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TRANSLATOR’S PREFACE

Applications of the Theory of Matrices is a translation, with
revisions, of the second part of 4 Theory of Matrices published in
1954. The first (untranslated) section contains general material
which is easily available in texts in English and other Western
languages. In order to make the present volume a self-contained
whole, appendices and footnotes of explanation have been added.

The inclusion of many references to books and articles in Western
languages should make the volume more useful than a straight
translation would have been. Where appropriate, references have
been made to developments subsequent to 1954.

The textual matter includes chapters of interest to applied
mathematicians. The chapter on differential equations is full and
readable; the chapter on the Routh-Hurwitz problem is (so far as
I know) the only modern exposition in book form of the theory
which a control engineer needs in studying stability of a servo-
mechanism. The chapter on matrices with nonnegative elements
is most useful in numerical analysis and engineering. The numerical
analyst will notice, too, that the algorithm expounded in the last
chapter can be used directly to evaluate the roots of a (complex or
real) polynomial; codes for this method already exist.

Some care has been expended to make this translation more
than a mere translocation of words. Besides this, several misprints
in the original edition have been corrected. I cannot suppose that
no misprints have been added, and would be grateful for any
corrections communicated by readers.

Mr. Evanusa’s valuable help extended through several months,
and his support was untiring in spite of the press of other pro-
fessional responsibilities. Professor Bushaw translated the entire
last chapter and aided significantly with the other chapters and the
reading of proofs.

Stanford Research Institute J. L. BRENNER
Menlo Park, California

May, 1959
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CHAPTER I

Complex Symmetric, Antisymmetric
and Orthogonal Matrices

In any investigation of linear operators in a Euclidean space,
one studies real symmetric, antisymmetric and orthogonal
matrices, i.e., real square matrices which are characterized by
the following relationships, respectively:

S'=S, K'=—K, 0 =071

(here ’ indicates formation of the transposed matrix). It is known
that, over the field of complex numbers, all these matrices have
linear elementary divisors, and one knows canonical forms for
these matrices, i.e., “most simple” real symmetric, antisymmetric
and orthogonal matrices, to which arbitrary matrices of the types
under discussion are equivalent.

The canonical forms are block diagonal, and each block is
alx1ora 2 X 2 matrix. For a symmetric, antisymmetric or
orthogonal matrix, the 2 X 2 blocks are symmetric, antisym-
metric, or orthogonal. In the last case, moreover, the 1 x 1 blocks
are all +1 or —1.

In this chapter we study complex symmetric, antisymmetric
and orthogonal matrices. We find what elementary divisors these
matrices can have, and what canonical forms are established for
them. These forms have a considerably more complicated structure
than the corresponding normal forms in the real case. The first
section establishes interesting relationships between complex
orthogonal, unitary matrices and real symmetric, antisymmetric,
and orthogonal matrices.
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§ 1. Some formulas for complex orthogonal
and unitary matrices

Let us commence with the following lemma.

LemMma 1. 1. If the matriz G is simultaneously Hermitian and
orthogonal (G' = G = G™), then it can be represented in the form

G = Ie® (1)
where I is a real symmetric involutory matrix, and K a real anti-
symmetric matrix which is permutable with it

I=I=I, I’=E, K=K=—-K (2)
2. If in addition G is a positive definite Hermitian matrix 1, then
n formula (1) [ = E, and

G = ¢k, (3)
Proof. 1. Set
G = S+4T (4)
where S and T are real matrices. Then
G =S—iT, G’ = S'+4T". (5)

Thus G = G’ implies S = S’, T = —T’; i.e., S is a symmetric,
T is an antisymmetric matrix.

Further, if we substitute the expressions for G and G from (4)
and (5) in the complex equality GG = E, the latter is seen to
amount to the two real equalities

S24+T2=FE, ST =TS. (6)

The second of these equalities indicates that S and 7 commute.

But two commutative normal matrices S and T can be brought
into block-diagonal canonical form by one and the same real
orthogonal transformation. Therefore 2

1 Thatis, G = G* = G/, and z*Gz > 0 (z*z > 0); or what is the same
thing, G is the matrix of coefficients of a positive definite Hermitian form.

2 First simultaneously into (complex) diagonal form by a unitary trans-
formation . (Appendix I), then into real block diagonal form as shown.
The product of the two transformations must be real. The diagonal elements
in O-1SO must repeat as shown, if ST = TS holds.
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S = O{s1, 51, S5 Sa» - - > Sq» Sg» Sagy1s - - > S,y 071, 2
B A 0 i 0 ¢, .
R A B I
©0=0=01) (1)

(the numbers s, and ¢, are real.) Hence

_ o s, 1ty Sy Uty iq U,
omsver-of 54 [ 5% L5
' Saqits -+ SO (8)

On the other hand, substituting the expressions (7) for S and
T in the first of equalities (6), we find that the following holds:

SS—fB=1ss—fi=1,..,88—2=1,8,,==+1,...,5,=+1. (9)

It is now a simple matter to check that a matrix of the type

l: $ “] with s — 2 = 1
—1t s

can always be represented in the form
s | T { 0, ¢
[—it S] N eesz(—q’, 0)’

|s|=che, & =shgp, &=signs.
Therefore, on the strength of (8) and (9) we have:

. 0 ¢ . 0 @,
G:O{:tex z|: 1], 4+ ex zl: ],...,
P —p, 0 P —@; 0

where

+ exp1? [

1.e.,
G = Ie&,
I=0{+1 +1,...,+ 1107,

where K=%[O¢ﬂ””[0¢ﬂ0“wq01 )

— P 0 —Pq 0

*» The symbol {4, B, . ..} denotes a diagonal block matrix with 4, B, . ..

ranged along the diagonal.
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and
IK = KI.

Equalities (2) follow from (11).

2. Suppose in addition it is known that G is a positive definite
Hermitian matrix. Then all characteristic numbers of the matrix
G are certainly positive (Gx = xd = z*Gx = (x*x)4). On the
strength of formula (10), however, these characteristic numbers
are the numbers

+en, fe, L L, £, £, 1,0, £ 1

(here the signs cofrespond to the signs in formula (10)].
Therefore, in formula (10) and the following formula (11), the
ambiguous - signs must all be 4. Consequently

I=0{1,1,..,1)0' = E,

which is what we were required to prove. The lemma is com-
pletely proved.
The lemma will now be applied to proving the following theorem:

THEOREM 1. A complex orthogonal matrix O can always be
represented in the form

O = Re® (12)
where R 1s a real orthogonal, and K a real antisymmetric, matrix
R=R=R"' K=K=-—-K. (13)

Proof. Suppose that formula (12) holds. Then the following
is true:

0% = 0’ = e R’
and
0*0 = ¢ X R'Re'X = 2K,

On the strength of the preceding lemma, a real antisymmetric
matrix K can be defined from the condition

0*0 = ¥k, (14)
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since the matrix 0*0 is a positive definite Hermitian orthogonal
matrix. After matrix K has been found from (14), we find R
from (12):

R = Q¢ &, (15)

Then the following holds:
R*R = ¢7K 0*0¢'K = E,

i.e., R is a unitary matrix. On the other hand, it follows from (13)
that the matrix R, as the product of two orthogonal matrices, is
itself orthogonal: R'R = E. Thus, R is at the same time unitary
and orthogonal, and, consequently, is real orthogonal. Formula
(15) can be written in the form (12).

The theorem is proved.?

Let us now establish the following lemma.

LEMMA 2. If the matriz D is at the same time symmetric ana
unitary (D = D' = DY), then it can be represented in the form
D = %5, (16)
where S is a rveal symmetric matriz (S =8 = S').
Proof. Define U, V from

D=U+V {U=UV=7"). (17)
Then the relations
D=U—iV, D=U +V"
hold. The complex identity D = D’ implies the two real iden-

tities:
u=U0, V=V.
Thus, U and V are real symmetric matrices.
The equality DD = E implies the following:
U2 +V2=E, UV =VU. (18)

3 Formula (12), like the polar decomposition of a complex matrix, is
intimately connected with an important theorem of Cartan, which es-
tablishes well-known representations for automorphisms of semisimple
complex Lie groups.



0 1. COMILEA MALIRIUVEDS

According to the second of these equalities, the matrices U
and V commute. Thus there is a real orthogonal matrix O such
that

U=0{s, Sy ...,5,307, V=0{,%,....£;07% (19)
Here s, and ¢, (k= 1, 2, ..., n) are real numbers. Now the first
of equalities (18) gives:
sS+2=1 (k=1,2,...,n).
Therefore there exist real numbers ¢, (¢ =1,2,..., n) such

that
Sp=1CoSqQ, l=sing, (k=12,...,n).

Substituting these expressions for s, and 7, in (19) and applying
(17), we find:
-D = Ofe?, e, .., et} 071 = €5,
where
S = 0{¢1, Py - -y ¢7L}0—1' (20)
From (20) it follows that S = § = S’. The lemma is proved.
By means of this lemma, we can prove the following theorem:

THEOREM 2. A wunitary matrix U can be represented in the
form

U = Re*S (21)
where R is a real orthogonal, and S a real symmetric matriz:
R=R=PR"! S=8=¢5. (22)
Proof. Formula (21) would imply
U’ = ¢®R’; (23)

combining (21) and (23), we obtain
U'U = ¢SR'RetS = ¢
by using (22).
But by lemma 2, there is a real symmetric matrix S satisfying

U'U = e%s (24)

since the matrix U’'U is a symmetric unitary matrix. After the
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matrix S is determined, the matrix R can be determined from the
equality
R = Ue™s. (25)
Then the relation
R = e SU (26)
holds, and thus, from (24), (25) and (26) it follows that
R'R =e¢®U'Ue = E,

i.e., R is an orthogonal matrix.

On the other hand, according to (25), R is a product of two
unitary matrices and, consequently, R is a unitary matrix. Since
R is atithe same time orthogonal and unitary, R is a real matrix.
Obviously, formula (25) can be rewritten in the form (21). The
theorem is proved.

§ 2. Polar decomposition of a complex matrix
Let us prove the following theorem:

THEOREM 3. Any nonsingular n X n matrix A = (ay;) with
complex elements can be decomposed as follows:

A =50 (27)

and
A =0,5, (28)

where S and S, are complex symmetric, and O and O, are complex
orthogonal matrices. Also,

S= (44} = j(44), S, = (A4} =}(4'4),

where f(A), fL(A) are polynomials in A.

In the decomposition (27), [(28)] the factors S and O [0, and
S,] are permutable if and only if the matrices A and A’ are per-
mutable.

Proof. It is sufficient to establish the factorization (27).
For if such a decomposition is carried out for the matrix 4’, the
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factorization (28) of A follows automatically,since O’ is ortho-
gonal if O is orthogonal.
If formula (27) holds, then

A4 =50, 4"=071S;
therefore
A4 = S2 (29)
Conversely, since AA’ is a nonsingular matrix [(44')! =
(A-1)’A-1] then the function ? is defined on the spectrum of

this matrix4 and, consequently, there exists an interpolation
polynomial f(2) such. that

(A4t = j(44")

(
We denote symmetric matrix (30) by S = (44’)%. Then (29)
will hold, and, consequently, det S = 0. We define the matrix O
from equality (27):

30)

0 = S714.

It 1s easy to see that this matrix is orthogonal. Thus, the decom-
position (27) is established.

If the factors S and O in decomposition (27) are permutable,
then the following matrices are also permutable:

A=50 and A4d’'= 01§,
because
AA" = 5% A'A = 071520.
Conversely, if AA" = A’A, then
S22 = 01820,

i.e., the matrix O is permutable with S? = 44’. But then the
matrix O is permutable with the matrix S = f(44’). Thus, the
theorem is completely proved.

4 We are taking a single-valued branch of the function 4/4 in a simply

connected region, which contains all the characteristic numbers of the
matrix AA4’, and does not contain the number 0.
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As an application of the polar decomposition theorem, we prove
the theorem:

THEOREM 4. If two complex symmetric, or antisymmetric, or
orthogonal wmatrices are similar

B = T14T (31)

these matrices are orthogonally similar, i.e., there exists an or-
thogonal matriz O such that

B = 0-140. (32)

Proof. From the condition of the theorem, there follows
(see below) the existence of a polynomial g(4) such that

A" =q(4), B’ =q(B). (33)

In the case of symmetric matrices, the polynomial ¢(4) is iden-
tically equal to 4, and in the case of antisymmetric matrices, it is
identically equal to —A. If 4 and B are orthogonal matrices,
then ¢(4) is an interpolation polynomial for 1/ on the entire
spectrum of matrices 4 and B.

By relying on equalities (33), we will find a proof of the given
theorem in a manner very similar to the proof of the corresponding
theorem in the real case. It follows from (31) that

q(B) = T7q(A)T,
or, on the strength of (33)
B'=1T714'T.
Hence
B=TAT.
Comparing this equality with (31), we easily find that
TT'4 = ATT'. (34)
Since T is nonsingular, it has a polar decomposition

T=S0 (S=S =HTT), 0 =01,
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Since according to (34) the matrix 77’ is permutable with
A, the matrix S = f(TT’) is also permutable with A. Therefore,
substituting in (31) the product SO for T, we obtain:

B = 071571450 = 07*40.

The theorem is proved.

§ 3. Normal form of a complex symmetric matrix

Let us prove the following theorem.

THEOREM 5. There exists a complex symmetric matrix with any
preassigned elementary divisors.®

Proof. Let H be the # X » matrix of nth order, in which the
elements of the first superdiagonal are equal to unity, and all
the remaining elements are equal to zero. We will prove the
existence of a symmetric matrix S which is similar to the matrix H:

S=THT (35)
To find the transforming matrix 7, we start with the con-
dition
=THT*=S"=T1'"H'T'.

This condition can be rewritten as follows:
VH=HTV (36)
where V is a symmetric matrix connected with 7" by the equality ¢
T'T=—2V. (37)

Direct calculation shows that any solution V of matrix equation
(36) has the following form:

5 Concerning the contents of this section, and also of Sections 4 and 5
following, see [71].

¢ To simplify later formulas, it is convenient at this time to introduce
the factor 2i.
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0 C 0 a,
. Gy a4y
V= (38)
0"
|40 @ - @
where a,, a4, ..., a,_, are arbitrary complex numbers.

Since it is sufficient for us to find one transforming matrix 7,
then in this formula we place ¢y =1, a4, =...=4a,, =0, ie,,
we define the matrix V' by the equality ?

0...0 1
V=01 0} (39)
1...0 0

In addition, we will require the transforming matrix 7 to be
symmetric:

T=T". (40)
Then equation (37) for T becomes
T? = — 21V (41)

Now we require the matrix T to be a polynomial in ¥, which
is no loss in generality. Since V2 = E, such a polynomial can be
taken to be a polynomial of the first degree:

T =aE + V.

From equation (41), taking into consideration the equality
V2 = E, we find that

at+b2=0, 2ab= — 2.

? The matrix V is at the same time symmetric and orthogonal.
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These relations are satisfied if we take a =1, b = — 4,
Thus
T'=FE—l. (42)
The nonsingularity of T follows from (41) since V is non-
singular. Thus (since V2 = E) 771 = VT = LVT, ie,

T-1 = Y(E + V), (43)

and this formula gives an inverse of T in any case.
Thus, a symmetric transform S of the matrix H is defined by
the equality

: 0...0 1
S=THT = }E—V)HE+iv), V=1 0
1 .00

Since matrix S satisfies equation (36) and since VHV = H’,
equality (44) can also be rewritten as follows:

2S = (H 4+ H') + i(HV — VH)

01 ... 0 0o ... 10
1.. « .
—1
= -+ (45)
) | 1. ,
0o ... 10 0—1 ... 0

Formula (45) defines the symmetric transform S of the matrix H.

Henceforth, if # is the order of matrix H, H = H(™, then the
corresponding matrices 7, V and S will be denoted by: 7™,
V) and S™,

Let the following elementary divisors be given:

A —=2)% (A— )% . (A= 2)% (46)

We form the corresponding Jordan matrix

J={E® 4 Hoo 3, E®) L H®) ] E®a) 4 )

For each matrix H‘?? we will introduce the corresponding sym-
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metric form S*), From
S0 = T Hpd [T0]=1 (j=1,2,.. ., u)
it follows that
MLE® 4 S — T [3 E») 4 H(»]| [T(#0]1,
Therefore, placing
S = {ME®)  Steo | J, E@) L St 3 (R Sra}, (47)

T = {Ttw, Tt T} (48)
we will have
S=1TJT.

S is a symmetric transform of the Jordan matrix J. The matrix
S is similar to the matrix J and has the same elementary divisors
(46) as the matrix J. The theorem is proved.

COROLLARY 1. An arbitrary square complex matrix A = (a;,)?
s similar to a symmetric matriz.
Applying Theorem 4, we obtain:

COROLLARY 2. The arbitrary complex symmetric matrix S = (5,,)"
1s orthogonally similar to a symmetric matrix which has the normal
form S, i.e., there exists an orthogonal matrix O such that

S = 080 (49)

A complex symmetric matrix can be transformed into a “‘par-
titioned diagonal” matrix

S = {AIE(M) + S(r), le(pz) -+ St A EtPa) S(pu)}’ (50)

where every element is zero except the boxes shown; these are
along the main diagonal; and the boxes S® are determined as
follows [see (44) and (45)]:
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S® = HE® _ (VO]HD[E® 4 V=]
=L [H® + H®' | {(HPV® _ VmH®)]
70 1 0 0 1 0]
1 . . .
. . _1
=3 + 3 (51)
. | 1. .
K 10 |0 —1 0 |

§ 4. Normal form of a complex antisymmetric matrix

Let us see what elementary divisors an antisymmetric matrix
can have. We will employ the following theorem:

THEOREM 6. The rank of an antisymmetric matviz is an even
integer.

Proof. Let the antisymmetric matrix K have rank ». Then
among the rows of the matrix K there are » linearly independent
ones; namely those with indices ¢y, 4,, ..., 7,; all the remaining
rows are linear combinations of these rows. Since the columns
of the matrix K are obtained from the corresponding rows, by
multiplying the elements of the latter by —1, then any column of
the matrix K is a linear combination of the columns with indices
7y, 1, - - ., i,. Therefore, an arbitrary minor of rth order of matrix
K can be represented in the form

14, Toy o v, l
G.K |:.1: .2; ) .r:l ,
1, lgy - ey 1,
where « is some number.
Hence it follows that

K[y 2o
Ty, Ty ooyl
But an antisymmetric determinant of odd order is always equal

to zero. Consequently, 7 is an even number. The theorem is proved.

THEOREM 7. Let K have order n and rank r; K' = —K.
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1. If Ay is a characteristic number of the antisymmetric matriz K,
and if the corresponding elementary divisors are

(A =2y, (A —A)% ... (A — A",

then —Aq is also a characteristic number of the matviz K: and the
corresponding elementary divisors are:

A+ A), (A4 A, ..., (A + Ag).

Note the equality as regards cardinal number and degree.

2. If the number zero is a characteristic number of the anti-
symmetric matrix ® K, then .the system of elementary divisors of
matriz K contains each elementary divisor of even degree which
corresponds to the characteristic number zevo (repeated) an even
number of times.

Proof. 1. The transposed matrix K’ has the same elementary
divisors as matrix K. But K’ = —K, and the elementary divisors
of matrix —K are obtained from the elementary divisors of matrix
K, if in the latter all the characteristic numbers AL Ay, ... are
replaced by —4,, —4,,.... Hence follows the first part of our
theorem.

2. Let 9, elementary divisors of the form 4, and 4, elementary
divisors of the form 22, etc., correspond to the characteristic
number zero of matrix K. In general, we will use the symbol 9,
to indicate the number of elementary divisors of the form i®
(=1, 2,...). We will prove that §,, d,, ... are even numbers.

The defect d(= n — 7) of the matrix K is equal to the number
of linearly independent characteristic vectors which correspond
to the characteristic number zero, or, what is the same thing, to
the number of elementary divisors of the form 1, 12, 13, .. ..
Therefore

d=10,+ 0, + 0+ ... (52)

Since according to Theorem 6 the rank of matrix K is an even
number, and d = # — 7, then the number 4 has the same parity
as the number #. Such a statement can be made concerning the

8 That is, if det K = 0. When #% is odd, det K is always equal to 0,



16 I. COMPLEX MATRICES

defects dg, d;, ... of the matrices K3, K3, ..., since the uneven
powers of an antisymmetric matrix are again antisymmetric.
Therefore, all the numbers d, = d, d;, ds, . . . have one and the

same parity.

On the other hand, in raising matrix K to the power m each
elementary divisor A? of this matrix for p < m splits into o
elementary divisors (of the first degree), and for p = m, into m
elementary divisors.? Therefore the number of elementary divisors
of the matrices K, K3, . . ., which are powers of 4, will be deter-
mined by the formulas

dy =08, + 20, + 3(0; + 64+ ...),
dy = 8; -+ 20, + 38, + 40, + 5(85 + 6 + .. .).

Comparing (52) and (53) and remembering that all the numbers
d, = d, ds, dg, .. . have one and the same parity, the conclusion
can easily be made that d,, d,, . . . are even numbers. The theorem
is proved completely.

The following converse of Theorem 7 holds.

(53)

THEOREM 8. There exists an antisymmetric matrix with any
preassigned elementary divisors which satisfy restrictions 1, 2 of
the preceding theorem.

Proof. Let us first find an antisymmetric transform of the

9 This follows most simply from the fact that, if

71 0
J=%E+H= 1
then
fA), @)L fr@ayfer. . fe@y/(p—-1)!
/‘(])=': 0 f(4) P oo o

where f(J) = J™ in this case. See footnotes 15, 16.
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block diagonal matrix of order 2¢:
J¢P = {4 E + H,— A E — H}, (54)

which has the two elementary divisors (4 — 4y)? and (4 + 4,)?;
here E = E®, H = H", [}, is allowed to be 0.]
We seek a transforming 7" such that the matrix
Ty 7
]
will be antisymmetric, i.e., such that the following equality holds:
T]El?) T-1 4 T'-1 Us\:;n)]rTl =0

or '

W + [JEP] W = o, (55)
where W is a symmetric matrix connected with the matrix 7°
by the equality ©

T'T = —2W.. (56)

Let us partition the matrix W into four square blocks, each of

order p:
W, W
W — |: 1 12:| )
Wa Wa

Then (55) can be rewritten as follows:
Wy W [AWE +H 0
Wy W,y 0 —MWE —H

AWE + H' 0 Win Wi .
+[ 0 —zoE—H'} [Wm sz‘o' (57)

By completing the indicated operations on the block matrices
on the left side of matrix equation (57), we can replace this
equation with the system of four matrix equations:

1) H'W, + Wy (24 E + H) = 0,
2) H'Wy,— WyuH =0, (58)
3) H'W,y — Wy H =0,

)

4) H'Way + Woy(24E + H) = 0.

10 The factor 2¢ is again introduced for convenience.
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The equation AX — XB = 0, where 4 and B are square
matrices without common characteristic numbers, has only the
zero solution X = 0.1 Therefore the first and fourth equations
(58) give: Wy, = W,, = 0.12 Concerning the second of these
equations, as we saw in the proof of Theorem 5, this equation can
be satisfied by taking

0 .0 1
W=V =% 10 (59)
1...0 0
(by virtue of (36)):
VH — HV = 0.
From the symmetry of matrices W and V, it follows that
Wy = Wiz =V.
Then equation 3 is also satisfied automatically.
Thus,
W:(gzy=WM. (60)

But then, as was explained on p. 12, equation (56) will be
satisfied, by placing:

T = E@» — e, (61)
Further,
Tt = LE®» 4 yen), (62)

Consequently, the antisymmetric matrix being sought will be
found by the formula 3

11 The equation 4 X = XBcanbewritten 4,Y = YB,, withY = S—1XT,
A, = S14S, B, = T-'BT. With 4,, B, in Jordan normal form, the
conclusion follows in an elementary way from a detailed consideration of
the relation 4,Y = YB,.

12 With 1, % 0, equations (1) and (4) have no solutions other than
zero solutions. With 1, = 0, other solutions exist, but we are selecting
only the zero solutions.

13 Here we apply equalities (55) and (60). It follows from these equalities

that V"*’P’]}_:”)V(zp) — ]ﬁ””’.

0



§ 4. COMPLEX ANTISYMMETRIC MATRIX 19
Ki\’,’,”) — L[Ee» iV‘“’j]f{;"’[E‘m + Ve
= FU — J H(Jepven —yenjen) (63)

Substituting in place of J{?” and V? the corresponding block
matrices from (54) and (60), we find:

\ ([H—H' 0 TRE+H 0 0V
(pp) _ 0
K =3 {[ 0 H’—H:I +’[ 0 —AOE—H:| [V OJ

[0 WE+H 0 }
=l o[0T ]

1 H—H' i(2AV+HV+VH) (64)
T2 | —i@2AJV+HV+VH) H'—H ’
1.e.,
S R 0 0. P27,
—1. 0 22, .1
|
0 — 170, 24, i 0
Kyr=1 T —— (65)
0 —i, =24, 0 —1 0
24, —2 1 0
: 1
—1 . . ' ..
— 24 —7 ... 00 ... 1 -0

Now let us construct an antisymmetric matrix K@, of gth
order, which has one elementary divisor 49, where ¢ is an odd
number. It is obvious that the antisymmetric matrix sought will
be similar to the matrix
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0010 ......0
00 1

Jo = . (66)

| 0 e 0
In this matrix, all the elements are zero except those in the first
superdiagonal; here, the first (g — 1) elements are -1, and
the remaining (g — 1) elements are —1. If we set

K — T](Q) 71 (67)
we find from the condition of antisymmetry
W@+ Jo Wy =0, (68)
where
T'T = — 2W,. (69)

By direct calculation we can demonstrate that the matrix

0 .0 1
W1=V(q)= 0 .1 0
1 .0 0

satisfies equation (68). Taking this value for W,, we find from
(69), as before:

T =EW V@, T-1=1FW® W] (70)
K@ — %I:E(Q) — V@] JOIE@ 4 @]
= 1[JO — JO' L j(JOY@ _ V@), (71)

Performing the corresponding computations, we find:
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01 0 0 1 o

—1 Q' 1
2K@ = | - ) R A ¢ )|

L1 -1 - _

0 1ol Lo —1 ... o

Let arbitrary elementary divisors which satisfy the conditions
of Theorem 7 be given:4

A—=2a) @A+24)» ((=1L12...,u),

(73)
Ark=1,2,...,v;¢, 95, ... ¢, odd numbers.)
Then the block diagonal antisymmetric matrix
K = {Kp», . Kpwwd; K@ K@) (74)
1 u

has the elementary divisors (73).
The theorem is proved.

COROLLARY. An arbitrary complex antisymmetric matriz K is
orthogonally-similar to an antisymmetric matrix which has the
normal form K which is defined by (74), (65), (72), i.e., there
exists a (complex) orthogonal matriz O such that

K = 0KO-. (75)

Remark. If K is a real antisymmetric matrix, then it has
linear elementary divisors.

A—igy, A4dgy, .., A—dp,, A+ip,, A ... A
~———
v times

In this case, if we set all p; = 1 and all ¢, = 1, in (74), we obtain

¢ Some of the numbers, 4,, 4,, ..., 4, may also be equal to zero. In
addition, one of the numbers « and v may be equal to zero, i.e., in a special
case there may be only elementary divisors of one type.
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the normal form of a real antisymmetric matrix

e ([ 2 [ %) 0]

In this case, moreover, the transforming matrix can be taken
as real (as is well known in view of the remark that an anti-
symmetric operator is normal).

§ 5. Normal form of a complex orthogonal matrix

We begin by expounding the following theorem, which specifies
the types of elementary divisors which an orthogonal matrix
can have.

THEOREM 9. 1. If Ay (A2 # 1) is a characteristic number of the
orthogonal matriz O, and to this characteristic number correspond
the elementary divisors

(A — ), (A — 242 ..., (A— A,

than 112y 1s also a characteristic number of matrix O, and to this
characteristic number corvespond the particular elementary divisors:

(A — Y, (A — aghYe, ..., (A — Agh)

2. If A4y= + 1 is a characteristic number of the orthogonal
matriz 0, then the elementary divisors of even degree which corvespond
to this characteristic number Ay are repeated an even number of times.

Proof. 1. If O is any nonsingular matrix, then to each
elementary divisor (2 — 4,)’ of O there corresponds the elementary
divisor (4 — 3')" of O-1.1% On the other hand, the matrices O
and O’ always have the same elementary divisors. Therefore,
from the condition of orthogonality: O’ = 01, the first part of
our theorem follows at once.

15 Let H'» be the p X p matrix with 1’s in the super-diagonal and O’s
elsewhere. A canonical matrix with elementary divisor (@ — z,)? is
xoE — xH'». The inverse matrix 2g'E + H™® 4 x,H® 4 ... has a
(p — 1) X (p — 1) minor of determinant 1, so its elementary divisor is
(x — x3')? (see Bocher [6]).
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2. Suppose that the number 1 is a characteristic number of
the matrix O, and that the number —1 is not: det (E—0) =
0 # det (E + O). Then we will make use of Cayley’s formulas
valid for real or complex matrices. We define the matrix K
by the equality

K=(E—O)E+O0)"'= (E-+ 0)(E—0). 0= 0" (76)

We compute (E + O)[K+4 K'](E+ 0') =0, showing K' = — K,
Le., that K is an antisymmetric matrix. To solve equation (76)
for O, we note first

E+ K =[(E+ 0)+(E = O)](E + 0)™ = [2E](E + 0)7%;
thus E 4 K is invertible:
0= (E—K)(E +K)™.

If we set
1 —2
1) =10
we have
"(A) = 2 0
f()—ﬁm# .

Consequently, in the matrix O = f(K), the elementary divisors
of K do not split.16 Therefore, those elementary divisors of the
matrix O, which have the form (1 — 1)2? are repeated an even
number of times, since this holds for the corresponding elementary
divisors 4%? of the matrix K (see Theorem 7).

The case in which the orthogonal matrix O has —1 but not
-+1 as a characteristic number can be reduced to the case discussed
above by replacing O by —O in the above argument.

Now let us consider the general case, in which the matrix O
has both +1'and —1 as characteristic numbers. Let us denote
the minimum polynomial (of degree m) of matrix O by w(4).

¢ The argument is similar to that of the preceding footnote (in which
/(x) was just 1/z). In fact, we consider f(zoE + H) = f(z,)E - ' () H +
ixe)H2 + .. ..
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Applying the part of the theorem already proved, we can write
() in the form

pE) = (= 1m G+ )T 02 (A
=1
(A2#£1;,7=1,2, ..., u).
Let us consider the polynomial g(4) of degree << m = deg v(2)
for which g(1) = 1, and all the remaining m — 1 values on the
spectrum of matrix O are equal to zero, and let us set: !
P = g(0). (77)

Let us note that the functions [g(4)]? and g(1/4) assume the
same values on the spectrum of matrix O as the function g(2).
Therefore,

Pr=P, P'=g(0') =g(0) = P (78)

ie.,, P is a symmetric projection matrix.!8
Let us define the polynomial (1) and the matrix Q by the

equalities
M) = (@ — 1)g(x), (79)
Q ="n0)=(0— E)P. (80)
Since the m;th power of /(x) becomes zero on the spectrum
of matrix O, this power is divisible by y(4). Hence it follows that:
om =0,

i.e., Q is a nilpotent matrix with index of nilpotency m,.

17 From the basic formula (see Appendix IT)
8
g4) = Zl[g(lk)Z“ + A 4]
=

it follows that
P =Z,.

18 The operator P is called a projection, if P* = P. Thus a matrix P,
such that P? = P, is called a projection matrix. A projection Pin a unitary
space R is an operator which projects the vector x ¢ R orthogonally into
a subspace S = PR, ie.,, Pr = z,, where z,¢S and (zx — z,) 1 S.
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From (80) we find ®
Q" = (0 —E)P. (81)
Let us consider the matrix
R = Q(Q' + 2E). (82)
From (78), (80), (81), 00" = E, it follows that:
R=0Q +20=(0—0)P.
Ffom this representation of the matrix R, it is seen that R is

an antisymmetric matvix.
On the other hand, from (82)

F— QFQ + 2E)F (k=1,2,...). (83)

But with @, Q' is a nilpotent matrix and, consequently, Q' 4 2E
is nonsingular; indeed [E 4+ Q’']"! is a polynomial E—1Q’ +
102 — ... in Q'. Therefore, from (83) it follows that, for any &,
the matrices R* and Q* have the same rank.

But if £ is odd, the matrix R* is antisymmetric, and therefore
(see p. 14) has even rank. Consequently, each of the matrices

Q, 0% 05 ...

has an odd rank.

Therefore, arguing with the matrix @ in exactly the same
manner as we argued on p. 16 with the matrix K, we can state
that of the elementary divisors of matrix Q, those divisors which
have the form A2? are repeated an even number of times. But to
each elementary divisor A2? of the matrix @ there corresponds
an elementary divisor (4 — 1)2? of the matrix O, and vice versa.?®
Hence it follows that of the elementary divisors of the matrix O,
those divisors which have the form (4 — 1)2? are repeated an
even number of times.

19 All the matrices P, Q, Q’, O’ = O-! which play a part here are per-
mutatable with one other and with O, since they are all functions of O.

2 Since 4(1) = 0, A’(1) % 0, then in forming the matrix Q = k(0)
from the matrix O, the elementary divisors of form (4 — 1)2? of the matrix
O do not split, and are replaced by the elementary divisors A2?.
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We can make the corresponding assertion for the divisors
of the form (1 + 1)%? by arguing as above with the matrix —O
in place of O. Thus, the theorem is completely proved.

Let us now prove the converse theorem.

THEOREM 10. Any system of powers of the form
(A —2;)%, A—xYP (4,40, 1=1,2,...,u),
(A—1)% (A —1)% ..., (2—1)%,
4+ ),(/1+1)‘2-- (A4 1)
(

G1r - - s Qo> b - - - Ly, 0dd numbers

(84)

is a system of elementary divisors of a certain complex orthogonal
matriz 0.2

Proof. Let us designate by u; numbers which are related to
the numbers 4, ( =1, 2,...,u) by the equalities

}"j:el“j (?‘:1,2,...,“).

Let us introduce into the discussion ‘“‘canonical” antisym-
metric matrices (see the preceding section)
K@) (1 =1,2 u); K@ Ko K(t) K (tw)
ﬂj ’ LR ] ’ LR ] b P | i
which have respectively the following elementary divisors

A — ) A4 )™ G =1,2, ..., 0); A%, ..., 2% Ak, .., A,

If K is an antisymmetric matrix, then O = ¢X is orthogonal
(0" = & = ¢ K = 071). Also, to each elementary divisor (A — u)?
of matrix K there corresponds the elementary divisor (4 — ¢#)?
of matrix 0.22

Therefore, the block diagonal matrix

N K(P1P1) K(Pypy) : .
O={e B e M ,eK(q‘) .., Kl oK ‘), e _ ek ””)} (85)

21 Certain (or even all) of the numbers 1; may be equal to +1. One or
two of the three numbers %, v, w may be equal to zero. Then the elementary
divisors of corresponding matrix O are absent.

22 This follows from the fact that with /(1) = e} we have: f/(i) = e* # 0
for any 4.
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is orthogonal and has the elementary divisors (84). The theorem

is proved.
From Theorems 4, 9 and 10, there follows the

COROLLARY. An arbitrary (complex) orthogonal matrviz O is
always orthogonally similar to an orthogonal matrix which has the
normal form O above, i.e., there exists an orthogonal matriz O,,
such that

0 = 0,007 (86)

Note: It is possible to give a precise picture of the form of the
diagonal cells or blocks in the normal form 0, as was done for the
antisymmetric matrix K.23

For further researches in this subject, see [48], which gives
decomposition theorems for matrices which are orthogonal in
the extended sense (i.e., OGO’ == G for some fixed invertible G).

B See [T1].



CHAPTER II

Singular Bundles of Matrices

§ 1. Introduction

1. This chapter deals with the following problem:

Given four matrices A, B, A,, B, of the same dimensions m X n
with elements from the field K. It is vequirved to find the conditions
under which there exist two square nonsingular matrices P and Q
respectively of orders m and n, such that the following relationships
hold simultaneously *

PAQ = A,, PBQ = B,. (1)

By introducing the pencils of matrices 4 + AB and A, + iB;,
the two matrix equalities (1) may be replaced by one equality:

P(A + AB)Q = A, + AB,. 2)

DEFINITION 1. Two pencils of rectangular matrices A + AB
and A, + AB; of the same dimensions m X n, which are connected
by equality (2), and in which P and Q are moreover constant (i.e.,
independent of 1) square nonsingular matrices of respective dimen-
sions m and n will be called by us strictly equivalent.

According to the general definition of equivalence of A-matrices,
the pencils 4 4+ AB and A, 4+ iB, are equivalent if an equality
of the form (2) holds, in which P and Q are two square A-matrices
with determinants which are constant and different from zero.

' If such matrices P and Q exist in a superfield, their elements can be
assumed to be in the field K. This follows from the fact that the relations
(1) can be written in the form

PA = AIQ_I, PB = B],Q_l;
and hence can be thought of as a system of linear homogeneous equations
in the elements of P and Q-!, with coefficients in K.

29
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For strict equivalence, it is also required that the matrices P
and Q@ be independent of A.2

The criterion of (general) equivalence of the pencils 4 + AB
and 4, + 4B, follows from the general criterion of equivalence
of A-matrices and is that the invariant polynomials, or, equiv-
alently the elementary divisors of the pencils 4 + AB and
A, + AB, be the same.

In this chapter, a criterion for strict equivalence of two pencils
of matrices will be established, and for each pencil there will be
determined a canonical form which is strictly equivalent to it.

2. The problem stated permits of a natural geometrical inter-
pretation. Consider the pencil of linear operators A -+ AB, which
maps R, into R,. With a definite selection of bases in these
spaces, to the pencil of operators A + AB there corresponds the
pencil of rectangular matrices A + 2B (of dimension m X #);
if there is a change of bases in R, and R,,, the pencil 4 + iB
is replaced by the strictly equivalent pencil P(4 + AB)Q, where
P and Q are square nonsingular matrices of the orders m and #.
Thus, the problem of strict equivalence is to pick out those
properties of a pencil of matrices 4 4 AB (of dimension m X n),
which describe a fixed pencil of operators A + AB, mapping
R, into R,,, independent of the selection of bases in these spaces.

To obtain the canonical form of a pencil, we find the bases
in R, and R,, for which the pencil of operators A 4+ AB is
described by a matrix of simplest possible form.

Since the pencil of operators is determined by the two operators
A and B, it is also possible to state that this chapter is concerned
with the simultaneous study of two operators A and B, which map
R, into R,,.

3. Pencils of matrices A 4 AB of dimension m X # are classified
into two fundamental types: regular and singular pencils.

DEFINITION 2. A pencil of matrices A + AB is called regular
if 1. A and B are square matrices of the same order # and 2

* We have used the term ‘‘strictly equivalent” in order to emphasize

the fact that the term “‘equivalent’” used in the literature allows (more
generally) that the elements of P and Q be functions of A.
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the determinant det (4 + AB) is not identically equal to zero
(in ). In any other cases (m = norm = n,butdet (4 -+ AB) = 0)
the pencil is called singular.

The criterion of strict equivalence, and also the canonical form
for regular pencils of matrices were established by K. Weierstrass
in 1867 [70] on the basis of his theory of elementary divisors.
Similar problems for singular pencils were solved later, in 1890,
in the investigations of L. Kronecker [36].2 Theresults of Kronecker
comprise the main contents of this chapter. For an elementary
exposition of the Weierstrass theory, see [6].

§ 2. Regular pencils of matrices

1. Let us consider the special case where the pencils 4 ++ AB
and A, -}- 4B, consist of square matrices (m =) and
det B ## 0, det B; == 0. In this case, as proved in [6, p. 279],
the two concepts ‘‘equivalence” and ‘‘strict equivalence” of
pencils coincide.® Therefore, applying to the pencils the general
criterion of equivalency of A-matrices, we arrive at the theorem:

THEOREM 1. Two pencils of square matrices of the same order
A -+ AB and A, + ABq, wn which det B #% 0 and det B, # 0,
are strictly equivalent only in case these pencils have the same
elementary divisors in the field K.

A pencil 4 4+ AB of square matrices with det B # 0 is called
regular, since it is a special case of a regular matrix polynomial
in A. In the preceding section of this chapter, we used the term
“regular” for a wider class of pencils. According to this definition,
in the regular pencil it is possible to have the equality det B = 0
(and even det 4 = det B = 0).

To ascertain whether Theorem 1 will apply also to regular
pencils (in the extended Definition 1), let us consider the following
example:

® Further literature employing a different point of view is found in
[35a, 39, 65].

% If equation (2) holds for some matrices P, Q whose elements are
polynomials, then it holds also for some matrices P,, Q, with constant
elements. See {6, p. 279].
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213 1121 211 111
A—MB=[325 112. Ay+ABy=|121|+2111]
326 11 111 111

It is easily seen that here each of the pencils 4 + 2B and
A, + AB; has only one elementary divisor 4 4 1. At the same
time, these pencils are not strictly equivalent, since the matrices
B and B, have ranks 2 and 1 respectively; but equality (2) would
imply that the ranks of matrices B and B, are equal. Also, pencils
(3) are regular, according to definition 1, since

det (4 +AB) = det (4, + AB;) = i + 1.

The above example indicates that Theorem 1 is not true for
the extended definition of a regular pencil.
2. For Theorem 1 to retain its validity, we must introduce the
concept of “infinite”” elementary divisors of a pencil. We define
the pencil 4 + AB by means of ‘“homogeneous” parameters 4,
u; uA + AB. Then the determinant A(4, u) = det (ud + iB)
will be a homogeneous function of 4, u. We denote the greatest
common divisor of all £ X 2 minors of the matrix ud + A5
(k=1,2,...,n) by D,(4 ), and we obtain invariant polynom-
ials by the well-known formulas

DGy .. D)

(A —_— yi o
7y (4, u) D) 75(4, @)

here, all D,(4, ) and 7;(4, x) are homogeneous polynomials in
A and u. By factoring the invariant polynomials into powers of
homogeneous irreducible polynomials in the field K, we obtain
the elementary divisors e, (4, u) (x=1,2,...) of the pencil
uA + AB in the field K.

It is quite obvious that by placing u = 1 in ¢, (4, u), we will
obtain again the elementary divisors e,(4) of pencil A + iB.
Conversely, from each elementary divisor ¢,(4) of power g of
pencil A + AB we will obtain the corresponding elementary
divisor ¢,(4, u) by the formula e,(4, p) = ule,(i/u). All the
elementary divisors of the pencil u4 4+ AB with the exception
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of elementary divisors of the form wu? can be obtained in this
manner.

Elementary divisors of the form u? exist only in case det B = 0,
and are called ““infinite” elementary divisors for the A + AB.

Since from the strict equivalence of the pencils 4 4+ AB and
A; + 4B, there follows the strict equivalence of the pencils
wl + AB and ud, + AB;, then in the strictly equivalent pencils
A + AB and A, -+ AB; not only the “finite,” but also the “in-
finite”” elementary divisors should coincide.

Let there now be given two regular pencils 4 + AB and
A, + AB;, of which all the elementary divisors (including the
infinite elementary divisors) coincide. Let us introduce homo-
geneous parameters: pud 4+ 1B, pAd, + AB;. We transform the
parameters:

=y AL oayf,

. (o By — ooy # 0).

p=PLA+ foii
In the new parameters, the pencils are written down as follows:
gd + XB, gA, + XB,, where B = pA + ,B, B, = ,4,+u,B,.
From the regularity of the pencils 44 + AB, and ud, + AB,,
it follows that the numbers «, and §;, may be selected so that
det B s 0 and det B, # 0.

Therefore, according to Theorem 1, the pencils 44 + AB and
igd, 4 AB,, and, consequently, the original pencils uAd -+ AB
and wA, + AB; (or, what is the same, 4 + A5 and 4, + iB,)
are strictly equivalent. Thus, we arrived at the following generali-
zation of Theorem 1.

THEOREM 2. In order that the two vegular pencils A 4+ AB and
Ay -+ ABj be stricily equivalent, it is necessary and sufficient that these
pencils have the same (““finite” and “infinite”) elementary divisors.

In the preceding example, pencils (3) had the same “finite”
elementary divisor 4 + 1, but different “infinite” elementary
divisors (the first pencil has one “infinite” elementary divisor
u? and the second has two: u, u). Therefore, these pencils are not
strictly equivalent.
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3. Let there now be given an arbitrary regular pencil 4 + 1B,
Then there exists a number ¢, such that det (4 4 ¢B) = 0. The
given pencil can be represented in the form 4, + (A —¢)B,
where 4; = A + ¢B, and therefore det 4, = 0. Multiply the
pencil on the left by A;'; obtaining E + (A — ¢)A7'B. By a
similarity transformation we can reduce this pencil to the form ¢

E+@Q—c){Jo Jiy=1{E—cJo+ 4o E—c]i+ 2]}, (4)

where {J,, J;} is the block diagonal normal form of the matrix
A7'B, J, a Jordan nilpotent matrix,5 and det J, # 0.

Let us multiply the first diagonal block of the right member
of (4) by (E — cJ,)~t. We obtain: E 4 A(E — cJ,)"1],. Here
the coefficient of 4 is a nilpotent matrix.® Therefore, by a similarity
transformation this pencil can be reduced to the form?

E + 1]‘0 = (N, Nw» N}
(N® = E® + AHW), (3)

If we multiply the second diagonal block in the right member
of (4) by Ji*, and then perform a similarity transformation, the
second diagonal block can be reduced to the form J +- AE, where
J is a matrix in normal form,® and E is the identity matrix. We
have established the following theorem:

THEOREM 3. An arbitrary rvegulay pencil A 4+ AB can be reduced
to the (strictly equivalent) canomical quasi-diagonal form

¢ The identity matrices E in the diagonal blocks of the right member
of (4) have the same orders as J, and [, respectively.
5 “Nilpotent” means that there is an integer / > 0 such that jé = 0.

¢ From J} = 0 the relation [(E — cJ,)=1],]* =,0 follows.

7 Here, ' E® is the identity matrix of order #, and H* is the matrix
of order » in which the elements of the first superdiagonal are all unity,
and the remaining elements are zero.

8 Since the matrix J can be replaced by any matrix which is similar
to it, it can be assumed that J is in canonical form (for example, in rational
canonical form of the first or second kind, or Jordan form; see Appendices
I, II.)
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(N, Nwo), . Nw) ] 4 AE)
(N = Ew . JHw), (6)

where the first s diagonal blocks correspond to the infinite elementary
divisors u™, 2, ..., u* of the pencil A + AB, and the normal
form of the last diagonal block ] 4 AE is uniquely determined by
the finite elementary divisors of the given pencil.

§ 3. Singular pencils. Theorem on reduction

Now let us consider a singular pencil 4 4 AB of m X # matrices.
Let us designate by 7 the rank of the pencil, i.e., the maximum
order of a minor, the determinant of which is not identically equal
to zero. From the singularity of the pencil, it follows that at least
one of the inequalities » << % or » < m always holds. Let 7 < #.
Then the columns of the A-matrix 4 -+ AB are linearly dependent,

e., the equation

(A +AB)x =0 (7)

holds, where z is some nonzero column vector. Each nonzero
solution @ of this equation determines a certain linear dependence
among the columns of the A-matrix 4 + AB. We will limit our
discussion to those solutions z(4) of equation (7), which are
polynomials in 1, and among these solutions we will take a
solution of minimum degree &

@) =@ — Awy + Py — . 4 (1) 2w, (2, # 0). (8)

On substituting this solution in (7) and scparating powers of
4, we obtain:

Axy =0, Bry— Aw, =0, Bz, — Az, =0, ...,
Bx, ; — Ax, = 0, Bx, = 0. (9)

By considering this system of equalities as a system of linear

® In order to determine the elements of the column z satisfying equation
(7), it is necessary to solve a system of linear homogeneous equations in
which the coefficients of the unknowns are linear in 1. The fundamental
linearly independent solutions z can always be selected so that their
elements are polynomials in 7.
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homogeneous equations in the elements of the columns z,, —a;,

4y, ..., (—1)%,, we see that the matrix of the coefficients
e+1

4 o0 . 0]
B A
0 B -

M, =M, [A+iB]=|. .~ =~ (10)

. . . ‘A:{

0 0 ... B

of this system has rank p, << (¢ + 1)n. At the same time, because
of the minimum property of the number ¢, the ranks p,, .. ., p._;
of the matrices

4 0 0
y 4 o U
M":[B}’ M, = {B A:l,...,Me_lz S
‘ 0 B . A
K .. B
satisfy the equalities p, = n, p, = 2n, ..., p,_, = en.

Thus, the number ¢ is the smallest value of k, for which the sign
“< holds in the relationship p, = (k + 1)n.

Let us now formulate and prove the following fundamental
theorem:

THEOREM 4. If equation (7) has a solution of minimum degree
e and € > 0, then the given pencil A + AB is strictly equivalent
to a pencil of the form

[I(; A i ZB} (11)

where
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e+1
A1 0...0 0]
04 1 -
L, — ' N (12)
00 ...24 1|

and 4 + AB is a pencil of matrices for which an equation similar
to (7) does not have solutions of degree < e.

We will divide the proof of the theorem into three parts. First
we will prove that the given pencil 4 + AB is strictly equivalent
to a pencil of the form

[Le D+ AF]

0 A+ 4B (13)

where D, F, 4, B are constant rectangular matrices, of dimensions
indicated in (12). Then we will establish that the equation
(A + 2B)2 = 0 does not have solutions &(1) of degree < e.
After that we will show that by repeated transformations, the
pencil (13) can be reduced to quasidiagonal form (11).

1. We will rephrase the first part of the proof in geometric
form. In place of the pencil 4 + 1B of matrices, we will consider
the  pencil A 4 AB of operators, which map R, into R,, and
we will show that with suitable selection of bases in these spaces
the matrix which corresponds to operator A + AB will have the
form (13).

In place of equation (7), let us take the vector equation

(A+ AB)x =0 (14)
with the vector solution
x(A) = x0 — Ax; + A2, — ...+ (= 1) &x,; (15)
equalities (9) are replaced by the vector equalities

Axy=0, Ax, = Bxy, Ax,= Bx,, . . ., Ax,= Bx,_,, Bx, = 0. (16)
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We will prove below that the vectors

Ax,, AX,, ..., Ax

&

(17)

are linearly independent. From this the linear independence of
the vectors

Xg, Xy, .. X, (18)
easily follows.

Indeed, since Axy = 0, if ayx, + 2yx; + . .. + a,x, = 0 should
hold, we would obtain a;Ax; + ... 4 «, Ax, = 0; but since (17)
are linearly independent, a; = oy = ... = «, = 0. But x, # 0,
since in the opposite case x(1)/4 would be a solution of equation
(14) of degree ¢ — 1, which is impossible. Therefore, a«, = 0.

If vectors (17) and (18) respectively are now taken as initial
base vectors for new bases in R,, and R, then by (16), the matrices
which correspond to the operators A, B with respect to these
new bases will be

&+1

_’_-_/b— —— — pa—

0 1 o0 L 1 0...0 0 =

0O 0 1...0 =...= 0O 1...0 0 =...=
1=y 9 sl BTl 000 0 e s |

0 0 L0 o= % 0O 0...0 0 = #

............. ... 0.0, = H

0 0 U | B I 0O 0...0 0 = L

and the A-matrix 4 4+ A8 will have the form (13). To complete
this part of the proof we must show that the vectors (17) are
linearly independent. Let us assume the opposite, and let
Ax,(h = 1) be the first vector in (17), which is linearly dependent
upon the preceding vectors:

AX, = 0y AX, y + g AX, o+ ...+ o, AX,.
In view of (16), this equality may be rewritten as follows:

Bx;, ;= o;Bx, 4 a,Bx, 5+ ...+ o,_1 Bx,,
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ie.,
*
Bx; , =0,
with
*
Xp1 = Xpg — 0 X o0 — ApXp 3 — ...~ %y 1 X
Further, from (16),
*® _ *
AX; 1 =B(X) o — X, 53— ... — 0, _yX,) = Bx; ,,
where
X =X, . — X, . —
n—2 = Xp—g — %1 X; 3 R D

Continuing this process further and introducing the vectors

* * * __
X3 = Xp3 — % Xjg — ... — %, gXg, ..., X] =X — X0, Xg = X,

we will obtain the chain of equalities

Bx; , =0, Ax}, =Bx}, ..., Ax} = Bx¥, Ax}=0. (19)
From (19) it follows that
X*(2) = x5 — Axf o4 (1) IR (xF = x, £ 0)

15 a nonzero solution of equation (14) of degree =/ — 1 < &,
which is impossible. Thus, vectors (17) are linearly independent.
2. Let us now prove that the equation (4 + AB)¢ = 0 does
not have solutions of degree < . First let us note that the equa-
tion L,y = 0 has a nonzero solution of minimum degree ¢ just as
equation (7) has. This can be shown directly, if the matrix equa-
tion L,y = 0 is replaced by the system of ordinary equations

M+ Yy =0, 2y2+y3=0!"")’ye+ye+1:0’
W= Y- Yerr) ] hencey, = (—1)* 1y 21k =1,2,. . e1).

On the other hand, if the pencil has the “triangular” form (13),
then the matrices M, (k =0, 1, ..., &) which correspond to this
pencil (see (10) and (10) on p. 36) can also be reduced, after
a suitable permutation of rows and columns, to the triangular
form
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0 M4 +2B])

For k=¢— 1, all the columns of this matrix are linearly
independent1® since this is true for the columns of the matrix
M, ,[L]. But M, ,[L,]is a square matrix of the order ¢(¢ + 1).
Therefore, the columns of the matrix M, ;[4 + AB] are also
linearly independent, and this means, as was shown in the be-
ginning of this section, that the equation (4 -+ AB)& = 0 does
not have a solution of degree = ¢ — 1, as was to be proved.
3. Let us replace pencil (13) by the pencil

E, Y|[L,  D+iF|[E, —X| [L, D+iF+Y(d+1B)—L,X
[0 E [0 A+2B [ EJ"[O A+2B }’

(1)
which is strictly equivalent to it; here E,, E,, E,, E, are square
identity matrices of the respective orders ¢, m — &, ¢ 4~ 1 and
n — ¢ — 1,and X, Y are arbitrary constant rectangular matrices
of the corresponding dimensions. Our theorem will be completely
proved if we show that the matrices X and Y can be selected so
that the following matrix equality holds:

L. X =D--AF 4 Y(4 + 2B). (22)

Let us introduce symbols for the elements of the matrices D,
F, X, and also symbols for the rows of matrix Y, and for the
columns of matrices 4, B:

D= (dy), F=(a) X= (@
1

G=1,2,..,6 k=12 .. n—e—1; [=12 .., ¢-+1),
Y1
Y2 . .

Y=| |, A= (ay a5, .., 0,), B= (b, by ...,0, ).
Ye

Then matrix equation (22) can be replaced by a system of scalar

1o This follows from the fact that, for £ = ¢ — 1, the rank of the matrix
(20) is en; similarly for the rank of the matrix M,y [L.].
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equations, obtained by equating the elements of the kth column
in the left and right members of (22) (A =1,2,...,n — & — 1):

Zoy + Ay = dyy + Ay + harw + Ay,0y
Ty, + Aoy = doy + Afor -+ Yoty -+ AYsby
Xy + szk = dy; + Afsk + Y3 + Ayshy, (23)

Toiq, T h’ek = dek + A’fek + Yoty + /lysbk
k=12 ..,n—¢—1).

The left members of these equalities are binomials linear with
respect to A. The constant member of each of the first ¢ — 1 of
these binomials is equal to the coefficient of 2 in the following
binomial. But then the right members must also satisfy this
condition. Therefore

Y1y — Yoby = for — dyp,

Yoy — Yy = f3k Ao (24)

Yer1dr — Jeblc = Jer — de—l,k
(k=1,2,..,n—¢—1)

If equalities (24) hold, then, obviously, from (23) it is possible
to determine the elements of matrix X being sought.

It now remains to show that the system of equations (24) in
which the elements of matrix Y are unknown has a solution for

any dgand f,, ¢ =1,2,...,e k=12,...,n —~¢—1). Now
the matrix of the coefficients of the unknown elements (viz., the
TOWS ¥y, —¥Ys, Y3, —Y4 - - -,) has (after transposition) essentially
the form
e—1

4 o . 0

B ‘A .

0 B,

: A

|0 0 B |
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But this matrix is the matrix M,_, for the pencil of rectangular
matrices 4 + AB [see (10') on p. 36]. The rank of this matrix
is equal to (¢ — 1)(n — & — 1), since as previously proved the
equation (4 + AB)# = 0 does not have solutions of degree
< ¢e. Thus, the rank of the system of equations (24) is equal to
the number of equations, and such a system is always uniquely
solvable. The theorem is completely proved.

§ 4. Canonical form of a singular pencil of matrices

Let a singular pencil 4 + AB of m X n matrices be given.,
First let us assume that there is no linear relation with constant
coefficients among either the rows or the columns.

Let » << n, where 7 is the rank of the pencil, i.e., the columns
of the pencil A 4 AB are linearly dependent. In this case, the
equation (4 +4B)x = 0 has a nonzero solution of minimal degree
& From the restriction imposed in the preceding paragraph, it
follows that &; > 0. Therefore, according to Theorem 4 the given
pencil can be transformed to the form

L, 0
[0 Ay + ABJ ’
where the equation (4, 4+ AB;)z¥ = 0 does not have solutions
xM) of degree < g.
If this equation has a nonzero solution of minimal degree &,
(and also ¢, = ¢,), then, applying Theorem 4 to pencil 4, + AB,,
we transform the given pencil to the form

L, 0 0
0 L, 0 :
0 0 Ay+iB,

Continuing this process, we can reduce the given pencil to the
block diagonal form
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where 0 <<e; e, =< ... Z¢,, and the equation (4, + AB,)z® =0
does not have nonzero solutions, i.e., the columns of matrix
4, + AB, are linearly independent.!!

If the rows of pencil 4, + AB, are linearly dependent, then the
transposed pencil A, 4+ AB, can be reduced to the form (25),
where the numbers!? (0<)y, <7, < ... <pg, play a role
corresponding to that of the numbers &y, &, . . ., ¢,. Thus the given
pencil A + AB will be transformed into the block diagonal form

L 0

€1

L

€2

L;?q
| Ao +4B, |
< ==...Z¢, 0y =n=...=n,),

where both the columns and the rows of pencil 4, + AB, are
linearly independent, i.e., 4, + 4B, is a regular pencil.!3

Let us now consider the general case, in which the rows and
columns of the given pencil may be connected by linear relations
with constant coefficients. Let us designate the maximum number
of constant independent solutions of the equations

't In the special case & + &, + ...+ ¢, == m, the block 4, - B,
will be absent.

12 Since there is no linear relation with constant coefficients among
the rows of the pencil 4 — iB, and a fortiori of the pencil 4, -~ iB,,
it follows that n; > 0.

13 In the given pencil, if » = #n, that is, if the columns of the pencil
are linearly independent, the first p diagonal blocks of the form L, (p = 0)
will be absent in (26). The corresponding remark holds for » = m, i.e.
when the row in 4 — 2B are linearly independent, the diagonal blocks
of the form L) (¢ = 0) will be absent in (26).
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(A+AB)x =0 and (4" 4+ AB)y =0

by ¢ and 7, respectively. As we did in the proof of Theorem 4,
let us consider the vector equation (A 4+ AB)x = 0 corresponding
to the first of these equations. (A4 and B are operators which map
R, into R,.) Let us designate the linearly independent constant
solutions of this equation by e, €, ..., ¢,, and take them {for
initial basis vectors of R,. Then in the corresponding matrix
- A + AB the first g columns will consist of zeros

g

A+ 2B = (0, A, + 1B,). (27)

In exactly the same manner, the first # rows in the pencil
A, + AB, can be made zero. Then the given pencil will assume

the form
g

1[0, 0 _
( 0, AO—}-ABO)’ (28)

where the rows and columns of the pencil 4° + AB° are not
connected by any linear relation with constant coefficients. The
pencil A° + AB° can be transformed into the form (26). Thus,
in the most general case the pencil 4 4 1B can always be reduced
to the canonical block diagonal form

g

diag ([0, L, .. Ly, Ly oo Ly, Ay -+ ABgL (29)

Tasr’ " T
The subscripts written in formula (29) are consonant with the
convention gy =g =...=¢, =0andn, =9, = ... =19, = 0.
Substituting for the regular pencil 4, + 2B, in (29) its canonical
form (6) (see Section 2, p. 35), we obtain finally the following
block diagonal matrix:

g

(0 Ly oo wLyi Ly oo Ly s N, NWO; J12E), (30)

Mh+1’

where the matrix J has Jordan or rational canonical form, and
N®W — E@ 1 JHw),
Matriz (30) is a canonical form for the pencil A + AB in the
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most general case. In the following section, we shall introduce
the concept (due to Kronecker) of minimal indices of the pencil,
and thus determine the canonical form (30) directly from the
given pencil, without having to carry out the successive steps in
the process of reduction.

§ 5. Minimal index of a pencil: criterion for row equivalence
of pencils

Let there be given an arbitrary singular pencil of rectangular
matrices 4 + AB. Then %k polynomial column matrices z,(4),
%5(4), . . ., xx(4) which are solutions of the equation

(A4 + AB)x = 0, (31)

will be linearly dependent, if the rank of the polynomial matrix,
X = [x,(4), 25(4), . . ., 2, (1)] formed from these columns, is less
than £. In this case there are £ polynomials p, (1), p5(4), . . ., p{4),
which are not identically equal to zero, and these polynomials
are such that

P1(A)21(4) + P2 (A)2y(4) + ... + pr(A)2(2) = 0.

If the rank of matrix X is equal to %, then there is no such relation,
and the solutions x,(4), z,(4), . . ., #(4) are linearly independent.

Of all the solutions of equation (31), let us take the nonzero
solution #,(4) of minimum degree ¢,. Of all the solutions of the
same equation which are linearly independent of #, (), let us select
the solution x,(A) of minimum degree ¢,. It is obvious that ¢, =< e,.
Let us continue this process, selecting from all the solutions
which are linearly independent of #,(4) and x,(A) the solution
x3(A) of minimum degree &, etc. Since the number of linearly
independent solutions of equatiom (31) is always < #, then this
process should terminate. We will obtain a fundamental series
of solutions of equation (31)

2, (4), ®y(R), ..., 2, (4) (32)
of degrees
26 =...Z ¢, (33)
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In general, a fundamental series of solutions is #ot uniquely
determined (to within constant factors) by the given pencil
4 + AB.

However, two different fundamental series of solutions always
have the same series of degrees €1, &, . . ., &. Indeed, let us consider
together with (32) the fundamental series of solutions Z,(4),
Zy(4), ... of degrees &, &, . . .. Let the following relations connect
the degrees (33)

= =, < =...=c¢, <...

and, similarly, for the degrees g, ,, ...,

§1=...:§;l<égl+l=...=E;;2<...
it is obvious that & = . Any column &(4) (t=1,2,...,%)
is a linear combination of the columns ;(4), Zy(4), . . ., x, (2),

since otherwise, in (32) the solution z, 11(4) could be replaced
by the solution &,(4) of lower degree. On the other hand, it is
obvious that any column «,(4) (: = 1, 2, ..., %) is a linear com-
bination of the columns &,(1), #(4), .. ., &5 (4). Therefore,
my =y and ¢, ., =&; ;. Similarly, we see that n, = 7, and
&y, = &5,, etc.

Each solution (1) in the fundamental series (32) gives a
linear relation of degree &, among the columns of matrix A - il
(R =1,2,..., 9). Therefore the numbers &y, &, . . ., &, are called
the minimal indices for the colummns of pencil 4 + AB.

The minimal indices 0y, 0y, . . ., 1, for the rows of pencil A + iB
are defined in a similar manner. In this connection, the equation
(4 + AB)x = 0 is replaced by the equation (A’ 4 AB)y =0
and the numbers #;, #,, ..., 7, are determined as the minimal
indices for the columns of the transposed equation A’ -+ B’

Strictly equivalent pencils have one and the same minimal in-
dices. In fact, let there be given two such pencils: 4 + AB and
P(4.+4 AB)Q (P and Q are square nonsingular matrices). Then
equation (31) for the first pencil, after multiplication of each term
from the left by P may be written:

P(A +2B)Q - Q-2 = 0.
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Hence it is seen that all the solutions of equation (31), after
multiplication from the left by Q~1, give a complete system of
solutions of the equation
P(4 + AB)Qz = 0.

Therefore, the pencils 4 + 2B and P(4 + AB)Q have the same
minimal indices for the columns. Equality of the minimal indices
for the rows is established by considering the transposed pencils.
Let us compute the minimal indices for the canonical quasi-
diagonal matrix

g

diag {h]:B, L%u’ e Le,; L’ L, Ay+ ABg}  (34)

Tarr’ " 77 TG

[Ay + AB, is a regular pencil which has the normal form (6).

First let us note that the complete system of minimal indices for
the columns (rows) of a quasidiagonal matriz is the same as the
collection of the systems of minimal indices of the individual diagonal
blocks. The matrix L, has the one index ¢ for the columns, and the
rows of this matrix are linearly independent. In exactly the same
manner, the matrix L; has only the one index # for the rows,
and the columns of this matrix are linearly independent. The
regular pencil 4, + 4B, has no minimal indices at all. Therefore,
matrix (34) has for minimal indices of the columns

= ...=¢, =0, ¢€,.4,... 8,

and for the rows

m=...=n,=0, M4, ...,

Let us note further that matrix L, has no elementary divisors,
since among its minors of maximum order ¢ there is a minor
which is equal to unity, and a minor equal to Ae. It is clear
that the same holds for the transposed matrix L.. Since the
elementary divisors of the quasidiagonal matrix are obtained
by combining the elementary divisors of the individual diagonal
blocks (this is clear because of the invariantive definition of the
elementary divisors in terms of the invariant factors), then the
elementary divisors of the A-matrixz (34) coincide with the elementary
divisors of its regular “nucleus” A, + AB,.
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The canonical form of pencil (34) is completely determined by the
minimal tndices &, . .., €y, N, .« - ., g and the elementary divisors
of this pencil or (what is the same thing) of the pencil A + AB
which is strictly equivalent to it. Since two pencils which have one
and the same canonical form are strictly equivalent to each other,
we have proved the following theorem:

THeEOREM 5. (Kronecker). In order that two arbitrary pencils of
rectangular matrices A + AB and A, + AB, of the same dimensions
m X n be strictly equivalent, 1t is necessary and sufficient that these
pencils have the same minimal indices and the same (“finite” and
“infinite’’) elementary divisors.

In conclusion, we exhibit the canonical form of the pencil
A -+ AB, which has for minimal indices ¢ = 0, g, = 1, &5 = 2,
1y, = 0, ny = 0, n; = 2 and " elementary divisors 42, (1 + 2)2, u3:

14 Blanks in this scheme denote zero elements.
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§ 6. Singular pencils of quadratic and Hermitian forms

Let there be given the two complex quadratic forms:

A@ x) = 3 agz,z;, B, z) = 3 by
2, k=1 1, k=1
they generate a pencil of quadratic forms A4 (x, ) + AB(w, x).
To this pencil of forms corresponds the pencil of symmetric
matrices A + AB (A" = A, B’ = B). If the variables in the pencil
of forms A (x, ) + AB(x, ) undergo a nonsingular linear trans-
formation z = 71z (det T # 0), then the pencil of matrices

A+ 1B=1T"(4 + BT (36)

will correspond to the transformed pencil of forms A4 (z, z) +
4B(z, z); here T is a constant (i.e., independent of 1) nonsingular
square matrix of nth order.

Two pencils of matrices 4 + AB and A - A8, which are con-
nected by identity (36), are called congruent (or conjunctively
equivalent).

If in place of the pencil of quadratic forms we consider a pencil
of Hermitian forms

A, x) + AB(x, z) [4 (2, x) = zn: A, %, Bz, x) =

i, k=1 i

bin, Ty,
1

s

then to this pencil of forms there will correspond the pencil of
Hermitian matrices 4 4+ AB (4* = A, B* = B).18 If the variables
undergo the transformation x = 7Tz (det T # 0), then the trans-
formed pencil of forms will possess the pencil

A+ 2B =T*(A 4 AB)T (det T -£0) (37)

of Hermitian matrices.

We will call two pencils of matrices 4 + AB and 4 + AB
which are connected by means of identity (37) conjunctively
equivalent.

15 In this section, a superior asterisk denotes the conjugate of the
transposed matrix: A* = 4’
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It is obvious that pencils of matrices which are congruent or
conjunctively equivalent are a fortiori equivalent. Indeed, it
turns out that if two pencils of symmetric (or antisymmetric)
matrices are under consideration, the concepts of equivalence
and congruence coincide; similarly, for Hermitian matrices, the
concepts of equivalence and conjunctive equivalence coincide.
These facts are proved in Theorem 6.

THEOREM 6. Two strictly equivalent pencils of complex symmetric
(or antisymmetric) matrices are always congruent. Two strictly
equivalent pencils of Hermitian matrices are always conjunctively
equivalent.

Proof. 1. Let the two strictly equivalent pencils of svm-
metric (antisymmetric) matrices A =4 + AB and 4 =4 + ;B
be given:

A=PAQ (A" = + A, A’ =+ A; det P +# 0,det Q # 0). (38)

Taking the transpose of (38), we obtain:

A= QAP (39
From (38) and (39) we find:
AQP' 1 = PT1Q'A. (40)
If we set
U=QPpP1, (41)

we can rewrite equality (40) as follows:

AU = U'A. (42)
It easily follows from (42) that:

AU =U"A (k=0,1, 2, ...,

and, in general,

AS = 5’4, (43)
where

S = f{U), (44)

and f(4) is an arbitrary polynomial in A. Let us assume that this
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polynomial is so chosen that det S s 0. Then from (43) we find:

A =84S (45)
Substituting the expression obtained for A in (38), we obtain:
A = PS'AS1Q. (46)

In order for this relation to be a congruence, it is necessary
that the equality

(PS') = 5710
be satisfied; this equality may be rewritten as follows:
S2=0QP1="U.

But the matrix S = f(U) will satisfy this condition, if f(4) is
some interpolation polynomial for 4/4 on the spectrum of the
matrix U. This can be arranged, since the many-valued function
1/% has a single-valued branch, uniquely defined on the spectrum
of the matrix U, since det U = 0.

Then equality (46) becomes

A=TAT (T = SQ = VQP'-10), (47)

which is, by definition, the condition that the pencils be congruent,
2. The proof for the case of Hermitian forms differs from the
above proof only in that the symbol * is written in place of the
symbol .
From the proved theorem and Theorem 5 follows the sub-
sequent corollary.

COROLLARY. Two pencils of quadratic (Hermatian) forms
A(x, ) + AB(x, x) and A(z, 2) + AB(z, 2)
can be transformed one into the other by the transformation
=Tz (det T +# 0) if and only if the pencils of symmetric (Her-
maitian) matrices A -+ AB and A -+ AB have the same elementary
divisors (“finite” and “infinite”’) and the same minimal indices.

Note. In the case of a pencil of symmetric or Hermitian
matrices, the rows and columns have the same minimal indices:

=y, L =My, .., £, =1, (48)
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Let us consider the following problem. Given two arbitrary
complex quadratic forms

n

A(x, x) = z i X; Xy, B(xx x) - z

bupw, 2y,
i, k=1 i, k=1
under what conditions does there exist a nonsingular transformation
of the  viables x = Tz (det T £ 0) which will simultaneously
reduce both forms to sums of squares

n
a;z% and > b2%? (49)

1 =1

M

Il

2

A similar problem arises for two Hermitian forms . (z, z)
and B(», x), but in this case instead of (49) we must write:

n n
> a,z;Z; and Y b,z,%,, (30)
i=1 i=1

where a, and b, ( = 1,2, ..., n) are real numbers.

Let us assume that the quadratic (Hermitian) forms 4 (z, z)
and B(x, x) possess the indicated property. Then the pencil of
matrices 4 + AB will be congruent (respectively conjunctively
equivalent) to the pencil of diagonal matrices

{ay + 2by, ay + by, .. ., a, + 2b,}. (31)
Among the binomials a; -+ 18, in the diagonal let there be exactly
7(r =n) binomials which are not identically equal to zero. Without
loss of generality, we may take
=b,,=0, a,+ b, #£0
=n—7r+1,...,n).

a,=5b,=0,...,a

n—r

We set
AO + }“BO - {ﬂn—r+1 + j'177%1'-}—1! s Ay + ;Lbn}’

and represent matrix (51) in the form

{F Ay + 4B} (52)
Comparing (52) with (34) (p. 47), we see that in the present
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case all the minimal indices are equal to zero. In addition, all the
elementary divisors are linear (of first degree), and in the case
of Hermitian forms are real. We have arrived at the following
theorem.

TuEOREM 7. Two quadratic or Hermitian forms A(x, x) and
B(x, x), can be simultaneously reduced to sums of squares [(49)
or (50)] by a nonsingular transformation of the variables if and
only if all the elementary divisors (finite and infinite) of the pencil
of matrices A + AB are of the first degree (and ave veal in the
case of Hermitian forms) and all the wminimal indices are equal
to zevo. '

In the general case, a canonical form for simultaneous reduction
of two quadratic or two Hermitian forms A4 (x, ) and B(x, z)
is conveniently found by taking that “‘canonical” pencil of sym-
metric (or Hermitian) matrices which is strictly equivalent to
the pencil 4 + AB.

Let the pencil of symmetric matrices 4 4+ A5 have minimal
indices ¢ = ... =¢, =0, ¢,,;, # 0, ..., &, # 0; infinite elemen-
tary divisors u*, u*:, ..., u*; and finite elementary divisors
(A+2)% (A4 4)%, ..., (4 + A)% Then in the canonical form
(30) g=h, p=gqgand ¢, = N,41, - - -» &, = N, In (30) let us
replace each pair of diagonal blocks L, and L, by the one diagonal

block

0 L,

L, 0)
and let us replace each block N = E® 4 AH® by the strictly
equivalent symmetric block

0o o 1 [O 0...0 1]
0 0...1 0

N(u) = VNw® — 0 0. 12 (V(u) = . ) ) (53)
1 4...0 0 C '
1 0...0 0]

In addition, in place of the regular diagonal block J 4 AE in
(30) (J is a Jordan matrix)
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J 4 2E = {(A+ M)E@D + H (A + A)ECD  HEY
we take the strictly equivalent pencil
(Z0, .., Z,

where

0 0 A4 4

0 A+2401

Zf\“:) = Ve [(A+2,)EC L HED) =

| A4+4, 1 0 |

G=1,2...8. (54)

’

The pencil 4 + AB is strictly equivalent to the symmetric
pencil

A+ iB
_[ 0 L;,Jr 0 L::p © AT (up) (ug) - (eq) ’(c,)]
__{O, LEU_HO LS L;pO s Nwo N, Z/\ll""’l’\r1'

(55)

The display (55) gives the canonical form A(z, z), B(z, z) for
stmultaneous reduction of two quadratic forms A(x, x), B(x, x)
with complex coefficients, where the tramsformation of variables
x = Tz is nonsingular (det T + 0).

If 4(z, z) and B(, x) are Hermitian forms, then the “finite”
elementary divisors of the pencil 4 + 4B are either real, or else
conjugate complex in pairs:

(A2, A+2)4 A+A) @=1,2..,0;]=12...,®)

[4; ({ =1,2,..., v)are real numbers]. For each pair of conjugate
complex elementary divisors (2 + 4,)%, (2 + 4,)%, we take as
corresponding Hermitian pencil
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W, = V@ (3 + A)E + H, (A+ 1)E + H)

[0 A+ 1)E+H 0 _fo Z§ 56
=l oM @+ME+A_bW0]’()

E=E@ H=H6) T =@,

Thus, for Hermitian matrices, the canonical pencil corresponding
to (35) is

g

~ =~ (% ro L’ 0o L
A+ B = <O:|h, [Lem . +1} [Lep o ]
NG, N, ZE L 2, W, Ww}. (57)

The display (57) gives the canonical form A (2, 2), B (2, 2) for
simultaneous reduction of two Hermitian forms A(z, x), B(x, ),

where the transformation of variables x = Tz is nonsingular
(det T % 0).

§ 7. Applications to differential equations

Let us apply the results above to the problem of integrating
the following system of # ordinary linear differential equations
of the first order in # unknown functions (with constant coef-
ficients)16

n n dxk .
> ag, + > bik% =f{t) (=12,... m). (58)
k=1 k=1
Using matrix notation, (58) can be written
dx
Az + BS = {(1); (59)
dat
here
'* The special case m = n, B = (b;) = identity matrix is classical

and is treated in many texts. See e.g., Schreier-Sperner [62]. Tt is clear
that any system of linear differential equations with constant coefficients,
in which the order of the highest derivative appearing is s, can be reduced
to the form (58) if the first s — 1 derivatives of the unknown functionsare
taken as additional unknown functions.
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A= (ag), B=1(by) (=1,2,..,m;, k=123, ...,n),
€r = (xl’ Loy« + oy xn)’ f: (fl:fz:-'ufm)'”

Let us introduce new unknown functions 2y, 2, . . ., 2,, which
are connected with the old functions by a linear nonsingular
transformation with constant coefficients:

r=0Qz [z2= (21, %9, - . ., 2,); detQ £ 0]. (60)

Further, it is no restriction on the problem to replace equations
(58) by any m independent linear combinations of them; this is
equivalent to multiplying the matrices 4, B, f on the left by a
square nonsingular matrix P of mth order. If we substitute Qz
for « in (59) and multiply each term of (59) on the left by P,
we obtain:

. dz
Az + BZE = f(t), (61)

where
A=PAQ, B=PLQ, J=PFf= (fufu-.J)- (62)

Thus, the pencils of matrices 4 + AB and A + AB are strictly
equivalent:

A + B = P(4 + 1B)0Q. (63)

We select the matrices P and @ so that the pencil 4 + 1B
has the canonical block diagonal form

Ad+B={, L, ... L, L, ,...L,,
N, Nw, J 4+ AE}. (64)

Since the blocks in (64) are diagonal, the system of differential
equations decomposes to v =p — g + ¢ — h + s 4 2 separate
systems of the form

0 -1 =, (65)

22 The symbol (z,, @,, ..., z,) still designates a column matrix with
elements z,, z,, . . ., Z,.
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d o , .
LSaH(}t) e :f[1+1] (Z =12...,p— g)’ (66)

. (d o . . i
Lﬂh+i(d_t)z[p—9+1+ﬁ :f£p~g+1+71 (] =1,2,..., q— h), (()7)
d
N (ux) %)Z[p-g+a~h+1+k] =f[p—a+a—h+1+k] (k=1,2,...,5s), (68)
(] + _d_)z[v] :f[v] (69)
dat ’
where
syl f"[l]
[2] Fl2]
=", 7= { , (70)
pel g
z= (2, ... »Za):fm: (f1 - 'rfh)’2{2}=(za+l’ . -)aflm: (fare---) ete,
(71)
A(dy—A BL i AQ) =4 + B (72
a) = AT Py AN = ' 2)

Thus, integration of system (59) in the most general case is
reduced te integration of the special systems (65)-(69) of the
same type. In these systems, the pencil of matrices 4 + 45 has
the forms, respectively, 0, L,, L;, Nw  J 4 JE.

(i) In order for system (65) not to be self-contradictory, it
is necessary and sufficient that

fu=o,
1.e.,
fi=0,... . fi=0 (73)
In this case, the unknown functions z,, z,, . . ., 2,, which comprise

the column 2!, may be taken to be arbitrary functions of ¢.
(ii) System (66) represents a system of the form

L(5)e=7 (14)



58 II. SINGULAR BUNDLES OF MATRICES

or, written in extended form,®

dz - dz dz
_1 + 2, = f1(t)’_2 + 23 = fz(t): cen Ber1 = fe+1( ) (75)
dt dt

Such a system is always a compatible system. If an arbitrary
function of ¢ is taken as z,,,(t), then all the remaining unknown
functions z,, 2,4, ..., 2 will be determined by successive quad-
ratures from (75).

(iii) System (67) represents a system of the form

L'(;t)z =f (76)

or, written in extended form, 9

dz1 x d22

d x x
f() + 1_f2 ""—%+Zﬂ—1:fﬂ(t)’ Zn=f7/+1(t)'

(17)
From the set of equations (77), excluding the first, we deter-
., 21 uniquely:

; df, . df
Zy = Fyi1 %y f— 7;+1 ""Zl:f2_7t3

mine z,, 2, 1, - .

d,"f,
+o 4 (—1)*1—1—”dﬁff"1“. (78)
By substituting the expression obtained for z; in the first equation,
we obtain the condition of compatibility
g df2 d2f3

N i Stk

'y
a7

— 0. (79)

(iv) System (68) represents a system of the form

18 We have changed the indices of z and of f in order to simplify the
notation. To fit system (75) into the scheme of system (66), ¢ must be
replaced by e, each index of z must be increased by g + ¢4y, 1 + ¢ — 1,
and each index of f must be increased by & - g4 -+ ... + gyj1

19 We have again changed the notation. See the preceding footnote.
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d
N‘“’(——) = 80
2 =7 (30)
or, written in extended form,
az dz .
-2 1=f1:7i‘t§ fzj---: dt 1= fucr 2= (81)
Thus the solution of this recursion is explicitly
: df. dfy | d*f
Zu:fu’zu—l:fu—l_ﬁl""’zl:f 2+ﬁ_
u—lf
— 1)1 “ 82
e e Y (8]

(v) System (69) represents a system of the classical form

d
Ji+ S =7 (83)

As is known (see footnote 16), the general solution of such a
system has the form

7=tz + ﬁ;e““t_”/‘(‘t)d‘t; (84)

where z, is a column of arbitrary constants (initial values of the
unknown functions at ¢ = 0).

The return from system (61) to system (59) is given by formulas
(60) and (62), according to which each of the functions #,, . . ., z,

is a linear combination of the functions z,, ..., z,, and each of
the functions f,(¢), . . ., f,.(¢) is expressed linearly (with constant
coefficients) by means of the functions f,(¢), .. ., f.(t).

The above analysis shows that for system (58) to be compatible
in the gemeral case certain definite linear finite and differential
relations (with constant coefficients) wmust be satisfied among the
right members of the equations.

If these conditions are satisfied, then the gemeral solution of the
system contains (in the gemeral case) both arbitrary constants and
arbitravy functions, these enter linearly in both cases.
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The character of the conditions of compatrbility and the character
of the solutions (im particular the number of arbitrary constants
and arbitrary functions) arve determined by the munimal indices
and the elementary divisors of the pencil A + 1B, since the canonical
form of the system of differential equations (65)-(69) depends upon
these indices and divisors.



CHAPTER III

Matrices with Nonnegative Elements

In this chapter, the properties of real matrices with nonnegative
elements are studied. These matrices have extremely important
application in the theory of probability in the investigation of
Markov chains (‘“stochastic matrices,” see [20]) and in the
theory of small oscillations of elastic systems (“oscillating ma-
trices,” see [24]).

§ 1. General properties
Let us begin with a definition.
DeFINITION 1. We will call a matrix A with real elements
A= (ay) EC=12..,m k=12 ...,n)

nonnegative (symbol: 4 = 0) or positive (symbol: 4 > 0), if
all the elements of the matriz A are nonnegative (respectively positive):
a; = 0 (respectively > 0).

DEeFINITION 2. The squave matvix A = (a,;)? is said to be
reducible (more explicitly: reducible by a permutation), if the
indices 1, 2, ..., n can be divided into two disjoint nonemply sets
Y PO iﬂ; ki, ko, o Ry + v = mn), such that

aiakﬂzO (e=12,..,u pf=12...).

Otherwise we will say that the matriz A s irreducible.
The definition of reducible and irreducible matrices may be
formulated as follows:

DEeFINITION 2. The matrix A = (a;,)7 is called reducible, if
there is a permutation of the indices which rveduces it to the form

-[23)

61
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where B and D are square matrices. Otherwise the matrixz A s called
irreducible.

Let the matrix A = (a,;)} correspond to the linear operator A
in an #-dimensional vector space R with basis e, e,,...,¢,.
A permutation of rows of the matrix 4 amounts to a renumbering
of the basis vectors, i.e., to a change from the basis ¢, ¢,, . . ., e,
tothenewbasise; = ¢;, ¢, = ¢,,, ..., ¢, = ¢, ,where(jy, 7, . . ., 7,))
is a certain permutation of the indices 1, 2, ..., #n. With respect
to this new basis, A possesses the matrix 4 = T-1AT similar
to 4.

By a v-dimensional coordinate subspace in R we will mean any
subspace in R with a basis ¢, , ¢, ..., 65, (1 Sk <ky < ... <
k, < n). From each basis e, ¢,, ..., ¢, of the space R we can
form C} v»-dimensional coordinate subspaces. The definition of a
reducible matrix can also be given in the following form:

DEeFINITION 2. The matrix A = (a;.)7 4s called reducible if
and only if the operator A corvesponding to this matrix has a r-
dimensional tnvariant coordinate subspace with 0 < v < n.

Let us prove the following lemma:

LEMMA 1. If A = 0 is an irreducible matriz and n is the order
of matrnix A, then

(E + A)" > 0. (1)

Proof. To prove thelemma, it is sufficient to show that for any
vector (column)! y = 0 (y # 0) the following inequality holds:

(E 4 A)" 1y > 0.

This inequality can be established, by showing that wunder
the assumptions y = 0 and y # 0, the vector 2 = (E + A)y always

has fewer zero coordinates than vector y. Let us assume the op-
posite. Then for some y, the vectors y and z have the same number

! Here and later in the chapter, we think of a vector as being a column
of » numbers. In doing this, we have to keep in mind that a linear operator
determines the elements of the matrix 4 = (ay),,..,, which represents
it only with respect to a certain basis. When the basis is changed, both
the a;; and the coordinates of the vector will change.



§ 1. GENERAL PROPERTIES 63

of zero coordinates.2 Without loss of generality, it can be sup-
posed that the columns y and z have the form 3

u v
y:(o)r z_(o)) u>0) 'U>O,

where the subcolumns # and » have the same dimension.
Corresponding to this subdivision, we set

Ay A
4 — |4 121| )
[:A a1 Aa

o)+ L aelle)=0)

Agpyu = 0.

and we have:

hence

Since # > 0, it follows that:
Ay = 0.

This equality contradicts the hypothesis that matrix 4 is ir-
reducible. Thus, the lemma is proved.

We use the following notation for the elements of the powers
of matrix A:

At = (@@ (¢g=1,2,...).
Then it follows from the lemma that:

COROLLARY. If A = 0 is an irreducible matriz, then for any
pair of indices (1 =X)i, B (= n) there exists a positive integer q
such that

a®d > 0. (2)

2 Since Ay = 0, and 2z = y + Ay, any coordinate of the vector z will
be positive if the corresponding coordinate of the vector y is positive.

2 The columns y and z can be reduced to this form by renumbering
their coordinates (the same renumbering being used for each).
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Here the number q can always be chosen to satisfy the vestrictions
<m—1, if ©#£EFk,
! (3)

g=m, if 7=k,
where m is the degree of the minimal polynomial () of the
matrix A4.

Let #(4) be the remainder in the division of (4 4 1)1 by
w(4). By (1), #(4) > 0. Since the degree of #(4) is less than m,
it follows from this inequality that for any (1 <)i, 2(< n) at
least one of the nonnegative numbers

O @y, alf, ..., aly™
is not equal to zero. Since §,;, = 0 when ¢ # &, the first of relations
(3) follows. The second relation (for ¢ = %) is obtained similarly,
if the inequality 7(4) > 0 is replaced by the inequality* A»(4) > 0.

Note: The above corollary shows that the exponent #» — 1 in
inequality (1) can be replaced by the number m — 1.

§ 2. Properties of the spectra of irreducible nonnegative
matrices

1. In 1907 Perron established remarkable properties of the
spectrum (i.e., of characteristic numbers and characteristic
vectors) of positive matrices.?

THEOREM 1 (Perron). A positive matrix A = (a;,); always has
a characteristic number v which is real and positive, which is a simple
root of the characteristic equation, and which exceeds in modulus
all other characteristic numbers. To this “‘dominant’”’ characteristic
number v there corresponds a characteristic vector z = (2q, 2, - - -, Z,)
of the matriz A with positive coordinates z, > 0 (i =1, 2,...,n).8

¢ The product of an irreducible nonnegative matrix and a positive
matrix is always a positive matrix.

5 See [55, 56] and also [24].

¢ Since the number 7 is a simple characteristic value, the corresponding
characteristic vector z is determined to within a scalar factor. According
to Perron’s result, all coordinates of z are different from zero, real, and of
the same sign. If the vector is multiplied by + 1, a new eigenvector is
obtained, every coordinate of which is positive. Such a vector is called a
positive vector. This agrees with Definition 1.
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A positive matrix is a special case of an irreducible nonnegative
matrix. Frobenius? generalized the theorem of Perron in an in-
vestigation of the spectral properties of irreducible nonnegative
matrices.

THEOREM 2 (Frobenius). An irreducible nonnegative matrix
A = (a,)] always has a positive charvacteristic number v, which
is a simple root of the characteristic equation. The moduli of all
the other charvacteristic numbers ave at wmost v. A characteristic
vector z with positive coordinates corresponds to the ‘‘dominant”
characteristic number v.

If in addition A has precisely h characteristic numbers A, =
¥y Aty e oy Ap_y, Of modulus equal to v, then these numbers are all

different from each other and ave roots of the equation
A —ph =0, (4)

and, in general, the entive spectrum Ay, Ay, . .., A,_q Of the matriz
A = (ay)7, when plotted as a system of points in the complex
A-plane, is carried into itself when the plane is rotated by the angle
27fh. When h > 1, the matriz A may be reduced to the following
“cyclic” form by a permutation of the indices.

0 Ap O ... 0
L]0 0 Ay 0

0 0 0 ...4,,,

A, 0 0 ... 0

where the blocks along the diagonal arve square.

Since the theorem of Perron is a special case of the theorem
of Frobenius, we will prove only the latter. Let us begin with
certain notations.

We write:

CED or D=C,

where C and D are real rectangular matrices of identical dimen-
sions m X #:

7 See Frobenius 721, 227,
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C=(c), D=(d) (G=1,2...,m; k=12 ... n),
to mean
Cir = dg (t=1,2,...,m; kR=1,2..., n). (6)

If strict inequality holds in «// the inequalities (6), then we

will write:
C<D or D>C.

In particular, C = 0 (C > 0) means that all the elements of
matrix C are nonnegative (respectively positive).

In addition, we will employ C+ to denote modC, i.e., the
matrix which is obtained from C by replacing all the elements
of C by their moduli.

2. Proof of the theorem of Frobemius.® For a fixed real vector
x = (%, ®,...,2,) =0 (x#0) we set

. (A=), 2 :
7, = min (4a), ((Az); =S agx,; 1=1,2,...,n);
1gisn ¥ k=1

in determining the minimum, those values of the index ¢ for which
z;, = 0, are excluded. It is obvious that », = 0 and 7, is the maxi-
mum of the real numbers p for which the following inequality
holds:

px < Az,

We will prove that the function 7, attains its least upper bound

y on a certain vector z = 0:
. (Ax), -
7 = 7, = mMax 7, = max min . (7)
z20 z20 1lsisn  ;

From the definition of 7, it follows that multiplication of the
vector £ = 0 (¢ #% 0) by the number 4 > 0 does not change the
quantity 7,. Therefore, in seeking the maximum of the function
7., we may confine our attention to the closed set M, consisting
of those vectors x, for which

=0, ( 2)=2af+a2+...+22 =1

8 This proof is due to Wielandt [72].
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If the function 7, were continuous on the set M, then the least
upper bound would be attained. However, the function 7, is
continuous in any ‘“‘point” z if x > 0, but in the boundary points
of set M, where one of the coordinates becomes zero, the function
can have discontinuities. Therefore, instead of the set M we will
introduce the set N, which consists of all vectors y of the form

y=(E+ A)"x (xeM).
Set N is bounded and closed since set M has these properties,

and according to Lemma 1, N consists of positive vectors.
Now if we multiply both members of the inequality

1.0 < Ax
by (E 4+ A)"* > 0, we obtain:
vy = Ay [y = (E 4 A)" =]

Hence, on the basis of the definition of »,, we find that

’"!
e =7,.

Therefore, in seeking the maximum of 7,, we may replace
set M by set N, which consists of only positive vectors. On the
bounded closed set N the function 7, is continuous and therefore
attains its maximum value on a certain vector z > 0.

Let us call any vector z = 0, for which

=7 (8)
an extremal vector.

Let us now prove that (i) the number v determined by equality
(7) s positive and is a characteristic number of matrix A, and

(ii) any extremal vector z is positive and is a characteristic vector of
matriz A for the characteristic number 7, i.e.,

r>0, z2>0, Az=vaz (9)
In fact, if u = (1, 1,...,1), then

7, = min > a;.
l=ign k

But then 7, > 0, since no row of the irreducible matrix can consist
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only of zeros. Consequently, » > 0, since » = 7,. Further, let the
following relation hold:
x= (E + A)" 'z (10)

Then, according to lemma 1, z > 0. Let us now assume that
Az — rz # 0. Then from (1), (8), and (10) we obtain successively:

Az —r2 =0, (E + A)"Y Az —rz) > 0, Az — rx > 0.
The latter inequality contradicts the definition of the number 7,
since it would follow from this inequality that Ax— (r+-¢&)x > 0

for some sufficiently small ¢ > 0, i.e., v, =7 + ¢ > ». Conse-
quently, Az = rz. But then

O<ae=(E+ A)"ta=(1+7r)" 1z

whence it follows that z > 0.
We will now show that » is an upper bound for the moduli of
all characteristic numbers. Let the following relation hold:

Ay =oy (y 7 0). (11)
Taking moduli of the left and right members of equality (11), we
obtain: ?
laly* = Ay*.
Hence
loa| =7, = 7.
Let us assume that some characteristic vector y corresponds
to the characteristic number 7:
Ay=ry (y #0).
Then, setting « equal to 7 in (11) and (12), we conclude that
yt is an extremal vector and, consequently, y* > 0, ie.,
¥y= Y1, Yo --»Y,), Where y, 20 (=1,2,...,2). Hence it
follows that fo the characteristic number v theve corresponds only
one characteristic dirvection, since if there were two linearly in-
dependent characteristic vectors z and z; we would have been

® The vector y+ is obtained from the vector y by replacing cach element
by its modulus.
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able to select the numbers ¢ and 4 such that the characteristic
vector y = ¢z + dz, would be nonnegative and have a zero coor-
dinate, and this has been proved impossible.

Let us consider the adjoint matrix of the characteristic matrix
AE — A:

B(2) = (Bx(A)i = 4(A)AE — 4),

where 4(4) is the characteristic polynomial of the matrix 4, and
B,i(A) is the algebraic cofactor of the element A3,; — a,, in the
matrix AE — A. Since only one characteristic vector

2 ="(2y, Zoy « - ©» Zp),

2y>0, z,>0,...,z,> 0, corresponds to the characteristic
number 7 (aside from a scalar factor), it follows that B(r) # 0
and that, in any nonzero column of the matrix B(r), all the
elements are different from zero and are of the same sign. The
same condition holds for the rows of the matrix B(r), as we see by
replacing A in the discussion above by the transposed matrix 4’.
From these properties of the rows and columns of the matrix
A, it follows that all By (r) (4, k=1,2,..., %) are different
from zero and are of the same sign ¢. Therefore,

od'(r) = o> B,(r) >0,
i=1
ie., A'(r) % 0 and r 7s a simple root of the characteristic equation
4(4) = 0.
Since 7 is the dominant root of the polynomial 4(1) = A" + . . .,
then 4 (1) increases with 4 = 7. Therefore 4’ (r) > 0and ¢ = 1, i.e.,

Bulr) >0 (G, k=12 ... ). (13)

3. Now we turn to the proof of the second part of the theorem
of Frobenius. We base the discussion on the following interesting
lemma:10

LEMMA 2. If A = (a,)} and C = (c;)7 are two square matrices

10 Also due to Wielandt [72].
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of the same order n, and if A is an trreducible matrix and *
Ct<4 (14)

then the following inequality holds between any characteristic number
y of the matvix C and the maximum characteristic number r of the
matrix A:

lyl=r (15)
In velation (15), the sign of equality can hold only in case we have
C = exp (ip)DAD, (16)

where exp (ip) = y[r, and D is a diagonal matriz in which the

moduli of the diagonal elements are equal to unity (Dt = E).
Proof of the lemma. Let us denote by y a characteristic vector

of the matrix C, which corresponds to the characteristic number y:

Cy=vyy (r#0). (17)
From (14) and (17) we find that:
|y lyt = Chy*t = dy*. (18)
Therefore
lyvlsr,+ =7
Let us now consider the case in which the equality |y | =7

holds. In this case, it follows from (18) that y* is an extremal
vector for the matrix 4, and, consequently, y+ > 0, and y* is a
characteristic vector of the matrix 4 corresponding to the
characteristic number 7. Therefore, relation (18) assumes the form

Ayt = Ctyt = ry*, y*+ > 0. (19)
Hence, by (14),
Ct= 4. (20)
Let y = (1, Y2 - - -, ¥n), Where
y;=ly;lexp (iy;) (G=1,2,...n).

11 C is a complex matrix, and 4 = 0.
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Let us define the diagonal matrix D by the equality

D = {exp (iy,), exp (1), . . ., exp (iy,)}.
Then
y = Dy

By substituting this expression for y in (17) and setting y equal
to » exp (ip) we easily find that:

Fy*t = ryt, (21)
where
F =‘exp (—ip)D'CD. (22)
Comparing (19) with (21), we obtain:
Fyt = Ctyt = Ayt. (23)
However, by (22) and (20),
F+ =C+= 4.
Therefore, from (23) we find that
Fyt = Fty+.
Since y* > 0, this equality can hold only if
F = F+,
ie.,
exp (—ip)D7ICD = A.
Hence

C = exp (ip)DAD1.
The lemma is proved.

4. Now we return to the theorem of Frobenius itself and apply
the lemma we have just proved to an irreducible matrix A > 0,
which has exactly % characteristic numbers, all of modulus 7,
where 7 exceeds the moduli of the remaining characteristic roots:

ko = 7 exp (1@y), A =7exp (igy), ..., Ay =7 €xp (ig,_,)
(0:¢0<<,‘01<<P2<...<(p,l_1<27z).
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In the lemma, we set C equal to 4 and y equal to ;. Then,
for any £ =10,1,..., 2 — 1 we will have:

4 = exp (ipy) D ADy", (24)

where D, is a diagonal matrix with D} = E.

Again, we let z be some positive characteristic vector (of the
matrix A) corresponding to the dominant real characteristic
number 7:

Az =7z (25)
Then, if we define y® by
Yo = Dyz (Y =z >0), (26)
we find from (25) and (26) that:
Ay = A, y® (A =rexp (igy), £ =0,1,...,h—1) (27)

The latter equalities show that the vectors y©@, y, .. y®*=1,
as determined from (26), are characteristic vectors of the matrix
A for the characteristic numbers 4,, 4, . .., 4,_;.

It follows from (24) not only that 4, is equal to #, but that
each of the characteristic numbers 4, ..., 4,_; of the matrix
A4 is simple. Therefore, the characteristic vectors y'®, i.e., the
characteristic vectors of the matrix D, (=0, 1,..., I — 1),
are determined to within a scalar factor. To specify the matrices
Dy, Dy, . . ., D,_, uniquely, we will take the first diagonal element
of each of these matrices to be unity. Then Dy=E and y©® =2z>0.

Further, it follows from (24) that:

A =exp {i(p; £ @)} D;DEADT DY (j,k=0,1,...,h —1).
Hence, as in the previous case, we conclude that the vector
D,D¢' z

is a characteristic vector of the matrix 4, belonging to the
characteristic number 7 exp {i(p; 4 @) }-

Therefore, exp {i(p; + ®,)} coincides with one of the numbers
exp (ip,) and the matrix D, DE' coincides with the corresponding
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matrix D, i.e., there exist (0 <)/;, /(= & — 1) such that

exp {i(p; + @)} = exp (ig;), exp {i(p; — @&)} = exp (ip,,),
D,D, =D, , D;Di*=D,.

Thus, the numbers exp (ig,), exp (i¢q), . . ., €Xp (lp,_,) on the
one hand and the corvesponding diagonal matrices Dy, Dy, ..., D, _,
on the other hand form two isomorphic wmultiplicative abelian
groups.

In any finite group, consisting of exactly /4 distinct elements,
the ith power of any element is equal to the identity of the
group.? Therefore, exp (ig,), exp (i@;). - . ., exp (ip,_;) are ith
roots of unity. Since there exist only %4 distinct Ath roots from
unity, and ¢, =0 < @; < @y < ... < @,_; < 27, then

9= 2knfh (h=0,1,2,... 0 —1)

and

exp(ip,) =¢* (e=exp(ip,) =exp(2ni/h); k=0,1,...,h—1), (28)
by=ret (k=01,...,h—1) (29)

The set of numbers 4y, 4, ..., 4,_; is precisely the set of roots
of equation (4).
By (28) we have: 13

D,=D* (D=Dy; k=0,1,...,h—1). (30)

Now equality (24) gives us (with 2 = 1):
A = exp (2ai/h)DADL. (31)
Hence it follows that the product of matrix 4 by exp (2nz/k)

is a matrix similar to A, and thus the entire system of #

12 The order of every element in a finite group divides the order of
the group.

13 Here we are using the isomorphism between the multiplicative groups
{exp igp,, exp i@,, ..., expig,_s} and {D,, D,, ..., Dy_}.
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characteristic numbers of the matrix 4, when multiplied by
exp (2ns/h) is carried into itself.14

Further,
D = E;

therefore all the diagonal elements in D are Ath roots of unity.
By permuting the indices of 4 (and also of D) the matrix D can
be brought to the following quasidiagonal form:

D = {nEy mEy ... neE, .},
where E,, Ey, ..., E,, are identity matrices, and

Ny = €Xp (iwv): Yp = Ny 27/l

(n, an integer; p=0,1,..., s—1; O0=n,<n; <...<n,_, <h).
It is obvious that s < 4.
We write 4 in block form conformal with (32)

Ay Ay, ... Ay,

..........

and we replace equality (31) by the system of equalities

ed ,, = Z]L'IAN (p,q=1,2,..., 5 & =exp (2ai/h)).

Np—1
Hence, for any p and g, either #, 4/, ; = ¢, or 4,, = 0.
Let us suppose p is 1. Since not all the matrices Ay, 4,3, . . ., A4,
can be zero, then one of the numbers ,/n9, 75/M9, - - ., (Ns-1)/M0

(no = 1) must be equal to &. This is possible only if n, = 1.

'* The number 4 is the greatest positive number which possesses this
property, since the matrix 4 has exactly & characteristic numbers of this
maximum modulus 7. In addition, it follows from (31) that the set of all
the characteristic numbers of the matrix splits into subsystems (of %
numbers each) of the form pu,, pee, ..., pye-!, and that in each such
subsystem every characteristic number corresponds to an elementary
divisor of the same degree. The roots 2y, 4,, .. ., 4,_; of equation (4) form
one of these subsystems.
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Then #,/ny = ¢ and 4y, = A;3= ... = A,, = 0. Taking p equal
to 2 in (34), we find similarly that #, = 2 and A, = A4,, =
Ay = ... = Ay, = 0, etc. Thus we see that 4 must have the form
[0 A, 0 ... 0
0 0 Ay ... 0
) e
0 0 0 ... A,
Asl ‘432 As3 v As,s .
Here n, =1, ny=2,...,n,, =5 — 1. But then, for p =3,

the right side of equality (34) has the factor

Na—1
Ns—1
One of these numbers must be equal to ¢ = exp (2ni/h). This
is possible only for s=/ and ¢=1 and thus {further
Ap=...=4,,=0.
This shows that

D = {E,, ¢E,, e®E,, ..., ¢"'E,_}

and the matrix 4 has the form (5).
The theorem of Frobenius is completely proved.

=exp {(¢g — s)2ai/h} (¢g=1,2,...5s).

5. Let us make several remarks on the theorem of Frobenius.

REMARK 1. In proving the theorem of Frobenius, we also
proved that if an irreducible matrix 4 = 0 has dominant charac-
teristic number 7, then the adjoint matrix B(4) is positive for
A=

B(r) >0, (35)

ie.,
Bal) >0 (i, k=1,2...,n), (35')
where B,;,(r) is the algebraic cofactor of the element 79,, — a,,

in the determinant of 7E — 4.
Now let us consider the reduced adjoint matriz

C(A) = BA)[D,1(4),
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where D,_,(4) is the greatest common divisor of all the poly-
nomials B, (1) (i, k=1, 2,...,%). Note that (35’) guarantees
that D, ,(r) # 0. All the roots of the polynomial D, _,(4) are
characteristic numbers 18 which are distinct from ». Therefore,
all the roots of D,_,(4) are either complex, or real but less than 7.
Hence D,_,(r) > 0, which together with (35) gives: 16

C(r) = B)/D,4(r) > 0. (36)

REMARK 2. Inequalities (35') allow us to find bounds for the
characteristic number 7.
Let us introduce the symbols

n
s;i=a, (@=1,2..,n), s=mins;,, S=maxs, (1=i=n).
k=1

Then for an irreducible matrix 4 = 0
s<r<S, (37)

where the sign of equality to the left or vight of v holds only when
s =S, i.e., when all the “vow sums” sy. Sy, . .., S, are equal.\?

Indeed, let us add to the last column of the characteristic
determinant

¥ —aq, —Qyg, —ay,
—a r—a PN —a
A (7) — det 21> 22 ) 2n
I — Ay, — Qg - -y 7——“,”1_

all the preceding columns and let us then expand the determinant
by minors of the elements of the last column. We obtain:

n

S (r — ) Boulr) = 0.

k=1
Hence, inequality (37) follows from (35").

15 D,_,(4) is a divisor of the characteristic polynomial Dy(4)=det (21 —A4).

16 In the following section it will be proved that, for an irreducible
matrix, B(1) > 0, C(4) > 0 for any real 1 = 7.

17 There are papers which concern themselves with establishing an
interval for # which is smaller than (s, S). See [7, 38, 52].
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REMARK 3. The irreducible matrix A = 0 cannot have two
linearly independent mommegative characteristic vectors. Suppose
on the contrary that the matrix 4 has a characteristic vector
y = 0 (which is linearly independent of z) corresponding to the
characteristic number «, as well as the positive characteristic
vector z > 0, which corresponds to the dominant characteristic
number 7:

Ay=ay (y #0; y=0).

Since 7 is a simple root of the characteristic equation
det (AE — A) = 0, then

' o FE 7.

Let us denote by # the positive characteristic vector of the
transposed matrix A’ corresponding to 4 = 7:

A'u=ru (u>0).
Then 18
r(y, u) = (y, A'u) = (dy, u) = a(y, u);
hence, since o # 7,
(Y, u) =0;
but this is impossible with # > 0, ¥y = 0, y # 0.
REMARK 4. In the proof of the theorem of Frobenius, we

established the following property of the dominant characteristic
number 7 of the irreducible matrix 4 = 0:
7y = max7r,,
(z20)
where 7, is the maximum of the numbers p, for which the inequality
pr = Az holds. In other words, since

(A=),
7, = min ——,
1sisn %
8 Tet y= (Y- Yn), U= (U, Uy, ..., #,). The scalar product

y'u = T y,u; we denote by (u, u). Then (y, 4’u) = y’A’u, and (4y, u) =
(Ay) v = y'A’u.
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then it is true that

- . (A=),
7y = max min —-—.
(@20) 1sisn T
Similarly, we can define #* for any vector x = 0 (x # 0) as
the smallest of the numbers ¢, which satisfy the inequality

or = Ax,
i.e., we can define #* as follows:

(Azx),
r® = max .
. 1ign ¥
In this definition, if the relations xz; = 0, (dx); 7 0 hold for
some 7, then we take »* = + oo. By arguments similar to those
used in discussing the function 7., it can be proved that the
function #* attains its minimum value # on a certain vector v > 0.
Let us show that the number 7, as determined by the equality
) . . (Az),
7 = min #* = min max ——, (38)
=0 zz0 1gisn ¥

coincides with the number 7, and the vector v = 0 (v % 0), on
which this minimum is attained, is the characteristic vector of
the matrix 4 for A = 7.

In fact,

fv—Av =0 (v=0, v+#0).

Let us assume that equality does not hold. Then, according to
Lemma 1,

(E + A)"(@v — dv) >0, (E+ A)" v >0 (39)
If we define » by
= (E+ A4)"1v >0,
we will have:
u > Au
and, consequently, for some sufficiently small & > 0,

(F —e)u > Au (4 > 0),
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which contradicts the definition of the number #. Thus,
Av = #v.
But then
u=(E+ A4)"1v= (14 7).

Therefore, from # > 0 it follows that v > 0.

Hence, on the basis of Remark 3,

7F=7.
Thus, we have established for the number 7 the two properties

o . (dx), R (Az);
y = max min ———- = min max —-, (40)
*20 1=i<n &; 220 1=isn X
and furthermore, the max ,., or min ., is attained only on the
positive characteristic vector which corresponds to 1 = 7.
From these properties of the number 7, the inequalities 19

(Az), (Az),

Sr=max——- (=0, x#0) (41)

1<isn X; 1=i<n &;

A

follow.

REMARK 5. If 4 = 0 is an irreducible matrix, then since
in (40) max;o and ming,., are attained only on a positive
characteristic vector, then either of the inequalities

1z <= Az, 220, 7 £0

or
vz = Az, 2220, z:£0

implies equality:

§ 3. Reducible matrices

1. The spectral properties of irreducible nonnegative matrices
established in the preceding section are not valid for reducible

1 Sec [10, 247.
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matrices. However, since an arbitrary nonnegative matrix
A = 0 may always be represented as the limit of a sequence of
irreducible, positive matrices 4,,

A=1lmAd, (4,>0 m=12...), (42)

then certain of the spectral properties of irreducible matrices also
hold (in weak form) for reducible matrices.

For an arbitrary nonnegative matrix 4 = (a,,)y we will prove
the following theorem:

THEOREM 3. A mnonnegative wmatrvix A = (a,)7 always has a
nonnegative characteristic number v such that no charvacteristic
number of the matrix A has modulus exceeding r. To this “‘dominant”
characteristic number v there corvesponds a nonnegative characteristic
vector y:

Ay=ry (y=0, y #0).

For the adjoint matrizx B(A) = B, (A)f = (AE — A)7*A(4), the
following inequalities hold:
a
B(A) =0, ;i—lB(l) =0 for A =7 (43)

Proof. Let the matrix 4 be expressed as (42). Let us denote
the dominant characteristic number of the positive matrix 4,,
by 7™ and the unit 2 positive characteristic vector corresponding
to it by y™:

A ym™ = pimym [ (ymym) =1 y™ >0, m=1,2,...]. (44)

Then from (42) it follows that the limit

lim 7™ = 7,

exists, where 7 is a characteristic number of the matrix A. Since
7™ >0 and 7™ > | {™ |, where AJ™ is any characteristic number
of the matrix 4,, (m =1, 2,...), then in the limit we have:

rgo:”;llol’

20 By a unit vector we mean a column (y,, . . ., ¥,), normalized so that
(v, y) = Zyzi}= L
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where 4, is any characteristic number of the matrix 4. Also, in
the limit, (35) gives

B(r) = 0. (45)

Further, in the sequence of unit characteristic vectors y™

(m=1,2,...) it is possible to select a convergent subsequence

y™ (p=1,2,...), which converges to a certain unit vector y,

which is obviously different from 0. By giving m the sequence of
-values m, (p =1,2,...) in (44), we obtain, in the limit,

Ady=ry (y=0,y#0).

We will establish inequalities (43) by using induction with
respect to the order n. For » = 1, the inequalities are obvious.?
Let us assume that they are true for matrices of order < #,
and let us establish (43) for the matrix 4 = (a;,)7 of order x.

If we expand the characteristic determinant 4 (1) = det(AE—A4)
according to the elements of the last row and the last column, we
obtain:

A(l) (A — a4y, z B(n) Ain Apy - (46)
2, k=1
Here B, (4) =det (40,;,—a,,)7™" is the characteristic determinant

of the “curtailed” nonnegative matrix of (#—1)th order, and
Bi" (1) is the algebraic cofactor of the element 49;, — a, in the
determinant B,,(4) (¢, k#=1,2,...,2—1). Let », be the dom-
inant nonnegative root of B,,(4). If we set 4 equal to 7, in (46),
and use the induction assumption in the form

Bir,) =0 (@, k=12,...,n—1),
we obtain from (46):
A(r,) = 0.
On the other hand, 4(4)= A"+ ... and therefore 4 (4 00) = 4 c0.

Therefore, 7, is either a root of A4 (2), or is less than a certain real
root of A(4). In either case,

T, = 7.

2 In fact, since B(d) = (AE — A)7*A(4), then for » = 1, B(i) = E,
and dB(4)/d} = 0.
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If we permute (renumber) the indices, we see that any principal
(n — 1)® matrix B;;(4) (j=1,2,...,#n) can replace 5,,(4) in
the above argument. Thus it is generally true that, if 7, is a
dominant root of B,;(1) then

r; =7 Gg=12,...,n). (47)

Further, B,(4) is the product of (—1)™* by the determinant
of a minor of (# — 1)th order of the characteristic matrix AE — A.
If we differentiate this determinant with respect to 4, we easily
obtain:

d ' .

d—AB"’“(M =>BY@A) @Gk=12..,0n—1), (48)
where B9 ()= (B (1)) @47, k#75;7=1, 2, ..., n)is the adjoint
matrix of the (n—1)th order matrix (a,) (¢, k=1,2,...,7—1,

j+2,...,%n). But according to the induction hypothesis,
BN =Z0ford=zr, (=12,...n),
therefore, by (47) and (48),

d
B =0 for 1z (49)

It follows from (45) and (49) that:
B@A)=0 for A=7.
The theorem is completely proved.

REMARK. Inequalities (37) remain valid in the limit (42).
Therefore, these inequalities hold for an arbitrary nonnegative
matrix. However, the conditions under which the sign of equality
holds in (37) are no longer valid for a reducible matrix.

2. A number of important proposition follow from Theorem 3:
1. If A= (a,)] is a nonnegative matrix with dominant char-
acteristic number v, and C (L) is its reduced adjoint matriz, then

CA)=0 for A= (50)
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Indeed,

B(4)
D)
where D, _,(4) is the greatest common divisor of the elements

of the matrix B(Z). Since D,_;(4) is a divisor of the characteristic
polynomial 4(2) and Dn 1(4) = A1 4 ..., then

1(A) >0 for A>7v, (52)

(50 ‘) follows from (43) (61), and (52).
2. IfA =01isan zrreduczble matrix with dominant characteristic
number v, then

c) = (51)

B(A) >0, C(A) >0 for A>7. (53)
Indeed, according to (35), B(r) > 0. But we have already seen
that

a
d_AB(l);O for A =7.

Therefore,
B() >0 for A= (54)
The second of inequalities (53) follows from (51), (52), and (54).

3. If A =0 1s an iyreducible matrixz with dominant characteristic
number v, then

(AE —A)'>0 for A< (65)
This inequality follows from the formula
5(2)
lE - A = )
( ) 20)

since B(4) > 0 and A(1) > 0 for 4 > 7.
4. The dominant characteristic number v’ of any principal

n

mainor ®2 (of order < m) of the nomnegative matriz A = (a;.)}

22 A principal minor of A4 is any matrix (a,;) (¢, 7 = {5, &, . . ., {,), where
{tw, # = 1,..., s} is a proper subset of {1, ..., #n}. Thus a principal minor
is obtained by erasing all rows of 4 which have certain indices, and then
erasing all columns of 4 which have these same indices.
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does not exceed the maximum characteristic number v of matriz A:
r = 7. (56)

If A is an irrveducible matrix, then the inequality in (56) is a
strict inequality.

If A is a reducible matrix, then the sign of equality holds in (56)
for at least ome principal minor.

Indeed, inequality (56) is true at least for any principal minor
of (n—1)th order (see equation (47)]. If A is an irreducible
matrix, then according to (35') By(r) >0 (j =1,2,...,n), and,
consequently, 7' = 7.

By descent from #n — 1 to n — 2, from #n — 2 to » — 3, etc.,
we can convince ourselves of the validity of inequality (56) for
a principal minor of any order.

If A is a reducible matrix, then by a permutation of the indices
it can be brought into the form

B 0
a=[2 )
Then the number 7 must be a characteristic number of one of
the two principal minors B and D. Proposition 4 is proved.
The following is a consequence of 4.

5. If A= 0andif any of the principal minors in the characteristic
determinant

Y — a4, — QAygy - - o — dqy
A) =det| — A9y, ¥ — Qg ) — Aap
— &1 @ ros y ¥ — Ay,

has the value zero (the matrix A is reducible!), then any ““enveloping”
principal minor is also zero, in particular, one of the principal
minors of order n — 1

By (7), Bas(), ... Buu(r)

is zero.
From 4 and 4§ there follows:
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6. The matrix A = 0 s reducible if and only if at least one of

the relations
B,(r) =0 (i=1,2,...,1n)

degenerates to an equality.

From 4, there follows also

7. If 7 1s the dominant characteristic number of the matrix
A =0, then for any A >r all the principal minors of the characteristic
matrix Ay, = AE — A are positive:

A"[:'l’ :2, ;v}>0 (1>7; 1§z’1<z’2<,,,<ip§n; p=1,2,...,n).
12 “25 « o o)
’ | (57)

It is easily seen that conversely, (57) implies 4 > 7. For we have

A(h+p) = det ((A+u)E — A) = det (4, + uE) = 3 S+

k=0
where S, is the sum of all the principal 2 X k& minors of the
characteristic matrix 4y =1E — 4 (k= 1, 2, .. ., n). Therefore,
if all the principal minors of the characteristic matrix 4 are
positive for some real 4, then for any u = 0 we have
A4+ u) #0,
i.e., no number = 1 is a characteristic number of the matrix A4.
Consequently,
v << A

Thus, inequalities (57) are necessary and sufficient conditions
for the number 4 to be an upper bound for the moduli of the
characteristic numbers of the matrix A4.23 However, the set of
inequalities (57) is not independent.

The matrix AE — A is a matrix with nonpositive nondiagonal
elements.? D. M. Kotelyanskii showed 25 that if the nondiagonal

23 This method of proof appears in papers of B. A. Sevast'nov and
D. M. Kotelyanskii.

2 It is easily seen that conversely, any matrix with negative or zero
nondiagonal elements can always be represented in the form AE — A,
where A is a nonnegative matrix, and 1 is a real number.

25 [35]. This work contains a number of results which deal with matrices,
all the nondiagonal elements of which are of the same sign.
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elements g, (1 = k) of a matrix are nonpositive, and if the
(nested sequence of) leading principal minors are all positive,
then every principal minor is positive. The corresponding theorem,
in which the hypothesis g,;, > 0 is replaced by g, = g4, is well
known. In a later paper, Kotelyanskii was able to give a general
theorem which included both the above theorems as specia
cases.

LeEmma 3 (Kotelyanskii). If all the nondiagonal elements of the

real matrix G = (g,,)7 are negative or zero

gzkéo (Lik) Z‘lkzlygx"‘xn)y (58)

and the leading principal minors ave positive then all the principal
minors of the matrix G are positive:

iy, Tgy « « oy 1 . . .
G[.l 2 .”:|>O(1§zl<zz<...<zp§n;p:1,2,...,n).
Ty, Tgy - oy Ty

Proof. We will prove the lemma by induction on the order
n of the matrix. For # = 2, the lemma holds, since the hypotheses

812 =0, €21 =0, g1 >0, g11800 — £12821 > 0

imply g5, > 0. Suppose the lemma to be true for matrices of order
< n; we will prove it for the matrix G = (g,,)7. We consider the
bordered determinants

1 ¢ .
=G [l k] = gufa — gufa (G k=2,...n).

From (58) and g, > 0, we have the relation
b =0 (1 F#k 1, R=2,...,n).

On the other hand, if we apply Sylvester’s determinental identity
([47]; Appendix IV) to the matrix T = (¢,,)%, we obtain:

T [{1, iy . e z:| — )76 [1, i gy . ., Z:{I

11,20, - - oy 1y, Ly, 09,0000, (60)

<, <. .. <i,=n, p=1,2,...,n—1).

Since the leading principal minors of G are positive, it follows
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that the leading principal minors of the matrix 7 = (¢,;); are
positive:

2 2 3 F2,3,...,n
tzz_T[2]>0, T[z 3]>0,..., TL2’3,.."n]>O.
Thus, the matrix 7 = (¢;;); of order (» — 1) satisfies the

conditions of the lemma. Therefore, all the principal minors of
the matrix 7 are positive by the induction hypothesis:

R I R ) .. .
[[l.l 2 l”jl S0 (2S0<t,<...<i,=n;p=1,2,...,n—1).
T, gy o ooy Oy

But then, it follows from (60) that all those principal minors of
the matrix G which include the first row are positive:

1,2y, 29, ..., 2 L .
G[l li z: z’}>0 C=En<ip,<...<i,=mn; p=1,2, ..., n—1).
’ (61)

Now let us take any fixed indices (1 <)} <1y << ... <7, ,
(< n) and consider the (» — 1)th order matrix:
(gaﬂ) (OC, /3 = 1) 1:17 i2’ MRS} in—l)'

On the basis of (61), the leading principal minors of this matrix
are positive:

1, 4,09+« o pe 14
G[’ll’tz’ z."2]>0,... G[ l.l]>0,gn>0,

1, 45,79, ..., 1¢ 1 4

) fn—2

and the nondiagonal elements are nonpositive:

ap =0 (x#p; o, =1, Tys Ty« v oy bp_g)-

But the order of matrix (62) is equal to » — 1. Again by the
induction hypothesis, all the principal minors of this matrix are
positive; in particular,

G|l vy 0
[11,12,...,% = (63)
R <iy<...<i,=n; p=12,...,n—2).

Thus, all the minors of order =< # — 2 of the matrix G are positive.
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From (63) we can conclude that g,, > 0, so that we may now
consider the 2 X 2 determinants obtained by bordering element
gy (instead of g,;, as before):

7 )
,k—G[Z k] (2, k=1,3,...,n).

Operating with the matrix 7* = (¢}) as we did with the matrix
T, we obtain, in a similar manner, inequalities which are analogous
to inequalities (61):

2, 04,0, 0
G["’.l’ ”.”}>0 (64)
‘ 2, 0y, ..., 0,
(lp <ipg < ... <ip @y, ...,0,=1,3,...,n;
p=12...,n—1).

Since any principal minor of the matrix G = (g,;)7 either
contains the first or second row, or has order < » — 2, it follows
from inequalities (61), (63), and (64) that all the principal minors
of the matrix A are positive. The lemma is proved.

In view of this theorem, some of the conditions in (57) are
seen to be redundant; we need assume only that the leading
principal minors are positive. Thus we have

THEOREM 4. A necessary and sufficient condition that the real
number A be greater than the dominant characteristic number r of the
matrix A = (a;)7 =0,

r < A,

1s that, for this value of A, all the leading principal minors of the
characteristic matrix A, = AE — A be positive:

A—ay; >0,
A—au, —Qyg, vy —q,
det l:l aq1, Z:’ -0, — gy, A—Ags, . .., —dgy, <0
azl,/laz
—Ap1, — Oy e o A—lpy
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Let us consider an application of this theorem. Let all the
nondiagonal elements of the matrix C = (c;,); be nonnegative.
Then for a certain 4 > 0 the matrix A = C+AE is = 0. Let us
index the characteristic numbers 4, (¢ =1,2,...,%) of the
matrix C according to the values of their real parts:

Reld, =Red =... ZRei,.

Let 7 be the dominant characteristic number of the matrix A.
Since the characteristic numbers of 4 are the sums 1, 4 2
(*=1,2,...,n), then the relation 4, 4 A = » must hold.

In the present case, the inequality » << 1 holds only when
4, < 0, that is, only when all the characteristic numbers of the
matrix C have negative real parts. If we write down inequalities
(65) for the matrix —C = AE — 4, we obtain the following
theorem.26

THEOREM 5. A mnecessary and sufficient condition that all the
characteristic numbers of the real matriz C = (c)7 having non-
negative nondiagonal elements

=0 (#k i, k=12..,n)
should have megative real parts, is that the following inequalities
be satisfied:

¢y < 0, det [C“ 612} >0,..., (—1)"det C > 0.
Co1 Coo
§ 4. Normal form for a reducible matrix

Let us consider an arbitrary reducible matrix 4 = (a,,)?r.

After a permutation of the indices it can be represented in the

form
4= [g g} (67)

where B, D are square matrices.

¢ Since C = 4 — AE, A =0, then A, is real (this follows from the
equality A, 4+ A = 7), and the characteristic vector of the matrix C which
corresponds to this characteristic number is nonnegative:
Cy =1,y (y=20 y+#0).
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If either of the matrices B and D is reducible, then it can also
be brought into a form similar to (67), after which the matrix 4

assumes the form
K 0 0
A= |:H L 0 ]

F G M

If any one of the matrices K, L, M is reducible, then this
process can be continued. Thus, after a suitable permutation of
indices, the matrix A takes the triangular block form:

Ay, 0 ...0
A A21 A22 0 , (68)
Asl Asz . Ass

where the diagonal blocks are square irreducible matrices.
We will call the diagonal block 4,; (1 =<1 = s) ¢solated, if

Ayp=0 (k=1,2,..,5i—1,i+1,...5).

By further permuting the indices in the matrix (68), if necessary,
all the isolated blocks may be put first along the principal diagonal,
after which the matrix 4 assumes the form

A 0 .0 0 .00
0 A, ...0 0 ...0
4=|0 0 ...4, 0 ...0 (69)
Ag+1,1 A9+1,2 et Ag+1,y Ag+1 ol 0
__Asl As2 ot Asg As,y+1 et As_
Here A,, A,, ..., A, are irreducible matrices, and in cach row

Ap Ay oo Ay q (F=g+1,...5)

at least one of the matrices is not equal to zero.
We will call matrix (69) the normal form of the reducible
matrix 4.
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We will show that the normal form of the matrvix A is uniquely
determined up to a permutation of the blocks of indices.?” To do
this, let us consider the linear operator A, which corresponds
to the matrix 4 in the x#-dimensional vector space R. In view
of the fact that 4 has the form (69), R decomposes into a sum

R=R +R,+...+ R+ R y+...+R; (70

of coordinate subspaces, where R,, R,_;+R,, R, ,+R,_,+R,, ...
are invariant coordinate subspaces for the operator 4, and where
no intermediate invariant coordinate subspace can be interposed
between two adjacent subspaces in this set.

Let us assume that the given matrix has not only the normal
form (69), but also another normal form, to which there cor-
responds another decomposition of R into coordinate subspaces:

R=R +R+...+ R+ Ry, +...+ R,
To establish uniqueness of the normal form, it is enough to
prove that decompositions (70) and (71) coincide except for the
order of the summands.

Let the invariant subspace R; have coordinate vectors in
common with R,, but none in common with R, ,, ..., R,. Then
R; must be entirely contained in R,, since otherwise R} would
contain a “‘smaller” invariant subspace—the intersection of
R; with R, + Ry, + ...+ R,. Further, R; must coincide with
R, , since otherwise the invariant subspace R, + R, + ... + R,
would be intermediate between the invariant subspaces
R, +R,,+ ...+ R,and R, + ... + R,. Since R, coincides
with R;, R, is an invariant subspace. Therefore, the normal
form of the matrix is maintained if we write R, in place of R,.
Thus, we suppose that, in decompositions (70) and (71), R, = R;.

Let us now consider the coordinate subspace R, ;. Let it have
coordinate vectors in common with R, (/ < s), but none in com-
mon with R,, + ...+ R, Then the invariant subspace

27 After reaching normal form, we are still free to interchange the position
of the first g blocks of rows arbitrarily. In addition, certain permutations
among the last s — g blocks of rows are sometimes possible without
disturbing the normal form.
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R, , + R, must be entirely contained in R, + R;,; + ...+ R,
since otherwise there would exist an intermediate invariant
coordinate subspace between R; and R, , + R;. Therefore
R, , = R,. Further, R, ; = R,, since otherwise R, ; + R, +
-+ ...+ R, would be an intermediate invariant subspace between
R, +R,.,,+...+R,and R,,, + ...+ R, From R, , =R,,
it follows that R, + R, is an invariant subspace. Therefore R,
can be put in place of R, ;; and then we have:

R;_1 = Rs—l’ R; = Rs .

By continuing this process, we can show eventually that s = ¢
and that decompositions (70) and (71) coincide except for the
order of the summands. This amounts to the statement that the
corresponding normal forms also coincide except for a possible
permutation of the blocks of indices.?

From the uniqueness of the normal form, it follows that the
numbers g and s are numerical invariants for a reducible matrix
A.% In particular, these invariants apply of course to nonnegative
matrices.

Using the normal form of the matrix, we will prove the following
theorem:

THEOREM 6. There is a positive characteristic vector corresponding
to the dominant characteristic number v of the matrix A = 0 if

and only if (1) each of the matrices Ay, A,, ..., A, in the normal
form (69) of the matrix A has v as its characteristic number; and
(when g <<s) (ii) nome of the matrices A,,,, . .., A, possesses this
property.

Proof. (i) Let the positive characteristic vector z> 0
correspond to the dominant characteristic number ». We par-
tition the column z into the parts 2* (¢ =1, 2, ..., s) conformal
with the partitioning in (69). Then the equality

Az =7z (2> 0) (72)
*8 The last two paragraphs are purely expository. A suitable inductive

argument could replace them.
% For an irreducible matrix, g = s = 1.
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can be written as the two systems of equalities:

Az =rz (=12,...,8) (72")
-1
SA,0+ A;27 =rd G=g4+1...09) (72")
h=1

It follows from (72’) that the number 7 is a characteristic
number of each of the matrices 4, 4,, ..., 4,. From (72") we
find that

A7 v, A7 #Frd =g+ 1,..., s). (73)
Let us denote the dominant characteristic number of the

matrix 4, =g+ 1,...,s) by 7;. Then (see (41) on p. 79)
we find from (73) that:
(4;2),

7,§mgx o <7 =g+ 1,...,59).

K i

On the other hand, the equality 7, =7 would contradict the
second relation of (73) (see Remark 5 on p. 79). Therefore

r,<r (G=g+1...5s). (74)

(ii) Now let us suppose conversely, that the dominant charac-
teristic number of the matrix 4, (/ = 1,2, ..., g) is equal to 7,
and that inequalities (74) hold for the matrices 4; (j =g+1, ..., s).
We have to find a positive vector z satisfying (72). This amounts
to satisfying (72') and (72) separately. We first solve (72'),
thus obtaining a positive characteristic column vector z* for

each of the matrices 4, ((=1,2,...,g). The columns 2
G=g+1,...5) are found from (72") by means of the for-
mulas

j—1
2= (rE; — A,-)“ZIA,.hzh (=g+1,...5), (75)

where E; is the identity matrix of the same order as the matrix
4, =g+ 1, ...59).
Since 7, <7 (j =g+ 1,...,s), then [see (55) on p. 83]

VE,—A)r>0 ((=g+1...59). (76)
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Let us prove inductively that the columns z¥+1, . .., 2® defined
by means of formulas (75) are positive. We will show that the
relation 27 > 0 for any 7 (g 4 1 <7 < s) follows from the fact
that the preceding column vectors 2%, 22,..., 271 are positive.
Indeed, we have by hypothesis

-1 -1
DA =0, SA, #0,
h=1 h=1
and if we combine this with (76) and (75), we have the desired
conclusion 27 > 0.

This shows that the column

Zl
="
ZS

obtained by joining the columns 2%, is positive and is a characteristic
vector for the matrix A, corresponding to the characteristic
number 7. The theorem is proved.

The following theorem characterizes a matrix A = 0 which is
such that both 4 and A’ possess a positive characteristic vector
corresponding to a dominant characteristic root.

THEOREM 7. A mecessary and sufficient condition that there be
positive vectors z, w satisfying the equations Az = rz; A'w = rw,
where A = 0 and v is a dominant characteristic root of A, 1s that A
can be veduced by a permutation of indices to the block diagonal
form

A = diag (4,4, 44, . . ., 4,), (77)

where each of the blocks Ay, A,, ..., A, 1ts an irreducible matrix,
each of which has the number v as a dominant characteristic root.

Proof. Suppose that there are positive vectors such that the
relations Az =7z; A'w = rw hold. By Theorem 6, the matrix 4’
can be written (after a permutation of the indices) in the normal
form (69), where 7 is a dominant characteristic root of each of
the matrices A4, 4,, ..., 4,, and (if g < s) each of the matrices
Agiq, -+ ., A, has dominant characteristic root less than ». By
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direct transposition, we obtain

A0 Al ... Al

|0 oAy Ay, A,
0 ...0 A,
0 ...0 0 oA,

But we can permute the blocks of indices in this form, so as to
obtain

A, 0 0 0]
A;,s—l A;-—l 0 O
(78)
_A;1 : A;—l,l s A{_
Since each of the matrices A, 4, ,,..., A; is irreducible, the

normal form can be obtained from (78) by a permutation of the
blocks of rows so as to bring the isolated blocks to the leading
positions along the main diagonal. Now the block A; is an isolated
block. Since the normal form of the matrix A" must satisfy the
conditions of the preceding theorem, it follows that » must be a
dominant characteristic number of the matrix 4. This can occur
only for g = s. Thus the normal form (69) takes the form (77).

The converse is clear. For suppose 4 has the form (77). Then
A’ has the form

A’ = diag (4], 45, ..., A)). (79)

The preceding theorem applies, and shows that in each of the
cases (77), (79), the matrix A (resp. 4’) has a positive charac-
teristic vector corresponding to the dominant characteristic
root 7. The theorem is proved.
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COROLLARY. Suppose that A = 0 is a nonnegative matrix for
which a dominant characteristic voot v is simple. Suppose further
that both A and A’ possess characteristic vectors corresponding to
v which are positive. Then A is irreducible.

The converse statement, that an irreducible matrix 4 = 0
has the properties spelled out in the corollary, is obvious. Thus,
these properties form a set of necessary and sufficient conditions
for a nonnegative matrix to be irreducible; note that these are
spectral properties.

§ 5. Primitive and imprimitive matrices

The following definition gives a classification of irreducible
matrices.

DEFINITION 3. Let A = 0 be an irreducible matriz, and let the
domanant characteristic root be r. Suppose there are exactly h charac-
teristic nmumbers of modulus v (A =|A|=...= |4 | =7r.)
If his 1, the matriz is called primitive; if h > 1, the matriz is called
imprimitive, and the number h is called the index of imprimitivity.

The index of imprimitivity can be quickly calculated if all the
nonzero coefficients of the characteristic equation

AR) = A"+ a) A" - agd™ + ...+ a, ™ =0
m>n>...>mn; a; %0, ay,#0,..., a,#0)

of the matrix are known; % ¢s the greatest common divisor of the
differences

no— Ny, By — Ny, ou ., Py g — Wy (80)

To see this, we recall that Frobenius’ theorem asserts that
the spectrum of the matrix A4 is carried into itself by a rotation
through the angle 2z/h about the origin. Thus the polynomial
A(4) must be related to some polynomials g(u) by means of the
formula

A(A) = g(am) A,

This does show that % is a common divisor of the differences (80).
Also, » must be equal to the greatest common divisor d of these
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differences, since the spectrum is carried into itself by a rotation
through 2z/d, which would be impossible if 4 < d.

The following theorem gives an important property of primitive
matrices.

THEOREM 8. A nonnegative matriz A (= 0) is primitive if and
only if there is a power of A which is positive:

AP >0 (for some p = 1). (81)

" Proof. If A? > 0, the matrix 4 must be irreducible, since
every power of a reducible matrix is reducible. Further, the index
h for the matrix 4 must be 1, since otherwise, the positive matrix
A? would have & (> 1) characteristic roots 4%, 13, ..., 2 (equal
or unequal) of maximal modulus #?, which would contradict the
Perron theorem.

Suppose conversely that 4 is a primitive matrix. We use a
special formula for A?: 2%

A7 =3

k=1 (my — 1)!

1 [C(Z)A”} mh (52

w[k] (ﬂ') A=Ay
where

p(A) = (A= A)" (R = )™ ... (A — 2)™ (4 # 4 for | £ f)
is the minimal polynomial of the matrix A4,

ko w(A)
PR =G

and C(4) is the reduced adjoint matrix
C(h) = (AE — 4)7 p(d).

In the present case, we can take

k=12 ...5),

11=r>|12|g..-2'1311 m]_:].. (83)
The formula (82) takes the form
C(r) s 1 [C (4) l”:‘ (=)
Ap =—— y? + .
vo) " & e 01 L@ e,

% See Note 9, p. 16.
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Hence it follows easily from (83) that
A®
lim 22— S1)
oo 77 (1)
On the other hand, C(#) is positive by (53) and y'(4) is positive
by (83). Thus

(34)

lim »=?4?% > 0,
P—>00
and therefore inequality (73) holds from some p onwards. (A
lower bound for p in (81) is given in [72].)
The theorem is proved.
Now we turn to the following theorem.

THEOREM 9. Let A (= 0) be a nonnegative irreducible matrix,
and let some power AT of A be veducible. Then A is completely
reducible, i.e., there is a permutation of indices such that A can be
written in the form

At = (A}, Ay .., A, d>1

after the permutation. Moreover, Ay, Ay, ..., Ay are irrveducible
matrices. The dominant characteristic numbers of these matrices
ave equal. Here, d is the greatest common divisor of the numbers
q, h, where h is the index of imprimitivity of the matriz A.

Proof. Since the matrix 4 is irreducible, Frobenius’ theorem
shows that both 4 and A’ have positive characteristic vectors
corresponding to the dominant characteristic number 7: 4z = 7z,
A'w = rw. These same vectors z, w are then characteristic vectors
for A9, (44)" corresponding to the dominant characteristic number
7. A% = r%z, (AY)'x = r"w. Theorem 7 shows that, by a per-
mutation of the indices, we can write A% in the form (85), where
A,, A,, ..., A, are irreducible matrices, each of which has #?
as dominant characteristic root. Now the matrix . has exactly
h characteristic roots of maximal modulus 7:

7, ve, ..., re"1 (e = exp {2ai/h}).

Thus, the matrix A4? has % characteristic numbers of maximal
modulus 7%:
79, el ., gt
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and 4 of these numbers are equal to #?. From this, it follows
that d is the greatest common divisor of the numbers ¢, 4. The
theorem is proved.

If # = 1 in the hypotheses, we get the corollary below.

COROLLARY 1. Every power of a primitive matrix A = 0 s
irreducible, and therefore primitive.
Again, if ¢ = A, the theorem yields

COROLLARY 2. If A = 0 is an imprimative matriz, the index of
imprimitivity being h, then the matriz A" is (after a permutation
of indices) a diagonal block matrix (85), in which the number of
blocks is h, each block is irreducible, and each block has the same
dominant characteristic number.

§ 6. Stochastic matrices

We consider a physical system capable of existing in »# possible
states

S Se, oS, (86)
and an ordered sequence of instants of time
to, th, to - - ..

We suppose that at each instant of time, the system is in one
and only one of the states (86). We denote by p,; the conditional
probability that the system is in state S; at the instant t,, supposing
that the system was in state S; at the preceding instant t,_,
(G, 7=1,2,...,m; k=1,2,...). We assume further that the
tramsition probabilities p;; are all independent of the index £
(of the number of the instant of time). That is, we assume that the
transition probabilities do not vary with time.

We say that the matrix

P = (p,)1
defines a ‘homogeneous Markov chain with a finite number of
states [20]. Here we make the obvious restrictions

py=0, Xp,=1 (¢, 71=12...,n). (87)
i=1
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DEFINITION 4. A square matrvix P = (p,;)} ¢s called stochastic
if the matrix P is nonnegative, and if every vow sum is equal to
1, i.e., if the relations (87) hold.3®

Thus, the matrix of transitional probabilities for a homogeneous
Markov chain is stochastic; and, conversely, an arbitrary stochastic
matrix may be taken to be the matrix of transition probabilities
of some homogeneous Markov chain. This reduces the problem
of investigating homogeneous Markov chains to a problem, or
a set of problems in matrix theory, as we shall see.3!

A stochastic matrix is a special case of a nonnegative matrix.
We can therefore apply the definitions and theorems of the
preceding section of a stochastic matrix.

Special additional properties of a stochastic matric are the
following. It follows from the definition, that such a matrix has
characteristic number 1, to which the positive characteristic
vector z = (1, 1,...,1)" corresponds. Conversely, it is clear
that if a nonnegative matrix P = Ohas (1,1, ..., 1)’ for a charac-
teristic vector, and if the corresponding characteristic number
is 1, then the matrix P is stochastic. Further, the number 1 is
the dominant characteristic number of every stochastic matrix,
since the dominant characteristic number always lies between the
largest and smallest row sums [see (37), and the remark at the
end of Section 3, 1]; and each row sum is 1. These facts are restated
as follows.

1. A nommegative matrix P (= 0) is stochastic if and only if
the vector (1,1, . . ., 1)’ is a characteristic vector of P, with corvespond-
ing characteristic number 1. For a stochastic matrix, 1 1s the dominant
characteristic root.

3 In the definition of a stochastic matrix, the additional requirement

vn . .
Y1 P 7~ 0 is sometimes made.

31 The theory of homogeneous Markov chains with a finite (or countable)
number of states was developed by A. N. Kolmogorov. Further discussion
and development of the matrix method as applied to homogeneous Markov
chains is found in a memoir of Romanovskil, the book of Feller, and
papers of Doeblin and Doob, in addition to the authors mentioned in the
text [13—16, 20, 33, 34, 58].
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Now we establish a representation (2 following) for certain
nonnegative matrices. Let 4 = (4,;)] be a nonnegative matrix;
let the positive number » (> 0) be a characteristic root of A,
and let the corresponding characteristic vector z = (2, 2,. - -, 3,)
(> 0) be positive:

n
Sagr,=rz, (1=1,2,..., n). (88)
j=1

J

. We define the diagonal matrix Z by
Z = diag (21, 23, - - -, 2,,),
and the matrix P = (p;)} by
P=y1- Z—IQAZ.
The elements p,; of P are clearly nonnegative:
Py =r1z7 P, =0 (@, 7=12,...,n),

and from (88) we have the further relation

n
Spu=1 (=12...,n).
i=1

We have established

2. If A (=0) is a nonnegative matrix which has a positive
dominant characteristic root, to which there corresponds a positive
characteristic vector z = (24, 2a, - . ., ,2,) > 0, 1t is similar to the
product P of v by some stochastic matriz P:

A = ZyPZ7' (Z = diag (71, 23, . - ., 2,) > 0). (89)

(This assertion holds also (trivially) for =0, since 4 =0,
z >0 imply 4 = 0.)

In the preceding section we gave a necessary and sufficient
condition (Theorem 6) that a nonnegative matrix has a positive
characteristic vector corresponding to 4 = 7. Formula (89) gives
another characterization of such matrices, and shows the intimate
relation between a matrix of this type and a suitable stochastic
matrix. '

Now we turn to the following theorem.



102 1II. MATRICES WITH NONNEGATIVE ELEMENTS

THEOREM 10. Every elementary divisor of a stochastic matrix
which corresponds to the characteristic number 1 is of the first degree.

Proof. By (69), Section 4, the stochastic matrix P = ()]
can be decomposed as follows

A, 0 Lo e e e 0
0 A 0
P=1|0.......... A,0 ... 0
Ag+1,1 ’ Ag+1 [4 Aq+1 “““ 0
| Ao A, A,
where A,, A, ..., A, are irreducible matrices, and

Ap LAt oA #0 (f=g+1,...59).

Now the isolated matrices 4,, 4,, . . ., 4, are irreducible stochastic
matrices; therefore the number 1 is a simple characteristic root
for each of them. On the other hand, the other diagonal blocks
Ag4y,- -+ A, are irreducible, and by Remark 2 on p. 76, the
dominant characteristic number of each of them is less than 1
(< 1), since at least one row sum in each of these matrices is
strictly less than unity.3?
Thus the matrix P can be represented in the form

r=[ o)

The submatrix (; has characteristic root 1, the corresponding
elementary divisor being of the first degree. The matrix @, does
not have 1 for a characteristic root. The theorem is now intuitively
clear; we make the proof rigorous by establishing the following
lemma, which will conclude the proof.

32 These properties of the matrices 44, ..., 4, also follow from Theorem 6.
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LEMMA 4. Let a matriz A have the form

A= [gl ((Q)J’ (90)

and suppose that Q, is a (square) matrixz which has characteristic
number Ay, while Qy is a (square) matrix for which 2, is not a charac-
teristic voot:

det (Q, — A E) =0, det (Qy — 4, E) # 0.

Then Ay is a characteristic root of A, and the elementary divisors of
A and of Q, which correspond to the characteristic root Ao are the same.

The proof of this lemma depends essentially on the fact that
the equation Q,U — UQ; = S has a solution U whenever (,,
@5 have no characteristic root in common; and this last fact can
be proved by relying on the Jordan normal of the matrices Q,,
Q,. Taking this fact for granted, the proof proceeds as follows.

(i). First suppose that Q;, Q, have no common characteristic
root. We begin by showing that, in this case, the elementary
divisors of @, and @, form in their collection the elementary
divisors of the matrix 4; i.e., that there is a matrix 7 (det T 5 0)

such that
0
TAT! = |:Ql } .
0 0,

Indeed, the matrix T can be taken to have the special form
E, 0
r= &)

where the partitioning in 7T is conformal with that in A4, and
where E,, E, are identity matrices. The computation for TAT1is

rars =[5 2)[& N8 )= [od o s 6

- (1)

(91)

Equation (91’) will read the same as equation (91) if the



104 III. MATRICES WITH NONNEGATIVE ELEMENTS

rectangular matrix U is chosen so as to satisfy the matrix equation
Q.U —UQ, =S.

(ii). We turn now to the remaining case, in which @y, Q,
have characteristic roots in common. We employ a preliminary
similarity transformation, with transforming matrix diag (1, E,),
in order to bring Q, in (90) to its Jordan normal form

J =diag (Jy, J») = 710,171,

where [, is a submatrix consisting of all the Jordan blocks which
have characteristic number 4,. Then A takes the form

]1 0 0 0 ]1 0O 0 O

410 J: 0 0of _Jo T
S11 512 Q Su | Qz
S21 5223 2 521

Since the matrices J;, @, have no common characteristic numbers,
this matrix comes under the preceding case. That is, the elementary
divisors of the form (4 — 4,)? for the matrices 4 and J, are the
same, which is to say that the elementary divisors of the matrices
A, Q, which correspond to 4, are the same. The lemma is proved.

By (31), if an irreducible stochastic matrix P has a nonreal
characteristic number A4, with | 4,| = 1, then the matrix A,P
is similar to the matrix P. By Theorem 10, the elementary divisors
of P which correspond to 4, must all be of the first degree. This
conclusion is easily extended to the case of a reducible matrix P,
by making use of the normal form of P, and Lemma 4. We have
proved

CoroLLARY 1. Let P be a stochastic matrix, and let 2y be a
characteristic number of P, | Ay | = 1. Then the elementary divisors
(A—2y)? of P which corvespond to Ay ave all of the first degree (p=1).

We can obtain another corollary of Theorem 10 if we use
assertion 2 on p. 101.

COROLLARY 2. Let A (= 0) be a nonnegative matvix with dominant
characteristic voot v, and let a corresponding characteristic vector
be positive. Then if Ay vs any characteristic voot of A with | Ay | =7,
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then all the elementary divisors of A corresponding to A, are of the
first degree.

We conclude this section with a résumé of certain papers dealing
with the location of the characteristic roots of stochastic matrices
and related nonnegative matrices.

Every characteristic root of a stochastic matrix must lie in
the circular disk | 1| = 1 of the A-plane. We denote by M, the
collection of all points which are characteristic roots of some
stochastic matrix of order #.

In connection with the investigation of Markov chains,
A. N. Kolmogorov, in 1938 [34], called attention to the problem
of describing the sets M,. In 1945, N. A. Dmitriev and E. B.
Dynkin gave a partial solution of this problem [12], and the
solution was completed in 1951 by I'. I. Karpelevich [32]. It
turned out that the boundary of M, is a simple curvilinear
polygon with vertices on |1]| = 1.

If A4 is a nonnegative matrix, with dominant characteristic
root 7, to which there corresponds a positive characteristic vector,
then the characteristic roots of 4 are respectively 7 times those
of a certain stochastic matrix (see p. 101). Thus the set of charac-
teristic roots of such matrices, for fixed » and fixed order #, fills
out the set » - M, where this last symbol denotes the collection
of all points of the A-plane of the form 7u, u € M,. Now an arbitrary
nonnegative # X # matrix 4 (= 0) is the limit of a sequence of
nonnegative matrices of the above type. Moreover, the set » - M,
is closed. Thus for fixed » and fixed order #, the characteristic
numbers of the nonnegative matrices 4 with dominant charac-
teristic number 7 fill out 33 the set » - M,.

To this circle of problems belongs also 3¢ the work of H. R.
Suleimanova [64], which establishes certain sufficient criteria
for n preassigned real numbers ;, 4,, ..., 1, to be characteristic
numbers of some #-dimensional stochastic matrix P.

3 This argument is due essentially to A. N. Kolmogorov ([12, Appen-
dix ).
3 See also [54].
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§ 7. Limiting probabilities for homogeneous Markov
chains with a finite number of states

1. Let there be given a homogeneous Markov chain, for
which the matrix P = (p,;)} is the (stochastic) matrix of tran-
sition probabilities. Suppose the # possible states of the system
to be (see p. 99)

Sy, So 4 S,

Now we introduce the symbol p!? to represent the probability
of finding the system in state S, at the instant ¢#,, supposing that
the system was in state S, at the instant ¢,_, (¢, 7 =1,2,..., #;
g =1,2,...). According to this definition, we have automatically

B =p,; (¢ 7=12,...,n). The rules for multiplying and
addmg probabilities give the recursion relation

q+1) z (ﬁ(q)) ph;‘ (Zr 7 = l’ 2r R n),

which amounts in matrix notation to the equation

Ba) = ()7 (Pu)i-

This is all that is needed to complete an inductive proof of
the formula 3%

Py =P (g=1,2...).
If the limits
impld) = p3  ((,7=1,2...,n)

q—00
exist, i.e., if the matrix limit

lim P = P* = ()7,

gq—00
exists, then the numbers $5; (¢, 7 =1, 2,..., #n) are called the
Limiting or final transition probabilities.3®

3 Thus it is seen that both the probabilities 751('?) and the probabilities
Py (6, 7=12,...,n,9g=12,...)are independent of the index & of the
initial time ¢;.

36 The matrix P is stochastic, as it is the limit of stochastic matrices.
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In order to find conditions for the existence of limiting tran-
sition probabilities, and to derive relevant formulas, we introduce
the following terms.

We call a stochastic matrix P and the corresponding homo-
geneous Markov chain proper if the matrix P has no characteristic
roots (5= 1) of modulus 1, and call a matrix or chain regular if it
is proper and if 1 is a simple characteristic root (simple root of the
characteristic equation) of P.

A matrix P is proper if and only if the matrices 4,, 4,, ..., 4,
of the normal form (69), p. 90, are primitive. For a regular
matrix, g = 1 as well.

A homogeneous Markov chain is called srreducible, reducible,
aperiodic, periodic if the corresponding stochastic matrix P is
respectively irreducible, reducible, primitive, imprimitive.

According to these definitions, every primitive stochastic matrix
is proper, and similarly, every aperiodic Markov chain is proper.

We show that only proper homogeneous Markov chains have
limiting transition probabilities.

To this end, let P = (p,;)] be a proper stochastic matrix, and
let (4) be its minimal polynomial:

Y(A)=(A—2A)™(A—Ay)™2. . . (A—A,)™ (A7 0, k=1,2,...,u). (92)
By Theorem 10, we may renumber the roots so that
ll — 1’ ml —= 1 (93)

The special formula which was used to derive (82) yields in this
case

c@ay 1 C (2 g1}
Pt = En) [ Uc]( ) zq} g (94)
e (e — 1) L (A) - dasag
where C(1) = (AE — P) 'y(4) is the reduced adjoint matrix;

4)

*(2) = vl k=1,2,...u);

y(4) (0 — 2 ( V2, u);
v(4)
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For a proper matrix P, we have
[A: ] <1 (k=2,3,...,u),

so that all but the first of the summands in the right member
of (94) have limit 0 as ¢ — co. We have shown that when P is
a proper matrix, the matrix P* of limiting transition probabilities
exists, and is given by the formula

Cc(1
® = ,( ) . (95)
¥ (1)
The converse of this statement is obvious. For if the limit
P*® = lim P? (96)
q—>0

exists, then the matrix P cannot have any characteristic number
Ax (# 1) of absolute value 1; indeed if |4, | =1, 4, # 1, then
lim_,, A% could not exist. But this limit must exist if (96) holds.

To summarize: if P is the matrix of transition probabilities of
a homogeneous Markov chain, then the matrix P® of limiting
transition probabilities exists if and only if the chain is proper.
The matrix P* is the matrix defined by (95).

We can also express the matrix P* in terms of the characteristic
polynomial

A() = (b= )"k = Jg)™ . o (7 — 2" (07)
and the adjoint matrix B(1) = (AE — P)~'4(4). The identity
needed for this purpose is

B@) C(2)

4G yp@)
From this identity, we obtain

—1)B —1
@ —1B @ _ - 1CE) o)
4(2) »(4)
and on the assumption #; = 1, which is certainly valid for a
proper, and hence for the regular Markov chain we are con-
sidering, this leads to B(1)/4'(1) = C(1)/y'(1), and hence, by (95)
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P® = B(1)/4'(1). (99)

2. Let P be a general (not necessarily regular) proper stochastic
matrix. We consider the corresponding Markov chain. We
write P in the normal form

Op. ... .0 O0......0
0
p—|" Qs o (100)
Lg+1,1 - Ui Qo1 .
_Dv31 oot Usy o Us,s—l Qs_
where each of Q,, ..., Q, is a primitive stochastic matrix, and

where each of the irreducible matrices Q,,,, ..., ¢, has dominant
characteristic root less than 1.
We make the abbreviations

Uy+1,1 ot Ug+1,ﬂ Qv+1 .o 0
U=/]-+%4'oooo... S W= )
Usl ot Usy Us, g+1 - - Qs

and write P in the form

O, ... 0 0
P = _

o ... 0, 0

L U W

Because P can be written in the above form, it follows that
P? can be written as
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0fF ... 0 0

Pr=| N (101)
0 ... Q 0
_ U, w,_

Now (see below) the matrices Q5°, W* exist, so we may write

0r ... 0 0
P = lim Pt =
g0 .
0 ... 0° 0
. U, we |

In the first place, W* = lim__,, W? = 0, since the moduli
of the characteristic roots of W are strictly less than 1. Thus

o° ... 0 0]
pPe = L L (102)
0 ... 0 0
L Us 0 _
Next we show that the matrices Qf°, ..., Q° are positive:

0% =0,...0°>0.

To do this, we apply formula (99), and refer to formula (35),
p. 75; note that formula (99) applies, since @, is primitive
h=1,2,...2).

Finally, we note that if P is a stochastic matrix, each column
in the adjoint matrix £ — P is constant since the row sums are
all zero. Thus all the elements in a fixed column of a particular
0, are equal:

o= ()= (=129
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We can partition the states S;, S,, .. ., S, of the system under
consideration into groups

D1 Do D Dol Do (103)

the number of states in the first group being equal to the number
of rows in the block Q, in formula (100), etc.

The states of the various groups >;, >, ..., 3, are called
essential by A. N. Kolmogorov; the states of the remaining groups
are.called inessential.

We observe from the forms (100), (101) of the matrix P¢
that only the following g-step transitions (from instant ¢, , to
instant #,) are possible: (a) from an essential state to another
essential state of the same group; (b) from an inessential state to
an essential state; and (c) from an inessential state to another
inessential state of the same group or of an earlier group.

From formula (102) for the matrix P>, it follows further that
the limiting probabilities are zero except for tramsition into an
essential state, i.e., that the probability of transition into an
inessential state after ¢ steps tends to zero as ¢ — 0. For this
reason, essential states are sometimes called limiting states.

3. By use of formula (95), or by the method of the footnote,3?
we obtain the relation

(E — P)P® = 0.
This shows that each of the columns of the matrix P® is a charac-
teristic vector of the stochastic matrix P, corresponding to the charac-
teristic voot A = 1.

If P is a regular matrix, the number 1 is a simple root of the
characteristic equation. In such a case, there can be only one
characteristic vector (1, 1,...,1)" (to within a scalar factor).
Thus, all the elements in a fixed column, say the jth, of the
matrix P* have the same value ) :

P =0%5=0 Gg=1,2,...,m; jzlp;,‘g. =1). (104)
This can be translated into physical terms: for a regular chain,

3 Allow ¢ to increase without limit in the relation ¢ — P - Pe-t — ().
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the limiting transition probabilities do not depend on the initial
state S,.

Suppose conversely that the limiting transition probabilities
for a certain proper homogeneous Markov chain are independent
of the initial state, i.e., suppose formulas (104) hold. Then in
formula (102) for the matrix P%, we must have g = 1. But
then, #, = 1, and the chain is regular.

If we suppose that the chain is not only regular, but also
‘acyclic, then P is a primitive matrix. If we refer to Theorem 8
(p. 97), we recall that, for some ¢ > 0, P? > 0. From this fact
we can conclude that P* is positive by using the equation 3¢
P>® = P*® P? > 0. A second proof of the fact that P> is positive
can be constructed from formula (99) and inequality (35) (p. 75).

Conversely, suppose that P® > 0. Then for some g > 0, we
must have P? > 0. By Theorem 8, the matrix P must be primitive,
and the corresponding homogeneous Markov chain is therefore
acyclic.

We formulate the results just obtained in

THEOREM 11. A necessary and sufficient condition that a homeo-
geneous Markov chain possess lLimiting (or final) transition
probabilities between every pair of states is that the chain be proper.
If this condition is fulfilled, the matrix P® of limiting transition
probabilities is given by formula (95).

A necessary and sufficient condition that the limiting transition
probabilities of a proper homogeneous Markov chain be independent
of the initial state is that the chain be regular. If this condition is
fulfilled, the matriz P* is given by (99).

A necessary and sufficient condition that the limiting transition
probabilities of a homogeneous Markov chain all be positive s
that the chain be acyclic.3®

38 Allow m to increase without limit in the relation Pm = Pm-e¢. [
(m > ¢). Note that P® is a stochastic matrix; P® = 0. Moreover, every
row of FP® contains nonzero elements. Hence P*® P7 = 0.

3 If P® > (, the chain is acyclic and hence regular. Thus, the relation
P> > 0 implies that the limiting transitional probabilities are independent
of the initial state, i.e., that formula (104) holds.
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4. Now we turn to a discussion of the vector of absolute probabilities
P = (P, pU L pEY (B =0,1,2,...). (105)

Here, p*! is the probability that the system should be in the
state S; at instant ¢, ((=1,2,...,n;, k=0,12,...). The
theorems on addition and multiplication of probabilities yield
the relations

pE = i o) G=12...n k=1,2...),
=1
which is the same as the matrix equation
P — Priplo] k=1,2,...), (106)

where P’ is the transpose of the matrix P.

As soon as the initial probabilities pi%, pio, .. . A% and the
matrix of transition probabilities P = (p,;)7 are given, all the
absolute probabilities (105) are determined (by formula 106).

IFrom the absolute probabilities (105) we can define the limiting

absolute probabilities

Pl = lim pi*! (=1,2,...,n)

k00
or
P = (B BT ) = lim Y,
k—o00
If we let 2 — o0 in (106), we find
p[OO] — p>’ ;b[‘”. (107)

Thus if the matrix P of limiting transition probabilities exists,
then the limiting absolute probabilities pl®I= (pl>®], pi=>l . plely’
must exist for an arbitrary assignment pl0 = (pl0] plol . ploly’
of initial probabilities, and conversely.

Since the matrix P> has the form (102), it follows from for-
mula (107) that the limiting absolute probabilities which corrrespond
to inessential states arve zevo.

The equality P’ - P®" = P>’ obviously holds. If we multiply
both members of this equality on the right by 1%, and use (107),
we obtain
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P - p[m] — ?[00]’ (108)

which says that the columm-vector p of limiting absolute prob-
abilities is a characteristic vector of the matriz P’, corresponding
to the characteristic number A = 1.

If the given Markov chain is regular, then 4 = 1 is a simple
root of the characteristic equation of the matrix P’. Thus, the
vector of limiting absolute probabilities is uniquely determined
. from (108), since the components pi*! ( = 0) are nonnegative,
and their sum is 1: X7, pl® = 1.

A further property of a regular Markov chain can be derived
as follows, by combining (104) with (107):

= Z By b = % ZP“” =t (=1L2..,%). (109)

Thus the limiting absolute probabilities p®!, i), ..., pl®! are
independent of the initial probabilities p{%, 4%, . . ., plol,

Conversely we see from (107) that if $(*? is independent of
p'%, then the rows of P* are identical:

?ﬁzpr (h’ 7.: 1) 2»---:”);

this means that P is a regular matrix, by Theorem 11.
If P is a primitive matrix, then P* > 0; by (109), then,

PN >0 (j=1,2,...,n).

Conversely if these last relations hold, and if the limiting
probabilities [ are independent of the initial probabilities in
addition, then every column of the matrix P* is constant (by
(109) with p{® = 1, etc.). Further, the matrix P is positive:
P* > 0, so that P is a primitive matrix, by Theorem 11; and
the given chain is acyclic.

We have proved that Theorem 11 can be reformulated as
follows.

THEOREM 11'. 1. A mnecessary and sufficient condition that all
the limiting absolute probabilities for a given homogeneous Markov
chain should exist for each set of initial probabilities is that the chain
be proper.
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2. A mecessary and sufficient condition that all the Limiting
absolute probabilities for a given homogeneous Markov chain should
exist and be independent of the initial probabilities is that the chain
be regular.

3. A mecessary and sufficient condition that all the limiting
absolute probabilities for a given homogeneous Markov chain should
exist, be positive, and be independent of the initial probabilities is
that the chain be acyclic.

N.B. The second part of Theorem 11’ is sometimes called
the ergodic theovem; the first part, the general qguasi-ergodic theorem
for homogeneous Markov chains.

5. Now let us consider a general homogeneous Markov
chain, with matrix P of transition probabilities.
Let (69) be the normal form of the matrix P, and let the in-

dices of imprimitivity of the submatrices A, 4,, ..., 4, in (69)
be hy, kg, ..., h,. Let h be the least common multiple of the
integers %y, hy, ..., h,. Then no characteristic root (# 1) of

P" has absolute value 1, t.e., P* is a proper matrix; moreover,
P, P2, ... P"1 are not proper. Let us call the number % the
period of the given homogeneous Markov chain.
Since P* is a proper matrix, the limit
lim P = (P")*

q—>00
exists, and thus the limits

lim Pr+er = P, = Pr(P")™
q—>00
exist for r =0,1,..., 4 — 1.

In the general case, then, it is clear that the sequence
P, P2, P3, . .. splits into & mutually disjoint subsequences, each
of which has a limit P, = P"(P")*® (»r=0,1,..., h—1).

Formula (106) enables us to compute the absolute probabilities
from the transition probabilities. We find that the sequence

P P P
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splits into % subsequences, each of which has a limit:
lim pl ™ = (P'M*pr (r=0,1,2,..., b —1).
q—>00
For an arbitrary homogeneous Markov chain with a finite
number of states, the displayed limits (110), (110') always exist
as limits of arithmetic means

P = lim i}jpk— (E+P+ ...+ Pr1y(Py™ (110)

N—oo k=1

N
$ = lim i S pikl = P pll, (110)
N N k=1

Here P = ($,;)} and p = (§y, Ps ..., §,). The quantities
by G, 7=1,2,..,m) and p;, (j=1, 2,...,n) are called the
mean limiting transition probabilities and mean limiting absolute
probabilities respectively.

Because of the equality

N+1 1
lim —Z P* = lim —E P*,
Neooo 4 N-—»c0 k=1
the relation
Pp="P
must hold, from which we can conclude by using (110’) that
P'p = p, (111)

ie., p is a characteristic vector of the matrix P’ for A = 1.
Further, we note that, because of formulas (69) and (110), we
can represent the matrix P in the form

A, 0 0
0 A~2 0 0
2 :
o o0... 4,
U w
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where

.........

But the absolute value of every characteristic number of the
matrix W is less than 1. From this, the conclusions

lim W* = 0, W=o0
k—o0
follow.
Thus
[4, o ...0 ]
0 4,. . .0 o
P=| ... ... . (112)
0o o.. .4,
Since P is a stochastic matrix, the matrices 4,, 4,, ..., A, are

also stochastic.

From this representation of P, and from (107), it follows that
those mean lLimiting absolute probabilities which correspond to
tnessential states are all equal to zevo.

If the number g in the normal form of the matrix P is equal
to 1 (g = 1), then the number 2 = 1 is a simple characteristic
number for the matrix P’

In this case p is determined uniquely from (111), and the
mean limiting probabilities $,, $,, . . ., #, do not depend on the
initial probabilities $P, % ..., p% Conversely, if # does not
depend upon !, then, by (110’) the matrix P has rank 1. But
the matrix (112) has rank exceeding 1 unless g = 1.

We formulate the above results in the following theorem.

THEOREM 12. (Sometimes called the asymptotic theorem for
homogeneous Markov chains.) Let an arbitrary homogeneous
Markov chain have period h. Then the matrices P* and p™*) of
probabilities tend towards periodic repetition (k ->o0); the mean
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limiting transition probabilities P (15” T and mean limiting
absolute probabilities p= (P, Ps, - - ., P,) defined by formulas (110),
(110)" always exist.

All the mean limiting absolute probabilities which correspond
to inessential states arve zero.

If the number g in the normal form of the matrix P is 1 (g = 1),
and only if g = 1, the mean limiting absolute probabilities are in-
dependent of the initial probabilities %, P, ..., P9 and are
uniquely determined from equation (111).

§ 8. Totally nonnegative matrices

In this section and the following one, we shall consider matrices
of real elements, in which the minor determinants of all orders,
in particular the elements themselves, are nonnegative. Such
matrices have important applications in the theory of small
oscillations of elastic systems. The reader will find a detailed
study of these matrices and their applications in [24]. In the
present treatment we give only basic properties of these matrices.
1. We begin with the definition

DEFINITION 5. A rectangular matrix
A=(a;) (=12,...,m k=12,...,n)

s called totally nonnegative (totally positive) if every square
minor of this matrix has nonnegative (positive) determinant:

A[il’ R ":| = 0 (respectively > 0

Ry kg oo by (respectively > 0)

(1§;ii;:<"'z;”§n;p=1,2,..., min(m,n)).
»

In the sequel, we consider only square matrices which are
totally nonnegative (positive).
Examples. 1. The generalized matrix of Vandermonde

V=1(a"] 0<a<a,<...<a,, o <og<...<a,)
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is totally positive. First we prove that V has nonzero determinant
(det V' 0). In the contrary case, there would exist real numbers
€y, Ca - - -, € DOt all zero, such that the polynomial

n
f@) =3 cpa™

k=1
has n zeros, x;, =a, (1 =1,2,...,n), where »n is the number
of powers being added. This is impossible for # = 1. We assume,
as an induction hypothesis, that this has been proved impossible
for any number of summands fewer than %, and on the basis of
this assumption prove it impossible for » summands. By Rolle’s
theorem, the function [27"/(z)]" has a zero between every two
zeros of f(z); since this last function has only # — 1 summands,
it cannot have #n — 1 positive zeros, so f(x) cannot have % positive
Zeros.

Thus det V' is not 0. If we allow the exponents «;, to vary con-
tinuously by replacing « by fx;, + (1 — ¢)(k — 1), where ¢ varies
from 1 to 0, we see that the various exponents are unequal for
each value of ¢; and for # = 0, the matrix becomes the ordinary
Vandermonde matrix, which is known to have positive determinant.
Since the determinant of ¥ would vary continuously with ¢, and
since it is never 0, it must be positive.

Since any square minor of a generalized Vandermonde matrix
is again a generalized Vandermonde matrix, all minors of ¥ have
positive determinant.

2. As a second example we consider the matriz of Jacobi

ay, by, 0, ...,

, (113)

............

0, 0, 0,...,¢,4,4a,

that is, a matrix in which all the elements are zero except those
on the principal diagonal, and those on the diagonals just above
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and just below the principal diagonal. We derive a formula which
expresses the value of the determinant of an arbitrary minor of
this matrix in terms of the determinants of the prinicpal minors,
and the elements b,, ¢;. Suppose

Sz‘1<z'2<...
TRy < ky<...

and

iy = Ry, 1g =Ry, . . ., 1, = k,,l; 41 F kv1+1’ Cea by, k,,z;

lyr1 = Kygrs - -y, = Ry 5o
Then
iy, oo B\ (1o B0\ 7 f G i\ 7 Tygtts-os Tog
] (klr k2l ] kp) _J (kll ety kvl)](kulJrl) h -J(kv:)](kv:+l7 Tt kus) o
(114)

The truth of this formula follows from the equality

Upyee 0N o Trreeos Tud\ 7[00\ 7 Poatrvor by . =
S R b YL O sl [CIRS AR
which is easily verified.

Formula (114) says in effect that any minor determinant is
equal to the product of certain principal minors by certain elements
of the matrix J. Thus, the matrizx | is totally nonnegative if
and only iof all its elements and all its principal minors are non-

negative.

2. The following important determinantal inequality*° always

40 See [24]. There it is shown that the sign of equality in (116) can
hold only in the following obvious cases:

1. if one of the factors of the right member is zero; 2. if all the elements
ay (1=1,2,.. ., p;k=p+1,..., n),orall theelementsa,;, (i=p-+1,...,%;
k=1, 2,... p) are zero.

Inequality (116) has the same character as a generalization of an in-
equality of Hadamard concerning positive definite Hermitian or quadratic
forms.
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holds for a totally nonnegative matrix
1,2,...,n 1,2,..., 4] [p+1,.
<
A[l, 2, .. .,n]=A[1, 2, .. .,p:|Al;b—|—l } #<m). (116)

The following preliminary lemma is needed.

LEmMA 5. Let A = (ay)? be a totally nonnegative matrix, and
let some principal minor be singular (have zero determinant). Then
every principal minor contaiming it (as a submatriz) is also
zero.

Proof. The lemma will be proved, if we show that whenever
A = (a;;)7 is a totally nonnegative matrix, the equality

L2,...,q]
A[I,Q,...,q]—o (g<m) (117)

implies
L2...,n|
4 I:l, 2, ..., n:| = 0. (118)
We consider two cases.
(1) a;; = 0. Since det (lel le‘:) = —aga,, =0,

a3=0, a1, =0 (1, k=2,..., n), then either all a;,=0 (i=2,..., n)
or else all a;;, =0 (k= 2,...,%n). Relation (118) follows from
these equalities and from a,, = 0.

(ii). @y, # 0. Then for some p (1 =< p < gq)

A[12 sz;éo A[i:i;::::iii:ﬁ:o. (119)

We define the bordered determinants

de=a|yy b k= s 1w a2

and form the matrix D = (4:x)p which has them for elements.
By the determinantal identity of Sylvester [47], we have
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iy a4
Dl ]

L,2,..,0— 11N [L,2,..,0—1, 4y, 4y ..., 1,
_— ) ) 3 >
{A[1,2,...,;b—1}} A{I,Q,...,p—l,kl,k2,...,kg:| =0

< <. < (121)
<! ‘<mg=12..,n— 1
(;b—k1<k2<...<kg—n’g R A

so that D is a totally nonnegative matrix.

Now by (119) we see that d,, is zero:

L L,2,...,p]
t=alyy g0

so that the matrix D = (d,;) falls under case (i) above, and the
relation

p,p+1,...,mn 1,2,...,p—1\"7" 1,2,...,n

OzD[p,ﬁ +1,.. .,n:]:{A[l, 2,...,p— 1]} A[l, 2, .. n]
holds. Moreover, since the first factor of the right member is
not 0, relation (118) follows, and the lemma is proved.
3. It is now clear that in proving (116), we can assume that
each of the principal minors of 4 has nonzero determinant, for
by Lemma 5, if one of the principal minors has zero determinant,
then so has A, and then inequality (116) is obvious.

In case = 2, we can check inequality (116) directly. We know
that a,5 = 0, a5 = 0, so that

A l} z] = A1) 0y — Graly = G13 Qs
Now we give an inductive proof of (116), assuming it is true
for totally nonnegative matrices of dimension less than n (n > 2).
By numbering the indices of the rows and columns backwards if
necessary, we can further assume that p exceeds 1 (p > 1),
since such a renumbering merely interchanges the roles of p
and n — p. .

If we refer to the matrix D = (d,;),, where d,;, (i, k= p,
p+1,..., n)is defined by (120), and if we apply the Sylvester
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determinantal inequality (116) for matrices of order <z twice, we
arrive at the following proof:

uls iii S e

1,2 n
A[ y Sy e ]2
L2,...,n oL p—1I\™ P e p—1
ezl {A[ vl
) _
Al:l,z, ,p}A[l,ﬂ...,p 1,;‘)—}—1,...,”]
1:2) sp 1121 :ﬁ——'lyp_*_l:"':n
1: Z’ . :ﬁ_ 1
A[l,z,...,p 1]
1,2,...,9 p+ 1,
< 22
=A[1,2,...,¢}A R } (122)
Thus inequality (116) is proved in all cases.
We make the following definition.

IA

DEFINITION 6. A minor

iy, gy e iy <y <<, ,
A[kl,kz,...,k,,] (l_k < hy <. <k,,=”) (123)

of the matrix A = (a,;)7 ¢s called almost principal, if exactly one
of the differences iy — ky, iy — kg, . . ., 0, — R, S different from 0.

We call attention to the fact that both inequality (116) and the
auxiliary lemma maintain their validity if the condition “4 is a
totally nonnegative matrix’’ is replaced by the weaker condition
“all the principal and almost principal minors of 4 are non-
negative.”

§ 9. Oscillating matrices

1. A good many remarkable theorems can be stated for the
characteristic roots and characteristic vectors of totally positive
matrices. This class is, however, too restricted from the point of
view of applications to small oscillations of elastic systems. For
these applications, the class of totally nonnegative matrices would
be sufficiently wide; but the necessary spectral properties are not
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valid for such a wide class of matrices. There is an intermediate
class of matrices which is sufficiently wide for the applications,
and sufficiently restricted to maintain the spectral properties
desired. This is the class of oscillating matrices. This name is used
because the matrices of this class give a useful mathematical
apparatus for investigating the properties of small oscillations of
linear elastic systems.4!

DEFINITION 7. A matriz A = (a;,)" is called an oscillating
matrix if A is a totally nonnegative matriz, and if there is a positive
integer q (q > 0) such that A% is a lotally positive matriz.

Example. The matrix [ of Jacobi (113) is an oscillating
matrix if and only if (i) all the numbers b, ¢ are positive, and
(ii) the leading principal minors are positive:

a, > 0, det [“1 bl} > 0.
€1 Co

[ay, 6,0, ..., 0,0

a, by Cqr Ay, by, , 0,0
detl:c1 a, b2J> 0,...,det| 0, ¢5,a5,..., 0, 0 |>0. (124)

0 ¢cyas| .

0, 0, 0, Cp1, @y

Necessity of conditions (i), (ii). The numbers b, ¢ are non-
negative in any case, if J is an oscillating matrix. Further, none
of the &, or ¢; can be zero, since the matrix J would then be
reducible, and no power of a reducible matrix is totally
positive. Thus the b; and ¢, are all positive. As for the principal
minors (124), they must all have positive determinant, for det J
is nonnegative, and even positive (since det J¢ > 0); so we can
apply Lemma 5.

Sufficiency of conditions (i), (ii). We give first a detailed proof
of the fact that J is nonnegative. If we expand a leading (and
hence positive) principal minor by Laplace s expansion on the
first ¢ rows, we obtain

41 See [24].
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1,...,p 1L, [i+1,...p
A[l,...,;b] - [1,...,;‘}4[i+ 1,...,p}
L..o,i—17,[i+2...¢
— by A[l,...,z'— JA[z‘jLz,...,pJ’
(1 =7 < p), where empty determinants mean 1. If we take as
an induction hypothesis det (a,;)?,, > 0, then it follows that
det (ay;)?,, is positive, that is, all principal minors on consecutive
rows are positive. Any principal minor determinant is a product
of principal minor determinants of this special type; for non-
principal minors, (114) gives the desired conclusion. In passing
we note that the principal minor determinants of J remain
unchanged if we change b,, ¢; so as to keep their product ;¢
constant.

To show that ] is an oscillating matrix, it is only necessary to
show that all minors of a certain power J? of J have positive
determinant. In order to motivate the argument, we first point
out that this is certainly true for the 1 x 1 minors of J; indeed
in J¢ (¢ > 0) all elements a,; no more than ¢ steps from the
main diagonal (|7 —j| <g¢) are positive. This statement is
to be thought of as being established forg = 1, 2, . . . by induction,
since it is true for ¢ = 1 by assumption.

The corresponding fact for » X » minors (» > 1) depends for

its proof on the lemma that every » X r special almost-principal
minor
JL'I 'T:I’ g=214%—1l=1
L]

of J has positive determinant. Once this fact is established, the
argument given above for the 1 x 1 minors a,; of J? can be
applied to the 1 X 1 minors of successive powers (J™)? of the
compound matrix J©, where ¢ is now Y |7, — j, | instead of
le —71

All hinges, then, on showing that a special almost-principal
7 X7 minor of J has positive determinant. This is true by hypoth-
esis for » = 1, and in any case is seen immediately on expanding
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such a minor in a manner corresponding to that used above in
the case of principal minors (see also p. 120).

We state without proof the following necessary and sufficient
conditions that a totally nonnegative matrix should be an oscil-
lating matrix [24, II, § 7].

1. det A must be positive (and not 0).

2. No element on the main diagonal, no element just above
the main diagonal, no element just below the main diagonal of
A be 0 (a;>0for |2 — k| < 1)

2. The spectral properties of an oscillating matrix are con-
veniently formulated in terms of certain concepts and notations
which we now introduce.

For a column vector # = (u,, u,, . . ., #,) we count the number
of changes of sign in the sequence u,, #,, . . ., u, of coordinates,
giving arbitrary signs to the zero coordinates (if any). Depending
on the particular signs ascribed to the zero coordinates, the number
of changes of sign can vary between well-determined bounds.
We denote the maximum and minimum numbers of changes of
sign by Sy and S; respectively. In case these numbers are equal,
Sy = S,, we speak of the exact number of changes of sign, and
denote this by S,. It is clear that the relation S} = S, holds if
and only if I the first and last coordinates #,, «, of the vector #
are nonzero, and 2, whenever the equality #, = 0 holds
(1 <7 < m), the inequality », , #,,, < 0 also holds.

We now prove the following fundamental theorem.

TurEorREM 13. 1. An oscillating matriz A = (a,,)? always has n
distinct positive charvacteristic numbers

AMA>A>...>1,>0. (126)

2. If u'V 4s any nomnull vector (uyy, Ugy, . . ., %,) such that
A u® = uV),, the coordinates u,y are all different from zero and
of the same sign. If u'® is a characteristic vector (iyy, thyy, « - -, 1,5)
corvesponding to Ay 1 A u® = u},, the sequence of coordinates
;5 has exactly one change of sign; and in general, if u'® is a charac-
teristic  vector  corresponding to Ay A u® = u®i,  u® =
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(W1 Uois - - - Uyr), the sequence uy, k fixed, has exactly k — 1
changes of sign (k=1,2,..., n).

3. Ifc,coin, ooy V=g =<h<mn) are any real numbers,
not all zero, then the number of changes of sign in the sequence of
coordinates of the vector

h
=y c, u® (127)

k=g
is ‘between g — 1 and h — 1 inclusive:
g—1<S;<Sr<h—1. (128)

Proof. (i). We order the characteristic numbers of the
matrix 4 in such a way that

hl=ll=z... 214,

and consider the pth compound A4, of the matrix 4
(p=1,2,...,mn),ie., the matrix whose elements are the p x p
minor determinants of 4, indexed in some order. The characteristic
numbers of 4, are the various products of the characteristic
numbers of A, taken p at a time:

Mty oAy My Ay Ay

By hypothesis, there is an integer ¢ so that A4¢ is totally
positive. From 4,4, = (4%),, we sec that A7, is the pth
compound of 49 and is therefore totally positive. On the
other hand, 4, is nonnegative (4, = 0). Thus 4, is actually
an irreducible nonnegative matrix, and so is a primitive matrix.
By the theorem of Frobenius (Section 2, Theorem 2, p. 65),
applied to A4, we conclude

MAdg.. A, >0 (p=1,2,...,n),
1122'"AP>2112"'2P—IAP+1 (ﬁ: 1, 2,...,”— ].).

These inequalities imply (126).

(ii). Having established inequalities (126), we see that
A = (a;)7 is diagonizable. It follows that every compound
matrix 4, is also diagonizable.
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Let U = (u,;;,)7 be the matrix of characteristic vectors of A,
so that the kth column of U is the characteristic vector u'® of
A corresponding to the characteristic number 4,. The charac-
teristic vector of A4, which corresponds to the characteristic
number 4, 4, ... 4, has coordinates

U[Zl, 2 %} M=fif<iy<...<iy=n).  (129)

L2 ...p
By Frobenius’ theorem, each of the numbers (129) is nonzero,
and they are all of the same sign. By multiplying «®, 2® . . . u(™
by 4 1, we can arrange that these signs are all positive:
Ty, lgy v v o By 1=0 <ipy<...<i,=n)
U[1,2,...,p:|>0 ( p=1,2.. . n - (130)

The following relation holds for the matrix U of characteristic
vectors of A4:

A =Udiag (4, 4y, . . ., A,) UL, (131)
"Thus
A" =U'"tdiag(4,, 4y, . . ., 4,)U". (132)
From (131) and (132), we see that the matrix
V=U" (133)

is the matrix of characteristic vectors of 4’, and that moreover
the kth column of V is the characteristic vector corresponding
to 4. Now since 4 is an oscillating matrix, 4’ is also an oscillating
matrix. Thus, each of the minors

V[zll’l;’“”;J =i <ip<...<i,=n) (134)

is nonzero and they all have the same sign (p fixed, p=1,2, .. ., #).
On the other hand, (133) shows that the matrices U, V satisfy
the relation U’V = E. Forming the pth eompound matrices, we
obtain
U('p) V(p) = E(ll)'

In particular, since the diagonal element of E|,, is unity, we have
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P P ) P P )
U[l) 2 L] p:] V[ 1“2 y ] — 1. 135
1§i1<52;.,<i,§n L2 ..,p L2 ..., ( )
The left member is a sum of terms, each of which is the product
of two factors. In each term, the first factor is positive, and the

second factors are known all to have the same sign. Thus they
are all positive:

Ty, Tgy « - 0y L =4 <i,<...<i,<n;
V[i,z,.._,p]>0 ( p—1,2.. .1 - (186)
We have shown that the inequalities (130), (136) hold for
1" = U’'-! whenever they hold for U.
Since the minor determinants of the matrix ¥ can be ex-
pressed in terms of the minors of the inverse matrix /-1, we obtain

. mH-%i,,
T 720+« o Jnep _(=1) = PP PO i,
V[l, 2,...,n~7b}~ det U v n,on—1,..,n—p+1])
(137)

where ¢ <i, <...<i, and j; <j,<...<7,., are com-
plementary sets of indices; i.e. in their collection they are a per-
mutation of 1, 2, ..., #. The exponent of (—1) is correct since
27 p1? plus the number of transpositions required to invert the
arrangement (n —$ + 1,...,% — 1,%) is congruent to np
mod 2. From this we can derive the further conclusion

» C .

np+ 3 1 19, 29, .oy Zp 1< . o

(—1) »=U - 0( =;lfzi<‘)...<z”n=n,)
n’n_l)"-)n_P_I_l It Bt B

(138)

since det U is positive by (130), and the left member of (137) is
positive by (136).
Now we take any linear combination

h
u = cpu'®
k=g

of the characteristic vectors #® with coefficients not all zero.
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From (130) we shall derive the second part of (128):

Sq=h—1; (139)
and from (138) we shall derive
S, =g —1, (140)

to complete the proof of (128).
To this end, let us suppose that S} > # — 1. Then there must

. be &+ 1 coordinates u, of the vector u
Uy, Wiy o oo Uy IS, =... S0,y =n) (141)

such that

ht1

[IA

u; w; 0 (@=1,2,...h). (141a)

a lat+l
Moreover, not all the coordinates (141) can be zero, for if they
were, we should be able to say of the vector

h
w=cu® (q=...=¢_,=0)
k=1

that the corresponding coordinates are all zero. This would mean
in turn that the system

h
Sty x=0 (xa=1,2,...4)
E=1 ®
of homogeneous equations has a nonzero solution (¢, ¢, . . ., ¢;)-
But the determinant
Ty, 0y - o vy By
ol
of this system is not zero, according to (130).
Next, we use the relation

cput®

M=

u =
k=1

and the facts established above to conclude that the determinant

Uin Upn Uy
det Ui uizh uiz
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is zero. We get a contradiction by expanding this determinant
by minors of the last column:

rtl i Gy1d i
z(_ l)h*a’}'l%- U Los oD Patl s PR 0
= Chl [ T

By (141a) all the terms of the left member have the same sign;
and we have seen that at least one term is not zero. Thus the
assumption S+ > /4 — 1 has led to a contradiction, and inequality

(139) must be correct.
To establish (140), we introduce the vectors

u*® = (uf, u;"k oty (B=1,2,...,n),
where
wgo= (=) ey, (@, k=1,2,..., n).

n

If we apply (138), we see that the matrix U* = (u},)] must be
such that the relations

T PR p 0 L<d, <, <. <, Em; 142
v l:n n—1,. .., n—p+1]> p=1,2.. . n (142)

hold. But these last inequalities (142) are similar to the set

(130). To carry the analogy further, we set

h
w* =Y (—1)*c u*o), (143)

k=g

Then the assertion corresponding to (139) which we can make is 42

Sh=n—g (144)
We denote the components of u by (uy, u,, ..., u,), and those
of u* by (uf, uy,...,u¥). It is easily seen that

wF = (—1)u, (=12 ...,n0).

2

Thus we have the relation

42 As they appedr in inequalities (142), the vectors #®) are in inverse
order u'™, utn-v, .. .. The vector u is preceded by » — g vectors of
the set.
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S+ S, =n—1,

from which (140) is an immediate consequence, in view of (144).

Having established inequality (128), we can verify assertion

2 of Theorem 13 as the corollary of (128) with ¢ = 4 = k. This
completes the proof of the theorem.
3. In this section we apply the theorem just proved to study
small oscillations of a system of » masses my, m,, . . ., m, which
are situated at the » points ; << 2, << ... < z, of a continuous
elastic segment (string or rod of finite length). The equilibrium
position of the rod is the segment 0 < x <[ of the z-axis.

We denote by K(z, s) (0 <z, s <) the strain function of
the segment (i.e. K(x, s) is the strain at the point z induced by
the action of a force of one unit at the point s.) Further we denote
by k;; the strain coefficient pertaining to the » mass-coordinates:

k=K, z;) (,7=12,..., n).

If n forces F,, F,, ..., F, are applied at the » points
%y, Xy, ... %, the corresponding static strain y(z) (0 < x < 1)
can be found by making the following linear combination of strains:

ylo) = S K@ 2)F,

The equation for the free oscillations is obtained by substituting
for F; the inertial forces m; (0%/08)y(x;t) (1=1,2,...,n):
n 02
y@) = — 2 mK(x, ;) — y(;; t). (143)
i=1 ot
We attempt to find harmonic oscillations of the segment, of the
form
y(x) = ux)sin (pt +a) (0 =2z <1). (146)

Here u(x) is the amplitude function, $ is the frequency, and «
is the phase angle for = 0. We substitute (146) into (145) and
obtain, after cancelling sin (p¢ + «),

u(x) = p? i m; K (x, z;)u(z;). (147)
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It is convenient to introduce the following abbreviations for
the amplitudes and the variable strains at points z, at which
the masses are located

Y=y, t), u;=ux,) (¢=12,...,n).
Then
Y, =u;sin (pt +a) (=1,2,..., n).
It is also convenient to define the following reduced amplitudes
of strain and veduced coefficients of strain
@, = Vmu, Ay = \/mz‘m;' ki (G, 7=1,2,...,n). (148)

Now we return to (147), and replace « in turn by each z,,
and obtain the following system of equations for the strain
amplitudes

» 1
> au; = M, (2.:—2; i=1, 2,...,n). (149)
1 p
It is obvious from (149) that the amplitude vector
@ = (@, 4y, . .., %,) is a characteristic vector of the matrix

A = (a;)] = (\/mimjkn‘):
corresponding to the characteristic root 1 = 1/p2.

It is possible to establish the fact that the matriz (k)7 of
strain coefficients of a continuwous segment is always an oscillating
matriz. As a consequence, the matrix 4 is also an oscillating
matrix! By Theorem 13 it follows that 4 has » positive charac-
teristic numbers

M>d>...>21,=0,

so that there are # simple harmonic oscillations of the continuous
segment with the discrete frequencies p,,

O<pr<pe<...<p, A=1p%i=1,2,..., n).

According to the same theorem, the strain amplitudes which
correspond to the fundamental oscillation. of frequency p, are
either all 0 or all of the same sign. The sequence of strain am-
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plitudes which correspond to the first overtone (frequency #,)
have similarly exactly one change of sign; and in general, the
sequence of strain amplitudes for the overtone of frequency p,,
there are exactly 7 — 1 changes of sign (j =1,2,...,%).

From the fact that the matrix (%,;) of strain coefficients is an
oscillating matrix, the following properties of the oscillating
continuous segment can also be derived. 1. For p = p;, the
amplitude function #(z) which defines the strain amplitudes
in (147) has no nodes; and in general, for p = p;, the function
u(x) has exactly § — 1 nodes (j=1,2,...,7n). 2. The nodes
for two adjacent overtones separate one another; etc.

We do not pause here to establish these properties.



CHAPTER 1V

Applications of the Theory of Matrices to the Study
of Systems of Linear Differential Equations

§ 1. Systems of linear differential equations with variable
coefficients: general remarks

Let us consider the following system of linear homogeneous
differential equations of the first order:

de,' » -
% zrg1 P (C=1,2,...,n), (1)

where p,.(!) (4, k= 1,2,...,n) are complex functions of the
real argument ¢, continuous in a certain (finite or infinite) in-
terval.l

It we write P(t) = (p.(l)) and & = (%, @y, . . ., x,), We can
write system (1) as follows:
dxjdt = P(t)x. )

A matrix integral of system (1) is a square matrix X () =
(%,.(t))1, the columns of which are # linearly independent solutions
of the system.

Since each column of the matrix X satisfies equation (2),
then the integral matrix X also satisfies the equation

axX/dt = P(#)X. (3)
In what follows, we will study the matrix equation (3) instead

of system (1).
From the theorem on the existence and uniqueness of solutions

' All the relations of this section which involve functions of ¢ are to
hold on the given interval.

135
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of a system of linear differential equations,? it follows that the
matrix integral X (f) is determined uniquely if the value of this
matrix is prescribed for a certain (“initial”) value?® ¢ = {,,
X (t,) = X, For the matrix X,, one may take any nonsingular
square matrix of #th order. For the special case X (f) = E, we
say that the integral matrix X (¢) is normalized.

We differentiate the determinant of the matrix X, by dif-
ferentiating according to rows of the matrix X (¢). If we use the
differential relations
% =2 Pa%y @ 1=1...,1),

k=1

we obtain:

(@Jdt) det X = (pry + pos + - . - + pay) det X.

This gives the well-known Jacobi identity
det X =cexp ftt Sp Pdt (4)
where ¢ is a constant, and

SPP:P11+P22++p7m

is the trace of the matrix P(f).

Since the determinant det X cannot be identically equal to
zero, then ¢ # 0. But then from the Jacobi identity it follows
that the determinant det X is different from zero for any value
of the argument,

det X £ 0,

i.e., a matviz integral is nonsingular for any value of the argument.

If X(t) is a particular nonsingular (det X 5 0) solution of
equation (3), then the general solution of this equation is deter-
mined by the formula

X =XcC (5)
where C is an arbitrary constant:_matrix.
2 The proof of this theorem is given below in Section 5. Cf. also any

standard text on ordinary linear differential equations.
3 Tt is assumed that ¢, belongs to the given interval.
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Indeed, multiplying both sides of the equality
dX/dt = PX (6)
by C on the right, we see that the matrix XC also satisfies equa-

tion (3). On the other hand, if X is an arbitrary solution of equa-
tion (3), then from (6) it follows that:

dX dX-X1x) 4X L d(X1X)
SRR e i
dt dt dt X+x dt
d(X1X)
== X —_—,
| PX + X 7
hence from (3)
d(X1X)

and

X-1X = const = C,

i.e., (5) holds.

All the integral matrices X of system (1) can be written in the
form (5) for some C, det C = 0.
We consider the special case:

dXjdt = AX (7)

where A is a constant matrix. Here, X = exp (A4¢) is a particular
nonsingular solution? of equation (7) and therefore the general
solution of this equation has the form

X = (exp A1) C, (8)
where C is an arbitrary constant matrix.
If we set ¢ equal to ¢, in (8), we find that: X,=exp At C.
Hence C = exp (— 4¢,) + X, and therefore formula (8) may be
rewritten in the form

X = [exp A(t — 4,)] X,, (9)
¢ The exponential of the matrix M is defined by the series E + M +

M?/2) + M3/3! 4 ..., which always converges. Differentiating the series
exp At term by term, we find: d(exp A?)/dt — A exp (At).



138 IV. SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS

the familiar formula for a system with constant coefficients.
As a second example, let us consider the so-called system of
Cauchy:

aX 4
= X (4 a matrix of constants). (10)

%—_t—a

This case can be reduced to the previous case by making the
change of independent variable

u=In (! — a).
Therefore, the general solution of system (10) has the following
form:
X =00 = (t —a)4C. (11)

The functions e4! and (¢! — a)4, which occur in formulas (8)
and (11), may be represented in the form

an

eAt —

(Zk'l + Zkzt _’_ e —I_ kaktmk_l) e/\kt, (12)

Il

k=1

(t—a)t= i (Zu+Zipn(t—a)+ ...+ Zy, [In (¢t a)]™1)(t a)s

k=1

(13)
Here,
p@A) = (4~ 4)" (A — )" ... (A — 4™
(A, £ Ay for o £k 7, R =1,2,...5)
is the minimal polynomial of the matrix 4, and Z,;(j=1, 2, ..., m,;
k=1,2,...s) are linearly independent constant matrices,

which are polynomials ® in 4.

5 In the right member of formula (12), each summand
Xy = (Zpg 4 Zyat - o Zy 1Y) AR k=12 ...59)
is a solution of equation (7). For, this equation is satisfied by the product
g(A)e4t, for arbitrary g(1). But X, = f(4) =g(4)e4?, if f(4) = g(A)ert and
g(%4,) = 1, and all the remaining m — 1 values of the function g(4) on the
spectrum of matrix 4 are equal to zero.



§ 2. LYAPUNOV'S TRANSFORMATION 139

REMARK. Sometimes the matrix integral of the system of
differential equations (1) is taken as a matrix W, in which the
rows are linearly independent solutions of the system. It is ob-
vious that the matrix W will be the transpose of the matrix X:

wW=X".
Taking the transpose of both sides of equality (3), we obtain
instead of (3) the following equation for W:

awldat = W) (@ = (9), 9:5 = p30)- (3)
In the right member of this equation the matrix W is the first

factor, and not the second, whereas in equation (3), X is the
second factor.

§ 2. Lyapunov’s transformation

Let us assume that the matrix of coefficients P(¢) = (p,(£))}
in system (1) and in equation (3) is a continuous bounded func-
tion ¢ of ¢ in the interval (¢, oo).

Let us introduce new unknown functions y,, ¥,, . . ., ¥, in place
of the unknown functions ;, ,, .. ., x, by means of the trans-
formation

n
x; = > Ly(t) Yr (t=1,2,..., n). (14)
k=1

n

We put the following restrictions on the matrix L(f) = (£,,(¢))}
of the transformation:

(i) L(t) has a continuous derivative dL/dt in the interval
[to, 0);

(ii) L(t) and dL/dt are bounded in the interval [¢,, o);

(iii) there exists a constant m such that

0 <m < |det L(¢)], t = ¢,

Le., the determinant det L(¢) is bounded below in modulus by
the positive constant .

¢ That is to say, each of the functions p,(t) (¢, A =1,2,..., #n) is
continuous and bounded in the interval (f, o), i.e., for { =,
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If the matrix of coefficients L() = (/,4(¢))7, in transformation
(14), satisfies conditions (i)-—(iii), we will call it a Lyapunov
transformation, and the corresponding matrix L(t), a Lyapunov
matrix.

Such transformations were considered by A. M. Lyapunov in
his famous memoir ‘“‘General Problem of the Stability of Motion”
[42].

Examples. 1. If L = const and det L # 0, then the matrix
L satisfies conditions (i)—(iii). Consequently, a nonsingular trans-
formation with constant coefficients is always a Lyapunov trans-
formation. '

2. If D= (d;)} is a diagonable matrix the characteristic
numbers of which are pure imaginaries, then the matrix

L(t) = Pt

satisfies conditions (i)—(iii), and thus is a Lyapunov matrix.”
It is easily verified that properties (i)—(iii) imply the existence
of an inverse matrix L71(¢), and that L-! satisfies the same
conditions (i)—(iii), i.e., the inverse of a Lyapunov transforma-
tion is again a Lyapunov transformation. Also it can be seen
that the resultant of two Lyapunov transformations is again a
Lyapunov transformation. Thus, the Lyapunov transformations
form a group. Lyapunov transformations possess the following
important property:
I} transformation (14) carries the system of equations (1) into
the system
ay, =
% = glqz'k(t) Y (15)
the null solution of which is stable, asymplotically stable or unstable
in the sense of Lyapunov, then the null solution x;=0 of the initial
system (1) possesses the same property.
In other words, Lyapunov transformations do not change the
stability property of the null solution. For this reason, these

7 In this connection, in formula (12) all m, = 1, and i, = i@, (p, are
real, 2 =1,2,...5).
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transformations may be utilized to simplify the original system
of equations when stability is being investigated.

A Lyapunov transformation establishes a one-to-one cor-
respondence between the solutions of systems (1) and (15), and
linearly independent solutions remain such after the transforma-
tion. Therefore a Lyapunov transformation carries a matrix
integral X of system (1) into a certain matrix integral Y of system
(15), where

X =L(#)Y. (16)
In matrix form, system (15) has the form
aylat = Q@)Y, (17)

where Q(f) = (g, ())? is the matrix of coefficients of system (15).

Substituting the product LY in (3) for X and comparing the
resulting equation with (17), we easily find the following formula,
which expresses the matrix Q in terms of the matrices P and L:

Q = L'PL — L' dL/dt. (18)

We call two systems (1) and (15), or, what is the same thing,
(3) and (17), equivalent systems (in the sense of Lyapunov), if
one is carried into the other by a Lyapunov transformation. The
matrices of coefficients P and Q of equivalent systems are always
connected by formula (18), where the matrix L satisfies con-
ditions (i)—(iii).

§ 3. Reduced systems

The most simple and the most studied systems of linear dif-
ferential equations of the first order, are systems with constant
coefficients. For this reason, systems which can be reduced to
systems with constant coefficients by means of a Lyapunov
transformation are of interest. A. M. Lyapunov named such
systems reducible systems.

Given the reducible system

dX|dt = PX. (19)
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Then a certain Lyapunov transformation

X =L@)Y (20)
carries it into the system

dY|dt = AY, (21)

where A is a constant matrix. Therefore system (19) has the
particular solution

X = L@)e, (22)

[t is easily seen that, conversely, if the system (19) has a particular
solution of the form. (22), where L(¢) is a Lyapunov matrix, and
A a constant matrix, then (19) is reducible, and further that it
is reduced to form (21) by means of the Lyapunov transfor-
mation (20).

Following A. M. Lyapunov, we will show that every system (19)
with periodic coefficients is reducible.®

In the given system (19), let P(f) be a continuous function
in the interval (—oo, 4-00) with period 7:

Pt + 7) = P(t). (23)
In (19), substituting ¢ 4+ v for ¢ and applying (23), we obtain:
¢
EX(T:FL) — POX(t + 7).

Thus, X (¢ 4 ), is a matrix integral of the system (19) whenever
X (¢) 5. Thus,

X(t+ ) =XV
where V' is some constant nonsingular matrix. Since det V # 0

it is possible to define ?

Vit =exp (¢1n V/1).

8 See [42], Section 47.

® Here In V = f(V), where f(4) is any single-valued branch of the func-
tionIn Aina simply-connected region G, which contains all the characteristic
numbers of matrix ¥V and does not contain the number 0.
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If the argument of this matrix function of ¢ is increased by =,
this function is also multiplied by V. Therefore the “quotient”

L(t) =XV~ = X(t) exp (—tIn V/7)
is a continuous periodic function with period 7:
L+ ) =L()

and with nonzero determinant: det L(f) 5= 0. The matrix L(z)
satisfies conditions (i)—(iii) of the preceding section, and is thus
a Lyapunov matrix.

On the other hand, since the solution X of system (19) can be
represented in the form

X =L(t)exp (tInV/z)

then system (19) is reducible.
In the present case the Lyapunov transformation

X=L#Y
which reduces system (19) to the form
ay 1
—=—InV- Y,\
dat T

has coefficients which are periodic with period «.

A. M. Lyapunov established 1° an extremely important criterion
for stability and instability of the first degree (linear) approxima-
tion for nonlinear systems of differential equations

dx, n

= 2 g ¥+ (k) (0 =1,2,.. ., n) (24)
at =
where the right members are convergent power series in
y, Xy, . . ., &,, and (x*) denotes terms of these series of degrees

two and greater in x,, z,, ..., x,,; the coefficients a; (1, k=1,2,... #n),
in the linear members are constant.!!

!0 See [42], Section 24. We call z; = 0 the null solution.

't The cocfficients of the linear members could depend on ¢, The
classical restrictions which are imposed on these functional coefficients
are well known (see [42], Section 11).
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CRITERION OF Lvapuxov. The null solution of system (24)
will be stable (and also asymptotically stable), if all the characteristic
numbers of the matrix of coefficients A= (a,;,)7 of the first linear
approximation have negative real parts, and unstable, if at least
one of these characteristic numbers has a positive real part.

We can apply the above discussion and criterion to a system
with periodic coefficients in the linear members:

de, I
—L= 3 pult)m + (wx). (25)
k=1
In fact, as the preceding discussion shows, system (25) can be
reduced to form (24) by a Lyapunov transformation, where

n [} 1
A = (az)y :‘7 InV,

and V is the constant matrix by which a matrix integral of the
corresponding linear system (19) is multiplied when the argument
is increased by 7. Without loss of generality, we may assume that
7 > 0. It is a property of Lyapunov’s transformation, that the
null solution of the initial system and the null solution of the
transformed system are at the same time stable, asymptotically
stable or unstable. But the characteristic numbers 4; and v,
(i =1,2,... n) of the matrices 4 and V are connected by the
formula
li:ilnvi (=12, ...,m).

T
Therefore, by applying the Lyapunov criterion to the reduced
system, we obtain the following result:!?

The null solution of system (25) will be asymptotically stable,
if all the characteristic numbers vy, v, . . ., v, of the matrix V have
modulus less than 1, and unstable, if at least one of these numbers
has modulus exceeding 1.

A. M. Lyapunov established his criterion of stability of the
linear approximation for a considerably larger class of systems,

12 See [42], Section 55.



§ 4. ERUGIN'S THEOREM 145

namely for systems of form (24), in which the linear approximation
is not necessarily a system with constant coefficients, but belongs
to a class of systems which Lyvapunov called proper.!3

The class of proper linear systems contains as a subset all
reducible systems.

A criterion of instability for the case when the first linear
approximation is a proper system was established by N. G.
Chetaev.1

§ 4. Canonical form of reduced systems.
Erugin’s theorem

We consider the reducible system (19) and the corresponding
equivalent system (equivalent under a Lyapunov transformation)

Ayt = AY,

where A is a constant matrix.

We are interested in the extent to which the matrix A4 is
determined by the given system (19). This problem may also
be formulated as follows:

When are the two systems

dY|jdt = AY,  dzldt = BZ

wheve A and B are constant wmatrices, equivalent in the sense of
Lyapunov, i.e., when can these systems be transformed into one
another by a Lyapunov transformation?
To answer this question, we make the following definition.
We say that two matrices 4 and B of nth order have spectra
with the same real part if and only if the elementary divisors of
the matrices 4 and B have the respective forms

(A—2)™, (A—2A)". .., (A—24)™
(A — )™, (A —p)™, .., (A — py)™

3 See [42], Section 9.
4 See [9, p. 181]; also "1, Chap. V.
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where
Rel,=Repu, (k=12 ...5).
The following theorem is due to N. P. Erugin.!?
TueorEM 1 (Erugin). The two systems
aYjdt = AY, dZ|dt = BZ (26)

(where A and B are constant matrices of nth order) are equivalent
1 the sense of Liapounov if and only if the spectra of the matrices
A and B have the same veal part.

Proof. Consider-the systems (26). We reduce the matrix A4
to the normal Jordan form ¢ (see Appendix II)

A=T{&E +Hy, §E,+H,, .. &E +HYT, (27)
where
v =op + 1B, (ap, B real; R=1,2,...,5). (28)
Formulas (27) and (28) suggest the definitions
Ay =T{a By + Hy, 0 E; + Hy, ..., 0, E,+ H} T2,

29
Ay =TGR By iBoEyy . iB,EJT .
Then
A=A4,+ 4, A, 4,= A,4,. (30)
We define the matrix L(f) by the equality

L(t) = 4t

Then L(¢) is a Lyapunov matrix (see Example 2 on p. 140).
But by (30), a particular solution of the first of the systems
(26) is:
eAt — pdat pdit L(t)eAl(”.

15 See [17], pp. 9—15. The proof of the theorem given here differs from
N. P. Erugin’s original proof.

18 E, is the identity matrix; H, has the elements in the superdiagonal
equal to unity, and the remaining elements are equal to zero; the order
of E,, H, is equal to the degree of the kth elementary divisor of the matrix
A, ie, m, (R=12,...5).
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Hence it follows that the first of systems (26) is equivalent
to the system

aU/dt = A, U, (31)

where, by (29), the matrix 4; has real characteristic numbers
and its spectrum coincides with the real part of the spectrum
of matrix 4.

In the same manner, we can replace the second of systems
(26) by the equivalent system

avjit = B,V (32)

where the matrix B, has real characteristic numbers and its
spectrum coincides with the real part of the spectrum of the
matrix B.

Our theorem will be proven if we show that the two systems (31)
and (32), wn which the matrices A, and B, are constant matrices
with real characteristic numbers, ave equivalent if and only if the
matrices A, and B, are similar.’?

Let the Lyapunov transformation

U=LV
transform (31) into (32). Then the matrix L, satisfies the equation
dL,jdt = A, L, — L, B,. (33)

This matrix equation in L, is equivalent to a system of »? dif-
ferential equations in the #? elements of the matrix L;. The right
member of (33) is a linear operation on the “vector” L; in a
space of »? dimensions

dLl/dt = F(Ll): [F(Ll) = A1L1 - L1 Bl]' (33')

Any characteristic number of the linear operator F (and the
corresponding matrix of order #2?) can be expressed as a difference

17 From this assertion Theorem 1 follows since the equivalence of
systems (31) and (32) implies equivalence of systems (26), and similarity
of the matrices 4, and B, implies that these matrices have identical
elementary divisors, hence the spectra of the matrices 4 and B have the
same real part.
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y — 0, where y is a characteristic number of the matrix 4,, and
d, a characteristic number of the matrix 5,.1% Hence it follows
that all characteristic numbers of the operator F are real.

Let () = (A — A))™((A — Ay)™ . .. (A — A,)™ (4; real; ; == 4,
for ¢ #74;4,7=1,2,...,4) be the minimal polynomial for F.
Then, by formula (12) (p. 138), the solution L,(¢) = (exp Ft)L‘®
of system (33’) can be written as follows:

u my—1

L) =3 > Lytes, (34)

k=1 j=0
where L,; are constant matrices of order ». Since the matrix
L,(t) is bounded in the interval (¢, o), the term L,; is 0 if either
the corresponding 1, is positive (4; > 0), or if 4, is 0 and 7 is
positive (4, = 0, 7 > 0). Let us denote by L_(#) the sum of all
the summands in (34), for which 4, << 0. Then

Ll(t) = L—(t) + Lo: (35)
where
daL_(t
lim L_({) =0, lim :‘( ) =0, L,= const. (35")
t—400 t—+00

Then, by (35) and (35')
lim L,(t) = L,
t-—> 00

whence it follows that
det L, # 0,

'8 In fact, let 4, be any characteristic number of the operator I'. Then
there exists a matrix L 54 0, such that F(L) — A4,L or
(i — A E)L = LB, (*)
The matrices 4, — A4, E and B, have at least one common characteristic
number, since otherwise there would exist a polynomial g(i) such that
g4, — A.E) = 0, g(B1) = L,
but this is impossible, since from (*) it follows that: g(4, — A, E) - L —
L - g(B,) and Ls40. But if the matrices A, — A,E and B, have a common
characteristic number, then A, = y — §, where y and § are characteristic
numbers, respectively, of the matrices 4, and B;. A detailed investigation
of the operator F can be found in the work of F. Golubchikov [26.



§ 5. THE MATRIZER 149

since the determinant det L,(¢) is bounded below in modulus.

Substituting the sum L_(¢) 4- L, in (33) in place of L,(¢), we
obtain:

dL_[dt — A\L_(t) + ByL_(¢) = A,Ly, — B,L,
whence, by (35')
ALy —LyB; =0
and, therefore
B, = L;'4,L,. (36)
Conversely, if (36) holds, then the Lyapunov transformation
U=L,V

transforms system (31) into system (32). The theorem is proved.

From the above theorem, it follows that any reducible system
(19) can be reduced by means of a Lyapunov transformation
X =LY to the form

ayjit = JY

where | is a Jordan matrix with real chavacteristic numbers. 1f the
matrix P(t) is given, this canonical form is uniquely determined
to within the arrangement of the diagonal blocks in J.

§ 5. The matrizer "

Let us consider the system of differential equations
aXjdt = P(t)X (37)

where P(t) = (p,x(¢))] is a continuous matrix function in a
certain interval (a, b) of the f-axis.®®

19 Also called “‘matrizant.” |

20 (@, b) is an arbitrary interval (finite or infinite). All the elements
pa(t) (3, B =1,2,..., n) of the matrix P(¢) are complex functions of the
real argument ¢, which are continuous in the interval (a, b). All the following
remain valid if instead of continuity, we require only boundedness and
Riemann integrability in any finite subinterval of the interval (a, b) of
all the functions ;. (¢) (¢, 2 =1,2,..., n).
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We use the method of successive approximations to obtain a
normalized solution of system (37), i.e., a solution which is the
identity matrix for ¢ = ¢, (¢, being a fixed number in the interval
(a, b)). We find the successive approximations X, (k= 0, 1, 2,...)
from the recursion relations

dX,jdt = P)X,., (R=1,2,...),
and taking the identity E as the initial approximation X,,.

If we take X,(¢,) equal to E (k= 0,1,2,..), we can write
X, in the form

=E+[ POX,qdt (k=1,2,...).
Thus,
X_EX_E—}—f th—E—;—f P(t)dt

A T

ie, X, (R=0,1,2,...)is the sum of the first 4 -+ 1 members
of the infinite series of mattices

E—}—f dt—i—f tzdtf Lt + . (38)

To prove that this series is absolutely and umformly convergent
in any closed portion of the interval (@, b) and defines a solution
of equation (37), we construct a dominating series.

We define two nonnegative functions g(¢) and 4(¢) in the interval
(a, b) by the equalities 2

g0) = max [ u) | [£2(®) |- | pua1]. () = | [} gl0)at|.

It is easily checked that the function g(¢) is continuous in the
interval (a, ). Thus A(f) is automatically continuous.??

31 By definition, the value of the function g(¢) for any value of ¢ is
equal to the maximum of the #2 moduli of the values p,(¢) (i, % = 1, 2,.. ., n)
for that value of ¢

22 The continuity of the function g(¢) at any point #, of the interval
(a, b) follows from the fact that for ¢ sufficiently close to ¢,, the difference
g(t) — g(t,) is always equal to one of the n? differences

D) — Pu(ty) (¢, k=1,2,..., n).
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Each of the #n2 scalar infinite series into which matrix series
(38) splits is dominated by the series
nh2(t n2h3(t

. () n ()

21 3!

1+ Aat) + (39)

This follows from the inequalities

[t poa), <[ patrar] <[ i = o,

([, poaf poa,[=

3 [l pace[, pata

< n!f;g(t)dtf:o dt‘ -”hz )

etc
S\eries (39) converges in the interval (a, b), and it converges
uniformly in any closed subinterval of the interval (a, b). Hence
it follows that the matrix series (38) also converges absolutely
in (a, b) and uniformly in any closed subinterval of (a, ).

Differentiating term by term, we check that the sum of series
(38) is a solution of equation (37); this solution reduces to E
for ¢ = ;. It is permissible to differentiate series (38) term by
term, since the resulting series differs from series (38) by the
factor P, and thus converges uniformly in any closed portion
of the interval (a, b), as does (38).

Thus, we have proved the theorem on the existence of a nor-
malized solution of equation (37). Let us denote this solution
by 2; (P) or simply £; . As proved in section 1, any other solution
has the form

X=0C

where C is an arbitrary constant matrix. It follows from this
formula that any solution, in particular the normalized one, is
uniquely determined by its value for ¢ = ¢,

The normalized solution £f of equation (37) is often called
the matrizer of the system (37).
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We showed that the matrizer can be written as an infinite
series 23

.Qt_E+f dt—f—f dtf () dt + . (40)

which converges absolutely and uniformly in any closed interval
in which the function P(f) is continuous.
Let us note certain formulas for the matrizer.

1 Q=9 Qr (ty, b, te(a, b))
In fact, since Q] and £; are both solutions of equation (37), then
Q= C,

where C is a constant matrix.

Setting ¢ equal to #;, we obtain C = Qp
2. 2, (P + Q) = 2 (P)2,(S),
where

S = [Q4,(P)]710%; (P)

To derive this formula, let us set X equal to @} (P), and Y

equal to & (P + @), and
Y =XZ. (41)
By differentiating both members of (41), we find
(P+ Q) XZ=PXZ + X dZ/dt.
Hence
dZjdt = X71QXZ
and thus, since (41) shows that Z({,) = E,
Z = 9! (X-10X).
Substituting in (41) for X, Y, Z the corresponding matrizers, we
obtain formula 2.
: ot

3. ‘ In | 2! (P)| = Lo Sp P dt.

2 The representation of the resolvent matrix in the form of such a
series was first obtained by Peano [53].
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This formula follows from the Jacobi identity (4) (p. 136), if
0{ (P) is substituted for X(¢) there.
4. If A = (a,); = const, then

Q! (4) = e,

Let us introduce the following notation. If P = (p,,)}, then
we will denote by mod P the matrix

mod P = (| pu |)7
In addition, if 4 = (a,,)} and B = (b,,)} are two real matrices and
ag, =by (@ kR=12,...,n),

then we write:
A < B.

Then from the representation (40) it follows that:
3. If mod P(t) < Q(¢), then

mod 24,(P) < 2,(Q) (¢ > 1,).

In the following we let I denote the nth order matrix in which
every element is 1:

I=(1).

Let us consider the function g(¢), which was defined on p. 150.
Then

mod P(t) < g(¢)1.
Hence, in view of §
mod 2} (P) =< @} (¢(t)I) (t > t,). (42)
But 2} (¢(¢)I) is the normalized solution of the equation
axjdt = g(t)IX.

Consequently, from 4 above %

’ ¢
24 Here we use the variable 4 = f g(¢)dt in place of the independent
variable . to
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nh2(t)  n2h3 ()
TR

Qﬁo(g(t)l) = 'O = (1 4+ h(f) + )L

where
l" t

nt) = [ g(t)at.

Jty
Therefore from (42) it follows that:

n—1

1
6. modQ} (P) = (——e"’”” + )1 < eI ] (> 1),

n n
where

o) = [Cendt, gty = max {| pu(0)]}.

12) 1=, k=n

Now let us show that the matrizer can be used to obtain the
general solution of an arbitrary system of linear differential
equations:

dx, i

L= SPul)m ) (=120 (43)
2N ]
where p,(t), f;(t) (i, & =1,2,..., n) are continuous functions
in the interval of the argument ¢ being considered.

We let z denote the column matrix (“‘vector”) x = (x,, @,,..., x,),

and f denote the column f = (f;, fo, - - -, f,)- We let P represent
the square matrix P = (p;,)7. Thus we can rewrite this system

as follows:

dxjdt = P(t)x -+ f(). (43"
We seek a solution of this equation of the form
x = Q; (P)z, (44)

where z is an unknown column depending on ¢. Substituting this
expression for z in (43’), we obtain:

PO (P): -+ QL (P) dzjdt = P, (P)z -+ (1
whence

dzjdt = [@4(P)]71£(2).
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Integrating, we obtain:
t
2= [, [2(P)) f(x)dr + ¢

where ¢ is an arbitrary constant vector. Substituting this ex-
pression in (44), we obtain:

@ = Q(P) [, 19} (P)] 7 f(x)dr + 24, (P)e. (43)

‘When ¢ has the value f,, we see that z({,) = ¢. Therefore for-
mula (45) assumes the form

z = QL (P)aliy) + [, Kt 7)f(z)dr, (45")

where
K(t, ©) = (P)[Q; (P)]™*

is the so-called Cauchy matrix.

§ 6. Multiplicative integration (product integration).
The infinitesimal calculus of Volterra

Let us consider the matrizer Q:o(P). We subdivide the original
interval (¢, ¢) into » parts by means of the intermediate points
ty, by, -, by, and we set A, equal tot, — 4, , (R=1,2,... #n;
t, = t). Then from property 7 of the matrizer (see the preceding
section), we have

Q=9 ... Qs (46)

tn—t
In each interval (¢, ,, #,) we choose an intermediate point 7,
(kR =1,2,...,n). Then if the A¢, are taken as infinitesimals
of the first order, we can calculate 2f to within infinitesimals
of the second order, by taking P(f) ~ const = P(t;). Then

Qe = exp [P(zy) Aty + (#%) = E + P(1,) Aty + (#%); (47)

k-1
where the symbol (##) is used to denote a sum of terms, each
of which is an infinitesimal of order two or greater.

From (46) and (47) we find:

Q) = [exp P(v,)48,] . . . [exp P(ry)At,][exp P(z,)At,] + (%) (48)



156 IV. SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS

and
Qi = [E+P(z,)At,]... [E+ P(r) At,)[E + P(2,)40,] + (). (49)

If we allow the number of intervals to become infinite in such
a way that the length of the widest subinterval approaches zero,
the terms (x) can be neglected % and in the limit, we have the
formulas
Q; (P) = lim[exp P(z,)4t,] ... [exp P(t,)At,][exp P(7,)4t;] (48")
At —0
and

Qi (P) = lim [E + P(1,) At,] . .. [E+ P(1,) At,) [E + P(1,)At,).
At—>0 (49,)

The expression under the limit sign in the right side of the
latter equality is a product integral.2® We will call its limit a multi-
plicative integral and indicate it by the symbol
I: ‘E 4 P(t)dt] = lim [E + P(v,)4t,] ... [E-+ P(z,)44,]. (50)

0 At—0
Formula (49’) gives a representation of the matrizer as a multi-
plicative integral

2,(P) =T, (E+ Pay, (51)

and equalities (48) and (49) may be used to calculate the matrizer
approximately.

The multiplicative integral was first introduced by Volterra
in 1887. By using this concept, Volterra constructed an original
infinitesimal calculus for matrix functions (see [67]).27

2 These considerations can be refined by estimation of the terms which
we are indicating by (*).

* Analogous to the approximating sum defining an ordinary integral.

#7 The multiplicative integral (“Produkt-Integral”’ in German) was
used by Schlesinger to investigate systems of linear differential equations
with analytic coefficients; see also [57, 60, 61].

The multiplicative integral (50) exists not only for a function P(/)
which is continuous in the interval of integration, but also under con-
siderably more general hypotheses (see [4]).
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All the special properties of a multiplicative integral arise from
the fact that the various values of the matrix function P(¢) under
the integral are not permutable. In the very special case when all
these values are permutable

PE)P(') = P{")P(t) (£, t" e (ty t))

the multiplicative integral, as seen from (48") and (51), reduces
to the matrix

exp [ :o P(t)dt.
Now let us introduce the multiplicative derivative

axX
DtX == —g‘t— X_l. (52)

The operations D, and [; are inverse operations:
If

DX =P,
then 28 A
X =_ﬁ (E |- Pdt)-C (C—=X(t)
and vice versa. The latter formula can also be written as follows:
| : (E + Pat) = X(t) X (t,)™ (53)

We leave it to the reader to check the validity of the following
differential and integral formulas:3?

28 Here the arbitrary constant matrix C corresponds to the additive
arbitrary constant in the ordinary indefinite integral. ‘

2% Analogous to the tormula Iio Pdt = X(t)—X(t,) in the case where
dX/dt = P.

30 These formulas can be derived directly from the definition of the
multiplicative derivative and integral (see [67]). However, the integral
formulas are obtained more quickly and simply if the multiplicative in-
tegral is considered as a matrizer, and use is made of the properties of
the matrizer expounded in the preceding section (see [60, 61]).
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Differential formaulas

L DXY) = D,(X) + XD,(Y)X,
D(XC) = D,(X),
D,(CY) = CD,(Y )C—1 (C is a constant matrix).

I3 D(X') =X'(D,X) X

III. Dy(X™") = — X1D,(X)X = — (D,(X")),
DX = — (D,(X))".

Integral formulas

IV. I: (E + Pdty = I: (E + Padl) f: (E + P dt).

V. T (E + Pat) = U’“(E+Pdt)]‘1.

VI J(E+CPC1dt= J (E + Pdt)Ct

(C is a constant matrix).
VII.32 I: [E+ (Q+D,X)dt] = X (1) It‘ (E + X-10X dt)X (1)

Let us derive another important formula which gives an estimate
of the modulus 3 of the difference between two multiplicative
integrals:

VIIL  mod [ I: (E + Pdt) — f: (E+Qat)]

<t exp {ng(t — L)} fexp (nd(t — o)} — 11T (¢ 1)
if
mod Q = ¢, mod (P — Q) =d-I, I=(1)

(where ¢, d are nonnegative numbers, and # is the order of the
matrices P and Q).

3 The symbol ’ indicates forming of the transposed matrix.

32 Formula VII can be considered as the analog of the formula for in-
tegration by parts in ordinary (nonmultiplicative) integration. Formula
VII follows from formula 2, Section 5.

3 See p. 153 for definition of the modulus of a matrix and also the
relation =< between madtrices.
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Let us denote by D the difference P — Q. Then
P=Q+ D modD <d-I.

If we consider the multiplicative integral as a matrizer and
apply the expansion (40) of the matrizer in a series, we find:

[JE+@+Da—] E+oa

t t t t t t t
_—_LDDdt+ftoDdtLOth+ftOthftoDdt-}— ftoDdtfoDdt+ .
From this expansion, it is seen that

mod [, £+ (Q + D)de] — [\ (E+ Qat)
< f: [E + (mod Q + mod D) dt] — I: (E 4 mod Q) dt
<[ [E+g+aIa I: [E + gIdt
=exp {(g + d)I(t — ty)} — exp {gI (¢ — 1,)}
= exp {ql (¢t — )} [exp {d - I(t — lo} — E]

= ni exp {nq(t — )} lexp {nd(t — #,)} — 1]1.

Now let the matrices P and Q depend on a certain parameter a

P=Pt, a), Q=0 a)

and let

lim P(¢, «) = lim Q(¢, o) = P,(¢)

a—a, a—»ao
where the limits are uniform with respect to ¢ in the interval
(tp, t) under consideration. In addition, let us assume that for
« — oy the matrix Q(¢, «) is dominated in modulus by the matrix
gI, where ¢ is a positive constant. Then, if we set

d(a) = max [Pa(T, %) — qu(T, @),
1<, kSn, to<7st

we will have:
lim d(«x) = 0.

ac—»au
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Therefore Formula VIII yields
lim []: (E + Pdt) — ﬁ (E + Q)] =o.

In particular, if Q does not depend upon « [Q(¢, &) = Py(¢)],
we obtain:

lim f‘ (E + P(t, o)dt] = I: [E + P,(t)dt],

0
where
Py (¢) = lim P(t, a).

a—rey

§ 7. Differential systems in the complex domain:
general properties

We consider the system of differential equations

iz — D bu(?) % (54)

Here the given functions p,.(z), and the unknown functions
x;(2) (¢, k = 1,2,..., n) are assumed to be single-valued analytic
functions of the complex argument 2z, which are regular in a certain
domain G of the complex z-plane.

As in Section 1 for real arguments, we introduce the square

matrix P(z) = (p4(2))] and the column matrix x = (x;, 3, ---, Z,)-
Then we can write system (54) in the form
dzjdz = P(2)a. (54")

We let X be an integral matrix, i.e.,, a matrix, the columns
of which are # linearly independent solutions of system (54). Then
in place of (54’) we can write

dX/dz = P(z) X. (55)
The Jacobi formula holds also for a complex argument z:
det X = cexp fz Sp Pdz. (56)
%0

Here, it is assumed that z, and all the points of the path along
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which the line integral 3 is taken are regular points for the
single-valued analytical function

Sp P(z) = $11(2) + p22(2) + . .. + prn(2).

The special feature when z is a complex argument consists
in the fact that when P(z) is a single-valued function, the integral
matrix X (z) can be a multiple-valued function of 2.

As an example, let us consider the Cauchy system

ax U

dz 2—a

X (U is a constant matrix). (67)

As in the case of a real argument, one of the solutions of this
system is the integral matrix (see p. 138)
X=exp{Uln (z —a)} = (z — a)V. (58)

For the domain G we take the entire z-plane with the exception
of the point z = a. All points of this domain are regular points
of the matrix of coefficients

U

22— a

P(z) =

If U 5 0, then the point z = 4 is a singular point (simple pole)
for the matrix function

U
P(z) = .
z—a
If we make a single circuit in the positive direction around
the point z = 4, the elements of the matrix (58) return to a new
value, which is found by multiplying on the right by the matrix

V = exp (2mU).

Using arguments similar to those used for real arguments, we
see that two solutions X, X of (58) which are single-valued in a
certain portion of the domain G are always connected by means

% Here and subsequently, the paths of integration are piece-wise
smooth curves,
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of the formula
X =Xc

where C is a certain constant matrix. This formula will remain
valid under analytic continuation of the functions X(z) and
X(2) in the domain G.

The theorem on the existence and uniqueness (for given initial
conditions) of solutions of system (54) can be proved as in the
real case.

We consider a simply-connected domain G, which is star-shaped
with respect to the point z,,%® which is contained in the domain G,
and let the matrix function P(z) be regular 3¢ in the domain G,.
Let us construct the series

E+ [[Pde+ [[Paz[ Pdz+ ... (59)

Since the domain G, is simply connected, it follows that each
integral occurring in (59) does not depend on the path of integration
and is a regular function in the domain G,. Since the domain
G, is star-shaped with respect to z,, then in estimating the moduli
of these integrals we can assume that all the integrals are taken
along a rectilinear segment connecting the points z, and 2.

Series (59) converges absolutely and uniformly in any closed
portion of the domain G,, which contains the point z,, as follows
from the convergence of the dominating series

n n?
1 +ZM+EZZM2—|——37Z3M3—I—
Here M is the upper bound of the modulus of matrix P(z), and /
is the upper bound of the distances of point z from point z,
and both bounds refer to the closed portion of domain G; under
consideration.

35 A domain is called star-shaped with vespect to the point z,, if any
segment connecting an arbitrary point z of the domain with the point z,
lies entirely in the given domain.

38 That is, all the elements py(2) (¢, A =1,2,..., %) of the matrix
P(z) are regular functions in the domain G,.
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By differentiating term by term, it can be checked that the
sum of series (59) is a solution of equation (55). This solution is
normalized, since for z = z, it becomes the identity matrix E.
As in the real case, the single-valued normalized solution of
system (55) is called the matrizer and denoted by @} (P). Thus,
we have a representation of the matrizer in the domain G, in
the form of the series 37

_Q;O(P>=E+j:sz+f:szf:sz+... (60)

Properties 1—4 of the matrizer which weye established in Section 5,
carry over automatically to the case of a complex argument.

An arbitrary solution of equation (55), which is regular in
domain G and which becomes the matrix X, for z = z,, can be
represented in the form

X=0:(P):C (C=X,). (61)

Formula (61) applies to every single-valued solution which is
regular in the neighborhood of the point z,, if 2, is a regular point
for the matrix of coefficients P(z). By analytic continuation,
these solutions give all solutions of equation (55), i.e., ecquation
(55) cannot have solutions for which z; would be a singular point.

To study analytic continuation of the matrizer in the domain
G, it is convenient to employ the multiplicative integral.

§ 8. Multiplicative integrals in the complex domain

A multiplicative integral along a certain curve in the complex
plane is defined in the following manner.

Let a certain path L and a matrix function P(z), which is
continuous on the curve L be given. Let us subdivide the path

37 The proof presented for the existence of a normalized solution and
its representation in domain G, by means of series (60) remains valid if,
instead of a star-shaped domain, a more general assumption is made:
for every closed portion of the domain G, there exists a positive number /,
such that any point z of this closed portion can be connected with z, by
a path of length at most /.
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L into » parts (2, 2;) (21, 2g) . . . (2,1, 2); here z, is the initial
point, z, = z is the end of the path, and 2, 2, ..., 2, , are
intermediate partition points. On the segment z,_, z, of the
path, we select an arbitrary point {; and set Az, = z;, — 2z;_;;
k=1,2,... n Then, by definition,

fL [E + P(z)dz] =jin~1>0[E + P(C,)Az2,) ... [E + P(Ly)Az].
2k

Comparing this definition with the definition on p. 156, we
see that the new definition coincides with the previous one in
the special case where the path L is a segment of the real axis.
However, even in the general case, when the path L is an arbitrary
path in the complex plane, the new definition can be reduced
to the old one by changing the variable of integration.

If

2= z(t)

is the parametric equation of the path, where z(¢) is continuous
in the interval (4, ¢) and has a piece-wise continuous derivative
dz/dt in this interval, then, as is easily seen,

- Tt
f [E + P(2)dz] = f {E + P[z(t)]ﬁdt}.
L t dat
This formula shows that a multiplicative integral exists along
an arbitrary path, if the matrix P(z) under the integral is con-
tinuous along this path.3® The multiplicative derivative is de-
fined by the previous formula

ax
DX =—X"
dz

Here, it is assumed that X(z) is an analytic function.

38 See footnote 26 (p. 156). Even in case P(z) is a continuous function
along L, the function P[z(¢)] dz/dt may be piece-wise continuous. In this
case, we can split the interval (¢, £) into partial intervals, in each of which
the derivative dz/dt, is continuous, and understand the integral from ¢,
to ¢ as being the sum of the integrals along these subintervals.
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All the differential formulas (I—III) of the preceding section
carry over without change to the case of a complex argument.
. As for integral formulas (IV—VI), their form is somewhat mo-
dified:

T(“LH) (E + Pdz) = IL (E + Pdz) I (E + Pdz).
V. I_L (E-+Pdz)= UL (E+4-P dz)]
VI ._[L (E 4 CPCdz) =C TL (E+ Pdz)C1. (Cisaconstant

matrix)

In formula IV’ the symbol L’ 4 L denotes the composite

path obtained by connecting paths L’ and L”, assuming L

has as initial point the end of path L’. In formula V', —L denotes

the path which differs from path L only in direction of traverse.
Formula VII now assumes the form

VII'. IL [E+ (Q + D,X)dz] = X (2) L (E + X 10Xdz) X (z) .

Here X(z,) and X (2) in the right side denote respectively the
values of X (z) in the initial and final points of path L.
Formula VIII is now replaced by the formula

VIIT'. mod[J‘L (E 4 Pdz) — [ (E + 0dz) |
<~ exp (ngl) [exp (nd - ) — 111,

where mod Q =< ¢/, mod (P — Q) =<d-1I, I = (1), and [ is the
length of the path L.

Formula VIII' can be obtained directly from formula VIII
if we make a change of variable in VIII, taking as new variable
of integration the length of the arc s along the path L (so that
| dzfds | = 1).

As for a real argument, there is a close relation between the
multiplicative integral and the matrizer when the argument is
complex.

Let P(2) be a single-valued analytic matrix function, regular
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in the domain G, and let G, be a simply-connected domain con-
taining point z, and contained in G. Then the matrizer ] (P)
will be a regular function of z in the domain G,

We connect the points z, and z by an arbitrary path L, which
lies entirely within G, and we select the intermediate points
24, %9, - - 2,y O L. Then, by applying the equality

9 =4 ...0p00,

Zpn—1

in exactly the same manner as in Section 6 (p. 155), we obtain
in the limit:

s%wp{JE+P@b{gE+P@y (62)

It is seen from this formula that the multiplicative integral
does not depend on the shape of the path, but depends only on
the initial and end points of the path, provided the entire path
of integration lies in a simply-connected domain G, in which
the function P(z) under the integral is regular. In particular, for
a closed contour L, lying in the simply-connected domain G,
we have:

¥@+PM=E. (63)

This formula is an analog of the well-known Cauchy theorem,
according to which an ordinary (nonmultiplicative) integral along
a closed contour is equal to zero, if this contour lies in a simply-
connected domain in which the function under the integral is
regular.

The representation of the matrizer in the form of the multi-
plicative integral (62) can be used to continue the matrizer
analytically along an arbitrary path L in the domain G. In this
case, the formula

X = L E + Pd)X, (64)

gives all these branches of the many-valued integral matrix X
of the differential equation dX/dz = PX, which reduce to X,
on some branch for z = 2, The various branches are obtained
by choosing various paths connecting z, and z.
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According to the Jacobi formula (56)
det X = (det X,) exp f Sp P dz
and, in particular, for X, = E °
dﬁﬁw+Pﬁhw@ﬁ®PM (65)

From this formula it follows that the multiplicative integral
is always a nonsingular matrix, whenever the path of integration
lies entirely in a domain in which the function P(z) is regular.

If L is an arbitrary closed path in G, and G is not a simply-
connected domain, then equality (63) may not hold. Also, in
this case the value of the integral

f{;(E—I—sz)

is not determined by the function being integrated and the closed
path of integration L, but depends also on the choice of the
initial point of integration z, on the curve L. In fact, let us
select two points z, and z; on the closed curve L and the portions
of the path from z, to 2, and from 2z, to z, (in the direction of
integration) respectively, by L, and L,. Then, by formula IV’ 39

f;zo:ILz'J_.L{ szIZILI'].Le

and, consequently,
fﬁz: - le ' %zo ' J‘: (66)

Formula (66) indicates that the symbol? (E 4+ P dz) determines
a certain matrix to within a similarity transformation, i.e., deter-
mines only the elementary divisors of a certain matrix.

We consider the element X (z) of solution (64) in the neigh-
borhood of the point z,. Let L be an arbitrary closed path in G,
beginning and terminating at the point z,. By analytic continua-
tion along L, the element X (z) is carried into a certain element

3 Here, in order to simplify the notation, we are omitting the ex-
pression E -+ P dz, which is the same in all integrals.
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X (2). Note that the new element X(z) will satisfy the same
differential equation (55), since P(z) is a single-valued function
in G. Therefore,

X =Xxv,

where V is a certain nonsingular constant matrix. From formula
(64), the relation

X(z) = ; (E + Pds)X,

is obtained.
Comparing this equality with the previous one, we find:

V= X0“1§ (E + Pdz) X,. (67)

In particular, for the matrizer, X = £, we have X, = E,
and then

y = gﬁ (E + P dz). (68)

§ 9. Isolated singular points

Let us consider the behavior of a solution (i.e., of a matrix
integral) in the neighborhood of the isolated singular point a.

Let the matrix function P(z) be regular for values of z which
satisfy the inequalities

0<|z—al| <R

These values of z fill out a doubly-connected domain G. The
matrix function P(z) can be expanded in a Laurent series

+00
Pz) =2 P,z —a)" (69)
in the domain G.

After a single circuit in the positive direction about a, along
path L, the element X (z) of the integral matrix is carried into
the element

' X+(2) = X(2)V,

where V' is a certain constant nonsingular matrix.
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Let U be a constant matrix related to the matrix V' by the
equality
V = exp (2mU). (70)

Then the matrix function (z — a)Y, after a single circuit along
L, is carried into (z —a)VV. Therefore, the matrix function

F2) = X()(z —a)™? (71)

which is analytic in the domain G, is carried into itself (remains
unchanged) 4 by analytic continuation along L. Therefore, the
matrix function F(z) is regular in G and can be expanded into a
Laurent series

F(2) :E:QF,,(Z —a)" (72)
From (71) it follows that:
X(z) = F(z)(z — a). (73)

Thus, any integral function X (z) can be represented in form
(73), where the single-valued function F(z) and the constant
matrix U depend on the matrix of coefficients P(z). However,
it is a complicated problem constructively to determine the matrix
U and the matrices F, of coefficients in series (72) in terms of
the coefficients P, of series (69) in the general case.

In Section 10 we shall completely analyze the special case of
this problem in which

P(z) =§1P,,(z —a)™.

In this case, point a is called a regular singular point of system (55).
If expansion (69) has the form

Piz)=3P,(z—a) (¢>1;, P_,#0),
n=—q
then the point a is called an irregular singular point of pole type.

40 Hence it follows that the function F(z) returns to its initial value
when any closed circuit in G is traversed.
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Finally, if series (69) has an infinite number of (matrix) coeffi-
cients P, which are different from zero for negative values of #,
then the point « is called an essential singular point of the differen-
tial system.

From formula (73) it follows that on traversing amy circuit
once in the positive direction (along a certain closed path L),
the matrix integral X (z) is multiplied on the right by the matrix

V = exp (2mU).

If this circuit originates (and terminates) at the point z, then
according to (67),

V = X(z) ; (E + P dz) X (z). (74)

If in place of integral matrix X (z) we consider any other integral
matrix X (z) = X(z) C (C is a constant matrix, det C 7 0), then,
as seen from (74), the matrix V will be replaced by the similar
matrix

V =cCvC.

Thus, the “integral substitutions” V of the given system form a
class of matrices which are mutually similar.
From formula (74) it also follows that the integral

§E (E + P dz) (75)

is determined by the initial point of circuit z, and does not depend
on the shape of the closed curve which makes the circuit.4* If
we change the point z,, then the various values of integral (75)
obtained are similar to each other.*2

It is possible to prove these properties of integral (75) directly.
In fact, let L and L’ be two closed paths in G about the point
z = a; let their initial points be 2z, and z, (see Figure 1).

The doubly-connected domain contained between L and L’
can be made simply-connected by making a cut from z, to z,

41 With the condition, of course, that the path of integration goes around
point @ once in the positive direction.
42 This follows from formula (74), and also from formula (66).
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We denote the integral along the cut by
T=THE+P&L

yA
0

Fig. 1

Since the multiplicative integral along the closed contour of a
simply-connected domain is equal to E, then

s ow
LJILTI_E

f =T f LT

Thus, (as for the matrix V), the integral § (E + P dz) is deter-

mined to within a similarity transformation, and we will sometimes
write equality (74) as:

V=¥@+P&L

whence

where the sign of equality means that the elementary divisors
of the matrices in the left and the right sides of the equality
coincide.
As an example, let us consider a system with a regular singular
point,
dX|dz = P(z)X
where

P(z) =

P S P —a

Z—a n=0



172 IV. SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS

Let
P
Q) =

Z2—a

Applying formula VIII’ of the preceding section, we shall estimate
the modulus of the difference

D=3E(E+sz)—3§(E+de), (76)

where the path of integration is a circle of radius 7 (» < R) traversed
in the positive direction. Then for

mod Py < p_ I, mod Y P,(z—a)"=d(r)I, 1= (1),

|z—a|=r n=0

we can set

=22 a_ap), 12w,
7
in formula VIII’, and obtain
1
mod D = — exp (2ap_,) [exp {2anrd(r)} — 1]1.
n

Hence it is obvious that 43

lim D = 0. (77)
=0
On the other hand, the system
aYldz = QY

is a Cauchy system, and in this case, for any choice of the initial
point z, of the circuit and for any » < R

ﬁ (E 4 Q dz) = exp (2miP_,).

43 Here we note that for proper choice of d(#),
lim d(r) = d,,
r—0

where d, is the maximum of the moduli of the elements of matrix P,.
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Therefore, from (76) and (77), the relation
lim¢ (E + Pdz) =exp (2niP_,) (78)
r—0 Y %
follows. But the elementary divisors of theintegral ;ZO(E + P dz)
do not depend on z, and 7 and are the same as the elementary
divisors of the substitution matrix V.

Hence, Volterra in his famous memoir (see [66]), and also in
book [67] (pp. 117—120) draws the conclusion that the matrices
V and exp (2miP_,) are similar, and further that the substitution
matrix V is determined by the matrix of “‘residues” P_, to within
similarity. ’

This assertion of Volterra is erroneous.

From (74) and (78), the only conclusion that can be drawn is
that the characteristic numbers of the integral substitution matrix V
coincide with the characteristic numbers of the matriz exp (2niP_;).
However, the elementary divisors of these matrices may be
different. Thus, for example, the matrix

® r

0 o
has the one elementary divisor (1 — «)2 (for any » £ 0), but the
limit of this matrix for » — 0, i.e., the matrix

o 0
0 af
has the two elementary divisors 4 — o, 4 — .
Thus, the assertion of Volterra does not follow from (74) and
(78). But in general it is not true, as shown by the following

example.
Let P(z) be defined as follows:

0 0] 1 0 1
rer=[o )5+le o
The corresponding system of differential equations has the form:

dxl_x dz, %y
1=y, T2,
dz ’ dz z
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Integrating this system, we find that:
2, =clnz+ 4, Ty = —.
z

The matrix integral
Inz 1
X - [ ]

is multiplied on the right by the matrix

1 0
V=[2ni 1il

if the singular point 2 = 01is encircled once in the positive direction.
This matrix has the one elementary divisor (A — 1)2. On the other
hand, the matrix

e@wm4=mmmm_ﬂp{éﬂzE

has the two elementary divisors 4 — 1, 4 — 1.

Now let us consider the case where the matrix P(z) has a
finite number of negative powers of z — a (i.e., a is a regular
singular point or an irregular singular point of pole type):

P_ o0
+ ...+ —=+3P,(e—a)"(q=1; P, #0).

—'m Z—a n=0
Let us transform the given system
dX|dz = PX, (79)
by means of the substitution
X = A(2)Y, (80)

where A4 (z) is a matrix function which is regular at the point
2z =0 and assumes the value E at this point:

A(@) = E 4+ A,z — a) + Ay(z — a)? + ..

the power series in the right side converging for |z — a | < 7,.
The well-known American mathematician G. D. Birkhoff
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published a theorem in 1913, (see [5]), which states that it is
always possible to find a transformation (80) such that the matrix
of coefficients of the transformed system

aY|ldz = P*(2)Y (79")
will contain only negative powers of z — a:
P* P*
Pr(z) = — 2 _ 1+ .. =1
=) (z—a)"+ +z—a

Birkhoff’s theorem, together with a complete proof, is presented
in the book Ordinary Differential Equations, by E. L. Ince.#
In the same book, an investigation of the behavior of a solution
of an arbitrary system in the neighborhood of a singular point
is made on the basis of the “‘canonical” systems (79').

However, Birkhoff's proof contains an error, and the theorem
uself 1s mot true. As a counter-example, we can take the example
used above to refute the assertion of Volterra.4s

In this example, ¢ =1, a = 0 and

0 0 0 1
P—lz[o —1]'”30:[0 0],P,,=0 n=12,...).

Applying Birkhoff’s theorem and substituting the product
AY for X in (79), after replacing dY/dz by z~1P*| Y and cancelling
Y we obtain

P dA
A-14T  py,

z | dz
Equating the coefficients of z7! and the constant terms, we
find:
P*=P_,, AP, —P_A,+ A, = P,.

44 See [29], pp. 470—474. Birkhoff and Ince formulate the theorem
for the singular point 2 — co. This is not a restriction at all, since any
singular point 2 = @ can be reduced to z —= o0 by means of the transfor-
mation 7’ = (z — a)~1.

% In the case ¢ = 1, Birkhoff’s erroneous assertion is essentially that
of Volterra (see p. 173).
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Setting A, equal to [z b:l, we obtain:

a

£ o[ e =[o o)

This is a contradictory equality.

In the following section, we will expound a canonical form to
which system (79) can be transformed by means of transformation
(80) for a regular singular point.

§ 10. Regular singular points

In order to investigate the behavior of a solution in the neigh-
borhood of a singular point, we can assume without loss of
generality that the singular point is the point z = 0.46

1. Let the system

aX/dz = P(z)X, (81)
be given; let P(z) be defined by
P o]
P(z) =~ + 3 P,am (82)
Z m=0

and let the series > (P, 2™ converge inside the circle |z | < 7.
Let us set

X=A41)Y, (83)

where
AR)=E + A;z + A2+ .. .. (84)
Putting aside for the present the problem of the convergence
of series (84), we will attempt to determine the matrix coefficients

A, of this series in such a way that the transfoimed system

ay|dz = P*(z)Y, (85)

where

46 By the transformation 2z’ =2z — a or 2z’ = z~!, any finite point
z = a or z = oo, respectively, can be reduced to the point 2z’ = 0.
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* P43 *
P*(z) = - + %Pm zm, (86)

has a simplest possible (‘‘canonical”’) form.#
Substituting the product AY for X in (81) and applying (85),
we obtain:

A) P*(2)Y + ‘%Y = P@)A(2) Y.

Multiplying both sides of this equality on the right by Y1,
we find: '

P(2)A(z) — A(z)P*(z) = dA/dz.

If we substitute the series (82), (84), and (86) for P(z), A(z),
and P*(z) and equate the coefficients of like powers of z in the
left and right sides of the equality, we obtain an infinite system
of matrix equations for the unknown coefficients 4,, 4,,...:%®

pP_, = P*,

P4y — Ay(P, + E) + Py = Py,

P_Ay, —Ay(P_,+2E) + PyA, — A, P§ + P,=Pf,  (87)

Pidpy — Apa[Py+ (m -+ 1E]

+PyAd, — A, P¥+P, A, — A, Pf+...+ P, =P}
2. We consider several cases.
1. The matriz P, does not have distinct charvacteristic numbers
which differ by an integer.

In this case, for any & =1, 2, 3,... the matrices P_; and
P_, + kE do not have any characteristic numbers in common;

4 We will attempt to arrange that a finite number (and as few as
possible) of the coefficients PJ are different from zero in serics (86).

s In all equations, starting with the second, we substituted the matrix
P_, for P¥ on the basis of the first equation.
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therefore 49 the matrix equation
P .U—-U(P_,+ERE)=T

has one and only one solution for any right member 7.
We will denote this solution by

D(P_,, T).

Therefore, in equations (87) we can set all the matrices
P¥ (m=0,1,2,...) equal to zero and determine A,, A,, ...
successively by means of the equalities

A, = @,(P_,, — Py), Ay =" @y(P_;, —P; — Pyd,),.. ..
Then the transformed system is a Cauchy system:

ay P

="y,

dz 2
and for that reason the solution X of the initial system (81)
has the form %

X = A(z) 2. (88)

2. Included awmong the characteristic numbers of the wmatrix
P_, are numbers which differ by a positive integer; bul the matrix
P_, has simple structure (P_, is diagonable).

4 This can be proved as follows. The proposition is equivalent to the
assertion that the matrix equation

P_,U=U(P_,+ kE) (*)

has only the zero solution U = 0. Since the matrices P_, and P_; - kE
do not have common characteristic numbers, then there exists a poly-
nomial f(4) for which

J(P_) =0, [(P_,+kE) = E.
But it follows from (*) that:
H(P_)U = Uf(P_, + kE).
Hence U = 0.
% Formula (88) determines one matrix integral of system (81). An

arbitrary matrix integral is obtained from (88) by multiplying on the right
by an arbitrary constant nonsingular matrix C.
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Let us denote the characteristic numbers of the matrix P_,
by A1, 45, . . ., 4, arranged so that the following inequalities hold:

Rel, =ZReidy =... = Rei,. (89)

Without loss of generality, we can replace the matrix P_; by
any matrix which is similar to it in the following way. We multiply
both sides of equation (81) on the left by the nonsingular matrix
T', and on the right by 7. This has the effect of replacing all
P, byTPTl(m— —1,0,1,2,...). (At the same time, X is
replaced by 7XT'.) Therefore, we can assume in the case under
consideration that P_; is-a diagonal matrix:

P_y = (A;0a)7- (90)

Let us introduce symbols for the elements of the matrices P,,
P¥ and 4,

= (ps), Pon= (B, A, = @)L (91)

To determine A4,, we apply the second of equations (87). This
matrix equation can be replaced by the scalar equations

(A — 2 — D)2 + pD = p%) (4, k=1,2,...,n). (92)

If none of the differences 1, — 4, is equal to unity, we can set
Py equal to zero. Then from the second equation in (87),5!

Al = gz51(P—1’ _Po)-

In this case, the elements of matrix 4, are uniquely determined
by equations (92):

" an :
2 = —ﬁ (¢, k=1,2,...,n). (93)
If for some z, %52
A — =1

then the corresponding p&* is determined from (92):

5t We are using the notation which was introduced in the discussion

of case 1.
52 As we see from (89), this is possible only for i < k.
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%) _ 4(0)
ik - pik

and the corresponding z(}) is arbitrary.
For any ¢, £ for which 4, — 4, % 1, we set:

Pt =0,

and the corresponding !} is found from formula (93).

Having determined A,, we turn to the determination of .,
from the third equation (87). We can replace this matrix equation
by the system of »® scalar equations:

(R — 2 = 2)ai) = p5™ — P — (Pody — A1 PP (94)

Here we proceed just as we did in determining A;.
If 4, — 2, # 2, then we set:

pi =0,
and then from (94) we find:

1
o = [ — (P — APl
i e T
If 2, — 4, = 2, then for these values of 7 and %, it follows
from (94) that:

?Sc*) = f’gc) + (POAl o Alpak)ik'

In this case, 2@ is arbitrary.

Continuing this process, we can determine the matrices P*|,
Py, Py, ... and A,, A,, ... seriatim.

It is clear that only a finite number of the matrices P¥ will
be different from zero, and, as is easily seen, the matrix P*(z)
will have the form %

3 P¥(m =0) can be different from zero only when there exist char-
acteristic numbers 4; and 2, of the matrix P_, such that 2, — 4, — 1 = m
(and further, from (89), i << k). For a given m, some element ]t(;’.’}c*) = ay,
of the matrix P} corresponds to each such equality; this clement can be
different from zero. All the remaining elements of the matrix P, are
equal to zero.
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Ml apzthl g Mt
0, Anz1 ey Ay, 2L B
prigp=| O BT , (9%)
0, o, e Ap2t

where a, = 0, if 4, — 4, is not a positive whole number, and
@ = P,
if A; — 4, is a positive whole number.
Let us denote by m, the integral part of the number Re 4,:5!
m; = [Red,] (=12 ... n). (96)
Then from (89) '
My = My = .. = M,

Thus, if 4, — 4, is a whole number, then

Ay — Ay = my; — m,.

JTherefore, in the formula for the canonical matrix P*(z), given
by (95), we can substitute m, — m, for each difference A, — ,.
Also, we set:

N=Jdi—m, (i=12 .., n), (01"
M.,
M = (m,;8,,)0, U_[(f .’\2_ e (97)
00 A,
Then from (95) it follows that (see Formula I on p. 158):
P*(z) = zMg M +¥ =D, (zMzY),

Hence it follows that Y =22V is a solution of equation (85), and
X = A(z)sMzV (98)

is a solution of equation (81).5

* Thatis, m, is the greatest integer not exceeding Re 4, (i — 1, 2, . . ., n).

% The special form (97) corresponds to the case when the matrix
P_, is in canonical form. If the matrix P_, is not in canonical form, then
the matrices M and U in (98) are similar to the matrices (97).



182 IV. SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS

3. Let us turn to the general case. As explained above, we can
replace the matrix P_; by any matrix that is similar to it, without
loss of generality. We will assume that the matrix P_; has the
Jordan normal form 3%6

P_,={ME,+H, WE,+H, .. 6 E,+ H,} (99)
where
Rei, = Rei, = ... = Rei,. (100)

Here E denotes the identity matrix, and H is the matrix in
which the elements of the first superdiagonal are equal to unity,
and the remaining elements are equal to zero. In general, the
orders of the matrices E, and H, in different diagonal cells will
be different; these orders are the degrees of the corresponding
elementary divisors of the matrix P_,.%7

In conformity with representation (99) of the matrix P_,
“we partition all the matrices P,,, PX, A, into blocks:

© P, = (PP, Ph= (PN, A, = (X,

Then the second of equations (87) can be replaced by the system
of equations

G, k=1,2 ... u),

which can be rewritten:
(A — A — DNXP + HXG — XPH, + PO = PO (102)
(2, R=1,2,..., u).
Let us set %8

5 See Appendix [I1], p. 301.

% To simplify the notation, we omit the indices on E, and H, which
indicate the orders of these matrices.

8 To simplify the notation, we omit the indices ¢, %, in writing the
elements of the matrices X, Ps,?c), Pi%*).
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XP=| T Tm oo | = @), PR = (), PR = (0.

Then matrix equation (102) (for fixed ¢ and &) can be replaced
by a system of scalar equations of the form %

(Az - z'k - l)mst + xs+1,t - s t—1 + ?(0) (0*) (103)
(s=12..,0t=12,...,@; Ty, =, 0=0),
where v and w are the orders of the matrices 4, E, + H, and
AEL 4+ Hy in (99).
If 4, — A # 1, then all %% in system (103) can be set equal
to zero and all z,; are determined from recursive relations (103).
In matrix form, this amounts to taking

0
ng):'o

in equation (102), after which X§) is uniquely determined.
If 4, — A4, = 1, then relations (103) assume the form

0 0%
Xop1,t — Tg 41 + ?5.53;) = ﬁgt )

(104)
(s=1,2,..,v;t=1,2,... w, Tyi1,s = T 9 = 0).

It is easy to show that it is possible to determine the elements
x,, of the matrix X{}) from equations (104) in such a way that
the matrix P{>* has one of the following forms (the dimensions
being v X w):

@ 0 .. .0 a, 0 . 0 0. 0

a, N ... 0 a, ay . .0 0. .0

| Gpq Gy_p . .Gy Ay | | @y 1 a a 0. . . 0]
(v =w) (v < w)

% [t is suggested that the reader recall the properties of the matrix H,
by forming for himself the matrices HA4, AH.
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0 0 ... 0]
0 0 0
a O 0
Y 0 (105)
| Ay - - A g |
(v > w)

The matrices (105) are said to be properly lower triangular,
or to have proper lower triangular form.®

From the third equation (87), we determine the matrix 4,.
This equation can be replaced by the system of equations
(h—h—2) X® +H XY~ XPH, + {Po A, — A, P b+ PP — PR
(k=12 ... u). (106)

Arguing as we did when we determined A,, we see that if
A; — A, # 2, then the matrix X2 is uniquely determined from
the corresponding equation (106) if we take PA* = 0. If 4, —4, = 2,
then the matrix X2 can be determined in such a way that the
matrix P{*) has proper lower triangular form.

We can continue this process, determining all the matrix
coefficients A,, 4,, . .. and P*, P§, Py, ... in succession. Thus,
only a finite number of the coefficients P will be different from
zero, and the matrix P*(z) will have the following block form:&

60 Proper upper triangular matrices are defined in a similar manner.
From equations (104) all the elements of the matrix X} are not uniquely
determined; there is a certain arbitrariness in selecting the elements z;.
This is seen directly from equation (102); for 4; — 4, = 1, it is possible
to add to the matrix X{}’ an arbitrary matrix which is permutable with
H, ie., an arbitrary proper upper triangular matrix.

61 The dimensions of the square matrices E,, H, and of the rectangular
madtrices ‘B;, are determined by the dimensions of the diagonal cells in
the Jordan matrix P_,, i.e., by the degrees of the elementary divisors of
the matrix P_,.
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ME, + Hl, Bl B, A
z
Ay Ey+ H,y A=Ayl
pray=| O T BT e
E H
0 ) 0 , ) u u+_ u
— z —_
where
0 , if 4, — 4, is not a positive integer;
By = PRA1®) f 2. — 4, is a positive integer;
(¢, R=1,2,..., u).
All the matrices B, (¢, k= 1,2, ..., u; ¢ << k) have proper lower

1(rizamgular form.
As in the preceding case, let m; denote the integral part of
Re 2,
m; = [Re ;] (t=12,...,u) (108)
and let us set
hi=m,+  (G=12...,u). (108")

Again we replace i, — 4, throughout by the difference m, — m,
in expression (107) for P*(z). We define the block diagonal
matrix M and the upper triangular matrix U as follows:62

MNEAH, By, B,
M=(m By, U= O B e B g0,
0o, 0 ... ANE+H,

Note that M has integral elements. By (107), we easily obtain
the following representation for the matrix P*(z):

U M
P¥(z) =M — oM 4 — = D,(zM2Y).
z z

2 Here the partitioning into blocks is conformal with the partitioning
of the matrices P_;, and P*(z).
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Hence it follows that the solution of equation (85) can be
written in the form

Y = MY,
and the solution of equation (81) can be written
X = A(z)zMzY. (110)

Here A (z) is matrix series (84), M is a diagonal matrix with
constant integral elements, and U is a constant triangular matrix.
The matrices M and U are defined by equalities (108), (108’)
and (109).63
3. It remains to prove the convergence of the series
A@R)=E 4 A2+ A,22 + .. ..
We need the following lemma, which is of interest in itself.

LeEMMA. If the series

x=ay,+ a2+ a2 + ... (111)
1s a formal solution of the system 64
dxjdz = P(2)x, (112)

for which 2 = 0 is a regular singular point, then series (111) con-

verges tn any neighborhood of the point z = 0 in which the series

expansion (82) for the malrix of coefficients P(z) converges.
Proof. Let us set

P(z) = i— + 3 P,

where the series Y P, z™ converges for |z | < 7. Then there
exist positive constants p_; and p, such that 6

P

mod P_,<¢p_,I, mod P, =< —1I, I=(1) (m=0,1,2,...). (113)
r'm

6 See footnote 54 on p. 181.
é¢ Here &= (x,, @, ..., &,) is a column of unknown functions; a,,

@4, @y, . . . are constant columns; P(z) is the square matrix of coefficients.
8 See p. 153 for the definition of the modulus of a matrix.
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If we substitute series (111) for « into (112) and equate coef-
ficients of like powers of x on both sides of equality (112), we
obtain the following infinite system of vector (column) equations

P_ja,=0,
(E — P_j)a;, = Pya,,
(2E — P_j)a, = Pya, + P;a,, (114)

......................

..............................

It is sufficient to prove that the remainders
2 = g 2k a2 4L (113)

of series (111) approach 0 in the neighborhood of the point z = 0.
Suppose that the number % satisfies the inequality

k> np_,.

Then % will exceed the moduli of all the characteristic numbers
of the matrix % P_, and therefore, for m = % we will have
det (mE — P_;) # 0, and

L1 P\ 1 L,
(mE—P_)'=—\E—" ") ——E+—P_+— P +... (116)
m m

m m m?
m==Fk k+1,...).
The third member of this equality is a convergent matrix series.

By means of this series and (114), we can express all the coefficients
of series (115) in terms of ay, a,, . . ., a;_;, by using the recursion

% If A, is a characteristic number of the matrix 4 = (@)}, then
]/lol S % MmaXigqp<n aik]. Indeed, let A, equal Z,x, where x =
(g, 23, ..., x,) %= 0. Then

hoty = X Ay (t=1,2,...,n).

Let | ;| equal max {|2,], |2, ..., | %, |}. Then
n
][] S 2 o] o] < [ol_max Ja
k=1 1 n

Cancelling by ]x,-], we obtain the necessary inequality.
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relations

a,= (% E+ ;1—2 P_,+ %Pﬁﬁ. . ) (Fme1t Pomytee o+ P g az)
m=*k kE+1,...), (117)

where

1= Pmrbpq+ ...+ Ppa1ay, (m==Fk k+1,...). (118)

Let us note that series (115) is a formal solution of the differen-
tial equation

dx®Idz = P(z)a® -+ [(z), (119)
where
[ = 5 fem = Ple)ag @z 4t gzt 0
m=k—1 (1_{0)
—ay — 2,2 — ... — (kR — Da,_, 2" 2

From (120) it follows that the series
2 fni"
m=k—1
converge$ for |z| <7, and therefore a number N > 0 exists
with the property
mod f,, = »™N m=Fk—1 % ...). (121)

From the form of recursive relations (117), it follows that, if
we replace P_;, P,, f,_, respectively by the matrices $_,7,
v 9pI, (r'=™N) which dominate them, and if we replace the column

a,, by the column («,)% (m==~% k+1,...;¢=0,1,2...),
we obtain relations which justify the conclusion
mod a,, = (x,,)- (122)

87 Here (»—™N) denotes a column of elements all equal to one and the
same number »-mN.

¢ Here (a,) denotes the column («,, o, ..., %) (x, iS a number;
m==~rk k4+1,...).
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Consequently, the series obtained by multiplying both members
of

E(k) — O(ka + o 2R+ + . 123
+1

by the column (1, 1,..., 1), will dominate series (115).
In (119), if we replace the matrices P_,, P,, f,, ‘¥, defined by

P() = Pzt + § P, f(z) = §1fm o,

respectively by the matrices p_,I, 9pI, (r™N), (£®) which
dominate them, we obtain a differential equation for &%#:

(k) k—1/pk—1
il =n P + P £k +ZX(Z__/___) (124)
dz z Z z
1= 1=
¥ r

This linear differential equation has the particular solution

N g . 2\ o
gl = _““‘Jf z"'"”-l"l(l ~—) dz, (125)
r

7,7»'—1 7 npr—1 0
1 ——
4

which is regular at the point z = 0 and which can be expanded
about z = 0 into a power series (123) which is convergent for
[z ] <7

Since the dominating series (123) converges, it follows that
series (115) converges for |z | < 7. The lemma is proved.

REMARK 1. The method of the above proof allows us to deter-
mine all the solutions of differential system (112) which are
regular at a singular point, if such exist.

A necessary and sufficient condition that regular solutions (which
are not identically equal to zero) exist, s that the matrix of residues
P_; have an integral nonnegative characteristic number.

Let s be the greatest such integral characteristic number of
P_,. Since the determinant 4 of the system composed of the first
s 4+ 1 equations of (114) is zero, it is possible to find a nonnull
set of columns a,, @, ..., a, which satisfy these first s -1
equations.
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From the remaining equations (114), the columns a,,,, a,.,,, . . .
can be expressed uniquely in terms of a,, a,, ..., a,. The series
(111) converges according to the lemma. Thus, the linearly in-
dependent solutions of the first s 4+ 1 equations (114) determine
all the linearly independent solutions of the system (112) which
are regular at the singular point z = 0.

If z = 0 is a singular point, then the initial value @, does not
uniquely determine a solution for (111) which is regular at this
point (if such exists). However, a solution which is regular at a
regular singular point is uniquely determined when a, a,, . . ., a,
are given, i.e., if the initial values of the solution itself for =
and its first s derivatives are given (where s is the maximum
nonnegative integral characteristic number of the matrix of
residues P_,).

REMARK 2. The theorem remains valid in the case P_, — 0.
In this case, p_, can be taken as any positive number in the
proof of the theorem. In the case P_, = 0, the lemma proves
again the well-known result concerning the existence of a regular
solution in the neighborhood of a regular point of the system.
In this case, the solution is uniquely determined from the initial
value a,.

4. Let the system

dX|dz = P(2)X, (126)
where
P oo
Pi) =""14 3P,
z m=0

be such that the series in the right member converges for | z | < 7.
Also, suppose that formal substitution in

X =AY (127)
of the series
A@R) =Ag+ Az + 4,22 + . .. (128)
gives a system
dYdz = P*(2)Y, (129)
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where
p* ©
P*(z) = —=L 4+ 3 Pkom,
2 m=0

where the series in the right member also converges for |z | < 7.
Under these hypotheses, we shall prove that series (128) also
converges in the neighborhood |z | < 7 of the point z = 0.
In the first place, it follows from (126), (127) and (129) that
the series (128) is a formal solution of the following differential
matrix equation:

dAjdz = P(z)A — AP*(3). (130)

We will consider 4 as a vector (column) in the space of all
matrices of nth order, i.e., in a space of #? dimensions. We can
define a linear operator P(z), which operates on the matrix 4
in this space and which depends analytically on the parameter 2,
by means of the equality

P(z)[A] = P(2)A — AP*(2); (131)
then differential equation (130) can be written in the form
dAjdz = P(z)[4]. (132)

The right side of this equation can be thought of as the product
of the matrix P(z) of order #? and the column A4 of n? elements.
It is seen from formula (131) that the point z = 0 is a regular
singular point for system (132). Series (128) is a formal solution
of this system. Therefore, by the lemma, it follows that series
(128) converges in the neighborhood | z | < 7 of the point z = 0.
In particular, the series for 4 (z) in formula (110) also converges.

Thus, we have proved the following theorem.

THEOREM 2. Every system
dX/dz = P(2)X (133)
with a vegular singulay point at z = 0
. » .
P(Z) :7—1+zpmzm

m=0
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has a solution of the form
X = A(z)2M2Y (134)

where A(2) is a matriz function which is regular for z = 0 and
reduces to the identity matrix E at this point, and M and U are
constant matrices; M is diagonable and has characteristic numbers
which are integers; and the difference of any two different charac-
teristic numbers of the matriz U is not an integer.

If the matrix P_, can be reduced to Jordan form by transforming
by the nonsingular wmatrix T

P, =T{pEi+ Hy, MEy+ Hy, .., A, E,+ HYT™ (135)
(Red, = Redy = ... = Re 4,

then M and U can be taken in the form

/ M = T{m E,, myE,, ..., mE}T™, (136)
) ME, + Hy, By, ... By
U_T 0, MLE, + Hy, .. B,, T-1, (137)
.. .0; ...... (;’ ..... | ./\; b;S +Hs
where
my= [, A, =4 —m, (=12...,5), (138)
B, are proper 8 lower triangular matrices (i, k =1,2,...,s), and

B, =0, if A, — A, is not a positive integer (i, k =1,2,...,5).

In the special case, when mone of the differences A, — 2y
(i, k=1,2,...,5) is a positive integer, we can take M equal to
0 and U equal to P_, in (134), i.e., the solution in this case can
be written in the form

X = A(z) 2P~ (139)

REMARK 1. We recall that earlier in this section we established
an algorithm for determining the coefficients of the series
A() =3, Ap2™ (Ag= E) in terms of the coefficients P, of
the series P(z). In addition, the above theorem also gives the

; ® See (105), p. 183.
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integral substitution V, by which solution (134) is multiplied when
the singular point z = 0 is encircled once in the positive direction:

V = exp (2mU).
REMARK 2. From the formulation of the theorem, it follows that
Bik =0

whenever the relation A, % A, holds (7, R =1,2,...5s).
. Therefore the matrices

0B,...B
A=Tdiag (\Ey, L E,,.., L, E)T1and0 =7[%0 - Bafys
00 ...0
(140)
are permutable:
AT =0A4.
Hence
MU — oM A0 M A0 a0 (141)
where
A=M+ A= Tdiag (A, Ay, . . ., A,) T2 (142)
where 4,, 45, . . ., 4,, are the characteristic numbers of the matrix
P_,, arranged in such a way that the relations Re 1, = Re 1, =
. = Re 4, hold.
On the other hand,
U = n(0),

where 2 (A) is the Lagrange-Sylvester interpolation polynomial for
the function f(4) = z*.

Since all the characteristic numbers of the matrix U are equal
to zero, then A(2) is linearly dependent on f(0), f'(0), . . ., f7=1(0),

ie, upon 1, Inz, ..., (Inz)?* (where g is the minimum index
such that U¢ = 0). Therefore
’ g-1
= > hy(4)(In z)?

=0
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hence
L G Gin
- ~ 9=1 ) 01 ...¢
V=nU)=>hU) (Inz)=T T (143)
=0 ] e e e e
0 0 ...1
where ¢,; (1, 1 =1,2,. ..,n; ¢ <) is a polynomial in Inz of

degree less than g.
From (134), (141), (142), and (143), we see that a particular
solution of system (126) can be written in the form

M0 L. 0 1 qp---Qun
A 1
X—Ap 0 za ...0 0 | (144)
0 0 2] Looo 1
Here 4,, A5, ..., 4, are the characteristic numbers of the matrix
P_,, arranged in the order Re4;, = Reld, = ... = Rel,, and
g:; (¢, 7=1,2,...,m;1<j) is a polynomial in In 2 of degree not

exceeding g — 1, where g is the maximum number of characteristic

-numbers A, which differ by an integer; A4 (z) is a matrix function
which is regular at the point z = 0, and 4(0) = T is invertible.
If the matrix P_; has Jordan canonical form, then 7" = E.

§ 11. Reducible analytic systems

As an application of the theorem of the preceding section, let
us ask when the system

dxjdt = Q(t)X, (143)
(where
ot =3 % (146)

is a series convergent for {>>{;), is reducible (in the sense of
Lyapunov), i.e., when the system has a solution of the form

X = L(t)eB, (147)

where L(¢) is a Lyapunov matrix (i.e., L(¢) satisfies conditions
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1—3 on p. 139), and B is a constant matrix.”® Here X, Q are
matrices with complex elements, and ¢ is a real argument.
Let us make the substitution z = #~1. The system (145) becomes

dX|dz = P()X, (148)
where
e =—0(1) == %= 3 g.m (a9

The series in the right member converges for |z] << 5t Two
cases are possible:

(i) Q,=0. In this case, the point z = 0 is not a singular
point of the system (148). This system has a solution which is
regular and normalized at the point z = 0. This solution is given
by the convergent power series

Xz)=E+ X2+ X224 ... (2] <h.
The substitutions
Lit)=X(t"), B=0

lead to the form (147). The system is reducible.

(ii) Q; # 0. In this case, system (148) has a regular singular
point at the point z = 0.

Without loss of generality, we assume the matrix of residues
P_, = —0Q, to be in Jordan form, where the diagonal elements
21, Agy ..., A, are arranged in the order

Rel, = Rei=...=Rel,

Then the matrix T of formula (144) is equal to the identity
matrix, and therefore system (148) has the solution

M0 ... 0 1 Ji2 -+ G1in

A
Xoapl® oo
0 0 A1 Lo o 1

0 If equation (147) holds, then the Lyapunov transformation
X = L(t)Y carries the system (145) into the system dY/d/ = BY.
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where the function A4 (z) is regular for z = 0 and takes the value E
at this point, and ¢, (4, 2 = 1,2, ..., #n; i < k) are polynomials
in In z. Substituting ¢! for z, we have:

[ (1\M 1 1
7) o ... 0 1 ¢ 1117)---(117; ln7)

(150)

Since the transformation X = A(71)Y is a Lyapunov trans-
formation, then system (145) will be reducible to a certain system
with constant coefficients if and only if the product

1 1\ |
™ 0 ... 0 1 gy (1n7)...q1,,(1n;)
1
Lt)y=|0 t%... 0 0 1 ...q2n(ln7) e Bt
|00 a0 0 1
(151)

is a Lyapunov matrix for some constant matrix B, i.e., if and
only if the matrices L, (¢), dL,/dt and L7 (¢) are bounded. Moreover
it follows from the Erugin theorem (Section 4), that the matrix B
can be taken to be a matrix the characteristic numbers of which
are all real.

Since the matrices L,(¢) and L7'(¢) are bounded for ¢ > ¢,
it follows that all the characteristic numbers of the matrix B
must be equal to zero. This follows from the expressions for 5!
and e~Bt obtained from (151). In addition, all numbers 4, 4,, - . ., 4,
must be pure imaginaries. For, since the elements of the last row
of L,(¢) are bounded, from (151) we see that Rei, = 0.
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Similarly, since the elements of the first column of Ll(¢) are
bounded, it follows that 0 = Re 4, = Re 4,.

But if all the characteristic numbers of the matrix P_, are
pure imaginaries, none of the differences between two unequal
characteristic numbers of the matrix P_, is equal to an integer.
Therefore, formula (139) holds

1
X = A(z) 2P = A(;)th

and a necessary and sufficient condition that the system be
reducible is that the matrix

Ly(t) = t ¢Bt (152)

and its inverse be bounded for ¢ > ¢,

Since all the characteristic numbers of the matrix B must be
equal to zero, the minimal polynomial for the matrix B has the
form 2% Let us denote the minimal polynomial of the matrix

0, by
PA) = (A —m) (A — )™ (A — ) (uy # e for @ # R).
Since Q, = —P_;, the numbers u,, u,, . . ., u, are the negatives

of the corresponding numbers A, and hence they are all pure
imaginaries also. Thus [see formulas (12), (13) on p. 138]

=3 Uyt Ut Uyl s i]om, (153)
o Bt =V, + Vit + ...+ V, (154)
Substituting these expressions into the relation
Ly(t) eBt = @,
we obtain
[Ly(t)Vaoy + (#)]891 = Zy(t) (In 8)e, (155)

where ¢ is the maximum of the numbers ¢,, ¢,, . . ., ¢,, (*) denotes
a matrix which tends to zero as o0, and Zy(f) is a matrix
bounded for ¢ > £,

Since the matrices in the left and right sides of equality (155)
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must have the same order of growth for {—co, the relation
d=c=1
follows, so that
B =0.
Moreover, the matrix Q, has simple elementary divisors.
Conversely, if the matrix @, has simple elementary divisors

and if its characteristic numbers p, g, . - ., 4, are pure imag-
inaries, then

X =A(@) %= A(2)(z7#,)7

is the solution of system (149). If we set z equal to 1/¢ here,
we obtain

1
X = A7) @01

The function X (¢), its derivative dX(¢)/df, and the inverse
matrix X~1(¢) are bounded for ¢ > #,. Therefore, the system is
reducible (B = 0). We have proved the following theorem.’!

THEOREM 3. If Q(¢) =¢1Q, + t72Qy + - -+ 1S a series which
converges for t > t,, then the system

aX/dt = Q(t)X

1s reducible in the sense of Lyapunov if and only if all the elementary
divisors of the matrixz of vesidues Q, are simple and all the charac-
teristic numbers ave pure imaginaries.

§ 12. Analytic fanctions of sets of matrices, and applications
to the study of differential systems.
Researches of I. A. Lappo-Danilevskii

By an analytic function of s matrices X;, X,, ..., X, of
order #, we understand a series

7t See Erugin’s work [17], pp. 21—23. In that work, the theorem is
proved in case no two characteristic numbers of the matrix @, differ by
an integer.
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oo 1...m)
F(X,, Xgoo0y X)) =09+ zl Z ahisz» le ij...ij, (156)
v=1 j,,J,,.
which converges for all matrices of nth order X, which satisfy
the inequalities

mod X, <R, (1=12,...,m). (157)
Here the coefficients
- %o % i5,.6, (o Jor--0lp=012,..,m; »=1,2/3,...)

are complex numbers, R; (j = 1, 2, m) are constant matrices
of order » with positive elements, and X, =12,...,m) are
matrices of the same order, but variable and with complex
elements.

The theory of analytic functions of several matrices was
developed by I. A. Lappo-Danilevskii. On the basis of this
theory, Lappo-Danilevskii made researches of a fundamental
nature into systems of linear differential equations with coefficients
which are rational functions of the independent variable.

' Such a system can always be reduced to the form

ax g{ Up 4 Uj, 51

dz

z—-a) (z — a,)* 1 z—a

by means of a suitable transformation of the independent variable.
Here, U}, are constant matrices of order #, 4, are complex numbers,
and s, are positive integers (¢ = 0,1, ...,s5,—1;7=1,2,...,m)."2

We shall illustrate certain results of Lappo-Danilevskii in the
special case when the system is regular. A regular system is one
in which the condition §; = s, = ... =35, = 1 holds; that is,
a system of the type

X, (158)

J

dX U,
& A

j=1% — @&,

X. (159)

"2 In system (158), all the coefficients are proper rational fractions
in z. Any collection of rational coefficients can be reduced to this form,
if some finite point z = ¢ (regular for all the coefficients) is carried to the
point z = oo by means of a linear fractional transformation of the
variable z.
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Following Lappo-Danilevskii, we introduce certain special
analytic functions — hyperlogarithms — which are defined by
the following recursive relations:

2 dz
ly(z; a;) =f ,

bZ——'d]-l

a dz.

Lz a5, ay, ... a,

7y’

r2 (25 A, Ay - ajv)
a; ) —J

b Z— ajl

By taking the points a,, a,, ..., a,, % as branch points (of
logarithmic type), we can construct the corresponding Reimann
surface S(ay, as, . . ., a,,; ). The hyperlogarithm will be a single-
valued function on this surface. On the other hand, the matrizer
£ of system (159) (i.e., the solution normalized at the point z = b),
can be continued analytically so as to be a single-valued function
on S(ay, as, . . ., a,; ©); and b can be taken as any finite point
on'S different from a,, a,, ..., a,.

For the normalized solution £2; of system (159), Lappo-
Danilevskii gives an explicit expression in terms of the defining
matrices U,, U,, ..., U,, in the form of a series

oo (l.m)
KB=E4+3 3 Lzag,a,. . .a)U0,U ... U. (160)

v=1 j,..dy

This expansion converges uniformly in z for any U,, U,, ..., U,
and represents £% in any finite domain en the surface
S(a,, ay, ..., a,; ), if only none of the points ay, ..., a,, lies
in the interior or on the boundary of this domain.

If series (156) converges for arbitrary matrices X, X,, ..., X,
then the corresponding function IF(X,;, X,, ... X,,) is called
entire. £% is an entire function of the matrices U,, U,, ..., U,,.

If we modify (160) by allowing z to encircle the point a; once
in the positive direction in such a way that the contour does not
enclose other points a; (¢ 7% j), we obtain an expression for the
integral substitution V, corresponding to the point z = a;:

0o 1...m)

i=E+Y X b, e, a;,)U, U, ... U;  (161)

y=1 Gy iy
G=12,... m)
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where the symbols p; are defined by the contour integrals

(b5 a;,) =J‘( %

a;) & — ajl
L,(z; Wi Uys - -, a].v)
p;(b; o Uiy - “1.,) = dz
(ay) Z — ajl

(7’1) 7‘2:---:]‘;;7 j=1y2:--‘xm; 'V=].,2,3,...)

Series (161) is also an entire function of U,, U,, ..., U,.
After first generalizing the theory of analytic functions to the

case of an infinite, but countable set of matrix-arguments

Xy, X,, X3, .. .,” Lappo-Danilevskii applied this theory to study

the behavior of the solution of a system in the neighborhood of

an irregular singular point.”* We will state the main result.
The normalized solution £ of the system

ax

sz’

j=—q

where the power series in the right side converges for 7
2] <7 (r > 1) can be represented by the series

oo o0
Q8 =FE 4+ > 2 P P, > Yutrte iyt vttt
v=1l j;,d5, .-, dy=—a #=0
Ll 162
zoc,*(’\ oAt e qnx g, (162)
gL dp Tv i
x=0
Here a*‘i’l .y and a j, are scalar coefficients which are
defined by special formulae. Series (162) converges for ar-
bitrary matrices P;, P,, ... in the annulus p < | z | < 7; where

p 1s any positive number less than . The point b must also be in
the interior of the annulus (p < | b | < 7).

" See [37], Vol. I, Memoir 1.

" See [37], Vol. I, Memoir 3; see also [18, 19].

» The restriction'» > 1 is not essential, since this condition can always
be obtained by substituting «z for z, where « is a suitably chosen positive
number.
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Not having the opportunity to present the work of Lappo-
Danilevskii in any great detail in this book, we are forced to
limit our treatment to the formulations of the basic results
presented above and to refer the reader to the pertinent literature.

All the researches of Lappo-Danilevskii dealing with differential
equations were published posthumously ¢ by the Academy of
Sciences of the USSR in three volumes in 1934 —1936.

% See [37].



CHAPTER V

The Routh-Hurwitz Problem and Related Questions

§ 1. Introduction

In Section 2 of Chapter II we explained how, according to
Lyapunov’s theorem, the null solution of the system of differential
equations

dx; n
Et‘l: D ATy + (%%) (1)
E=1
(where the a;’s (4, £k =1,2,...,n) are constants) is stable for
arbitrary terms () of second and higher degrees in the variables
z; if all of the characteristic roots of the matrix A4 = (a,.)},
i.e., all of the roots of the secular polynomial 4(1) = det (AE — A)
have negative real parts.

The problem of establishing necessary and sufficient conditions
under which all of the roots of a given algebraic equation lie in
the left half-plane is consequently one of fundamental importance
for a number of practical fields in which the stability of mechanical
and electrical systems is investigated.

The importance of this algebraic problem was made clear in
the original theory of machine control developed by the English
physicist J. Clerk Maxwell and the learned Russian research
engineer J. Vyshnegradskil who, in their works?! devoted to the
theory of control, arrived at conditions of the type described for
equations of degree at most three, and made extensive use of them.

In 1868 Maxwell proposed the mathematical problem of finding
the corresponding conditions for algebraic equations of arbitrary
degree. This problem, however, had been essentially solved in a
paper ? published in 1856 by the French mathematician Hermite.

! Maxwell, 467 Vyshnegradskii, [68] and [697. See also [2].

2 Hermite, 27 .

203
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In this paper a close connection had been established between
the number of roots of a complex polynomial f(z) lying within
an arbitrary half-plane (or even within an arbitrary sector), and
the signature of a certain quadratic form. However, Hermite’s
results were not given in a form suitable for application by
specialists working in practical fields, and his paper was con-
sequently not given the circulation it deserved.

In 1877 the English physicist Routh,? using Sturm’s Theorem
and Cauchy’s theory of indices, established an algorithm for
determining the number % of roots of a real polynomial lying in the
right half-plane. In the particular case # = 0 this algorithm gives
a stability criterion.

At the end of the nineteenth century the great Slovakian
research engineer A. Stodola, the creator of the theory of steam
and gas turbines, not knowing of Routh’s work, again proposed
the problem of finding conditions for all of the roots of an algebraic
equation to have negative real parts, and in 1895 A. Hurwitz,4
basing his work on Hermite’s, gave a second solution of the prob-
lem, independently of Routh. The determinant inequalities ob-
tained by Hurwitz are now known as the Routh-Hurwitz con-
ditions.

Even before the work of Hurwitz had seen the light of day,
however, A. M. Lyapunov, the founder of the modern theory of
stability, had established in his famous dissertation ® a theorem
from which follow necessary and sufficient conditions for all of
the roots of the characteristic equation of a real matrix to have
negative real parts.

New stability criteria were discovered in 1914 by the French
‘mathematicians Liénard and Chipart.® Making use of special
quadratic forms, these authors obtained stability criteria possessing
certain advantages over the Routh-Hurwitz criteria; e.g., the
number of determinant inequalities in the Liénard-Chipart criteria

3 Routh, [59].

4+ Hurwitz, [28].

> Lyapunov, [42], Scction 20.
¢ Liénard and Chipart, [41].
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is approximately half the number in the Routh-Hurwitz criteria.

The famous Russian mathematicians P. L. Chebyshev and
A. A. Markov proved two remarkable theorems in connection
with the series expansion of continued fractions of a special type.
These theorems, as will be shown in Section 16, have a direct
relation to the Routh-Hurwitz problem.

In the set of problems just sketched, essential use is made
of the theory of quadratic forms and, in particular, the theory of
Hankel forms.

§ 2. Cauchy indices

We turn now to a consideration of the so-called Cauchy indices.

DEFINITION 1. The Cauchy index of the real rational function
R(x) between the limits a and b (denoted by I'R(z); a and b are
real numbers, possibly -+ o0) is the difference between the numbey
of points at which R (x) jumps from —o0 to +oco0 and the number of
points at which R(x) jumps from +oo to —oo as the independent
variable ranges from a to b. In calculating the number of infinite
discontinuities of each type the behavior at a and b is to be
disregarded.

According to this definition, if

Rx) =3 4 + R, (),

i=1% — o;
where 4, «; (! =1,2,...,p) are real numbers and R (z) is a
rational function which has no real poles, then 7
i
I'3R(x) = Y sign 4, (2)
i=1
and in general
BR@) = 3 signd, (a<b). @)
a<a;<b

In particular, if f(z) = ay(x - «,)™ ... (x — %)™ is a real

" By sign a (a being a real number) we mean 41, - 1, or 0, according
as a>0,a<0, or a=070.
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polynomial (x; # «, for 7 £ %; 4, k= 1,2,...,m), and among
the roots «;, a, ..., «, of this polynomial only the first p are
real, then

where R,(x) is a real rational function with no real poles.
Thus according to (2') the index
()
Bl (@ <)
f(x)
ts equal to the number of distinct real rools of the function f(x) lying
within the interval (a, b).
An arbitrary real rational function R(z) can always be rep-
resented in the form

vo( AP AW
R - S T R
(x) igl r— o, + + (.’E — ,xi)n,- + l(x):

where all of the numbers « and A4 are real (A;fg # 0) and R, (x)
does not have real poles.
Then
ITE R(x) = 3 sign A (3)
and in general
[iR(x) = 3 sign A7 (3"
a<a;<b
where in both cases the sum is extended over values of ; for which
n; is odd.
One,of the methods of calculating the index I’R(x) is based
on the classical Sturm’s Theorem.
We consider a sequence of polynomials

h@), o), ... fn(@), (4)

satisfying the following pair of conditions involving an interval
(a, b):

8 Here a may be — oo and b may be -+ .
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1. Tor any value of (@ <<« < b) at which any one of the
functions f,(x) vanishes, the two adjacent functions f,_,(x) and
fr+1(@) have values different from zero and of opposite signs.

2. The last function f,(x) in the sequence (4) does not vanish
within (a, b); i.e., f,(®) %0 for a <z < b.

Such a sequence of polynomials (4) is called a Sturm sequence
in the nterval (a, b).

We shall denote by V(x) the number of changes in sign in the
sequence (4) for a fixed value ® of . Then as x ranges from a
to b the size of V (x) can change only when z passes through a
zero of one of the functions in the sequence (4). But according
to condition 1 the value of V (x) cannot change when z is a zero of
one of the functions f,(x) (¢ =2,...,m — 1). When « passes
through a zero of £, (z), the sequence (4) loses or gains one change
of sign according as f,(x)/f,;(x) passes from —oo to +4oo0 or the
reverse. Thus there holds

Taeorem 1 (Sturm). If f;(x), fo(x), ..., f.(x) is a Sturm
sequence in (a, b), and V (x) is the number of changes of sign in this
sequence, then

1312(—%) = V(a) — V(b). (3)

fi(=)

REMARK. If all of the terms in a Sturm sequence are multiplied
by the same arbitrary polynomial d(z) £ 0 the resulting sequence
of polynomials is called a generalized Sturm sequence. Since multi-
plying all of the terms in the sequence (4) by the same polynomial
changes the value of neither member of equation (5), Sturm’s
theorem is valid even for generalized Sturm sequences.

We remark that if two polynomials f(x) and g(x) are given,

® If a < = < b and f,(x) = 0, then because of condition 1, in the deter-
. mination of V(x) zero values in the sequence (4) may be ignored or one
may regard them as having either sign. If g is finite, V' (a) should be taken
to mean V(a -- €), where ¢ is a positive number so small that none of the
functions f,(x) (: = 1, 2, ..., m) vanish on the half-closed interval (a,
a + ¢]. In the same way, if b is finite, V' (b) should be assigned the value
of V(b — ¢), where ¢ is chosen analogously.
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and the degree of g(x) is not greater than that of f(z), then one
can always use the Euclidean algorithm to construct a generalized
Sturm sequence which begins with the functions f,(x) = f(z),
fo(®) = g(x). In fact, if we denote the remainder obtained upon
dividing f,(x) by fy(x) by —f;(x), the remainder obtained upon
dividing f,(x) by f5(x) by —/,(z), and so on, we obtain the chain
of identities

hix) = ¢ (@)fa@) — f3(®), . . ., froa (@) = Gra (@)f2(®) — fraa (@),

LS fm—l(x) = 9m—1(x)fm(x)’ (6)
where the last remainder which is not identically zero, f,, (x),
is the highest common factor of f(x) and g(x), and also the highest
common factor of all the functionsin the sequence (4) so constructed.
If ,.(®) # 0 (a < x < b), then the sequence (4) defined by the
identities (6) satisfies conditions 1 and 2 and is accordingly a
Sturm sequence. If the polynomial f,(z) has roots within the
interval (a, b), then the sequence (4) is a generalized Sturm
sequence, since one obtains a Sturm sequence by dividing all of
its terms by 7, (x).

From this it follows that the index of an arbitrary rational
function R(x) may be determined by using Sturm’s theorem. All
one needs to do is to write R(z) in the form Q(x) + g(x)/f(),
where Q(x), f(xr), and g(z) are all polynomials and the degree
of g(x) is at most that of f(x). Then, if one constructs the generalized
Stunm sequence for f(x) and g(z),

I’R(z) = bM:Va — V(b).
LR =155 = V@) = V)

Using Sturm’s theorem, one can determine the number of
distinct roots of a polynomial f(x) within an interval (a, b),
since this number is equal to I%(f'(z)//(z)), as we have shown.

§ 3. Routh’s algorithm

1. Routh’s problem is that of determining the number & of
roots of a real polynomial f(z) lying in the right half-plane
(Rez > 0).
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We first consider the case in which f(z) has no zeros on the
imaginary axis. In the right half plane we construct the semicircle
with radius R and center at 0 and consider the domain bounded
by this semicircle and the imaginary axis (Fig. 2). For a suf-

Fig. 2.

ficiently large value of R all % zeros of the polynomial f(z) with
positive real parts will lie within the domain. Thus arg f(z) will
increase by 2kn as z traverses the boundary of the domain once
in the positive direction.’® On the other hand, the increase in
arg f(z) along the semicircle of radius R as R — oo is the increase
in the argument of the leading term a,2" and is thus equal to nsx.
Thus we obtain the formula

AtZ arg fio) = (n — 2k)m (7)

for the increase in arg f(z) along the imaginary axis.
We shall now introduce a notation for the coefficients of the
" polynomial f(z) which is not quite the usual one. Namely, we
put:
f(z) = agx™ + byz" 1 4 ay 2" + by 2" 2 ... (a9 #~ O).
Then
fliw) = Ulw) + iV () (8)
where for even values of
10 In fact, if f(z) = a, H?=1 (2 = z;) then
T darg f(z) = §A arg (z — z,).

i=1

If z, lies within the domain under consideration, A arg (z — z;) — 2.
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0|3

Uw) = (—1)

(aqg"—a,w" 2 4 ay" ™t — . ),

3

1

Viw) = (=12 (o "' —bjo" 2+ bo"? —. . ),

and for odd values of #

n—1
Uw) = (1) 2 (byo" ' — byo"3 + byo"® — .. ),

n—1
V(o) = (—1) % (@o" — 0" + go" —...).

Following Routh, we avail ourselves of the Cauchy index. Then

e V) g U@)
L 4% arg fio) ) () (9)
— AT arg f(im) =
v I*W—V(w) if lim V(g)

The equations (8") and (8'') show that for even values of 2 the
lower formula in (9) is valid, and for odd values of # the upper.
Moreover, from (7), (8"), (8”), and (9) we may easily obtain
that for any value of » (even or odd)

oo Do = by
—c0

=n — 2k. (10)

n n—2
Agw" — A" 4 L

Here it is to be recalled that by assumption f(z) has no roots
on the imaginary axis.

2. In order to determine the index on the left side of equation
(10) we shall apply Sturm’s theorem (cf. the preceding section).
Putting

hiw) = ao™—ao" 2+ .., fyo) =bo™1 bw'24+.. ., (11)
we construct a generalized Sturm sequence

hiw), fa(@), (@), ..., fu(®) (12)

by use of the Euclidean algorithm.
We shall consider first the regular case in which m = n + 1.
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In this case the degree of each term in the sequence (12) is one
less than that of the preceding term, and the degree of the last
function f,,(w) is zero; moreover, the sequence (12) is in fact an
ordinary (ungeneralized) Sturm sequence.

From the Euclidean algorithm (cf. (6)), it follows that

ay

falw) = b (@) — fi(@) = ceo"? — ;0" + "t — ..,
0
where
a, boa;—ayb,. a, bods—ayby
Co=0y by 1 by y €1 = Gy by 2 by ) (13)

In exactly the same way,
b
falw) = zgf:,(a)) — folw) =dyo™3 — dyo" ™ 4 ..,
0

where

PR PO 2 SR S P L (13')
0 1 Co 1 CO » 1 2 CO 2 CO R

The coefficients of the other polynomials in the sequence may be
found analogously. The polynomials

fl(w): fz(w)’ s fn+1(w) (14>

are even and odd functions with the parity alternating.
Next, we construct the Routh scheme:

bo; b]: b2: y
Co» €1 Cop vy (15)
d()) dl) d2y 3y

In this scheme, as the formulas (13) and (13') show, each line
is determined by the two preceding ones according to the following
rule:
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From the numbers of the upper row we subtvact the corresponding
numbers of the lower row multiplied by a number such that the first
difference is zero. If we discard this zero difference, we obtain the
row sought.

The regular case is obviously characterized by the fact that

in the sequence
bos Co» Aoy - - -

obtained by applying this rule repeatedly we encounter no num-
bers which are equal to zero.

In Figures 3 and 4 the skeleton of the Routh scheme is shown
for an even value of # (n = 6) and an odd value of # (n = 7).
Here the elements of the scheme are indicated by points.

Fig. 3. Fig. 4.

In the regular case the polynomials f,(w) and f,(w) have as
highest common factor the nonzero constant f,,,(w). Thus these
polynomials, and consequently U(w) and V(w) (cf. (8"), (8”),
and (11)) do not vanish simultaneously, and the function f(iw) =
U(w) + iV (w) # 0 for real values of w. Thus in the regular case
the formula (10) s valid.

Applying Sturm’s theorem for the interval (—oo, 4-00) to the
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left member of this formula and making use of the sequence (14),
we obtain, by (10):

V(=) —V(+xo) =n — 2k (16)
In the given case
V(400) = V(ag, by ¢ ---)

and
V(—w)=V(ag, —by co —dy,--.).
Hence
V(—w) =n— V(+w0). (17)
From the equations (16) and (17) we find:
kR ="V(ay by co dy, -..). (18)

This proves

THEOREM 2 (Routh). The number of roots of a real polynomial
f(2) which lie in the vight half-plane Re z > 0 is equal to the number
of changes of sign in the first column of the Routh schewme.

3. We consider now the important special case in which all of
the roots of f(z) have negative real parts (the ‘“‘stable” case).
If we construct the generalized Sturm sequence (12) for the
polynomials (11) in this case, then since £ = 0 the formula (16)
becomes:

V(—w) — V(+w) = n. (19)
But0EV(—w)=E=m —1=#n and 0 = V(+w0)=m —1=Zn.
Hence the equation (19) is possibly only when m == # -} 1 (the
regular case!) and V(+ow) =0, V(—o) =m — 1 =#xn. Then
from formula (18) follows

THE RoutH CRITERION. In order for all of the roots of the real
polynomial [(z) to have negative real parts, it is necessary and
sufficient that all of the elements in the first column of the Routh
scheme be different from zero and of the same sign.

1t The sign of f,(w) for w = + o is taken to be that of its leading
coefficient, and for w = — oo is that of the leading coefficient after it
has been multiplied by (—1)»*+ (k =1,2,..., n - 1).
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4. In establishing Routh’s theorem we operated with formula
(10). In the sequel we shall need a generalization of this formula.
Formula (10) wasintroduced on the assumption that the polynomial
f(z) has no roots on the imaginary axis. We shall show that in
the general case, when f(z) has & roots in the right half-plane and
s roots on the imaginary axis, then formula (10) should be replaced
by the formula

byt — byw" 3 4 by — L.
0® 1077 by =n—2k —s. (20)

I

In fact
H(z) = d(2)f*(2)

where the real polynomial 4(z) == 2°* + ... has s roots on the
imaginary axis, and the polynomial f*(z) of degree n* =#n — s
has no such roots.

For the sake of concreteness we shall consider the case in
which s is an even number; the case in which s is odd can be
disposed of in a completely analogous way.

Let

fliw) = U®) + iV (@) = d(io)[U*(@) + iV*@)].

Since in the case being considered d(iw) is a real polynomial
n w,
Ulw) U*(w).

Viw) V*w)

Since in this case # and »n* are of the same parity, applying the
equations (8’) and (8) and the notation (11) we find:

fol@) _ f(w)

fi(w) B filo)
Since the formula (10) is applicable to the polynomial f*(z),

o la®) o f (@)

Thie) TR ()

which was to be shown.
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§ 4. Singular cases. Examples

1. In the preceding section we analyzed the regular case, where
in the Routh scheme none of the numbers b, ¢,, d,, . . . turn out
to be zero.

We shall turn now to the singular case where in calculating
the sequence of numbers &, ¢, ... we encounter a number
hy = 0. The Routh algorithm stops short on the line where Ry
occurs, since in order to obtain the numbers in later lines it
would be necessary to divide by #&,.

Singular cases fall into two categories:

1. 1In the line where %, occurs there are nonzero numbers.
This means that at some place in the sequence (12) the drop in
degree is greater than one.

2. All of the numbers in the line containing %, are simultane-
ously zero. In this case the line in question must be the (m 4 1),
where m is the number of terms in the generalized Sturm sequence
(12). The degrees of the functions in the sequence (12) all drop
one by one, but the degree of the last polynomial f,,(w) is greater
than zero.

In either case the number of functions in the sequence (12)

is less than » 4 1. Since the ordinary Routh algorithm breaks
off in both cases, Routh gives special rules for completing the
scheme.
2. Incase 1, following Routh, one substitutes a ““‘small”’ quantity
& in place of 4, = 0, where ¢ has a definite (but arbitrary) sign,
and proceeds with the completion of the scheme. When this is
done the subsequent elements in the first column of the scheme
will be rational functions of . These elements will have definite
signs, depending on the “‘smallness”” and sign of . If any of these
elements in identically zero relative to ¢, we replace it by another
small quantity » and proceed with the algorithm.

Example.
f(z) =24+ 23+ 222 L 27 4 1.

The Routh scheme (with a small parameter &) is
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1, 2, 1
1, 2

£, 1 R=VQ1,1, ¢ 2—1/g, 1) = 2,
2 — 1/e

1

The justification for this curious method of varying the elements
of the scheme is this:

Since we have assumed that the case in question is not of
type 2, the functions f,(w) and f,(w) must be relatively prime.
From this it follows that the polynomial f(z) can have no roots
on the imaginary axis.

In the Routh scheme all of the elements are rational functions
of the elements of the first two rows, i.e., of the coefficients of
the given polynomial. But it is not hard to see from the formulas
(13) and (13’) and the analogous formulas for succeeding rows
that once arbitrary values are given for the elements of any two
consecutive rows in the Routh scheme, and for the first element
in each of the preceding rows, we may obtain all of the numbers
in the first two rows, the coefficients of the given polynomial,
as rational functions of the given numbers which, as functions of
the elements of the given consecutive pair of rows, are entire.
Thus, for instance, all of the a’s and &’s can be written as rational
functions of

ag, by, oo Mg, Py, o 8o G e e

which are entire as functions of %y, 4y, ..., g, &, .... Thus by
changing %, = 0 to ¢ we in effect alter our original polynomial.
Instead of the Routh scheme for f(z) we obtain the Routh scheme
for a polynomial F(z, &) which coincides with f(z) when ¢ = 0.
Since the roots of F(z, &) change continuously when e changes,
and when & = 0 the function has no roots on the imaginary axis,
it follows that when ¢ is sufficiently small in absolute value the
polynomials F(z, ¢) and F(z, 0) = f(z) have the same number £
of roots in the right half-plane.

3. Now we shall proceed to a consideration of singular cases
of type 2. In the Routh scheme, let
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@y # 0, by #£0, ..., 6040, hg=10, hy =0, hy =0, ...

In this case the last polynomial in the generalized Sturm sequence
(16) has the form:

fn(w) = g™ — ¢, @™ ™1 L ||

Routh suggested changing the vanishing polynomial f,,,,(w)
to fr.(w), i.e., writing the coefficients

(m—m e, (m—m — e, ...

in place of the vanishing numbers 4, %, . . ., and proceeding with
the algorithm.

The justification for this rule is as follows:

According to the formula at the end of Section 3,

h()

(the s roots of f(z) on the imaginary axis are the same as the
real roots of the polynomial f,,(w)). Hence, if these real roots are
simple,

— 2k — s

oo «f;n(w) — 5
- f"l(w)
and, consequently,
@) | palalo)

—oofl( ) fm(w)

This formula shows that the missing part of the Routh scheme
should be supplied by the Routh scheme for the two polynomials
fw(w) and f; (). The coefficients of the polynomial f, (w) are
used for the values of the elements of the zero row in the Routh
scheme.

If the real roots of f,, (w) are not simple, then if we denote by
d(w) the highest common factor of f,(w) and f, (@), by e(w)
the highest common factor of d(w) and d’(w), etc., we will have:

IR
f) d(w) e(w)

+ ... =
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Thus the desired number & may be obtained if the missing part of
the Routh scheme is replaced by the Routh schemes for f,,(w)
and f,,(»), d(w) and d'(w), e¢(w) and ¢ (w), etc.

Example.
fz) =210 + 2% — 2% — 227 4 26 4 325 424 — 228 — 2 L 2 4 L

The scheme is

w10 1 — 1 1 1 —1 1
w? 1 — 2 3 -2
w8 1 — 2 3 —2 1
, 8 — 12 12 —4
@ { 2 — 3 3 —1
0t 1 3 — 3 2
w5{ 3 — 3 3
1 — 1 1
2 — 2 2
“’4: | 1
i
w2 —1 2
) 1
2
C00
{ 1 E=V(1,1,1,2, —1,1,1,2, —1,1,1) = 4.

REMARK. One may multiply all of the elements of any row

by the same positive number without changing the signs in the
first scheme.
4. However, the application of both of Routh’s rules does not
make it possible to determine the value of % in all cases. The
application of the first rule (the introduction of the small para-
meters ¢, 7, ...) is justified only when the polynomial f(z) has
no roots on the imaginary axis.

If the polynomial f(z) has roots on the imaginary axis, then
changing the parameter ¢ may move some of these roots into the
right half-plane and thus change the value of .



wb
w®
w?

w3

Example.
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f(z) = 28 4 25 4 324 4 323 4 322 L 27 1 1,

The scheme is

1 3
3
£ 1
1 1
3—— 2 ——
& &
26 — 1
1 _
1
3 _

— o W

__[4ife >0,

1
11 —_— —e, 1) = .
V(L 1e3 e’l’ & 1) 2if e << 0.

The question as to which of these numbers is equal to £ remains

op

€1.

In the general case, when f(z) has roots on the imaginary axis,
it is necessary to proceed as follows:
Putting f(2) = F(2) + F,(z), where

Fy(z) = agz" + a2 2 4 ..., Fy(2) = bya"t + b3 ..,

one must find the highest common factor d(z) of the polynomials
Fy(2) and F,(z). Then f(z) = a(2)f*(2).
If f(2) has a root z such that — z is also a root (all roots on the
imaginary axis have this property) then it follows from f(z) =0
and f(—z) = 0 that F () = 0 and Fyo(z) = 0, ie., z is a root
of d(z). Hence the polynomial f*(z) has no root z such that —z
is also a root.
Then

R=Fky+ ky
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where %, and %, are the numbers of roots in the right half-plane
of f*(z) and d(z) respectively; k£, may be determined by Routh’s
algorithm, and %, = (g — s)/2, where ¢ is the degree of d(z) and
s is the number of real roots of the polynomial d(iw).'2

In the last example,

d@) =241, fHa) =242 4 222 + 2 + L.

Thus (cf. the first example in this section) &, = 0, %k, = 2 and,
consequently, & = 2.

§ 5. Lyapunov’s theorem

From the investigations of A. M. Lyapunov published in
1892 in his monograph The General Problem of the Stability of
Motion, there follows a theorem13 which gives necessary and
sufficient conditions for the roots of the characteristic equation
det (AE—A)=0 of the real matrix 4 = (4,,)7 to have negative
real parts. Since an arbitrary polynomial

fA) = agd* + a, A" 4 ...+ a, (a, #0)

may be represented as a characteristic determinant 1 det (AE — A4),
Lyapunov’s theorem is of a general character and can be applied
to any algebraic equation f(4) = 0.

Let there be given the real matrix 4 = (a,)} and a homo-
geneous polynomial of the mth order relative to the variables
Xy, Ty, ..., Xy

2 d(iw) is a real polynomial, or else becomes one upon division by i.
One can use Sturm’s theorem to find how many real roots it has.

13 Cf. [42], Section 20.

¢ To this end it suffices, for example, to put

0, 0, ., 0, —a,a,
0, ..., 0 —a, la,

0, 0, ... 1, —aya,
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Vi, z ... x) [x = (x, zy, ..., 2,)]

On the assumption that z is a solution of the vector differential
equation

dx/dt = Ax
we calculate the total derivative of the function V(z, =, .., x)
with reSpect to #:
d
;Z?V(x’ z, ..., x) = V(Ax’, z,...x (21)
+ Vi, Az, .. ., x) 4+ ...+ V(e x,..., dz) = W(z, =, ..., x),
where W(x, z,..., ) is again a homogeneous polynomial of
the mth order relative to the variables z,, #,, . . ., z,. The equation
(21) defines a linear operator % which assigns to each homo-
geneous polynomial of the mth order, V(x, =,..., x), some
homogeneous polynomial W(z, z,...x) of the same order m:
W =2).

We shall confine ourselves to the case ® m = 2. In this case
V(z, ) and W(z, ) are quadratic forms in the variables z,,
Zy, . . ., &, and are connected by the equation

d

;i—tV(x, x) =V(dx, z) + V(x, Ax) = W(zx, x), (22)

whence, since V(z, y) = «'Vy,
W=2V)=AV + VA. (23)

Here V = |jv,||} and W = |jw,,||f are symmetric matrices
made up of the coefficients of the forms V(», ) and W(z, z)
respectively. The linear operator £ in the space of nth order
matrices V is fully defined when the matrix A is given.

If 4, 45, . . ., 4, are characteristic roots of the matrix A, then

¥* Lyapunov proved his theorem (cf. Theorem 3 below) for any positive
integer m.
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each characteristic number of the operator # can be represented
in the form 4, + 4, (1 <4, £ < #n).16

Therefore, if the matrix A4 has neither zero as a characteristic
root nor a pair of characteristic roots which add up to zero, the
operator . is nonsingular. In this case if the matrix W is given
the matrix V is uniquely defined in (23).

If V is a symmetric matrix, then the matrix W defined by the
equation (23) is also symmetric. If £ (V) is a nonsingular operator,
the converse also holds: to an arbitrary symmetric matrix W
there corresponds, by virtue of (23), a symmetric matrix V. In
fact, if in this case we go over to the transposed matrix on both
sides of (23) we find that the matrix V' as well as the matrix V
satisfies the equation (23). By the uniqueness of the solution,
it must then be true that V = V",

In this manner we see that if the matrix A does not have zero
as a characteristic root, and has no pair of characteristic roots whose
sum 1s zero, then to each quadratic form W (z, @) there corresponds
one and only one quadratic form V (x, ) related to W (x, ) by the
equation (22).

We are now in a position to formulate Lyapunov’s theorem.

THEOREM 3 (Lyapunow). If all characteristic roots of the real
matyix A have negative real paris, then to an arbitrary negative
defimie quadratic form W (x, x) there corresponds a positive definite
quadratic form V(x, x) such that if one. takes

dx/dt = Ax (24)
then V(x, x) and W(x, x) satisfy

-%V(z, ) = W, z). (25)

Conversely, if for some negative definite form W (x, x) there exwists
a positive definite form V(x, x) connected with W(x, x) by the
equations (24) and (25), then all characteristic roots of the matriz
A have negative real parts.

8 See Note 18, Chapter 1V, p. 148.
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Proof. (i). Let all of the characteristic roots of the matrix
A have negative real parts. Then for an arbitrary solution x = ¢4z,
of the equation (24) we have: lim,_, ., # = 0. Let the forms V (x, z)
and W(z, x) be connected by the formula (25), and W (z, x)<0
(x # 0). (The form W(x, x) is to be thought of as given, and
V (x, ) is then uniquely defined by (25), since under the present
assumptions 0 is not a characteristic root of 4, and no two
characteristic roots of 4 can have 0 as their sum.)

We suppose that for some z, # 0

Vo= V(x, z,) < 0.

But

a
E:V(x, x) =W, 2) <0 (z=ellz,).

Thus, for ¢ > 0, the quantity V (z, z) is negative and decreases as
{ — o0; but this contradicts the equation

lim V(z, ) = lim V(z, z) = 0.

t—> 00 z—>0

Consequently V(x, ) > 0 for @ # 0; ie., V(z, ) is a positive
definite quadratic form.
(ii). Conversely, let it be given that in the equation (25)

W, ) <0, V(z, z) >0 (x#£0).
From (25) it follows that

Vix, x) =V (2, %)+ f Wie a)dt (@ = edtary). (25')

We shall show that for an arbitrary z, # 0 the vector x = etx,
‘comes arbitrarily near zero for certain arbitrarily large positive
values of £. We assume the contrary. Then there exists a number
v > 0 such that

Wk, z) < —v <0 (z=ettx,, x, #0)
for all positive values of z. But then, from (25),
Viz, ) <V(xy z,) — vt
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and, consequently, for all sufficiently large values of ¢, V (x, x) <0,
and this contradicts the assumption.

From what has been shown it follows that for some sufficiently
large values of ¢ the quantity V(z, ) (x = eftx,, z, # 0) will
be arbitrarily near zero. But V(x, ) decreases monotonically
for ¢ > 0, by virtue of

av(z, x)/dt = Wz, x) < 0.

Hence lim,_,  V(x, ) = 0.

From this it follows that for an arbitrary z,#0, lim,_, . e4tx, =0,
ie., lim,_, ,e4* = 0. This is possible only if all of the characteristic
roots of the matrix 4 have negative real parts.

The theorem is completely proved.

For the form Wz, z) in Lyapunov’s theorem one may choose
any negative definite quadratic form; in particular, one may
choose the form — a2 — 22 — ... — 22. In this case the theorem

assumes the following formulation in terms of matrices:

THEOREM 3'. In order that all the characteristic vools of the real
matriz A have negative veal parts it is necessary and sufficient
that the matriz equation

AV 4+ VA= —E (26)

has as a solution the matriz of coefficients of some positive definile
quadratic form V(x, z) > 0.

From the theorems just proved there follows Lyapunov’s
well-known criterion for the determination of stability of a non-
linear system in terms of its linear approximation.?

"Suppose that one wishes to show that the null solution of
the nonlinear system of differential equations (1) is asymptotically
stable when the coefficients a;; of the linear terms in the right
hand members of the equations form a matrix A all of whose
characteristic roots have negative real parts. Then if we define
the positive definite form V (z, ) by means of the matrix equation
(26) and calculate its total derivative with respect to time on

17 Cf. Lyapunov, 7427, Section 26; Bellman [3], Ch. 4; Lefschetz {40],
Ch. IV.
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the assumption that = (z,, #,, . . ., ,) is a solution of the given
system (1), we obtain

d n
EV(x, ) = —Yal+ Ry, x,, ..., 2,),

=1
where R(x,, x,, ..., z,) is a series made up of terms of at least
the third degree in z,, ,, . . ., #,. Thus in some sufficiently small
neighborhood of the point (0, 0,.. ., 0) the inequalities

Ve, z) > 0, d%V(x, z) < 0
hold simultaneously for any x s 0.

According to Lyapunov’s general stability criterion,!8 this
indicates that the null solution of the system of differential
equations is asymptotically stable.

If one uses the equation (26) to express the elements of the
matrix V' in terms of the matrix 4 and substitutes the resulting
expressions in the inequalities

V11 Vg« U1y

v v
vy > 0, det [ 1 12} >0,... det | Y21 P22 TVanf~ o
Upy Vgof e oo
Upt VUpa- o e Upp

then one obtains inequalities which the elements of the matrix A
must satisfy in order for the characteristic roots of this matrix
to have negative real parts. However, these inequalities may be
obtained in a remarkably simpler way from the Routh-Hurwitz
criterion, which is the subject of the next section.

REMARK. Lyapunov’s theorems 3 and 3’ can be directly
generalized to cover the case of an arbitrary complex matrix A.
In this case the quadratic forms V (z, ) and W (z, z) are replaced
by the Hermitian forms

Viz, z) =

A

M=

n
Uiy, W, 2) = 3 w, 7,2
1 i k=1

¥ Lyapunov 42], Section 16.
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Correspondingly, the matrix equation (26) is replaced by the
equation
A*V + VA = —E (A* = 4").

§ 6. The Routh-Hurwitz theorem

In the preceding sections we have investigated Routh’s method,
unexcelled in its simplicity, for determining the number % of
roots of a real polynomial which lie in the right half-plane, if
the coefficients of the polynomial are given as specific numbers.
But if the coefficients of the polynomial depend on certain
parameters, and one wishes to determine for what values of the
parameters the number % has a specific value, in particular the
value 0 (the domain of stability!),'? it is desirable to have concrete
expressions for the quantities ¢, dy, . . . in terms of the coefficients
of the given polynomial. In the process of solving this problem,
we shall obtain another method for determining the number %
and, in particular, the stability criterion in the form in which it
was obtained by Hurwitz.20

Again we consider the polynomial

f(2) = aga™ 4+ by2™ 1 + a 2" 2 4 by 2" 4 L. (ay # 0).
The square matrix of order =

by, by, by ... by

Ay, Ay, Ag,. . ., Ay P n

0, bo, bl,. . bn-g a,=0 if &> [.—2':] ) }
H = 0: Ay Ayy- - s g . n—1 (21)

0» O’ bo: T bn—3 bk =0 k> [7—}

..........

..........

will be called the Hurwitz matriz.
We shall transform this matrix by subtracting from the second,
fourth, etc., rows the first, third, etc., respectively, first multi-
1 This is precisely the situation that occurs in the designing of new

mechanical or electrical control systems.
20 Hurwitz [28].
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plying the latter by ay/b,. We first confine our attention to the
regular case, in which &, 5% 0, ¢, # 0, . .. This yields the matrix

0 ¢ .. Cpop
0 b, b bps
0 0 ¢5...Ch3
0 0 by...b,4

..........

..........

Here ¢, ¢;, . . . is the third row of the Routh scheme, filled out
with zeros (¢, = 0 if & > [n/2] — 1).

We again transform the matrix so obtained, subtracting from
the third, fifth, etc., rows the second, fourth, etc., respectively,
first multiplying the latter by by/cy:

by by by by
0 ¢ ¢ ¢y...
0 0 dy 4d,
0 0 ¢ ¢
0 0 0 d,
0 0 0 g

Applying this process further, we ultimately arrive at a triangular
nth order matrix

(28)

.......

.......

which we shall call the Routh matriz. It is obtained from the
Routh scheme (cf. (15)) by (i) discarding the first row, (ii)
shifting the rows to the right so that their first elements lie on
the principal diagonal, and (iii) filling out an sth order square
matrix by introducing zeros.
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DEFINITION 2. Two matrices A and B are said to be equivalent
of and only if for any p < n corresponding pth order minors on
the first p rows of these matrices are equal:

1, 2,... .
A |: L p:‘—B[ ,;b] 1=, <n;p=12,...,n).
T1, 0oy oo oy @ 1, zz, Lt

D. .

Since the pth order minors on the first p rows (p =1, 2, .. ., #)
do not change their values if one subtracts from any rows whatever
any preceding rows multiplied by arbitrary constants, the Hurwitz
and Routh matrices are equivalent according to Definition 2:

H[%’ "2,..,,;1.5}:13[]:, 2,,7bi| (il,z'z,.. . =l,2,...,n,).
Ly lgy ey by 1 lgye ey Iy p=1 2 ...,n

The equivalence of the matrices H and R permits one to express
all of the elements of R, i.e. the elements of the Routh scheme,
in terms of the minors of the Hurwitz matrix H, and therefore in
terms of the coefficients of the given polynomial. In fact, upon

assigning the values 1, 2, 3,... successively to p in (29), we
obtain:
1— - =
H[l — by, HB — b, H[;’ by,
1 27 1 27 1 27
H|:1 2 = by ¢y, H|:1 3 = by, H|:1 4 =bycy, ...,
12 37 2 37 2 3]
H|:1 9 3 = ooy, H[ 194 = byCody, HI: > 5 =byCody, . .
(30)
etc.

Hence we find the following expressions for the elements of
the Routh scheme:
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17 1 1
bo_—_H[lJ, : ble[2], bzzH[3:',...,

1 1
31
Hm Hm (31)
123 123 123
H[123} H[124:] H[125:|
T T 27 h=— 7 Z"’“*—Tf’
2 i, )

The successive principal minors of the matrix H are usually
called the Hurwitz determinants. We shall denote them by

. il o L2y by b,
b= ]! = b = 2] a0 5] .

REMARK 1. According to formulas (30)
Ay = by, Ay = bycy, A5 = bycyd,, - . - (33)

From 4, # 0, ..., 4, # 0 it follows that the first » of the num-
bers by, ¢y, . .. are different from zero, and conversely; in this
case p successive rows, starting with the third, are defined in
the Routh scheme, and the formulas (31) apply to them. If the
coefficients of f(x) are given numerically, formulas (32) provide
the simplest means of calculating the Hurwitz determinants, for
this calculation is reduced to the construction of the Routh scheme.

REMARK 2. The regular case (all of the quantities b, ¢, . . .
are defined and are different from zero) is characterized by the
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inequalities
A, #0, 43 #£0, ..., A, # 0.

ReMARK 3. The determination of the elements of the Routh
scheme with the aid of formulas (31) is more general than their
determination by Routh’s algorithm. Thus, for example, if , = 0,
Routh’s algorithm gives us nothing beyond the first two rows,
which are made up of coefficients of the given polynomial.
However, if while 4, = 0 the remaining determinants 4,, 4,, . . .
are different from zero, we may skip the row of ¢’s and then
determine all subsequent rows in the Routh scheme by means of
the formulas (31).

According to formulas (33)

4, 43
bo =4, cog=-, dy=-=,...
0 1 0 Al 0 A2
and thus
4, A, A
V(a,b,c,...)=V(a,A,—2,_,..., )
0 0 0 0 1A1 A2 An_l

—V(ag Ay, gy ..) +VQ, Ay 4,,...).

Consequently Routh’s theorem can be formulated in the following
way:

THEOREM 4 (Routh-Hurwitz). The number k of roots of the
real polynomial f(z) = ap™ + ... which lie in the right half-plane
is given by the formula

4y, 4 4
k=V( ,A,—E,—s,...,—") 34
Ay a) A o
or equivalently

k=TV(ay 4y, 45,...) +V(1, 4y, 4,,...). (34")
ReMARK. The formulation of the Routh-Hurwitz theorem just
introduced is based on the assumption that we are dealing with

the regular case characterized by the inequalities

A, #0, A, #0, ..., 4, # 0.
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In subsequent sections we shall show how this formula can
be extended to singular cases in which some of the Hurwitz
determinants are equal to zero.

We now consider the special case in which all of the roots of
the polynomial f(z) lie in the left half-plane Rez << 0. In this
case, according to the Routh criterion, all of the numbers
ag, by, Co, - .. must differ from zero and have the same sign.
Since we are dealing with the regular case, we obtain from (34)
with 2 =0

TuE RouTH-Hurwitz CRITERION. In order for the roots of the
real polynomial {(z) = aga™ + ... (ay # 0) all to have negative
real parts, it is necessary and sufficient that the inequalities
ag4, >0 (nodd)

A 0 A 0 A O’A o,...
agd; >0, 4,>0, agd3>0, 4,> A, >0 (neven)

(35)

should hold.
Note. 1f a, > 0, these conditions reduce to:

A >0, 4,>0,...,4,>0. (36)

If one introduces the usual notation for the coefficients of the

polynomial f(z) = ayz" + a,2" 1 + a,2""* + ... + a,, then if

a, > 0 the Routh-Hurwitz conditions (36) may be written in the
form of the following determinantal inequalities:

a,azas...0
ayasdg agdaay...0
a,a
a1>0,det[1 3}>0,det agasay| >0,... det 0 ayas...0 0,
“0“2 0 al(l3 0 aOaZ .0
..... a,

(367)
A real polynomial f(z) whose coefficients satisfy the conditions
(35), i.e., a real polynomial all of whose roots have negative real
parts, is usually called a Hurwitz polynomial.
In conclusion, we mention a remarkable property of the Routh
scheme.
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Let fo, /1, ... and g, g, ... be the (m + 1)th and (m + 2)th
rows of the scheme (fy = 4,,/4,,_;, gy = Api1/4,). Since these
two rows together with those which follow them form an in-
dependent Routh scheme, the elements of the (m + 4 -+ 1)th
row (in the original scheme) can be expressed in terms of the
elements of the (m 4- 1)th and (m + 2)th rows by the use of the
same formulas that express the elements of the (p -+ 1)th row in
terms of the elements of the first two rows a,, a;, a,, ... and
bo, by, by, ... Putting

8 81 82---
fo fi for.
H=|0 g &...

0 fo h..-

we obtain

gl[Lamtp=1, m4p } all-wp—1  p
Lo.omtp—1, mipth—1]  T[1,...,p—1, ;b+k—l}
L..,m+p—1 o ML ., p—1 ’
H[:l,...,m—[—ﬁ—l:' HI:I,...,;')~—1:|
(37)
The Hurwitz determinant 4,,,, is equal to the product of the
first m 4~ p numbers in the sequence by, Co» -

Ay = boCo . - . foo - - Ly
But 2
Ay =byey . fo, A, =go...1,

Thus there holds the following important relation:

Am—l-p =4, Aﬂ' (38)
The formula (38) is always valid, provided only that the
numbers fo, f;,... and gy, g;,... are defined; i.e., provided

that 4,,_, # 0 and 4,, # 0.

% Here A:, stands for the principal minor of order p in the matrix 4.
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The formulas (37) are meaningful if the condition 4,,,,_; # 0,
as well as the conditions 4,, ; %0 and 4,, # 0, is satisfied.
From this condition it also follows that the denominator of the
fraction in the right member of the equation (37) is not zero:
Apy # 0.

§ 7. Orlando’s formula

. When we consider the singular cases in which some of the
Hurwitz determinants are zero, we need the following formula of
Orlando, which expresses the determinant A4, in terms of the

leading coefficient @, and the roots 2, z,, . . ., 2, of the polynomial
flz):®
ﬂ(n—l)
4,,= (1) 2 a H i T Z) (39)
i<k

When »# = 2, this formula reduces to the well-known formula
for the coefficient b, in the quadratic equation a2 + byz + a,=0:

Ay = by = — ay(z; + 2).

We shall now suppose that formula (39) is valid for a polynomial
of degree n, f(z) = apz™ + byz™1 4 ..., and show that it is
valid for the (» + 1)th-degree polynomial
F(z)=(2 4+ h)f(z) = agz"*t + (by + hag)z" 4 (ay + hby)z" ! + ...

(h = Zn+1)'

To this end we set up an auxiliary determinant of order » + 1:

2 S L
Ag, Ayy v ooy Ay, —h"71 . n
0. by . by g |[%=0 if k>[—]
D = det 0’ [ __ -3 n— 1
............ b, =0 if % >': :l
L0, O, ... .. , (—=1)"_

22 Cf. Orlando [51]. In the present discussion the coefficients of the
polynomial f(z) may be arbitrary complex numbers.
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We multiply the first row of D by g, and add to it the second
row multiplied by —b,, the third multiplied by a,, the fourth
multiplied by —b5,, etc. Then all of the elements of the first row
but the last are reduced to zero, and the last element will be
equal to f(#). From this it is easy to conclude that

D= (—1)" 4, }{h).

On the other hand, if we add to each row but the last of the
determinant D the next following row multiplied by %, we obtain
(—1)" times the Hurwitz determinant A} of order » for the
polynomial F(z):

[ by + hay, by -+ ha, . ..

aq, a, + hby . ..
D = (—1)"det 0 bo+ hag ... | =(-1)"4%
0 @y .

............

Thus

Now if we replace 4,_; by the equivalent expression given by
(39) and put » = —z,,,, we obtain:

n (n+-1) 1..n+1
Ay =012 a II G
i<k

This establishes Orlando’s formula for polynomials of arbitrary
degree by mathematical induction.

It follows from Orlando’s formula that 4,_;, = 0 if and only
if the sum of at least one pair of roots of the polynomial is zero. In
particular, 4,_; = 0 if f(z) has at least one pair of conjugate
pure imaginary roots or has zero as a multiple root.

Since 4, = ¢ 4,_,, where ¢ is the constant term of the poly-

nomial /f(z) (¢ = (—1)"ay%12s, - - - 2,), it follows from (39) that
' n(n+l)
A4, =(—1) 2 agz;2,...2, H s k2 (40)

i<k
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The last formula shows that A4, vanishes if and only if f(z)
has a voot z such that —z is also a root.

§ 8. Singular cases in the Routh-Hurwitz theorem

When we consider the singular cases in which some of the
Hurwitz determinants are zero, we may assume that 4, # 0
(and, consequently, 4,_; # 0).

Indeed, if 4, = 0, then (as was explained at the end of the
preceding section) the real polynomial f(z) has a pair of roots
2" and —z" whose sum is zero. If we put f(z) = I';(2) + F,(2),
where

Fi(z) = ag2" + ay2" 24 ..., Fy(2) = by2" 1 4+ by2" 3 + ..,

one may conclude from the equations f(z') = f(—z’) = 0 that
F,(#') = F,(2") = 0. It follows that z’ is a root of the highest
common factor d(z) of the polynomials F,(z) and F,(z). Putting
f(z) = d(2)f*(z), we reduce the Routh-Hurwitz problem for f(z)
to the same problem for the polynomial f*(z), for which the last
Hurwitz determinant is not zero.?

1. We shall first consider the case in which

Ay = ... =4,=04,,%#0,...,4,+#0.
I'rom 4, = 0 it follows that b, = 0; from
. 0 b7 -
4, = det [“0 aj = —ayb; =0

it follows that b, = 0. But then, automatically,

0 b b
Ay = det |:a0 a, az} = —ay b} =0.

0 0 b
From
0 0 by b
_ @ 4y A Az 932
Ay = det o 0 0 b azb; =0

0 a, a; a,

3 (z) causes no trouble,
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it follows that b, = 0; but then A; = —a2b3 = 0, etc.

These considerations show that in (41) the number $ must
always be odd: p = 2h — 1. At the same time,

bp=b,=...=b, ,=0, b, #0,
and #

Ay = Ay = (= 1"+ ag by,

Aprs = Agpyy = (— 120072 ap bﬁﬂ =A501by

We now change the coefficents b,, b,, ..., b,_, very slightly,
but in such a way that for the new values &g, b, . .., b¥ ; all of
the modified Hurwitz determinants A¥, A5, ..., A¥ are different
from zero, while the determinants 4%, ..., 4% retain their
original signs. Moreover, we assign values of various degrees of
“smallness” to b, ..., br ;; more precisely, we shall assume
that &), is so much smaller than 8] (j=1, 2,..., A; b} =b,)
that in calculating the sign of a polynomial in the quantities
by we may neglect the terms in which some of the b} have indices
< 7 as compared with the terms in which all ] have indices = 7.
Once this has been done, it is easy to find the “‘sign-determining”
terms in

AFk=1,..,p=2"h—1):
AF =b, AF = —aghf + ..., AF = —a b2+ ..., AF=a2b3* + ..,
AF = —adbF? + .. AF = adb¥t 4 ..,

etc.; in general,

A = (—1)70+D/2 gipki G=1,2,...,h—1), ;
4

g1 = (1)U 4 (7=0,1,...,h— 1).} “)

If we choose the numbers b, ..., by ; to be positive, then the

4 From (42) 1t follows that if % is odd,
sign 4,5 = (—1)%+) 2 sign a,,
while if £ is even
sign A, = (—1)*2,
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signs of the determinants A¥ are given by the formula

sign A¥ = (—1)i0+D/2gign g} (7' = [%:l, 1=1,2..., p.) (44)

For a sufficiently small change in the coefficients the number
k remains unchanged, since the polynomial f(z) has no roots on
the imaginary axis. Thus, by (44), we determine the number of
roots in the right half-plane by means of the formula

A¥ A A4 A
k:Vl:a ,AF, S22 ”*2} [A ] (45)
vRaptt Aoy

An elementary calculation based on the fundamental formulas (42)
and (44) shows that

=2k -1

A 4, A 1— (—1yref P ’
1% k2, e lﬂ:h R N . A .
[QO) Al AT’ ; A: ’AIH_I _,_ B 8=Slgn(a0Ap+2)

(46)

We note that the quantity occurring on the left side of equation
(46) does not depend on the manner in which the modified coef-
ficients are chosen, provided that they are sufficiently small.
This follows from formula (45), since & does not change its value
for small changes in the coefficients,

2. Now suppose that for some s > 0
A3+l == As+w =0, (47)

while all the other Hurwitz determinants are different from zero.

We shall denote by d, 4, ... and b,, b, ... the elements of
the (s 4 1)th and (s 4 2)th rows of the Routh scheme, and
denote the corresponding Hurwitz determinants by 4 v 4 PO A,
By formula (38),

n-—-8*

As+1 = Asdlr .. :) As+w = AsApr As+9+1 = AsAaz+1: As+w+2 = AsAp+2'
(48)
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If we now apply the results of Part 1 of this section we may
conclude that ¢ is odd, ie., p = 24 — 1.2

We subject the coefficients of f(z) to a slight change such that
all of the Hurwitz determinants become different from zero and
those that were different from zero before the change preserve
their original signs. Then by (48), since the formula (46) applies

to the determinants A, we obtain:

*
v Ijl_js_ As+1 4s+]11 A.H—p+2j]
y y "y ES )

As—l As Asw» As+p+1

e
e ey .
s+p+1 111 n—1

The value of the left side of (49) is again independent of the
manner in which the coefficients are changed.

3. We now suppose that among the Hurwitz determinants there
are v groups of consecutive vanishing determinants. We shall
show that for each such group (47) the quantity on the left side
of (49) is independent of the manner in which the coefficients are
changed and is determined by this formula.?® We have already
shown that this is true if » = 1. We shall suppose that it is true
for » — 1 or fewer groups, and show that it is true for » groups.

% As in Note 24, if p = 2k — 1 and / is odd then
sign Ay, 40 = (— 1)+ 12sign A,_,,
while if % is even
Agipq = (— 12 sign ..

2% From (47) and the inequalities A, 0, 4,.,., 7 0 it follows, by
virtue of (48) and (42), that A,_; 5= 0.
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Let (47) be the second of the » groups; we define the set of deter-

minants Al, Ag, ... just as in Part 2; then when the coefficients
are changed shghtly, we have
A* A* - A*
Vlik]:‘_l""’/T:iJ:Vlia:’k’ Aik, A:SI}-

Since in the right side of this equation there are only » — 1
_ groups of consecutive vanishing determinants, our assertion holds
for the right side, and hence also for the left side, of this equation.
On the other hand, formula (49) is valid for the second, . . ., »th
group of vanishing Hurwitz determinants. But then from the
formula

AF A*®
k=V [a*, aF, CE L ﬁ}
oAy 4%,
it follows that the quantity
V lt_A_s_ .:k+1 A:k+2 As-a—ip:—:}]
As—-l A A-:k+1 A~‘\‘+D+1

is independent of the manner in which the coefficients are changed,
and since (49) holds for the first group of vanishing determinants,
it also holds for this one.

THEOREM 5. If some of the Hurwitz determinants equal zevo,
but A, is not zero (4, % 0), then the mumber of roots of the
real polynomial f(z) im the vight half-plane is delermined by the
formula

A A
k:V(aO,A 2 )

1 Z: LR ] A
where in calculating the value of V for each group of p consecutive
vanishing determinants (p is always an odd number!)

(As 75 O) As+l == As+p =0 (As+z)+1 # O)
one should put:

Vl:As , As+1’..', As+r+2} =h+_l_il_)hf’ (50)
As—~l As As+v+1 2

n—1

&~
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where 27

4, 4
ﬁ:Qh—landezsign(fLm).

s—1 4 s+p+1!

§ 9. The method of quadratic forms. The determination of
the number of distinct real roots of a polynomial

Routh obtained his algorithm by applying Sturm’s theorem
to the calculation of the Cauchy index of a proper rational function
of a certain special type. (See Formula (10).) In this fraction one
of the terms was of even degree in z, the other odd. In the present
section and in subsequent sections we shall investigate the deeper
and more instructive method of applying Hermitian quadratic
forms to the Routh-Hurwitz problem. By means of this method
we shall obtain an expression for the index of an arbitrary rational
function in terms of the coefficients occurring in numerator and
denominator. The method of quadratic forms makes it possible to
apply to the Routh-Hurwitz problem Frobenius’ ingenious
investigations in the theory of Hankel forms 28 and to establish
a close connection between some remarkable theorems of P. L.
Chebyshev and A. A, Markov and the problem of stability.

We shall first acquaint the reader with the method of quadratic
forms by considering the relatively simple problem of determining
the number of distinct real roots of a polynomial.

In solving this problem we may restrict ourselves to the case
in which f(z) is a real polynomial. Indeed, let there be given a
complex polynomial f(z) = u(z) + 7v(2) (#(2) and v(z) are real
polynomials). Each real root of f(z) makes #(z) and v(z) vanish
simultaneously. Thus the complex polynomial f(z) has the same
real roots as the real polynomial 4(z) defined as the highest
common factor of the polynomials #(z) and v(z2).

27 If s = 1 the ratio 4,/4,_, should be changed to 4,, and if s = 0, to a,.

# A quadratic form X, ay 2; @, is said to be a Hankel form if the
general coefficient depends only on the sum of the indices: a;, = f(i + &)
(¢, # =1,..., n); likewise, the coefficient matrix of a Hankel form is
called a Hankel matrizx.
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Let f(z) be a real polynomial, then. Let its distinct roots
%3, %, . .., &, have multiplicities 7, n,, .. ., n, respectively:

Hz) = ag(z — ay)™(z — )" ... (2 — o)™
[ag # 0; oy #ay if 1 £k (6, k=1,2,... )]

We now define the Newton sums

Q
S, =2 mal (p=0,1,2...),
=1

and use these sums as coefficients in the Hankel form

n—1

S, @, 2) = 3 s,
i, k=0

where 7 is an arbitrary integer = gq.

THEOREM 6. The number of distinct roots of f(z) is equal to
the rank of the form S, (x, x), and the number of distinct real roots
of [(2) is equal to the signature of that form.

Proof. From the definition of the form S, (z, z) the following
representation for it is an immediate consequence:

Sp@, ) = 3 ny(xo + a2 + oGy + ...+ ol P, )2 (51)
P

Here to each root «; of the polynomial f(z) there corresponds
the square of a linear form

2 -1
Zy=my+ a2 +oaGxy + ... o0, .

The forms Z,, Z,, ..., Z, are linearly independent, since the
coefficients of these forms constitute the Vandermonde matrix
(«}), the rank of which is equal to the number of distinct o,
Le., to g. Consequently # the rank of the form S, (z, z) is g.

In the representation (51) there is a positive square term for
each real root. For each pair of complex conjugate roots o; and
&; there are two complex conjugate linear forms:

Z;=P;+1iQ; Z; = P; —iQ;
= See, for example, Bocher [6], p. 134, Theorem 1.
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and (51) contains the square of each. On combining these squares
in (51), we obtain one positive and one negative square:

2 72 __ o 2 _ 2
n; 2y + n; £; = 2n; P; 2n; Q5.

From this it is easy to see that the signature of the form
S, (x, x), i.e., the difference between the number of positive and
the number of negative squares, is equal to the number of distinct
real o,; for the quadratic form is thus represented by a linear
combination of ¢ squares of the real forms Z, (for real «;), P,
and @,. These forms are independent, since ¢ is the rank of
S,(x, ). The theorem is proved.

If we apply to the theorem just proved a well-known rule for
determining the signature of a quadratic form 3° we obtain the

COROLLARY. The number of distinct real roots of the real poly-
nomial f(z) is equal to the excess of the number of permanences
in sign over the number of changes in sign in the sequence of numnbers

So S1 n—1
So S s Sg.. .S g
1, sp, det [ 71}, ..., det| ! 2 o, (52)
T T N R
_Sn—l Spoeen 8271—2_
where s, (p =0, 1, 2,...) are the Newton sums for the polynomial

f(z) and n is any number greater than or equal to the number q of
distinct voots of f(z). (In particular, n may be chosen to be the degree
of 1(2).)

This rule for the determination of the number of distinct real
roots is directly applicable only if all of the numbers in the sequence
(52) are different from zero. Nevertheless, the question is here

30 The rule reads as follows: If for a quadratic form A (x, ) = Ty a. v, ¥,
of vank v the first v principal minors D, (B = 1,2, ..., 7) of the matrix
A = (an){ are diffevent from zevo, thewm the signature of the form A (x, @)
is obtained if one subtracts from the number of permanences of sign in the
sequence 1, D,, D,, ..., D, the number of changes of sign in this sequence;
or, equivalently, the signature of A(xz, x) is v — 2V (1, Dy, D,, ..., D,). This
follows at once from the Jacobi reduction formula for quadratic forms.
Cf. Jacobi [307.



§ 10. INFINITE HANKEL MATRICES OF FINITE RANK 243

one of calculating the signature of a Hankel quadratic form, and
there exist simple ways of doing so even when this condition is
not satisfied. We may therefore say that this rule is, with the
necessary qualifications, applicable to the general case. This
question is taken up in greater detail in Section 11 of this chapter.

From Theorem 6 it follows that all of the forms S,(x, z)
(n=4q, g+ 1,...) have the same rank and the same signature.

In applying Theorem 6 (or its corollary) to the problem of
determining the number of distinct real roots we shall take 7 to
be the degree of the polynomial f(z).

The number of distinct real roots of the real polynomial f(z)
is equal to the index I*% f'(2)/f(z) (cf. Section 2). Thus Theorem 5
gives us as a corollary the formula

So S1 n—-1
1'(z) So 1 s s s
IT2—"=n—-2V|1,s,, det , ..., det] 1 2 On s
z S+ So |l 7 - e e e e .
f(2) 152
Sn—l Spoo-- Son—g
where s, = 3!, n,a? (p =0,1,...) are the Newton sums for

the polynomial f(z) and # is the degree of f(z).

In Section 11 we shall establish an analogous formula for the
index of an arbitrary rational function. The information about
infinite Hankel matrices that will be needed for this purpose is
given in the next section.

§ 10. Infinite Hankel matrices of finite rank
1. Let there be given a sequence of complex numbers
So» S, Sg ..
This sequence of numbers defines an infinite symmetric matrix

So Sy Sg. ..
Sy Sg S3...
Sy S3 Sq. ..

s =

which may be called an infinite Hankel matrix. In connection
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with an infinite Hankel matrix one considers the finite Hankel

n—1

matrices S, = (s;,,)o" " and the corresponding Hankel forms

n—1
S (e, x) =3 s, 2,2
%, k=0
The successive principal minors of the matrix S will be denoted
by Dy, D,, D,, .. .:

D, =det [s,,,]27" (p=12...)

An infinite matrix may have finite or infinite rank. In the
latter case the infinite matrix has nonzero minors of arbitrarily
large order. The following theorem gives a necessary and sufficient
condition which the sequence s,, s, s,, . . . must satisfy in order
for the Hankel matrix which it defines to have a finite rank.

THEOREM 7. The infinite matriz S = (s, )& has finite rank
v, if and only if there exist v numbers ay, . . ., a, such that

S =

%ySqg (g=7r,v+1,...), (53)

M.

and v 1s the smallest number with this properly.
Proof. If the matrix S = (s,,4)$° has finite rank », then the

first » + 1 rows I, I, ..., I, of this matrix are linearly
dependent. Thus there exists a number 4 =< 7 such that the rows
I, Iy, ..., I, are linearly independent, but the row I, is a

linear combination of these rows:

h
Iy, = Z o, Iy gis
g=1

Weé consider the rows I'y,y, I'ys, ..., I'gipyy, Where ¢ is an
arbitrary nonnegative integer. From the structure of the matrix
S it is immediately evident that these rows may be obtained
from the first 4 4 1 rows by “shortening,” that is by omitting
the elements of their first ¢ columns. Thus

h
Toipia = zlocgrq+h—g+1 (g=01,2...).
o=
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Accordingly, any row in the matrix S after the 4th can be ex-
pressed as a linear combination of the % preceding rows and,
therefore, of the first 4 rows, which are linearly independent.
From this it follows that the rank v of the matrixz S is h3' If h
is replaced by 7 and the linear relation I, = Do o, Iy ) 1
is written out in detail the result is (53).

Conversely, if the condition (53) is satisfied, then any row
(or column) of the matrix S is a linear combination of the first
7 rows (or columns) of S. Thus all minors of the matrix S whose
orders are greater than » are equal to zero, and the matrix has a
finite rank % < 7. But this rank cannot be less than #, for then,
as was just shown, relations of the form (53) would hold for
a smaller value of 7, and this would contradict the second part
of the condition in the theorem. Thus the theorem is completely
proved.

COROLLARY. If an infinite Hankel matrix S has finite rank
¥, then
D, = det [s;.p]o" # 0.

In fact, from the relations (53) it follows that any row (or
column) of the matrix S is a linear combination of the first #»
rows (or columns). Hence any minor of order 7 can be represented
in the form aD,, where « is some number. From this follows the
inequality D, £ 0.

REMARK. For finite Hankel matrices of rank » the inequality
D, % 0 may fail to hold. Thus, for example, the matrix

SZ — [30 slil
S1 Se
with sy = s, = 0, s; % 0 has rank 1, but at the same time
Di=sy=0.
2. We shall now discuss a remarkable connection between
infinite Hankel matrices and rational functions.
8t The statement ‘‘the number of linearly independent rows in a rectan-

gular matrix is equal to the rank of this matrix’’ is valid for infinite as well
as finite rows.
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Let there be given a proper rational function R(z) = g(z)/A(z),
where
h(z) =agz™+...+a, (a,#0), g(z) =by 2™ 1+ byz™ 24 ... +b,.

We now write the function R(z) as a power series in negative
powers of z:

N N So
R@) = S="+ S+ 5+

If all of the poles of the function R(z), i.e., all of the values of
z for which R(z) becomes infinite, lie in the circle | z | =< a, then
the above series converges for | z | > a. We multiply both sides
of the last equation by the denominator %(z):

N S N
(@gz™ + agzmt ... + a,,‘)(?‘) +;§ + —:§-+ . )
= by 2™l 4 byzm 2 L 4 b,

Comparing the coefficients of like powers of z on the two sides
of this identity, we obtain the following system of relations:

aySq = by,
ayS; + ;50 = by, (54)
AgSp—q + A Smes + - o T @159 = b,
AgSy + Ay Sq 1+ oo F S, =0 (g=m, m +1,...). (54)
Putting «,"= —a,/a, (g=1, 2,...,m), we can write the

relations (54') in the form (53) (with » = ). Thus by Theorem 7,
the infinite Hankel matrix S = (s,,;)s with coefficients s,
Sy, Sp, - .. has finite rank (= m).

Conversely, if the matrix S has finite rank 7, then the relations
(53) hold, and these may be rewritten in the form (54’) with

m = r. Then if we define the numbers &;, b,, . . ., b,, by use of
the equations (54), we shall have the relation
- bzt 4 ...+ b, S s
- =24+ 2+

agz™ + a2 L4 ay, z 2
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The smallest value of the degree m of the denominator for
which this relation can hold is the smallest number » for which
relations (53) hold. By Theorem 7 this least value of m is equal
to the rank of the matrix S.

This proves the theorem:

THEOREM 8. The matrix S = (5..,) has finite rank if and
only if the sum of the series

1s a rational function of the variable z. When this happens the rank
of the matrix S is equal to the number of poles of the function R(z),
each counted according to its multiplicity.

§ 11. The determination of the index of a rational function
from the coefficients of its numerator and denominator

1. Let an arbitrary rational function be given. We expand it
in a series in descending powers of z:

R(z) =s_y 12"+ ... sz + s+ se2 51272 ... (565)

This series converges outside any circle (whose center is the origin)
which contains all poles of the function R(z).

The sequence of coefficients corresponding to negative powers
of z, namely s, s;, S, - . ., defines a certain infinite Hankel matrix
S = ($:44)0 -

In this manner one sets up a correspondence

R(z) ~ S

between rational functions on the one hand and infinite Hankel
matrices on the other.

Obviously, two rational functions that differ by an entire func-
tion correspond to the same matrix S. However, not every
matrix S corresponds to a rational function; in the last section
it was shown that the matrix S corresponds to a rational function
if and only if this infinite matrix has finite rank. This rank was



248 V. THE ROUTH-HURWITZ PROBLEM

equal to the number of poles (multiplicity being taken into ac-
count) of the function R(z), i.e. to the degree of the denominator
/(z) in any irreducible fraction g(z)/f(2) = R(z). The relation (55)
defines a one-to-one correpondence between proper rational
functions R(z) and infinite Hankel matrices S of finite rank.

We shall now point out certain properties of this correspondence:

1. If Ry(2) ~S; and Ry(z) ~ S,, then if ¢, and ¢, are any
numbers,

Ry(2) 4 ¢y Ry(z) ~ €151 + €35,

Later we shall have occasion to deal with the case in which
the coefficients in the numerator and denominator of R(z) are
polynomials in a parameter «; in this case R will be a rational
function of z and «. From the relations (54) it follows that the
numbers s, Sy, S, - - -, the elements of the matrix S, will depend
rationally on «. Differentiating the relation (55) termwise with
respect to «, we obtain: 32

2. If R(z2, a) ~ S(«), then 0R/0o ~ 05/0u.

2. We shall now write the function R(z) in partial fractions
form:

) ) ()
R(z) +§ 4 43 ‘+...+—@——, (56)

5=1\% ~— 0 (z — oy)? (z — o)™

where ((z) is a polynomial, and we shall show how the matrix S
corresponding to the rational function R(z) may be obtained from
the numbers « and 4.
To this end we first consider the simple rational function
1 2 af

= 112:0 2P+1’

It yields the matrix S, = [a**t*]5°. The form S, ,(x, ) correspond-
ing to this matrix is

g — o

n—1

Senl@, ) = 3 a'tre,x, = (kg + oy + ... + " Lx, )%

2, k=0

32 If S = (5,,4)5, 85/« stands for the matrix (3s,,,/dx)5 .
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If
q AW
R(z) )+ 2

j=1% — 0‘«

then by virtue of 7 the corresponding matrix S is defined by
the formula

S = iA(J‘) [i (J)O'-;+k]8°;
j=1

i=1

and the corresponding quadratic form is
a
Sa@, ) =2 AV (@y + oy + .0 ol 2, )R
i=1

In order to proceed to the general case (56), we first differentiate

the relation
1

I —

~ S, = R

-

h — 1 times, term by term. According to 7 and 2, we obtain 33

1 1 o1 Sa ) o
(z—of (A= 1) et [CRgaithr]g

CH=01if i+ k<h -1).
Thus, again applying rule 7, we find that in the general case,
when R(z) satisfies (56):

1 Lot
R(:) o $= 3 | apap - 0 s
(Z) S 21 + a (’V _1) 41’} aO(;-’j_l a; ()7)

Carrying out the differentlatlon we obtain:

(J) i 7) (i z i z vy « ’
S = [Z(A +k+A( C+k i+k— 1+ _{_A(J)CV-;_ ‘Ek— +1)} . (57)

0

The corresponding Hankel form will be

S, (@ :IJ)Zi[A(j)_}_AU) 0 N 1 Am;aw—l}
B Ve D

X (g + ajay + oo, )2 (BT

32 Here and below Cg stands for the number of combinations of d
things taken % at a time.
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3. Now we are in a position to formulate and prove the fun-
damental theorem: 34

THEOREM 9. If
R(z)~ S

and m is the rank 3° of the matrix S, then the Cauchy index I*3 R(2)
1s equal to the signatuve o[S,(x, x)] of the form S, (x, x) for any
n = m:
I*Z R(z) = o[S,(z, 2)].
Proof. Suppose that the relation (56) holds. Then according
to (57)

q
S=3T,
=1

where each term has the form

T —[A Ay — av—l]s S, = (@)
e - 1 2—é; R ('V . 1)| Vam,,_l 2] a T (a )0
and

S, ZT z,2)= 3 T, (@ x)+ 2 [T, @)+T3 (= )]

j=1 oy real A complex

According to Theorem 8 the rank of the matrix 7, and, therefore,
that of the quadratic form 7, (z, ) isequalto », (7 = 1,2,.. ., ¢);
at the same time, therank of S, (z, #) isequal tom = », +. .. +,.
But if the rank of the sum of certain real quadratic forms is equal
to the sum of the ranks of the constituent forms, then the same
relation* holds true for the signatures. Applied to the present
case, this gives:

o[S,(@x)]= X o[T, (@a)l+ 3 o[l, (@ )+15 (=) (59)

a;real a; complex
3¢ This theorem was proved by Hermite in 1856 for the simplest case,
that in which R(z) has only simple poles (Hermite [27]). The theorem
was proved in the general case by Hurwitz [28]. The proof given in the text
is different from that given by Hurwitz.
3 Recall that m is equal to the degree of the denominator in any rep-
resentation of R(z) as an irreducible fraction (cf. Theorem 8).
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We consider two cases separately:
(i) o is real. If the parameters 4;, 4,,..., 4, ; and « in
A4 A4 4,
—

2—a  (zr—a)? (z — a)”

are changed in any way whatever, the rank of the corresponding
matrix T, remains unchanged (=v), and therefore the signature
of the form T (», ) will likewise be unchanged.?® Thus o[7, (2, z)]
is still the sameif weput 4, =4, =... =4, ;=0anda«a = 0
in (59) and (60), or in other words if we choose the matrix

- _
—_—
0 0...0 4, 00
0 S

1 ay_lsa .

v—1! ' | 0-
AV-
0
0"

instead of T,.
The corresponding quadratic form is equal to

24, (g2, + 212, 54 ... Fx,_ 2,) if v=2s,
A, 2@,y + . - By x,) Faly] i v =25—1.

% This follows from the fact that the vank of a form A(x, x) is equal
to the number of nonzevo chavactevistic vools of the matviz A, while the signatuve
us the diffevence between the number of positive chavactevistic voots of A and
the number of megative chavacleristic voots of A, which in turn is an im-
mediate consequence of the principal axis representation for quadratic
forms (cf. Courant-Hilbert, [11] Vol. 1, pp. 19-23). In fact, a continuous
change in the coefficients of the form works a continuous change in the
characteristic roots. The signature can change only if some characteristic
root changes sign, but if this happens then at some intermediate moment
this characteristic root must be zero, and the rank changes; but the rank
is constant.

(s=1,23,...).
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But the signature of the upper form is always equal to zero, and
the signature of the lower form is equal to sign 4,37 In this
manner we obtain the result that if « is real,

o[T,(x, )] = 0 if » is even, = A4, if » is odd. (61)

(ii) o is a complex number. Let

v

Te ©) = 3 (Py+ Q0% Talo 2) = 3 (Pu — Q)"

k=1
where P, O, (k =1, ..., ») are real lincar forms in the variables
Xy, %1, - .., &, 1. Then
T,(@ @) + Tz(x, 2) =23 P} - 23 Q% (62)
k=1 k=1

Since the rank of this quadratic form is equal to 2, it must be
that P,, Q. (R=1,2,...,v) are linearly independent, and
by (62)
o[T,(x, ) + Tz(x, )] =0 (63)
when o is not real.
From (59), (61), and (63) it follows that

oS, (@, )] = 3 sign 4,
the summation being extended over the values of j for which «;
is real and »; is odd. However, in Section 2 it was shown that the
sum on the right side of this equation is equal to I*% R(z). Thus
the theorem is proved.
This theorem implies:

CoROLLARY 1. If R(z) ~ S = (s;.1)0° and m s the rank of the
matrixz S, then all of the quadratic forms

n—1

Sple, x) = 3 s;gxw, (m=m, m+1,...)
i k=0

have the same signature.

37 Each product z,z,_;-; (8 = 0,...) can be written as a difference

of squares,
2y Typ)? _ Ty — Xy \?
2 ) 2 ’

and all of the linear forms occurring in these squares are independent.
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Again using the rule for calculating the signature of a quadratic
form,® and using also some results due to Frobenius which cover
the singular cases,?® we obtain a second corollary which shows
how the Cauc?y index may be explicitly calculated:

COROLLARY 2. The index of an arbitrary rational function R(z),
which has corresponding matrix S = (s,.1)5> of rank m, is given
by the formula

I*?R(z)=m —2V (1, Dy, D,, ..., D,,), (64)
where
So  Sye-. Sy
D,=det [s, 5 =det| 51 S2--- 5 (f=1,2,...,m); (65)

........

Sg—1 Sp -+ S5z
if among the determinants D,, D,, ..., D, there is a group of
consecutive determinants all equal to zero,*
(D, #0) Dyyy = ... =Dy, =0 (Dyypyy #0),

then in calculating V(D,, Dy, ..., Dyipry) one may take
sign D, ; = (—1)V"V/2sign D, (j =1,2,...,p)
and this gives

V(Dh, Dh+1n LR Dh+17+1)
(p+ 1) if p is odd,
(p + 1—e) if p is even, where ¢ = (—1)¥ sign D, ,.,/D;.

DOj— Do

In order to express the index of a rational function in terms
of the coefficients of its numerator and denominator, we need
some auxiliary relations.

First of all, we can always represent R(z) in the form

R(z) = Q(2) + g(2)/h(2),

3% See Note 29 above, p. 241.
3 Cf. Frobenius [23].
% Here always D, = 0 (cf. the corollary to Theorem 7).
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where Q(z), g(z), and %(z) are polynomials, and

h(z) =wag2™ + ay 2™t 4+ ...+ a, (2, #0),
g(z) = bga™ + byz™t 4 ...+ b,
Obviously,
113 R(z) = I3 g (2) [(z).
Let
g(2)/h(z) = sy + g2t + 5272 + ...

Now if we multiply through by the denominator %4(z) and then
compare the respective coefficients of like powers of z on the two
sides of the equation, we obtain:

ao S_l - bo,

aySo + ay5_ = by, ©7)

AySpm_1 + ¥ Sp9 + ...+ a,53; =0,
ags; +ay8, 3+ ...+ a,S, =0 (t=m, m+1,...).

Making use of the relations (67), we obtain an expression for the
following determinant of order 2p:

Ay Ay Ay . .. Ay, L 0 0...0 Ay Ay Ay ... Ay 4
by by by ... byy S_1 8¢ Sp---Sapal |0 ayay...day,
0 aya,...a,, /-0 1 0...0 0 0 ay. .. a,,
0 by b byys 0 s Sep—3| | vttt
.................. 00 0 ...4a
Sp-1 Sp Sap—2 So  $1 Sp—1
pel) s s S s S S
_ 2 2p [ p—-2 “p—-1 2p—3 2p(°1 2 b4 . 2D
=(=D " a .. CF% ; @’ D,
So $1 317—1 sD*l Sp 3211—2
(68)

a; and b, being put equal to zero when j > m.
We now introduce the abbreviation
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Ay Ay . .. Ayy 4
bo bl st b2p—1 .
Vo, =det| o g4,... a3, o | P=12,...; a;=b,=0 if { > m).
0 bo . . b2p_2
T ~ (69)
Then formula (68) becomes
Vo, =0D, (p=1,2,...). (68)

Using this formula and Corollary 2 to Theorem 9 we arrive at
the theorem:

THEOREM 10. If4 V, £ 0, then

oo bo2™4by 2™ 1 ...+, _
“agzm a2 a,

m—2V (1, Yy, Vo, . .., Vor)  (ag70),
(70)

where Vo, (p =1, 2,...,m) is defined by formula (60); here it
1s to be understood that if there is a block of successive vanishing
determinants

(Vzh # 0) V2h+2 == V2h+2p =0 (Vzh+zm+2¢0):
then in the calculation of V(Vy,, . .., Vouiapss) 0ne must take

i(i—1)

sign Vg = (—1) ® signV,, (G=1,2,...,5),
or, equivalently,
V(Vans - -+ Vangapia) = §(p + 1) if p is odd,
or =4(p -+ 1—¢)if p is even,
where
e = (—1)¥sign Voniopia/Van
REMARK. If V,, = 0, ie., if the fraction occurring after the

index sign in (70) is reducible, then it is necessary to replace

41 This condition means that D,, == 0 and, consequently, that the frac-
tion following the index sign in (70) is irreducible.
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formula (70) by the formula
oo byz™ 4+ byz™t 4+ ..+ b,

—o0 —
g™ + a2+ ...+ a,

where 7 is the number of poles (counted with their multiplicities)
of the rational function following the index sign. In other words,
7 is the degree of the denominator after the fraction is reduced
to lowest terms.

Indeed, in this case the index with which we are concerned is
equal to

=7 —2V (1,Vy, Yy, ..., V), (70')

«y Vop

# — 2V, Dy, D,, ..., D,),

since the number 7 is the rank of the corresponding matrix
S = (S;41)g - But equation (68’) is of a formal character and is
also valid for reducible fractions. Thus

V(,D, Dy, ...,D,) =V (1,V,, V,, ..., V,),

and we arrive at formula (70").

Formula (70’) makes it possible to express the index of any
rational function in which the degree of the numerator does not
exceed that of the denominator in terms of the coefficients of
the numerator and denominator.

§ 12. A second proof of the Routh-Hurwitz theorem

In Section 6 we proved the Routh-Hurwitz theorem by making
use of Sturm’s theorem and the Routh algorithm. In this section
we shall give a proof of the Routh-Hurwitz theorem based on
Theorem 10 of Section 11 and on the properties of the Cauchy
index.

We shall first point out some properties of the Cauchy index
that will be useful to us later.%?

1. I’R(x) = — I!R ().

2. I'R,(x)R(x) = sign R,(x) I’R(x) ¢/ R,(x) assumes neither
of the values 0, oo on the interval (a, b).

42 Here and subsequently the lower limit for the index may be — oo,
the upper limit 4 co.
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3. Ifa<c<b,thenI}R(x)=IR(x)+I°R(z) -, wherey,=0
if R(c) is finite, and m, = 41 if the function R(x) has an infinite
discontinuity at the point c; here n, = -1-1 is to corvespond to a
change from —oo to +-co as x increases through c, and 5, = —1
1S to corvespond to a change from -0 to —oo.

4. If R(—x)=—R(x),thenl® ,R(x) =I4R(x). If R(—z) = R(x),
then I°,R(x) = — IR (x).

5. IoR(x) + ID1/R(x) = Y(e,—e,), where &, is the sign of
R(x) in (a, b) near a, and &, is the sign of R(x) in (a, b) near b.

The first four properties follow immediately from the definition
of the Cauchy index (cf. Section 2). Property § follows from the
fact that the sum of indices I'R(x) 4 I21/R(x) is equal to the
difference #; — n,, where #, is the number of negative-to-positive
changes in the sign of R(x) as & varies from a to b, and #, is the
number of positive-to-negative changes.

We shall consider the real polynomial (now using the usual
notation for the coefficients)

fz) = ap2™ - ay2" P+ apz" 24 ...t a, 24 a, (a>0).
We may write it in the form
f(2) = h(2) + 28(s%),
where
hw) =a, +a, su—+ ..., gu)=a, ;4 a, qu -4 ...
We introduce the notation

a3t —ag et L

— I+OO X
P= ag3" — axz" 7t A L.

(71)

In Section 3 we showed (cf. equation (20), p. 214) that
p=mn—2 —s, (72)

where £ is the number of roots of the polynomial f(z) with positive
real parts, and s is the number of roots of f(z) lying on the imag-
Inary axis.

We shall now obtain another expression for p.
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We first consider the case in which # is even. Let # = 2m. Then
h(u) = agu™ + ayu™ 't + ...+ a,,
gu) =a,u™ + agu™ 2+ ...+ a,_,.
Applying properties I—4 and putting n = +1 if

. glu)
dm ey~ E®

and # = 0 in the remaining cases, we shall have:

— __Jt® zg(—g‘ll) —_ (70 400 —_ 9]0 zg(—2%) _
P — I_oo h(—zz) - (I—OO+IO +7’]) ..4]_00 h(_z2) 17
=2]° g(—zﬂ)_ —32J° M._ —_J° M _J° ug (u) .

h(—22) ) T ) h)
_ o8 e ug ()

k() T h(w)

In exactly the same way, if # is odd, » = 2m + 1, we have:
h(u)=a, u™-Fagu™ 14 ... +a,, g(u) = agu™+ayu™ 1+, . . +a, .

Putting

if

ul_lz h(u) -

and { = 0 in the remaining cases, we find:

h—a) h(—z2) M)
= Jt® _ 0 +00 =] 0 =304 0
p=It3 e I” o+ 1g* =21 zg(mzz)_i_c 2I” ug(u)+ 4
' h(u) h(u) I (u) B (u)
=1%, ==
ug (u) g (u) ug (u) g(u)
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Thus 43
el ug) ,
- h( ) —00 h(%) (n - 2m), (73)
h(u) h(un)
+00 _ J+oe — ’
= g (1) ¥ b h—g(u (n=2m +1). (73"”)

As before, 4,, 4,, . . ., A, will denote the Hurwitz determinants
for' the given polynomial f(z). We shall suppose that A . 7= 0.4
(i) n = 2m. By formula (70),

o8 2V(1, 4y, Ay, .., 4,), (74)

% h(u)
oo U8 (1) _
I"”W = m — 2V(l, —Ag, +A4,, —Ag, .. .) (75)

=—m+2V (1, 4y, A, ..., 4,).
But then, according to (73),
p=mn—2V(1, A, Ay, ..., 4,4) —2V(1, 4, 4, ..., 4,),
which together with the equation p = n — 2k gives:
E=V(,4,4,...,4,4)+V(1,4,,4,,...,4,). (76)
(i) n = 2m + 1. By formula (70),

@ If a; 7 0, the two formulas (73’) and (74”’) may bz combined into
the single formula
h(u)
T ) T ug(w)

S ] (M) -+00

" 4 In this case s — 0, so p = n — 2k. Moreover, 4, 7% 0 indicates that
the fractions following the index sign in formulas (73’) and (73”) are in
lowest terms.

4 In calculating the values of the Hurwitz determinants here allowance
must of course be made for the fact that the notation for the coefficients
used here is different from that on which the formulas (32) (Section 6)
were based.
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e ey Ay Ay ), ()
ug (u)
h(u)
12 a1, —4y, 44, — ...

= — m + 2V(1) AZ! A47 RS A"—l)'

The equation p = 2m 4 1 — 2k together with the equations (73"),
(77), and (78) again gives us the formula (76).
The Routh-Hurwitz theorem is thus proved again (cf. (34'), 6).

REMARK 1. If in the formula
E=V(1,4,, 4, ...) +V(Q,4,4,,...)

some of the intermediate Hurwitz determinants vanish, the
formula nevertheless remains valid, provided that one assigns
to the determinants in each group of consecutive vanishing
determinants

(M0 #0) A=Ay = ... =i, =0 (dy0p40 #0)
the sign given by
sign A,4; = (—1)VV2signd, (j=1,2,...,9),
in accordance with Theorem 7. This gives
Lp+1)  if pis odd,

Lp +1-—¢)if p is even, (79)
e = (—1)¥sign 4,,5,.,/4,.

V(Az: Az+2’ e A,+2,,+2) -

A careful comparison of this rule for calculating £ when some
Hurwitz determinants vanish with the rule given in Theorem 5
will show that the two rules coincide.®

Remark 2. If 4, = 0, the polynomials ug(u) and %(u) are
not relatively prime. We denote by 4(#) the highest common
factor of g(u) and A(u), and by u°d(u) the highest common factor
of ug(u) and %(u) (c = 0 or 1). We shall denote the degree of
d(u) by ¢ and write

4% Here it is necessary to take into account the remark made in Note
26 above (p. 238).
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h(u) = d(u)hy (u), g(u) = d(u)g,(u).

The irreducible rational function g, () /%, (#) is always represented
by some infinite Hankel matrix S = (s,,;)¢° of rank », where 7
is the degree of %;(u). At the same time, the corresponding
determinant D, 0, but D, ,=D,,=...=0. By for-
mula (68'),

Vor #0, Voo = Vypy = ... =0.

Moreover,

+o0 81 (u) .
It ) r — 2V (1, Vy, ..., V).
Applying all this to the fractions following the index signs in
(74), (75), (77), and (78), we easily find that for arbitrary »
(even or odd) and « = 26 4 ¢

Ay #0, Ay #0, Ay y=...=4,=0

and that all of the formulas (74), (75), (77), and (78) remain
valid in the case under consideration if one omits all of the 4,
with ¢ > #n — « on the right sides of these formulas and changes
the number m (in (77), the number m - 1) to the degree of the
denominator of the fraction (after its reduction to lowest terms)
following the index sign. Then, taking (73’) and (73") into
account, we obtain:

p=n—k—2V(1, 4,45 ...) —2V(L, 4y 4 .. .).

Together with the formula p = »n — 2% — s this gives:
kl == V(l, Al, A3, .. .) + V(l, Az, A4, .. .),

where &, = & + }s — 4« is the number of roots of f(z) lying in
the right half plane, not counting those which are simultaneously
roots of f(—z).4

47 This follows from the fact that « is the degree of the highest common
factor of i (u) and ug(u); « is the number of ‘‘special” roots of the poly-
nomial f(z), i.e., of those roots z* with the property that —z* is also a
root of f(z). This number equals the number of determinants in the last
block of successive vanishing Hurwitz determinants 4,_,,, = ... =4,=0.
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§ 13. Some complements to the Routh-Hurwitz theorem
The Liénard-Chipart stability criterion

Let there be given the polynomial with real coefficients
f(z) = agz™ + a, 2"t 4+ ...+ a, (a, > 0).

Then the Routh-Hurwitz conditions, necessary and sufficient for
all roots of the polynomial f(z) to have negative real parts, may
be expressed by the inequalities

A4, >0, 4,>0,...,4, >0, (81)
where
ay ag as . . . ]
Ay Ay Ay . - .
0 a;ay...
A, =det| 0 a, a, a, (@, =01if k> n)
—_— an_
is the Hurwitz determinant of order ¢ (1 =1, 2, ..., n).

If the conditions (81) are satisfied, the polynomial f(z) may
be written as a product of a, by factors of the form z 4 #,
24+vz4+w (>0, v>0, w>0), so all coefficiecnts of the
polynomial f(z) must be positive:

a,>0,a, >0 a,>0,...,a,>0. (82)

In contrast to conditions (81), the conditions (82) are necessary
but not sufficient for all of the roots of f(z) to lie in the left half-
plane.

However, once the conditions (82) are satisfied the conditions
(81) are no longer independent. For instance, when # = 4 the
Routh-Hurwitz conditions reduce to the single inequality 4, > 0,
when # = 5 to the pair of inequalities 4, > 0, 4, > 0, and when
#n = 6 to the pair of inequalities 44 > 0, 45 > 0.8

4 This fact was observed for the first few values of # in a series of papers
on the theory of control independently of the general Liénard-Chipart

criterion, with which the authors of these papers were evidently unac-
quainted.
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This situation was investigated by the French mathematicians
Liénard and Chipart, and it led them to the discovery in 1914 of
stability criteria different from the Routh-Hurwitz criterion.*?

TueoreM 11. (The Liénard-Chipart stability criteria.)

Necessary and sufficient conditions for the real polynomial
f(2) = agz® + az"t 4 ...+ a, (ag > 0) to have only roots with
negative veal parts may be expressed in any one of the four following
forms:

1. a,>0,a,,>0,..;4,>0,4,>0,...
2 a,>0,a, 3>0,...;4,>0,4,>0,...,
3. a,>0,a,,>0,a,,>0...;4 >0, 4,>0,...,
4 a,>0,a,,>0,a, 3>0,...;4,>0,4,>0,...

Conditions 1, 2, 3, 4 have an evident advantage over the
Hurwitz conditions in that they involve about half as many
determinant inequalities.

From Theorem 11 it follows that for a real polynomial in which
all coefficients (or even only some of them: «,, a, ,, ..., or
S ) are positive, the determinant inequalities of
Hurwitz (81) are not independent; namely: the positivity of the
Hurwitz determinants of odd ovder implies that of the Hurwitz
determinants of even order, and conversely.

Conditions I were obtained by Liénard and Chipart by the use
of special quadratic forms. We shall give a simpler derivation of
conditions 1 (as well as of conditions 2, 3, 4) based on Theorem 10
of Section 11 and the theory of the Cauchy index. They will be
obtained as particular cases of a considerably more general theorem,
to the discussion of which we now proceed.

We again consider the polynomials %(#) and g(#) which are
connected with f(z) by the identity

1(z) = h(z?) + 2g(z%).
If » is even, » = 2m, then

h(w)=agu™+a,u™ 14 .. .+a,, g(u)=au™ 1 4a,u™ 2+ .. . +a,_;;
4 Liénard and Chipart, [41].

nr n—3s v+ ¢
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and if # is odd, # = 2m - 1, then

h(u)=au™-au™ 14 ... +a,, glu)=au™+au™ 14 ... +a,_;.

Thus the conditions 4, >0, a, ,>0,... (or a, >0,
a, 3> 0,...) may be replaced by the more general condition:
h(u) (or g(u)) does not change sign for positive values of u,
i.e., either A(u) = 0 for all » > 0 or else 4(x) < 0 for all » > 0
(similarly for g(u)).

With the aid of these conditions one can write down formulas
for the number of roots of the polynomial f(z) which lie in the
right half-plane, using only the Hurwitz determinants of odd order
or only those of even order.

THEOREM 12. If the real polynomial
1) = agz" + apz"t ...+ a, = k(%) + 28(22)  (ay > 0)

satisfies the conditions (a) h(u) (or g(u)) does not change sign for
u > 0, and (b) the last Hurwitz determinant A, # 0, then k, the
number of roots of f(z) lying in the right half-plane, is given by the
formulas

h(u) does

not k=2V (1,4, 4, ..., 4, kR=2V(1, 4,, As,l. .o 4,)

change —z(l—e

sign =2V (1,4,, 4, ...,4,) =2V(1,4,,4,,...,4,_;)

for u >0 +3(1—ey)

g(u) does Eoo—&

St k=2V(1,A,,A,...,4,_,)+ ) k=201, 4,4, ... 4,
1

change —z(l—e

s1gn =2V (1, Ay Ay A)— 20 9V (1,40 Ay, A, )

for w > 0 _ 2 F1(1—ey)
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where 3°
. g(u)} : [g (u)]
€4 = SIgN | —— , & = sign| -~ ——
& [h(u) wmtoo’ 0 T8N ) L umso

Proof. Again we introduce the notation

-1 n—3
@2t —aga" L

® agz — aga™t 4 .

p=1I

265

(84)

We consider the four cases which correspond to the entries

in the table (83).

(i) = = 2m; h(u) does not change sign for # > 0. Then 3

7reo8) o8 (1)

1w T g

and thus from the obvious equation

o B0 _ 0 ugl)
T h(u) % h(u)
it follows that 52
I —" )
h(u) A

% If a; 5% 0, then & = sign a,, and in general if
a4y = a3 = ... = dgy 1 =20, aguqq 7# 0,
then ey = sign Agpt; if a,_, # 0, then
& == Sign (an_1/a,),

and in general if

Ap_y = Ap_g = ... — An—2u+1 = 0, An—gu—1 = 0,
then

& = sign (an—2,u-—1/an)~

BUIE B(uy) = 0 (u, > 0), then g(u,) % 0, since 4,5 0. Thus from
h(u) 2 0 (u> 0) it follows that g(u)/h(u) does not change sign as u

passes through the value u,.
5 Since A, = a,4,_, # 0, it follows that %(0) = a, = 0.
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But then from (74) and (75) we find:
V(1, 44, 45, ...) =V, 4y, 4,,...),
whence the Routh-Hurwitz formula (76) gives
R=2V(1, 4y, A5, ..., 4,4) = 2V(1,4,, 4, ..., 4,).

(1) » = 2m; g(u) does not change sign for # > 0. In this case
h(ut) B (u)
g(u) ug (1)
h(u) o h(u)
glu) T ug (u)

and, consequently, using the notation (84), we obtain:

h
It h(w) It — gy = 0. (85)
g(u) ug ()
Replacing the functions following the index signs by their
reciprocals and making use of § (Section 12) gives:

I

Tt
s =17

0

:0,

0

=0

oS

But this, by virtue of (74) and (75), yields:
€0 T &
5

Whence, using the Routh-Hurwitz formula (76), we obtain:

V(1, Ay Ay ...) — VA, Ay Ay, . ..) =

€ £ — &g

0 T & 0
> =2V (1,4, 4,,...) — =
(i) » = 2m 4+ 1, g(u) does not change sign for u > 0.
In this case, as in the preceding case, formula (85) holds.
If in (85) one replaces the indices by the expressions given for
them in (77) and (78), one obtains:

E=2V(1, 4y A ...) +

1--¢g
D)

P

V(l, Al’ A3, .. .) - V(l, Az, A4, . .) -
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In combination with the Routh-Hurwitz formula this equation
gives:

k=2V(1, 4,4 ...) —

(iv) »=2m + 1, h(«) does not change sign for # > 0.
From the equations

oo 8(1) o ug (4) o 8(m) | o ug(u)
I o IS ) =0, I+ =0

- @) " ()

we infer: ]
pre € | o8
h(u) h(u)
Inverting the functions following the index signs give:
pre ) | e P00

g(u) *ug (u)

Substituting in this the expressions for the indices given by (77)
and (78), we obtain:
V1,4, 4,,...) = V(1,45 4,,...) =

1 — ey
2

From this and the Routh-Hurwitz formula there follows:

1 — e, 1 — &,
R=2V(1,4,4,,...)— 2 =2V (1,4,,4,,...) + PO

Theorem 12 is completely proved.
Theorem 11 follows from this theorem as a special case.

COROLLARY. If the real polynomial
f(2) =ag2" + a2+ ... +a, (a,>0)

has positive coefficients, and if A, £ 0, then the number k of roots
of this polynomial which lie in the vight half-plane is given by the
formula )

R=2V(1,4,4,, ...) =2V (1,4, 4,,...).
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REeMARK. If in the last formula or in the formulas (83) some
of the intermediate Hurwitz determinants are zero, then in
calculating the values of V(1, 4, 4,,...) and V(1,4,, 4,,....)
one should follow the rules explained in Remark 1 in Section 12.

If 4,=4,,=...=4,_4,,,=0, 4, 50, then upon
omitting the determinants 4,_;,,, .. ., 4, from the formulas (83)
we obtain from these formulas the number 2, of ‘“‘nonspecial”
roots of f(z) which lie in the right half-plane, if only %(x) +# 0
for # > 0 or g(u) == 0 for u > 0.5

§ 14. Some properties of the Hurwitz polynomials
Stieltjes’ theorem
Representation of Hurwitz polynomials by continued
fractions

1. Let there be given a real polynomial
f(z) = agz" +a 2"+ ...+ a, (4 7~ 0).
We represent it in the form
fz) = h(z%) + 2g ().

We shall show what conditions must be imposed on the poly-
nomials 4(#) and g(u) in order for the polynomial /(z) to be a
Hurwitz polynomial.

Putting 2 = s = 0 in the formula (20), we obtain the result
that a necessary and sufficient condition for f(z) to be a Hurwitz
polynomial is that the equation

p=n,
holds, where, as in the preceding sections,

n—1 n—3
a z - ag it 4L

+00
p=1II ; :
® gzt — aygz"t L

Let n = 2m. According to formula (73'), this condition can be
% In this case the polvnomials %,(#) and g,(u) obtained from /7 (u)

and ¢(u) by dividing them by their highest common factor d (i) satisfv
the conditions of Theorem 12. Cf. the discussion at the end of Section 12.
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written

g(u) ug (u)

= om = o8 o 48 86
17 R ) )

Since the absolute value of the index of a rational function cannot

exceed the degree of the denominator (m in the present case),

equation (86) can be true if and only if we have simultaneously

I“"M —m, 12 (u)= — m. (87)
% h(u) T h(u)
If n=2m + 1, the equation (73") (with p = n) gives:
w pre M) )
ug (u) g(n)

If we replace each of the fractions following an index sign here
by its reciprocal (cf. 5, Section 12), and at the same time notice
that /(u) and g(u) have the same degree, namely m, we obtain:

n=2m+ 1 =I+"°M —I+°°——%g(u)

—co h(%) —o0 A (%) Eoor (88)

If we again make use of the fact that the absolute value of the
index of a fraction cannot exceed the degree of the denominator,
we find that the equation (88) can hold true if and only if simul-
taneously

hl) T )

If # = 2m, the first of the equations (87) indicates that the

polynomial 4(#) has m distinct real roots Uy <y < ... < U,

and that the proper fraction g(u)/k(#) can be represented in the
form

I+oo g(%) I+ooug ('I/t) = — m, Eop == 1. (89)

=3 — (90)

where

Y (90")
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From this representation of the fraction g(#)/%(x) it follows that
between any two roots u;, #,,, of the polynomial /%(x) there lies
a real root u; of the polynomial g(u) (i = 1,2,..., m — 1), and
that the leading coefficients of the polynomials A (1) and g(u)
have the same sign; i.e.,

h(u) = gl — ) .. (= 11), gloe) = ay(ey —10]) - . (10—l ),
wy <<y << Uy < Uy << oo < Uy_q < Uy << Uy By @y > O,
The second of the equations (87) introduces only the one additional

condition
U, << 0.

From this condition it follows that all of the roots of %(u) and
g(u) must be negative. If » = 2m + 1, then from the first of
the equations (89) it follows that %(x) has m distinct real roots
Uy, U, . . ., U,, and that

g (u) R,

221 = 0 91
() S_1 Zlu W, (s_1 #0), (91)
where
g(1t;) .

;= 0 =12,... . 9’
z h’(%i') > (7’ r = ) m) ( )

From the third equation of (89) it follows that
s1>0, (92)

i.e. that the leading coefficients 4, and a, have the same sign.
Moreover, from (91), (91'), and (92) it follows that g(x) has m

real roots u; << #y < ... < u,, lying respectively in the intervals
(—o0, ), (q, ). ..., (44, #,). In other words
h(u) = ay(w — uy) ... (0 —u,), gu) = ay(u—u)...(uw—u,),

Uy <ty <ty < Uy < oo < Upy < Uyyy Ay > 0.
The second of the equations (89), as for # = 2m, involves the
single additional condition
U,y << 0.
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DEeFINITION 3. We shall say that two polynomials h(u) and g(u)
of the mth degree (or of degrees m, m — 1, vespectively) form a
positive pair ¢f their roots uy, wy, ..., u, and uy, us, ..., 1,
(u7, Ug, . .., Uy, ) are all distinct, veal, negative, and interlock in
the following manner:

A A VA T TR |
(or uy <ty <ty < o oo << Upy 1 < Uy, < 0),

while the leading coefficients have the same sign.5*

Introducing the positive numbers v, = —u,, v; = —u,, and
multiplying the two polynomials /4(#) and g(u#) of a positive pair
by +1 or —1 so that the leading coefficients are left positive, we
may write these polynomials in the form

h) = a T e+ 2), glw) = ag TT (w+ 0, (93)

=1 i=1
where

a;>0, 80> 0, 0<<v, <U, < Upg < Vg <-..<0 <0y,

if both of the polynomials /() and g(#) have the degree m, and
in the form
m m—=1
H (w40),  gw) =a TI (w4 27),  (93)
=1 i=1
where
g >0,0a,>0, 0<v, <V 4 <Vpy<...<0 <7y,

if the degree of %(u) is m and that of g(u) is m — 1.
The following two theorems summarize the discussions above.

THEOREM 13. A wnecessary and sufficient condition that the
polynomial f(z) = h(z%) 4- 2g(2%) be a Hurwitz polynomial, is that
the polynomials h(u) and g(u) constitute a positive pair.5®

84 If we omit the requirement that the roots be negative, we obtain
a real paiv of polynomials. On the use of this concept in conuection with
the Routh-Hurwitz problem, see 1. G. Malkin, [44].

8 This theorem is itself a special case of the so-called Hermite-Biehler
theorem. Cf. Chebotarev and Meiman, [8], p. 21.
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THEOREM 14. A necessary and sufficient condition that the two
polynomials h(u) (of degree m) and g(u) (of degree m — 1) constitute
a positive pair is that the equations

oo 8(#) oo 48 (1)

= " (54)

should be satisfied. If h(u) and g(u) have the same degree, there
is the complementary condition

g (%)] _
| £ = SIgN [hr(u) o 1. (95)
2. From the last theorem, derived from the properties of the
Cauchy index, we may easily obtain Stieltjes’ theorem on the
representation of the fraction g(u)/4(#) in the form of a continued
fraction of a special type, provided that 4(x) and g(u) constitute
a positive pair of polynomials.

The proof of Stieltjes’ theorem is based on the following lemma:

LeEmMA. If the polynomials h(u) and g(u) (the degree of h(u)
being m) form a positive paiv, and

glu) . u hy(u)\ !
o~ ()

where ¢, d are constants, and hq(1t), g,(u) are polynomials of degree
< wm — 1, then

1. ¢=0,d>0,

2. the polynomials hy(u) and g,(u) have degree m — 1,

3. the polynomials hy(u) and g,(u) constitute a positive pair.

Once h(u) and g(u) are given, hy(u) and g,(u) are uniquely
determined up to a constant common factor, and the constants ¢ and
d are uniquely determined.

Conversely, 1t follows from (96) and 1, 2, 3, that the polynomials
h(u) and g(u) form a positive pair, the degree of h(u) being m and
the degree of g(u) being m or m — 1 according as ¢ > 0 or ¢ = 0.

Proof. Let &(%), g(u) be a positive pair. Then from (94) and
(96) there follows:

(96)
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y/ -1
m— rr=80) _ e (du + “(“)) . (97)
h(u) &1(w)
From this equation it follows that the degree of g, () is equal to
m — 1 and that 4 £ 0.
Moreover, from (97) we find:

m= — It [d u -+ I (1 )j' 4 signd = — I*%® ) 4 sign d.
&i(u) g1(u)
~ From this it follows that d > 0 and that
Ty (20)
e Ll — g — 1), 98
o (1) ( ) (98)
Now the second equation in (94) gives:
N oz feu (u))—l}
T R S (99
-1
:Iii(d+h1(u>) _ |: 4 - ()]=~F:2h‘(u).
ug () ug, (u) 18, (1)

From this it follows that the degree of A, (u) is m — 1.
By virtue of (96), the condition (95) gives: ¢ > 0. If the degree
of g(u) is less than that of % (x), then (96) implies: ¢ = 0.
From (98) and (99) we have:

Jroo 81/ g1 (2t)

o 481 (u)
"y (u) .

- m—+ ey,  (100)

= — 1
I Y )

where

1)
el = sign [g—1(~:] )
T L dun e
Since the second of the indices (100) is at most m -- 1 in absolute

value,
£ =1, (101)

but then from (100) and (101) we may use Theorem 12 to conclude
that the polynomials %, (u#) and g (x) form a positive pair.
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From (96) there follows:

e glw) . [eu) 1
= ) }LE[W“C]“—E'

Once ¢ and 4 are determined, (96) determines the ratio %, (1) /g, (#).

The relations (97), (98), (99), (100), and (101), applied in
the reverse order, establish the second part of the lemma. Thus
the lemma is completely proved.

Suppose we are given a positive pair of polynomials g(#) and
h(u), where /(1) has degree m. Then, dividing g(u) by &(#) and
denoting the quotient by ¢,, the remainder by g,(#), we obtain:

glu) _ g(n) _ (h(u))“
Ty o = G .
h(n) h(n) g1 (1)

The ratio 4(u)/g,(#) may be represented in the form dyu -
hy(un)/g (1), where the degree of A,(u1), as well as that of g,(u),
is less than . Then

;’:E—Z;= co—!—(dou—l—

)

Thus for any positive pair %(u), g(#), there holds a relation
(96). According to the lemma ¢, = 0, 4, > 0, while the poly-
nomials %,(#) and g,(#) have the degree m — 1 and form a
positive pair.

If we now apply these considerations to the positive pair 4, (u),
g1(#), we obtain an equation

(102)

g1(n)
By (u)

Dy (u))'1

.
AT \RET W)

where ¢; > 0, 4; > 0, and the polynomials %,(1), g,(1t) are of
degree m — 2 and form a positive pair. Continuing this process
further, we ultimately arrive at a positive pair 4,,, g,,, these being
constants with the same sign. If we put

&/ Pm = Cous (1020™)
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then from (102), (102w), .. (102t™) there follows:
glu) _ 1
I
Ayu—~ — |
¢+ 1
a
1+ Cot
. . 1
-
dm—1u+ -
c

m

Applying the second part of the lemma, we may show analogously
that for any ¢, = 0, >0,...,¢,>0, dy,>0, d, >0,...
d,,_; > 0, the continued fraction written above defines uniquely
(up to a constant common factor) a positive pair of polynomials
h(u) and g(u), where %(u) has the degree m and g(#) has the
degree m if ¢y > 0, m — 1 if co = 0.

This proves

THEOREM 15 (Stieltjes). I} h(u), gu) are a positive pair of
polynomials and the degree of h(u) is m, then

g(u) 1

o) = 1
dynt - — —

(103)

where

¢=0,¢>0,...¢,>0, ay>0,...,4d, >0,
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Here cy = 0 if the degree of g(u) is m — 1, and cy > 0 if the
degree of g(u) is m. The constants ¢, d, are uniquely determined
once h(u) and g(u) are given.

Conversely, for any ¢y = 0 and any positive constants c,, . . ., ¢,,,
dy, ..., Ay, the continued fraction (103) defines a positive pair of
polynomzals h(u), g(u), where h(u) has the degree m.

From Theorem 13 and Stieltjes’ theorem there follows

THEOREM 16. The real polynomial [(z) = h(z?) + 2g(22) of
degree m is a Hurwitz polynomial if and only if formula (103)
holds with c, nonnegative and all of the comstants ¢y, ..., c,,
do, . - ., Ap_y positive: Moreover, ¢y = 0 when n is odd, and ¢y = 0
when n is even.

§ 15. The domain of stability. Markov parameters

To every real polynomial of degree » there may be assigned
a point of Euclidean #n-space, the coordinates of which are the
numbers obtained by dividing the leading coefficient into the other
coefficients. In such a “coefficient space” the Hurwitz polynomials
form a certain xn-dimensional region which is defined (with
ay = 1) by the Hurwitz inequalities 4; > 0, 4, > 0,...4, >0
or, for instance, by the Liénard-Chipart inequalities a, > 0,
Apg>0,...;4,> 0,4, > 0,.... This region will be called the
domain of stability. If the coefficients are given as functions of p
parameters, then the domain of stability can be regarded as lying
in the space of these parameters.

The investigation of the domain of stability is a matter of great
practical interest; thus, for instance, such an investigation is
essential in the design of new control systems.56

In Section 16 we shall show that two remarkable theorems
established by A. A. Markov and P. L. Chebyshev in con-
nection with the expansion of continued fractions in power series
in negative powers of the argument are closely related to the

% The study of the domain of stability, and also of the regions cor-
responding-to various values of 2 (the number of roots in the right half-

plane) has been the subject of a series of papers by Yu. I. Naimark. Cf.
Nalmark, [50].
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investigation of the domain of stability. In order to formulate
and prove these theorems we must regard the polynomials as
being given not by their coefficients but by certain parameters
which we shall call Markov parameters.

Let there be given a real polynomial

fi2) = a2 + a2+ ... +a, (a,#0).
As before, we put it in the form
f(z) = h(z%) + 2g(2).

We shall suppose that the polynomials /4(#) and g(u) are
relatively prime (4, 7% 0). The irreducible rational function
g(u)/h(n) can be expanded in a series of descending powers of #:57

g(u) So  S1, Sy S
o= L S s T 104
h(n) s—1+u u2+u3 u4+ (104)

The sequence of numbers s, sy, Sy, . . . defines an infinite Hankel
matrix S = (s,,,)¢°. We define a rational function R(v) by means
of the equation

R({v) = —g(—v)/h(—v). (105)
Then

so that the relation
R(w)~ S (107)
holds (cf. Section 11).

Hence it follows, by Theorem 8, that the matrix S has rank
m = [n/2], since m is the degree of the polynomial %(#) and,
therefore, the number of poles of the function R(v).

When # = 2m (in this case s_; = 0), a given matrix S uniquely
determines an irreducible fraction g(#)/A(u) and therefore deter-
mines a polynomial f(z) up to a constant factor. When # = 2m+-1,
it is necessary to know s_; as well as S to determine the polynomial
#2).

57 It is for the sake of convenience in what is to come that we denote
the coefficients of even negative powers of u by —s;, —s; etc.
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On the other hand, in order to arrive at an infinite Hankel
matrix S of rank m it is sufficient to give the first 2m numbers

Sg» Si»+ - -» Sem—y. These numbers may be chosen arbitrarily,
subject to the sole restriction
D,, = det [s;.:]¢ # 0; (108)

all of the subsequent coefficients in the expansion (104) can be
uniquely expressed (and indeed rationally) in terms of the first
2m coefficients. In fact, the elements of an infinite Hankel matrix
S of rank m are rclated to one another by means of the recurrence
relations (cf. Theorem 7, p. 244)

Sqg= 2 %;Sq_,g (gq=m, m+1,...). (109)
g=1

If the numbers sy, sy, . - ., Sa;m_q Satisfy the inequality (108), then
the coefficients ay, . . ., «,, are uniquely determined by the first
m of the relations (109); then the other relations (109) define
Soms 32m+1’ R

Thus a real polynomial f(z) of degree n = 2m for which 4, # 0
is defined uniquely (except for a constant factor) by 2m numbers
So» S1» + « +» Sam_1 Satisfying the inequality (108). If n = 2m - 1 it
is necessary to adjoin s_, to these numbers.

We shall call the » numbers s,, Sy, .. ., Sy,y (f 7 = 2m) or
S_1, Sg» -+ - Som—y (f = 2m 4 1) the Markov parameters for
the polynomial f(z). These parameters may be regarded as the
coordinates of a point representing the given polynomial f(z) in
Euclidean n-space.

We shall show what conditions must be imposed on the Markov
parameters in order for the coresponding polynomial f(z) to be a
Hurwitz polynomial. In other words, we shall determine the
domain of stability in the space of Markov parameters.

Hurwitz polynomials are characterized by the conditions (94),
with the supplementary condition (95) if # = 2m + 1. Introducing
the function R (v) defined by (105), we may rewrite the equations
(94) as

I’ R() = m, I[T2vR(v) = m. (110)
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The supplementary condition (95) for the case # = 2m -} 1gives:
s_; > 0.

We now introduce the infinite Hankel matrix S® = (s,,,,,)5.
The equation

VR() = — s F s+ 22

which follows from (106), shows that the relation

vR(v) ~ SO (111)
holds. ‘
The matrix S®, like the matrix S, has finite rank , since the
function vR(v), like R(v) itself, has m poles. Thus the forms

m-1 m—1

S, ) = 3 iy %2y, Sﬁ’(x, T) = 3 St %%
i, k=0 i, k=0

also have the rank m. But according to Theorem 9, and in view
of relations (107) and (111), the signatures of these forms are
equal to the indices (110), and thus likewise equal to m. Ac-
cordingly, conditions (110) show that the forms S, (x, z) and
'SW (g, x) are positive definite. We have established

THEOREM 17. In order for the real polynomial f(z) = h(z2%)+2g(22)
of degree w = 2m or n = 2m + 1 to be a Hurwitz polynomial, it
is necessary and sufficient %8 that

% We do not stipulate the special inequality 4,, 5= 0, since this inequality
automatically follows from the conditions of the theorem. In fact, if f(2)
is a Hurwitz polynomial, then as we know, 4, 5% 0. On the other hand,

if the conditions 1, 2 are known to be satisfied, then from the positive
definiteness of the form S (z, z) it follows that

— Iiz Z;Lg((:)) =13 vR(v) = m,

and from this in turn it follows that the fraction ug(u)/h(%) is in lowest
terms; but this is equivalent to the inequality 4, £ 0.
In just the same way, it follows from the conditions of the theorem that
D, = det [s;,, )7 #0,

ie., that the numbers sy, sy, ..., Sy_y and (if » = 2m + 1) the number
s_, are the Markov parameters of the polynomial f(z).
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1 the quadratic forms

m—1 m~—1
Sp@, ) = 3 spziwy, SP(@, x) = Y sz, (112)
1, k=0 i, k=0

be positive definite and
2 (f n=2m 4 1)

sy > 0. (113)
Here s_y, o, Sy, ..., Sgm_y are the coefficients in the expansion
g(n) So  S2 , Sa S5
Jol=¢ ——— = — L
Bw) 7t + u + ud  ut +

We next introduce some further notations:
D, =det[s;;;157t, DY =det[s;3,1)57 (p=1,2,...,m). (114)

The condition 1 is equivalent to the system of determinantal in-
equalities:

’ ! So S1++ S
So S
D1= SO>O’ D2= Sosl >0"'-:Dm: sl 32 e sm >0)
152 v e e e s e s e
Sm—1Sm - - - Sam—2 _
(115)
; K S1 Sg -.-S,
NEX
D§1’=sI>O,D‘2”=)8182'>0,...,D£i)= S2 %3 - Smi1 |,
253 v e e e e e s
Sm sm+1 Sem-1

In the case n = 2m the inequalities (115) define the domain
of stability in the space of the Markov parameters. If # = 2m-1
one must adjoin the additional inequality

s_y > 0. (116)

In the next section we shall show what properties of the matrix
S follow from the inequalities (115) and thereby distinguish the
special class of infinite Hankel matrices S which correspond to
the Hurwitz polynomials.
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§ 16. A connection with a moment problem

1. We shall first formulate the following moment problem on the
positive semi-axis 0 << v < 00: 59

Given a sequence of real numbers s, s,, . . ., one is required to
find positive numbers

=00 py >0,y >0 0<y vy < ... <o, (117)

such that the following equations hold true:
a»=zlﬂﬂ’j” (p=012,...). (118)
Pt

[t can be seen without difficulty that the system of equations
(118) is equivalent to the following expansion in negative powers

of u:
m S s S
Bi % S (119)
_1u—l—v u  u u3

In this case the infinite Hankel matrix S = (s,,,)¢ has finite
rank m, and by virtue of the inequalities (117) the polynomials
h(u) and g(u) in the irreducible proper fraction

g m
=z ¢+v

(where we choose the leadlng coefficients of % (i) and g(u) to be
positive) form a positive pair (cf. (91) and (91)).

Thus, by Theorem 14, the moment problem we have formulated
has a solution if and only if the sequence of numbers Sgy Spy - - -
defines (by (119) and (120)) a Hurwitz polynomial f(z) = A(z2) -+
zg(2%) of degree 2m.

The solution of the moment problem is unique, since the num-
bers v; and w; (j=1,2,...,m) are uniquely defined by the
expansion (119).

(120)

5 This moment problem could be called the discrete moment problem,
as distinguished from the general moment problem, in which the sums

PO ujvj are replaced by the Stieltjes integrals fo v?du(v). See Shohat
and Tamarkin, [63].
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Along with the “infinite” moment problem (118) we consider
the “finite” moment problem given by the first 2m equations
in (118):

m
Sp=21mv}’ p=01,...,2m—1). (121)
e

From these relations one obtains the following expressions for
the Hankel quadratic forms:

m—1

—1\2
D ¥y = Zm Ty + 210 + oo+ T V)R
i, k=0
: 122
m—1 m N ( )
—_ —1\2
D Sprrr1 T = 2 ;0 (T + Ty o By g O )%
i, =0 i=1
Since the linear forms in the variables x,, z,, ..., %,
—1 .
o+ 2 v; .. F 2, 0] =12 ...,m)

are independent (the coefficients of these forms fill out a non-
singular matrix of Vandermonde!), while v, >0, u, >0
(j=1,2,...,m), the quadratic forms (122) are positive definite.
Then, according to Theorem 17, the numbers sy, sy, . .., Sgpy
are the Markov parameters for some Hurwitz polynomial (119).
Together with the remaining coefficients sy,, Sgmiq, ... they
define a solvable infinite moment problem (118) which has the
same solution as the finite problem (121).
Thus, we have proved

THEOREM 18.
1. A necessary and sufficient condition that

m
S» =‘2i/"iv; (123)
j=

p=0,1,...2m—1; u;>>0,.., 0, >0; 0<<v; <0y <...<0p),
be solvable, where the numbers s, are given and the real numbers
v, and u; are to be found, is that the quadratic forms

m—1 m—1

D STy, D Siprr1 %% (124)
i, %=0 1, %=0
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be positive definite, i.e., that the numbers sy, sy, . . ., Sym_y be the
Markov parameters of some Hurwitz polynomial of degree 2m.
2. A necessary and sufficient condition that the infinite moment
problem
m
5= 3 w7} (125)
i=
P=0,1,...2m—1; uy>0,...,0,>0; 0<v...<u,),
be solvable, where the nuwmbers s, are given and the real numbers v,
and u; are to be found, is that (i) the quadratic forms (124) be positive
definite and (i) the infinite Hankel matriz S = (s;.,)S have
rank m, i.e., that the series
Syt ) (126)
w o u u h(n)
define a Hurwitz polynomial f(z) = h(z®) + 2g(22) of degree 2m.
3. The solution of the moment problem, whether finite (123) or
wnfinite (124), is always unique.
2. We shall now use this theorem to investigate the minors of
the infinite Hankel matrix S = (s,,;)¢° of rank m corresponding
to some Hurwitz polynomial, i.e., of a matrix S for which the
quadratic forms (124) are positive definite. In this case the num-
bers sy, sy, S, . . . Which generate the matrix S can be represented
in the form (123), so that for any minor of the matrix S of order
h = m we have:

vt ... U
s s pi g, it i vEL. .. R
Gtk o Sitk, M101 Ha¥p o s Uy Uy 2 2
s e e e e e | == | ¢ « 4 & e o e« o o o | of £ - s
i i i -----
Siptiey -+ Sipth, MU Yo Ugh o oy U | | L L
S
and, consequently, the determinant
S[Zl Iy .. zh]
T Z € k k k
Ryky. .. Ry Vgl Vgl .. Vgbl |01 Vg2 . .. UGt
i Z € k k k
_ (N R 0 I R T A S
,ual ’u“z e ‘umh 1 2 3 2 2 2.
1§al<a2<.”<ahgm --------------
Z % % k k k
Vgt Vg Vah| Vgt Vg Vg
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But from the inequalities
0<y, <O T oo s Ly, G <<y <o <Ly, By < Ry < ... <

it follows that the generalized Vandermonde determinants (p. 118)
are positive:

.t i iy | i k k,
Ugh Ugh+ o - Vgl Vgt Vgt . Ugh
% i k k k
det| Yai Yoy o | >0, det| Ya Yacclay |0
3 k k. k,
Ut v;:...v;:_ | Ual Upk .- Ugh
Thus, since the numbers u; (i =1, 2,..., m) are also positive,
it follows from (127) that
gl vt g (peht<h<..<3 1 9
B B A > =, g k. =1, 2,... m].
1 fogr e Iy 1 <Ry <Ry

(128)

Conversely, if all of the minors of arbitrary fixed order # < m
in an infinite Hankel matrix S of rank m are positive, then the
quadratic forms (127) are positive definite.

We now introduce

o]

DeFINITION 4. We shall say that an infinite matric A = ()]
is totally positive of rank m if and only if all of the minors of
the matrix A of order h < m are positive, while all minors of order
" h>m are zevo.

We can now reformulate the properties of the matrix S which
were obtained above.%0

THEOREM 19. A necessary and sufficient condition that the in-
finite Hankel matrix S = (s,,,)8° be totally positive of rank m,
is that (i) the matriz S have rank m, and (i) the quadratic forms

m—1 m—1
2 Sirr®i%r, D Sipry1 Ty
%, k=0 1, k=0

be positive definite.
From this theorem and Theorem 17 follows

% Cf. Gantmacher and Krein, [23].
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THEOREM 20. A real polynomzal f(z) of degree m is a Hurwitz
polynomial if and only if the infinite Hankel matrix S = (5;,.4)5°
corresponding to this polynomial 1is totally positive of rank
m = [n/2] and, in case n is odd, s_; > 0.

Here the elements sy, Sy, Sa, . - - Of the matrix S and the numbers
s_y are defined by the expansion

) oy S Sy S (129)

where f(z) = h(z%) + 2g(2%).

§ 17. The theorems of Markov and Chebyshev

In his well-known memoir ‘“On Functions Obtainable by the
Inversion of Series of Continued Fractions,” published in the
Journal of the St. Petersburg Academy of Sciences for 1894, A. A.
Markov proved two theorems, the second of which had been
established by other methods and in a less general form by
P. L. Chebyshev in 1892.

In this section we shall show that these theorems have a direct
relation to the study of domains of stability in the space of
Markov parameters, and shall give a comparatively simple proof
‘of these theorems (in which continued fractions play no role).
The proof is based on Theorem 19 of the preceding section.

The first theorem was formulated by A. A. Markov as follows:$!

“On the basis of the preceding conclusions, it is not difficult
to prove two remarkable theorems, with which we shall conclude
our paper.

“One of them concerns the determinants 62

4., Ay, .. 4, 4D, A A™)
and the other concerns the roots of the equation %
")Um(x) = 0.

st A, A. Markov, [45].
2 In our notation, D,, D,, ..., D, DV, ..., D%
83 In our notation, A(—z) = 0.



286 V. THE ROUTH-HURWITZ PROBLEM

“THEOREM ON THE DETERMINANTS. If for the numbers
S0, S1 S2s - - -) Sam—2y Sam—1

we have two sets of values

1) s =ag, $S1=ay, S3=ay, ..., Sgp_g = Agp_y, Sem—1 = A1,

2) sp =10y, S; =1y, S3 =1y ..., Sgm_p = Dy, s, Sam—1 = Dap1,

for which all of the determinants

So Sp1--. Smey
Iso 51 S1 Sg.-. Sp
A, = s,, Azzdet[s s:|,...,Am=det ,
LS,
_ Sm—1 Sm Som—2 _
S, Sp. .S, |
$; S Sy S3...S
40 sy 0 [ 5],de—ar| 52 5ee
52 33 . . D

_Sm Sm+1 Sem-1_
are positive, and which satisfy the inequalities
ag=by, by=ay, ay=by, by =a,, . . ., dyy_g=bg_s, bopy = g1,
then our determinants

Ay, Ay oo Ay AV, A@ L A

must remain positive for all values of sy, Sy, Ss, . . ., Sop—y Satisfying
the inequalities
ay = Sg = by,

Aom—5 = Som—2

Ay Ay...0; 4 So Sy« Sk by by by
ay  dy. ..

L DI Y

Ay Ap - .. Qg Sk—1 Sk - Sar—2 bra bre by



and
by by by S1 S Sk ay a Ay
by b b1 ~ (52 S3 Skl | |%2 43 A1
b bryy - - Doy Sk Sk41- - S2r—1 A Arqy - - - Aop—1

must hold for 2 =1,2,..., m.”

In order to formulate this theorem in a way which more clearly
shows its connection with the stability problem we shall first
introduce some concepts and notations.

The Markov parameters sp, Sy, - .., Spm_q (f # = 2m) or
S_1, So» Sy« Sgmey (f #=2m 4 1) will be regarded as the
coordinates of a point P in Euclidean #n-space. The domain of
stability in this space will be denoted by @. The domain @G is
defined by the inequalities (115), (116). We shall say that the
point P = {s;} “precedes” the point P* = {s¥}, and write P < P*,
if

So = o, SF <5y, Sy =55, Sy =Sy, ... Soy = Samoy (130)

and (if » = 2m 4 1)

sy = 5%

the inequality being strict in at least one of these relations.
If only the relations (130) hold, without the last limitation,

we shall write:
P < pP*.

We shall say that the point Q lies “‘between” the points P and
R if P< Q<R

To each point P there corresponds an infinite Hankel matrix
of rank m: S = (5;4,)¢. This matrix will be denoted by Sp.

Now we repeat Markov’s theorem, but in the following form:

TuEOREM 21 (Markov). If two points P and R belong to the

domain of stability G, then any point Q lying between the points
P and R also belongs to the domain Q; ie.,

from P, Red, P= Q < R follows Q eQ.
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Proof. From P < Q < R it follows that the two points P
and R can be joined by an arc

slz(_l)t(pz(t) [agtgy;z=0:ls"': 2m — 1
and (ifn=2m 4 1) 7= —1] (131)

passing through the point Q such that I the functions ¢,(t) are
continuous, monotone increasing, and differentiable with respect
to ¢ from =« to {=7y, and 2 the values o, 8,y (« = f < y) of
the variable ¢ correspond to the points P, Q, and R.

Using the values (131) we can set up an infinite Hankel matrix
S =S() = (s;4x)5° of rank m. We shall consider a part of this
matrix, namely the rectangular matrix

80 Sl e sm—l Sm
S1 S .o Sy Sm+1 (137)
sm—l Smov s Som—2 s2m—1

According to the conditions of the theorem the matrix S ()
is completely positive of rank m when ¢ = « or y; thus all minors
of the matrix (132) of order p =1, 2,..., m are positive.

We shall show that this property is preserved for any inter-
mediate value of ¢ («x < << y).

For p =1 this is obvious. We shall show that the assertion is
true for minors of order $ on the supposition that it is true for
minors of order » — 1. First consider minor of order p, taken
from p consecutive rows and p consecutive columns of the matrix
(132):

D;f) — | Set1 Sgre -+ - Savp (q=0,1,...,2(m—p)+1). (133)

Se+p-1 Sqt+p+ -+ Se+2p-2

We shall calculate the derivative with respect to ¢ of this minor,

1
d s DY dseiipn

—Dla)

134
at " 0 0S,.4 4t (134)
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The derivatives 0D/0sq ;4 (i, k=0, 1,...,p—1) are the
algebraic complements (adjoints) of the elements of the deter-
minant (133). Since by supposition all minors of this determinant
are positive, then

(9)
(—1)i 2 >0 (G, k=0,1,...,p—1).  (135)

Sqt+itk

On the other hand, from (131) we find:

aSqys APgrivk
—Q)etitk Dotk TPCRHE g (G =0,1,..., p—1). (136
(—jeeess Derier Tt 20 (i k= 0,1, p-1). (136)
From (134), (135), and (136), there follows:

q:O,l,...,2(m—-p)+l,)
p=12,...m a=t=y )

(1) i DY =0 ( (137)

dat

Thus each minor (133), if ¢ is even, is monotonically increasing
(more precisely, nondecreasing) and if ¢ is odd, is monotonically
decreasing (more precisely, nonincreasing) as ¢ increases from the
value o to the value y; and since this minor is positive for ¢ = «
and ¢ =y, it will be positive for any intermediate value of ¢
(x=t=vy).

From the fact that the minors of order » — 1 of the matrix
(132) are positive, and that the minors of order p formed from
successive rows and columns are positive, it follows ¢ that all
minors of order p of the determinant (132) are positive.

From what has been proved it follows that for any ¢ (« =< ¢ < y)
the values of sy, sy, ..., 8y, and (if # = 2m - 1) s_; satisfy
the inequalities (115) and (116), i.e., that these numbers are
the Markov parameters of some Hurwitz polynomial. In other
words, the whole curve (131), and in particular the point Q, lies
in the domain of stability G.

Markov’s theorem is proved.

REMARK. Since it has been shown that each point of the curve
(131) belongs to the domain @, then for any ¢ (x =< ¢ < y) the

[0

values (131) define a completely positive matrix S(¢) = (s,.1)¢

% This by an identity for determinants due to Fekete. See [24].
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of rank m. Thus the inequalities (135), and consequently also
(137), hold for arbitrary ¢ (« < ¢ =< f); as ¢ increases any D@
increases if ¢ is even, decreases if gisodd (9=0, 1, ..., 2(m—p)+1;
p =1,...,m). In other words, from P = Q = R it follows that

(—1)*DP(P) < (~1)'DY(Q) = (~1)" DY (R)
gq=0,1,...,2(m —p)+1; p=1,..., m].
For ¢ = 0, 1, these inequalities give the inequalities of Markov.
We shall now consider the theorem of Chebyshev and Markov
mentioned at the beginning of this section. Again, we quote
A. A. Markov:
“THEOREM ON THE RoOOTS. If the numbers
Ay, Ay, Az, -« oy Aopg, Fom_1,
Sor S1» Szv -+ - > Sam—ss Som—1,
bo; bl, bz: LIRS} me—2! b2m—1
satisfy all the conditions of the preceding theorems 5 then the equations

ay Ay .. yq 1
a, Ay ...Gy x
det|ay, a3 ...0,., 2> |=0,
| @ Bmgy e - Aoy X7
So S “Sper 1
S, Sy S x
2 —
det| s, s3  ...S5,. 2% |=0,
| Sm Sm+1 Somtr T
by by cibpy 1]
by by ...0b, x
det| b, by ...bny @ |=0
__bm bm+1 b2m—1 xm _

s Markov, [45] (Note 61), p. 103.
% This refers to the preceding theorem of Markov, the “‘theorem on

the determinants.”
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of degree m in the unknown x have neither multiple, imaginary, nor
negative roots.

Moreover, the roots of the second equation arve larger than the
corresponding roots of the first equation and smaller than those of
the last.”

We shall first explain how this theorem is related to the domain
of stability in the space of Markov parameters. We put

fz) = h(2®) 4 2g(2%) and
h(—v) = cpv™ + cyo™ L+ ...+ ¢, (cg = 0).

From the expansion (105)

So | 5

= s t—t—= 4 ...
v v

we obtain the identity

—g(—v) = (—s_4 -}—Ev(l—i— % ) (v F ™ 4 LA ).

Setting the coefficients of the powers v}, v=2, ..., v™™ equal to
zero, we find:
SoCm 81 Cpyg + - F S =0,
$9Cm F S Cpat .-+ 816 =0, ' (138)
Sm—1Cm + SmCm—1 + e + Sem—1Co = 0;
To these relations we add the equation
h(~v) =0, (139)
written in the form
Cp + Vg + .« .. V™cyg = 0. (139")
Eliminating the coefficients ¢, ¢;, . . ., ¢,, from (138) and (139'),
we may represent the equation (139) by
[so Sy +--Smq 1 |
S1 Sa .. -Sp v
detf s, sS3 ...Spyp V2 |=0. (139")

...........
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Thus it appears that the algebraic equations in the Chebyshev-
Markov theorem coincide with the equation (139), while the
inequalities imposed on the values of s,, sy,..., S5, coincide
with the inequalities (115) which define the domain of stability
in the space of Markov parameters.

The Chebyshev-Markhov theorem shows how the roots

#, = —0y, ..., %, = —0v, of the polynomial %(u) vary when the
corresponding Markov parameters vary within the domain of
stability.

The first part of the theorem asserts a fact that we already
know (cf. Theorem 13), namely that when the inequalities (115) are
satisfied all of the roots #,, #,, . . ., #,, of the polynomial %(u) are
simple, real, and negative. We shall denote these roots by

1w (P), us(P), ., 1y, (P),
where P is the corresponding point of the domain G.

Then the second (basic) part of the Chebyshev-Markov
theorem may be stated as follows:

TueoreM 22 (Chebyshev-Markov). If P and Q are two points
of the domain G, and the point P ‘‘precedes” the point Q,

P<Q (140)
then 87

u’l(P) < u’l(Q)r uZ(P) < u2(Q): e um(P) < um(Q)' (141)

Proof. The coefficients of the polynomial %(x) may be ex-
pressed as rational functions of the parameters sg, s, . . ., Spp ) —
for instance, by the use of the equations (138), where for the sake
of concreteness one may put ¢, = 1.

Then from
hu,) =0 (E=1,2...,m)
there follows:
oh(u,) du,
£ M) — =0 (=1,2,...,m; {=0,1,...,2m—1). (142
asl + ( Z)dsl ( ) ( )
87 In other words, the roots u,, #,, . . ., #,, increase when s,, Sy, . . ., Spm_2

increase and s,, Si, ..., Sam_; decrease.
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Here it is to be understood that

oh(u;) l:alé(u)] '
s, Ju=u,

0s,

On the other hand, differentiating termwise with respect to
the parameter s, in the expansion

g(u) o So S Sy
m——s_q‘{“ @ w? e
gives
0g (u) oh (us)
h(u) ——= — !
(u) s, D% a1
R (u) T T amn (#)- (143)

Multiplying both sides of this equation by the polynomial
h®(u)/(u — u;) and denoting the coefficient of the power #! in
this polynomial by C,;, we obtain:

) )
h(u) Og(u) B 0s, _ (=1)'Cy 4. (144)
u— u, 0s, " — U, u

If we equate the coefficients of 1/ (the residues) on the left and
right sides of this equation, we find:
0h(u,)

(1)~ glu) 57 = Cu, (145)

and this, in conjunction with (142), gives:
du, (=1)'Cq

ds,  glug) i ()

Introducing the quantities

G=12..., m), (146)
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we obtain the Chebyshev-Markov formula

au, (—1)'Cy,

&?_W ('i=1,2,...,m;l=0,1,..,2m_1). (147)
l Z z

But in the domain of stability the quantities R, are positive
(cf. (90)). The same may be said for the coefficients C,;. In fact,

h® (u)

u—u;

=C§(“+U1)2- oo (tv,) 2 (u+0,) (ut0,44)%. .- (v4-0,,)3, (148)

where 4
vy=—u; >0 (i=12 ... m).

From (148) one sees that all of the coefficients C,; in the expansion
of h?(u)/(w — u,) are positive. Thus, we obtain from the Cheby-
shev-Markov formula the inequality:

LA,
ds,

In proving Markov’s theorem we showed that any two points
P < Q of the domain @ may be joined by an arc s, = (—1)%p,(?)
(¢l=0,1,..., 2m — 1), where ¢,(¢) is a monotonically increasing
differentiable function of ¢ (f ranges from « to f (¢ < f), t = «
corresponding to the point P, ¢ = § to the point Q). Then along
this curve, because of (149),%8

(—1)P == > 0. (149)

du; 2t ou; ds, > 0 du, 0 - = (150)
iR, = g e=i=h 7

Hence by integrating we obtain
Uilgegy = u;(P) < Uiy = u;(Q) t=1,2,...,m).

The Chebyshev-Markov theorem is proved.

% Since
(— 1)t (ds;/dt) = deyJdt = 0 (@ =t =B),
while for at least one / there exists a value of ¢ for which (—1)* (ds,/dt) > 0.
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18. The generalized Routh-Hurwitz problem

In this section we shall give a rule for determining the number
of roots in the right half-plane of a polynomial f(z) with complex
coefficients.

Let
f(z)=bgz" + b 2" 1. .4+ b,+1(ag2" + a,2" 1+ ... 4 a,), (151)
where a,, a,, ..., a,, by, by, ..., b, are real numbers. If » is the

degree of the polynomial f(z), then b, + 7a, % 0. Without loss of
generality we may suppose that ay, %= 0 (otherwise we could

replace f(z) by #f(2)).
We shall assume that the real polynomials

ag2" + ay 2"t 4+ ... 4+ a, and byz" + bzt 4 ... + b, (152)

have a constant highest common factor, i.e., that the resultant
of these two polynomials is different from zero:

a a,...a, 0...0
by by...0, 0...0
Ag. - Quy a,...0
= . 1
Van=det) oy b b0 (153)

.............

.............

From this it follows, in particular, that since the polynomials
(152) have no nonconstant common factor, the polynomial f(z)
has no root on the imaginary axis.

We shall again denote by % the number of roots of f(z) having
positive real parts. Considering the domain in the right half-plane
bounded by the imaginary axis and a circle whose center is at the
origin and whose radius is R (R — o0), and repeating word for
word the discussion given in the first part of Section 3 for a real
polynomial f(z), we obtain as a formula for the increase of arg f(z)
along the imaginary axis

AT arg f(z) = (n — 2k)n. (154)
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Hence, by virtue of (151) and the condition g, = 0, we obtain:
proobo? £ b 4 4 b,

TP agz" a2 - Rz,

Applying Theorem 10 of Section 11, we obtain from this that

—n — 2k (155)

k = V(li V2l V4l MRS VZn): (156)
where
—“0 a . “27:—1_
by by by

Vy,=det| 0 @ ..., [(p=1,2,...,n;a,=b,=0if k=>n). (157)

We have arrived at the theorem:

THEOREM 23. If there is given a complex polynomial f(z) for
which f(iz) = byz™ + byz" 14 ...+ b, +i(agz" + ...+ a,)
(ag £ 0), where the polynomaals agz™+ . .. +a, and byz" + ... +b,
are relatively prime (V,, # 0), then the number of roots of the
polynomial f(z) lying in the vight half-plane is determined by for-
mulas (156) and (157).

Here 1t is to be understood that if among the determinants (157)

there are some which equal zevo, then tn calculating V. (1, V,, . .., V,,)
one should put, for each block of successive vanishing determinants

(Van 7 0) Vapyo = - -« = Vapiop, = 0(Vapyapye # 0)  (158)
the values

sign Vg, 0, = (= 1)U D25ign V,,  (1=1,2,...,9), (159)

or, equivalently, V (Von, Vapis, - - -, Vonsopse) = §(p + 1) of p s
odd, 3(p + 1 —¢) if p is even, where

v
¢ = (—1)7/2 sign 22042, (160)
Van
We shall leave it to the reader to verify that in the particular
case in which the polynomial f(z) is real the Routh-Hurwitz
Theorem (cf. Section 6) can be obtained from Theorem 23.
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In conclusion we would remark that in this chapter we have
considered the application of quadratic forms (in particular,
Hankel forms) to a problem on the distribution of the roots of a
polynomial in the complex plane, the Routh-Hurwitz problem.
At the same time, quadratic and Hermitian forms have interesting
applications to other problems on the distribution of roots. We
would refer the reader who is interested in these questions to the
survey by M. G. Krein and M. A. Naimark, The Method of Sym-
metric and Hermitian Forms in the Theory of the Isolation of Roots
of Algebraic Equations, Khar'kov, 1936.



APPENDIX I

The Theorem 0{" SClllll‘

.Every matriz of complex numbers can be transformed into a
triangular matrix T by a complex unitary transformation.

We are given A4, a matrix of complex numbers. 4 must have a
characteristic root 4 and a corresponding unit eigenvector u,
such that

Au = ul

holds. We assume without proof that there is a unitary matrix
U (U*U = UU* = E) which has # for a first column, and check
that AU has first column u4; ie., U¥4AU has first column
{4, 0,..., 0}. The proof is completed by induction, to find T, V
such that

V¥AV =T, V*V =VV* = E.

COROLLARY. If A s normal, i.e., AA* = A*A, then T is
diagonal. If T = U*AU is diagonal, U*U = UU* = E, then A
1s normal.

See [49], p. 26.
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Derivation of the Jordan Normal Form'®

Jordan’s researches led to the conclusion that, if 4 is a lincar
transformation on the vector space R (over complex numbers),
it is possible to change the matrix of 4 by a similarity transfor-
mation so that it takes the form J pictured at the end of this
appendix.

In the elementary theory of matrices it is shown that every
linear transformation A possesses a minimal polynomial (1)
with the property that m(4) = 0. We consider a decomposition
of the minimal polynomial into relatively prime factors:

m(d) = p(A)q(4).

We define two subspaces R, and R, of R. By R, we mean the
collection of vectors v for which p(4)v = 0, and by R, we mean
the collection of vectors w for which ¢(4)w = 0:

R, = {v, p(4d)v = 0}; R, = {w, g(4)w = 0}.
Next we remark that R is the direct sum of these two subspaces:
R =R, ® R,

For, since p, g are relatively prime polynomials, there are poly-
nomials 7, s such that

1= g()r(3) + p(A)s(A).
Thus, if z is any vector, we can write z = z; + z,, where
7= q(Ad)r(d)z, 2, = p(4)s(d)z;

zy is in Ry, since p(A4)z, = m(A)[r(4)z] = 0, and similarly z, is
in R,
! The proof given here is essentially that in [31]. See also [6].
301
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It is easy to show further that the space R can be decomposed
into a direct sum of subspaces, each of which is annihilated by a
power (A — A;)® of a single binomial 4 — 4,.

The structure of such a subspace can be further investigated.
Let S be annihilated by (4 — 4,)¢. From each vector w, in S,
we can form a chain

Wo = (A - lz) Wy, W3 = (A- — Ai)zwl, .
w, = (A — 4,)twy #0; (A — 4,)'w, = 0.

§

For various possible choices of w,, the length of the chain
{w,, w,, ..., w} will vary; the length of the longest possible
chain is a. Let w; be a fixed vector which gives rise to a chain of
this length. From the relation (4 — 4,)w,_; = w,, the relations

Awl == lw: + w2

Aw, = Aw,
in the scheme above follow. By the method of reductio ad absurdum,
we prove that w;, w,, ..., w, are linearly independent (multiply
a putative linear relation by (4 — 4,)!). Let S; be the subspace
of S generated by w,, w,, ..., w,. Now let v; be any vector in S,
and form

v, = (4 — 4;)%v, (p=1,2,...).

Suppose that for p=1,2,...,7, v,¢3S;; v,,€S;. Pick v, so
that » is as large as possible. By an inductive argument, we
can show that, by subtracting from v, a suitable element w in
S,:v; = v, — w, it will happen that the difference v; and its
iterates v, = (4 — 4,)vq, ..., v, are not in S;, but v, is zero.
Moreover these new vectors v, are linearly independent, and no
linear combination of them is in S;. (We say that v; is obtained
by reducing »; modulo S;.)

Calling the subspace generated by vj, v,, ..., v,, S, the next
step is to find a vector u, with as long a chain as possible mod
S, + S,, and to reduce it modulo S; 4 S,. Eventually S is
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exhausted, and every element of S can be written in terms of
Wy, ..., W vy, ..., v, . ... If the basis of S is changed to these
last vectors, the matrix corresponding to the restriction of the
transformation 4 to S becomes a block diagonal one, consisting
of boxes like the one marked A,E, 4+ H, ranged along the main
diagonal, and zeros elsewhere:

A, 10
0, 4, 1

WE,+ H, = :
0,..., 2

This block diagonal form, which is also written

J = diag (ME,  + H, , hE, + q, .- AE, + Hy ooon)
is called the Jordan normal form of the matrix A. Since a change
of basis is a similarity transformation, it follows that | = RA R



APPENDIX III

The Rational Canonical Form

The matrix R which transforms a fixed » X » matrix 4 into
the Jordan form RAR-! may have elements 7,; not all of which
are rational functions of the elements of A. Into what form can a
fixed matrix 4 be transformed if the elements of the transforming
matrix are so restricted?

An exposition and solution of this problem appear in [31, 43]
and standard texts on matrix theory. The circle of ideas can be
explained very quickly by the consideration of a special case.

It is clear that the first #»? powers of A cannot be linearly
independent of E, the identity matrix; the polynomial

—1
A —a AP — . —a, A—a,

in 4 of lowest degree which is identically 0 in A4 is called the
minimal polynomial of A. We suppose that the degree p of this
polynomial is #:

p=mn

and show that A must in this case be similar to the matrices

0 “n 0 1 0|
L @1 0 0 1...0
B = 1 . Ap o , C = . .
o .
0 10 a 2 2 0
0 1 a] | n? n—1 al—

This conclusion is an easy consequence of the fact that there must
be a basis (g;) of the vector space (on which the transformation
represented by A operates) with the property that

3056
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€ Ae,

€, |_A8n

In attempting to establish this last assertion, it is natural to
choose ¢; so that the relations

e, 1+ a, e, = Ae,
€n—2 + ag €, = Aen—-l

€ + Apy €p = A62
a,e, = Ae,

hold. These can be satisfied by choosing e¢,, and determining

€n—1) €n—g, - - -, € in order. This program would fail only if, for

some 1, ¢, is zero for every choice of ¢,. But this last eventuality

would signify that the minimal polynomial of 4 had degree less

than #. This establishes the proposition that B is similar to A4.
The example

— 00 -1 —
A= [O 0], RAR™ = 4,

shows that B is not the only canonical form needed. In case the
degree of the minimal polynomial is less than #, the corresponding
canonical form is a block diagonal form; see the first display in
Appendix II.



APPENDIX IV

Sylvester’s Determinantal ldentity

A determinantal identity due to Sylvester has the following
statement. Let 4 be any »n X # matrix; let 4, be a principal
h X h submatrix of 4. Let S be the compound (square) matrix

Of Order
m—h ’

the elements of which are those m X m matrices which contain
4, as submatrices. The value of det S is the product of the

")
()

power of det A. See [47] for a proof and a generalization to singular
matrices.

power of det 4, by the
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of nonnegative matrix, 65, 80, 98
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of reducible matrix, 94
of stochastic matrix, 104
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equations, 59
Complex matrix, 1. See under type of
matrix.
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coefficients, system of, Ch. II
§7 (55-60)

Domain of stability (of coefficients of a
polynomial), Ch. V §15 (276-
280)
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Elementary divisors, 102, 104, 145,
173, 174, 198
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of orthogonal matrix, 26
of pencils, 31, 33, 47
of symmetric matrix, 10
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§7 (106-118)
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pencils of, 50
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Hurwitz matrix, 226

Hurwitz polynomial, 231
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tion, Ch. V §14 (268-276)
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Imprimitive matrix, Ch. I11 §5 (96-99)
Index, Cauchy. See Cauchy index
Index of imprimitivity, 96
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of quadratic (Hermitian) forms, 51
Infinite Hankel matrix, 261
Influence function, 132
Initial probabilities, 113, 114
Instability criterion, 145
Integral formulas (in product integra-
tion), 158, 165
Integral matrix, 135
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reducible matvix
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99
adjoint of, 83
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stochastic, 102
Irregular singular point, 169
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Jordan canonical form, 12, 301
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Lefschetz, S., 224
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117)
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mean, 116
Limiting states, 111
Linear operator, 91. See also under
descriptive property
Lyapunov, A., 203, 204, 220, 224, 225
matrix of, 140
stability criterion of, 144, 224
theorem on matrices of, Ch. V §5
(220-227)
Lyapunov transformation, Ch. IV §2
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Markov, A. A. 205, 276, 2851f
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§17 (285-295).
theovem on the voots, Ch. V §17 (285—
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Markov chain, 99, 106, 107. See also
under descriptive adjective
Markov parameters, Ch.V§15(276-281)
Matrix. See under descriptive property
A Matrix, 30
Matrizant, 149
Matrizer, Ch. IV §5 (149-155), 163, 166
168, 200
Maxwell J. C., 203

Mean limiting. See limiting

Meiman, N. N. 271,

Minimal indices of a pencil, Ch. II §3
(45-49), 60

Minimal polynomial, 301

definition of, 305

Minor, almost principal, 123

Mod C, definition, 66

Moment problem, discrete, 281

Moment problem and Hurwitz poly-
nomials, Ch. V §16 (281-285)

Multiplicative derivative, 157

Multiplicative integral, 155, 163

Naimark, M. A., 297
Naimark, Yu. I. 276
Negative real part, 144
Newton sums 241
Nilpotent matrix, 34 (Note 5)
Nondiagonal elements, 86, 89
Nonnegative matrix, Ch. TII (61-134)
totally Ch., 1IT §8 (118-123), 124
126
spectrum of, Ch. III §2 (64-78), 96
Normal form, of antisymmetric matrix
14
of complex orthogonal matrix, 22
Jordan, 301
of reducible matrix, Ch. 1II §4 (89-
96)
of symmetric matrix, 10
Normal matrix,299
Normalized matrix integral, 136
Normalized solution, 150

Operators, equivalence of, Ch. 1I
(29-55)
pencils of, 37
Orlando’s formula, Ch. V §7 (233-235)
Orthogonal matrix, canonical form of,
22
complex, 2, 7, 9
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Orthogonal similarity, of antisym-
metric matrices, 21
of complex matrices, 13
of orthogonal matrices, 27
Oscillating matrix, Ch. IIT §9 (123-
134)
Oscillations, 132

Peano, 152
Pencils of matrices, Ch. IT (29-60)
Periodic Markov chain, 107, 115
Permutation of indices, 89, 91
Perron theorem, 64
Polar decomposition, 7
Positive matrix, Ch. III (61-134), 97
99
totally, 118, 124
Positive pair of polynomials, 271
Positive real part, 144
Power of a matrix, 97
Primitive matrix, Ch. 111 §5 (96-99)
Principal minor, 84, 85, 88
spectrum, of, 83
Product integration, Ch. IV §6 (155—
160)
in complex domain, Ch. IV §8 (163-
168)
formulas in, 158
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Proper systems of differential equa-
tions, 145
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in Routh-Hurwitz problem, Ch. V
§9, 11 (240-247)
Quasi-ergodic theorem, 115

Rank, of antisymmetrix matrix, 14
of pencil, 35
Rational canonical form, 305
Real pair of polynomials, 271
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Ch. IV §4 (145-149)

of differential equations, Ch. IV §4
(141-144)
Reducible matrix, 61, Ch. III §3 (79—
89), 84
normal form for, Ch. III §4 (89-96)
Reducible system of differential equa-
tions, Ch. IV §11 (194-198)
Regular Markov chain, 107, 109, 112
Regular pencil, 30, Ch. IT §2 (31-35)
Regular singular points, 169, Ch. IV
10 (176-194)
Regular solution of differential equa-
tion, 189
Roots of unity, 73
Roots, location of characteristic. See
Routh-Hurwitz problem
theorem on, 290
Routh, E. J., 204
Routh criterion, 213
Routh matrix, 227
Routh scheme, 211 ff.
Routh’s algorithm, Ch. V §3, 4
regular case, 210 ff
singular case, 215 ff.
Routh-Hurwitz problem, Ch. V
(203-298)
generalized, Ch. V §18 (295-298)
history of, 203-205
Routh-Hurwitz theorem, Ch. V §6, 8,
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(45-49)
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Schur, theorem of, 299
Shohat, J. A., 281
Singular bundles of matrices, Ch. II
(29-55)
Singular pencils, of Hermitian forms,
Ch. II §6 (49-55)
of matrices, Ch. IT (29-55)
canonical form, 42-44
of quadratic forms, Ch. 11 §6 (49-55)



INDEX 317

theorem on reduction, Ch. II §3
(35—42)
Singular points, 161
of differential system, Ch. IV §9,
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irregular pole type, 169, 174
isolated, 168-175
regular, 169, 171, Ch. IV §10
(176-193)
‘Solution of differential system, exist-
ence of, 192
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Solution of (4 + AB)x = 0, 45
Special roots of a polynomial, 261
Spectra with same real part, 145. See
also roots
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domain of, Ch. V §15, 17, (276, 285)
Liénard-Chipart criterion for, Ch. V
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Lyapunovs’ theorem on, 203
Routh criterion for, 213
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Stodola, A., 204
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generalized, 207

Sturm’s theorem, 206-208
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Sylvester’s determinantal identity,
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unitary, 5
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§8 (118-123), 124, 126
Totally positive matrices, 118, 124,
284
Trace, 136
Transform. See pencils, systems
Transition probability, 99
final, 106
limiting, 106
mean, 116, 118
Triangular matrix, 184, 192
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Vandermonde matrix, 118, 241
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