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Abstract

The difference between the quadratic L-groups L.(A) and the symmetric L-groups L*(A)
of a ring with involution A is detected by generalized Arf invariants. The special case A =
Z[x] gives a complete set of invariants for the Cappell UNil-groups UNil«(Z; Z, Z) for the
infinite dihedral group Do = Z7 * Z5, extending the results of Connolly and Ranicki [Adv.
Math. 195 (2005) 205-258], Connolly and Davis [Geom. Topol. 8 (2004) 1043-1078, e-print
http://arXiv.org/abs/math/0306054].
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0. Introduction

The invariant of Arf [1] is a basic ingredient in the isomorphism classification of
quadratic forms over a field of characteristic 2. The algebraic L-groups of a ring with
involution A are Witt groups of quadratic structures on A-modules and A-module chain
complexes, or equivalently the cobordism groups of algebraic Poincaré complexes over A.
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The cobordism formulation of algebraic L-theory is used here to obtain generalized Arf
invariants detecting the difference between the quadratic and symmetric L-groups of an
arbitrary ring with involution A, with applications to the computation of the Cappell
UNil-groups.

The (projective) quadratic L-groups of Wall [20] are 4-periodic groups

Ln(A) = Lu14(A).
The 2k-dimensional L-group Lox(A) is the Witt group of nonsingular (—1)*-quadratic

forms (K, ) over A, where K is a f.g. projective A-module and / is an equivalence
class of A-module morphisms

Y : K — K* =Homy (K, A)
such that  + (—D*y* : K — K* is an isomorphism, with
Y~y 4+ (=D for y € Homa(K, K*).
A lagrangian L for (K, ) is a direct summand L C K such that L' = L, where

Lt ={x e K|W+ (D" x)(y) =0 for all y € L},
Y(x)(x) € {a+ (—D*'a|a e A} for all x € L.

A form (K, ) admits a lagrangian L if and only if it is isomorphic to the hyperbolic

form H_j(L) = (L @& L*, (8 é)) in which case

(K, ¥) = H_1y(L) = 0 € Lo (A).

The (2k + 1)-dimensional L-group Lox+1(A) is the Witt group of (—l)k-quadratic
formations (K, y; L, L") over A, with L, L’ C K lagrangians for (K, V).

The symmetric L-groups L"(A) of Mishchenko [13] are the cobordism groups of
n-dimensional symmetric Poincaré complexes (C, ¢) over A, with C an n-dimensional
f.g. projective A-module chain complex

cC....-»0->C,—»>Ch_.1—>--—>C1—>Co—>0— ...

and ¢ € Q"(C) an element of the n-dimensional symmetric Q-group of C (about which
more in §1 below) such that ¢, : C"~* — C is a chain equivalence. In particular, LO(A)
is the Witt group of nonsingular symmetric forms (K, ¢) over A, with

¢p=¢" K —> K*
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an isomorphism, and L'(A) is the Witt group of symmetric formations (K, ¢; L, L)
over A. An analogous cobordism formulation of the quadratic L-groups was obtained
in [15], expressing L, (A) as the cobordism group of n-dimensional quadratic Poincaré
complexes (C, ), with y € Q,(C) an element of the n-dimensional quadratic Q-group
of C such that (1 + T)yo: C"* — C is a chain equivalence. The hyperquadratic L-
groups L"(A) of [15] are the cobordism groups of n-dimensional (symmetric, quadratic)
Poincaré pairs (f : C — D, (3¢, 1)) over A such that

0y, (1 +T)Hg) : D" — C(f)

is a chain equivalence, with C( f) the algebraic mapping cone of f. The various L-groups
are related by an exact sequence

1+T R 0
- —> Ly(A) —= L"(A) — L["(A) —> L,1(A) — --- .

The symmetrization maps 1 + 7 : L,(A) - L*(A) are isomorphisms modulo 8-
torsion, so that the hyperquadratic L-groups L*(A) are of exponent 8. The symmetric
and hyperquadratic L-groups are not 4-periodic in general. However, there are defined
natural maps

L"(A) — L"(A), L"(A) — L"T4(A)

(which are isomorphisms modulo 8-torsion), and there are 4-periodic versions of the
L-groups

Ln+4*(A) — llm Ln+4k(A), Zﬂ+4*(A) — llm Zn+4k(A)
k— 00 k— 00

The 4-periodic symmetric L-group L"T**(A) is the cobordism group of n-dimensional

symmetric Poincaré complexes (C, ¢) over A with C a finite (but not necessarily n-

dimensional) f.g. projective A-module chain complex, and similarly for L' (A).
The Tate Z-cohomology groups of a ring with involution A,

~ (x e A|x = (—1D"x}
H"(Zy; A) = 2
= N Cyeay M)

are A-modules via

A x H"(Z: A) — H"(Z»; A); (a, x) — axa.
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The Tate Z;-cohomology A-modules give an indication of the difference between the
quadratic and symmetric L-groups of A. If H*(Z,; A) = 0 (e.g. if % € A) then the
symmetrization maps 1 + 7 : L,(A) — L*(A) are isomorphisms and Z*(A) = 0.
If A is such that ﬁO(Zz; A) and H 1(Z2; A) have one-dimensional f.g. projective A-
module resolutions then the symmetric and hyperquadratic L-groups of A are 4-periodic
(Proposition 30).

For any ring A define

Ay = AJ2A,

an additive group of exponent 2.
We shall say that a ring with the involution A is r-even for some r >1 if
(i) A is commutative with the identity involution, so that ﬁO(Zz; A) = Ay as an
additive group with
A x H(Zs; A) - H(Z»; A); (a,x) — a’x
and
H' (Z3: A) = {a € A|2a = 0},
(i1) 2 € A is a nonzero divisor, so that ﬁl(Zz; A) =0,

(ii1) ﬁo(Zz; A) is a f.g. free Ap-module of rank r with a basis {x; =1, x2, ..., x;}.

If A is r-even then H 0(Z,; A) has a one-dimensional f.g. free A-module resolution

2 X Y
0>A" —s A —— H%Zy A -0,

so that the symmetric and hyperquadratic L-groups of A are 4-periodic (30).

Theorem A. The hyperquadratic L-groups of a 1-even ring with involution A are given
by

{a € Ala —a® €24}
{8b4+4(c —c?)|b,c e A)
{a€Ala—a?e2A)
L"(A) = 24
0 if n =2(mod4),

if n=0(mod4),

if n =1(mod4),

A
{2a +b —b?|a,b € A}

if n =3(mod4).




546 M. Banagl, A. Ranicki/Advances in Mathematics 199 (2006) 542—-668

The boundary maps 0 : Z”(A) — L,_1(A) are given by

0:L%A) = L_{(A): ar> (A@A,<8 (1)>; A,im((lga) :A—>A@A>>,

~ ) B
d:L"(A) — Lo(A); aH(A@A’((a (6)1)/21_2261))’

0:L3(A) = Ly(A): ar> (A@A, <g }))

The map
L0(4) = L°(A); (K, ) — (v, v)
is defined using any element v € K such that
¢(u,u) = p(u,v) € Ay (u € K).

For any commutative ring A the squaring function on Aj:

¢2:A2—>A2; a— a’

is a morphism of additive groups. If 2 € A is a nonzero divisor than A is l-even if
and only if Y2 is an isomorphism, with

LU(A) = ker(Y?> — 1: Ay — Ay),
L3(A) = coker(f? — 1: Ay — A»).

In particular, if 2 € A is a nonzero divisor and xpz =1:A; — A (or equivalently
a —a®> € 2A for all a € A) then A is I-even. In this case Theorem A gives

R Ag if n = 0(mod 4),
L"(A) =1 Ay if n=1,3(mod4),
0 if n =2(mod4).

Thanks to Liam O’Carroll and Frans Clauwens for examples of 1-even rings A such
that Y2 # 1, e.g. A = Z[x]/(x*> — 1) with

xpz Ay = Zz[x]/(x3 —1)— Ay; a+bx +cex? > (a + bx —i—cxz)2 = a+ cx + bx>.

Theorem A is proved in §2 (Corollary 61). In particular, A = Z is l-even with lﬁz =1,
and in this case Theorem A recovers the computation of L*(Z) obtained in [15]—the
algebraic L-theory of Z is recalled further below in the Introduction.
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Theorem B. If A is 1-even with 1,02 = 1 then the polynomial ring A[x] is 2-even, with
Alx]a-module basis {1, x} for HO(ZZ; Alx]). The hyperquadratic L-groups of A[x] are
given by

Ag @ A4lx]1® Az[x]® if n = 0(mod4),

-~ ) A if n =1(mod4),
LHAD =1 if n = 2(mod4),
Ar[x] if n =3(mod4).

Theorems A and B are special cases of the following computation:

Theorem C. The hyperquadratic L-groups of an r-even ring with involution A are given

by

{M € Sym, (A)| M — MXM € Quad, (A)} —_—
4Quad, (A) + {2(N + N') —4N'XN [N € M,(A)} if n=0,

- (N € M,(A)|N + N' —2N'XN € 2Quad, (A)} '
L"(A) = | TYATY ifn=1,
0 ifn=2,

Sym, (A) L
if n =3,
Quad, (A) + {L — LXL|L € Sym,(A)}

with Sym,(A) the additive group of symmetric r x r matrices (a;j) = (aj;) in A,
Quad, (A) C Sym,.(A) the subgroup of the matrices such that a;; € 2A, and

x1 0 ... O
0O x ... O
X = ) . € Sym,.(A)
: : 0
0O 0 ... x

]jgr an Ar-module basis {x1 = 1,x3,...,x,} of ﬁO(Zz; A). The boundary maps 0 :
L"(A) - L,_1(A) are given by

0: ZO(A) — L_1(A); M~ (H_(Ar); A", im ((1 _Aj(M) AT > AT ® (A’)*)) ,

1
J(N+N'—2N'XN) 1 -2NX
0 —2X

0:LY(A) — Lo(A); N | AT @ A",

0:L3(A) — Ly(A):; M (A’@(Ar)*, (1\04 ;))

In §1,2 we recall and extend the Q-groups and algebraic chain bundles of Ranicki
[15,18] and Weiss [21]. Theorem C is proved in Theorem 60.
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We shall be dealing with two types of generalized Arf invariant: for forms on f.g.
projective modules, and for linking forms on homological dimension 1 torsion modules,
which we shall be considering separately.

In §3 we define the generalized Arf invariant of a nonsingular (—1)*-quadratic form
(K, ) over an arbitrary ring with involution A with a lagrangian L C K for (K, +
(—)*y*) to be an element

(K, lp’ L) c Z4*+2k+l(A),
with image

(K, W) € im(0 : L¥* 21 A) > Lo(A))
=ker(1 + T : Lyt (A) — L¥*12k(A)).

Theorem 70 gives an explicit formula for the generalized Arf invariant (K, y; L) €
L3(A) for an r-even A. Generalizations of the Arf invariants in L-theory have been
previously studied by Clauwens [7], Bak [2] and Wolters [22].

In §4 we consider a ring with involution A with a localization § ~TA inverting a
multiplicative subset S C A of central nonzero divisors such that H*(Z3; S71A) =0
(e.g. if 2 € §). The relative L-group Lok (A, S) in the localization exact sequence

oo = Log(A) = Log(S71A) = Lot(A, S) — Loj_1(A) = Loy_1(ST'A) — -

is the Witt group of nonsingular (—1)¥-quadratic linking forms (T, 4, ) over (A, S),
with 7" a homological dimension 1 S-torsion A-module, 4 an A-module isomorphism

A= (=¥ T — T~ =Ext (T, A) = Homu (T, S71A/A)
and

(beSTA|b=(—1)p)

wil = QA S == a4

a (—1)k—quadratic function for A. The linking Arf invariant of a nonsingular (— k-
quadratic linking form (7, A, u) over (A, S) with a lagrangian U C T for (T, A) is
defined to be an element

(T, 2, w; U) € ¥t (A),

with properties analogous to the generalized Arf invariant defined for forms in §3.
Theorem 80 gives an explicit formula for the linking Arf invariant (T, 1, u; U) € L?*(A)
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for an r-even A, using
S=2)®=2"]i=0}c A, S'A=A[1/2)

In §5 we apply the generalized and linking Arf invariants to the algebraic L-groups
of a polynomial extension A[x] (X = x) of a ring with involution A, using the exact
sequence

1+T
- —> Ly(Alx]) — L"(Alx]) — L"(Alx]) —> Lo 1(Alx]) —> -

For a Dedekind ring A the quadratic L-groups of A[x] are related to the UNil-groups
UNil,(A) of Cappell [4] by the splitting formula of Connolly and Ranicki [10]

L, (A[x]) = L,(A) ® UNil, (A)
and the symmetric and hyperquadratic L-groups of A[x] are 4-periodic, and such that
L"(Alx]) = L"(A), L"*'(Alx]) = """ (4) & UNil, (A).

Any computation of Z*(A) and L* (A[x]) thus gives a computation of UNil,(A). Com-
bining the splitting formula with Theorems A, B gives:

Theorem D. If A is a 1-even Dedekind ring with xpz =1 then

UNil,(A) = L™t (A[x])/L"+'(A)

0 if n =0, 1(mod4),
= { xAs[x] if n =2(mod4),
As[x]1® A2[x]® if n = 3(mod4).

In particular, Theorem D applies to A = Z. The twisted quadratic Q-groups were
first used in the partial computation of

UNil,(Z) = "' (Z[x])/L"+ (2)

by Connolly and Ranicki [10]. The calculation in [10] was almost complete, except
that UNil3(Z) was only obtained up to extensions. The calculation was first completed
by Connolly and Davis [8], using linking forms. We are grateful to them for sending
us a preliminary version of their paper. The calculation of UNil3(Z) in [8] uses the
results of [10] and the classifications of quadratic and symmetric linking forms over
(Z]x], (2)°°). The calculation of UNil3(Z) here uses the linking Arf invariant measuring
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the difference between the Witt groups of quadratic and symmetric linking forms over
(Z[x1, (2)*°), developing further the Q-group strategy of [10].
The algebraic L-groups of A = 7, are given by

7, (rank (mod?2)) if n = 0(mod?2),

n J—

L Za) = {0 if n = 1(mod?2),

L,(Zy) = Z» (Arf invariant) if n = 0(mod?2),
s if n=1(mod?2),

L"(Zy) = Zs,

with 1+ 7T = 0 : L,(Z2) — L"(Z3). The classical Arf invariant is defined for a
nonsingular quadratic form (K, ) over Z; and a lagrangian L C K for the symmetric
form (K, ¥ +y™) to be

¢
(K.Y L) =Y Wleire)plef, ) € L' (Z2) = Lo(Z2) = 7,

i=1

with ey, ez, ..., eg any basis for L C K, and e}, €3, ..., e; a basis for a direct summand
L* C K such that

v =0 et =g il o)

The Arf invariant is independent of the choices of L and L*.
The algebraic L-groups of A = Z are given by

Z (signature) if n =0(mod4),
L"(Z) = { Z5 (de Rham invariant) if n = 1(mod4),
0 otherwise,

Z (signature/8) if n =0(mod4),
L,(Z) =3 Zy (Arf invariant) if n = 2(mod4),
0 otherwise,

Zg (signature (mod8)) if n =0(mod4),
75> (de Rham invariant) if n = 1(mod4),
0 if n =2(mod4),
Z, (Arf invariant) if n =3(mod4).

L"(Z) = |
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Given a nonsingular symmetric form (K, ¢)) over Z there is a congruence [19,12,
Theorem 3.10]

signature(K, ¢) = ¢(v, v) (mod 8),
with v € K any element such that

du,v) =, u) (mod2) (u € K),
so that

(K, ¢) = signature(K, ¢) = ¢(v, v)

e coker(1 + T : Lo(Z) — L°(Z)) = L°(Z) = coker(8 : Z — 7)
— Zs.

The projection Z — 75 induces an isomorphism L,(Z7)=L,(Z3), so that the Witt class
of a nonsingular (—1)-quadratic form (K, ) over Z is given by the Arf invariant of
the mod 2 reduction

(K, ;s L)y =72 Q7 (K, \r; L) € Lo(Z) = La(Z3) = 272,

with L C K a lagrangian for the (—1)-symmetric form (K,y — ). Again, this is
independent of the choice of L.

The Q-groups are defined for an A-module chain complex C to be Z;-hyperhomology
invariants of the Z[Z;]-module chain complex C ® 4 C. The involution on A is used to
define the tensor product over A of left A-module chain complexes C, D, the abelian
group chain complex

_ C®z D
S {ax®y—x®aylac A,xeC,ye D}

C®a D

Let C ®4 C denote the Z[Z>]-module chain complex defined by C ®4 C via the
transposition involution

T:Cr®1Cy— Cyg®aCp; x@y > (=DPy®@x.

symmetric
The { quadratic Q-groups of C are defined by
hyperquadratic

Q"(C) = H"(Z2: C ®4 C),
04 (C) = Hy(Z3: C ®4 C),
0"(C) = H"(Z2: C ®4 C).
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The Q-groups are covariant in C, and are chain homotopy invariant. The Q-groups are
related by an exact sequence

14T J . H
- —= 0,(C) —= Q"(C) —= Q"(C) —= Qn-1(C) —= ---

A chain bundle (C,y) over A is an A-module chain complex C together with an
element y € Q°(C™). The twisted quadratic Q-groups Q.(C,y) were defined in [21]
using simplicial abelian groups, to fit into an exact sequence

N, b H,
e Qn(C,V) —— Qn(C) — 0"(C) —> Qn—l(C,V) —

with
Jy 1 Q"(C) = 0"(C): b T(d) — ()" ().
An n-dimensional algebraic normal complex (C, ¢, 7y, 0) over A is an n-dimensional
symmetric complex (C, ¢) together with a chain bundle y € Q°(C™) and an element
(¢, 0) € 0,(C,v) with image ¢ € Q"(C). Every n-dimensional symmetric Poincaré

complex (C, ¢) has the structure of an algebraic normal complex (C, ¢, y, 0): the
Spivak normal chain bundle (C,v) is characterized by

)" () = J($) € Q" (C),
with
($o)* : 0°(C™*) = 0"(C"*) — Q"(C),

the isomorphism induced by the Poincaré duality chain equivalence ¢, : C"™* — C,
and the algebraic normal invariant (¢, 0) € Q,(C, ) is such that

Ny(9,0) = ¢ € Q"(C).

See [18, §7] for the one—one correspondence between the homotopy equivalence classes
of n-dimensional (symmetric, quadratic) Poincaré pairs and n-dimensional algebraic nor-
mal complexes. Specifically, an n-dimensional algebraic normal complex (C, ¢, 7, 0) de-
termines an n-dimensional (symmetric, quadratic) Poincaré pair (0C — C"™*, (0¢, V))
with

0C =Cl(dg: C"™ = C)yp1.
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Conversely, an n-dimensional (symmetric, quadratic) Poincaré pair (f : C — D,
(0, }k)) determines an n-dimensional algebraic normal complex (C(f), ¢, 7, 0), with
y € Q0 (C(f)™) the Spivak normal chain bundle and ¢ = d¢/(1 + T)y; the class
L‘Z’, 0) € Q,(C(f),7) is the algebraic normal invariant of (f : C — D, (3¢, y)). Thus
L"(A) is the cobordism group of n-dimensional normal complexes over A.

Weiss [21] established that for any ring with involution A there exists a universal
chain bundle (B4, ﬁA) over A, such that every chain bundle (C,y) is classified by a
chain bundle map

(g.7): (C.p) — (BA, B,
with
H.(B") = H*(Z5; A).
The function

L") = Qu(BA BY: (C..7.0) = (8. (9. 0)

was shown in [21] to be an isomorphism. Since the Q-groups are homological in nature
(rather than of the Witt type) they are in principle effectively computable. The algebraic
normal invariant defines the isomorphism

~

ker(1 + T : Ly(A) — L"T(4)) ——  coker(L"t**+1(A) - 0,1 (B4, p4)),
(C, ) = (8, 0% (. 0),

with (¢, 0) € Q,+1(C(f),7) the algebraic normal invariant of any (n 4 1)-dimensional
(symmetric, quadratic) Poincaré pair (f : C — D, (0¢,y)), with classifying chain
bundle map (g, ) : (C(f),y) — (BA,BA). For n = 2k such a pair with H;(C) =
H;(D) = 0 for i # k is just a nonsingular (—l)k-quadratic form (K = H*(C), Y) with
a lagrangian

L =im(f* : HY(D) - H*(C)) c K = H*(C)

for (K, ¥ + (—DXy*), such that the generalized Arf invariant is the image of the
algebraic normal invariant

(K, ¥ L) = (g, Do ($, 0) € LY T (A) = Qo1 (BA, p).
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For A = 7> and n = 0 this is just the classical Arf invariant isomorphism

Lo(Z>) ker(1+ T =0: Lo(Z2) — L°(Z»))

lle

— -~ coker(L'(Z») =0 — Q1(B”2, p22)) = 75,
(K, y) — (K,y; L),

with L C K an arbitrary lagrangian of (K, + *). The isomorphism

~

coker(1 4T : L,(A) — L"™(A)) —— ker(0: 0.(BA, p*) — L,_1(A))

is a generalization from A = Z, n = 0 to arbitrary A, n of the identity signature(K, ¢) =
¢(v, v) (mod 8) described above.

(Here is some of the geometric background. Chain bundles are algebraic analogues of
vector bundles and spherical fibrations, and the twisted Q-groups are the analogues of
the homotopy groups of the Thom spaces. A (k —1)-spherical fibration v : X — BG (k)
over a connected CW complex X determines a chain bundle (C (X ), y) over Z[n(X)],
with C (X ) the cellular Z[m;(X)]-module chain complex of the universal cover X and
there are defined Hurewicz-type morphisms

Tk (T() = Qn(C(X), ),

with 7'(v) the Thom space. An n-dimensional normal space (X,v: X — BG(k),p :

§"tk s T'(v)) [14] determines an n-dimensional algebraic normal complex (C (X ), ¢, 7,
0) over Z[n;(X)]. An n-dimensional geometric Poincaré complex X has a Spivak normal
structure (v, p) such that the composite of the Hurewicz map and the Thom isomorphism

Tk (T (V) = Hy i (T (1) = Hy (X)

sends p to the fundamental class [X] € H,(X), and there is defined an n-dimensional
symmetric Poincaré complex (C(X), ¢) over Z[n;(X)], with

do=[XIN—:CX)"™* = C(X).
The symmetric signature of X is the symmetric Poincaré cobordism class

7 (X) = (C(X), ) € L"(ZIm1 (X)),
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which is both a homotopy and a K (m;(X), 1)-bordism invariant. The algebraic normal
invariant of a normal space (X, v, p),

[p] = (¢, 0) € Qx(C(X), )
is a homotopy invariant. The classifying chain bundle map
(87 1 (C(X), y) — (BHAMOOL, pZIm 0N
sends [p] to the hyperquadratic signature of X:
7(X) = [, 0] € Qu(BM N, pEMCON) = L4 71, (X)),

which is both a homotopy and a K (71 (X), 1)-bordism invariant. The (simply-connected)
symmetric signature of a 4k-dimensional geometric Poincaré complex X is just the
signature

o*(X) = signature(X) € L*(2) =7
and the hyperquadratic signature is the mod 8 reduction of the signature
¥ (X) = signature(X) € L*7) = 7.

See [18] for a more extended discussion of the connections between chain bundles and
their geometric models.)

1. The Q- and L-groups
1.1. Duality

Let T € Z, be the generator. The Tate Z,-cohomology groups of a Z[Z>]-module M
are given by

xeM|Tx) =(=D"x}

H"(Zy; M) =
y+ DT (y) |y € M)
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Z>-cohomology .
and the { Z-homology groups are given by

xeM|Tkx)=x} if n=0,

H"(Zy; M) = { H"(Zy; M) if n >0,
0 if n <O,
M/[{y=T(y)|yeM} if n=0,

H,(Zy; M) = { H"t\(Zy; M) if n >0,
0 if n <0.

We recall some standard properties of Z,-(co)homology:

Proposition 1. Let M be a Z[7>]-module.

(1) There is defined an exact sequence

N —_~
v —> Hy(Zoy M) ——  H "(Zy; M) - H"(Z2; M) — Hy—1(Z2; M) — - -

with
N=1+4+T:Hy(Zy; M) — HO(ZZ; M); x— x+T(x).
(1) The Tate Z,-cohomology groups are 2-periodic and of exponent 2,
H*(Z2; M) = H*"(Z2; M), 2H*(Z2; M) = 0.

(ii1) ﬁ*(Zz; M) =0 1if M is a free Z|Z>]-module.
Let A be an associative ring with 1, and with an involution
TA— A, ar— a,

such that

Sl
Il
Q

a+b=a+b, ab=ba, 1=1,

When a ring A is declared to be commutative it is given the identity involution.
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Definition 2. For a ring with involution A and ¢ = %1 let (A, ¢) denote the Z[Z>]-
module given by A with T € Z, acting by

T.: A — A; ar— ea.

For ¢ =1 we shall write

H*(Zy; A, 1) = H*(Zs; A),
H*(Zy; A, 1) = H*(Z2; A), H.(Zy: A, 1) = Hy(Z2; A).

The dual of a f.g. projective (left) A-module P is the f.g. projective A-module
P* =Homu (P, A), Ax P*— P*; (a, )~ (x =~ f(x)a).

The natural A-module isomorphism

P— P* x> (f > f(x))
is used to identify

P** = P.
For any f.g. projective A-modules P, Q there is defined an isomorphism
P ®4 Q — Homu(P*, Q); x®@y > (f > f()y)

regarding Q as a right A-module by

OxA— Q; (y,a)— ay.
There is also a duality isomorphism

T : Homy (P, Q) — Homs(Q*, P*); f— f7,
with
[P0 —> PY g (x> g(f(X).

Definition 3. For any f.g. projective A-module P and ¢ = £1 let (S(P), T¢) denote the
Z[Z>]-module given by the abelian group

S(P) =Homyu (P, P*),
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with Z5-action by the ¢-duality involution
T : S(P) — S(P); ¢+ ed*.
Furthermore, let

Sym(P, &) = H%(Z2; S(P), Te) = {¢ € S(P) | To(¢) = ¢},

S(P)
{0eSP)|0-T:(0)}

Quad(P, &) = Ho(Z2; S(P), T;) =

An element ¢ € S(P) can be regarded as a sesquilinear form
$:PxP—> A (x,9) > (x,y)p =P
such that
(ax,by)p =b{x,y)pa € A (x,y € P,a,b e A),
with
(x, y)Tg(qg) = g(y,—x)¢ € A.
An A-module morphism f : P — Q induces contravariantly a Z[Z;]-module morphism

S(f) 1 (S(Q), Te) — (S(P), Tp); 0 fr0f.

For a f.g. free A-module P = A” we shall use the A-module isomorphism

A" — (A (a1, a2, ...,a,) — ((bl,bz,u-,br) > Zbiﬁi)
i=1

to identify

(A")" = A", Homa(A", (A)") = M,(A),
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noting that the duality involution 7 corresponds to the conjugate transposition of a
matrix. We can thus identify

M, (A) = S(A") = additive group of r x r matrices (a;;) with g;; € A,
T : M (A) = M.(A); M= (a;j) — M = (),

Sym, (A, &) = Sym(A", ¢) = {(a;j;) € M,(A) |a;j = eaji},

B M, (A)

 {(aij —aji) | (aij) € Mo (A}

1+ T, : Quad, (A, &) — Sym,(A,¢e); M+—> M+ eM'.

Quad, (A, &) = Quad(A”, ¢)

The homology of the chain complex

1-T 1+7T 1-T
- —— M, (A) —— M, (A) —— M, (A) ——= M, (A) —— ---

is given by

ker(1 — (—D)"T : M, (A) — M,(A))
im(l + (=D"T : M,(A) — M,(A))

= H"(Z: M,(4) = D H'(Z2: A).

The (—1)"-symmetrization map 1+ (—1)"T : Sym,(A) — Quad, (A) fits into an exact
sequence

0— P H"(Z,; A) N Quad, (A, (—1)")

I+(=1)'T R
—  Sym,(A, (-D") - @ H"(Z»; A) — 0.

For ¢ = 1 we abbreviate

Sym(P, 1) = Sym(P), Quad(P, 1) = Quad(P),
Sym, (A, 1) = Sym, (A), Quad,(A, 1) = Quad,(A).

Definition 4. An involution on a ring A is even if
H'(Z5; 4) =0,
that is if

{acAla+a=0={b—b|bec A}
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Proposition 5. (i) For any f.g. projective A-module P there is defined an exact sequence
0 — H'(Z; S(P), T) — Quad(P) =5 Sym(P),
with
1+ T :Quad(P) — Sym(P); y — y +y*.

(ii) If the involution on A is even the symmetrization 1 + T : Quad(P) — Sym(P)
is injective, and

Sym(P) .. .
~ ———— if n is even,
H"(Z»; S(P), T) = { Quad(P)

0 if nis odd,

identifying Quad(P) with im(1 + T) € Sym(P).

Proof. (i) This is a special case of 1(i).
(ii) If Q is a f.g. projective A-module such that P & Q = A" is f.g. free then

H'(Z: S(P), T) ® H'(Z2: S(Q). T) = H'(Z2: S(P & Q). T)
=@ H (Z;A,-T)=0

and so H'(Zy; S(P),T) =0. O
In particular, if the involution on A is even there is defined an exact sequence

1+7 -
0 — Quad,(A) —— Sym,(A) — QB HY(Z5; A) - 0

with

Sym, (A) — @ H(Z3; A); (aij) = (aij).

For any involution on A, Sym, (A) is the additive group of symmetric r x r matrices
(aij) = (aj;) with a;; € A. For an even involution Quad,(A) € Sym,(A) is the
subgroup of the matrices such that the diagonal terms are of the form a;; = b; + b;
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for some b; € A, with

Symr(A) . 770 .
ouad(4) = @H (Z; A).

Definition 6. A ring A is even if 2 € A is a nonzero divisor, i.e. 2: A — A is injective.

Example 7. (i) An integral domain A is even if and only if it has characteristic # 2.
(i1) The identity involution on a commutative ring A is even (4) if and only if the
ring A is even (6), in which case

Ay if n=0(mod?2),

H"(Z»; A) =
E2 A =00 i 0= 1mod2)

and

Quad, (A) = {(a;j) € Sym, (A) | a;; € 2A}.

Example 8. For any group 7 there is defined an involution on the group ring Z[n]:

- Z|n] — Z]|xn]; ang — ang_l.

gET gem

If = has no 2-torsion this involution is even.
1.2. The hyperquadratic Q-groups

Let C be a finite (left) f.g. projective A-module chain complex. The dual of the f.g.
projective A-module C), is written

C? = (Cp)* =Homu(Cp, A).
The dual A-module chain complex C~* is defined by

de—+ = (dc)* 1 (CT*), =C7" —> (CT*),o =C7"T
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The n-dual A-module chain complex C"~* is defined by
den—s = (=1 (dc)* : (C"™), = C"" — (C"*),y = C"7HL
Identify
C ®4 C =Homuy(C™*, C),

noting that a cycle ¢ € (C ®4 C), is a chain map ¢ : C"* — C. For ¢ = *+1
the e-transposition involution 7, on C ® 4 C corresponds to the ¢-duality involution on
Homy (C™7, 0),

T, : Homs(C?, C;) - Homa(CY, Cp); ¢ — (—D)P9ep™.

Let W be the complete resolution of the Z[Z;]-module Z:

~

W Wy =212 L Wo =212 W = 2120 =L W, = 7125 — - .
If we set
W?*C = Homyz,)(W, Hom4(C™*, C)),

then an n-dimensional e-hyperquadratic structure on C is a cycle 0 € (W%C )n, Which
is just a collection {05 € Hom(C"~"**,C,)|r, s € Z} such that

dOs + (=) 0,d* + (=1)" N0, + (=1)*T,0,_1) =0: Cc" "1 = ¢,.

Definition 9. The n-dimensional e-hyperquadratic Q-group Q” (C,e) is the abelian
group of equivalence classes of n-dimensional e-hyperquadratic structures on C, that is,

Q"(C, ) = Hy(W"C).
The e-hyperquadratic Q-groups are 2-periodic and of exponent 2
0*(C, &)= 0*%(C, ¢), 20%(C, ) = 0.
More precisely, there are defined isomorphisms

~

0"(C.e) ——> O0"2(C.e); (05} > {Oy42)
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and for any n-dimensional e-hyperquadratic structure {0},
20, = dy, + (—1) 7,d" + (1" (4 + (=1 Toyg_) : €7 = Cp,
with y, = (—1)”“_103“. There are also defined suspension isomorphisms

~

S:0"(C.e) ——= 0" NCaly,0); (0,) > (0,_1)

and skew-suspension isomorphisms

5:0"(C.6) > 0"A(Carta—e): (0) — (03).

Proposition 10. Let C be a f.g. projective A-module chain complex which is concen-
trated in degree k

C:--->0->C,—->0—---
The e-hyperquadratic Q-groups of C are given by
0"(C,8) = H" (22 S(CY, (=1)'T)

(with S(C*) = Hom 4 (C*, Cp)).

Proof. The Z[Z;]-module chain complex V = Homu(C~*, C) is given by
Vi Vup=0— Vo =8S(C* > Vo1 =0 — -+
and

(W%C)j = HomZ[Zz](WZk—j» Vo) = HomZ[Zz](Wzk—j, S(CH).
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Thus the chain complex W%C is of the form

(W C)os1 = Homgz(z,)(W_1, Va) = S(CF),
L dojr1=1+(=DFT,
(W C)x = Homy z,)(Wo. Var) = S(C),
L do=1+(=D 1T,
(W C) = Homyz(z,) (W, Var) = S(CH),
L dop_1=14+(=DFT,

(W%C)ap_» = Homyzz,)(Wa, Va) = S(C*)

|

and

Q"(C, &) = H,(W*C) = H' (25, S(C"), (-1)fT,). O

Example 11. The e-hyperquadratic Q-groups of a zero-dimensional f.g. free A-module
chain complex

C:--->0—->Co=A"—>0—--.

are given by

0"(C.e) = P H"(Z2: A, ).

The algebraic mapping cone C(f) of a chain map f : C — D is the chain complex
defined as usual by

_1y—1
dc(f) = (dé) ( lc)ic f) : C(f)r = Dr ©® Cr—l — C(f)r—l = Dr—] &) Cr—2-
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The relative homology groups

H,(f) = Ha(C()

fit into an exact sequence

Sx
<= Hy(C) -» Hy(D) — Hy(f) > Hp—1(C) > -+~
An A-module chain map f : C — D induces a Z[Z;]-module chain map

f® f = Homa(f*, f):C®4sC=Homus(C™*,C)—> DRy D
= Homu (D™ *, D)

and hence a Z-module chain map
f% = Homz(z,1(1, f ®a ) : wec — I//V%D,
which induces
f%:0"(Coe) — 0"(D,2)
on homology. The relative e-hyperquadratic Q-group
0" (f,e) = Hy(f ™ : W*C — W*D)
fits into a long exact sequence

f%

- —— Q0"(C,e) —> 0"(D,e) —> Q"(f.e) —> 0" NC,e) —> - .

As in [15, §1] define a Zj-isovariant chain map f : C — D of Z[Z;]-module chain
complexes C, D to be a collection

{fS € HomZ(Cr, Dr+s)|r € Z7 520}
such that

dpfs + (=17 fide + (=1 (fim1 + (=1 Tp fi—1Tc)
=0:Cr > Dygs—1 (f-1=0),
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so that fo: C — D is a Z-module chain map, f1: fo ~ Tpfo: C — D is a Z-module
chain map, etc. There is a corresponding notion of Z,-isovariant chain homotopy.

For any A-module chain complexes C, D a Z;-isovariant chain map F : C ®4 C —
D ®4 D induces morphisms of the g-hyperquadratic Q-groups

oo
F%:0"(C.o) > Q"(D.o); 0> F™(©0), F*(O)5 =) £F(I"0,_,).
r=0

If Fy is a chain equivalence the morphisms F% are isomorphisms. An A-module chain
map f : C — D determines a Z;-isovariant chain map

f®af:C®1C — D®a D,

with (f ®4 f)s =0 for s >1.

Proposition 12 (Ranicki [15, Propositions 1.1,1.4] Weiss [21, Theorem 1.1]). (i) The
relative e-hyperquadratic Q-groups of an A-module chain map f : C — D are isomor-
phic to the absolute e-hyperquadratic Q-groups of the algebraic mapping cone C(f),

0*(f, &)= 0*(C(f), &)

(i) The e-hyperquadratic Q-groups are additive: for any collection {C(i)|i € Z} of
f-g. projective A-module chain complexes C(i),

Q0" (Z i), s) =P 0"(Ci). o).

(i) If f : C — D is a chain equivalence the morphisms f% : @*(C ,E) —> @*(D, €)
are isomorphisms, and

0*(f.&) =0.
Proof. (i) The Z,-isovariant chain map ¢ : C(f ®4 f) — C(f) ®4 C(f) defined by
10(0,00) =0+ (f ® )20, t1(0,00) =00, t; =0 (s=2)
induces the algebraic Thom construction maps

T 0" (f e) = Q"(C(f),8); (0,30) — 0/00,
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with

J— es O .
0/20)s = ( + 00, f* imes_]) :

C(fyr—7+s = pr7rts g1 5 C(f), =D, ®Cr_y (r,s € 7).
Define a free Z[Z;]-module chain complex
E = (Cim1 ®4C(f) @ (C(f) ®a Csm),
with
T:E—E; @®b,x®y)— (y®x,bR®a),
such that
H.(W ®7(2,] E) = H,(Homzz7,)(W, E)) = 0.

Let p: C(f) — Cy_1 be the projection. The chain map

p®LY .
<1®p)-C(f)®AC(f)—>E

induces a chain equivalence
Clto : C(f® f) = C(f)®aC(f)) = E
so that the morphisms 7%, Q (f, &)= Q*(C( f), €) are isomorphisms.
(i1) Q CcCHeCR) = Q*(C(l)) @ Q (C(2)) is the special case of (i) with f =
0:C(yq1 — C(2).

(iii) An A-module chain homotopy g : f =~ f’ : C — D determines a Z,-isovariant
chain homotopy

h:fRaf~f ®iaf :C® C—> D®aD,
with
ho=f®a8+tg®af, h1 =+18®ag, hy =0 (s=2),
so that

Fe=7"%:0"C.e) > 0"(D. ).
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(See the proof of [15, Proposition 1.1(i1)] for the signs.) In particular, if f is a chain
equivalence the morphisms f % are isomorphisms. [J

Proposition 13. Let C be a f.g. projective A-module chain complex which is concen-
trated in degrees k,k + 1,

d
C:--+>0->Cyy — Cr—>0—---.

(1) The e-hyperquadratic Q-groups of C are the relative Tate 7,-cohomology groups
in the exact sequence

L’{%
oo H'K(Zy S(CRY, (—DF T —— B2y S(CR), (-1 T)

— Q"(C,e) — H" *=1(Zy; S(CKY), (—)FT) — -
that is

(¢, 0) € S(CKHHy @ S(CK) | p* = (—1)" T Leg, dpd* = 0 + (— 1) 1e0%)

Q7(C.8) = {(6 + (=D)th=lgg* dad* + 1+ (=) Tker*) | (0, 1) € S(Ck1) @ S(Ck)}

with (¢, 0) corresponding to the cycle f € (VT/%C )n given by

Boknyn = 0: CK1 — Crp1, Boypy = ¢ : CF = C,
i _[d¢: = ¢y,
2k=ntl =10 CK - Cpqy.

(1) If the involution on A is even then

coker 07% . Sym(Ck_H) — Sym(Ck)
" Quad(C1) ~ Quad(Ck)

rer (2% ~ Sym(Ckt1) . Sym(C¥)
" Quad(CH1)y ~ Quad(Ck)

) if n —k is even,

-~

0"(C) =

) if n —k is odd.

Proof. (i) Immediate from PropositionA12.
(i1) Combine (i) and the vanishing H Y(Z,y; S(P), T) =0 given by Proposition 5(ii).
O
For e =1 we write

T,=T, Q"(C,¢) = 0"(C), e-hyperquadratic = hyperquadratic.
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Example 14. Let A be a ring with an involution which is even (6), i.e. such that 2 € A

is a nonzero divisor.
(i) The hyperquadratic Q-groups of a one-dimensional f.g. free A-module chain

complex

C:--->0->Ci =49 —— C(Cy=A">0—---

are given by

o7(C) = (8 0) € My(A) & My () | §7 = (1) 1¢. dgd” = 0+ (D" 0")
e+ (D)o dod* + 14 (1) [ (0, 1) € My(A) ® My (A)}

Example 11 and Proposition 13 give an exact sequence

HY(Z,; S(CY, T) =  0- 00
—~  H%Z; S(CYH, T) = P H(Zy; A)
q

— = HY%Zy: S(CY), T) = @ H(Zy; A)
— = 0%C) — HY(Zy; S(CYH, T) = 0.

(i) If A is an even commutative ring and
d=2:Ci=A" > Cy=A",

then d% = 0 and there are defined isomorphisms

173

N Sym, (A
0°%c) — QZZ;’((A)) =@ Ay (.0~ 0=0i)i<i<r
~ = Sym, (A

olc) — Qz:;’((A)) @Ay .0 = (hi)icicr

1.3. The symmetric Q-groups

Let W be the standard free Z[Z;]-module resolution of Z:

W — Wi = Z[Z2] =5 W,y = 2(2,] 5 Wy = 71251 =2 Wy = 712,] —> .
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Given a f.g. projective A-module chain complex C we set
W%C = Homgzz,;(W, Hom4(C™*, C)),
with T € Z5 acting on C ® 4 C = Hom4(C~*, C) by the &-duality involution 7. An

n-dimensional e-symmetric structure on C is a cycle ¢ € (W%C),, which is just a
collection {¢, € Homa(C", Cy—,45) |7 € Z, s >0} such that

dog + (=1 ped* + (=D 7N + (=1 Tppy_1) = 0: C" — Cpppg—1
(rez,s=0,¢_; =0).

Definition 15. The n-dimensional ¢-symmetric Q-group Q"(C, ¢) is the abelian group
of equivalence classes of n-dimensional e-symmetric structures on C, that is,

Q"(C. &) = Hy(W*C).
Note that there are defined skew-suspension isomorphisms

~

S:0"(C,e) ——  Q"TCy1,—2): {d,) > {,).

Proposition 16. The e-symmetric Q-groups of a f.g. projective A-module chain complex
concentrated in degree k,

C:.--»>0->C,—->0— ---
are given by

0" (C, &) = H* " (Zy; S(CY), (—1)*T,)
B%1(Z5; S(Ch), (=¥ Ty) if n<2k — 1,
=1 HY(Zy; S(CY), (=T,  if n =2k,
0 if n>2k + 1.

Proof. The Z[Z,]-module chain complex V = Hom4(C~*, C) is given by
Vieee> Vo1 =0— VszS(Ck)—> Vo1 =0— -+
and

(W%C); = Homzz,)(Wak—;, Var) = Homzz,(Wai—_j, S(C)),
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which vanishes for j > 2k. Thus the chain complex W%C is of the form

(W% C)oks1 =0,
l do+1
(W%C)ok = Homyz,](Wo, Var) = S(CH),

l dy=1+(—DFHT,
(WPC)op—1 = Homyz,] (W1, Var) = S(CH),
l doj_1=1+(—=DFT;

(WP?C)og—2 = Homy(z,](Wa, Var) = S(C¥)

|

and
Q"(C,8) = Hy(W*C) = H* " (Z; S(CY), (=D'Tp). O
For ¢ =1 we write
T.=T, Q"(C,e) = Q"(C), e-symmetric = symmetric.

Example 17. The symmetric Q-groups of a zero-dimensional f.g. free A-module chain
complex

C:.-->0—->Chp=A"->0— ---
are given by

@ H"(Zy; A) if n <0,

p
0"(C) =\ Sym,(A) if n=0,
0 otherwise.
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An A-module chain map f : C — D induces a chain map

Hom (f*, f) : Homs(C™*, C) — Homua (D™ *, D); ¢+ fof*
and thus a chain map
% = Homgzz,;(1w, Homa(f*, f)) : W*C — W*D,
which induces
f70"(Ce) — Q"D )
on homology. The relative e-symmetric Q-group
Q"(f.e) = Hy(f* : W*C — W*D)

fits into a long exact sequence

f%

- ——> 0"(C,5) —> Q"(D,e) —> Q"(f.e) —> Q" l(C,e) ——> -

Proposition 18. (i) The relative e-symmetric Q-groups of an A-module chain map f :
C — D are related to the absolute e-symmetric Q-groups of the algebraic mapping
cone C(f) by a long exact sequence

F !
o> HyC(Hea0) — 0"'(fi)  —=  Q"(C(f).e) > Hy1C(f)@aC) — -+,

with
t:0"(f,e) = Q"([C(f),e); (p,00) — ¢/0¢

the algebraic Thom construction

d ’s ’ -
L R

COp "+ =D @ C" T S C(f), =Dy ®Crmy (r e 2,520, ¢y = 0).

An element (g, h) € H,(C(f) ®4 C) is represented by a chain map g : C"~'7* - C
together with a chain homotopy h : fg ~0:C""'=* — D, and

F:H,(C(f)®aC)— Q"(f.e); (g, h)— (¢,0¢),
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with

06 = 1 I+ Tg ifs=0, _ A+ To)nf* ifs =0,
% =10 if s>1, % =10 if s>1.

The map

Q"(C(f), &) = Hy—1(C(f) ®a C); ¢ > poy
is defined using p = projection : C(f) — Cy_1.

(i) If f : C — D is a chain equivalence the morphisms f% : Q*(C, &) — Q*(D, ¢)
are isomorphisms, and

Q" (C(f),e) = Q"(f.e) = 0.

(ii1) For any collection {C(i)|i € Z} of f.g. projective A-module chain complexes
C(i)

Q" (Z C (i), e) =P 0" (), 5 & P Ha(Ci) ®a C()).
i i i<j
Proof. (i) As in Proposition 12 there is defined a chain equivalence
Clto: C(f ® ) > C(/) ®aC(f) X E,
with

E=(Cic1®4C(f) D C(f) R4 Cs—1),
H,(W*E) = H,(Homz(z,)(W, E)) = H,—1(C ®4 C(/)).

(i1)+(iii) See [15, Propositions 1.1,1.4]. [

Proposition 19. Let C be a f.g. projective A-module chain complex which is concen-
trated in degrees k, k + 1:

d
C:--->0->Cy1 —— C—>0—---

The absolute e-symmetric Q-groups Q*(C,e) and the relative e-symmetric Q-groups
Q*(d,¢e) of d : Cxy1 — Cy regarded as a morphism of chain complexes concentrated
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in degree k are given as follows:

(i) For n # 2k, 2k + 1, 2k + 2:

0"(C.e)= Q"(d.¢) = {OQ (d.e)=0"(C.e) if n<2k—1,

if n>2k + 3,
with Q” (C, &) as given by Proposition 13.
(i) For n = 2k,2k + 1,2k 4+ 2 there are exact sequences
0 - 0*de —=  0H(Cry1 0 = HOZa S, (=DF T

4%
— Q%(Cy, &) = HO(Zy: S(CH), (=¥ T,) —= 0%, ¢

— 0%=1(Crp1, ) = HY(Zy; S(CKY), (=1)FT)
d%
— 0%*=1(Cy, 0) = HY(Zy; S(CK), (—DFT),

F
0%*+2(d, ¢) = 0 02(C.e) > Cry1 ®4 Hp1 (C) —=  0%FFl(d, 9

t F
— 0% e) - Cry1 @4 Hy(C)  —= 0%, ¢)

!
— 0%(C,e) — 0.

Proof. The Z[Z;]-module chain complex V = Homy(C™*, C) is such that

S(Ch if n = 2k,
v Hom 4 (C¥, Cry1) ® Homa(CKF, Cr) if n = 2k + 1,
T s(ckth if n=2k+2,
0 otherwise

and

o0
(W*C)y =) Homa(Wy, Vyys) =0 for n>2k+3. O
s=0

Example 20. Let C be a one-dimensional f.g. free A-module chain complex

d
C:--->0->C =47 ——= Co=A">0—> .-,
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so that C = C(d) is the algebraic mapping cone of the chain map d : C; — Co of
zero-dimensional complexes, with

d% : Homu(C', C) = My(A) — Homu(C°, Co) = M,(A); ¢ +> dod*.

Example 17 and Proposition 19 give exact sequences

%
0'(C=0— Q'@ —— Q%) =8Sym4) —— 0%Co) =Sym,(4)

d%
— %) — o NCH=@H'ZyA — 0 NCH)=@QH Z;4)
q r

F t F t

H(CO)®s4C —= 0'd — 0O - HOesC — 0@ —
0%cC) — 0.

In particular, if A is an even commutative ring and
d=2:Ci=A"—> Cy=A",
then d” = 4 and

Sym, (A)

—_— 1 =
4Sym, (A)’ Q@) =0.

0%(d) =

0°(C) = coker (2(1 T M (A) — Sy () ) _ Sym,(4)

4Sym, (A) 2Quad, (A)’
M (A) _ Sym,(4) )
IM,(A)  4Sym, (A)
{(aij) € My (A)|aij +aji € 2A}  Sym,(A)
2M,(A) 2Sym, (A)

0'(C) = ker (2(1 +7):

We refer to [15] for the one—one correspondence between highly-connected algebraic
Poincaré complexes/pairs and forms, lagrangians and formations.

1.4. The quadratic Q-groups
Given a f.g. projective A-module chain complex C we set
Wo,C = W ®z;7,) Homy (C™*, C),

with T € Z, acting on C ®4 C = Homy(C™*, C) by the ¢-duality involution 7. An
n-dimensional ¢-quadratic structure on C is a cycle y € (WgC),, a collection
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{y, € Homy (C", Cy—r—s) | r € Z, s >0} such that
dyrg + (D)"Y d* + (D" Wy + (DT T ) =0:C" — Cporsr.

Definition 21. The n-dimensional e-quadratic Q-group Q,(C,¢) is the abelian group
of equivalence classes of n-dimensional e-quadratic structures on C, that is,

0u(C, &) = Hy(Wgq,C).
Note that there are defined skew-suspension isomorphisms

~

$:04(Cre)  ——  Qn2(Cer, —o); (P} = ().

Proposition 22. The ¢-quadratic Q-groups of a f.g. projective A-module chain complex
concentrated in degree k,

C:--->0->C¢r—>0— ---
are given by

04(C, &) = Hy_or(Z2; S(CF), (=D*T)
H' =24 (Z,5: S(CY), (=DFTy) if n>2k +1,
= 1 Ho(Z»; S(CY), (=D*T) if n = 2k,

0 if n<2k — 1.
Proof. The Z[Z,]-module chain complex V = Hom4(C~*, C) is given by
Voo = Vorgg =0 — Vo = Homa(CK, Cp) = Vop1 =0 — -
and

(Wq,C)j = W2k ®z17,1 Vor = Homz7,)(Wak—;, S(cry),
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which vanishes for j < 2k. Thus the chain complex Wq,C is of the form

(Wo, C)oky2 W2 ®712,1 Var = S(CF),

L do2=1+(—=DT,

(Wo, C)okv1 = Wi ®z(z,1 Var = S(CH),

L do1=1+(=DFFIT,

(We, C) ok = Wo ®2z(2,] Var = S(C5),
(We, C)ok—1 =0

and
0.(C,¢) = Hy(Wo,C) = H,_(Z2; S(CH), (=D)FT). O

Example 23. The e¢-quadratic Q-groups of the zero-dimensional f.g. free A-module
chain complex

C:.-->0—->Chp=A"->0— ---
are given by

@ H™ T (Zy; A) if n >0,

0, (C) = Quad, (A) if n =0,
0 otherwise.

An A-module chain map f : C — D induces a chain map
fo = 1w ®z1z,) Homu (f*, f) : Wq,C — Wg,D,
which induces

Jo 1 On(C,8) — On(D, &)
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on homology. The relative ¢-quadratic Q-group Q,(f, ¢) is designed to fit into a long
exact sequence

i 0u(Coe) I (DL E) — Qu(fie) —> Qn_1(Cre) —> -

that is, Q,(f, ¢) is defined as the nth homology group of the mapping cone of fo,

Qn(f’ 8) = Hn(f% : WqC — W%D)-

Proposition 24. (i) The relative e-quadratic Q-groups of f : C — D are related to
the absolute e-quadratic Q-groups of the algebraic mapping cone C(f) by a long exact
sequence

F t
> Hy(C()®aC) ——= Ou(fie) —>  Qn(C(). &) > Hp—1(C(/) @4 C) = -+ .

(1) If f: C — D is a chain equivalence the morphisms fq, : Q«(C) — Q4(D) are
isomorphisms, and

Q*(C(f), g) = Q*(f, e) =0.

(ii1) For any collection {C(i)|i € 7} of f.g. projective A-module chain complexes
C(i)

Qn (Z C ), e) =P 0.(C), &) & @D Ha(C(i) @4 C(j)).

i<j

Proposition 25. Let C be a f.g. projective A-module chain complex which is concen-
trated in degrees k, k + 1:

d
CZ-~-—>0—>Ck+1 —_— Cr—>0— -

The absolute e-quadratic Q-groups Q4«(C,¢&) and the relative e-quadratic Q-groups
0.(d,¢) of d : Cxy1 — Cy regarded as a morphism of chain complexes concentrated
in degree k are given as follows:

(1) For n # 2k, 2k + 1,2k 4+ 2

0"t (d, &) = 0"\(C,e) if n>2k +3,

Qn(c’g):Qn(d78):{0 if n<2k —1

with @”(C, €) as given by Proposition 13.
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(1) For n = 2k, 2k + 1,2k + 2 there are exact sequences

do,
02 12(Crs1,8) = HY (Zp; S(C*H, (=DFT)  ——= Qop12(Cr, &) = H (Zy; S(CF), (= DX T)

dg,
—>  Qn2(d, &) = 0%*F(Ce)  ——  0xu41(Cry1,9)

= HO(Zy; S(CKFY), (—=DFT)

dg,
———  Ou41(Cr, &) = HO(Zp; S(CH), (-DFT,) ———  Qpr1(d, o)

——— O (Cry1,8) = Ho(Zy; S(C*Y), (=DFT,)

dg,
——> O (Cy, &) = Hy(Za; S(CY), (=DFT,)  ———  Qx(d, &)

—> 02— 1(Cy1) =0,

t
0— Qoya(d, &) ———>  O42(C,e) ———> Hp11(C)®4 Cry

F
— Oxn+1(d, 8

t F
—  Ou41(Ce)  —>  Cip1 @4 H (C)  —> 0,
_— 07, (C,¢e) — 0.
For ¢ =1 we write

T.=T, Q0,(C,¢) = Q,(C), e-quadratic = quadratic.

Example 26. Let C be a one-dimensional f.g. free A-module chain complex

d
C:.---0—->Ci=A9 —— (Cop=A"->0— ---

so that C = C(d) is the algebraic mapping cone of the chain map d : C; — Cq of
zero-dimensional complexes, with

d% : Homu(C!, C1) = My(A) — Homu(C°, Co) = M,(A); ¢ > dod*.
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Example 23 and Proposition 25 give exact sequences
7%
Q1(Cp) = DHZy;4) —  01(Co) =D H(Zs; A) > 01(d)
q r

dg,
— 00(C1) =Quady(A)  — Qop(Cp) =Quad,(A) —= Qo)

Q_1(C=0,Hi(C)®s C1 = Q1(d)

—
- 01(C) = Ho(C) ®4 C1 — Qo(d) — Qo(C) — 0.

In particular, if A is an even commutative ring and
d=2:Ci=A"— Cy=A",

then d¢, = 4 and

_ Quad,(A)
QO(d) — ma
S A
01(d) = ym, (A)

Quad, (A) + 4Sym, (A)’

- M) Quad,(A)\  Quad, (A)
Qo(€) = coker <2(1 D @ 4Quadr<A)) = 2Quad, ()’
(o 1) € My (A) ® M, (A) | 2 = U1y — /)

01(0) = = A.
{QGo = x0)s 420 + 22+ 13) | Qos 22) € Mr(A) @ Mr(A)} m?n
1.5. L-groups
) : e-symmetric . ; (C, ®) :
An n-dimensional { e-quadratic Poincaré complex { (C. ) over A is an n-
dimensional f.g. projective A-module chain complex
cC:...-0—->C,—>C_.1—>-—>C1—>Chp—>0— ---

¢ e Q"(C,e
e Q,(C,e)

¢0 CT*F 5 C
(14 Ty : C"* — C

together with an element { such that the A-module chain map

is a chain equivalence. We refer to [18] for the detailed definition of the n-dimensional
{ e-symmetric L"(A,¢)

e-quadratic L-group {Ln (A. ) as the cobordism group of n-dimensional

&-symmetric . L
{ Y Poincaré complexes over A.

e-quadratic
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Definition 27. (i) The relative (e-symmetric, e-quadratic) Q-group Q' (f, ¢) of a chain
map f : C — D of f.g. projective A-module chain complexes is the relative group in
the exact sequence

(I+T2) fq
= On(Ce) ——=  0"(D,&) > Qu(fie) > 0p-1(C.e) = ---

An element (6¢, ) € QI(f, ¢) is an equivalence class of pairs
(0¢.¥) € WD)y & (WepOhn—1,
such that
d) =0 € WaC)uz, (1+Tp) fath = d(3) € W D),—1.

(i) An n-dimensional (e-symmetric, e-quadratic) pair over A (f : C — D, (0¢, )
is a chain map f together with a class (0¢, ) € Q(f, &) such that the chain map

(6, (1 + T)Y)o : D" — C(f)

defined by

_ 5d)0 . n—r _
Op, (1 4+ T ) = ((1 . Ta)tﬁof*) D" = C(f)r =D, ®Cr_

is a chain equivalence.

Proposition 28. The relative (e-symmetric, e-quadratic) Q-groups Q) (f,€) of a chain
map [ :C — D fit into a commutative braid of exact sequences

(1+T6)f%
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with

Jr: QN fre) = 0D, e); (9, ) — o,

5bs if s>0
oy = D" — Dy_yys.

TV s f* ifs< =1

The n-dimensional e-hyperquadratic L-group L (A, ¢) is the cobordism group of n-
dimensional (e-symmetric, e-quadratic) Poincaré pairs (f : C — D, (¢, )) over A. As
in [15], there is defined an exact sequence

14T,
- — Lp(Ae) —> L"(A,e) —> L"(A,e) —> Ly—1(A,e) —> --- .

The skew-suspension maps in the Fe-quadratic L-groups are isomorphisms

~

E : Ln (Aa 8) —— Ln+2(A, _8); (C’ {‘ps}) = (C*—ls {lps});
so the e-quadratic L-groups are 4-periodic
La(A, &) = Lyya(A, —&) = Loya(A, 9).

The skew-suspension maps in e-symmetric and e-hyperquadratic L-groups and =e-
hyperquadratic L-groups

(A7 8) - £n+2(A’ _8)9 (C’ {(bs}) = (C*—lv {(Ps})v
(A, &) = L"2(A, —¢); (f:C — D, {y,, d,)
= (f : C*—l - D*—l, {(lps’ ¢s)})

S:L"
S:L"

are not isomorphisms in general, so the e-symmetric and e-hyperquadratic L-groups
need not be 4-periodic. We shall write the 4-periodic versions of the ¢-symmetric and
e-hyperquadratic L-groups of A as

L' (A g) = lim L™ (A, ), 1" (A,¢) = lim L' (A, ¢),
k—o00 k—o00

noting that there is defined an exact sequence

coi > Ly(A,e) — L"™ (A, e) —> L™ (A, e) — L,_1(A, &) — -~ .
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Definition 29. The Wu classes of an n-dimensional e-symmetric complex (C, ¢) over
A are the A-module morphisms

D) : H'H(C) > H (223 A, ) x > ¢,y (0)(x) (k€ 2).
For an n-dimensional e-symmetric Poincaré complex (C, ¢) over A the evalua-
tion of the Wu class vg(¢)(x) € HK(Z5; A, ¢) is the obstruction to killing x €

H"K(C)~ H;(C) by algebraic surgery [15, §4].

Proposition 30. (i) If ﬁO(Zz; A, ¢) has a one-dimensional f.g. projective A-module
resolution then the skew-suspension maps

S LA, —g) > L"(A,¢), S:L" %A, —¢&) — L"(A, &) (n=2)

are isomorphisms. Thus if H! (Z2; A, ¢) also has a one-dimensional f.g. projective A-
module resolution the e-symmetric and e-hyperquadratic L-groups of A are 4-periodic

L"(A, &) = L"(A, —e) = L"(A, ¢),
L"(A,e) = L"T2(A, —e) = LM (A, ¢).

(1) If A is a Dedekind ring then the e-symmetric L-groups are ‘homotopy invariant’
L"(Alx],e) = L"(A, ¢)
and the ¢-symmetric and e-hyperquadratic L-groups of A and Alx] are 4-periodic.

Proof. (i) Let D be a one-dimensional f.g. projective A-module resolution of HO
(223 A, ©):

0— D - Dy — ﬁO(Zz; A) — 0.

Given an n-dimensional e-symmetric Poincaré complex (C, ¢p) over A resolve the
A-module morphism

Tu(9)(dp) ™" Ho(C)= H"(C) — Ho(D) = H*(Z2; A, €); u — (o)~ () (u)

by an A-module chain map f : C — D, defining an (n + 1)-dimensional e-symmetric
pair (f : C — D, (0¢, ¢)). The effect of algebraic surgery on (C, ¢) using (f : C —
D, (5¢, ¢)) is a cobordant n-dimensional e-symmetric Poincaré complex (C’, ¢) such
that there are defined an exact sequence:

CAC) R
0— H'(C)) > H'(C) ——= HZy;A,s) > H'"'N(C) = 0
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and an (n + 1)-dimensional e-symmetric pair (f' : C' — D', (6¢’, ¢’)) with f’ the
projection onto the quotient complex of C’ defined by

D:: 0D, =Cy —>D,=C,—>0— -
The effect of algebraic surgery on (C’, ¢’) using (f': C' — D', (6¢', ¢)) is a cobor-
dant n-dimensional e-symmetric Poincaré complex (C”, ¢”) with H,(C”) = 0, so that
it is (homotopy equivalent to) the skew-suspension of an (n — 2)-dimensional (—¢)-
symmetric Poincaré complex.
(i1) The 4-periodicity L*(A, ¢) = L4 (A, ¢) was proved in [15, §7]. The ‘homotopy
invariance’ L*(A[x], ¢) = L*(A, ¢) was proved in [17, 41.3]; [10, 2.1]. The 4-periodicity

of the e-symmetric and e-hyperquadratic L-groups for A and A[x] now follows from
the 4-periodicity of the e-quadratic L-groups Ly (A, &) = Lyya(A,e). U

2. Chain bundle theory
2.1. Chain bundles

Definition 31. (i) An e-bundle over an A-module chain complex C is a zero-dimensional
e-hyperquadratic structure y on C9~*, that is, a cycle

7€ (WP
as given by a collection of A-module morphisms
{y, € Homy(Cr—s, C™ ") |r,s € Z},
such that
(=D %y + (=D d + (=) g + (=D Tepy ) =0: Cry1 > C .
(i) An equivalence of e-bundles over C,
1y —

is an equivalence of e-hyperquadratic structures.

(iii) A chain e-bundle (C,y) over A is an A-module chain complex C together with
an ¢-bundle y € (W#C0—*),.

Let (D, o) be a chain ¢-bundle and f : C — D a chain map. The dual of f

f* . DO—* s CO—*
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induces a map
(55 WD) — (W*CO),
Definition 32. (i) The pullback chain e-bundle (C, f*0) is defined to be
16 = (JH50) € (W CO*),.
(i1) A map of chain e-bundles
(fs )+ (C.y) — (D, 9)
is a chain map f : C — D together with an equivalence of &-bundles over C:
Ly — [7.

The e-hyperquadratic Q-group @O(CO_*, ¢) is thus the group of equivalence classes
of chain e-bundles on the chain complex C, the algebraic analogue of the topological
K-group of a space. The Tate Z,-cohomology groups

{aeAla=(—1)"¢a)
(b4 (—=1)"eb|b e A}

H"(Zy; A, ¢) =

are A-modules via
A X ﬁ”(Zz; A,e) — ﬁ”(Zz; A,¢); (a,x) v axa.
Definition 33. The Wu classes of a chain e-bundle (C, y) are the A-module morphisms
() Ho(C) > H (Z2; A, 0); x > 7 () () (k € 2).
An n-dimensional e-symmetric Poincaré complex (C, ¢) with Wu classes (29)
() s H"HCO) = H (223 A, 0); y > by (k€ Z)
has a Spivak normal &-bundle [15]

7= ST () € 0°(COH, ¢),
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such that
(@) = W) : H' (C)=Hi(C) > H"(Z2; A, 6) (k € 2),

the abstract analogue of the formulae of Wu and Thom.
For any A-module chain map f : C — D Proposition 12(i) gives an exact sequence

R N N m*
= 0N ) = 0% ()T e - QU(DP ) —— Q%M e -,

motivating the following construction of chain e-bundles:

Definition 34. The cone of a chain e-bundle map (f, ) : (C,0) — (D, 9) is the chain
&-bundle

(B, p) =C(f, 0,

with B = C(f) the algebraic mapping cone of f :C — D and

Os 0 _ _ —r—1
= ‘ B_s=D,_y®Cr_s_1 > B "=D"qpC".
ﬁs (f*5.9+l Xs+l) r—s r—s r—s—1

Note that (D, 0) = g*(B, p) is the pullback of (B, ) along the inclusion g : D — B.

Proposition 35. For a f.g. projective A-module chain complex concentrated in
degree k:

C:--->0->C—->0— .-,

the kth Wu class defines an isomorphism

~

T 0%C" %, e)  ——  Homu(Cy, H (Zy: A, 6)); 7+~ ().

Proof. By construction. [J]

Proposition 36. For a f.g. projective A-module chain complex concentrated in degrees
k,k+1,

C:---—>0—->Cy1 —> Cr—>0— .-
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there is defined an exact sequence

_~~ d* —_~
Homu (Cy, H**1(Zy; A e))  —=  Homa(Cxt1, H N (Za; A, ¢))

Pk

—  Q%C%* e —= Homa(Cr, H (Z2; A, ¢))

da* R
——  Homu(Cyi1, HY(Z2; A, ¢)),

with p : Cy — Hy(C) the projection. Thus every chain e-bundle (C, ) is equivalent to
the cone C(d, y) (34) of a chain e-bundle map (d, y) : (Cx+1,0) — (Cg, 0), regarding
d : Cxy1 — Cr as a map of chain complexes concentrated in degree k, with

0 = (=D*6: Cp = Ck, d*d = 3+ (=DFy* : Cry1 — CHH1,

d*o : Cy — CktHl

Vo = 0: = ct, [ {O:CHI — Cck >

Voop—n = 1 Crp1 — CFFL,
Proof. This follows from Proposition 35 and the algebraic Thom isomorphisms
T:0%d,e)=0*(C, ¢
of Proposition 12. [

2.2. The twisted quadratic Q-groups

For any f.g. projective A-module chain complex C there is defined a Z-module chain
map

L+ T, : W2C; Y (1 + Ty,

(1 + Tow)s = { (T 1 i v

with algebraic mapping cone
C(l+T,) =W?C.

Write the inclusion as

W% % . oy if 520,
J:W%C = W%C: ¢ J¢, (J<z>)s_{0 s
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The sequence of Z-module chain complexes

147, J =
0> WgC ——= W*PC —= W% C =0

induces the long exact sequence of Ranicki [15] relating the e-symmetric, e-quadratic
and e-hyperquadratic Q-groups of C,

R H 1+T, J R
o 0"(Ce) ——=  ouCe) ——= Q0"C,e) —> QMC,e)—> -,

with
H:W%C — (Wg,C)i_1; 0+ HO, (HO); =0_5_; (s=0).

Weiss [21] used simplicial abelian groups to defined the twisted quadratic Q-groups
0.(C,7,¢) of a chain ¢-bundle (C, y), to fit into the exact sequence

H, N, J,

v v

= 0" C) ——= 0u(Cyp) ——=  Q"(C.o) ——> Q"C.e)— -
The morphisms
Jy: QUC.e) — Q"(C.e)i di> Syd. ()5 =T () — (d)*(S")
are induced by a morphism of simplicial abelian groups, where

~

§:0%CO ) = OM(C 0 (05) > ((S70)s = Oyon)

are the n-fold suspension isomorphisms.
The Kan-Dold theory associates to a chain complex C a simplicial abelian group
K (C) such that

T4 (K(C)) = Hy(C).

For any chain complexes C, D a simplicial map f : K(C) — K (D) has a mapping
fibre K(f). The relative homology groups of f are defined by

Hy(f) = -1 (K(f))
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and the fibration sequence of simplicial abelian groups

f
K(f) — K(C) — K(D)

induces a long exact sequence in homology

<= Hy(C) = Hy(D) = Hy(f) = Hy1(C) = -+

For a chain map f : C — D,

K(f)=K(C(f).

The applications involve simplicial maps which are not chain maps, and the triad
homology groups: given a homotopy-commutative square of simplicial abelian
groups

(with ~~~ denoting an explicit homotopy) the triad homology groups of ® are the
homotopy groups of the mapping fibre of the map of mapping fibres

Hy(®) = 1,1 (K(C - D) > K(E — F)),

which fit into a commutative diagram of exact sequences

. -—>Hn+1(D)4> n+1((\/LY - D) 4>Hnjzc) H”%D)H
4>Hn+¢1(F)4> n—«—l(g_)F);)HnJEE) ‘Hni(F);>
} | | |

= Hy (D — F)——=Hp 1 (®) ——H,(C — E)—~H,(D — F)—--

| :

- ———=H,(D) Hn(c_)D)HHH—JZ(C)HHTL—%(D)H"'
| | |

R
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If H,(®) = 0 there is a commutative braid of exact sequences

SN TN

Hp1(C' — D) H,(E) Hy(C' — E)
\ /
H,(C) H,(F)
N N
H,1(C — E) H,(D) H,(C — D)

~_ 7 >~ 7

The twisted e-quadratic Q-groups were defined in [21] to be the relative homology
groups of a simplicial map

Iy KWP*C) — K(W”*C),
with
Ql’l(c7 7 8) = Tcl’l-f—l(‘]“/)'

A more explicit description of the twisted quadratic Q-groups was then obtained in
[18], as equivalence classes of e-symmetric structures on the chain e-bundle.

Definition 37. (i) An e-symmetric structure on a chain e-bundle (C,7y) is a pair (¢, 0)
with ¢ € (W*C), a cycle and 0 € (W*C),41 such that

do = J,(¢),

or equivalently

dog + (1) pgd* + (1" 7N + (—1) Topy_1) =0: C" — Cp_pys—1.
4)3 - d)éys—nﬁbo = dQS + (_1)resd* + (_1)n+x (Gs—l +(=D* Tsas—l) CT — Cn—r+s
(r,s €Z, ¢, =0 for s< —1).

(ii) Two structures (¢, 0) and (¢', 0') are equivalent if there exist & € (W*C)pq1,
n e (W”C),42 such that

dé=¢' — ¢, dp=0 — 04 J(©&) + (& do. Do) " ("),

where (&g, @g, ¢6)% : (VT/%C_*)H — (VT/%C)nH is the chain homotopy from ((bo)% to
(¢p)® induced by &. (See [15, 1.1] for the precise formula.)
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(ii1) The n-dimensional twisted e-quadratic Q-group Q,(C, v, ¢) is the abelian group
of equivalence classes of n-dimensional ¢-symmetric structures on (C, ) with addition
by

(.0 +(,0)=(p+ ¢, 0+ 0 + ), where {; = ¢y7s_ns190-

As for the Ze-symmetric and +e-quadratic Q-groups, there are defined skew-
suspension isomorphisms of twisted +e-quadratic Q-groups

~

S:0n(Coye)  ——> On42(Cam1. 7, =0 (D} {0s) = (P}, (05D

Proposition 38. (i) The twisted ¢-quadratic Q-groups Q«(C,7y,¢) are_related to the
e-symmetric Q-groups Q*(C,e) and the e-hyperquadratic Q-groups Q*(C,e) by the
exact sequence

—~ H, N, J o~
o= Q"TNC ) =5 04(CLp,8) = Q"(C.e) = Q"(C,e) = -+,
with

Hy: Q"(C,e) = 0n(C,7,8); 0 (0,0),
NV : Qn(c7 Vs 8) g Qn(c9 8); (d)’ 9) = d)

(1) For a chain e-bundle (C,7y) such that C splits as
o0
C= > C),
i=—00
the e-hyperquadratic Q-groups split as
(0¢)
Q"(C.o)= Y 0"(C(i),e)

i=—0o0

and

o0

p= > 9 e 0%CT = > 0UCH 8.

I=—00 I=—0o0
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The twisted e-quadratic Q-groups of (C,y) fit into the exact sequence

q P
> 2 0n(CGE) Y@ —>= On(C.ye)  —>= ) Hy(C(i) ®a C()))

i<j
i

—> X 0n-1(CW. YD), 8) > -,

with
P On(Coy,8) = Y Hy(CU)®a C>)); (9, 0) = Y (p(i) @ p(j))(g)

i<j i<j

(p(i) = projection : C — C(i)),

q = ZQ(Z)% ZQn(C(l) 7). 8) = On(C, 7, 8)
(q(z) = inclusion : C(i) — (C)),

d: ) Hy(C(i) ®a C(j)) — ZQn 1(C@Q), y(), &);

i<j

> h, j) (0, > k(i ) O(S"V(j))> (h(i, j) : C(H"™ = C@)),

i<j i#]j
with h(j,i) = h(i, j)* fori < j.

Proof. (i) See [21].
(ii) See [18, p. 26]. [

Example 39. The twisted e-quadratic Q-groups of the zero chain e-bundle (C, 0) are
just the e-quadratic Q-groups of C, with isomorphisms

On(C,8) > 0n(C,0,8); Y > (1+T)HY, 0)

defined by

g Voo O S G i s< -,
S if s>0

and with an exact sequence

= 0"NC o) I 0,(C o) 5 0M(Ce) L 0" (Ce) >
For ¢ = 1 we write

chain 1-bundle = chain bundle, Q,(C,y,1) = Q,(C, ).
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2.3. The algebraic normal invariant
Fix a chain e-bundle (B, ff) over A.

Definition 40. (i) An algebraic normal structure (), ¢, ) on an n-dimensional (e-
symmetric, e-quadratic) Poincaré pair (f : C — D, (d¢,)) is a chain e-bundle
(C(f),y) together with an e-symmetric structure (¢, 0), where ¢ = d¢p/(1 + Tp)y €
(W%C(f)), is the e-symmetric structure on C(f) given by the algebraic Thom con-
struction on (0¢, (1 4+ Te)yr) (18).

(i) A (B, p)-structure (y, ¢, 0, g, y) on an n-dimensional (e-symmetric, e-quadratic)
Poincaré pair (f : C — D, (3¢, 1)) is an algebraic normal structure (y, ¢, ) with
¢ = 9¢/(1 + Ty)y, together with a chain e-bundle map

(&0 ).y — (B, ).

(iii) The n-dimensional (B, p)-structure e-symmetric L-group L(B, )" (A, ¢) is the
cobordism group of n-dimensional e-symmetric Poincaré complexes (D, d¢) over A
together with a (B, f)-structure (y, 0¢, 0, g, ) (so (C, ) = (0, 0)). R

(iv) The n-dimensional (B, p)-structure e-hyperquadratic L-group L(B, )" (A, ¢) is
the cobordism group of n-dimensional (e-symmetric, ¢-quadratic) Poincaré pairs (f :
C — D, (0¢,y)) over A together with a (B, ff)-structure (y, 0¢p/(1 + T, 0, g, 3.

There are defined skew-suspension maps in the (B, ff)-structure e-symmetric and
e-hyperquadratic L-groups

S L{(B, B)"(A, &) — L(Bs_1, B )" 2(A, —&),
S:L(B, B)"(A, &) > L(Bs_1, )" "2(A, —&)

given by C +— C,_; on the chain complexes, with (Bx_1, f,_;) a chain (—¢)-bundle.
We shall write the 4-periodic versions of the (B, f§)-structure L-groups as

L(B, B)"t*(A,¢) = klim L(B, B)"t* (A, ¢),
L(B, B)" (A, &) = Jim L(B, B)"t (A, o).

Example 41. An (e-symmetric, ¢-quadratic) Poincaré pair with a (0, 0)-structure is es-
sentially the same as an ¢-quadratic Poincaré pair. In particular, an e-symmetric Poincaré
complex with a (0, 0)-structure is essentially the same as an e-quadratic Poincaré com-
plex. The (0,0)-structure L-groups are given by

L{0,0)" (A, &) = L,(A, &), L(0,0)"(A,¢) =0.
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Proposition 42 (Ranicki [18, §7]). (i) An n-dimensional e-symmetric structure (¢, 0) €
0,(B, p,¢) on a chain ¢-bundle (B, p) determines an n-dimensional (e-symmetric, &-
quadratic) Poincaré pair (f : C — D, (0¢,)) with

f=proj.:C =C(¢g: B"* — B)yy1 > D =B""%,

_ 0o 0 .
Vo = (1+ﬁ_n¢3 ﬁ’in_1> '

C" = Br+1 & By —>Chy1 =B, Br+1,

et
s ﬁ—n—sd)s ﬁin—s—l '
C" = B! OBy —> Cpys—1 =B 5@ prs+l (s=1),

o0¢py =Py_, D" =By—r - Dy_rys =B (s20)

(up to signs) such that (C(f),7y) >~ (B, p).

(i1) An n-dimensional (e-symmetric, e-quadratic) Poincaré pair (f : C — D, (d¢, V)
€ Q1 (f,¢e) has a canonical equivalence class of ‘algebraic Spivak normal structures’
(7, ¢, 0) with y a chain e-bundle over C(f) and (¢, 0) an n-dimensional e-symmetric
structure on 7 representing an element

(d)v 0) € Qn(C(f)’ ')/, 8)’

with ¢ = 0¢/(1+T ). The construction of (i) applied to (¢, ) gives an n-dimensional
(e-symmetric, e-quadratic) Poincaré pair homotopy equivalent to (f : C — D, (0¢, ) €

On(f.e).

Proof. (i) By construction.
(ii) The equivalence class ¢ = d¢p/(1 + T,)yy € Q" (C(f)) is given by the algebraic
Thom construction

3o 0\ .. _
(<1+T8>wof* 0) i s=0,
_ 0, 0 e _
¢s_ ( 0 (1+T.;)lﬂo) lfS—l,

op, 0 .
<O O) if §>2,

. C(f)r =D’ > Cr_l - C(f)n—r—}—s == Dn—r—i—s SY) Cn—r—i—s—ls




M. Banagl, A. Ranicki/Advances in Mathematics 199 (2006) 542—-668 595

such that

(0, (14T
do:C(Y"" > D" ——  C(f).

~

The equivalence class y € QO(C( f)o_*, ¢) of the Spivak normal chain bundle is the
image of (0¢, ) € QI (f, &) under the composite

(6, 0+ dH 1 _
olfe) Jf — 0'De) ¥ — > 0" e sz — 0% enP .

0

Definition 43. (i) The boundary of an n-dimensional e-symmetric structure (¢, 0) €
On (B, B, ¢) on a chain ¢-bundle (B, f§) over A is the e-symmetric null-cobordant (n—1)-
dimensional e-quadratic Poincaré complex over A:

defined in Proposition 42(i) above, with C = C(¢g : B" ™" — B)s+1.
(i) The algebraic normal invariant of an n-dimensional (e-symmetric, &-quadratic)
Poincaré pair over A (f : C — D, (6¢, §) € QI (f, ¢)) is the class

(¢,0) € Qu(C(f), 7,8

defined in Proposition 42(ii) above.

Proposition 44. Let (B, ) be a chain e-bundle over A such that B is concentrated in
degree k,

B:---->0—->B,—>0— .-

The boundary map 0 : Qo (B, f,e) — Lo—1(A, &) sends an e-symmetric structure
(¢, 0) € Q2 (B, B, ¢) to the Witt class of the (—1)*'e-quadratic formation

A, 0) = (H(_l)k_lg(Bk); B¥,im (1 _¢ﬂ¢ - B¥ > Bf g Bk)> ,
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with

01
H_yy1,(BY) = (B" @ By, (O O)) :

the hyperbolic (—1)*Ye-quadratic form.

Proof. The chain e-bundle (equivalence class)
e Q" (B, &) = H(Z: S(By). (1))

is represented by a (—1) e-symmetric form (By, ). An e-symmetric structure (¢, 0) €
Q2(B, f, ¢) is represented by an (—1)*e-symmetric form (B¥, ¢) together with 0
S(By) such that

¢ — dBp = 0+ (—D*e0* € HO(Z2; S(BY), (=1D)*e).

The boundary of (¢, 0) is the e-symmetric null-cobordant (2k — 1)-dimensional e&-
quadratic Poincaré complex d(¢, ) = (C, ) concentrated in degrees k — 1,k corre-
sponding to the formation in the statement. [

Proposition 45. Let (B, ) be a chain ¢-bundle over A such that B is concentrated in
degrees k, k + 1,

d
B:---—-0—->By1 —— Br—>0—---.

The boundary map 0 : Quu+1(B, B, &) — Ly (A, &) sends an e-symmetric structure
(¢, 0) € Qus1(B, f,¢) to the Witt class of the nonsingular (—1) e-quadratic form
over A

_d* 0o 0 ¢
coker 0o B> B B oB || 1 py, d
1 — B_xd g 0O 0 0

Proof. This is an application of the instant surgery obstruction of [15, 4.3], which iden-
tifies the cobordism class (C, /) € Lyx(A, ¢) of a 2k-dimensional e-quadratic Poincaré
complex (C, ) with the Witt class of the nonsingular &-quadratic form

_ d* k-1 k Yo d
I(C, ) = <coker <<(_1)k+1(1 n Te)*ﬁg) :C - C @Ck+1> , ( 0 0))
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By Proposition 36 the chain e-bundle f can be taken to be the cone of a chain &-bundle
map

(d, ﬂ_zk_z) : (Bk+1,0) — (B, ﬁ—zk),
with

Bl = (—l)keﬁ_Zk : By — BF,

d*B_pxd = B_ok_y + (—DXef 5 : Beyr — BFF,
8 _ | B-oxd : Brr1 — Bk,

—2k-1 0: By — B¥t1.

An e-symmetric structure (¢, 0) € Qox+1(B, f,¢) is represented by A-module mor-
phisms
¢ : B¥ — By, 50 : B¥U — By, ¢y : B — By,

0o : B¥*' — Byay, 0_y: B¥ — By, 0y : B*' = By, 0_,: BK — By
such that

doo + (=D)Edod* =0 : BF — By,
$o — b + (1" ¢1d* =0: B — By,
¢+ (=¥ legpt =0: B — By,
b0 — PoB_sdpy = (=D 0od* — 0_y — &0 | : B¥ — By,
50 = d0Oy —5_1 —e0* | : Bkl 5 By,
~PoB sk 2Py = 02 + (—=DfF1et*, - BF — By,
¢1 — doP_axd§ = 0o + (—D*e0f : BT — Biyy.
The boundary of (¢, 0) given by 43(i) is an e-symmetric null-cobordant 2k-dimensional

e-quadratic Poincaré complex d(¢, 0) = (C, ) concentrated in degrees k — 1, k, k + 1,
with 1(C, ) the instant surgery obstruction form (45) in the statement. [

The e-quadratic L-groups and the (B, f§)-structure L-groups fit into an evident exact
sequence

0

o> Ly(A, &) > L(B,p)"(A, &) > L(B, p)"(A, &) ——> Lp_1(A, &) —> -
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and similarly for the 4-periodic versions

0

o> Ly(A, &) > L(B, p)"T™ (A, e) > L(B, p)" ™ (A, 6) ———> Lp_1(A,e) > -

Proposition 46 (Weiss [21]). (i) The function

Qn(B. B.2) = L(B, )" (A, &) (¢.0) > (f : C— D, (3¢, ) (42(iD))
is an isomorphism, with inverse given by the algebraic normal invariant. The ¢-quadratic

L-groups of A, the 4-periodic (B, )-structure e-symmetric L-groups of A and the twisted
e-quadratic Q-groups of (B, ) are thus related by an exact sequence

1+T
e Ly(Ae)  ——> LB, A" (A,8) > 0n(B. &) > Ly 1(A,8) — -

(ii) The cobordism class of an n-dimensional (e-symmetric, e-quadratic) Poincaré

pair (f : C — D, (0¢, ) over A with a (B, p)-structure (y, ¢, 0, g, y) is the image
of the algebraic normal invariant (¢, 0) € Q,(C(f), 7, &)

(f :C — D, (5¢’ lp)) = (g’ X)%(¢’ 9) € Qn(B» ﬁ’ 8)-

Proof. The ¢-symmetrization of an n-dimensional e-quadratic Poincaré complex (C, )
is an n-dimensional e-symmetric Poincaré complex (C, (14 Ty)y) with (B, f)-structure
O, 1+ T)y,0,0,0) given by

0. = w—s—l € H()mA(C_*, C)n+s+1 if s<—1,
o if 5>0.

The relative groups of the symmetrization map
1 + TS : Ln(A’ 8) - L<Ba ﬁ)n(A’ 8)7 (C’ lp) e (C’ (1 + TS)‘p)

are the cobordism groups of n-dimensional (e-symmetric, ¢-quadratic) Poincaré pairs
(f : C — D, (0¢,Y)) together with a (B, f)-structure (y, ¢, 0, g, ). O

Proposition 47. Let (B,f) be a chain e-bundle over A with B concentrated in
degree k

B:---—->0—->B,—>0—--.
so that B € QO(BO_*, §) = ﬁO(Zz; S(BY), (=1DKT,) is represented by an element

B_ow = (=D¥epr,, € S(BY).
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The twisted e-quadratic Q-groups Q, (B, f, ¢) are given as follows:
(1) For n # 2k — 1, 2k:

Qn(87 ﬂv 8) == Qn(Ba 8)
0"t(B, &) = H" 2+1(Zy; S(BY), (~1D¥Ty) if n =2k + 1,
0 if n<2k — 2.

(i1) For n = 2k:

{(¢,0) € S(BX) @ S(BX) | ¢p = (—=D¥ep*, p — pP_op ™ = 0+ (—D¥e0*)

B =
Q2 (B, B, ¢) {(07,1+(_1)k+1g;7*)|17 I= S(Bk)}

with addition by

(0.0 + (¢, 0) = (@ + ¢, 0+ 0 + ¢ B_yd™.

The boundary of (¢, 0) € Qo (B, P, ¢) is the (2k — 1)-dimensional e-quadratic Poincaré
complex over A concentrated in degrees k — 1,k corresponding to the (—1)t1g-
quadratic formation over A,

o(p, 0) = (H(_l)kHS(Bk); BX,im ((1 Bl @—de’) : B* > B* @ Bk>) :

(ii1) For n =2k — 1:

Q2—1(B, B, &) = coker(Jy : Q% (B, &) — 0 (B. ¢))
{6 € S(BY |6 = (—1keo™)
(¢ — pp_pd™ — (0+ (—DFe0™) [ ¢ = (—DFed™, 0 € S(B)}

The boundary of a € Qa—1(B, p, &) is the 2k — 2)-dimensional e-quadratic Poincaré
complex over A concentrated in degree k — 1 corresponding to the (—1)*te-quadratic

form over A,
(ron3,L)
d(0) < ® By <0ﬁ2k

with

0 1
(1 + T(_])k+18)a(6) = (Bk @ B, ((—1)k+18 0)) :
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(iv) The maps in the exact sequence
Hy Ng
0— Q¥ By —> ou®Bpo —> 0*@Bye

Jp Hpg
—>  0%MB,e) —>  Qx_1(B.p.&)—>0

are given by

Hp: Q%+\(B, &) = H'(Za; S(BY), (=D¥T;) — Qa(B. B, e); 0 (0, 0),

Ng: Qu(B, B, &) - Q*(B,e) = H'(Zy; S(BY), (=D*Ty); (¢, 0) — ¢,

Jp: Q% (B, &) = HO(Zy; S(BY), (~1D*T,) — 0%(B, ) = H*(Zs; S(BY), (—=DFT);
= ¢— ¢ﬁ—2k¢*,

Hp: Q% (B, &) = H(Z»; S(BY), (—1)*T,) — Qu_1(B. B, &); 0+ o.

Example 48. Let (K, 1) be a nonsingular &-symmetric form over A, which may be
regarded as a zero-dimensional &-symmetric Poincaré complex (D, ¢) over A with

¢po=4:D"=K — Dy=K*.

The composite

J N b~
0°(D. &) = H'(Z; S(K).e) ——> 0%D,e) —s QD" 8

sends ¢ € QO(D, ¢) to the algebraic Spivak normal chain bundle
ye QDO ) = HO(Z; S(K™), ¢),
with
yozeﬂb_lzDO:K*e D’ =K.
By Proposition 47

{(k,0) € S(K) ® S(K) | k = ex™, k — koK™ = 0 + 0%}

Do ey — ,
Qo(D, 7y, ¢) {(0,n —en*) |n € S(K)}




M. Banagl, A. Ranicki/Advances in Mathematics 199 (2006) 542—-668 601

with addition by
(1, 0) + (', 0) = (k+ K, 0+ 0 + 'yy™).
The algebraic normal invariant of (D, ¢) is given by
(¢.0) € Qo(D, 7, &).

Example 49. Let A be a ring with even involution (4), and let C be concentrated in
degree k with Cy = A". For odd k =2 + 1,

0" =0

and there is only one chain ¢-bundle y = 0 over C, with

@ HY(Zy; A) if n>4j +2, n=0(mod?2),
On(C,y) = 0u(C) =41 r )
0 otherwise.

For even k =2/,

Q°(C'™) = P H (72 A),

a chain &-bundle y € QO(CO_*) is represented by a diagonal matrix

X1 0 0 0
0 x» 0 0

y=x=|0 0 x 0 | € sym,(4),
0 0 0 - x

with X; = x; € A, and there is defined an exact sequence

J,

—— MO = Q1€ — 0¥ o) =0,

0¥t C) =0 04j(C.p) — 0% (0)

with

- ~p Sym,.(A)
. 0% — 4j — r . _
Jy: QV(C) =Sym,(A) — 0V (C) = Quad_(A)° M—M-MXM,
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so that

On(C.7)

@ H(Zy; A) if n>4j+1,
g and n = 1(mod?2),

_ ] (M eSym,(A)| M — MXM € Quad, (A)} if n=4j,

My (A)/{M — MXM — (N 4+ N') | M € Sym,(A), N € My(A)} if n=4j—1,

0 otherwise.

Moreover, Proposition 38(ii) gives an exact sequence

r r
0— @ 04(B,xi) > 04;(C.) > B A—EDQaj—1(B,x)) > Q4j_1(C,7) -0
i=1 r(r—1)/2 i=1

with B concentrated in degree 2j with By; = A.
2.4. The relative twisted quadratic Q-groups

Let (f,2) : (C,y) — (D,0) be a map of chain é-bundles, and let (¢, 0) be an
n-dimensional e-symmetric structure on (C, ), so that y € (W%C),, ¢ € (W?%(C),, and

0e (W%C)Hl. Composing the chain map ¢, : C"~* — C with f, we get an induced
map

(F)™: WPC"™* — W*D.
The morphisms of twisted quadratic Q-groups
(f: 0% = Qn(C.7,8) > 0u(D, 3.0 (. 0) > (f7(9), [*(0) + (F$0) (5" )

are induced by a simplicial map of simplicial abelian groups. The relative homotopy
groups are the relative twisted e-quadratic Q-groups Q,(f, y, €), designed to fit into a
long exact sequence

s 0u(Cope) LB (D6, ) — Ou(fotne) —> Quot(Cypie) —> - .
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Proposition 50. For any chain e-bundle map (f,y) : (C,7y) — (D, ) the various
Q-groups fit into a commutative diagram with exact rows and columns

Proof. These are the exact sequences of the homotopy groups of the simplicial abelian
groups in the commutative diagram of fibration sequences

K(J,) —— K(W*C)—2— K (W%()

T

K(J5) —K(W%D)—"—~ K (W%*D)

| | i

K (J) —= K(WC(f)) "> K (W C(f))

with

Tcn(K(J)/)): Qn(f’ X €). O

There is also a twisted e-quadratic Q-group version of the algebraic Thom construc-
tions (12, 18, 24):

Proposition 51. Let (f, y) : (C,0) — (D, 0) be a chain e¢-bundle map, and let (B, ) =
C(f,y) be the cone chain e-bundle (34). The relative twisted e-quadratic Q-groups
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Q.+ (f, 1, ¢e) are related to the (absolute) twisted e-quadratic Q-groups Q«(B, f5,€) by a
commutative braid of exact sequences

/\/’\

Q" (B, e) Qn(B, B, €) H,_(B®,C)
Qn(f,x:€) Q"(B,e)
P S~ P \A
Hy(B®aC) Q"(f.e€) Q"(B,¢)

\E/\_/

involving the exact sequence of 18,

F t
o> Hy(BeaC) —  Q"(fi)  ——>  Q"(B.&) > Hy_1(B®4C) —> -

Proof. The identity
F6) = dy e (WC*™)
determines a homotopy ~~~ in the square

KW%0)—L> g (iw%e)

\_\\
s I
K(W%D) ﬁK(W%D)

(with J = Jp) and hence maps of the mapping fibres
I, KC(f™) — KC(T™). (f. % KU) — K(Jy).

The map J, is related to Jg : K (W*B) — K (W%B) by a homotopy commutative
diagram

KE() -2 ke

At ~
e
J RN

K(W%B)—"> K (W%B)

with 7 : K (C(f%)) ~ K (VT/%B) aAsimplicialAhomotopy equivalence inducing the
algebraic Thom isomorphisms 7 : Q*(f, &)~ Q*(B,&) of Proposition 12, and r :
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K(C(f%) — K(W?%B) a simplicial map inducing the algebraic Thom maps ¢ :
O*(f,e) — Q*(B,e) of Proposition 18, with mapping fibre K(t) >~ K(B ®4 C).
The braid in the statement is the commutative braid of homotopy groups induced by
the homotopy commutative braid of fibrations

K(Jp)
N
K(Jy) K(W%B)J
N A
K(B®a4C) K(C(f7)) K(W”B)

\F / \Eg/ ]

Proposition 52. Let (C,y) be a chain e-bundle over a f.g. projective A-module chain
complex which is concentrated in degrees k, k + 1,

d
CI---—>0—>Ck+1 R —— Cr—>0— -+,

so that (C,y) can be taken (up to equivalence) to be the cone C(d, y) of a chain &-
bundle map (d, y) : (Cx+1,0) — (Ck, 0) (36), regarding Cy, Cxy1 as chain complexes
concentrated in degree k. The relative twisted e-quadratic Q-groups Q. (d, y, €) and the
absolute twisted e-quadratic Q-groups Q. (C, 7y, ¢) are given as follows:

(i) For n #2k — 1,2k, 2k + 1,2k + 2

_ _ _[0"NCe) if n=2k+3,
Q”(C’M)_Q”(d’x’g)_Q"(C’s)_{0 if n<2k — 2,
with
ot c g = L@ 0) € SCHH @ 5(Ch) | § = (—1)Hag™, dpd* = 0+ (1) et

T (0 + (=D heg dod* + 1 + (=) HhFlere | (6, 7) € S(CHD) @ S(Ck))

as given by Proposition 13.
(i) For n =2k — 1,2k, 2k + 1, 2k 4 2 the relative twisted e-quadratic Q-groups are
given by

Qn(dv X? 6)
(@, 0) € SC*TH @ 5(Ch) | ¢ = (=D eg*, ddpd* = 0+ (—1)Feb) fnm k42
(0 + (=Dkeo™, dod* + 1+ (—)ktler* (0. 1) € SCHHh @ scchyy 7" ’
(W.mesc*hesch|d path) =Ont COMer) o
=) {6+ (=DkF+leg* dod* + 1+ (—Dker*) | (g, 7) € S(Ck+1)y @ S(CK)} ’
coker((d, )9 : Q2k(Ci+1,8) = Q2k(Ck., 0, 8)) if n=2k,
02k—1(Ck, 0, €) if n=2k—1,
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with

{(¢.0) € S(CY) @ S(CH) | p = (=D¥ed*, p — po¢p™ = 0 + (—1)keb*)
{0, 7+ (=DktLen*) |y € S(Ck)} '
{6 € S(CH g = (—Dkeo™

{p — pdp™ — (04 (—Dke0™) | ¢ = (—Dkedp*, 0 € S(Ck)}’

d. D : Qo (Cp1.8) = Ho(Z2: S(CKFY), (=DFT) — Qo (Cy. 6. 8):

02 (Cg, 0, 8) =

02%—1(Cg, 0, 8) =

Y @+ (DFey®)a*, dyd* — dp + (= D¥ef™) (0" + (—=DFeyp)d*).

The absolute twisted quadratic Q-groups are such that

Q2%—1(C, 7, 8) = Qau—1(d, y, &) = Qak—1(Ck, 9, &)

and there is defined an exact sequence

t
0 — Q420 p,8) ———=  QOxn+2(C,7,¢)

F t
- Hp1(CO)®a Crp1 —> Oxv1d, 1, 8) ——— 02k 11(C,7,8)

F t
- Hi(C)®p Cry1  —>  Qxnd,g,8) ——==  Qx(C,p,8) — 0,

with

F : Hi(C) ®4 Ciy1 = coker(d* : Homu (C**1, Cry1) — Homa(CK, Cry1))
— O (d, ); A Qd* + (—D*ed)* — di*o)d*,
dd* — Jy ¥ — dAF oAy d*Sad* — diF¥o(d* + (—D)¥ed i¥)
—(d* + (=D ed 2*)5d 2*57d*).
Proof. The absolute and relative twisted e-quadratic Q-groups are related by the exact
sequence of 51

t

F
—  On1d. g e) > -
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The twisted e-quadratic Q-groups of (Ck41,0) are given by Proposition 22

01 (Cr1,0,8) = 0n(Cry1,8) = Hyox(Z; S(CKH), (=DFT)

H'=241(Z,y: S(CHY, (=1AT,) if n>2k +1,
= { Hy(Zy; S(C*), (=DFTy) if n =2k,
0 if n<2k — 1.

The twisted e-quadratic Q-groups of (Cg, ) are given by Proposition 47

Qn(Ck’ 55 8)
H"= 2175, 8(CK), (—DFT) if n>2k+1,
{(¢.0) € SCCH) @ S(CK) | p = (=¥ g™, p — 5™ = 0+ (=D e0*}
if n =2k,
_ {(0. n + (—=DFFHlen*) | € S(Ch)}

{0 € S(CK) | o = (—Dkea*} E ok
{p— o™ — (0 + (—Dke0*) | ¢ = (—Dkeg™, 0 € S(CK)} B ’
0 if n<2k —2.

The twisted e-quadratic Q-groups of (d, y) fit into the exact sequence

d, 0%
o> On(Cryt, &) B 04(Cr. 8, 8) — Qu(d, 7,8) —> On_1(Crp1, €) —> -+

giving the expressions in the statements of (i) and (ii). [
2.5. The computation of Q4(C(X), y(X))

In this section, we compute the twisted quadratic Q-groups Q.(C(X), y(X)) of the
following chain bundles over an even commutative ring A.

Definition 53. For X € Sym,(A) let
(C(X),»(X)) =CW, 1)
be the cone of the chain bundle map over A,
(d, 1) : (C(X)1,0) = (C(X)o, 0)

defined by
d=2:CX)1=A" - C(X)g= A",
5=X:CX)g=A" - C(X)= A",
y=2X:CX)1=A"—> CX) =4".
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2
By Proposition 36 every chain bundle (C,y) with C; = A" —— Co = A" is of
the form (C(X), (X)) for some X = (x;;) € Sym,(A), with the equivalence class
given by

y=9(X) =X = (x11, %22, ..., Xp)

"0 e
s o= Quad,(A)

The Oth Wu class of (C(X), (X)) is the A-module morphism

To(y(X)) : Ho(C(X)) = (A2)" — H (Zy; A);

r r
a=(ai,az,...,a,) — aXa' =) ajxjja; = > (ai)?xi;.

i=1 i=1

In Thgprem 60 below the universal chain bundle (B, [)’A) of a commutative even ring A
with H%(Z,; A) a f.g. free Az-module will be constructed from (C(X), (X)) for a diag-
onal X € Sym, (A) with Up(y(X)) an isomorphism, and the twisted quadratic Q-groups
0.(B4, ﬂA) will be computed using the following computation of Q.(C(X), y(X))
(which holds for arbitrary X).

Theorem 54. Let A be an even commutative ring, and let X € Sym, (A).
(1) The twisted quadratic Q-groups of (C(X), (X)) are given by

0,(C(X), y(X))
0 ifn< —2,

Sym,.(A)
Quad, (A) + {M — MXM | M € Sym,(A)}

ifn=-—1,

{M € Sym,(A)|M — MXM € Quad, (A)}

— if n =0,
=1 4Quad, (A) + {2(N + N*) —4N'XN | N € M,(A)}

(N € M,(A) [N+ N' —2N'XN € 2Quad, (A)} _ Sym,(4)

2M, (A) Quad,(a) "=

Sym, (A) P

Quad, (A)
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(ii) The boundary maps 0 : Qn,(C(X), y(X)) = L,—1(A) are given by

1
01 Q_1(C(X), (X)) — La(A); M > (A’ ® (4", (Ag x))

0 Q0(C(X), p(X)) = L_1(A); M > (H_(A"); A”,im ( 1= XM

M ) AT > AT @ (A1),

1 t_ ot _
01 01(C(X).7(X)) = Lo(A); (N, P) > (A’@A’,<4(N+NO 2NXN) ;;’X))

(iii) The twisted quadratic Q-groups of the chain bundles
(B(i), p(i)) = (C(X), p(X))s42i (i € 2)

are just the twisted quadratic Q-groups of (C(X), (X)) with a dimension shift
O0n(B(Q), p(i)) = Qn—4i(C(X), 7(X)).

Proof. (i) Proposition 52(i) and Example 14(ii) give

0 if n< =2,

~ Sym,(A) .
n+1 _ r
Q"I(C(X)) = Quad, (A) f

0, (C(X), (X)) = n=3.

For —1<n<2 Examples 14, 20, 49 and Proposition 52(ii) show that the commutative
diagram with exact rows and columns

Qd)— D ) — e Q)

QU (C(X)1) L0 (C(x)) = Qu(C(X)y) L
&% 7% (d,X)s;
Q' (C(X)0)~ LG (C(X)0) -2~ Qo (C(X )0, 6)—Vom QUC(X)0) LG

Q'(d) 01 d)— T Qu(d ) — ()P o)

Q" (C(X)) =0 (c(x)) - (cx)) Lo ex)) —L-g
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is given by
Sym,(A) 1 Sym,(A) Sym, (A)
T T Quad,(4)  Quad, (4) i Quad, (4)
0 1
Sym, (A)
0 0 QuadT(A)*)Symr(A)‘)QuadT(A)
4 4 0
J5 Symr(A)
1
Sym,(A) 4 Sym,.(A) Sym, (A)
O Quad, () ) T g () T Quad, (4)
! —
Sym,.(A)
SymT(A)éQuadT(A) 0 0 0
with
Sym, (A)
Js :Sym,(A) — c Me—> M- MXM,
Quad, (A)

Q0(C(X)o, 0) = ker(Js) = {M € Sym,(A)|M — MXM € Quad, (A)},

Qo(d, y) = coker((d, 1) = Qo(C(X)1) = Qo(C(X)o, 9))

{M e Sym,(A) | M — MXM & Quad, (A))
- 4Quad, (A) ’
Sym,.(A)
4Sym, (A)’

Ny : Qo(d, ) — 0°@) = M+ M.

Furthermore, the commutative braid of exact sequences

Q'(d) J (X>@1(C(X)) Qo(C(X),v(X)) HL(C(X)®aC(X))
7 L "0 . 7 . 7
@Q1(d, x) Q' (C(X)) » Qo(d, x) QUC(X)); .
S L S~ 7 \Vi
Q1(C(X),7(X))  Ho(C(X) ®aC(X)) Q"(d) Q(C(X))
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is given by

. )
Quad, (A
/ \ Ty ( )\ / \ /
Sym. (4] Qo) Q) v, )
Quad,.(4) / \ F/} % /2Quabc1T(A)\Jz .
LX) 5 (0) M, (A) Sym, (A) Sym, (4)
@ ( t 2M,(A) 4Sym,.(A) Quad, (A)

with

Sym, (A)
2Quad, (A)
. Sym,(A) Sym,.(A) |
B0 3 0uad, (4)  Quad, (4)"
M, (A)
2M,(A)
Q' (C(X)) = ker(N,F : Hy(C(X) ®4 C(X)1) — 0°(d))

~0%C(X)); M ¢ (where ¢y =M : CY - C(X)o),

M= M-MXM,

— Qo(d, y); N+ 2(N+ N")—4N'XN,

F: Hy(C(X)®4 C(X)1) =

_{NeM (AN + N’ € 2Sym,.(A)}

2M;(A)
(where ¢ € Q'(C(X)) corresponds to N = ¢o € M, (A)),
.l N1 _ Symr(A)_ l ty _ art
Syt 0 (C(X)) — 0(C(X)) = Quad, (4)" N 2(N+N) N XN.

It follows that

C(X), (X)) = cok F'MF(A) d )
Qo(C(X), y(X)) =co er< ' 3M,(A) — Qo(d, 1)
B {M € Sym,(A)|M — MXM € Quad, (A)}
"~ 4Quad, (A) 4+ {2(N + N') —4N'XN |N € M,(A)}’

Q- 1(C(X), (X)) = 0-1(d, %)
= coker(Jyx) : Q°(C(X)) — 0°(C(X)))
_ Sym, (4)
"~ Quad,(A) +{M — MXM|M c Sym,(A)}’
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with
0l(Cxy = XA ), 9(X)): M > 4M
Quad, (A) e ’
00C(xy = X ). 9(x0); M M
Quad, (A)  *~ A '
Also
d, o =0:02d,y =01(C(X)) = Quad (4)
2 _ Symr(A)
> Q1€ 9) = 0(CX0) = For o,

Q' (C(X)) = ker(N,F : Hy(C(X) ®4 C(X)1) — 0°(d))

_ [N e M;(A)|N + N' € 2Sym,(A)}
B 2M;(A) ’

v - Quad, (A)’ 2 ’
_ _ Sym,.(A)
O2(C(X), y(X)) = Q2d, p) = Quad (A)"

From the definition, an element (¢, 0) € Q1(C(X), y(X)) is represented by a collection
of A-module morphisms

do: C(X)° = CX)1, do:CX)' = C(X)o, ¢, : CX)! = C(X)o,
0o: C(X)' = CX)1, 0_1:C(X)° = C(X)1, 0_1:C(X)' = C(X)o.
0_,:C(X)? —> C(X)o

such that

dpo+ pod* =0:C° - Cy,

by — Po + ¢1d* =0: C(X)" — C(X)1.

bo— ¢ —dd, =0: C(X)' — C(X).

¢ — ¢f=0:CO! - CO1,

b — o7(X) -1y = —bod* —0_1 — 0", : C(X)° - C(X)1,

bo — beTX)_1¢% = dbp — 0%, — 61 : C(X)" - C(X)o,

b1 — poy(X)odp = 0o + 05 : CXO)' — C(X)1,

—Go7(X) 2y =dO_1 +0_1d* +0_5 — 0%, : C(X)" > C(X)o,
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where
7(X)o =X, p(X)-1 =0, 7(X)-1 =-2X, y(X)—» =0.
The maps in the exact sequence

Sym,.(A)

_ B
0~ Q*(CO) = guros

— 01(C(X), y(X))
— ker(Jyx) : QN(C(X)) — 0'(C(X))

(N € M,(A)|N+N'—2N'XN € 2Quad, (A))
- 2M,(A) -

0

are defined by

Q1(C(X), p(X)) = ker(Jyx)); (¢, 0) = N = ¢,

02(C(X)) = Q1(C(X), p(X)); 0o (0,0) (0p=0, 0_; =0, 0_; =0),
with Q%(C(X)) — Q1(C(X), y(X)) split by

Q1(C(X), (X)) = Q*(C(X)); (¢, 0) > 0_,.

(i1) The expressions for 0 : Q,(C(X), (X)) — L,—1(A) are given by the boundary
construction of Proposition 43 and its expression in terms of forms and formations (44,
45). The form in the case n = —1 (resp. the formation in the case n = 0) is given by 45
(resp. 44) applied to the n-dimensional symmetric structure (¢, 0) € Q,(C(X), y(X))
corresponding to M € Sym,(A). For n = 1 the boundary of the one-dimensional
symmetric structure (¢, 0) € Q1(C(X), (X)) corresponding to N € M,(A) with

N+ N" €2Sym,(A), +(N+ N")— N'XN € Quad,(A)
is a zero-dimensional quadratic Poincaré complex (C, ) with

C=CIN:CX)'"™ = C(X))st1.
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The instant surgery obstruction (45) is the nonsingular quadratic form

1(C,y)
-2
= | coker N! AT > AT AP A,
14+2XN!
1
J(NHNTZONXND 1N
0 —2X 2 ’
0 0 0

such that there is defined an isomorphism

1

1 —4X 2 ) —(N+N'—2N'XN) 1—-2NX

S I(C ) — A’@A’,<4 )
13 t 13

<N 1 -2N'X N ( 0 ox

(iii) The even multiple skew-suspension isomorphisms of the symmetric Q-groups

S0 C X)) > QNCXD: (1520} [ [s20) (i€ 2)

are defined also for the hyperquadratic, quadratic and twisted quadratic Q-groups.

2.6. The universal chain bundle

For any A-module chain complexes B, C the additive group Hy(Homy4(C, B)) con-
sists of the chain homotopy classes of A-module chain maps f : C — B. For a chain

e-bundle (B, ) there is thus defined a morphism

Ho(Hom,(C, B)) — 0%C°*,¢); (f:C — B) > F*(p).

Proposition 55 (Weiss [21]). (i) For every ring with involution A and ¢ = *£1 there ex-
ists a universal chain e-bundle (B4¢, ﬁA"g) over A such that for any finite f.g. projective

A-module chain complex C the morphism

Ho(Homu (C, BA¥)) — 0%C ™, ¢); (f:C — BA) > f*(A)

is an isomorphism. Thus every chain e-bundle (C,7) is classified by a chain e-bundle

map

(f, 1) : (C,y) — (BAE, phoy.
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(ii) The universal chain e-bundle (B4, BA’g) is characterized (uniquely up to equi-
valence) by the property that its Wu classes are A-module isomorphisms

() Ho(BYY) = H¥(Za: A e) (k€ 7).

(i) An n-dimensional (e-symmetric, e-quadratic) Poincaré pair over A has a canon-
ical universal e-bundle (BA¢, ﬁA’S)-structure.

(iv) The 4-periodic (B4*¢, ﬁA’s)-stmcture L-groups are the 4-periodic versions of the
e-symmetric and e-hyperquadratic L-groups of A:

L<BA,8’ ﬂA,&>n+4*(A’ 8) = Ln+4*(A, 8),

L(BAe, pAeyntax (A g) = L4 (A, ).

(V) The twisted e-quadratic Q-groups of (B4¢, ﬂA’g) fit into an exact sequence

1+T; N
s Ly(Ae) ——  L"MY(A ) - 0,(BYL A ) S Ly (Ae) > -,

with
0: Qu(BME BN ) > Luo1(A,0); (¢,0) > (C.4)
given by the construction of Proposition 42(ii), with
C=C(¢g: (BAEH % > BAE) L etc.
For ¢ =1 write
(BM1, gAY = (BA, g
and note that
BY7L AT = (BA B

In general, the chain A-modules B4-¢ are not finitely generated, although B4 is a
direct limit of f.g. free A-module chain complexes. In our applications the involution
on A will satisfy the following conditions:



616 M. Banagl, A. Ranicki/Advances in Mathematics 199 (2006) 542—-668

Proposition 56 (Connolly and Ranicki [10, Section 2.6]). Let A be a ring with an even
involution such that H°(Z»; A) has a one-dimensional f.g. projective A-module resolu-
tion

d X >
0>C ——> Cy ——> H"Zy:A) —0.

Let (C,y) = C(d, y) be the cone of a chain bundle map (d, y) : (C1,0) — (Cop, 9)
with

0(8) = x : Co — H(Z,: A)
and set
(BA(i), BA()) = (C, Psr2i (i € D).

(1) The chain bundle over A

(B, B = @B (). p* ()

is universal.
(ii) The twisted quadratic Q-groups of (B4, ﬁA) are given by

Qo€ - ifn=0modd),

A pAy _ ) ker(J,: Q1 (C) — Q'(C)) if n=1(mod4),
On(B7, p7) = 0 / if n =2(mod4),
0-1(C,y) if n = 3(mod4).

The inclusion (BA(Zj),ﬁA(Zj)) — (BA,ﬁA) is a chain bundle map which induces
isomorphisms

0. (BAQ2)), pA(2))) ifn=4j,4j—1,

A pA\ ~ ~
On(B”, p7) = ker(Jpap;) 0 Q"(BA(2))) — Q"(BA2)))) ifn=4j+1

Proof. (i) The Wu classes of the chain bundle (C, y)442; are isomorphisms

~

D)) : Hi(Cyyai) ——>  HNZa: A)

for k = 2i,2i + 1.
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(i) See [10] for the detailed analysis of the exact sequence of 38(ii)

= Y On(BAWD, D) — 0n(BY B — 3 Hu(BAG) ®4 BA()))
1=—00 1<]j

— Y 0n-1(BAG), AG)—- - .

I=—00
As in the introduction:

Definition 57. A ring with involution A is r-even for some r>1 if

(i) A is commutative, with the identity involution,
(i) 2 € A is a nonzero divisor,

(ii1) ﬁo(Zz; A) is a f.g. free Ap-module of rank r with a basis {x; =1, x2, ..., x}.

Example 58. 7 is 1-even.

Proposition 59. If A is 1-even the polynomicil\ extension Alx] is 2-even, with Alx], =
Asz[x] and {1, x} an Ajz[x]-module basis of HO(ZZ; Alx]).

m .
Proof. For any a = ) a;x' € A[x]:
i=0

w . . .
a? =Y (@)*x¥+2 Y aapx'ti

=0 0<i<j<oo
m .

=Y aix? € As[x].
i=0

The Ajz[x]-module morphism

Ad[x] ® Azx] — HO(Za; AlxD): (p.q) — p*> +¢°x

is thus an isomorphism, with inverse

~

= o0 o0 o0
H(Zy; Alx]) ——  Alx]1 @ Aslx]; a= Zaixl > (Z arjx’, ZaZj—Hx]) . O
i=0 =0 j=0

Proposition 59 is the special case k = 1 of a general result: if A is l-even and
t,t,...,tx are commuting indeterminates over A then the polynomial ring
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Alt1, 12, ..., tx] is 2X-even with
for = 1,2, x5, 0, ok} = {0 (12)2 - (@)™ i = 0 or 1, 1</ <k}
an Aj[ty, 12, ..., Ir]-module basis of ﬁo(Zz; Alt1, o, ..., 1))

We can now prove Theorem C.

Theorem 60. Let A be an r-even ring with involution.

(1) The A-module morphism

,
X1 AT HYZy: A): (ar,an.....a0) > Y (ai)x;
i=1

fits into a one-dimensional f.g. free A-module resolution of H 0(Z,; A),

2 X —~
0>Ci=A" —= Co=A" ——= HYZy: A) —0.

The symmetric and hyperquadratic L-groups of A are 4-periodic
L(A) = L (4), T"(A) = L' (A).

(1) Let (C(X), (X)) be the chain bundle over A given by the construction of (53)
for

x1 0 O 0
0 x 0 ... 0

X = 0 0 X3 ... 0 c Symr(A),
0 0 0 ... x

with C(X) =C(R2 : A" — A"). The chain bundle over A defined by

(B, By = EP(C(X). 7(X))sr2i = @B G), ()
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is universal. The hyperquadratic L-groups of A are given by

L"(A) = Qu(BA, pY)

_ {M eSym,(A)| M — MXM gOuad, (A)} L
Qo) 700) = 300ad, (4) + 2N + N — N XA € M, (A)) fn=0

im(N,x) : 01(C(X), (X)) = QHC (X)) = ker(Jy(x) : Q1 (C(X)) - 01(C(X)))

= {N € M(A)| N + N' € 2Sym,.(A), %(N + N') — N'XN € Quad, (A)}

- 2M, (A) fn=1
0 if n=2,
(C(X), y(X) = Sym, (4) ifn=3
Q-1 )= Quad, (A) +{L — LXL | L € Sym, (A)) yn=3

with

0:LOA) — L_i(A):; M+ (H(A’); A’ im (( ! _;M> AT > AT (A’)*)),

1
-~ t t
d:LY(A) — Lo(A); N — (A’ @A, (4(N N —2N'XN) 1 2NX>>,

0 20X
0:L3(A) — Ly(A):; M (A’ @ (A")*, <Ag ;))

Proof. Combine Proposition 30, Theorem 54 and Proposition 56, noting that the direct
summand

0*(C(X)) = Sym, (A)/Quad, (A) € Q1(C(X), y(X))

is precisely the image of Hx(C(X) ® C(X)y42) = QZ(C(X)) under the first map in
the exact sequence

Hy (C(X) ®4 C(X)s42) = Q1(C(X), 7(X)) @ Q1(C(X)s42, 7(X)s42)
— Q1(C(X) ® C(X)s42, 7(X) @ y(X)s42) = HI(C(X) ®4 C(X)s42) =0

of Proposition 38(ii), with Q1(C(X)x+2, Y(X)x+2) = 0, so that
Q1(C(X) ® C(X)s42, 7(X) ® 7(X)s42) = ker(Jyx) : Q' (C(X)) — o'(cx)y. O

We can now prove Theorem A.

Corollary 61. Let A be a l-even ring with > = 1.


Andrew
Note
2(N+N^t)-4N^tXN
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(i) The universal chain bundle (BA, ﬁA) over A is given by

0 2 0
A
BA.... — sz+2_A — BZk+1_A — sz_A — BZk | =A —

BYH_asx=1:Bf =4— BYHY =4 (ke.
(i1) The hyperquadratic L-groups of A are given by
R Ag if n =0(mod4),
L"(A) = 0,(B, Y =1 A> if n=1,3(mod4),
0 ifn=2(mod4),

with
8:ZO(A):A8 — L_1(A); a— (H_(A);A,im<(1;a) A — AEBA)),

0:THA) = Ay — Lo(A): a > (A@A,(a(l —Oa)/z 1:22a>>,

0:L3(A) = Ay — La(A); a > (A@A,(S i))

(iii) The map L°(A) — L°(A) sends the Witt class (K, 1) € L°(A) of a nonsingular
symmetric form (K, 1) over A to

[K, 2] = (v, v) € L%A) =
for any v € K such that
Ax,x) =Ax,v) € Ay (x € K).
Proof. (i)+(ii) The A-module morphism
(Y : Ho(BY) = Ay — H(Z2; A); a > d

is an isomorphism. Apply Theorem 60 with r =1, x; = L.

(i) The computatlon of L*(A) = 0.(B4, [)’ ) is glven by Theorem 60, using the
fact that a — a € 2A (a € A) for a I-even A with > = 1. The explicit descriptions
of 0 are special cases of the formulae in Theorem 54(ii).

(iii) As in Example 48 regard (K, /) as a zero-dimensional symmetric Poincaré
complex (D, ¢) with

dpo=e1"1:D"=K - D" = K*.
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The Spivak normal chain bundle y = A1 € QO(DO_*) is classified by the chain bundle
map (v,0) : (D, ) — (B4, p*) with

g:Dy=K"— HO(Z5; A); x = 27 (x, x) = x(v).
The algebraic normal invariant (¢, 0) € Qo(D, y) has image

g% (. 0) = A(v,v) € Qo(B*, Yy =4g. O
Example 62. For R = Z,

R Zs if n = 0(mod4),
L") = 0,(BZ, Yy =17, if n=1,3(mod4),
0 if n =2(mod4).

as recalled (from [15]) in the Introduction.

3. The generalized Arf invariant for forms

A nonsingular e-quadratic form (K, ) over A corresponds to a zero-dimensional é-
quadratic Poincaré complex over A. The zero-dimensional e-quadratic L-group Lo(A, &)
is the Witt group of nonsingular e-quadratic forms, and similarly for L°(A,¢) and
e-symmetric forms. In this section we define the ‘generalized Arf invariant’

(K, y; L) € Q1(BY, pA%) = L™F1(A, ¢)

for a nonsingular e-quadratic form (K, ) over A with a lagrangian L for the e-
symmetric form (K, + ey™), so that

(K, W) = 0(K,y; L) eker(1 + T : Lo(A, &) = L*(A, ¢))
= im(0: Q1(BA¢, pA¢ &) — Lo(A, ¢)).

3.1. Forms and formations

Given a f.g. projective A-module K and the inclusion j : L — K of a direct
summand, let f : C — D be the chain map defined by

C:--->0->C,=K*->0—--- |,
D:-- - >0—->Di=L*—->0— ...,
f:j*:Ck=K*—>Dk=L*.
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The symmetric Q-group
0%(C) = HY(Z2; S(K), (=DT) = {¢ € S(K) | ¢* = (—1)* ¢}

is the additive group of (—1)¥-symmetric pairings on K, and

f*=83): Q*(C) —» Q¥ (D) > fOf* =) =9l
sends such a pairing to its restriction to L. A 2k-dimensional symmetric (Poincaré)

complex (C, ¢ € 02k(C)) is the same as a (nonsingular) (—l)k—symmetric form (K, ¢).
The relative symmetric Q-group of f:

Q*FL(f) =ker(f*: Q*(C) - Q*(D))
={p e S(K)|¢p* = (—DF¢ € S(K), ¢l =0 € S(L)},

consists of the (—1)K-symmetric pairings on K which restrict to 0 on L. The submodule
L C K is a lagrangian for (K, ¢) if and only if ¢ restricts to 0 on L and

LT ={xeK|px)(L)={0} C A} =L,

if and only if (f : C — D, (0,¢) € Q2k+1(f)) defines a (2k + 1)-dimensional
symmetric Poincaré pair, with an exact sequence

fr=i fé=i"¢
0 —> pk=[ —> k=K — Dy=L* — 0.

Similarly for the quadratic case, with

02 (C) = Ho(Z2; S(K), (—1)XT),

(G, 0 e SK)BSW) | f*Yf =+ Dyt e S(L))
{0+ (—DF10% F0f* +v+ (~DEv) [0 € S(K), v € S(L)}

Qu+1(f) =

A quadratic structure y € Q2 (C) determines and is determined by the pair (4, 1) with
=y + (—Dky* € 0%*(C) and

1: K — Hy(Zs: A, (=D5); x > y(x)(x).

A (2k + 1)-dimensional (symmetric, quadratic) Poincaré pair (f : C — D, (0¢, V)) is
a nonsingular (—1)*-quadratic form (K, ) together with a lagrangian L C K for the
nonsingular (—1)*-symmetric form (K, ¥ + (—1)*y*).
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Lemma 63. Let (K, ) be a nonsingular (—1)*-quadratic form over A, and let L C K
be a lagrangian for (K, + (—1)Xy*). There exists a direct complement for L C K
which is also a lagrangian for (K, + (—1)%y*).

Proof. Choosing a direct complement L’ C K to L C K write

¢:(g j):K:L@L’aK*:L*@(L’)*

with A: L" — L* an isomorphism and
p+ (=D =0:L— L*

In general v/ 4+ (—1K(v)* £ 0: L* — L, but if the direct complement L’ is replaced
by

L' ={(—0"HY* ()Y x),x)eLoL |xeL}CK
and the isomorphism
VL = LY (=AY ) (), x) > Ax)

is used as an identification then

lpz(g 1>:K:LEBL*—>K*:L*EBL,
with v= ()*uw’ : L* — L such that

sv+ (=D =0:L" > L.

Thus L” = L* C K is a direct complement for L which is a lagrangian for (K, +
(— D y*), with

kox _ 0 1 . _ * k ok
Y+ (=D —<(_1)k 0>.K_LEBL - K*=L*¢L. O

A lagrangian L for the (—l)k-symmetrization (K, + (—1)’<lp*) is a lagrangian for
the (—l)k-quadratic form (K, ) if and only if Y|, = pis a (—1)k+1-symmetrization,
ie.

=0+ (=)o . L > L*
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for some 0 € S(L), in which case the inclusion j : (L,0) — (K, ) extends to an
isomorphism of (—1)f-quadratic forms

((1) o ):H(_l)k(L)z(LeBL*,(g é)) (K,

with v = {|z+. The 2k-dimensional quadratic L-group Lox(A) is the Witt group of
stable isomorphism classes of nonsingular (—1)*-quadratic forms over A, such that

(K, ) = (K',y') € Ly (A) if and only if there exists an isomorphism
(K, ) @ H_yy (L) =(K', /) ® H_j(L).
Proposition 64. Given a (—l)k—quadratic form (L, 1) over A such that
g+ (=¥ =0:L — L*,
let (B, ) be the chain bundle over A given by

B:---—->0—->Byy1=L—->0—---

B=uce @O(BO_*) = Homyu (L, H1(Z,: A)) = ﬁo(zz; S(L), (=T,
(i) The (2k + 1)-dimensional twisted quadratic Q-group of (B, f):

(ve S(ILY) v+ (—Dkv* =0}
{p — dud™ — (0 + (=D F10") | ¢* = (=DF+1¢, 0 € S(L*))
= coker(J,, : HO(Z; S(L*), (=D¥'T) — HO(Zy; S(L*), (=1)*H1T))

Oox+1(B, p) =

classifies nonsingular (—l)k—quadmtic forms (K, ) over A for which there exists a
lagrangian L for (K, + (—D)Xy*) such that

Yo = peim(H' (Z2; S(L), (~DXT) — Ho(Za; S(L), (=1)*T))
= ker(1 + (=1)¥T : Hy(Z2; S(L), (=1)XT) — HO(Zy; S(L), (=1)KT)).

Specifically, for any (—1)K-quadratic form (L*,v) such that

V(=D =0:L* > L,
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the nonsingular (—1)K-quadratic form (K, ) defined by
ul * * *
¢:(0v>:K=L@L > K*=L*"®L

is such that L is a lagrangian of (K, + (—1)*y*), and

0: Qu+1(B, ) = Lo (A); vi> (K, ).

(1) The algebraic normal invariant of a (2k 4+ 1)-dimensional (symmetric, quadratic)
Poincaré pair (f : C — D, (0¢, ) concentrated in degree k with

Cy = K*, Dy = L*,
fof* = peker(l + (=DXT : Hy(Zo; S(L), (—D*T) — H(Zy; S(L), (—=1FT))

is given by
(¢, 0) =v € Qu+1(C(f). 1) = Qu+1(B, p),
with
Vi1 () = Des1(B) 1 L = Hip1 (f) = Hes1(B) > H(Zo: A); x 1> p(x)(x)

and v = |+ the restriction of W to any lagrangian L* C K of (K, + (—DKy*)
complementary to L.

Proof. (i) Given (—1)k+1—symmetric forms (L*,v), (L*, ¢) and 0 € S(L*) replacing v
by

V=v+¢—pup* — O+ (=Do") : L* > L

results in a (—l)k—quadratic form (K, /) such that there is defined an isomorphism

1 ¢ ,
(6 %) &)~ &w

which is the identity on L.
(i) This is the translation of Proposition 42(iii) into the language of forms and
lagrangians. [

More generally:
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Proposition 65. Given (—l)k—quadratic forms (L, ), (L*,v) over A such that
p+ (D =0:L—>L* v+(-D"*=0:L"—>1L

define a nonsingular (—1)*-quadratic form

w (01
wn=(rer (1))

such that L and L* are complementary lagrangians of the nonsingular (—1)*-symmetric
form

kojx\ _ * 0 1
<K,w+<—1)¢)—(LeaL,<(_1)k 0))

and let (f : C — D, (0¢,V)) be the (2k + 1)-dimensional (symmetric, quadratic)
Poincaré pair concentrated in degree k defined by

f=(10):Ci=K*=L*&L — Dy =L* 06p=0,

with C(f) >~ Ly—k—1.
(i) The Spivak normal bundle of (f : C — D, (¢, V)) is given by

y=pe 0%C(H) = H(Za; S(L), (~HF'T)

and

(e S(L*) | A+ (=D*1* =0}
{p — pugp™ — (0 + (=DK1 [ ¢* = (=D, 0 € S(L*)}
= coker(Jy, : HY(Zy; S(L*), (=DFHIT)

Oo+1(C(f), ) =

— HO(Z2; S(L*), (=1)!*'7)).
The algebraic normal invariant of (f : C — D, (0¢, ) is
(¢, 0) =v e Qu4+1(C(f), ).
(ii) Let (B, ) be a chain bundle concentrated in degree k + 1

B:---—>0—> By —>0— -+,

pe QO(BO_*) = Homy (By+1, ﬁkH(Zz; A)) = ﬁo(zz; S(Bis1), (— kT,
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so that

{2 e S(B*Y | 4+ (—=Dki* =0}
{p — ppd* — (O + (—DF10%) | ¢* = (=D 19, 0 € S(BF1))
= coker(Jg : H'(Zy; S(B*TY), (=D**IT)

Ox+1(B, p) =

— HO(Zy; S(BF), (—=1*H1T)).

A (B, p)-structure on (f : C — D, (0¢, ) is given by a chain bundle map (g, y) :
(C(f),y) = (B, p), corresponding to an A-module morphism g : L — By such that

g*Bg = p e H(Zy; S(L), (—1'T),

with
(8 0% : Qou+1(C(f),7) = Qut1(B, P); 4+ gig".

The 4-periodic (B, B)-structure cobordism class is thus given by
(K, L) =(f: C— D, (6, ¥)) = (8. Du(, 0) = gvg*

e L(B, py* T+ (A) = Qo 41(B, ),

(K, y) = (Bk-H @® B, (g gvlg*>)

€im(0: Qu+1(B, B) = Lak(A)) = ker(La(A) — L(B, p)y* T2k (A)).

with

3.2. The generalized Arf invariant

Definition 66. The generalized Arf invariant of a nonsingular (—1)*-quadratic form
(K, ) over A together with a lagrangian L C K for the (—1)*-symmetric form (K, /+
(—DKy*) is the image

(K. ;L) = (8. Do (. 0) € LY HF(A) = 0o 1 (B2, pY)
of the algebraic normal invariant (¢, 0) € Q2+1(C(f),7) (43) of the corresponding
(2k 4+ 1)-dimensional (symmetric, quadratic) Poincaré pair (f : C — D, (0¢, ) €
Q311

((l)v 0) =VvVe Q2k+1(c(f)v ’V)
= coker(J, : HO(Zy; S(L*), (~DFFT) — HO(Zy; S(L*), (~DF1T))
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under the morphism (g, y)¢ induced by the classifying chain bundle map (g, y) :
C(f).y) — (BA, Y. As in 64 v = Y|, is the restriction of  to a lagrangian
L* C K of (K, ¥y + (—D)*y*) complementary to L.

A nonsingular (—l)k—symmetric formation (K, ¢; L, L’) is a nonsingular (— k-
symmetric form (K, ¢) together with two lagrangians L, L’. This type of formation is
essentially the same as a (2k+1)-dimensional symmetric Poincaré complex concentrated

in degrees k, k + 1, and represents an element of L**T2k+1(4).

Proposition 67. (i) The generalized Arf invariant is such that
(K, 5 L) =0 € Qo (BA, ) = LY+ (4)
if and only if there exists an isomorphism of (—1)X-quadratic forms
(K, ) @ H_yy (L) =H (L")
such that
(K, + (=D @ A+ D H_jw(L); Lo L, L") =0 e LY (A).

(i) If (K,V¥) is a nonsingular (—l)k—quadratic form over A and L,L’ C K are
lagrangians for (K, + (—1)*y*) then

(K, L) — (K, L)) = (K, + (=DRy*; L, L)
c im(L4*+2k+1(A) _ Z4*+2k+1(A)) — ker(Z4*+2k+l(A) — Ly (A)).

Proof. This is the translation of the isomorphism Qa4 (BA, p4) =~ L*T2%+1(A) given
by 46 into the language of forms and formations. [J

Example 68. Let A be a field, so that each H" (Z; A) is a free A-module, and the
universal chain bundle over A can be taken to be

~ 0 — 0
BA = H*(Zy; A): --- —>= BA=H"(Zy; A) — B | = H" Y (Zy; A) — --- .

If A is a perfect field of characteristic 2 with the identity involution squaring defines
an A-module isomorphism
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Every nonsingular (—1)f-quadratic form over A is isomorphic to one of the type

wo=(oon (3 1)

with L = A f.g. free and
p= D1y L > L*, v= (=D L > L.
For j=1,2,...,¢ let

ej=1(0,...,0,1,0,...,0) € L, gj = u(ej)(ej) € A,
e;‘T:(O,...,O,l,O,...,O)eL*, hj:v(e}“.)(e’;)eA.

The generalized Arf invariant in this case was identified in [18, §11] with the original
invariant of Arf [1]

¢
(K. L) = gjhj € Qus1(BA, B*) = A/{c+c* | c € A).
j=1

For k = 0 we have:

Proposition 69. Suppose that the involution on A is even. If (K, ) is a nonsingular
quadratic form over A and L is a lagrangian of (K, +*) then L is a lagrangian
of (K, ), the Witt class is

(K, y) =0 € Lo(A),
the algebraic normal invariant is

and the generalized Arf invariant is

(K, ;L) = (8, Da($, 0) = 0 € LY (A) = 01(BA, p*).

Proof. By hypothesis H Y(Zy; A) =0, and L = A", so that by Proposition 64(i)

Q1(C(f).7) = H(Z2; S(L*), -T) = P H' (Z2: A)=0. O
14

For k =1 we have:
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’Ijleorem 70. Let A be an r-even ring with Ajz-module basis {x; = 1,x2,...,x,} C
H%(Zy; A), and let

x1 0 O 0
0 x O 0
x=]0 0 x 0 1 e Sym,(4)
0 0 0 ... x
so that by Theorem 60
Sym,.(A)

A pAy _
Q3(B”, B°) = Quadr(A)-|-{L—LXL|Lesymr(A)}.

(1) Given M € Sym,.(A) define the nonsingular (—1)-quadratic form over A

Koro ) = (4@ 4 (5 4 )

such that Ly = A" C Ky is a lagrangian of (K, Wy — W) The function
03(B*, B*) — L¥*(A); M > (K, Yy L)

is an isomorphism, with inverse given by the generalized Arf invariant.
(ii) Let (K, ) be a nonsingular (—1)-quadratic form over A of the type

« (01
wn=(rer (1))

with
Uu— W =0:L—>L* v—v*"=0:L"—> L
and let g : L — A", h : L* — A" be A-module morphisms such that
f=g*Xge H (Zy; S(L), T), v=h*Xh € H (Z»; S(L*), T).
The generalized Arf invariant of (K, ; L) is

(K, ; L) = gvg* = gh*Xhg* € Q3(B%, p*).
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If L = A® then
g=(gij)iL=AZ—>A’, h=(hij)ZL*:A€—>Ar,
with the coefficients g;j, hij € A such that

uej)(e;) = Zl(gij)zxi, v(ei)(e]) = Zl(hij)zxi e H'(Zy; A)

(ej=(0.....0,1,0,....00 e L= A", ¢5=(0....,0.1,0,...,0) € L* = A"

and
ct 0 O 0
0 ¢ O 0
(K, y; L) = gh*Xhg*=| 0 0 3 01 e 03B, Y,
O 0 0 cr
with
r V4 2
ci=Y_|D gihy| x e H (Za; A).

k=1 \ j=1

(iii) For any M = (m;;) € Sym, (A) let h = (h;j) € M,(A) be such that

,
mjj = Z(hij)zxi e H'(Zy; A) (1<j<r),
i=1

so that
mip 0 0 0
0 my O . 0 S A
M=1 0 0 mz ... O | Zp*xne HOZy; My (A),T) = Sym, (4)
T Quad, (A)

0 0 0 ... my,
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and the generalized Arf invariant of the triple (Ky, W5 Ly) in (i) is
(K Wars L) = h*Xh = M € Q3(B%, %)
(with g = (6;;) here).
Proof. (i) The isomorphism 03(BA, ﬁA) — /L\3(A); M +— (Kp, Yy Ly) is given by
Proposition 46.
(i1) As in Definition 66 let (¢, 0) € Q3(C(f),y) be the algebraic normal invariant

of the three-dimensional (symmetric, quadratic) Poincaré pair (f : C — D, (0¢,V))
concentrated in degree 1, with

f=(10):Ci=K*=L*®L— Dy =L* 6=0.
The A-module morphism
D)t Ho(C(f) = H' (D) = L — H(Zy; A); y = pu(»)()
is induced by the A-module chain map
g :C(f) ~ L,y — B(1)
and
(8.0) : (C(f).7) — (B, pA(1) — (B, p)

is a classifying chain bundle map. The induced morphism

(2, 0)g = Q3(C(f),7) = coker(J, : HO(Zp; S(L*), T) — H(Zp; S(L*), T))
— 03(BA, pA) = coker(Jyx : HO(Za; My (A), T) — HO(Zy; My (A), T)); o+ gog*

sends the algebraic normal invariant

(¢,0) =v="h"Xh € Q3(C(f),7)

to the generalized Arf invariant

(8, 0 (¢, 0) = gh*Xhg* € Q3(B%, ).
(iii)) By construction. []

In particular, the generalized Arf invariant for A = Z, is just the classical Arf
invariant.
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4. The generalized Arf invariant for linking forms
An e-quadratic formation (Q, ¥; F, G) over A corresponds to a one-dimensional é&-
quadratic Poincaré complex. The one-dimensional g-quadratic L-group Li(A, ¢) is the
Witt group of g-quadratic formations, or equivalently the cobordism group of one-
dimensional ¢-quadratic Poincaré complexes over A. We could define a generalized

Arf invariant o € QQ(BA, ﬁA, ¢) for any formation with a null-cobordism of the one-
dimensional e-symmetric Poincaré complex, so that

(Q,Y; F,G) = d(0) eker(1 4+ T, : Li(A, &) - L¥*T1(A, ¢)
= im(0 : Q2(BA¢, AE, e) — Li(A, ¢)).

However, we do not need quite such a generalized Arf invariant here. For our application
to UNil, it suffices to work with a localization S™'A of A and to only consider a
formation (Q, V; F, G) such that

FNG =10}, ST(Q/(F+G)) =0,
which corresponds to a (—e¢)-quadratic linking form (7', 4, ) over (A, S) with
T=0Q/(F+G), .:TxT— S'A/A.

Given a lagrangian U C T for the (—¢)-symmetric linking form (7, 1) we define in
this section a ‘linking Arf invariant’

(T, 2, w U) € Qa(BYE, B8 6) = L¥42(A, )
such that

(O, V: F,G) = &(T, 2, ;; U) eker(1 + T, : Li(A, ) - L¥T1(A, ¢))
= im(3: Q2(BA¢, pA%) — L(A, ¢)).

4.1. Linking forms and formations

Given a ring with involution A and a multiplicative subset S C A of central nonzero
divisors such that S = S let S~!'A be the localized ring with involution obtained from
A by inverting S. We refer to [16] for the localization exact sequences in e-symmetric
and e-quadratic algebraic L-theory

o> L"(A,g) > L"(S7'A,e) > L"(A, S, ) > L" 1A, e) > -+,
o> Ly(A,e) > LIS™1A 6) > Ly(A,S,e) > Ly_1(A, &) > ---
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with 7 = im(Ko(A) — Ko(S~'A)), L"(A, S, ¢) the cobordism group of (n — 1)-
dimensional e-symmetric Poincaré complexes (C, ¢) over A such that H.(S7'C) =
0, and similarly for L,(A,S,¢&). An (A, S)-module is an A-module 7 with a one-
dimensional f.g. projective A-module resolution

d
0O — P =0 —T —0

such that S~!'d : S7'P — §71Q is an S~'A-module isomorphism. In particular,
s7'T =o0.
The dual (A, S)-module is defined by

T~ = BExt! (T, A) = Homa(T, S~1A/A)
= coker(d* : Q* — P%),

with
AXT =T (a, f) = (x = f(x)a).
For any (A, S)-modules 7, U there is defined a duality isomorphism
Homu(T,U) — Homa (U, T); f+ f,
with
JTiU > T35 g (x> g(f(0).

An element /. € Homa (T, T") can be regarded as a sesquilinear linking pairing

AT xT — S_IA/A; (x,¥) = Alx, y) = Ax)(y),
with

M(x,ay +bz) = allx,y) + bi(x, 2),
May + bz, x) = Ay, x)a + Az, x)b,
(x,y) =2y, x) e ST'AJA (a,be A, x,y,zeT).

Definition 71. Let ¢ = £1.
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(i) An e-symmetric linking form over (A, S) (T, A) is an (A, S)-module T together
with A € Hom (7, T) such that 1~ = ¢/, so that

Mx,y)=¢el(y,x) e STTA/JA (x,yeT).

The linking form is nonsingular if /. : T — T is an isomorphism. A lagrangian for
(T, 4) is an (A, S)-submodule U C T such that the sequence

J JA
0O —= U —=T — U —0

is exact with j € Homy4 (U, T') the inclusion. Thus A restricts to 0 on U and
Ut ={xeT|ix)U)={0}c STTA/A} =U.

(i1) A (nonsingular) e-quadratic linking form over (A, S) (T, A, w) is a (nonsingular)
e-symmetric linking form (7', 1) together with a function

(be S 1A|eb =0}
{a+calae A}

WiT — Qu(A,S) =

such that

ulax) = au(x)a,
w(x +y) = pu(x) + uy) + Alx, y) + Ay, x) € Qe(A, S),
wx) = Alx,x) € im(Q¢(A, S) — S_lA/A) (x,yeT,aeA).

A lagrangian U C T for (T, A, u) is a lagrangian for (7', A) such that u|y = 0.
We refer to [16, 3.5] for the development of the theory of ¢-symmetric and e-quadratic

linking formations over (A, S).
From now on, we shall only be concerned with A, S which satisfy:

Hypothesis 72. A, S are such that
H*(Z5; S™'A) = 0.
Example 73. Hypothesis 72 is satisfied if 1/2 € S7'A, e.g. if A is even and

S=2)® ={2"]i=0}Cc A, S'A=A[1/2].
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Proposition 74. (i) For n = 2 (resp. 1) the relative group L"(A,S,¢) in the
e-symmetric L-theory localization exact sequence

co = L"(A,e) — LM(ST'A,e) — L"(A, S,6) > L" 1A, e) — ---

is the Witt group of nonsingular (—é)-symmetric linking forms (resp. e-symmetric linking
formations) over (A, S), with [ = im(Ko(A) — Ko(S~1A)). The skew-suspension maps

S:L"A,S, &) —> L"2(A, S, —¢) (n>=1)
are isomorphisms if and only if the skew-suspension maps
S:L"(A,e) > L" (A, —¢) (n>0)
are isomorphisms.

(1) The relative group L, (A, S,¢) for n = 2k (resp. 2k + 1) in the e-quadratic
L-theory localization exact sequence

oo > Ly(Ae) > LESTIA ) > Ly(A, S, 6) = Ly_1(A, &) — -

is the Witt group of nonsingular (—1)*e-quadratic linking forms (resp. formations) over
(A, S).

(iii) The 4-periodic e-symmetric and e-quadratic localization exact sequences inter-
leave in a commutative braid of exact sequences

0
//\ /\
Qni1(B*, 5%, €) Ln(A,e) LI(S™1A €)
9% /
Ln-i-l(Aa S7 6) Ln+4*(A7 6)
Ly (S7A e) LA, S e) Qn(B*, 3%, €)

Proof. (i)+(ii) See [16, §3].
(ii1) For A, § satisfying Hypothesis 72 the e-symmetrization maps for the L-groups
of S~'A are isomorphisms

~

1+ T, LI(s7'A ) —— LS 'Ae). O
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Definition 75. (i) An é¢-quadratic S-formation (Q,; F, G) over A is an e-quadratic
formation such that

ST'FesT'c =510,

or equivalently such that Q/(F + G) is an (A, §)-module.
(i1) A stable isomorphism of e-quadratic S-formations over A

[f1:(Q1. Y15 F1, G1) = (Q2, Y2 F2, G2)

is an isomorphism of the type

with Ny = Hy & Ky, N = H, & K>.

Proposition 76. (i) A (—¢)-quadratic S-formation (Q,; F, G) over A determines a
nonsingular e-quadratic linking form (T, A, u) over (A, S), with

T =Q/(F+G),
T xT — STYAJA; (x,y) = (Y — e¥™)(x)(2) /s,
w:T — Q:(A,S); yr> (f—ey")x)()/s =y (M)

(x,yeQ, zeG, sef, sy—z€eF).

(11) The isomorphism classes of nonsingular e-quadratic linking forms over A are
in one—one correspondence with the stable isomorphism classes of (—e¢)-quadratic S-
formations over A.

Proof. See Proposition 3.4.3 of [16]. [

For any S~!A-contractible f.g. projective A-module chain complexes concentrated in
degrees k, k + 1

C:--->0->Cy1 > C,—>0— --- |

D:---—>0—Dyy1 —> D —>0— ---
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there are natural identifications

H*N(C) = H (CY, Hi(C) = HFI(C),

H**Y(D) = H (D)™, Hi(D) = H*"'(DY",

Hy(HomA(C, D)) = Hom4 (H(C), Hy(D)) = Tor{! (H**1(C), Hy(D)),
Hi(Homu(C, D)) = H*"1(C) ® 4 Hx(D) = Ext!, (Hy(C), Hi(D)),
Hy(C ®4 D) = Hy(C) ®4 Hi(D) = Extly (H*1(C), Hi(D)),
Hy11(C ®4 D) = Homa(H*1(C), Hi(D)) = Tor{ (Hi(C), Hi(D)).

In particular, an element 4 € Hor41(C ®4 D) is a sesquilinear linking pairing
A HY(C) x H*Y (D) — S71A/A.

An element ¢ € Hy (C®4 D) is a chain homotopy class of chain maps ¢ : C?*~* — D,
classifying the extension

0 - Hi(D) — Hi(¢) — H*T'(C) = 0.

Proposition 77. Given an (A, S)-module T let

d
B:---—>0—>Bk+] E—— By—>0— -

be a f.g. projective A-module chain complex concentrated in degrees k, k + 1 such that
H*'(B) =T, H*(B) = 0, so that Hy(B) = T, Hy+1(B) = 0. The Q-groups in the
exact sequence
H 1+T
Q*+2(B) =0 —> 0%*+2(B) —> QOu(B) —> 0¥t

J
. §2k+1(3)

have the following interpretation in terms of T.

(1) The symmetric Q-group
0*(B) = H(Za; Hom (T, T7), (=)

is the additive group of (—1)*T'-symmetric linking pairings . on T, with ¢ € Q**1(B)
corresponding to

LT xT — ST'AJA; (x,9) > @) () (x,y € B,
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(1) The quadratic Q-group

Q2k+1(B)

_ {Gho.¥)) € Homa (B, Biry) ® S(BY) |dyg =y + (= D"y} € S(8Y)
(G0 + (DR )d* dyod* + 11 + (DR | (o, 1) € S(BXTY) @ S(B5))

is the additive group of (—1)*t\-quadratic linking structures (1, u) on T. The element
v = (Yo, V1) € Qakt+1(B) corresponds to

AT xT — STTAJA; (x, ) = Y@ 1) (y)  (x,y € B,
prT — Qi (A, 8); x lﬁo(d*)_l(x)(x).

(iii) The hyperquadratic Q-groups of B
0"(B) = Hy(d"™ : W*Byy1 — WP By)
are such that

{0, 2) € SBBT) & S(BY) | 8" = (=1)**18, dod* = y+ (=D 'y*)
{+ (=DF et dud* + v+ (=DFv) | (. v) € S(BEH) @ S(B)}
(0.0 € SB*) @ S(BY) | 8" = (=D"0.dod* = 3+ (=11}
{(+ (=DFpr dpd* +v + (=D [ (u,v) € S(BEF @ S(BR)}

0%(B) =

éZk-H (B) —

with universal coefficient exact sequences

Vgt 1
0> T"®4 H*(Z5; A) > 0*(B) ——>  Homu(T, H*T1(Z,; A)) — 0,

-~

Vk
0— T @4 H*1(Zy; A) —» O0*+1(B) ——=  Homu(T, H*(Zy; A)) — 0.

Let f : C — D be a chain map of S~!A-contractible A-module chain complexes
concentrated in degrees k, k + 1, inducing the A-module morphism

f*=j:U=H"YD) - 1 =H"0).

By Proposition 77(i) a (2k + 1)-dimensional symmetric Poincaré complex (C, ¢) is
essentially the same as a nonsingular (—1)**!-symmetric linking form (7, 1), and a
(2k 4+ 2)-dimensional symmetric Poincaré pair (f : C — D, (0¢, ¢)) is essentially the
same as a lagrangian U for (T, 4), with j = f* : U — T the inclusion. Similarly,
a (2k + 1)-dimensional quadratic Poincaré complex (C, /) is essentially the same as
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a nonsingular (—1)k+1—quadratic linking form (T, 4, u), and a (2k + 2)-dimensional
quadratic Poincaré pair (f : C — D, (0y, })) is essentially the same as a lagrangian
UcCT for (T, A, u). A (2k + 2)-dimensional (symmetric, quadratic) Poincaré pair (f :
C — D, (5¢,y)) is a nonsingular (—1)**!-quadratic linking form (T, 1, i) together
with a lagrangian U C T for the nonsingular (—1)**!-symmetric linking form (T, 2).

Proposition 78. Let U be an (A, S)-module together with an A-module morphism i, :
U — H(7,; A), defining a (—1)k+1-quadmtic linking form (U, A1, 1) over (A, S)
with 41 = 0.

(i) There exists a map of chain bundles (d, y) : (Bi+2,0) — (Bg+1,0) concentrated
in degree k + 1 such that the cone chain bundle (B, ) = C(d, y) has

Hi+1(B) = U, H2(B) = U™, Hy12(B) = H(B) =0,
B =101 = € Q°(B"*) = Homa (U, H*t1(Z,; A)).

(ii) The (2k + 2)-dimensional twisted quadratic Q-group of (B, f) as in (i)

O22(B, B)
_ (4. 0) e SBH @ SB[ 9" = (=D ¢, § — po¢" = 0+ (-D*10")
a {d, o) + (0, n+ (=Dky*) | v € S(Bk2), n € S(BFt1)}

((d, D% (V) = ([dv + (=D v)a*, dvd* — d(v + (=D F1v) 3 0% + (=1 F1n)a*))

is the additive group of isomorphism classes of extensions of U to a nonsingular
(— DM quadratic linking form (T, A, i) over (A, S) such that U C T is a lagrangian
of the (=) _symmetric linking form (T, )) and

B=plu : Hir1(B) = U — H"\(Z2; A) = ker(Q(_1yi1(A, §) — ST'A/A).

(iii) An element (¢, 0) € Qay2(B, P) is the algebraic normal invariant (43) of the
(2k + 2)-dimensional (symmetric, quadratic) Poincaré pair (f : C — D, (0¢p, ) €
Q3 15(f)) with

d
dc = <0 ji) : Cy1 = Biyo ® BT — Cp = Bryy @ BFH2,

f = projection : C — D = B?+2—*

constructed as in Proposition 42(ii), corresponding to the quadruple (T, A, u; U) given
by

j=f*:U=H"Y(D)= He1(B) > T = H*'(C).
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The A-module extension
0->U—->T—->U —0
is classified by
[¢] € Hy12(B®4 B) = U ®4 U = Ext)y (U, V).

(iv) The (—1)k+1—quadmtic linking form (T, A, w) in (iii) corresponds to the (—1)k-
quadratic S-formation (Q,; F, G) with

(0.¥) = H_w(F), F =Br12® B¥tH1,

1 0
. —-od 1-9
G =im 0 (—1)"+?d* : Biyr ® B*! — By @ B¥' @ B2 @ By
d ¢
CF®F*
such that

FNG={0}, Q/(F+G)=H"YC)=T.

The inclusion U — T is resolved by

0O ——> Bk+2 Bk+1 U 0

0 (_)k-H 4%
d ¢

0O ——> Bk+2@Bk+1 _— Bk+2@Bk+1 T 0

(v) If the involution on A is even and k = —1 then

{¢ € Sym(B®) | — ¢ € Quad(BO)}.

Qo(B. p) = {dod* | o € Quad(B))}
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An extension of U = coker(d : By — Bg) to a nonsingular quadratic linking form

(T, 2, u) over (A, S) with uly = w; and U C T a lagrangian of (T, 1) is classified
by ¢ € Qu(B, B) such that A :T — T is resolved by

2

0 B, @ B° B'@® B, T 0
1 0 1 —d*o \
—6d 1 — 8¢ 0d 01—¢o
d ¢
0 B, & B° B' @ B, ™ 0
and
*
T:coker((g c;):BleaBoeBlEBB()),

J:TxT — STTA/A;

((x1, x0), 1, ¥0)) = —d 1 p@) " x) (1) +d = x) (o) + (@) M xo) (),
w:T — 041(A,S);

(x1, X0) > —d ™' p(@*) ™ (xn) (1) +d 7 (x1) (xo) + (@) 7! (x0) (x1) — 0(x0) (x0),

(x0, Yo € Bo, x1,y1 € B).
4.2. The linking Arf invariant

Definition 79. The linking Arf invariant of a nonsingular (—1)f*!-quadratic linking
form (T, 4, p) over (A, S) together with a lagrangian U C T for (T, 4) is the image

(T, 2 1 U) = (&, (P, 0) € LY THF2(A) = Qo2 (BA, p4)

of the algebraic normal invariant (¢, 0) € Qu+42(C(f),7) (43) of the corresponding
(2k 4 2)-dimensional (symmetric, quadratic) Poincaré pair (f : C — D, (0¢, ) €
Q%llzi%( f)) concentrated in degrees k, k + 1 with

f*:]Hk+l(D):U—)Hk+1(C):T

and (g, y)% induced by the classifying chain bundle map (g, y) : (C(f),y) — (BA, ﬁA).

The chain bundle (C(f), y) in 79 is (up to equivalence) of the type (B, ff) considered
in Proposition 78(i): the algebraic normal invariant (¢, 0) € Qor4+2(B, f) classifies the
extension of (U, f) to a lagrangian of a (—1)**!-symmetric linking form (7T, 1) with
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a (—1)*!_quadratic function u on T such that u|y = . The linking Arf invariant
(T, A, uw; U) € Q2k+2(BA, [)’A) gives the Witt class of (T, A, u; U). The boundary map

01 Qar2(BA, Y = Lo 1(A); (T, 2, 1 U) = (Q, 4; F, G)

sends the linking Arf invariant to the Witt class of the (—l)k—quadratic formation
(Q, Y; F, G) constructed in 78(iv).

’I}leorem 80. Let A be an r-even ring with A>-module basis {x; = 1,x2,...,x,} C
HO(Zy; A), and let

xx1 0 0 0
0 x» 0 0

x=|0 0 x 0 | € Sym, (A),
0 0 0 X,

so that by Theorem 60

{M € Sym,(A) | M — MXM € Quad, (A)}

02 (B*, p") = | 4Quad,(A) + 2(N + N — N'XN N e M4y 7 ¥ ="
0 ifk=1
(i) Let
S=@Q2)° CA,
so that
S71A = A[1/2]

and ﬁO(Zz; A) is an (A, S)-module. The hyperquadratic L-group ZO(A) fits into the
exact sequence

o LYALS) = L%A) — Lo(A, S) — LY%A, S) — -

The linking Arf invariant of a nonsingular quadratic linking form (T, 4, u) over (A, S)
with a lagrangian U C T for (T, 4) is the Witt class

(T, 4 11; U) € Qo(BA, p*) = L*(A).
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(ii) Given M € Sym,.(A) such that M — M XM € Quad, (A) let (Ty, Am, 1) be the
nonsingular quadratic linking form over (A, S) corresponding to the (—1)-quadratic
S-formation over A (76)

(Om: Yy Fu, Gu)
1 0
—2X I —-XM

0 21
21 M

= | H_(A%); A ,im LAY AT @ AT

and let
Uu = (A2)" CTu = Qm/(Fy + Gy) = coker(Gy — Fyp)

be the lagrangian for the nonsingular symmetric linking form (Ty, Ay) over (A, S)
with the inclusion Uy — Ty resolved by

0 A" 21 A" Uy 0
(1) (O>
0 27
0 1
(2[ M)
0 AT AT AT A" T 0

The function
Qo(B*, B — L™ (A); M > (T, v, tygs Unt)

is an isomorphism, with inverse given by the linking Arf invariant.
(iii) Let (T, A, p) be a nonsingular quadratic linking form over (A, S) together with
a lagrangian U C T for (T, 4). For any f.g. projective A-module resolution of U

d
0— B — Byp—>U—->0

let
5 € Sym(By), ¢ € Sym(B®), f=1[5]=uly € 0°(B*™)

= Homu (U, H(Z; A))
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be as in Proposition 78(i) and (v), so that
d*dd € Quad(B;), ¢ — ¢pd¢ € Quad(B)
and

ker(Js : Sym(B®) — Sym(B®)/Quad(B?))
im((d*)% : Quad(B') — Sym(B0))

¢ € Qo(B, p) =

645

classifies (T, A, w; U). Lift p: U — ﬁo(Zz; A) to an A-module morphism g : By — A"

such that
gd(B)) C 24", 6 = g*Xg € H(Z»; S(B®), T) = Sym(B")/Quad(B).
The linking Arf invariant is
(T, 2. 1 U) = gbg™ € Qo(B™, pY).
(iv) For any M = (m;;) € Sym,(A) with m;; € 2A
M—-MXM=2(M/2—-2(M/2)X(M/2)) € Quad,(A)
and so M represents an element M € Qo(BA4, ﬁA). The invertible matrix

(‘A,m (’,) € Mar(A)

is such that
-M/2 1 0 271\ _(21 O
1 0 2l vM ) \ 0 21)°
1 0 -M/)2 1\ (—-M/2 1
—2X I —-—XM 1 0/ 1 —2X

so that (Qum, Yy Fm, Gy) is isomorphic to the (—1)-quadratic S-formation
Q> Virs Fars Gy
—M/2 1
1 —2X

21 0O
0 21

— H_(AZr);AZr’im :AZr N A2r @Azr

’
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corresponding to the nonsingular quadratic linking form over (A, S)
, —-M/4 1)2 —M/4
(Tyg, Apgs Wpg) = ((Az)r ® (A2)', ( 12 0 ) < _x ))

with 2T, = 0, and Uy, = 0 ® (A2)" C T, a lagrangian for the symmetric linking
form (T, 2. The linking Arf invariant of (Tyy, Xy, thys Uyy) is

(Thys Mygs g Upy) = M € Qo(BA, B).

Proof. (i) H 0(Z5: A) has an S~ A-contractible f.g. free A-module resolution

0 — A AT HO(Z5; A) — 0.

The exact sequence for ZO(A) is given by the exact sequence of Proposition 74(iii)
o= LYHALS) — Q0B Y — Lo(A, 8) — LY(A,8) — -

and the isomorphism Qg (B4, p4) ~L**(A).
(i) The isomorphism

Qo(B*, ) — L*(A); M > (Tur, ms ags Unr)
is given by Proposition 46.

(iii)) Combine (ii) and Proposition 78.
(iv) By construction. [J

5. Application to UNil
5.1. Background
The topological context for the unitary nilpotent L-groups UNil, is the following. Let

N" be a closed connected manifold together with a decomposition into n-dimensional
connected submanifolds N_, N, C N such that

N=N_UN4
and

Na=N_NNy=0N_=0N, CN
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is a connected (n — 1)-manifold with n;(Nn) — 71 (N4) injective. Then

i (N) = w1 (N-) sm (Np) T1(N4),
with m1(N+) — m(N) injective. Let M be an n-manifold. A homotopy equivalence
f : M — N is called splittable along Nn if it is homotopic to a map f’, transverse
regular to Ny (whence f’ ~1(Nn) is an (n — 1)-dimensional submanifold of M), and
whose restriction f'~!'(Nn) — Nn, and a fortiori also f'~!(N+) — N, is a homotopy
equivalence.

We ask the following question: given a simple homotopy equivalence f : M — N,
when is M h-cobordant to a manifold M’ such that the induced homotopy equivalence
f': M — N is splittable along Nn? The answer is given by Cappell [5,6]: the problem
has a positive solution if and only if a Whitehead torsion obstruction

D(e(f)) € H" (Z2; ker(Ko(A) — Ko(B+) @ Ko(B-)))
(which is O if f is simple) and an algebraic L-theory obstruction
7" (f) € UNily1 (A; N NG
vanish, where
A =Z[m(Nn)l, B+ = Z[m1(N+)]l, Nx= B —A.

The groups UNil,(A; N_, Ny) are 4-periodic and 2-primary, and vanish if the in-
clusions 7 (Nn) <> m1(N+) are square root closed. The groups UNil,(Z; Z, Z) arising
from the expression of the infinite dihedral group as a free product

Do =79 % 7y
are of particular interest. Cappell [3] showed that

UNilgi42(Z; Z, Z) = UNilary2(Z; Z[ 22 — {1}], Z[Z2 — {1}])

contains (Z7)°°, and deduced that there is a manifold homotopy equivalent to the
connected sum RP*FTI#RP*F! which does not have a compatible connected sum
decomposition. With

B = Z[n1(N)] = B1 x4 B,

the map

UNil, 11 (A; N_,Ny) — Ly 1(B)
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given by sending the splitting obstruction y"(f) to the surgery obstruction of an

(n + 1)-dimensional normal map between f and a split homotopy equivalence, is a
split monomorphism, and

Ly11(B) =L} (A — By UB_)® UNil,y 1 (A; N_, \})

with K = ker([?o(A) — EO(B+) ® I?O(B_)). Farrell [11] established a factorization of
this map as

UNily41(A; No, Ny) — UNily11(B; B, B) — Lu+1(B).

Thus the groups UNil,(A; A, A) for any ring A with involution acquire special impor-
tance, and we shall use the usual abbreviation

UNil,, (A) = UNil,(A; A, A).

Cappell [3-5] proved that UNils; (Z) = 0 and that UNilgg42(Z) is infinitely generated.
Farrell [11] showed that for any ring A, 4UNil.(A) = 0. Connolly and KoZniewski [9]
obtained UNilggy2(Z) = @Cfo 7.

For any ring with involution A let NL, denote the L-theoretic analogues of the
nilpotent K-groups

NK.(A) =ker(K«(A[x]) — K.(A)),

that is

NL(A) =ker(Ly(A[x]) = Ly (A)),

where A[x] — A is the augmentation map x — 0. Ranicki [16, 7.6] used the geometric
interpretation of UNil,(A) to identify NL,(A) = UNil,(A) in the case when A = Z[n]
is the integral group ring of a finitely presented group m. The following was obtained
by pure algebra:

Proposition 81 (Connolly and Ranicki [10]). For any ring with involution A
UNil,(A) = NL,(A).
It was further shown in [10] that UNil;(Z) = 0 and UNil3(Z) was computed up to
extensions, thus showing it to be infinitely generated.

Connolly and Davis [8] related UNil3(Z) to quadratic linking forms over Z[x] and
computed the Grothendieck group of the latter. By Proposition 81

UNil3(Z) = ker(L3(Z[x]) — L3(2)) = L3(Z[x])
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using the classical fact L3(Z) = 0. From a diagram chase one gets
L3(Z[x]) = ker(Lo(Z[x], (2)%°) — Lo(Z, (2)™)).

By definition, Lo(Z[x], (2)°°) is the Witt group of nonsingular quadratic linking forms
(T, 4, w) over (Z[x], (2)*°), with 2"T = 0 for some n>1. Let £(Z[x],2) be a similar
Witt group, the difference being that the underlying module 7 is required to satisfy
2T = 0. The main results of [8] are

Lo(Z[x], ™) =L(Z]x],2)

and

xZ4[x]

L(Z][x],2) =
P22 BT =) 1 p e xzair)

® Zo[x].

By definition, a ring A is one-dimensional if it is hereditary and noetherian, or equiva-
lently if every submodule of a f.g. projective A-module is f.g. projective. In particular,
a Dedekind ring A is one-dimensional. The symmetric and hyperquadratic L-groups of
a one-dimensional A are 4-periodic

L"(A) = L"™(A), L"(A) = L"T(A).

Proposition 82 (Connolly and Ranicki [10]). For any one-dimensional ring A with in-
volution

Qni1 (B, gAYy = 0, 1 (BA, p*) @ UNil, (A) (n € Z).

Proof. For any ring with involution A the inclusion A — A[x] and the augmentation
Alx] — A; x — 0 determine a functorial splitting of the exact sequence

<+ = Ly(Alx]) — L"(A[x]) - L"(A[x]) = Ly—1(Alx]) — ---
as a direct sum of the exact sequences

oo = Ly(A) = L"(A) = L"(A) — Ly_1(A) — --- ,
.ee = NL,(A) — NL"(A) = NL"(A) = NL,_{(A) — ---

with Ln+4* (A) = 0,(BA, ﬁA). It is proved in [10] that for a one-dimensional A

L"(A[x]) = L"(A), NL"(A) =0, NL"T'(A) = NL,(A) = UNil,(A). O
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Example 83. Proposition 82 applies to A = Z, so that
On1(B7H, B2y = 0,1(B?, B%) @ UNil,(2)

with Q*(BZ, ﬁz) = Z*(Z) as given by Example 62.
5.2. The computation of Q«(BAX!, AWy for I-even A with W* = 1

We shall now compute the groups
L*(ALx]) = Qu (BN, g4 (n(mod 4))
for a 1-even ring A with tﬁz = 1. The special case A = Z computes
L"(ZIx])) = Qu(B™, g7y = 1"(Z) @ UNil,—1 (2).

Proposition 84. The universal chain bundle over Alx] is given by

(B, Ay = B (C(X), 9(X))wsais

I=—00

with (C(X), (X)) the chain bundle over Alx] given by the construction of (53) for
1 0O
X = (0 x) € Sym, (A[x]).

The twisted quadratic Q-groups of (BAXI, ﬁA[x]) are

Q0n (AL, pA1)

_ {M € Sym,(A[x]) | M — MXM € Quad, (A[x])} o
oL = 4 Quada (ALY + RN + NT) — NTXN [N € My(ALxD) F=0
Im(N, )+ Q1(C(X), 7(X)) = @1 (C (X)) = ker(Jyx) : 01 (C(X) — 0'(C(X))

=1 (NeMyAD|N+N' € 2Symy(Alx]), (N + N') = N'XN € Quady(AlxD)} = ]
- 2M(Alx]) yr=l
0 if n=2,

o Sym, (A[x]) o
1070 = (ady (AL + (L — LXL| L € Symy(AL])] yn=3

Proof. A special case of Theorem 60, noting that by Proposition 59 A[x] is 2-even,
with {1, x} an As[x]-module basis for H°(Z,; A[x]). O
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Our strategy for computing 0. (BAX] ﬁA[x]) will be to first compute Q. (C(1), y(1)),
04(C(x),y(x)) and then to compute Q.(C(X), y(X)) for

(C(X), y(X)) = (C(1),y(1)) & (C(x), y(x))

using the exact sequence given by Proposition 38(ii)

o= Hp 1 (C(1) ®ap C(x)) 0 — 0n(C(1), y(1)) ®0n(C(x), y(x))

— On(C(X), (X)) = Hy(C(D) @41 C(x)—> -+ - .
The connecting maps ¢ have components

(1) Hyy 1 (C(1) ®apy C(1)) = 0"FH(C (1) = Qu(C (1), (1))
(f(D) : CE™I = = (1) > (0, FD) (5",
0(x) : Hy1(C(1) ®apx) C(x)) = Q"HH(C()) > Qu(C(x), p(x))

—%
(f(x): CY"™™* — C(x)) = (0, f(x) (S"Hp(D))).
Proposition 85. (i) The twisted quadratic Q-groups

Alx]

l:fn - _19
2A[x] +{a —a?|a € Alx]}
) lacAlxlla—a? €2Alx]} .
OO =1 ga i+ b — a2 (b e gy 7"
{a € Alx]|a — a* € 2A[x]} ,
ifn=1,
2A[x]
(as given by Theorem 54) are such that
A [x] ifn=-1,

0n(C(1),y(1)= § Az ® A4lx] @ Az[x] if n=0,
Az ifn=1,
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with isomorphisms

S0 Q1€ 7 (1) > Azlxl: X aix’ = a0+ 3 (Zoa(2i+1)2j> X,
1= 1= Jj=
fo1) : Qo(C(1), 7(1) = As @ Aalx] @ Azlx;

00 ) 00 00 ) ‘
Z ajx' — | ao, Z Z a(2i+1)2j/2 x', Z (a2k+2/2)x" |,
i=0 i=0 \j=0 k=0

fi) 2 01(C(), (1)) = Az; a = Z%)aixi > ap.

The connecting map components 0(1) are given by

d(1) : Hi(C(1) ®apx] C(x)) = Az[x] = Qo(C(1), y(1)); ¢+ (0,2¢,0),

d(1) : Ho(C(1) ®apx] C(x)) = Az[x] = Q_1(C(1), p(1)); ¢ cx.

(ii) The twisted quadratic Q-groups

Alx] P
2A[x] + {a —a?x |a € A[x]} yn=-n
B {a € Alx]|a — a’x € 2A[x]} o
On(C- 70N =1 GuLT T @b —ab?x (b e gy 0"
{a € Alx]|a — a®x € 2A[x]} _
ifn=1
2A[x]
(as given by Theorem 54) are such that
Az[x] ifn=-—I,
On(C(x), p(x)) = | Aalx]1® As[x] ifn=0,
0 ifn=1,

with isomorphisms

fo1(0) 1 01(C(), y() = Aslx]y a = Y aix’ .Z%) <Zoa(2i+l)2f—1> X!,
i= j=

i=0
Jfo(x) : Qo(C(x), p(x)) — Aa[x] ® Az[x];

00 ) oo [ oo 00 L
Yaixt = [ Y agit1y2i—1/2 | X' Y (aok+1/2)x" |
i=0 i=0 \,j=0 k=0
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The connecting map components 0(x) are given by

d(x) : Hi(C(1) ®ax) C(x)) = Az[x] = Qo(C(x), y(x)); ¢+ (2¢,0),
0(x) : Ho(C(1) ®apx €C(x)) = Az[x] = Q-1(C(x), y(x)); ¢ > c.

m .

Proof. (i) We start with Q;(C(1), y(1)). A polynomial a(x) = ) a;x' € A[x] is such
i=0

that a(x) — a(x)? € 2A[x] if and only if

@it1, wivs— (@i11)? €2A (i>0),

if and only if a; € 2A for all k> 1, so that f1(1) is an isomorphism.
0

Next, we consider Q_1(C(1),y(1)). A polynomial a(x) = > a;x' € A[x] is such
i=0
that

a(x) € 2A[x] + {b(x) — b(x)* | b(x) € Alx]}
if and only if there exist by, by, ... € A such that
ap=0, ay=by, aa =by—by, a3 =03, as =bs — by, ... € Ay,

if and only if

o0
ap = Za(2i+1)2j = O S A2 (l 20)
j=0

J
(with bp; 1 1)2i = D d@it1)2x € Az for any i, j>0). Thus f_;(1) is well-defined and
k=0

injective. The morphism f_j(1) is surjective, since

> cx' = [ <co + me”“) € Aalx] (ci € A).

i=0 i=0
The map QI(C(I)) — Qo(C(1), y(1)) is given by

0'(C(1)) = Az[x] — Qo(C(1), 7(1) = Ag @ A4lx] @ Az(x],
a= %O: aix' > (4610, %o: (oo 2“(2i+1)2f) xi,O) :
: _ 0

i=0 1=0 ]:
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w .
If a = c?x for c = Y ¢;x' € Ay[x] then
i=0

o0 o0
4ap, Y | D 2a0i110 | X' | = (0.20) € Ag @ Aulx],
i=0 \j=0
so that the composite

(1) : Hi(C(1) ®ax) C(x)) = Az[x] — 0'(C(1)) = Qo(C(1), y(1))
= Ag @ A4lx] ® Z>[x]

is given by ¢ — (0, 2¢, 0).
Next, we consider Qo(C (1), y(1)). A polynomial a(x) € A @ 2xA[x] is such that

a(x) € 8A[x] + {4(b(x) — b(x)?) | b(x) € A[x]},
if and only if there exist by, by, ... € A such that
ap =0, a1 =4by, ap =4(by —b1), a3z =4b3, as =4(by — by), --- € Ag,

if and only if

al=ay=a3=a4 =---=0 € Ay,

o0
ap = ) apipiyp =0€ Ag (i=0).
j=0

Thus fo(1) is well-defined and injective. The morphism fp(1) is surjective, since

00 00 . 0 . 0 .
(ao, > bix', ). cix’) = fo(1) (ao +2)° bixZtl 42 > c,-x2’+2)
i=0 i=0 i=0 i=0
€ Ag @ Aulx] @ Az[x] (ao, bi, ci € A).

The map QO(C(I)) — Q_1(C(1),y(1)) is given by
0°(C (1)) = Asz[x] — Q_1(C(1), (1)) = Aslx],

00 ) oo [ oo ™
a=> ax'—a+ Y | D aoit+1)2i x't
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m .
If a = c?x for c = Y ¢;x' € Ay[x] then
i=0

ao + i i Aj41)2i Xt = cx € Aslx],
i=0 \j=0
so that the composite
(1) : Ho(C(1) ®ap) C(x)) = Az[x] = Q°(C(1)) - Q_1(C(1), (1)) = As[x]
is given by ¢ — cx.

OO .
(ii) We start with Q1(C(x), y(x)). For any polynomial a = )_ a;x' € A[x]
i=0

o0 (0,0)
a—a*x = Zaix’ - ZaixZ’H € As[x].

i=0 i=0
Now a — a*x € 2A[x] if and only if the coefficients ag, aj, ... € A are such that
ay=ay—ap=ay=a3—a; =---=0¢€ Ay,
if and only if
ap = aq :a2:a3:---:OeA2.

It follows that Q1(C(x), y(x)) = 0.
m .
Next, Q_1(C(x), y(x)). A polynomial a = >_ a;x' € A[x] is such that
i=0
a € 2A[x] + {b — b*x |v € Alx]},
if and only if there exist bg, b1, ... € A such that

ap =bo, air=by—by, ar=by, az=bz—by, as=bs, ... €Ay,

if and only if

o0
Za(2i+1)2f—l =0€ Ay (120).
Jj=0
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Thus f_1(x) is well-defined and injective. The morphism f_j(x) is surjective, since

D axt = fa) (Zc,'xz’)
i=0 i=0
€ Ar[x] (c; € A).
The map Q°(C(x)) — Q_i(C(x), y(x)) is given by
0°(C(x)) = Aalx] = Q_1(C(x), p(x)) = Aa[x];

00 ) oo [ o )
b = Zbi.xl = Z b(2i+])2j_1 xl.
i=0 0

i=0 \ j=

w .
If b=c? for c = Y c;x' € As[x] then
i=0

o0 (o.¢]
2| 2 baiviio |2 =c € A,

i=0 \j=0
so that the composite
0(x) : Ho(C(1) ®ax) C(1)) = Az[x] — Q°(C(x)) — 0_1(C(x), y(x)) = Az[x]

is just the identity ¢ +— c.
Next, Qo(C(x), y(x)). For any a € A[x]

a € 8A[x] + {4(b — b*x) | b € Alx]},
if and only there exist bg, b1, ... € A such that
ap = 4by, a; =4(by — by), ap =4by, a3 =4(bz —by), --- € Ag,

if and only if

a0:a1:a2:a3:---:OeA4,

o0
> agivipi—1 =0€ Ag (i=0).
Jj=0
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Thus fo(x) is well-defined and injective. The morphism f(x) is surjective, since
(Z cixt, Zd,x’) = fo(x) (Z 2eix + Z2d,~x2’+1>
i=0 i=0 i=0 i=0
€ Aylx] ® Az[x] (ci,d;i € A).

The map QI(C(x)) — Qo(C(x), y(x)) is given by

0 (C(x)) = Azlx] = Q0(C(x). p(x)) = Aslx] & Aa[x];
b= Z bl-xi = (Z ( 02b(2i+1)2j1> xi, O) .

i=0 i=0 \j=

w .
If b=c? for c = Y cix' € Ay[x] then
i=0

o0 o0
Z Zza(2i+1)2jxl =2c ¢ A4[X],
i=0 \ j=0

so that the composite

0(x) : Hi(C(1) ®apx C(x)) = As[x] — 0'(C(x) = Qo(C(x), p(x))
= Ay4lx] ® Az[x]

is given by ¢ — (2c¢, 0).
We can now prove Theorem B:

Theorem 86. The hyperquadratic L-groups of Alx] for a 1-even A with lpz =1 are
given by

Ag @ As[x] ® Az[x]®  if n = 0(mod 4),

- Aj if n = 1(mod4),

L}’l A — n BA[X], A[)C] —
(AlxD = 0u (B, pAh = 1 = 2mod )
As[x] if n = 3(mod 4).

(1) For n =0

{M € Sym,(A[x]) | M — MXM € Quad,(A[x])}
4Quad, (A[x]) + {2(N + N') —4N'XN | N € Ma(Alx])}’

Qo(BAK, pAly =
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An element M € Qo(BA], ﬁA[x]) is represented by a matrix

M= (Z ﬁ) € Sym, (A[x]) (a = Z;aixi, c= ;qxi € A[x]> ;

with a — ag, b, c € 2A[x]. The isomorphism

~

Qo(B M, pANY)  ——— TO(ALx]) = LN(ALx]. @%): M > (Tar. Aot s Une)
sends M to the Witt class of the nonsingular quadratic linking form (Ty, Am, tyy)

over (A[x], (2)°°) with a lagrangian Uy C Ty for (Ty, Ay) corresponding to the
(—1)-quadratic (2)°°-formation over Alx]

1 0
—2X I—-XM

0 27
21 M

M) = | H-(A[x1%); Alx]*, im AT > At @ A

(80), with
0 Qo(BM, AN = TO(A[x]) — Lo1(ALx]); M > O(M).
The inverse isomorphism is defined by the linking Arf invariant (79). Writing
2A 1 Az[x] — A4lx] @ A4lx]; d+— (2d,2d),

there are defined isomorphisms

Qo(BAW] gAYy o Ag @ coker(2A) @ Ap[x] ® Aslx];

_(ab\ (a0 ; )
M_<bc)_(0c‘/> (€ =c—b9)

0 o) ; o0 00 , ; 00 .
= | ao, iZ Za(2i+1)2j/2 x,'Z '=oc(2i+1)2j—1/2 x ’kgo(aZkH/z)x’

=0 \/j=0 i=0 \j

x ‘
> (62k+1 /2Dx" ],
k=0

Il

coker(QA) ———=  A4[x]1® Az[x]; [d,el— (d —e,d).

In particular M € Qo(BAM, pA)Y can be represented by a diagonal matrix (g 2)
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(i1) For n = 1:
Ql(BA[x], ﬁA[X])

B {N € My(Alx]) | N + Nt e 2Sym, (A[x]), %(N + Nf) — N'XN € Quad, (A[x])}
B 2M>(Alx])

and there is defined an isomorphism

01 (B A 0B Yy = A2 N = <‘C‘ Z) > do.

with

0 Q1(BAX, pAYy — TH(A[x]) = Ay — Lo(A[x]);

ap — Alx] ®4 <A@A, (ao(aoo— 1)/2 1__3%)).

(ii1) For n = 2:

0,(BA1, pAldly — g,

@iv) For n = 3:

Q3(BA[X] ﬁA[x]) _ Sym, (A[x]) .
’ Quady(A[x]) +{M — MXM | M € Sym,(A[x])}

There is defined an isomorphism

03(BA] gAYy S Apx];

ab a 0 X (X i1
M= (b c) - ( 0 c’) = do+ X <j_0d(2i+1)2j)x’

i=0
(a/:a—bzx, c’:c—bzeA[x], d=d +c'x =a+cx € Ay[x]).

The isomorphism

03B, pAhy L (AL)); M=<Z i’)mKM,wM;LM)
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sends M to the Witt class of the nonsingular (—1)-quadratic form over Alx]

(Kot Var) = (A[x]2 ® AlT. (if )

with a lagrangian Ly = A[x]* ©0 C Ky for (Ky, ¥y — V) (70), and

0 03(BAN, ALYy — T3(A[x]) — La(Alx]): M — (Ky, ).

In particular M € Q3(BAX), pAXYY can be represented by a diagonal matrix <g S’)

The inverse isomorphism is defined by the generalized Arf invariant (66).

Proof. Proposition 84 expresses Q, (B4R, pAX]) in terms of 2 x 2 matrices. We deal
with the four cases separately.

(i) Let n = 0. Proposition 85 gives an exact sequence

0

0—> Hi(C()®a Cx))  ——= Qp(C(1), (1) & Qp(C(x), y(x)) = Qp(C(X), (X)) — 0
with

Hi(C(1) ®apx) C(x)) = Az[x]
— Qo(C(1), (1)) ® Qo(C(x), y(x)) = (Ag ® A4[x] ® Az[x]) @ (As[x] @ Az[x]);
x = ((0,2¢, 0), 2¢, 0),

so that there is defined an isomorphism

coker(0) ——>  Ag®coker(QA) ® Ap[x] ® Az[x]; (s, t,u, v, w) > (s,[t,v], u, w).

We shall define an isomorphism Qo (C(X), (X)) =coker(d) by constructing a splitting
map

Qo(C(X), (X)) = Qo(C(1),7(1)) & Qo(C(x), y(x)).

An element in Q¢(C(X), y(X)) is represented by a symmetric matrix

M = (Z ]Z) € Sym, (A[x]),
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such that
M— MXM — a—a*—b*x b—ab— bex € Quads (A[x])
“\b—ab—bex c¢—b*—c*x 2 ’
so that
a—a*— bzx, c—b>—c*x e 2A[x].
w .
Given a = a;x' € Alx] let
i=0

d=max{i >0|a; ¢ 2A} (=0 if a € 2A[x])
so that a € As[x] has degree d >0,
(aq)® =aq #0 € A

and a —a” € As[x] has degree 2d. Thus if b # 0 € Ay[x] the degree of a —a” = b*x €
A>[x] is both even and odd, so b € 2A[x] and hence also a — a2, ¢ — ¢Zx € 2A[x].
It follows from a(l —a) = 0 € As[x] that a = 0 or 1 € Aj[x], so a —ap € 2A][x].
Similarly, it follows from c(1 — cx) = 0 € As[x] that ¢ = 0 € Ajz[x], so ¢ € 2A[x].
The matrices defined by

v=(o ") emann. w= (0 ) esymar

are such that
M +2(N+ N') —4N'XN = M’ € Sym,(A[x])
and so M = M’ € Qo(C(X), y(X)). The explicit splitting map is given by
Q0(C(X), (X)) — Qo(C(1), (1)) ® Qo(C(x), y(x)); M =M+ (a,c—b?).
The isomorphism

~

00(C(X),7(X)) ——> coker(d); M+ (a,c—b?)
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may now be composed with the isomorphisms given in the proof of Proposition 85(i)

~

00(C(1), 7(1)) —> Ay ® Aylx] ® Aslx];
> dix' <d0’ ) ( d(2i+1)21/2) Xy (d2k+2/2)xk> ,
i=0 i=0 \j=0 k=0

~

00(C().7(x) —>  Aylx] ® Aglxl;

00 ) oo [ oo . L
_Xg)eiX’ = 2 Zo eirnyi—1/2 | X', kzo(€2k+1/2)x :
i= =

i=0 \j=

() Let n = 1. If N = (i Z) € M>(A[x]) represents an element N € Qi
(BA[X], ﬁA[X])

2a b+c

r__
N+ N _(b+c 2d

) € 2Sym, (A[x]),

- = (5 PR - (40 R TE)
€ Quad, (A[x])

then
b+ c, a—az—czx, d —b* —d*x e 2A[x].

If d ¢ 2A[x] then the degree of d — d*x = b* € Ay[x] is both even and odd, so

that d € 2A[x] and hence b,c € 2A[x]. Thus a — a*> € 2A[x] and so (as above)
a —ag € 2A[x]. It follows that

01 (BAM! pAlly — 0 (BA, pA) = As.

(iii) Let n = 2. Q2(BAX, gAY = 0 by 85.
(iv) Let n = 3. Proposition 85 gives an exact sequence

a

0— Hy(C() @A Cx)) ——=  Q_1(C(1),y(1)) & Q_1(C(x), y(x)) = Q3(C(X), y(X)) — 0
with

0: Ho(C(1) ®ax) C(x)) = Az[x] —
0 1(C),y(1) ® Q- 1(C(x), y(x)) = Az[x] ® Az2[x]; ¢+ (cx,0),
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so that there is defined an isomorphism

~

coker(d) ——= As[x]; (a,b) — a+ bx.

We shall define an isomorphism Q3(C(X), y(X)) =coker(d) by constructing a splitting
map

Q3(C(X),7(X)) = Q-1(C(D), y(1) & Q-1(C(x), y(x)).

b

(0 —b , _(a—bx 0
L_(_b 0>,M_( 0 c_b2>€Sym2(A[x])

are such that

For any M = <a lg) € Sym, (A[x]) the matrices

M' =M+ L—LXL € Sym,(A[x])
so M =M' € Q3(C(X), y(X)). The explicit splitting map is given by

Q3(C(X), (X)) = Q-1(C(1), y(1)) & Q-1(C(x), y(x));
M =M+ (a—b*x,c—b%.
The isomorphism

~

0:(C(X). (X)) ——=  Q_1(C(1),p(1); M > (a—b>x)+ (c—b*)x =a +cx

may now be composed with the isomorphism given in the proof of Proposition 85(ii)

o o (o.¢]
0 1(C),y(1)) ——  Aolxl; d=) dix' —do+ ) (Z d(2i+1)2,-) ¥t o
i=0 i=0 \j=0

Z[x

Remark 87. (i) Substituting the computation of Q. (B, pZ¥1y given by Theorem

86 in the formula

Qpi1(BEH g2y — 0, 1 (BZ, B%) @ UNil, (2)
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recovers the computations

0 if n =0, 1(mod4),
UNil, (Z) = NL,(Z) = { Z>[x] if n=2(mod4),
Z4[x]1 ® Z>[x)? if n = 3(mod4).

of Connolly and Ranicki [10] and Connolly and Davis [8].
(i) The twisted quadratic Q-group

Q0B pP¥ly — 75 @ L (Z[x]) = Zg & UNil3(2)

fits into a commutative braid of exact sequences

0 Qo (B, prlal) L_y(Z]z]) L=NZ[1/2][z]) = 0
\ P ~_ _ ~_
8L°(Z[~L]) =7 Lo(Z[z],(2)>) L~ (Z[z]) =0
~_ - - \

with Lo(Z[x], (2)*°) (resp. L%(Z[x], (2)*)) the Witt group of nonsingular quadratic
(resp. symmetric) linking forms over (Z[x], (2)*°), and

~

LO°ZIx), @%®) ——=  Zy; (T, ) nif |[Z®yqTI=2"

The twisted quadratic Q-group Qo(BZx], ﬂz[x]) is thus the Witt group of nonsingu-
lar quadratic linking forms (7', 4, u) over (Z[x], (2)*°) with |Z ®z T| = 4™ for
some m>0. Qo(BZ], ﬂz[x]) can also be regarded as the Witt group of nonsingular
quadratic linking forms (7', 4, u) over (Z[x], (2)*°) together with a lagrangian U C T
for the symmetric linking form (7', 4). The isomorphism class of any such quadruple
(T, 2, ; U) is an element ¢ € Qo(B, ). The chain bundle f is classified by a chain
bundle map

(f,2) : (B, p) — (BZ¥, pZlxl)

and the Witt class is given by the linking Arf invariant

(T, 2 1 U) = (f, pa($) € Qo(BX™, B2y = 73 ® Z4[x] @ Z2[x1.
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(ii1)) Here is an explicit procedure obtaining the generalized linking Arf invariant
(T, 2, ji; U) € Qo(BAM, pA)) = Ag @ A4lx] @ Az[x]?

for a nonsingular quadratic linking form (7, 4, u) over (A[x], (2)°°) together with a
lagrangian U C T for the symmetric linking form (7', A) such that [U] =0 € Ko(A[x]),
for any l-even ring A with y? = 1.

Use a set of A[x]-module generators {gi, g2,...,&g,} C U to obtain a f.g. free
Alx]-module resolution

d (81-82:---, gu)
0— B ———  By=A[x]" U — 0.

Let (pi, gi) € A2[x] @ A>[x] be the unique elements such that
w(g) = (pi)? +x(g)* € H(Zy; Alx]) = Aalx] (1<i <u)
and use arbitrary lifts (p;, g;) € A[x] @ A[x] to define

bi = (pi)?* + x(gi)* € Alx],
p=(P1,p2, - Pu)s 9=(q1.92,...,qu) € Alx]".

The diagonal symmetric form on By,

by 0 ... O
0O b, ... 0

p=1. . . € Sym(By)
0O 0 ... by

is such that
d*pd € Quad(B;) C Sym(By)
and represents the chain bundle
B=uly € Q°(B™) = Homa(U, H*(Z2; Alx])).
The A[x]-module morphisms

u

fo= (;’) . By = Alxl* — B = Ax]1 @ ALxT; (ar,an. ... au) X aipi.an).

fi B =AY — B = Ax1 @ AL a = (a1, ap. ) fod(@)
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define a chain bundle map

(f,0): (B, p) — (BAX], pAlxly

with

fo = ((1) 2) By = Alx] @ Alx] — (B3 = Alx] @ Alx].

The (2)*°-torsion dual of U has f.g. free A[x]-module resolution

d*

0—> B'=Ax]* ——= B'SU =0

Lift a set of A[x]-module generators {hj, hs,...,h,} C U to obtain a basis for
B!, and hence an identification B! = A[x]*. Also, lift these generators to elements
{hi,hy,...,h,} C T, so that {g1,g2,...,8u,h1,ha,...,h,} C T is a set of A[x]-
module generators such that

HomA[l/z][x](Bo[l/Z], Bl[l/z])

d_l - i [ 5 h €
(4(8&is hj)) Hom [ (Bo, B1)

Lift the symmetric u x u matrix (A(h;, h;)) with entries in A[1/2][x]/A[x] to a sym-
metric form on the f.g. free A[1/2][x]-module BI[I/Z] = A[1/2][x]*:

A = (%)) € Sym(B'[1/2])

such that 7;; € A[1/2][x] has image u(h;) € A[1/2][x]/2A[x]. Let ¢ = (¢;;) be the
symmetric form on B = A[x]* defined by

¢ = dAd* € Sym(B®) c Sym(B°[1/2)).

Then T has a f.g. free A[x]-module resolution

(2%)
d ¢ (815 -+ Sushi, ..., hy)

0->BoB" — s Blas T —0

and

¢ii — Y _(¢1)°bj € 2A[x].

j=1
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The symmetric form on (B64 [x])* = A[x] @ A[x] defined by

a b d)(p’ p) ¢(pv q) Alx]
_ * _ €S B ¥
(b C) fodJs (d>(q,p) ¢(q,q)> BT

(p=(P1,p2s - Pu)sq = (q1,92, -+ qu) € B® = Alx]")
is of the type considered in the proof of Theorem 86(i), with
a—a’= bzx, c—c*x=b>¢c As[x], b e 2A][x].
The Witt class is
(T, 4, 1 U) = (f,0)%(P)

B (Z i) B (g S) € QB pAM) (¢ = ¢ —1?),

with isomorphisms

~

Qo(BAXT gAY~ Ag @ coker(2A) @ As[x] @ As[x];

<0 C')H O | B\ e 2 ) B i 2 X
& ko k
kgo(a2k+2/2)x ,kgo(C’ZkH/Z)x ,

~

coker2d)  ———=  A4lx]® Az[x]; [m,n] > (m —n,m),
where
2A : As[x] — A4[x] @ Aglx]; m — (2m, 2m)
as in Theorem 86, and
Q0B pA1)) = A5 @ Aylx] @ AalxT’.
For Dedekind A the splitting formula of [10] gives

UNil3(A) = Qo(BA, pA) / Ag >~ Ay[x] @ Aslx]P.
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