TWISTED ALEXANDER POLYNOMIALS OF HYPERBOLIC
KNOTS

NATHAN DUNFIELD, STEFAN FRIEDL, AND NICHOLAS JACKSON

ABSTRACT. Given a hyperbolic knot K we use the torsion corresponding to the
discrete and faithful SL(2,C)-representation to define a knot invariant Tk (t) €
C[t*!] with no indeterminacy. We study the basic properties of the invariant 7 (t).
In particular we show that it is always non-zero and we show that it gives lower
bounds on the knot genus, fibering obstructions and amphichirality obstructions.
We will furthermore show that 7k detects the knot genus, fiberedness and the
chirality of all hyperbolic knots with up to twelve crossings.

1. INTRODUCTION

1.1. Definition of hyperbolic torsion and basic properties. Let K C S® be an
oriented hyperbolic knot. The hyperbolic structure gives rise to a discrete and faithful
representation 71 (S*\vK) — PSL(2,C) which is unique up to an inner automorphism
of PSL(2,C) and up to complex conjugation, furthermore this representations lifts
to a representation mx — SL(2,C). (We refer to Section 3 for details). By fixing
one type of lift and by normalizing the corresponding torsion invariant we obtain a
well-defined invariant 7x(t) with no indeterminacy, which a priori lies in C(t%). We
refer to Tk (t) as the hyperbolic torsion of K. The invariant 7x(¢) has the following
properties:

Theorem 1.1. Let K be an oriented hyperbolic knot K. Then Tk (t) has the following
properties:
(1) Tx(t) lies in C[t*],
(2) Tk (&) is non-zero for any root of unity &, in particular Tx (1) and Tx(—1) are
non-zero,
) Tie(t) = T (t7),
) Tk (t) is independent of the orientation of K,
) if K* denotes the mirror image of K, then Ty«(t) = Tk (t),
) if K is amphichiral, i.e. if K = K*, then Tx(t) is a real polynomial, i.e.
Tk (t) € R[t*2].

Remark. The hyperbolic torsion is surprisingly little studied. To our knowledge 7k (t)
has so far only been studied for twist knots by Morifuji [Mo08], and in a slightly

Date: February 23, 2010.
N. Dunfield was partially supported by the US NSF.
1



2 NATHAN DUNFIELD, STEFAN FRIEDL, AND NICHOLAS JACKSON

different setup, it has been studied for 2-bridge knots by Hirasawa and Murasugi
[HMO08] and Silver and Williams [SW09d]. A related invariant, namely the torsion of
hyperbolic 3-manifolds corresponding to the adjoint representation, has been studied
in detail by Dubois and Yamaguchi [DY09].

Remark. The torsion of hyperbolic manifolds corresponding to the discrete and faith-
ful representation (i.e. the invariant 7x(1) in our notation) has been studied by
Menal-Ferrer and Porti [MP09]. In particular Theorem 1.1 (2) follows in a straight-
forward way from their work. The invariant 7x (1) is an interesting invariant in its
own right. It is conjectured that 7x (1), like the hyperbolic volume, is invariant un-
der mutation.! Note though that the invariant 7 (1) is not related to the volume.
For example using a variation on [Po97, Théoréme 4.17] one can show ([Po09]) that
there exists a sequence of knots K, such that the volumes converge to a positive real
number, whereas the numbers 7k, (1) converge to zero.

1.2. Topological information contained in 7x(t): Fiberedness and genus.
Let K C S% be a knot. We say that K is fibered if there exists a fibration S3 \
vK — S'. The genus of the knot K is defined to be the minimal genus among all
Seifert surfaces of K. The genus of K will be denoted by genus(K). We also write
x(K) = 2genus(K) — 1 and refer to it as the complexity of K.

Given p(t) = apth + -+ + qit' € C[t*'] with ay,, a; # 0 we say that p(t) is monic if
ar = 1 and q; = 1. Furthermore, the degree of p(t) is defined to be deg(p(t)) =1 — k.
We also define the degree of the zero polynomial to be zero. The following theorem is
an immediate consequence of the work of Goda, Kitano and Morifuji [GKMO5] (see
also Cha [Ch03], Kitano and Morifuji [KMO05], Pajitnov [Paj07], Kitayama [Kiy08],
[FK06] and [FV09a, Theorem 6.2]).

Theorem 1.2. Let K C S? be a hyperbolic knot. If K is fibered, then Ty (t) is monic
and

P() = 3 deg(Tic(1)
holds.

The following is an immediate consequence of the definitions and of [FK06, Theo-
rem 1.1].

Theorem 1.3. Let K C S? be a hyperbolic knot. Then

P() > 3 deo(Tic(1))

1[S] T am not quite sure what the status for this is. The invariants 7x (£1) should be mutation
invariant and Porti and Dubois should be able to prove it. But as of Dec 14th they have not proved
it.
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The calculations in [Ch03], [GKMO05] and [FK06] gave evidence that twisted torsions
corresponding to more general representations are very successful at detecting non—
fibered manifolds and at detecting the genus of a knot. In fact in [FVO8b] (see also
[FVO08a, FV07a, FV09a, FV09b]) it was shown that twisted torsion corresponding to
regular representations coming from epimorphisms onto finite groups detect whether
a knot is fibered or not. It is not known though whether twisted torsion always detects
genus of a knot.

Instead of considering many different representations as in the earlier papers we
now focus on one, canonical representation. We propose the following, possibly rather
optimistic conjectures.

Conjecture 1.4. Let K C S3 be a hyperbolic knot. If Ti(t) is monic and if
1
P(K) = 3 deg(Tic(1)
holds, then K 1is fibered.
Conjecture 1.5. Let K C S® be a hyperbolic knot. Then

o(K) = 3 deg(Tic (1))

Note that Conjectures 1.4 and 1.5 combined give the conjecture that a knot K is
fibered if and only if 7x () is monic. For a knot with at most twelve crossings we use
SnapPea to determine the canonical representation « : m (Xg) — SL(2,C) up to a
small error. Using Fox calculus (see Section 4) we then compute Tk (t) up to about
10 digits for all knots in this range. Our calculations show that Conjectures 1.4 and
1.5 hold for all knots with up to twelve crossings. We refer to Section 6 for details.

In Section 5 we show that twisted torsion defines a C[t*!]-valued function on the
character variety of the knot exterior. We will show that the set of characters for
which the corresponding torsion detects the knot genus is a Zariski open set and that
the set of characters for which the corresponding torsion is monic is Zariski closed.

1.3. Topological information contained in 7x(¢): Chirality and mutation.
In Theorem 1.1 we showed that if K is an amphichiral knot, then 7k (t) is a real
polynomial. This turns out to be a rather good way to detect chirality. In fact we
show, that if K is a hyperbolic knot with thirteen crossings or less, then K is chiral
if and only if the imaginary part of 7 (t) is zero.

Hyperbolic invariants often do not detect mutation. For example Ruberman [Ru87]
showed that the hyperbolic volume is unchanged under mutation. It is also known that
the invariant trace field is unchanged under mutation ([MRO03, Corollary 5.6.2]). Also
note that the birationality type of the component of the character variety containing
the discrete and faithful representation is unchanged under mutation (see [CL96],
[Ti00, Ti04]). We conjecture that 7x (1) and 7x(—1) also do not detect mutation.
We again refer to Section 6 for details.
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1.4. Examples: The Conway knot and the Kinoshita-Terasaka knot. Per-
haps the most famous pair of knots are the Conway knot 1149; and the Kinoshita-
Terasaka knot 11499. These two knots are (positive) mutants with Alexander polyno-
mial one. The genus of the Conway knot 11491 is equal to three and the genus of the
Kinoshita-Terasaka knot 1149 is equal to two.

For the Conway knot we calculate that Tg,,, (t) equals approximately

(4.8952 — 0.0992i)¢>  +(—15.6857+ 0.2976i)t* +(23.1036+ 0.07844)¢>
+(—26.9416 — 4.84510)t? +(38.3835+ 24.4943i)t  +(—43.3240 — 44.08061)
+(38.3835+ 24.49434)t 71 +(—26.9416 — 4.84514)t =2 +(23.1036+ 0.07844)t 3
+(—15.6857+ 0.29764)t ~* +(4.8952 — 0.0992¢ )¢ 5.

For the Kinoshita—Terasaka knot we calculate 7, ,(t) equals approximately

(4.4179+ 0.37604)t3  +(—22.9416 — 4.84514)t> +(61.9644+ 24.09744 )t
+(—82.6954 — 43.48547) +(61.9644+ 24.09747)t 1 +(—22.9416 — 4.8451i)t >
+(4.4179+ 0.37601)¢ 3.

Note that Conjectures 1.4 and 1.5 hold for both knots. Also note that the polynomials
are not real, reflecting the fact that the knots are chiral. Finally note that the
polynomials are different, which implies that 7k (¢) is not invariant under mutation.

Remark. It is interesting to study the evaluations of 7k (t). We calculate

TK401 (1)
TK401 (_ 1)

This calculation reflects our conjecture that the invariants 7x (1) and 7x(—1) are
unchanged under mutation. On the other hand we have

Ticw, (i) ~ 33.7952 — 20.8122i
Ticaor (1) —33.7952 + 36.8122i.

This suggests that the evaluation of 7 (&) is not a mutation invariant if £ # +1.

Tiws (1)~ 4.186003 — 4.228629i
A~ 261.3432 + 102.1226i.

Q&

R

1.5. Final remarks and open problems.

Remark. (1) Let K be a hyperbolic knot and denote by « : m (X)) — PSL(2,C)
the canonical representation. We can also consider the adjoint representation

Oéadjiﬂ'l(XK) — Aut(ﬁ[(2,(C))
g - A a(g)da

associated to a. It is well-known that this representation is also faithful and
irreducible. The corresponding twisted torsion was studied by Dubois and
Yamaguchi [DY09], partly building on work of Porti [Po97]. We refer to
Section 6.4 for a few calculations.
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(2) If K is a knot in S® such that the complement is a graph manifold, then K
is an iterated torus knot and it is well known that K is fibered. This is not
true in more general set ups. For example there exists a knot K in an integral
homology sphere Y such that Y \ vK is a graph manifold with the following
property: the ordinary Alexander polynomial is monic and its degree equals
twice the genus, but the knot is not fibered.

(3) For simplicity we restrict ourselves in this paper to the study of knots. We
expect that many of the results and conjectures are similarly valid for 3-
manifolds in general. For 3-manifolds the appropriate question is whether
twisted torsion detects the Thurston norm and fibered classes (cf. [FKO06,
FKO08] and [FV08b] for more details).

(4) Let K be aknot and « a faithful representation. It is an open question whether
the twisted invariant 7(K, «) is necessarily non—trivial, i.e. not equal to +1
up to the indeterminacy. We refer to [Su04] and [SW09c¢] for more on twisted
Alexander polynomials of groups in general and faithful representations.

We conclude this paper with a few questions and open problems:

(1) Does the invariant 7x(t) contain information about symmetries of the knot
besides information on chirality?

(2) Does there exist a hyperbolic knot such that 7k (1) = 17

(3) Does there exist a hyperbolic knot such that 7Tk () = 17

(4) Show that the invariants 7 (1) and 7x(—1) are invariant under mutation.

(5) Do we always have |Tx(—1)| > |Tx(1)|? 2

(6) Give examples of hyperbolic knots K; and K> such that Tk, (t) = Tk, (t). Can
such examples be found among fibered hyperbolic knots?

(7) Let K be an amphichiral hyperbolic knot. Then 7k (t) is a real polynomial.
Is the top coefficient of Tk (t) always positive? Is it always at least one?

(8) If K is slice, does T (t) factor as f(t) - f(¢7!)? very unlikely!

(9) If K, and K, are two knots such that there exists an epimorphism (5% \
K1) — m(S?\ K3). Does it follow that Tx, (t) divides 7y, (t)? Also unlikely,
but worth checking (cf. [KSWO05] and [KS05]).

Acknowledgments. We would like to thank Jérome Dubois, Vladimir Markovic,
Jinsung Park, Joan Porti, Dan Silver, Alexander Stoimenow, Susan Williams and
Alexandru Zaharescu for interesting conversations and helpful suggestions. We are
particularly grateful to Joan Porti for sharing his expertise and an early draft of

[MP09] with us.

2. TWISTED INVARIANTS OF 3—MANIFOLDS

2.1. Twisted homology groups and twisted torsion. Let X be a topological

space. We write 7 = m(X). Let a : m — Aut(V) be a representation where V' is

2[S] That’s a new question



6 NATHAN DUNFIELD, STEFAN FRIEDL, AND NICHOLAS JACKSON

a module over a ring R. We can thus view V as a left Z[r]-module. We sometimes
write V,, to indicate which action on V' we consider. B

Denote by X the universal cover of X. The chain complex C,(X) is a left Z[r]|-
module via deck transformations. We can now consider the twisted cochain complex

CH(X; V) = C.(Homgm (X), V),

we denote its homology groups by H*(X;V'). Using the natural involution g +— ¢!

on the group ring Z[r|, we can also view C,(X) as a right Z[r]-module. We now
obtain the twisted chain complex

CHX;V) = Cu(X) Rz V,

and we denote its homology groups by H*(X; V). When « is understood we will drop
it from the notation.

In the following we say that two representations o : # — Aut(V) and § : 7 —
Aut(W) are equivalent if there exists an isomorphism ¥ : V' — W such that a(g) =
U~lofB(g) oW for any g € 7. It is well-known that the twisted cohomology and
homology groups only depend on the equivalence class of a.

Now let X be a finite CW complex and let o : 71 (X) — Aut(V') be a representation
where V' is a vector space over a field F. We denote by 01, ..., 04, the set of i-cells
(note that we picked a random ordering of the cells). For each cell o;; we then pick a

lift &;; to X. This endows the free Z[r]-module chain complex C,(X) with an ordered
basis B. We now consider the twisted cellular chain complex

Cu(X) ®zpm V-
Let vq,...,v, be any basis of V. We endow C’Z()z) ®z(x) V with the ordered basis
{61 ®@vU1,...,Gik, QU1,..., 051 @ Upy ..., Ty, @ U}

If this complex is not acyclic, i.e. if H*(X;F") # 0, then we define 7(X, o, B) := 0.
Otherwise we denote by 7(X,«a,B) € F* := F \ {0} the torsion of this based F-
complex. We will not recall the definition of torsion, we refer instead to the many
excellent expositions, e.g. [Mi66], [Tu01, Tu02] and [Nic03]. Finally we define
7(X, a) = 7(X, a, B). We summarize the key properties of 7(X, a, B) and 7(X, «) in
the following lemma:

Lemma 2.1. (1) The invariant 7(X, o, B) € F is well-defined, i.e. independent
of the choice of the basis for V.

(2) The invariant 7(X,«) € F is well-defined up to multiplication by an element
of the form ed where d € det(a(m)) and € € {—1,1}. If dim(V') is even, then
e=1.

(3) The invariants 7(X, a, B) and 7(X, ) depend only on the equivalence class of
a.
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Proof. The first and the last statements can be easily verified. Now let B, 5’ be bases
of C,(X) corresponding to two different orderings and lifts of cells. If B is obtained
from B by switching the order of two cells, then it follows easily from the definitions
that
(X, a,B) = (-1)%V)r(X a,B).
Furthermore, if B’ is obtained from B by acting by ¢ € m(X) on a lift of a k-cell,
then
(X, a,B) = det(a(g)) "V 7(X, o, B).

The second statement is now an immediate consequence of these observations, since
any two B, B’ are related by a sequence of the above moves. O

Now suppose that M is a 3-manifold with empty or toroidal boundary and let
a:m(M) — Aut(V) be a representation where V' is a vector space over a field F.
We equip M with the structure of a finite CW complex X and we define 7(M, o) =
7(X,a). Note that 7(M, «) is independent of the choice of the underlying CW com-
plex by Chapman’s theorem [Chp74].

2.2. Twisted torsion of a knot. Let K C S3 be an oriented knot. Throughout the
paper we write Xy = S\ vK, mx = m(Xk) and we denote by ¢ : m1x — Z the
homomorphism given by sending the oriented meridian to one. We will drop K from
the notation if the knot is understood from the context.

Let o : m — GL(n, R) be a representation over a commutative domain R. We can
now define a left Z[r]-module structure on R" ®z R[t*!] = R[t*]" via a @ ¢ as
follows:

g-(w@p) = (alg)-v)®(8(g) - p) = (a(g) - v) @ (t*Yp)
where g € m(X),v®@p € R" @ R[t*!] = R[t*']". Put differently, we get a represen-
tation a®¢ : # — GL(n, R[t*']). We denote by Q(t) the quotient field of R[t*']. The
representation a®¢ allows us to view R[tE!]™ and Q(¢)" as left Z[r]-modules. By Sec-
tion 2.1 we can now consider the torsion invariant 7(Xx,a ® ¢) € Q(t). Throughout
the paper we will often write 7(K, ) = 7(Xg,a ® ¢).

Remark. The study of twisted polynomial invariants of knots was introduced by Lin
[Li01]. It follows from the work of Kitano [Ki96] that our invariant 7(X,a ® ¢) is
equivalent to Wada’s invariant (see [Wa94]) and closely related to Lin’s invariant. We
refer to [FV09a] for more on twisted invariants of knots and 3-manifolds.

Note that given g € 7 we have det((a ® ¢)(g)) = t"*¥9 det(a(g)). The following
lemma is now a reformulation of Lemma 2.1 in our context.

Lemma 2.2. Given an oriented knot K C S* and an n-dimensional representation
« the invariant 7(K, ) € Q(t) is well-defined up to multiplication by an element of
the form edt®™ where d € det(a(w)) and k € Z. If n is even, then ¢ = 1. Finally
T(K,«) depends only on the equivalence class of a.
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2.3. Twisted 0—th Alexander polynomials and non—trivial representations.
The twisted torsion of a knot is by definition a rational function. It is well-known
though that the twisted torsion of a knot is in fact often a polynomial, provided the
representation « is ‘sufficiently non-trivial’. We refer to [Wa94, Proposition 8] or
[KMO05, Theorem 1.1] for examples of such results. The following theorem seems to
be one of the most general results of this type:

Theorem 2.3. Let K be a non-trivial oriented knot. Let o : mx — GL(n,F) be
an irreducible representation over a field F which is non—trivial when restricted to
Ker(¢r). Then 7(K,«) € F(t) is a polynomial, i.e. it lies in F[t*!].

The proof of this theorem will require the remainder of this section. We find it
convenient to rephrase the theorem in the language of twisted Alexander polyno-
mials, the definition of which we now recall. Let X be a topological space, ¢ €
HY(X;Z) = Hom(m(X),Z) non-trivial and a : m(X) — GL(n, R) a representation
over a Noetherian UFD R. Recall that we can now define a tensor representation
a® ¢ :m(X) — GL(n, R[t*']). We obtain a twisted module H*®?(X; R[t*']") over
the ring R[t*!]. Note that R[t*'] is a Noetherian UFD and that H(X; R[t]") is
therefore a finitely generated module over R[t*']. We now denote by A% ,; € R[t*']

the order of H*®?(X; R[t¥']") and refer to it as the i-th twisted Alezander polynomial
of (X, ¢, ). We refer to [Tu01] or [FV09a, Section 2] for the precise definitions. Note
that the twisted Alexander polynomials are well-defined up to multiplication by a
unit in the ring R[t*1].

We adopt the following naming conventions. If 7 is finitely presented group, then
we define AT ;= A% ;. If K is an oriented knot in S3, then we write A% ; =
A?(K#)K,i‘

Twisted torsion and twisted Alexander polynomials are closely related invariants
as the following well-known proposition shows:

Proposition 2.4. [KL99] [Tu01, Theorem 4.7] Let K C S® be an oriented knot and
let a : mxg — GL(n,R) be a representation where R is a Noetherian UFD. Then
A% 40 # 0 and

AOL
T(Xx,a ® ¢) = —1 ¢ R[t*!]
A%{@,O

up to multiplication by a unit in R[t*!].

Our main technical result of this section is now the following lemma, which we
phrased in a slightly more general language than strictly necessary, hoping that the
lemma will be of independent interest.

Lemma 2.5. Let X be a topological space. We write m = w1(X). Suppose ¢ : m — 7Z
is a non-trivial homomorphism such that Ker(¢) is non—trivial and let o : 7 —
GL(n,F) be an irreducible representation over a field F which is non—trivial when
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restricted to Ker(¢). Then
A0 =1 € F[tT].

Note that Theorem 2.3 is now an immediate consequence of Proposition 2.4 and
Lemma 2.5.

Proof of Lemma 2.5. Suppose that « : 1 — GL(n,F) is a representation over a field
F which is non-trivial when restricted to Ker(¢) and such that A% ,, # 1 € F[t*!].
We will show that « is not irreducible. We write I' = Ker(¢) and we pick p € 7 with
é(p) = 1. We denote by a ® ¢ : m — Aut(F"[t*!]) the tensor representation. First
recall that A% ; = 1 if and only if HY®?(m, F*[t+1]) = 0 (cf. e.g. [FK06, Lemma 2.2]).
Also recall (cf. [HS97, Section VI]) that

Hy® (m B [t51]) = F[t*']/((a @ 6)(9)(v) — v| v € F[t*!], g € 7).

By our assumption we have Ho®?(m; F*[t¥1]) # 0. It is straightforward to see that
this implies that H§([';F") = F"/(a(g)(v)—v|v € F"*, g € I) is also non-trivial. Now
pick a non-singular form (, ) on F" and denote by a* : 7 — GL(n,F) the unique
representation which satisfies (a*(g)v, a(g)w) = (v, w) for all g € m,v,w € F*. We
now let Y = K(I',1) and we denote by Y the universal cover of Y. We write (F"),
to denote F"™ with the I'-action given by «, and similarly we write (F"),. Using the

inner product we then get an isomorphism of F-module chain complexes:

HomZ[F]<C*(57>7 (F")a~) — Homp (C*(?; (F”)a),IF) = HOIH]F(C*(? Qz[r) (F”)Q,F)
f= ((c®@w) = (f(c),w)).

Note that this map is well-defined since (3(g~)v,w) = (v, B(g)w). It is now easy
to see that this defines in fact an isomorphism of F-module chain complexes. It now
follows that

H L (T;F)

1R
=
o
O
B
=
Q
=
C
3
&
=

I
o5
=8
e
=
=

Note that the second to last isomorphism is given by the universal coefficient theorem.
Recall (cf. again [HS97, Section VI]) that

HY.(T;F™) = {v € F"|a*(g)(v) = v for all g € ',v € F"}.

We now write V' := {v € F" |a*(g)(v) = v for all g € T',v € F"} and we let W C F"

be the orthogonal complement of V. In particular V& W = F". Note that V' is non—

trivial by assumption and note that W is non—trivial since I' = Ker(¢) is non—trivial

and since « (and hence o*) is non—trivial when restricted to I" by our assumption.
Note that with respect to the decomposition F* =V @& W we have

= 1)
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for any g € I'. In particular there exist maps A : 7 — Hom(W,V) and B : 7 —

End (W) such that
. id A(g)
=5 52)

o= (5 7)

with C' € End(V),D € Hom(W,V),E € Hom(V,W), F € End(W). For any g € I'
we have gu = p(u~'gu) with p=tgu € T. In particular we have

(a6 D6 )¢ )

for any g € I'. Considering the first block column we see that

A(g)E\ (0

B(g)E)] \E)’
If £:V — W was non-trivial, then there would exist v € V' such that w = E(v) is
non-trivial. Given any g € [' we then have

a*()w) - (3 S0 () - (3 50) (5)
@ .

But this is not possible by the definition of V. We therefore conclude that F is the
zero homomorphism, hence the representation o restricts to a representation of V.
It is now straightforward to see that « preserves W. Since W is neither zero nor all
of F™ this shows that « is reducible. 0

for any g € I'. We now write

2.4. Twisted torsion of cyclic covers. Let K C S® be an oriented knot. We
write X = Xg and ¢ = ¢x. Given m we denote by X,, the m-fold cyclic cover
of X. Throughout this section let o : m(Xx) — SL(k,C) be an even-dimensional
representation.  We denote by o, the representation 7 (X,,) — 71 (X) = SL(k, C).

3[S] We have to decide at some point whether we only want to consider the 2-dimensional case,

or whether we want to consider all the representations of SL(2,C), (for each m > 2 there exists one
irreducible representation of SL(2,C), for example the adjoint representation is the 3-dimensional).
Let me explain the pros and cons of doing the general case, as I see it:
Several of the results we use (most importantly Menal-Ferrer-Porti) have been proved for the general
case, in particular we would be able to define a sequence of canonical twisted polynomials 7;7*(t)
which are all non-zero. The case of the adjoint representation has been studied in detail by Dubois-
Yamaguchi. The result of Miiller (regarding torsion for closed 3-manifolds) suggests that the values
777 (1) determine the hyperbolic volume.
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In this section we will relate the C(¢)-valued torsion 7(K, ) = 7(X,a ® ¢) to the C-
valued torsions 7(X,,, a,,). Note that the assumption that « is an even-dimensional
representation implies that 7(K, «) is well-defined up to multiplication by an even
power of ¢t and that 7(X,,, a,,) € C is well-defined without any indeterminacy.

We now have the following theorem. (We refer to [DY09, Corollary 27] for a related
result.)

Theorem 2.6. Let o : m — SL(k,C) be an even-dimensional representation. We
write f(t) = 7(K,a). Let m € N. Suppose that H{™ (X,,; C*) = 0. Then f(e*mi/m)
1s defined for j =1,...,m and

[Ty = 7( X, o).

Jj=1

Note that the left hand side of Theorem 2.6 is a well-defined complex number since
T(K, o) is well-defined up to multiplication by an even power of ¢.

Proof. * Before we delve into the proof we first introduce several definitions which will
be of use later. Given two representations 5 : 7 — GL(k,C) and v : 7 — GL([,C) we
denote by 3 ® «y the resulting tensor representation 7 — Aut(C* @ C') = GL(kl, C).
Given ¢ € C* we denote by 7, the representation m;(X) — GL(1, C) given by sending
the meridian to (. We denote by =, the representation m(X) — Aut(C[Z/m]) =
GL(m,C) where the first map is the regular representation corresponding to the
epimorphism 7 — Z/m. Denote by &,...,&, the m-th roots of unity. Note that
DB;", (¢, and ¢, are equivalent representations of 7.

We write 7 = m(X). We pick a CW-structure for X with one 0O-cell a, 1-cells
bi,....bir1 and 2-cells ci,...,¢;. We then pick lifts @ b1, ... b1, é1,..., & to the
universal cover X. These form an ordered basis B for C,(X) as a free Z[r]-module
chain complex.

We now consider X,,,. We write 7, := m1(X,,). We can identify the universal cover
of X, with X. Now pick an element p € m which represents the oriented meridian.
Then pfa, pifby, . .., Wby, (iié1, ..., 17¢, j = 0,...,m — 1 form a basis for C,(X) as
a free Z[m,,]-module chain complex.

So what’s not to like? The problem is that Theorem 2.6 and Theorem 2.7 get tricky. More precisely,
in the case of an odd-dimensional representation the torsion is well-defined only up to sign. To deal
with this one has to work with sign-refined torsion (this involves the orientation of the knot). To
get a precise (i.e. not just up to sign) equality in Theorem 2.6 gets rather tricky. Note for example
that 7(K, «), even in the best of all cases, is only well-defined up to multiplication by a power of ¢,
but the left hand side is not invariant under multiplication of 7(K, &) by ¢. Presumably all this can
be dealt with, but the proofs would be significantly more delicate and less readable

4In principle the lemma is straightforward, what turns it into a delicate dance is that we want to
get the signs right, and that we want to make sure we never divide by zero!
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Given i = 0,...,m — 1 we now denote by g; the element of Z/m represented by i.
In the following v stands for a vector in C*. The maps

Wa®v — a®g Qv
Wh@v = b®g;Qu
Wei@v — ¢ ®g Qv
give raise to an isomorphism of based chain complexes

Co(X) @gim) CF = Cu(X) @i C[Z/m] @ CF.

In particular we conclude that 7(X,,, a,,) = 7(X, @ ® v,,,). (Note that both are well-
defined, independent of the ordering of the cells and independent of the choice of lifts
of the cells.)

Since @, ¢, and (,, are equivalent representations of m we obtain that

(1) T<X7a ®/7m’8) = T(X,Oé ® ®?i1€§i’8) = HT(X,O( ®’7§i78)'

i=1
(Note that the terms on the left hand side are independent of the choice of B, but
each of the m terms on the right hand side does depend on the choice of B since
a ® g, is no longer a special linear representation.) Note that arguments similar to
the above also show that

2) P He™ (X CF) = By (X CF @ C) 2 Hym (X5 CF).
i=1

We now write g(t) = 7(X,a ® ¢,B). Note that g(t) is a representative of g(t).
By (1) it suffices to show that 7(X,a ® ¢, B) = ¢(§) for any m-th root of unity.
Note that by (2) we have Hy“(X;C*) c HE™(X,,;CF), but the latter is zero by
assumption. Now consider the chain complex C\(X) ®z(;) C* @ C(t). Using the above
basis B and using any basis for C* we can view this as a based C(t)-chain complex.
We denote by Ba(t) and Bj(t) the matrices corresponding to the boundary maps 0,
and 0;. Note that By(t) and Bi(t) are in fact defined over C[t*!]. Also note that
By (&) and By(§) denote the matrices corresponding to the boundary maps of the
based chain complex Cy(X) @z (C* @ C)agy, . Now consider the m x (14 1)m-matrix
By(€). Since Hy ™ (X;CF) = 0 it follows that Bj(¢) has rank m. We can thus find
m columns of B;(§) such that the corresponding m X m-matrix is invertible. We now
denote by A;(t) the m x m-matrix given by picking out these m columns from Bj(t),
and we denote by As(t) the ml x mi-matrix given by deleting the corresponding rows
of BQ(t)

It now follows from [Tu01, Theorem 2.2] that

T(X,a®¢,B) = det(Ax(t))det(A;(t))~! € C(t), and
T(X,a®7,B) = det(Ay(§))det(A(£)) ! e C.
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(Note that both denominators are non-zero.) It follows that
T(X,a® ¢, B)(§) = 7(X,a @7, B).
This concludes the proof of the theorem. 0

Given an even-dimensional representation the theorem in particular says that the
C(t)-valued torsion 7(K, o) = 7(X, a®¢) determines the C-valued torsions 7(X,,, a,)
for any m. In order to state and prove a partial converse to the previous lemma we
need to introduce a few more definitions. We say that p(t), ¢(t) € C[t*!] are equivalent,
written p(t) ~ q(t), if p(t) = t"q(t) for some n € Z. We say that p(t) € C[t*!] is
palindromic if p(t) ~ p(t™1).

Theorem 2.7. Let K be a knot and o : m(X) — SL(k,C) an even-dimensional
representation such that 7(X, «) is a palindromic polynomial. If T(X,,, auy) is non-
zero for any m, then the torsions 7(X,,, au,) determine 7(X, a) € C[t*1].

This theorem is a consequence of Theorem 2.6 and a theorem of Fried. In order to
state the theorem of Fried we will need the following definition. Let p = aH;lzl(t —
\;i) € C[t*!] be a polynomial. Given n we denote by r,(p) the resultant of t* — 1 and
p, i.e.

ra(p) = H (A —1) = adHH ey = (1) [ [ p(e>™/™).

j=1 7j=1

Note that 7,(p) is non-zero for any n if and only if no root of unity is a zero of p.
The following theorem was stated and proved by Fried for real polynomials.

Theorem 2.8. Let p = p(t),p = p'(t) € C[t*!] be palindromic Laurent polynomials.
Suppose that r,(p) = rn(p') for all n and suppose that r,(p) = r,(p') is non-zero for
any n. Thenp~p.

We provide a proof of the theorem which for the most part follows closely Fried’s
argument. We chose to include the proof for the convenience of the reader and to
verify that the proof carries over to complex polynomials.

Note that if 7(X,,, a,,) is non-zero, then in particular Hy™(X,,; C*) = 0. We now
see that Theorem 2.8 together with Theorem 2.6 implies Theorem 2.7.

Proof. We write p = aHle(t —\) and p' = d Hflzl(t — A.). Note that p,p’ being
palindromic implies that if z is a zero, then 27! is also a zero. We can thus without
loss of generality assume that \; = )\;_11. and A, = (X, _,)~! for any i. We denote by
H C C* the group generated by A1, ..., Ag, A}, ..., AL

We write r, = r,(p) = m,(p'). We also write V = (Z/2)? and given v =
(v1,...,v4) € V we define

Uy =@ - (_1)#{””1:1} . H >\z

iwith v;=0
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Note that

We now see that

B(t) = exp (Z rnt — exp (Z Z ,uﬁ%)
n=1 n=1veV
- e (S Eut) - Mew (X )
veV n=1 veV n=1
= J](1— i)

veV

(Here the last equality follows from the power series expansion of the logarithm.) We
thus see that the 7, determine B(t) = [[,c, (1 — jtut). In particular the r,, determine
the set 1, (with multiplicities). Note that in the group ring Z[H| we have the following
equality:
d
S ) = a TN~ 1),
veV =1
(Here, and in the remainder of the proof, given z € H we denote by [z] the corre-
sponding element 1 - z in the group ring Z[H]).
We can do a similar discussion as above for p’. We then see that the assumption
that r,(p) = r,(p’) for any n implies that

d d
a[[(N = 1) =d TT(N] = 1) e C[H].
i=1 i=1
It follows immediately that a = a'.
Note that the assumption that r,(p) = r,(p’) is non-zero for any n implies that no
A; and no X, is a root of unity. The following claim thus implies the theorem.

Claim. Let Ay, ..., g € C* and A|,..., Ay € C* which are not zeros of unity. Sup-
pose that \; = \;', and \, = (X, _,)~! for any i. If

[Tn =1 = [T - e i)

then {A1,..., g} = {\],..., A/} as sets (with multiplicities).

We refer to [Fr88, p. 126] for a detailed proof. In the following we just give an
outline of a proof. First note that since H is a finitely generated abelian group we
can find a splitting H = F' xT" where T is a torsion group and F' a free abelian group.
We now write \; = fic; where f; € F,¢; € T and X\, = flc, where f! € F,c;, € T. Note
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that the assumption that A\i,...,A\; € C* and \},..., N, € C* are not zeros of unity
implies that the f;, f/ are non-trivial. We thus obtain the following equality

d d
[Tl =1 =]l —1) € ClF].
i=1 i=1
Note that C[F] is a UFD. It now follows (fairly) easily that the set {\;} agrees with
the set {\.}. This concludes the proof. O

Question 2.9. We just saw that under mild assumptions the torsions of the cyclic
covers determine the C(t)-valued torsion. This process is rather indirect though, and
it would be very interesting if one could ‘directly’ read off the degree and the top
coefficient of T(K,a) from the torsions of the cyclic covers.

3. TORSION OF HYPERBOLIC KNOTS

3.1. The discrete and faithful SL(2,C) representations. Let K C S® be an
oriented knot. Throughout this section we write 7 = 7x = 7 (Xg) and take the
base point on the boundary torus 0Xg. Let u = ux € g be meridian, i.e. a simple
closed curve in X g which is null-homologous in v K and lk(p, K) = +1. Recall that
O : T — 7 is the map that sends ux to one; when K is understood, we just write
¢ = oK.

Now assume that M = S®\ K 2 int(Xf) has a complete hyperbolic structure.
The manifold M inherits an orientation from 52, and so its universal cover M can be
identified with H3 by an orientation preserving isometry. This identification is unique
up to the action of Isom™ (H?) = PSL(2,C), and the action of 7 on M = H? gives
the holonomy representation &: mx — PSL(2,C), which is unique up to conjugation.

Remark. By Mostow-Prasad rigidity, the complete hyperbolic structure on M is
unique. Thus @ is determined, up to conjugacy, solely by the knot K (sans ori-
entation). A subtle point is that there are actually two conjugacy classes of discrete
faithful representations mx — PSL(2, C); the other one corresponds to reversing the
orientation of S (not K') or equivalently complex-conjugating the entries of the image
matrices.

To define the torsion, we want a representation into SL(2, C) rather than PSL(2, C).
Thurston proved that @ always lifts to a representation a: mx — SL(2, C), see [Th97]
and [Sh02, Section 1.6] for details. In fact, there are exactly two such lifts, the other
being g — (—1)?Wa(g); the point being that any other lift has the form g +— €(g)(g)
for some homomorphism €: 7 — {1}, i.e. some element of H'(M;Z/27) = Z/27.
Now @(pu) is parabolic, and so tr(a(u)) = £2; arbitrarily, we focus on the lift where
the trace is 2 and call it the distinguished representation. This representation is
determined, up conjugacy, solely by K (sans orientation). (We explain below the
simple change that results if we instead required the trace to —2.)
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3.2. The hyperbolic torsion. Consider an oriented hyperbolic knot K, and let
ag: mg — SL(2,C) be a distinguished representation. As an initial definition, the
hyperbolic torsion of K is Tx(t) = 7(Xk, ax @ ¢ ). This is a polynomial in C[t!] by
Theorem 2.3 (cf. also [KMO05, Theorem 3.1]) which is well-defined up to multiplication
by an element of the form t* for k € Z by Lemma 2.2. (Below we refine things so that
T (t) becomes simply an element of C[t*!].) We begin with a key basic property.

Proposition 3.1. For an oriented hyperbolic knot K, the hyperbolic torsion Tk (&) is
non-zero for any root of unity &.

For 2-bridge knots and & = +1 this proposition is also a consequence of the work
of Hirasawa-Murasugi [HMO08] and Silver-Williams [SW09d].

Proof. We write @« = ag, X = Xk and ¢ = ¢x. Suppose that ¢ is an m-th root
of unity. We denote by X,, the m-fold cyclic cover of X. We denote by «,, the
representation 7 (X,,) — 71 (X) = SL(2,C). Note that oy, : 7 (X,,) — SL(2,C) is
a lift of the discrete and faithful representation of the hyperbolic 3-manifold X,,.

By the work of Menal-Ferrer and Porti [MP09, Theorem 0.4] (which builds on work
of Raghunathan [Ra65]) we have that Ho™(X,,,C?) = 0, or equivalently, 7(X,,, @)
is non-zero. It now follows from Theorem 2.6 that

[Tz = (X, ).

k=1

We now have the following proposition:

Proposition 3.2. For an oriented hyperbolic knot K, the invariant Tk(t) is a non-
zero palindromic polynomial of even degree, which is well-defined up to multiplication
by elements of the form t* for k € Z.

Proof. First, Tk(t) is non-zero as Proposition 3.1 implies that 7x(1) # 0 . By
[HSW09, Corollary 3.4] there exists p € {—1,1} and k € Z such that

Tr(t™) = ot" T (1).

Since Tk (1) # 0, it follows that o = 1, i.e. Tx(t) is palindromic.

To see that 7k (t) has even degree d, fix a representative p(t) = agt?+- - -+ait+ag for
Tk (t), where a;, and ag are non-zero. As p(t) is palindromic, we have p(t~1) = t*p(t)
for some k; since p(t7!) = ag + a1t~ + - - + aqt ¢, this forces k = d. Taking t = —1
then gives p(—1) = (—1)%p(—1). Since p(—1) # 0 by Proposition 3.1, this forces
(—=1)% =1, i.e. d is even. O

In light of Proposition 3.2, we henceforth resolve the ambiguity of the hyperbolic
torsion by insisting that it be symmetric, i.e. Tx(t) = T (t™'). Thus Tk is now a
well-defined element of C[t*!]. We now prove Theorem 1.1 from the introduction
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which summarizes some of the properties of T (t).

Theorem 1.1. Let K be an oriented hyperbolic knot in S®. Then Tx(t) has the
following properties:
(1) Tx(t) lies in C[t*],
2) Tk (&) is non-zero for any root of unity &,
3) T(t) = Tie(t™),

4) Tk(t) is independent of the orientation of K,
5) if K* denotes the mirror image of K, then Ty« (t) = Tk (t), where the coeffi-
cients of the latter polynomial are the complex conjugates of those of Ty .

(6) if K is amphichiral, i.e. if K = K*, then Tk(t) is a real polynomial.

(
(
(
(

Proof. Assertions (1-3) are immediate from Propositions 3.1 and 3.2 and our choice
of normalization for 7Tx(¢). For (4), we noted above that the distinguished represen-
tation o does not depend on the orientation of K. Thus changing the orientation
simply reverses the orientation of the meridian g, which replaces ¢ with —¢, and cor-
respondingly replaces ¢ by t~! when computing the torsion. By (3), this substitution
does not change 7k (t), proving (4). For (5), taking the mirror image replaces a with
@ where @(g) is the matrix which is the complex conjugate of «(g). It also reverses
the meridian, but that is negligible by (4), and so we can regard ¢ as unchanged.
Thus Tx«(t) = 7( Xk, a ® ¢) = 7(Xg, a ® ¢) = T (t) as claimed. Finally, claim (6)
follows immediately from (5). O

Remark. When choosing our distinguished representation, we arbitrarily chose the
lift a: m — SL(2,C) where tr(a(p)) = 2. As discussed, the other lift 3 is given by
g+ (=1)*9a(g). Note that given g € 7 we have

((B2)(9))(t) = B(9)t*? = alg) (=1)°V 79 = a(g)-(-1)*? = ((a®9)(9)) ().
The definition of torsion gives

T( Xk, 6 © ok )(t) = 7( Xk, 0 © dx ) (1) = T (1)
and thus using [ instead of a would simply replace ¢ by —t.

Proposition 3.3. Let K be an oriented hyperbolic knot in S®. Denote by o : g —
SL(2,C) the preferred lift of the canonical representation. Then T (t) is determined
by the torsions (X, ay,) € C.

Proof. This proposition is an immediate consequence of the definitions, of the fact
that 7x(t) is palindromic, and of Theorem 2.7, once we convinced ourselves that
H§™(X,,; C?) = 0 for any m. But the vanishing of these twisted homology groups is

an easy consequence of the fact that the o, are irreducible non-trivial representations.
O
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4. CALCULATION OF TWISTED TORSION USING FOX CALCULUS

Let K C S® be an oriented knot. Let a : mx — SL(2,C) be a representation. We
write 7 1= m(Xk) and ¢ = ¢x. Recall that given g € m we define (o ® ¢)(g) =
alg) - t*9 € GL(2,C[t*']) and we now extend the group homomorphism a® ¢ : T —
GL(2, C[t*1]) to a ring homomorphism Z[r] — M (2, C[t*']) which we also denote by
a ® ¢. Finally given an k x l-matrix A = (a;;) over Z[r] we denote by (o ® ¢)(A)
the 2k x 2l-matrix obtained from A by replacing each entry a;; by the 2 x 2-matrix

(a ® ¢)(ai;).

Let F' = (x1,...,x) be the free group on k generators. By Fox (cf. [Fo53, Fob4,
CF63] and see also [Ha05, Section 6]) there exists for each i = 1,..., k a unique map,
called Foz derivative,

0
F— Z|\F
o T [F]
with the following two properties:
Oz;  _
B_zi - 5ij7
—85“;’) = g—;‘i + ug—;, for any u,v € F.

The following proposition now allows for efficient calculation of the hyperbolic
torsion of a knot.

Proposition 4.1. Let K be a hyperbolic knot. Let

= (T1, ., T | 71,0 TE1)
be a presentation of deficiency one (e.g. a Wirtinger presentation). We denote by
A = (ayj) the (k—1) x k-matriz given by a;; = 2. Leti € {1,...,k} with ¢(z;) # 0.
Denote by A; the matrixz obtained from A by deleting the i—th column. Let

det (o ® ¢)(4Ai))
(3) p(t) = :
det((a ® ¢)(z; — 1))

Then p(t) = 7(K, «) € C[t*] (up to multiplication by a power of t).

If : e — SL(2,C) is a distinguished representation of type (1, 1), then we obtain
Tk (t) from symmetrizing the polynomial p(t).

Remark. Note that if ¢(z;) # 0, then det((a®¢)(z; —1)) # 0, in fact det((a® ¢)(x; —
1)) = det((a ® ¢)(z;) —idz) is a polynomial of degree 2. In particular the right hand
side of (3) is defined. The right hand side of (3) is also known as Wada’s invariant
[Wa94]. Note that in the literature Wada’s invariant is often referred to as twisted
Alexander polynomial.

Proof. Kitano [Ki96] proved that p(t) = 7(K, «) in the case that the presentation of
7w is a Wirtinger presentation. The general case of any deficiency one presentation
can be proved as in the proof of Theorem 3.1 of [GKMO05]. O
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5. TWISTED TORSION AND THE CHARACTER VARIETY OF A KNOT

Let K C S® be an oriented knot. We write 7 = 7x and we fix a Wirtinger
presentation
T = (T, T |71y TE1)-
We write
R(K) := Hom(m, SL(2,C)).
It is well-known that R(K) can be equipped canonically with the structure of a
complex variety, and we refer to it as the representation variety of K. Given o € R(K)
we consider the map
Xa: ™ — C
g — tr(a(g))
We refer to x, as the character of a. We denote by X(K) C Maps(w, C) the set of
all characters. The set X (K) can also be endowed with the structure of a variety in
such a way that the natural map
p: R(K) — X(K)

a = Xa

is an algebraic map with the property that U € R(K) is open if and only if p(U) €
X (K) is open. We refer to the classic paper of Culler and Shalen [CS83] and to the
survey article of Shalen [Sh02] for more information and full details.

Recall that given o € R(K) we defined a twisted torsion invariant 7(K, «) € C(t)
which by Lemma 2.2 is well-defined up to multiplication by an element of the form
th k € Z. Given p(t),q(t) € C[t*] we write p(t) = q(t) if there exists k € Z with
p(t) = tFq(t). We can now formulate the following lemma.

Lemma 5.1. Let o, f € R(K) be representations which represent the same point in
the character variety. Then 7(K, o) = 7(K, 3).

Proof. Let o, 8 € R(K) be representations which represent the same point in the
character variety. First assume that o or § is an irreducible representation. It follows
from [CS83, Proposition 1.5.2] that o and 3 are equivalent representations. It now
follows from Lemma 2.2 that 7(K, «) = 7(K, 3).

Now suppose that « and /3 are reducible representations. We can thus find matrices
P and @ and homomorphisms ay, ag, 81, 32 : @ — GL(1,C) such that

a1(g) * ~1 Bi(g) * -1

=P P d =

a(g) ( 0 a2(g)> and B(g) = Q ( 0 Ba(g) Q

for any g € m. It now follows from standard arguments and from Lemma 2.2 that
7—<Ka O{) = T(Ka al) : T(Ka a2) and T(K7 6) = 7—<Ka 61) ’ T(K7 62)

On the other hand standard arguments show that x, = xs implies that {a;, s} =

{01, 52} € Hom(m,GL(1,C)). Combining these results it now follows immediately
that 7(K, ) = 7(K, ). O
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Given y € X(K) we now define
T(K, x) = 7(K,a) € C(t)

where « is any representation with y, = x. By Lemmas 2.2 and 5.1 7(K, x) is
well-defined up to multiplication by an element of the form t*, k € Z.

Given f(t) € C(t) with f(t) = 2% where p(t),q(t) € C[t*!] we now define
deg(f(t)) = deg(p(t)) — deg(q(t)). Furthermore we say that f(t) is monic if we
can find monic polynomials p(t),q(t) € C[t*'] with f(t) = %. The following is the

main result of this section:

Theorem 5.2. Let K C S? be an oriented knot.
(1) The set
M :={x € X(K)|7(K,x) is monic } C X(K)

18 Zariski closed.
(2) The set

D :={x e X(K)|deg7(K,x) =2x(K)} C X(K)
18 Zariski open.
Proof. Let K C S be an oriented knot. We define
M = {a € R(K)|7(K,«) is monic } C R(K)

A

D = {a€ R(K)|deg7(K,a) =22(K)} C R(K).

By the discussion of the map p : R(K) — X (K) it suffices to show that M C R(K)
is closed and that D ¢ R(K) is open.

We denote by A = (a;;) the (k—1) x k—matrix given by a;; = gTT;. Leti € {1,...,k}.
Note that ¢(x;) = 1 since we picked a Wirtinger presentation. Denote by A; the
matrix obtained from A by deleting the i—th column. Given o € R(K) we now define

pa(t) = det((a ® ¢)(A;))
Ga(t) = det((a® ¢)(z; — 1)) = det(a(z;)t —idy).
By Proposition 4.1 we have
Pa(t)
Ga(t)
Note that ¢,(t) is monic and of degree two for any «. It therefore follows that
M = {a€ R(K)|pa(t) is monic }
D = {a€ R(K)|degpa(t) =22(K) + 2}.
Claim. There exists an N € N such that

N
(t) € @ C-t'.
i=—N

T(K,a) =
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Indeed, a straightforward argument using the definition of Fox derivatives shows
that such an N is given by
2(k — Dmax{l(r;), ..., l(rr_1)}

where /(r;) denotes the length of the word r; in the generators zy, ..., .
We now denote by ¢ the map

N
R(K) — @ C- =¥+
1=—N

a q;(t).
It is clear that ¢ is an algebraic map.
Givenie {1,...,2N — 1} and j € {1,...,2N — 1 — i} we write

Vij=1{(0,...,0,1,a,...,a;,1,0,...,0 |ay,...,a; € C} c C*N*!,
—— ——
i IN—1—i—j
Note that

M= Jqg ' (Viy)
i

Since ¢ is an algebraic map and since V;; C C?*¥*! is Zariski closed for any 4,7 it

follows that M C R(K) is Zariski closed.
Given i € {1,...,2N — 1 — 2x(K)} we now write

Wi ={(ar,...,aon 1| @ # 0 and azy9,(5) 42 7 0} € CHHL

Note that g, lies in some W; if and only if deg(q.(t)) > 22(K) + 2. Now note that
by [FK06, Theorem 1.1] we always have deg(7(K, «)) < 2z(K), in particular for any
a we have deg(q,(t)) < 2z(K) + 2. It now follows that

M =Jgt (W)

Since ¢ is an algebraic map and since W; C C2V*! is Zariski open for any i it follows
that M C R(K) is Zariski closed.
[

6. CALCULATIONS

In this section we will study the hyperbolic torsion of hyperbolic knots with up to
twelve crossings. Note that considering only hyperbolic knots is not very restrictive,
indeed, by [HTW98] any knot with up to twelve crossings is either a torus knot or a
hyperbolic knot. In fact the only torus knots with at most twelve crossings are the
following:

31,91, 71, 819, 91, 10124, 11367
Also note that torus knots are well-understood, it is well-known that they are fibered
and chiral. The next torus knots are T'(13,2) = 1345757 and T(7,3) = 14,77. There
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are two 13 crossing knots which are satellite knots, namely the (2,1) cables of the
left hand trefoil and the right hand trefoil. In the knot census these knots are 139465
and 13g517. There are two 14 crossing knots which are satellite knots, namely the
Whitehead doubles of the left hand trefoil and the right hand trefoil.

In this section we will first give a detailed calculation of the hyperbolic torsion
for the Conway knot and the Kinoshita-Terasaka knot. We will then show that the
hyperbolic torsion detects the genus, fiberedness and chirality for all hyperbolic knots
up to twelve crossings.

Regarding the calculations we have to make a disclaimer: We believe that all
calculations are precise up to at least eight digits. We did not make a serious error
analysis though, and the results should therefore be taken with a (hopefully very
small) grain of salt.

6.1. Calculations: Conway knot and Kinoshita—Terasaka knot. We now con-
sider the Conway knot 1149; and the Kinoshita-Terasaka knot 1149 in details. These
two knots are mutants and the Alexander polynomial in both cases is trivial, i.e.
equal to one. On the other hand, the genus of the Conway knot 114p; is equal to
three and the genus of the Kinoshita-Terasaka knot 11409 is equal to two.

For the Conway knot we calculate

T, (1) = (4.8952 — 0.09920)°  +(—15.6857+ 0.2976i)t* +(23.1036+ 0.07844)¢3
+(—26.9416 — 4.84514)¢> +(38.3835+ 24.4943i)t  +(—43.3240 — 44.0806:)
+(38.3835+ 24.49431)t~! +(—26.9416 — 4.84514)t~2+(23.1036-+ 0.0784i)¢ 3
+(—15.6857+ 0.29764 )t ~* -+ (4.8952 — 0.0992i)¢~°.

For the Kinoshita—Terasaka knot we calculate

Trws(t) & (441794 0.3760i)t3  +(—22.9416 — 4.84514)t2 +(61.9644+ 24.09744)t
+(—82.6954 — 43.48547) +(61.9644+ 24.09747)t ! +(—22.9416 — 4.84517)t 2
+(4.4179+ 0.3760i)t .

Note that Conjectures 1.4 and 1.5 hold for both knots. Also note that the polynomials
are not real, reflecting the fact that they are chiral. Finally note that the polynomials
are different, which implies that 7k (¢) is not invariant under mutation.

Remark. 1t is interesting to study the evaluations at t = 1 and ¢t = —1. We calculate
Tk, (1) Tk (1) 4.186003 — 4.228629:
Tk (—1) Tk (—1) 261.3432 + 102.1226:.

This calculation reflects our conjecture that the invariants 7x (1) and 7x(—1) are
unchanged under mutation. On the other hand we have

33.7952 — 20.8122:
—33.7952 + 36.81221.

~ ~
~ ~
~ ~
~ ~

~
~
~
~

This suggests that the evaluation of 7k (&) is not a mutation invariant if £ # +1. As
a curiosity we point out that among all hyperbolic eleven crossing knots the Conway
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knot and the Kinoshita-Terasaka knot have the largest value for the invariant |7 (1)|.
This does not hold though for the evaluation at ¢t = —1.

Remark. 1t was shown in [FK06, Section 5] that twisted Alexander polynomials cor-
responding to representations over finite fields detect the genus of all knots with up to
twelve crossings. For example we found in [FKO06] a representation « : m(Xk,,,) —
GL(4,F3) such that the corresponding torsion 7(Kyo1, ) € Fy3[t*!] has degree 14.
From Theorem 1.3 we then obtain the inequality

1 1
genus(Kyp1) > gdeg(T(Kml, a)) + 5= 2.25.

In particular this representation showed that genus(Ky;) > 3 since the genus is of
course an integer. The calculations using the discrete and faithful SL(2, C) represen-
tations are in some sense more satisfactory since they give the equality genus(Kyg;) =

1(deg(Tk,q, (t))) + 3 on the nose, and not just after rounding up to integers.

6.2. Calculations: Genus and fiberedness for knots with up to twelve cross-
ings. There exist 36 knots with twelve crossings or less for which the ordinary Alexan-
der polynomial does not detect the genus, i.e. for which genus(K) > sdegAg(t) (cf.
e.g. [CLO9] or [St10]):

11401 11409 1lg1o 11434 1lgg0  1lyes 1lsi9 1253110 121316 121319
121330 121344 121351 121375 121412 121417 121420 121500 121519 121544
121545 121550 121555 121556 121581 121601 121600 121699 121718 121745
121807 121953 122038 122096 122100 12211s.

Among the hyperbolic knots there exist thirteen knots with up to 12 crossings
which are not fibered but which are algebraically fibered, i.e. deg(Ax) = 2genus(K)
and Ag 1s monic:

121345 121408 121502 121506 121567 121670 121682 1217520 121771 125893
121938 122089 129103.

We computed 7k (t) for all hyperbolic knots with up to twelve crossings. For any
knot K with at most thirteen crossings the absolute value of the t*(5) coefficient of
Tk (t) is at least 0.00556. (The minimum value is attained by the chiral and alternating
knot 12;5g7.) This shows that even with an error term +10~% the absolute value of
the t*(5) coefficient of T (t) is non-zero for any knot with at most thirteen crossings.
This shows that Conjecture 1.5 holds for all these knots.

A similar argument shows that Conjecture 1.4 holds for all these knots with at
most thirteen crossings.

The genera for the 13 crossing knots were also independently determined by Alexan-
der Stoimenow (see [St10]).

Finally, note that our calculations suggest that many fibered hyperbolic knots have
the property that the second highest coefficient of 7 (t) is a real number. What is
a good explanation for this phenomenon? Of course the second highest coefficient
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is just the sum of the eigenvalues of the monodromy of the twisted homology of the
fiber.

6.3. Calculations: Chirality. There are 78 knots with at most thirteen crossings
which are amphichiral (cf. [CL09], [HTW98| and [St10]):

44 63 83 89 812 817 818 1047 1033 1037
1043 1045 1079  10g;y  10ss 1099 10109 10115 10518 10123
124 1258 12195 1268 12273 12341 12497 12435 12458 12462
12465 12471 12477 12499 12506 12510 12627 12819 12801 12g6s
12887 12890 12906 12960 12990 121008 121019 121030 121102 121105
129193 121124 121107 121150 121167 121088 121202 121200 121011 125918
121995 121229 121949 121951 121954 121260 121267 121260 121273 121975
121980 121981 121287 121988 121644 121750 121904 122461

It is well-known that the Jones polynomial, the HOMFLY polynomial and the Kauff-
man polynomial can detect chirality. Among the knots with up to 10 crossings only
the chirality of the knots 949 and 107; can not be detected this way (cf. [RGK94]).
Our calculations show that if K is a hyperbolic knot with at most thirteen crossings,
then K is amphichiral if and only if 7 () is a real polynomial.

Note that our calculations suggest that the evaluations at £t =1 or t = —1 do not
always detect chirality. For example the knot 10,53 has the property that 7x (1) equals
4 up to about 10 digits, and the knot 10157 has the property that 7x(—1) equals 576
up to about 10 digits. In both cases though the chirality gets detected by evaluating
T10,55(—1) respectively Tiq,..(1). We have not yet found a chiral knot where 7x (1)
and Ty (—1) are real.

Finally we point out that for any amphichiral hyperbolic knot with at most thirteen
crossings the top coefficient is always at least one. This begs the question whether
this is the case in general.

6.4. Calculations: The adjoint representation. Let K be an oriented hyperbolic
knot and let a : 7 (Xg) — SL(2,C) be a distinguished representation of type (1, 1).
We now consider the adjoint representation

Qagj  T1(Xg) — Aut(sl(2,C))
g — Ar—a(g)da!

associated to a. It is well-known that this representation is also faithful and irre-
ducible. The corresponding twisted torsion 7(K, a.g) € C[t*!] is well-defined up to
multiplication by an element of the form +t'. In fact using sign-refined torsion and us-
ing the orientation of the knot K we obtain an invariant 7,2 () which is well-defined
up to multiplication by an element of the form #!. We refer to [DY09] for details on
this construction and for further information on T]?dj (1).
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For the Conway knot we calculate that ’Z}?ﬁ _(t) equals approximately

(—0.2788 + 16.40720)¢1®  +(—3.9858 — 20.17064)t'2  +(—4.2204 — 60.5497;)t"!
+(52.0953 + 134.50131)t10  +(—147.7856 — 46.07448:)t* +(897.2087 + 62.32651)t3
+(—2465.8556 — 1308.01107)t7 +(2465.8556 + 1308.01104)¢° +(—897.2087 — 62.3265i)¢>
+(147.7856 + 46.07451)t*  +(—52.0953 — 134.5013¢)t3 +(4.2204 + 60.54984)¢>
+(3.9858 4 20.1706i )¢ +(0.2788 — 16.4072i)

and for the Kinoshita-Terasaka knot we calculate that Tgfgg (t) equals approximately

(—0.7378 + 12.4047i)t7  +(29.9408 — 56.5548i ) +(—655.7823 — 173.04004 )¢5
+(2056.7509 + 1678.4875i)t* +(—2056.7509 — 1678.48751)t3 +(655.7823 + 173.0400i)¢>
+(—29.9408 + 56.5548:)t  +(0.7378 — 12.4047i).

Note dimsl(2, C) = 3, it now follows from Theorem [FK06, Theorem 1.1] that
1 :
() > Sde(0 (),

Note that in the case of the Conway knot and the Kinoshita-Terasaka knot equality
does not hold. This shows that in general the twisted torsion corresponding to an
irreducible and faithful representation does not detect the genus of a knot.

Dubois and Yamaguchi [DY09] have shown that 729 (t) = —72%(t=1). Tt follows
that 7.2Y(1) = 0 and that 7Y (t) has odd degree. It is also shown that (72%)'(1) # 0
and it is conjectured that this number is invariant under mutation.

Question 6.1. Does T2 (t) detect fibered knots?

6.5. Computations which we should still do. Here is my (S) wish list:

(1) compute Tx(t) for all knots up to 16 crossings

(2) check for fiberedness and genus for all knots up to 14 crossings (more would
be nice but perhaps too much work)

(3) check for all these knots whether 7k (t) detects chirality (i.e. compare with
Stoimenow’s list [St10]). I think we so far did it up to 14 crossings

(4) check whether two knots have the same 7x(t) implies that they are mutants
(again see [St10])

(5) check whether |7x(—1)]| is always larger than |7k (1)].

(6) Check whether the top coefficient of a non-fibered chiral knot is always at
least one.

(7) find out how many/which fibered knots have the property that the second
highest coefficient is a real number (it seems like a non-trivial percentage has
this property)

(8) it would be nice to do one precise calculation, e.g. find the representation of
the Kinoshita-Terasaka knot and the Conway knot over the number field, and
then do the calculations for Tx () and T2 (t).
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(9) compute T2 (t) for enough examples to see whether it detects fiberedness (we
know it does not detect the genus, at least, unless you are allowed to round
up)

(10) Are there amphichiral knots such that 7x (1) and 7x(—1) are real numbers?

(11) compute the torsion for the canonical 4-dimensional representation of SL(2, C)
for the Conway knot and the Kinoshita-Terasaka knot. Do we get the genus?
(i.e. the 2-dimensional representation gave the genus, the 3-dimensional one
didn’t, so do higher representations get worse or is it an even/odd thing?)

[ also have an elementary mathematics question: Let f(t), g(t) be complex poly-
nomials such that for any n we have
H f(627rik/n) _ Hg(e%rik/n)‘
k=1 k=1
Does this imply that f(t) = g(t)?
The question arises in our context as follows: is the invariant 7k (¢) determined by
the C-valued torsions of the finite cyclic covers.

7. APPENDIX A: CONNECTION TO ZETA FUNCTIONS

The goal is to write up a few facts about the relationship between our torsion and
the analytic torsion. Right now that section is just a mess.

7.1. Analytic torsion. Let X be a compact oriented Riemannian manifold and let
a : m(X) — O(n) be an orthogonal representation. Then Ray and Singer [RS71]
defined the analytic torsion 7%"(X,«) € R. Cheeger [Che77, Che79] and Miiller
[Mii78] showed independently that analytic torsion equals Reidemeister torsion.

Let X be a hyperbolic 3-manifold X which is either closed or has cusps. Given
a geodesic 7 we denote by £(7) its length. Recall that a closed geodesic is called
prime if it can not be expressed as the multiple of a shorter closed geodesic. Let
p:m(X) — SL(n,C) be a representation let and s € C. The Ruelle zeta function of
(X, p) is now defined as

R,(s) :== Hdet (id — p(fy)e_sg(”)y1 ,

where v runs over the set of all closed prime geodesics.

If X is closed and p an orthogonal representation p : m(X) — O(n) such that
H.(X;R") = 0, then Fried [Fr86] showed that R,(s) extends meromorphically to C
and

[R,(0)] = 7""(X, p)*,
where 7%"(X, p) denotes the analytic torsion introduced by Ray and Singer [RS71].

|R,(0)] = 7(X, p)*.
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(i.e. the Ruelle zeta function can be extended such that R,(0) is defined) and
R,(0) = 7"(X, p) = 7(X, p).

Here 7%"(X, p) is the analytic torsion of the pair (X, p) and 7(X, p) is the algebraic
torsion defined earlier. Furthermore,

di“so In R,(s) = C - volume(X)
s

for a fixed constant C.

In [Par09] Jinsung Park extended some of Fried’s results to the non-compact case.
More precisely, if X is a complete hyperbolic 3-manifold which is non-compact, then
Park showed that R,(s) has a meromorphic extension to the whole complex plane
and that

R,(0) =1""(X, p).
It is conjectured that the following equality also holds:
(X, p) = 7(X, p).

Remark. Let K be a hyperbolic knot. Denote by X, the n-fold cover of X (K). Recall
that the proof of Proposition 3.1 shows that the evaluation [],_, Zx (e*™*/") equals
T(Xh, Qean ). Does that imply that the invariants 7(X,,, Gean) determine Tx (t)?

Remark. Franks [Fra81] gave a dynamical interpretation of the untwisted Alexander
polynomial of a knot. The results of Franks, Fried and Park suggest that there should
also exist a dynamical reinterpretation of twisted Alexander polynomials, in particular
of the invariant Tx(t).

Can we show the mutation invariance using these geometric definitions?

7.2. Representations of hyperbolic knots. Throughout this section all hyper-
bolic 3-manifolds are understood to be topology finite, i.e. homeomorphic to the
interior of a compact 3-manifold with empty or toroidal boundary.

Let Vj, denote the vector space of symmetric tensors of rank m over C?. Put
differently, V;,, is the quotient of V®™ by the subspace generated by vectors of the
form

QR ®AU® RO Ry -0 ® QR A ® .

Note that V,, is a vector space of dimension m + 1, in fact a basis is given by the
vectors e ® -+ ® €1 ® ey ® -+ - ® e where the number of e;-terms ranges from 0 to
m. We equip C? with the non-singular form (v, w) := det(vw) and we extend it to a
form on V,,, by defining

(M@ @V, w1 @+ @ Wy,) 1= H(Ui7wj)-
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Then there exists a canonical representation p,, : SL(2,C) — Aut(V},) which is
well-known to be the unique (up to isomorphism) irreducible m+ 1-dimensional repre-
sentation of SL(2, C). It is also well-known that det(p,,(A)) = 1 for any A € SL(2,C).
Finally note that p; is just the identity, and note that p, is isomorphic to the adjoint
representation puq : SL(2,C) — sl(2,C), A — (B +— ABA™).

Given an oriented hyperbolic 3-manifold together with a lift « : m;(X) — SL(2,C)
of the canonical representation m(X) — PSL(2,C) we denote by «,, the represen-
tation

m(X) — SL(2,C) 2% SAutc(V,,) = SL(m + 1,C).

The proof of the following theorem for the closed case can be found in [BWOO,

Theorem 6.7, Chapt. VII|

Theorem 7.1. Let X be an oriented hyperbolic 3-manifold. Then Ho(X;C™) =
0.

So what non-degenerate form does this representation preserve?



TWISTED ALEXANDER POLYNOMIALS OF HYPERBOLIC KNOTS 29

REFERENCES

[BW00] A. Borel, N. Wallach, Continuous cohomology, discrete subgroups, and representations of
reductive groups, Second edition. Mathematical Surveys and Monographs, 67. Amer. Math.
Soc., Providence, RI, 2000.

[Ca06] D. Calegari, Real places and torus bundles, Geom. Dedicata 118 (2006), no. 1, 209-227

[Ch03] J. Cha, Fibred knots and twisted Alexander invariants, Transactions of the AMS 355: 4187—
4200 (2003)

[CLO9] J. C. Cha and C. Livingston, KnotInfo: Table of Knot Invariants,
http://www.indiana.edu/~ knotinfo, (October 2009).

[Chp74] T. A. Chapman, Topological invariance of Whitehead torsion, Amer. J. Math. Vol 96, No.
3: 488-497 (1974)

[Che77] J. Cheeger, Analytic Torsion and Reidemeister Torsion, PNAS 74 (7): 26512654 (1977)

[Che79] J. Cheeger, Analytic torsion and the heat equation, Ann. Of Math. (2) 109 (2): 259322
(1979)

[CL96] D. Cooper and D. D. Long, Remarks on the A-polynomial of a knot, J. Knot Theory Rami-
fications 5, No.5, 609-628 (1996).

[CF63] R.H. Crowell and R.H. Fox, Introduction to knot theory, Graduate Texts in Mathematics,
vol. 57, Springer, Berlin, 1963.

[CS83] M. Culler and P. Shalen, Varieties of group representations and splittings of 3-manifolds,
Ann. of Math. (2) 117 (1983), no. 1, 109-146.

[DY09] J. Dubois and Y. Yamaguchi, Multivariable Twisted Alexander Polynomial for hyperbolic
three-manifolds with boundary, Preprint (2009)

[Fo53] R.H. Fox, Free differential calculus I, Derivation in the free group ring, Ann. Math. 57 (1953)
547-560.

[Fo54] R.H. Fox, Free differential calculus II, the isomorphism problem, Ann. Math. 59 (1954) 196—
210.

[Fra81] J. Franks, Knots, links and symbolic dynamics, Ann. of Math. (2) 113 (1981), no. 3, 529-552.

[Fr86] D. Fried, Analytic torsion and closed geodesics on hyperbolic manifolds, Invent. Math. 84
(1986), no. 3, 523-540.

[Fr88] D. Fried, Cyclic resultants of reciprocal polynomials, Holomorphic dynamics, Proc. 2nd Int.
Collog. Dyn. Syst., Mexico City/Mex. 1986, Lect. Notes Math. 1345, 124-128 (1988).

[FK06] S. Friedl and T. Kim, Thurston norm, fibered manifolds and twisted Alexander polynomials,
Topology, Vol. 45: 929-953 (2006)

[FKO08] S. Friedl and T. Kim, Twisted Alexander norms give lower bounds on the Thurston norm,
Trans. Amer. Math. Soc. 360 (2008), 4597-4618

[FVOT7a] S. Friedl and S. Vidussi, Nontrivial Alezander polynomials of knots and links, Bull. London
Math. Soc., Vol. 39: 614-6222 (2007)

[FVO7b] S. Friedl and S. Vidussi, Symplectic 4-manifolds with a free circle action, Preprint (2007)

[FV08a] S. Friedl and S. Vidussi, Symplectic S* x N3, surface subgroup separability, and vanishing
Thurston norm, J. Amer. Math. Soc. 21 (2008), 597-610.

[FV08b] S. Friedl and S. Vidussi, Twisted Alezander polynomials detect fibered 3—-manifolds, Preprint
(2008)

[FV09a] S. Friedl and S. Vidussi, A survey of twisted Alexander polynomials, Preprint (2009)

[FV09b] S. Friedl and S. Vidussi, Twisted Alezander polynomials and fibered 3-manifolds, Preprint
(2009)

[GhO8] P. Ghiggini, Knot Floer homology detects genus-one fibred knots, Amer. J. Math. 130, Num-
ber 5: 1151-1169 (2008)



30 NATHAN DUNFIELD, STEFAN FRIEDL, AND NICHOLAS JACKSON

[GKMO05] H. Goda, T. Kitano and T. Morifuji, Reidemeister Torsion, Twisted Alexander Polynomial
and Fibred Knots, Comment. Math. Helv. 80, no. 1: 51-61 (2005)

[Ha05] S. Harvey, Higher—order polynomial invariants of 3-manifolds giving lower bounds for the
Thurston norm, Topology 44 (2005), 895-945.

[He87] J. Hempel, Residual finiteness for 3-manifolds, Combinatorial group theory and topology
(Alta, Utah, 1984), 379-396, Ann. of Math. Stud., 111, Princeton Univ. Press, Princeton, NJ
(1987)

[HSWO09] J. Hillman, D. Silver and S. Williams, On reciprocality of twisted Alexander invariants,
Preprint (2009)

[HS97] P. J. Hilton and U. Stammbach, A Course in Homological Algebra, second edition, Springer
Graduate Texts in Mathematics (1997).

[HMO08] M. Hirasawa and K. Murasugi, Fvaluations of the twisted Alexander polynomials of 2-bridge
knots at £1, Preprint (2008)

[HTW98] J. Hoste, M. Thistlethwaite and J. Weeks, The first 1,701,936 knots, Math. Intell. 20(4)
(1998), 33-48.

[KL99] P. Kirk and C. Livingston, Twisted Alezander invariants, Reidemeister torsion and Casson—
Gordon invariants, Topology 38, no. 3: 635-661 (1999)

[KLWO01] P. Kirk, C. Livingston and Z. Wang, The Gassner representation For string links, Comm.
Cont. Math. 3 (2001), 87-136

[Ki96] T. Kitano, Twisted Alexander polynomials and Reidemeister torsion, Pacific J. Math. 174:
431-442 (1996)

[KMO05] T. Kitano and T. Morifuji, Divisibility of twisted Alexander polynomials and fibered knots,
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 4 (2005), no. 1, 179-186.

[KS05] T. Kitano and M. Suzuki, Twisted Alexander polynomials and a partial order on the set of
prime knots, Geometry and Topology Monographs 13 (2008), Groups, Homotopy and Configu-
ration Spaces (Tookyo 2005), 307-322

[KSWO05] T. Kitano, M. Suzuki and M. Wada, Twisted Alezander polynomial and surjectivity of a
group homomorphism, Algebr. Geom. Topol. 5 (2005), 1315-1324.

[Kiy08] T. Kitayama, Normalization of twisted Alexander invariants, Preprint (2008)

[Li01] X. S. Lin, Representations of knot groups and twisted Alezander polynomials, Acta Math. Sin.
(Engl. Ser.) 17, no. 3: 361-380 (2001)

[MRO3] C. Maclachlan, and A. W. Reid, The arithmetic of hyperbolic 3-manifolds, Graduate Texts
in Mathematics. 219. New York, NY: Springer (2003)

[MP09] P. Menal-Ferrer and J. Porti, Twisted cohomology for hyperbolic three manifolds, in prepa-
ration (2009)

[Mi66] J. Milnor, Whitehead torsion, Bull. Amer. Math. Soc. 72 (1966), 358-426.

[Mo08] T. Morifuji, Twisted Alexzander polynomials of twist knots for nonabelian representations,
Bull. Sci. Math. 132: 439-453 (2008)

[Mi78] W. Miiller, Analytic torsion and R-torsion of Riemannian manifolds, Adv. In Math. 28 (3):
233305 (1978)

[Mii09] W. Miiller, Analytic torsion and cohomology of hyperbolic 3-manifolds, Preprint of the Max-
Planck Institute, Bonn (2009)

[Ni07a] Y. Ni, Heegaard Floer homology and fibred 3—manifolds, preprint (2007), to appear in Amer.
J. of Math.

[Ni07b] Y. Ni, Knot Floer homology detects fibred knots, Invent. Math. 170 (2007), no. 3, 557—608.

[Nic03] L. Nicolaescu, The Reidemeister torsion of 3-manifolds, de Gruyter Studies in Mathematics,
30. Walter de Gruyter & Co., Berlin, 2003.



TWISTED ALEXANDER POLYNOMIALS OF HYPERBOLIC KNOTS 31

[0S04] P. Ozsvath and Z. Szabd, Holomorphic disks and genus bounds, Geom. Topol. 8 (2004),
311-334.

[Pajo7] A. Pajitnov, Novikov homology, twisted Alexander polynomials, and Thurston cones, St.
Petersburg Math. J. 18 (2007), no. 5, 809-835

[Par09] J. Park, Analytic torsion and Ruelle zeta functions for hyperbolic manifolds with cusps,
Journal of Functional Analysis, vol. 257 (2009) p. 1713-1758

[Po97] J. Porti, Torsion de Reidemeister pour les variétés hyperboliques, Mem. Amer. Math. Soc.
128 (1997), no. 612

[Po09] J. Porti, Private communication (2009)

[Ra65] M. S. Raghunathan, On the first cohomology of discrete subgroups of semisimple Lie groups,
Amer. J. Math. 87 (1965) 103-139.

[RGK94| P. Ramadevi, T. R. Govindarajan, R. K. Kaul, Chirality of Knots 942 and 1071 and Chern-
Simons Theory, Modern Physics Letters A, Volume 9, Issue 34, pp. 3205-3217 (1994).

[RS71] D. B. Ray, I. M. Singer, R-torsion and the Laplacian on Riemannian manifolds, Advances
in Math. 7: 145210 (1971)

[Ru87] D. Ruberman, Mutation and volumes of knots in S3, Invent. Math. 90, 189-215 (1987).

[Sh02] P. Shalen, Representations of 3—manifold groups, Handbook of Geometric Topology, 955-1044
(2002).

[SW09a] D. Silver and S. Williams, Nonfibered knots and representation shifts, Algebraic Topology
—0Old and New, Banach Center Publications 85 (2009), 101-107

[SW09b] D. Silver and S. Williams, Twisted Alexander Polynomials and Representation Shifts, Bull.
London Math. Soc. 41 (2009), 535-540

[SWO09c] D. Silver and S. Williams, Alexander-Lin twisted polynomials, Preprint (2009)

[SW09d] D. Silver and S. Williams, Dynamics of twisted Alexander invariants, Topology and its
Applications, 156 (2009), 2795-2811

[Su04] M. Suzuki, Twisted Alexzander polynomial for the Lawrence-Krammer representation, Bull.
Austral. Math. Soc. 70 (2004), 67-71.

[St10] A. Stoimenow, http://mathsci.kaist.ac.kr/ stoimeno/ptab/index.html

[Th82] W. P. Thurston, Three dimensional manifolds, Kleinian groups and hyperbolic geometry,
Bull. Amer. Math. Soc. 6 (1982)

[Th86] W. P. Thurston, A norm for the homology of 3—manifolds, Mem. Amer. Math. Soc. 339:
99-130 (1986)

[Th97] W. P. Thurston, Three-Dimensional Geometry and Topology, Princeton University Press
(1997)

[Ti00] S. Tillmann, On the Kinoshita-Terasaka knot and generalised Conway mutation, Journal of
Knot Theory and its Ramifications 9 (2000) 557-575.

[Ti04] S. Tillmann, Character varieties of mutative 3-manifolds, Algebraic and Geometric Topology
4 (2004) 133-149.

[Tu01] V. Turaev, Introduction to combinatorial torsions, Birkhauser, Basel, (2001)

[Tu02] V. Turaev, Torsions of 3—manifolds, Progress in Mathematics, 208. Birkhauser Verlag, Basel,
2002.

[Wa94] M. Wada, Twisted Alexander polynomial for finitely presentable groups, Topology 33, no. 2:
241-256 (1994)

[We|] J. Weeks, SnapPea: A computer program for creating and studying hyperbolic 3-manifolds,
WWW.geometrygames. org



32 NATHAN DUNFIELD, STEFAN FRIEDL, AND NICHOLAS JACKSON

UNIVERSITY OF ILLINOIS, URBANA, IL 61801, USA
E-mail address: nmd@illinois.edu

UNIVERSITY OF WARWICK, COVENTRY, UK
E-mail address: s.k.friedl@warwick.ac.uk

UNIVERSITY OF WARWICK, COVENTRY, UK
E-mail address: nicholas.jackson@warwick.ac.uk



