.

Before the 1960s Freudenthal’s mathematical research in the Utrecht period was
dominated by work on Lie groups and related geometric questions (‘Raumprobleme’
and the geometry of exceptional groups).

Already in the 1930s he became interested in educational aspects of mathematics.
In his later years this theme became paramount in his work. He became a leader in the
field, a source of new ideas and inspiration.

Freudenthal’s wife died in 1986. Four years later, shortly after his 85th birthday
and after finishing his last book, Hans Freudenthal passed away peacefully.

Freudenthal’s interests ranged widely. He published an impressive number (about
700) of articles on a wide variety of topics, not only on mathematics, but also on
educational matters, history, art, politics. Moreover, he wrote a number of books,
several of which (notably the books on educational topics) found a wide readership
and were translated into various languages. His mathematical papers and books are
listed at the end of the present volume.

Freudenthal enjoyed expressing himself in print, regularly presenting his views on
the most diverse topics; he did so in an original, and sometimes provocative way, not
eschewing controversies or polemics. For many years he wrote newspaper columns
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in Dutch – on all kinds of subjects – in the daily ‘NRC-Handelsblad’ and the weekly
‘De Groene Amsterdammer’; altogether about 250 contributions in 40 years. He wrote
with great facility and efficiency.

When he was around eighty Freudenthal wrote (in Dutch) an autobiographical
book (Schrijf dat op, Hans; Knipsels uit een leven, Meulenhoff, Amsterdam, 1987),
generously shedding light on his personal background, but with mathematics somewhat
in the shadow. In his reminiscences, Berlin 1923–1930 (in German, Walter de Gruyter,
1987), he presented recollections of mathematical life in Berlin in the 1920s.

Freudenthal had an extensive correspondence. It is preserved, together with many
other papers, in the State Archive (Rijksarchief) in Haarlem. An inventory is available
(P.J.M.Velthuys-Bechthold, Inventory of the papers of Hans Freudenthal (1905–1990),
Haarlem, Rijksarchief, 1999). A complete list of all publications (also the newspaper
articles) is included.

3
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Comments!

Über die Enden topologischer Räume und Gruppen [1931b]

This is Freudenthal’s doctoral dissertation. The doctorate was awarded at the Uni-
versity of Berlin on 6 October 1931, the examiners (‘Gutachter’) being H. Hopf and
L. Bieberbach. Hopf had a strong influence on Freudenthal’s work of the 1930s, as is
visible in the letters they exchanged in that period. This paper is the first one to in-
troduce ‘ends’ in topology. An end of a (sufficiently nice) locally compact topological
space X is an equivalence class of increasing sequences U1 , U2 , - - - of connected
open subsets Ui of X with

T
i Ui D ;, for a suitable equivalence relation on such

sequences.
Adding the ends to X one obtains a ‘compactification’ of X .
A main result of the paper is that a topological group or a homogeneous space

(‘Schiebraum’) can only have 1, 2 or infinitely many ends.
The paper has been much quoted. For recent appearances of ends in topology see

e.g. [HR].
Freudenthal returned to the theory of ends in [1942a] and [1952f]. See the comments

on [1945] for his work on ends of groups.

Einige Sätze über topologische Gruppen [1936a]

The paper discusses basic facts from the theory of topological groups, which were in
the air at the time. It is one of the first publications to present these facts coherently.
An important point made in the paper is that the isomorphism theorems from abstract
group theory hold for topological groups only under additional assumptions.

In Freudenthal’s review [1940e] (not reproduced here) of L. Pontryagin’s book on
topological groups one finds polemical comments on priorities for the basics of the
theory of topological groups.

Topologische Gruppen mit genügend vielen fastperiodischen Funktionen [1936b]

Let G be a locally compact topological group. A complex-valued continuous function
on G is almost-periodic if the set of its left translates fg .g 2 G/ (where fg.x/ D
f .gx/) is relatively compact in the space of all continuous functions, for the topology
defined by the supremum norm (this is von Neumann’s definition of almost-periodicity).
G has sufficiently many almost-periodic functions if the almost-periodic functions on

!Letters in square brackets refer to the list following the comments.

631633



634 Comments

G separate points, i.e. if for any pair .g; h/ of distinct points of G there is an almost-
periodic function f with f .g/ ¤ f .h/. Von Neumann proved that this is the case
if and only if the finite-dimensional continuous unitary representations of G separate
points.

Freudenthal proved in [1936b] that if G is connected it has sufficiently many almost-
periodic functions if and only if it is a product V 0 K, where V is isomorphic to some
Rn and K is compact (with the proviso, later seen to be superfluous, that G has a
countable basis for its open sets).

In the important case that G is a non-compact connected Lie group, the result
implies that one cannot have an analogue of the Peter–Weyl theorem for compact
groups, based on the use of finite-dimensional unitary representations. At first sight
this seems a negative conclusion. Its positive aspect is that it shows the need for a
theory of infinite-dimensional representation of Lie groups. Such a theory has been
established since the 1950s, notably in the work of Harish-Chandra.

The main result of [1936b] was also obtained around the same time by A. Weil
(without the proviso). It is discussed in [W], Chapter VII.

Teilweise geordnete Moduln [1936d]

Here Freudenthal initiated the study of what is now known as vector lattices. It in-
troduces fundamental notions and results. His aim was to give an abstract spectral
theorem, generalizing the spectral theorem for selfadjoint operators in Hilbert space
(see also [1936e], [1936f], [1936g]).

Independently, at about the same time, Kantorovich in Leningrad started work on
the same topic.

Freudenthal did not return to it in later years. His ideas stimulated subsequent later
work: in the school of Kantorovich and by Nakano and Ogasawara (Japan), S. W. P.
Steen (Great-Britain), G. Birkhoff (U.S.A.). Later references are the books [LZ], [Za]
by W.A. J. Luxemburg and A. C. Zaanen.

Vector lattices nowadays play a role in economics (see [A]).

Zum intuitionistischen Raumbegriff [1936i]

This paper had a double provenance, topology and intuitionism. The direct impulse was
Brouwer’s paper on intuitionistic dimension theory (1928), which introduced the notion
of dimension in an intuitionistic setting and proved its correctness, following his 1913
paper. Brouwer’s approach was via metric spaces. At the time it was doubted that a
metric-free approach was feasible. Freudenthal tackled this issue by usingAlexandrov’s
‘projection spectra’ (inverse systems). Combining the notions of ‘projection spectrum’
and ‘choice sequence’, Freudenthal constructed an intuitionistic version of a separable
metric space called DFTK-space after the basic conditions. The paper contains a
wealth of tools and insights, e.g. a topological definition of ‘located set’ (‘katalogisierte
Menge’) and an intuitionistic Urysohn metrization theorem. The equivalence with
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Brouwer’s definition is shown. Moreover Freudenthal indicates how to extend his
approach to Hilbert spaces. The paper is elegant and basic. It did, however, by and
large escape the attention it deserved.

Zur intuitionistischen Deutung logischer Formeln [1936j]

The interpretation of intuitionistic logic goes back to Brouwer’s dissertation, where
a ‘construction’-interpretation is outlined. A. Heyting started to present a ‘proof’-
interpretation in 1930. A clean formulation can be found in Heyting’s monograph.
By and large the ‘proof’-interpretation coincides with Kolmogorov’s ‘problem’-inter-
pretation (1932). In the present paper Freudenthal presents a radical interpretation
that has unsuspected consequences for the possibility of a coherent logic. E.g. the
problem of hypothetical argument is handled in an unorthodox manner (it had already
worried Brouwer in 1907, cf. [D]). Freudenthal clearly formulates and motivates the
identification of a theorem and its proof.

Entwicklungen von Räumen und Gruppen [1936k]

The paper gives a résumé of the results of the long paper [1937b], not reproduced here.
The papers deal with general facts about and applications of what are now called projec-
tive and inductive limits of sequences of topological spaces or of groups (Freudenthal
speaks of ‘Rn-adische’ and ‘Rn-ale Limites’ in the case of spaces, respectively, ‘Gn-
adische’ and ‘Gn-ale Limes’ in the case of groups). In the meantime the ‘general facts’
have become quite familiar. But in 1936 this was by no means the case. Freudenthal
was one of the first to deal systematically with such facts.

Alexanderscher und Gordonscher Ring und ihre Isomorphie. Zum Hopfschen
Umkehrhomomorphismus [1937f], [1937g]

The two papers show Freudenthal’s interest in the foundations of homology theory,
a topic coming up in the 1930s (and developed considerably in the later decades).
Cohomology also makes its appearance and Hopf’s ‘Umkehrhomomorphismus’ in ho-
mology led to the ring structure in cohomology. Freudenthal’s papers are contributions
to these developments.

Über die Klassen der Sphärenabbildungen. I [1937h]

This is a fundamental paper which had a great impact. It introduces the suspension
of a space, nowadays a standard notion in topology. Freudenthal’s work was probably
stimulated by the work on homotopy groups of his colleague at the University of
Amsterdam, Witold Hurewicz (who emigrated to the United States in 1936).

The homotopy group Kn.X/ of a space X is built out of the continuous maps of
the n-sphere Sn to X . Freudenthal was the first to prove substantial results about the
homotopy groups of spheres. Suspensions are crucial in his work.
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The suspension S.X/ of a (reasonable) topological space X is obtained from
the product X 0 Œ0; 1J by collapsing to a point each of the subspaces X 0 f0g and
X 0 f1g. In fact, S defines a functor on the category of topological spaces one is deal-
ing with. It is easy to see that the suspension of the n-sphere Sn is homeomorphic to
SnC1. (Freudenthal only considers suspensions of spheres, with a somewhat different
definition.)

Using functoriality of suspension one shows that there is a homomorphism of
homotopy groups Kn.X/ ! KnC1.S.X//. In particular we have a homomorphism

hn;m W Kn.Sm/ ! KnC1.SmC1/:

Assume that n > m (the interesting situation). The main result of [1937h] is that hn;m

is an isomorphism if 2m > n C 1. The geometric proof given in [loc. cit.] is quite
difficult.

Freudenthal’s result implies that for fixed p the groups KmCp.Sm/ are isomorphic
for large m. This is an example (perhaps the first one) of a stability phenomenon in
algebraic topology. These groups are the stable homotopy groups. They have been
intensively studied over the years, but have not yet yielded their mysteries. A recent
reference is the book [Ra].

Freudenthal did not return to these matters in later years.

Die Topologie der Lieschen Gruppen als algebraisches Phänomen [1941]

The main result of the paper is the following. Let G be a connected, simple real Lie
group (of dimension . 3) which is absolutely simple, i.e. whose complexified Lie
algebra remains simple as a complex Lie algebra. Then any automorphism of G is
continuous. For compact G this was proved in the beginning of the 1930s by É. Cartan
and B. L. van der Waerden. Freudenthal extends van der Waerden’s approach, in which
a fundamental set of neighborhoods of the identity in G is constructed by group-
theoretical means. To achieve this, Freudenthal has to make full use of the technicalities
of semisimple Lie algebras.

The results of this paper can be viewed in a wider context, which is discussed in
[Bo], p. 134–142.

Über die Enden diskreter Räume und Gruppen [1945]

In 1943, Hopf introduced ‘ends’ of a (finitely generated) discrete group G (see [Ho]).
He did this via an application of the results of Freudenthal’s thesis (see [1931b]), using
an action of G on a suitable topological space.

Freudenthal constructs here Hopf’s ends in a more direct way, viewing G itself as
a geometric object. The paper is perhaps the first one in ‘geometric group theory’, a
topic which has been much developed in the meantime (for a sample of some more
recent results see e.g. [Br]).
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Hopf and Freudenthal show that the number of ends of G is either 0; 1; 2 or 1
and they discuss the cases where the number of ends is finite. Groups with infinitely
many ends were studied by Stallings in the 1960s, see [St]. Here free products with
amalgamated subgroups enter the picture.

Oktaven, Ausnahmegruppen und Oktavengeometrie [1951b]

This is Freudenthal’s first publication on octonions and their relation with exceptional
groups. A main contribution of the paper is the construction of a projective plane P

over the non-associative octonion division algebra O (also called the algebra of Cayley
numbers). The subject seems to have been in the air at the time, P had been mentioned
earlier by P. Jordan and A. Borel. Freudenthal was not aware of this. It seems that he
first encountered the octonion plane in a talk by G. Hirsch at a colloquium on algebraic
topology in Paris in 1947.

Freudenthal’s construction of P is algebraic. It uses the 27-dimensional real vector
space & of Hermitian 303-matrices over O, an exceptional simple real Jordan algebra.
In the short paper [1953e] he gives a concise description of the construction.

Another main result of the present paper is the determination of the automorphism
group of P . Freudenthal shows that it is a real Lie group of type E6. He also shows
that the compact Lie group of type F4 can be viewed as the elliptic group of P .

The paper also discusses the classification of real composition algebras.
Nowadays the octonion planes are probably best viewed in the context of the theory

of algebraic groups, pertaining to forms of a group of type E6 over a ground field F ,
of F -rank 2. In a wider context such matters are treated in the book [TW].

Beziehungen der E7 und E8 zur Oktavenebene, I–XI [1954b], [1954c], [1955a],
[1955b], [1959b–f], [1963b], [1963c]

The aim of this long series of papers is, roughly speaking, to construct geometries
whose automorphism groups are Lie groups of the exceptional types F4, E6, E7, E8.
(The sections of the papers are numbered consecutively, we quote that numbering.) In
this work a heuristic tool (discussed in VII, [1958c]) was the ‘magic square’

B1 A2 C3 F4

A2 A2 0 A2 A5 E6

C3 A5 D6 E7

F4 E6 E7 E8:

The columns are indexed by the four division algebras over the reals: R, C, H (the
quaternions), O (the octonions). The rows correspond to some kind of geometry. In the
intersection of a row and a column one would find the type of the automorphism group
(a Lie group) of the geometry corresponding to the division algebra of the column.
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The first row corresponds to 2-dimensional elliptic geometry and the second row
to 2-dimensional projective geometry. The third row corresponds to a geometry of
symplectic type.

The papers I–VII are devoted to the last entry, E7, of the third line. In I, 1 an alge-
braic machinery is set up. Let & be the 27-dimensional real vector space of Hermitian
3 0 3-matrices over O and put K D R ˚ R ˚ & ˚ &, a 56-dimensional real vector
space. Freudenthal introduces in I, 4 a Lie algebra L of type E7, acting in K . He
shows that L annihilates a quartic form on K and also a symplectic bilinear form.

In III, 9 a cone N in L is introduced whose elements ‚ satisfy ‚2 D 0. The lines
in N are called points. Two points R‚ and R‚1 are collinear if ‚ and ‚1 commute.
Maximal sets of mutually collinear points are planes. A line is an intersection of two
planes containing more than one point. Then Freudenthal proves:

(A) A plane, together with the lines contained in it, is a projective plane isomorphic
to P (IV, 12.2);

(B) Given a plane P and a point p 62 P there is a unique plane through p intersecting
P in a line (IV, 12.9).

He calls this geometric system S the 5-dimensional symplectic octonion geometry.
The name is explained by the fact that if one performs similar constructions with R
instead of O one obtains a geometric system whose points are lines in R6, two points
being collinear if the corresponding lines span a subspace which is isotropic for a given
symplectic form on R6.

In V, VI, VII Freudenthal gives an axiomatic characterization of S , taking (A) and
(B) as axioms (see VII, 24.8). He also requires a third axiom (C), which we will not
go into. (Tits showed later that it can be omitted, see the next paragraph).

In the years of his work on octonion geometry Freudenthal was in contact with J.
Tits (at the time in Brussels), one of the few mathematicians interested in geometric
aspects of exceptional groups at that time. Tits’ work, later systematized in his theory
of buildings (see e.g. [AB], [T], [Ro]), had a wider scope. To a simple linear algebraic
group G over a field K he attached a geometry in the following way. Its objects (points,
lines,…) are the maximal parabolic subgroups of G which are defined over K. Two
of them are incident if their intersection contains a Borel group of G (not necessarily
defined over K). The objects have different types, indexed by the nodes of the Dynkin
diagram of G relative to K.

From Tits’ point of view, Freudenthal’s geometry S comes from the case K D R,
G being of type E7 with R-rank 3. The relative Dynkin diagram is of type C3. Tits
discusses S in Section 9 of [T].

The papers VIII–XI are devoted to the last line of the square.
In VIII and IX the geometry of the entry F4 is discussed. It has four kinds of

objects: points, lines, planes and symplecta (i.e. 5-dimensional symplectic geometries).
Freudenthal speaks of a ‘metasymplectic’geometry. The algebraic treatment (prepared
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in VIII, 26) does not use Jordan algebras, but instead uses the vector space

&0 D M3 ˚ M3 ˚ M3

of triples of 3 0 3-matrices, provided with the cubic form f given by

f .a; b; c/ D det.a/ C det.b/ C det.c/ 1 tr.abc/:

The subgroup G of GL.&0/ fixing f is of type E6 and the subgroup fixing moreover
.1; 0; 0/ is of type F4. The F4-geometry is described in terms of these algebraic data,
similar to the description of the geometry S . The points are now the lines in &0
corresponding to singular points of the hypersurface f D 0 (VIII, 27) The symplecta
are certain lines in the Lie algebra g of G (VIII, 28).

In X and XI it is shown that there is a metasymplectic geometry for all four entries
of the last line of the diagram. The geometries are described in a uniform way.

g now denotes the real Lie algebra of the appropriate Lie group, of type indexed by
the column. The symplecta of the geometry are parametrized by lines in g and points
by lines in End.g/ (X, 37). Relative positions of pairs of objects (points, symplecta)
are analyzed and various delicate incidence properties are established (e.g. in XI, 71).

The objects of the geometries can be identified with lines in the space of certain irre-
ducible representations of g, occurring in the tensor square of the adjoint representation
of g. The explicit decomposition of the tensor square is given in X, 33.

An axiomatic description of the metasymplectic geometries was given later by Tits
in [T], Section 10. In his set-up, Freudenthal’s metasymplectic geometries come from
the buildings of type F4 associated to exceptional groups over R of types F4; E6; E7; E8

and respective R-ranks 0; 2; 3; 4.
The ‘magic square’ and related ‘magic triangles’ still remain intriguing and appear

in the recent literature in mathematics and theoretical physics. See e.g. [DG], [LJP],
[LM].

Zur Berechnung der Charaktere der halbeinfachen Lieschen Gruppen I, II, III,
[1954d], [1954e], [1956e]

The characters of an irreducible representation of a compact semisimple Lie group G

are given by Weyl’s character formula. Weyl’s original proof was analytic.
In I Freudenthal gives a more algebraic proof. The starting point is the fact that

the character of an irreducible representation is an eigenfunction of the Casimir oper-
ator, a second order linear differential operator on G. Writing down the formulas –
involving Lie algebra ingredients – which make the fact explicit, Freudenthal shows
that Weyl’s character formula is equivalent to a set of formulas for the weight multi-
plicities of the representation, of an inductive nature. A somewhat streamlined version
of Freudenthal’s proof can be found in his book with H. de Vries [1969b] (Section 48).

In II and III it is shown that the inductive formulas can be used efficiently in making
explicit computations (by hand). Thus it comes as no surprise that in recent years the
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formulas have been implemented in software packages for computational algebra (e.g.
LiE, Magma, Maple).

A proof of Weyl’s formula for algebraic groups in characteristic 0 along the lines
of [1954d] is given in [Sp].

Neuere Fassungen des Riemann–Helmholtz–Lieschen Raumproblems [1956a]

The ‘Raumproblem’ (space-problem) is, in vague terms, the problem of characterizing
the spaces underlying ‘known’ geometries. To analyze it, Riemann introduced the
quadratic differential form of a Riemannian metric on a space. In Helmholtz’s analysis
some sort of homogeneity of the space plays a role. After Lie introduced group theory
in the study of the problem, the homogeneity could be handled by the requirement of
a transitive Lie group action on the space.

This paper starts off with a historical review of the problem and of its later avatars
(see also Section 2 of [1964b]). The main contribution of the paper is the formula-
tion and solution of a space-problem which seems to encompass the space-problems
previously considered (by many authors).

Freudenthal considers a connected, locally compact Hausdorff space R, together
with a group F of homeomorphisms of R. He imposes three axioms. The first axiom
(S) (‘topological rigidity’) requires a kind of uniformity of the action. It implies the
existence of an F -invariant uniform structure on R. Moreover, F can be made into
a topological group. The second axiom (V) required F to be complete. Then F is
locally compact.

The third axiom (Z) is the crucial one. It requires that there is an orbit of F in R

that decomposes R, i.e. such that its complement is disconnected.
It is first shown that an isotropy group J , F of a point of R is compact. The main

part of the paper is an analysis of the following situation: G is a Lie group with finitely
many components, containing a compact subgroup K such that there is a K-orbit in
G=K which decomposes G=K. These situations can be classified, using the techniques
of representation theory. This lead to the main theorem (‘Hauptsatz I’) of the paper,
which lists the possibilities. To recover the ‘classical’ spaces with constant curvature
one should impose ‘higher order’ conditions. The first order condition expresses that
the isotropy group J also occurs as a group like F ; higher order conditions come by
iteration.

The analysis of the paper also implies that F is a Lie group. (The proof uses the
solution of Hilbert’s fifth problem.)

Grundzüge eines Entwurfes einer kosmischen Verkehrssprache [1957d]

In 1957 Freudenthal finished the manuscript of his book [1960d] on cosmic commu-
nication. Here a brief synopsis of the book is given.

The main concern of the project is to provide a linguistic toolkit for transferring
information about human scientific and social notions and practices to extraterrestrials.
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In fact, the project is an experiment in communication. Four important aspects are
discussed: mathematics, time, behavior and physics. The basic idea is that the receiver
of the signals transmitted by the human operator is induced to grasp the meaning of
signal packages (messages) through long lists of examples.

Although Freudenthal adopts some of the benefits from formalized mathematics
and logic, the treatment is by no means a logic text. Whereas we would nowadays
prefer the more natural systems of present-day formal logic, we may well admire
Freudenthal’s exposition for his insightful handling of e.g. the linguistic phenomena,
physics and other themes. The treatment is imaginative and original. In spite of the
fact that Freudenthal’s approach is still of value today, the work on Lincos (‘lingua
cosmica’) remains an isolated enterprise.

Zur Geschichte der Grundlagen der Geometrie [1957e]

No selecta of Hans Freudenthal would be complete without a specimen of his historical
work. Historical expertise was certainly not the least of his many gifts. We have
selected from his long list of historical papers the one that deals with Hilbert’s famous
monograph on the foundations of geometry. It is not easy to think of a book that had
such a profound influence on the development of mathematics in the past century. The
‘Grundlagen’became the new ‘Euclid’for generations of mathematicians, and it was the
starting point for ‘axiomatics’. Freudenthal comments and analyzes the contents in a
primarily historical setting. Even today Freudenthal’s review has not lost its freshness
and thrust. The review lends itself perfectly as a companion to Hilbert’s legendary
treatise.

Das Helmholtz–Liesche Raumproblem bei indefiniter Metrik [1964b]

The paper describes an attempt to extend the treatment of the space problem in [1956a],
so as to incorporate spaces with an indefinite metric, as in special relativity.

The setting is similar to that of [1956a]. Given are a connected, locally compact
Hausdorff space R together with a group F of homeomorphisms of R, which now is
assumed to be locally compact. Now also a ‘quasimetric’ M is given, a continuous real
function on R 0 R vanishing on the diagonal and F -invariant. Then for x 2 R and
r . 0 one has the ‘sphere’ Sx;r D fy 2 R j M.x; y/ D rg. For r D 0 this is the ‘light
cone’ of x.

The axioms which are imposed require, roughly, that light cones of distinct points
do not coincide locally and that the isotropy group J of a point x acts locally transitively
on the spheres Sx;r . Moreover, these spheres should not be too small.

The axioms imply (via the solution of Hilbert’s fifth problem) that F is a Lie group.
The classification of the possibilities is then reduced to a problem in the representation
theory of Lie groups (problem P, stated in Section 6.2). The solution of the prob-
lem is technically complicated, involving classification and representation theory of
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real Lie groups. After imposing higher order conditions Freudenthal obtains indeed
characterizations of spaces with indefinite metrics.

He considers the results of the paper to be provisional (‘vorläufig’) and not com-
pletely satisfactory. We do not know of more recent work along the lines of this paper.

Lie groups in the foundation of geometry [1964c]

This is a survey paper, reviewing topics in geometry related to Freudenthal’s own
work: space-problems (Helmholtz–Lie, Weyl-Cartan), the geometries connected with
exceptional groups, Tits geometries.

The well-written paper is still quite informative today, in particular on historical
aspects.
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