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MASLOV-ARNOL ‘D CHARACTERISTIC CLASSES
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D. B. FUKS

This note deals with the characteristic classes of Lagrange manifolds introduced by V. P. Mas-
lov [11and V. I. Arnol ‘d [2]. * we give an expression of these classes in terms of the classes of
Stiefel-Whitney and of A. Borel.

1. Notation. Definitions. By E = E*" we denote the space of real coordinates
(1 - s Pus 91> *++» ¢,). The mapping J: E — E is defined by the formula
It s Pps G1r -+ s g)=(-q1, -+, ~q,, Pl “** > Pp) Obviously, J?=~ 1. An n-dimensional
hyperplane II C E is called Lagrangian if the plane J{II) is orthogonal to it. The collection of
(unoriented) Lagrange planes in the space E, passing through the origin, is denoted by A,. The
manifold A, is diffeomorphic to the factor-space U(n)/O0(n) of the group of unitary matrices relative

to the group of orthogonal matrices.

Let X be a finite CW-complex. We shall say that an n-dimensional Lagrange bundle with base X
is given if we are given: (1) the O(n)-bundle & with base X; (2) the equivalence of the complexifi-
cation ¢ of the bundle ¢ and of the tivial U(n)-bundle with base X. We shall always denote a
Lagrange bundle by one and the same letter as the O(n)-bundle which determines it. We can see that
the classes of equivalent n-dimensional Lagrange bundles with base X are in one-to-one correspon-
dence with the homotopy classes of the mappings of X into A, (here, to the identity mapping A, — A,
there corresponds the bundle induced by the principal fiber U(n) — Un)/O) = A,).

We note an important example. Let " C E be a smooth submanifold of dimension n. The mani-
fold M" is called Lagrangian if all of its tangent planes are Lagrangian. The complexification of
any plane Il CE is canonically isomorphic to £ and, therefore, the tangent bundle to a Lagrange mani-
fold can be considered to be a Lagrange bundle. The mapping M" — A corresponding to this bundle
associates to the point x € M" the plane [1C £ passing through the origin of space E and parallel
to the plane tangent to the manifold M" at the point x.

2. Subsets of manifold M". Let ! <k <n; Py is the linear hull of the vectors pj, P2 ", Ppe
By A%l we denote a subset of manifold A, consisting of all Lagrange planes whose intersection
with P; is not less than [-dimensional. The sets AE! are not submanifolds of A,, but may be repre-
sented as images of manifolds in the following way. By Xﬁ'l we denote the space of pairs (I, I1'),
where I1 € A, 11’ is an I-dimensional plane in space E such that [1' CII N P,. The manifold
Kﬁ’l is the space of a smooth fiber with base Gk,l (the Grassmann manifold)and layer A, _;,. A
projection in this fiber takes (I, I1') into I1'. The mapping i = i,’f’l: Kﬁl — A, where i(Il, I') =11
has as its own image A%! On i“l(/\’,f’l\/\,lf’l”) it is a diffeomorphism on A¥ A1+ 504 the singu-
larities of this mapping are concentrated on the set iTHAK 41 which, as is easily seen, has the codi-
mension n ~ k& + 1. In what follows we shall mainly consider the sets A, = AZ~*+L1 g, An-k+l,2

Y

* These articles introduced only the first (one-dimensional) classes from the classes being considered. The
e e e . . - L . .
definition of the remaining classes was given by V. I. Amol 'd in his seminar.
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trivialization of the complexification.
Theorem 2. )\Zs“ =Albob, ... by s=1,2, ..., (n—-1)/2).
Theorem 3. )\,215 =biby by (s=1,2, .-, (a—-1)2).

Corollary.b If any of the Maslov-Arnol'd classes equals zero, then all the subsequent ones also

equal zero.

Theorem 4. The ring of weak integral cohomologies of manifold A, for odd n is an exterior alge-
bra with the generators )\n, by by -0, b, 1.

The last theorem signifies that the classes )\,11 and b, coincide with the generators of the ring
of cohomologies of the homogeneous space Uln)/O(n), found by A. Borel [3].

Since A, is a classifying space for Lagrange bundles, the relations ¢comprising Theorems 1-3
are fulfilled also for the characteristic classes a,(&), b,(£), AX(&) of any Lagrange bundle £. The
proofs of Theorems 1-3 are analogous. In 35 we prove only Theorem 1. $6 is devoted to the study
of integral cohomologies of the space A,. In particular, in it we prove Theorem 4.

5. Intersections. We prove the equality poAF = ak(pz)\k ). By definition, the class D(p,\E-1)
is the image of the fundamental class mod 2 of the manifold A" k=1 ynder the mapping P51, We
fix a small number €> 0. We denote by A( ) the set of pairs (I, 1), where 1 CE isa Lagrange plane
and [ is a straight line lying in the intersection of II w1th the linear hull of the vectors plcos €+
gisin€, - -+, Py _p41C0S € +q, i qsin€e. Obviously, ff) a A"'k +1.1 aad the mapping i': (6)_%/\ ,
where i'(II, 1) =1II, is homotopic to i F+!.1, Therefore, the image under the mapping i’ of the
fundamental class mod2 of manifold A( ) is D(ay). It wrns out that the mapping j =i mok-l il

A" k=l A(E) — A, x A, is transversally-regular relative to the diagonal A(A,) CA, x A,. The
total preimage j “HAA ) is that manifold the image of whose fundamerital class is dual in the sense
of Poincaré to the product a{p,\¢1), By /\k we denote the manifold whose points are the triples
I, 1’, D), where ICE isa Lagrange plane, I1' C H NP, is a k-dimensional plane, [CI' N P,_,,;
is a straight line. Let us consider the mapping 7: /\k - A" k=l A(f), where 7(II, I1', [) =

((pell, ' /1), (bell, pel)). Here, I1'/1 is the orthogonal complement of the straight line [ in the
plane 11, ¢¢: E — E is a mapping which rotates the plane (I, J{I)) by an angle ¢ (so that

(pdl, deD) € Afv )) and is an identity mapping on the orthogonal complement of this plane It is easy
to see that this mapping is a diffeomorphism of x onto j-HA(AL)). The composition A Ak 77/\" k-l

A© - AN CA, x A, is homotoplc to the mapping which takes (II, 1’ ) into II. The latter is

the composition of the mapping A * A = ATRIL O, ) - (L IT)) of degree 1 and of the mapping

iy 'k, From this ensues the assertion we had to prove.

6. Rational cohomologles of the space A, for odd n can be easily found from the Cartan-Serre
theorem. The ring H (Am Q) for odd n is an external algebra of the generators B, € H**3(A_; Q),
k=1,..., (n-1)/2.

In the space A, consider the filration % = A C...C ALCAl=A
struct the (integral) spectral sequence of the cohomology groups. The term E§'7 of this spectral
sequence is HP (AT P+ A"-P). o term Eo is ad]01nt to H (A)). We can show that this spectral
sequence is muluphcauve The difference A2\ AL~ is the space of a vector bundle with base G,
and a layer of dimension ((n — p) (n — p + 1))/2 and, moreover, this bundle is oriented if p is odd and
unoriented if p is even. Therefore, E§ =2 E%'7 is none other than the complete cohomology group
of the Thom space of this bundle, i.e., E§*9 = HP ¥ ‘P‘P“”/z(cn n-p; Z) when p is even and E5'9 =

a- In this filtration we con-
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‘“"(P(P DY G, n-ps Z7) when p is odd, where Z7 is the only nontrivial local system of groups
morphic to Z possible over G, ,_,. In particular, for odd p < n the groups ER-P®-1Y2 4pe iso-

'? the only infinite ones are the groups

orphic to Z; the groups E%'q are all finite, except E%
3 +4S, s=0,:.--, (n - 3)/2, and moreover, each of them is isomorphic to the direct sum of group Z
ad a finite group.

A simple calculation of ranks shows that the analogous spectral sequence with coefficients in

zla,p(p—l)/ 2 are not

e rational numbers is trivial. Hence it ensues that the elements of the groups E
ges of any differentials (from dimension considerations the elements of this group are cycles of
[ differentials). Since E7>®®+1Y 2= _ 0 ghen r > p, the group E&P® -1)/2

the group Hp -1 2(1\,,). This subgroup is characterized by the fact that its elements go to zero

is a subgroup

atly it is not divisible by any integer and hence is the generator of this subgroup.

Thus, the classes A2 =Alb, ... b,_1 € H*(An) are not divisible and are of infinite order.

ce A,

Note that the generators A., by, --+, b, _| of the ring of weak cohomologies of A, are asso-
jated in E| with the generators of the free parts of the groups E%’O, E%'a, ey, E%’Z""S.

In conclusion we remark that all the results of this note can be obtained from only the spectral

uence of §6 without recourse to any geometry.
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